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Abstract

This paper studies optimal tax policy in an economy with endogenous wages. In partic-
ular, we put together important sources of endogenous wage inequality—(i) human cap-
ital, (ii) superstar effects with worker-firm assignment, and (iii) general equilibrium—
and analyze how they work in optimal tax design. We use the optimal tax formulas
to show the role of each component and their interaction. Human capital affects the
efficiency cost of tax distortion not only through the elasticity of effective labor supply—
combining the elasticity of human capital investment—but also through the return to
human capital which relaxes the incentive constraint. Interaction of the superstar ef-
fects, assignment of worker-firm, and imperfect substitution in production provides a
force to lower optimal marginal tax rate by making the optimal tax more sensitive to
the efficiency cost of tax distortion. The general equilibrium effects affect the optimal
tax schedule through two channels—(i) direct response of human capital return to tax
change, and (ii) reinforcement/mitigation of the effectiveness of tax distortion in relax-
ing the incentive constraints—whose implication depends on the degree of substitution

of workers.
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1 Introduction

How is the optimal tax schedule affected by the endogenous wage? This paper studies op-
timal tax policy in an economy where important sources of endogenous wage inequality are
operating together. In the canonical optimal taxation model (e.g., Mirrlees (1971), Saez,
Slemrod, and Giertz (2012)), worker’s wage distribution is simply determined by the exoge-
nous skill distribution, and the literature largely focuses on the labor supply incentives to
capture the efficiency cost of the redistributive tax distortion. How should be the optimal
equity-efficiency trade off adjusted when wage distribution is endogenous? Thanks to the de-
velopment of the literature, we know how the endogenous wage affects this trade-off through
the supply side channel of the production. Since the relative wage enters the incentive con-
straints of workers, the optimal tax schedule is adjusted to compress wage schedule so that it

can relax the incentive constraint—this is so-called “trickle-down” forces of Stiglitz (1982).

There are, however, other important sources which makes the worker’s wage distribution
endogenous. In this paper, we consider three different sources of endogenous wage together:
(i) human capital (ii) superstar effects with worker-firm assignment, and (iii) general equi-
librium. These are all important factors in shaping the endogenous wage inequality, but
we have limited understanding how these sources together work with the impact of the tax
policy. Putting them together in one framework is important not only because they are
required to match the realistic wage distribution but also because additional forces arise due

to the interaction of these factors in sharping the optimal tax schedule.

We develop a model with three sources listed above. The key difficulty is that we need
to capture the key features of wage structure in the real world with the realistic interaction
of the three sources, while still maintaining the model tractable enough to analyze the
theoretical optimal tax formula. Especially, we want to have a unifying framework that can
generate (i) the firm size distribution and sorting between worker and firms together, (ii)
complementarity between workers and managers of a firm, and (iii) human capital investment

decision under the realistic return to human capital-—convex wage schedule.

IThe conventional result is that accounting for the endogenous prices makes the optimal tax schedule

less progressive.



To analyze the key mechanisms of accounting for the endogenous wage in the optimal tax
design, we extend a Mirrlees model. We build on the combination of the general equilibrium
model with human capital of Heathcote, Storesletten, and Violante (2017) and the superstar
model of Scheuer and Werning (2017), with an extension to have assignment between work-
ers and firms and the superstar effects for both workers and entrepreneurs. Workers with
heterogeneous skills invest in human capital, and supply effective labor supply combining
their exogenous skill and human capital given convex earnings schedule—convex function of
effective labor supply which captures the worker’s superstar effects. Labor inputs from dif-
ferent level of human capital are not perfect substitutes, and thus the marginal productivity
of worker with each human capital level, which is the price of human capital, is increasing
in the labor of the human capital levels that are complements in production. Entrepreneurs
with heterogeneous managerial ability own firms and produce output by optimally combining
their effort and composite of worker’s labor given the convex cost function of labor hiring due
to the convex earnings schedule of the workers. The entrepreneur’s effective effort and the
composite of worker’s labor are complements in production which generates span of control,

and at the same time, this leads to the superstar effects of the entrepreneurs.

Then we embed this model with human capital, superstar effects and general equilibrium
to the Mirrlees optimal tax framework and derive optimal tax formulas for workers and
entrepreneurs. The role of each component of the endogenous wage in optimal tax schedule
can be clearly investigated by adding each component one by one from the classic Mirrlees
model. First, when we introduce the endogenous return to human capital, the standard
optimal tax formula for workers in Mirrlees (1971) extends with two modifications. The
first modification is straightforward that we need the elasticity of effective labor supply
combining the working hours and human capital investment. Another change is that the
effective efficiency cost (EEC) of tax distortion represented in the formula depends on the
return to human capital as well as the elasticity. Higher return to human capital lowers the
EEC as it tightens the incentive constraint—by making higher types easy to mimic lower
types, which increases the effectiveness of tax for relaxing the incentive constraint leading

to a higher optimal marginal tax rate.

Next, we introduce the imperfect substitutability in production and superstar effects with



the assignment between the workers and firms while keeping the price of human capital
exogenous. Then, the optimal tax formula of workers includes additional terms due to the
interaction of the superstar effects, worker-firm sorting, and the imperfect substitution of
workers, which provide a force of decreasing marginal tax rate by making the tax schedule
more sensitive to the efficiency cost of tax distortion. In the presence of span of control of
the entrepreneurs increase in worker’s labor supply with lower tax is likely to be assigned to
more productive entrepreneurs, increasing allocative efficiency. This entrepreneru’s superstar
channel increases the efficiency cost of tax distortion. In addition, convex earnings sched-
ule of the workers and imperfect substitution workers with different human capital makes
worker’s hiring more costly, increasing the efficiency cost of tax distortion and the increase is
magnified when the allocation efficiency channel is stronger with high degree of complemen-
tarity between the entrepreneur’s effort and worker’s labor. Important, this new channel of
the superstar effects does not arise when only convex earnings schedule is introduced. It is
the interaction with the assignment structure and imperfect substitution in production which
breaks the non-neutrality of the superstar effects. On the other hand, entrepreneur’s optimal
tax formula is not changed at all showing the neutrality of the superstar as in Scheuer and

Werning (2017).

Lastly, we introduce the standard general equilibrium so that the equilibrium prices of
human capital responds to a tax reform. Then the two additional effects show up in the
worker’s optimal tax formula. The first channel of the general equilibrium is the standard
Stiglitlz effects. The planner sets optimal tax schedule with an eye how taxes affect the rela-
tive wage across workers to relax the incentive constraints by compressing the wage schedule,
which typically makes the optimal tax schedule less progressive. The second channel of the
general equilibrium accounts for whether the effectiveness of the tax distortion in relaxing
the incentive constraints (given price) is reinforced or mitigated by the price change driven
by the tax distortion. The directional implication of this second general equilibrium channel
depends on in which direction the price responds to a tax distortion. Using a simple model
with linear tax, we show that this price incidence relies on the degree of substitution across
labor input from different levels of human capital. If the degree of substitution is low, the

shift of demand tends to dominate the shift of supply, increase in tax distortion leads to de-



crease in wage rate, which mitigates the effectiveness tax distortion in relaxing the incentive

constraints, which then provides a force to lower optimal tax rate.

Our analytical investigation with the tax formula shows that the directional implication of
the general equilibrium in optimal tax schedule requires quantitative investigation. We plan

to explore this.
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2 Environment

Our economy extends the canonical Mirrlees’ model to incorporate the general equilibrium
effects and super star effects on optimal taxation. Standard Mirrlees’” model assumes that
the final production function is linear in the efficiency unit of labor supply—product of
worker’s skill and effort—and thus wage rate of each worker is simply worker’s level of skill.?
Our economy differs from this standard model in two aspects. First, the return to human
capital investment is endogenized in a general equilibrium. Second, the wage schedule of

both workers and entrepreneurs are convex due to the superstar effects in the economy.

Worker’s Preferences and Types Consider an economy with both workers and en-
treprenuers. For simplicity, we abstract from the occupation choice. There is a contin-
uum of workers with continuous skill types. Workers have identical preferences represented
by a utility function: wu(c,é,n), where ¢ is consumption, é is effort for the human capital
investment, and n is working hours. The utility function wu(-) is increasing in ¢ and de-
creasing in € and n, and it is concave, twice continuously differentiable, where the domain is
R, x [0, €] x [0, n]. u(-) satisfies the Inada conditions: for all ¢ > 0, lim._ou. = limp_oup =0

and lime_zu. = limy,_su, = —00.

The effort of human capital investment é(e, 8) is function of e is the level of human capital
investment and and 6 is skill type of workers described below. Depending on the form of
function é(-, -), different types of human capital models can be captured. In the benchmark

economy, we assume that
e

:5’

where the effective effort € required to obtain the level of human capital e is decreasing in

é(e,0)

skill 8. That is, the cost of investing in human capital e is decreasing in skill type 6 in the

baseline. Later, we do the sensitivity analysis with other forms of effort function é(e, 6).

Workers are heterogeneous in their exogenously given skill types and skill types are dis-

tributed across an interval [, 0] according to a distribution function F'(#) with strictly pos-

2 Alternative interpretation is that workers of different skill types are perfect substitutes in production

and output is sum of worker’s effort weighted by worker’s skill level.



itive and continuously differentiable density f(6).> Following the Mirrlees’ spirit, 6 can be

interpreted as comprehensive income generating ability.

Wage Structure  We denote effective unit of worker’s labor supply by y(0) = p(0,e(0)) -
n(0), where p(6, e) is effective productivity and n(6) is working hours. Workers can increase
the effective labor supply either by by increasing individual productivity p(6,e()) with
human capital investment or by increasing labor supply n(f). We assume that worker’s

productivity has the following form:
p(,e) =07 - we),

where an exogenous parameter v controls the return to unobserved skill #, and the return
to human capital e is determined by w(-) which is endogenous function determined by the

marginal product of labor of each human capital level.

Workers who provide effective labor supply y(6) are paid earnings w(f) = W (y(#)) accord-
ing to a wage schedule W (-). If W () is convex at the top, it captures the superstar effects of
workers—return to effective labor supply is increasing at the top. For simplicity, we assume

that
W(y)=y", r>1, (1)

where k > 1 allows the superstar effects of workers, and k£ = 1 is assumed for the analysis

with no superstar effects for workers.*

For later use, we also define the Hicksian coefficient of complementarity between skill
0 and human capital e by p(f,e) = g%pf. Note that under our assumption on the form
of productivity, the Hicksian coefficient of complementarity between skill and human cap-
ital is one. If we extend the model to the CES form of production function p(f,e) =

_1
((1 —a) 00 4. e”(l’p)) '~ the Hicksian coefficient is p(6,¢) = p.

3In the dynamic extension of the model, § can be stochastic, but it is going to be still exogenous shock.
4Note that the exact functional form of worker’s earnings W (-) is not important, except that it is convex

function to reflect the superstar effects of the workers.
5More simpler CES functional for with costant Hicksian coefficient is possible with v = v = 1, but in

this case, return to 6 and return to e is always negatively correlated.



Worker’s Problem  Note that each worker with skill type 6 provides labor supply y(6)
considering that they are paid according to a wage schedule W(-). The productivity function
p(0, e) is endogenously determined in equilibrium, but workers take them as given. A worker
with skill level 6 solves the the following problem given wage schedule W (-), productivity

function p(#, -), and income tax schedule T'(-):
maxu(c,e,n) st. c<W(p(d,e)-n)—T(W(pl,e)- n)), (2)

where € = 3.
To make this worker’s problem comparable to the one in the standard Mirrlees’ model,
we rewrite the workers’ problem as a two-step decision—1. choose (¢,w), and 2. choose

(e,n) given (c,w). Solving backwards, given consumption ¢ and efficiency unit labor supply

y = W1 (w), workers choose effort level e and working hours n:
Ule,y,0) = maxu(c,é(e,0),n) st. y<p(0e)-n, (3)

where U(c,y, 0) is the associated value function. Workers then optimally choose ¢ and w to

maximize the value function U:
max U, W w),0) st. c<w-—T(w). (4)

Note that although we allow separate choice of human capital investment and working hours,
as long as the tax function does not depend on e and n separately, the worker’s problem
boils down to the problem of choosing consumption and earnings in the standard Mirrlees
model given value function U. As in the standard Mirrlees, we need single crossing condition
to set up the planner’s problem, but what is different is we need this condition in terms of
the value function U not just in terms of primitive preferences. Thus we define the marginal

rate of substitution by

Uy(c> ya 9)
Ucle,y,0)’

and we assume the following Spence-Mirrleess single crossing property.

MRS(c,y,0) = —

Assumption 1. M RS(c,y,0) is decreasing in 0.



That is, for more skilled workers, it is less costly to provide effective labor supply y.

Technology and Entrepreneur’s Problem Our economy extends the model with endoge-
nous return to human capital (similar to the model in Heathcote, Storesletten, and Violante
(2020)) to include the span of controls of entrepreneurs. There is continuum of entrepreneurs
with continuous skill types. The skill distribution entrueprenerus is given by G(x), where
x is the managerial ability.® Entrepreneur with ability = produces output by combining his
own effective effort y(x) = x - n(z) and a composite labor Y (z) which combines worker’s
labor. The labor from different levels of human capital are imperfect substitutes, and the

aggregation of worker’s labor at firm x is represented by

1= Q(e)7 - flela)T - Y (2)“ T m(e)de, (5)
which is non-homothetic technology when €(e) depends on e. This technology representation
includes the standard CES technology when €(e) = 1 for all e, which is the case we focus on
later for more detailed analysis. Then an entrepreneur with ability x produces output with
technology A(y(z),Y (x)). We assume that A,y > 0 which generates the span of control of

the entrepreneurs with more effort.

Entrepreneurs have preferences represented by u(c, n), where 4 is increasing in consumption
¢ and decreasing in working hour n. Given a tax schedule T'(-) and a price schedule w(e),

an entrepreneur with productivity  solves the following problem:
a(c,n) (6)
st. c=w—T(w)

w:m%n—/W@@ymmm@@

y=x-n

max
{ee)hemyYw

This problem can be rewritten as a two-step decision: 1. chooses (y(z), c(z)), and 2. hires

{l(e|x)} given (y(x),c(x)). Solving backwards, in the second step, an entrepreneur with given

6 Alternatively, we can think of F(f) as the skill distribution of all individuals with exogenous cutoff
6 below which individuals become workers and above which individuals become entrepreneurs. We can

endogenize the cutoff 6, but then an additional entry/exit channel will arise in the optimal tax formula.



effort y(z) makes the hiring decision of worker’s labor to maximize profit, which determines

the earnings of the entrepreneurs w(x) = W (y(x)):

W(y(z)) = maxA(y(z),Y)—-CY), (7)
where C(Y) = {1251}/[10(6) -L(e)]" m(e)de (8)
(V) st 1=0(e)7 - 6e)'T - Y T m(e)de, (9)

where (8) uses the functional form assumption (1). We denote the solution to the profit maxi-
mization (7) by Y (y(z)) and the solution to the cost minimization (8) by {¢p(e|Y (y(x)))}. By
Ac(Y(y(2))) n—1

solving the cost-minimization (8), we can obtain the cost function C'(Y (y(z))) = e,

and the profit maximization (7) should satisfy

Ay (y(2), Y (y(2))) = C"(Y(y(2))). (10)

We remark that the superstar effects of the enterepreneurs—the convexity of the entrepreneur’s
earnings schedule—is endogenously generated by the supermodularity between the entrepreneur’s
effort and aggregate labor hiring A,y > 0. By taking the envelope condition to (??), we have
W(y(x)) = A, (y(@), ¥ (y(x))), and thus

W"(y(2)) = Ayy (y(2), Y (y(2))) x Y'(y(2)) + Ay (y(2), Y (y(2))),

which shows that A,y > 0 provides a force for convex earnings schedule of entrepreneurs

W"(y) > 0.

Entrepreneurs’ preferences can be represented in terms of effective effort y: U (c,y,z) =
U (c, %) Then, in the first-step decision, an entrepreneur with productivity x solves the

following problem given the earnings function W (y):
mng(w—T(w),W_l(w),x). (11)

The solution to this problem—entrepreneur’s earnings—is denoted by w(z) which in turn de-
termines the entrepreneur’s optimal effective effort y(z) = W~ (w(z)) and optimal aggregate
labor demand Y (y(z)). We denote the aggregate labor of the economy by Y, which is calcu-
lated by integrating the aggregate labor demand of all entrepreneurs: Y = [ Y (y(x))g(x)dx.

10



Equilibrium An equilibrium consists of a tax schedule T'(w), schedules for workers’ earnings
W () and for entrepreneurs’ earnings W (y), allocation for workers {c(8), y(6), e(6),n(6),w(#)}
and for entrepreneurs {c(z),y(z),n(x),Y (y(x)),w(x), {{(e|x)}}, and wage rate of labor for
each e {w(e)} such that (i) for each 0, (¢(0),e(0),n(0)) solves (2) given W (-) and p(d,e) =
07-w(e), with the associated effective unit of labor supply y(0) = p(6,e(8))-n(f) and earnings
w(B) = W(y(0)); (i) for each z, (c(z),n(z),y(x),Y (y(z))) solves (6) given W(-), with the

associated demand for labor {¢(6|z)}; (iii) labor markets clear

[ te®lw)g@)dz =67 - n(0);

and (iv) the goods market clearing condition holds:

[ e0dr©) + [ e@)ac(@) = [ Aly(a), ¥ (y@)g(w)dz. (12)

3 Optimal Tax Formulas

In this section, we derive the optimal tax formulas in an economy with human capital,
superstar effects and general equilibrium. We first begin with the general labor aggregation
technology to obtain the general formula, and then proceed further with the CES technology

assumption to obtain sharper characterization.

3.1 Planning Problem

First of all, we set up the planning problem in an extended version of Mirrlees model. We
assume that for the workers, the planner does not regulate effort e(f) and working hours
n(0) separately but only regulates earnings w(f)—or equivalently, the planner regulates
the effective units of labor y(f) as there is one to one relationship between y and w given
wage schedule W (y). This is either because the government cannot observe e(6) and n(6)
separately, or because the tax policy only depends on earnings w(f) = W (y(6)) due to other
reasons (even though the government can observe e(f) and n(#)). Then, given the optimal
allocation for workers (¢(6),y(6)) chosen by the planner, the allocation of (e(8),n(6)) solves
(3), and the planner only cares for the value function is U(c(6),y(0), ).

11



First Order Approach For any allocation of workers (c¢(6),y(6)), we denote the utility
delivered by this allocation by

v(0) = U(c(0),y(0), 0;p).
An allocation of workers is incentive compatible if
v(f) = max Ulce(0"),y(0'),0;p) V6. (13)

Similarly, for any allocation of entrepreneurs (c(x),y(x)), we denote the utility delivered by

this allocation
(x) = Ulc(x), y(x), z).

An allocation of entrepreneurs is incentive compatible if

o(r) = max Ule(a'),y(z'),z) V. (14)

xT

To derive the optimal tax formula, we follow the conventional mechanism design approach
of solving the set of optimal allocation and find the tax schedule that can implement op-
timal allocation as an equilibrium. As in standard Mirrlees (1971), allocation for workers
(c(#),y(0)) can be implemented as an equilibrium for some tax schedule if and only if it sat-
isfies resource feasibility (12) and incentive compatibility (13) and (14). By single crossing
assumption, we can use the first order approach because the global incentive constraints are

equivalent to (i) monotonicity condition: 3/(#) > 0; and (ii) the envelope conditions:
V'(0) = Up(c(9),y(0),0;p) V0. (15)

Similarly, for the entrepreneurs, we can use the first order approach with the envelope con-

dition:
v (x) = Up(c(z),y(z),2) V. (16)

Thus, we can replace the incentive-compatibility constraints by the envelope conditions (15)
and (16), and drop the monotonicity conditions, and check the monotonicity ex post after

solving the mechanism problem.

12



Planning Problem The planner also takes into account that the equilibrium wage rate
of each human capital level e, w(e) is determined to clear the labor markets. We denote the
firm x’s demand for the worker’s effective labor with skill type 6 by y(0|x), then the labor

market clearing condition can be expressed as follows:

[ v@la)g@)dz = y(®) . (a7)

which is essentially the labor market clearing condition for each human capital level e(6).
With the technology (5) which aggregates the imperfectly substitutable labor {{(e|x)}, the
composite labor input Y (y(x)) of firm z’s production should satisfy the following aggregation

(see the Appendix for its derivation):

MY () = -

[yl £@)d0 va, (18)
where A\.(Y (y(z))) is the Lagrange multiplier of the cost minimization problem (8). We
remark that this multiplier depends on the wage rate. We also note that the value function
of the worker U(c, y, 8) depends on the endogenous price {w(e)}, as the productivity function
is p(0,e) =67 - w(e).

Let C(v,y, 0) be the inverse function of U(c, y, 8), defined according to v = U(Cv, y, 0], y, 0)

and C(9, y, =) be the inverse function of U (c, y, x), defined according to & = U (C’[f}, Y, x], vy, m)

Given a Pareto weight Ag(f) to workers of skill § and a weight A,(z) to entrepreneurs of

productivity x, the planner solves the following problem:

A de-l—/Axx@.r z)dx
(OO} @) / a F(9) ()0(z)g(x)
. (1

s.t (15),(16),(17), and (18).

Since the composite labor Y (y(x)) and the effective labor demand y(6|x) only appears in

)
the constraints (12), (17), and (18), we can rewrite the planner’s problem as follows:

nax /Ag f(0)do + /Ax(a:)f)(x)g(:c)d:c
(5), y()}
(1(0)) st v'(0) = Us(C(0(6),y(0),0),y(0),0;p) V0,
(A(x)) V' (x) = Ux(C(@(ﬂf),y(ﬂf)afE) y(e),x) Ve,

(19)

O O @B AO) - [ C0),y(6),0dF0) - [ Clo(),yw),2)d6) 2 0,

13



where the aggregate output is

W ({yO)h @b ALL) = /A ())) g(2)d (20)

0|a:

(1)) st &aqM@)ZK

(9(0)) /@wmmumx:wm 6,

0)dd Ve,

Despite the extension of the model, the planner’s problem (19) itself is not different from a
standard Mirrleesian problem except the distinction between the workers and entrepreneurs
and the expression of the aggregate production function W(-). This is because the follow-
ings. First, the planner does not regulate the choice of effort e(f) and working hours n(f)
separately. Thus given the value function U(c,y,0), the planner’s problem boils down to
solving optimal allocation of choosing consumption ¢(f) and effective units of labor y(6) as
in the standard Mirrleesian problem. Second, the earnings schedules of workers W (-) and
of entrepreneurs W() are simply captured in the marginal product of ¥ which is aggregate

production function expressed in a reduced form.

However, the optimal tax formula does depend on the detailed assumptions on the wage
structure and production technology which are hidden in the value functions U, U and
aggregate production function W, as the elasticity of earnings and elasticity of prices do
depend on those assumptions. Following lemma explicitly shows that how the marginal

product of aggregate production depends on the structure of our economy.

Lemma 2. The marginal products of the worker’s effective labor supply and entruepreneurs

labor supply in aggregate production given the \.(-) are

O wrigen - £o) . LY g(@)dx
M = W'(y(0))- f(0) y(0)~ ’ 2
8521;) = Ay(y(2), Y (y(x))) - g(x) = W'(y(x)) - g(a). (22)

The effect of increase in y( ) on the aggregate production through the change in A\.(-) is

[ o D),
A (@) dy(o)
j

Y (y(z))

_ _y(le). [ r-uir R |;<)8i(x)dx_ wtor SO0 = [ ALY (y(@)) Bla)g(w)da, (23)

14



where B(x) captures a change in the constraint (9) through a change in e(0) in response to

increase in y(6).

Proof See the Appendix. [ ]

In the standard Mirrleesian model, the marginal product of effective labor is one. Lemma 2
shows that in our economy, the marginal product of effective labor reflects both the superstar
effects and general equilibrium. Although the resource constraint is simply expressed in terms
of reduced form of aggregate production function W, its marginal products are affected by the
convexity of the earnings schedule of both workers—driven by x > 1—and entrepreneurs—
driven by A,y > 0. Endogenous return to human capital through both the change in price
schedule w(e) and the change in human capital e(f) also affects the marginal product of

effective labor.

In the next lemma, we simplify the expressions in Lemma 2 under the CES technology.

Lemma 3. Assume that the labor aggregation technology is CES:

1-n

7 m(e)de. (24)

1= /eW(e)TIT_IY

Then (21) can be rewritten as

o JY (y(x))"g(z)dx
) Wi(y(9)) - f(0) - vr :

Under the CES aggregation, A\(Y (y(z))) = Ae - Y (y(x))", where A\. = \.(1). Then the effect

(25)

of increase in y(6) on the aggregate production through the change in \.(-) boils down to

OV dA ko JY (y(z))"g(x)dx T fo(9~)"i : €w(~e(§)),y(9)f(9~)d9

- |. (26
8/\(: dy(e) y(0> Y ‘HD ' # j‘y(9>n ) Ee(é),y(&)f(0>d6 ( )

Proof See the Appendix. [ ]
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3.2 Optimal Tax Formulas

The optimal tax formulas can be expressed either in terms of skill distribution or in terms
of earnings distribution depending on the main purpose of the formulas. In this paper, we
mostly focus on the (structural) formula expressed in terms of skill distribution, as it is more
useful to understand the underlying mechanisms of how the superstar effects and general
equilibrium effects affect the optimal tax schedule. Later, we also express the formula in
terms of earnings distribution which can be used for sufficient statistics approach and provide

brief analysis.

Easticities We first define the elasticities of effective units of labor y—for both worker’s
y(0) and entrepreneur’s y(x)—with respect to marginal tax rate change along the linear wage
schedule (assuming no superstar effects) and linear budget constraint, which are standard
elasticities commonly used in the canonical Mirrleesian models. Despite the extension of
the model with wage structures and superstar effects, these standard elasticities are relevant

ones when the optimal tax formula is expressed in terms of skill distribution.”

By definition, these elasticities are equivalent to the elasticities of earnings assuming
W(y) =y (and W(y) = y) and T"(w) = 0. Under this assumption, the function of effective
units of worker’s labor supply is defined by y(1—7,1) € argmax, U((1—7)y—T(y)+1,y,0),

which solves the following first order condition given constant marginal tax rate 7/ = 7" (y):
MRS(1=71)y —T(y) +L,y,0)=1—7-1T".

Then the worker’s elasticities of y along the linear wage schedule and linear budget constraint

are defined by

" dy 1-T"(y) Ay : - .

) = 57— " w(y) = 7 (1=T"(y), &,(y) =€) +ily)-
Ol —7)| 1 Y oI\ _;_

These elasticities are the combination of elasticities of working hours and human capital

investment considering the return to 6 and e, which is hidden in the value function U. We also

note that these are elasticities given price schedule {w(e)}. The entrepreneur’s elasticities

"When we express the tax formula in in terms of earnings distribution, the relevant elasticities are the

elasticities of earnings along the nonlinear budget constraint. We define these later.
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of y along the linear wage schedule and linear budget constraint are similarly defined with

entrepreneur’s utility function U (c, y, z). We denote the elasticities of entrepreneurs by *(y),
7le(y), and &(y).

We next define the elasticities of prices, which are used to capture the general equilibrium
effects. We denote the total elasticities of the human capital price w(e(f)) with respect to

worker’s effective labor y(0) and entrepreneur’s labor y(x) by

o dw(e(d) y(0) d . _dw(e(é)) y(z
we@0 = T 300) w(e(d)’ DY@ T dy(x) w(e(d))

dw(e®) y(6) dw(e(d)
w® weon 2 g

both through the change in price schedule w(-) and through the change in level of human

where

are total derivatives capturing the incidences on w(e())

capital e(f). Note that given w(-)-schedule fixed, the wage rate w(e(f)) can still be changed
in response to increase in y(#) as the human capital e(#) increases given price. Since this
change in human capital given price is captured in the elasticities of earnings defined above,

we also define the price elasticity net of this effect:

~ ) ~ ~

0 _ dw(e(9)| y(®) dw(e(9))|” _ dw(ed) -
Gw(e(é)),y((?) o dy(e) w((f(é))’ where dy(e) - dy(@) _ﬂG:G'w (6<0))dy(0)

which is the elasticity of our interest to analyze the role of the general equilibrium below.

Here, we do not present the analytical expression of the price elasticities, but we just
define them and provide notation. Later in Section 4, using a simple model with further
assumptions, we investigate the analytical expression of these elasticities to better understand

how the price schedule changes to the tax reform.

Optimal Tax Formulas We now express the optimal tax formulas in our economy with
human capital, superstar effects and general equilibrium. Under the general labor aggrega-

tion technology which takes the form of (5).

Proposition 4. Assume that each firm’s aggregation of worker’s labor takes the form of (5.
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The optimal tax schedule for workers for any Pareto weights {Ag(@)} satisfies
{ Jy(Ole)g(z)dz ) f y  Jy(bl2)"g(z)de ¢ f(é)dé

y(0)~ y(9)= w(e(0)),y(0) £(6)

R %B(@g(:ﬂ)dﬂf
1.1+WWW<%%w+ff>

(w(0))
010 | "N T we) iy )
L - Tw@) y@ (14 e0) Uy@0) . [we
varm Oty e e ) o (a0

where i(A) =

3.3 Understanding the Mechanisms in the Optimal Tax

Formulas under the CES and No Income Effects For a sharp characterization of the
role of the superstar effects and general equilibrium in optimal tax, we take a first step to
simplify the formulas by making the following two assumptions. First, the labor aggregation
technology is CES as in (24). Second, worker’s preferences have no income effects in working

hours (n(#)) decision and human capital (e(f)) investment.

Under these assumptions, we have the following two observations which simplify the left-
hand side of the formula (27)—the effect of tax reform on the aggregate production. First,
under the CES aggregation technology, proportion of worker’s skill type hired at each firm

satisfies

y(0) v
This implies that the distribution of worker’s skill hired at each firm does not depend on

yO0l) _ Ya) .

the entrepreneur’s productivity x. Every firm has the identical distribution of worker’s labor

over the worker’s skill types (with the same Y( x) for all x), although the scale of the firm
Y (y(z)) does depend on the entrepreneur’s productwlty x.

Second, under the CES aggregation technology, the cost minimization (8) implies that

wage rate w(e) of labor at human capital level e satisfies

18



which shows that it depends on other type’s labor only through aggregate labor Y. Then
the rate of return to human capital investment “2¢(6) at the level of human capital e(f) does
not depend on the labor supply of other levels of human capital e(8) for e(f) # e(). Since
worker’s human capital investment depends only on the relative return “2¢(¢) not on the
level of wage w(e(f)) under the preferences with no income effects, the elasticity of human

capital e(f) with respect to y(#) is nonzero only for the change in labor of own skill type.

Then the optimal tax formula for workers (27) rewrites:

, J Y (y(@))"g(x)da fY(y @) g(@)de . y(G)~ £(8)
T'(w(0)) N 1 <yﬁ —1) - fz(g " w(e(a)y(e)f Ldb (29)
1—T"(w(8 1—T"(w(6 Y (y(z))"g(z)dx
@) T TTCO) | . LYoy
. 1 1+é“(0) [wee web
= 1O Gre w0 ( w D )
R 1 d (*(0)
+71(6) ( )

1 ~1— T’(w(é)) y(é)"/@~ L+e40) U (0)y(d) Wee welh\ ~
— 0 — — — = o 5 —(0) + — | db.
/#( ) w(0)) y(g)x/g &(f) U.(9) Cw(8).y(0) ) w
Note that despite the simplified effects of tax reform on production, the formula (29) still

includes the weighted integration of the cross price elasticities.

Rewriting the Formula with Normalization Under the CES technology and preferences
with no income effects, we can proceed further with normalization to interpret the exact
roles of general equilibrium in the optimal tax schedule. We normalize the wage rates by
the common factor across w(e)’s, which allows us to greatly simplify the terms related to
the cross price elasticities so that we can better understand the mechanisms of the superstar
effects and general equilibrium. From the wage rate expression (28), the common endogenous
factor across all human capital levels are A, and Y. We thus normalize wage rates by these

common factors and denote it by

- 1
w(e) = I i) ~w(e), Ve. (30)
We also normalize p(0,¢e), y(6), and Y (y(z)) by the same factor: p(f,e) = % =
AF YR
07 - w(e), §(0) = % = w(e(0)) - L(e(B)), and Y (y(z)) = % respectively.
AF Y\ AF Y\
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We then rewrite the planner’s problem with these normalized variables. The problem is
the same as in (19) except that the envelope condition (15) of the workers is rewritten with
the redefined value function Ul(c,7,0;p) = max. u (c, 5 ﬁé) and the production function

in the resource constraint is replaced by the following function:

(@b GONA) = max Ay, V() AF - VEGTD) gla)ds)

{9(6]2)}{Y (y(2))},Y
sit. )\c~)~/(y(x))“:/<a-ni1-/gj(9|x)"f(0)d0 Ve,
[ #61)g(w)dz = 50) v,
A [V @)@y =y 26, (32)

Note that we also maximize over the aggregate composite labor Y to optimally determine the
level of worker’s labor as well as the distribution of worker’s labor, but this composite labor
Y should be consistent with the aggregation Y (y(z)) over the entrepreneurs which requires
additional constraint (32) in the aggregate production maximization. We also remark that
with the aggregate production (31) in terms of normalized variables, the effect of increase

in §(0) on the aggregate production ¥, through the change in A\.—through the change in

oW, _

o = 0. Then the incidence of a tax reform on production can be

labor cost—is zero as

represented without cross price elasticities, which simplifies the optimal tax formula greatly.

From the first order condition of this planning problem, we can derive an alternative opti-
mal tax formula expressed in terms of the normalized variables which characterizes the same
optimal tax schedule as the formula (29) does. The decomposition of the alternative formula
provides much clear understanding in the role of superstar effects and general equilibrium

effects. We present this in the next proposition.

Proposition 5. Assume that each firm’s aggregation of worker’s labor takes the form of (24),

and the worker’s preferences have no income effects in n(0) and e(0). For any Pareto weights
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{Ag(8)}, the optimal taz schedule for workers satisfies

ot TSTaE T e Torm PR W 6
where
Q — nﬁ—nl . fY(y(wi)/):g(x)dfC 1
EECap(®)" = 2 tz;)(e) . <w5(9) 4 “f) + Qe (34)
—EEC(6)-!
Qop(d) = y(H)d(d”(e()e ) 4 (‘1;6:9()5) - Uclz}(i)e%(é)> i (550) + 7). (35)

The optimal tax formula (33) is different from the standard Mirrlees formula because our
model deviates from the canonical Mirrlees model in several aspects: (i) wage structure
with endogenous human capital, (ii) general equilibrium with endogenous wage schedule,
(iii) imperfect substitution of worker’s labor in production (iv) superstar effects for workers
with k > 1, (v) superstar effects for entrepreneurs with A,y > 0, and (vi) assignment of
workers to firms. To understand the role of each component in the optimal tax schedule, we
analyze the formula from the stripped-down version and investigate mechanisms by adding

each component.

Role of each Component: (1) Wage with Human Capital We start with the special
case which shuts down the components (ii)—(vi) mentioned above but allows general wage
structure with human capital. Consider an economy which consists of workers only (without
entrepreneurs). With no general equilibrium effects (exogenous prices w(e)) and no superstar
effect for workers (k = 1), Q; = Q3(0) = 0 and EECgg(0)~' = EEC(6)~!. Next proposition

provides the tax formula for workers in this special case.

Proposition 6. Suppose that the economy consists of only workers and the the wage schedule

{w(e)} is exogenously given. Assume that k = 1. Then the optimal tax schedule satisfies

Tw) _ 1-F(6) O
e ~ o RO tipg v (30)
EEC()™" = 1+€0)(9> (w;€(9)+“f>.
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The formula (36) is equivalent to the standard ABC-formula in the Mirrlees model except
that the term of the effective efficiency depends on the returns to skill and human capital as

well as the elasticity of labor supply. In the standard Mirrlees economy without endogenous

human capital, p(d, e(d)) = 6, and thus 2¢(0) + “2® = 1 which implies EEC~! = 1:559()9).

In the presence of general wage structure with human capital, however, the efficiency cost
of tax distortion FEC' is determined not only by the elasticity of labor supply but also
returns to skill and human capital. With a higher return to either skill or human capital, it
is easier for the high skilled type to mimic the low skilled type, which tightens the incentive
constraint. Since the tax distortion can relax the incentive constraint, the efficiency cost of

tax distortion is lowered when these returns are higher.

Role of each Component: (2) Imperfect Substitution and Superstar Next, we extend
the analysis by incorporating the complementarity in production and superstar effects—
(iii),(iv),(v), and (vi) mentioned above—while still turning off the general equilibrium. That
is, we still assume that the exogenous wage schedule {w(e)} is given, but we now introduce
imperfect substitution of workers’ labor in production (n < oo) and superstar effects for
both workers (k > 1) and entrepreneurs (A,y > 1) with the structure of assigning workers
to firms. Next proposition shows how these added features of production and superstar

effects change the optimal tax schedule.

Proposition 7. Consider an economy with both entrepreneurs and workers described in Sec-
tion 2, but we assume that the wage schedule {w(e)} is exogenously given. Then the optimal

tax schedule for workers satisfies

T"(w(0)) 1 1 - F(6) f1(0)

And the optimal tax schedule for entrepreneurs satisfies
CT'w(0)  _ 1-G(O) 1+e&() A )
1 —T"(w(h)) zg(0) &(x) 1—Gz)’ V. (38)

We first remark that the optimal tax formula for entrepreneurs (38) is the same with
the standard ABC-formula in the Mirrlees model despite the superstar effects of the en-

trepreneurs. This neutrality of the superstar effects is consistent with the result in Scheuer
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and Werning (2017). Introduction of the superstar effects raises both the elasticity of earn-
ings and earnings inequality, but these two effects exactly cancel out and thus the tax formula
is not changed at all when it is expressed in terms of the skill distribution. Although our
economy has the wage structure with endogenous human capital, it does not affect the incen-
tive constraint of the entrepreneurs as we assume that only workers invest in human capital.
Thus, the effective efficiency cost of entrepreneurs is simply determined by the entrepreneurs’

elasticities of labor supply.

On the other hand, with the introduction of the imperfect substitution and superstar

effects, the optimal tax formula for workers (37) has additional positive term -y

1
1-T"(w(9))
relative to the standard ABC-formula, which lowers optimal marginal tax rate. By rewriting
(37) in the following way, we can more clearly see that Q; > 0 lowers the optimal tax rate
by making the marginal tax rate 7" more sensitive to efficiency cost:

. RHS(6) - 1 F(9) 0
T@O) = T parse e RHSO) = —pra BECOT 1 pa

Why do these added features in production lower the optimal marginal tax rate? To
understand the mechanisms, we decompose the new term €, into three additive terms—each
of them captures different channel—as follows:

J'Y (y(x))"g(z)dz (k= 1)n 1
le< T —1>+A5-77_1 T

J Y (@)~ g(x)
YK/

where A, = d > 1. An immediate observation from the decomposition is that

all three terms are positive, thus all three channels provide forces to lower the optimal

[Y @) o

v > arises as the tax

tax rate. Looking into each channel, the first term (
reform can affect the allocative efficiency. In the presence of entrepreneur’s superstar effects
with A,y > 0, increase in worker’s labor supply is likely to be assigned to more productive
firms with higher x, improving the allocative efficiency. This channel of allocation raises the
efficiency cost of tax distortion and it is magnified when labor hiring cost is convex with x > 1.
The second term Aj - (’j%l)" is positive when k > 1. Convex earnings schedule of the workers
with x > 1 makes hiring worker’s labor more costly, which also magnifies the efficiency cost
of tax distortion especially more when labor inputs are less substitutable. The third term
1

A - -7 arises as the workers with heterogeneous skill types (and thus with different levels
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of human capital) hired in the same firm are imperfectly substitutable. Reduction in labor
supply caused by a tax distortion is more costly when labor inputs are less substitutable (as
decrease in labor supply of skill type # also reduces marginal products of other skill types.)
Note that the second and third channels are amplified by A; > 1.

Thus, the superstar effects for workers in our economy have non-neutrality in optimal tax
schedule, which is different from the result in Scheuer and Werning (2017). What are the fun-
damental differences in two economies which lead to different implications? In our economy;,
many workers with different skills are assigned to the same firm and they are imperfectly
substitutable, while Scheuer and Werning (2017) assumes the one-to-one assignment between
firm and entrepreneurs. The convex earnings schedule of workers alone does not break the
neutrality, but when it is combined with many-to-one assignment structure, the worker’s
earnings schedule affects the entrepreneur’s cost of labor hiring, which is the key reason why

the cost of tax distortion increases with the superstar effects in our model.

Role of each Component: (3) General Equilibrium Lastly, we incorporate the endoge-
nous prices and analyze the general equilibrium effects. In an economy with the endogenous
prices, the effect of a tax reform on the incentive constraints through the price change should
be also considered. Comparison of the formula without general equilibrium effects (37) to
the formula with general equilibrium effects (33) shows that when the general equilibrium is
introduced, the optimal tax formula has an additional term Qg = EECqg(0) ' —EEC(0)™!
expressed in (35) in the inverse of the effective efficiency cost. This new term exactly captures
how the change in prices driven by a tax reform tightens or relaxes the worker’s incentive
constraints. In which direction the addition of Qgg changes the optimal marginal tax rate
depends on the signs of price elasticities. As we investigate below, the signs of these elastic-
ities can be either positive or negative, thus the implication of the general equilibrium can

be either direction. We investigate this further in Section 4 with a simple example.

For now, we just describe the mechanisms of the general equilibrium effects without deter-
mining its directional implication on the optimal tax schedule. Regardless of the introduction
of the endogenous prices, the optimal marginal tax rate is still decreasing in effective effi-

ciency cost of tax distortion (FECgg), but now the cost includes the new term Qgp due
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to the general equilibrium effects. Whether this change increases or decreases the effective
efficiency cost depends on the sign of the price elasticities. Note that the new term can be

additively decomposed into two terms: Qor = Qgp1 + Q¢g2, Where

d (2<(0)) L+e(f)  Uy,@)yd) , wee wel
a0 and Qgpo = <_ = > w(é),y(e)( (0) + 9) ;

Q =y(0 =
cz1 =y(0) & (@) U.() w w
which capture the effects of change in rate of return

We €

and the change in level of wage

w(e(0)) respectively, and each term reflects different channel of general equilibrium.

The general equilibrium affects optimal tax schedule through the following two channels.
First, since higher return to human capital implies tighter incentive constraints—as it makes
the high skilled easier to mimic the low skilled, the optimal tax schedule needs to be adjusted
to the direction that reduces the return to human capital to relax the incentive constraints.
This channel is captured by the term Qgpg; which includes the tax incidence on rate of
return “=¢. For example, if a tax reform of increasing labor supply #(¢)—which reduces the
marginal tax rate—raises the return “<¢, this implies that an increase in marginal tax rate
relaxes the incentive constraints, and the first channel of general equilibrium provides a force

to increase optimal tax rate

Second, the general equilibrium can also affect how effective the tax distortion is in relaxing
the incentive constraints, and the second term Qgg o captures this channel. Given prices,
the planner uses the tax wedges to relax the incentive constraints as taxing the earnings
of the low skilled can prevent workers with higher skills to mimic the lower types. The
effectiveness of tax distortion in achieving this goal depends on the direction of the price
change when general equilibrium is introduced. Consider the case with Efu(é),y(G) > (. This
implies that when the planner increases # type’s tax rate—decreases retention rate—to relax
the incentive constraint, wage rate of the same type decreases in response to this tax reform.
This price change makes other skill types easier to mimic #-type, making the tax distortion

less effective in relaxing the incentive constraints. Thus positive €° ©) leads to a higher

w(B),y(6
efficiency cost of tax distortion relative to the cost without general equilibrium and lowers

the optimal marginal tax rate—vice versa with negative GZJ(é) (6)"

. e (9) 0
Summing up, % > 0and €4, )

relax the incentive constraints. Thus under these signs the tax incidence, general equilibrium

< 0 implies that increasing marginal tax rate can
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provides a force to raise optimal marginal tax rate with a lowered efficiency cost of tax

distortion.

3.4 Comparison of the Formulas with and without Normalization

We have focused on the optimal tax formulas expressed with normalization ((33) and (??)) to
understand the underlying mechanisms of the each component of the model. By comparing
the formulas, we can see that the terms including the cross-price elasticities in formulas
without normalization do not appear in the formulas with normalization. These formulas
with and without normalization, however, characterize the same optimal tax schedule. Then
why don’t we see the cross price elasticities in the formula with normalization? We briefly

discuss this in this section.

By comparing the formulas term by term, we can show that the new terms arising due
to the imperfect substitution and superstar effect can be expressed alternatively with price

elasticities. Next corollary provides this alternative expression.

Corollary 8. Assume that each firm’s aggregation of worker’s labor takes the form of (24),
and the worker’s preferences have no income effects in n(6) and e(0). The second and third
channels in the term Qy of the worker’s formula (33) can be alternatively expressed as follows:

_ <(/< —Un 1 ) Y (y(@)"g(x)dx
n—1 n—1 Yr

B fY(y(x})/):g(x)dx ' </ zgz;z <€w(e(é)>,y(9) Rl Ee(é),yw)) fgggdé>

Lo () (14
s 0 (1= Tw@n) B (

Corollary 8 shows that the second and third channels in the new term Q; of the formula with

Ucyé 0 o Wel , ~ w6 R
&(0) '+ éc()éy)( )> Cu(e()).4(0) (w(9) + ;}) df.

S}

normalization can be represented in terms of cross-price elasticities, although these terms
arise not because of the general equilibrium effects but because of the imperfect substitution
and superstar effects. This is because in a general equilibrium with endogenous price, the
prices are determined by the marginal product of labor inputs, and thus any change in

production can be represented as the change in prices. However, as we have discussed above,
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the fundamental reason of having a new term ; is the complementarity in production and

superstar effects, and the same term shows up even when we assume exogenous prices.

4 Simple Model

In Section 3, we have provided optimal tax formulas and have investigated the role of super-
star effects and general equilibrium in optimal tax schedule. For the role of human capital
and superstar effects, we could have relatively sharp characterization. Regarding the role of
general equilibrium, however, the implication of the general equilibrium on the tax schedule
is much more involved, as the formulas are expressed in terms of highly endogenous price
elasticities whose signs are not deterministic. In this section, we focus on the simple exam-
ple with linear tax where the endogenous human capital prices can be solved analytically to

characterize the role of general equilibrium in optimal tax.

4.1 Environment of the Simple Model

Suppose that the income tax schedule is linear for both workers and entrepreneurs. The gov-
ernment sets a constant tax rate 7, for workers and a constant tax rate 7, for entrepreneurs.
Under this linear tax system, by assuming special preferences, we can derive analytical ex-
pression for the price elasticities. Then we can analyze in which direction the optimal tax

rate is changed in the presence of general equilibrium.

Workers We assume the following simple form of worker’s preferences with no income

effects in labor supply and human capital investment:

u C,E,n =c— (- ¢ %—a-ni, (39)
(e5n) =e=¢(5)

where ( controls the elasticity of human capital investment and o determines the elasticity
of working hours. We solve for the price of human capital by the “guess and verify”. We

guess the functional form of the price of human capital as follows:

w(e) =W(r) -e”, (40)



Given the functional form (40), we solve the worker’s problem of maximizing utility (39) by
choosing human capital investment e and working hours n subject to the budget constraint
c=(1—1,) (0" w(e))" + Tr, where Tr is lumpsum transfer from the government. Using
the first order conditions with respect to e and n, we can solve for the optimal decision of e

and n given ¥ and v:

e
e(d) = ((1 — Tw) KW yl"‘“’) L CEE gl_nﬁow& (41)

We denote the inverse of e(0) by 0(e) = e~*(e). Then the labor supply £s(e) = 0(e)7-n(0(e))
can be written as a function of human capital level e:

Kov+y—kyv(

gs(e) — ((1 — Tw) “K - \Il”) 1*2(701%4) U 17~(77<*“/<) e 1=r(e—0) | (43)

Entrepreneurs We also assume that the entrepreneurs have the following form of pref-

erences with no income effects in labor supply:
ﬂ(c,n):c—a-ni, (44)

which implies the same elasticity of working hours with the worker’s elasticity.

For simplicity, we make a further assumption on the entrepreneur’s technology. The pro-

duction function of the entrepreneur has the following form

where y is the entrepreneur’s effective labor supply and Y is the composite labor which
combines worker’s labor with the CES aggregation technology (24). Note that (45) satisfies

Ayy = a > 0, generating the superstar effects of the entreprenecurs.

In this simple model, the labor supply elasticities which appear in the optimal tax formulas
can be expressed in a closed form. Without income effects, there is no distinction between
compensated and uncompensated elasticities, and we denote the elasticities of effective labor

supply (given prices) of the workers and entrepreneurs by

dlogy(0)

W dlogy(z)
€)= dlog(l —1,)’

d &)= -—22
and  &(x) dlog(1 —7.)
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Under the special preferences (39) and (44), they have the following closed forms (see the

Appendix):
) B o+ v(¢ o (7) =
1= k(o +vC)’ €=

Note that they are constant over # and over x respectively, and thus we simply denote these

o(k—1)

&) 1—0)k—1

labor supply elasticities by €V and é”.

Equilibrium Prices As we have described in Section 2, by aggregating the solution of
the cost-minimization problem (8), we obtain the labor demand curve ¢p(e) for each e given
A and Yp:

w(e) = A .yg(%ﬂ—l) : <6¢>é lp(e) Rt (46)

R

L(Lk-1)

1 1
where \¢ - Y5 is the aggregate demand-shifter which still depends on the endogenous

A, and Yp.® Thus we need to solve for A, and Y to characterize the price completely.
Under the preferences (44), we can derive the closed-form solution for the aggregate demand
Yp by aggregating the solution Y (y(z)) of the entrepreneur’s problem (see the Appendix):

W o SIS = =y e
Yp = aT=2) Ae (1—7,)02 x 0=+ g(x)dx.

In equilibrium, \. which is function of wage rates is determined to satisfy the market clearing
Yp =Yg, and by substituting A. and Y} into (46), we obtain the labor demand curve ¢p(e)

for each human capital level e.

In equilibrium, labor markets should clear for each human capital level e, which implies

lp(e) = ls(e) for every e. Substituting £g(e) to the equation of the labor demand curve leads

8Demand curve shifts to the right if either Yy or ). increases. Increase in aggregate labor demand (Yp)
induces increase in demand for each effective labor input £p(e) for all levels of human capital due to the
complementarity. On the other hand, increase in marginal cost of aggregate labor (\.) given price w(e)

makes the labor input ¢p(e) relatively cheaper, leads to more demand of £p(e).
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to the following expression for the equilibrium price of human capital (see the Appendix):

KOV —rov(
'lU(e) = B x QZ_E'( +r— 1) #—7()’ where (47)
B = (1- Te)%'% x(1— Tw)a(n’,]1>+1-1,237?”()*%-(%%71)%

1, o(m—1)+1 1 a—~¢ v¢ o(m—1)+1 ¢
X q;ﬁ‘lfmwo*(%*“*l)1%(0770 N = ez (1) =g
-1 1, om=D+1 1 1. (1,,. q1).__o=9¢ _
X a% X K &1 1—k(o+v¢) Kk kK (n+’{ 1) 1—k(oc—~C)
(1—0)k—1 n—1 on=1)+1

X (/ :c(lldﬁilg(a:)dx> " X (/ me(e)d9> "

Note that our guess of the functional form is verified by (47). We can also obtain the

analytical expression of the price by equating w(e) = W - e” and (47). From ¥ = B, the
closed form of the coefficient W yields

U= (1) B X (1 g, (U e () i)
w5 Pt Gt G ) =00 ) « ab S H%(%n'fi(z@lgclf%%( 1) )

Y %,<1 o)r—1 n— 1 . o(n=1)+
x ( / xu—m—lg(;p)dx> ( / et f(0 )de) T (48)

_ 1 _ 1 on=1+1 1 _ o—¢ i3 ;
where D =1 7 Towotvd) T (77 + K 1) hlo—70)" In addition, the exponent v is the

solution that satisfies the equation

_ YL (1) kov oy = KovQ
v = ( + K 1) e (49)

4.2 Price Elasticities

We have derived the analytical expression of the price of human capital with the simplifying
assumptions. Given this expression, we can further analyze the tax incidence on the endoge-
nous wage, which is the key for the general equilibrium effects. We first characterize the

price elasticities and then investigate its implications on the optimal tax schedule.

First of all, we remark that the equation (49) for v does not include the tax rates 7, and
Te. That is, under the linear tax system and the CES aggregation technology, the return to
human capital investment “=<, which is equal to the exponent v of the human capital price,

does not depend on the tax rates and it is completely determined by the exogenously given

30



parameters. Thus the terms associated with the incidence of *<< in the optimal tax formula
disappears under this simple example, and we only need to consider the responses of ¥ and

e to the tax reform to analyze the general equilibrium effects.

In the optimal tax formulas (33) and (??), the terms capturing the general equilibrium
effects include the elasticities with respect to effective labor supply. Note that these price
elasticities can be rewritten as the elasticities with respect to the retention rates multiplied

by the inverse of the labor supply elasticities:

dlogw(e(h)) 1 dlogw(e(h)) 1
€w(e = : y  Cw(e z) — .
(e(0)),y(0) dlog(1 — 1) dilolg(gly_(f_)) (e(0)),y(w) dlog(l —7.) dilolgfly—(f-))

Similarly, the elasticities of human capital can be rewritten as:

dloge(h) 1 dloge(h) 1
€e = : y  Ce z) — : .
U0 dlog(1 —7,) " jleeu@) 1 OV T Glog(1 —7,) " a0

Thus to analyze the role of the price elasticities in the optimal tax, we need to characterize

the elasticities with respect to the retention rate.

With the price schedule in the form of w(e) = W - €”, note that the price elasticities—the

incidence of a tax reform on the prices—can be decomposed into:
dlogw(e(f))  dlogW¥ dloge(0)
dlog(1 —7;)  dlog(l— 1) dlog(l —75)’

The first term in (50) is the elasticity of human capital price w(e) with respect to retention

Jj € {w,e}. (50)

rate (1 — 7;) holding the level of human capital at e, which is constant for all e’s under
the wage schedule in the form of (40). We denote this constant elasticity by €, 1_r,|. for
j € {w,e}. The second term in (50) captures the change in price through the change in
human capital. We can further decompose the elasticity of human capital with respect to

worker’s retention rate (1 — 7,,) into the response of e(f) given ¥ and through change in U:
dloge(0 K
g—() — Ee,l—Tw|’LU(-) + —C X €w71_7_w|e
dlog(1 — 7,) 1 — k(o + Q)
¢ kG
1—k(c+v¢) 1—k(oc+1Q)

On the other hand, the elasticity of human capital with respect to entrepreneur’s retention

(51)

X ew,l—Tw e

rate (1 — 7.) only consists of the the response through change in W:

) __dlog e(0) _ KC e
ST dlog(1 — 7,) 1— k(o +u¢) e

(52)
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Summing up, we can characterize the terms reflecting the price incidence in the optimal
tax formulas. Combining our derivation above, the price elasticities with respect to worker’s

labor supply and entrepreneur’s labor supply are represented as follows:

1 KC
w
= wlomy X T = 1+—'w—7—e+'e—7—
GW,y Cw,1-7y €W (( Vl —Ii(O’—i—VC)) €w,1 wl UV €el-my

1 KkC 1
E = wle1e X =@ = 1 =~ | " Cuwil-7le X - 54
Cwy Cwl-re X 2B ( + 1 k(o + () u .| ek (54)

1
w(-)) X Sy (53)

Note that since these elasticities are constant over 0’s of the workers and over z’s of the

entrepreneurs, we omit § and z from the notation. Different from €Z  the elasticity €V

w,y?

includes the change in price through the change in human capital holding the price ﬁxed
(€e,1—rlw())- We denote the price elasticity net of this change by €77

_ < !
= (1 + Vl—/i(()'—i—l/C)) : ew,lfTw’e X av (55)

which is the elasticity appearing in the worker’s tax formula to capture the general equilib-

Wo _ W
Cwy = Cwy — VeeylfTw‘w(') X

™| =

rium effects.

Note that the sign of the general equilibrium effect terms are essentially determined by the
sign of €y1-7;]e, 7 € {€,w}, and thus we provide analytical expression of €,,1_r,|. from the

closed-form solution of W in (48):

o(m—1+1 o+v¢ 1 (1 _ a—¢
_— | _ leg‘I’ _ n 1—k(o+1C) K n TR 1) 1—r(c—7C) and (56)
o dlog(1 =) L= Seho G- mite
—1
dlog ¥ ¢ 1l
6T n . (57)

Ew71—’re|e = P —
dlog(l—7)  1- 1. 2G5+ (3 + - 1) =it

The signs of these elasticitis can be either positive or negative depending on primitive pa-

rameters, which we further analyze below.

4.3 Implications of the General Equilibrium Effects in Optimal Tax

We now analyze the role of the general equilibrium in the optimal tax formulas. Under
the linear tax restriction, the planner can only choose constant tax rate (each for workers

and entrepreneurs), thus the worker’s optimal tax formulas can now be obtained from a tax
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perturbation of increasing ¢(#) for all skill type 6 and the entrepreneur’s optimal tax formulas
is obtained from a tax reform of increasing y(z) for all productivity type z. Next proposition
provides the optimal linear tax formulas which are the counterpart of the nonlinear formulas

(33) and (?7).

Proposition 9. Assume linear tax system for both workers and entrepreneurs. Then the

optimal tax rate for workers T, satisfies

W, ! QIZUA$%W%WMH@WXEH%E where  (58)

-7, =7,
Q, - nfﬁ_nl ‘ fY(y(:rl)/):g(:v)d:v 1
0
Woerl®) = R O
pECg = ST (v -
=FEC—1!
O - 1§;W~ s (v +0). (59

The sign of additional term —Qqg in the effective efficiency cost is:

e)'

sign(—Qep) = —sign(€w1-r,

If €p1-7,]e > (<)0, the introduction of the general equilibrium effects increases (decreases)

effective efficiency cost of tazx distortion (EECgE).

From Proposition 9, we can see that the linear tax formulas have similar representations to
the nonlinear tax formulas. For worker’s tax formula, the role of each model’s component is
captured by the additional terms as in the nonlinear tax formula. First, the role of the wage
structure with endogenous human capital is reflected by v + v in the inverse of the effective
efficiency (FEC) as in(33). Next, the role of complementarity in production and superstar
effects are captured by €y and the weighting function wsyper(¢). The term @y is exactly the
same term as in the nonlinear tax. With a linear tax reform which changes tax rate of all
workers, however, welfare effects of a tax reform are now integrated over all skill types with

weights {wguper(0)} increasing in skill type 6 in the presence of the superstar effects (k > 1).
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More weight is put on the high skilled because a reduction in consumption is greater for the

high skilled under the convex earnings schedule for the same tax rate change.

Our main analysis in this simple model is the role of the general equilibrium effects, which
is captured by the term Qg in the optimal tax formula (58). In the simple model with linear
tax, the return to human capital v does not depend on the tax rate, thus the first channel
of general equilibrium (Qgg 1) discussed in Section 3 does not show up in Qgp represented
in (59). Thus the directional implication of the general equilibrium is entirely determined

W0

by sign of €;; which is essentially determined by the sign of €,,1_r, | in this simple model.

For the worker’s optimal tax, if the sign of €, 1_,|c is positive (negative), the introduction
of the general equilibrium increases (decreases) the cost of tax distortion by making a tax
distortion less (more) effective in relaxing the incentive constraints and thus optimal tax rate

is lowered (raised).

From the closed forms (56) and (57), we already know that the sign of €, [ is not
deterministic. However, we can investigate under which condition each elasticity is positive

or negative, and we explore this in the next proposition.

Proposition 10. Consider the simple economy presented in this section.

1. The elasticity of wage with respect to worker’s retention rate given human capital is

€wloryle = B where

Aw = Awa+ Aws, where
on—1)+1 o+ v(
PR R ey
1(1 oc—C
AWS:_H<U+K_1>1—W—VO<O
B = B;+ By, where
1 on—1)+1
n 1—n(o+1Q)

I (T Bt LS
By = <n+f{ 1)1—/@(0’—’}/()<0

(i) Aw can be positive or negative depending on the dominance between the demand

>0, and

Awa =

By = >0

shift Awq and supply shift Aws, and Ay is decreasing in 7).
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(ii) Assume that o < %. B is increasing in v and v, and B(v = 0,7 = 0) < 1. Given
v > 0, there exists nu(y) such that for v < v(y), B < 1. We focus on the case
with 1 —B > 0 by assuming v < v(y). Then 1— B in the denominator of €y 1—r, e
either mitigates (if B < 0) or amplifies (if 0 < B < 1) the effect of demand and
supply shift represented by Ay .

2. The elasticity of wage with respect to entrepreneur’s retention rate is

Ap "
€wl-r, = where
’ € 1_B
-1
AE = AE1+AE2:g'L>O, where
Koo
o on—1)+1
Ap1 = — - <0, and
o (1—0o)k—1 n >
o 1/1
App=—2 (2 4k—1)>0
b (1—0)&—1/<a<n+/i )

Positive Ag reflects that the labor demand curve shifts to the right when retention rate
1—17. increases. The direct shift of demand Agy > 0 dominates Ag; < 0 which captures

the indirect shift of demand through the increase in marginal cost of aggregate labor.

Proposition 10 shows that the signs of €,,1_+,|c and €,1_, are determined by the signs of
Aw and Ag which reflect the shift of labor demand and labor supply curves to the change
in each retention rate respectively. The common denominator 1 — B of the both elasticities
is positive if 4 and v are small enough, then this indirect general equilibrium force either
amplifies or mitigates the direct effect by the shift of demand and supply curves without

changing the direction.”

We further look into €,1_r,|c which is the key price elasticity for the role of general
equilibrium effects. The elasticity €,,1-r,|c can be either positive or negative because a rise
in retention rate 1 — 7, shifts the demand curve to the right and shifts the supply curve to

the right. Higher worker’s retention rate obviously increases worker’s labor supply without

9B; > 0 provides forces of amplification as the increase (decrease) in price driven by the shift of the
demand and supply curves leads to decrease (increase) in the marginal cost of production and thus increases
(decreases) demand which amplifies the price change. B2 < 0 provides forces of mitigation as the change in

price also affects labor supply which counterbalances the initial price change.
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income effects, but at the same time, increase in aggregate labor supply reduces the marginal
cost of production (A.) and leads to higher labor demand of each e. The demand effect is
stronger when labor inputs are less substitutable, and thus Ay (n = 1) > 0. As the degree of

substitution (7) increases, the demand effect gets weaker and Ay (1 = 0o) can be negative.

Thus, the impact of the general equilibrium on the worker’s optimal tax depends on the
degree of substitution. With low degree of substitution, the demand shift in response to
the change in worker’s retention rate 1 — 7, is strong, and thus the €,1-_,,|. is positive. In
this situation, if a planner increases worker’s tax rate 7,,—decreasing retention rate 1 — 7,,—
to relax the incentive constraints without considering the general equilibrium effects, the
increase in tax rate has a counterbalancing impact of tightening the incentive constraints with
decrease in wage rate. Then the introduction of general equilibrium reduces the effectiveness
of tax distortion in relaxing the incentive constraints and thus increases the efficiency cost

of tax distortion which lowers the optimal tax rate.

Next, we discuss the implication of the general equilibrium on the entrepreneur’s opti-
mal tax. Proposition 10 shows that the sign of €, ;_,, is positive. This is because rise in
entrepreneur’s retention rate increases the entrepreneur’s labor supply, and by the comple-
mentarity between entrepreneur’s labor and worker’s labor (A,y > 0), demand for worker’s

labor increases.!?

5 Quantitative Investigation - Need to Revise!!!!!!

5.1 Comparative Statics with Exogenous Wage

We begin our comparative statics analysis in a model with exogenous wage as it allows clear

decomposition of major forces of the effective efficiency cost. We assume a simple functional

10T here is counterbalancing demand effect of Ag; < 0—through the change in marginal cost of production,

but the direct demand effect of Ags > 0 dominates.
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form of wage schedule and we generate rise in inequality with exogenous shock to each

return—return to skill, education, and effective labor.

Wage Function and Model Setup To control the return to each inequality factor with
one parameter each, we consider the following functional forms for the wage schedule and
productivity function. The wage schedule across effective labor has a power functional form

W' (y)y

W(y) = y", where the return to effective labor supply o)

is simply determined by a
parameter x.'! We assume that the productivity function takes a form of p(f,¢e) = 67 - e.
With this function, he return to skill ’%9 is equal to a parameter v and the return to
human capital p;’T’e is equal to a parameter v. We also remark that under this Cobb-Douglas
functional form, the Hicksian coefficient of complementarity between skill and education is

one. Then a rise inequality—10% decrease in Pareto parameter of earnings distribution at

the top—can be generated by increasing «, 7, or v, which represents each inequality factor.

We assume the following preferences with no income effects in effective labor supply:

—on, (60)

Al

u(c,é,n)=c—(-é

where ( controls the elasticity of human capital investment and o controls the elasticity of

working hours. We consider the following two types of human capital models:

e, HK-A
HK-B.

éle,0) =
1
In the baseline model, we take the HK-B model, in which the cost of human capital invest-

ment is decreasing in skill.

Although we will focus on the Pareto efficiency of the top income tax rate, we need to set
the distribution of the entire skill types to calibrate all the necessary parameters. We assume
that log skills are drawn from an exponentially modified Gaussian (EMG) distribution in the
bottom 90% and the top 10% skill distribution follows Pareto distribution. More precisely,

we assume that log of the unobservable skill has two components: logf = ey + €p, where

1Tn section ??, we have endogenized W (y) with a firm’s problem given technology function G(z,y). Here,

we directly assume the functional form of W (y), but we can invert out the technology G that can induce
W(y) =y~
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en ~ N(u,0?) and eg ~ exp(\.) so that logd ~ EMG(u., 0% \.). Then the distribution of
0 is Pareto-log normal. We then modify the top 10% skill distribution so that 6 ~ Pareto(¢)

for # > 0, where 6 is the top ten percentile skill level.

Calibration Since we calibrate parameters to match the target moments under the cur-
rent US tax, we need to set the current US tax schedule. We approximate the current tax
schedule using the parametric tax function adopted in Heathcote, Storesletten, and Violante
(2017) (hereafter HSV), where taxes net of transfers are given by the following function of

/\US . 1-7US

earnings: T(w) = w — w

Under these functional form assumptions, we have a closed for solution for human capital,

effective labor supply, and earnings (in the HK-B case):

Us Us S S— 1-(1-7Y5) k(0 —0) ¢a=1-7Y5)r0)
e(0) = (A5 (1= 7Y5) . g FOTTIRERG ) gIEaT et X pi-GTEned), (61)
_ o4wC oY ve
y(0) = [N (1= 7U9) k) ORI X T (62)
g S "i(gng) r(v+v) 49
w(®) = [N (1= U9 k| AT IS x TS (63)

The closed form expression for the earnings shows that if logf is drawn from an EMG
distribution for # < 6, logw(#) also follows the EMG distribution for w < w(f). It also
shows that if distribution of @ is Pareto for § > 0, then distribution of w(f) is also Pareto
for w > w(d).

In the baseline calibration, we choose o = 0.2 so that the Frisch elasticity (;%) is 0.25.
The progressivity parameter 7V° of the HSV tax function is set 0.181 adopting the estimation

of Heathcote, Storesletten, and Violante (2017).

For the calibration of the skill distribution, we take the strategy similar to the one in
Heathcote and Tsujiyama (2021). We calibrate the parameters of the skill distributions to
match the empirical earnings distribution. In our model, the distribution of log earnings is

EMG(u,, 0%, \,) distribution with

Ow

2:< k(Y +v) k(o + () >4xA
1—( ) -

2
2
X A =
1—TUS)I{(O'+VC)> T (1—(1—TUS)I€<O'+VC
Thus, given the parameters of preferences (o, () and the parameters of the wage function

(v,v,k) we can infer the parameters of the skill distribution (2, \.) which matches the
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estimated parameters of the earnings distribution (02, \,). We use the estimates of Cai and
Heathcote (2022): 02 = 0.548 and A, = 1.670." We then modify the tax schedule at the top
earnings distribution, assuming that top income tax rate is constant. Then the distribution

of top earnings under the constant top income tax rate is Pareto(al’?) distribution with

top __ H(7+V> -
e _<1—/<;(0+1/()> x 9.

We then infer the Pareto parameter ¢ of the skill distribution to match the Pareto parameter

al’? = 1.4 of the earnings distribution.

We calibrate the return to skill parameter v using the Mincerian wage regression. In the
baseline calibration, we assume that the proxy of the skill variable # in our model is the
cognitive skill, and use the regression coefficient of AFQT test score from the NSLY data. In
the benchmark, we use the estimates of Castex and Kogan Dechter (2014) and set v = 0.113
to match the estimates controlling for schooling and work experiences. See the appendix for
more details. In the empirical studies, how to estimate the return to unobserved skill is very

controversial. I discuss this in more detail below, and provide some sensitivity analysis.

We then jointly calibrate the remaining parameters (, v, ) to match (i) the change in
average education in response to increase in return to education, (ii) college wage premium,
and (iii) Pareto parameter of earnings distribution. Given (v, k), the elasticity of human
capital investment ( is calibrated to match average schooling response. Note that from

equation (61) Ele,] =0, - "9 where 4,(¢) = 1f8:gf_5§ijiﬁi) - f ¥ and A, are constant

over time, A(¢) should satisfy

_ log (Eleso16]/ Eleioso])
A0 = log (v2016/V1980)

We compute A(¢) using the calculation in Heathcote, Storesletten, and Violante (2020)

who measure e as years of education above mandatory schooling.!* We then infer ¢ given

12Cai and Heathcote (2022) estimate these parameters using the 2016 Survey of Consumer Finances data

to include enough high income households.
13This benchmark a!°P is the estimation measured by the Adjusted Gross Income (AGI) data in the

literature. Since the AGI includes capital gains which are not relevant for our earning tax, Badel, Huggett,
and Luo (2020) calculates al°? = 1.7 by excluding dividends and long-term capital gain. We do sensitivity

analysis for lower a!P in the appendix.

14y, can be obtained from a Mincerian regression coefficient of each year. (v; = d]ziftwtet).
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Table 1: Exogenous Wage Case: Pareto Efficient Tax and Decomposition

al% =14 all =1.26  (—10%)
EEC =¢- 1L
795 | EEC | source Th AEEC ‘ o
Aé | A
4(0)
vt | 00T | 10.0% | 0.0% | -10.0%
054 | 152 | vt | (O30, | -5.38% | +4.04% | -9.05%
st | gon | 00% | 00% | 00%

(v, i, 7U%).

Given (, the return to human capital v and return to effective labor supply « are determined
to match the college premium and top income inequality. For the college premium, we use
1.9 which is the calculation of Heathcote, Perri, Violante, and Zhang (2023) who define the
average hourly wage of workers with at least 16 years of schooling (also in Heathcote, Perri,
and Violante (2010)). Since we do not have years of schooling in our model, we redefine the
college graduates as the workers with top 37.7% of human capital following the empirical
fraction of college graduates (defined as more that 16 years of schooling) in Heathcote, Perri,
Violante, and Zhang (2023). The target for the top income inequality is the Pareto parameter
al? = 1.4. The resulting parameters are ¢ = 0.53, v = 0.03, and x = 1.75.

Numerical Results Table 1 presents the numerical results answering the main question
of this paper—how does the Pareto efficient tax rate respond to rise in inequality? Recall
that with exogenous wage, the upper bound of Pareto efficient top income tax rate is 7, =
m. Given the Pareto parameter ¢ of the skill distribution fixed, the response of 7, is

driven by the response of the effective efficiency cost (EEC) only.

We consider three cases—(i) 10% decrease in af] is driven rise in «y only, (ii) driven by rise
in v only, and (iii) driven by rise in x only. Table 1 presents the response of the EEC to
each source of inequality. When return to skill v is the source of inequality, the EEC of tax
distortion decreases by 10% as rise in 7 increases the differential of effective labor supply

across skill types which tightens the incentive constraint calling for the tax distortion. On the
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other hand, when the return to effective labor x (superstar effect) is the source of inequality,
rise in inequality has no impact on the EEC, which confirms the theoretical result in Section
??. Lastly, when return to education v rises, Table 1 shows the two counterbalancing forces
for the EEC. Higher v increases the labor supply elasticity é —increasing the cost—and
it increases the differential of effective labor across skills—decreasing the cost. Since 7 is
relatively small in our baseline calibration, the differential of y across skills is quite sensitive
to the change in v, and this force is dominating. Thus rise in v results in decrease in EEC
by 5.38%. As a result, the upper bound of the Pareto efficient top income tax rate increases
in response to rise in inequality if either return to skill or return to human capital is the

source of inequality, but the response is much larger when the return to skill rises.

5.2 Comparative Statics with Endogenous Wage

We now extend the investigation to the model with endogenous wage to quantitatively decom-
pose the general equilibrium effect of the EEC and its response to each source of inequality.
Given that the our analysis in Section ?? shows that the superstar effects can at best have
indirect general equilibrium effects through its interaction with price of education, we focus

on the model where only return to education is endogenized.

Model with Endogenous Price of Education =~ We endogenize the price of education with
imperfect substitution of labor input of different levels of education as in Section ??. Different
from the model in Section ??, however, we now accommodate the (exogenous) superstar
effects, which allows us to study the interaction between the superstar effects and return
to education. As in Section 5.1, the wage schedule across effective labor has the form of

W (y) = y"*, where k controls the superstar effects.

Given the price of effective labor w(e) for each level of education e and the wage schedule
W(y) = ", to hire labor input g(e) from a worker with education level e, a competitive

firm should pay W (y(e)) = y(e)" per worker, where y(e) = w(e) - £(e). Then the firm which

produces aggregate effective labor Y solves the following cost-minimization problem given
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the density of each education level m(e):

C(Y) = min / [w(e) - i(e)]" - m(e)de (64)

{i(e)}
(Y)) st YV = { / [eﬂf - E(e)ﬂ - m(e)de}” , (65)
which generates the cost function C'(Y"). We denote the solution to (64) by /p(e|Y,w). From

the first-order condition of this cost-minimization problem, the demand curve of ¢ ple|Y,w)

should satisfy:

w(e) = [/\C(Y) 77—/11 X ¢X<ZD(€)> : (66)

We remark that with the technology function in (65), the optimal ratio of £ (e|Y, w) across

e’s do not depend on Y, and this simplifies our analysis.!?

The representative firm has a technology A(Y') of producing aggregate output. The firm

decides aggregate effective labor Y to maximize its profit:
™ = max AY)—-C(Y).

We assume that A”(Y) < C”(Y') so that firm’s profit maximization is well defined.

Worker’s problem is exactly as in the model with exogenous wage in Section ??, and we
assume the same form of preferences (60) as in the model with exogenous wage in Section
5.1. Under the linear tax system with tax rate 7, consumption of the worker is ¢(f) =
(1—7)-W(y(0)+Tr =07 w(e(d)) -n(d)]"+Tr, where Tr is a lumpsum transfer. Workers
with skill level § optimally choose education e(f) and working hour n(6), which yields the

effective labor supply for every level of education e

ls(e) = (e7'(e)) " x n(e™(e)).

15We also note that the since the firm chooses £(e) given density m(e), the relative price w(e)’s across
different levels of e’s do not depend on the mass of e, which is different from the model in Section ?? where
the firm chooses £(e) = Z(e) -m(e). We intentionally make this assumption for two purposes. First, with
this setup, we can endogenize wage while keeping the wage structure exactly as in the model with exogenous
wage. Second, it allows us to analyze the price elasticity independent of the change in skill distribution, so

we focus on how different returns affect the price elasticity.
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Table 2: Endogenous Wage Case: Pareto Efficient Tax and Decomposition
a’s = 1.4 al =1.26  (-10%)

EECYE = EEC - —L—
95 | EECYT | source Tk AEECCE 1-wa-rz

b ' AEEC | Ayt
vt | QAL | 9% | -11.49% +1.98%

038 180 | vt | Ou, | 401% | -5.38% +1.44%
et | 03T | +1.80% | +0.38% +1.42%

Then the equilibrium price w(e) of every level of education e is endogenously determined
to clear the labor market: /p(e) = fg(e). In the appendix, we derive the equilibrium price

w(e) and show that it has a form of w(e) = ¥(7) x €”, where v is independent of tax rate.

Numerical Results Table 2 presents the numerical results for the endogenous wage
case. The last column (Cj3) of Table 2 shows that regardless of sources of inequality, when
inequality increases, the general equilibrium effects with increased price elasticity provide
additional forces of increasing EEC, which implies additional forces of decreasing 7,,. As we
discussed above, the price elasticity is positive under our baseline calibration, thus incorpo-
rating the endogenous price effect itself lowers 7, relative to the exogenous price case. This
general equilibrium force is intensified with higher returns to each inequality factor. With
higher returns, the scarcity of effective labor supply given tax schedule is lowered, which
mitigates supply effects and increases price elasticity. Thus the general equilibrium forces
are strengthened providing an additional force of increasing the EEC and decreasing 7.
The effect of rise in xk on the price elasticity, however, depends on the calibration as we can
notice from Lemma ??. If the return to skill v is very big, the scarcity of effective labor
would not be that sensitive to the change in x and the price elasticity can be decreasing in

K.
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6 Conclusion

- need to fill out
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Appendix (For Online Publication)

A Proofs of Equations in Section ?7?

We first derive the first order conditions of the planning problem in a simple framework with
exogenous returns to inequality factors in section ??. We present the planning problem (19) of this

simple framework and Lagrangian of this planning problem is given by

L = /)\HvedF + 9 ({y(6) /c L0)dF(6)
/ 0)do — / (8),4(6),0)) db

= [ X00©)aF@) + 1 ({0 /c 0)dF(6)
= [ w0610 - / #(0)Us (C(0(6),91(6).0)) db,

where the second equality is by integral by parts and using p(6) = p(8) = 0. The first order
conditions of this Lagrangian with respect to v(#) and y(€) yields (??) and (??) in the main text.

We now express the optimality conditions in terms of marginal rate of substitution. First of all,
we obtain the optimality condition from a workers’ problem (two-step problem provided in Section
??7). Given the value function U(c,y, ) associated with worker’s sub-problem (3) and the wage

schedule W (+), worker with skill level 6 chooses the optimal level of earnings w by solving
max U(w — T(w), W (), 0)
The first order condition of this worker’s problem yields:
MRS(c(6),y(0),0) = (1 —T'(w))W'(y(0)), (67)

_ _Uy(ew)
where M RS(c,y,0) = BACTIOR
From now on, when it does not cause confusion, we will omit the explicit arguments (c,y, ) and

w(0)Ue(6)
n

simply write the functions as function of 6. Define [i(0) = . Then the first order condition

of the planning problem (??) can be rewritten as

%&I’g) : ﬁ — Cy(0) () x Upc(9)Cy(6) + Upy (9)
Mrs@) " UOIMERSE)

Note that the derivative of expenditure function C' with respect to y is:

— MRS(6) = W' (y(9)) (1 - T'(w(8))).
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Then by combining this with firm’s optimality condition (??), we obtain

0
o 7w~ O T'w)

MRS(O)  1-T'(w)
Also,
Uy, (0 Uy, (0)
Usc(0)Cy(0) + Upy(6) _ —UoelO) s + Gt 2hs
U.(0)MRS(0) MRS(0) MRS(0)’

so the first-order condition of the planning problem with respect to y(#) becomes

T (w(6)) MRS, - 6)‘1 (68)

MO = (e’ (6)( MRS(6)

Next, the first-order condition (??) of the planning problem with respect to v(6) is rewritten as
(using Cy(0) =

o)

_MI(Q)UC(G) _ M(Q)Uec(e) — f(g) _
n Ui Ui

Note that 4/(0) = % + @ [Ueo(0) + Uee(0)c'(0) + Ueyy' (0)].

K (OU(0)  p(0)Ucs(0) [Uee(0)MRS(0) + Uey(6)] y'(6)

A~/ N
- — = —p'(0)+ (o
n U (6) + A(0) Ue(0)
= —{'(0) +(0) - (~MRC) -y (0),
oMRS _ 9% Uee(=59)+Uey U, MRS4U,
where the second inequality uses — ]\gf = & = 0 = —e———=. By replacing the

left-hand side of the first-order condition with respect to v(6), we obtain

AO)Ue(9)

—i'(0) — i(8) - MRS, -/ (8) = f(0) — 7

(69)

B Proof of Propositions in Section 77

Test Formula in terms of Skill Distribution and MRS First, we obtain the Pareto efficiency test
formula in terms of skill distribution and marginal rate of substitutions. This formula will be used

to derive the formulas in Section ??.
Combining (??) with A(8) > 0 yields

00
(0)
0£(0)

We then replace 200) using (??) to obtain

0(9)
pu(0)

— MRS, -y'(0) -0 <

T'w(®) (_MRSp-6)7![_ dlogi(6) ,
m ) [T - MRCO) v 0) 0] < 1.

1-T'(w(0) \ MRS(0) dlog 6
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Once again, using (??), we replace zolg”(a) to yield

_ T (w(0 MRS,-0\ 1
rw©) ( MEs,-0\ | —ategton (Zoro (M) ) ]
. <1, (70)

1= T/ (w( MRS(0) ~MRC.(0) -y (0) -0

which is the test formula in terms of skill distribution and marginal rate of substitution. We can

also rewrite (70) to express the equivalent formula in an alternative way:

(70)
g L d T'(w(6)) ario) (MBS -0 -1
T T e5e) e (1T (w(®)) f()<‘A4st>)
T'(w(6)) MRSy -0\" ,
ey (CamsE)) MESHO) V00 <
d (w(h)) MRSy -0\!
e 0= [I—T’(w(e))gf()(_MRS(e)) ]
(w(h)) MRSy -0\ * ,
s (- ey ) MES(0)- /() 070) < o
-1
L 41 Fe) - {T('<fu<)e)>>9f(9)(fﬂﬂ?§%) I
W1 0 iy (i) MRSA0)-y(6) - 6(0)d8
This alternative condition can be stated as
d
S5 R(0) <0, v, (71)

where
y -1
R() = 1-F(0)— 1= 7(1/ (j)g) 01(0) ( ]\]\/_;‘[55(009))

0 -1
+/9 1—T’ 2 (;‘44}?599) MRS.(0)y (6)0dF (6).

B.1 Test Formulas in terms of Earnings Distribution

We now derive the test formulas in terms of earnings distribution (??) in Proposition ?? and

alternative representation (?7).

Derivation of Earnings Elasticities In the main text, we defined the elasticities of earnings

along nonlinear budget constraint and considering convex wage schedule W(-). These elasticities
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are derived here. The earnings function w(1—7, I) which solves the worker’s problem should satisfy

the following first order condition:
G = MRS ((1 —Nw —T(w) + I, W Hw), 9) — (=7 =T(W)W W w)) =0.

Using the implicit function theorem, we obtain

oG
aW(l—T,I) __8(1*7') r=I=0 _ _ MRSC'CL)—W,
ol—71) | _;_, 96 MRS.(1—T')+ MRSy — Y7 (1 - T") + T"W"’
T7=I1=0
and
oG
ow(l—rm,1) _ Oy _ MRS,
oI reI=0 oG MRS, (1 —T")+ MRSy — 17 (1 = T") + T"W'
T=I1=0
Thus the elasticities are
/ w’
R S ™)
O =7)l oy w MRSe + Jrpg — wr + oW’
ow MRS,
n = _(1 - T/) a7 = 7 1 (73)
N OIl;—1=0 MRS, + 518 _ Wiy Ty
w’
EC = Eu + 77 = = " 11 : (74)
) ) ) MRS, + 1\1\441;‘%, - VV‘I//' + 1TT’W/
For later use, the ratio between 7, and €, is

N w 1
— =MRS.—— = MRS, -y ——. 75
Wiy) “ YW ()

Proof of Proposition ??  We now derive the Pareto efficiency test formulas in terms of earnings dis-
tribution. To relate the test formulas (70) and (71) to the earnings distribution, note that earnings
of skill type 6 is determined by w(f) = W (y(#)) in equilibrium, and the earnings distribution and
the skill distribution have the relationship H(w(f)) = F(#). Thus the associated density functions
satisfy

£(6) = h(w(8))e'(6). (76)

Next, earnings differential across skill w’(0) is derived from the workers’ optimality condition.

Workers’ choice of earnings w(6) should satisfy the following first order condition:

G = MRS (w—T(w), W (w),0) = (1= T'(w)) W(W ' (w)) = 0.
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Then the earnings differential yields

ey — B8 _ MRSy
w0 = =96 = gy (1—T')+ MRS, — W1 —T") + T"W"
O c ywre = we

_ g

- MRS, w T
MRSe + rpg — wr + 1o W' 9

B we w < MRSgG)

- MRS, W T BV
MRSc + Jrpg — wr + oW’ 0 MRS

. W ( M RSgH)

= € -— |- :
Y9 MRS

That is, the relationship between the derivative of marginal rate of substitution and elasticity of

earnings is

MRS\ L' (0)0
(_ MRE) 0@ ~ @) (77)

Also, note that from (75)

n(w) y'(0)0 Wy®)y®) _ nw) «'(0)0
S y@®)  W(y)) €(w)  w(®)

Using (76), (77), and (78), we can rewrite (70) as

MRS.(0)y'(0)0

EC

We represent the the revenue incidence of a tax reform of increasing tax rate at earnings level
w by R¥(w). Note that the revenue incidence function represented in terms of skill distribution
R(0) is related to R¥(w) by R“(w(f)) = R(0), and this implies that dlfl—ée) = d%w(w)w’w). Since
W'(0) = W'(y(0))y'(6) > 0, we can also rewrite the alternative representation of the formula (71).

Using

MRSy(0)0\ o W)
dR% (w)

we obtain the test formula (??) in Proposition ??: == <0, where

R¥(w) =1 — H(w) I_T;% X wh(w) x € (w) + /w - I_T/;%nw(w)h(cb)d@.

B.2 Test Formulas in terms of Skill Distribution

B.2.1 Proof of Proposition ??

We now derive the test formulas in terms of skill distribution in a simple baseline model with

exogenous returns to inequality factors. Note that we have already expressed the formulas in terms
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of skill distribution and marginal rate of substitutions in equation (71) above. The test formula

(??) in Proposition ?? is obtained simply by defining the effective efficiency cost (EEC) by

_ MRSy(6) -9)‘1 (79)

EEC(G):( TS

We have shown the relationship between the Aﬁfggﬂ and the earnings elasticity in equation (77).

Then defining the EEC as in equation (79) yields the equation (??) in Proposition ??.

B.2.2 Proof of Proposition 7?7

We now characterize the EEC in terms of ealsticities. We begin with the derivation of the elasticities

of effective labor supply.

Derivation of Labor Supply Elasticities In the main text, we defined the elasticities of effective
units of labor supply y along the linear budget constraint (7" = 0) and assuming linear wage
schedule (W"” = 0). We now derive these elasticities. Recall that under the assumption sof 7" = 0
and W’ = 0, the effective labor supply function y(1 — 7, 1) should satisfy the following first-order

condition given a constant marginal tax rate 7/ = T (y):
G=MRS(1—1)y—T() +1,y,0)—(1—7—1")=0.
Using the implicit function theorem, we obtain
G =MRS ((1 - m)w—T(w)+ [, W (w),0) = (1 =7 = T'(w)) W (W' (w)) = 0.

Using the implicit function theorem, we obtain

oG
ay(l_T,I) _8(1—’7') =I=0 _ MRScy_].
o1-7) lopmg 96 ~  MRS.(1-T')+ MRS,’
Y |r=1=0
and
oG
oyl —7,1) I MRS..
ol —i—o  0G N MRS.(1-T")+ MRS,
Y |r=1=0
Thus the elasticities are
0 1-7 + — MRS.
O =7)lor=0 ¥  MRS.+ G
- Ow MRS,
= —(1-T) o = MRS, (81)
T=1=0 MRSC + RS
1
€@ = @+4i= : : 82
TRe IS, 52)

MRS
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We also note that

~c 1 -1
é L MRSy-y)
= =14+ —= < 83
T 1T (* MRS (83)
gﬂc = MRS,y (84)

Note that although the wage rate structure w(f,e) and specific utility form over (e, h) matters
for the schedule of marginal rate of substitution (MRS). Thus, the shape of the utility over (e, h)
matters for the elasticity, although the expressions of the elasticities (83) and (83) are the same as

in the standard Mirrlees model.

Characterization of EEC in terms of Elasticities = We now express the EEC in terms of elastic-

ities. Given that the elasticities are expressed in terms of Mj‘?ggy but that the EEC is defined as

the inverse of — M]\?gge, we identify the relationship between M RSy and M RS,,. This relationship

(and thus the EEC) does depend on the wage structure p(6, e) and primitive utility u(c, é,n).

First, we define the notation of derivatives. We denote the second-order derivatives of the value
function U holding the productivity function p(-,-) fixed (equivalently, holding the human capital
price function w(-) fixed) by Uyy, Uey, Uys, and Ueg. Similarly, we use the notation of M RS,, MRS,
and MRSy for the derivatives holding the function p(-,-) fixed. In this model with exogenous
returns, there is no confusion regarding these notations, but in the model with endogenous returns,

we need to make the notation explicit.
By definition, M RS = _%' We then obtain

Uyy - Ue = Uy - Uy
— iE ,

c

MRS, =

and thus

MRS,y _Uey Up-U~Uy-Usy _ (Upy Uy
MRS U, U2 U, U

Similarly, we obtain
Uyg-Ue—Uy - Ugp

U2 ’

C

MRSy = —

and thus

MRSy-0 _U.-0 Uy-Ue=Uy-Usg _ (Up _ U
MRS U, U2 \U, U

C

) . (86)

Note that worker’s sub-problem in the second step can be written as

~ Y
Ule,y,0 :maxu<c,ee,9, >7
( 4 ) € ( )p(eae)
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and we obtain the first-order condition ug - €. = uy, - y;;e. Using the envelope theorem, we obtain
Uy = up - Wle) and Up = —ug - 43 Il{éfg} — Uy - }% - pg. Combining the envelope conditions and
’ )

the first-order condition yields

Un Y [ Pe po - 0
= _n.Z Ir. . L
Ve p 0 ( p {e=51 " P )
_ Y Pe - € po - 0
= Uy 7 X( {€=§}+ » ) (87)
Using equation (87), we obtain the derivatives of Uy with respect to ¢ and y:
_ Y LY o (P po -9
Vow = (Uyy g U 9>X< p ety )
_ ) -
y Pee P —Pe | Pe Poe - P — P - Pe e
—U. .2 fee P Fe Zel.1,. . Poe £ L0 Fey g
Y 0 % _( 2 et p) {e=5} + p? % oy’
Y (Pe-e Py - 0
e = oy (57 2y + 1)
r 2
y Pec P —DPe | Pe Poe - P — Do - Pe Oe
U, e ( e e+ p) ]l{é:%} + 2 0 9
Replacing Uy, and Up. in equation 86 yields
MRSy -0 U, U, Pe - € pg - 0
_— = - 1 ﬂ - Y ° ( : I]. s_¢€ )
MRS ( + (Uy Uc> y) “\p Mt
o |[(Peerpope L pe) L Do P—DoDe, X(_66+% 8e>(88)
Y T p) A= p? dy U, Oc
Replacing equation (85) into the right-hand side of (88) yields
MRSy -0 MRS, -y Pe - € p9'9>
atialehind A 1 Y 1 . &9 - 9
MRS ( MRS > X < p Me=sp T, )t (89)
where
Pe Pee  Pe Poe - P — Po - Pe 1 e 1 e
Q=U,- — |14+ —=e——¢e] -1y,_. —40 — = —].
Uy ryx [p ( - pe pe> {e=53 T p? } 8 (Uyay U. Oc (90)
Replacing (83) into (89) yields
MRSy -0 -1
FEC = (—————
(-“3ms)

<14€:£~29)> T <p61; = Lrgey + pgp-9> +9Q

which provides the equation (??) in Proposition ??

Finally, Proposition ?? also states that @ = 0 when pg. = 1. We show this in Section ?7.
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B.3 Analysis of an Extended Model in Section ?7?

In Section ?? of the main text, we provided an extended model which endogenizes returns to
human capital only. This simple extension allows us to clearly analyze the general equilibrium
effects through the human capital prices. We first derive the Pareto efficient tax formula given the
incidence on prices of a tax perturbation, then using a special example, we will provide a sharp

characterization of the relevant EEC of tax distortion accommodating the price elasticities.

We assume that a representative firm has a CES technology in the form of (24), which allows
imperfect substitution across labor inputs ¢(e)’s of different human capital level e’s, where the
elasticity of substitution is constant 7. Under this CES technology, the demand curve of effective
labor /(e) of each human capital level is provided by (??), which shows that the ratio of prices
across different levels of human capital is independent of aggregate labor Y, although the level of
price depends on Y. As the incentive constraints essentially depends on the relative prices, it is
convenient to normalize the return to human capital and efficiency unit of labor supply by Y%
and denote them by w(e) = % and g(0) = % respectively. We also denote the normalized

productivity function by p(6) = 67 - Lle))

Y7

Both workers and firms solve their problems taking prices as given. Thus worker’s problem and
its solution are the same as in the economy with exogenous returns if the prices are the same in two
economies. As a result, the elasticities of earnings and the elasticities of effective labor supply which
we defined in Section ?? of the main text do not change (except that we now assume W(y) = y
and w(f) = y(#)). We remark that these are micro-elasticities holding the prices constant (not
macro-elasticities which takes into account change in prices). The planner, however, considers how
the prices respond when she changes the tax rates, and thus in the planning problem, we denote
the value function of workers by U(c,y,0;p) to show its dependence on prices p explicitly. As a

result, the formulas will be expressed in terms of modified elasticity which accommodates the price

elasticity.

We rewrite the incentive constraints in terms of normalized variables. The envelope conditions of

the worker’s sub-problem (??) yield Uy = uy, - % and Up = —ug - gz - l{ézg} — Uy ;3% - pg. Combining
these with the first-order condition of (??) ug - €, = uy, - 5, we obtain Uy = —Uj - % . (ﬁ%e + 1397'9)

]'52 )
Thus the incentive constraints of the planning problem (??) can be rewritten as

§(0) (Pe-e  Po-0
v'(0) = —U; ] -<e~ + ~)-
(0) 90) " b b

We can write the Lagrangian of the part of the planning problem as follows:

L = / A(&)v(@)dF(H)Jr)\[ / g](@)dF(H)]nL— / C(v(8), §(0), 0)dF(0)

- [ @p@w+ [ oo L2 (T L) g,
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where we used integral by parts and u(f) = u() = 0. Then the planner solves this Lagrangian

subject to the constraints which determine the equilibrium price schedule w(e).

Instead of deriving the first-order conditions of the full planning problem—which includes all
the constraints related to the general equilibrium, we derive the first-order condition given the
incidences of perturbation on prices. These incidences on prices are highly endogenous objects,
which depends on the structure of the labor market, and we do not attempt to characterize these
price elasticities in a general set up. After providing the formula given the price elasticity, we

characterize the role of these price elasticity with a simple example.

We denote the second-order derivatives of the value function U holding the productivity function
p(+,-) fixed by Uyy and Ugz. We also use the notation of MRS, and MRSy for the derivatives of
MRS holding the function p(-,-) fixed. On the other hand, we denote the elasticity of p(e, 8) with
respect to ¢ holding the human capital level e fixed by €;5(f). Then the first order condition of
this Lagrangian with respect to g(6) yields

v (v —a®) - f6)

0) p( 7 7 B -
{U@c(9)'0~(9)+Uﬂg(g) (9) € (0 5(6)}9 o (pp +pi~,9)
+U5(0) - & - (Bt + 222 )+U(0) ) 2u0)

= —p(0) x

where v(0) = p;f, and 8”293 denotes the total incidence of the return to e considering the change

in v(0) both through the change in human capital level and change in price function w(e). Since
1
we have already normalized the prices by denominating with Y 7, the first order condition does not

include the cross derivatives of the prices.

U.(9)
worker’s sub-problem (??), we have M RS(c,7,0) = (1—T"(y)). Then Cy(0) = U ) — MRS(0) x
;
n .

Define fi(0) = % and MRS(c,y,0) = —Usl0) L. From the first-order condition of the
Y7

Ue(0)

1 :
Y= (=T (y(6)))- Y7 and thus YC) = (T Y. Replacing these terms in (92) yields
UC 4 Uu®) o . (Pee 4 Db
T (6 1 {70 + To) - 90) + 1} (P + 2
( (1{()) +-1 >><ef(): 0) x | +548 17()
1—T'(y0)  n—1 T(y0)) o o, ; 0

( ) € D,
+sz<)) sy - con(0) x (P + P50

To express the right-hand side of (93) in terms of elasticity, note that MA};;%@ = U[jyy X M =

(@ _ UC?/) y By uSlng M]\]J%gs = M]\i%}gysy7 (83) a.nd (85), we haVe

Uy
Ups(0)  Upe®)\ . 14&(0)
”(szw) - ziw))'y(e)‘ =0 64)
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We also note that Uy = %un and thus 68%@7 = —% . (% + Ugg). Thus we can express U;(?g) : 88[;9(2?)
by
P OUy b (Ug )
o = = | =t Uy
Uy Op U » \g "
Uss 5 U7\ Usg -
- _(1 99 _ oy _ %Y 95
( L U, ) 0. (95)

For simplicity of the formula, we assume that workers’ preferences are additively separable.
Assumption 11. Workers’ preferences u(c, é,n) satisfies uce = ten = 0.

Under this assumption, the second-order derivative of the value function satisfies U.; = 0. By

combining (94) and (95), we can rewrite (93):

LWl ey | EL (B4 B2) 4 5 500
(o o1 wo@) < (9)_“(9)X[ (e 52

which yields

ao) = ( rw®) | n 1 )xef(e)xEEcGE(e), (96)

)
1-T'(y®) n—1 T'(y))

where

EECYE(9)

{1 + ()

N . Pe-€  Po-0 ov()
g (o) (Bt PR

P P a5(0)

On the other hand, the first-order condition of the Lagrangian of the planning problem with

-1
30 . o

respect to v(f) is the same as in the baseline model with exogenous returns, which yields
—£(6) — (6) — MRS.(0) - 4/(6) - i(6) < 0.

Using (96), we replace /i(f) in this inequality to obtain the formula:
d

S50 <0, ¥, (98)
where
o T@) 11 o o
+/9 <1 “Ty@) a1 - T/(;,(é))) EEC™Z(0)MRS:(0)y (0)0dF (6)

Suppose that there is no income effect in labor supply, which implies that MRC. = 0. In
addition, if the marginal tax rate 7" and EECY® are locally constant at 6, the test formula (98)
can be simplified as follows:

T'(y(0)) 1 1 > GE
— . -EECY™(0) - 9(0) <1, 99
(o 7 TFam )00 )

where ¢(0) = — 1500,
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B.3.1 Special Example in Section ??

We now proceed further using the simple example with linear tax provided in Section ??. Assuming
the special utility function (?7?), linear tax rate 7, and Pareto distribution of skill with F'(0) =

1—(8/6)%, we can analytically solve for the price of human capital.

Derivation of Analytical Expression of w(e) We solve for the price function w(e) using guess
and verify method. We begin with a guess for the price function w(e) = ¥ - e”. which implies that
the worker’s productivity function has the form of p(6,e) = 67 x - ¢e”. Given p(6,e), worker with

skill level 8 solves the following problem:

1
Hé%X(lT)-\P-QW'ey-HC-(Z>CO"nclf. (100)

)

Combining the first-order conditions with respect to e and n, we can solve for the optimal decision

of human capital e and working hours n:

1—(o—1¢)
e(d) = AxOi=0H0, (101)
o o vo _o . 1—(oc—v¢)
nl) = (1—7)T7 -Wis . Al-0 {77 (7+V17<a+zo)’ (102)

where

¢ ¢ ¢(1—0)
A= (1 — 7-) T—(o+v0) . PI—(o+vQ) . pi—(o+vQ) |

We then calculate the effective labor supply of each human capital level £g(e) = e~ (e)-n(e)-m(e)
where m(e) is density of human capital level e. From the analytical solution of human capital (101),
we can obtain the inverse of e(f) by

o— 10 ( e )ﬁEZ*iEi
=e¢ (e)=|— .
A

The working hours (102) can be re rewritten using change of variables:

o 1-(o=7¢)

n(e) = (1—7)%7 - WTs . AT-7 . (6_1(6))m.(7+yl_(a+m)

o _oy 1=(gdvl) o 1-(o+v¢)

= (1-7)T7 - WTs . A 10 =00 .eﬁ'(”ﬂl—(«—wc))

From the distribution of skill, we have its density function f(#) = gsﬁi, and m(e) = f(e !(e)) -

m ylelds

1— v 1—(o+v¢) 1 l=(o+vQ)
(0 + Q) 9% . A%T=00 . ¢ 10T 0

In sum, the effective labor supply yields

m(e) = ¢

_ vo o .1*(‘7+V()
Es(e) — B X e 1+17cr+(lzcr ¢) 17(07'\/()’ (103)
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where

B = (1-7)T% - 0Ts o) =S e 1-(o+2Q) L 0°.

1— (0 —1C)

On the other hand, the demand of effective labor ¢p(e) should satisfy (??). Then using the

market clearing condition ¢p(e) = £g(e), we obtain

1 _1
wle) = Yu-e¥ - lg(e) ™
= yi.Bi .t () )

1—(oc+v()

= Y% (1 =1) -\IJ]*%'ﬁ -A_vlz'("ﬁ_%)'l—(a—wo

- R §
i o L4V pol o g (1525 -0) 658)

1—(o—7C0) |
1 _ 1 (6=vO+¢¢ _1.¢(e(1—0)—v)
= Yn. [(1 — 7-) \IJ] n 1-(c—¢ .y n 1-(6-70
1
I — 1 m vo —(c+v¢)
oo L0V ] 7T ek (i (2 —0) ) (104)

1—(0-7¢) | ’
whose right-hand side still depends on the endogenous aggregate output Y.
Note that market clearing implies that Y = {f ewﬁs(e)de}%. From (??) and /p(e) = lg(e), we
have e - Es(e)f% = w(e) - Yﬁi, and thus
Y = YT x {w(e)l(e)de} T
— Y T x {w(e) . (e_l(e)yy -n(e) - m(e)de}%
= YT x {07 - w(e(6)) - n(6) - F(6)d6) T,

which implies
v o= [u@sen.

where y,(0) = 67 - w(e()) - n(#). Combining (101), (102), and w(e(d)) = ¥ - e(h)” yields

o+v¢ 1 v¢ Ytv
ys(0) = (1 — 7) =00 . PT-(+v0 . pT-(+v0 . fT=(o+v0)

Thus, the aggregate output is

otuC 1 v vt
Y = (1 — 7)T6H0 . g0 . T X / =170 £(0)d6. (105)

By replacing (105) into (104),

o+v o— o— 1, 129 _{(e(1—0)—)
wle) = (1-7)7 (TR F58) o (Famo - 58) L0 (1—<a+v<> =070 )
1 1
L4 n — n vo —(o+v()
X [/91—?:+vc)f(9)d0} "’ [¢ M .gﬂ ! X ew_%(_l—i_l—a—"_(1za_¢).i—(atvg))(106)
— (0 —7
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Finally, we verify the guess that the price function has the form of w(e) = ¥ - e” with

;( o+v¢ 7(U*WC)+¢C)
N\1-(o+v¢) 1-(c—~¢)

1_1( 1 _(6—7<)+¢C)
U = (1—7) "\I=C#0 =00/ x D, and (107)
-1, “/(1—%)—((1+¢2)(1—0)
_ n —(o—
YT L (g — Y (108)
n \1=(c+v() 1—-(0—v¢)
where
v ( _‘7)_ )
%'(1—<aiu<;)‘C(di—lmm7 ) z
1 @0 +éC I CERTIERS

D = v n(l—(01+uc)_ 1—(a—vc)) X {/Ql—wfuof(e)de} 1‘%(1—<ol+uc) 1=(e—79) )
" [gb 1= (o+vQ) 9¢] -1 (e - )
1= (o —=7¢)

S1

Proof of Proposition ??  We denote the elasticity of human capital price w(e) with respect to

, and in this simple

tax rate (1 — 7) holding the education level e fixed by €, 1-r = 3alogw
€

log(1—7)

example, the elasticity is

% ( o+v¢ (U*’YC)+¢>C>

_ dlogV¥ T—(o+vC) 1—(0—v¢)

LT log(1—7) 11 (g — &)’
n

I-(o+v¢)  1-(o—7()
We also remark that in this example with no income effects in labor supply, the elasticity of effective

labor supply y (or equivalently w) with respect to retention rate 1 — 7 is

o+ v¢

€f) =¢(9)=¢= T—(o+00)’

vo.
From (108), note that v does not depend on tax rate 7 and only depends on the fixed parameters.
Thus, in this simple example, g—ggj term in the EECYF equation (97) disappears. On the other

hand, €55 term—derivative of price function p with respect to 4 holding e constant—can be rewritten

as
. dlogp dlogp 0logw " 0log(1 —7) d 1
r— = e = € —=.
P dloggl,  Ologyl, Olog(l—T)|, dlogy voE
: : GE _ 1 1
It is then straightforward to show that EEC™™ = = X T X [(Erm—s

We have shown that EECSF(6) is constant in this example. By assumption, the Pareto param-

eter is also constant with 7%&;}(}0)) = ¢. Then the Pareto efficiency test formula (99) for the tax

rate 7 is given by

11
( T, )-EECGE-¢S§1.
l—7 nn 1-—71

This can be rewritten as
1— g -¢-EECY

<
T="14{¢ EECGE
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which finishes the proof of Proposition ?7.

In this special example, the effective efficiency cost considering the general equilibrium effects is

1

EECYY = EFC x —————,
(1 — €w,1-7 " g)

— € . _1
where EEC = 1z - 735

the main text, incorporating the endogenous prices makes the EEC of tax distortio either smaller

is the effective efficiency cost given exogenous return. As we discuss in

or larger depending on the existing scarcity of effective labor.

Proof of Proposition ?? What we are interest in this paper is how this EECYF is affected by
different sources of inequality. The response of EECYF to increase in each inequality factor can

be decomposed into the direct force and the general equilibrium force:

dEECCF OEEC 1 1 Oep1—r 1
= - . —EEC . 4 ] 4
dv v 1—€piyr- 1t 1 ;)2 { % €+€w’1 Toe
) € — €w,l-71 " Z
direct effect
GE effect
dEECCE OEEC 1 EEC 1 { O&w1—r 1}
e . - . 59— 2
dy Oy l—epir-% 1= €wir %> oy €
direct effect
GE effect
In each equation of dE%SGE and dE%SGE, the first term reflects the direct effect of increase in

returns (v and v respectively) holding the human capital price schedule w(-) fixed, and the second

term reflects the general equilibrium effects due to change in price schedule w(-).

As we already discussed in Section ??, the dependence of EEC on the sources of inequality still

applies—EFEC(= 1_‘; . 7Jlry) is decreasing in v, while the EEC can increase/decrease in v if v is
g

high/small enough (increase in v if v > Z)' With endogenous returns, not only EEC but also

additional general equilibrium channel in the EEC®F depends on different sources of inequality.

To see how the general equilibrium channel responds to each source, Proposition ?? in the main

text provides comparative statics of the price elasticity €, 1—-. With the analytical expression of

81‘21% we have derived, it is straightforward to obtain
g(1—-7)

N SR | (1 _ ;)
Otwr-r _ 0 ( Olog ¥ ) _ A=(otv)” n\" 7 > ()0 if > (<)1, and
ov ov \dlog(1 — 1) [1 1. ( 1 _ (U—WC)+¢C>}2 ’
n \1-(o+v¢) 1—(c—¢)
C4+¢¢) 1 (1 _ 1
86w71—fr _ g ( (910g‘1’ ) _ (1*(0’*’70)2 n (1 77) > (<)O 1f77 > (<)1
oy 0y \Olog(1l —7) {1 1 ( 1 _ (U—VC)+¢C)]2
n \1-(c+r¢)  1-(c—C)
In addition, we have % = m > 0. Combining these results with the assumption n > 1

implies that either increase in v or increase in « provides an additional force of raising the EEC®F
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through the general equilibrium effects. For expositional simplicity, suppose that €, 1—, is positive
before a tax reform which is the case under the baseline calibration of our numerical analysis.
In this case, introduction of general equilibrium effect itself increases the effective efficiency cost
relative to the cost under the exogenous price. Proposition ?? implies that when either return to
human capital increases or return to skill increases, a tax reform leads to a larger increase in prices
amplifying the positive GE effects. This is because with higher return on the human capital or
skill, the relative scarcity of effective labor of high e’s becomes smaller leading to more dominant

demand effects of a tax reform.

We also remark that this impact of inequality on the EECYF through the price elasticity does
not depend on the initial sign of the price elasticity. Regardless of the sign of €, 1—, its change in
response to the increase in « or v is positive, which provides additional force of raising the EEC®F

and decreasing Typ.

B.4 Analysis of an Extended Model in Section ?7?

We now analyze a model provided in Section ?? of the main text where both returns to human capital
and effective labor supply are endogenized. As in the simple model in Section ??, we endogenize
the price of human capital with imperfect substitution of effective labor inputs of different human
capital. In addition, we now incorporate the endogenous superstar effects. Do we still have the
neutrality of the superstar effects? If there is any interaction between the return to human capital
and superstar effects, then the neutrality result would not hold any more, but what is the key for

this interaction? To answer this question, we investigate the extended model in Section ?7.

Entrepreneur’s Problem and Proof of Lemma ?? In Section ??, we have shown that the en-
trepreneur’s earnings schedule W (y|w) is determined by the entrepreneur’s profit maximization

(??), where the cost function ¢(Y |w) is given by

_n_
c(Yw) = {1}%111 /w st. Y= {/ezb-f(e)nnl}n_l , (109)

and we have denoted the Lagrange multiplier of the production constraint by A.(Y") and the op-

timal solution by {{(e|Y,w)}. We also denote the solution of the entrepreneur’s profit maximiza-

tion (??) by Y (y(z)|w) and we denote the labor demand associated with y(x) by p(e|y(z),w) =
((e]Y (y(z)|w), w). The aggregate effective labor of workers in the entire economy is denoted by Y’

JY (y(x)|w)g(x)dx and the labor demand of human capital level e is £p(e) = [{p(e|y(x), w)g(z)dz

Lemma ?? states that A.(Y) = 1 for all Y. We prove this in two steps. We first show that the
Lagrange multiplier A.(Y") does not depend on the level of Y, and then we prove that A, = 1.
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First, we show that under the CES aggregator of labor inputs, A.(Y) = A, for VY > 0 and the
cost function is linear ¢(Y|w) = A. - Y with the constant marginal cost A. of aggregate labor Y.

Consider a level of aggregate labor input Y. We can calculate the cost function:

(Viw) = /w(e)-z(eyf/,w)de

n—1

— (V)Y -/ew-f(e]f/,w) T de
Y

= A(Y) Y,

where the second equality is obtained by using the first-order conditions of the cost minimization
1 ~ N

(109), w(e) = Ae(Y) - Y7 - e¥ - £(e|]Y,w). Then for any level of aggregate labor Y = k - Y for some

k > 0, the cost of production is

c(Yw) =A(Y) Y =Fk-A(Y)-Y. (110)

On the other hand, the ratio of optimal ¢(e)’s across e’s does not depend on Y and we can
compute the cost ¢(Y|w) using this fact. Consider two different levels of human capital é and é.
Combining the first-order conditions of (109) with respect to ¢(é) and ¢(€) yields

(ely,w) (e ”X (w(é))"

ey, w) \ev¥ w(é)) ’
which shows that the ratio of ¢(e)’s is independent of the level of aggregate labor Y under the
CES aggregator. Then the optimal solution to (109) associated with Y = kY should satisfy

U(e]Y,w) = a - £(e]Y,w) for some constant o > 0, for Ve, and oo = k because

?—k?—[/ed’-(a-ﬁ(e\?))n;l]nnl—ax[/ P 1}“_04-?.
Thus,
/w |Ywde—/w k- l(e|]V,w)de =k - A(Y)- Y. (111)

Comparing (110) and (111) yields Ao(Y) = Ao(Y). This implies that the Lagrange multiplier A.(Y)

does not depends on Y and we denote the constant multiplier by ..

Next, we prove that A\, = 1. By integrating the cost of all firms, the aggregate cost is

[ w@m) - g@de =[] wie)- tolely(a).w) - gla)deds

= [ute)- ([ entel@)w) - glas ) ae

= /w(e) -Lp(e)de (112)
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On the other hand, using the result that cost function is linear with constant marginal cost A, the

aggregate cost is

[ @) giaar = x| V) - g
= Aox [yO)fO)a
- Acx/w(e(e))-m-n(e)f(e)de
— x/w ()" n(e)m(e)de
_ Acx/we-zsede (113)

By equating (112) and (113) and using the market clearing ¢/p(e) = ¢g(e), we obtain A\, = 1. The

remaining proof of Lemma 77 is provided below.

Planner’s Problem and Pareto Efficient Tax Formula We first express the labor demand curve

with respect to £p(e). From the first order condition of (109), we have (w(e) )71 = YW@ g0 0] g,

~ Ip(ely(z)w)
which implies that the ratio % is independent of x and is equal to some constant k(e). Then

% =k(e) = ; ) and thus the labor demand curve {p(e) satisfies w(e) = e¥ x (EDY )) .

On the other hand, labor supply curve is expressed as fg(e) = (e71(e))” - ( Le)) - fle7t(e)) -

W, where e(6) and n(#) is the optimal solution of the worker’s problem.

We denote the utility of entrepreneur and worker by

v(0) = U(c(0),5(0),0:5) and o(x) = Ulc(x),y(x), 2;7).

Then the planner solves the following problem:

A /A b
v(8)5(®).50)0() /9 Jo(@)dG(z)

st (6) = Up(e(B), <> )
/cvm,< /c /A (2)|w))g(x)daf114)

n

/y (¢)dz = {/g(e)f(e)de}" , (115)

where p(0, ) = 07 - 9 and w(e) schedule is determined to satisfy £p(e) = Lg(e).
v

Observe that the aggregate labor Y (y(x)|w) only appears in the constraints (114) and (115).
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Then we can rewrite the planning problem in the following way:

max / Ao(8)0(0)dF(6) + / Ao (2)i(2)dG ()
st 0/(8) = Un(e(0). <>ep>
o'(z) = @(() <>
[ e, / C(o(a),y(w), )G @) = & ({y(2)}. (76))

where

e ({y@}hAg0)}) = max Aly(@), V((y(2))))g(w)de (116)

/Y(y(x) {/y } 17

and w(e) satisfies £p(e) = 5(e). The first-order condition of (116) is

Ay (y(z), Y (y(2))) = e,
and from the the first-order condition (??) of the entreprenuer’s profit maximization, we have
Ay (y(x),Y (y(x))) = Ac = 1, and thus A\ = 1.

Before solving the planning problem, we finish the proof of Lemma ?? by deriving the derivatives

of the aggregate production function. The envelope condition of (116) yields
0P

= Ay(y(2),Y (y(x))) - g(x) = W'(y(2)|w) - g(2),

where the second equality is from the envelope condition of (??). Another envelope condition is

od
95(0)

Using these expressions, we will replace %&,) and %&) terms after deriving the first order condition

= e YT () = Av(y(@), V() YT f(0) = YT f()

of (the part of) the planning problem given the incidence on the production function to obtain the

Pareto efficient tax formula.

As in Appendix B.3, it is convenient to rewrite the incentive constraints. Following the same

steps as in Appendix B.3, we can rewrite the worker’s incentive constraints as

/ 7T g(&) De-€  Dp-0
v(6) = U30) % <15 + 2 ) o

We also rewrite the entrepreneur’s incentive constraints. Since U (c,y,z) = (c, 7) the derivative

of U satisfies U, = —, - % = —Uy%, and thus the incentive constraints of the entrepreneurs are
~/ _ = y(l’)
0'(z) = —Uy(c(x), y(x),x) - 0 V.



We then write the Lagrangian of the part of the planner’s problem using these incentive constraints:

/ Ago(8)dF(6) + / A (2)8(2)dG ()

3 [@({y(@)}. (3(6)) - / C(0(6).5(0),0)/ (0)d6 — [ C(o(@). y(x), 0)g(w)do
s i) (55151

/ )z + / ()0, ()2 x)da:.
x
The planner maximizes the Lagrangian L subject to the remaining constraints (116) and ¢p(e) =

ls(e).
We again denote the derivatives holding the productivity function p(-, -) fixed by Uy, Uey, M RC.

and M RS,. We also use the same notation €;5 as in Appendix B.3 for the elasticity of p with

respect to ¢ holding e constant. The first-order condition of the Lagrangian with respect to ()

given the derivatives of the production function ® and the endogenous price p is

v (o — C01))

() x Use(0) - Cy(0) + Uy (0) + U s gw } 0. (Bee 4 Bst)
+U5(0) - § - (B + 222 4 Uy(0) - 190 - 5400 ’

where v(f) = L€,

Z
We then use Lemma ?? to replace the derivatives of production function %21)9)' Define fi(0) =

% and MRS(c,y,0) = — gzggg x —L-. Following the same process as in Appendix B.3, we can

rewrite the first-order condition as follows:

1420 Gee | Po-0 o) -~
a5 ) B
°+

) < | P I
[ — i eanl0) - (555 + 25)

w®) | 1 |
(1—T'< @) -1 1—T'<w<e>>> < 07(0)

which yields EECSF exactly as in Appendix B.3 (Equations (96) and (97), and the tax formula

for workers also does not change from the one in Appendix B.3.)

On the other hand, the first-order conditions of the Lagrangian with respect to y(z) yields

o0 o - - (@ -, 1
3 (o0~ Cl@)-9@) = =ile)x [{Telo) - @)+ O (@)} - L2+ Tyfa) -
Uy (6) pe®)  90)  (pee | pob
—/M(Q) % dp(g(ﬁ))eﬁv?jgz))w;'(e)y(ﬁ) 0 '(pﬁ + 5 ) ] do,
+U(0) - 557 - 55
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where g (( ; again denotes the endogenous incidence on v/(6). Define fi(z) = e and MRS(x) =

_ 0@ Using Lemma ?? and Cy(z) = ~G@ _ = M RS(x), we obtain

Ue(z) " Ue(x)
@)\ o
o))

1+ <0~yy(l’)
Uy(@
0 80 (6 De-€
)) ~(() py(z)(e),y(),(p +
9)

/u MRS) ;Ta
+YF - g(0) - 240

Ay(z) — MRS(x)
MRS(z)

S Q’

xag(e) = fux)x

=
3‘“@:1’

MRS

First-order condition of the entrepreneur’s problem (11) can be written as (1 — T"(w(x))) X
W' (y(z)|lw) = MRS(z). Combining this with W'(y(x)lw) = Ay(x), we have %W =

%. Note that (83) also holds for the elasticity and MRS of the entrepreneurs, and

MRSy (z)y(z Uyy( Uey (x . . Uyy(z Uye(z 1+e%(z
MyR(S()x%( ) = (Uy:(g;)) B Uf((x))) ~y(), which yields 1 + (Uf(g B Uyc((z))> ylw) = éc(x() . Com-

bining these equations with (94) and (95), the first-order condition of the planner’s problem with

respect to y(x) can be written as:

T'(w(8)) _oa
mxv’ﬂg(fﬂ) = fi(z) X

1+é&(x)

E(x)
)

mm:+

y e (9 pe-e | g0
+/ﬂ(9) v MRS0) i 90) _< EC(e(>)) () (0) - (pﬁ + 2 ) "
MRS(x) 6 Yy :E) _|_§Zéz%y(x)

Finally, in this economy, we can show that gZ((zg = 0. Recall that aggregate labor demand curve
_ 1

is expressed as w(e) = e¥ x ( ZDXZe))E’ and thus the ratio of relative prices between two different

levels of human capital is ggg = Z—:ﬁ X (ﬁD 8) As we showed in the proof of Lemma 77, the ratio

ZD (®) does not depend on y(x), which implies that the return to human capital () is independent
( )
f y(x). Thus, the first-order condition yields
__T'(w(9) €(z)
@) = ) T
0

0y 05 MO (50 (545

=»

3=

Combining this with the first order conditions with respect to ©(x) yields the Pareto efﬁciency test
formula. Assuming no income effects, the formula for the entrepreneur’s earnings is 86 ZR(x) <0 for
all z, where R(z) = 1 — G(z) — [i(z). The tax formula for the entrepreneur’s earnings is different
from the standard tax formula with exogenous wage due to the incidence on the price of human

capital associated with the perturbation in entrepreneur’s effective effort—captured in €; ().
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