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Abstract

We study the cross-section of equilibrium returns on safe assets using a tractable as-
set pricing model with a micro-founded demand for liquidity, and multiple safe assets with
heterogeneous transaction costs. A key feature of our model is the “value of convenience”
which is an equilibrium object that measures the level of liquidity risk-sharing in the econ-
omy. Changes in the supply or transaction cost of a single safe asset affect aggregate liquidity
and the returns of all assets. The model features a pecuniary externality, which investors fail
to internalize when forming their portfolios, and which impacts the equilibrium welfare of
sellers. Policies such as buyer subsidies, liquid asset supply management or a higher payoff
on the most liquid asset improve welfare in the competitive equilibrium. We test the main
predictions of our theory using a novel measure of relative convenience yields in the US
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1 Introduction

Safe assets, such as government bonds are not just risk-free assets. Many investors hold these
assets for the liquidity services they provide, since they either have a short enough maturity to
match investors’ liquidity needs or can be readily converted for cash in liquid secondary markets
with little price impact. Therefore, safe assets tend to command an additional premium, often
referred to as a liquidity premium or convenience yield (Krishnamurthy and Vissing-Jorgensen,
2012). However, there is substantial variation in safe assets’ convenience yields. To illustrate
this, Figure 1 plots the spreads between Treasuries and (maturity matched) overnight indexed
swaps (OIS) — a common measure of Treasury convenience — relative to the 3-months Treasury-
OIS spread.! As we argue below, this difference in spreads captures the relative convenience

yield of short vs. longer maturity U.S. Treasuries.

Figure 1: Treasury-OIS relative spreads
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Notes: This figure shows the US Treasury-overnight indexed swaps (OIS) spread across different matu-
rities relative to the 3-months Treasury-OIS spread. Source: Bloomberg and authors calculations.

In this paper we develop a theory of convenience yields with multiple assets with heteroge-
neous transaction costs, agent heterogeneity and aggregate risk. We use the model to illustrate
a pecuniary externality that arises in the presence of transaction costs and analyze different
welfare-improving policies.

In our model, agents with recursive (Epstein and Zin, 1989) preferences face uninsurable id-

!The OIS is a derivative, which is available with different maturities. Two parties swap a fixed rate for a
floating overnight rate.



iosyncratic liquidity risk modeled via interim impatience shocks. This idiosyncratic risk creates
a demand for liquidity. Specifically, agents self-insure against the risk of needing to consume
early by holding and trading assets. Assets differ both in their exposure to an aggregate pay-
off risk factor but also in terms of their transaction costs when traded. Transaction costs are
assumed to be proportional to the value of assets sold. We refer to the transaction cost on an
asset as that asset’s illiquidity. A larger transaction cost incurred during sale implies greater
illiquidity. We assume there are multiple risk-free assets that differ in terms of their transaction
costs and relative supply, as well as a single illiquid risky asset (a market portfolio).

The intensity of idiosyncratic shocks that agents are exposed to, combined with the whole
asset and transaction cost structure, determine the equilibrium liquidity scarcity in this econ-
omy, which is fully summarized by a single equilibrium object. We refer to this important
equilibrium object as the value of convenience. The value of convenience is defined as the ratio
of equilibrium marginal utilities of consumption of an impatient versus a patient investor and as
such reflects the degree of liquidity risk-sharing that can be attained in equilibrium. Intuitively,
a higher value of convenience implies a lower level of liquidity risk-sharing between investors.
Transaction costs play a key role in determining the value of convenience, since the total trans-
action cost expenditure incurred by asset sellers creates a wedge between the marginal utilities
of patient and impatient investors. Asset prices naturally also impact this wedge, giving rise to
a pecuniary externality that investors fail to internalize when making their portfolio decisions.
To examine the cross-section of safe asset returns, we characterize relative convenience yields,
defined as a return on an asset relative to the most liquid (zero transaction cost) safe asset in
the economy. This relative convenience yield depends not only on an asset’s illiquidity but also
on the value of convenience. A higher value of convenience implies higher relative convenience
yields and a wider cross-section of safe asset returns. Therefore, the value of convenience acts
as a pricing factor for assets in the economy.

We use our framework to analyze how a change in the supply or in the illiquidity of a single
asset affects the returns on all assets via general equilibrium effects operating through the value
of convenience. For example, substituting less liquid with more liquid safe assets one-for-one
purifies the pool of safe assets and decreases the value of convenience and compresses relative
convenience yields. A similar effect arises when changing the supply of a single safe asset (with
the additional effect of increasing the total supply of safe assets). We also show that when
safe assets are on average more liquid than the risky market portfolio — a natural assumption
— an increase in aggregate risk or risk aversion decreases the value of convenience, narrowing

the relative convenience yields across safe assets. The reason for this surprising outcome is



a revaluation effect, due to a “flight to safety” adjustment in agents’ portfolios. Intuitively,
ceteris paribus, higher equilibrium valuation of the relatively more liquid risk-free safe assets
(and, respectively, lower valuations of the less liquid risky assets) after a “flight to safety”
episode shrink the transaction cost expenditure of impatient investors and lower the value of
convenience.

In addition to serving as a pricing factor, the value of convenience fully summarizes equi-
librium welfare. The higher the value of convenience, the lower is equilibrium welfare. In our
framework there is a pecuniary externality that matters for aggregate welfare. Specifically,
investors do not internalize how their asset demand affects asset prices and ultimately the equi-
librium wedge between patient and impatient investors’ marginal utilities. Consequently, there
are welfare-improving policy interventions. We show that asset buyer subsidies can fully correct
the pecuniary externality and restore optimality. Intuitively, with perfectly competitive asset
markets, buyer subsidies are fully passed through into asset prices, and so can be used to fully
undo the pecuniary externality. Other policies that also reduce the value of convenience include
substituting illiquid for liquid assets or increasing the payoff of the most liquid asset. Through
the lens of our simple theory, such policies broadly resemble central bank balance sheet policies
as well as government debt management policies.

Finally, we show a new set of stylized facts, which are consistent with our theoretical predic-
tions. We compute relative spreads as the difference between a Treasury-OIS spread of a given
maturity (1 year to 10 years) and the 3-months Treasury bill-OIS spread, as shown in Figure 1
above. We argue that these relative spreads measures relative convenience yields on Treasuries.
We use plausibly exogenous debt ceiling episodes to show that a one percentage point increase
in the growth of total outstanding government debt increases relative convenience yields by 7
basis points — a fact consistent with the effect of changes in safe asset supply in our model.
Finally, we show that relative convenience yields on Treasuries co-move positively with the
MOVE Index, which measures yield volatility of US Treasuries, and is thus closely correlated
with illiquidity and transaction costs in the Treasury market (Duffie et al. (2023)). However,
they co-move negatively with the VIX, consistent with revaluation effects of safe assets during

“flight to safety” episodes.

Related literature Our paper contributes to the large and growing literature on safe assets
and convenience yields, spurred by the seminal contribution of Krishnamurthy and Vissing-
Jorgensen (2012) (see Gorton et al. (2012), Caballero and Farhi (2013), Krishnamurthy and
Vissing-Jorgensen (2015), Sunderam (2015), Caballero et al. (2016), Nagel (2016), Azzimonti
and Yared (2019), He et al. (2019), Gorton (2020), Ahnert and Macchiavelli (2021), Christensen



et al. (2021), Diamond and Van Tassel (2021), Jiang et al. (2021), Kacperczyk et al. (2021),
Acharya and Dogra (2022), Barro et al. (2022), Brunnermeier et al. (2022), Gorton and Ordonez
(2022), Van Binsbergen et al. (2022), Engel and Wu (2023), Krishnamurthy and Li (2023), Lenel
(2023), Mota (2023), among others).? Following Krishnamurthy and Vissing-Jorgensen (2012),
much of this literature models convenience demand via a reduced-form money-in-the-utility
function. Our contribution to this literature is to introduce a micro-founded general equilibrium
model which endogenizes convenience yields and liquidity scarcity as an equilibrium outcome
of liquidity risk-sharing in the presence of transaction costs. Moreover, our model, due to its
microfoundations of liquidity demand, allows for analyzing welfare and the welfare effects of
policy interventions.

Our emphasis on transaction costs brings our paper close to models of equilibrium asset
prices with transaction costs and trading frictions (Amihud and Mendelson (1986), Aiyagari and
Gertler (1991), Heaton and Lucas (1996), Vayanos (1998), Vayanos and Vila (1999), Holmstrém
and Tirole (2001), Huang (2003), Lo et al. (2004), Vayanos (2004), Acharya and Pedersen
(2005), Duffie et al. (2005)).> As in our framework, in these models, transaction costs imply
a liquidity premium for assets with different transaction costs or trading frictions.* Closest to
our framework, Vayanos and Vila (1999) analyze a model with two risk-free assets, one without
a transaction cost and one with a positive transaction cost. They consider an OLG framework
with 3-period-lived agents that trade the assets for life-cycle reasons, with agents at different
stages of their life-cycles demanding different types of assets. Relative to their model we propose
a framework where liquidity demand and pricing arises from the combination of uninsured
idiosyncratic liquidity shocks and transaction costs. Our framework can accommodate multiple
risk-free assets in addition to a risky asset (the market portfolio).

More recently, Brunnermeier et al. (2022) emphasize a retrading perspective on safe assets
convenience yields — the ability to retrade safe assets at a low transaction cost and at a pre-
dictable value whenever needed. They introduce an equilibrium price of service flows, which is
conceptually related to the value of convenience in our framework. Relative to their model we
provide a framework with a large set of assets, which can be used to understand the effects of

changes to the composition of safe assets in an economy. Our emphasis on risk-sharing ineffi-

2See Brunnermeier and Haddad (2014), Caballero et al. (2017), Golec and Perotti (2017), and Gorton (2017)
for a review of the literature.

3See Amihud et al. (2006) for a review of the literature. See also Constantinides (1986), Duffie and Sun (1990),
Davis and Norman (1990), Grossman and Laroque (1990), Dumas and Luciano (1991) for partial equilibrium
portfolio allocation models in the presence of transaction costs.

4In addition to differences in transaction costs or liquidity across assets, the liquidity premium may arise due
to liquidity risk. We also provide a microfoundation for the transaction costs arising due to a specific form of
liquidity risk — a correlation between the aggregate liquidity conditions in the economy and an asset’s returns,
similar to Holmstrém and Tirole (2001) and Acharya and Pedersen (2005).



ciencies arising from pecuniary externalities and our optimal policy results also complement the
insights of Brunnermeier et al. (2022). The central role of transaction cost expenditures, which
are endogenously determined in equilibrium, for aggregate liquidity conditions also brings our
theory close to models of endogenous liquidity, such as in Malherbe (2014), Kurlat (2013), and
Bigio (2015). Unlike these models, which endogenize per unit transaction costs via asymmetric
information frictions, we assume that the per-unit transaction costs are exogenous, and rather
focus on the endogenous determination of relative prices for assets with different transaction
costs.

Finally, our empirical measurement of convenience yields follows a recent wave of literature
applying the OIS rate as a proxy for the risk-free rate and the corresponding Treasury-OIS
spread as a proxy for the convenience yield embedded in Treasuries (Filipovic and Trolle (2013),
He et al. (2022), Klingler and Sundaresan (2023), Du et al. (2023), Fleckenstein and Longstaff
(2024), among others). Du et al. (2023) and Klingler and Sundaresan (2023) relate the increase
in the Treasury-OIS spread since the Global Financial Crisis (GFC) to the increase in the supply
of Treasuries.® Specifically, Du et al. (2023) argue that Treasury supply is a significant driver
of the Treasury-OIS spreads and as a result contributed to the regime shift where dealers have
positive net positions in Treasuries. In contrast to these articles, our primary interest is the
relative convenience yield across Treasuries. Our analysis, therefore, complements recent work
by Mota (2023) which also focuses on understanding relative convenience yields. However, while
she focuses on US corporate bonds and the relative bond-CDS basis, our focus is on government

bonds.

2 Theory

In this section we present our theoretical framework. We start by informally discussing the
main features of our model. Agents in our model have standard Epstein-Zin (Epstein and Zin
(1989)) preferences and form portfolios over risk-free and risky assets at an initial period. They
may then have interim trading needs, which arise due to uninsurable idiosyncratic shocks as in
the asset-pricing with uninsured idiosyncratic risk literature (e.g. Bewley (1979), Aiyagari and
Gertler (1991), Constantinides and Duffie (1996), Heaton and Lucas (1996), Heaton and Lucas
(2000), Constantinides (2002), Di Tella (2020), Brunnermeier et al. (2022)). In our framework,
these idiosyncratic shocks will take the form of shocks to marginal utility, making the agent

more impatient to consume in the period. Assets in our framework will each have a proportional

°In an earlier contribution, Greenwood and Vayanos (2014) also analyze pricing effects of relative supply of
Treasuries.



transaction cost that is borne by the seller of the asset in the interim period. As in Acharya
and Pedersen (2005), we interpret this transaction cost much more broadly than simple fees
or bid-ask spreads and instead let this cost encompass liquidity considerations related to price
impact and trading delays. In addition, in the Appendix we provide a microfoundation where
the transaction cost also incorporates liquidity risk — the covariance between the price of an
asset and the aggregate liquidity needs in the economy. Finally, we assume that there is always
a risk-free asset with zero transaction cost. This is consistent with theories of security design,
in which a riskless security has the lowest transaction cost (see Gorton and Pennacchi (1990),

DeMarzo and Duffie (1999), Dang et al. (2009)).5

2.1 Model set-up

The model has 3 periods: ¢t = 0,1,2. The state at t = 2 is uncertain and described by the
realization z of a random variable Z, distributed according to log Z ~ N(u, 02). There is a unit
measure of 3-period lived investors. Investors have non-storable endowments Yy at ¢ = 0 and Y3
at t = 1. A measure \ of investors are subject to a liquidity /impatience shock at the beginning
of t = 1. They are denoted by type s = S and are referred to as impatient. The remaining
investors are denoted by s = S and are referred to as patient. Investors consume in all three
periods, cg, c1,4,C2.5, fOr 5 € {§ , ?}. The liquidity shock makes investors value consumption at
t = 1 more and not value consumption at ¢ = 2 any more.

There are two types of assets. The first type is risk-free assets, and there are N such assets.
We denote the set of these assets by I = {1,2,..., N}. The second type is risky assets, and for
simplicity we assume there is only one such asset, which we refer to as the market portfolio and
denote it by m.

The risk-free asset ¢ payoff of 1 in each state z at ¢ = 2. In Section 7?7 we allow for more
general payoffs for the risk-free assets. For the market portfolio, we denote the payoff by ¢ (z).
The total supply of all risk-free assets is denoted by @/, while for the market portfolio the total
supply is Q™. The supply of each risk-free asset i is Q', and therefore, Qf = Y icl Q. To
simplify the analysis, we abstract from period ¢t = 0 revaluation/wealth effects and assume that
the assets are initially held by one-period lived agents with linear utility, who sell the assets,
consume and exit the economy.

Since investors are ex ante symmetric at t = 0, we denote the quantity of risk-free asset

5Note that our framework only models the demand for convenience via liquidity needs, and we do not explicitly
model any additional demand for safety, for example due to limited participation in markets for risky assets
(Vissing-Jorgensen (2002)) or because of special properties of using safe and informationally-insensitive assets as
collateral (Dang et al. (2010)). Our model can be easily modified to accommodate the latter channel as borrowing
against collateral for liquidity purposes (i.e. funding liquidity) and liquidating an asset (i.e. market liquidity)
are closely related concepts.



i € T held by an investor at the end of t = 0 by X}, while the quantity of the market portfolio is
denoted by X{". The quantity of risk-free asset i held by an investor type s € { S ,g} at the end
oft=11is X§7 > and analogously, for the market portfolio holdings. The prices of the risk-free
assets are denoted by Pf, and the price of the risky asset by P/".

Investors who sell an asset at t = 1 pay a proportional transaction cost 7 for risk-free asset
i and 7™ for the market portfolio.” We assume that for risk-free asset i = 1, 7! = 0. Therefore,
there is one risk-free asset without transaction costs in this economy. Otherwise 7¢ > 0 for
all ¢ # 1. Lastly, investors are assumed to have recursive Epstein-Zin (Epstein and Zin, 1989)

preferences given by:

Uy = log(co) + E [xslog(ci,s) + Bs log(Uas)]

1\ V(=)
where Up s = (E [cé VD ! , and v measures the degree of risk aversion. To model the ¢t = 1

liquidity shock of the investors, we assume that

X, s=5 I, s=8
Xs = , with 1 = x <%, and s =

X, s=05 0, s=S5
In what follows, we focus on the case where ¥ = 2. This is a convenient parametrisation, since
given the number of periods and the assumption of no discounting between periods, it implies
that there are no total utility differences between the patient and impatient investors, which
gives us tractability at the cost of little loss in generality. We can write the t = 0 preferences of

an investor of type s recursively as
Up = log(co) + E [Uns] (1)

_ 1/(1=v)
with Uy s = xslog(ci,s) + Bslog(Uszs) and Us 5 = (E [cgs W)D ! . At t =1 we have

2log(c, g),
Ul,s = ’

»
I
n wl

log(c1,s) +1log(Uas), s=

The t = 0 budget constraint of an investor is given by

co+ Y PiXi+P'X7 =Y. (3)
i€l

"In Section ?? we also allow for buyer-specific proportional transaction costs or subsidies.



We conjecture that all risk-free assets in period 1 have the same price Plf and verify this
conjecture in the Appendix (see Section A.1l). Therefore, the ¢ = 1 budget constraint for a

type-s investor is given by

cls+ Ass =Yi+ A1 =Y 7P/ max {0, X} — X3}
iel (4)
— 7" P" max {0, X{", — X3},

where the last two terms on the right-hand side reflects the transaction costs incurred from
selling assets, and A; denotes the asset holdings the investor has at the beginning of ¢t = 1,
namely A; = Ple{’s + P XT, with X{S = ZX{"S. Az s denotes the asset holdings of the
investor at the end of t = 1, with Ay g = P{X{fﬂ—i— P" X3, where X{S = ZXQS. Finally, the

i€l
period 2 budget constraint of a type-s investor in state z is given by

Cos (2) = X{ s oM (2) X (5)

Next, we define an equilibrium for this economy.

Definition 1 (Equilibrium). An equilibrium for this economy consists of period 0 asset and

consumption choices of the investors, {X}} X7, and co; period 1 asset and period 1 and 2

i€ll’

consumption choices for type-s investors, {Xé,s} X3, C1,5, and cas (z); and period 0 and 1

iel’
asset prices, {Pg}i , P, Plf, P, such that

a) given prices, the consumption allocations, and asset holdings solve the period 0 and period
1 problems of the investor (i.e. Eq. (1) subject to the period t = 0 budget constraint in
Eq. (3), as well as Eq. (2) subject to the period t = 1 budget constraint in Eq. (4), as

well as the period 2 budget constraint in Eq. (5) which must hold for all z);

b) given the period 0 and period 1 asset holdings of investors, the asset markets clear in both

t=0andt =1, that is
Xi=Q", Viel
X7 =Qr

and

MG+ (1-NXs=0Q" Viel

AXJ + (1= M) X = Q™.



2.2 Characterisation

We solve the model backwards in time. We first look at the ¢ = 1 problems and market clearing
conditions given the asset holdings of the investors as of the beginning of ¢ = 1 and then move to
the t = 0 problem and market clearing conditions given some anticipated ¢ = 1 prices. Imposing
rational expectations and given the ¢t = 0 choices of agents this approach gives a full equilibrium

characterisation of this economy.

2.2.1 ¢ =1 characterisation

From ¢t = 1 onwards, there are two types of investors: patient and impatient. An impatient
investor sells all her assets because she derives no utility from consumption in future periods.
A patient investor’s problem can be split into a consumption-saving problem and a portfolio
choice problem.® In the consumption-saving problem, she decides how much to consume in the
current period and how much to save for the next period. In the portfolio choice problem, she
decides how to allocate her savings over assets. Specifically, below we denote by w the portfolio
share invested in the market portfolio. Market clearing implies that patient investors hold all

assets at the end of ¢t = 1. The following Lemma summarises the ¢ = 1 characterisation.

Lemma 1 (t = 1 characterisation). Let A; = ), PlfQi + P"QT" denote the value of an
investor’s financial asset holdings at t = 1. The following characterises the equilibrium prices

and allocations att =1 and t = 2.

a) Investors’t =1 consumption and saving decisions:

5T i AT %T@i A
€18 =7 j_ )\YI
and
Ay5=0
dyg = TEAL

8This is implied by the assertion that in equilibrium she only increases her asset holdings at t = 1, as we verify
in the Appendix.

10



b) Patient investors’t = 2 portfolio allocations solve:
1/(1—=y)
Vo(Az5) = max (E [czé (2) (177)})
X] s X5
s.t.
PIX] +PrXys = A
1435 T Ags = Aas

ca5(2) = Xgé +¢™ (2) X3, Vz.

¢) Prices are determined by:

1 Y1+ A
Pf (1 )2
(1 _ )\) 1 Q ( ’LU) 9
1 Yi+ A
PmO™ —
(1-x"1 @ 2
_ PrX3s - , ) ) . .
where w = P 0 <w <1, is the portfolio share invested by patient investors in the
market portfolio. Moreover, P} = Plf, Vi € 1.
Proof. See appendix A.1. O

2.2.2 ¢ =0 characterisation

At t = 0, investors choose their current consumption and their asset portfolio. The problem is
characterised by a standard Euler equation. The marginal utility of today’s consumption must
equal the expected marginal utility of tomorrow’s consumption times the return on each asset
earned by holding it from the first to the second period, where the expectation is taken over
the idiosyncratic investor-specific state at ¢ = 1. All uninvested resources are consumed, and
there is asset market clearing, with all assets held by the investors. Lemma 2 summarises the

equilibrium equations that characterise the economy at ¢ = 0.

Lemma 2 (t = 0 characterisation). Given anticipated period t = 1 asset prices P, Vi € 1

and P", the following list of equations characterises the economy att = 0.

a) Prices are determined by the Euler equations with respect to every asset:

oU, 5 pi A oU, 5 P
8U0: 1,371'(1_7_])_%(1_)\)71@71" Vielum.
Jdco 8013 Pg 801@ Pg

11



b) The portfolio allocations, or asset holdings, are:

Xi=Q" Viel

X" =Q™M.
¢) Consumption given prices and asset holdings is given by:

=YY PQ - PrQ™

i€l
Proof. See appendix A.1. O

2.3 Approximating the period ¢t = 1 portfolio choice problem

For some of our theoretical results below, we will simplify the ¢ = 1 portfolio choice problem of
the patient investor by applying a log-normal approximation for the equilibrium asset returns, as
in Tachan et al. (2021), which in turn is based on the log-normal portfolio choice approximation
in Campbell and Viceira (2002). Under that approximation, the portfolio choice problem of
the patient investor simplifies to a mean-variance portfolio choice problem, given normally

distributed log asset returns. To set-up the simplified problem, we define the log returns 75*(z) =

log (W;f(f)> and rg = log <Pllf> Also, we define the log of the certainty-equivalent return
on the portfolio, RS, by r§5¢ = log(R5¢), and the risk premium on the risky asset by m =

E[rd (2)] + %2 - rg . The portfolio choice problem of a patient investor then simplifies to

rs¢ — 7“5 — max wr — 2w’
w 2
The first-order condition shows that the investor invests the following constant share into the

risky asset:
T

(6)

w = —-:.
yo?

The certainty equivalent log return of her portfolio is then

1 72

ce f.o "
+ 270_2.

T2 :T2

(7)

This approximation requires a minor adjustment in our equilibrium definition as well. In partic-
ular, the investor is assumed to act according to Egs. (6) and (7) when forming ¢ = 1 portfolios
and making her ¢t = 0 and ¢ = 1 consumption-saving decisions.

We point out that from our main theoretical results below only Proposition 5 and the general

12



case in Proposition 4 depend on this log-approximation. The other results are independent of

it.

2.4 Asset maturity and transaction costs

While the transaction costs can be interpreted literally as such, in the Appendix, we provide
additional microfoundations for these costs. We first show two examples where we adjust our
framework to incorporate assets with different maturities, a feature we are particularly interested
in, in light of the stylized empirical facts we present in Section 5. In both examples we show
that long maturity assets are less convenient to accommodate agents’ interim liquidity needs and
can, therefore, be associated with carrying higher transaction costs. In the first example, the
reason for that is that there is a mismatch between the maturity of the long maturity asset and
the horizon of liquidity needs. In the second example, we introduce liquidity risk by introducing
additional shocks, such that the ¢ = 1 return on the long maturity asset is negatively correlated

with the marginal utility of consumption.

3 Theoretical results

3.1 The value of convenience

An important equilibrium object that is central to our theoretical results is the value of con-

%Ul’s % denote the ratio of marginal utilities of
Cl,s co

venience. To define this object, let my s =

consumption for an investor of type s € {§ , ?}. Define

mys U, 5 0Uy g
mis Oy g des

n (8)

Therefore, n capture the degree to which period ¢t = 1 marginal utilities of consumption between
patient and impatient investors are aligned in equilibrium. Indeed, as we show in Section 4
below, in the first-best full liquidity risk-sharing case, n = 1, and there is full equalization of
marginal utilities across idiosyncratic states at t = 1. Moreover, the higher is n, the further away
this economy is from the full-insurance benchmark. In our decentralised economy, generally
n > 1, with the value of n determined in equilibrium. Therefore, n can be thought of as
reflecting the equilibrium liquidity scarcity in this economy. For this reason we refer to n as the

value of convenience.
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We can express the value of convenience 7 as a function of model primitives and asset prices,

2
1+>\Y1

2V 7P Qf — rmprQm

n= (9)
where 7 =), 8—;# is the (weighted) average transaction cost on risk-free assets in this economy.
Here, ?Plf Qf + TP Q™ gives the total transaction cost expenditure that an impatient seller
incurs in equilibrium. This expenditure creates a wedge in the marginal utilities of patient and
impatient investors. The larger is the expenditure, the larger is the wedge and the higher is the
value of convenience 7. Since the transaction cost expenditure depends on asset prices, changes
in these prices would impact the wedge in marginal utilities and the degree of risk-sharing in

equilibrium. If @™ = 0, Equation (9) further simplifies to

1

A B GRS VF oS (10)

In that case n depends only on the average transaction costs 7 and the share of impatient
investors A, which jointly determine the ¢ = 1 price of safe assets, Plf . Specifically, 77 increases in
7. Intuitively, a higher average transaction cost increases the total transaction cost expenditure
and decreases the self-insurance possibilities, leading to a higher value of 7. 7 also decreases
with the share of impatient investors, A. The larger the share of impatient investors, the lower
the t = 1 price of the safe assets, Plf , due to the larger supply pressure and cash-in-the-market
pricing from the patient investors. However, a lower ¢ = 1 price actually mitigates the impact
of the transaction costs, as it reduces the total transaction cost expenditure. This improves

liquidity insurance and leads to a lower 7.

3.2 Relative convenience yields

We compare the return of a specific asset relative to the return on the most liquid risk-free
asset in the economy. A higher relative return means that the most liquid asset commands a
higher premium compared to that specific asset. Equivalently, this is the liquidity premium of
the most liquid safe asset in the economy relative to a less liquid asset.? Below we use the term

relative convenience yield for this relative return. We define the period ¢ = 1 gross return on

7

an asset i € TU{m} as R = % and show the following result.
0

. . . . i _ R , .
Proposition 1 (Relative convenience yields). Define i)/ = & as the relative convenience
1

9Note that we are consistent with standard measures of convenience yields, which are always expressed in
terms of relative returns or spreads.
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yield of asset j to the most liquid asset in the economy, risk-free asset 1. Then

1 1 ,
= . ——7 = : X , for alli e TUm.
L=Art=mygm' By 1 =7 oy,

d)i

Proof. See appendix A.1. O

Proposition 1 shows that the relative convenience yield 9! is influenced by three forces.
First, an asset’s return has to compensate for the transaction cost incurred by selling the asset.
Second, an asset’s return has to compensate for the transaction cost being incurred precisely
when the investor is impatient. Third, how much the transaction cost matters for the relative
convenience yield depends on the value of convenience, 1. A lower value of convenience, also
lowers the relative convenience yields on all assets (respectively, narrows the relative liquidity

premium on the most liquid asset).

3.3 Effects of transaction costs

We next show how a change in an asset’s transaction cost impacts the relative convenience

yields across the entire cross-section of assets in the economy.

Proposition 2 (Transaction costs). The relative convenience yield, of asset i, V", is increas-

ol
ort

ing in that asset’s transaction cost, T, i.e. >0, Vi € TUm. It is also increasing in the

transaction cost of any other asset, TF, i.e. gTw;‘ >0, for k #1i and i € TUm. The impact is
621[)i 62wi
ori?

higher, the higher is 7%, i.e. >0,VielUm.

Proof. See appendix A.1. O

Therefore, a change in an asset’s transaction cost not only impacts its own relative con-
venience yield but also impacts the entire cross-section of asset returns. This spillover effect
is driven by a change in the value of convenience 1. An increase in the transaction cost of
any asset increases the value of convenience, since the transaction cost expenditure of sellers
increases, decreasing risk-sharing opportunities. A higher value of convenience affects all assets
and raises all relative convenience yields, making the most liquid asset relatively more valuable.
The more illiquid an asset is in terms of its transaction cost, the more its corresponding relative

convenience yield is affected.

3.4 Effects of changes in asset supplies

We next show that changes in the composition and overall supply of safe assets also affect the

entire cross-section of asset returns. We first consider a compositional change in the supply of

15



the risk-free assets due to an increase in the supply of one asset and an equivalent decrease in

the supply of another asset.

Proposition 3 (Purifying/polluting effects). Given a compositional change where dQ' =
—dQF > 0 for two risk-free assets k and 1, the relative convenience yield 1* for any asset

i € TUm decreases strictly in response to this change, iff 7\ < 7*.
Proof. See Appendix. O

Substituting more liquid for less liquid assets one-for-one can be interpreted as a “purifi-
cation” of the pool of safe assets by altering its composition. This decreases the value of
convenience and compresses relative convenience yields. We call this the “purifying/polluting
effect” of safe asset supply. A similar effect occurs when the overall supply of a specific risk-free
asset changes. In that case, in addition to the shift in the composition of safe assets, there is
an overall increase in the supply of safe assets and an implied shift in the ratio of safe to risky
assets. To switch off this second effect, in the Proposition below we first assume that there is
no risky asset in the economy, @™ = 0. In a second step we also discuss the general case with
Q™ > 0.

Proposition 4 (Asset supply effect). If Q™ = 0, then for any risk-free asset o0 iff

) TQI
f_pm
> 7F, foralliel. If Q™ > 0 and <P1P1751 > 1s close to zero, then for any risk-free asset [,

i . . oPm  ~ 0P
% > 0, for all i € TU{m}, iff TlPlf + 7™M Bél +7Q7 anl > 0.
Proof. See Appendix. O

The intuition for this result is very similar to that of the purifying/polluting effect from
Proposition 3. Whether relative convenience yields increase or decrease now depends on whether
the risk-free asset whose supply increases is more or less liquid compared to the average transac-
tion cost on risk-free assets. If it is more (less) liquid, then there is a purifying (polluting) effect
from increasing the supply of that asset, and relative convenience yields decrease (increase).
With a positive supply of the risky asset, in addition to the purifying/polluting effect across the
set of risk-free assets, there are also revaluation effects of the risky and risk-free assets. This
additional effect complicates the characterization but the broad intuition stays the same. Lastly,

let us point out that the general result holds under the assumption that the risk premium on

f_pm
the market portfolio is relatively small, and therefore, <P1 Pf L ) is close to zero. We view this
1

assumption as empirically justifiable given the observed risk premium in the economy.
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3.5 Effects of payoff risk

Our model features aggregate payoff risk through the risky market portfolio. In light of crisis
and “flight to safety” episodes, it is interesting to examine the impact of risk and risk-aversion
on the cross-section of safe asset returns according to our framework. The following result
characterises these effects through the lens of our model.

f_pm
Proposition 5 (“Flight to safety” revaluation effects). If <P1Prfl > is close to zero,
1

then, for all i € TUm, % <0,4ff ™™ >7, and %—f <0, 4ff ™™ >T.
Proof. See Appendix. O

An increase in the payoff variance o2 or the risk aversion parameter v increases the price of
the risk-free assets and decreases the price of the risky asset. If safe assets are on average more
liquid than the risky asset — which we view as the empirically-relevant case — then an increase
in aggregate risk or risk aversion implies that this revaluation effect increases the value of safe
assets and decreases the value of risky assets. This increase in the relative valuation of the
more liquid risk-free assets decreases the total transaction cost expenditure. As a consequence,
the value of convenience decreases, and so do the relative convenience yields for the whole

cross-section of safe assets.

4 Welfare and optimal policy

In this section we show that the value of convenience is a measure of welfare in this economy,
since it summarizes the degree of liquidity risk-sharing among agents that is achieved in equi-
librium. If the value of convenience is greater than one, the decentralized equilibrium does
not reach the first-best level of liquidity risk-sharing. The reason for this sub-optimality is a
pecuniary externality, since asset prices enter the transaction cost expenditure of asset sellers,
which agents fail to internalize when forming their portfolios. In light of this result, we discuss

welfare-improving policies.

4.1 The value of convenience as a welfare measure

As already alluded to in Section 3.1, the value of convenience is as a welfare measure for this
economy, with higher values of n implying lower aggregate welfare. To show this formally, we
characterize the welfare maximization problem of a utilitarian social planner that maximizes the

ex ante (t = 0) expected utility of an investor.!? Specifically, the planner maximizes aggregate

10Without loss of generality, we ignore the welfare of the one-period lived agents, since they have linear utility
and do not impact the consumption allocations at t = 1.
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welfare, W = E [Uy], by solving

max log (Yp) + A2log (017§> +(1-X)

€1,5:€1,8

log (¢1,5) + log <<E [(Qf + wé”(z)me—q ) 1/(1—V)>]

st. ey g+ (1= A)ey,g = Y7,

where we have substituted for the ¢t = 0 and ¢ = 2 endowments. The optimal period t = 1

consumption allocation equalizes the marginal utilities of the patient and impatient investors,

and is thus given by ¢, g = 2(117&)7 and c1 5 = (1}_;—1/\) Therefore, from Eq. (8), we have that
1= / —2_ — 5. Moreover, we can express welfare W as a function of 7, which is uniquely

€1,8" €3

maximized at n = 1 (full liquidity risk-sharing), with W monotonically decreasing in 7, for

n>1

Proposition 6 (Welfare). For n > 1 welfare W is monotone decreasing in the value of con-

venience, 1, %—Vg <0, and W is maximized for n =1 (full liquidity risk sharing).
Proof. See Appendix. O

Given the decentralized equilibrium value of 7 in this economy (Cf. Eq (9)), it follows directly
that with positive transaction costs, n > 1 and the competitive equilibrium does not achieve
the first-best level of risk-sharing and welfare. The reason for this inefficiency is a pecuniary
externality. Specifically, when forming their portfolios, taking prices as given, investors fail to
internalize the effects their asset demand will have on period t = 1 asset prices, which in turn will
impact the transaction cost expenditure of asset sellers. In light of this, we next discuss possible

welfare-improving policies that can increase aggregate welfare in the competitive equilibrium.

4.2 Welfare-improving policies

For simplicity, we abstract away from payoff risk (no risky asset) but extend our model, such
that a risk-free asset i pays a final payoff of §° > 0 instead of 1. In addition, we allow for
proportional buyer transaction costs or subsidies, Tl-b (possibly zero), incurred by buyers at
t = 1. To highlight the novel pecuniary externality, below, we assume that the social planner
cannot directly undo the seller transaction costs, which would trivially reduce transaction cost

expenses and increase welfare.
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4.2.1 Buyer transaction subsidies

A suitable set of buyer subsidies for different assets can restore full efficiency in the competitive

equilibrium.'’ Specifically, we can show the following result.

Proposition 7 (Buyer subsidization). Suppose that 7i = —71%, Vi. Then the economy

achieves full liquidity risk-sharing, with n = 1 in equilibrium.
Proof. See Appendix. O

The intuition for this result is as follows. Given perfectly competitive asset markets at
t = 1 and perfectly elastic asset demands by buyers, any subsidy that a buyer receives when
purchasing a specific asset is fully passed through into the ¢ = 1 asset price for that asset.
Therefore, the buyer does not benefit from the subsidy in equilibrium, as she only bids up the
asset price. This increase in the asset price, however, compensates the seller for incurring the
transaction cost when selling that asset. By setting the buyer subsidy appropriately, one can
manipulate the equilibrium asset prices in a way that negates the effect of the seller transaction

costs, thus achieving the first-best level of liquidity risk-sharing in the competitive equilibrium.

4.2.2 Asset supply management

Although buyer subsidization can achieve the first-best level of liquidity risk-sharing, it may
not be feasible in practice. In addition, the effect relies completely on buyers having perfectly
elastic asset demand. In light of recent evidence in empirical asset pricing of inelastic asset
demand (see, e.g. Gabaix and Koijen (2021)), this result may not hold generally.

An alternative set of policies involves managing the quantities and composition of the dif-
ferent risk-free assets. Following Proposition 3, a policy that replaces relatively less liquid with
relatively more liquid assets would reduce the equilibrium value of convenience 7. Such a policy
can be broadly interpreted as conventional central bank liquidity provision or an unconventional
balance sheet policy, such as Operation Twist (Greenwood and Vayanos, 2010) or Quantitative
Easing (QE) programs (Krishnamurthy and Vissing-Jorgensen, 2011). An alternative interpre-
tation for such a policy is the Treasury managing the maturity structure of government debt
by issuing relatively more shorter maturity government debt. Since both policies involve sub-
stituting more liquid assets (i.e. central bank reserves or Treasury bills) for less liquid assets,
according to our simple theory, such interventions would decrease relative convenience yields

and the value of convenience in the economy.

1VWe assume that the expenditure is financed with period ¢ = 1 lump-sum taxes. Also, to streamline the
exposition, we assume that the transaction costs are sufficiently small, so that it is feasible to implement the full
set of buyer subsidies that can restore optimality.
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Nevertheless, these results only pertain to liquidity effects and may easily be overturned in
a richer model. For example, if there are other reasons why investors demand safety in addition
to liquidity demand, for example, demand for longer duration assets (e.g. Vayanos and Vila
(2021)) or regulatory reasons (Corell et al. (2024)). In that case, a central bank that buys longer
maturity Treasury bonds and replaces them with very short maturity, highly liquid central bank
reserves or a Treasury that issues more Treasury bills and less Treasury bonds may actually
end up worsening welfare for some investors in the economy by exacerbating the scarcity of

long-duration assets.!?

4.2.3 Asset payoff management

Rather than managing the relative supply of different safe assets, a policy maker can instead
impact their effective supply via the period t = 2 asset payoffs. Specifically, by increasing the
payoff on the most liquid risk-free asset, §', the policy maker can decrease the equilibrium value
of convenience, 1, and increase welfare. We assume that the higher payoff is financed with a
proportional tax on the period t = 2 payoffs of all other safe assets. Therefore, all other safe

assets have a payoff of § < 1, which satisfies Y, §'Q" = §1Q* + 523’751 QI =qQf.
Proposition 8 (Payoff management). Suppose that Tg =0, Vi. Then, % < 0.

Proof. See Appendix. O

To provide intuition for this result, note first that in the model, the period ¢t = 1 equilibrium

price of asset 7 is given by

2

=0T (11)
This equation arises from the fact that in equilibrium all safe assets have an equal payoff-adjusted
t = 1 price. Consumption smoothing by the marginal buyer, combined with market clearing pins
down that payoff-adjusted common price. A higher period ¢t = 2 payoff, §* increases the relative
price of asset i, and hence, the equilibrium value of that asset. This valuation effect lowers
the transaction cost expenditure of impatient sellers, similar to the compositional changes from
Proposition 3 and the valuation effect from Proposition 5, where higher payoff risk decreases
the equilibrium value of the relatively illiquid risky asset and increases the equilibrium value
of the relatively more liquid risk-free assets. Therefore, an increase in the effective payoffs of

more liquid safe assets, for example, via preferential tax treatment of such assets, can improve

liquidity risk-sharing and decrease convenience yields in the economy.

12Tn addition, the discussion above abstracts completely from the costs associated with the central bank as-
suming payoff risk or the Treasury getting more exposed to rollover risk.
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5 Empirical evidence

In this section we provide suggestive evidence that supports our main theoretical predictions
using data for the US Treasury market. In the process we provide a novel measure of rela-
tive convenience yields of US Treasuries based on the difference between specific Treasury-OIS
spreads — a relative spread for Treasuries, similar to Mota (2023)’s measure for corporate bonds.
We use weekly data on Treasury yields and overnight indexed swap (OIS) rates for the period
2010-2023 to measure relative convenience yields. In different empirical tests we additionally
use data on total outstanding US government debt, the MOVE index of implied bond volatility
in the US Treasury market (Mallick et al., 2017), as well as the VIX index.'3

5.1 Measure of relative convenience yields

We measure the relative convenience yield between two Treasury bonds as a relative spread.
First, we compute the spreads or basis of maturity-matched Treasuries and OIS at different
maturities. Second, we take the difference between a specific Treasury-OIS spread and the
3-months Treasury-OIS spread (i.e. a double difference).

As discussed in the related literature, the Treasury-OIS spread is widely used as a proxy
for the convenience yield on Treasuries.!* From this perspective, the double-differenced relative
spread naturally provides a measure of the relative convenience yield on Treasuries of different
maturities. More concretely, suppose the return on a specific security (Treasury bond or OIS

contract) consists of the following components:

term + Tdefault risk + convenience + rbalance sheet'

r r

The first part, 7™, measures the return one obtains for lending money over a specific term.
The other three parts measure any additional return due to default risk, liquidity/convenience
and balance sheet costs. The maturity-matched Treasury-OIS spread (TO), assuming that both

have a 5 year maturity for expositional purposes, is, therefore, given by:

__ (..term default risk convenience balance sheet
TOsy = (r775y + 77T, 5y +7r7 5 +r75 )

; OY ; OY
term default risk convenience balance sheet
—(T018. 5y TTOTS 5y T TOIS 5y T TOLS by )-

Since, a variation margin is mandatory for OIS derivatives, both the Treasury and the OIS can

be considered risk-free, r%?%a;lt risk rgejfg?lgyriSk = 0. In addition, both securities incorporate

13We list the various data sources in the Appendix, while Table B.2 presents summary statistics.
“Figure B.1 in the Appendix plots the Treasury-OIS spreads for different maturities.
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the same term premium, i.e. a compensation required for bearing the risk of changes in the
short-term interest rate over the contract period. Therefore. r%?}rg% = rtoe}gt 5y Thus, the spread
simplifies to:
TO-, — ( convenience balance sheety _ /,.convenience balance sheet 19
5y = \I'T, 5y T 5y ) = (roTs 5y + o185y )- (12)
Next, we compute the relative spread between the 5-year Treasury-OIS spread and the 3-month

Treasury-OIS spread,

. _ convenience balance sheet convenience balance sheet
RelativeSpreads,s,,, = [(r7 5 + sy ) = (018 5y ToTs 5y ]
convenience balance sheet convenience balance sheet
— [(r7 5 + T, 3m ) = (7018 Bm - +TOTS 8m )]

The relative spread measures the relative convenience yield between 5-year Treasury bonds
and 3-month Treasury bills under two conditions. First, any differences of Treasuries to OIS

: : bal heet bal heet __
with respect to balance sheet costs do not depend on maturity, TT‘:*;;CQ sheet roa}g?g‘;s et =

balance sheet balance sheet
—r m

roe . Second, any convenience services that OIS carries are independent of

maturity, rcoofg’fg;f“ce = rg)}lgfg;ince. We view these conditions as reasonable, since a prior: there
is no reason to expect that balance sheet costs or any convenience yields on OIS should vary
systematically with maturity.'> Moreover, the OIS is a derivative, where two parties swap a
fixed rate for a floating overnight rate. Therefore, there is no exchange of the notional amount,

and so one should not expect that the OIS prices in any convenience connected to “store of

value” or “liquidity services” to begin with.

5.2 Stylized facts

Fact 1: Treasury-OIS relative spread term structure. Figure 1 presents the Treasury-
OIS relative spread for several maturities, ranging from 1 to 10 years. There is a striking term
structure in the Treasury-OIS relative spread — a monotone effect of Treasury maturity. The
effects are also sizable, on the order of around 30 to 40 basis points on average. In addition,
whenever the relative spread increases, it increases more for longer maturities. To the extent that
longer-maturity safe assets have higher transaction costs, either direct or effective transaction

costs (see Section 2.4), this pattern is directly consistent with our theory (Cf. Proposition 1).

15 As pointed out by He et al. (2022), balance sheet related cost consideration were especially salient during
COVID and were an important component of Treasury-OIS spreads, creating a Treasury inconvenience.
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Figure 2: Outstanding government debt and debt ceiling episodes
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Notes: This figure shows the daily total outstanding US government debt. All episodes where the debt
growth was constant for at least five weeks are marked. Source: Bloomberg and authors calculations.

Fact 2: Treasury supply effects and the Treasury-OIS relative spread. We use ex-
ogenous debt ceiling dates to measure variation in the supply of Treasuries.'® We first identify
all periods, in which the daily total outstanding government debt did not grow over a period
of at least five weeks (i.e., debt ceilings were in place).!” Figure 2 plots the evolution of total
outstanding US government debt, together with the identified “debt ceiling” episodes. We in-
terpret these episodes as a negative shock to longer-term government debt, as debt growth is

18 We then create a binary variable that equals one during

mostly driven by long maturities.
“debt ceiling” dates and zero otherwise, and use it to instrument for the growth of outstanding
government debt in a regression of the relative spread on government debt growth.'® Table 1
presents our estimation results. A one percentage point increase in the growth of outstanding
government debt increases relative convenience yields by 7 basis points on average across matu-
rities.?0 This finding is consistent with our theory (Cf. Proposition 4). Specifically, according to

our theory an increase in the total supply of an asset with higher than average transaction cost,

as would be the case with longer-maturity Treasuries compared to shorter-maturity Treasuries,

16See Cashin et al. (2017) for a study of how debt ceilings affect Treasury yields.

'"No growth is defined if the total outstanding debt did not change by more than 10 billion USD on a daily
basis.

8Total bills outstanding are a small fraction of total debt and grow comparatively slowly, see Figure B.2 in
the Appendix).

198 pecifically, we estimate

RelativeSpread s, 3,,, , = & + BDebt growth, + e,

for maturity M € {1,2,5,7,10} years using two-stage least squares with the debt ceiling indicator as instrument.
200ur results also hold when we estimate separate regression for each maturity individually — results are
available on request.
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induces a polluting effect, leading to an increase in relative convenience yields for all risk-free
assets.?!

Table 1: Impact of supply fluctuations (measured by
debt ceilings)

Debt growth  RelativeSpreadyryszm
Debt ceiling dates ~ -0.1710%**

(0.012)
Debt growth 7.4238%**
(3.7211)
Constant 0.1736*** 20.919%*
(0.012) (0.5477)
Model First-stage 2SLS
N 3364 3364
F-Statistic 191.5
Notes: The outcome variable is the relative spread

RelativeSpread ;,s,,, for maturities M=(1, 2, 5, 7, 10) years.
The explanatory variable consists of the fitted values of debt
growth. The instrument is an indicator for any weeks on which
daily debt growth was constant for at least five weeks. The
frequency is weekly and the time horizon is 2010 to mid-May
2023. We use the same dataset for both regressions and drop any
observations with missing values for any of the variables used
beforehand. Standard errors are heteroscedasticity robust. ***
indicates significance at the 1% level. ** indicates significance at
the 5% level. * indicates significance at the 10% level.

Fact 3: The MOVE and VIX indices comove with the Treasury-OIS relative spread.
We regress the Treasury-OIS relative spread for different maturities on the MOVE and VIX
indices. To account for effects of the level of interest rates on convenience yields (Nagel (2016),
Diamond and Van Tassel (2021)), in some specifications we also control for the level of interest
rates by including the effective federal funds rate. We also examine heterogeneous effects of the
MOVE and VIX for shorter (1 and 2 years) vs. longer maturities. Table 2 reports the estimated
co-movements.

The Treasury-OIS relative spread correlates positively with the MOVE Index and negatively
with the VIX. A 1 percentage point higher value of the MOVE Index (VIX Index) is associ-
ated with an increase (decrease) in the average relative spread of around 10 (8-9) basis points
(columns 1 and 2).22 The effects are, however, much weaker for shorter maturity Treasuries

(columns 3-4).

2In the Appendix we present the results of a related empirical exercise, where we use variation in primary
dealer net positions to measure effective Treasury supply changes.
22These results also hold separately for each maturity — results are available on request.
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Table 2: Impact of the MOVE Index and the VIX

(1) (2) (3) (4)
In(MOVE) 9.8316%**  10.3710***  15.9234***  15.8955***
(1.633) (1.433) (1.678) (1.931)
Di1y or zy}*ln(MOVE) -12.9009***  _13.5622***
(0.941) (1.805)
In(VIX) -0.2804***  _8.1537***  _13.9169%** -13.0294***
(1.319) (1.236) (1.711) (1.706)
D1y or Qy}*ln(VIX) 12.0794***  11.9420%***
(1.322) (1.363)
Additional controls No Yes No Yes
N 3263 3263 3263 3263
Adj. R? 0.036 0.525 0.433 0.540

Notes: The outcome variable consists of the relative spread RelativeSpread s, 3,,, for any
marutity M=(1, 2, 5, 7, 10) years. In Columns (2) and (4), we additionally control for
the Effective Federal Funds Rate and maturity fixed effects. Dy1y oy 243 is an indicator
for relative spread at 1 or 2 years. The frequency is weekly and the time period is 2010-

2022. Standard errors are heteroscedasticity and autocorrelation robust (HAC) using 6

*

lags and without small sample correction. *** indicates significance at the 1% level. **

indicates significance at the 5% level. * indicates significance at the 10% level.

We interpret these comovements as follows. First, the MOVE Index measures the yield
volatility of Treasuries, which is closely correlated with illiquidity and transaction costs in
the Treasury market (Duffie et al. (2023)).2 Higher values of the MOVE Index can thus be
interpreted as higher transaction costs. Therefore, the comovements of the Treasury-OIS relative
spread with the MOVE index are consistent with Proposition 2, namely that an increase in
the transaction costs of any of the assets increases the relative convenience yields for all safe
assets. Moreover, the effect is stronger for assets with higher transaction costs, consistent
with the estimated interaction effect from Table 2. Regarding the comovements with the VIX
index, since the VIX measures risk sentiment in the economy, the estimated comovements are
consistent with our Proposition 5, which shows that an increase in payoff risk or risk aversion

reduces the relative convenience yields for all safe assets.

23In our model we interpret transaction costs broader than bid-ask spreads. Therefore we consider the MOVE
Index as an appropriate proxy measure for these illiquidity costs.
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6 Conclusion

The interaction of liquidity self-insurance and transaction cost heterogeneity has important as-
set pricing and welfare implications. Central to that interaction is the value of convenience, an
equilibrium pricing factor, which is also a summary statistic for agents’ welfare. By shedding
light on this interaction and the inefficiencies that arise in competitive equilibrium, our theo-
retical framework puts in focus the importance of policies that promote and facilitate market
liquidity and proper market functioning (Duffie, 2023).

Beyond these structural policies, our analysis also points to side-effects of central bank bal-
ance sheet policies, via the level of central bank reserves in the system and the asset composition
of the central bank’s balance sheet. Our theoretical framework suggests that the long-run vol-
ume of central bank reserves in the system may affect aggregate welfare via its influence on
liquidity conditions in the economy. It also hints at potentially important aggregate liquidity
effects of the maturity structure as well as the taxation regime of government debt. Never-
theless, our simple theory includes only one channel through which these policy tools impact
aggregate welfare. Understanding the full set of complex trade-offs and the resulting optimal

policy mix is an important avenue for future research on this topic.
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A Theory Appendix

A.1 Omitted proofs
A.1.1 Proof of lemma 1

Proof. We describe and solve the optimization problems in the second and third period.

t = 1 problem of patient investors For the problem of the patient investor in period
1, we split the problem into a portfolio choice problem and a consumption-saving problem.
Specifically, we conjecture that in equilibrium she only increases her position in each asset. We

then split her problem in two: a consumption-saving decision (problem 1) given by
Vis = max log(cis)+log(Va(Azs))
c1,5,42,5
s.t.
c1,s + A2 s =Y1 + Ay,

where Ay g denotes saving into ¢ = 2, and a portfolio choice problem (problem 2), given by

Va(Azs) = max (B [es(2) (1—7)})1/(1‘”’)

f
X3,5%3s

S.t.
PIX] o+ PXy's = Ay g
ca,5 (2) = X§ g + 9™ (2) X5, V2.

To write down the portfolio choice problem we used Plf = P}. We demonstrate in a separate
proof below why this is the case.

Next, we discuss the consumption-saving problem. Given homothetic preferences and fully
capitalizable income, we show in lemma 4 below that the value function V5(As g) is linear in
savings, i.e.

Va(Ags) = RSF Ay 5.

The consumption-saving problem in period 1 becomes

Vis= max log(cis)+log(RS P Azs)
C1,§,A2!§

s.t.
c1,s + Az s =Y + Ay

With log utility, we then have Ay g = YI;Al and ¢ 5 = Yl%Al. We insert the optimal values

into the period ¢ = 1 utility function U; g and derive the period ¢ = 1 value function, Vi g,

which is given by V; 5 = log RS'F (3/1%141)2.



t = 1 problem of impatient investors The problem of the impatient investor in period 1 is

trivial as she sells all her asset holdings and consumes all available resources at t = 1. Therefore

and we have ¢, g =Y1 + A1 — ), TfPlfQi —7MP"Q™, where Ay = ), PlfQZ + P"Q™ denotes

the investor’s financial wealth at ¢ = 1, excluding transaction costs.

Market clearing at t =1 At ¢t = 1 the patient and impatient investors trade assets with one
another. Taking into account the respective mass of each type of investor and the asset holding

decisions of impatient investors, market clearing conditions are given by

(1-NX5s=Q" Viel
(1-XN)X7's=Q™

Therefore, patient investors hold all the assets at the end of ¢ = 1. From these market clearing
conditions we can derive the period 1 prices as well as savings and consumption. Using the
market clearing condition X3y = Fl/\)Qm, Ay g = Yl%Al from the consumption-saving decision

and the portfolio weight w on the risky asset, we end up with the following equation:

1 moAm Y1+A1
Aonye =g

For the risk-free assets, we use the market clearing combined with the optimal portfolio alloca-

tion to get

L _plgf—(-w)

i+ A
(1= '

2

Summing the two above equations yields the savings

(1-2)
(1+X)

A1 = 1.

Lastly, the budget constraints in combination with the optimal asset holdings yield the con-

sumption choices in all periods:

2 f i
€15 = 1+)\Y1_Zi TP Q TP Q™
1
= Y.
STt

A.1.2 Proof of lemma 2

Proof. We describe and solve the first period optimization problem.



t = 0 problem of investors The period ¢t = 0 problem of the representative investor is given,

recursively, by

Vo = max log(co) + AV, 5+ (1= ANVig
co,{X;}ieﬂ,X{ﬂ
S.t.
co =Yy — Y PiXi— PX{,
iel

where V, 5 = 2log(c;g), with ¢;5 = Y1 + A1 — >, 7' PiX] — 7™P"X{" and Vi g =
log RS (c1.5)2, with ¢; 5 = Yl%Al.

The Euler equation for holdings of asset i € TU {m} is

an - B 8Vvl,sili

- =Es (1-Z_gm")|,
Odco 0A; Pé( =57 )
or o A 5 ,
s P/ , Uy s P}
9 _ A—22TL(] =y (1 - \) L
Jco dc, 5 By dci,s P}

where we have used the fact that at ¢ = 1, by the Envelope theorem for the agent’s t = 1

8Vl,s 8le,s
problem, A = B

. Therefore, at the optimum, the marginal utility of consumption today
equals the expected marginal utility of consumption tomorrow, where the expectation is taken
over the realisation of the idiosyncratic investor’s state s and the transaction cost incurred in

the impatient state is taken into account.

Market clearing at ¢t =0 Market clearing at ¢ = 0 is given by
Xi=qQ" Vi
X'=Q™M.
Additionally, we prove the following two lemmas:
Lemma 3 (Second period prices). P} = Plf,Vi el
The Lagrangian of the portfolio choice problem of the patient investor in period 1 is given

by

1
(1—7)
L= / [(RQ‘X{ s+ R (2) ngﬁ)“ﬂ)} d(z)

z

s ns - SPixG anX;'fs] |
7




The first order conditions with respect to the risk-free assets (given an interior solution) are:

1
T 1

1
(1—7)

[ i s+ ) X390 ar e
_ Z pPy
(=R | [(REXEg + R (2) X5 ()

z

for all i € I. Tt follows that P} is the same for all i € I. We denote this price by Plf .
Lemma 4 (Third period utility). Us(Asg) = RSF Ay s.

Using P! = P}, for all 4, the portfolio choice problem of the patient investor in period 1 can

be rewritten as
1
(1=v) 1)

max —= A9 g+ — —= | P"XT* dF(z
xm / [Plf 2.8 ( P Plf 12,8 ( )

2,5

The first order condition is given by

Rf R Rf (=7
[ s (525 o

m f
1 By Py
We guess that X3¢ = 0 Ay 5 and insert it:

/ By (2) B\ pm
propf

It follows that 6 does not depend on Ay g and is determined by the following equation:

dF(z) =0.

Ry (2) R} pm
pr pl)t

(=)

dF(z) = 0.

R) Ry (z) RS
—=A S + ——= | P"OA S
Plf 2», < le Pif 1 2:,

(=)

/ —2+ ( jyff) - §> Po ( ;n(f) — 2 | P dF(z) = 0.
. By 1 P 1 Py
We insert Xj'g = 6 A, s into the maximisation problem. This yields
R] Ry (:) RS o =
2 2 \Z 2 m

max — Ay g+ — —= | P["0As g dF(z ,

Xéf‘s[P{ = (P{” P{)l ° &
or

max RgEA27§,
2,5
where 1
(1-=v) a—)

dF(z)

f m f
oy (BEE) B g
P Py P}




Proof of Proposition 1

Proof. We know that the first order conditions of the period ¢ = 0 problem for all assets are

i — Es (aUlaS Plf(l B Zs:STi)>

co Oci s P
7 7 8Ul,s
. ; Pl(-T _g7 Pj Bet.s
for all i € TUm. Let us define R} ; = w R} = P17 and my, = 6%66' Then
dcq

% = F, (gUlSR ) for all 5. This means that also M = RIF; (8(]15) must hold. We
0 c1 deo

rearrange the general formula as follows:

oUy s Uy
0=E, Ly -l
(80175 L,s aCO >

aUS i
():E‘s(al17 ( l,s_R})>

U ; Ois (i
0=E (6clls)E5( I’S_R%)+COV(80117S’( R1)>
cov (8“ s ~ R} )
- 8U1 s S) - R%
£ (5 s>
—COV (my1, (R}, — Ry)) Ri = E, (R} ;) — Rj
E; (Bi,)
—COV (ms1, Ry §) = ——7—
( 1 1 ) R%
We define the convenience yield 1 = % with R} = I;J:. We insert for R} , and rearrange:
1 0 ’

-7 _57%)
B, (205 o
Fj P/(1-Z <1
0 1= _COV (ml,sa 1 ( 'S:ST ))

R 10

P{ P{

% (1 - M) —1=—22COV (my 4, (1 - T,_g7")) R}
R; Ry

Y=

(1= A7) = COV (my,s,T,_37") R}
We then rearrange the covariance term:
Ccov (ml,s,Isngi) = )\Timg — Es(mys) AT

cov (mlys,Isngi) = \7! (ms— é) )
1



We insert it into our main term of interest:

. 1
i __
w B 1-— /\szgR%
. 1
Y= T
1 — M7t M By a)
. 1
wl = 1— Amz

)\ms-l—(l A)ms

Therefore the convenience yield is given by

- 1
[—
V= 1— i A
A+(1-X)/n
where 1 = % is the relative kernel, which we later call value of convenience. O

Proof of Proposition 2

Proof. We analyse the impact of the fees on the convenience yields. The derivatives are given

by . .
awl _ (W)Q A ( (1—=XN)7 8(1/17) B 1> >0

or? A+ =XN)/n\ A+ (1=X)/n oOr
. ov v o)
(0 Yt d(1/n .
= fi 11
ok = B(ijn) ok > 0 for all ¢ £ k,
o i TIA(1=A I & (% a/n) _ —PFQ*
Where W% (T,Z) ) W < 0 597(,:7) = %Yl < 0, and % = ? < 0 and 7 and

k € IUm. In addition it follows that

321#2__ Wai/)’ A ( ( —A)i o(1/n) )

ori? OT* A+ (1 —=XN)/n \AX+(1—=X)/n Or'

(1-A) o/ _ > -0
A)

i\ 2 A
_(w) +(1=XN)/n\A+1-=XN)/n 67”

>’y joYt A1 =N i\2
arkor <¢aﬂ( a—nm @)

i) o

Proof of propositon 3

Proof. We study the impact on the convenience yields due to a compositional change in the
supply of the risk-free assets. Suppose dQ! = —dQF for any [ and k in € I. Then
i)’ ay' d(1/n)

Q' a(1/n) dQ!

for all

o V2 TN d(i/m) _ aQ/n) | 8Q/n)dQ* _ ( Kk _ 1
where 8(1/ G orawmer <0 @ = gt eer ay = (T -7) =

ielUm. O



Proof of Proposition 4

Proof. We analyse the impact of an overall supply change for two cases: The case where there
is no risky asset in the economy, i.e. @™ = 0 and where there is, i.e. Q™ > 0. For the first

case, the following lemma applies:

Lemma 5 (No risk). If Q™ =0, thenn = 2_(127_)\);

We will use this simplified value of convenience to analyse the first case. An overall change
in the supply of the risk-free assets due to an increase in the supply of one of the assets, suppose

asset [ € I, is given by , .
oyt __oy' o(1/n)
Q! 9(1/n) Q!

where 8?{% = (1/1’) /\;?71/\)?))2 <0 foralli e TUm. 8(%14;7) depends on which case we look
£
at. If Q™ =0, then %7) = % (7~' — Tl) or For the second case we assume that | 2 P,f

is close to zero. This allows for a closed-form solution for prices (see section A.1.2). If in this
case Q™ > 0, then

a(1/n) 1 P sop/ P
= — Pl +7Q + 7™
Q! =Y Q! Q!
with
opPf 1 1 1 1 ([« O
70~~~V g7~ 5o (@ o)
oPr 1 1 1 o
oor = gnt NN |:’}/O'22 an]
and

m

D=

o = 50 1(A2 gf%z?) (A—’YU22)Q >0if A> 0.

9Q7 ~ 0Q7 Q)

Proof of Proposition 5

Proof. We can use the price approximation derived in A.1.2 and derive the derivative of the

convenience yield with respect to volatility. It is given by

8¢z = 8wl i =0f aPlf m male
902~ " a(1/n) L (TQ o2 T g
oYt 9y 7! oP]
do?  0(1/n) 1+)\Y1 Oyo?
Bw 7 T >\ 1— )\) _ 1 87{' aP'm o
where o(1/n) — (dj) W <0, 87 Qi(l )\) 1+)\}/1'y<72 (W - 8702> >0, 87;2 -
gﬁ2§i<0and o, = <A2 Qf’YU) 2%7>OforalleHUm



Note that # — 8322 > 0. We can see this by rearranging the terms:

T, or
~vo2 T Oyo?

1 2 3 1 0?2 -3 02
o7 <A+ (A2 + Qlfya?> ) > 5 <A2 + Ql’yaQ> o
2

1
L (.A “42+621702+“42>+1>

N =

Analogously the derivative with respect to risk aversion is

L - ) )
=5 (T"=-7)Q
oy~ En )

Oyo?

forallz e TUm. O

Proof of Proposition 6

Proof. We can express c1 g as a function of 7, ¢1 g = We insert it in the constraints

Y,
2,\n+(117/\)'
and the constraints into the objective function of the social planner. This implies:

1 Y;

T+ (1- ) log (mf/@») +(1— ) log ((E [(Qf ¥ w?(z)@m)l”] ) w”) |

We want to analyze the impact of n on W. Taking the respective first-order condition we have

ow 1 2\
oy <77(1_A)_(1_A)) 2+ (LN

It follows that %—If]/ =0 iff n = 1. We observe that for p > 1! welfare is monotone decreasing in
the value of convenience, i.e. %—VX < 0. ]
Proof of Proposition 7

Proof. We first modify Lemmas 1 and 2 to allow for the more general period ¢t = 2 asset payoffs
and the buyer transaction costs/subsidies. The maximization problem of the impatient investor
in period t = 1 is trivial — it is optimal for her to sell all her asset holdings and consume.

Therefore, for that investor we have

Vis = 2log(c; 5),

where ¢; 5 =Y1 + 3, (1 — Y PIXE, with Xi = Q in equilibrium.

The maximization problem of the patient investor, who buys all assets in equilibrium at

Tt is possible for the social planner to set < 1 but in our model this is not a possible equilibrium outcome.



t =1, in the absence of t = 2 payoff risk, is now given by

Vi, = max log(cyg) +log(cas)

C1,5,C2,5
s.t.
cs+ Y PiXsg=Yi+) PiX{-) mPl(Xig—X}),
i€l i€l i€l
627§ = ZéZXé,ﬁ
i€l

Assuming an interior solution for each asset ¢ (which will be the case in equilibrium), the Euler

equation for asset ¢ is given by

1 P
— =1 (A1)
s €8
where P = (12;7 b)Pf. Since, these first-order conditions have to hold for each assets i in

equilibrium, this implies that le must be equalized across assets 7. We therefore define IZE= ﬁi.
Since X! = @' in equilibrium, market clearing implies that Xg g = ﬁ@i, which we insert

into the budget constraints. This yields

A —i—=i
=vn-——_N'P
€1,8 1 (1 _ )\) ZGZH IQ )

1 —i
28 = m ZQ s
i€l

where
Q =5¢
can be thought of as a payoff-adjusted effective supply for asset i.

Substituting for the period 1 and 2 equilibrium consumption into the Euler equation, Eq.

(A.1) and solving for the common adjusted price P{, we obtain
— 1-X Y
Pl = T N

2ier @

Next, we characterize the ¢ = 0 maximization problem of an investor.

(A.2)

Vo= {méafc log(co) + AVy g+ (1 - A)Vis
Xt ’

1Sier
N
st.oco=Yy— > PX].
=1

Taking first-order conditions, and using the Envelope theorem for the period ¢ = 1 marginal

values, we obtain the period ¢t = 0 Euler equations

oy AaUl,Sﬁi

[0 Uy g P}
8c0 N aclg Pé

(1_T)+(1_)\)(3017§P8

(1+T£).



. ey . my g oUu, 5 ,0U
Next, we derive the equilibrium value of convenience, 1. Recall that n = mii = 522 8611’5.
5 1,5 5

We know that

o5 2
6013 013’
_ 2
Y+ (- PiXy
i€l
B 2
- (1-1)5fA’
i+ Z(Hrg)PlQ
i€l
_ 2
(1-m)7At| (1-N) Y
i+ L%I(HT;)Q } T+x) Z‘;@’
S
and
s _ 1
8cL§ Clé’
B 1
- A —i—=1’
-
(14N
=y
Therefore 5
T A Q (-7’ (A:3)
L+ A+ (1 - —
( )7%121611@ (1+Tb)
which we can further simplify to
1
n= (A.4)

1 4= @iﬂ- Ti+7'§ '
T Ly g o)

Recall that @Z = §'Q*, Vi, so that Eq. (A.4) simplifies to equation (10) for 7; = 0 and §° = 1, Vi.
Inspecting, Eq. (A.4), we see that if 7/ = —7%, Vi, then n = 1. O

Proof of Proposition 8

Proof. Suppose that 7{ = 0,Vi. In that case, Eq. (A.4) simplifies to

1
T (A5)
1—Tzi’r7‘

ieﬂZieHQ

Note that this expression is identical to Eq. (10), apart from the different weighting of the
transaction costs, 7!. Therefore, by increasing 6%, the payoff on the most liquid asset, and at
the same time decreasing 4, the payoffs of the other assets, to ensure budget balance, one can

decrease the value of n. This gives us the result that % < 0. O

10



Price approximation

f_pm
If <P1 PW{D ! > is small, then we can find an (approximate) closed form solution for the equilibrium
1

prices. It is convenient to define A = % [log [E <%;](cz)>] -1- Qf] for this. We state the
2

following lemma:

L Pri If 1 PP o (PP holds, then the pri wen b
emma 6 (Prices). If log( 1+ P = P olds, then the prices are given by

Plf Qi(l—/\)(l— )1+>\Y1 and P = 1m(1—)\) 21+)\Yl with m = A+ /A% + Qf’ya

Proof. To prove this lemma we start with the perceived risk premium on the risky asset which

;
is given by 7 = E [log( 5 (2 ))} + 2 —log (;’?). We can rewrite it as follows given the
1

f_pm
assumption that log <1 +4 PwILD ! ) ~ <P1 Pi,fl >:

i m Pf
m=log |E <('02 SCZ) %)

L 12 1

I m f pPm
m = log E<<p2 Ecz)> + log 1 — L

L ¥3 Py

I f m

er)\] , P - P

m=log |E

i < o4 Py

f m

Therefore 7 = ¥ + % where ¥ = log [E (Wﬂ — 1. Using the equilibrium price equations
Y2

it follows that prices are given by

where Q = (1 — )\)Yl%fh%%. From summing both equations it follows that Plf Qf = yo2Q —

P"Q™. We rearrange the second equation and insert for Plf :

f
ran = (wi 7)o
Q Q
(Pm)? — Py ‘1’@ Plme
CT— 702Q—P{”Qm>ﬂ
() P‘I’Qm_( o7 Qm

1 ] 02
<Pm2”fl<m‘m>“‘””2w=“

The function f(P") = (P/")? + P (é - Q%) Q — 02 i has two roots. If P* = 0 then

f(PM™) = —vo? Qf?;m. Therefore at one root P/™ must be positive and at the other negative.
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We are interested in the positive P/". Therefore P/" is given by

2
(1w 1 9\ 2 g2 2
(@ Qm>Q+\/<Qf an) 2+ ool
2

m QW1 1T 1\> o2
hi —z<w‘w>+“\/4<@n‘czf> torgn

m m m m 2 m
We know that = = %. Therefore m = % <\IJ — %) + \/411 <\I/ — %) + fya?%. The prices

Py =

are given by

1 T 1
Pl=—@1-)N1--"-
' Qf( I 702)1—#)\ !
1 |
P = — 0
! Qm( )7021+)\ !
with
T=A+ ./42‘{'@’)/0'2
_ 7"/(2) m
WhereA:;[log |:E(502¢£>] _1_%f]- .

Relating transaction costs and maturity — microfoundations

Summary. In this section we provide two micro-founded examples for higher transaction
costs on longer maturity assets. For both examples we adapt our framework by assuming, for
simplicity, that there are only two risk-free assets. We further modify the framework slightly
by assuming that one asset matures in period ¢ = 1, while the other matures in ¢t = 2, which
introduces a term structure into our model.

In the first example we additionally assume that if the two-period asset has to be resold
at ¢ = 1, the investor has to pay a fee, which can be thought of as a market access fee. Our
results show that the long maturity asset is less convenient and therefore may be associated
with higher transaction costs. Unlike the short maturity asset, which pays off precisely when
an investor has liquidity needs, the long maturity asset has to be liquidated, while incurring a
cost to do so.

In the second example we do not assume that agents incur any transaction costs when selling
assets. In contrast, we focus on the impact of aggregate uncertainty on the convenience of assets
with different maturities. As a concrete example (which we later generalise) we assume that
the endowment in ¢t = 1 is stochastic. There is a news shock about the aggregate endowment
realised in ¢ = 1, so that at ¢ = 0 agents do not know if their endowment will be high or
low in the second period. Our results reveal that the price, and hence the return, of the long
maturity asset in period ¢ = 1 covaries negatively with the marginal utility of consumption. In
comparison, the short maturity asset matures in ¢ = 1 and therefore its payoff is not correlated
with endowment uncertainty. The negative covariance between the future return and future

marginal utility (and therefore also with the aggregate value of convenience) is another reason

12



why the long maturity asset is less convenient to be held at ¢ = 0 and trades at a discount
relative to the short maturity asset.

We also generalise these examples, by deriving a general expression for the convenience
yield within our specialised set-up with two assets with different maturities. We assume both
market fees and aggregate uncertainty, thus combining the two examples. Compared to the
second example we further assume that the aggregate uncertainty can be with respect to any
exogenous variable, for example payoffs. Additionally, we assume an isoelastic utility function
instead of a log utility function to generalise further. We also assume that the third period is
discounted with a discount factor which is possibly smaller than one (to allow for aggregate
uncertainty on the discount factor). We show that the expression for the convenience yield
nests our two examples from beforehand, and that the drivers are the same. With respect to
the influence of aggregate uncertainty it depends on the specific kind of uncertainty if the long

or the short maturity asset are more convenient.

Preliminaries. We use our original model and make the following adjustment to explicitly
account for short and long maturity assets: We assume (for simplicity) that there are only two
risk-free assets with payoff 1 in the economy. One matures after one period and the other after
two periods. We denote the short maturity asset by [ (“low”) and the long maturity asset by h
(“high”). We will give two examples of why the long maturity asset is less convenient relative

to the short maturity asset.

Example 1

First we assume that if an asset is sold before maturing, the agents incur a fee. As this can

h

only happen for the long maturity asset, the fee is denoted by 7'*. We start by describing

the optimal behaviour in period 1. As in our standard model, the liquidity constrained agent

will liquidate all assets in period 1 and therefore X ég =X 55 = 0. The other kind of agents
solve maxyn log(Y1 + Ay — P XDEo) + log(X}s), where Ay = X! + PlX}. The first order
condition is :given by r = L or Phxh, = Yi2AL Market clearing implies
YVi+A1—PX} g xpg 128 2
Xy

)\(XQE — X+ (1 - )\)(Xgé — X)) =0, or Xﬁﬁ = =y In period 0 the agents solve the
following maximisation problem:
max log(co) + WV g+ (1 —-NVig
co, XL, XD ’
s.t.
Yy =co + PLXt + PhxD

where V1,§ =log(Y1+ A1 — ThPth{L) and Vi g = log (Y1 + A — Pllh_)i{t) +log (%), or Vi g =

log [Yl + A — Yl%Al] + log [Yl%Al] The first order conditions are given by

: — X Nra-n(o2 2
Yo — PIXL— PhXP T \Yy + Ay — 7hX] P Y1+ A, P}
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and

! A X 1h(1 M)+ (1= (2 P
= — (1l -7 — |-
Yo — PLX! — PhxD Y1+ Ay — th X} P Yi+ A P}

Market clearing in period 0 implies that X { =Q'and X {‘ = Q". From combining the first order

condition of the liquidity unconstrained agent in period 1 and market clearing it follows that

Plh = 1 — Ylgth. From now on we assume that y = 2 (as in the main body). In addition we
(1=X)
P I — 1 avlg UL "
define R} = i and Ry = ;. Note that = 5e,~ and rewriting the first of the two first
0 0 ,8

8U1 s
Ocy s

. As a next step we combine the first order conditions

order conditions implies - "= = F; <

8(‘0

8U
in period 1. To rearrange we use Ej (8U1’8> =\ ( ) +(1-2X) (gg:f) Rearranging yields

Oci,s
(S W [Rl—Rththh}Jr(l—)\) 2 (Rl — RM
Vi+4 0t Tt Vi+A
8U1 s Rh h
= E, S (14T
0 {3613 [ Rl( +I,_<t")
8[]15 Rh 8U15 Rh
0=COV T_ | 2Ly gy [ S = Sy
o T T B e |1 R0
Rl Rl
0=COoV ml’s,IS:*Th L4 FE [m1s] [1 ki (1-— )\Th)]
[ s } R! R}
1 Rh
0=+ +|[COV [mua T _g7"] — Bl (1 - 2] 2

1

Further rearranging yields

Ry _ 1 1
Ry RU{E [mi] (1 - \h) = COV [ms,Z,_g7h]}

We know that COV [mlys,Isngh] = )\Thm§ — Eg[my ) A", Therefore

R 1

ol I h r >0
R 1= Xh = AP [mg — Es [my )] R}

Rh 1

= = >0

Rll 1= Ath = Arh(1 = \)(n — l)miRl1
or rewritten

ﬁ_ 1

T =

> 0.

The long maturity asset is less convenient. The short maturity asset carries a convenience
premium when being compared to the long maturity asset. The reason is that the long maturity

asset has a lower probability to mature at the moment the liquidity is needed.
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Example 2

Second, we assume that there is an aggregate uncertainty in ¢ = 1. We assume that the
endowment will be high or low in the first period. In period 0, the value of the endowment,
denoted by Ylk, is unknown, but the agents know the distribution. We use this explicit example
for illustrative purposes and later generalise the microfoundation. In the general version, the
uncertainty can be about any exogenous variable.

Analogous to above and adjusted to the current example, the first order conditions are given

by

1 5 2 1
Yy — PLXI —phxh — T \yk i A PL
0 041 041 1 A1 Ly

and
1 _ 2 P}
_plxl _ phxh — E\ vr ph ]
Yo — Ry Xy — By Xy Yi' 4+ A1 By
. L 8U1 S 8U1§ .
We combine the first order conditions. Note that 7= = 2> and mq,g = m; 5. We will use
3U17§
ﬁ =F < 33; > Therefore
1 dcq

oo ()

r h
0—p|%s (; _ Bl
| dcis R}

- Rh
0=F |mis (1 - 1)]

Further rearranging yields

1 Ry

5 () -2 coV (mis i)

R E (m,s)

Rh
E <1> =1-COV (myg, R}

R} ( = )

Rl m g
E (}) =1-COV ( 1’S,R§L>

h Y, _Pl l _Ph h

E(R}> —1—QCOV( Gl 0Q0,R{’>.

Rl Yl +A1

opr}
oYy

Rh
E (1) > 1.
R

15

k 1
From P} = —! YAQ it follows that

_plNl _ phHh
——— > 0. Therefore COV | =M, ghl < 0. 1¢
1—X
follows that

YF+A;



The long maturity asset is on average less convenient because in period ¢ = 1 the asset has a

high price, or return when the marginal utility is low.

Generalisation

Finally, we can derive (following the same steps as in the examples above) a more general
function that incorporates both channels, transaction costs and aggregate uncertainty, and
further generalises the latter. First, we generalise by using an isoelastic utility function instead
of a log utility function. Second, we allow agents to discount the second period with the factor
< 1. Third, we now leave open which variable z’ is affected by an aggregate uncertainty in
period 0 that is revealed in period 1. For example, we could introduce the payoff risk as an
aggregate risk or an uncertainty in the discount factor 8. The aggregate uncertainty in the
endowment was just an example.

The result that the covariance and not any volatility implies the effect of aggregate un-
certainty on the convenience return is more general. We derive a general function for the

convenience yields (which nests the convenience yields of the above examples):

5 <R;L> _ 1+ COV[COV [mas, T_57"] — Eq[mas] (1= Ar"), RY]
R} 1= Ath— E{COV [m1,,Z,_gm"| R\} ’

or

5 (Rh) 14+ COV [)\Thm§ — Eg[mq 4] ,Rﬂ
R 1= Ath — AThE [mg — B [mq )] R}
5 <R§L> _ 14+ COV [[A(#" = 1)np — (1 = X)] mg, RY]
1= Al = ArhE[(1 = N)(n—1)mg] RY
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B Data Appendix

B.1 Data sources and summary statistics

We obtain government security yields and OIS rates from Bloomberg (see table B.1). We use
it to calculate the Treasury-OIS spreads. The maturities we use are 3 months, 1 year, 2 years,
5 years, 7 years and 10 years. The frequency is daily, which we aggregate to weekly. Data on
total outstanding debt of the US government and outstanding bills are obtained from Bloomberg
(tickers: PUBLDEBT Index and DEBPBILL Index). The frequency is daily for the former and
monthly for the latter. The MOVE Index also comes from Bloomberg (ticker: MOVE Index),
and the VIX is obtained from FRED. The frequency is daily, which we aggregate to weekly.!
Lastly, we obtain the Effective Federal Funds Rate from FRED. The frequency is daily, which
we aggregate to weekly. This following table gives an overview over the Bloomberg tickers of

the used data series for the Treasury yields and OIS rates.

Table B.1: Data sources

Data Maturity  Source Ticker

Treasury 3m Bloomberg USGG3M Index
ly Bloomberg USGG1Y Index
2y Bloomberg USGG2Y Index
Sy Bloomberg USGG5HY Index
Ty Bloomberg USGGTY Index
10y Bloomberg USGG10Y Index

OIS 3m Bloomberg USSOC Curncy
ly Bloomberg USSO1 Curncy
2y Bloomberg USSO2 Curncy
oy Bloomberg USSO5 Curncy
Ty Bloomberg USSO7 Curncy
10y Bloomberg USOSFR10 Curncy

"When we change the frequency of the data to weekly for the regressions, we use the last available day during
each week. When we adjust the frequency of the time series plotted in the figures, we use the average instead of
the last available day, as this gives a more accurate overview and is uncritical to do, as no different time series are
matched. The only exception is the figure B.2, where we use the last day because we are comparing two series.
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Table B.2: Summary statistics US

Data Maturity Mean Median St. Dev.

Treasury-OIS ly 7.07 6.29 6.01

spread in bp 2y 13.10 12.33 8.11
5y 22.84 18.97 13.16
Ty 32,47  24.29 15.41
10y 36.34 31.76 14.42

Debt

growth in % 0.14  0.05 0.28

MOVE Index 73.48 69.30 21.71

VIX 18.49 16.64 7.19

Effective Fed Funds

Rate in % 0.63 0.15 0.85

Notes: The time horizon used for the summary statistics is by default 2010-2022. For the debt growth
we use data until mid May 2023. If the frequency is not weekly, we change it to weekly and use the last
value of the week.

B.2 Additional figures

Figure B.1: Treasury-OIS spread
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Notes: This figure shows the US Treasury-OIS spread across different maturities. Source: Bloomberg
and authors calculations.
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Figure B.2: Total outstanding US government debt and bills
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Notes: This figure shows the monthly total outstanding US government debt and total oustanding US
government bills. Source: Bloomberg and authors calculations.
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