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Abstract

We study the endogenous provision of certainty. A principal chooses a policy
at a future date, and wishes to match the policy to an uncertain state. An agent
chooses when to make an irreversible investment, and wishes to invest only if he
expects the policy will be favorable. Information about the state is publicly and
gradually revealed over time. To incentivize the agent to invest early, the principal
provides policy certainty. This is inefficient — the agent’s benefit from certainty is
always outweighed by the principal’s cost from reduced policy flexibility. We apply

our results to environmental subsidies and procurement of vaccines.
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1 Introduction

It has long been recognized that economic agents are more willing to make long-term
investments when there is less uncertainty about future policies. Progress has been made
in understanding how certainty about fiscal, trade, or environmental policies encourage
investment.! However, an important question remains unanswered: how should a policy-
maker endogenously provide certainty about future policies, taking into account not only
the benefit but also the cost of certainty?

Suppose a policymaker reduces an agent’s uncertainty about tomorrow’s policy by
announcing today her policy for tomorrow. This ties the policymaker’s hands and prevents

her from adapting the policy to states of the world that are uncertain today but will be
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realized tomorrow. That is, to provide certainty to the agent, the policymaker must
herself become more vulnerable to the underlying uncertainty of the world.

At the heart of this trade-off is a tension between a principal who wishes to match
her future decision to an uncertain future state, and an agent who wishes to match her
current action to the principal’s future decision. We study how the resolution of this
conflict is shaped by the strategic behavior of the players. We uncover a novel form of
moral hazard — because the agent has control over his investment decision, the principal
provides too much certainty, and the agent delays investment.

In our model, a principal chooses a policy at some final period, and an agent chooses
when, if ever, to make an irreversible investment. The principal wishes to match the
policy to an uncertain binary state of the world — when the state is good, she prefers a
higher policy. The principal always wants the agent to invest, while the agent wants to
invest only if he expects the principal’s policy to be sufficiently high. Information about
the state is gradually revealed over time via a signal process that is publicly observed by
both the principal and the agent. Because the signal is public, the agent has incentives to
delay investing and wait for more information about the state, using the information to
predict the principal’s policy. We assume that the signal has a “breakdown” structure —
in each period, either the players become certain that the state is bad, or the good state
becomes more likely.

The principal commits ex ante to a policy rule, which specifies the policy to be im-
plemented as a function of the terminal history of signal realizations. We assume that
the agent’s investment decision is not observable by the principal, so the policy rule can-
not depend on the timing of the investment. We solve for the optimal policy rule that
maximizes the principal’s expected payoff subject to the agent’s incentive constraints.

We first show that the optimal policy rule provides certainty to the agent by making
the policies under the good and bad states less dispersed, relative to a Pareto-efficient
benchmark (Theorem 1(a)). The reason is that the principal wants the agent to invest
early before there is chance for bad news to be revealed, and to induce the agent to do so,
the principal must lower the agent’s option value of waiting for information. However, the
agent’s value of waiting comes from being able to avoid investing when the policy is low.
Hence, to induce early investment, the principal must ensure that when the policy is low,
it is not too low. This leads the principal to raise the policy in the bad state and lower it
in the good state, reducing their spread. As we will explain, this can be viewed as a novel
implication of the “bad news principle” (Bernanke, 1983) in a strategic environment.

Providing certainty is costly for the principal because she loses the flexibility to tailor
policy to the state. In fact, we show that the level of certainty provided is always inef-
ficiently high (Theorem 1(a) and Proposition 1). That is, both players would be better
if they could agree that the principal will provide less certainty and the agent will not

delay investment. Because the agent’s investment decision cannot be contracted on, such



a Pareto improvement cannot be achieved; providing less certainty would increase the
agent’s value of waiting for more information and make him delay investing. Perhaps sur-
prisingly, the result that the principal provides too much certainty remains true regardless
of how much the agent values certainty. Even if the agent places a very high value on
certainty, so that it would be efficient for the principal to provide a high level of certainty,
the optimal policy rule requires that the principal provide even more of it.

When there are more than two periods, the principal may front-load certainty — con-
ditional on the bad state, the policy is higher if the signal “broke down” in an earlier
period (Theorem 1(b)). Again, this serves to reduce the agent’s value of information and
dissuade him from delaying investment.

We apply our results to study the design of environmental subsidies (Section 5). Here,
because the agent’s payoff is additively separable in his investment timing and the princi-
pal’s subsidy, the optimal subsidy rule does not front-load certainty. That is, the subsidy
is independent of the history of signal realizations, conditional on the state. Our results
also shed light on how a buyer should procure a good from a seller, when the seller must
first succeed in R&D to be able to produce the good.

We first analyze a simple two-period example (Section 2), previewing many of our main
results. We then set up and analyze a multi-period model with a richer payoff structure
(Sections 3 and 4), which allows us to both generalize the results from the example and

obtain new insights. We then use our results to study applications (Section 5).

Related Literature. There is a long-standing literature that studies irreversible in-
vestment under uncertainty (Bernanke, 1983; Dixit et al., 1994; Friedman, 1968; Rodrik,
1991; Fernandez-Villaverde et al., 2015; Gulen and Ion, 2016; Handley and Limao, 2017;
Gowrisankaran et al., 2024; Chen, 2024).? These papers mostly take uncertainty as exoge-
nous and study the benefit of policy certainty in encouraging investment. In contrast, we
study how a principal to endogenously provides certainty, trading off the benefits against
the costs, to incentivize a strategic agent.

The literature on dynamic commitment under uncertainty (Athey et al., 2005; Halac
and Yared, 2014, 2022; Choi, 2024) has focused on settings where future information
arrives privately to the principal. Choi (2024) is a close antecedent to this paper; in our
language, it considers a principal who delays an agent’s stopping decision by promising
today to provide certainty tomorrow. In these papers, the focus is on how the principal
incentivizes her future self to be truthful after receiving private information. In contrast,
we study an environment where the principal and the agent observe the same public
signal. This is highly relevant in many settings, such as in designing environmental or
macroeconomic policies, but have received little attention. We show that the agent’s

ability to wait for future public information is precisely what causes the principal to

2Relatedly, Baker et al. (2016) introduces a way to measure policy uncertainty.



provide too much certainty. Enriching the agent’s moral hazard constraint while dropping
the principal’s incentive constraints allows us to tractably derive sharp insights about the
optimal dynamic policy rule.

Orlov et al. (2020) studies a sender who discloses information to a receiver about
an exogenous state of the world, in an environment with a publicly observed stochastic
process. Koh et al. (2024) provides a method for solving such information design problems.
Grenadier and Wang (2005), Board (2007), and Kruse and Strack (2015) study principal-
agent models where the agent chooses a stopping time and has private information. The
application of our model to bilateral trade relates to advance market commitments for

vaccines (Kremer and Glennerster, 2004; Kremer et al., 2020).

2 Example — Renewing Subsidies

Suppose a principal (she) wants an agent (he) to invest in a project. There are two periods;
the agent can invest in period 0, invest in period 1, or never invest. The investment has
an upfront cost of I > 0. Once the agent invests, in each period, he produces one unit of
a good at zero marginal cost. That is, if the agent invests in period 0, he produces in each
of periods 0 and 1, while investing in period 1 means that he produces only in period 1.
An interpretation is that a government wishes to encourage a developer to build a wind
farm which generates clean electricity once it is built.

The agent’s benefit from production comes solely from per-unit subsidies provided by
the principal. We assume that the subsidy in period 0 is exogenously fixed at s > 0,
while the subsidy in period 2, denoted y > 0, is the principal’s choice variable. An
interpretation is that s has been determined by past legislation, which expires after period
0. The principal’s cost of paying y is (2 — #)y, where 6 is an uncertain state of the world
that takes a value of # = 1 (good) or # = 0 (bad). For example, § = 0 may represent
a negative fiscal shock that increases the government’s opportunity cost of subsidies. In
period 0, the parties share a common prior p = Pr(f = 1). At the beginning of period 1,
before the agent makes the investment decision, € is publicly revealed.

The game is summarized by the following timeline:
Period 0: Agent chooses qy € {Invest, No}.
If ay = Invest, agent receives s — I.
Period 1: State 6 € {0,1} is publicly realized.
If ag = No, agent chooses a; € {Invest, No}.
If a; = Invest, agent receives —1I.

If ay = Invest or a; = Invest, agent receives y, and principal receives
—(2—-0)y.



Letting d € (0, 1] denote the discount factor, the agent’s final payoff is equal to s+dy— I if
he invests in period 0, equal to dy — d1 if he invests in period 1, and equal to 0 if he never
invests. We assume s € ((1 — 9)I, (1 — dp)I). The lower bound means that the benefit
s obtained by investing early is greater than the benefit from discounting the investment
cost, (1 —0)1, which is obtained by investing late. As will become clear, the upper bound
means that s is not so large as to dominate the entire benefit from waiting, which includes
not only (1 — 4)I but also the informational benefit of observing 6. For simplicity, we
assume that the principal does not incur a cost from paying the exogenous subsidy s.?
We will postpone specifying the principal’s benefit from inducing the agent to invest.
For now, suppose the principal’s objective is to minimize the principal’s expected subsidy
cost while inducing the agent to invest in period 0. Throughout, we endow the principal
with ex ante commitment power and assume the public state 6 is court-verifiable, so that
the principal can commit to a level of y that is contingent on the realization of #. We are
mainly interested in the case where the timing of the agent’s investment is not observable
by the principal.* However, we will start by considering a benchmark case with observable

(and verifiable) investment.

2.1 Benchmark: Verifiable Investment

When the principal can verify the exact period in which the agent invested, it is without
loss for the principal to commit to provide no subsidies unless the agent invests in period
0. Then, the agent has no reason to wait until period 1 — he should either invest in period
0 or never invest. Thus the principal’s problem is to choose a subsidy rule y(6), which
specifies the subsidy to be paid if the agent invests in period 0 and the realized state is
6, in order to minimize expected cost subject to the individual rationality constraint that

the agent prefers investing in period 0 to never investing:

min 1)+ 2(1 — 0
y(o)’y(l)py( ) +2(1 = p)y(0)

subject to s+ d(py(1) + (1 —p)y(0)) — I >0, (IR)

where the LHS is the agent’s expected payoff from investing in period 0. It is easy to

see that ((0),9(1)) = (0, Ip;ds) solves the above problem with the IR constraint binding.

Intuitively, since the IR constraint only depends on the expected policy, it is optimal for

3This may be because the government operates on a lose-it-or-use-it budget. Our analysis remains
unchanged even if we assume that s is costly for the principal.

4Since the principal subsidizes production, she must be able to observe it. However, it may never-
theless be difficult for the principal to observe the exact timing of the intermediate investments that led
to output. Even when investment can be observed, concerns about distortion of input choice may lead
policymakers to subsidize output (Parish and McLaren, 1982). In the US, the leading federal subsidy for
wind farm developers has been a tax credit that is proportional to the amount of electricity generated
(Aldy et al., 2023).



the principal to only provide subsidies when doing so is cheap.

2.2 Unverifiable Investment

Now, consider the principal’s problem when the timing of the agent’s investment cannot
be verified. In this case, the benchmark outcome cannot be implemented. Indeed, sup-
pose the principal commits to pay y(6) in state 6 for period-1 production, regardless of
investment timing. Then, the agent has a profitable deviation: he can wait until period 1,
observe the state, and then invest if and only if & = 1. This gives the agent an expected
payoff of (1 —dp)I — s, which is strictly positive by assumption and thus greater than the
expected payoff of 0 that the agent gets from investing in period 0.

To prevent such a deviation, a feasible subsidy rule must additionally satisfy the no-

waiting constraint:

s +0(py(1) + (1 = p)y(0)) — I = dp(y(1) - 1), (NW)

where the LHS is once again the agent’s expected payoff from investing in period 0, and
the RHS is the expected payoff from waiting and then investing in period 0 only in the
good state. In principle, the agent may also consider two other deviations: wait and
invest only in the bad state, and wait and invest in both states. We ignore the former
deviation for now, and will shortly verify that this is not a profitable deviation. Due to
our assumption that s > (1 — §)/, the latter deviation is always dominated by investing
in period 0; intuitively, if the agent plans to invest in period 1 no matter what, he should
just invest in period 0.

Therefore, the principal’s problem under unverifiable investment is

min 1)+ 2(1 — 0
y<0),y(1)py( ) +2(1 —p)y(0)

subject to (IR), (NW).

It is straightforward to see that both constraints should bind at the optimum, and that the
optimal solution is (y*(0),y*(1)) = <%, ]). Since y*(0) < y*(1), we have verified
that the agent will not wish to deviate by waiting and then investing only in the bad
state.

Comparing y* to g, we see that y*(0) > ¢(0) and y*(1) < g(1). That is, investment
being unverifiable leads the principal to provide certainty to the agent by reducing the
difference between subsidies under the two states.” To see why this must be optimal,
observe that in (NW), the terms on each side containing y(1) cancel out, so the principal

must raise y(0) in order to satisfy (NW). Intuitively, waiting for information is valuable

®Note that, in this example, the expected policy is the same in the two scenarios, E[y*(0)] = E[§(0)] =
I—s
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for the agent because, and only because, it allows him to avoid investing in the bad state.
So, while raising y(1) equally raises he agent’s expected payoff from investing in period
0 and not waiting and thus has no impact on the agent’s decision to wait, raising y(0)
reduces the agent’s value of information and thus induces him not to wait. Since a higher
y(0) relaxes the IR constraint, the principal can lower y(1).

The bad news principle (Bernanke, 1983) states that, for the decision whether to
invest early, only the severity of future bad news matters. Our example uncovers a
strategic implication of the bad news principle. For the agent’s decision whether to invest
in period 0 or wait, what matters is that when the subsidy is low, it is not too low.
Therefore, to prevent the agent from waiting, the principal must provide more subsidies
precisely when subsidies are more costly for her.

The provision of certainty leads to a loss of efficiency. The subsidy rule y* is clearly
more costly than ¢ for the principal, as she provides the same level of subsidies in ex-
pectation but pays relatively more in the bad state. On the other hand, conditional on
investing in period 0, the agent has zero value for certainty because her payoff is linear in
the subsidy; the agent’s expected payoff is 0 under both y* and ¢. In other words, under
y*, the principal provides certainty which is costly for herself but worthless to the agent.
Clearly, y* is Pareto-dominated by .

We view this as a novel form of moral hazard. In a standard moral hazard prob-
lem (Holmstrom, 1979), a principal conditions wage on endogenous output in order to
incentivize an agent to exert effort; this exposes the agent to risk, which is inefficient if
the agent is risk-averse. In our model, a principal conditions her policy on an exogenous
state of the world. The principal promises to enact a favorable policy in the bad state,
not because she wants to insure a risk-averse agent, but because this destroys the agent’s
option value of waiting for information and induces him to invest early.

One may wonder if the loss of efficiency in the current example relies on the agent
being risk neutral. That is, if the agent values certainty, might the principal’s provision
of certainty actually improve welfare? Our general model will show that this is never the
case. Regardless of how much the agent values certainty, the principal will always provide

too much of it.

2.3 Optimal Investment Timing

So far, we have considered the cost-minimizing subsidy rule that induces the agent to
invest in period 0. Given our results, should the principal induce the agent to invest early
or induce him to wait for information? Before answering this question, we must now fully
specify the principal’s payoffs. Let us assume that the principal receives a benefit b > 0

if the agent invests, and that this benefit does not depend on when the agent invests.®

SFor example, the principal may only care that the investment occurs before the next election.



Then, the principal’s expected payoff from inducing the agent to invest in period 0 is

_ —§(I—S)+p1. (1)

The principal’s expected payoff from inducing the agent to wait until period 1 and invest

only in state # = 1 is

p(b—1). (2)

The principal induces the agent to invest in period 0 whenever (1) is positive and is greater

than (2). This is the case if the investment cost I is low enough.”

Remark 1. The principal has no intrinsic preference for early investment, as she obtains
the same benefit b regardless of when the agent invests. Nevertheless, the principal pro-
vides costly certainty in order to induce the agent to invest early. This is because the
agent obtains an exogenous benefit s — (1 — §)I from investing early. Although this ex-
ogenous benefit is not by itself large enough to make the agent invest early, it becomes
enough once it is supplemented by the certainty provided by the principal. In turn, this

allows the principal to induce investment at a lower cost to herself.

Finally, we consider how the agent’s moral hazard (i.e. non-verifiability of investment)

affects the timing of investment. When investment is verifiable, the principal’s expected
I—s
=
strictly lower than (1). On the other hand, her expected payoff from inducing the agent

payoff from inducing the agent to invest in period 0 is b — py(1l) = b — which is
to wait and invest only in the good state is p(b — I), which is the same as (2). Therefore,
the agent’s moral hazard always weakly delays investment. If the principal induces late
investment without moral hazard, she also induces late investment when there is moral
hazard; however, even if the principal induces early investment without moral hazard, she
may induce late investment when there is moral hazard.

There are two main takeaways from the example described in this section. First, the
principal provides certainty in order to induce the agent to invest, and this is inefficient.
Second, moral hazard delays investment. In subsequent sections, we explore how these

conclusions generalize in a model with a richer payoff structure and multiple periods.

3 Setup

Preliminaries. A principal (she) and an agent (he) interact over a finite number of

periods t € {0,1...,7}. We will abuse notation and sometimes let 7" denote the set of

"For example, this happens if I =2, s =04, p=0.5, 6 = 0.9, and b = 4.



all periods. In period T, the principal chooses a policy y € Y = [0,7] C Ry. The agent
chooses when, if ever, to make a single irreversible investment; that is, the agent solves
a stopping time problem. We say that the agent stops at time ¢ = oo to mean that the
agent has not stopped by the end of period T'. There is a payoff-relevant state of the world
@ which can take values 1 (good) or 0 (bad), with a common prior Pr(6 = 1) € (0,1).

To introduce assumptions on the players’ payoffs, we start with a definition.

Definition 1. A function f(6,y,t) satisfies aggregate positive monotonicity (APM)

if, whenever

for t € T and a finite sequence of «; > 0, 6; and vy;, then, for all ¢ < ¢, we have:
Zaz’f(ei’yiat/) > Z%f(@;%ﬂ- (3)

We will interpret this definition shortly. If the agent invests at time ¢, the state is 0,
and the principal’s policy is y, the agent’s payoff is u(6,y,t). We impose the following

assumptions on u.
Assumption 1. The agent’s payoff function u(0,y,t) satisfies the following conditions:

(a) w is differentiable in y, strictly increasing in y, and weakly concave in y.

(b) u(l,y,t) > u(0,y,t) for all y,t.

(c) u(B,y,00) =0 for all 6,y.

(d) u(0,0,t) <0 forallt €T.

(e) uy(0,y,t) < uy(0,y,t') fort > t', where u, denotes the partial derivative of u with

respect to .
(f) Fory >y andt >1t, we have uy(0,y,t) —u,(0,y',t) > u,(0,y,t") —u, (0,9, ).
(9) u satisfies APM.
(h) uy,(0,y,t) <uy(l,y,t), for all y,t.

(b) means that the agent prefers the good state to the bad state. (c) normalizes to 0
the agent’s payoff from never investing, and (d) says that the agent prefers not to invest
if the state is bad the the principal provides the lowest possible policy of 0. (e) means
that the earlier the agent invests, the stronger his preference for higher policy; (f) means
that investing earlier increases the curvature of u with respect to y, that is, w,(6,y,t) is
supermodular fixing §. APM (g) is a weak discounting notion. It says that, provided the
agent is receiving a “good” lottery of rewards by stopping tomorrow, he would prefer to
receive that same lottery and stop today. (h) says the agent’s marginal value for policy

is greater when the state is good.



If the agent invests at time ¢, the state is 6, and the principal’s policy is y, the

principal’s payoff is v(6,y,t). We impose the following assumptions on v.
Assumption 2. The principal’s payoff function v(0,y,t) satisfies the following conditions:

(a) v is differentiable in y and strictly concave in y.
(b) v(l,y,t) > v(0,y,t) for all y,t.

(¢) vy(0,y,00) <0 forall 0,y.

(d) v(0,0,t) is non-negative and is non-increasing in t.
(e) v satisfies APM.

(f) Uy<07y7t) S Uy(Ly’t)a fOT’ CL” y7t

(b) means that the principal prefers the good state to the bad state. (c) says that if
the agent never invests, the principal does not benefit from setting a higher policy. (d)
means that the principal can guarantee herself a non-negative payoff by providing the
lowest possible policy of 0; and when she does, she weakly prefers earlier investment. (f)
says that the principal’s marginal value of policy (which may be negative) is greater in
the good state.

Our assumptions on the payoff functions v and v capture a wide range of applications,

such as those provided in Section 5.

Markov Signals. In each period, the principal and the agent symmetrically update
information about 6 by observing a public Markov signal z;. Each x; takes a value of
1 (good) or 0 (bad), and x7 = 6 so that the players fully learn the state in period 7'
Signal 0 is absorbing, while Pr(z;;1 = 1|z, = 1) = p, € (0,1). We say that a breakdown
occurred in period t to mean that the signal transitioned from x; 1 = 1 to z; = 0. The

initial signal is assumed to be xy = 1.

Timeline. Within each period ¢t € {0,1,...,T}, the timeline of events is as follows:

1. Signal x; is publicly realized.
2. If the agent has not already invested, he decides whether to invest or not.

3. If t =T, the principal implements policy y.

Policy Rule. Define two types of terminal histories at period 7"

T entries t—1 entries T—t+1 entries

10



The history a indicates that there has been no breakdown. The history b, indicates that
there was a breakdown at period t. Let H := {a,by,...,br} denote the set of possible
terminal histories, and h a generic element of H.

The principal commits ex ante to a policy rule y : H — Y. We are thereby making
three assumptions regarding the principal’s commitment power. First, the principal can
condition her choice of policy on both the state and the signals. It is common for policies
to be contingent on uncertain future states. For example, the Clean Electricity Production
Credit in the US depends on annual US greenhouse gas emissions, which may be viewed
as an exogenous state from the point of an individual firm.® Second, we assume that the
policy rule does not depend on the agent’s choice of whether and when to invest. This
captures the fact that it is often difficult for a policymaker to observe the investment

9

decisions of individuals, let alone their exact timings.” Finally, we restrict attention to

deterministic policy rules.

Agent’s Problem. The agent’s choice of when to irreversibly invest can be modelled
as the choice of a stopping time. Formally, let T denote the set of stopping times that
are adapted to the natural filtration with respect to {z;}e7. Taking as given the policy
rule y(-) announced by the principal, the agent chooses 7 € T to maximize his expected

payoft:
max Efu(6, y(h), 7)],

where the expectation is taken over the terminal state 6, the terminal history h, and the

stopping time 7.

Principal’s Problem. The principal’s problem is to choose a policy rule y(-) and a
stopping time 7 to maximize her expected payoff, subject to the agent’s incentive con-

straint:

[Po] , (rgfagTE[v(Q, y(h), )]

subject to E[u(6,y,7)] > E[u(0,y, )] vr' e T.

8 As our analysis will show, the optimal policy rule depends not only on the payoff-relevant state, but
also on the history of signal realizations, which is not payoff-relevant conditional on the state. We view
this as a normative result.

90ne interpretation of our model is that there exists a continuum of small homogeneous agents. Then,
even if the principal could condition her policy on the aggregate investment of the economy, this would
not affect the incentives of the agents because each agent takes the policy as given.

11



4 Optimal Policy Rule

To analyze the principal’s problem [Py], we first study a simpler problem in which the
agent is constrained to only choose among a smaller, one-dimensional class of stopping
times (Section 4.1). We then argue that the solution to this simpler problem also solves

the principal’s original problem [Py] (Theorem 2).

4.1 Simple Stopping Times

For t € {0,1,...,T,00}, the simple stopping time 7, € 7 is the random variable
defined by

T+ =
o0 ifxt:O,
Too = OQ.

That is, an agent adopting 7; always waits until period ¢; if the period-t signal is good, he
stops immediately, and otherwise he never stops.!’ Given a policy rule y(-), the agent’s

expected payoff from the simple stopping time 7; is

pip2 - pEu(@,y(h), t) |z, =1] ift < oo
Uily) =
0 it t = oo,

where the expectation is taken with respect to the terminal state #r and the terminal
history h € H. In contexts where the policy rule is unambiguous, we will omit the
argument and simply write U;.

The principal’s auxiliary problem is

[P] max E[v(6, y(h), )]

y(')th

subject to U, > Uy vi' € {0,1,...,T, 00}

The auxiliary problem [P] differs from [Py] in two aspects — the principal cannot induce
the agent to adopt a non-simple stopping time, and the agent cannot deviate to a non-
simple stopping time. We will show in Section 4.2 that the former is without loss of

optimality, while the latter is without “gain” of optimality.

1ONon-simple stopping times are those in which the agent stops after observing a breakdown signal
z¢ = 0. Although such behavior is intuitively suboptimal, we cannot a priori rule it out because the
policy is endogenous.

12



It will be useful to also define the inner auxiliary problem as follows:

[P(t)] max E[v(0,y(h), 7)]

subject to Uy > Uy vt > t.

The problem [P(t)] differs from [P] in two aspects. First [P(t)] takes as given the stopping
time 7;. Second, [P(t)] assumes that the agent cannot deviate to any “earlier” simple
stopping time 7y with ¢ < ¢t. That we can ignore such deviations is established by the

following lemma.
Lemma 1. Let V() denote the value of [P(t)]. The following statements are true:

(a) For eacht € T, there exists a solution to [P(t)] with y(bs) =0 for all s <t.
(b) There exists a solution (y, T) to [P] such thaty solves [P(t*)] and t* solves arg max, V ().
(c) If (y, ) solves [P], then y solves [P(t*)] and t* solves argmax, V (t).

Proof. See Appendix A.3. O

The intuition for Lemma 1 is that, if y solves [P(t)], and the agent wishes to deviate
to an earlier stopping time under y, then it is better for the principal to induce the earlier
stopping time. Lemma 1(b) indicates that, in order to solve [P], it is enough to solve
the problem [P(t)] for each ¢ and then maximize over ¢. Lemma 1(c) allows us derive
necessary properties of the solution to [P], which are stated in Theorem 1 below.

In stating Theorem 1, we shall say that a constraint is slack to mean that the value
of the maximization program [P] remains unchanged even if one were to remove the

constraint.'!

Theorem 1. Suppose (y, ;) solves [P] for some t € T, and suppose y(h) is interior for
h € {by1,...,br,a}. Then the following statements hold:

(a) It must be that

where (4) holds with equality if and only if the constraint Uy > Ur is slack.
(b) It must be that

Y(bey1) > y(bry2) > -+ > y(br). (5)

HUThat is, a constraint is slack if and only if the corresponding Lagrangian multiplier may be set
to be 0. Note that this is weaker than saying that the constraint holds with a strict equality at the
solution, since it may be that the multiplier is zero, yet the unconstrained solution happens to satisfy the
constraint.
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For each s = 1,2,...,T —t — 1, we have y(bis) = y(birst1) if and only if the

constraint Uy > Uy s s slack.
Proof. See Appendix A.5. O

When the inequality (4) is strict, the policy in the good state is inefficiently low, and
policy in the bad state is inefficiently high. This can be viewed as a violation of the Borch
rule. Both the principal and the agent would be better off if they could agree that the
agent would use the stopping time 73, and that the principal chooses policy more flexibly
in response to the state #. However, such a Pareto improvement is not feasible because
it would lead the agent to wait for more information instead of stopping at time ¢ after
seeing s; = 1.

One can show that the optimal policy always satisfies y(a) > y(br). As a result, low-
ering y(a) and raising y(br) decreases the difference between the two policies. Therefore,
we interpret (4) to mean that the principal provides too much certainty.

The inequalities (5) mean that certainty is front-loaded — the principal provides more
certainty when the breakdown occurs earlier. To discourage the agent from waiting, the

principal makes earlier signals less informative about her choice of policy.

Benchmark: Verifiable Investment. For comparison, consider a benchmark case
where the timing of investment is verifiable. Then, to induce the agent to adopt the
stopping time 7, the principal just needs to ensure that the agent prefers 7, to never

stopping (i.e. adopting 7,). That is, the principal’s auxiliary problem is

max E[v(6,y(h), )]

y(’)’Tt

subject to Uy > 0.
In this case, the policy only depends on the final payoff-relevant state, and not the entire

history.

Proposition 1. Suppose (y, ;) solves the principal’s problem with verifiable investment,
and y(h) is interior for h € {byi1,...,byr,a}. Then it must be that

Y(bry1) = y(biya) = --- = y(br) =: y(b)

and
vy (0,y(b),t) _ v, (1,9(a),1)
uy (0,y(b),t)  uy (1,y(a),t)

Given 1;, the policy rule y(-) is Pareto efficient.

Proof. See Appendix A.4. O
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4.2 Optimal Policy Rule

The solution to the auxiliary problem [P], which we described in Theorem 1, in fact solves

the original problem [Py].

Theorem 2. If (y, 1) solves [P], and y(h) is interior for h € {by1,...,br,a}, then
(y, 1) solves [Py].

The theorem contains two results. First, the original program [Py] allows the principal
to induce the agent to choose a non-simple stopping rule, but the principal never benefits
from doing so. Second, under the policy y that solves [P], agent has no profitable deviation
to a non-simple stopping rule. This is where the “guess-and-verify” approach proves
useful. The properties of the solution to the auxiliary problem (Theorem 1) allows us to
argue that for any non-simple stopping rule, there exists a simple stopping rule that is

better for the agent.

5 Applications

5.1 Renewing Subsidies

Consider the extension of the two-period example in Section 2 to T periods. Once the
agent invests, he receives the exogenous benefit s in every period. That is, the agent’s

payoff from investing in period ¢ is
u(0,y,t) = (6" +---+ 67 s+ 6Ty —o'1.

It can be verified that this satisfies the conditions in Assumption 1 (see Appendix A.2).
The transition probability in each period is constant at p € (0,1). We assume that the

principal’s cost of subsidy is quadratic:
L,
v(0,y,t) =b— i

Using Theorems 1 and 2, we obtain the following result:

Proposition 2 (No Front-Loading). Suppose (y, 1) for some t € T solves the subsidy

renewal problem. Then, exactly one of the following three conditions holds:

(a) Uy > max{U1,...,Ur,0}
(b) Uy > max{U1,...,Ur} and U, =0
(¢c) Uy > max{U1,...,Ur_1} and Uy = Up = 0.

Proof. See Appendix A.6. O
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The proposition says that says that only the last two constraints, U; > Ur and U; > 0,
may bind at the optimum. Strikingly, this means that the optimal policy rule does not
involve any front-loading of uncertainty, as all y(b;)’s are equal. One may be concerned
about a policymaker’s ability to commit to condition her policy on past signal realizations
that are payoff-irrelevant. Proposition 2 says that, in the context of environmental subsi-
dies, it is without loss of optimality for the policy to only depend on the payoff-relevant

state.

5.2 Bilateral Trade

The principal (a buyer) wishes to procure from the agent (a seller) a good at time 7. The
seller may or may not be able to produce the good at time 7. For example, the good
may be a vaccine for a new virus that takes a stochastic amount of time to develop. To
produce the good, the seller must first invest in development, and then the development
must succeed. If the seller invests in period %, success arrives with probability ¢ in each
period t,t + 1,...,T. Hence, if the seller invests in period t, the probability that she
succeeds by period T'is 1 — (1 — ¢)T~+L.

If the seller does not invest by period 7', both players obtain 0 payoffs. If the seller
invests but does not succeed in development by period T', the buyer’s payoff is 0, and the
seller’s payoff is —d1, where I > 0 is the cost of investment and ¢ € (0,1) is the discount
rate. If the seller invests and succeeds by period T, the players have a chance to trade

the good. If y units of the good are traded, the seller’s payoff is'?
y— -[7

and the buyer’s payoff is

Oy> —y,
where 6 € {0, 1} represents the buyer’s uncertain future value for the good. For example,
the value of a vaccine may depend on how quickly a new virus is spreading. To incen-
tivize the seller to invest early, the buyer can make the following form of advance market
commitment (Kremer and Glennerster, 2004; Kremer et al., 2020): if the seller’s research
succeeds, and if the terminal state is 07, the buyer will purchase y(fr) units of the good.

The seller’s expected payoff from investing in period ¢, conditional on policy y and

terminal state Or, is
(1-(1—g" "y -7, (6)

Although (6) is a (conditional) expected payoff because the coefficient of y is a probability,

12\We assume in this example that the per-unit price of the good is fixed at 1.

16



we may nevertheless define the seller’s payoff function v(6,y,t) to be (6) to incorporate
this application under our setup.

Notably, this is an example where the investment timing ¢ interacts with y. The earlier
the agent invests, the more exposed he is to the principal’s policy. This is in contrast to

the subsidies application, where the agent’s payoff was additively separable in ¢ and y.
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A Proofs

A.1 Proof of Theorem 2 — No stopping after a breakdown

Additional notation. A history, g, is a sequence of states. For any ¢t € T, and any
s < t, define:
t entries s—1 entries t—s+1 entries
—— ——
at::(l,...,l), bs’tiz(l,...,17 O,...,O )
The history a; indicates that it is period ¢ and there has been no breakdown. The history
b,; indicates that it is period ¢ and there was a breakdown at period s. Additionally,

define the history ag, which indicates that it is period 0. Let
G :=ag U (Uay) U (Ups<ibsy)

denote the set of possible histories. Notice that a terminal history is simply a history of
length 7', and that, accordingly, H C G.

Say that a history, g’, of length ¢, is a sub-history of a strictly longer history, g, if
the first ¢ entries of g are given by g’. The history ag is defined to be a sub-history of any
other history. We will indicate the sub-history relation using the shorthand g’ <, g.

A stopping rule, d, is a map from G to the set {wait, stop, @}, with the property
that:

d(g) =9 <= 3g <, g with d(g') = stop.

Given some stopping rule, let 7 : H — T'U oo denote the stopping time function,
which maps a terminal history to the time the agent would stop under that rule (or to
oo if the agent would never stop). There is a one-to-one relationship between stopping
rules, d, and stopping time functions, 7; we will use 7; to represent the stopping time
function induced by stopping rule d, and d, to represent the stopping rule induced by
stopping time function 7. Notice that this is a notation change from the main text: d and
7 are now both functions of histories, rather than random variables, and 7 represents the
stopping time.
Define the simple stopping rules, d;, for t € T, by:

di(a;) = stop
di(b; ;) = di(a;) = wait, forall j,i <jandall s <t
di(a,) = @, for all z > t.

The rule d; describes an agent who stops iff it is period ¢ and a breakdown has not
occurred. Further define d..(g) = wait, for all g € G, which describes an agent who

never stops.
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The following notations related to agent utility will be useful. First, define:

(TI=ip) 1 —ps) g=Dhy,

p(g) =14 ",

to be the probability that the history g will be reached at some point. (Notice that p is
also defined for terminal histories, via the relationships a = ar and b; = b;r.) Then,
define:

uw(@ =0,y(b;), 7(b;)) h=Db,

uh, Tly) =
u(@ =1,y(a), 7(a)) h =a,

to be the agent’s (discounted) utility given terminal history h, stopping time function 7

and policy y. Similarly, define:

u(f = 0,y(by), t) g =b,,
u(gly) = < (IT ey p)uld = 1,y(a), )+
S (I p) (L = pou(0 = 0,y(by),t) g=ay,

to be the agent’s (discounted) expected utility from stopping at history g, given policy y.
Denote the agent’s (discounted) expected utility from using stopping rule d, given
policy y, by u(d|y). It will be useful to compute u(d|y) in two ways. First, conditioning

on terminal histories, we have:
u(dly) = p(a)u(a, aly) + Y p(bo)ulby, 7aly). (7)
t

Second, conditioning on stopping histories, we have:

wldly)y = Y p(g)ulgly). (8)

{g€g:d(g)=stop}

Next, the following simple consequences of aggregate positive monotonicity will be

useful. The first simply says that u is monotonic when it is non-negative.

Lemma 2 (Positive monotonicity). For any 0 € {0,1}, y € R and t € T, such that
u(@,y,t) >0, and any s < t, we have:

u(0,y,s) = u(0,y,1).

Proof. Use the single-element sequence (1,6, y) in the definition of (APM). O

The second says that, if, no matter tomorrow’s news, the agent would derive non-

negative utility from stopping, then he is better off stopping today than tomorrow — in
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other words, he does not want pointless delay. We call this the early sure-thing principle
(ESTP).

Lemma 3 (Early sure-thing principle). Fiz a policy rule, y : H — R.

(a) Foranyt €T, and s < t, such that u(bs.|y) > 0, we have:
u(bssly) > ulbsly).

(b) For anyt € T, such that u(dii1|y) > 0, u(biyr441ly) > 0, we have:
w(dely) > uldisa]y).

Proof. (a) Set # =0 and y = y(by) in Lemma 2.
(b) Using equation (7), we have:

u(ds|y) — u{di1|y) =p(ber1)u(0,y(biy1), 1)

+p(a)u(l,y(a), 1) + Z p(bi)u(0,y(b;), 1)

—p(@)u(Ly(a),t+1) = > p(bi)u(0,y(bi),t +1),
i=t42
where the third line is u(d;1|y). Then, (APM) implies that the sum of the second and
third lines is non-negative, while (a) implies that the first line is strictly positive. Thus,
u(dely) > uldisaly). 0

Let us now define another optimization problem for the principal, which we call the

principal’s inner problem.

[Po(t)] IS(?“)XE[U(& y(h),7)]

subject to E[u(f,y, )] > E[u(0,y, )] vr' e T.

In [Py(t)], as in [P(t)], the principal seeks to induce the agent to use the simple stopping
rule d;; however, in [FPy(t)], the principal must also guard against deviations to non-simple
stopping rules. Thus, [P(t)] is a relaxation of [Py(t)].

Our proof of Theorem 2 proceeds in two parts. Our first result, Lemma 4, implies that
any solution to [P(t)] is feasible for (and therefore solves) [FPy(t)]. Our second result, 77,
shows that any solution to [Fp] is a solution to [FPy(t)], for some ¢ — that is, the principal
would optimally induce a simple stopping time. Together, these results establish the

equivalence between [Fy] and [P].
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Lemma 4 (Theorem 2, part a). Fiz t* € T, and let y be a solution to [P(t*)]. Then, we
must have u(bs|y) <0, for allt € T,s <t.

Proof. Suppose not — i.e., there exists some §,¢ such that u(bg;ly) > 0. Then, by ESTP,
it must be that u(bssly) > 0. Let s be the largest value of § satisfying u(bgs|y) > 0.
(Notice that s > t* by Lemma 1.)

Claim 1. For any s’ < s, we have u(by y|y) > 0.
Proof. By Theorem 1, we have that y(by) > y(bs). Then, we have:

u(by »|y) = u(f = 0,y(by),s)
> u(f = 0,y(by),s) [Monotonicity of u]
> u(6 = 0,y(by), s) [ESTP]
= u(bssly) >0

Next, let t € T'U oo be the first period such that ¢ > ¢t* and u(d;|y) = u(d;|y). Such

a t must exist, because if not, we can improve the principal’s payoff by slightly lowering

y(by); recall that y(bs) > 0 because u(f = 0,0,s) < 0. However, we will argue case-wise

that such a ¢ can not exist, producing a contradiction.

Case 1: t < s.
Observe that u(d|y) > 0, (since u(d;|y) = u{dp|y) > u(dso|y) = 0) and u(by,|y) > 0,
(by Claim 1). Thus, by ESTP, u(d;_1|y) > u(d;|y). But, since y is feasible for [P(t*)], we
y) > u(di—1]y), so that u(d|y) = u(ds

must have u(d;-

y) cannot hold.

Case 2: s <t < o0.

Let r be the first period satisfying s < r < ¢, and y(b,4+1) < y(by). If there is no
such 7, let r = t. By the complementary slackness condition in Theorem 1, we have
u(dy|y) = uldy
m > u(bss|y) > 0. By construction, if the agent stops at t*, then he is guaranteed at

y). Now, let m := u(f = 0,y(by),t*). By positive monotonicity, we have

least m from any breakdown occurring between t* and r. We therefore have:

t* r i—1
uldely) > [ pi ( > t-p) ] pj> m + u{d.|y),
=1 i=t*+1 J=t*+1

contradicting the assertion that w(d.|y) = u({d

y), since m > 0.

Case 3: t = oo.

Observe that this can only be the case if we have:

y(bs) = -+ =y(br) (9)
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and
Uy(()»y(bT)?t*) _ Uy(Ly(a)vt*) (10)
uy(0,y(br), *)  uy(1,y(a), %)’
since otherwise one of the complementary slackness results in Theorem 1 would imply
u(dy|y) = u{d
Using (10), Assumption 1 (h) and Assumption 2 (f), we conclude that y(br) < y(a). To
see this, observe from the FOCs for y(a) and y(br), (19) and (20), that v,(0,y(a),t*) <0

and v, (1,y(br),t*) < 0. Now, suppose towards contradiction that y(a) < y(br). By

y) for some t' < oo.

concavity of u and v, we have:

and, by assumptions 1 (h) and 1 (f), we have:

together, these give:
br),t*)

07 y(bT)v t*) 7

Edﬁ ‘Q@
—~
'—A\.
< <
—
SR
~— [~
~ | =+
* *
~— [ ~~—
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contradicting (10).
Now, let m = u(f = 0,y(bs),s — 1), and observe, by positive monotonicity, that
m > 0. But then, using (9) the fact that y(a) > y(br) and Assumption 1 (b), we have

that an agent who stops at s — 1 must receive at least m. We therefore have:

’U/<ds,1 |y> Z p(asfl)m7

which is greater than u(d.|y) = 0, since m > 0. Since u(ds-
y) = u<doo|y>

y) > u{ds_1|y), we have

contradicted u(d
[l

An immediate consequence of Lemma 4 is that any solution to [P(t)] also satisfies
[Fo(t)]-

Corollary 1. Fiz t* € T, and consider any policy, y, which solves [P(t*)]. Then, y also
solves [Py(t*)].

Proof. Lemma 4 implies that y is feasible for [Fy(t*)]. Indeed, consider any non-simple
stopping rule, d. Let ¢t be the (unique, if it exists) period at at which d(a;) = stop, or
t = oo if there is no such period. Let {b,, s, }; denote the set of other histories at which d

stops. Then, from equation (8), we have:
uldly) = uldily) + D p(b, Julbr, s, [y);
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by Lemma 4 we have that the second term is weakly negative, and therefore

u(dly) < u(di|y). (11)

Then, since y is feasible for [P(t*)], we have u{d;|y) < u(d
conclude that u(d|y) < u{dy
[Py(t*)]. Then, since [P(t*)] is a relaxation of [Py(t*)], it must be that y solves [Py(t*)]. O

y); combined with (11), we

y). Since this holds for any d, we have that y is feasible for

Finally, we would like to argue that the principal should optimally induce a simple
stopping rule — i.e., that there exists some t*, such that any solution to [FPy(¢*)] also solves
[Py]. This proof is not included in this draft, but we sketch it below. Suppose the principal
uses a policy, y, which induces the agent to use a non-simple stopping rule, in which he
stops following a breakdown at some time, s, and following no breakdown at time t* > s.
The principal can profitably deviate to the policy g, which is equal to y, except that at all
t € (s,t*] it equals y(s). Policy ¢ induces the agent to stop at s — 1, and is preferable to y
for the principal, since it induces the agent to stop earlier, and, conditional on breakdown

in (s,t*], produces a better outcome for the principal than breakdown at s did under y.

A.2 A sufficient condition for APM

We record the following useful class of utility functions (which we call g — v — § utility

functions), and which, as we show below, automatically satisfy APM.

Definition 2. An agent utility function, u(f,y,t) is § — v — J if it can be written:

u(@,y,t) = @) [B()(w(0,y) +5(t)) — 1],

for some weakly decreasing v, 3, : T'— R, and some w : {0,1} x Ry — R.

The 8 — v — § class is quite broad, and includes the utility functions in all of our
applications. It describes an agent who temporally discounts a state-and-policy-dependent
“reward” for investment, w, and a cost of investment, normalized to 1, in a way that is

consistent with the early sure-thing principle.
Lemma 5 (f—~—¢ implies APM). Suppose that u is 5 —~—9. Then, u satisfies (APM).

Proof. Fix some sequence (o, 0;,v;);, with a; > 0 for all i, and suppose that
S sl 51,t) > 0, (12
for some t € T. We would like to show that
> (b, yi,s) =Y owu(bi, i, t),
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for any s < t.
Rewriting (12), we find:

ZO@ (w(f, yi) +6()) —1]) = AyO[B(E)(X +6(£)) —1] =0, (13)

where A =3 a; and X := %ZZ a;w(0;,y;). Then, for any s < ¢, we have:

Ay(@)[B)(X +0()) —1] =0 (14)

X +4(t) =0 [A,~(t),B(t) > 0] (15)

B(s)(X +4d(s)) = BE)X +4(2)) (8,6 decr.]  (16)

B(s)(X +4d(s)) =1 > B)X +0(t)) —1>0 [(14),(16)]  (17)

Ay(s)[B(s)(X +d(s)) — 1] = Ay()[B()(X +d(t)) — 1] [v decr.]  (18)
and so:

ZO@U(@@',%S) > Z%U(ez’,yi,t)
as desired. ]

A.3 Proof of Lemma 1

Proof of (a). The existence of a solution follows from the Weierstrass Theorem. Sup-
pose that a policy rule y with y(bs) > 0 for some s < t solves [P(t)]. Consider the policy
rule § that satisfies g(bs) = 0 for all s < ¢ and is otherwise identical to y. By Assump-
tion 2(c), the principal’s ex ante expected payoff must be weakly higher under g than y.
Furthermore, note that U; does not depend on the past policies y(b) for s < t. Hence,

switching the policy rule from y to y does not cause the agent to stop later than ¢.

Proof of (b). Suppose ¢ € argmax, V(¢), and let § be a solution to [P(#)] that satisfies
the condition in (a). We will argue that, whenever (¢,#) does not solve [P], one can find
s < t such that (g, s) solves [P], § solves [P(s)], and s € argmax, V(t).

Suppose (4, ) does not solve [P]. This means that (¢, ) must be infeasible under [P].
That is, it must that Uy (9) > Uy(9) for some ¢’ < t. Let s < t be such that 7, is the
agent’s optimal choice of simple stopping time given y.

Fixing the policy rule at g, let us compare the principal’s expected payoff when the
agent plays 7,, to V(f), which is the principal’s expected payoff when the agent plays
7;. We make two observations. First, if the agent plays 7;, conditional on a breakdown
occurring on or after period ¢ + 1 (or never at all), the principal’s conditional expected
payoff must be non-negative; otherwise, the principal would be better off committing to

implement the policy y = 0 regardless of the state. Then, since the principal’s payoff
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function satisfies APM, the principal’s conditional expected payoff is weakly higher if the
agent stops earlier at s < t. Second, conditional on a breakdown occurring between period
s and £, by Assumption 2(d), the principal weakly prefers that the agent stops. Given
these two observations, the principal’s payoff is weakly higher when the agent plays 7
than when he plays 7;. However, since we assumed ¢ € arg max, V/(t), it must be that the
principal’s payoff is in fact the same whether the agent plays 75 or 7;. Therefore, ¢ solves

[P(s)], and s € argmax, V(t). Since § induces 7, it must be that (g, s) solves [P].

Proof of (c). By (b), it must be that the value of [P] is equal to max; V' (¢). The

statement follows.

A.4 Proof of Proposition 1

Under the verifiable investment case, fixing a time ¢, following the same approach as the
proof of Theorem 1, the first order condition with respect to any y(h), where X is the

Lagrange multiplier on the individual rationality constraint, is
vy (0,y(h),t) + A, (6,y(h),t) = 0.

This says that the first order conditions with respect to y(bsys) for all s are the same,
thus define y(b) to be the optimal policy if the final state is 0. Rearranging the first order

conditions to substitute out the multiplier to get the equation required.

A.5 Proof of Theorem 1

By Lemma 1(c), it is enough to prove that the statements hold for any y that solves
[P(t)]. Recall that this problem is

max By v (6, y(h), )]
= myax(l = pe+1)V(0,y(be1),t) + prea (1 — pei2)v(0,y(brya), ) + ... +

+ Pey1Dir2 - prv(l,y(a), t)

subject to Uy > Uy s forall s =1,2,..., T —t and U; > U, = 0. Let \; be the Lagrange
multiplier corresponding to the constraint U; > U;,s. Then the first order condition with

respect to y(a) is

0y (Ly@), 1)+ 3 A [ty (L y(a), ) — 1y (L y(a), £+ )] + Aoty (L y(a), ) =0 (19)
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and the first order condition with respect to each y(by;s) for s =1,2,..., T —t, is

s—1
vy (0,y(brys), 1) + D A [ty (0,y(bris), £) — uy (0, y(brys), £+ 1) +
r=1
T—t
+ ) Ay (0,y(brgs) £) + Astty (0, y(byr), £) = 0 (20)

Next we show that y(b;ys) > y(byrsi1) forall s =1,2,..., T —t. Compare the first

order conditions with respect to y(bsy1) and y(bsyo).

0,0, 5(e1),8) + (72 A + Anc ) 1y (0, y(bus), 1) = 0
0,(0.y(brsa), ) + ( (1= SR ) X+ TN + Ao ) 1y (0, (i) £) = 0.

Suppose towards a contradiction that y(bs1) < y(bsre). Then v, (0, y(bir1),t) > vy(0, y(bei2), t)

from v, decreasing in y, thus

T—t
(Z /\T + )\oo> uy<07 y(bt+1)7 t)
r=1
T—t

< ((1 Uy (O, y(busa) E+ 1>> MY A+ Aoo) uy(0,y(brs2), 1),

uy (0, y(bry2), 1)

but since wu, is decreasing in y, we have u,(0,y(bi1),t) > 6, (0, y(biia), t), further, our

assumption says that % < 1, which means that

T—t -
3 0yu(0,y(brro), t + 1))
At A | 2 | (1= MEY A+ A,
<7’1 > <( 0yu(0,y(byy2), 1) ! TZ;

contradicting the inequality above.

The argument is the same for all other y(byys) > y(bis11), but the inequality y(br) >
y(a) does not necessarily hold because 6 changes from 0 to 1 between the histories by
and a, thus 6 is no longer held fixed in v, and 0,u.

For the second part of the theorem, suppose y(b;1s) = y(b;1s11). By comparing the

first order conditions with respect to y(bs;s) and y(byis:1), we get

s—1
0y (0,9 (b)) + 3 A a1y (0,5 (bi) 1) — 1, (0, y(br )t +7)) +
r=1
T—t
+ Z Aruy(oa y(bt+s)7 t) + )\oouy(oa y(bt+s)a t) =0
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S

Uy(oa y(bt-l-s—i-l)v t) + Z Ar (uy(O’ y(bt+8+1)7 t) - uy(ov y(bt+s+1)7 t+ T)) +

r=1
T—t

+ 3 Ay (0,y(brgarn) 1) + Mooty (0, y(brasy ), t) = 0

r=s+1

Since y(biis) = y(birsi1), all the terms in the two FOCs are the same, except for the

coefficient of A\;. Hence, using u, > 0,

)‘Suy(07 y(bt-i-s): t) = )‘s (uy((): y(bt-i-s)v t) - uy(O, y(bt-‘rs)’ i+ 5)) )

we conclude A\; = 0, that is, the constraint U; > U, is slack.
Conversely, suppose y(bys) > y(biisi1), then v,(0,y(biys), 1) < vy(0,y(brrsi1),t).
The first order conditions imply

s—1
D A () (0,y(brys), 1) = uy (0, y(byys), t+7)) +
r=1
T—t
+ ) Ay (0, y(birs), 1) + Mooty (0, y(bras) 1)

>

Z Ar (g (0, y(brysia), t) — uy (0, y(Brysia), t + 1)) +

r=1
T—t

+ Z )‘Tuy(07y(bt+s+1)at)+)‘00uy(07y(bt+8+1)7t) (21)

r=s+1

Note that u, (0, y(bits),t) < uy(0,y(brsst1),t) by concavity of u, so by comparing the

second and the third term of both sides we have

T—t

Z )\Tuy<0a y(bt-‘rS)a t) + )\OOUy(O, y(bt—i-s)? t) S
- T—t
S Z /\Tuy(07 y(bt-i-s-f—l): t) + /\OOuy(Ov y(bt+8+1)a t)‘
r=s+1

Further, by supermodularity of w,, we have that for all r <s — 1,

uy<0a y(bt+s); t) - uy(0>y(bt+s)>t + T) S uy(oa y(bt-i-s-i-l)at) - uy(07y(bt+5+1)>t + T).

Thus the only way we could have inequality (21) is if

)\suy(oa y(bt+s)a t) > )\s [uy(0> y(bt-i-s-i-l)a t) - ’LLy(O, y(bt+s+1)a t+ S)] )

28



and because of our assumption that u, is decreasing in time all else equal, the right hand

side must be positive. This says that Ay > 0, and the constraint U; > U, binds.

A.6 Proof of Proposition 2

We first show that the constraints U; > Uy, for r € {1,2,...,T—t—1} do not bind. Sup-
pose otherwise, and U; = Uy, for some r. Then from U;(y) > max{U,1(y),...,Ur(y),0}

we have U, 1 < U;y,.. This simplifies to

pg(t+r)—gt+r—1)

(1 =py(biy,r) <

oT ’
where g(t) := o (1%5 —1I ) — fé—_T&. Consider the right-hand side of the inequality. The
mapping t — M is equal to

pd—1 s S
A | 1 —p)—
5T <1—5 )+( P15
and note that this is strictly increasing in t if we have § < 1. This means that

pg(t+r)—glt+r—1) pglt+r+1)—g(t+r)
5T < 5T '

Further, by Theorem 1, we have y(b;y,) > y(bsy-11), leading to

(1 =p)y(Drers1) < pglt+r +51;2 mbihs T)'

Which is what the inequality Uy, < Uyi,.41 simplifies to, and this says U; < Ugypyq,
contradiction.
Next we show that the constraint U; > Ur can not be the only one that binds. Towards

a contradiction, suppose Ur = U; > 0. Then
Ur =p1--pru(l,y(a), T) =p; - 'pT5T(y(a> —1)>0.

To solve for the optimal y(a), following the approach in Theorem 1, the first order condi-
tion with respect to y(a), with the principal having a quadratic cost function, is y(a) = A\,
where A\, is the Lagrange multiplier on the constraint U, > 0. Using U; > 0 we con-
clude that this constraint is slack, and thus A\, = 0. This is a contradiction because
yla)— I = -1 <0.
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