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Abstract

We study the optimal firm regulation in the presence of imperfect competition in the
labor market. More precisely, we investigate how to regulate firms for workers’ redis-
tribution in a model where firms have monopsonistic wage setting power due to the
workers’ idiosyncratic preferences for different firms. Labor market monopsony pro-
vides forces for compressing wage schedules across firms—subsidizing more productive
firms less, but the constrained planner who cannot provide direct insurance against id-
iosyncratic preferences of workers should balance the trade-off between redistribution
of workers across different firms and allocative efficiency. The size of efficiency cost and
thus the optimal amount of redistribution depends on the mechanism of firm premium
(rent sharing vs compensating differential). The optimal markdown—the ratio of wage
relative to the marginal product of labor—schedule is not necessarily monotone in firm
size. The shape of the optimal markdown depends on the sources of sorting between

firms and workers. It can be inversely U-shaped if the demand-side sorting dominates.
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1 Introduction

What is the optimal redistribution policy when firms have wage setting power in the labor
market? Standard framework for studying the design of redistribution policy is a competitive
labor market where firms take market wages as given. However, there has been accumulating
evidence on the role of firms in wage inequality, and the recent empirical studies have an
agreement that firms have some wage-setting power. Bonhomme, Holzheu, Lamadon, Man-
resa, Mogstad, and Setzler (2022) show that firms explain 30% to 50% of wage inequality in
developed countries.! This firm’s effect combines the firm-specific wage premium and sort-
ing of high-skilled workers to productive firms. Many studies have used a model of Abowd,
Kramarz, and Margolis (1999) (hereafter AKM) to quantify the role of each effect, and they

show that firm premiums cause about 5-20% of wage inequality.?:?

With this firm’s role in wage inequality, this paper asks the following questions. How should
we design optimal firm regulation in an economy with firms’ labor market power when we
consider its impact on redistribution across workers?* What is the key trade-off in setting
the policy? How do the trade-off and optimal policy depend on the different mechanisms of
firms’ effect on wage inequality and sources of sorting? Can the regulation of firms improve

redistribution of workers even in the presence of income tax-transfer policy?

!This description is based on the within-between decomposition of wage variation by using employer-
employee data from the United States and several European countries. Card, Heining, and Kline (2013)
also carry out this decomposition to show that between-firm variation explains larger share of rising West
Germany wage inequality over time. Similarly, the decomposition of Song, Price, Guvenen, Bloom, and von
Wachter (2019) using US tax data shows that two-thirds of the rise in earnings inequality occurred due to

a rise in the dispersion between firms, whose role is much larger than within-firm variation.
2Abowd, Kramarz, and Margolis (1999) make an identification using movers—the wage change around

a move between firms reflects the difference in firm premiums of the two firms. Due to the small number
of movers, the firm premium effects tend to be upward biased, and the recent studies show smaller firm
premium effects (5-15%) after correcting this bias (e.g. Bonhomme, Lamadon, and Manresa (2019) and

Kline, Saggio, and Sglvsten (2020)).
3There is also a related literature estimating the impact of exogenous shocks to firm on wages of workers,

and studies find wage-productivity elasticities in the range of 0.05-0.15. For example, see Abowd and

Lemieux (1993), Van Reenen (1996), and Van Reenen (1996).
4There is relatively small literature which studies the normative implications of firm size-wage gap. Most

of these studies either focus on its implications on the optimal labor income tax or for policies affecting labor

demand exclusively concentrate on the optimal minimum wage.



We answer these questions by embedding a monopsonistic labor market model into an
optimal tax framework. We present a simple model with imperfect competition in the labor
market which stems from the idiosyncratic preferences of workers across firms, building
on the work of Manning (2013), Card, Cardoso, Heining, and Kline (2017) and Lamadon,
Mogstad, and Setzler (2022). Workers have heterogeneous preferences over the amenities
and work environment (such as firm location and job characteristics) of firms. Due to this
preference heterogeneity of workers, firms face upward-sloping labor supply curves and have
some wage setting power. With no regulation on firms, wages are marked down relative to
the marginal revenue products of labor. Firms with higher productivity enlarge production
by posting higher wages, resulting in identically skilled workers working at more productive
firms earning more compared to those at other firms. Thus the dispersion of marginal revenue
products of labor across firms is transmitted to the wage dispersion. If this inequality is too
high from the perspective of a planner, the planner wants to provide redistribution across

workers by regulating firms.

We consider a constrained planner who maximizes social welfare—weighted sum of workers’
and entrepreneurs’ (firm owners’) utilities. This planner is constrained so that she cannot
provide direct insurance against the idiosyncratic preference shock of the workers and thus

cannot directly control the assignment of workers across firms.

We first highlight the key trade-off of the planner and how the optimal balance of the trade-
off depends on the mechanisms of the firm’s effect. For expositional clarity, consider a simple
model with only a single skill type of workers.® The constrained planner wants to provide
redistribution across workers at different firms, but it is impossible to reduce wage inequality
across firms without incurring losses in allocative efficiency as the planner should consider
the worker’s workplace decision. The workers decide where to work given the redistribution,
and the planner’s wage compression shifts workers from high- to low-productivity firms. The
optimal degree of redistribution is determined by balancing this trade-off. We show that the
amount of redistribution is characterized by the negative slope of the markdown schedule

across firms’ productivities, where the markdown is the ratio of the wage relative to the

5The analysis of this simple model is essentially the same with the analysis of skill-dependent policy in

an economy with multiple skill types.



marginal revenue product of labor. The planner with stronger redistributive motive reduces

wage inequality with wider markdown of wage at higher productive firms.

Importantly, the severity of the trade-off and the degree of optimal redistribution depend
not just on the wage inequality caused by the firms but on the mechanisms of the firm’s
effect. That is, low estimates of the firm’s effects in the empirical literature do not neces-
sarily imply low demand for the firm regulation. The dispersion of firm premium can be
generated by either rent sharing of differently productive firms or compensating differential
of heterogeneous amenities across firms. Lamadon, Mogstad, and Setzler (2022) find that
the wage variation caused by firms’ premiums is small because high productivity firms tend
to provide more amenities, which lowers wages productive firms have to pay. Under this
mechanism, lower wage inequality calls for more redistribution as the positive correlation

between firms’ productivity and amenity lowers the efficiency cost of redistribution.

Next, we characterize the optimal redistribution—markdown schedule—with multiple skill
types. In the real world, skill-dependent redistribution policy rarely exists. Thus we analyze
optimal markdown under the assumption that the planner can only use skill-independent
policy. Then the planner who wants to increase the wages of a low-skilled worker at a
particular firm can do this by also raising the wages of a high-skilled worker at that firm.

We formalize this by introducing the no-discrimination constraint (NDC) to the planner.

Under the NDC, the optimal markdown schedule is shaped by two forces: (i) redistribution
of workers across firms and (ii) redistribution between skill types. We have already discussed
the wage compression force from the first redistribution channel in the analysis with only
single type. On the other hand, in the presence of the complementarity between the firm’s
productivity and worker’s skill, the same (first) redistribution motive generates additional
force for the markdown schedule whose direction is not monotone. More dispersed marginal
products of labor across firms still calls for more redistribution, but higher productivity-skill
complementarity can either increase or decrease average marginal revenue product of a firm
depending on the employment share of skill types. For firms with a large (small) share
of low-skilled workers, increase in complementarity lowers (increases) the average marginal

product, providing a force to subsidize higher productivity firms more (less).



The optimal markdown schedule should also reflect the second redistribution motive be-
tween the skill types. The planner who does not have a direct tool for redistribution from
the high-skilled to the low-skilled can indirectly achieve this by providing more subsidy to
a firm which has a larger labor share of low-skilled workers as the proportion of subsidies
transmitted to a particular type of worker is determined by the employment share of that
worker type within a firm. If the employment share of high-skilled workers is higher at more
productive firms, the redistribution motive between the skill types provides additional force

of wage compression—wider markdown of wage at more productive firms.

Our theoretical decomposition implies that the shape of the markdown schedule is not
necessarily monotone in a firm’s productivity. Thus we quantitatively simulate the optimal
markdown schedule across firms. Our numerical example shows that it can be actually in-
versely U-shaped especially at the low productivity region in the firm’s distribution. Both the
redistribution against the firm’s productivity dispersion and the redistribution between the
skill types with positive sorting result in wage compression—wider markdown at productive
firms. However, at the low region of firms’ productivity distribution, the channel of redis-
tribution across firms through the complementarity dominates, thus the planner subsidizes
more productive firms more. Importantly, the shape depends on the sources of sorting. When
the positive firm-worker sorting is mainly driven by the complementarity of firm productivity
and worker skill, the complementarity channel becomes stronger, making the inverse U-shape
of the markdown schedule more pronounced. On the other hand, if workers’ heterogeneous

taste is the main source of the positive sorting, the markdown schedule becomes monotone.

Our results are robust to the extension with more direct redistributive income tax policy.
As long as income tax does not depend on the employer of the worker, regulating firm’s
markdown with the subsidy to the firms still plays a role for the redistribution of workers
across different firms. In the presence of progressive income tax-transfer, the amount of
redistribution through the firm’s regulation becomes quantitatively smaller because (i) there
is direct substitution by the income tax, and (ii) progressive income tax-transfer schedule can
relax the no-discrimination constraint of the planner. Finally, we also extend the analysis
to the economy with nonzero labor market share and to the economy with product market

power to show the robustness of our results.



Literature  Studies on optimal redistribution policy for workers mostly take a competitive
labor market framework and thus abstract from the firm’s role in wage inequality. In such
a setting, labor income tax-transfer policy is the dominant tool for redistribution. (e.g.
Heathcote, Storesletten, and Violante (2017)). This paper departs from the competitive
labor market and study optimal redistribution policy in the presence of monopsony power
in the labor market. Closely related studies are Berger, Herkenhoff, Mongey, and Mousavi
(2024) and Berger, Herkenhoff, and Mongey, Simon Oppenheimer (2024). They take Ramsey
style normative analysis in an economy where firms have labor market power, restricting
their attention to the income tax function which is the same as in Heathcote, Storesletten,
and Violante (2017).5 Our paper investigates the constrained planner’s problem with no

restrictions on the policy function and studies the implications for the firm regulation.

Our paper is connected to the literature on firm’s wage setting power. Brown and Medoff
(1989) and Oi and Idson (1999) summarizes the literature documenting the existence of firm
size-wage gap. Manning (2013) argued that imperfect competition in the labor market is
the underlying reason for identically skilled workers earning different wages across firms.
Using administrative matched employer-employee datasets, Card, Heining, and Kline (2013)
and Song, Price, Guvenen, Bloom, and von Wachter (2019) show that both a rise in the
dispersion of firm pay premiums, as well as an increased sorting of high-skilled workers on
high-wages firms, are quantitatively important in characterizing the role of firms in rising
wage inequality. Recently Card, Cardoso, Heining, and Kline (2017) and Lamadon, Mogstad,
and Setzler (2022) suggested workers’ idiosyncratic preferences across firms as a potential
source of firm’s wage setting power, the setup which our baseline model closely follows.
Berger, Herkenhoff, and Mongey (2022a) proceed further to develop an oligopsony model

which allows the firm’s strategic interaction.

Our paper is also connected to the relatively small literature studying the normative impli-
cations of imperfect competition on optimal policy. Cahuc and Laroque (2014) and da Costa

and Maestri (2019) investigates how optimal labor income taxes are affected by labor mar-

SBerger, Herkenhoff, Mongey, and Mousavi (2024) show the the amplified distortions of progressive
taxation and Berger, Herkenhoff, and Mongey, Simon Oppenheimer (2024) study how labor market power
affects optimal income tax policy.



ket monopsony. Hurst, Kehoe, Pastorino, and Winberry (2022), Ahlfeldt, Roth, and Seidel
(2022) and Berger, Herkenhoff, and Mongey (2022b) analyze the optimal minimum wage
when firms have wage setting power. Edmond, Midrigan, and Xu (2022), Boar and Midrigan
(2019) studies the impact of product market concentration on optimal firm size regulation.

Finally, Ales and Sleet (2022) studies optimal taxation under discrete choice environments.

Layout  The remainder of the paper is organized as follows. In Section 2, we introduce our
baseline model. In Section 3, we highlight the key trade-off using the simple model. Section
4 characterizes optimal redistribution policy in the full model, and Section 5 provides a
quantitative analysis. Section 6 shows the robustness of our results in the presence of labor

income tax-transfer, and Section 7 provides extension analysis. Section 8 concludes.

2 Model—Economy without Regulation

In this section we present the environment and define the equilibrium under labor mar-
ket monopsony with no redistribution policy. The description of the model closely follows

Lamadon, Mogstad, and Setzler (2022).

2.1 Environment

An economy is populated by J firms and two types of workers, high- and low-skilled. Each
firm j € {1,...,J} posts skill-specific wages (wp;, wy;) and provides amenities. We denote
the value of the amenities that workers of skill type s are expected to get from firm j by gs;.
After observing the distribution of wages and amenities across firms, each worker chooses
which firm to work for. The indirect utility of a worker with skill type s € {h,¢} when

working at firm j is given by
?)S(Zf,j) :logwsj+10ggsj+5j (1)

where ¢; is the idiosyncratic preference of a worker for working at firm j. Working at a
particular firm is valued differently by different workers. Thus a firm doesn’t lose all of its

employees when it lowers the wage, which gives rise to firm’s wage setting power. We assume



that each worker’s e = (g1,...,e5) € R’ is independently drawn from a Gumbel distribution
with zero location and scale 1/8. We denote joint distribution of idiosyncratic preference

shock across workers as F'(¢) and its density as f(e).

Each worker selects a firm to work at to maximize his utility, taking the distribution of
skill-specific wages and amenities across firms as given. A s-skill type worker with preference

shock € solves
Js(€) = argmaxy  vs(e, k). (2)

Then the probability of worker with type s working at firm j is

o - o (wsjgsj>ﬁ o B
Psy - ]PE[] = argmaxyg /Us(ga k)] - Fi ) IS - Z(wskgsk) 3
s k

where I, is wage index for the s-type workers. The number of s-type workers at firm j is

Ly = NyPy; = Ns(wsz.“sz)ﬂ,
where N is the mass of workers with skill level s. The higher the wage and amenity level
that a firm provides to type s workers, the larger the employment a firm can utilitize to
produce. The labor supply elasticity with respect to wages is 3, which is the inverse of

the scale for idiosyncratic preference distribution. Lower 3 implies that workers’ preferences

across firms are more dispersed, thus workers respond less to changes in wages.

All firms produce identical consumption good which we take as numeraire. Firms are
heterogeneous with respect to their production technologies. The production function of

firm j takes the following form:

o—1 o—1 o

yj = zi(aiLy] + (1 —aj)Ly7 )7t = 27,

o-1 =1,
where y; is output, 2; is productivity, a; is skill intensity, §; = (a;L,7 + (1 — ;) L, )=t
is employment index, and o is elasticity of substitution between different types of workers.

Each firm owner employs workers, produces output, provides skill-specific wages and ameni-

ties, and consumes remaining profit. We assume that firms cannot observe each worker’s

idiosyncratic preferences across firms. Thus firms pay same wages to its employees with



identical skills as they cannot discriminate prices across workers with different idiosyncratic

preferences. An owner of firm 5 solves the follwing problem

o—1 o—1

Tj = MOy, s Lns Loy 25 L7+ (L= ay)Ly7 )71 — (wpjLnj + wejLej) (3)

(Wsj9s5)"

s.t. sz = ng(wsj) = N; Ji ’

s=h,t,

where 7; is profit which the firm owner consumes, and Lﬁj (wp;) and L{j (wg;) are upward-
sloping labor supply curves faced by the firm j. We assume that there is no strategic
interaction. Fach firm is small-—labor market share of each firm is near zero—thus firms
ignore the impact of their wage choice on the wage index Iy when they set wages. We relax

this in Section 7.1.

Solving the firm’s problem (3) yields firm j’s optimal wage choice

Wh LMth, Wellj = iMR@' (4)

T 1+8 1+

1 _1
where M Ry,; = 2,0 (%) “and MRy = z;(1 — o) (L;j) ? are marginal revenue products
of high- and low-skilled workers at firm j. The higher the labor supply elasticity 3, the less

the wages of each type of worker are markdowned from the marginal revenue products.

2.2 Equilibrium without Regulation

We define the equilibrium in our environment.

Definition 1. A monopsonistic competitive equilibrium is defined as a set of worker decisions
Js(€), wage indices {1}, labor demand {Ls;}, firm specific labor supply curves {ij (ws;) }

and wages {ws;} such that

1. Each worker’s decision of firm js(¢) mazimizes his utility, defined in (1)

2. Firms facing upward sloping labor supply curves {ij (ws;)} choose labor demand {Ls;}

by posting wages {ws;} to mazimize profits, as described in (3)

3. Wage indices {I,} with I, =Y ;(ws;gs;)° are generated from workers’ decision j,(e).



Empirical evidences document the existence of firm size-wage gap, i.e. large firms pay
higher wages. One explanation of the firm’s premium is that high-skilled workers are system-
atically sorted into large firms with high productivity. An alternative view is that identically
skilled workers, who are perfectly replacable in terms of the job they are performing, are
paid different wages depending on which firm they work for. Our model incorporates both

of these explanations.

In our environment, firm productivity heterogeneity gives rise to across-firm wage inequal-
ity for identically skilled workers. High-productivity firms have higher marginal revenue
product of labor than low-productivity firms holding level of employment constant, which
is transmitted to wages as in (4). Thus workers employed at high-productivity firms earn

more.

Our model also permits systematic sorting of worker skills across firms. Following lemma

explicitly shows the two forces of sorting (see Appendix A for the proof).

Lhnj o Ihj
dlog(Llj> .8 d10g<1—aj>+ B dlog(gu

Lemma 2. Under monopsonistic competitive equilibrium a5 = i d PR

First, sorting may arise due to the skill intensity heterogeneity. In the presence of com-

plementarity between firm productivity and worker skill (d% > 0), high-productivity firms
J

d
have a larger demand for high-skilled workers relative to less productive firms. Second, the
fact that differently skilled workers value amenities differently is another potential source

of sorting. If firms with higher productivity provide more amenities, then the high skilled

B
workers sort into more productive firms (=% > 0).
J

3 Simple Model: Redistribution Policy within Skill Type

From now on, we study the optimal firm regulation from the perspective of the planner with
redistributive concerns. In this section, we begin with the optimal regulation analysis in the
simple model where there is only one type of worker, which allows us to understand the key

equity-efficiency trade-off in a monopsonistic labor market.”

"The analysis is essentially the same with the case with multiple types if we allow the planner to use a

type-dependent policy.

10



We simplify the environment of the benchmark model in this section. There is only one
type of worker with mass N. The indirect utility of worker working at firm j is v(e,j) =
log w; 4+ log g; + €5, where w; is wage of workers at a firm j and g; is amenties which firm j
provides to workers. From the worker’s optimization, we derive the labor supply curve of a

firm j L; = N%, where I = 3, (wrgr)” is wage index.

Firm j produce consumption goods using a production technology y; = sz?. Throughout
this section, the default assumption is linear production with 7 = 1. When we extend to a
nonlinear production, we will explicitly mention it. In equilibrium without regulation, firms
choose wages and employment to maximize profits subject to the labor supply constraint

L (w;;9;) = N M, taking wage index [ as given. The equilibrium wage of firm j is

markdown of marginal product z;: w; = %zj, thus the dispersion of marginal product
across firms is transmitted to the wage inequality with proportion %

3.1 Constrained Planner’s Problem

We first analyze the optimal allocation by solving the constrained planner’s problem, then
we show that the decentralization can be achieved with revenue-dependent subsidies to firms.
The welfare function is the weighted sum of workers’ and firm owners (entrepreneurs)’ util-
ities. Denote the utility of a worker with preference draw ¢ by V(e;{¢;}) = maz;logc; +
log g; + ¢; given the distribution of consumption allocation {c¢;} across firms chosen by the
planner. Note that the function V' takes into account workers’ optimal choice of firms. The

social welfare function is given by

W =N [Vieie)) + (Z logcw)

where 1y is welfare weight on entrepreneurs relative to workers and cy; is the consumption
allocation of the entrepreneurs working at firm j. We analyze the optimal regulation from
the perspective of the planner with redistributive concerns, not only between workers and

firm owners but also across workers.

Our planner is constrained in a sense that given the planner’s choice of consumption

allocation, she should respect the optimal workplace decision of workers. When calculating

11



welfare, the planner takes into account that once she has set consumption distribution {¢;},
each worker chooses where to work to maximize utility. Thus the employment distribution
across firms should also be consistent with the workers’ optimal decisions, and the constrained

planner faces the same upward sloping labor supply curve as a firm does.

We define our social planner’s problem.

Definition 3. The social planner’s problem with one type of labor is defined as the program

MAT{c; 055}, L;0 N/EV(a; {c;}) + ¢y (Zlogcfj)
J

st (A oLy +ep) <Dzl (5)

J

(v) I =3(cg;)" (6)

j
L - N(Cju}?j)ﬁ,

vJ, (7)

where (5) is resource constraint, (6) is formula for wage index, and (7) is employment

distribution across firms as function of {c;}.

3.2 Optimal Allocation

By solving the planner’s problem in Definition 3, we obtain the optimal consumption allo-
cation. Next proposition characterizes the optimal consumption schedule (see Appendix A

for the proof).

Proposition 4. The optimal consumption allocation of workers at firm j, c;, is given by

I6] 1 I
¢ = X 2+ A, A:(1_ y> 3
o1+ M1+ 8) N (8)
where X\ is Lagrange multiplier on the resource constraint (5), and v is Lagrange multiplier
c .c;Lj
on the equation for wage index (6). Lagrange multipliers satisfies 5 = 17!; = % =

W > Y5 and uﬁ = % There exists a cutoff Pareto weight @f such that for ¥y < @f,

1—ﬂu§>0andthu8A>0.

12



Equation (8) characterizes the optimal consumption allocation for workers working at firm

7, which is the sum of a fraction of marginal product of labor %zj and the common transfer
term A. The size of A measures both (i) the degree of redistribution from the entrepreneurs
toward workers and (ii) the degree of redistribution across workers at different firms. The first
redistribution motive is determined by the size of Pareto weight on entrepreneurs ¢ ;—Lower
1y implies more redistribution toward workers. We focus on the case with 1, < sz so that
A is positive. The second redistribution motive is achieved as the consumption inequality of

workers working at different firms becomes smaller by the common transfer term.

In the monopsonistic labor market, the key trade-off the planner faces is the trade-off
between redistribution across workers working at different firms and allocative efficiency.
The workers decide where to work given the redistribution provided by the planner. The
constrained planner is subject to the constraint that once the consumption allocation has
been set, she should respect the resulting optimal workplace decisions of workers and the
corresponding employment distribution across firms. Then to close the consumption gap
between workers working at different firms, the constrained planner should necessarily shift
the employment from high- to low-productivity firms, which reduces the overall level of

production. The optimal allocation is determined to optimally balance this trade-off.
Allocative Inefficiency in comparison with the First-Best Case

We can better understand the trade-off of our planner by comparing out planner to an
alternative First-Best planner who can independently choose consumption and employment
distribution of workers across firms, as in Mongey and Waugh (2024). For simplicity, we

assume ¢; = 1,Vj. The First-Best planner solves

J

MAT (o, @)} e @it NV / (Z zj(e)(log c;(e) + %)) dF () + 1 ) _log ey
J

st. (\) N / (ij(g)cj(g)) AF(e) +Y e <307 (N / a:j(e)dF(e))

where z;(¢) is an indicator function mapping a worker with preference draw ¢ into 1 if the
worker is assinged to firm j and zero otherwise, ¢;(¢) is consumption of the worker who is

assigned to firm j, and cy; is consumption of owners of firm j. Note that the key difference

13



from the constrained planner’s problem in Definition 3 is that the First-Best planner can

assign workers without considering workers’ decision of workplaces.
Optimal z;(¢) is given by

() 1 if loge;(e) +¢5+ Mz — ¢j(e)) > maxg[log ck(e) + ex + Mz, — cx(€))]
’ 0 otherwise

where ) is lagrangian multiplier on the resource constraint. For consumption of workers, we
have % = ¢;(¢), i.e. consumption level is equal across all workers regardless of the firm that

each worker is assigned to. Thus the formula for optimal x;(¢) simplifies to

1 if Azj+¢e; > mazg[ Az, + i

0 otherwise.

Without any cost of redistribution, the First-Best planner can provide full insurance for
workers against idiosyncratic preference shock. Then allocating worekrs is determined to
achieve two goals: (i) enhancing production efficiency and (ii) allocating workers with hetero-
geneous preferences to their more preferred workplaces. On the other hand, our constrained
planner reduces the uninsurable component of worker’s earnings by compressing the wage

distribution across firms. This inevitably harms the allocative efficiency of workers to firms.
Determinants of the Optimal Balance between the Trade-off

We investigate how the optimal balance between the equity and efficiency changes with key
parameters of monopsony labor market. First important factor is the labor supply elasticity
(. Higher g implies that workers are more responsive to the wage compensation, which im-
plies that redistribution is more costly. When the planner tries to compress wage schedule,
workers are more likely to move to lower productivity firms under higher 5. Thus, the effi-
ciency cost of additional redistribution goes up, and the amount of redistribution decreases.
As a result, consumption inequality increases. By measuring the consumption inequality with

its variance, we can directly see that higher § increases the optimal consumption inequality:
2

(1+5)?

The following lemma also shows that when [ increases, the planner has more concerns

var(cj) = var(z;).

about the efficiency in the optimal balance of the trade-off (see Appendix A for the proof).

14



Lemma 5. Assume J = 2 with zy < zo and g1 = go. Then the employment level at each firm

under the optimal allocation is given by

e 1

N+ J
Ly=N— ;L= N—F—— where yfzgz P X i wfx(%—l)—l—l
ve + 1 ve +1 a 1+p N
and v, = 2. Then dgf > 0, dL;éL1>0and%<O.

Under higher 3, the planner provides less redistribution across workers by lowering A due
to the higher efficiency cost given redistribution. Lemma 5 also shows that under higher
[, the optimal employment distribution is more skewed towards high-productivity firms,

increasing allocative efficiency.

Lastly, we show that with a nonlinear and concave production y; = z;L7], n < 1, the
equity-efficiency trade-off becomes severe. With a nonlinear production function, optimal

consumption allocation of workers at firm j is given by

3 —1
¢ = mMRj + A, where M R; = nz; L] .

Then the consumption inequality across firms is determined by the dispersion of % fraction
of marginal products of labor. Providing additional redistribution by compressing wage
inequality increases the fraction of workers working at lower productivity firms. Then the
marginal product of lower productivity firms decreases, while the marginal product of labor
increases for higher productivity firms. This leads to an additional dispersion of marginal

products of labor and reduction in the optimal redistribution.

3.3 Optimal Markdown and Subsidy Characterization

We now characterize the optimal markdown schedule which determines the schedule of the
policy implementing the constrained planner’s solution. Following the convention in the
literature, we define the markdown of a firm j by

Wi

My = MRj? (9>
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which is the ratio of wage relative to the marginal product of labor. Note that lower u;

implies wider markdown of wage relative to M R;. Since ¢; = w; without income tax, the

markdown is also expressed as p; = Mcféj'

We then show that the markdown schedule essentially shapes the subsidy schedule which
implements the optimal allocation. Decentralization of the optimal allocation can be achieved
by the revenue-dependent subsidies to firms. In the benchmark analysis, we focus on the de-

centralization with only firm regulations only, but in Section 6, we show that the property of

optimal firm regulation still applies to the decentralization with income tax-transfer policy.

Suppose that the government sets subsidy schedule {S;(y;)} which satisfies the govern-
ment’s budget constraint: >°;5;(y;) = 0. Then {S;}, although named as subsidies, are

actually taxes for some firms. Firm j solves the following problem given S;:

The optimal wage choice of firm j is w; = (1+ 5 (y])) z;, thus the marginal subsidy rate

1+5
and markdown has the following relationship:

p

m(l + S5(y5)) = 1y,
which shows that wider markdown of wage relative to the marginal revenue product of

labor—lower ji;—corresponds to lower subsidy rate S} in our decentralization.

We then characterize the optimal markdown and subsidy schedule together.

Proposition 6. We assume 1y < qﬁf. The optimal markdown is given by

poLA o I

Then the slope of the optimal markdown schedule is given by

d/vbj A
— = —— < 0. 11
dz; zjz (11)

Thus the marginal subsidy rate S; (y;) which decentralize the optimal allocation decreases in

firm’s productivity z;.
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The planner achieves redistribution by setting wider markdown—lower p;—at more pro-
ductive firms. That is, the planner subsidizes low-productivity firms at higher rates, encour-
aging such firms to pay higher wages and employ more workers. When the planner cares
more about workers’ utility, A goes up. Then the planner has stronger motive to redistribute
across workers, thus increases the gap of subsidy rates between high- and low-productivity

firms.

3.4 Inequality Mechanism and Optimal Trade-off

Recent studies following the AKM models have tried to decompose the sources of wage
inequality. Lamadon, Mogstad, and Setzler (2022) have investigated whether the AKM
estimates of wage inequality across firms are driven by firm’s rent sharing with workers or
compensating differentials due to the amenity differences, and they highlighted that the
size of the firm premium crucially depends on the mechanisms of inequality. We now show
that these mechanisms are also important for the optimal redistribution. Although the
redistribution motive of the planner arises due to the wage variation caused by the firms,
larger wage inequality across firms does not necessarily call for more redistribution of the

planner depending on the sources of the firm’s premium.

Our model also allows two potential reasons why identically skilled workers working at
different firms earn different wages. First, when firms set wages with monopsony power,
workers working at high-productivity firms are paid higher wages than those of the workers
working at low-productivity firms. Second, workers working at firms which provide lower
level of amenities g; earn higher wages. Firms which provide bad working conditions must
pay compensating differential to attract workers. Empirical analysis in Lamadon, Mogstad,
and Setzler (2022) show that although there is a substantial variance of TFP and amenities
across firms, the estimated firm effects on wage inequality are relatively small because there
is a positive correlation between firm productivity and amenities (i.e. more productive firms

provide better amenities to workers g}(z;) > 0).%

8Lamadon, Mogstad, and Setzler (2022) decompose the variance of firm effects identified from the AKM
regression into three components : (i) variance of total factor productivity, (ii) variance of amenities provision

and (iii) covariance between amenities and productivity.
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The presence of positive correlation between firm’s productivity and provision of amenities
reduces the total wage variation caused by firms. Given this observation, one might conjec-
ture that lower wage inequality would lead to less wage compression (and less redistribution)
of the planner. Next proposition investigates the role of the positive correlation and show

that the result is the opposite to the conjecture (see Appendix A for the proof).

Proposition 7. Assume 1y = 0. Starting from the economy with gi(2;) = 0, we increase
95(25)z;

. Then both the common transfer A and %Z—f increase in the optimal allocation.
J

zj Lj

Proposition 7 shows that when the positive correlation between firm productivity and
amenity (g;(;ij)zj > () is introduced, the planner provides more redistribution across workers
at different firms with larger common transfer to the workers A. Further redistribution can be
achieved as the equity-efficiency trade-off is relaxed. Note that Proposition 7 also shows that
the employment distribution of workers is more skewed towards high-productivity firms (i.e.
larger %%), which reflects the improved allocative efficiency of workers to firms. If more
productive firms provide better amenities to workers, then firms with higher productivity
employ larger workforce given the same redistribution provided by the planner. As the

planner can achieve the same level of redistribution at lower efficiency costs, she provides

more redistribution of consumption across workers working at different firms.

One important lesson from this investigation is that what is important for determining the
optimal amount of redistribution is not simply the degree of wage variation caused by firms.
The mechanisms of the wage variation matter for the efficiency cost of redistribution and

thus for the optimal amount of redistribution.

Numerical Example
Although Proposition 7 shows the role of inequality mechanisms in optimal redistribution, it
only focuses the local analysis near the zero correlation between productivity and amenity.
We now provide numerical example to investigate the role of inequality mechanisms more

realistically. We set labor supply elasticity S = 4.50 and returns to scale n = 0.75.2 We

9In this example, S is set lower than 3 in the baseline quantitative model because with only single type

of workers, it is hard to generate wage variation in the data.
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Figure 1: Optimal markdown

assume that firm productivity z; and amenity g, follow bivariate lognormal distribution

log 2; : 2902
(OgZJ)NN(O,Z), where ZZ( o p9020g>'

log g; P2g0:0 o,

In an economy with only single type of worker, the log wage in an equilibrium can be
additively decomposed into the firm’s premium caused by productivity 1,; and the premium

due to amenity 1,;."% Then the variance of the log wage 1; can be decomposed into

Var(y;) = Var(v,;) + Var(yy,) + 2Cov(1,, ;).

We calibrate o, = 0.76, 0, = 0.64 and p,, = 0.89 to match the variance decomposition
of the firm pay premiums in Lamadon, Mogstad, and Setzler (2022) (Var(v,;) = 0.17,
Var(yy;) = 0.13 and 2Cov(1),;,1,;) = —0.27). Note that the resulting parameter p,, = 0.89
implies a substantially high level of correlation between firm productivity and amenities.

Figure 1 shows the optimal p-schedule which is downward sloping in firm productivity. The

10The equilibrium log wage in the model has the following decomposition
1 Bn
1+8(01—n) 145
Pzj hgj
¥j

logw; = logz; + log —(1—n)logH,

where Hj; is a term which positively depends on the firm’s amenity terms g; but is independent of firm’s

productivity z;. (See appendix for the detail.)
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Figure 2: Sources of sorting

planner assigns wider markdowns of wage relative to the marginal products—Ilower p;—
to more productive firms. This optimal markdown schedule compresses wage inequality

providing redistribution among identically skilled workers working at different firms.

To investigate the importance of sources of inequality in determining the optimal markdown
schedule, we conduct the following exercise. Given fixed o, and o4, we analyze how the
planner’s optimal policy changes as the correlation parameter p,, varies. Figure 2a shows
the result. For each value of p.,4, the red dashed line plots the variance of firm pay premium
Var(i;) as a fraction of the total wage variance Var(logw) = 0.44 observed in the data. As
the correlation p.4 increases, the firm’s premium plays a smaller role in explaining the overall
wage inequality, but the planner achieves more redistribution by providing higher lump sum

transfers A, as shown in the black solid line.

The economic intuition behind this result is illustrated in Figure 2b which plots the employ-
ment distribution across firms at the optimal allocation for the baseline case with p,, = 0.89
and the zero-correlation case. Observe that when there is a positive correlation between pro-
ductivity and amenity, the number of workers working at productive firms is larger, and the
planner faces lower efficiency costs. As a result, the planner sets steeper markdown schedule

across firms and achieves more redistribution at the optimum.
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4 Optimal Regulation

We now analyze optimal policy in the full model with multiple types of workers with differ-
ent skills—the baseline mode presented in Section 2. The trade-off between redistribution
and efficiency investigated in the simple model with single skill type is still an important
mechanism of shaping the optimal policy in the full model. In the presence of multiple types
of workers, however, there is additional motive of redistribution between different skill types.
Since a typical firm hires multiple types of workers together, to separate this redistribution
between skill types from the redistribution across workers at different firms within skill type,
we need a type-specific policy for each firm. With the type-dependent subsidy, the charac-
terization of optimal allocation with multiple types is the same as in the economy with only

single type (See Online Appendix A for more details).

However, the assumption of type-specific policy is surely unrealistic. We commonly observe
size-dependent policies for firms in many countries, but the skill-dependent subsidy to the
firm’s labor cost is rarely used. Moreover, our definition of skill includes not only education
level but also worker’s general income generating ability.!! Thus a skill-dependent policy is
hard to implement either because of the government’s administrative cost or because of the

firm’s response to avoid tax (such as relabeling of labor type).

With this realistic concerns, an additional constraint naturally arises. We assume that the
constrained planner can only use type-independent policy. The planner’s ability is restricted
in a sense that if the planner wants to increase the wages of a low-skilled worker working at
a particular firm, the planner should also raise the wages of workers with different skills at
the same firm. We formalize this restriction by introducing no-discrimination constraint to

our constrained planner’s problem to study the optimal redistribution policy.

1This broadly defined definition of skill is as in the standard Mirrleesian labor income tax literature.
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4.1 Constrained Planner’s Problem

Given the distribution of type-s workers’ consumption allocation {c,; } across firms, we denote

the indirect utility of a type s worker with idiosyncratic preference draw ¢ by
Vi(e; {cs;}) = max; loges; +1og gsj + ;.

Note that the function V;(e; {cs;}) takes into account workers’ optimal workplace decisions.

The welfare function is the weighted sum of workers’ and firm owners’ utilities, given by
W = Ny [ Vilei {en DA () + Ny [ Vilei {eDAF(E) + b7 - 3 loge,
S S ]

where 1 is relative Pareto weight on firm owners and {cs;} is consumption of firm owners.
The welfare function captures the planner’s motive to redistribute not only between workers
and firm owners but also also across workers. The redistribution across workers combines
both the redistribution across different firms within skill type and the redistribution between
skill types. Using the indirect utility V;(e;{cs;}) as an input in the welfare function captures
the notion that once the planner has set the consumption allocation {c;;}, the planner should

respect the optimal firm choice of workers.

The planner who cannot use skill-specific policy faces additional constraints which we call

no-discrimination constraints (hereafter NDC):

Chj . C@j

MRy,; MRy’

Vi=1,...,J. (12)

This constraint implies that to increase the consumption allocation of a low-skilled worker
working at firm 7, the planner should also raise the consumption of a high-skilled worker
working at the same firm. In other words, when subsidizing a firm, the planner cannot direct
all of its resources to a particular type of worker hired at that firm. Even though our planner
can create wedges between marginal products of labor and marginal costs for each firm, she
is subject to the constraint that such wedges should be equal across different types of workers

within a firm.

The form of the no-discrimination constraint (12) is motivated from the decentralization

with skill-independent policy. Suppose that the government can set subsidy schedule {S;(y;)}
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such that 3°; S;(y;) = 0. Firm j solves the following problem given S;:

Tj = MQATwy; wei, Ly, Lej

s.t.

The firm’s optimality ¢

wn; = (14 Sj(y;))

Yy; + Sj(yj) — (wnjLnj + we;iLej)

o—1 o—1 -

yj = zi(oyLy + (1 —ay)Ly )oT
Wi ; Bh Wypi . /Bl
th = ng(wlj) = NhM’ Llj = Llfj(w@) = NZ(ZJL])’

Ih Ié

ondition shows the wedges in equilibrium:

B

M .
1‘}‘6 th7

we; = (14 Sj(y;))

MRy;.
T4 M

In particular, note that

B wny Wy
1+8 MRy, MR,

(1 +55(y;))

which implies our no-discrimination constraint (12). The specific form of the NDC actually

depends on the policy

tools the planner can use in the decentralization. The NDC (12) is

derived from the decentralization with subsidy to the firms only, thus it implicitly assumes

that there is no income tax-transfer policy in the decentralization. In Section 6, we extend

our analysis to the case

with income tax-transfer policy to show the robustness of our results.

We now define the constrained planner’s problem with the NDC.

Definition 8. Constrained planer’s problem with no-discrimination constraints is defined as

max
{cngscejscriys{Lng Lo} InyIe

s.t.

Nh/evh(a; {cn;})dF (e) + Ng/EVg(a; {ci;})dF (e) + 9y - Zlog crj

> (enjLng + ciiLej + cgj) <D zi(aLy] + (1= )L )71 (13)
J J
Chj Cyj .
= Vi=1,...,J 14
In = (ensgns)”, Ie = (cei96)” (15)
j j
) )8
Ly; = Nh(c’”}%ﬂ) Ly = Nz(%]g“) S Vi=1,.... (16)
h )4

As in the planner’s problem in Section 3, the employment level of high- and low-skilled

workers at each firm should also be consistent with workers’ optimal decision, which is

guaranteed by (15) and (16).
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4.2 Optimal Allocation

By solving the constrained planner’s problem in Definition 8, we obtain the optimal alloca-
tion. Next proposition characterizes the optimal consumption allocation (see Appendix A

for the proof).

Proposition 9. The optimal consumption allocation cs; for each type of workers at firm j is

1 p 1 s
= — MR, + A = — — MRy + A 17

Chi thx<1+ﬁ n ")’ “ ngx<1+6 u¥ K) (17)
where Qy; and y; are

G 1 B _ Gi 1 B
i = B MRy Ly, <1 + a) = S ) MR, L, (1 * o—> !

respectively, and Ay, Ay are

Ah:)\(ll—l—ﬁ)<1_5yh]<7];>’ Aé:)\(ll—i—ﬁ)<1_6wif2)'

A is Lagrange multiplier on the resource constraint (13), (; is Lagrange multiplier on the
no-discrimination constraint (14), vy, v, are Lagrange multipliers on the index equations

(15).

The optimal consumption formula (17) closely resembles the optimal formula in the simple
model with single type worker, apart from the modification done by 2;’s. Note that when
the no-discrimination constraint is not binding, and ¢; = 0 implies €,; = 1, which exactly
goes back to the result with type-specific policy (in Online Appendix A). The planner still
faces the trade-off between redistributing consumption across identically skilled workers at
different firms and enhancing efficiency. The planner who has more concerns for workers
relative to the entrepreneurs sets positive A, to transfer resources from the firm owners to
the workers and, at the same time, to reduce consumption inequality of identically skilled

workers working at different firms.

In the presence of no-discrimination constraint, however, the optimal consumption alloca-
tion is modified by €Q,;. Note that the equality constraints (14) can be actually rewritten as
the inequality:

Chj Cej .
> ) Vi = ]-7 Ty Ja
MRy, = MR, "/
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and thus the Lagrange multipler {; is nonnegative. That is, the planner who wants to
redistribute from the high skill type to the low skill type within a firm j wants to decrease
consumption of high skill type ¢;; and increase the consumption of low skill type ¢;,; at
the same firm, but the planner cannot do this with the NDC. If the NDC is binding, then
¢; > 0 and thus we have Q5,; < 1 and £,; > 1. With this modification, the consumption
allocation for the high-skilled workers working at firm j is adjusted upward (relative to the
consumption without no-discrimination constraint), and the consumption of the low-skilled
at the same firm is lowered. Then how does the planner achieve redisdribution across skill

types? We answer this question by characterizing the optimal markdown schedule.

4.3 Optimal Markdown and Subsidy Characterization

Despite the equity concerns between differently skilled workers working at the same firm,
there is no direct tool to achieve this for the constrained planner. The planner who can only
use the same markdown for both skill types of each firm can indirectly provide redistribution
between the skill types by adjusting the markdown schedule across firms according to the
firm’s labor share of the skill types. Moreover, with the same markdown for both skill types,
the motive of redistribution across workers at different firms does not necessarily lead to
a simple wage compression against the firm’s productivity dispersion. The planner should
consider how the average marginal revenue products—average between the skill types withing
a firm—varies across firms with different productivities. How do these considerations shape

the optimal markdown schedule?

We define the optimal (type-independent) markdown at firm j by

w= 2 se{nt),

and we now characterize the optimal markdown schedule in the next proposition (see Ap-

pendix A for the proofs).

Proposition 10. Optimal markdown of a firm j is given by

B

Ay,
1+

M h]XMth+ £j

B
MR,
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where the weight Ss; of type s worker within firm j is

o—1 o=1
. g — . [
g . — o;L,; g, — (1 —a;)Ly; _1_g
hj - o—1 o—1 fj - o—1 o—1 - h]"

Oéer + (1 - Oéj)LéjT Oéij? + (1 - Oéj)szT

i1
The slope of the optimal markdown schedule p; = p(z;) is decomposed into two terms:

dp;

— =F1+ F2 18
dis
where F1= "4 (19)
de Lhj given
Lyj
Cd(p
F2 = aﬁ‘j_ x Ef“) (20)
o(z2)
Proposition 10 shows that the net markdown p; — % (optimal markdown net of the

markdown in an equilibrium without regulation) is given by the weighted sum of ﬁ and
J

MA]%]_, with weights given by Sp; and Sy;. Thus the optimal markdown schedule across firms

As
MR.;

is determined by the variation of and S;; across firms.

The slope of optimal markdown schedule Zsz expressed in Proposition 10 characterizes the
subsidy schedule across firms with different productivities, which is shaped by two distinct
channels. The Fl-term (19) captures the planner’s motive to redistribute consumption
across identically skilled workers working at different firms, while the F'2-term (20) reflects
the planner’s motive to redistribute between workers with different skill types. We investigate

each term one by one (see Appendix A for the proof).

Proposition 11. The F'1 term in the slope of the optimal markdown p(z;) is given by

Fl = F12+F1a (21>
Ah a]\4Rh Ag aMRg
h Fi, — = J , il <o,
where I [ hj MR}QU oz, + Oy MR%j 5,
o—1 o—1
o (LM-T*LUJ ) A A ,
[ = =t X |Shigrp— + S| X (z5), o#1
Fio, = 1o Oéij'i‘(l—Oéj)szTl [ hi MRy t MRZ]':| ( ]) 7&
L .
—log (ﬁj) X (aj MAéLh]_ +(1-— aj)MA]%j) x o (z), o—1

If o is constant for all j, then Fy, = 0. On the other hand, if we assume that a; = a(z;)

and o/ (zj) > 0, then the sign of Fi, term is determined in the following way:
Fi, < (>)0, Zf th > (<)ng.

26



Proposition 11 shows that the F'1 term—redistribution across workers at different firms—
can be further decomposed into two channels. The first channel Fj, captures the direct
effect of increasing z; on the markdown schedule, which is exactly the same mechanism as
in Proposition 6 with only single-type workers. We focus on the case where A; > 0 for all s.
Then the sign of F}, is negative. The planner attempts to close the wage gap across firms
within a skill type by compressing the wage distribution across firms, which provides a force

for wider markdown of wage—lower p;—for large firms with high marginal productivities.

On the other hand, the second term Fj, captures the effect of increasing z; on the mark-

down schedule through the change in skill intensity o(z;) (holding the ratio of employment

Lp;

i constant). Different from F},, Fj, can be either positive or negative depending on the
J

relative size of %JJ at firm j. The planner still wants to provide redistribution against the
dispersion of marginal revenue products across firms, but the skill intensity schedule which
is increasing in firm’s productivity (a/(z;) > 0) can either increase or decrease the dispersion
of average marginal revenue product depending on the employment share. When skill inten-
sity increases in firm’s productivity, the increase in skill intensity reduces the gap of average
marginal product of labor between firms with different productivities in the region where
low-skilled workers have a larger employment share Lj; < Ly;, while it increases the gap in
the region with Lj; > L,;. Smaller (larger) dispersion of average marginal product across
firms of different productivities calls for less (more) need for redistribution, which provides

forces for increase (decrease) in subsidy rate in firm size.

In sum, the redistribution motive across workers at different firms can make the slope of
(z;)-schedule either positive or negative depending on the employment share of different
skills and the dominance between Fj, and Fj,. We need to carry out numerical investigation

to determine the sign. We next move to the investigation of the second term F2.
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Proposition 12. The F2-term in the slope of the optimal markdown p(z;) is given by

Lhg Lnj 9hj
F2 = lIJ><< An_ A )x d(%)xa’(z-)—i—d(uj)xd(%) (22)
Mth Mjo dOéj / d (%) de ’
L7 L7 L\
where U= o;(l —aj) % — hy —5 X (th> :
(O‘thg"’ + (1 —ay)Lyy ) “
1—0o 1—0c
A A , 1 L,s L,°
Mél._MRf-:_MCJ <1+5>X-X el Y01
hj €] (1+23) a Yj a; 1 —a

If the no-discrimination constraint is not binding with (; = 0, then Fy = 0. On the other

hand, if the no-discrimination constraint is binding ({; > 0), then MA}% — MA}Q < 0. Then
J J

the sign of F'2 is determined by:

. (1) a(zs) | 2(G)
sign(F2) = —sign df}é x o (z;) + p é}%) X di’;

Proposition 12 shows that the F2-term (20) captures the planner’s motive to redistribute
between different types of workers. This can be best understood by observing that without
NDC, F2-term does not show up as the planner has its separate tool for redistribution

between skill types.

If ; > 0, the planner wants to redistribute from high- to low-skilled workers but cannot
directly achieve this due to the NDC. The planner provides this redistribution indirectly by
setting the subsidy according to the firm’s labor share of each type. If the labor share of
high-skilled workers is higher at productive firms, then at such firms a larger proportion of
subsidies is allocated to the high-skilled workers. Thus the planner who wants to redistribute
from the high-skilled to the low-skilled assigns lower subsidy (or wider markdown of wage
with lower p;) for such high productivity firms, generating forces for a negative slope of
the (z;)—negative F2. If the labor share of each type of workers is constant across firms,
however, F'2 = 0 because despite the redistributive concerns between different types of

workers, it is impossible to close the wage gap by subsidizing a particular firm.

In sum, negative F, and F'2 terms make the yi(2;)-schedule decreasing in firm’s productiv-

ity, which provide redistribution by compressing the wage schedule. On the other hand, Fi,
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makes the pi(z;)-schedule non-monotone if this complementarity channel is strong enough.

We numerically investigate the p(z;)-schedule in Section 5.

4.4 Sources of Sorting and the Optimal Regulation

One of the key findings of Lamadon, Mogstad, and Setzler (2022) is that the dominant
source in explaining why better workers sort into larger (and more productive) firms is
the production complementarity not the heterogeneous tastes for amenities.!> What is the
implication of this feature on the optimal firm regulation? In this section, we discuss how

different sources of sorting affect the shape of optimal regulation schedule across firms.

Our model permits two potential sources for sorting of high-skilled workers at high-
productivity firms : (i) under complementarity between the firm’s productivity and worker’s
skill (/(z;) > 0), more productive firms have higher demand for skilled workforce thus em-
ploy such workers by a larger proportion relative to low-productivity firms do, and (ii) if
workers with higher skill have stronger(preferences for amenities and more productive firms
af i

9¢j

provide more amenities to workers i ) > 0), then high-skilled workers value working
J

at productive firms more than low-skilled workers do.

The source of sorting matters for determining the optimal allocation and regulation sched-
ule across firms. Depending on the source of sorting, an increase in the degree of positive
sorting between firms and workers can affect the optimal 4(z;)-schedule in a different man-
ner. The key reason is because the size of F}, term depends on the source. The demand-side
sorting affects the marginal revenue product dispersion across firms while the supply-side
sorting does not. When the sorting is mostly coming from the complementarity between
firm’s productivity and worker’s skill, the Fi,-channel becomes stronger, which makes the
optimal schedule non-monotone. In the hypothetical economy where supply-side sorting

through amenity channel dominates, positive sorting between worker skills and firm produc-

12The importance of worker-firm sorting in explaining the firm size-wage gap(Brown and Medoff (1989),
Oi and Idson (1999)) or the firm-side effects on wage inequality(Song, Price, Guvenen, Bloom, and von
Wachter (2019)) has been widely recognized.
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tivities makes the slope of optimal subsidy schedule more negative (only through the F'2

channel). We investigate this quantitatively in Section 5.

On the other hand, the effects of sorting on the F'2 term in the slope of markdown—the
term to redistribute between differently skilled workers—does not depend on its sources.
Both sources of sorting contribute to larger employment ratio of high-skilled workers at
high-productivity firms. This exerts a downward pressure on subsidy rates on larger firms

by strengthening the F'2 term regardless of the sources.

Important lesson from this section and Section 3.4 is that the determinant of the shape of
the optimal firm subsidy schedule is not just the distribution of the firm premium but the
detailed sources of wage inequality and sorting mechanisms. This implies that simple policy
recommendation based on sufficient statistics such as variance of wages between firms and

correlation between firm size and skilled worker’s employment share can be misleading.

5 Quantitative Analysis

5.1 Quantitative Model and Parametric Forms

We extend the baseline model in Section 2 to include more than two types of workers for the
quantitative investigation. There are M types of differently skilled workers with the mass of

the each type N,, and the total mass N = > N,

There are J firms in our economy. Firm j is characterized by its productivity z; and level

of amenities g;. We assume that (z;, g;) follows a bivariate lognormal distribution:
log z; o2 L2900
~ N(0,X), where X = N ,
log g P2g0-04 o
where o, and o, determine the variance of productivity and amenities across firms, and p.4

controls the correlation between the two.

Firm j with productivity z; produces final output y; using a production technology

o

o—1 o—1
yi = 20, U = <Z g Ly ) ;
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where g; is the total efficiency unit of labor, 1 governs the returns to scale, a;,; is the efficiency
of a type m worker working at firm j, L,,; is the number of type-m workers employed at

firm j, and o is the elasticity of substitution between differently skilled workers.

The efficiency of a worker with type m at firm j, a,,;, takes the following parametric form:
Qmj = X% where 0; =1+60-(logz; — k).

A type-m worker has a labor productivity X,, which is common across all firms. We assume
that X, follows a log-normal distribution log X, ~ N(0,02). Each firm has a firm-specific
skill intensity ;. Importantly, the parameter 6 governs the degree of complementarity be-
tween worker’s skill and firm’s productivity. If § = 0, a given type worker has identical labor
efficiency in all firms (0; = 1 and ay,; = X, V4, m). If 6 > 0, then high-skilled workers
are relatively more productive than low-skilled workers at more productive firms, and thus
skilled workers sort into high productivity firms. Finally, x controls the level of overall wage
variance. Note that there is no supply-side sorting in this baseline analysis as we assume
that worker’s valuation of amenities does not depend on type (gm; = g;). We relax this in

Section 5.4.

5.2 Calibration

In our simulation, there are M = 10 types of differently skilled workers with total mass
N =1,000,000. The number of firms is J = 100, 000. We externally calibrate the parameters
B, n, o, and k. We set the labor supply elasticity § = 6 and the returns to scale parameter
n = 0.75.13% We assume perfect substitution between differently skilled workers, i.e. o =

00.'% Finally, we set kK = 1.5.16

13Studies estimating the labor supply elasticity using the responses of employment and wages to exogenous

shocks report values ranging from 4 to 6 (?).
M Typically used values for n range from 0.7 to 0.9. We set relatively low value of 7 to attain a reasonable

degree of firm size distribution.
15Under the assumption of ¢ = oo we are able to analytically characterize the equilibrium worker wage as

a function of three components—worker skill z,,, firm pay premium ;, and complementarity in production

0;. We use the empirical moments of these components as calibration targets.
16We set k to approximate the overall wage variance. Specifically, we aimed to match the wage ratio of

90th to 10th quantile workers working at a median productivity firm.
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We then jointly calibrate the standard deviation of worker skill o, firm productivity o,
firm amenity oy, the correlation between productivity and amenity p.,, and the complemen-
tarity parameter 6 to match the variance decomposition of worker’s wage. In equilibrium,

log wage can be decomposed as follows (see Online Appendix B for the derivation):

log z; Bn
1 mi = log X,, x (14 6(1 L — — 2% 4log—— —(1=n)logH,;. (23
0g Wpj = log X, X (1 + 0(log z; /f»))+1+ﬁ<1_n) %115 (L—mn)logH;. (23)
" ’ '[l}zj ng
(2

A worker with higher skill x,, earns higher wages, and even more so if the worker works at
high productive firm (with higher 6;) when § > 0. In addition, workers working at a firm
paying higher premium 1; earn higher wages. Firms pay high premium ¢; either because

they have higher productivity (1,;) or provide lower level of amenities (ty;).!7

We use the estimates of the wage decomposition equation (23) from Lamadon, Mogstad,
and Setzler (2022) for our calibration. We set the standard deviation of log of workers’
skills o, = 0.55 to match the component of log wage variance due to the type-specific labor
productivity Var(z,,) = 0.31, and we set the complementarity parameter § = 0.36 to match
the degree of sorting of high-skilled workers to higher paying firms Corr(z,,,v;) = 0.37.
The parameters of the joint distribution of firms’ productivities and amenities are set as
o, = 090, 0, = 043, and p,;, = 0.90 to match the variance decomposition of firm pay

premium (Var(y,) = 0.17, Var(y,) = 0.13, 2Cov (¢, 1,) = —0.27).

Table 1 summarizes the calibrated parameters and their targeted moments. Figure 3 plots
the predicted log earnings for each skill type working at different firms. It shows that workers
at high-productivity firms with higher premiums v; earn higher wages, and the wage gains

from more productive firms are greater for skilled workers.'®

1"We define g; = log ﬁ—"ﬁ —(1—n)log H;, where H; is a firm-specific parameter which positively depends
on the firm’s amenity g;, but not on productivity z;. In Online Appendix B, we show that H; is solution to
1 8 1+ﬁ(117n)
the following fixed point equation: H; = | > (Nm —mg g )) .
Zk(zkl+ﬁ(l—n) Hk—/i(l—n)afnkgzk

18The variance of overall wages in our model (Var(logw) = 0.75) is higher than the level documented
in the data (0.40). However, in quantifying the optimal markdown and its decomposition, capturing the
firm-induced component of wages and employment composition is of first-order importance, a feature that

our calibration effectively captures.
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Parameters | Targeted Moments | Values
o Var(x) 0.5567

0 Corr(x, ) 0.5408

o Var(y,) 0.7497

ag Var(iy) 0.4542

Pzg 2C0ov(1,, 1) 0.9199

Table 1: Internally Calibrated Parameters

Predicted log wages

1 2 3 4 5 6 7 8 ] 10
Firm type

Figure 3: Predicted log earnings

Note: Firm types are assigned by ranking and grouping firms according to their productivities. Predicted log
earnings for each type of worker are calculated by taking conditional expectations of those workers’ wages

working at each group of firms.
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Figure 4: Optimal Markdown Schedule

Note: We plot the conditional averages of optimal markdowns for firms with productivity z;. We assign
each firms to 23 groups according to their productivities and take the conditional medians of y; for firms in

each group.
5.3 Optimal Markdown Schedule

In this quantitative model, the optimal markdown—the ratio of wage to the marginal product

of labor—of firm j is given by

(24)

5 amijj Am
i = 7 X )
L+5 5 \Xpariley; MR
where M R,,; = nszz.’flozmj is the marginal product of a type-m worker working at firm j

(see Online Appendix B for the derivation).

Figure 4 plots the optimal markdown schedule across the firm’s productivity distribution.
Throughout the quantitative analysis, we impose zero Pareto weight on the firm owners
(¢ = 0.0). The average of the optimal u; (weighted by employment) is 1.86, while the
average (; in equilibrium is 0.86. Thus on average, the optimal wages are much less marked
down from the marginal products of labor compared to the equilibrium wages. The marginal

subsidy rates implied by the optimal markdown schedule are positive for all firms.!'® By

19Subsidy rate is computed by 1+ s; = %uj. The marginal subsidy rates are 1.17 on average.
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Note: We assign each firms to 23 groups according to their productivities and plot the decomposition of the

slope of E(p]z;). See Online Appendix B for the details of the numerical approximation procedure.

subsidizing firms, the planner stimulates the overall demand for workers, thereby raising

wages.

More important, Figure 4 also shows that the optimal markdown schedule exhibits an

inverted U-shape. Figure 5 shows the forces of shaping this schedule with the numerical

decomposition of the slope of the markdown di’; ~. Recall that the slope is determined
largely by two forces: (i) F'1—to redistribute across workers at different firms—combining
the direct effect of z (F1,) and indirect effect through « (Fi,), and (ii) F2—to redistribute
between differently skilled workers. The downward sloping schedule of ji(z;) in the middle
and top region of the firm’s productivity distribution is driven by negative Fy, and F2.%°
Both terms make the planner set wider markdown of wage—lower p—for more productive
firms. With negative F}., the planner reduces the wage inequality across firms against the

dispersion of firm productivity z;. With negative F'2, we can indirectly close the wage gap

between high- and low-skilled workers as the planner subsidize skill-intensive firms less.

20F2 is slightly positive at the bottom because our calibration produces a counterfactual feature that
the wages of the low-skilled are higher than those of the high-skilled at the bottom of the firm productivity
distribution as we match the highly positive sorting (Corr(xm,, 1;)) with restrictive parametric form of a;y,;.
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The inverted U-shape of the p(z;)-schedule in the regions where firms’ productivities are
below the median (logz; = 0) is driven by the Fj,. The sign of Fi, is positive in most
regions, and only becomes negative in the region with high firm’s productivity. At the left
tail of the firm’s productivity distribution where the majority of employment consists of low-
skilled workers, F}, is largely positive thereby attenuating (or even dominating) the effect
of Fi,. In this region, higher skill intensity of a more productive firm leads to lower average
marginal revenue product within a firm, which calls for more subsidies to more productive
firms—wider markdown of wage to less productive firms. At the right tail where skilled

workers are predominantly employed, however, Fi, is slightly negative, augmenting the F},.

In Online Appendix B, we present robustness results for alternative parameter values of
B,n, k and o. For lower values of § and o, the degree of non-monotonicity of the markdown
schedule becomes stronger with more dominant F},-effects because the value of complemen-
tarity parameter 6 to match the observed pattern of worker-firm sorting should be larger.?!
Under lower 7, the dispersion of marginal revenue productivity across firms at the optimum
allocation becomes larger, which makes the negative slope of the p(z;) steeper. When s
increases so that there is less overall wage inequality between workers, efficiency concerns

dominate redistributive motives resulting less steeper downward sloping p(z;) schedule.

5.4 The Effects of Sources of Sorting on Optimal p-Schedule

In Section 4.4, we have discussed that the sorting mechanism (demand-side vs supply-side)
matters for the optimal markdown schedule as it determines the relative size of F},. We now
investigate this quantitatively to show that the source of sorting is crucial in determining the

shape of optimal markdown, especially at the left tail of the firm’s productivity distribution.

In the benchmark quantitative analysis, we have assumed that the positive sorting between

firm and worker is purely generated by the demand side—the complementarity between firm’s

2I'When j is lower, workers are less sensitive to wage differences across firms, requiring a greater degree of
skill-intensity heterogeneity. Similarly, when o is lower, different types of workers are more complementary

in production, resulting in lower value of calibrated 6.
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Figure 6: Sources of sorting

productivity and worker’s skill.2? We now introduce the supply-side sorting by allowing that
workers with different skills value the amenities differently. Denote the value that a type-m

worker places on the amenity of firm j by ¢,,,;. We assume that g,,; takes the following form:
gmj = 9;", where xp, =14 x x log X, (25)

and g, is the level of amenity provided by firm j. If x = 0, then g¢,,; = g; which goes back to
the benchmark case where there is only demand-side sorting. If xy > 0, then skilled workers
value amenities provided by the firm relatively more than low-skilled. In this case, when
more productive firms provide higher level of amenities (p,, > 0), skilled workers are more

likely to work at more productive firms.

We carry out the following experiment. Starting from the value of complemetarity pa-
rameter # = 0.36 in the baseline calibration (x = 0), we lower 6. For each value of 6, we
recalibrate y to match the overall worker-firm sorting Corr(z,,, ;) = 0.37 observed in the
data.?® For each combination of § and , we compute the optimal markdown and decompose

its slope.

22Recently several studies have attempted to quantify the importance of each source of sorting, but the
literature remains inconclusive. Lamadon, Mogstad, and Setzler (2022) insist that sorting occurs due to
demand-side reasons; Lamadon, Lise, Meghir, and Robin (2024) argue that differences of workers’ valuation

of amenities are important sources of sorting.
Z3We also re-calibrate o, o4, and p, to match the variance decomposition of firm pay premium.
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Figure 6a plots the optimal markdown schedule for § = 0.36 (baseline), 0.27 and 0.18.
Note that the required value of x to match the degree of worker-firm sorting Corr(z,,, ;)
becomes larger as the demand-side sorting gets weaker (i.e., lower 6). The differences of
optimal markdown schedule between these cases are most apparent at the left tail of the
productivity distribution. As the supply-side sorting gets stronger, the wage compression
force becomes more dominant even in this region. When 6 is low enough, the slope of the

optimal /i(z;)-schedule becomes uniformly negative.

To understand what causes these differences, we plot the decomposition of the slope of the
(z;)-schedule for § = 0.18, x = 0.92 case in Figure 6b. As we introduce supply-side sorting,
we need less complementarity between worker skill and firm productivity to generate worker-
firm sorting in the data. Then the magnitude of F}, term, the indirect effect of increasing
z through «, becomes much weaker relative to Fi, term, the direct effect of z. As a result,

the optimal (z;)-schedule is monotonically decreasing in firm’s productivity.

6 Firm Regulation in the presence of Labor Income Tax

So far, we have analyzed the optimal firm regulation for workers’ redistribution in the absence
of more direct policy for redistribution—income tax-transfer. Are the main results robust to
the extension with direct redistributive policy? In this section, we show that the qualitative
properties of the optimal firm regulation do not change even in the presence of labor income

tax, and we also investigate the optimal joint policy.

6.1 Indeterminacy and Role of Labor Income Tax

Analysis with No Restrictions on the Policy

When the planner can access to the skill-dependent policies, there is no role of additional

income tax. Intuitively, as the planner is not constrained by the policy tools at all, optimal
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allocation does not depend on which tool is used for the decentralization, and the same

allocation can be implemented by many different combinations of policies.?*

For simplicity, we focus on the single skill-type case, which is essentially the same analysis
with skill-dependent policy. Next proposition shows that infinitely many combinations of
subsidy to the firm and income tax to the workers can implement the same optimal allocation.
More important, the property of the subsidy schedule does not change in all cases—the

subsidy rate decreases in firm’s productivity if the income tax is not too progressive.?’

Proposition 13. Consider an economy with single skill type. An optimal allocation c; =

%MPL]- + A can be implemented by any of the following policies:

1. Revenue dependent subsidy to the firm only: a sum-to-zero subsidy schedule {S;(y;)}

to the firm which satisfies S’(y;) = % . ﬁ,
J

2. Subsidy to the firm and lumpsum transfer to the workers: given some lumpsum trans-

fer 0 < Tr < A to the worker, subsidy schedule {S;(y;)} to the firm which satisfies®®*"

B s Tr g A
1+S%(y;)) x wJerT. = + , and Si(y;) =—NxTr, and
( ](y])) 1 +6 . w]__’_]TT MPL] 1 +6 MPL] ; ](y])

3. Subsidy to the firm and progressive income tax to the workers: given some progressive
labor income tax to the worker which has the form of T'(w;) = w; —)\-w;’T and satisfies
> T(wj)N; = 0, a sum-to-zero subsidy schedule {S;(y;)} to the firm which satisfies

i 1-17)8 . _ B A
A (14 ) X<M>XMPM 1B MPy

Z4Berger, Herkenhoff, Mongey, and Mousavi (2024) study the role of progressive taxes in the monopsonistic

labor market and show that the progressivity amplifies the inefficiencies associated with labor market power
as the lowered elasticity of labor supply leads to wider markdowns and further distortion of the employment
allocation. This is the result when the government can only use income tax. When the planner can use other

policies, the distortions caused by the progressivity can be eliminated by an appropriate choice of markdown.
Z5Proposition 13 also characterizes the aggregate level of subsidies. When the labor income tax is used

for the pure redistribution across workers, the subsidies to the firms sum to zero. On the other hand, with

lumpsum transfers to the workers, the aggregate firm’s subsidy is negative to fund the transfers.
26We also remark that the elasticity of labor supply depends on the lumpsum transfer and who owns the

firm’s profit in this Logit model. On the other hand, since we assume that the firm’s profit is owned by the

entrepreneur (not by the workers), the elasticity of labor supply does not depend on the profit.
2"Even when the lumpsum transfer is exactly set to A of the optimal consumption formula, implementation

of optimal allocation requires additional subsidy because the transfer reduces the elasticity of labor supply.
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T 45, _A
Assume that = < 5 e

, for all j. In all the implementations above, the marginal

subsidy rate S’ (y;) decreases in firm’s productivity z;.

Proof See Online Appendix C for the proof. [ |

We also remark that despite the indeterminacy, as long as the income taxes do not depend
on worker’s employer, the income tax alone cannot implement the optimal allocation, and

the firm’s regulation has its own role in worker’s redistribution.
Analysis without Skill-dependent Policy

Now suppose that the constrained planner cannot use any skill-dependent policy. Then
the optimal allocation can be affected by the income tax as the income tax can relax the
NDC. The introduction of the labor income tax has impact on the planner’s problem only
through its effects on the NDC. This is because in the planner’s problem who can directly
choose consumption allocation, the labor supply elasticity in terms of consumption does not

depend on the labor income tax (we discuss this in more detail in Online Appendix C).

As we briefly discussed in Section 4, the form of the NDC does depend on the set of labor

income taxes the planner can access to. Recall that in the baseline with no income tax, the

NDC was: MC’];JM = Nf%j Vj. This specific form of the NDC is consistent with the linear
proportional tax/transfers (including the zero tax case of the baseline) to the workers. Thus
when only the proportional labor income tax/transfer can be used, the planner’s problem

and optimal allocation do not change from those with no labor income tax.

When we introduce the progressive labor income tax, however, the planner’s NDC should
be changed accordingly. We focus on the so called HSV functional form for the labor income
tax: T(y) =y — A-y'™", where 7 controls the progressivity and A controls the level of the
tax schedule. Without skill-dependent policies, the markdown within the same firm should
be the same for both skill types, which leads to the following NDC in terms of consumption
(see Online Appendix C for the derivation):

Chj . ng

MPyT  MPST
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As the planner wants to redistribute from the high skilled to the low skilled, the NDC is

essentially the following inequality: MC}%_T > MIC%_, (if the progressive income tax does not
provide enough redistribution), and increasing the progressivity 7 has the benefit of relaxing
the NDC. To analyze the role of the income tax progressivity in a meaningful way, however,
we also need to consider the cost of the progressivity, which is not included in this model

with only extensive labor supply. We proceed in this direction in the next section.

6.2 Analysis with Intensive Labor Supply and Optimal Joint Policy

We now investigate the joint policy with both firm’s regulation and progressive labor income
tax. For the labor income tax, we focus on the HSV function defined above. For the nontrivial
optimal progressivity, we need to extend the model to include the cost of progressive tax.

We do this by introducing intensive margin of labor supply.

6.2.1 Planner’s Problem with Intensive Labor Supply

We first derive the labor supply curve. Workers have preferences represented by u(c, h) +
log(g), where ¢ is consumption, h is working hours and ¢ is amenity. Without loss of
generality, we simply assume that firm’s provision of amenity is constant with g; = 1 for
all j, and all worker’s have identical valuation of amenities. A worker with type s who
chooses to work at firm j and decides to work hy; hours earns before-tax income wy;hy; and
consumes after-tax income A - (wsjhs;)' 7. That is, the worker solves the following problem

after choosing firm j:

Vi(ws;) = max u(csj, hsy) (26)
s.t. Csj = A (Mthsj)l_T.

We denote the optimal working hours which solves (26) by hg;(ws;). Then the labor supply
curve of the firm j for s-skilled workers is derived as follows (see Online Appendix C):

eﬁ'VS (ij)

Lgj(ws;) = Nej(we;) X hsj(we;) = Pyj - No X hyj(wg) = A

. Ns X hsj(wsj)
and both the planner and firms face this labor supply cure.
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Then we can derive the no-differentiation constraint by solving the firm’s problem given

type-independent subsidy (see Online Appendix C for derivation):

wrg L ten(wny)  wy 1+ ep(wy)
MPy; — en(wn;)  MPy— en(wy)

(NDC-7):

where €,(ws;) is the elasticity of labor supply for a type s. Note that the labor supply

elasticity is the sum of intensive and extensive elasticities:

dlog Ly;  Olog Ny; n 0log hs;

= (w.. hi,.
dlogws;  Jlogws;  Ologws; €, (wgj) + € (wg;).

€s(ws;) =

The extensive labor supply elasticity is derived as follows:

B Olog Ng; B Olog Py;
B Ologwg; N 0log wg;

Ef(wsj) :ﬂ'vl(wsj>'wsj:ﬁx (1_7—) Xuc'csja

where the last equality is from the envelope condition of worker’s problem (26).%2® The

intensive labor supply elasticity is €"(wg;) = aﬁfﬁw i = 2 hj_) . Thus under the general
sj sj

preferences, NDC-7 depends on the type-dependent elasticities as both the extensive and
intensive elasticities can depend on the type-specific wage. Since this constraint makes

further analysis complicated, we proceed further with special preferences.

6.2.2 Example with Special Preferences

We assume the following preferences so that elasticities do not depend on the wealth effects.

Assumption 14. u(c, h) = logc — 1+1L Bt
€h

Then worker’s problem (26) has a closed form solution for the working hours:

€h

hsj(wj) = (1 — 7)™ :=h(1), s=h,L

Under Assumption 14, both extensive and intensive elasticities of labor supply do not depend

on s: el (wg) = B(1 —7), and €’ (w, ;) = 0, for all s,5. Then the NDC-7 constraint boils

Whj _ W . . . . . Chj — Cej :
down to 47 Py ME,; and in terms of consumption, it is written as MPLT T MR which

is the same form of NDC as in the economy with only extensive labor supply. Then it is

28The extensive elasticity depends on three factors: (i) dispersion of the idiosyncratic preference 3, (ii)

tax progressivity 7, and (iii) wealth effects u. - ¢s;.
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straightforward to solve the planner’s problem (see Online Appendix C). Note that given

progressivity 7, A(7) is determined to satisfy the budget constraint of the government.

In this example, the progressivity of the income tax affects welfare only through the three
channels—(i) workers’ disutility of working hours, (ii) inefficient production due to the dis-
torted working hours, and (iii) relaxation of the NDC. This is because under the special
preferences, the extensive elasticity with respect to consumption is simply 3, and does not
depend on the progressivity. In Online Appendix C, we show that with general preferences,
the progressivity can affect welfare through an additional channel-—change in extensive elas-
ticities.

We define the optimal markdown and the optimal pseudo markdown by

Cs.

wsj J
M Plj’T ’

/”'L] = Mst7

and fi; =

S,

respectively. Note that these markdowns have the following relation: fi; = A X ,u}’T. The

optimal pseudo markdown should satisfy (see Online Appendix C for the derivation):

Ay Ay
7 — . ~net — . .  — — . " ——
M] _ AJ + M] - AJ + S(Oé]) MP],}]'_T + (1 S<aj)) MPKE'_T’
o B v N _ MP,}].—T-th
where A; = h(7) T4 NPT L 43P I and s(o;j) = NPT Lo TP L, Then we can

decompose the slope of the optimal pseudo markdown fi; = fi(z;) as in the baseline:

iy
dz;

J

:FT+F1z+F1a+F2)
N —

=F1

with a new term F, = %, which represents the direct substitution effect—progressivity of
J

income tax 7 replaces the wage compression of the markdown schedule.

As in the baseline with no labor income tax, the signs of F}, and F'2 are negative (under
the positive sorting), and the signs of F}, depends on the labor income share (see Online
Appendix C). The key difference from the benchmark is the additional term F,, which is
likely to be positive for most of the firms (except the firms with L,; << Lj;), and this
positive F. offsets the wage compression done by Fj, and F2. Since both theprogressive

income tax and decreasing fi(z;)-schedule can reduce the consumption inequality, in the
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presence of progressive income tax, the amount of redistribution provided by the markdown

schedule is crowded out, which is the pure substitution effect.

Figures 7a and 7b plot the optimal pseudo markdown schedule and the decomposition
of its slope under the current US labor income tax progressivity level 7 = 0.18. Although
the planner has access to labor income tax, the planner still sets a moderately decreasing
fi(2;)-schedule in most regions of the firm’s productivity distribution to achieve redistribution
among workers.?? Figures 7a and 7b also confirm that the substitution effect F, makes the
negative slope of the fi(z;)-schedule less steeper relative to that without labor income tax.
At the left tail of the productivity distribution, the optimal fi(z;)-schedule still exhibits an

inverted U-shape due to Fj, term.
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Figure 7: 7 =0.18

Finally, the first order condition with respect to progressivity yields

logMPh log M Py, €n
+Z¢J< J’” MP} M) T g 1—7 Zyﬂ’ 27)

(N + N,

where the left-hand side captures the marginal benefit of increasing progressivity—reduction
in disutility of working hours and relaxation of the NDC—and the right-hand side shows the

marginal cost of increasing progressivity—reduction in production due to distorted working

29The planner sets 61% higher markdown to firms in the 10th productivity percentile compared to firms

in the 90th productivity percentile.
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hours. By solving for 7, we obtain the optimal progressivity of labor income tax:

1—7"=

1
X‘mzj'yj

14€ 1 ~ MPp;\ "

1+ Ehh " Np+N Zj ¢j'ujlog(MPZ>

In our numerical example (with Frisch elasticity €,=0.5), the optimal progressivity is 7 =

0.57. In Online Appendix C, we provide further investigation of the joint optimal policy.

7 Extensions

7.1 Economy with Nonzero Market Share

So far, we have maintained the no-strategic interaction assumption that firms are small
and labor market share of each firm is near zero, which makes the labor supply elasticity
independent of market share. In this section, we relax this assumption and investigate how

the optimal firm regulation is affected by this relaxation.

To focus on the role of market share in the equity-efficiency trade-off, we restrict our
attention to the case with only one type of worker as in Section 3 and also assume constant
amenity level g; = 1 across firms. With these simplifying assumptions, the labor supply
curve at firm j is given by L;(w;) = wa x N, where wage index I is [ = ¥, wl. When firms

are not small, the elasticity of labor supply is then calculated as follows:

dlogL; dlogl B dlog (Zk wlf) 7

w.
=3f—- —= = _ 7 = fF— -1 = 1— s
dlog w; b dlogw; b dw; xwj=p=fx I Bx(1=s),

where s; = % is labor market share of firm j. In the benchmark, we have assumed that
firms are small with zero market share (s; = 0 for all j), then the elasticity of labor supply
is constant [ for all firms because the effect of a firm’s wage change on the total wage index
I is ignored. When firms are not small, however, the effect of change in large firm’s wage on
the wage index [ is not negligible, and the elasticity of labor supply (1 — s;) depends on

the labor market share s;. Higher market share implies lower elasticity. In an equilibrium

without regulation, firms with non-zero market share set the wage and markdown as follows:

wE Bl —s;)

=—— V < MPL
J 1+5(1—S])

E
i, and =
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What is the implication of the nonzero market share on the optimal allocation? One might
conjecture that lower elasticity of labor supply of larger firms imply more redistribution
with lower efficiency cost. We show that the nonzero market share leads to the opposite

implication—more subsidy to larger firms.

Consider the constrained planner’s problem when firms are not small. Note that in the
planning problem in Definition 3 in Section 3, the planner already chooses the distribution of
wage {wy} taking into account that increasing one firm’s wage w; changes not only firm j’s
labor supply L; but also the whole distribution of {ng} (and thus the distribution of {Ly})
by changing the wage index [ = >, w}f . Thus even if we relax the small firm assumption,

the planning problem in Definition 3 does not change.

This does not mean that the relaxation of the small firm assumption has no effect on the
optimal allocation. Optimal wage and markdown schedule do depend on the size of market
share. To see the role of market share more clearly, in the next proposition, we rewrite the

optimal wage equation.?’

Proposition 15. The optimal wage (equivalently optimal consumption allocation) of workers

at firm j is given by

wSP = ‘~ XMPLJ'—FA]' (28>

Proposition 15 explicitly shows the role of the nonzero market share in optimal wage
schedule. (See Appendix A for the proof) Equation (28) shows that there are two channels
through which a market share s; affects optimal wage schedule: (i) elasticity channel (f;),
and (ii) redistribution channel (A;). First, higher market share s; implies lower elasticity of
labor supply, which lowers the efficiency cost of wage compression, and thus provides force
for decreasing w; for a firm with high market share (stronger wage compression). On the

other hand, planner assigns a higher transfer A; for a firm with higher market share s;,

30The optimal consumption formula (4) of the benchmark also applies here. This formula can be rewritten

as (28) in Proposition 15.
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providing the opposite force on optimal w;—increasing wage w; for a firm with higher share
s; (weaker wage compression). Depending on which channel dominates, the nonzero market
share can imply either more or less wage compression relative to the economy with only

small firms.3!

More important, the nonzero market share has a clear implication on the optimal subsidy
schedule in the decentralization. We show that regardless of the dominance between the two
channels just mentioned, higher market share of firm j unambiguously implies more subsidy
to that firm. With the revenue-dependent subsidy policy S;(y;), the owner of the firm j

decides w; according to
MPL; x B(1 = s5) x (14 Sj(y;)) = w; x (1+B8(1 = s5)).

Thus the optimal subsidy rate which implements the optimal allocation should satisfy

6(1—83') .]\4PLJ'7

Si(y;) =

which shows that higher market share s; increases the subsidy rate S]’- (y;). This is because
both the firms in an equilibrium and the planner face the same labor supply elasticities. That
is, a higher market share implies lower elasticity of labor supply for both firm and planner.
Thus higher elasticity due to the non-zero market share itself does not create additional
wedges. As the subsidy corrects the wedge between the firm and the planner, the weaker
wage compression motive of the planner in the economy with nonzero market share implies

more subsidy rate for the larger firms.

31'When the second redistribution channel dominates, the multiplier v associated with the labor market
clearing constraint is positive. From the first order condition of the planner, the optimal markdown is given
by

MSP:/a+1_1_5u§_1

J 1+8 X1+p) MPL; X1+p8) MPL;’
and the last term associated with positive multiplier v introduces a force for higher markdown for a firm
with higher market share (and higher M PL;) relative to a firm with smaller market share. As firms with
higher market share sets lower wage with lower elasticity, the economy exhibits reduced wage inequality,

which makes the planner’s wage compression motives weaker.
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7.2 Economy with both Product and Labor Market Power

We extend our results to a model where firms have product market power. We first consider
the economy where there is only one type of worker as in Section 3. To analyze the impact
of introducing product market power we modify the environment as follows. Entrepreneurs
produce intermediate goods ({y;}) which are then demanded by final good producers. The

final good producers use the following technology to aggregate intermediate goods

s 7
y=1>_u"° ,
J

where 0 < oo is elasticity of substitution between different intermediate goods. Final good
producers are competitive thus take prices of intermediate goods {p;} as given. The product
demand curve faced by entrepreneur j is derived from the profit maximization decisions of

final good producers

where we’ve normalized the price of final good to 1.

We first present the equilibrium outcome without regulation. Entrepreneurs facing down-
ward sloping demand curves no longer take the prices of their products p; as given. The

problem of the entrepreneur at firm j is given by
MaLy, L;w;  PiYi — Wil

Yi\
st y;=zL;, pj=py;) = (;)

S

.\ B
, and Lj—L(wj;gj)—Nx<w]]g]> ,

where we assume that the number of firms J is large enough such that entrepreneurs take y

and [ as given. Solving the entrepreneur problem yields

1 1
- B =~ 0
w P x MPL
MCL MRPL

When making hiring decisions, the entrepreneur employs workers up to the point where

marginal costs and marginal revenue products of labor are equalized. As in the baseline
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model, there is a wedge between the wage and MCL, which is captured by 1 + % since
entrepreneurs face the upward sloping labor supply curve. In contrast to the case without
product market power, however, PxMPL is no longer equal to marginal revenue products
of labor. Entrepreneurs should charge lower prices to attract sufficient demand for their

products, thus MRPL is scaled down relative to PxMPL by 1 — %.
By rearranging the first order condition (29), we obtain the double-markdown expression

for wages as in Kroft, Luo, Mogstad, Setzler (2023):
B_ Wi

—_— _1_
Hi Copiz 1+

S

@[

1
g

4
1+B

The entrepreneur’s markdown (,LLJE ) of wages relative to PxMPL is equal to where 1 — %

is inverse markup and 1 + % is the standard markdown.

We now investigate the planner’s problem with both downward-sloping product demand
and upward-sloping labor supply. As in the baseline case, the planner does not have a
direct control for the worker’s decision regarding where to work, thus she faces the same
upward-sloping labor supply as the firm does. On the other hand, in assigning each firm’s
production, the planner is not constrained by the downward-sloping product demand. The
planner who has an access to revenue-dependent subsidies can directly regulate production
decision of firms by introducing a wedge between MRPL and MCL. The only change in the
planner’s problem relative to the case without product market power is then the final good
production technology, which makes the firm’s intermediate goods imperfectly substitutable

(0 < 00) in producing the final consumption good.

The planner’s problem is given by

N
MAT (c;} {c;;}.(Ly) E log (Z cfgf) + 1y Z log cy; (30)
j j

|
| |
Jun

s.t. ()\) ZCij + Zij = (Z(Z]L])Ggl) )

J

J

.\ B

¢;g
L:=N ”)
! (I

(v) I= (Z(ngj)ﬁ) 7
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From the first order conditions of the planner’s problem, we obtain the optimality condition

for w; = ¢; (see Online Appendix D):

0 L
wj><<1+;>:<yyj> Zj+;><1)\ij. (31)

MCL MBL

The planner equates marginal costs and marginal social benefits of labor. Since the planner is
unable to directly control the worker’s decision of where to work, the planner faces the same
upward sloping labor supply curve, thus MCL is given by wage w; times 1+ % Importantly,

the planner calculates the margianl social benefits of labor by taking into account its value

_1
of redistribution. It is given by the sum of two terms: The first term, (yj) ’ zj, captures

how an increase in labor at firm j directly raises the production of final good.?? The second

—vL . . . .
term, % x L 525, reflects how the planner with redistributive concerns values the associated

welfare gains.

By comparing optimality conditions of the entrepreneur (29) and planner (31), we can

show the wedge between the equilibrium markdown ,qu and the optimal markdown ,ufp :

1+ ——x x(l—u%)

.J -
sP _ E v )
Ky = My X 1

<
S
™=

(32)

S

Relative to the equilibrium markdown uf , the planner’s optimal markdown is adjusted by

two factors. First, the planner corrects the inverse markup 1 — %, which appears in the

g

denominator of the right-hand side of (32). In the presence of product market power, the

entrepreneurs facing the downward sloping demand curve exploit the effect of quantity on

prices when making production decisions while the planner does not. The second factor
1 I

is the redistributive subsidization F X % X (1 — I/N) appearing in the numerator of
YiNTE,.

y J
(32), which is essentially the same factor as in the benchmark economy. It corrects the
wedge between PxMPL and the planner’s MBL. The planner provides less subsidization for
1
firms with higher productivity, which could be seen by noting that (yj) ? z; is decreasing in
productivity z;. The planner with redistributive concerns achieves wage compression relative

to the equilibrium wage distribution.3?

1

_1 1
32Note that in equilibrium, p; = (%) 9, so the term (%’) ’ zj corresponds to PxMPL.
33In Online Appendix D, we also discuss how the degree of wage compression respond to the introduction
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MCL MCL
: MBL
: MRPL = PXMPL
MBL
PxMPL
MRPL
(a) Without Product Market Power (b) With Product Market Power

Figure 8: Equilibrium and Optimal Allocation

We graphically illustrate the planner’s optimal allocation relative to the equilibrium in
Figure 8. Figure 8a depicts the case where entrepreneurs do not have any product market
power (6 = o0). Both the planner and entrepreneur face the same upward-sloping labor sup-
ply curve w;(L,) and the corresponding MCL curve. The planner’s MBL curve is above the
PxMPL curve since the planner additionally takes into account the value of redistribution.
The MRPL curve is equal to PxMPL because entrepreneurs take prices of their products as
given. The planner provides redistributive subsidization up to the point where MBL equals
MCL. On the other hand, Figure 8b shows that when firms have product market power
(0 < 00), MRPL curve is scaled down relative to PxMPL. Thus the planner should first
correct the inverse markup to raise the employment level up to the point where PxMPL is

equal to MCL, then she provides redistributive subsidization by equating MCL to MBL.

The optimal allocation can be implemented with the revenue-dependent subsidies to firms.

Given the subsidy schedule S;(py), the entrepreneur with productivity z; solves the problem

mazry, r,w;, PiYi + Si(pjy;) — wiL;

1
st. y;=zL;, pj=ply;)= (;) o Ly = Llwjig;) = N x <j[]) '

of the product market power.
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The subsidy schedule which implements the planner’s allocation should satisfy

1+%x%x(1—u%)

SP Y 1
7% L)TE,

L+ Si(pjy;) = ~5 = &) ]1_ T : (33)
i 7

We can see that the two adjustment factors in the planner’s markdown discussed above
exactly determine the optimal subsidy schedule. Introducing the product market power
amplifies the subsidy rate without changing the direction of the optimal regulation without

product market.

We briefly discuss how the above results should be modified when we allow multiple types

of workers. In the equilibrium without regulation entrepreneurs equate MRPL and MCL

for each skill type of workers, yielding the following condition pf = puf = % =

_1
L—j, s = h,£. The planner who cannot use the skill-dependent policy faces the same no-
B

Wh 5 . Wy 5

differentiation constraints (see Online Appendix D): NMPLL — MPLy
J J

and by solving the
planner’s problem and comparing it to the equilibrium, we obtain

SP
Hy

w1

A - 2 A2
X 1"‘3‘0&' — + 1—s:(c; ] . 34

This again confirms that the introduction of product market power amplifies the subsidy rate
without changing the direction of the original intervention driven by redistribution across

firms and across skill types.

8 Conclusion

We have analyzed how to regulate firms in an economy where firm has a monopsonistic
wage setting power. In this economy, part of the wage inequality is caused by the firm’s
effects, which generates motive of redistribution of workers. We have the following key
findings. First, the optimal firm subsidy schedule features wage compression across firms,
but the degree of redistribution depends on the underlying mechanism of the wage inequality.
When the positive correlation between firm’s productivity and amenity is the main reason
for small firm’s effects in the wage variation, the optimal regulation policy can provide a

big redistribution at the low efficiency cost. Second, when the planner cannot use skill
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dependent policy, optimal markdown schedule across firms should reflect the redistribution
of both (i) across firms and (ii) between skill types. Third, the shape of optimal markdown
schedule depends on the sources of sorting between firm and workers. When the positive
sorting is mainly driven by the complementarity between firm’s productivity and worker’s
skill, the optimal markdown schedule could be inversely U-shaped at the low region of firm’s

productivity distribution.
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Appendix

A Proofs of Propositions in the Main Text

Proof for Lemma 2

dlogwp; dlog MRy; dlogwg; _ dlog MRy,

From the firm’s optimality condition (4), we obtain i = T Ay P and
the derivatives of marginal revenue products are
Ly
dlog MRy; _ dlogz;  dloga; 1 dlog e
dz; dz; dz; o dz
. . , dlog L
dlogMRy;  dlogz; dlog(l —ay;) 1¢1087
dz; dz; dz; o dzj
Combining these yields
W s . Lo
dlog 4 dlog MR,; dlog MR,; _ dlog (+25) 1 dlog(7) (35)
dj de de de g de ’
. dlogLp; _ sdlogwp; dloggp; dlogLy;  pdlogwy; dlog gy
From the labor supply equation (?7), = ho=p & Mot B dzj”, i 4 =4 i L4 i, <,
and thus
ﬂ Whj 9hj
leg Ly; :ﬁ'd10g<wéj> +/B leg(géJ> (36)
d] de de
Combining (35) and (36) yields
B\ dlog (%}J) dlog 133 3 dlog %
1+27). i/l — 3. J e m9 37
( +0> dz; g dz; +5 o dzj (37)

The conclusion of Lemma 2 follows from (37).
Proof for Proposition 4

We solve the the planner’s problem in Definition 3 to obtain the optimal consumption allocation.

The Lagrangian of this planner’s problem is

< = g [log (Z(ngj)ﬁ)

J

J J

+ 1y Zlog cri+ )\(Z 2L = > (¢iLi+cp5)) + v(I = (c9;)").
J J

First order condition with respect to ¢; is then

L. L; j
C—;+A((zj—0j)57;_Lj)—VﬂN7j:0 (38)
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Multiplying (38) by z—JJ yields

1
14+ A — i) —vB— =
F Bz — ) — ) — By
which can be rewritten as the optimal consumption formula:

p 1 I
cj = 1+5ZJ+A A= T+ 5 (1—61/N>. (39)

We next derive the expressions for the Lagrange multipliers. Multiplying (39) by L; and summing

up over j, we have
T b 3 ()
L= L 1—6v—|. 4
2ehi= g2t g 1)

First order condition of the planner’s problem with respect to I is

>i(zj — )L,

=\ 41
v - (41)
Substituting (41) into (40) yields
p p N
c;L; = z;jL; —
Toti= 5 Ton s T ol 'ty
and by rearranging the terms, we obtain
1 > 6L
AN
First order condition of the planner’s problem with respect to cy; is
1 cy
==t (42
A Yy )
Combining (42) with the resource constraint >, c;L; + =5 cpj = 32, 2 L; yields
1
T (43)

- g Sl
A N+Ypd r
In sum,

1 256l

— - L
X% N N+wa%:ZJ 7

Thus, 75 z;L; =32 ¢ L = Nﬁfp‘;J >_; zjLj, which is substituted into (41), and also by substituting
(43) into (41), we obtain

YrJ
N+ yd w2tk oy
T2 I 1
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and thus 1/% = %

Proof for Lemma 5

At constrained optimum with J = 2, the following equations hold:

P . 44

(22 Zl)l+ﬁ c—a (44)

N oL+ 21Ly) = eslo 41l (45)

—— (< z =C C

N—l-wa 2452 141 242 141
8 3

Ly=N—52%— Li=N51l (46)
Ccy + Cy + ]

Define 7. = 2, 7, = 2. Then (46) can be rewritten as

B 1

Ve
Ly=N . L1=N . (47)
¥ +1 ¥ +1
Dividing the LHS and RHS of (44) with the LHS and RHS of (45) yields
B
29 — 21) 75 —
(1+ W) Schube 7 S (48)
N 2oLo 4+ 21 L1 caLlo +c1Ly

From (48), dividing numerator and denominator of the LHS by z; and dividing numerator and
denominator of the RHS by ¢; yield

wa> B 7. — 1 Ye—1

1 = . 49

( TN 1+ 822 | 1 AR (49)
Y+l AE+1 Y+l AL+

Rearranging (49)

zl)fJ) By —1 Y — 1
< N J1+By0+1 A0 +1 (50)
From (50), solving for ~, yields

_ (BN +BJ¢) v + (14 B)Nyw + (BIY; — N) (51)

(BIYr — N)ve T+ (L+ B)Nve + (BN + BJvy)

At . = 1,7, = 1, (51) is satisfied. The slope of the RHS of (51) at 7. =1 is %Nﬁ[]w. Using

approximation around (1,1)

1 J
(-~ 8 (14 5 ) (e - )
B N+ Jyy
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For given v, > 1, 7. > 1 is increasing wrt 3. also increasing wrt ¢¢. From (47), it is straightforward
to see that L; decreases with 8,9;, and Lj increases with 3,1;.

2522+

: : _ 148
Finally, since v, = =5 oA

1+

we have

dye _ 1531~ 22)
dA = P 5 <0

which implies that A decreases in 3 and ;.

Proof for Proposition 6

From Proposition 4 we have

zj +A (52)
Dividing by z; yields
; A
pj=— =7+ (53)

Differentiating by z; yields the result.

Proof for Proposition 7

0B
Using L; = N%, and c; = %zj + A, it is straightforward to obtain

%ﬁ =8 ( B - Zj + g/(Zj)Zj) (54)

aZj Lj 1—|—ﬁ mzj+A g;

Also, note that by multiplying L; to the consumption formula (39) and summing over j, we obtain
>l = % >j#iLj + A+ N, which implies that

1 Zj Zij

15 N (58)

1 g
A:N |:zj:Cij— 1+5Zj:Zij

where he second equality uses the resource constraint with cy; = 0 for all j.

We prove that if % increases then A increases. Suppose not. Then A decreases and (55) im-
J
O0L; Z5 (#5)

!
. . Zj .
plies that 72 7~ should also decrease for some firms. However, if 92%%% increases and A decreases
J J

J
then from (54) we observe that %% always increases, resulting in contradiction.
J J

Proof for Proposition 9 and Characterization of Lagrange multipliers.

Proposition 9 characterizes the optimal allocation which solves the planners problem in Definition

8. Below, we provide additional characterization of Lagrange multipliers and prove them together.
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Proposition A.1. The Lagrange multipliers defined in Proposition 9 is characterized as folllows.

The Lagrange multiplier \ satisfies

1 cp _ 2jleniLng +ceiley) 1 S,
IR Np + Ny N+ Ne+4ppd Yi

(56)

where cy is (common) consumption level of firm owners.

The Lagrange multiplier vy, vy satisfies

14 1%
Thfh = Z(MRh] chj)Lnj + Z \ oo XZI@ = Z(MRZJ cgj)Lj — Z j (57)

J J

The Lagrange multiplier (; satisfies

Cj 0'(1 + B) 1 1 ! Ay Ay,
A T T - : (58)
o+ MRh]LhJ MRg]ng MRgJ MRh]

Proof The Lagrangian of the planners problem in Definition 8 is given by

< = ]\th [log (Z(Chjghj)ﬁ)

Ne

g

J J

log (Z(%%)ﬂ )

+ g Zlogc]cj
J

o—1 =1 5
A zi(aLy,s + (1 —aj)Ly7 Vo1 =Y (enjLng + cojLej + c5))
j i

Chi Cyq
Vh( h % (Ch]ghj) ) 4 zz( ¢ % %953 + E Cy Mth MRej)’ ( )

s )P
subject to the remaining labor supply constraints Lj; = Nh% and Ly = Ng%.

We take the first order conditions of the Lagrangian (59) with respect to c; and cg; subject to

the labor supply constraints. Taking the first order condition with respecto cj; and multiplying it
by 7 Ch] yields

MRghj Chj

M Rpp;
1= Acpj + B | AMRyj — Aej — Grmany + ¢ MRy; MRy,
J J

MR ;

Gj Chj
ﬁ— + Ly,
] MRy; Ly

Rearranging the equation for the consumption cy; yields

ABM Ry + (1= v

Chj = 1 MR - 1 MRyp;
AL+ 8) + ¢ [Mth (ﬂ MEy T, MRZ/ZJH
l—VhBJ{Th
- LMRM +
= MRpp; 1 MRp;
L+ A(H—B) MRhJ (5 MR Lpj MRMJ)
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1—0c 1—0c 1
MRpy; 1 A St MRéh] _ 11 s :
MRy, = oLy \Yj oLy 7 — and y] o aJth to obtain the con-

sumption formula for ¢j;. The consumption formula for cL;j can be also derived by following the

Then we use

similar steps. In sum, we obtain

I I
. MRhJ - /\(1+B) (1 B ”hN*}Z) and ¢ MR@ + A(1+/3) ( Wﬁi)
hi = G 1 B\ = 3 1 3
1- A(liﬁ) MRy;Lp; (1 + E) 1+ N1+B) MRy;Ly; (1 + E)

The formulas are then rewritten as

1 /B 1 /3 >
Chj = . (1 IBIW Fihj + h) , an Cej er (1 ﬁ 4] YA ( )

where

=1 L B v (I
2nj =1 A1+ B) MRy;Ly; (HU)’ Ah_A(H—B) (1 ”hNh>’

B G | 8 R
Ui =1 AT ) MR L, (1+2). A=A A (1 ”‘NZ)'

We multiply each formula in (60) by th and ZJ respectively to obtain

Chj ,8 Ay, Cyj 5 Ay
O = , and Q = ,
"MRy,  1+8 MRy M 9MR; 1+8 MRy
d . R Chj _ ng .
and using that p; = ME,, = Mh;» Ve obtain
Ap Ay
(2 — Q5

77 MR,; MRy
Combining this with Q; — Qy; = —%Nj : U(Ufjfﬁ) . (MR:thj + MRZ ) yields the equation for (j

(58).

The first order conditions with respect to I, I; are

y _ 2 (MBy; _Chj)Lh] LG o I\ MRy — el 135Gk
Nh Nh U Nh ’ lNl Nl o Nl ’

which yields (57).
The first order conditions with respect to cy; is

L ¢y

A e
The remaining expressions for the Lagrange multiplier A are proved below in the proof of Proposi-
tion 10.

61



Proof for Proposition 10

Chj
MRy; = MRy

We can rewrite the optimal consumption formulas (60) using the definition of y; =

B Ay
Q- = 61
h] A@ 1_+_5 +-A1}bu ( )

B Ay
Qi - s = 62
@ Mj 1_+_5 +-A1}ab ( )

1—0o 1—0o
Summing up o - th x(61) and (1 — o) - LEJ 7 x(62) yields
o-1 o1 o1 el B o1 A, =1 Ay
ajLys + (1= oy)L,7 } THj = {O‘J‘th + (1 =o)L, 1+ 5 +oyL,7 MRy + (1 —ay)L, - W-(%)
J j

o—1 o—1

Then dividing the equation (63) by ajL,? +(1- ozj)LejT yields the markdown formula

1 Ay, Ay
; + 5 S 64
M= 158 "M MR, T Y MRy (64)
o—1
where Sp; = 0,1& ihng =T = Sj and Sy; = 1 — S;, which proves the optimal markdown

a]Lh" +(1—ay)L o
formula in Proposmon 10.

We now complete the proof of Proposition A.1 by deriving the remaining expression of the

Lagrange multiplier. Combining p; = Mc%; = Mcg[ and (64) and multiplying M Ry; and M Ry;
J J

respectively, cp; and ¢y; can be rewritten as follows:

B a; Lnj\ °
;= M A 1-— Ay - ==
Chj T8 Rpj+Sj-Ap+(1-8;5) Ay —a Ly, ) (65)
1
B —aj [ Lpj\°
;o= M A N 1—-5;) Ay
oy s 5 Ryj + S5 - Ap - Py Ly, +( S]) y) (66)

Then summing up (65)x Lp;+ (66)xLg; over j yields

Zchthj + Z cej L = H—Bﬁ Zyj +Ap Zth + AZZL@',
J J J J J

1
where we have used M Py;Ly; + M Py Le; = y;, S; - (th + 1= (%”j) 7 Léj) = Lyj, and (1 —S;) -

@

_1
( % (%) 7 Lp; + ng) = Lyj. Then by rearranging the equation, we obtain

l—aj

B
NpAp + NeAp = cnjLng + Y cojLe; — T3 > ;. (67)
J J J

On the other hand, in the consumption formulas (60), we have defined the common transfer
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terms by



Thus weighted sum of Ay’s yields

NpAp + NNy = X [N+ Ng = B - (vadp + vely)] . (68)

1
A(1+B)
From (57), we obtain

vpdy +velp = M- (Z Y; — Z Chthj — Z ngL@j) . (69)
J J J
Combining (68) and (69) yields
Np + Ny

NpAp + NeAyp = )\(1 n 5) - 1—iﬁ-ﬂ zj:yj + lfﬂ . (Z Chthj + zj:CKjL@) . (70)

J

Then Combining (68) and (70) yields

1 >j(eniLng + cijlay)

A Ny, + N,
In addition, using the resource constraint, we obtain
1 1

which completes the proof of Proposition A.1.
Proof for Proposition 11 and Proposition 12

We now characterize the slope of markdown 1; = pi(2;) with respect to firm’s productivity z;. As

we have described in Proposition 10, the slope can be decomposed into two terms Wi —F1+F 2,

dz;
where
th
Fl= d—“f and F2=—19 o x <sz] )
2 | Ly, Lnj 25
J TZ 0 (LM) J

We first express F'1—the derivative of u(z;) holding the employment share ﬁ—’;] constant. The
J
derivative of the markdown (64) with respect to z; given —Ii'lf] can be written as the sum of the
J

direct effect of change in z; and the indirect effect through the change in «;:

d .
r1 o= = Fi, + Fla,
dzj | Ln;
Ly
Ay OMRy,; Ay OMR,
where Fi, = _ls" : Lt (1-8)) *|» and
2 7 MR, 0z 77 MR 9z
98; (i_ A )
dayj | Zni MRp; MRy, da;
Fio = ’ A, OMRy, A, OMRy; ><dij- (72)
_<5j-mhz.aaf”%+(1—5j>'m@ o, ) N
hj Lys £ ij



. N\ o—1 .
The sign of F}, is negative because Mgzljhj = qj <ozj + (1 —«ay) (%) 7 > > 0 and Mgf“ =

(1—«y) <on- (i—z)%l + (1 - og))fr_1 > 0.

To derive the expression for F1,, we first take a derivative of weight S; with respect to «;:

8SJ Lh; O[]th . <th - sz )
da; Lp; - o=l o1\ g=1 o=1\2 (73)

Next, we take derivatives of the marginal revenue products with respect to «;. Using that M Rj,; =
1

o—1 o—1

1
1 D)7 ) and MRy = (1 Thi) e 41 " we obtai
a;zj | aj + (1 — o) (LT]) an i = (1—aj)z | aj <L73> +1—0q , we obtain

L (1— Lng T)
8]\8{.5?”%]. — Mth. ;ijJil. hJUU_l (Le7> UT_I ’ (74)
T, athj + (1 — Oéj)ng
OM Ry; 1 1 LZJ% <(i}2)0;1 B 1)
aajﬂth = MRy; - —1_aj+0_1- = = (75)
Te; athj + (1 - Oéj)Léj
o—1
Using (74), (75), and S; = Llathjg s, we obtain
ajly 7 +(1—a;)L,7
i = a.L%l (LU;1 - LT)
Sj MAI; ) a]\a/IR.hj = MA]; o o—1 th =i\ T i 1 j f: & éjdfl 2
hj & hj (Oszh; +(1- Oéj)nga ) d (oszh;r +(1- aj)Lef)
r o=1 / o-1 =1
Mth aaj Lp; O — 1 o1 a=1\2
Ly (ath]‘-’ +(1- ozj)LZj" )
A, OMR A L7 | U—ang <Lhyl - Le;1>
(1= S)) o - < = - " N T o1 = o1 2
MRZj aa] MRZJ (O‘th; + (1 — Oéj)ngo > o-1 (O@‘Lh;f + (1 — CMj)LZjG)
. o=1 / o-1 o1
A, o5, s (=o)L (Lh}" — Ly )
= . g1N 2
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Thus

Ay OM Ry, ;
—|S. . J +1-—
[ ]MR}QU aOéj

&)Ag‘wﬂ%]

MR,

_ 95
80¢j

( Ay, Ay ) o
) T . B _ ’ o—1
by \MBnj Ml jo =1 (%L 7+ A =o)Ly

]

which is substituted into (72) to yield

o1 o1

Ap Ay
Fla = : o—1 o—1 ) (S] + (1 - S]) >
o-1 (oszh;-’ + (1 —ay)Ly7 > MRy, M Ry;
We then express F'2—change in p(z;) through the change in employment Share . The deriva-

tive of the markdown (64) with respect to h? is
.7

aﬂj - asj . ( Ay, B Ay > B (S Ay, . 8Mth + (1 _ S) Ay . 8MRU) (76)
L _ T : ) j 2 Lo J 2 Ly - )
o(72) " o(f) \MAy MRy ) \TME 5 (7) Mo (%)

which includes the derivatives of weight S; and marginal revenue products of labor M R,;, s = h, £.

. [a'F} .
Since S; = 1 =T, We obtain

Lpi\ o
O‘j‘f‘(l_aj)(ﬁ)

_o—1_

95,  o-1 aj- (1 ay) '<Lm> -
Ly o o=l 1 N\2 \ Ly,
() <aj+(1 o (72) 7 )) “

o—1 o—1 1
a; (1 — aj) Ly; Ly Ly,
= (-1~ — — L—@” (77)

(astay +0-apry )

\—o=1 1
Once again, from the marginal revenue products M Rj,; = a2; <aj + (1 —«ay) (Z}J) 7 ) and
J

1
o—1

7 +1- ozj> , we obtain

o—1

L .
MRy = (1-aj)z (Oéj (7)

-1
OMth ( o—1 o—1 \ —1 o—1 Lh'
— MR- Y iLys + (1 =)L, ) -L,7 | =2
Ly J J 1] £j .
o(7) a
-1
OMR; (L—ay) (, ;= Tt (Lng
5 (@) = MRy —7= (athj + (1= )Ly ) Ly Ly )
Ly;

65



and thus

o T o -1
g Bn OMRy - aj(l—ay) Lnj Lej (L) A
"MR2. (@) o o1 =12\ Ly, MRy
J Lej o;Lys + (1-— ozj)ng" >
i -1
1-8)) Ay OMRy op(l—oy) Lnj Luj ( Lni . (79)
Y"MRZ 9 (@) o o=t =1N\2 Ly MRy;’
’ Ly a;Ly,7 + (1 —aj)L,7 )
Substituting (77), (78), and (79) into (76) yields
o=1 o-1 1
Wi gyl L\ (A A
9 (@) J ! o =\ \ Ly MRy; MRy )"
Ly; (Oéth]‘-7 + (1 — aj)Ler )
Lh Ln Lhj Ihj
a( 324 d( 24 L o
Since ( szZ] ) = [ (LZJ ) o' (z5) + (Zj ) - ( dgjj )] , it is straightforward to obtain the expression
(3
(22) using F2 = 857 )
Zhj
8( Lej )
. . . . A Ay
Lastly, to determine the sign of F'2, we determine the sign of 7 1:? — 7 é[j. From (58), we have
Ay, B Ay _ _Q o+ B 1 n 1 o
MRy; MRy Ao(l14p5) MRy;Lp;  MRyjLy; 77
which shows that sign( MAF’Eh]- — MA}%J_) = —sign(¢;) < 0if the no discrimination constraint is binding.

Proof of Proposition 15

We solve the planning problem in Definition 3 assuming g; = 1 for all j. By combining the first

order conditions with respect to w;j(= ¢;) and L; and multlplylng , we obtain
1
—)\(1+5)-wj+)\ﬁ><MPLj—l/B+N:0. (80)

We denote the multiplier associated with labor supply curve for firm j (7) by &;. From the first

order conditions with respect to wage index I, we obtain

AN

V—kawkN— *-kaLk = % 'Z(MPLk_wk)Lk = T Z(MPLk —wk) Sk, (81)
k k k

where the second equality is from the labor supply curve, and the third equality is from the first

order condition with respect to L;. Then by combining (80) and (81), we obtain

1= A1+ B)wj + ABx MPL;j — A3+ > (MPLy — wy) s, = 0.
k
We can rewrite this by collecting terms associated with w; and M PLj, which results in (28).
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ONLINE APPENDIX
Optimal Firm Regulation with Labor Market Monopsony

Hanvit Kim Yena Park

Seoul National University Seoul National University

A Type-Specific Policy in the Economy with Multiple Types

In Section 3 of the main text, we have discussed that the analysis in an economy with single skill
type is essentially identical to the analysis in an economy with multiple types in the presence of

type-specific policy. In this section, we show this explicitly.

The extension to the multiple skill types is very straightforward as long as the planner can use a
type-specific subsidy schedule. This is because the planner can separate the redistribution across
workers at different firms within skill type from the redistribution between the skill types. Here
we consider a baseline model with two skill types s E {h,¢}. A ﬁrm j produces consumption good
using a CES production technology y; = z; (a]L; +(1-— aJ)L K )cr T, where Lhj and Ly; are
number of workers hired at the firm j. Next proposition characterizes the type-specific optimal

markdown schedule.

Proposition AP.1. In an economy with two types of workers and type-specific policy, the optimal

consumption allocation is given by

B B
MRy: + A ~
155 < MEn+ A =175

Chj = X MRZJ + Ay (Al)
where Ay, = m ( ,Bl/hN ) Ay = /\(1+ﬂ) (1 — 51/@%), and M Ryj, M Ry; are marginal revenue
products of each type of worker at firm j.

The slope of the optimal markdown schedule is given by

d,uhj _ Ah dlog Mth d,u,gj _ Ag dlog Mjo (A 2)
de MR}”‘ de ’ de MR& de '

Suppose that a; = o, gn; = go; = g Vi. There exists a cutoff Pareto weight 1/_Jf such that for ¢y < 1/_Jf,
Ap >0 and A; > 0. Since dlongZth’ dlogdi\fR“ > 0, the slope of the optimal markdown schedule is

. dlogpup; dlog g
negative: & < 0.




Proof

The problem is

AL Ly coiocriyALng Leg}InTe Nh/avh(é'; {cns})dF (¢) "‘NE/EW(g;{Cﬁj})dF(E) + ¢y (Z IOngj>

J

(A.3)
o-1 -
s.t. Z (chjLnj + cojLej + cf5) < Z O@Lh]” +(1- Ozj)LZj" Yo T
J J
(A.4)
In="> (cnjgnj)’, Ie =" (cejge;)’ (A.5)
J J
)8 ., \B
Liy = N, (Ch]ghj) . Ly = Ne(ceggm) . Yi=1,...,J (A.6)
Iy I
Lagrangian is given by
N, 3 Ny 8
% = 3 log [ > (chjgn;) + 3 log [ > (cejge)) +1pp > logey; (A.7)
J J J
o-1 EE
FAQ zilaiLys + (=)L, )71 =Y (enjLng + cijLej + cyj)) (A.8)
J J
+un(In = (cnjgn)?) +ve(le = (cejge)”) (A.9)
J J

When taking first order conditions, we take into account Lj; = th Lyj =Ny M First

order condition with respect to cjj, ¢j; yields

5 1 I,
1 1
Coj = 1—16—,6’MRZj + Ay, Ap= NTEG) (1 - ﬁWﬁ) (A.11)

Multiplying by Lj;, Ly; and summing up over j we have

B B
2 enilng = 75 2 MBuLng + Nubn, 3 ciilej = 775 ) MRyLy + Nee - (A12)
J J

J J
First order condition with respect to I, I, yields

Zj(Mth — Chj)th y /\Zj(MRZj - C@j)ij
Z pu—

A13
I, : T, (A.13)

Vh:)\

Substituting formula for vy, vy to Ay, Ay yields

1 Xjenilng  2jcele
A N, N

(A.14)



First order conditions with respect to cy; yields

ey
A Yy
Thus Vj, cr; = cy.

Using resource constraint we have

1 1

A Nh+N4+wa;ijj

Thus

> ichilng  YjceLey 1

= Z.N.
DT Ny Ne Nyt Nt gl XJ: 79

e _

Now suppose that a; = o, Vj, gn; = g¢j = 1, V7.
. . 1 1 ~
Substituting y = NoFNFO T > #i¥; to vy we have

I, Np+ Np+pd <Z]’ MRpiLnj 35 Chthj>

Uh = —
Ny, Ny, 25 %i0; > %Y
. > MRy;Ly; > chilng N,
Using W = «and ij 50 Nh+Neh+¢fJ we have
1, Np+ No+ 9y d
Vph— =« -1
Ny Ny
Similarly,
I Ny, +Ng+¢f<]
L1 1
WNZ ( @) N,
Thus
Ih Nh B
1-fryp—=>0 < >
A No+ Ne+yd ~ 145
Iy Ny B
1-Buy—=>0 < >(1—a)———r
e, A A Rl S S

This completes the proof.

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)
(A.22)

The planner with type-dependent subsidy is able to set desired level of average consumption of

each skill. Thus, the planner only faces the exactly same equity-efficiency trade-off as in the one-

type model. If the planner’s desire to redistribute to workers is strong enough (i.e. Ap,A; > 0),

it is optimal to compress consumption allocation across firms within a skill type, which can be

obtained by the downward sloping markdown schedule for each skill type.



B Appendix for Quantitative Analysis

B.1 Optimal Markdown Formula of the Quantitative Model in Section 5

We present and prove the optimal markdown formula for the model we have used in our quantitative
exercise. In the model, there are M > 2 types of workers, and workers of different type are perfectly

substitutable in production. In addition, we assume that there are decreasing returns to scale.

In Section 5 of the main text, the optimal markdown equation is given by

/8 amijj Am 1 ( Im )
. — + R Am = — 1 — Um—— 5 A.23
W T 0% LT g A1+ 5) Non 2

B
where I,,, = (Zm fn j gﬁl J> Y is the wage index for type m workers, and multipliers A and v, satisfy

—1
1_X%E0 v ﬁZj(ﬂZjL? Qmj = Cmj) Limj (A.24)
AT Nidgd A 7. ' ‘

To prove this formula, we start from stating the planner’s problem

max Z —log <Z cm]gm]> + g Z log ¢ (A.25)
J

{emgerid

n
s.t. Z Z ijLmj + Z Cfj < Z Zj (Z amijj) (A.26)
j m J J m

1/B
(Zcm]gm]> , m=1....M (A.27)

Cm+1,j _ Cmyj j=1...0m=1,...,M—1 (A.28)

— )

1 , gt
772ij QOm+1,5 nZ]Lj Amyj

&g
and L,; = Nm%

Note that the no-discrimination constraint can be rewritten as

Cm+1,j o Cmj Cm+1,j _ Cmj A.29
nz; i Om+1,5 Nz i Qmyj m+1,j5 mj
. e
From now, we will use the constraint % = aﬂ instead and denote the associated lagrange
m N mj

multiplier .

Lagrangian is given by

n
L= Z — log (Z Cm]gm]> + 45 Z logeypj + A (Z % (Z amijj) =22 emilmi ) ij)
m g m J

7 m=1 Om+1,j  Cmj

S (Im (x cm]gm])w) o) A Y



First order condition with respect to ¢;,; is

Lmj -1 Lm j Im Lm j - =
7ij + ((772'3 i Qmj ij)ﬁ Cmj my) Um N, Cmj + i (Cm 1,5 Cmy) ( )

Multiply by )\(1 o) and rearranging yields

1 1 5m 5m71' B —1
1 T R LT s + A A31
Cj( +1+5amijj<>\ A >> 1+577'ZJJ Qmj + Bm, (A.31)

where we define A, = /\(%5) (1 _ Vmiﬁ)

. . P .. —1
To obtain the expression for p; = %, divide by nszn QU j
Nz L™ amy J

1 1 CNm CNm—l j /B Am
Hi ( 1+ B amjLm; ( A A )) 1+ 5 nsz’J?_lamj ( )

To cancel out the multipliers for no-discrimination constraint ¢, multiply by O”"JLiLm] and sum over
J

m

B amijj AV
pi=— m_ (A.33)
7148 ; L; T]sz? 1am]~

which gives us the equation (A.23).

We proceed to obtain equations for the multipliers v, and A, which are used to define A,,. First

order condition with respect to I, is given by
U — )\ZBL”” %L1 oy — emj) = 0. (A.34)
7 Im ’

Dividing by A and rearranging yields

5/ SV .
Vm _ /sz<nZ]Lj Qmj Cm])LmJ. (A.35)
A Iy
First order condition with respect to cy; is
Yr oy, (A.36)
Cfi
or equivalently cp; = ¢T Recall that the formula for ¢,,; is given by (A.25). Multiply by Ly
1 Ky Q:m 5m—1 j
L J dmy J A.37
Cmyj m]+1+6nsz?1<)\ b\ ) ( )
B -1 L B (nsz" — Cmj) Limj
Li Limj . — Ly, (A.38
1+BT/ZJ Oém] mj + )\(1+/6) 1+5 Nm mjs ( )



where we've used A,, = m (1 — Vm]{,—’fn) and equation (A.35). Summing up over m, j yields

N

> emiLmj = 7 (A.39)
7 m

2. 7Ly

Substituting cy; = wf and >, >, ¢mjLmj = to the resource constraint yields % = Nro 7T This

ends the proof.

B.2 4/(z;)-Decomposition Formula in the Quantitative Model

We derive and present the decomposition of

dlogz for the model we used in quantitative exercise.

Recall that the optimal markdown formula is given by

5 1 Em LmjAm

_ + A .40
TR nzLy "L 40
Rearranging the terms, we have
B 1
[y = - - Z A (A.41)
LB 2 (S ams 52 7 )L
where Z) is the total number of employees working at firm j.
The formula for the decomposition of dlog is given as
divs
i — p1, 4 F1, + F2, (A.42)
dlog z;
I6; ) [ dlog L;
Fl,=—p— —— 1—(1- — A.43
5 ) amj myj leg Omyj
Flo=—|pu——— ) x|nx X , A.44
o (“J 1+5) " |" Z S Ly dlogz; (A-44)
Lomj Lomj
log Zmi log Zmi
F2 = — (M _ 6) n X Z aﬂ’Lj y d og Lj . Z AmLm] « d og Lj '
71+ I3 >k akijJ dlog z; pony >k ArLy; dlog z;
(A.45)

We start from the derivation of F'1,, which captures the direct effect of increasing z on the optimal

schedule. Taking derivatives, we have

i L ZkA TI. 1 AV 1— L.
) + On; d X — + Ly X —= 77&. (A.46)

. men— . Lii \" 79— . .
0z 9L, dZJ nz; (Zkakj ’“’) L} Loz gy (Zkakji—’“j’) L} ! Lj dz




Zk Ak LLk]

Multiplying by z;, replacing dij, dz; with Ejd log f/j, zjlog z; and substituting N =
UES] (Zk Qg L w2+ ) L;'F

My — % yields

O Ou; dlogLj B B dlog L;
] ' 3 ——(uj—)+(uj— )X(l—n)x &

Olog z; 8logL dlog z; 1+ 75 1+06 dlog z;
I6; ) dlog L;
=— - — 1—(1-— _— . A.47
(1= 155 ) x [1- D> G (A.47)

which gives our expression for F'1,.

F1, captures the indirect effect of increasing z on the markdown schedule through «. Taking

derivatives with respect to a;,;, we have

Lk] Lo
Oy dowy kAT Xy x — L Gomg (A48)
. . L L .
o dz; nzj (Zk ak] I, ) Ln ! 2k Oékj%; dzj
Zk Ak L’kj

Multiplying by z;, replacing do,,;, dz; with a;,jdlog cipj, 25 log z; and substituting N =
n%j (Z Okj L]) Ly~

My — % yields

8,le leg Qmyj _ (/J, _ ﬁ ) % % Oémijj % C”Og Amyj (A 49)
dlog oy dlog z; 714 >k kil dlogzj ’
Summing up over m gives
Z Op;  dlogaum; _ (M‘ B I3 ) Z Qi L " dlog am (A.50)
— \ 0log auy; dlog z; 71+ — \ Yk ak]ij dlogz; |’
which gives our expression for F'1,.
Finally, we derive the term F'2. Li’"_j
J
L L L
opj d Ejj 2 Akt Qmj deJ
L dz: Ly a1 <X Lo X s, (A.51)
8Tj Zj nz] (Zk Qg 7) L Dok hj T Zj
L L.
2 I
+ : m__ i (A.52)
nz; (Se oy 7 ) T WL R
Zk Ak%

m]

Multiplying by z;, replacing d Ling dzj with d log 1, zjlog z; and substituting (
nzj



Onj =—<H'—)X77>< i Long X
alog% leng 71 + 8 Zk Oékijj leng
J
(A.53)
8 ) Al 11087
+(p; — X X . A.54
(“J 11 8) " S, ArLy dlogzj (A.54)
Summing up over m and n gives
5 7 3
Hj L | _ ( )
- =—|p——— | x A.55
; (8logLL@ dlog z; ) 71+ ( )
J
Lmj Limj
log Zmi log Lmi
ey (ot I 7 W ) (Y i
>k ozk]Lk] dlog z; — \ Yr ApLy; dlog z; ’
(A.56)

which is the F'2 term.

B.3 Algorithm for Computing the Equilibrium

In equilibrium without any redistributive policy, by solving the firm’s optimization, we know that
wage of a type-m worker working at firm j is equal to the markdown of type-m worker’s marginal
revenue product at firm j:

Workers’ optimal choice of workplace imply the following labor supply curve

WP P By —B(1-n) ob P
. — N. mjgm] =N Zj LJ m]gm] (A58)

Ly = = .
m G m =
2k (Wiem) S Lyl g0 )
Using the fact that L; =, tmjLim;

L —B(1-m) 1+ﬂg/3
_ TN — Ymj Imy
Lj - Z(am]LmJ) = Z N - Bi=m) /3 5 . (A.59)
m m Ek(zk k Xk Imk )

Define new variable Hj .q, = Ljz 4P (1 " and use H j.equ to substitute for L;. Simple algebra shows

that
1+Bg”8 1+ﬁ(11*17)
Hjequ = Z N, J 7(”3 . ) (A.60)
m Zk( Icl+6(1 R Hk Jequ f@kg?nk)



Note that Hj ¢4, depends on g,,j, and doesn’t depend on z;. Define Flj,equ = H:~" and we have

Jrequ
1—n
) ()glJrﬁgﬁ ' 1+8(1—n)
Hicqu=|>_ | Nm T . (A.61)
T ~
m Sz T Hk,eﬁquafnkg{ik)

We numerically solve the fixed point equation (A.61) to obtain the sequence of {Hjcqu}. * We
1

then recover {L;} from {H; cqu} using L; = Hjﬂquzjlw(l_"). We use equation (A.57) and (A.58) to

calculate {wp,;} and {L,;}.

B.4 Variance Decomposition of logw,,; in an Equilibrium

In our numerical exercise, we internally calibrate five parameters : o, 0., 04, p.g and 0. The
moments which we target are from the variance decomposition of the equilibrium log wage, log w,y;.

Here, we demonstrate how we obtain the decomposition of log wy,;.

From the definition of Hj ¢4, we have

log Lj = log Hj equ + log z;. (A.62)

v
1+ B(1—-mn)

Substituting expression for L; to M R,,; = anL;?_lozmj yields

1
log MR,,; =logay, + ————log z; + logn — (1 — 1) log h;. A.63
g M B =logam; + 57— ylog 2 gn — (1 —mn)logh; (A.63)
At equilibrium wy,; = %M R,y thus
logwm-zlogam~+;logz~+log b — (1 —=mn)logh,. (A.64)
! Tl p-n) T 1+6 !
Substituting o,; with x{t+oos Zj_'{)),
log wi,; = log Xy, X (14+60(logz; — k)  + ;logz-—i—log el — (1 —=n)logh,
myj \_V_T'} J 1_’_5(1_77) J 1+6 J
! wZ] ng
¥j
(A.65)

which is our desired decomposition of log wy,;.

'Lamadon, Mogstad, and Setzler (2022) provides the proof for the convergence of the fixed point equation (A.61).



B.5 Algorithm for Computing the Optimal Markdown Schedule

To compute the optimal markdown, we use the following formula

—1
Lmj  Am 1 Y%L B iz LI amj — cmyj) Lim;

B Omyj
=4 A=
Hi 1+06 ; L; nsz;’*lozmj L+BN+ysJ 140 Nm
(A.66)

The algorithm is as follows : First, start with the guess for {y;}. Second, obtain the values of {cp;}
and {L,,;} which are consistent with our guess of the (possibly non-optimal) markdown scheudle
{1;}. Third, using {cm;} and {Ly,;}, update {u;} by calculating the right hand side of equation

(A.66). Last, iterate until convergence.

We now explain how to obtain the values of {c¢;,;} and {L,,;} which are consistent with the
(possibly non-optimal) markdown schedule {s;}. In the procedure below, we only make use of
the fact that workers optimally choose their preferred workplace after observing the wages and
amenities of each firm. Since the markdown is defined as the ratio of wages(which in our case

corresponsds to each worker’s consumption) to worker’s marginal product, we can express ¢,,; as
-1
Cmj = Nz L] o (A.67)
Worker’s optimization decisions imply that given {cy,;}, type m workers’ labor supply to firm j is

equal to

8 B B_Br—B(1-n) B B
C . S0 L o . .
Lnj = g Iimj A% mjfmj (A.68)

me— 5 5= Nm i
>k (i) Zk(ﬂleka ( n)arﬁnkgrﬁnk)

Using the fact that L; = > ay; L, we have

PP LB (148
Lj = Z(amijj) = Z N, J J_J ) (A69)

amj gmj
m 75 1—
m m Zk(ﬂngLk ( n)aﬁzkgfzk

_ B _ B
1+8(1—n) . 1+8(1—n)

Define new variable Hj , = Ljuj J and use Hj ., to substitute for L;. Simple

algebra shows that

a1+ﬁgﬁ 1+ﬂ(11—77)
Hjopt = | > | Nm ; E———— (AT0)
" Zk(#éw(l_n) Ziiwu_n) Hy ot ! O‘ikgik)
Define Hjop = H ;ggt and we have
1—
oy ¥
Hiopt = [ Y| N 5 KoR mf~ . (A.71)
m Dk (Mliw(lfn) Zklw(km Hk_,fptaglkgglk)
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We numerically solve the fixed point equation (A.71) to obtain the sequence of {H; oyt }. > We then

5 8
recover {L;} from {Hjop} (Note that L;j = Hjopepu; """ 2;77"""). Finally, we caculate {cyn;}

J
and {Ly,;} using equation (A.67) and (A.68).

B.6 Numerical Approximation of the Markdown and Decomposition in Figure 4 and 5

We aim to plot the conditional averages of the optimal markdown across the firm productivity

distribution :
B8 1 L;
E(uilz;))=F + A==, A.72
(:uJ| J) <1 +B 77sz;7_1 %: Lj ( )
and the decomposition of its slope:
BW1%) gy 4 g1, 4 R, where (A.73)
dlog z;
B ) dlog I_/j
Fl,=-F - — 1—(1- , A.74
((u] ) < 1 G (A74)
__B

Fla:_E(( i

Qi L dlog o,
X |n x X , A.75
) ln ; ( kozkij] dlog z; )]) ( )
dlog L S
Oém] L; AmLm] L;
X X X - X .
> [7] ; (Zk ozk]LkJ dlog z; ) ; (Zk ApLy; dlog z; )})

(A.76)

+
@

«

+
™

We take numerical approximations to plot the conditional averages of the optimal markdown and

the decomposition.

We first divide firms into 23 groups. The first group contains firms with productivity from Oth to
5th percentile. The 19th group contains firms with productivity from 90th to 95th percentile. The
20th group contains firms with productivity from 95th to 99th percentile, and the 21th group are
firms with productivity from 99th to 99.9th percentile, and so forth. Denote each group of firms
as Ji,...,Jog. We split firm groups more densely at the right tail of the productivity distribution

because these firms employ the vast majority of the workforce.

We plot the optimal markdown on 23 gridpoints. For the x-axis of the Ith gridpoint, we use the
value of med(log z;|j € J;), where med stands for median. The corresponding value of the optimal

markdown is med(p;|j € Jp).

2Lamadon, Mogstad, and Setzler (2022) provides the proof for the convergence of the fixed point equation (A.71).
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We plot F'1,, F1, and F2 on 22 gridpoints. To determine F'1,, we first approximate Cflllzgg j;’ . W

Cfillzgg ij at the [th gridpoint as

approximate

E(log Lj|j € Ji41) — E(log L;|j € J))
E(log zj|j € Ji41) — E(log ;15 € J;)

(A.77)

The resulting approximation of F'1, at the lth gridpoint is

B > E(log Lj|j € Jis1) — E(og Ljlj € Ji) | | .
F1PPox — ( T ) i-a-n)x 7\ il e).
( Hi 1+ (1=m) E(log z;|j € Ji11) — E(log 2515 € Ji) J=

(A.78)

Plotting F'1, at the [th gridpoint is similar. We only present the resulting approximation value.

)
[1approx _ _ L
o ((”J 1+5)

amijj E(log amj|j € Jl—f—l) - E(logamj‘j € Jl) ‘ .
X X - : eJ . A.79
! ; ( L E(log zj|j € Jiy1) — E(log i[5 € Ji) S (A.79)

The approximated value of F'2 at the [th gridpoint is given by

S Knamijj Ay Ly )  E(log Ll € Jii1) = E(log Ll € Jn] ’ ie Jl>'

Li  YAxLy E(log z|j € Jiy1) — E(log ;|5 € J)

m

(A.80)

B.7 Sensitivity Analysis : 3, n and &

In this section, we do sensitivity analysis with respect to labor supply elasticity [, returns to
scale n and parameter controlling the overall wage variance k. For the labor supply elasticity,
we present results for three different values 8 = 6,5.25,4.5. For each value of 5 we recalibrate
the parameters 0,0y, p.g,0, and 6 to match the calibration targets Var(y,) = 0.17, Var(yy) =
0.13,2C0ov(1)z, 1g) = —0.27,Var(z) = 0.31, Corr(x,v¢) = 0.37.

The calibrated parameter values are presented on Table 1. As labor supply becomes less elatic,
workers become less sensitive to wage differences across firms. The variance of firm productivity
should decrease in order to match the observed degree of dispersion of firm pay premiums. More
importantly, we need a higher value of skill intensity heterogeneity 6 to match the observed pattern
of worker-firm sorting, Corr(z,) = 0.37. Larger differences in within-firm relative wages(between
differently skilled workers) across firms are required to induce high-skilled workers sort into higher

paying firms.

Figure A.la, A.1b, and A.lc plots the optimal markdown schedule for different values of 5. As 8

decreases, the inverted U-shape of the optimal markdown schedule below the median productivity

12



Parameter Moment 8=6|p8=525|03=4.5
o, Var(y,) 0.8952 | 0.8139 | 0.7497
o Var(ig) 0.4346 | 0.4376 | 0.4542
Pzg 2Cov(1,,1y) | 0.8995 | 0.9043 | 0.9199
O Var(x) 0.5567 | 0.5567 | 0.5567
0 Corr(z,v) | 0.3631 | 0.4368 | 0.5408

Table 1: Calibrated Parameters, 5

firm becomes more pronounced. Figure A.2a, A.2b, and A.2c plots the decomposition of the slope
of the optimal markdown schedule for values of 5 = 6.00,5.25,4.50. Observe that as labor supply

elasticity becomes smaller, the magnitude of F'1, term relative to F'1, becomes larger. With a

higher calibrated value of 6, the degree of across-firm wage dispersion becomes much larger for

high-skilled workers compared to low-skilled workers. As a result, we observe a stronger degree of

non-monotonicity at the left tail of the productivity distribution.

(==

(=]

o 1
log(z)

(a) B = 6.00 (b) B =5.25

0

1
log(z)

Figure A.1: Optimal Markdown, varying (3

o 1
log(z)

(c) B = 4.50

Figure A.2: Decomposition, varying (8

log(z)

(b) B =5.25

For returns to scale, we present results for three different values n = 0.750, 0.725,0.700. For each

value of 7 we recalibrate the parameters 0., 04, p.4, 0, and 6 to match Var(y,) = 0.17, Var(y,) =

13



0.13,2C0ov(1)z,1g) = —0.27, Var(xz) = 0.31,Corr(xz,¢) = 0.37. The calibrated parameter values
are presented on Table 2. Note that under higher degree of decreasing returns to scale, larger

productivity variance o, is needed to match the observed dispersion of firm pay premiums.

Parameter Moments n=20.750 | n=0.725 | n =0.700
0 Var(y,) 0.8952 0.9499 1.0084
og Var(iy) 0.4346 0.4102 0.3916
Pzg 2Cov(1z,1y) 0.8995 0.9002 0.9020
Oz Var(z) 0.5567 0.5567 0.5567
0 Corr(z,) 0.3654 0.3389 0.3173

Table 2: Calibrated Parameters, 7

Figure A.3a, A.3b, and A.3c plots the optimal markdown schedule for values of n = 0.750, 0.725, 0.700.
Observe that as n decreases, the optimal markdown schedule becomes more steeper. Figure A .4a,
A.4b, and A.4c plots the decomposition of the slope of the optimal markdown schedule for values
of n = 0.750,0.725,0.700. The steeper slope with a lower n is due to the larger magnitude of F'1,.
With higher degree of decreasing returns to scale, the dispersion of marginal revenue productiv-
ity at the optimum allocation becomes larger, which contributes to a steeper optimal markdown

schedule.

1 1 1
log(z) log(z) log(z)

(a) n =0.750 (b) n =0.725 (¢) n =0.700

Figure A.3: Optimal Markdown, varying 7

We proceed to the sensitivity analysis with respect to k. k is a parameter which determines the
overall workers’ wage variance. The closer the value of & is to 0, the larger the variance of workers’
wages. We use the difference of predicted log earnings between the 90th percentile productivity
worker and the 10th percentile productivity worker at a median productivity firm as a measure of
the overall wage dispersion. 3 We present the model-computed and data values of our measure of

wage dispersion for each value of k at Table 3. It shows that our choice of k = 1.5 well approximates

3We divide firms into 10 groups according to their productivities. We denote median productivity firm as firms
in the 5th and the 6th group.
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(-2.125, 1.125]

0

1 1 1
log(2) log(z) log(z)

(a) n = 0.750 (b) n = 0.725 (c) n = 0.700

Figure A.4: Decomposition, varying n

the degree of wage dispersion in the data. We present sensitivity analaysis results for three different
values k = 1.0, 1.5, 2.0.

Moment Data | k=10 |x=15| k=20
E(logwgp|j = 5) — E(logwiglj = 5) | 1.0838 | 1.3985 | 0.9719 | 0.5147
E(log wgy|j = 6) — E(logwio|j = 6) | 1.3794 | 1.5805 | 1.1586 | 0.7094

Table 3: Measure of wage dispersion, k

For each value of k we recalibrate the parameters o.,0y, p.g,0, and 6 to match Var(y,) =
0.17,Var(yy) = 0.13,2Cov(vz,1y) = —0.27,Var(z) = 0.31,Corr(z,1) = 0.37. The calibrated
parameter values are presented on Table 4. Observe that the calibrated values are roughly similar
regardless of our choice of k. Since we target the variance of firm pay premium in calibration, the
degree of across-firm wage inequality for identically skilled workers is roughly similar for different
values of k. Thus, as the value of k decreases (indicating a larger overall wage variance), the
proportion of across-worker type wage inequality in explaining the overall wage variance increases,

and the proportion of across-firm wage inequality for given worker type decreases.

Parameter Moments k=10 |k=15]| k=20
o Var(y,) 0.8887 | 0.8952 | 0.9036

og Var(iy) 0.4204 | 0.4346 | 0.4505

Pzg 2Cov(1,,1g) | 0.8934 | 0.8995 | 0.9068

O Var(x) 0.5567 | 0.5567 | 0.5567

0 Corr(z,) 0.3631 | 0.3654 | 0.3727

Table 4: Calibrated Parameters, x

Figure A.ba, A.5b, and A.5c plots the optimal markdown schedule for values of k = 1.0, 1.5, 2.0.
Figure A.6a, A.6b, and A.6¢c plots the decomposition of the slope of the optimal markdown schedule
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for values of kK = 1.0,1.5,2.0. As k increases, the overall degree of wage inequality across work-
ers becomes less severe, leading to less steeper markdown schedule across the firm productivity
distribution.

5 B 5

1
log(z)

1
log(z)

Figure A.6: Decomposition, varying &

B.8 Sensitivity Analysis : Imperfect Substitution between Worker Type

In the model we use for numerical exercise, we assumed perfect substitution between worker type.
In this section, we allow imperfect substitution between worker type and do the sensitivity analysis.

Specifically, we assume that the production function of firm j takes the form

o—1 o—1
yj=~L], Lj= <Z i Ly ) , (A.81)
m

where y; is the output produced, z; is productivity, L; is efficiency unit of labor, a,;,; is firm-specific
labor productivity, L;,; is the number of type m workers employed at firm j, and o is the elasticity

of substitution. Note that ¢ = oo corresponds to the perfect substitution case.

We employ the following calibration strategy. We externally calibrate labor supply elasticity

B = 6.0, returns to scale n = 0.75, and x = 1.50. We report results for three parameter values of
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elasticity of substitution o, 5,10 and co. We make the simplifying assumption that all firms provide
the same level of amenities, g; = g, and thus firms only vary with respect to their productivities
zj. We set the standard deviation of log worker skill o, = 0.56 to match the variance of log worker
skill Vaar(log X,,) = 0.31. We internally calibrate the standard deviation of firm productivity o,
and the parameter governing the degree of skill intensity heterogeneity #. We target the variance
of firm pay premium Var(iy;) = 0.02 to calibrate o, and the correlation between log worker skill

and firm pay premium Corr(x,,, ;) = 0.37 to calibrate 6.4

Parameter | c =00 |0 =10 | 0 =5
o 0.4205 | 0.4244 | 0.3085
0 0.2994 | 0.4751 | 0.9389

Table 5: Calibrated Parameters, Imperfect Substitution

The resulting parameter values are presented on Table 5. As o gets smaller, the calibrated
value of 6 becomes larger. When workers become less substitutable, even for the firms with high
labor productivity for skilled workers the productivity gains from employing low-skilled workforce
becomes larger. Thus to generate the degree of sorting observed in the data Corr(z,v) = 0.37,

higher degree of skill intensity heterogeneity 6 is required.

We state the optimal markdown and its decomposition formula for imperfect substitution case

below. The optimal markdown p; satisfies

o—1

/8 amijj Am

My = + o—1 ) (A'82)
1 + ﬁ ; L]T MRm]

. 1 .\ 1 _1 2 Cmjlmj > MRmjLmj g B
where An = sty (1= vmde) = mw(“ﬂ”a B L R

Z.y]' -1 —1 Loy _é . .
(W) ,and MRy,; = nsz? QU (%) is the marginal product of type m worker at

J

“The equilibrium log wage is log wm; = log 1"1—’% +logz; — (1 —n)log L; + log aum; — + log LTW;? We define firm

Bn
148

pay premium 1, as log +logz; — (1 —mn)log L;.
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firm j. The decomposition of the slope of the optimal markdown, #gjzj is given as

d .
M _ F1, + Fl,+ F2, where (A.83)
dlog z;
5 ) dlogI_Jj
Fl,=- ;- — 1—-(1-— A.84
= () < (e G, (A1)
o—1
B ) no amjL,,; dlog o
Flg=—(p; — : A85
¢ <,u] 145 Xa—lxm L%_l . dlog z; ( )
j
o—1 L Lmj

i LE dlog 7 AL, dlog 7

=)
F2=— (u- - — ] X n X — X — X
71 + 05 ; LjTl dlog z; DIWANE dlog z;

mj
J

(A.86)

The proof is essentially the same as in the case of perfect substitution.

The computational algorithm uses the equation (A.82) as an updating rule to find a fixed-point

of the optimal markdown schedule. ® Figure A.7a, A.7b, and A.7c plots the optimal markdown

o
log(z)

(a) 0 =0 (b) 0 =10 (c)o=5

Figure A.7: Optimal Markdown, varying o

schedule for values of o = 00,10,5. As workers becomes less substitutable, the optimal markdown
schedule becomes less steeper, particularly at the left tail of the productivity distribution. For
o = 5 case, the optimal markdown is increasing at at the left tail of the productivity distribution,

resulting in an inverted U shape.

Figure A.8a, A.8b, and A.8c plots the decomposition of the slope of the optimal markdown
schedule for values of 0 = 00,10,5. The most noticeable difference is that the magnitude of the
F1, relative to F'1, becomes larger under lower values of o. It is the F'1, term which makes the
optimal markdown schedule increasing at the left tail of the productivity distribution under o = 5.

Recall that under lower values of ¢ we need larger value of 8 to match the observed sorting pattern

5Since we impose g; = g, ¥, the markdown schedule and the decomposition of its slope is smooth in log z;, so we

don’t need approximations to plot the graph.
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Figure A.8: Decomposition, varying o

of workers to firms Corr(z,v¥) = 0.37. As the degree of skill intensity hetergeneity gets larger,
the magnitude of the F'1, term, which reflects the indirect effect of increasing z; on p; through

firm-specific labor productivity a,,;, becomes larger.

C Appendix for Section 6

C.1 Proofs of Proposition and Equations in Section 6

Proof of Proposition 13

As we have discussed in the main text, with single type only (or with skill-dependent policy),
there is no restriction on the policy tool, thus regardless of which policy tool the government uses,
the optimal consumption should satisfy the same formula: ¢; = % -M Pp;+A. The implementation
with only revenue dependent subsidy to the firm was already proved in the main text of Section 3.

Here we prove the other two cases in Proposition 13.

Consider an implementation combining lumpsum transfers to the workers and subsidies to the

firm. Given some positive lumpsum transfers 0 < T'r < A to the workers, consumption of a worker

. c? (w;+Tr)?
1 . — . 1 ] . J— J — J
at firm j is ¢; = w; +T'r, which yields the labor supply curve: L; = > 2 XN = Zj(ijrTT)ﬂ N

Thus the elasticity of labor supply given the lumpsum transfers T'r is

Olog L; wj

— = — A.87

0log w; px wj +Tr ( )
Then the firm’s problem given subsidy schedule S;(y;) subject to the elasticity of labor supply
(A.87) should satisfy the following first order condition:

/B'w@—l—jTr
'LUJ T

19



+T . . .
w]\ﬁ[pLjT = ﬁ” = % + ﬁ”, the subsidy schedule which

Since the optimal allocation satisfies

implements the optimal allocation is set to satisfy

6-w]“fﬂ T _ B, A
14+5- MPy; 1+p3 MPr;'

(14 S3(y;)) x

w; +T7"

o . . 1o 1 A—Tr 1+5MPL]+A
Rewriting for the subsidy rate, we obtain 1+ 57(y;) = 3 <1+/3 + 2P ) X (ﬁ + M ATy )"

Then it is straightforward to show that the subsidy rate decreases in firm’s productivity:

05i(y)) _ 1 A-Tr OMPy . s MP; + A
0z B MPE 0z T MPrj+A—Tr
5 (1 5t ?\ZPW) T —
A1+ Lj + zj (HﬂMPLJJrA Tr)

1 A-Tr OMPy 5+1@3+M%LJ 1 1 OMPy Tr

= T3 MPL s e "MPZ  0s AT
B MP} 9z 1-€,B+MPLT 1+8 MPp; 0z 1+ﬂ+MPLj

1+B§ Tr

o 8MPLjX(A—Tr).<1+ s >+1+5T7~<0

- 2 4 AT ’
MPL] aZJ 1—&6-6 + MPL:

In this implementation, the aggregate lumpsum transfers should be funded by taxing the firms,
which implies that the sum of subsidies to the firms should be negative. Note that 7; = y; +
S;(y;) —w;jL; and ¢; = wj — +T'r. Thus,

D_Siw) = w2yt Y wily
J J J J
= 2 G- vty el —Tr-) L
i j j

= —NxTr,

where the last equality uses the resource constraint.

Next, we consider an implementation of combining the progressive labor income tax and subsidies
to the firms. Suppose that the income tax is given with the HSV functional form, T'(y) = y—X-y'~7
for some progressivity T, where A(7) is set to satisfy the government budget constraint. Then the

consumption of a worker at firm j is ¢; = A - wl-fT, which yields the following labor supply curve:
(1 T)B
L; = W x N = W x N. Then solving the firm’s problem under the subsidy schedule

V)

S;(y;) subject to the elasticity of labor supply gigi 5’ = (1—7)p yields
(1-7)8
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it .
Since the optimal allocation satisfies WLJ_ = MCIg’Lj = % + ﬁ”, the subsidy schedule which

implements the optimal allocation is set to satisfy

, 1-7 (1—-7)p B A
A- (1+Sj(yj)) x <1+(1—7),6’> x MP[; _71+B+MPLJ-’

1

_1 _ MPT . -
Rewriting for the subsidy rate, we obtain 14 5%(y;) = (%) T x 1T1(1T)B)6 (BH;J + MPA1_7> s
Lj

Then the derivative of the subsidy rate with respect to firm’s productivity is

883<yj>:<1>121+<1—r)ﬁ_ L (BMPL A \TTO 1 (18 (1-7A)oMpy,
02 (1-7m)8 1-7 \(1+8 ' MPLT MPLT\1+8  MPy, 9z

A

which is negative under the assumption of = < % . MJADLV. That is, if the progressivity is not
J

too big, the subsidy rate schedule still decreases in firm’s productivity.

It is straightforward to show that the subsidies to the firm sum to zero:
D Sily) = domi—d yi+ ) wil;
J J J J
= ZC? — Zy]‘ +ijLj =0.
J J J

Derivation of the Labor Supply and NDC under the HSV Income Tax

First, we consider an economy with extensive margin of labor supply only. Under the HSV

income tax, s-skilled worker’s utility working at firm j is log ()\ . w;]_ T) + €5, from which it is
B(1—7)
straightforward to derive the labor supply curve of a skill type s at a firm j: Ng = %
Then by solving the j-firm’s problem given subsidy schedule, we obtain '
1—7)8 Ws;
14+ 5%(y;)) x ( = J
(1+Shw) x5 (1—mB MPy

= h, 4,

which shows that under the skill-independent subsidy the markdown within the same firm should
be the same for both skill types. This leads to the NDC: A;[U]@j - = Aj[”]‘ﬁ -. We then rewrite the NDC
hj (%)

in terms of consumption using that cs; = X - w;j_T:

Chj . ng

MP,;;T  MPST

Next, we consider an economy with intensive labor supply under the general preferences. Worker’s
choice over the employers is the same as before. The workers draw idiosyncratic preferences {e; ;}
over the firms which follows a Gumbel distribution with scale parameter % Given the value function

Vs(w;) defined above, worker’s problem of choosing a firm is:

Ve, = FE max‘/;j(wsj)—i-eij .
J
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Then the probability of s-type worker’s choosing firm j is

ePVs(wsj)
]~ Zk eﬁ'vs(wsk) ’

The labor supply curve of the firm j for s-skilled workers (see the Appendix for the derivation):

eB'Vs (wsy)

Lyj(wsj) = Ngj(wsj) X hsj(ws;) = Psj - No X hgj(wsj) = S B Velwa)

. Ns X hsj(wsj).

To derive the NDC, we solve the firm’s problem under the labor supply curve obtained above.

Given a skill-independent subsidy schedule S;(y;), firm j solves

™= max F(Lp;, L) + Si(F(Ln,, Lej)) — whjLn, — wej L
Jr =]
S.t. LS] - W . NS X hsj(wsj)
The first order condition of the firm’s problem yields (14 S(y;)) = 775 - X 1?&5}%{ ) which leads
s\Wsj

to the following no-differentiation constraint:

Wh 1+ ex(wp;) Wpej 1+ €(wy;)
NDC-7): X —
( ) MPhj eh(whj) Mpgj Gh(U)gj)

Optimal Joint Policy under the General Preferences

In Section 6.2, we have started with the planner’s problem under the general preferences, we have
restricted our attention to the special preferences to have a sharp characterization of the optimal
allocation and optimal joint policy. Here, we show that under the general preferences, there can
be additional channels through which increase in progressivity affects optimal allocation. As in the
main text, we take the HSV functional form of progressive labor income tax and analyze the effect

of increase in progressivity parameter 7.

For expositional simplicity, we focus on the case with only single type of workers. Then the value
function of the worker, worker’s optimal working hours, and the probability of worker’s choice of
firm j defined in Section 6.2 do not depend on worker’s skill type, and we denote them by V(w;),
hj(w;) and P; respectively. Since we focus on the planner who uses the HSV functional form for
the labor income tax, the planner chooses the distribution of wage {w;} and progressivity 7, which

automatically determines consumption distribution {cj = A7) X (w; - hj (wj))l_T}. We write down
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the planner’s problem as follows:

()
Z)\ . (w])1 "N; —}—Zc —Zz] (Nj - hj(w;))"

J J
(&) Nj=—F—xN, Vj

() Zeﬁ-V(wj) - I
J

The first order condition with respect to w; is
N eBV(wJ)
B >, PV
. N .
—x - A1 - T)wjl-fTh;Th;-(wj)Nj +¢&- e'g'v(w])ﬁV'(wj)T — - eﬁ'v(wJ)BV’(wj) = 0. (A.88)

BV () + X mz NI B (1) = x - A(L = 7)oy TRETN

And the first order condition with respect to N; is
Xz NTHRD — X Al TR — ¢ = 0. (A.89)

We multiply the equation (A.88) by and substitute &; using (A.89), which yields

h/
V' (wj)w; + x - MPriby(w;) — x - M1 —m)w; "hy ™" — x - A1 = 7)w; "h;~ ”(n) :
J
! l1—-731—7 I !
+BV (w))w; x (X - MPrjh; —x - Aw;""h; ) - WNBV (wj)w; = 0.
Rewriting the equation for consumption, we obtain
h](w] wj , 148 ,
7+BV(w)w 5 - BV (wj)w;
¢ = )\'wjl-_Th;-—T: e J V-i 'MPLj‘hj+ ™ ()w ) JV A;
(1—7)(1+ oy +51(?)> (1—7)<1+ o +ﬁ1(i’ﬂ)>
where A = ;(ﬁyﬁ“ﬁ From the main text, we know that € (w;) = fV'(w;)w; and €*(w;) = hj(z;:j)wj,
thus the optimal consumption formula yields
ch L P (w))
¢ = (w)) + €” (w; )E MPy Ry + T3 j

(1-7) (l—i—eh(w])—|— = (1= 7) (1+ eh(w)) + S22

Note that with the special preferences in the main text, €"(w;) = 0 and €”(w;) = 8(1 — 7), and
thus the optimal consumption formula boils down to ¢; = %M Pr;-hj+A.
We now analyze the optimal progressivity. The first order condition with respect to 7 is

oV ( Oh;
(+§gﬁ ’YﬁN) Tfj) + X MPrj5>

ZNjX -7 7 (Oh; w; N(r w w;
j = AL = m)wy Ty (W'T;"" g)'lj — log (w;hy) - =7

—0.  (A.90)
)
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The envelope condition of (26) yields 8‘/8(:}]' ) =y (wj) x (’\/y) 1k

— log (wjh;) - %), and com-
bining this with the first order condition of the worker’s problem V' (wj) - % + up = 0, we obtain
J

oViws) V' (w;) X (% : % + ’\,y) 1= — log (wjhy) - %) + up, - %. Then we can rewrite (A.90)

or or T
as follows:
oh; w; N(1) w; w; I Oh,;
N, -T,. | =2 .2 [ . hi) . —2 N (1 B ~NB— )y —2L
%: s (87’ hj+ A 1—7 og (w;h;) 1—T>+Zj: J( +&0 76N> Hn or
Oh;
== N x-MPy- 52, (A.91)

J

where I; = (1 + &8 — ’yﬁ%) V' (wj) —x - A1 — T)wj_Th]l-_T. The two terms of the left-hand side
capture marginal benefit of increasing progressivity and the right-hand side reflects the marginal
cost of increasing progressivity. By comparing this optimality condition (A.91) to (A.90) with
¢j = 0 (since we analyze the single-type case), we can see that there is additional channel of
increase in progressivity under the general preferences. The first term in the marginal benefit
captures the net benefit associated with the extensive labor supply elasticity, and this term was
zero under the special preferences in the main text (as the first order condition with respect to w;

implies Ij = 0).

C.2 Detailed Analysis of the Special Preferences Example in Section 6.2.2

In Section 6.2.2, we have characterized the optimal markdown under the special preference—
Assumption 14—in the presence of intensive labor supply and progressive income taxation. Here

we provide detailed derivation.
Extensive Elasticities and Expected Welfare

To derive the extensive elasticity of labor supply, we solve the worker’s problem of choosing
€h
employers. Given the closed form solution of working hours h(7) = (1 — 7) ™*r , the value function

from the worker’s problem (26) also has the following closed-form:

en(l—7)

Vs(wgj) = (1 — 1) log we; + 1T

(1+log(l—7))+logA,
with which the optimal worker’s choice over the employers is

1—
Vs = E |max(1 — 7)logws; + €| + l=7) (1 +1log(l—7))+ log .

J 1+4+¢€
Then the probability of s-skilled worker’s choosing firm j is

B(1-7) B

P o ’LUSJ T B CSJ
sj = - — 7
>k wflg R " Cok
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Then it is straightforward to show that the extensive elasticity of labor supply is simply
e (wsj) = B(1 — 1), forall s, 7,

which implies that the extensive elasticities of labor supply do not depend on w,;. Then the

NDC-7 constraint boils down to MI}% = A%DJ , and in terms of consumption, it is written as
chi _ = From the Logit problem, we obtam the expected welfare of the s-skilled worker:

MP, T MPI T

e(l—1)

log (Z wﬂ(l 7)) + constant = —log (Z ng) - T
€

Optimal Consumption and Pseudo Markdown [i;

Using the NDC and the worker’s expected welfare derived above, it is straightforward to write
down the constrained planner’s problem:
e(l—r7)

1 _
mac [B o (; Ciﬁ) T lte log (Z %) -
Z%Nm +Z%N@ +Zc =3z (g (Nag - ()T + (1= ) - <Nej-h<7>>”7”

J

+ Ny

&
(§Sj> st:% XNS, Szh,g
(78) Zcf] =I5, s=ht Vj
J
(47) N - v,

e 1
MP,; T M P,; T
where the planner chooses allocation {cp;, c¢¢j, Np;, Nej, cj} and progressivity 7 together.

From the first order conditions of the planner’s problem (A.92) with respect to allocation, the

optimal consumption formulas yield:

1 B
si = ——MPs; - h Anl, =h,t A.
C] Qij 1+ﬁ ¥ ()+ h:| S ( 93)
_’Ysﬁﬁ
where Ay = ———=,
T x(1+p)
Qpy=1- i 1_17 x (1—6(1_T)>, and
(1+,3) MP," - Ny, o

o 1 (1- 20y,

Q=14+ X X
! X(L+8) " MP, ™ Ny o

Note that the marginal product of labor M P,; = 68% is the derivative of output with respect to
effective labor Lg; (not Ng;), and thus the derivative of output respect to number of workers is

a .
s = MPyj % h(r).
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From the optimal consumption formulas (A.93), by multiplying Q; to both sides of the formula

and using the definition of pseudo markdown fi(z) = %, we obtain
s

_ p A Ap,
Qi-ftg = —— - (1—7)Fn - MP} A.94
hj lu’j 1 +,6 ( 7—) h hj + M_Pﬁj_’TJ ( )

- 6 €h AE
Qi ji; = —— (1—7)7% MPJ, + ———. A.95
05 * My 1 +ﬁ ( T) h 2] + MPglj*T ( )

Summing up MPh T Lpjx(A.94) and MPelj T Lgix(A.95) yields

_¢h
(MP;].—T Lpj+MP/T L@j) X fij = (1= 7)™ X (M PpjLyj + MPyiLg;) + Lij - A + Lej - Ay

1+p

Dividing both sides by (M Pﬁjff «Lp; + M Pglj’f . ng) yields the pseudo optimal markdown equa-

tion in the main text:

N 15} Ay, Ay
= A h(7) —— +s(a;) ——— + (1 — s(aj))  ———,
g J ( ) 1+ 8 ( ]) MP}%j_T ( ( ])) Mpelj_f
where A — — MPhiLn +MPrile; Yj MP,; TLhJ

and s(a) =

MPij_T-th—l-MPelj_T‘ng - MP;J.—T.thJrMP;j—T.LU MP1 i LhJ+MP Lo

Decomposition of i;

In the main text, we have decomposed the slope of the pseudo optimal markdown fi; = fi(z;) by

e
M B+ F,+F, +F2, where
de —
=F1
. dA; . opyet opyet .
(i) Fr = el h(T) - %, (ii)) F1, = 5 | 1, , (i) Fy, = Do; | L, x a'(zj), and (iv)
TZJ] o given ]] given

L
8ﬂnet d( LZ]>
F2 = J X —5 . We now derive the expression for each component.
J

The following proposition characterizes each component.

Proposition AP.2. The decomposition of the % are characterized as follows.
J

1. Substitution effect: The F.-term is given by

9A;  9A; 04, d(72)
£j
Fr= (82] +8ozj I(zj)—i_a(fz%) dz; )’

where 2 8 L >0 and 6(—) > 0. If Lp; > Lyj, then - > 0 and thus F, > 0.
Ty
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2. Redistribution across firms:

o _ (1-7)A, OMPy,; (1-1)A
The Fy,-term is given by Fy, = — (sj- Ml%;f TJ'” + (1 —s5)- M%f) < 0. And the

o—1 o—1 .z -
.. 1—7)-amet o—1 o1 L7 Ly '(0" L, —(1—ay) Le')
Fyo-term is given by Fo = %x ik <Lh; — ng" + JFHTJ d 071+T]
(yj/2) "7 a; "L, 7 (L)L, O
Assume o > 1. Then, Fio > 0 if Ly; > Lp;.
3. Redistribution between skills:
8~net (iﬂ) 8~net d(#)
F2 = ;ijhj X d;;? and . MLjhj < 0. Thus, sign(F2) = —sign TL;J

We prove Proposition AP.2. First, we start with the substitution effect, F-. Note that in the

denominator of Aj,

1 1 1-7 1 17177'
-7 P — T . -7, o

g—1 o—1

where y; = <oszh]‘f +(1- aj)Lef ) We then rewrite the factor A; in the following way.

o—1 o—14T1
o—141 L\ o o1
Z}"gj o Z}'(O[j (ij) +1—Oéj)
A] = l—r o—1+T o—itr I o—l+47
A VTR Cha) i o T (7)) T+ (—a
The F--term is given by
L
DA; DA, 04, d (T) 3
F.=|=—L+ 2.0z J & X h —— A.96
T aZj + 80éj @ ( ]) + (ﬂ) dZJ (T) 1+ ﬁ ( )
Loj
. . .. 0A; —1 y~_071+7—
The first term in the bracket is positive because =T z; - T —1= > 0.
J O‘;iT Lh,j o +(1*OLJ)1_T Léj o

The factor of the second term in the bracket of (A.96 ) is

0A;

T 1t o—1 o—1 1 o—1471 L o—14T1 o—1 o—1+41 o—1+1
T.50 o— T o _ o -7 o PSR £ o (11— & O -7 o (1. \—T o
2747 x| o1 | Ly Ly o; Ly, +(1—oy) Ly; (1 T)yj oy "Ly, (1—ay) Ly,

g - o—14T1 o—14T1 2

1— —
ij Tth o +(1_aj)1 TLEj o

and to determine its sign we rewrite the numerator (after some algebra):

o—1 o—1 T T
T (L=7)-Lyj Ly -\ (L= 0g) T LG — a7 L
z f X o—1 o—1 1—r o—1+7 1 o147 :
o o - o —T o
+ <th — Ly > . (aj Ly, + (1 — ) Ly )
which shows that % can be either positive or negative. If Ly; > Ly;, then % > 0. The factor of
J J

the third term in the bracket of (A.96) can be rewritten as follows (after some algebra):

L _1 L o—1 dzl . T
— hi o hi o _ _ hi o
aj-(lfozj)-z;'-" ;+T(Te;) | oy (L—[JJ) +1-a; -((laj) T« T(Thj) >
0A;

L - 2
8( h]) ] U%W
L al ™" (—L’“) +(1—ay)l=7

> 0. Note

ng
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1 1
o

MP; LS . . . LS Lo . . v

that MPZJ_ = 4. 1?20, and thus M P,; > M P;; implies ﬁ > Wh;, which implies é)(aijj > 0.
: L7 Lhg

hj Lej )

Next, we derive the expression for F'1 = Fy, + Fi,. The Fj,-term is obtained by simply taking

a partial derivative of ﬂ?et with respect to z;:

(1 —=7)A OMDPy, (1—7)Ay
Flz:_(‘sj' 77 = S U Oh vic =
hj J 45

We then derive the F}, term. Note that

s L X A, A
Oaj e MP;].—T MP};T
Fly = t x a'(z;) (A.97)
— | s (A=7)Ap = OMPy; + (1 8') (A1-7)A, = OMPy;
I MPET daj | Lng ) MpPETT T Oy | Lhs
J sz
1 1 o—1471
MP!".L, il
h, hj h
Note that s(a;) = NPT L, -J+MP1,*T.L[- = e —1r=- Thus
hj J L5 e O‘j th o +(17aj)l_Tng o
o—14T1 o—14T1 o—14T1
—T o A —T o N\N—T o
9s. (L=7) ;7 Ly;° —sj-(1=7) (o L,;" —(1—0a;) "Ly
5j _
% Lp; N 1—7 gldT 1 goltT > 0.
J | Zhy - o _ N1l—7 o
I, o; TLy0 (=o)L,
Using this expression, the term in (A.97) associated with derivative of M P;,; yields
g p ) hj Y
(1 - T)Ah 8MPhj
S5 2—1 O
MPh- Q; Lpj
£j
o—1+47 o—1 o—1
—T o o o
A (L=7)-a;7 Ly, 1 Ly — Ly
— X — — _|_ -8 - (1 _ 7—) . — —
MPl T 1—r o—1+41 1 o—147 o—1 J o—1 o—1
hj o; "Ly 7 (=o)L, o;L,? + (1 — o)L,
-~ o—1471 o—1471
95, s5-(1=7)-| o 7'th 7 (=o)L, °
A @ Ly, + L o—1+F7 o—1+7
— h Ty a7 TL, 7 4+(l-a;)"TL, °©
MPIT v o1 oo
hj 1 L,7 —L,°
+ﬁ S5 - (1 - T) : o—1 =T
CYJ'L}L;' +(1 CMj)LeJ
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. (l—T)Ag . aMP[J
MP%T Oaj
£

Similarly, we derive (1 — s;) 1,,; » Which yields

Ly;
(1-7)A, OMP,, (1—7)Ay OMP;
— |55 5 +(1_Sj)' 2—1
MPET Ooj Ly, MP; daj | Lu;
Lyj Lej
Y
- oy | Ly, MP;;T MPEIJ._T
Ly;
o—147 —lt+7
Oy () T
Ap, Ay al”La._;JrTJr(l*Oé )1_TLU_;+T
(A =7) sy (L= s) o b mt et
MP,; MP,; L L7 —L,7°
o—1 —1 a1

By substituting these into (A.97) yields

(1—7) gy o <La1 Lo;l N Ly Ly <O‘J'_TLﬁj - (1= O‘j)Tng)
_ N

Fio = —1 Z'U —1 —1
= o—1 J 1o =7 e
(y]/zj) o Tth +(1- aj)l TLKj
Assume o > 1. Then, Fiq > 0if Ly; > Ly;.
Ly
8~7}et d T a~net
Lastly, we derive the expression for F'2 = MLJ —— X ( dL;? ) and lij —. Note that
o(z) 7 o(a)
L 7]
Os; . ( Ay Ay )
. I—7 I—7
o) et o)
F2 = X ——1L (A.98)
(=n)An | OMPyy o \(=7)A, | OMPy dz;
“\mrT T +{1 =) MPZ " (L
o o(x) T o(z)
o—1+41
o7 e al="T
Note that s(a;) = - e 1 = i ——, and thus
N T R a;-rﬂl_aj)lff.(%) v
o—14T1 o—1+471 1
o (@) o J J 1—r o—1+T o—147\ 2 Lf]
Ly; <aj th 4 + (1 _ aj)liTsz e >
We can also derive the following after some algebra:
1 OM Py, 1 OM Py;
—|sj-An-(1—7)- 5 L_j+(1—sj)-Ag-(1f7')- 5 - L-]
( AT o(%) MET o ()

o—1 o—1

j(1—oy) = .7 o

T
[ J

J
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1

_ J . <th> . ( An

- o—1+4T1 o—1471 o—1 o—1 1—7 L : MP ; MP
(al_Tth“ + (1 — aj)l_Tng e ) . (Oszh; + (1 — aj)Lf ) £ hi 4
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Thus, by substituting these terms into (A.98), we obtain

r o— 1+7‘ a 1+7- 7

1 1—
T 0] (1) (22) 1-( YR
71+T o— 1+T LF] MP oT MP, -7
(505 s ) o (%)
_ J
F2 = aj(l—a) - ; ; x dZ' '
(1—7)- = z7-Ly | j

+ . (@) . (i _ A)
o—147 o—1+T o—1 o—1\ 177 Ly M P M Py;
a;fTth 4 +(1fozj)1_7'LM 4 oz]Lh7 +(1—aj)L, 7

To determine the sign of the F'2, we show that
Ah o Ag B
- -
MP,; T M P,; T 1+ 5

% (1 PA=TY, 1 1 B .
- x(1+p) (H o )(MP;;Tth+MP£1].—TL£j> 1+,8(MPhJ MPyj) <0

— (MPh_jTth — MPEETQ@) X b

B 11\ 4 BA-T)Y . 1 ! .
- KMng MP&) X(1+B) (H o >(MPhthj+MP4ngj>]X”J<O’

where the inequality uses the fact that M Pj,; > M Py;. Thus,

Lij
sign(F'2) = —sign (CZ(LZ])) .

de

= (g — Q) - pj — ——— (M Ppj — M Py;)

Ay, Ay
MP,; MPy;

C.3 Appendix for the Quantitative Analysis in Section 6
C.3.1 Formulas for the Quantitative Model

Formulas for the Joint Optimal Policy

We present and prove the formula for the optimal markdown and progressivity in the presence

of the labor income tax.

The formula for the optimal markdown is given by

O SW T s o5 S ALy iR )
1 1
h Ay =———— (1 -vp— A.
where i) < v Nm) (A.99)

_ 1/8
where (i; = qb,u " MRy; = nsz? 1amj is the marginal product of labor, and I,,, = ( fwgfnj) /
is the wage index for type m workers. Lagrange multipliers for the resource constraint A and for

the wage index equation v, satisfies

Nl . . . .
1 _ Zj z]Lj | Vi _ sz(MijLmJ — ¢mjNmj) (A.100)
X N+dp A I




The formula for the optimal progressivity is given by

77 Zj Yj
1—7= (A.101)
14 1+6 Z Zﬁf 11<ch'“‘] log Mm+1j)
N
where (,; is the lagrangian multiplier for the no-discrimination constraints.
To prove the result, we start from stating the planner’s problem
€
max —lo c 1—71 + log ¢y, A.102
(emjeri} ; g (Z m]gm]> ( )1 Te wf; g Cfj ( )
S\
s.t. Z Z cmjLmj + Z cpj < Z 2j (Z QN (1 — 7’)1+6> (A.103)
i m J J m
/B
I, = (Zcm]gm]> , m=1,...,M (A.104)
L - o . j=1...Jm=1,...,M—1 (A.105)
(2 L] ams1,)7  (nzil] am)ttT
.
and Np,; = Ny, ’”’m””
Note that the no-discrimination constraint can be rewritten as
Cm+1,j Cmj Cmtlj _ Cmj
-1 _ -1 _ 1— 1—
(2 L] amar )7 (02 L] )T Vi1 g

From now, we will use the constraint 2’;%1]] = (%jj instead and denote the associated lagrange

multiplier as CNmJ If we denote the lagrange multiplier for the no-discrimination constraint as (pn;,

then ¢, = ij X (nz]Ln 1)

Lagrangian is given by

¢ = Z —" log (Z cm]gm]> N(1—7)7
1 (ZZJ (Zaw mi(l— 7 1+e> chm]Nm] +Zcfj)

€
c +walongj

1/8 —
e em
+ e (1o (Sush) )+22<mj(’?tﬂ— )
m 7 m=1 am+1,j myj

First order condition with respect to ¢,,; is

Noj

Cmyj Cmyj
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Multiply by and rearranging yields

A(1+B)
1 1 (mj  Cm-1j p -1 <
mj <1 1 T Bal TN, ( S =1 +anjL;7 amj(l —7)T + Ay, (A.108)
where we define A,,, = ~mr (1 oz Iﬁ)
A(1+B) ™ N
To obtain the expression for fi; = #77, divide by (nsz?_lamj)lfT

T
(mz; L] amy)t

1 1 e Gt B ; A,
g (” (CA’”—C AM»:B 7 LI —

L+ ol Ny, 1+4 (nz; L] L)1
(A.109)
1— TNm'
To cancel out the multipliers for no-discrimination constraint ¢, multiply by S a Tl ]\J] and sum
k kj
over m. Y
Ym0 N (2L )T < B @, Ninj A
fj = m %mj T TNJ (1 —7)7+e : + Z _1m - (A.110)
mamj mj + ﬁ Zka Nkj (7]sz Oémj)
Using the fact that M R,,; = nsz?_lamj, Lpj = Npj(1— 7')1%6 and y; = sz? we have
c MR} " Lmj A
ij = N (1-r) B . (A.111)
>om MR, Linj [+5 25, MR} TLk] MR

which gives us the equation (A.140).

We proceed to obtain equations for the lagrange multipliers v, and A, which are used to define

A,,. First order condition with respect to I,,, is given by

Nm' — _€_
m—)\,B24] J(nsz;? 1amj(1—T)l+s —ij) =0 (A.112)
j m

Dividing by A and rearranging yields

i _ Sy B (1= )75 — ) N A
A I
where we used M R,,; = nsz;?_lamj.
First order condition with respect to cy; is
Yy (A.114)
Cfi
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or equivalently cs; = w—)\f Recall that the formula for ¢,,; is given by (A.108). Multiplying by Np,;

yields
P gn—N\1—-1 /= p
ijij+M3(UZJLj ) Cmj  Cm—1,
1+ 5 X\ X\
1 e
_ B ey Ly N B > (nz L] (1 = 7) 75 = Cmj) Nmj
L+ 777 N1+ 8) 148 N, ™
(A.115)
I

where we used A,, = /\(1+B) (1 L ) and equation (A.113). Summing up over m, j yields

N
SN emiNmj = < (A.116)
j m
wf N . s 1 Z JL;] .
Substituting - = A and >_;>",, ¢m;jNm; = 5 to the resource constraint yields § = Ni o7 This

completes the proof for the optimal markdown formula.

We now prove the formula for the optimal progressivity of the labor income tax. Taking first

order conditions with respect to 7 yields

-1
€ 1 1 -
A z:L" = + zL" 1— 7 Jog SmtLd .
77(;] 3)1—1—61—7 1—|—e —~ = m]ﬂjﬁg ) o ( )
Multiplying by (1 — 7) ]{, Ite and rearrainging yields
1—7= MR - (A118)
1 + 1+€ Zj Z =1 C'mgllz] log A17;+‘:;,j
€ N

where we used MR,,; = nsz?_lamj, Cmj = Cmj X (nsz?_l)kT and y; = sz;?. This proves the
equation (A.101).

Decomposition Formula

We derive and present the decomposition of dl ~ for the model with progressive labor income

tax. Recall that the optimal markdown formula is given by

c MR, " Limj A
= e Ly (e ) g
>om MR, " L, 1+ 8 ZkMR LkJMR
where [i; = ¢ X Mj ~7. Rearranging the terms, we have
N 1 2m Am T
pj = Aj + - 1L
_ . —1 —T Lm,
(anL?_l (Zm am )" ) s
1—7
o Npy, e
where Aj:Z<WTMRT )(1—7)1+e 5 (A.120)
m Zkakj Nkj 1+/8
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where f/j is the total number of employees working at firm j.

The formula for the decomposition of di_ g given as

dlog z
d .
i p 4 F1, 4 Fla + F2, (A.121)
dlog z;
where F; = ! X Aj@ X dlog Aj, (A.122)
1—7 fi;  dlogz;

K dlog L;
Fl,=—{pj— A2 ) x [1=(1=n)x : (A.123)

z ( J J,uj> l dlog z;

1—71
127 amj ij aijmj dlogamj
Flo=— (- 4,4 ) x g (1, x ,
( ! ]Mj> [%: ((Zkai]’ﬁr[’k]’ ( )Zkaijkj dlog z;

(A.124)
F2 = (/‘J _Ajgj>
— Lm'
X Z ! X a}anij —(1—-mn)x Cmibmj 1 X AmLinj X dlog Ej]
po 1—7 Zk ai;Tij Ek ijij 1—17 Zk AkLk] dlog Zj
(A.125)

To calculate ljg ij, we first calculate lgg ;j and then multiply by ﬁg—; We start from the
derivation of F-, which is the term that captures the extent to which the progressive labor income

tax directly replaces the role of firm-side subsidies in doing redistribution. Taking derivatives, we

have
o dA;  dA;
= A.126
8Aj de de ( )
Multiplying by z; and substituting dA;, dz; with A;dlog A;, z;dlog z; we have
i ; log A; log A;
Of; dlogd; _ 4, o84, (A.127)
Olog A; dlog z; dlog z;
Multiplying by ﬁ% and using du; = ﬁg—j yields
; log A; 1 dlog A;
Opj dlogA; _ 4.1 dlog A, (A.128)

Olog A; dlog z; 17 Jﬂj dlog z;
which gives us expression for F.

We derive F'1,, which captures the direct effect of increasing z on the optimal markdown schedule.

Taking derivatives, we have

_ Lo j _

Ofy , O dL; _ 1 ZmAnTr (1-7  1-ndL

9z; | OL;dz; [ —p NN L—7 Lin; . L; dzj

v <772ng I(ZmamjLﬂ]y ) Zm Omi L, “ i
(A.129)
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1 A

Multiplying by z;, replacing df/j, dz; with Ejd log Ej, zjlog z; and substituting —
Fn—1 Ly \7 71 > a,
nz;L; (Zm mj T ) "

ﬂj - Aj yields

Ofi; op; dlog Ej . dlog Ej
= =—(fi; — A, 1- 1—-(1- A.130
dlogz;  dlog L; dlog z; (7 3) X (L=7) x (=) dlog z; ( )
Multiplying by ﬁ% and using du; = ﬁg—j yields
opj N E)uj_ dlog L; :_(Mj_Aj@)X | (1—7) x dlog L; (A131)
dlogz;  Olog L; dlog z; fij dlog z;

which gives our expression for F'1,.

F'1, captures the indirect effect of increasing z on the markdown schedule through «. Taking

derivatives with respect to a;,;, we have

Ly
8ﬂj damj _ 1 Zm Ap, Ej]
O dz; —_— Lo\ 1T al T
—7 Lmj Lo -
o dan, o
x [(1—7)x s g~ (=) x (1 -m) S| (A132)
Zkakj TJ J Zkakjfj J

1

>
S Loy s n—1 =T
(ﬂszj’ 1(Zm aijjj) ) 2

Multiplying by z;, replacing dov,;, dz; with ag,jdlog cu,;, 25 log z; and substituting
ﬂj - Aj yields

CV?ln_]‘TLmj dlog o
>k ai;Tij dlog z;

8/1]' dOémj

—1-7)x(1—mn)x
0oy dzj ( ) (1=n) Yok okjLy; dlog z;

(A.133)

= —(fi; — Aj) x ((1 —7T) X QmjLmj dlog amj>

Summing up over m gives

Ofij dom; - Oéin_‘TLmj i L dlog av i
= —(i1; — A 1— _my Y (1 — J J J
%: <80ém] dZJ (/’LJ ]) X ( '7_) X %: Zk OéllgiTij ( 77) Zk akijj X

; dlog z;
(A.134)
. : 1 Hy : _ 1 M o
Multiplying by T 0 and using du; = T iy yields
('9,uj damj Hj afln_jTLmj amijj dlog Amyj
= —(pj —A;==) x (1 =7) x = 1 —(1-n) X
; (aamj dzj J J 17 ; ok allcj Tij Dok o L dlog Zj
(A.135)
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which gives our expression for F'1,.

Finally, we derive the term F'2. Taking derivatives with respect to Lanj

7

Lo L
8/1]‘ d Ejj B 1 Zm Ap =
B () (S g)) S

Loy Lo Lon;

ol di dLmi dLmi

I A I Qi L;

erij d J 5 Lii d — A== mJLkg d S| 136
>y 7, ZkAk & dkaki Tt 4%

1

L

Multiplying by z;, replacing d%, dzj with =" dlog %, z;log zj and substituting
J J J

I-7
ZLTH Y« Ly )"
nziLj m O T

ﬂj - Aj yields

L
op, dlog
dlog Lri dlog 2
J

j Ayni Ly
n I —(1-7)(1- Jmj
) kai;Tij dlog z; >k ArjLi; dlog z; ( )(1—n)

—T LL LL
[ 0‘71nj Ly log Ej] Apy L dlog 7

Summing up over m and n gives

o +
g Lj — ([ — A
Z (aloglz,;] leg Zj ) (M] ])

L .
l—Tp dlog =+
o 'L AL L, € 7.
XD M SmE (1 7)(1 - ) e L (A.138)
m Zkz akj ij Zk Akijj Zk akijj leg Z]
Multiplying by = and using dy; = %—j ields
Opj E";j 1j
, = —(u; — A==
; (8logLE’"_J dlog z; (ks jﬂj)
J
al- Lomj
x Z my L L Bmbmj (g gy Omibmi ) s (A.139)
1—71 Zk a}c TLkJ -7 Zk Akijj Zk akij] dlog Zj

which is the F'2 term.

C.3.2 Algorithm for Computing the Optimal Allocation in the Presence of Income Tax

In this section we explain how we numerically compute the optimal markdown schedule and pro-

gressivity. We first calculate the optimal markdown schedule and associated endogeneous variables,
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taking the level of progressivity 7 as given. Then we calculate the associated utilitarian social wel-

fare and find the optimal progressivity using the grid search method. 6

To compute the optimal markdown, we use the following formula

17
i = ny; (1 - )i 8 +Z< MR} " Lynj A )
S MR}n_jTLmj 1+8 <=\, MR}JTLM MR;;;
I B 2 j(MRmjLmj — ¢mjNm;)

where A, = (A.140)

1+8N+¢;] 148 Non
The algorithm is as follows : First, start with the guess for {y;}. Second, obtain the values of {L;}
which are consistent with our guess of the (possibly non-optimal) markdown scheudle {/;}. Third,
calculate the rest of the endogenous variables {¢m; }, {Nmj}, {Lm;}, {MRmj}, {y;} and update {f;}
by calculating the right hand side of equation (A.140). Fourth, iterate on {/i;} until convergence.
Last, recover {u;} from {fi;}.

We explain how to calculate {L;} which are consistent with the (possibly non-optimal) markdown
schedule {1;}. We only make use of the fact that workers optimally choose their preferred workplace

after observing the wages and amenities of each firm. Since fi; = We can express Cp; as

MR, T’
Cmj = A MRy
_ ﬂjnl—Tz;—TL;(l—T)(l—n)a}n—jT (A.141)
Worker’s optimization decisions imply that given {cy,;}, type m workers’ labor supply to firm j is
equal to

BB 58,8(1=7) [ —B=T)(1-n) A B(1-7)
g Pz L, o
N =Nm7m” M = Np— 2 — (A.142)
Zk( mkgr/é;’bk) Z (p’j ﬁ(l )L A=) m(jl ))

Using the fact that L; = (1 — T)l%re X Y m(@miNi;j), we have

Lj=(1—7)T% x > (mjNmj)
m

) [P0 A=) (A=)  148(1-7)
=(1—-7)T x Ny —L2 J g (A.143)
B ,BO=7) [ —B-7)(A=n) \B(1-7)
m Z (/.L]/Z/ L m] )

B8 _ B(1—7)
T I+BA-n(d-7) 1+B8(1—n)(1—7)
“j

Define a new variable H; = L;i i and use H; to substitute for L;. Simple

algebra shows that

1
1+8(1—7)(1-m)

1+ﬁ(1 T) B
i m, m,
Hj=|(1-7)T% x> | Nn . B(le) ;(1 e
~TFR(A—m(1=7)  T+B(1—mi=7 r7—B(1—T1)(1— -7
m Zg’ (Mj/+ﬁ( m)( )Zj/+5( ) Hj/ n amj’ gmjl>

(A.144)

®The utilitarian social welfare is given by »_ (NT"’ log (ZJ cfﬂj.gfﬂj)) _ N€<11;T>
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Define ﬁj = H}_n and we have

1—n
1+8(1—-7)(1—n)

. al-i-_ﬁ(l—‘f)gﬁ A
m, m,
Hj= [(L=7)T x> | Nu 5 T — (1-7) B(-7)
m S THBA-m(T-7)  THa-n0-7 g—AQ1-7) B(-T) B
Zj’ <er n Zj’ n Hj’ amj’ gmj,>

(A.145)

We numerically solve the fixed point equation (A.145) to obtain the sequence of {H;}. © We recover
B(1—r)

1 B
. . _ fgl-n R ~1HB(A—n)(1—7) 1+B8(1—n)(1—7) .
{H;} from H; = H;™" and use L; = Hji; zj to recover {L;}. We calculate

{MR,,;,y,} using Mng :ﬁnsz;’_lamj and y; = z;L]. We recover {cp;} using ¢,,; = ,&jMRin_jT

and use Np,; = Nm%,Lmj = Npj x (1 — 7')1%6 to calculate {Ny,j, Ly;}. Using the
i’ Cmg’ Imj

aforementioned variables we can update {fi;} by calculating the right hand side of the equation
(A.140).

It remains to recover {y;} from {fi;}. Note that

w=(2) (140

so we need to find the value of ¢ which clears the government’s budget. We assume that the

government operates a separate budget for firm-side subsidy and progressive labor income tax, i.e.
> Sily;) =0 (A.147)
J
Since ¢p; = yj + Sj(y;) — Do WmjLmj, by substituting S;(y;) we have
Z Z Winj Lonj + Z Cfj = Z Yj (A.148)
g om J J

. J Ja
Using >, cpj = =i= Wwaf Y5 U

J

N
Z%:wmijj = N0 Ej:yj (A.149)

1

Substituting wp,; = ;M Ry,j = (%) T M R,,; and rearranging term yields

1\ l-7
Zj Zm MijLmjﬂ;_T

N
N+ 2.5 i

¢ = (A.150)

Using the calculated value of ¢, we can recover {y;}.

"Lamadon, Mogstad, and Setzler (2022) provides the proof for the convergence of the fixed point equation (A.145).
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C.3.3 Quantitative Investigation of the Joint Optimal Policy

In this section we present the results from the numerical exercises with a progressive labor income
tax. Throughout our numerical analysis, we assume that the Frisch elasticity of labor supply is

given by 0.5.

1 1
log(z) log(z)

(a) 7=0.0 (b) 7=0.25 (¢)T=0.5

Figure A.9: Optimal Markdown, varying 7

We first compute the optimal markdown schedule and the decomposition of its slope for a given
value of labor income tax progressivity. Figure A.9a, Figure A.9b and Figure A.9c plot the optimal
markdown schedule when the labor income tax progressivity is given by 7 = 0.0,0.25, 0.5. Note that
as labor income tax progressivity increases, the optimal markdown schedule becomes less steeper

across the firm’s productivity distribution implying less wage compression with higher progressivity.
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Figure A.10: Decomposition, varying 7

Figure A.10a, Figure A.10b and Figure A.10c plot the decomposition of the slope of the optimal
pseudo markdown under the labor income tax progressivity 7 = 0.0,0.25,0.5. Observe that the
magnitude of the direct substitution term, F;, increases relative to the other terms (F'1,, F1,
and F2) as 7 increases. The planner can provide more redistribution across workers with more
progressive income tax, and with more substitution, the planner sets less steeper markdown schedule

across firms.
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Figure A.11: Social Welfare

We now present the optimal labor tax progressivity in the joint optimal policy. Figure A.1la
and Figure A.11b plot the utilitarian social welfare of workers for each value of labor income tax
progressivity 7 under the Frisch elasticity e, = 0.5 and 0.25 respectively.® Under ¢ = 0.5, the
social welfare attains its maximum at 7 = 0.57, which is considerably larger than the current labor
income tax progressivity level. Under the lower ¢ = 0.25, distortionary effects of taxes on the labor

supply are smaller, leading to higher optimal labor income tax progressivity 7 = 0.63.
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(a) Markdown (b) Decomposition

Figure A.12: Optimal Progressivity, 7 = 0.18

Figure A.12a plots the markdown schedule across the firm’s productivity distribution under the
optimal labor income tax progressivity level 7 = 0.57 compared to the current US progressivity
level 7 = 0.18. Compared to the markdown schedule under the current US progressivity level, the

optimal markdown is considerably less steeper. Figure A.12b plots the decomposition of the slope

8We set the social welfare weight on firm owners, 1, to zero.
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of the optimal markdown under 7 = 0.57. Extremly large magnitude of F'7 demonstrates that the
planner does the majority of the redistribution using progressive labor income tax, resulting in a

flat schedule of optimal markdown.

D Appendix for Section 7.2

D.1 Economy with Single Skill Type

In Section 7.2 of the main text, we have investigated the extension to the model with product

market power. We provide detailed derivation and further investigation in this section.

We first derive the planner’s optimality condition (34). The first order condition of the Lagrangian

of the planner’s problem (33) with respect to consumption at firm j ¢; yields

£—1
N fc; T dL; dL; dL;
— )\X 9 .q.9. 7]_L_ . J| _ . ‘7:0‘
ﬁ Zj ng + |}l Yj “ de 7 de ‘| de
5
By multiplying %]J on both sides of the first order condition, and using Lﬂj . CT] =1and % . %]] =f,

we obtain

D=

A1+ B)e; = A8 (j) zj+ (1 —p),

j
which yields (34).
Implication of Product Market Power on the Degree of Wage Compression

What is the implication of introducing product market power on the degree of wage compression?
The answer depends on the reference point of the wage compression. For example, with linear

production, the slope of markdown schedule across firms’ productivities is determined by

Gufp B A 1 A (1 n dlong>

= — 4+ =X
0z pjzjz 0 pjz? dlogz;

(A.151)

Due to the introduction of imperfectly competitive product market (§ < oo0), additional positive
term arises in the slope of markdown expression (A.151), which makes the markdown schedule
p3F (z;) flatter.

Does this imply less wage compression? If we think of the wage distribution relative to the
distribution of the marginal revenue product of labor, then the answer is yes. As the entrepreneur’s
products are less substitutable, the efficiency cost of wage compression increases. Thus, more severe
equity-efficiency trade-off implies less wage compression. If we consider the wage compression

relative to the equilibrium wage distribution, then the answer is ambiguous. The correction of
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inverse markup amplifies the cross subsidization, which implies intensified wage compression, thus

the answer depends on which force dominates.
Understanding the Result in the Lens of Kroft, Luo, Mogstad, and Setzler (2023)

Kroft, Luo, Mogstad, and Setzler (2023) study the imperfect competition in both labor market
and product market jointly. They show that the impacts of market power in one market are
attenuated by the market power in other market relative to the case when market power exists only
in one market. We now relate our results to the implications of Kroft, Luo, Mogstad, and Setzler
(2023).

The solution of the planner’s problem (33) can be implemented with the two-step process: (i)
step 1: correction of the inverse markup, and (ii) step 2: redistributive subsidization. Consider a
planner’s problem in the second step, which is the problem after correcting the inverse markup.
Then the effect of imperfect competition in the product market (6 < oo) on the degree of planner’s
intervention can be understood as the attenuation mechanism emphasized by Kroft, Luo, Mogstad,
and Setzler (2023). Compared to the case with labor market power only (f = o0), in the presence
of market power in both markets, the planner’s intervention in the second step—increase in labor
supply by the subsidization—is attenuated as increased employment and output will decreases the

price of output. We can show this more clearly using the graph.

D.2 Economy with Multiple Skill Types

In Section 7.2 of the main text, we briefly discussed the results with multiple skill type in the
presence of product market power. The results can be obtained by solving the planner’s problem
who faces the same no-differentiation constraint as in the economy with only labor market power.

In this section, we provides the motivation for the same NDC in this economy.

Under the assumption that the planner cannot differentiate the subsidy rate between the skill

types, the two types of workers working at the same firm face the same subsidy rate 1+ 5'(p;y;) =
' (y5))

) where
C(yj) —  min whj(th)th +ij(L€j)ij
Lpj,Lgj
() sty =2f(Lnj, Lej).

By combining the first order conditions of the cost-minimization problem and the envelope condition

d(y;) = ¢, we get
1 Wsj

O ) B i O

42



and thus, the same subsidy rate of both workers implies the following no-differentiation constraints

(NDC)
Whj Wej

MPL,;  MPLy;’

which also implies the same optimal markdown ,u}-gP = 23 for both types of workers working

= 3, MPL,;
in the same firm. Thus the introduction of the imperfect competition in the product market does
not change the NDC, and the only change in the planner’s problem is once again the final good

production technology in the resource constraint.

From the first order conditions of the planning problem, we get the optimal consumption ex-
pression, which is essentially the same as in the benchmark economy with perfectly competitive

product market:

1 I}
SP
;= » X (13 X pj - MPLg;j +As),

for s € {h,¢}. By following the same process as in the benchmark model, we can rewrite the

optimal markdown:

sp_ B, 1 Ay - 5 A
H; M 1 _é + sj(aj) p; - MPLy, +( s;i(aj)) p; - MPL, ( )

This expression shows that the introduction of the production market power amplifies the subsidy
rate without changing the direction of the original intervention driven by redistribution across firms

and across skill types.
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