A Unitying Framework for Robust and Efficient Inference with
Unstructured Data

Jacob Carlson and Melissa Dell*

March 20, 2025

Abstract

This paper presents a general framework for conducting efficient and robust inference on
parameters derived from unstructured data, which include text, images, audio, and video.
Economists have long incorporated data extracted from texts and images into their analyses,
a practice that has accelerated with advancements in deep neural networks. However, neu-
ral networks do not generically produce unbiased predictions, potentially propagating bias to
estimators that use their outputs. To address this challenge, we reframe inference with un-
structured data as a missing structured data problem, where structured data are imputed from
unstructured inputs using deep neural networks. This perspective allows us to apply classic
results from semiparametric inference, yielding valid, efficient, and robust estimators based on
unstructured data. We formalize this approach with MARS (Missing At Random Structured
Data), a unifying framework that integrates and extends existing methods for debiased inference
using machine learning predictions, linking them to a variety of older, familiar problems such
as causal inference. MARS makes it feasible to apply debiasing to a wide variety of settings by
deriving estimators for common scenarios that have received little attention in the existing liter-
ature. We develop robust and efficient estimators for descriptive and causal estimands, address
common empirical challenges such as inference with aggregated and (non-linearly) transformed
structured data, and consider issues arising in large datasets. Finally, we reanalyze well-known

studies that rely on unstructured data, demonstrating the practical impact of MARS.

1 Introduction

Economists frequently use unstructured data in empirical research. These include images (pixel
data), text (token sequences from a high-dimensional vocabulary), audio (waveforms or spectro-
grams), and videos (image sequences). However, unstructured data are rarely used directly in
econometric analyses, because they are high dimensional, computationally complex, and unin-
terpretable in their raw form. Instead, researchers extract meaningful, low-dimensional features
from unstructured data and use these in statistical analyses. Following the literature, we refer

to these low-dimensional representations as structured data.
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Datasets of low-dimensional features extracted from unstructured data are fundamental to
economic research across many fields. For example, commonly used datasets extract structured
information on governance, institutions, political stability, policy uncertainty, conflict, and vi-

olence from news articles and other text data.l

Researchers impute sentiment, topics, and a
variety of other structured data from government transcripts, firm filings, earnings calls, patent
data, and web texts.? Satellite images of nighttime lights are used to measure economic activity,
development, and urbanization.? Imputations from remote sensing data frequently supplement
ground measurements of temperature, precipitation, pollution, agricultural output, land use,
illicit activities, deforestation, and other phenomena.*

Traditionally, extracting structured information from unstructured data was costly, requir-
ing entirely manual annotation or complex, human-engineered rules. As a result, large-scale
initiatives were often required. More recently, advances in computing and deep learning have
significantly reduced the cost of extracting low-dimensional structured data from text, images,
audio, and video. A vast machine learning literature demonstrates that deep neural networks
are the state-of-the-art method for large-scale feature extraction from unstructured data (Good-
fellow et al., 2016).

However, neural networks will not generically produce unbiased predictions in finite samples.
Choices related to network architecture, the distribution of training data, and various implemen-
tation details can all introduce systematic biases. Moreover, the use of nonlinear transformations
at each layer of the neural network and the frequent application of neural networks to binary
or multiclass classification problems violate classical measurement error assumptions. Biases
will propagate to estimators that rely on these predictions, affecting both point estimates and
uncertainty quantification. In large datasets, while sampling variation may be small, a poorly
performing first-step predictor can still introduce substantial uncertainty. Concerns about impu-
tation bias are further heightened by the availability of off-the-shelf neural networks, which are
relatively inexpensive to implement and can be inaccurate. Different neural networks may intro-
duce different biases that then propagate to the estimators that rely on them, raising concerns
that neural network-based imputations could be selectively used to produce desirable results.

As economists increasingly rely on neural networks to extract structured data for empirical
analysis, a frequent question that arises is how accurate their predictions need to be. Improving
neural network performance often involves significant costs, including training larger models,
collecting more or higher-quality training data, and refining complex implementation details.
To ensure unbiased estimates and determine whether costly investments to improve first step
predictions are necessary, researchers need a framework that explicitly accounts for first-step
imputation error when using neural network predictions.

To address these challenges, this paper introduces MARS (Missing At Random Structured

'For example, the Economic Policy Uncertainty Index, the Armed Conflict Dataset, the Conflict Recurrence
Dataset, the Correlates of War, the Global Terrorism Database, the Polity5 Dataset, Internal Wars & Failures of
Governance, the Mass Mobilization Data, the Armed Conflict Location & Event Data, and the Geopolitical Risk
Index.

2For example, FOMC Transcripts, various sources for earnings calls, USPTO and Google patent data, and web
texts a from platforms like Reddit or Twitter.

38ee Gibson et al. (2020) for a review.

4These include datasets on temperature and precipitation (e.g., MODIS, ERA5, CHIRPS, TRMM), agricul-
ture and land use (Harvest, Landsat, Sentinel),air quality and atmospheric composition (e.g., OMI/Aura and
TROPOMI/Sentinel-5P, MERRA-2, CAMS), and deforestation and illicit activity (e.g., PlanetScope,UNODC-ICMP)



Data), a framework for conducting valid, efficient, and robust inference on estimands that incor-
porate unstructured data through their low-dimensional features. MARS frames inference with
unstructured data as a missing data problem, because raw unstructured datasets commonly lack
the low-dimensional summaries that are relevant to economic analyses. The framework builds
upon fundamental work on missing data, in particular the Rubin (1976) missing at random
(MAR) mechanism (see also Little and Rubin (2019); Robins et al. (1994, 1995); Robins and
Rotnitzky (1995); Bang and Robins (2005)). MARS leverages foundational results from semi-
parametric inference with missing data, which provides a well-established, broadly applicable,
and assumption-light approach to debiasing estimators. The key idea is to collect a valida-
tion sample containing ground truth feature values, use this sample to estimate the bias in the
imputed data, and adjust estimates accordingly.

MARS requires access to ground truth data. This requires explicitly defining the features to
be extracted from unstructured data and establishing a clear, implementable procedure for mea-
suring them accurately. Ground truth is obtained through a costly process such as annotation
of texts or images by highly skilled and motivated human experts or the collection of ground
station data in the context of remote sensing. While deep neural networks are often treated as
black boxes, MARS requires that their outputs be interpretable through the annotation pro-
cess. Under MARS, the validation sample must meet the ‘missing at random’ assumption. This
means that after adjusting for observable factors, annotated and unannotated structured data
should be comparable in their ground truth values. This parallels the ‘selection on observables’
assumption in causal inference—a related missing data problem where control outcomes are
missing for treated units and vice versa. In MARS, observations are selected into annotation
(rather than treatment).

Debiasing with a ground truth annotation sample is central to recent influential frameworks
for valid statistical inference using predictions from black box AI models (e.g., Angelopoulos
et al. (2023); Egami et al. (2023); Ludwig et al. (2024)). The contribution of MARS to this
literature is threefold: 1) developing a theoretical framework that unifies this work and links it
to a variety of much older, familiar problems, 2) identifying estimators that are both unbiased
and efficient, 3) making it feasible to apply debiasing to a wide variety of settings by deriving
estimators for common scenarios that have received little attention in the existing literature.

First, MARS provides a theoretical framework that unifies recent work on inference with
black-box Al models—developed independently across disciplines with limited interactions—and
connects this work to a longstanding econometrics literature on measurement error (e.g., Schen-
nach (2016); Chen et al. (2005)), widely used inference methods that incorporate machine
learning-based first steps (e.g., Chernozhukov et al. (2018, 2022a,b)), and classical literatures on
missing data and causal inference (e.g., Rubin (1978); Imbens and Rubin (2015); Robins et al.
(1994) and many others). MARS improves our understanding of inference with unstructured
data by connecting it to familiar problems, such as causal inference. Viewing inference with
unstructured data and causal inference as special cases of a more general missing data problem
highlights various relevant insights from semiparametric inference.

We depart from existing work on black box AI by emphasizing a semiparametric approach,
which provides new insights about efficiency. For example, for an estimator to achieve asymptotic
efficiency, the imputation of missing structured data should depend not only on unstructured

data (e.g., texts or images) but also on context-specific structured variables that help estimate



the target parameter (e.g., other covariates in a regression model). Some existing work on infer-
ence with black box Al argues that seimparametric methods are too complicated to be widely
practical (Angelopoulos et al., 2024). While potentially a valid concern for some disciplines,
in economics the opposite is likely to be true, as semiparametric methods have a long history
of wide use and allow linking inference with unstructured data to more familiar problems like
causal inference and debiased machine learning.

Our final set of contributions addresses unbiased and efficient inference with unstructured
data in a variety of common scenarios in applied economics that have received little attention in
the existing literature. We derive robust and efficient estimators for descriptive moments, lin-
ear regression model coeflicients, treatment effects identified through linear IV models, modern
difference-in-differences estimands, and regression discontinuity estimands under local random-
ization. Because it employs a semiparametric approach, MARS could also be integrated with
recent advances in automatic debiasing (Chernozhukov et al., 2022b; van der Laan et al., 2025)
or automatic (functional) differentiation (Luedtke, 2024) to further extend its applicability.

Existing de-biasing approaches assume that ground truth data are available at the same level
of aggregation as the parameter of interest. However, economic analyses often require aggre-
gating structured data, and non-linear aggregations are common. For example, researchers may
measure conflict, (logged) policy uncertainty, or other characteristics at the year x geographic
region level by aggregating imputations from a large volume of daily newspaper articles. Collect-
ing (complete) ground truth data at this aggregate level would often require labeling thousands
or even millions of unstructured data instances just to obtain a single ground truth observation.
To address this challenge, we develop a framework that leverages MARS for debiased inference
when ground truth data are available only at a disaggregated level, while the parameter of
interest is derived from structured data that are aggregated.

When working with large datasets, the structured data of interest often represent a “rare
event.” For example, a text that pertains to a specific topic can be relatively rare compared
to a corpus’s size. The typical approach to this challenge, which arises frequently in empirical
economics, is to only annotate data that meet some filter, such as containing certain keywords.
Unless the population of interest is only instances that meet the filter, this violates the as-
sumption that the annotation function not place zero probability on annotating certain types
of observations. This is equivalent to a strong overlap assumption in causal inference. When
researchers are annotating class-imbalanced structured data, the rare event estimation literature
suggests optimizing the annotation function to reduce variance, potentially by incorporating im-
portance sampling techniques (Sigman, 2010). We refer readers to a machine learning literature
that develops this approach to annotation (Zrnic and Candes, 2024).

Together, these contributions substantially broaden the practical applicability of debiasing in
applied economics settings. To illustrate how MARS can be deployed, we apply it to recent stud-
ies that use low-dimensional summaries of unstructured data, demonstrating that non-MARS
estimates can produce overly precise confidence intervals and systematically differ from bias-
corrected estimates. We also illustrate how it can be used with aggregated and (non-linearly)
transformed structured data, which arise frequently in practice. While MARS is particularly
relevant for deep neural networks, our analysis shows that it is equally applicable to other
methods—such as sparse (keyword-based) approaches—that extract low-dimensional features

from unstructured data. We also explore how various design choices within MARS, including



annotation budgets and the selection of deep neural networks, influence estimates.

A skeptic might raise several questions: Must annotated data be missing-at-random (condi-
tional on observables)? Is defining a ground truth meaningful when the underlying concept is
complex? And how much of a concern is imputation bias to begin with?

Ensuring that annotated data are missing at random enables double robustness—intuitively,
weaker assumptions can be made about the imputation function when the annotation process
helps achieve unbiased inference. While the missing-at-random assumption places restrictions on
the annotation function, these restrictions are often feasible because researchers either annotate
their own data or have access to a representative sample of ground truth. By imposing these
conditions on annotation, MARS minimizes restrictions on the imputation function. This is
particularly valuable when working with deep neural networks whose biases shift in a potentially
complex way with input distributions and implementation details.

In some cases, imputations from unstructured data are necessary precisely because ground
truth for the target population is unavailable, violating the missing-at-random assumption.
Since MARS treats the neural network as a black box, the absence of ground truth for certain
observations prevents measurement of imputation bias, making unbiased estimation impossible.
Departures from missing at random could be addressed with additional restrictions on the
imputation function—such as assuming a stable relationship between imputed and ground truth
data across annotated and unannotated samples (see Rambachan et al. (2024a) for a framework
using remote sensing data where ground truth is unavailable for the sample of interest).

While stronger assumptions about the imputation function are necessary in some contexts,
researchers should be cautious when extrapolating estimates of imputation bias to samples that
systematically differ from observations with available ground truth. A fundamental principle
in machine learning is that predictive accuracy deteriorates when there is domain (covariate)
shift away from the training data distribution (Ben-David et al. (2010)). Although there has
been debate around whether very large models can reason beyond their training data distribu-
tion, many real-world examples—even with the largest models—demonstrate that performance
degrades when neural networks are applied out-of-distribution. Neural networks are typically
trained on a subset of annotated data or - in the case of off-the-shelf models - on easily accessible
data that often differs from observations where ground truth is costly to obtain. MARS directly
addresses this fundamental limitation of neural networks by imposing minimal assumptions on
the imputation function and ensuring unbiased and robust estimates through the requirement
that annotation meets the missing at random requirements.

A broader concern is that worry about imputation bias is unnecessary, since economists often
aim to capture concepts that lack a uniquely definable ground truth, such as institutional quality
or economic and geopolitical uncertainty. According to this view, imputations serve as proxies
rather than precise measurements, making the notion of a well-defined ground truth irrelevant.
However, even when the underlying concept is complex, explicitly defining the intended measure-
ment and quantifying how well actual measurements align with it provide important scientific
benefits. This approach compels researchers to clearly articulate their measurement objectives
and evaluate how well their data reflect those objectives. The MARS framework ensures that
the researcher can at least produce unbiased estimates based on their chosen definition.

A skeptic might also question whether first-step imputation error is a serious concern, given

that economists have long treated structured variables extracted from unstructured data as



ground truth. Traditionally, off-the-shelf datasets lacked validation samples, leaving researchers
with little choice but to accept them as (potentially biased) proxies. However, deep learning
and evolving scientific norms are reshaping this landscape. Researchers now frequently generate
their own large-scale structured datasets using deep neural networks, allowing them to design
data collection for unbiased and efficient inference. Correcting for bias by annotating a small
auxiliary sample of raw texts or images often requires only a modest investment, yet yields
substantial benefits by ensuring robust, unbiased, and efficient inference.

This paper is organized as follows. Section 2 situates MARS within the relevant literature.
Section 3 introduces the MARS framework, defining a model of missing structured data, out-
lining assumptions, establishing principles of robustness and efficiency, and presenting a general
algorithm for applying MARS. Section 4 develops robust and efficient estimators for functionals
commonly used in empirical economics. Section 5 explores connections between MARS and
existing frameworks for valid inference using predictions from machine learning models. Section
6 extends MARS to address statistical challenges associated with large unstructured datasets.
Section 7 demonstrates empirical applications of MARS in economic research, and Section 8

concludes.

2 Literature

Missing data. There is a well-established literature on missing data, pioneered in statistics
and biostatistics (e.g., Rubin (1976); Little and Rubin (2019); Robins et al. (1994, 1995); Robins
and Rotnitzky (1995); Bang and Robins (2005)). We draw on these canonical models, partic-
ularly the “missing at random” (MAR) mechanism, as an organizing framework (Rubin, 1976).
Causal inference can itself be framed as a missing data problem, where treatment outcomes
are missing for control observations and vice versa (Little and Rubin, 2019; Ding and Li, 2018;
Hirano et al., 2003)). Consequently, missing data frameworks are widely used in causal inference
(Imbens and Rubin, 2015) and econometrics (Athey et al., 2019), and the MARS notation and
framework share key conceptual similarities with causal inference. Insights from causal inference
help clarify important aspects of inference with unstructured data, as we highlight at several

points.

Semiparametric inference. There is a vast body of research on semiparametric and non-
parametric inference (e.g., Pfanzagl (1982); Bickel et al. (1998); Newey (1994); van der Vaart
(1998); Kennedy (2016, 2018)). Semiparametric inference frameworks are flexible, making few
substantive assumptions about the data-generating process (DGP), and letting the data speak
for itself as much as possible when estimating parameters of interest. This makes them particu-
larly suitable for missing data problems, as further explored in Tsiatis (2006). These frameworks
are supported by well-established theories of minimax-style efficiency, which provide a bench-
mark for comparing the performance of different estimators (Newey, 1994; van der Vaart, 1998).

The augmented inverse propensity weighted (AIPW) estimator is a widely used semipara-
metric method for estimating treatment effects (Robins et al., 1994; Robins and Rotnitzky, 1995;
Scharfstein et al., 1999). It belongs to a broader class of doubly robust estimators, which relax
requirements on estimators of nuisance parameters. This form of robustness is a key property

of the estimators considered in this paper, and the familiar structure of the AIPW estimator



appears in the examples discussed.

Advances in machine learning for function approximation have spurred influential research
on semiparametric methods for inference on functionals with high-dimensional nuisance pa-
rameters estimated using machine learning models. This literature emphasizes inference on
low-dimensional parameters based on nonparametric “first-step” estimation problems, partic-
ularly in the context of causal inference (e.g., Chernozhukov et al. (2018, 2022a,b); Ichimura
and Newey (2022)). Building on this tradition, we develop efficient and robust estimators for
missing data functionals under assumptions tailored to unstructured data: deep neural networks
as the most commonly used function class, high-dimensional covariates, and known annotation

(propensity) scores.

Measurement error. Bias in features imputed from unstructured data can be thought of as
a form of systematic measurement error, a topic extensively studied in econometrics. For recent
comprehensive reviews, see (Chen et al., 2011; Schennach, 2016, 2022). A key insight from this
literature is that validation samples with ground truth values provide a general, model-agnostic

method for correcting non-classical measurement error in nonlinear models (Chen et al., 2005).

Debiased inference with predictions from black-box machine learning models.
Recent research has focused on developing general-purpose frameworks for asymptotically valid
inference with flexible function approximators, particularly black-box Al such as large language
models (LLMs). Notable contributions in this area include “prediction-powered inference” (An-
gelopoulos et al., 2023, 2024; Zrnic and Candés, 2024; Zrnic and Candes, 2024; Ji et al., 2025;
Kluger et al., 2025), “design-based supervised learning” (Egami et al., 2023, 2024), “flexible re-
gression adjustment” (List et al., 2024), and the applied econometric framework of Ludwig et al.
(2024). These works depart from semiparametric theory, in stark contrast to Chernozhukov
et al. (2018), which centers it. By combining semiparametric methods with black box impu-
tation from unstructured data, we show that these methods can be viewed as special cases
unified under the banner of semiparametric inference for missing data. Semiparametric theory
also brings insights into efficiency and draws parallels with problems economists are likely to be

familiar with (e.g., causal inference).

Semi-supervised inference. A literature in statistics and computer science on semi-
supervised learning and semi-supervised inference (e.g., Chapelle et al. (2010)) explores settings
where the researcher has access to a dataset in which some data points have supervisory signals
(e.g., are labeled) and other data points do not (e.g., are unlabeled). This literature examines
how to combine labeled and unlabeled data for optimal learning or inference (Zhang and Bradic,
2022; Zhang et al., 2023; Kallus and Mao, 2024). This paper focuses on intricacies associated
with unstructured data and the models suited for learning from them, and develops a variety
of missing data functionals of interest to economists and other social scientists, which have not

been a focus in this literature.

3 Missing At Random Structured Data

This section introduces the MARS framework (“Missing At Random Structured data”). The

name highlights that the framework builds upon the foundational missing-data mechanisms of



Rubin (1976). We start by establishing a terminology and model for data missingness in the
context of unstructured data, then outline the key assumptions of MARS, and finish with a

recipe for its practical application.

3.1 Modeling Missing Structured Data

To enable robust and efficient inference with unstructured data, we recast the problem as in-
ference on missing structured data. Structured data, denoted M € M, are low-dimensional
data that can be used directly in estimating equations. They contrast with unstructured data,
denoted U € U, which are high-dimensional and unsuitable for direct use in estimation (e.g.,
raw RGB values of pixels, audio waveforms, or sparse term vectors).

Under MARS, structured data are observed through a process termed annotation. An anno-
tator (a human expert or a costly measurement technology) records the M that corresponds to
a given U. For example, a researcher may examine text to determine its topic or sentiment or
label objects in an image. Alternatively, structured data might come from a trusted but costly
measurement process, such as ground stations recording temperature or pollution levels, or a
high-quality AI system, whose output is considered by the research community to define the
ground truth.

Since ground truth annotation is too expensive to scale, researchers instead learn a function to
impute missing structured data, allowing them to leverage the full unstructured dataset—often
vastly larger than the manually labeled subset. Deep neural networks typically serve as the
imputation function fi, because they are the state-of-the-art method for mapping unstructured
data to low-dimensional outputs. However, while state-of-the-art, neural network imputations
are rarely perfect, and their accuracy can vary significantly depending on the model and task
complexity.

MARS, and the foundational missing data framework that it builds upon, are closely linked
to the Rubin Causal Model (Neyman, 1923; Rubin, 1974, 1978; Imbens and Rubin, 2015), as
causal inference is fundamentally a missing data problem. Thus, we incorporate the notation
of potential outcomes into MARS. This provides a unified notation for discussing unstructured
data (viewed as missing structured data), alongside other common forms of data missingness,
such as those arising from the fundamental problem of causal inference.

Suppose that structured data M € M are subject to some data missingness given by an
annotation indicator variable A € {0,1}. A consistency of potential outcomes assumption (as

in the Rubin Causal Model) then allows us to write:
M =AM~ +(1—-A) M=,

where M?=! is the “ground truth” potential outcome, observed when the researcher has labeled
that unstructured data instance, and M*=Y is the “missing” potential outcome, obtained in the
state where the instance has not been annotated. We keep the argument a explicit for now, to
distinguish it from potential outcomes that depend on other random variables, such as treatment
status.

As in causal inference, one can view the probability distribution of the random variable M¢
as the distribution of M in a counterfactual world where A = a with probability 1, e.g., the

distribution of structured data when all data have been annotated. The researcher is interested



in functionals of this distribution.

Without loss of generality, we can set M*=Y = 0 with probability 1, since, given an assump-
tion on the comsistency of potential outcomes, we only need to enforce that M= carries no
information about M®=!. Under this standardization, we can write M = A M?=!. For brevity
of notation, we can relabel the ground truth potential outcome as M* := M%=!. As such, we
can write:

M=AM".

This notation is familiar from Rubin’s canonical missing data models, which assume that
a researcher observes the (iid) dataset {A; M}, and is interested in inference on M*. This
notation increases the legibility of writing consistency assumptions under multiple types of
missingness (e.g., structured data and causal inference) that can arise in a given setting, as will
be explored later.

Often, the researcher will begin with an unstructured dataset (e.g., a database of texts
or images) where all structured data are missing. Just as we cannot perform valid causal
inference without assigning some units to treatment, we cannot perform valid inference on M%=1
without annotating some data, ensuring that P(A = 1) > 0. Collecting ground truth values
M* focuses the researcher on defining a precise and implementable definition of the structured
data. Conducting annotation in practice can raise non-trivial challenges, which we return to in
Section 6.1.

Some concepts that social scientists seek to measure are complex and open to multiple in-
terpretations. However, for MARS to be applicable, the researcher must define a clear and
implementable standard for the concept they aim to capture. MARS does not apply in settings
where the goal is to organize data meaningfully across multiple possible interpretations, without
assessing the accuracy of imputation against a ground truth. While such an approach is appro-
priate in some contexts, explicitly defining and measuring structured data using a precise and
reproducible standard offers important scientific benefits. More broadly, MARS is not suited for
unsupervised settings, where the aim is to uncover patterns in unlabeled data. For econometric
approaches to unstructured data without a defined ground truth, see, for example, Battaglia
et al. (2024); Rambachan et al. (2024b).

Beyond being designed for supervised settings, MARS is a superpopulation-based framework
that assumes data are independently and identically distributed (iid). Extensions to other

inferential frameworks are left to future research.

3.2 Assumptions

We now state the four assumptions that underlie the MARS framework. An advantage of a
semiparametric approach is that these assumptions place relatively few restrictions on the data

generating process.

Assumption 1 (Consistency of potential outcomes). For ground truth potential outcome M* €
M, structured data M € M x {0}, and indicator A € {0,1}, we have

M= AM*.

In causal inference, consistency of potential outcomes requires that the treatment is well-



defined and that each observation’s outcome depends solely on its own treatment status (non-
interference). In settings with one-sided data missingness, the concept relies on analogous prin-
ciples. Annotation status must be well-defined—each observation is either labeled or not—and
the ground truth label for any given instance should depend only on its own annotation status,
not on the annotation status of other instances. This is ensured by using a precise definition for
annotation that remains unchanged throughout the annotation process.

The second assumption is the cornerstone of the MARS framework. It states that Rubin’s
“missing at random” (MAR) assumption holds for structured data (the ground truth potential

outcomes), given observables the researcher has access to (Rubin, 1976; Little and Rubin, 2019).

Assumption 2 (Missing at random structured data). For ground truth potential outcome M* €
M, annotation indicator A € {0,1}, observed covariates X € X, and unstructured data U € U:

[(U,M*) 1L A]| X.

Drawing an analogy to the selection on observables assumption in causal inference (Hirano
et al., 2003), Assumption 2 could also be labeled “annotation on observables,” as it states that
after adjusting for observables X, annotated and unannotated structured data (and the associ-
ated unstructured data) are comparable in their ground truth values. There are no unaccounted
for confounders determining whether an instance of unstructured data is annotated.

When researchers create their own structured datasets - common in the era of deep learning
- they will often choose how to annotate data, and can design the annotation process to satisfy
Assumption 2. In some scenarios, A may be completely randomized, (U, M*) 1 A, in which
case Assumption 2 is guaranteed to hold.

The third assumption is that the annotation mechanism is known and can be bounded such

that no instances of unstructured data are guaranteed to be either annotated or unannotated.

Assumption 3 (Known and bounded annotation score function). We define the “annotation
score function” to be w(z) := P(A=1] X = z). We assume that 7(z) is fixed, known, and

bounded away from zero and one, i.e., w(x) € [n,1—n] for0 <n<1—n <1 and for allz € X.

We choose the naming convention “annotation score function” to mimic the terminology of
the propensity score function.

In cases where the researcher does not annotate their own structured data, the annotation
function may need to be estimated. The assumption that the annotation function is known can
be relaxed, provided the researcher is willing to impose rate requirements on the imputation
function and the (estimated) annotation function. We elaborate on these requirements when
discussing the final MARS assumption, which concerns the imputation function. In this case,

instead of Assumption 3, we have:

Assumption 4 (Bounded annotation score function). We define the “annotation score function”
to be m(x) := P(A=1| X =x). We assume that w(z) is bounded away from zero and one, i.e.,
m(x)€nl—n] for0<n<1—-n<1andforalzecX.

When Assumption 4 holds but the annotation function must be estimated, the statistical
model under which inference is performed becomes fully nonparametric: P € P, as opposed to
P € P,. However, for any MARS mean functional, we will show subsequently that the efficient

influence function remains the same under P, or P; as such, all EIFs derived for MARS mean

10



functionals, including those in the application section, remain the same when Assumption 4
replaces Assumption 3. Hence, the constructions of efficient estimators also remains the same.

Whether under assumption 3 or 4, the annotation score function must be bounded, which
embeds the assumption of “strong overlap” commonly used in observational causal inference.
In such settings, the plausibility of strong overlap diminishes as the dimensionality of the vari-
able ensuring unconfoundedness increases (D’Amour et al., 2021). However, in most economic
applications with unstructured data, X is relatively low-dimensional, whereas U is often high-
dimensional. Notably, the machine learning literature on annotation sometimes specifies X as
a low-dimensional representation of U, a perspective we will revisit when discussing annotation
in practice with MARS in Section 6.1.

Existing annotation practice in social science often violates strong overlap. When working
with text data, social scientists often rely on keyword-based filtering, assigning a nonzero prob-
ability of annotation to texts containing specific keywords while assigning a zero probability to
all other unstructured data instances. Intuitively, the measurement error of a language model
is likely to be systematically correlated with the terms appearing in the text. One way to ad-
dress this issue is by redefining the population of interest to include only instances containing
the relevant keywords. However, this alters the interpretation of the resulting estimands and
estimates. Fortunately, more robust alternatives to keyword-based methods exist, which assign
positive probability to sampling all unstructured data. These approaches are discussed in detail
in Section 6.1.

A similar issue arises when annotation data are collected for one time period and then ex-
trapolated forward or backward to other periods. If the data-generating process changes over
time, this can introduce systematic measurement error correlated with time. For example, dis-
tinguishing crop types may become more challenging due to shifts in farming practices, climate,
or the crops themselves (Wang et al., 2020).

MARS is not applicable in settings where imputation is used because collecting ground
truth data is impossible for certain observations that are systematically different from those
with available ground truth. For example, researchers may rely on imputations from satellite
data to study regions where conflict or extreme isolation prevents ground data collection, while
annotation data are entirely drawn from politically stable and accessible regions.

The final core assumption of MARS concerns the function for imputing missing structured
data:

w#@) =EM|A=1,X =37,

where X := (X,U,Q). Q is a set of context specific random variables that influence the estima-
tion of our quantity of interest, such as controls in an ordinary least squares regression. As we
will see in the following section, these may be necessary for efficient imputation.

In practice, p is unknown and must be approximated. We refer to this estimator i as the
“imputation function.” Accurate predictions from the imputation function capture meaningful
information about the ground truth distribution of structured data and improve precision when
the predictions are used to estimate a functional of interest. Here, as in other semiparametric
causal inference settings, we make an assumption about the quality of an estimator f for p in

the large sample limit.

Assumption 5 (MSE consistency of the imputation function). For function u(z), estimated
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conditional expectation function (“imputation function”) ((Z), and features X € X, we have that

Intuitively, this condition says that we need the expected square error of our estimator to
go to zero as the amount of data we train the estimator with goes to infinity; in other words,
the estimator is well-specified. Assumption 5, sometimes referred to as “universal consistency”
(Wager, 2024), is very mild in the context of deep neural networks. Recent theoretical work has
shown that certain classes of deep neural networks learned with gradient descent—as will be
deployed with MARS—are universally consistent (Drews and Kohler, 2024).

When Assumption 4 replaces Assumption 3, we intuitively lose some robustness in our es-
timators: we must now estimate the annotation score function, and Assumption 5 (universal
consistency of the imputation function) must be replaced with a stronger set of assumptions on
(MSE or L?(P)) convergence rates for both the imputation function and the estimated anno-
tation score function in order to guarantee efficient, v/n-consistent, and asymptotically normal
inference. In particular, the researcher now needs to assume that the convergence of the imputa-
tion and estimated annotation score functions occurs at a sufficiently fast rate. For discussion of
these rates, one can consult a host of results from the semiparametric causal inference literature
(Chernozhukov et al., 2018; Kennedy, 2023; Wager, 2024), e.g., it is sufficient that both the
imputation and estimated annotation score functions converge at order n~'/4 rates.

Classic semiparametric theory yields “curse of dimensionality” results for learning high-
dimensional (nonparametric) conditional expectation functions, such as p : X — R, implying
that minimax rates for convergence of the imputation function can be quite poor for large k + £.
However, in practice, nonparametric regression using deep neural networks on high-dimensional
unstructured data appears to exhibit fast rates of convergence under common data-generating
processes (DGPs) (Klaassen et al., 2024), likely due to the massive-scale datasets used for pre-

training. For example, state-of-the-art LLMs are pre-trained on trillions of tokens.

3.3 Efficient and Robust Inference with Unstructured Data

A key advantage of the MARS framework is its ability to enable valid, efficient, and robust
inference in unstructured data settings commonly encountered by economists.

A semiparametrically efficient estimator of a functional achieves the lowest possible asymp-
totic variance among all regular, asymptotically linear (RAL) estimators of that functional (for a
formal statement, see, e.g., Theorem 25.20 of van der Vaart (1998)). In other words, an efficient
estimator attains the semiparametric variance lower bound, which serves as a benchmark for
optimality within this framework. This lower bound corresponds to the variance of the efficient
influence function (EIF) associated with the functional. We denote the EIF by @g(W;; P) for a
data instance W; € W, a joint distribution P € P where W; S P, and a functional § € © C R.°
Simplifying the notation to ¢(W;), an “optimal” RAL estimator § satisfies

V(6 —6) L N(0, Var(p(W7))).

SEfficiency is also defined for vector-valued parameters § € © C RP, though, for simplicity, we consider scalar-
valued functionals in this paper.
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Intuitively, an influence function captures how a small change in the data distribution impacts
the value of a functional (e.g., the mean, or other functionals of the data), or the probability
limit of an estimator of a functional. Estimators are linked to influence functions through their
probability limits (Newey, 1994; Ichimura and Newey, 2022), and functionals themselves are
also associated with influence functions, sometimes referred to as “influence curves” (Kennedy,
2023; Hines et al., 2022).

In fully nonparametric statistical models—which is to say there are no restrictions placed on
P—any RAL estimator is necessarily efficient, as there is only one valid influence function for
all RAL estimators, which is the efficient influence function (Chen and Santos, 2018; Kennedy,
2023; Schuler and van der Laan, 2024). However, in semiparametric models, multiple influence
functions may exist for different RAL estimators, but only one achieves the semiparametric
efficiency bound and corresponds to the EIF. Because the annotation score function 7 is known
in the MARS framework, the statistical model is semiparametric, which we label P,. As a
result, any RAL estimator is not automatically efficient. Multiple influence functions may exist,
and the efficient influence function is the one with the lowest variance.

Robust estimation, in the context of semiparametric inference, focuses on constructing es-
timators that relax the rate requirements for first-step (or, nuisance) parameter estimates in
multi-step procedures. The first-step/nuisance parameter estimators are not directly used to
estimate the primary parameter of interest (e.g., a causal effect or functional) but are essential
for constructing the final estimator (e.g., by imputing structured data).

Intuitively, robust estimators are designed to tolerate trade-offs in estimation error among
their first-step components while maintaining asymptotic normality and +/n-consistency. In
such estimators, worse performance in one component can be offset by better performance in
another. An estimator is doubly robust when there are two nuisance functions to be estimated,
and the estimator can balance errors between them without losing \/n-consistency.

In the MARS framework, Assumptions 3 (known and bounded annotation score function)
and 5 (MSE consistency of the imputation function) characterize robustness. The first-step
estimator i (e.g., a deep neural network) is subject to weak conditions because we have access
to the most accurate possible first-step estimator for the annotation function 7, which is m
itself. Intuitively, knowing the annotation score function significantly enhances the robustness
of semiparametric estimation in MARS, exactly like how knowing the propensity score function
would strengthen the robustness of semiparametric causal inference.

As previously mentioned, the intuition behind constructing robust and efficient estimators
within the MARS framework is broadly similar to approaches in the semiparametric inference
literature for missing data, including causal inference: impute the missing data using a suffi-
ciently accurate first-step imputation function, and debias using ground truth values collected
through annotation. However, several factors differentiate efficient and robust semiparametric
estimation for unstructured data from other contexts.

First, imputation functions fi are typically deep neural networks. Deep neural networks
are state-of-the-art for predicting features from unstructured data. Neural networks such as
transformers (Vaswani et al., 2017) are often needed to ensure that p & [i either asymptotically
or in finite samples. Although the MSE convergence rates for these models are unknown,
Assumptions 3 (known and bounded annotation score function) and 5 (MSE consistency of the

imputation function) imply that we do not need to focus on convergence rates but rather on
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universal consistency, which theory indicates is achievable for deep neural networks (Drews and
Kohler, 2024). Furthermore, a massive empirical literature demonstrates the success of deep
neural networks in prediction tasks involving unstructured data, suggesting that convergence
occurs quickly in practice (Klaassen et al., 2024). This is likely due to the widespread use of
the “pre-train and fine-tune” transfer learning approach, which effectively increases the size of
the dataset used to fit the imputation function (Cai and Pu, 2024).

Second, features X are high-dimensional. This is because U € X, and unstructured data U
belong to the set 4 C RY, where ¢ may be large relative to the size of the dataset. Classic results
from nonparametric statistics indicate that minimax rates for learning functions conditional
on high-dimensional covariates can be poor when the conditional expectation function lacks
sufficient smoothness (Stone, 1982). Concerns about high-dimensional covariates, the stringent
smoothness requirements they impose, and their impact on efficient semiparametric inference
have motivated the development of higher-order influence function (HOIF) estimators (Robins
et al., 2008, 2017).

Fortunately, Assumption 3 obviates many of these concerns, including the need to implement
HOIF-based estimators: when the annotation score function is known, a first-order influence
function-corrected estimator has no (asymptotic) bias, which is what HOIF-based estimators
seek to correct (see, e.g., Section 1.1 of Liu et al. (2023) for concise discussion of this). Moreover,
Assumption 3 facilitates Assumption 5, which says that we only need to care about the universal
consistency of the high-dimensional regression function we must learn, not its rate. Still, when
it comes to learning a high-dimensional nonparametric regression function from unstructured
data in practice, classic minimax-style results seem too pessimistic, as success in learning high-
dimensional nonparametric regressions in finite samples is exactly what has powered much of the
progress in the development of Al over the last decade—plausibly due to the benefit of enormous
amounts of “pretraining” data. This will be discussed further when considering applications of
MARS where Assumption 3 is relaxed.

A natural question related to discussion of high-dimensional nonparametric regression is:
why make use of the high-dimensional unstructured data U at all, given that identification of
0 holds conditional only on low-dimensional X, per Assumption 27 Intuitively, this is because
supplementing X with U in the conditional expectation function p unlocks the highest quality
predictions, which can drastically increase the precision of estimates.® Not including U in X is
tantamount to trying to summarize the information in structured data M* (e.g., a text topic)
based on U (e.g., the text) without looking at U (the text) at alll Theoretically, including
information on U in X can be thought of as enabling even smaller semiparametric variance
lower bounds, as assessed from the perspective of comparing efficient estimators across different
possible choices of X. This result is explored briefly in the following section.

Third, unstructured datasets can be massive. When working with massive-scale unstructured
datasets, the structured data of interest may represent a “rare event.” For example, the struc-
tured data may indicate whether a piece of text in a large database (e.g., all social media posts
or historical news articles) pertains to a specific topic, which is rare relative to the dataset’s
enormity. In rare event estimation, a common concern is the large “coefficient of variation,”

defined as the ratio of the variance of the event indicator to the probability of the event. This

SHowever, by Assumption 2, U drops out of the annotation score function, keeping it low-dimensional, and
maintaining strong overlap.
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can make uncertainty quantification, such as constructing confidence intervals, less informative.

To address this, as suggested by the rare event estimation literature, one might optimize
the annotation function 7 to reduce the variance of estimates. This could involve incorporating
elements of importance sampling (Sigman, 2010). It is worth noting that this notion of efficiency
is distinct from the semiparametric efficiency discussed earlier, which treats 7w as fixed. Recent
work by Zrnic and Candes (2024) proposes an importance sampling-inspired solution called
“batch active inference,” which we revisit in Section 6.1.

Very large dataset size also connects to the concept of “weak overlap” in observational causal
inference (D’Amour et al., 2021; Ma et al., 2023) and “decaying overlap” in semi-supervised
inference (Zhang et al., 2023). In the MARS framework, we do not assume an asymptotic
scenario where P(A = 1) — 0. Instead, we focus on scenarios where a non-negligible fraction of
the unstructured dataset can be labeled. Future research could extend the MARS framework to
incorporate this alternative asymptotic perspective. For practical applications, we recommend

variants of batch active inference for working with massive unstructured datasets.

3.4 Optimal Feature Selection for Imputation

In order to motivate why we may choose to include U in X, we must first define a core object

of interest in this paper: the MARS mean functional.

Definition 1. We define a “MARS mean functional” as any functional that can be written as

0(P) = Ep[31°]

where M* = g(M*,V) for a known deterministic function g and known random variable V
(which is not itself a function of 7(X)) with [V 1L A] | X, where g is homogeneous of degree

one in its first argument.

As will become clear in the following section of this paper, many functionals of missing
structured data—including all the functionals of missing structured data considered in this
paper—can be written as MARS mean functionals. For such functionals, we have the following

identification result.

Proposition 1. Under Assumptions 1 and 2, a MARS mean functional Ep []\7[*] can always be
point identified as

EP[ﬁ(X)]v
where (X)) := E[M | A=1,X], for M := g(M,V) and X := (X,U,V).

Intuitively, then, if we observe some ground truth values of the structured data M* (i.e.,
P(A =1) > 0), then we can identify §. Importantly, so long as (X, V) € X, this identification
result holds, which is to say that point identification holds under many possible choices of X ,
so long as any added components to X are still independent of annotation given X. The next
two propositions help us unpack what a good choice of X might look like.

To start, we need to compute the efficient influence functional for a MARS mean functional,

which we introduce in the next result.
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Proposition 2. The efficient influence function for functional Ep {ﬁ(Xi)} , under the semi-

parametric statistical model P, > P induced by Assumption 3, and under Assumption 2, is

o(W) = i(X) + — (01 — (X

where w is the annotation scoring function.

We know that the semiparametric variance lower bound for 6 will be given by Var(p) for any
given statistical model based on iid data (M JAX ). In the following proposition, we highlight
the dependence of Var(p) on X itself, which echoes similar statements made by studies of
(nonparametric) regression adjustment in experiments (e.g., Cytrynbaum (2021); List et al.
(2024)).

Proposition 3. Under Assumption 2, the semiparametric variance lower bound for functional
Ep |:‘L~L(Xz)} is given by

Var(e) = Var(e)(X) = Var(M*) + E[(x(X)™! = 1) Var(M* | X)).

Under a constant annotation score T,

Var(p)(X) = Var(3*) (1 + (1 - 1) (1- RQ(X))> :

™

where R2(X) :=1— %W, the nonparametric R?.

For intuition about the benefit of including U in X , the second expression in Proposition 3
is especially instructive. It tell us that choices of X that have higher nonparametric R? deflate
the semiparametric variance lower bound, with the lowest possible bound achieved for by a X
that explains all variation in M*, which recovers Var(¢) = Var(M*), the asymptotic variance
we would expect if no data were missing. As such, if U dramatically increases nonparametric
R-squared, then we want to include it in our X. Moreover, we notice that other “comparative
statics” for this expression are quite sensible, i.e., if 7 = 1, which is to say we annotate all data,
then we again recover Var(p) = Var(M*), the asymptotic variance we would expect if no data

were missing.

3.5 MARS Algorithm

We now provide an overview of how to implement the MARS framework in a general setting.
At a high level, MARS follows a canonical procedure for efficient and robust semiparametric
inference, a method with origins in Pfanzagl (1982) that has gained significant attention in
biostatistics and econometrics in recent years, particularly for causal inference (e.g., Bang and
Robins (2005); van der Laan and Rubin (2006); Chernozhukov et al. (2018)). In this paper, we
specifically build on frameworks for deriving efficient and robust semiparametric estimators as
discussed in works such as Hines et al. (2022) and Kennedy (2023). MARS adopts this canonical

procedure to missing structured data using the following steps:

1. Identification: A researcher starts with a target functional 8 : P — R of interest, e.g., the

mean of some distribution, a coefficient from a linear regression model, or an average causal
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effect. The MARS framework requires that this parameter would be point identified if not
for missing structured data. Consistency of potential outcomes and missing at random
structured data (assumptions 1 and 2) will then allow the researcher to recover point

identification for their target functional under missing structured data.

2. Deriving the efficient influence function: If the point identified target functional is
pathwise differentiable,” then it has a unique efficient influence function (EIF). There are
many approaches and algorithms for computing the EIF for a functional. A particularly
straightforward approach for doing so is outlined in Kennedy (2023), which we use to

construct an EIF candidate for the examples discussed in this paper.

3. Constructing the robust and efficient estimator: With the EIF in hand, the re-
searcher may follow one of (at least) three different procedures for forming a robust and
efficient estimator: adding a “one-step correction” to a plug-in estimator based on the EIF;
solving an “estimating equation” based on the EIF (which aligns most closely with the
framework of Chernozhukov et al. (2018), discussed later); or pursuing a targeted maxi-
mum likelihood estimation (TMLE) procedure (van der Laan and Rubin, 2006). In this
paper, a one-step correction is used, although any of these methods would work inter-
changeably, offering slightly differing profiles of benefits, e.g., finite sample properties, or

ease of derivation.

4. Sample splitting for estimation: Regardless of the estimator constructed, the re-
searcher will implement estimation via a data splitting (or cross-fitting) procedure. Al-
though sample splitting is not necessary under certain assumptions about the class of
first-step estimators (e.g., Chen et al. (2024)), it is an agnostic way to ensure asymptoti-

cally efficient estimation in the large sample limit.

More intuition is provided through the various examples developed in the following section.

4 Applications of MARS

We illustrate the MARS framework in five empirical settings of particular interest to economists:
descriptive moments, linear regression, linear instrumental variables (IV) models, difference-in-
differences (DiD) designs, and regression discontinuity designs (RDD) under local randomiza-
tion. In all settings considered, we denote missing structured data as M, and unstructured
data as X. We develop each example by assigning a single specific variable to be M (e.g., an
outcome or treatment), although MARS can be equally applied to settings where alternative
- or multiple - variables are imputed from unstructured data. MARS is limited to pathwise
differentiable functionals, in the sense that y/n-consistent estimators are not guaranteed to exist
for nonpathwise differentiable functionals, and as such efficiency would be ill defined. Future
work could seek to provide better guidance for consistent and asymptotically normal estimation
with unstructured data in settings with nonpathwise differentiable functionals.

We begin by stating the following lemma, which greatly simplifies the derivations of efficient

influence functions for the applications considered.

"Pathwise differentiability is, intuitively, a smoothness requirement for the functional of interest. For a formal
description of pathwise differentiability, see, e.g., van der Vaart (1998), or various proofs in the Appendix, which rest
on this definition.
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Lemma 1. The efficient influence function for a point identified MARS mean functional Ep[ii(X)]
under a nonparametric statistical model P > P is the same as the efficient influence function of

Ep[i(X)] under the semiparametric statistical model Py > P induced by Assumption 3.

Lemma 1 is useful for deriving efficient influence functions for mean functionals in the MARS
framework. Indeed, all of the applications we consider involve missing data functionals that
can be cast as mean functionals. Under the MARS framework, the statistical model of the
data under consideration is semiparametric, since we know the annotation scoring function ,
per Assumption 3. Deriving efficient influence functions for pathwise differentiable functionals
under semiparametric statistical models is typically more challenging than doing so under fully
nonparametric statistical models, for which there is only one influence function, which is the
efficient influence function. (Under MARS, the statistical model would be nonparametric if = was
not known.) Lemma 1 simplifies our task by showing that the EIF for a MARS mean functional
# under a nonparametric statistical model is also the correct EIF for 6 under the semiparametric
statistical model defined by the MARS assumptions. This implies that we only need to derive
the EIF in the fully nonparametric setting, as it remains valid even when incorporating the
semiparametric constraints. Intuitively, this lemma holds because perturbing the distribution
given by the annotation score of a MARS mean functional does not change the value of the
functional. If we had labeled our data in a different (but valid) way, the population-level value

of the parameter being estimated would remain unchanged.

4.1 Descriptive Moments

We begin by applying MARS to descriptive moments. In addition to being of relevance to many
economic analyses, these functionals will lay the foundation for analyzing more complicated
estimands.

Consider the dataset {W;}?; where W; := (M;, A;, X;,U;), with variable of interest M; €
M x {0} C R, annotation indicator A; € {0,1}, observed covariates X; € X C RF, and
unstructured data U; € U C RE. We further assume that W; id P, for some arbitrary distribution
P. We define X; := (X;,U;).

We wish to compute a descriptive moment of the data, and without loss of generality will
focus on the mean.® Assuming that E[|M;|] < oo, we define the estimand of interest, denoted
by 6, as the expected value of M}:

0 := E[M]].

K3

We use the terms estimand, functional, and parameter interchangeably to refer to 6.
Under Assumptions 1 (consistency of potential outcomes) and 2 (missing at random struc-

tured data), we can identify 6 as

8This is without loss of generality, insofar as M may be defined as some underlying structured random variable
raised to a particular power.
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Proposition 4. The efficient influence function for functional Ep {,u(Xi)} , under the semi-

parametric statistical model P, > P induced by Assumption 3, and under Assumption 2, is

Ai

P(Wi) = n(Xy) +

where w is the annotation scoring function.

As such, we can form the (doubly) robust and efficient one-step estimator as
| - A; -
= g 2[00 + sy -
where Z is the set of indices of the data allocated to the “estimation” partition of a random
data split, and where [i (the deep neural network) is estimated on the other “training” partition,
represented by the set of indices 7, i.e., fi is a random function of {W };c7z.. Note that this is
the exactly the augmented inverse probability weighted (AIPW) estimator, which arises as the
efficient estimator of a potential mean in causal inference settings (Robins et al., 1994; Rotnitzky
et al., 1998; Scharfstein et al., 1999). The reason for this is clear: M* is just a potential outcome,
as discussed in Section 3.1.
The following theorem confirms that this estimator is indeed efficient, and robust in the sense
that the only assumption we need to make about first-step (or, nuisance) estimation is the very

mild Assumption 5.

Theorem 1. Under Assumptions 1 (consistency of potential outcomes), 2 (missing at random
structured data), 3 (known and bounded annotation score function) and 5 (MSE consistency of

the imputation function), we have that
VIZI(O = 0) = N(O, Var(p(W7))).

Remark 1 (AIPW, prediction-powered inference, and flexible regression adjustment). We now
show that, for mean estimation, a statistical literature on prediction-powered inference (PPI) and
recent work in economics on flexible regression adjustment (FRA) can both be viewed as special
cases unified under the banner of efficient and robust semiparametric inference for missing data,
the perspective taken by MARS.

Suppose that m(X;) = |Z N T|/|Z|, where J is the set of indices corresponding to annotated
data points. Then we see that

N 1 = Ai s
1 o~ 1 .-
ol ;u()ﬁ) + A7 ie;J(Mi — (X)) (PPI)
A B
1 . i o # o
B |Iﬂ j| ieIan M; + (Il EZIIU/(XZ) |Iﬂ j| iEIan/J/(XZ)> . (FRA)
c D

The term A in the second expression (PPI) is the best imputation-based guess of E[M}] in
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the estimation sample (it is the naive “plug-in” estimator), and the term B is a bias correction
term—it can be thought of as an estimate of the measurement error of our imputation function
in the annotated sample. This expression is reproduced in recent work on “prediction-powered
inference” (Angelopoulos et al., 2023). As noted in Angelopoulos et al. (2023), in settings where
T is very large—which is common in unstructured data applications—the variance of term A will
be small. If the researcher ignores the fact that the structured data are imputed, they would report
very precise estimates. The variance of term B will depend on the predictive performance of the
imputation function fi, as well as the size of the annotated set J. The better the imputation
function, and the larger the |J|, the shorter the confidence intervals. If our imputation function
is mot very predictive, Tunning it over a massive dataset will contain limited information about
the underlying true distribution of data, which term B accounts for.

The last expression (FRA) is reported in recent work on “flexible regression adjustment” (List
et al., 2024). Under this formulation, we can view term C as our best estimate of the quantity of
interest using only ground truth data. We then leverage the imputation function @i as a form of
nonparametric regression adjustment in term D, with the same intuition as a linear regression
adjustment: we adjust for systematic differences between our large unlabeled sample and our

small annotated ground truth sample as summarized by [i.

4.2 Linear Regression

We now apply MARS to a model that is ubiquitous in the social sciences: linear regression.
In particular, we consider the case where an outcome variable is measured from unstructured
data, though the MARS framework can readily handle if one or more regressors (as well as the
outcome) are instead based on unstructured data.

Consider the dataset {W;}7,, where W; = (M;, C;, A;, X;,U;), with outcome M; € M x
{0} C R, regressors C; € C C RY, annotation indicator A; € {0,1}, observed covariates X; €
X C R* and unstructured data U; € Y C RY. We further assume that W; id P for some
distribution P, and that [C; 1L A4;] | X;.

We assume that

M =Cf0+¢e;, El|C)=0,

where § € © C RP. We are interested in identifying and estimating the j-th regression coefficient
0;.
By the Frisch-Waugh-Lovell theorem, we have that

—1
12 1
0;=E[ct’] Elchm],
where Cf-j =C;; —E*ICi; | 1,Cia,...,Ci5-1,Ci j+1,...,C; 4], and where E* is the linear
projection operator.

Let X; := (X;,U;,C;). Then, by Assumptions 1 (consistency of potential outcomes) and 2
(missing at random structured data), we can identify 6, as
B L2t L
0; = 07 4on0joum = E [Cm' } E [Ci,j/‘(Xi)]

j,den
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Proposition 5. The efficient influence function for the numerator functional Ep [ij,u()zl)}
under the semiparametric statistical model P, > P induced by Assumption 8, and under As-

sumption 2, is

where m is the annotation scoring function. The efficient influence function for the denominator

functional Ep[Ciij] is given by

2
<Pden( z) CJ_ ej,den-

We can then form the robust and efficient one-step estimators for both the numerator and

denominator functionals as

Lo Ay Lo
]num - ‘I| Z i,j |:[L X (XZ> (Mi - M(Xz>):| ) jden = |I| Z 0,50

i€l €T

where C’i,j = Ci,j - E* [Ci,j | ].,Ci71, AN .,C’M_l,C'i)j_;_l, . -,C’i,d]a and where E* is the least
squares operator.

Combining these estimators, we can form the efficient estimator for 6; as

S Suer Cig [ + 2 (M — (X))
0]' = Qjmumgj den — = .

Ziez Ci%j

In particular, note that this is just a residualized regression with pseudo-outcome @; := ,&(Xl) +
0oy (M — 4(X5)), e,
i g1 _ 2ierCiibi

0; := 0 numb; gon = =
D D
Theorem 2. Under Assumptions 1 (consistency of potential outcomes), 2 (missing at random

structured data), 3 (known and bounded annotation score function) and 5 (MSE consistency of

the imputation function), we have that

VIZI0; - 0)) — N(0, Var(p; (W)

where
Pj (W ) aj_den(@num(wi) - ej‘pden(wi))

is the efficient influence function for 0;.

Importantly, we notice in this application that the imputation function fi is a function of
context specific variables as well, ie., X; = (X;,U;,C;). In the machine learning literature,
learning a function of both unstructured and structured (tabular) data is sometimes called
“wide and deep learning” (Cheng et al., 2016), and has been further studied in recent works

in econometrics (Klaassen et al., 2024). Note that this is because, under Assumption 2, the

9The use of the term “pseudo-outcome” here mirrors similar language used by Egami et al. (2023) for debiased
inference, and echoes terminology from elsewhere in causal inference.
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imputation function should asymptotically approximate the function E[M | A=1,X =z,U =
u,C' = ¢] in order for estimation to be efficient, absent further assumptions.

In many settings, a researcher may perform annotation such that [CJJ-M 1 A] | X also holds,
in which case an “optimal” imputation function could approximate F [CJJ-M |A=1,X=2U=
u] instead. However, this function would be more difficult to learn in practice, requiring that
the researcher build a predictor of Cj-M solely from unstructured data features U and observed
covariates relevant to labeling X, a plausibly fraught learning problem. Why? Though U (and
to a lesser extent X') very plausibly carries signal about M*, e.g., unstructured text data U is
useful for predicting the text topic M™*, neither U nor X may carry any obvious signal about
CjL e.g., a control regressor that is in no way a summary of the text, nor how it co-varies with
M*. By augmenting our unstructured data with C from the start, we side-step such issues
entirely.

If we additionally made the assumption that [C5- 1L M*] | (X,U), then the optimal im-
putation function would no longer need to be a function of C, i.e., optimal imputation now
attempts to approximate E[M | A =1,X = 2,U = u| = E[M* | X = 2,U = u|, a “direct”
imputation function. This sort of assumption is, however, not without loss, and may be false,
whereas previous constructions based on including C' remain agnostic about the (conditional)
independence of Cj‘ and M*. As will be discussed later on, even if this new conditional in-
dependence assumption did not hold, imputation functions that ignored variation in C would
still yield walid inference under Assumption 3, but would not yield (asymptotically) efficient
inference. In other words, imputation functions that ignore dependence on C, without further

assumption, are non-optimal (in the sense of the efficiency of the estimator they produce).

4.3 Linear Instrumental Variables

The MARS framework is straightforward to extend to linear IV. In this section, we follow the
terminology and setup of Blandhol et al. (2022).
Consider dataset {W;}"_; with

Wi = (Yi, M;, Cy, Z;, As, X3, Us),

where Z; € Z C R is a candidate instrumental variable (IV), C; € C C R? are covariates (which
contain a constant), M; € M = {0,1} is a treatment of interest, Y; € Y C R is an outcome of
interest, A; € {0,1} is the annotation indicator, X; € X C R* are observed covariates relevant
to annotation, and U; € U C R? are unstructured data. We further assume that W; 5P for
some joint distribution P, and that [(C;, Z;) AL A;] | X;.

Potential outcomes are denoted {Y;™},,ea and potential treatments are denoted {M7?},cz.

Assuming consistency of potential outcomes and treatment, we have

Y; = Z I(M; = m)Y;™, M; = Z 1(Z; = z) M} .
meM z€EZ

We are interested in identifying and estimating the average treatment effect:

0 -— E[Y;mzl o Y;m:O}'
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Per Blandhol et al. (2022), we assume that the candidate instrumental variable is both relevant
and exogenous, that treatment effects are the same for all individuals, and that the conditional
expectation of the potential outcome is a linear function of the covariates. We can then express
0 as

6 = B[z M} E[ZY))

where Z;- is Z; linearly residualized with C;, using the same notation as in the previous appli-
cation. Under these assumptions, 6 is exactly the two stage least squares (TSLS) estimand.®
Let X, := (X;,U;, Z;, C;). Then, by Assumptions 1 (consistency of potential outcomes) and

2 (missing at random structured data), we can identify 6 as

0 = O3 buamn = EIZu(X0)] E[Z}Y)

den

Proposition 6. The efficient influence function for the numerator functional Ep [Zin] under

the semiparametric statistical model Pr > P induced by Assumption 3 is
@num(Wz) = ZrLLY; - 9num7

and the efficient influence function for the denominator functional Ep[Z; ()N( )] under P, > P,
and under Assumption 2, is

~ Az ~
(Pden(Wi) = Zzl |:/’L(Xz) + m(Mz - M(Xz)) - eden-

As with the linear regression example, we can form the efficient estimator for 6 by first
forming efficient one-step estimators for 6,y and G4en,

A, o
Onum = [l ZZz i Oden = [ Z { W(Mi - M(Xi)):| ;

i€L i€l

and then combining them to form

ZY;
A

Dier
Siex Zi |Xi) + ( i~ A(%)]
where Z; is Z; residualized with a least squares fit on C;.

Note that the efficient estimator is just a TSLS regression with pseudo-treatment ¢; :=
XD + ey (M — (X)), or

é = énumo_1 Z
>ier

den T

N( N<

Theorem 3. Under Assumptions 1 (consistency of potential outcomes), 2 (missing at random

structured data), 3 (known and bounded annotation score function) and 5 (MSE consistency of

197f we were to drop Assumptions CLE and LIN, per Blandhol et al. (2022), and instead impose their “ordered
strong monotonicity” (OSM) assumption, and if C; were “rich,” e.g., C; were saturating indicators of the relevant
discrete covariate space for (conditional) exogeneity to hold, then 6 would still have a “weakly causal” interpretation.
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the imputation function), we have that

VITI(0 = 0) = N(O, Var(p(Wi)

where
e(Wi) = 040, (Lrum(Wi) — 00.den(W3))

1s efficient influence function for 6.

Notice once again that the optimal imputation function—which facilitates efficient estimation

without further assumption—is also a function of Z and C.

4.4 Differences-in-differences

In this application, we focus on the nonparametrically founded differences-in-differences (DiD)
estimator introduced in Callaway and Sant’Anna (2021).
Consider the dataset {W;}1 ;:

W; = (M1, ... My, Dit, ..., Diry Aits . A, Xy -, X, Uit - - Uir),

where M;; € M x {0} C R is an outcome of interest, D;; € D = {0, 1} are treatment indicators,
A € {0,1} are annotation indicators, X;; € X C R* are observed covariates, and U;; € U C R¢
are unstructured data. Suppose that W; 14 P for some joint distribution P, and that [D;; 1L
Aip] | X; for all ¢,¢.

Let Gy be a binary indicator for a unit ¢ first being treated at time g and let C; be an
indicator for units that are never treated. Furthermore, we define MZ%:O to be the untreated
potential outcome of a unit ¢ at time ¢ and M} to be the potential outcome of a unit ¢ at time

t if they first became treated in period g. Assuming consistency of potential outcomes, we have
T
My = ME™+ 3 (M~ ME™°) Gy,
g=2

We are interested in the estimand
0=F |:Mz>;g - Mi);gzo | Gig = 1] )

the average treatment effect on those treated in cohort g at time ¢. This is the crucial input
to any other substantive DiD estimand of interest, which will just be a known or identified
weighted average of these estimands. For concreteness, but without loss of generality, we set
g =2 and t = 2, the canonical two-period DiD setup. Under Assumptions 1-4 of Callaway and
Sant’Anna (2021), assuming that Assumptions 3 and 4 hold unconditionally, as well as under

the non-anticipation assumption of Callaway and Sant’Anna (2021), we can express 6 as
0=FE[M]|Gi=1—-E[M]|C;=1]
for M} = M}, — M}.

Let M; := M;s— M;q, A; := Aj1 A2, and X, = (Xi1, Xi2, U1, Us2). Then under Assumptions
1 (consistency of potential outcomes) and 2 (missing at random structured data), we can identify
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0 as
0=0c—0c, 0c=FEuc(X;)|Giz=1, 0c=Euc(X;)|C;=1],

where ug(X;) = E[M; | Giz =1,A; = 1, X;] and puc(X;) = E[M; | C; =1, A; = 1, X))

Proposition 7. The efficient influence functions for functionals Epluc(X;) | G2 = 1] and
Epluc(X;) | C; = 1] under the semiparametric statistical model P, > P induced by Assumption

3, and under Assumption 2, are, respectively,

¢l = praey ko) + (s~ (X)) | ~ b,
¢l = gy Kol + 5 (0 = po(K2)| - b

The efficient influence function for Epluc(X;) | Gio = 1] — Epluc(X;) | C; = 1] under Py > P
is then given by
e(Wi) = pc(W;) — oc(W;).

We can form efficient one-step estimators for each g and 0¢ as

7l & PG =1) (%)
. 1 Ci N T A (X
Y= & Fo -1 et~ G (et )

where P is an empirical probability, and we can combine them to form the efficient estimator

for 0 as

0=0c—0c.

Theorem 4. Under Assumptions 1 (consistency of potential outcomes), 2 (missing at random
structured data), 3 (known and bounded annotation score function) and 5 (MSE consistency of

the imputation function), we have that
VIZ|(6 - 0) = N(0, Var(p(W3)))

where o(W;) is the efficient influence function for 6.

4.5 RDD under Local Randomization

Lastly, we consider a regression discontinuity design (RDD) under MARS. We focus on sharp
RDD under the local randomization framework, as opposed to the continuity framework (Cat-
taneo and Titiunik, 2022).

Consider the dataset {W;}?_, with W; = (M;, R;, D;, Ai, X;,U;), where M; € M x {0} CR
is an outcome of interest, R; € R C R is the running variable, D; € D = {0,1} is a treatment
indicator, A; € {0,1} is the annotation indicator, X; € X C RF are observed covariates, and
U; € U C RY are unstructured data. We assume W; i P for some joint distribution P, and that
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[(Ri, D;) LAl | X;.
Potential outcomes {M¢}4ep are related to observed outcomes via the assumption of con-
sistency:
M; = D;M=! + (1 — D) M{=°.

We are interested in the estimand
0=E[M;" - M| R e B

for a set (or “window”) B C R. Under Assumptions LR1 and LR2 of Cattaneo et al. (2024),

which enforce that local randomization holds in B, we can write 6 as

Let X; := (X;,U;). Then, under Assumptions 1 (consistency of potential outcomes) and 2

(missing at random structured data), we can identify 6 as 6 = 6; — 6y where
04 = E[ua(X:) | Ri € B, D; = dJ,

with pq(X) = E[M; | R € B,D; = d, A; = 1, X].

Proposition 8. The efficient influence function for Ep[us(X;) | R; € B,D; = d] under the

semiparametric statistical model Pr > P induced by Assumption 8, and under Assumption 2, is

P(RZ eB,D; = d)

0a(X) + =2 (M, — pa(X))] - 0

e W) = m(X;)

As such, the efficient influence function for functional Ep|u1(X;) | R; € B, D; = 1]—Ep[uo(X;) |
R; € B, D; = 0] under P, and Assumption 2 is

©(Wi) = o1 (Ws) — @o(W5).

Forming efficient one-step estimators for 8, and 6y, respectively, as

HR€BDi =1 [, o0 A 0 oo
=02 pi e B R S ()],

WReBDi=0} [ o A )
0 = IIIZ ReBD_O)[ o(Xe) = iy M - MO(X))]

where P again indicates an empirical probability, we can combine them to form an efficient

estimator of 6 as

6 =6, - 6,,
just as we did for the DiD application considered earlier.

Theorem 5. Under Assumptions 1 (consistency of potential outcomes), 2 (missing at random

structured data), 3 (known and bounded annotation score function) and 5 (MSE consistency of
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the imputation function), we have that
VIZIO = 0) = N(0, Var(p(W3)))

where p(W;) is the efficient influence function for 6.

Remark 2 (Pathwise differentiability and RDD under the continuity framework). Under the

continuity framework, the analogous sharp RDD estimand involves functionals of the form
0(r) := EIM; | R; = r],

where R; € R is presumed to be continuous, and 0(r) is to be evaluated at a particular (limiting)
point in R. In the literature on semiparametric inference, it is well known that functionals of
this type (expectations conditional on continuous random variables evaluated at a specific point)
are not pathwise differentiable, and hence there is no regular, \/n-consistent estimator of the
quantity, let alone an efficient estimator in the sense previously discussed (Hines et al., 2022).
That said, frameworks for valid asymptotic inference on such functionals (that incorporate flex-
ible first-step estimators) do exist (Bibaut and van der Laan, 2017; Noack et al., 2024), and
resemble strategies arising from inference on conditional average treatment effects with contin-
uous conditioning covariates in the causal inference literature (Kennedy et al., 2017; Semenova
and Chernozhukov, 2021).

5 MARS and Other Frameworks

5.1 MARS and Frameworks for Inference using Predictions from Black

Box Machine Learners

Recent work under the title of “prediction-powered inference” (Angelopoulos et al., 2023, 2024;
Zrnic and Candés, 2024; Zrnic and Candes, 2024; Ji et al., 2025; Kluger et al., 2025) and “design-
based supervised learning” (Egami et al., 2023, 2024) shows that, given access to a validation
sample, under the appropriate debiased construction of an estimator, a researcher can perform
valid large sample inference leveraging predictions of variables of interest from arbitrary, black-
box machine learning models f. These predictions may be thought of exactly as imputations
based on arbitrary imputation function f. MARS extends these frameworks, making clear
exactly what the machine learning model f should be (or should approximate) in order to make
such estimators efficient, i.e., MARS sheds light on the optimal f.

Unpacking this literature in the context of MARS, note that even if the imputation function
is not universally consistent for u, we can still perform valid, unbiased large sample inference if
Assumption 3 (known and bounded annotation score function) holds, though this inference is
no longer guaranteed to be efficient. Formally, consider that, instead of learning a function f
which is universally consistent for u, we opt to use the external, fixed machine learning model
f as our imputation function. This f could be, for example, a pretrained, black-box deep
neural network—such as a LLM—that is capable of reasonably good zero-shot imputation. For

exposition, consider applying f as an imputation function in the simplest application of MARS,
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descriptive moments. Now consider the estimator

A 1 ~ A, -
0r=— FX3) + —— (M; — f(X;
fﬂ§[<» O - )
By Assumption 3 (known and bounded annotation score function), even if f is meaningfully
different from g (and will not converge to u, given that f is fixed as the sample size grows in the
asymptotic thought experiment), it is nearly immediate by the construction of this estimator
that 6 is consistent and unbiased for §. The fixed imputation function-based estimator 0 is

also just an average of iid random variables, and so the Lindeberg-Lévy CLT applies here, with

VIZI(r — ) = N(0,0?)

m(X5)
inference that previous frameworks in this literature guarantee. Double robustness is seen in

where 02 := Var (f(f(z) + A (M; — f(Xz))) This is the sort of valid—but possibly inefficient—

the fact that knowledge of the annotation (propensity) score permits the researcher to use even
highly misspecified imputation functions f without spoiling the validity of inference (just its
variance).

MARS, through its analysis of semiparametric efficiency, demonstrates that even the most
accurate “direct” black-box imputation methods, ie., f(z) = E[M* | X = | exactly, can
be non-optimal in certain common settings, and should incorporate context-specific variables
beyond unstructured data to produce the most precise estimates. This, to our knowledge, has

not been emphasized in the existing literature.

5.2 MARS and Double/Debiased Machine Learning

Many of the MARS estimators resemble those found in the literature on semiparametric in-
ference with missing data in biostatistics and econometrics. As a notable example, descriptive
moment estimation under missing structured data produces an estimator that is identical to the
augmented inverse probability weighted (AIPW) estimator (Robins et al., 1994). This estima-
tor is also equivalent to one derived via the Neyman orthogonal score for estimating a potential
mean under the “selection on observables” assumption in a causal inference setting, as outlined
in the double/debiased machine learning (DML) framework (Chernozhukov et al., 2018).

This equivalence is not coincidental. In Section 3.1, we demonstrate that the expected
value of missing structured data can be interpreted as an average potential outcome, and point
identification is achievable under what amounts to an “annotation on observables” assumption.
Furthermore, deriving a Neyman orthogonal score can be viewed as an “estimating equations”
approach to constructing semiparametrically efficient estimators (Kennedy, 2023; Schuler and
van der Laan, 2024), as opposed to alternative methods such as the one-step correction (explored
in MARS) or the targeted maximum likelihood estimation (TMLE) framework of van der Laan
and Rubin (2006).

Because MARS is based on the same fundamental semiparametric analysis as DML, there
may be many ways to cross-pollinate insights from work done for the DML framework with
MARS. Consider a recent strand of the DML literature that has focused on “automatic” or data-

driven ways of implementing debiasing corrections (Chernozhukov et al., 2022a,b). Although
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many functionals considered under MARS lead to Riesz representers with simple and common
analytic expressions, there are other missing structured data settings that may induce more

complicated functionals, and automatic debiasing may prove quite useful in these settings.

6 Extensions to MARS

We now consider extensions to MARS that are useful when the unstructured datasets under

consideration are very large, e.g., millions to billions of instances.

6.1 Batch Active Inference (Zrnic and Candes, 2024)

Unlike in the observational causal inference setting where the propensity score function is un-
known, in the unstructured data setting we plausibly get to choose the annotation score function,
7. “Batch active inference” Zrnic and Candes (2024) provides one useful approach for choosing
this function in the very large database setting.

For intuition, consider that, when working with very large unstructured datasets, it will often
be the case that missing structured data of interest constitutes a “rare event.” For example, if
the dataset is the universe of all social media posts on a major platform, the share of content
about almost any given topic of interest will be extremely small, given the vast diversity of
content. When it comes to rare event estimation, the typical concern is that the “coefficient of
variation” (i.e., the ratio of the variance of the indicator of the event over the probability of the
event) is quite large, making confidence intervals uninformative. As the literature on rare event
estimation would suggest, we may be interested in annotation that incorporates some element
of importance sampling in order to further reduce the variance of our estimates (Sigman, 2010).

In the setting of descriptive moment estimation, recall that the asymptotic variance of the

estimator 0 is given by

o? ;= Var (,LL(X) + 7T(AX)(M - M(X))>

A ~
=F|——= (M — u(X))>?
M 02 e
where ¢ is a constant that collects all terms that, under our assumptions, do not vary with 7(X).

To find the importance sampling-based annotation score function, we then solve

A -
win { B | S (00 = w0 + AERCO] - 1) - sElR(0)]}
where (A, k) are Karush-Kuhn-Tucker (KKT) multipliers that enforce 0 < E[n(X)] < 1. In light
of Assumption 2 (missing at random structured data), the optimal g is given by
* v\ )2 1/2
m1s(X) o B [(M* = (X)) | X] .
This annotation function is infeasible, as it depends on M*, which we do not observe prior to
annotation, but it provides a useful intuition: the annotation score function should place more

weight on sampling data points that are harder to impute, in the sense of MSE. However, as

advocated by Zrnic and Candes (2024), we can consider implementing a feasible annotation
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score function that captures this intuition, such as

rrrs (X) oc ere(X) ~ B [0 - u(X))? | x]

where err(x) is some proxy function that captures the uncertainty of a fixed imputation function.
For example, distributional characteristics of the softmax scores of deep neural encoder outputs

or verbalized confidence scores from LLMs may serve as such a proxies (Yang et al., 2024).

6.2 Functionals of Aggregated Missing Structured Data

When working with a large unstructured database, it is often the case that the functional of
interest concerns the distribution of (a transformation of) aggregated missing structured data,
and the researcher does not observe any ground truth at this level of aggregation.

Formally, consider the dataset {Wij}ie[Nj],je[n], Wi; i Py, N; id P5, where i indexes the
granular, “record” level at which the unstructured data lives, and j indexes some level of aggre-
gation. For example, ¢ may index individual newspaper articles, and j may index counties in
which those articles are run. Let W;; = (M;;, Asj, Xij, Uij), with observed variable of interest
M;; € M x {0} C R, annotation indicator A;; € {0,1}, observed covariates X;; € X C RF,
and unstructured data U;; € U C Rf. We suppose that Assumptions 1 and 2 hold at the
unstructured data “record” level i:

Mij = A M5, [Mi; AL Agj] | Xij.

Suppose that the functional of interest is a descriptive mean for the distribution of structured

data aggregated at level j:

6=E[M;], M =a({Mj}).
where « is an operator that returns a scalar quantity. Unfortunately, this missing data functional
is generically not point identified, insofar as we do not observe any ground truth for aggregated
M, ie., Aj = 0 with probability 1.

However, in many settings of interest, the aggregation of interest will be some known linear
combination of the record-level structured data, under which we may recover point identification.
To represent this setting, we introduce the following assumption.

Assumption 6 (Linearly aggregated structured data). For record-level structured data M u

and record count N; %i, we define linearly aggregated structured data as

N;
* . ) *
M} = w; E M.
i=1

We further assume that N; 1L M7 and w; = h(N;) for some measurable function h.
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If Assumption 6 holds, by the law of total expectation we have that

6 = E[M]

o

i . *

=B |w; Y M
i=1

Nj
=FE |E |w; Y M| N,
i=1

= 5 [N, (M | ;)]
= 5 [y [M3]
= E[w;N;] E [M5],

allowing us to write
0= 0192, 91 =F [ijj] 5 92 =F [MZ*J] .

This intuitive decomposition of 6 can be interpreted as the product of the expected (effective)
aggregate group size 61 and the expected record-level mean 65. Importantly, 8 is point identified,
because we observe ground truth at the record level. Further note that if w; = 1, i.e., we are
interested in sums, then 6 = E[N;|E[M]. If w; = 1/Nj, i.e., we are interested in averages,
then simply 6 = E[M}].

Then, so long as Assumptions 3 and 5 also hold at granular record level i, we know using

the exact same set of results from Theorem 1 that an efficient estimator for 64 is

b= = > [ﬂ(Xij) + A” (Mg = i(Xi5)

where [i(X;;) := E[M;; | A;j = 1, X;j]. We can also simply and efficiently estimate f; with a
plug-in method, such as

. 1 &
0, = — N .
1 n;% J

These two estimates can be combined to produce an efficient estimator 0 for 0, using identical
logic to that of the estimators in the linear regression and linear IV examples.!!

In certain other settings, the aggregation of interest may be a nonlinear transformation of
a linear aggregation of record-level structured data. We introduce the following assumption to

represent this case.

Assumption 7 (Nonlinearly transformed linearly aggregated structured data). For record-
level structured data M} % and record count N; Zﬂ, we define nonlinearly transformed linearly
aggregated structured data as

Nj
M= f(M}), M :=w;y M.
=1

"Note that N; must be the data on the relevant total record count, i.e., if a researcher is interested in aggregating
indicators for all newspaper articles in a county, /N; must be a count of all newspaper articles published in a county,
not just the total of articles for that county in the sample.
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We further assume that N; 1 M}

s wj = h(N;) for some measurable function h, and f is twice
differentiable.

A relevant example is a researcher interested in inference on the logarithm of some level j

averaged structured data,
1 &
0 = E[M;] = E |log v > My
J =1

In this setting, without ground truth at the aggregate level j, we do not recover point identi-
fication of the functional of interest. However, given sufficient smoothness of the transforming
function, we can identify what may be a good approximation of 6. Specifically, a Taylor expan-
sion around E[M] shows that

0= B[ ()]

= F(B[M]) + " (B [M7]) Var (M) + BIR(MS)]

= f(6102) + %f” (60162) 03 + E[R(M})]
= 0+ E[R(M;)],

where 1
6 := f(6102) + ifu (6162) 0,

E[R(M3)] is a remainder term, and

05 := Var(w;N;) E[M;;]* + E[w? N;]Var(M5),

which is identified with ground truth at record level i.'2 As such, we can point identify 6,
because, intuitively, we have linearized our functional of interest 6.

When is 8 close to 87 In other words, when is this second order Taylor expansion a good
approximation, or when is E[R(M7)] sufficiently small? Note that

1

E[R(M;)| = E | ¢

j 1 (€ () (05 — B3]

j
for (M) which lies between M7 and E[M;] with probability 1, by the mean value repre-
sentation of the Taylor remainder. We anticipate this term to be small, for example, when

‘ f (5 (MJ*))’ < C with probability 1 (such as when M is bounded with probability 1), and

that M} has a law similar to a normal random variable (which we may indeed think is the case

12Notice, for example, when the aggregation of interest is an average, 65 simplifies as

0s = E[M,;]* + E[N; ']Var(M,;).
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for averages, such as w; = 1/N; and N; large), i.e.,

1w
EIROG) =B |5 (€(017)) (01 = E07)°
< %E [(Mj’-“ - E[M]’.‘])?’} (Boundedness.)
~ 0. (Small third central moment.)

6.3 Linear Models with MARS First-Step Measurement Error

One common use case for the MARS framework—as will be explored in the following section—
involves using MARS to estimate a set of (crystallized) random variables that then act as
regressors in a downstream linear regression model. This setting follows closely to estimation
of coefficients in linear models with regressors estimated from randomly sampled survey data;
see, e.g., Deaton (1985) for notable work in economics, which itself is based on seminal work in
measurement error models compiled by Fuller (1987).

To start, consider the dataset {W;} ,, where W; id P,and W; = (X/,Y;), withY; e Y CR
an outcome of interest and X; € X C R¥ regressors. Without loss of generality, E[W;] = 0

(both variables are centered). We consider the linear model
Y, =X "8+¢e;, Elei|X/]=0.
Dropping subscripts as a stacked matrix-vector notation, we can write
Y =X"8+e¢,

where X* is a n x K matrix, and 3, Y, and ¢ are each K x 1 vectors.
In particular, we consider the case that X is not actually observed, but has been estimated
with a MARS first-step, X;. Accordingly, then, we know that

* * d —
Xii=Xpi i, (6, Xp00) AL iy M = N(OyU,Q,,k)a U%,k = | Ty |~ Var(px),

where @y is the efficient influence function associated with Xj. As such, we are in a classical
measurement error setting. This setup nests the case where only some regressors are generated
by a MARS first-step, in which case 0727’ & = 0 for non-MARS regressors.
We therefore will assume that
n LY, i N(0,%), X:= diag(ofm, . 70'727,K),
owing to the facts that (a) it will often be the case that each MARS first-step X will be
estimated on a separate sample, and (b) for large 7, the normal approximation should be quite

accurate. We consider that ¥ is known, a not unreasonable assumption for sufficiently large Zj.
Under this model, note that g satisfies the GMM moment condition
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Correspondingly, the consistent, plug-in GMM estimator is given by

—1
. 1 — 1 —
==y " x,XxT—-% DN XY ) = (XTX — D) XY,
ﬁ(né | )(né >< S

and possesses the usual just identified GMM asymptotic distribution, under additional mild
regularity conditions,

V(B —B) = N(0,G'EG™)
where G = E[V9(X;,Y;, 8)] = —(E[X;X]] - ), and E = Var(g(X,,Y;, 8)) = Var(X;(¥; —
X78)).

Using Isserlis’ theorem, we can also re-write the asymptotic variance as
AVar(B) = QB [£X: X" Q7+ oot

where
Q=E[X;X]", H:=EES+8"88(0+ %)+ 286",

which is the usual sandwich asymptotic variance of the OLS estimator without measurement
error, plus an inflation factor which becomes smaller the more precise our MARS estimates are.
(In particular, note that IT = 0 if X = 0, as we would expect.)

We can form consistent plug-in estimators for all of these quantities, such that
VY2 /n(B — ) — N(0,1)

where
V=GTEGT = (BIX:XT] - B) " WVar(Xi(; — XI8)) (B[X: XT] - %)~

We are thus able to produce asymptotically valid confidence intervals with desired coverage.

Note that this setup can be straightforwardly extended to the case of clustering, using the
appropriate clustered CLT. It can also be readily specialized to the panel data case, which
was the original setting of interest to Deaton (1985). Moreover, there are various arms reach
extensions of the framework for cases where, e.g., there is heterogeneity in variance for 7; across
i (see Section 9.3); the outcome is a MARS first-step as well (or alone); measurement error
distributions are not assumed to be normal; that ¥ must be estimated; and so on.!?

The MARS first-step is crucial for making this linear measurement error model plausible, in
particular providing a credible reason to believe in classical measurement error, and, moreover,
showing that returns to prediction accuracy in a MARS first-step will trickle down to increased

precision of a linear regression model coefficient.

7 Empirical Examples

This section illustrates MARS with three empirical examples. The first two examples apply
MARS to prominent papers in the economics literature that make use of unstructured data—
Baker et al. (2016) and Caldara and Iacoviello (2022)—while the final example probes MARS

13 Also see, e.g., Theorems 2.2.1 and 3.1.1 of Fuller (1987) for examples of statements of asymptotic distributions
under such enriched models.
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design choices using a mean estimation example that builds upon annotated data previously
collected by the authors (Dell et al., 2023).

7.1 The Economic Policy Uncertainty Index (Baker et al., 2016)

Baker et al. (2016) is an influential recent paper in empirical macroeconomics that introduces
a quantitative index to measure economic policy uncertainty (EPU). The EPU index calculates
at each point in time the proportion of articles published in leading newspapers that discuss
EPU, which is measured using a simple, keyword-based binary classifier.!* These proportions
are then scaled and normalized to produce the final index values.

Intuitively, then, each entry in the EPU index can be viewed as an estimate of the probability
that a newspaper article reflects economic policy uncertainty—in the sense defined by Baker
et al. (2016)—at a specific point in time for a given set of newspapers. This is an inference
problem where unstructured data (newspaper text) are used to estimate a functional of missing
structured data (the expectation of a binary indicator for economic policy uncertainty at a given
point in time). This makes the estimation of the EPU index a suitable setting for applying the
MARS framework.

For fixed time period ¢, consider the dataset {W;;} ;, where Wy = (M, Ait, Ui). Here,
M € {0, 1} is a binary random variable indicating the expression of economic policy uncertainty
by newspaper article ¢ at time ¢, A;; € {0,1} is an annotation indicator for article ¢ at time ¢,
and Uy € U C RY is newspaper article text for article ¢ at time ¢t. We assume Wi id P, that
is, the newspaper articles are an iid sample from some superpopulation of articles of interest,
period by period. Moreover, in this empirical setting we know that (U, M) 1L A;; and that
the annotation score 7 is constant (described shortly), and so Assumption 2 is guaranteed to
hold.

We may represent the EPU index’s value at time t as
EPUt = ctﬂt, Gt = Ept [M;;],

where ¢; is a constant specific to time ¢ that incorporates known information on overall economic
uncertainty at time ¢, as well as any other normalizing constants of interest. Written this way,
it is clear that 6; is a descriptive moment functional of the form discussed in Section 4.1, and
as such we know that, under Assumptions 1 (consistency of potential outcomes), 2 (missing
at random structured data), 3 (known and bounded annotation score function), and 5 (MSE
consistency of the imputation function), the robust and semiparametric efficient estimator of 6,

is given by

b= X [0 + 20 = 0]

where [i(Uy) := E[Mj; | Ay = 1, Uy

We can therefore compute the “MARS-EPU index” as {Ctét}teT, for any given 7 C N,
a set of time period indices. In particular, we compute a yearly MARS-EPU index where
T = {1985,1986,...,2010} (which Baker et al. (2016) term the modern—in contrast to the
historical —EPU index) using two different imputation functions: the same keyword classifier

implemented for the original modern EPU index, and a deep neural classifier based on AllenATI’s

YFor details on the keyword classifier training algorithm, see Section IIL.A of Baker et al. (2016).
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Longformer model (Beltagy et al., 2020), which is well-suited for encoding texts of newspaper
article length. To remain faithful to the definition of economic policy uncertainty implemented
by Baker et al. (2016), we leverage only the ground truth annotations that these authors created
for their human audit sample—that is, we do not label any additional data ourselves—and
additionally randomly sample unannotated articles for each time period from ProQuest at a
ratio of 9 unannotated articles for every annotated article. Given that all data are iid randomly
sampled, the annotation score function for our final sample is 7 = 0.1.1®> We employ a simple
data-splitting technique, in which half the labeled data (across all periods) is used to train and
validate the imputation function, which is deployed for all ¢t € T, and the other half is used to
estimate the EPU index for all t € T. Cross-fitting could be used to further improve precision,
although care must be taken in how training and validation data for the classifier are partitioned
from estimation data (see, e.g., Bach et al. (2024) for discussion of related issues in the context
of hyperparameter tuning).

The Longformer model deployed is small in parameter count (it is a “base™sized model with
149M parameters) and was trained on a single Nvidia RTX A6000 GPU card (comparable in
quality to a GPU available cheaply through a cloud computing provider) to obtain an accuracy
of 81.2% in the estimation sample. The Baker et al. (2016) keyword classifier, by contrast,
achieves an accuracy of 65.3% in the estimation sample.

In Figure 1, we plot both modern MARS-EPU indices along with counterpart modern EPU

indices in the fashion of the original paper, which we write as {Ctét}te% where

~ 1 )
0y = 7] > iUin)-

i€l

We compute 95% confidence intervals for all index values using consistent, plug-in estimators
of the asymptotic variances of the estimators based on the known form of the efficient influence
function.!®

Most notably, Figure 1 illustrates that the confidence intervals for the EPU index should be
much larger if one properly accounts for uncertainty due to correction for systematic measure-
ment error. Indeed, the unadjusted EPU index confidence intervals are only generically valid
if one is interested in inference on E[i(Uy)] for arbitrary fi, as opposed to E[M};]—or if one
assumes that [ is an unbiased estimator of u, which is seemingly rejected by apparent, though
mild, downward bias in many years of the index—and are otherwise anti-conservative.

Because the annotation score function is known, the confidence intervals reported for both
versions of the MARS-EPU index are valid asymptotically. However, the better the imputation
function is—the closer it is to the conditional expectation function p—the narrower the con-
fidence intervals will be for a given n. Hence, the MARS-EPU index based on a deep neural
classifier has shorter confidence intervals than the MARS-EPU index based on the Baker et al.

5 As in the original paper, all data, both annotated and unannotated, is randomly sampled conditional on the text
in question meeting certain preliminary keyword requirements, namely the inclusion of specific keywords pertaining
to the economy and to uncertainty. As such, the proper interpretation of the estimand 6; is one that construes the
superpopulation of interest as leading newspaper articles that contain specific economics and uncertainty keywords.
The constants ¢; are then primarily responsible for modifying the interpretation of the EPU index, effectively changing
the denominator of the index values to be reflective of the full population of newspaper articles of interest, under
the key assumption that no articles discussing EPU are devoid of the aforementioned economics and uncertainty

keywords used for filtering.
16See Appendix Section 9.2 for a formal statement and proof.
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(2016) keyword classifier. This reflects that the returns to predictive accuracy will manifest in
confidence interval length, a point similarly made by, e.g., Angelopoulos et al. (2023). In our
experience, a frequent question from those new to deep learning is how accurate a classifier

needs to be: the answer depends on the required precision, as evinced by Figure 1.
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Figure 1: Modern EPU and MARS-EPU Indices (1985-2010).

In Baker et al. (2016), much of the social scientific value of the EPU index is realized by using
the index as a regressor in downstream regression analyses. We now revisit a representative
regression analysis from the paper, and investigate to what extent application of the MARS
framework to the EPU index changes its conclusions.

In particular, we reanalyze the following baseline regression reported in Table IV, column
(5) of Baker et al. (2016):

Federal purchases,
GDP,

AEmp,, = fAlog EPU; x intensity,, + vA x intensity;, + a; + V¢ + iz,
where 7 indexes firms and ¢ indexes years; «; and v are firm and year fixed effects, respectively;
intensity,, is a firm-year policy exposure intensity variable, AEmp,, is a firm-year employment
growth variable, and A%ﬁfhasest is a relevant control variable; and u;; is an error term.
The estimand of interest is 3.

In this setting, we recognize that the regressor for the coefficient of interest must be estimated,
and, if done so using a MARS first-step, we may apply the framework introduced in Section 6.3
to recover valid inference on S8 (or, more specifically, the extended framework for independent
but not identically distributed measurement error outlined in Appendix Section 9.3). Note that,

per our MARS first-step, we have that
VIT (60 = 00) = N (0, Vax(py)),
and so, recalling that EPU, := ¢,0;,

NG (E/PTJt - EPUt) = N(0, cVar(py)).
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Using the delta method, then,
VI (log EPU, — log EPUt) =2 N(0,6; *Var(py)).
Motivated by this CLT, we assume that
log @Tjt =logEPU; + 7, 7 i N(0,07),

where o7 := |Z;|'0; *Var(p;). Then, by the independence of MARS measurement errors, we
also have that
Alog EPU, = Alog EPU, + iy, = N(0,02 + 02 ,).

Lastly, we may write
Alog @t x intensity;, = Alog EPU, X intensity,, + n,

where 7, := 7 X intensity,,, mimicking the notation introduced in Section 6.3.

In a regression framework with random regressors, we may observe that the MARS first-
step measurement error for an interacted MARS-first step regressor, 7, is no longer strongly
classical, in that 7, is no longer independent of Alog EPU; x intensity,,, because they both
contain intensity,,. Fortunately, the measurement error in this setting featuring an interaction
is still weakly classical (Schennach, 2022), in that

=0.
Accordingly, identification of 3 still holds, though we now must be careful to note that

Yt := Var(7); x intensity,,)
= Elintensity?]Var(ij,)

= Elintensity?](o? — o2 ,).

We assume that Elintensity%] varies over time, and that E[intensity?] for any given ¢ is effec-
tively known, given the size of the panel.

As such, our final estimator is given by
B=(X"X —nE) X7y,

where X is a (residualized) design matrix and ¥ is the averaged ¥;;.

In Figure 2, we estimate (3 using the MARS-EPU index along with the appropriate measure-
ment error corrected least squares estimator 3 (ME-LS) and plot confidence intervals based on
standard errors clustered at the firm level, as per Baker et al. (2016); we also compute point

estimates and confidence intervals for 3 based on the inappropriate OLS estimator, both when

38



the MARS-EPU index is used as a first-step and when the unadjusted EPU index is used a
first-step.1”

Importantly, in this plot we notice that:

1. When measurement error is taken into account, we indeed see that the more precisely
estimated MARS-EPU index based on the deep neural network imputation function yields

a narrower confidence interval on the coefficient of interest.

2. Implementing the measurement-error corrected (ME-LS) estimator matters, and the bias
of failing to take measurement error into account is evident when comparing the MARS-
EPU index based regression coefficients across the ME-LS and OLS estimators.

3. It so happens in this empirical setting that the point estimates produced from using the
MARS-EPU indices with the ME-LS estimator (the estimation strategy advocated for in
this paper) yields very similar point estimates to those one would obtain by simply using
the unadjusted EPU indices in a standard OLS regression. This is perhaps unsurprising,
given that bias from imputation was mild, as was observed in Figure 1. However, we see
from Figure 2 that failing to apply the MARS framework would understate uncertainty,
even in this case; indeed, applying the MARS framework appropriately shows that a 95%
confidence interval should contain zero for the estimated coefficient of interest, unlike the

completely unadjusted results.
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Figure 2: Estimates of 8 by estimator for EPU and MARS-EPU indices.

1"Note that the coefficient estimate based on the unadjusted, keyword-imputation-based EPU index and the OLS
estimator produced in Figure 2 differs somewhat from the conceptually comparable estimate reported in Baker et al.
(2016). This is because the regression results reported in this table are: (1) based on a sample of data from 1985-2010,
as opposed to 1985-2012, as in the original paper; and (2) the EPU index deployed in this paper is based on deploying
the keyword classification algorithm of Baker et al. (2016) in the validation sample collected for this paper, and as
such the final keywords in the classifier differ slightly from those of the original EPU index.
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7.2 The Geopolitical Risk Index (Caldara and Iacoviello, 2022)

An intellectual successor to Baker et al. (2016), Caldara and Iacoviello (2022) construct a quanti-
tative index measuring geopolitical risk (GPR). Similar to the EPU index, the GPR index value
at each point in time is calculated as the (normalized) share of articles from prominent news-
papers that discuss “rising” geopolitical risks, based on a detailed keyword-based text query.'®

Fundamentally then, again, the GPR index value estimates the probability that a newspaper
article discusses rising geopolitical risks, suitably defined, at a specific point in time for a given
set of newspapers. This inference problem likewise involves using unstructured data (newspaper
text) to estimate a functional of missing structured data (the expected value of a binary indicator
for articles discussing geopolitical risk). As such, this is another context where applying the
MARS framework is appropriate.

We follow an identical formal setup to the one described in the previous section and produce
modern (7 = {1985,1986,...,2015}) GPR indices with and without application of the MARS
framework. We again form multiple indices based on two distinct imputation functions: the
original keyword query for GPR, and a deep neural classifier based on Sentence-BERT’s smallest
“general purpose” DistilRoBERTa model (Reimers and Gurevych, 2019).1° As with the EPU
index, we remain faithful to the definition of geopolitical risk crafted by Caldara and Iacoviello
(2022) by leveraging only the ground truth annotations that were created for their human audit
sample, and randomly sample fresh, unannotated articles for each time period from ProQuest at
a ratio of 9 unannotated articles for every annotated article. Given that all data is iid randomly
sampled, the annotation score function for our final sample is again 7 = 0.1.2° We employ
an identical data splitting procedure as for the MARS-EPU indices. In the estimation sample,
the deep neural classifier achieves an accuracy of 83.7%, and the keyword query achieves an
accuracy of 70.2%, using the human audit annotations as ground truth.

In Figure 3, we plot both versions of the MARS-GPR and unadjusted GPR indices, along
with confidence intervals, constructed as they were for the EPU example. We see that the un-
corrected GPR index based on the original keyword query is highly and systematically biased,
which we conclude by comparison to its debiased counterparts leveraging the ground truth audit
sample through MARS. Evidently, many articles in the audit sample discuss geopolitical risk but
do not contain the requisite query-specific keywords, leading the keyword-based classification
strategy to universally underestimate geopolitical risk. Again, we see that confidence intervals
are (erroneously) much narrower for the non-MARS indices than for the MARS indices. More-
over, once again, the more accurate deep neural classifier generates somewhat narrower year
by year confidence intervals than the less accurate keyword classifier, as we would expect, and
similarly to the EPU example.

We now revisit a representative regression analysis from Caldara and Iacoviello (2022) that

makes use of the GPR index as a regressor. In particular, Caldara and Iacoviello (2022) specify

18The query is Boolean and can be interpreted as a binary keyword-based classifier. However, unlike the EPU index,
there is no explicit training algorithm: Caldara and Tacoviello (2022) constructed the query using data external to the
analytic sample and did not update it based on the analytic sample. For the full query and details of its construction,

see Section A.3 of the online appendix in Caldara and Iacoviello (2022).
19Specifically, we use the model all-distilroberta-vi.

20As for the EPU index, audit sampling is conditional on first meeting certain keyword inclusion requirements;
this influences the interpretation of downstream estimands and estimates, and motivates correction by a known
period-by-period constant, under certain assumptions. See appendix B.6 of Caldara and lacoviello (2022) for more

details.
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Figure 3: GPR and MARS-GPR Indices (1985-2015).

a simple baseline regression for estimating the impact of GPR on economic disaster probability
as
D;; = BGPR; + 6AGDPy; 1 + uy,

where i indexes countries and t indexes years, D;; is an economic disaster indicator variable,
AGDP;;_; is a relevant control, and u;; is an error term. Again, the estimand of interest is 3.
In Figure 4, we similarly estimate 8 using the MARS-GPR index first-step and the appro-
priate measurement-error corrected least squares estimator (ME-LS), as well as using a naive
OLS estimator with both MARS-GPR and unadjusted GPR first-steps.?!
In Figure 4, we may notice that:

1. Relative to the ME-LS estimates, the OLS estimates based on the MARS-GPR indices are

erroneously precise.

2. Using either of the MARS-GPR indices in the regression analysis yields quantitatively and
qualitatively different point estimates of 8 than those based on either of the uncorrected
GPR indices, i.e., non-negligible bias is introduced in estimating § when failing to apply
the MARS framework. Moreover, the (lack of) variation in the unadjusted GPR indices

leads to relatively much larger confidence intervals for estimates of 3.

3. There is effectively no downstream gain in precision from using deep neural imputations

in this setting; this too may be unsurprising given the relative performance of the two

2INote that the estimate for the regression coefficient 8 reported in Caldara and Iacoviello (2022) again somewhat
differs in magnitude from the comparable estimate produced in Figure 4. This is because the regression results
reported in this figure are: (1) based on a sample dating from 1985-2015, as opposed to 1900-2019, as in the original
paper; and (2) we do not normalize the GPR index in any way, whereas the results reported in the original paper
convert to a scale in units of the standard deviation of the index. We also observe that clustering by both country
and year in our restricted 1985-2015 sample, as was performed in the original paper, generates negative variance
estimates, even for the OLS estimator. This is known to sometimes occur in multi-way clustering settings (Cameron
et al., 2011), and suggests that the asymptotic theory motivating multi-way clustering is a poor fit for this particular
application. Dissecting this issue is beyond the scope of our paper, however, and as such we opt to adjust for one-way

clustering on unit (country), as was done for the similar application reanalyzed in Baker et al. (2016).
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imputation methods observed in the estimation sample.
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Figure 4: Estimates of § by estimator for GPR and MARS-GPR indices.

7.3 Newspaper Topic Classification (Dell et al., 2023)

In order to probe design choices associated with the MARS framework - in the now familiar
context of mean estimation - we develop a third example in which we examine the share of
articles that are about politics in local U.S. newspapers across time. Articles were selected
at random for annotation from a large sample of historical U.S. newspapers, as described in
more detail in Dell et al. (2023). No keyword filters were implemented beforehand, so the
relevant population is all front page content in thousands of local newspapers. In the economics
literature, annotated text audit samples are typically very small, whereas by labeling our own
data, we could create a large enough set to examine how the size of the annotation set influences
inference under MARS.

This empirical setting, much as the ones previously explored, can be cast as descriptive
moment estimation under the MARS framework, where M; € {0,1} is now a binary indicator
of whether politics is discussed in the newspaper article. Under Assumptions 1, 2, 3, and 5, we
once again have that the semiparametric efficient estimator of the probability of an article being
written on the topic of politics is given by 6 in section 4.1.

Figure 5 plots estimates 6 and associated confidence intervals based on annotating increas-
ingly large fractions of the sample. All estimates are produced using the ModernBERT base
model (further pretrained with the Nomic Embed framework) as an imputation function (Warner
et al., 2024; Nussbaum et al., 2024).

Figure 5 shows that regardless of the annotation score m chosen, and its induced fi, point

estimates appear unbiased, as we would expect given Assumption 3 (Wager, 2024). The more
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data annotated, the smaller the confidence intervals, reflecting accuracy improvements in the
classifier when more labeled training data are available. With a highly performant deep neural
classifier like ModernBERT, a researcher need annotate only a small fraction of their overall
dataset to produce estimates with precision comparable to labeling considerably more data (in
this case, 403 versus 4157 labels for 7 = 0.1).
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Figure 5: Estimating P(discussion of politics) with annotation score 7 € {%7 1—10, %, %, 1}.

Figure 6 explicitly plots imputation function accuracy against downstream point estimates
and confidence intervals for a range of popular text classification models and methods. Specifi-
cally, we inspect performance and estimates based on three zero-shot text classification methods
(the ChatGPT-informed keyword-classification strategy employed in Dell et al. (2023); a zero-
shot encoder transformer per Yin et al. (2019); and a popular, open-source “GenAI” model,
the smallest Llama 3.1 instruction-tuned decoder transformer (Grattafiori et al., 2024)) and
two neural encoder methods (the original BERT encoder transformer (Devlin et al., 2019) and
its recent successor ModernBERT (Warner et al., 2024) as pretrained with the Nomic Embed
framework (Nussbaum et al., 2024)) fine-tuned with a dataset where © = 0.2.

Figure 4 shows that the zero-shot methods, including a popular open-source Llama model,
offer noticeably worse performance for this simple topic classification exercise than supervised,
fine-tuned methods. This worse performance in turn translates into significantly wider confi-
dence intervals. A frequent question in the emerging work using deep learning to impute missing
data in economics is how accurate is accurate enough? In the presence of non-classical mea-
surement error—which is inherent when a deep neural network is the imputation function—the
answer will depend on the precision that the researcher requires when using the imputed data

to compute downstream estimators.
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Figure 6: Estimating P(discussion of politics) across fine-tuned and zero-shot classifiers.

8 Conclusion

Unstructured data can generate valuable new insights into social science questions. However,
incorporating structured information imputed from unstructured data into estimators, without
accounting for the fact that the data are imputed with inherently non-classical measurement
error, can lead to biased and inconsistent results, invalidating asymptotic uncertainty quantifi-
cation.

By conceptualizing the statistical role of unstructured data as imputing missing structured
data, the MARS framework is able to recover /n-consistent estimators along with valid un-
certainty quantification. This further unlocks recipes for developing not just valid but also
efficient and robust estimators and recovers estimators from related frameworks as (potentially
inefficient) special cases. MARS, through its lens of efficiency, also reveals that “optimal” impu-
tation functions that asymptotically enable efficient estimates can take non-obvious forms, as
they require capturing variation not just in missing structured and unstructured data, but also
variation in context-specific covariates.

Deriving efficient influence functions can be challenging for certain functionals. However,
incorporating recent advances in automatic debiasing (Chernozhukov et al., 2022b; van der
Laan et al., 2025) or automatic (functional) differentiation (Luedtke, 2024) into MARS could
significantly reduce the burden on researchers. These methods and tools offer new opportunities
to make MARS more user-friendly and scalable.

Casting efficient and robust inference with unstructured data as efficient and robust inference
with missing structured data requires that a researcher define and measure the low-dimensional
summaries that they wish to extract from unstructured data. Even though the imputation
function (often a deep neural network) may be a black box, its output, and that output’s role

in the estimator, must be interpretable under the MARS framework. If a researcher leverages
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unstructured data for unsupervised data exploration - where the objective is an open-ended
exploration of patterns in the data and there is no single ground truth - MARS is not the
appropriate framework.

We show that MARS can be readily applied. Its estimates can differ substantially from
estimates produced without MARS, due to systematic measurement error. Our examples show
that better prediction matters for statistical inference, leading to tighter confidence intervals.
Importantly, all of the imputation functions trained and implemented in this paper were both
highly performant and computationally lightweight, requiring minimal compute. If readers take
one point away from this study, we hope that it will be that systematic measurement error - which
is inherent to the imputation of structured data with neural networks - must be taken seriously.
MARS offers an easy-to-implement framework that, under relatively weak assumptions, enables

unbiased and efficient inference using imputed structured data.
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9 Appendix

9.1 Proofs

9.1.1 Proposition 1

We define a MARS mean functional as any functional that can be written as
0(P) = Ep|[M*

where M* = g(M*,V) and where g is a known deterministic function and V is a known random
variable, [A 1L V] | X. When g is homogeneous of degree 1 in its first argument, under

Assumption 1 we have that
AM* = Ag(M*, V) = g(AM*, V) = g(M,V) := M.
Under Assumption 2, we have that
[M* 1L A] | (X,U)

and so
lg(M*, V) L A] | (X, U, V).

Labeling X = (X, U, V), we can also write this as
[M* 1L A] | X.

Specifically, then, being a MARS mean functional means that point identification can always

be achieved as

0 = E[M"]
= B[B[M" | X]]
=E[EM* | A=1,X]] (Assumption 2)
— E[E[M | A=1,X]] (Assumption 1)
= Bi(X)]

where ﬂ(X) = E[M | A= 1,)2}. Explicitly, we can write

9:%;(A/hmm|L@dm)m@di

Note that all of the functionals involving missing structured data considered in section 4 are
MARS mean functionals. This encompasses conditional MARS mean functionals, such as for

the DiD and RDD applications, which can be re-written as

I{V = v}

6:E[M*|V:v]:ELD(V:U)

M*] = E[M*],

with M* = IH;{(“//:;;}) M*, for some discrete conditioning variable V.
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9.1.2 Proposition 2

Proof. The first part of the proof of this proposition is identical to the proof of Proposition 4,
which delivers that the efficient influence function for functional Ep {ﬂ(f(l)}, under the semi-
parametric statistical model P, 5 P induced by Assumption 3, is

o(W) = l(Xs) + — (0T — (X)) — 6.

Then, under Assumption 2, we notice that
m(X)=PA=1] X’) =PA=1|X,U,V)=PA=1|X,V):=7n(X,V)

and so

9.1.3 Proposition 3
We know from classic semiparametric theory that the semiparametric variance lower bound for

Ep [ﬂ(f(z)} will be given by Var(¢(W;)) in our setting, where, per Proposition 2,

o = i(X) + 7T()‘év)(M—ﬂ(f())—9.

Classic results in semiparametric inference for missing data tell us that, with some careful

algebra,

— Var ~(X)> + Var (7‘(’(}?7‘/)(M - ,[L( ~)))
= Va(epir* | X))+ 5 | PEOE LD
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Then, by the law of total variance, we have that

Var(p) = Var(E[M* | X]) + E

V)
= Var(M*) — E[Var(M* | X)] + E Va;((]\;v')x)
— Var(M*) + E | 22 ;((])‘?J)X ) _ Var(i7* | X)]
= Var(M*) + E Va;(( XV|)X ) V(1" | X)]
= Var(M*) + E[(m(X, V)~ = 1)Var(M* | X)]

Then, under a constant annotation score T,

Var(p) = Var(M*) + E[(x ( V)™t —1)Var(M* | X)]
= Var(M*) + E[(x~ — 1)Var(M* | X))
= Var(M*) —+ (71‘ )E[Var(M* ‘ X)]
= Var(M*) + (x~' — 1) Var(M*)(1 — R*(X))
= Var(M*) ( (—1) (I—RQ(X))>7

which uses the fact that E[Var(M* | X)] := Var(M*)(1 — R*(X)), where R?(X) the nonpara-
metric R2.
9.1.4 Lemma 1

Proof. Let us first assume that P > P is a fully nonparametric statistical model, which is to

say Assumption 3 does not hold. Under P, without any restrictions, P generically factors as:

The tangent space T (i.e., the set of all valid scores h associated with P and P) for this model can
be constructed as the the orthogonal sum of the tangent spaces for each factorized component
of the model:

T=Tinax ®Tax ©Tx
Ti = {hx(%) € L*(P) : Ep[hg(X)] = 0}
Taix = {hax(a,%) € L*(P) : Eplh, (4, X) | X] = 0}
Tinax = {hinax (M a,®) € L*(P) : Eplhy, 3 (M, A, X) | A, X] = 0}.

A score h under this nonparametric model can therefore be factorized as

h(M, A, X) = hyy g 5 (M, A, X) + by (A, X) + hg(X),
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where all summands are pairwise orthogonal.
Denoting a pathwise derivative with respect to h as Vj,, we then have that, by linearity of

pathwise derivatives,

Vil =V, _ "9+th|)}9+vhxe'

M|A,X

Crucially, notice then that v’mxo = 0 for any score h at P:

d
VhAp?e %9( fth\x)
_ 4 ( mp(m|1,%) drh) p(Z) dZ
de J3 \J

As such, we have that

V0=V, , 0+ Vi 0

M|A,X

for any score h.
Alternatively, if we had made Assumption 3, then our statistical model would be semipara-

metric, which we can denote P,, where the distribution factorizes as

P(M,A,X) = P(M | A, X)(An(X) + (1 - A)(1 - n(X)))P(X)

for known annotation score function 7. For P, and P € P,, the corresponding tangent space

T~ therefore factorizes as
7; = T]\Z\A,X 5> TX
Any score h, under this semiparametric model can therefore be factorized as
hTF(M’Avj() = hM\A,f( + hf(’

where the summands are again orthogonal. Again by the linearity of the pathwise derivative
operator, we have that
Vhwe = th‘A,Xo + V}Lxg.

As such, we have learned that

V0=V 0+ Vi 0=V, 0.

M|A,X

By the definition of pathwise differentiability, we know that
vh,\-o = E[‘Pwhw}

holds, where ¢, is the efficient influence function for 8(P) under P € P,, by the Riesz repre-

sentation theorem. However, if ¢, is the EIF under P, then it lies in the tangent space T,
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which is orthogonal to 7;” ¢ and all of the scores h A% in it. This means we can write

Putting everything together then, we have that
V0 =V 0= E[p:h].

Importantly then,
Vil = E[@ﬂh]

which, again by the definition of pathwise differentiability, tells us that the EIF for the semi-
parametric model P, induced by Assumption 3, which is ¢, is the same as the nonparametric
EIF, which is the random variable that would satisfy this equality.

As a result, we conclude that it suffices to find the EIF for a given MARS mean functional
6(P) under a nonparametric model P in order to find the EIF for §(P) under the semiparametric

model P, induced by Assumption 3. O

9.1.5 Proposition 4

Proof. In order to derive the efficient influence function for functional §(P) = Ep [u(X )] under
the semiparametric statistical model P, 3 P induced by Assumption 3, we first first find the
EIF for Ep [,u(X )] under a nonparametric statistical model P > P, and then apply Lemma 1.

To find the nonparametric EIF for the functional of interest, we will (1) find a candidate EIF
by treating the all data as discrete and making use of the influence function operator (Kennedy,
2023), and then (2) check this is indeed a valid influence function in the general, non-discrete
case using the definition of pathwise differentiability.

Treating all data as discrete, application of the influence function operator to our functional
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of interest yields:

IF(Ep [u(X)]) = TR} u(@)P(X = 7))

_ KX =@,A=1} o e
=3 | P A sy M MR =)+ IO = 5} = PO - ))1
FcX e

A o s ~ ~
= pE A= M EDPE) )~ F [u(X)]

A o ~ ~
_P(A:1|X)( u( ))-&-M(X)—E{M(X)}

A )

= —=(M — p(X)) + p(X) - 0.

Rearranging, our candidate EIF ¢ (which would be the nonparametric EIF if all data were

discrete) is
pi=n(R) ¢ M () 0.

We now apply the definition of pathwise differentiability to check that this is indeed the
(efficient) influence function for 8. In particular, the definition of pathwise differentiability tells
us that

V0 = Elph].

For the left-hand side, we have that

Vol = %/ (/M m(1 + eh)p(m | 1, %) dm) (1 + eh)p(3) di

x

o8



and for the right-hand side, we have that

Blet] = B | (W) + — (M = (X)) - 6) 1

(X)
—E M(X)h} +E W&) (Mu(f())h}

— B [u(0)En | X)) + B | |01 - u(X H

— B [u(X)Elh| X] +E_E:(M—u( Dh ()\ XA=1] Pa=115)
:E:M(X)E[h|)~(]:+E:E:(M7( h|XA—1”

As discussed in Lemma 1, we know that in a fully nonparametric model P we can factorize the

score as
WM, A, X) = a5 (M A X) + gy g (A, X) + hg(X).

As such, we have that
Elph] = Elphy 4 31+ Elph g 5] + Elohg]
and by linearity of the pathwise derivative we also have that

Vil =V, 9+th|X9+Vh 0.

M|A,X

Checking equality summand by summand, we have:

e hy direction:

Elphg (X)] = B [1(X)hg (X)| + B [E[(M = u(£)) | £, 4= 1] hg(%)] = B [u(D)hg (X)

and so Vj, 60 = E[ph(X)] = E[u(X)hg (X))

° hA\f( direction:
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° hM|A,)Z direction:

Elhygax) = B [m(X) Elhygax | X1 + B[ [(M = p(X)hyga 5| X A=1]]
= B [u(X)Elhygax | X)| + B [B[Mhy 51 % A =1]]
= B[R BBy 5 | XAl X)) + B [B[Mhy, 5| X 4=1]]

— BB [Mhyax | X, 4=1]]

Viae? = di ([t ety 1,000 1.2) ) i)

=5 (] metyga 1 2ot 1.3) ) @)

/ (/ mhaga,x (ms 1 E)p (mvl’f)dm> p(Z) dz

E[B[Mhy s 5 | A=1,X]]

and 50 Vi, 0= Elphy 4 5] = E[E[Mhy, ¢ | A=1,X]].

M|A,X

Because all summands are equal, the definition of pathwise differentiability holds for the candi-
date ¢, and so indeed

¢ = pu(X) + m(M—M(X)) —0

is the influence function (or curve) for 6, and because P is nonparametric, it is also the EIF.
Letting M* := M*, by Lemma 1, we also know that ¢ is the EIF under the semiparametric
model P, induced by Assumption 3.
Finally, through Assumption 2, we have that

n(X) = n(X)
and so 4
¢ = pu(X) + 7T(X)(M—M(X)) -0

9.1.6 Proposition 5

Proof. We first want to show that the efficient influence function for the numerator functional
Ep [Cf] ,u(f(z)} under the semiparametric statistical model P, > P induced by Assumption 3 is

~ A ~
num i) = i+ Xz - Mi - Xz — VUjnum-
(W) = € |10 + L= (08, = p(X)| =0,

Notice that, letting M; := CiM; and My = Ci M and defining (X)) == E[M; | A; =
1, X;], then we can re-write our functional of interest simply as Ep[i(X;)], i.e., it is a MARS
mean functional. Using identical arguments to Proposition 4, we know that the EIF for this
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functional under a nonparametric statistical model is

i A - s
Qonum(Wi) = M(Xl) + W(Xi) (Ml - N’(Xl)) - 0j,num~

Then, because the functional is a MARS mean functional, we apply Lemma 1 to conclude that
it is also the EIF under P,. Applying Assumption 2 and recalling that [C; 1L A;] | X; implies

that 7(X;) = 7(X;), which yields

AZ‘ ~ ~ v
m(M,- — (X)) = b num-

num(Wi) = /NL(XZ) +
We now want to prove that the efficient influence function for the denominator functional
Ep [CZLJQ] is given by
2
SDden(Wi) - CZJ:] - 8j,den~

To do so, we again (1) find a candidate EIF using basic calculus rules inherited by an influence
function operator IF, pretending the data are discrete and (2) check that this is indeed the
EIF in a general, non-discrete case with the definition of pathwise differentiability. Because
the denominator functional is just concerned with marginal distribution of the random variable
'
vh%? 0jden = Vi, 0jden-

we can effectively treat the relevant statistical model as nonparametric, as V0; den =

To start, we have that
12 12 12
Pden = ]HF(EP[Ci,j ]) = Ci,j - EP[Ci,j ]
The definition of pathwise differentiability thus requires that
vf7.0j,dcn = VhCJ_Q ej,dcn = E[Sadcnhcliﬂ = E[‘pdcnh}a
k

where the last equality comes from the fact that the EIF under score h L2, per the marginal
model, will be orthogonal to all other factored score functions.
Checking this, we have that

d
Opaenieyo = o [ L+l (Dol de

= / chcéz(c)p(c) dc
c
= B[C} ey
and

2 2
Elpdenhy2] = B[(Ci;” = B[C;; Dhey2]

2 2
= E[C}- heps] = E[C} |Blhey 2]

2,9

2
= E[Ci; he 2]

2¥)
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Therefore, indeed,
2
@den(Wi) = CLJ:] - 0j,den

is the EIF for the denominator functional. O

9.1.7 Proposition 6

Proof. We first want to show that the efficient influence function for the denominator functional
Ep[Z+u(X;)] under P > P is

(pden(Wi> = Zzl M(Xz> + 71'(14)~;Z)(MZ - M(XZ)> - eden-

Much like the proof of Proposition 5, we may notice that, letting M; := Z+M; and Mi* =
ZEM, and defining fi(X) := E[M; | A; = 1,X;], we can re-write our functional of interest
simply as Ep[i(X;)], i.e., it is also a MARS mean functional. Then, similarly to Proposition 5,
the proof of Proposition 4 tells us that the nonparametric EIF is

A;

(pnum(Wi) = ﬂ(Xz) + W(XZ) (Mz - ﬂ(Xz)) - enum-

Application of Lemma 1 then again delivers that this is also the EIF under P,. Under Assump-
tion 2, and given that [(Z;, C;) 1L A;] | X;, we recover that

A; - =
7T(‘le) (Mi - M(XZ)) — Onum.

(pnum(Wi) = /]’(Xz) +

We now want to prove that the efficient influence function for the numerator functional
Ep [Zf-YZ-} under P is
(pnum(Wi) = Zf)/z - 0nuIn-

This follows immediately from the proof of the EIF for the denominator functional in Proposition
5, where Z:Y; plays the role of Cﬁjz. O

9.1.8 Proposition 7
Proof. We first want to show that the efficient influence function for functional

Epluc(X;) | C; = 1]

under the semiparametric statistical model P, 5 P induced by Assumption 3 is

C. . A N
Wi) = —— 2 | pe(X; L (M — pe(X) | — e
pc(Wi) PG =1) po(Xi) + w(Xi)( pe(Xi))| o
Note that, letting M; := %MZ and M} = %M;, we have that

Epluc(X:) | Ci = 1] = Ep[i(X;, Cy)]

for i(X;,Cy) == E[M; | A; = 1,(X;,C))], i.e., Ep[uc(X;) | C; = 1] is a MARS mean functional.
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We then know from the proof of Proposition 4 that the nonparametric EIF for this functional is

po(Wi) = A(X:, Cp) + ﬂ(;‘c)w (% Co) —
— BT [P O+ o (M = (e, C)|
_ P(C?i 5 :M(f(i,cl — 1) W(X“é: (i - (X, Ci = 1))} ~ b
— ey e+ W(X‘él)w - (%) - to.

Because this functional is a MARS mean functional, we apply Lemma 1 to again conclude ¢¢ is
also the semiparametric EIF under P,. Then, under Assumption 2, and given [C; 1L A;] | X,
we again have that

Ci

gDc(Wl') = P(TZU ,LLC(X'L) + ﬂ-f)gz) (Mz - :UIC(Xz))} - 90-

Given that 0 has exactly the same form as 6¢, but with G2 playing the role of C;, the
proof for the stated EIF for 8o under P, is immediate.
By the definition of pathwise differentiability, we have that

Vi = V0 — Vilc
= Elpch] — E[pch]
= El(¢a — ¢c)h]

and so too that
Vi =V 0= E[(¢c — pc)hz] = El(pc — vc)h]

via Lemma 1. As such, we can conclude that the efficient influence function for # under P, > P
is given by

Y= Ye —PC-

9.1.9 Proposition 8

Proof. The proof of this proposition is immediate from Proposition 7, as the functionals have
identical structure; the conditioning event {G;o = 1} is simply replaced by {R; € B, D; = 1},
and the conditioning event {C; = 1} is replaced by {R; € B, D; = 0}, and the proof follows
identically. O

9.1.10 Theorem 1

Proof. To prove a CLT for 6 and show that it attains asymptotic efficiency, we will (1) introduce
an “oracle” version of the MARS estimator where pu is known and show that this oracle estimator
attains the semiparametric efficiency lower bound and then (2) show that the feasible MARS
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estimator is asymptotically equivalent to the oracle estimator under our assumptions.

To start, recall we have the dataset {W;}7,, W; % P. We partition the dataset randomly
and disjointly into two parts, forming two new datasets: an “estimation sample” with indices
given by the set Z, and a “training sample” with indices given by the set Z’. Equivalently, we
may consider that we have access to two datasets, {W;};ez and {W; }i ez, for which W; dp
and W, % P.

Also recall that under Assumptions 1 and 2, we can point identify our functional of interest
0 = E[M*] as 0 = E[u(X)).

We now introduce the oracle estimator

Notice that we can re-write the oracle estimator as

~ 1
9=9+EZS@(W2')

i€L

for o(W;) the EIF for 6 under P, as proved in Proposition 4. Rearranging and scaling, we have

VI (0-0) = = >

i€l

By application of Lindeberg-Lévy CLT for iid data, we have that
VIZI (8- 0) = N(0, Var(o(Wy),

and as such we can see that 6 is semiparametric efficient.

We now want to show that, under our assumptions,
VI (é - é) —0
P

where, as introduced earlier,

g:iz [ﬂ@zm A? <M,-ﬂ<ffi>)}

where [ is a random function of {W;s }; <1/, the training sample. In particular, we will leverage
Chebyshev’s inequality, for which we need to show the mean of this scaled difference is zero,
and its variance goes to zero asymptotically.

To start, we can write

i > () + =5 (0 = ) — ) - 3 (Mo (K0 |
= |-’;‘ ; [(ﬂ(XZ) M(Xz>) (1 - Wééz))]
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Consider the expectation of this difference,

% ; [(ﬂ(ffi) - (X)) <1 - 7T<AX>>H
_ % ;E [(ﬂ()@-) ~n(X0) (1 - w(A)()ﬂ '

Further considering an arbitrary summand (and abusing notation slightly, where conditioning

on 7’ indicates conditioning on training dataset {W; };/cz/), we have that

B| () - %) (1- 55 )| = £ |8 | (1050 - wix0) (1- 55 ) 1 %7

EPfﬂ:E

and as such it is immediate that E [é - é} = 0, and thus that £ {\/|I\ (é - 5)} = 0. (N.B.:
this holds for all |Z|.)

Now, computing the variance of this difference, we have

wﬂ&ﬁ}

:VMl;%;KMX) M&D(P—J;JH

- |Il|2 ' ; [(”(X)“(Xi)) (1 77&)) ]
_W;JEWH<§:KMX0—M&D 1—%&0}>‘¥I

= [ (0 - w0) (1- 55 ) ) 1 %7

_ %E E ((M(X)—M(f(i)) (1 - ﬂé}’i)»z | X, T

- % (A% — n(%0) ;(Zﬁﬂ

< 0 [ (a0 - ui)| (Assumption 3)
_'jgj' (Assumption 5)
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As such, it is immediate that

Var [\/m (é - 9)} — |Z|Var [(9 - 9)} = o(1).
Then, by Chebyshev’s inequality, we have indeed shown that
VIZ| (é - é) 0.
P
Accordingly, we have that

VI (é - 9) il (é - 0) +0y(1) = N(0, Var(o(;))

by Slutsky’s theorem. O

9.1.11 Theorem 2

Proof. In order to prove asymptotic efficiency for éj, we proceed with the following steps: (1)
we prove CLTs for éj’num and éj’den, and show that both are efficient estimators; (2) we prove a
multivariate CLT for éj = (éjynum,éjvden)'f, and show that éj is efficient; and (3) we appeal to
van der Vaart (1998) Theorem 25.47, which states that the delta method preserves efficiency, to
show that éj is efficient.

Recall that

0] num — ‘I| ZC |:[/J X ) 7T(XZ> (M'L' - ﬂ(j(z))] ) j den — |I| Z

i€l €T

We start by proving a CLT for éj7den. Note first and foremost that
Ci; C’ 5+ op(1).

Then,

.77deH = ‘I| Z + Op

i€l

J_2
mZC +op(1

i€
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As such, we have that

R 1
\/m (oj,den - 0j,den> = TI' (OZJ,__72 _ E[Of;j2] + Op(l))
i€T
1 2 2 1
= LS (0 - EIeEY) + —= Y o)
\Z| ig( N 7 ) VIZ] ; 3
1 2 2
=—=>" (¢4 - EICH]) + o(1)oy(1)
Izl iz
1
= —=>" (" = BIc) + 0p(1)
|I| 1€T

We now introduce the oracle estimator
- 1 - . -
by = 1 30y [0 + 08— K0)]
o 1= 177 2, i m(X2)

Using identical arguments as in Theorem 1, we know that this estimator is semiparametric
efficient:

V |I‘ (éj,num - 9j,num> 7 N(07 Var(@num(Wi)))

Now consider the “almost oracle” estimator

3 1 — ~ A
gj,num = m Zci,j |:.U(XZ) + 7T(X1) (Ml H(Xl)):|

i€
_ 5o [z A ez ]+ oL % A; e
IIIE i _M( z)+ﬁ(Xi)(Mz M(XJ)_ + p(1)| 2 [M(Xz)-l-W(Xi)(Ml M(X,))}
_ L IR A; el L@ 1 ; A o
71 O (10 + G K] + 2 - S () + (M= (50|
1 i X Ai o v | op(1)
= 71 2 O [nR0 + Sy O~ uK0)] + 000

] op(1)

= 0. + .
j,num
VIZ|

As such, it is clear that

VIZI (6 mum = 8.num) = 0,(1),

ie., éjmum is asymptotically equivalent to éjy,mm.

Finally, then, we want to show that éj,num is asymptotically equivalent to éj,num. Notice
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wher
|G (000 - ) (1 55 ) = B [ |G (6050 - i) (1= 55 ) 17
= pley (a0t - nct) [ (1- ) 1 27|

and so, just as in Theorem 1, F [\/\IK@A — 9)}
Finally, observe that

0.

Var [0 -]

é Z; {a,j (%) - n(X) (1 - ﬂééo )H
A

= Var

)
C’ZQJ (/}(f(l) - M(Xz)> ] (Assumption 3)

— il_JE [C'l?]} o(1) (Assumption 5)
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where the second-to-last equality uses the fact that Assumption 5 holds conditionally (as this
is directly implied by Assumption 5). As such, again by Chebyshev’s inequality, identically to

Theorem 1, we can conclude that
VI = Fimam) = 0 (1)
indicating that éj,num is asymptotically efficient, or, explicitly,
VI (B = 3 ) = N0, V(2 (W:))).
We now form the vector-valued estimators and estimand
b, o (eﬂ) . (2) . (2) |
j,den j,den j,den
Notice then, by the (multivariate) CLT for iid data, leveraging our previous results,
VITI(6; - 6;) = VITI(G; — 65) + 0,(1) = N (0, Elg"))

num Wl

where ¢ := o (W)

L)Oden(vvi)

der Vaart (1998) Theorem 25.20.
Lastly, note that

). In this form, we recognize that éj is semiparametric efficient by van

0; = ¢(05), 65 =¢(05),

for ¢(a,b) = ab=!. Then, by application of the delta method, we have that

VIZI6; - ;) — N(0,%)
where, noting that,
V(ZS(CE, b) = (bila _ab72)T7

by the delta method we have that

Y= vd)(ej,num7 ej,den)TE[QOQOT]V(b(ej,num, ej,den)

_(p—1 . _92 Var(‘pnum) E[@num (Pden] ejj(ien
- (oj den> ajynumaj den) 2
’ ’ E [‘Pnum Sodcn] Var(SDdcn) *gj,numej’den

= (0 dens B ) (‘;g%en?’f(%um) - 9j,num9j,§ef[sonumwden]>
- den B [Prum@Pden] — 05 numb jon Var(@den)

=07 3., Var(Vnum) — 20 num®; 3o Elnum@den] + 07 numb; don Var(©den)

= 0; Fon (Var(pnum) — 205 E[@numPaen] + 05 Var(paen))

=0, Fon (Var(num) — 2E[@numbj@den] + Var(6;@aen))

= 07 3., Var(Poum — 0Pden)

= Var (6] g, (¢num — 0j¢den))

= Var(g;)
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where

_ ~ . A, N

on (WZ) = ej,éen((pnum - ej(Pden) = ej,c}encl%j ,U/(Xl) + 7T(X) (M’L - :U’(XZ)) - CZ%JGJ
By van der Vaart (1998) Theorem 25.47, éj is semiparametric efficient with efficient influence
function ;. O

9.1.12 Theorem 3

Proof. The proof of the efficiency of 6 is immediate from the proof of Theorem 2. This can
be seen by replacing Z:'Y; with Ci{-jQ in the proof of Theorem 2 (notice it is still the case that
7Y, = ZilYi + 0,(1) so long as we have that Y; is stochastically bounded), as well as observing
that the structure of (the estimator of) the numerator functional in Theorem 2 is the same as

that of the denominator functional in the linear IV application, and vice versa. [

9.1.13 Theorem 4

Proof. In order to prove the efficiency of é, we may proceed by: (1) proving the efficiency of
(0, 0¢) for (Bg,0¢); and (2) applying the delta method to get a limiting distribution for 6,
confirming that the asymptotic variance is the semiparametric lower bound Var(o(W;)).

First, we note that, just by the WLLN,

and so by the CMT,
P(Gip =1)"" = P(Gia = 1) +0,(1),

and so overall we have that

GZQP(GZ'Q = 1)_1 = GiQP(GiQ = 1)_1 + OP(]‘)'

With this observation, we now may use an identical proof for the efficiency of ¢ as for the
estimator of the numerator functional in Theorem 2, but where the role of C'Z-,j is now played by
Gi2P(Gio = 1)71, pis played by ug, and X; is played by (X;, Gi2). So too does the proof of the
efficiency of Oc proceed identically, given that it has identical structure to éc;, simply replacing
conditioning event {G;2 = 1} with {C; = 1} in the proof.

The output of application of these identically structured proofs yields that, for the vector-

valued estimators and estimand

é — QAG’ 7 é — QG : 0 — 9G 7
b i 0

(noting that 0c,0c are analogously defined oracle estimators), we can write

VIZI(6 ~ 0) = VIZI(8 — 8) + 0,(1) = N (0, E[p"])
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where ¢ = e,
pc

Lastly, note that
0=19(0), 06=09(0),

for ¢(a,b) = a — b, so, by application of the delta method, we have that
VITI(0 —0) = N0, Var(pe — oc)).

Because we know that pg — ¢ := ¢ is the EIF for § under P,, we know that Var(pg — ¢c¢)
is the semiparametric variance lower bound for 6, and as such 0 is efficient. (Alternatively, if we
did not know ¢ was the EIF from Proposition 7, we could invoke van der Vaart (1998) Theorem
25.47 here to conclude that it must be.) O

9.1.14 Theorem 5

Proof. This theorem is immediate from the proof of Theorem 4, owing to their identical struc-
ture, but where, in the proof of Theorem 4: Gigp(GiQ = 1)~ is replaced by I{R; € B, D; =
1}P(R; € B,D; = 1)~! and C;P(C; = 1)~ is replaced by I{R; € B,D; = 0}P(R; € B,D; =
0)~1; and g is replaced by p; and uc is replaced by po. O

9.2 A consistent estimator for the asymptotic variance of efficient es-
timators of MARS mean functionals

Consider the dataset {W;}? with W, = (]\;IZ, Ai,f(i). A MARS mean functional of interest is

given by, under Assumptions 1 and 2,

6 = E[M"] = E[i(X)

for i(X) = E[M | A=1,X]. Let i(X) = E[M | A =1, X]. By Theorem 1, we know that the

estimator

é: T Sbi)
=
with 4
A’L = [ Xz : M’L — [ Xl
@i = (Xi) + 7T(Xi)( f1(X5))

is the EIF for 6 under P, as follows from the result of Proposition 4.
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It is then immediate from Slutksy’s theorem that
o VWé—ﬂij@J)

Of course, ¢ is not observed. However, so long as we have a consistent estimator &, we then
have by the CMT and Slutksy again that

5! VWé—@:jN@J%

a result which can be used to form asymptotically valid confidence intervals based on critical
values of the standard normal distribution.

In particular, for any MARS mean functional, consider the empirical variance estimator

1 ~
~2 § ~2 2
i€l

Below, we prove that 62 = 02 + 0,(1), or that 62 is a consistent variance estimator, allowing us

to form confidence intervals using 62 that hold in the large sample limit.

Proof. First, consider the oracle variance estimator

1 ~
~2 § 2 2
i€l

By the CMT, and from Proposition 4, we know that
0% = 62 + 0,(1).
As such, by the WLLN and Slutksy, we have that
52 > E[¢?] — 6% = o2,

Also recall from Theorem 1 that

Eli—d =0
PO 1 . 1
E0—0]=E miezzw ~-E Iliezzsoi]
1 .
=F m;(%‘—%)]
-G DB
= E (i — i)l

L E[(@i —9i)] =0
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and that
IZ|Var(6 — 0) = o(1)

[Z|Var(8 — 6) = |Z|Var <|11| Y e |%| > %)

1€L i€
1 5
= |Z|Var <|I| Z(‘Pz‘ - %‘))
i€T
1 R
= mvar Z(‘Pi — i)
i€l

1 .
] > Var (@i — ¢i)

ieT
= Var (@i — ¢i)
o Var (¢; — @) = o(1).
(N.B.: both of these conclusions hold because ¢; — ¢; 11~d) As a result, again by Chebyshev’s

inequality, we have that
@i = pi +0p(1)

and as such

= g (e opl1)?

i€l i€L

1
= m Z 90? + Op(1)~

ieT
We can now conclude that

. 1 . - 1 A -
62 = mz}”? — 6= mz;p? — 8% 4 0,(1) = 52+ 0,(1) = 02 + 0,(1).
1€ 1€

9.3 Independent Measurement Error Models

We return to the setting of Section 6.3, but now allow measurement errors to be independent

and not identically distributed:

d _
Xii = Xii+Mis Wi ®NO,07 1), 00 i = |Teil " Var(or,),

where ¢y, ; is the efficient influence function associated with X ..

We therefore will assume that

ind .
Y; AL M, M ~ N(07 Ei)a = dlag(afj,l,i’ s 7U%,K,i)7

owing to the facts that (a) it will often be the case that each X} ; will often be estimated on a

separate sample, (b) for large Zj; the normal approximation should be a reasonable one. We
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assume YJ; are known.
Let ¥ := L 3" | %, and consider the estimator

Bi=(X"X —nZ) ' XTY.

This estimator is consistent, as we can see that

where the last line follows by the WLLN, the CMT, and Kolmogorov’s variance criterion for
averages (c.f., corollary 5.22, Kallenberg (2021)), which yields

I 1
-~ ;mnf -rX=- Z minit = i) —» 0.
iz P

In order to understand the asymptotic variance of this estimator, note that
1 & g
5o (@m}—z) D IRAY
= i=

= <71z i(xix;f - B[X;X]]) +E[X;*X5‘T}> (izn: (X;Y; — E[X;Y3) +E[X;*)/i]>

=1

= (AL +Q) (A4 9),

where Al = 1 Z?:l(XZX;r — E[XzX;r]), AQ = %Z:’:l(le; — E[Xz}/z]), Q= E[XZ*X:T],
and S := E[X}Y]. Thus, in this notation, 3 = Q~S. Noting that both A; = O,(n'/?) and
Ay = Op(n 1/2 ) by the Lindeberg-Feller CLT, by a Taylor expansion argument, we have that

B=(A1+Q) 7 (Ay+9)
= Q7' —Q7'A QT+ O,(n ) (A + S)
=0 A+ QIS - QTIAQTIS + 0, (n 7Y
=B+Q 1A, —Q7'A B+ 0,(n7Y)

and thus

B—B=0""(As—A1B)+Op(n7").
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Substituting back in and scaling, we have that

1

Vi (8- 8) =07 o= 30 (2~ Bl + o),

where Z; 1= X;(V; — XT8) . Then by the Lindeberg-Feller CLT,
Jn (B - 5) - N0, w0,
where ¥ := lim,, o % >, Var(Z;), assuming this limit exists.
Let O := %Zi(XinT —3;) and let U= %Zl ZAIZA;r — 7,77, for Z; = %ZZ Z; and Z; =
X (Y — X7 B) Observe that, again by Kolmogorov’s variance criterion for averages,
O— Q, U — 0.
P P

Then,
Ve (5= 8) - NO.D),
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