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Abstract

This paper develops a complete-market production economy with heterogeneous be-
liefs about TFP growth. Hiring occurs before TFP is known and is, therefore, risky
(operational leverage). The firm’s discount factor depends on a wealth-weighted av-
erage of investors’ beliefs. Waves of optimism influence asset markets and percolate to
labor hiring, tying together the equity premium, equity volatility, and labor volatility
puzzles. A taxonomy of belief systems shows that only extrapolative beliefs amplify
the volatility of asset prices and hours and lead to risk build up. Disciplined by sur-
vey data, the model matches asset-pricing and business-cycle moments, highlighting

how heterogeneous beliefs can be a direct driver of aggregate fluctuations.
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1 Introduction

One of the oldest and most prominent economic narratives holds that swings in investor
beliefs drive asset prices and business cycles. Sprague (1910), Fisher (1933), Keynes (1936),
Minsky (1986), Kindleberger (1996), and Shiller (2000), all feature a common theme: fu-
eled by leverage, a wave of excessive optimism drives up share prices, spurring excessive
tirm investment and hiring. Eventually, disappointing earnings burst asset prices on Wall
Street with a blast wave felt all the way onto Main Street.

Formalizing this narrative, Harrison and Kreps (1978) and Scheinkman and Xiong
(2003) show how asset prices can be propelled by excessive optimism, emphasizing that
belief heterogeneity engenders amplification through leverage. A virtue of these formal-
izations is their subtle departure from strict rational expectations: agents fully understand
the workings of the economy but differ in their optimism. Yet, it remains unclear how—
and by how much—waves of optimism percolate into the real economy.

This paper studies a benchmark economy where beliefs are a direct source of business
cycles. Prices are flexible, there are no financial frictions, and markets are complete. The
only link between beliefs and output is that hiring labor is risky. Because hiring is a
business risk, hours fluctuations are driven exclusively by investor beliefs about earnings
growth and their risk appetite.

Also motivated by these narratives, a growing body of literature studies how beliefs
spill over to the real economy by aggravating demand externalities or financial con-
straints. However, to our knowledge, we do not have a frictionless benchmark econ-
omy where beliefs induce fluctuations in an otherwise frictionless setting. Developing
such a benchmark is important: First, by abstracting away market imperfections, we can
provide a qualitative and quantitative assessment of the direct effects of beliefs on the
business cycle. Second, we can derive general principles that carry over to environments
where market imperfections amplify these direct effects. Finally, a frictionless benchmark
serves as an ideal target that policy interventions to mitigate market imperfections should
strive to replicate. After all, policy should not care about asset prices per see, but only in

as much these create inefficiencies.

The Model. Households differ in their beliefs about the evolution of TFP. Given their
distinct views, they actively trade firm shares, affecting asset prices. Households supply

labor with preferences that eliminate wealth effects, as in Greenwood, Hercowitz and
Huffman (1988, henceforth GHH).



The key feature is that heterogeneity in household beliefs shapes the firm’s labor de-
mand because hiring is risky. As in Burnside, Eichenbaum and Rebelo (1993), labor is
chosen before the shock realizations. This timing induces an operational leverage chan-
nel whereby hiring becomes a risky investment, as it can add cost pressure to firms, which
also occurs in labor search models.! This feature is critical to linking business-cycle fluc-
tuations to asset-price fluctuations. We focus on the firm’s investment in forming a work-
force, as opposed to physical capital formation, because it is understood that, absent ad-
ditional frictions, fluctuations in capital investment cannot be a source of business cycles;
instead, what is needed are movements in the labor wedge (Chari, Kehoe and McGrattan,
2007).2 Moreover, the operational leverage channel leads to testable implications regard-
ing the correlation of returns and the labor share that is consistent with data, (e.g., see
Donangelo, Gourio, Kehrig and Palacios, 2019).

Belief heterogeneity is essential for generating leverage and turnover dynamics, both
recurrent themes in optimism-wave narratives. Because of heterogeneous beliefs, house-
holds take long or short positions in the firm. Optimistic households increase leverage,
amplifying their risk exposure. Leverage creates internal propagation by magnifying
differences in investors’ risk exposures: optimistic investors accumulate relatively more
wealth when positive shocks occur, while pessimists gain during downturns.

These dynamics produce internal propagation as wealth-weighted beliefs jointly affect
asset prices and output through the operational leverage channel. When wealth-weighted
beliefs become more optimistic, increased demand for risky assets pushes stock prices
upward, compresses risk premia, and encourages hiring. Thus, as investors’ risk appetite
increases, discount rates decline, prompting more hiring by a firm attempting to raise its
market value. Through these dynamics, the equity premium, the equity volatility, and labor
volatility puzzles are tied together into a single volatility puzzle.

Theoretical Results. Despite featuring Epstein-Zin preferences and endogenous labor
supply, the model remains highly tractable due to a convenient “as if” property portable
to other settings. Specifically, the equilibrium is characterized as if the economy were an
endowment economy, with a common stochastic discount factor (SDF). Importantly, the
tirm makes risky hiring decisions using this common SDF to weigh future states, thereby
linking the SDF directly to a labor-demand factor (LDF) that ultimately determines em-

ployment. Crucially, we impose no assumptions regarding the firm'’s direct knowledge

IWe reinterpret this form of investment in labor as a simplified version of the investment in hiring that
happens in labor-search models. Recall that in labor-search models, firms incur sunk costs to hire workers.

%Investment is small relative to the capital stock in a business-cycle model. Thus, fluctuations in invest-
ment do not meaningfully impact the production possibility frontier.
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of investor beliefs; the firm only needs to understand how its hiring decisions affect its
market value.

In the special case of log utility, the model admits an analytic solution, enabling us
to articulate a clear taxonomy of belief systems. Specifically, we classify beliefs into
two broad categories, each with two sub-categories. The first category comprises rank-
preserving beliefs, subdivided into optimistic and pessimistic beliefs. The second category
includes rank-alternating beliefs, subdivided into extrapolative and intrapolative beliefs.
This taxonomy allows us to derive general properties regarding how each belief structure
affects business-cycle dynamics.

We identify several principles regarding the amplification properties under different
belief systems. First, we show that only extrapolative beliefs amplify business-cycle fluc-
tuations across all states of the economy relative to rational expectations. Amplification
occurs because extrapolation boosts the firm’s discounting of risk states during booms
but depresses it during busts, a property unique to extrapolative beliefs.

Second, we uncover that only extrapolative beliefs engender risk build-up, i.e., the
longer booms lead to deeper busts. This phenomenon, also exclusive to extrapolative
belief systems, occurs because extrapolative households consistently accumulate wealth
throughout boom phases. When the economy transitions into a downturn, extrapolative
agents remain wealthier while simultaneously becoming the most pessimistic investors.
The reversal in the wealthiest households’ optimism significantly amplifies the economy’s
rift.

The taxonomy of beliefs highlights the importance of belief heterogeneity for under-
standing macro-finance dynamics. Empirical evidence from Lépez-Salido, Stein and Za-
krajSek (2017) and Krishnamurthy and Muir (2017) indicates that risk premia are low dur-
ing credit booms preceding severe crashes.® In contrast, standard macro-finance models
without belief heterogeneity predict precisely the opposite (e.g., Brunnermeier and San-
nikov, 2014; He and Krishnamurthy, 2013). Furthermore, our analysis helps distinguish
models driven by heterogeneous beliefs from those driven by heterogeneous risk aversion
(e.g., Panageas, 2020), a challenge for the literature. Our results clarify that heterogeneity
in risk aversion cannot generate risk build-up germane to extrapolative belief systems.
Beyond these results, we further demonstrate that optimism-driven business cycles are
consistent with observed stock-market turnover fluctuations in the model’s two-state ver-

sion.

3See also Gennaioli and Shleifer (2018) and Krishnamurthy and Li (2025).
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Quantitative Results. To complement our theoretical insights, we provide a quantita-
tive evaluation. Given that aside from beliefs, our framework follows canonical assump-
tions, we adopt a standard calibration approach for preferences and the process for TFP.

To discipline the calibration of beliefs, we utilize survey data on earnings forecasts
(from the I/B/E/S) to estimate a belief process that explicitly captures household het-
erogeneity, thus representing various empirically plausible belief systems. Specifically,
we specify a continuous Markov process for actual productivity growth and subjective
beliefs about it. Actual log productivity growth follows an estimated iid process. In con-
trast, subjective beliefs allow households to over- or under-react to TFP, captured by an
overreaction parameter. We calibrate this overreaction parameter to match the return
extrapolation observed in survey data. We further introduce a non-fundamental “sen-
timent shock.” This shock allows for rank-preserving beliefs and generates additional
fluctuations in expectations. The volatility of this sentiment shock is calibrated to match
the empirically observed ratio between the volatility of survey-based dividend growth
expectations relative to its objective counterpart.

Our quantitative analysis underscores the importance of belief heterogeneity by fol-
lowing a progression. We begin with a stripped-down model featuring a representative
rational investor without hiring risk. As is known, this baseline economy fails to generate
realistic equity premiums or stock market volatility. Introducing operational leverage—
where hiring occurs before TFP realizations—successfully matches the observed volatility
of dividend growth. However, due to the near iid structure of productivity growth, labor
demand remains essentially constant under rational expectations, resulting in no employ-
ment volatility.

We then incorporate subjective beliefs calibrated to match our empirical targets. While
subjective beliefs alone generate realistic labor fluctuations due to extrapolation, they still
fail to produce an adequate equity premium or sufficient asset-price volatility. Crucially,
when belief heterogeneity is introduced—allowing rational and extrapolative investors
to interact—the additional fluctuation in wealth allows the model to successfully match
the magnitude and volatility of equity returns and substantial volatility in employment.
These results emphasize the pivotal role of heterogeneous beliefs in jointly explaining key
asset pricing and labor-market dynamics. We conclude our analysis by explicitly connect-
ing the model’s insights to the Campbell-Shiller decomposition, placing our analysis in
the context of the asset pricing literature. The section demonstrates the model’s ability to
rationalize business cycle and asset price moments by incorporating beliefs disciplined
by survey data.



Literature Review. This paper connects to the literature initiated by Kydland and
Prescott (1982) and Mehra and Prescott (1985), who used complete-market benchmarks
to analyze business cycle fluctuations and asset prices in settings where these two di-
mensions do not feed into each other. A recent strand emphasizes the role of fluctuating
risk premia in driving real cycles, particularly highlighting the riskiness of labor hiring
(e.g., Hall, 2017; Borovicka and Borovickovd, 2019; Di Tella and Hall, 2019; Kehoe, Lopez,
Midrigan and Pastorino, 2019). We bridge this channel with the literature on heteroge-
neous beliefs and asset pricing.

The literature on heterogeneous beliefs is extensive. Early seminal contributions link
belief heterogeneity to speculative behavior and bubbles (Harrison and Kreps, 1978;
Scheinkman and Xiong, 2003), a connection further developed by studies examining its
interaction with financial constraints (e.g., Geanakoplos, 2003; Fostel and Geanakoplos,
2008; Geanakoplos, 2010; Simsek, 2013a; Iachan, Nenov and Simsek, 2019; Barlevy, 2014,
2022). Closely related papers explore how wealth redistribution driven by heterogeneous
beliefs affects asset-price dynamics (Detemple and Murthy, 1994; Xiong and Yan, 2009;
Kubler and Schmedders, 2012; Martin and Papadimitriou, 2022). Our paper contributes
by explicitly linking these channels to the real economy through the labor market.

Our emphasis on extrapolative beliefs connects us closely to models featuring di-
agnostic expectations (Gennaioli and Shleifer, 2010; Bianchi, Ilut and Saijo, 2024), and
more generally, to the literature on subjective beliefs and macroeconomic dynamics (e.g.,
Eusepi and Preston, 2011; Angeletos, Collard and Dellas, 2018; Bordalo, Gennaioli and
Shleifer, 2018a; Bhandari, Borovicka and Ho, 2019). Relatedly, Adam and Merkel (2019)
shows how homogeneous extrapolative beliefs simultaneously explain stock market and
business cycle fluctuations, though abstracting from heterogeneity. Other models exam-
ine different mechanisms connecting speculative bubbles to real activity, typically em-
phasizing capital rather than labor investment.*

Recent work further explores how heterogeneous beliefs interact with aggregate
demand externalities, highlighting how changes in wealth distribution can amplify
demand-driven recessions (Caballero and Simsek, 2020a,b; Guerreiro, 2022; Caramp and
Silva, 2024). Simsek (2021) provides a comprehensive review of the belief heterogeneity
and business cycle literature. Relative to this rich literature, our analysis focuses on the

labor demand channel instead of an aggregate demand channel.

4See also, Gilchrist, Himmelberg and Huberman (2005), Bolton, Scheinkman and Xiong (2006) Panageas
(2005) Buss, Dumas, Uppal and Vilkov (2016).



Roadmap. The next section presents three empirical facts about investor beliefs docu-
mented in the literature to motivate our analysis. Subsequently, we present the theoretical
model followed by the quantitative evaluation. Finally, we conclude.

2 Three motivating facts

This section discusses three facts about subjective expectations that motivate our model.

Fact 1. Expectations are volatile. As Shiller (1981) famously observed, stock dividends
and earnings are too stable to explain the large swings in asset prices. In contrast, recent
survey evidence shows that subjective expectations of future cash flows are highly volatile,
offering a potential explanation for the stock market’s excess volatility (Bordalo, Gen-
naioli, La Porta and Shleifer, 2020a; De La O and Myers, 2021).

We illustrate the magnitude of the difference in the volatility of subjective and objec-
tive expectations by constructing an “objective" forecast—based on the statistical prop-
erties of dividends—against a survey-based “subjective" forecast. Specifically, we esti-
mate an AR(1) process for quarterly aggregate dividend and earnings growth—see the
online Appendix. The predicted one-year-ahead dividend growth from this AR(1) serves
as our measure of objective expectations, [E°b] [Ad}p44]. We then compute the fraction of
the total variance in realized dividend growth expectations relative to the variance of re-
alized dividend growth. We construct an analogous measure for subjective expectations,
ES“Y[Ad, ;. 4], by using the survey of analyst expectations from 1/B/E/S. The differences

in volatility are significant:

Var[E%% [Ady 4]
Var[Ady ;4]

Var[lES”b [Adt,t+4] }
Var[Ady 4]

= 0.05, = 0.70.
Whereas objective expectations represent a negligible fraction of the total variation in

dividend growth, subjective expectations are an order of magnitude more volatile.”

Fact 2. Expectations are heterogeneous. Fact 1 provides evidence of deviations from
full-information rational expectations (FIRE). Our business cycle model emphasizes how
heterogeneity in these expectations leads to business cycle amplification through asset
markets. Critical to our theory is the presence of heterogeneity in beliefs. Concrete evi-
dence is surveyed in Nagel and Xu (2023) reporting subjective return expectations across

5The small fraction of variation explained by objective expectations is consistent with the estimated
autocorrelation of cash flows in, for example, Bansal and Yaron (2004).
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Dependent var.: Objective Individual CFO Professional

Predictors

D/P 5.83 -0.00 -0.41 0.42
(p-value) (0.00) (1.00) (0.31) (0.73)

R;ast 0.36 0.87 0.30 -2.78
(p-value) (0.71) (0.02) (0.29) (0.01)

Table 1: Subjective return expectations regressions by type of investor.

individual investors, CFOs, and professional forecasters. Table 1 summarizes their find-
ings: The first column shows that realized future returns are positively predicted by the
dividend-price ratio (a standard return predictor). In contrast, past returns do not appear
significantly. In contrast, regressions for subjective expected returns reveal heterogeneous
beliefs: individual investors place a positive and significant weight on past returns (con-
sistent with extrapolation), professional forecasters behave in a contrarian way (a nega-
tive coefficient on past returns indicates interpolation), and CFOs lie somewhere in be-
tween. These results underscore the importance of heterogeneity in expectations among
different agents.®

For our paper, a key question is whether these expectations correlate with actual
trading behavior. Existing evidence suggests that yes: Greenwood and Shleifer (2014)
show that subjective expectations correlate with mutual fund flows, and Giglio, Maggiori,
Stroebel and Utkus (forthcoming) document a relationship between beliefs and portfolio

choices.”

Fact 3. Expectations correlate with hiring decisions. The previous two facts focus on
subjective expectations among groups of investors. Toward a business cycle theory, a nat-
ural follow-up question is whether these expectations are reflected in real economic out-
comes. Indeed, Gennaioli, Ma and Shleifer (2016) show that CFO expectations predict
corporate capital investment, and Armona, Fuster and Zafar (2019) find that expecta-
tions about home price appreciations influence construction. In this spirit, we present

related evidence: investor expectations also predict firm-level employment decisions. To

6See also Atmaz, Gulen, Cassella and Ruan (2023) for evidence of both extrapolative and contrarian
behavior in the cross-section of expected returns. Using multiple surveys, Greenwood and Shleifer (2014)
provides evidence further evidence of extrapolative expectations from past stock return, also associated
with the cyclicality of credit and leverage (Lépez-Salido et al., 2017).

“In Appendix B, we further construct a measure of heterogeneity among professional forecasters us-
ing individual stock forecasts and show that this measure of disagreement coincides with stock market
turnover, particularly during recessions.



Table 2: I/B/E/S Expectations and Labor

Dependent Variable: Payroll Number of workers
Model: @ @) ®) (4) (5) (6)
(Intercept) 0.388 0.274 0.364 0.392 0.143 0.170

(0.247)  (0.223) (0.241) (0.097) (0.195) (0.052)
lag earning growth expectation 0.133** 0.135** 0.136** 0.061** 0.062*** 0.067***
(0.043)  (0.043) (0.043) (0.014) (0.014) (0.014)

12-month lag return 0.474%** 0.535%**

(0.119) (0.054)
12-month return 0.234* 0.326***

(0.125) (0.043)

Fit statistics
Observations 1797 1797 1797 1797 1797 1797
R2 0.081 0.090 0.083 0.081 0.090 0.083
Adjusted R2 0.038 0.046 0.039 0.038 0.046 0.039

Newey-West standard-errors in parentheses (4 lags)
Signif. Codes: ***: 0.01, **: 0.05, *: 0.1

demonstrate this, we use two labor-related measures from Compustat Annual: the re-
alized growth in staff expenses (payroll) and the employee count (workers). These two
measures are standardized using the same procedure we apply to our earnings data.

We follow the approach of Gennaioli et al. (2016): we regress realized employment
growth on the firm-level earnings growth expectations drawn from I/B/E/S. We control
for past 12-month stock returns (constructed using individual stock prices from CRSP)
and contemporaneous returns, clustering standard errors at the firm level. By including
past returns, we aim to capture systematic shocks that might otherwise confound the
relationship between expectations and subsequent employment growth.

Table 2 shows that earnings growth expectations predict realized employment growth
in both total payroll and the number of workers. In light of Facts 1 and 2—namely,
that earnings growth expectations exhibit greater volatility than actual outcomes and that
CFOs behave differently from individual investors—these results provide reassuring ev-
idence that firm employment decisions correlate with investor expectations. Naturally,
this correlation alone does not establish causality: it may simply reflect that the surveyed
analysts” information overlaps with managers’ private signals, even if investors do not
directly influence managers. However, Gennaioli et al. (2016) finds that investor expec-
tations continue to affect capital investment even after controlling for managers’ survey

responses, suggesting a meaningful role for such external perceptions. Unlike Gennaioli



et al. (2016), we cannot control for CFO expectations, as we lack sufficient data matches
for the employment variables. Motivated by the three facts, we proceed to the model.

3 Model

3.1 Environment

We consider a two-state complete-markets economy with time indexed by t € {0,1, ..., }.
The economy is populated by heterogeneous households that differ in their beliefs re-
garding TFP growth. Households hold (or issue) risk-free bonds and hold (or short-sell)
shares of a single representative firm. Differences in beliefs induce a desire to lever. The
firm hires labor one period in advance before TFP is realized. Hiring in advance links

labor demand with asset pricing.

The exogenous state. Total factor productivity A; grows according to a two-state

Markov process:

A
X; = Xt+1, (1)

where x;,1 € {x,xg},0 < xp < xy. Transition probabilities from state s to s’ are denoted

by {pss'}-

%
t+17

labor h; 1 is hired in period t, prior to the realization of x;; 1. While firms hire and contract

The firm. The representative firm produces a final good according to A;;1h% ;, where
the wage Wi 1 one period ahead, the wage bill is paid when production is finished.
The firm takes hours at the initial date kg as given and hires labor in subsequent peri-

ods to maximize its value using a stochastic discount factor (SDF), A;;1:

Qr = max E; [Apy1 (41 + Qry1)] - 2)
t+1
Q¢ denotes the firm value and 71411 = Ay 1hf, | — Wiy1hi 11 denotes the profit (dividend).

Expectations are taken with respect to the transition probabilities { sy } and weighted by
At 41. Because markets are complete, state prices are unique. This pins down a unique
SDF for any fixed set of beliefs. Hence, there is unanimity regarding the firm’s objec-
tive among shareholders, as discussed in Section 4. Beliefs affect employment decisions
through their impact on the SDF.



Households. There is a finite number of infinite-lived households, indexed by i € 7 =
{1,...,1} with masses {y;}, ¥ i = 1. Household i derives utility from consumption
Ci; and disutility from working h;;. They have Epstein-Zin preferences over a GHH

consumption-labor composite:

hl—l—v

w¢=<r—mU(q¢—@1

iv>+ﬁuomx ©
where V; ; denotes the utility level, B the discount factor, and ; controls the labor disutil-
ity. V;; is the certainty-equivalent of future utility, V;; = ¥~ (E;; [¥ (U 1(Vi111)])-
The labor disutility coefficient is indexed by lagged productivity, {; = {A;_1 and acts
as a long-run wealth effect—as in Jaimovich and Rebelo (2009), this ensures that hours are
stationary. We adopt the functional forms: U(C) = €1 and ¥(Z) = 2=1 where v

-1/9 T—y
controls risk aversion and ¢ the elasticity of intertemporal substitution (EIS).® As U(+) is
. hif .
defined over positive values, net consumption, C; ; — Ct%, must be positive.

Household i has beliefs {p ,} regarding TFP growth x; from state s to s’ and forms
an expectation [E;; accordingly. Households are dogmatic, as in Chen, Joslin and Tran
(2012) and Simsek (2013b): they agree to disagree and do not learn from the views of others.
Beliefs about productivity translate into beliefs about earnings and asset prices. Their
differences are settled through financial trades.

Household i chooses consumption C;;, hours h; 4, firm shares S; ;, and risk-free bonds

B; ; to maximize (3) subject to a flow budget constraint
Cit+ QtSip + Bit = RetQt-15i4-1 + Ry Bip—1+ Wihip. (4)

We denote human wealth by:

Hir = E;

0 h1+vk
Y Apsik (Wt+khi,t+k — Gk ) )

= 1+v

Human wealth is the present discounted value of future net labor income. Net labor income
equals the difference between labor earnings minus labor disutility. The present value is
discounted using the SDF A; ;. = H;-‘Zl A¢yj-1,4+j- The SDF is the same as the one used
to value firms.

Households face a natural borrowing limit: R,;Q;_1S;;—1 + Ry Bi¢—1 + Wih;p —

8CRRA preferences correspond to i = 7~ 1. Given the endogenous labor supply, v controls but does
not coincide with the risk aversion for lotteries on financial wealth (see, e.g., Swanson 2018).
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h1+1/ . .
Cr1e “> = —Hit given S; 1 and B; 1, where R, ; denotes the return on the risk-free bond

and R = Q*jm the return on equity.’

Example I: Diagnostic expectations. We do not impose restrictions on household be-
liefs. In particular, our formulation is flexible enough to capture different belief dynamics,
including extrapolation or underreaction. For example, consider the case of heterogeneous
diagnostic expectations. Diagnostic expectations correspond to the following belief struc-

ture: 0
i
i PsH
Psu=  PsH X ( ) xC,
v p_sH
rational beliefs

belief distortion
where C is a normalizing constant, p;i and p_sy denote the probability of being in the
high state next period if the current state is s and not s, respectively, and 0; is a parameter
controlling the degree of diagnosticity. If productivity growth is persistent under rational
beliefs, i.e., pyg > pry, then under diagnostic expectations, households overreact to
news: households believe it is more likely they would remain in the high (low) state after

switching to the high (low) state. If pss = 1#, as in Mehra and Prescott (1985), then
i 14pi
ss — T2

function of 6;.

, where p; > p, and the (endogenous) subjective persistence parameter p; is a

Example II: Optimism and pessimism. Diagnostic expectations capture a form of ex-
trapolation, that is, households are optimistic in the boom and pessimistic in the bust.
Alternatively, we could have a persistent degree of optimism/pessimism: p’,; = psp + A,
where households with A; > 0 would be optimistic at all states.

Both the diagnostic expectations and persistent optimism formulations are one-
parameter belief specifications. In general, beliefs can depend on two parameters, captur-

ing a combination of these two cases: pt;;; = (1+p;)/2+A;and ph; = (1+p;)/2) — A.10

SDF and Equilibrium. The SDF can be inferred from the process of asset returns

through no-arbitrage conditions:

T+1 + Qg1

1=E; | At ) ,

1 =IE; [Aps41Rpe11] - (6)

9This borrowing limit corresponds to the maximum households can borrow without violating the non-
negativity of net consumption and is therefore never binding.
10Notice that diagnostic beliefs coincide with rational beliefs in the case productivity growth is iid, psy =
p—sh. Our formulation allows for an arbitrary persistence under subjective beliefs, even in this case.
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A competitive equilibrium is defined next.

Definition 1 (Competitive equilibrium). Given initial bond holdings and shares
{B;_1,Si-1}!_, and hours ho, a competitive equilibrium is a set of stochastic process for quanti-
ties {{Cit, i, Bit, Sis 11, e} and prices {Wy, Ry, Qi } such that

(i) {hts1} maximizes (2) given wages Wy and the SDF Ay 1.
(it) {Cit, hit, Bit, Sit} maximizes (3) subject to (4) given prices, for i € T.

(iii) Markets for goods, labor, bonds, and shares clear

I I I I
Y uiCiy = Ahf, Y pihiy = hy, Y uiBiy =0, Y uiSiy=1.
i=1 i=1 i=1 i=1

We proceed to a characterization.

4 Characterization

We now present a recursive representation of the Markov equilibrium in the exogenous
state s and an aggregate endogenous state variable X, to be revealed below. The law of
motion of X is given by a function yx to be solved for, i.e.,, X' = x(X,s,s’). All aggregate
variables are functions of X and s, e.g. R, 111 = Re(X, St, 5¢4+1)-

The household problem features portfolio and labor-supply choices. In general, this
combination complicates obtaining closed-form expressions.!! Under complete markets
and GHH preferences, there is an as-if result: the household problem can be recast into the
portfolio problem of an endowment economy without reference to labor decisions.

We proceed as follows: First, we reduce the investor’s problem into a consumption-
savings problem without labor. We then obtain explicit expressions for consumption and
portfolio choices under the alternative representation. Finally, we recover the original

economy’s labor, consumption, and asset prices. All the proofs are in the Appendix.

An equivalent household problem Toward obtaining our as-if result, we observe that
under GHH preferences, there are no wealth effects. As a result, all households have the

labor supply (derived from the first-order condition for their problems):

hiy = hy = (Wt/f:t)%- (7)

With homothetic preferences and no labor supply, the coefficient of relative risk aversion is indepen-
dent of wealth. The model with labor supply is analogous to settings with background risk.

12



We define human wealth, H;, as an asset whose dividend is labor income minus the

1+v
t+1

mon across agents, so is human wealth, so there is no need for an agent-specific index.

consumption value of labor disutility, Wy 1h; 11 — Cr1h, [ (1 + 1/)_1. Since labor is com-

The return to human wealth is:

h1+v
1
~ Wi — Gy + Hen
Ry = 7'lt .

With these objects, we recast the households’ flow budget constraint:
Cit + QtSit + Bip + He = RetQi-1Sit—1 + RpsBip—1 + Ry Hi—1 = Ny (8)

where Ci,t = Ciy — Qtﬁ’}% defines net consumption and N;; defines the individual’s total
wealth. The investor’s total wealth, Nj;, is the sum of financial and human wealth. Total
wealth funds the terms on the left-hand side: current net consumption and the future
holdings of stocks, bonds, and human wealth.

The household’s objective is to maximize net consumption. From the modified bud-
get constraint, (8), it is as if households hold portfolios of bonds and two risky assets:
stocks and human wealth. However, because the returns to stocks and human wealth are
correlated, only the exposure to risk in total wealth matters, regardless of the portfolio
composition. We can then work with the sum of stocks and human wealth as a single
risky asset, which we call the surplus claim. The price of the surplus claim, is A;_1P,
where P is given by

(ee]

I\t ptk h}+l]c/
P=EFE E . A by, — +
t t = At—l ( kM k ‘:t+k1 1/)

The dividend of the surplus claim is the social surplus: the sum of output minus labor
disutility—both measured in terms of goods. We denote the return on the surplus claim
by R,(X,s,s’). The households’ problem can be written in terms of net consumption and

the surplus claim:

Problem 1. The modified household’s problem is:

Vi(N,X,s) = max(1 — p)U (Ci¢) + BU (Vi(N, X, 5)), ©)

Ci,w;
subject to:
N/ - Ri,n(X/ s, S/)(N - Ci)/ Ri,n(X/ s, S/) = (1 - CUj)Rb(X,S) + wiRl’(X/ s, S/) (10)
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where Vi(N, X,s) =¥~ (E; [¥ (U Y(V;{(N, X',s")) IN, X,s]), N > 0.

In this problem, the household only chooses net consumption C; and his holdings (risk
exposure) of the surplus claim w;. We recover {C;;, h;;, Sit, B} in the original problem

through:
Wi =&h!, Cip=Cis+ il ™
t — Gtlhtyy, it — “it 1—|—1/,
w; ~ w ~
QiSiy = —L(Niyy— Ciy) — =My, By = Ny — Hi — QiSiy — Ciy,
(Ue,t we,t

where wy ; satisfies Ry ; = wi Ry + (1 — wi )Ry, for k € {h;,e}.

Complete markets and GHH preferences are key to this as-if result. With complete
markets, a combination of bonds and the surplus claim yields the same payoffs as human
wealth. Thus, the investor’s problem is akin to a problem where human wealth is traded

and could be sold at time zero, as any other financial asset.

Euler equations and portfolio share. As any model with homothetic preferences and
linear budget sets, the solution to the modified household problem admits aggregation
and portfolio separation. The characterization of the modified problem is standard, and
it is provided in Appendix A.2.

The Euler equations for investor i € Z are given by:

1=, [Ai(X,s,s’)R]-(X,s,s’)} , (11)

for j € {r,b}, where A;(X,s,s’) denotes the investor’s SDF.

These Euler equations yield the portfolios weights w;. Since (43) holds for each house-
hold, there are an equal number of equations as states for each. Hence, all agents discount
payoffs in different states by the same amount, regardless of their beliefs.

The no-arbitrage conditions (6) coincide with the Euler equations if we replace in-
dividual beliefs and discount factors with objective probabilities and an endogenous
economy-wide SDF. Any individual SDF can be recovered from:

Ai(X,s,8) = @A(X,s,s’).
Pss'

Thus, i’s SDF is the economy-wide SDEF, scaled by the ratio of objective to subjective prob-
abilities. In turn, given the objective probabilities, A(X,s,s’) can be recovered from ob-
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served asset prices, by inverting the no-arbitrage conditions (6),

1 [RY(X,s,—s")|

A(X,s,s') =
( ) Pss’ AR?(XIS)

The SDF depends on the excess return of the risky asset, RY(X,s,s’) =
R/ (X,s,s')/Ry(X,s) — 1, relative to the difference in realized returns AR,(X,s) =
R,(X,s,H) — R,(X,s, L), a measure of risk.'?

So far we have observed that investors agree on the value of one unit of consump-
tion state by state, despite of disagreeing on their likelihood. For this, investors must be
differently exposed to risk. For instance, for a log-utility investor, the portfolio share is

approximately given by Merton (1969) formula derived in a continuous-time setting:'3

E;[RS(X,s,s)]
. X, ~ 1 r 727 )
wi(X,s) Vari[R,(X,s,s")]

(12)

Since the expected excess return E;[R¢(X,s,s’)] increases with p',;, more optimistic in-
vestors hold larger risky surplus-claim positions. Heterogeneity in beliefs, thus, trans-
lates into heterogeneity in portfolio shares. As a result, agents are differently exposed to
risk, and their wealth shares fluctuate, opening a feedback into the economy-wide SDF.

Next, we link this SDF to the firm’s hiring decisions.

Firm’s problem. The firm’s first-order condition is given by:

E; [At,t+1 (DéAtHh?:ll — Wt+1>] =0.

Given the timing friction, the marginal product of labor will typically deviate from the
wage, i.e., there is ex-post a non-zero labor wedge. The firm’s labor demand satisfies the
condition:

aLeht ] = wpi, (13)

where w;11 = Wi11/A; denotes a TFP-detrended wage. The term L£; acts as a shifter
of the labor demand curve. Hence, we dub the risk-neutral expectation of productivity
growth, Ly, the labor demand factor (LDF):

Nppi1 ]
Li=FE; | ———"——x )
t t[Et[At,tH] s

12Notice that [R,(X,s,s’) — Ry(X,s)]/AR,(X,s) = [Re(X,s,s") — Ry(X,s)]/AR.(X,s), so we can use
stocks or the surplus claim interchangeably.
13In Appendix A.3 we solve for w;(X, s) in the general case and derive this approximation.
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Note that % is the risk-neutral probability at time . Hence, the LDF is consistent
with an expected labor wedge of zero under the risk-adjusted expectations.

Recall that at ¢, the firm chooses future labor, /i;11. Thus, current labor h; depends on
the lagged LDF. Therefore, £;_; is an endogenous aggregate state variable with law of

motion:

pstA(X,s, L) + psyA(X,s, H) pstA(X,s, L) + pSHA(X s, H)

L'(X,s) =

Labor Market Equilibrium. We combine the labor supply and demand schedules,

equations (7) and (13), to obtain the labor market equilibrium:

we = ()" - w0)=¢ (%) e (14

Given that hours and wages are determined solely by the LDF, realized profits also de-
pend on the LDF and realized productivity growth:'4

al THe L
e = () e

where 71(L, s) denotes the firm’s profits in state s detrended by lagged TFP. Because labor

is chosen in advance, profits may be negative unless x; > axy."

The Operating Leverage Channel. The timing of hiring decisions also plays an impor-

tant role in shaping the dividend process. Dividend, or profit, growth is given by:

xs7t(L',s") . xg —al' (L' =T
n(ﬁls) o xs_lxﬁ ,C ’

In an endowment economy, & = 0, the dividend growth would follow the process for
the exogenous productivity growth. Moreover, dividend volatility would coincide with
consumption volatility. This is not the case in our model.

In our setting, dividends are endogenously riskier than consumption. If labor can
be adjusted after productivity is realized, firms would reduce their labor demand in re-
sponse to a negative shock. In this case, revenues and profits fall in the same proportion.

14 As hours and wages depend only on £, we simplify notation and write h(£) and w(£) instead of the
more general notation #(X,s) and w(X, s). Similarly, we write profits as 77(L, s) instead of 77(X,s).

15Given that the highest possible value for £, the last period expected TFP growth under the risk-neutral
measure is xp, profits are positive as long as xs > a L. The condition x; > axp guarantees this is the case.
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However, because labor is chosen in advance, dividends are disproportionately affected
by a negative shock. Profits are more volatile than revenues. The fact that quasi-fixed
factors amplify the volatility of profits is known as the operating leverage channel.'°

Formally, the conditional volatility of dividend growth can be written as

W[BEEAN Lt [N -

= X O
(L,s) xs —al 7| h(L)H
-~ N’ N ~
dividend growth operating  consumption growth
volatility leverage volatility

Operating leverage is defined as the ratio of revenues minus contemporary vari-

able costs—which are zero in our setting—to profits. This corresponds to the term

i £;C;Pi(u€()2)h = % =~ > 1. Equation (15) shows how operating leverage endogenously

lead to dividends being more volatile than consumption, consistent with the evidence
(see, e.g., Campbell 2003).1” Moreover, given that operating leverage is increasing in £,
this channels links the volatility of dividends to the level of the LDF, which ultimately
responds to fluctuations in beliefs. This feature is important to generate an endogenous

buildup of risk following periods of optimism.

Relating the LDF to the SDF. Let [E;[zy] and 05[zy/| respectively denote the mean and
standard deviation of a variable zy conditional on s under the objective probabilities pgy .

The next proposition presents a convenient representation of the LDF:
Proposition 1. The risk-neutral expectation of next period productivity growth is given by

Es[R4(X,s,s)]
0s[R¢(X,s,8")]

NV
price of risk

£/(X,s) = Edfxg] -

os[xg] . (16)
N——

~ quantity of risk

where the Sharpe ratio is
Es[RE(X,s,8")]  os[A(X,s,s")]
os[Re(X,s,8)]  Es[A(X,s,s)]

Proposition 1 shows that the LDF depends on two components: First, a quantity of risk,
the underlying risk in productivity growth, os[xy]. Second, a price of risk, the required
market compensation per quantity of risk. This price of risk is proportional to the volatil-
ity of the SDF. Thus, the LDF and the SDF are intimately connected.

16The relationship between risk and operating leverage initially appears in Lev (1974).
17For more direct evidence on the operating leverage channel, see, e.g., Novy-Marx (2010) and Donan-
gelo et al. (2019).
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The labor market equilibrium showcases that variation in the SDF, which provokes
variations in the LDEF, also provokes fluctuations in labor. This link connects the equity
premium, equity volatility, and labor volatility puzzles. Intuitively, as investors become
more willing to bear risk, expected excess returns are low, and risk-adjusted probabili-
ties put more weight on higher TFP growth. As a result, the firm takes greater risks by
hiring more. As we know from asset-pricing—e.g. Hansen and Jagannathan (1991) and
Cochrane and Hansen (1992)—not only is the volatility of the SDF relatively large, but it
is associated with substantial movements in expected returns—see e.g. Cochrane (2011).
Therefore, success in generating large employment fluctuations is tied to obtaining a large
and volatile equity premium because the labor volatility and equity volatility puzzles are
the same in this setting.

Discussion: the firm’s objective. In any model where labor is chosen in advance, hiring
is risky. Hence, we must specify the SDF used by firms. This raises the question of what
an appropriate SDF should be. Under complete markets, any pair of beliefs/SDF that
correctly price stocks and bonds leads to the same firm value. In turn, the firm value is
maximized using the firm’s first-order condition under the corresponding economy-wide
SDE. Every shareholder, regardless of beliefs, agrees on the hiring decision that maximizes
the firm value. While we adopted the convention that firms compute expectations using
objective probabilities, any managerial belief would deliver the same labor choice if its
objective is to maximize shareholder value.'®

Markov equilibrium In addition to £, the wealth distribution is also an endogenous state
variable. We define the share of the wealth of investor i € 7 as:

_ MiNi;
77i,i’ == I ’
Y1 MjNj

which evolves according to

1iRin(X,5,8") (1 = ci(X,s))
Ll 1iRin(X,s,8") (1= cj(X,s))

ni(X,s,s') = (17)

Given £ and {#; 11:—11’ and the realization of TFP growth, we can characterize all aggregate
variables. We stack the endogenous state variables in X = (L‘, {n; 11;11) and define a
Markov equilibrium in (X, s).

18How to determine the firms’ objectives away from complete markets is still a matter of discussion, e.g.
see Geanakoplos, Magill, Quinzii and Dreze (1990).
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Definition 2 (Markov Equilibrium). A Markov equilibrium in (X, s), with a law of motion
for X given by (16) and (17), is the set of functions: price of surplus claim P(X,s), interest
rate Ry (X, s), labor hours h(L), wages w(L), wealth multiplier v;(X,s) and policy functions
(ci(X,s),wi(X,s)), fori € {1,...,1}, such that: (I) The value function satisfies (9). The
consumption-wealth ratio is given by (42) in Appendix A.2, and the portfolio share is given by
(56) in Appendix A.3. (II) Hours and wages satisfy (14). (1II) The goods and the risky asset
markets clear:

I xsh(L)* — Ch(ﬁ)ijv I
znici(X,s) = B(X, &) 1+v Z (X,s)wi(X,s) =1, (18)

17i(1—ci(X.s)) ‘
Yi 1j(1=cj(X,9))

where 7j;(X,s) =

For the rest of the paper, we work directly with this Markovian representation.

5 Analytic Solution: Log Utility Case (¢ = v = 1)

Here, we consider log utility. This case is special because, as we show next, the LDF is
only a function of market beliefs. For this case, we derive a law of motion for market be-
liefs, which renders sharp predictions about how belief heterogeneity amplifies business
cycles. We return to a general class of preferences in the quantitative evaluation.

A Demand-Supply Representation. Under log utility, the consumption-wealth ratio
and portfolio shares are given by:

| . 1 P;H . p;L
ci(X)=1-5, wi(X,s) = AR, (X,s) | psuA(X,s,H)  psiA(X,s,L)

Combined with the market clearing conditions, (18), they yield the risk-free rate and the

risk premium:
Proposition 2 (Risk-free rate and risk premium). Given £'(X,s)

(1) The risk-free rate is

1+v (19)

(X, s) T
Rb(X,S) _ <1_ 0 )xs »C( S) + .

:3 Xg ,C1+v a — —£1+
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(ii) The conditional risk premium is given by

IES[Ri(X’S’S/)] = 1 _ 1;% EI(X,S) : (20)

That is, Es[RS(X, s, s")] is decreasing in L'(X, s).

Unlike models where hiring occurs after productivity is realized, here, labor demand
and asset prices are determined jointly. Proposition 2 shows that the risk-free rate and the
risk premium can be deduced from the current productivity growth, x;, and the lagged
and current period’s LDF, £ and £'(X,s). The risk free rate, R;(X,s), is increasing in
L'(X,s) and decreasing in x; whereas the risk premium E;[R:(X,s,s)] moves in the op-
posite direction of £(X,s). The formula reveals that ceteris paribus, periods of low-risk
premia are associated with high labor demand. Of course, the LDF is endogenous; it is a
function of market beliefs.

Next, we solve for the equilibrium LDF by translating the market clearing condi-
tions into a demand and supply system, where the quantity variable is the risk in the
economy’s aggregate surplus claim, and the price variable is the LDFE. The equilibrium
of this demand and supply system yields the equilibrium LDF and, thus, pins down
all asset prices and labor demand. This demand and supply of risk representation is
a convenient transformation of the asset-market clearing conditions (18): multiply both
sides of the condition for risky assets by 05[R,(X,s,s)], and use that o5[R; ,(X,s,s")] =
w;i(X,s)0s[Rr(X,s,s")], to obtain:

I
Y 1i0s[Rin(X,s,8")] = 0s[R/(X,s,5")].
i=1 —_—
v supply of risk

demanzlrfor risk

The left of the expression is the demand for risk. The demand for risk corresponds to the
volatility of the households’ total wealth needed to guarantee asset market clearing at
given asset prices. The right-hand side represents the supply of risk. The supply of risk
is the volatility of the economy’s surplus claim induced by the firm’s labor demand at
given asset prices. The following proposition expresses the demand and supply of risk as
a function of the LDF.

Proposition 3 (The demand and supply of risk). Suppose x;, > axy. Then,
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risk-neutral productivity E'(X, s)

—— Supply of risk

Demand for risk (optimistic beliefs)
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volatility of returns/wealth

Figure 1: Equilibrium in the market for risky assets

(i) The supply of risk is

1 Xs o [x /],C/(X/S)Prﬁfa
S RT X/ ’ == s o 21
R (X, )] = g x P @
(ii) The demand for risk is
I 1 —m
. . N — psH(X) . psL(X)
;ﬂZUS[RZ,n(X,S,S )] = os[xg] Ry (X, 5) T TEY Ik (22)

where ply(X) = 21'121 ’71’77;5/'

Proposition 3 implies that the supply of risk increases while the demand for risk de-
creases with the LDF, as shown in Figure 1. As with any demand system, the equilibrium
falls at the intersection of both curves.

The supply of risk increases with the LDF. With log utility, the price-dividend ratio is
constant for the surplus claim. Therefore, return volatility is proportional to the volatility
of dividend (or surplus) growth. As discussed in Section 4, dividend volatility increases
with the LDF due to an operating leverage channel. As firms hire more labor, profits
become more exposed to productivity shocks, leading to higher volatility.

Whereas the supply of risk increases with the LDF, the demand for risk is decreasing
in the LDF. As shown in Proposition 2, the risk premium is inversely related to L (X,S),
so investors are more willing to hold risky assets when the risk premium is high. The de-
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mand for risk is itself a function of market beliefs, a weighted average of investors’ beliefs,
Pa(X). As market beliefs become more optimistic, investors are willing to hold more
risky assets for a given risk premium.

Figure 1 also illustrates how we can exploit this demand system representation to
explain the effects of changes in market beliefs: When market beliefs are pessimistic, there
is a decline in the demand for risk, which leads to a decrease in the equilibrium LDF
and, ultimately, a drop in hours. The following corollary formally demonstrates this by
presenting the solution to the equilibrium LDF as a function of market beliefs:

Corollary 1 (Labor demand factor). The risk-neutral expectation of productivity growth
L'(X,s) corresponds to the smallest real root of the quadratic equation:

1+v

L'(X,s) =T(X) — \/F(X)2 -

X[LXH.

where T'(X) is a function of market beliefs:

['(X)= F?HZ(X) (xLl;tv +xH> +PZ1LT(X) (xL+xH1:V)} .

The corollary shows that equilibrium LDF is a function of market beliefs, which are
solely a function of the wealth distribution. Thus, wealth distribution affects asset prices

and hiring only to the extent it affects market beliefs.

From the LDF to the Evolution of Market Beliefs. Corollary 1 shows that given market
beliefs, we can compute the LDF and asset prices. Another convenient property of log
preferences is that the law of motion of market beliefs and wealth also has an analytic

representation:
Proposition 4 (Dynamics of wealth and market beliefs). Let i = v = 1. Then,

(i) the wealth share of investor i € L evolves as:

/ no_
Wi(X/S/S ) - Wlﬁsn;/(x)/ (23)
(ii) market beliefs are:
I i
7 (X) = Y et (24)
psH( ) Z_Zlnlp;ns/(x)psH

22



Proposition 4 shows that the wealth of household i increases when it assigns a greater
likelihood to the realized state than market beliefs.

Next, present a taxonomy of belief types. We exploit the demand-supply represen-
tation to uncover how different belief structures classified according to our taxonomy
impact business cycles.

5.1 Belief Taxonomy and Business Cycle Properties

Although an ample literature documents departures from full-information rational ex-
pectations models (Greenwood and Shleifer, 2014; Coibion and Gorodnichenko, 2015),
there is no consensus on how belief dynamics deviate from rational expectations.!” This
section aims to classify belief structures and show how each has different business cycle
implications. We provide the following taxonomy:

Definition 3 (Taxonomy of beliefs). Household i is optimistic (pessimistic) relative to a bench-
mark belief o at state s if p'y; > p° (pLy > pCy)- We further classify belief structures:

(i) Beliefs are rank preserving if i is optimistic or pessimistic relative to o, Vs.

(ii) Beliefs are rank alternating if i is optimistic relative to o in one state, but i is pessimistic
relative to o in the other state.

Under this definition, the index o represents a belief benchmark: it can be another
household’s belief or rational beliefs. We exploit this taxonomy to show that different
belief structures induce different business cycle amplification properties, both in terms of

the amplitude and the phase of the business cycle.

Homogeneous beliefs. With homogeneous beliefs, we have a representative investor.
Hence, the model lacks internal propagation: the LDF only depends on the current state,
xs. Furthermore, if investors believe that productivity growth is iid, prg(X) = pyn(X),
then the LDF and, thus, hours are constant.

Away from iid beliefs about growth, beliefs may amplify or dampen cycles relative to
a rational expectations benchmark. Figure 2 illustrates this point. The figure simulates

four periods of recession within a twenty-period interval for five types of homogeneous

YSome studies emphasize over-extrapolation (Bordalo, Gennaioli, Ma and Shleifer, 2020b; Fuster, Laib-
son and Mendel, 2010), such as in models with diagnostic expectations (Bordalo, Gennaioli and Shleifer,
2018b) or fading memory (Nagel and Xu, 2022), others capture under-reaction, including sticky information
(Mankiw and Reis, 2010), cognitive discounting (Gabaix, 2019), and level-k thinking (Farhi and Werning,
2019).
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Figure 2: Homogeneous beliefs

Note: examples of cycles (four periods of bad shocks with sixteen periods of expansions) with homogeneous beliefs: rational, al-
ways optimistic (top-left panel), always pessimistic (top-right panel), extrapolative (bottom-left panel) and intrapolative (bottom-right
panel) beliefs.

belief classifications: rational expectations (p!, = psy for all s,5'); two rank-preserving
cases: always optimistic (p';; > psp for all s) or consistently pessimistic (pi;; < psy for
all s); and two rank-alternating cases: extrapolative (pés, > pe all s = s) defined as
optimistic during booms but pessimistic at busts, and intrapolative ( pés, < pog all s = §')
defined as pessimistic at booms but pessimistic at busts.

Optimistic beliefs amplify expansions among rank-preserving beliefs but dampen re-
cessions relative to rational expectations. The converse is true about pessimistic beliefs:
recessions are amplified and expansions dampened. All in all, rank-preserving beliefs
have state-dependent amplification properties. Rank-alternating beliefs operate differ-
ently. Recall that extrapolative beliefs are optimistic in good but pessimistic in bad states.
Under extrapolative beliefs, the cycle’s amplitude is magnified. Analogously, intrapola-
tive beliefs produce the opposite: they reduce the cycle’s amplitude. In conclusion, ex-
trapolative beliefs are the belief structure that amplifies the cycle relative to rational ex-

pectations.
Heterogeneous beliefs. Next, we investigate the internal propagation of the model. As

we explained earlier, internal propagation is induced by belief heterogeneity through its
effect on market beliefs. From Proposition 4, we deduce that #/(X, s, H) > #; if and only if
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investor i is optimistic at (X, s) relative to market beliefs. We know that optimists’ wealth
increases after good shocks and decreases after bad shocks. This observation is key to
understanding the internal propagation of the economy:

Corollary 2. If beliefs are heterogeneous, then:

* As the current state persists, the LDF increases (decreases) with time if the current state is
high (low) growth.

e Consider an initial state (X, H) and a first switch from s = H to s’ = L at some future
date. Then,

— If beliefs are rank-preserving, the later the date of the switch in the state, the lower the

reduction in output (the longer the boom, the lesser the bust).

— If beliefs are rank-alternating, the later the date of the switch in the state (the longer the

boom), the lower the reduction in output (the longer the boom, the greater the bust).

Proof. See Appendix A.8. O

With belief heterogeneity, the economy evolves even without changes in TFP growth.
The reason is the joint evolution of wealth and market beliefs. From Proposition 4, op-
timists” wealth share increases while the economy is in a boom. Market beliefs become
more optimistic relative to rational expectations as optimists accumulate wealth. This
force leads to increased labor demand throughout during the boom. The converse is true
during a low growth phase: pessimists accumulate wealth and market beliefs tilt toward
greater pessimism.

The connection between the length of cycles and their amplitude (the drop in output
after a change in state) crucially hinges on whether beliefs are rank-preserving or rank-
alternating. Rank-preserving beliefs attenuate the subsequent decline in TFP growth in a
recession that follows a more prolonged boom. The relationship between the high-growth
phase’s duration and the recession’s severity is reversed with rank-alternating beliefs.

Figure 3 aids us to explain this pattern. The figure shows simulations of business
cycles in the case of rank-preserving beliefs—the figure uses I = 2, where investor 1 is
optimistic, and investor 2 is pessimistic in both states. The figure shows the evolution of
the wealth share of the optimist, the Sharpe ratio, and log hours. The lower panel shows
that the drop in hours is smaller as the economy remains longer in the high state. As
optimists accumulate wealth during the high-growth phase. Their accumulated wealth
implies that when the economy switches states, optimists arrive at the bad state with more

wealth, the longer the boom. Since optimists remain optimistic during downturns when
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Figure 3: Heterogeneous beliefs: optimistic vs pessimistic

Note: examples of cycles (four periods of bad shocks with sixteen periods of expansions) with heterogeneous beliefs: I = 2 investors,
always optimistic and always pessimistic. The top panel shows the wealth share of the optimistic investor, the middle panel shows
the Sharpe ratio (under objective beliefs), and the bottom panel shows log labor hours.

beliefs are rank-preserving, their greater wealth makes market beliefs more optimistic
during crashes. This rank-preservation attenuates the increase in risk premia and the
decline in hours.

Figure 4, is the analogue figure for rank-alternating beliefs—investor 1 is rational and
investor 2 is extrapolative. The top panel shows that the wealth share of the rational
investor declines during the boom phase. This means that extrapolative investors are
getting wealthier as the boom lasts longer. Consequently, extrapolative households have
a larger wealth share during busts, precisely when they become pessimistic. As a result,
market beliefs become more pessimistic after the economy transitions to a low state when
beliefs are extrapolative. Belief extrapolation amplifies the increase in risk-premia and

the decline in hours.

Frothy markets and risk build-ups. An implication of Corollary 2 is that the risk pre-
mium declines with the length of economic expansions. To the extent that risk premia
drive credit spreads, the model’s prediction is also consistent with the discussions in
Lopez-Salido et al. (2017) and Krishnamurthy and Muir (2017) that argue that economic

booms are characterized by "froth" market conditions driven by credit-market sentiments.
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Figure 4: Heterogeneous beliefs: rational vs extrapolative

Note: examples of cycles (four periods of bad shocks with sixteen periods of expansions) with heterogeneous beliefs: I = 2 investors,
rational and extrapolative. The top panel shows the wealth share of the optimistic investor, the middle panel shows the Sharpe ratio
(under objective beliefs), and the bottom panel shows log labor hours.

Our framework shows that specifically with belief extrapolation, an increase in optimism
leads to a reduction in risk premia and an increase in volatility, as shown in Figure 1.
Under this interpretation, there is endogenous risk build-up during booms. As argued by
Krishnamurthy and Li (2020), the combination of risk build-up and low spreads is chal-
lenging to generate for standard macro-finance models, such as He and Krishnamurthy
(2013) and Brunnermeier and Sannikov (2014). This observation suggests that heteroge-
neous extrapolative beliefs may explain credit and asset-market dynamics during boom-
bust cycles.

It is worth clarifying that risk-build-up requires heterogeneity only when beliefs about
the state are themselves Markovian. If beliefs are history-dependent, for example, if
agents become more optimistic as boom states persist but more pessimistic once the econ-
omy switches states as boom states persist, the economy can also feature risk-build-up.
This risk-build-up would not respond to the model’s internal propagation, though.

Discussion: Pareto and Belief-Neutral Welfare. The environment’s inherent risk build-
up leads to subtle normative implications. It is known that, under complete markets, the

equilibrium is Pareto efficient from a subjective standpoint. Indeed, the First Welfare The-
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orem does not distinguish whether trade arises from differing beliefs treating preferences
across future states just as it treats preferences across goods.

Classic Pareto efficiency is not the only sensible welfare criterion. Brunnermeier, Sim-
sek and Xiong (2014) considers a paternalistic criterion, albeit one that does not presume
superior knowledge by the planner. Instead, this belief-neutral criterion only requires the
allocation to be efficient for all possible (convex combinations of) the agents” beliefs. Our
environment is generically inefficient under this belief-neutral criterion: the simplest way
to see this is to assume all agents believe TFP growth is iid but differ in the weights they
assign states. In such a case, under all possible belief combinations, TFP growth is iid.

Hence, labor fluctuations are inefficient under this criterion.

Discussion: belief heterogeneity vs. risk aversion belief. As discussed above, rank-
alternating beliefs amplify inherent economic fluctuations. Therefore, not only do differ-
ences in investors’ risk appetite matter for business cycles, but also differences in their
propensity to take risks. For instance, models of heterogeneous risk aversion can gener-
ate portfolio dispersion and time variation in expected returns. However, the ranking of
agents in terms of risk-taking is always the same. This property is analogous to the case
of rank-preserving beliefs shown in Figure 3. In contrast, there is no counterpart to the
rank-alternating beliefs with heterogeneous risk aversion, as the agent taking less risk in

booms is also the agent taking more risk in the bust.

6 Quantitative analysis

We now consider the quantitative implications. We extend the baseline model from Sec-
tion 3: First, productivity growth x; now follows a more general process. This is neces-
sary to capture the empirical properties of dividend growth. Second, we introduce a force
that induces a non-degenerate stationary wealth distribution. A force like this is needed
so that belief heterogeneity survives in the ergodic distribution of the model. We do so
through Uzawa endogenous discounting for convenience. This specific approach is not

indispensable; we can obtain non-degeneracy through birth-death processes for example.

Beliefs processes with a continuum of states. We start by specifying a continuous
Markov process for x; under both objective and subjective beliefs. Let £; = logx; de-

note log aggregate productivity growth. Under the objective measure, £; follows:
X141 = MPx + Ox€x 11 (25)
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where €, ;1 LSS, (0,1). Thus, productivity growth is iid under the objective measure.
In turn, subjective beliefs about £; for household i € 7 are given by:

Rep1 = Pai + Oxi( Rt — Pai) + Vip + Oxi€xipi, (26)
where €, ;411 N (0,1). Beliefs deviate from the process (25) in two critical ways: First,
the subjective conditional expectation responds to current productivity growth £;. This
dimension is important to allow households to over- or under-react to past information,
consistent with Fact 2 in Section 2. Overreaction is controlled by p,;. For instance, a
positive p, ; implies the household overreacts to productivity news, given our assumption
that productivity growth is iid under the objective measure.

Second, beliefs are also exposed to a persistent sentiment shock v, which evolve accord-
ing to
Vit41 = Po,iVit + Oo,i€0)it+1 (27)

iid
where €;;;11 ~ N(0,1),and €, ;¢ and €, ;; are uncorrelated.

The sentiment shock is independent of TFP growth. Thus, this shock leads to fluctu-
ations in the degree of optimism in the economy, which are unrelated to fundamentals.
Introducing this shock is necessary to induce a much more volatile series for subjective
TFP growth expectations than the objective one—Fact 1 in Section 2. While extrapolation,
through higher values of p, ;, increases the volatility of subjective expectations, it is not
enough to deliver the volatility observed in the survey data.

We note that the belief system in this section is a hybrid of the one in our taxonomy. It
encompasses both extrapolation and time-dependent optimism through sentiment shock.

We let the survey discipline the strength of each force.

Endogenous discounting. To ensure the wealth distribution is stationary, we assume

that households’ subjective discount rate responds to their consumption share:

Bis = ﬁeK(l_%t). (28)

This assumption, a form of Uzawa (2017) preferences, implies that households” marginal
propensity to consume increases with their share of consumption, ensuring that no in-
vestor type concentrates all the wealth asymptotically. Following Schmitt-Grohé and

Uribe (2003), we assume that p;; depends on the average consumption share of type-i
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households, so households take the process for f; ; as given.?’

Model solution. We describe the model characterization with a continuum of states and
Uzawa preferences in Appendix O1. Previous results are essentially unchanged. As in
the binary case, an exact closed-form solution is unavailable away from the log case. We
compute the solution using a third-order perturbation around the non-stochastic steady

state. A third-order perturbation is required to capture time variation in expected returns.

Calibration. We use the following calibration, where parameter are expressed in quar-
terly terms. Preferences and technology parameters are standard. Preferences: We set
B = 0.978 to match an unconditional annualized risk-free rate of 1%. The risk aversion
is set to v = 10.0 and the EIS to ¢ = 2.0, typical values in the macro-finance literature.
We choose the labor disutility parameter ¢ to normalize the average hours to 1 and set the
Frish elasticity to one, v = 1, a common value in the literature. Technology: We set « = 0.66
and choose ji, and o, to match the average and standard deviation of annual consump-
tion growth of 2% and 3.3%, respectively, consistent with Campbell and Cochrane (1999).

The calibration of the belief processes is novel. Beliefs: We focus on the case | = 2, and
assume that households of type i = 2 have rational beliefs, which allows from some ratio-
nal agents in the environment. We set i, 1 = jy and 0, 1 = 0y, so households agree on the
mean and conditional volatility of productivity growth. We set y, = 0.1, so the fraction
of rational agents in the population is 10%, consistent with the fact that average beliefs
in surveys of households and analysts show substantial deviations from rational expec-
tations. We set p,, 1 and o3, 1 to match the persistence of subjective dividend growth and
the share of variance explained by movements in expectations, based on estimations of
De La O and Myers (2021). In turn, we set p, 1 to match the correlation between subjective
expectations and current productivity growth observed in the data. This calibration is ag-
nostic about the relevant belief system: the subjective belief moments pin down these pa-
rameters, determining whether non-rational beliefs are extrapolation or rank-preserving.
Finally, we set x = 0.5%, consistent with the mean-reversion in consumption shares in

Garleanu and Panageas (2015).

6.1 Unconditional moments

We first study the model’s ability to match unconditional moments. To isolate the role of
each ingredient, we start from a stripped-down version of the model and progressively

20This mechanism is often used in small open-economy models to ensure a stationary distribution of
external debt.
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Rational Beliefs Subjective Beliefs Data
(1) () (3) @ (5) (6)

Variables Mean Std | Mean Std | Mean Std | Mean Std | Mean Std || Mean Std

Interest rate 100 00 |97 0.7 |97 14 1.0 6.4 |08 6.5 | 0.8 5.7
Excess Returns (equity) | 0.9 30 |14 79 |15 9.3 |58 17.3 | 6.0 17.1 || 6.2 16.5

Consumption growth 1.8 30 |18 30 | 18 31 |18 31 |18 33 | 1.8 3.0
Dividend growth 1.8 3.0 |18 103 || 1.8 112 118 11.1 | 1.8 109 | - 11.5

Log hours -0.1 0.0 |-0.1 00 | -01 1.5 |-01 1.3 | 0.0 21 | - 3.0

Table 3: Unconditional moments

Note: The table reports annualized unconditional moments in percentage points. Column 1 shows results for the endowment economy
limit with rational beliefs. Column 2 introduces the labor friction. Column 3 shows the case of homogenous subjective beliefs. Column
4 presents the case of heterogeneous beliefs with our calibration. Column 5 presents results for an alternative calibration with a higher
labor supply elasticity. The last set of columns shows the corresponding values in the data. Mean and standard deviation of the interest
rate and excess equity returns are from Mehra and Prescott (1985). Average consumption growth and the volatility of consumption
and dividend growth are from Bansal and Yaron (2004).

add features until we reach the complete model. This progression allows us to discuss the
role of each ingredient in the model. Table 3 presents the results under each formulation.

The first column presents the stripped-down version with a single representative ra-
tional investor, for which hiring is done after TFP is known. As explained in Section 3,
this economy behaves as an Epstein-Zin version of the endowment economy studied by
Mehra and Prescott (1985).2! The model fails to generate a sizeable equity premium and
excess stock volatility. Moreover, without hiring risk, the volatility of consumption and
dividends coincide, and the price-dividend ratio remains constant. Because the price-
dividend ratio is constant, dividend growth exactly equals the excess return on equity,
leading to constant risk premia and no endogenous labor fluctuations.

Column 2 introduces the timing of hires that induces hiring risk. Hiring risk increases
the excess return of equity and its volatility. Moreover, this timing enables us to endoge-
nously generate the differences in volatility between consumption and dividend growth
observed in the data. This is because the labor share is no longer constant but counter-
cyclical. Quantitatively, the model matches the volatility of dividends, although this was
not a target moment.

With pre-set labor, the price-dividend ratio is no longer constant. Dividend growth
is not iid even though productivity is: periods with higher than expected TFP lead to an
increase in dividends, but because TFP growth is iid, on average, dividends are expected

2I'We obtain this limit by making a and & go to zero, while a /& converges to a positive number. In this
case, hours equal a positive constant, but wages and labor disutility are equal to zero.
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to fall after a surprise increase. Movements in the price-dividend ratio are induced by the
timing of hires. In fact, even under log, the P/E ratio will move. This is because with log,
the P/E ratio of the surplus claim is constant, but the returns of human capital and stocks
are no longer correlated.

While the timing of hires allows the price-dividend ratio to move, it does so in the
opposite direction: high TFP periods are associated with high dividends and low prices,
leading to pro-cyclical price-dividend ratios. Furthermore, notice that this version of the
model cannot generate any movements in hours. This is because even though risk premia
increases with the timing assumption—and hours fall on average, risk-premia is not time-
varying, given the assumption of rational expectations and iid productivity growth.

Column 3 considers the role of non-rational beliefs calibrated to match the survey
data, while abstracting from differences in beliefs. In this case, the model does generates
movements in hours, given that subjective beliefs are volatile. However, deviations from
rational expectations are not enough to generate an equity premium and stock return
volatility in line with the data. Furthermore, the direction of movement in the P/E ratio
remains problematic.

Column 4 introduces heterogeneity in beliefs. It brings along rational investors and
together with investors with distorted beliefs. We find that the model now generates
the level and volatility of asset prices consistent with the evidence, while generating a
significant additional volatility in hours. The excess volatility in stocks relative to the
cash-flow volatility is a result of movements in beliefs. These, ultimately affect expected
returns and hiring decisions. This success can only be explained by the time-varying
movements in the relative wealth of investors. Notice also that the P/E ratio moves in the
correct direction.

Column 5 considers an alternative calibration with a higher labor supply elasticity, in-
creasing it from 1.0 to 2.0, the upper limit of the estimates of the macro labor supply elas-
ticity in Keane and Rogerson (2012). Increasing the labor supply elasticity is motivated
by the presence of unmodeled frictions: it is akin to increasing the real wage rigidities.
While asset-price figures don’t change substantially, the volatility of hours increases by
almost 50%

6.2 Return predictability and excess volatility

The main postulate of the paper is that differences in beliefs regarding firm earnings
growth rates amplify business cycles by affecting firm valuations. Campbell-Shiller,
(Campbell and Shiller, 1988), offer the following decomposition of the price-dividend

32



ratio: -
pdi =K+ Y 0B [g1r — ris1l, (29)

=0
where pd; stands for the log price dividend ratio, g; the growth of dividends and 7, a
subjective discount factor. Critically, [E}" is the expectation of the representative market
participant. This decomposition is the cornerstone of empirical asset pricing.

Because market expectations [E}" are unobservable, we approximate expectations
Ef[gt+<] where E; is a statistical expectation constructed from econometric models. A
challenge put forth by Cochrane (2008) is that since aggregate dividends are difficult to
forecast with price dividend ratios, the bulk of the movement in stock values must be
attributed to changes in discounting. At face value, this conclusion would seem to leave
little room for earnings beliefs driving asset prices. However, using [E} to proxy for E},
assumes rational expectations.

We can recast the Campbell-Shiller decomposition in terms of |, IE; and E} to de-
compose beliefs into deviations from rational expectations and the representativeness of
survey data.

survey representativeness belief errors
pdi =+ Y p* [E{'[geec] — Eilgie | + X o7 |Eilgied — Eilgid | (30)
=0 =0
rational expectations
+ ) 0" [E[grse] — Ef'[ris<]], (31)
=0

Under rational expectations, E}* = [E}, in which case beliefs do not impact substantially
asset prices. If beliefs are irrational, [E}* # [E}, leaving room for a substantial contribution
of beliefs in the volatility of asset prices. In particular, this contribution will be captured
by forecast errors. Let’s use this decomposition to see what ingredients of our model are
consistent with this classic decomposition.

A variance decomposition of the formula above leads to:

T (Eka o e pt) — cov (Tia Mo p) s cou(pdr, py)
N var(pdy) B var(pdy) P var(pdy)

for large T. This equation highlights three possible explanations for variations in the
price-dividend ratio: (i) it predicts future dividend growth, (ii) it predicts future returns,
or (iii) there exists a rational bubble.
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(9]
c
5 Dependent Variable: cum_returns
© Model: 1 V) ©) @)
_02) Variables
© p/d -0.91 -0.95
> (0.04) (0.04)
g labor_income -0.71 -0.72
o (0.19) (0.20)
g
= Fit statistics
it Observations 4,000 4,000 4,000 4,000
. . . ° L@ . R? 0.138  0.003 0.131  0.003
4.7 4.8 4.9 5.0 5.1 5.2
Price-dividend ratio
Figure 5: Return predictability Table 4: Labor and p/d ratio regressions

Note: The left panel shows a scatter plot based on model simulations of the price-dividend ratio and a measure of cumulative future
returns, Z,Ll 01144, for T = 60 quarters. The right panel shows the regression coefficients of future cumulative returns for T = 60
(first two columns) and T = 120 (last two columns) on the price-dividend ratio and labor income.

Empirical evidence, as noted by Cochrane (2011), suggests that the second term is
nearly one, meaning that the price-dividend ratio exhibits little predictive power for fu-
ture dividends, while there is no strong evidence of a rational bubble. This pattern in-
dicates that most of the variation in the price-dividend ratio is driven by fluctuations in
discount rates rather than changes in expected future dividends.

Our model is consistent with this empirical pattern. It generates limited predictability
of future cash flows while ensuring that the bulk of price-dividend fluctuations are driven
by discount rates. Defining w;; as:

oo (B )
var(pdy)

Wret = — (32)
and setting T = 15 x 4 (corresponding to 15 years), we find that w,; is approximately one
in the data.

This outcome is not mechanical, in the scenario of column (1) where the price-dividend
ratio does not vary, wy is undefined. Introducing non-rational beliefs, in column (3), we
obtain wy,s = —0.16, which suggests that the model initially dampens return volatility in-
stead of amplifying it, moving in the wrong direction relative to empirical observations.
Allowing for richer belief heterogeneity improves the fit, yielding wy; = 0.40, meaning
predictability shifts in the correct direction but still places too much volatility on the cash-
flow channel. With further refinements, our preferred specifications reach w;,; = 0.93
and wyt = 0.97, successfully capturing the empirical finding that most fluctuations in
the price-dividend ratio stem from changes in discount rates rather than in expected divi-
dends. This can be seen in Figure 5, which shows a scatter plot of the price-dividend ratio
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and future expected returns, as measured by YI_; o*"r,, ;. The figure shows how the
model with subjective beliefs leads to time-variation in expected returns from the point
of view of an econometrician.

Importantly, our model avoids the critique raised by Beeler and Campbell (2012).
Long-run risk models typically predict that the price-dividend ratio should forecast future
consumption and dividend growth, a pattern not supported by the data. In contrast, our
model does not rely on this channel, sidestepping this issue. Furthermore, our framework
aligns well with recent empirical findings by Nagel and Xu (2023), which document that
objective discount rates are more cyclical than subjective ones. The model also captures
the empirical relationship identified by Santos and Veronesi (2006), who provide evidence
that labor income predicts future returns. Table 4 shows the result of regressions in simu-
lated data of future cumulative returns on the price-dividend and also labor income. We
can see that periods of high labor income predict low future returns, consistent with the
connection between labor income and risk premia discussed in Section 4

The mechanism underlying these results is straightforward: The model introduces
belief heterogeneity, leading to fluctuations in risk premia that impact firm hiring and
investment decisions. These movements in discount rates, rather than cash flows, drive
asset price fluctuations, aligning our model with the dominant explanation observed in
the data. This connection between labor markets, asset prices, and belief heterogeneity

provides a unified framework for understanding business cycles and financial markets.

7 Conclusion

t22

When asked about the nature of business cycles, Thomas Sargent“~, a pioneer of rational

expectations, answered:??

“[...] economists have been working hard to refine rational expectations the-
ory. [...] An influential example of such work is the 1978 QJE paper by Har-
rison and Kreps. [...], for policymakers to know whether and how they can
moderate bubbles, we need to have well-confirmed quantitative versions of

such models up and running."

22Hyman Minsky was Thomas Sargent’s undergraduate advisor. Whereas Sargent departs methodolog-
ically and calls for a quantitative approach to economic research, there is an agreement in their views re-
garding nature of business cycles.

ZInterview with Thomas Sargent, The Region, August 26, 2010. Available at
https:/ /www.minneapolisfed.org/article/2010/interview-with-thomas-sargent.
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This response embraces the idea that “belief heterogeneity”" matters but also calls for
quantitative models that link beliefs with the real economy.

This paper responds to that call and adapts a standard real business cycle and as-
set pricing model to fit the narrative that waves of optimism and pessimism drive the
business cycle. We argue that a combination of heterogeneity in beliefs, with substantial
extrapolation, coupled with an operational leverage channel, can succesfully reproduce
business cycle, asset pricing and survey data patterns. Extrapolative beliefs and hetero-
geneity deliver the amplification that is key for this success. Extrapolation adds to risk
build up.

We foresee that our framework can be extended to study the interaction with other
forms of amplification. Namely, nominal rigidities open the door to amplification through
aggregate demand externalities. Additional financial frictions, such as margin calls or
short-selleing constraints, can amplify asset prices thourhg fire-sale and pecuniary exter-
nalities. We expect are conclusions to remain relevant in contexts with these additional

frictions.
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A Proofs

A.1 Derivation of the investor’s modified problem
We start by providing a derivation of the investor’s modified problem.

Proof. First, we adopt a change of variables and write the investor’s problem as follows

A _ = -1 ) =17y
Vi = {Ci,f,lg:fasﬁ,si,t}(l BIU (C;y) + pU (‘i’ (]El,t [‘If (u (Vi “)D) (33)
subject to
1+v
zt+QtSzt+th = RetQ¢-1Si4—1+ Ry Biy—1 + Wihip — f;(t ut (34)

and the natural borrowing

1+v
(Qe+710)Sip1 + RueBiyoy + Wiltyy — G > —Hyy (35)
It is immediate that the optimal value of /; ; satisfies
= Cihy;. (36)

We show next that, given h; ; satistying (36), if the sequence ((fi,t, Bi:, Sit) satisfies (34)
and (35), then there exists (N;;, w;;) such that (C;;, N;;, w;;) satisfies (10) and N;; > 0.
Conversely, if (Ci,t/ N;, wi;) satisfies (10) and N;; > 0, there exists (B;;, S;¢) such that
(Cit, By, Si ) satisfies (34) and (35).

From the definition of the return on human wealth, we have that Wih;; — ¢; }i:j =
Ry t—1Hit—1 — His which allow us to write (34) and (35) as follows:

zt+QtSzt+th+H1t zt/ Ni,tZO- (37)

We consider next the law of motion of total wealth:

i1 QtSi,t +Rb . Blt +Rh . %lt
QS+ B+ Hy T QiSi + By 4+ Hiy QS+ Biy + Hiy

Nit+1 = R (Nit = Cis) -

(38)

As markets are dynamically complete, there exists replicating portfolios (wy, ¢, we,t)
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such that
Rit+1 = WitRypp1 + (1 — wi )Ry p1, (39)

fork € {h;,e}.
Combining the previous two conditions, we obtain

We,tQtSip + wp, 1 Hiy Bit 4 (1 — wet)QsSip + (1 — wy, 1) Hiy ~

Nii1 = |R +R = Niy —Ciy) -
it+1 rt+1 Ni,t — Ci,t bt+1 Ni,t — Ci,t ( it z,t)
(40)
Using the first condition in (37) to solve for B; ;, we obtain
N1 = [(Rys41 — Rppi1) wip + Rypi1] (Nip — Cig) (41)
h o We,tQtSiptwy, 1 Hiy
A% ere wllt — Ni,tici,t
O

A.2 Proof of Lemma1l

The next lemma characterizes the value function, the consumption function, and the Euler

equations of each investor.

Lemma 1 (Consumption and Euler equations). The household’s value function takes the form:
Vi(N, X,s) = U (vi(X,s)N), where v;(X,s) denotes the wealth multiplier. The consumption-

Ci(N,X,s)
N

wealth ratio ¢;(X,s) = and Euler equations for investor i € I are given by

(i) Consumption-wealth ratio:

(B!~ 1)¥Ri(X,5)'" "

ci(X,s) = T4 (1= PR, (X5 (42)
where R;(X,s) =Y~ (E; [¥ (v(X',8")R; »(X,s,5")) | X]).
(ii) Euler equation for an asset j € {r,b}:
1=E; [A(X, s,s’)Rj(X, s,s")], (43)
where, for § = 1:}11 , the investor’s SDF is given by
Ai(X,5,5') = B (ci(x(cﬁ,; SS’))Z,VS’)N’)_z’ Rin(X,5,s") "0, (44)
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(iii) The wealth multipliers satisfy:

vi(X,5) = U ' [U (ci(X,5)) + BU (Ri(X,5) (1 —ci(X,5)))] - (45)

Proof. First, we verify that the value function takes the form (??). Given the conjecture

about the value function, the Bellman equation for investor i can be written as

1-yp—1
(XN 1 EN)IYT 1 B [(o(X, )N T 1
(U ( i)_ BP_1 e ]gll,cau)z((l — ﬁ) (C 1)_ 170_1 + ‘B [ 1 — lp_l } ,
(46)

subject to N’ = R; ,(X,s,s")(1 — ¢;)N and N’ > 0.
The first-order conditions for the consumption-wealth ratio and the portfolio share are
given by

=B = pRi(X, )V (1)t @7)
0=E; [(vi(X,s")Rin(X,s,8")) T0i(X")(Re(X,s,5") — Rp(X,s))] (48)

1
where R;(X,s) = E; [(0(X',')Ryu(X, 5,5')) 17 |X, 5] 77
Given R;(X,s), we can solve for the consumption-wealth ratio:
(B —1)YRi(X,s)! ¥

GXs) = T T IR (X, 5T 49)

The envelope condition with respect to N is given by
0i(X)' Y = BR(X) (1 - (X)) TV = 6(X) = (1-B)Pu(X) P (50)
From the optimality condition for the risky asset, we obtain
E; [(vi(X’, R n(X, s, s’))l—ﬂ — [vi(x’,s’)l—VRi,n(x, 5,5') TR;(X, s,s’)] . (51)
forj e {r,b}.

Raising the envelope condition (50) to the power 6 = 11__%, using the definition of
R;(X) and condition (51), we obtain

1=E;

VAN B
Be (%) 7Riln(X,s,s’)_VR]-(X,s,s’)(l—51~(X,s))_9/¢]- (52)
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1 p—!

Using the condition v;(X) = (1 — B)1-# "&(X) ¢ ', we obtain the Euler equations

X', s"YN'
1=E; X—s)

4 (QEE( N

This concludes the derivation of the consumption-wealth ratio and the Euler equa-

_0
) ! Ri/n(X,s,s')*(lfg)Rj(X, s,s')] . (53)

tions for the two assets. It remains to check that the value function takes the form (??),
which amounts to show that v;(X) indeed does not depend on N. Notice that ¢;(X, s) and
w;(X,s) do not depend on N. We can then write the Bellman equation as follows:

oi(X,s) Y = (1-B)&(X,s)' ¥ + BE, [(Ui(Xl,S/)Ri,n(X, 5,5")(1 - Ei(X)))l_V] o ,
(54)

foryp #1and

1

logv;(X,s) = (1 - p)log¢i(X,s) + BlogE; [(Ui(X',S/)Ri,n(X, 5,5")(1 - 51'(X,S)))1_7} o
(55)
which is independent of N, which confirms our conjecture for the value function (??).

O

A.3 Proof of Lemma 2

The following lemma characterizes households’ portfolio weight in the surplus claim in
terms of the economy-wide SDF, the market prices, and their beliefs.

Lemma 2 (Portfolio share). The shares of total wealth invested in the risky asset are

‘ __ 1 pi(X,s,H)  pi(X,s,L)
wz(X,S)_ARr(X,s) psuN(X,s,H) pstA(X,s,L)]’ (56)

where p;(X,s,s') is

[0 (X,5,5'), )| RY(X,5,8) )7
0:i(x(X,5,8),8)|Re(X,5,8)])7 "

e

(pés’)

pi(X,s,s') = .
YseirHy (Piy)

e

Lemma 2, describes how portfolio shares depend on distorted probabilities,
pi(X,s,5'), and psy x A(X,s,s'). The portfolio share w;(X,s) in (56) is increasing in p ;.

This means that relatively optimistic investors hold more of the risky surplus claim.
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Proof. The optimal portfolio share satisfies the condition

P (X5 L)L) (X RS D 1 TR L
Pl XX, 5, H), )7 \@i(X 5)Re(X,5, H) 1) RUX,5,H)
Raising both sides to —%, we obtain
|
P 7 o(Xs L), L)' wi(X9)RE(X 5, L) +1[RE(X,s L) 7
i 1 e — =1 (58)
Psa Ui(X(X,S, H),H)l_V wi(X/S)Rr(X/S/ H) +1 Rf(X,S, H)_7

Rearranging the expression above, we obtain

. _ pilXs,H)  pi(X,sL)
C(JZ(X/S) - ’R?(X,S,L)’ R?(X,S,H)/ (59)

where . )
i V7 [o:(x(X,s,8"),8")|[RE(X,s,s")|]7 "
o) = — P BN ARENT
Yoe(r,my(Pe)7 [0i(x(X,s,8"),8") |RF (X, s,8")|]7
The SDF in this economy is given by
1 1 |Ry(X,s,—5") — Ry(X,s)]
A(X,s,s') = , 61
(Xoss) = o RX9) AR, (X, ) (€D
where AR, (X,s) = Ry(X,s,H) — R,(X,s,L).
We can then write w;(X, s) as follows
1 pi(X,s, H pi(X,s, L
(Ui(X,S) — PZ( /S/ ) _ Pl( IS/ ) (62)

ARH(X,s) | psuA(X,s,H) pspA(X,s,L)|°

Diffusion-like approximation. To better interpret the expression for the portfolio share,
it is useful to consider an approximation analogous to the continuous-time limit for diffu-
sion processes. Given R, (X,s, s’ ), probabilities p; g for household 7, and a small parameter
€ > 0, we can find y; ,(X,s) and 07 ,(X, s) that satisfies the conditions

R(X,s H) = (X, s)e [ Lo, (X 9)VE, RiK s L) = (X, s)e = [Plas, (x,5) v

sH PsL
(63)
which gives us the expected value and variance for household i:
Ei[RE(X,5,5')|X, 5] = iy (X, 9)e, Var(RY(X,s,s)|X,s] = 02 (X,s)e. (64
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Similarly, we can write Ry(X,s) = 1+ (X, s)e.
From Equation (59), and assuming y = 1, we obtain

p;,HR(;(X; S, H) + P;,LR,e,(X, S, L)
IR¢(X,s,L)|R¢(X, s, H)

= (1+ (X, 5)e)

wi(X,s) = Ry(X,s)

i (X,s)e
<\/F;JTIZ‘7H(X s)ve — pir(X,s)e > (.”H(X s)e + pSL‘Tzr(X S)\/—>
(65)

4

where we used the fact that R¢(X, s, L) < 0 by no-arbitrage.
In general, (j;,(X,s),0;,(X,s)) and p’, are functions of €. Assuming that y;,(X,s) =

O(1), 0;,(X,s)) = O(1), and p', = O(1), we can write the expression w;(X,s) as fol-

lows:24

wi(X,s) = % + O(e). (66)

]

A.4 Proof of Proposition 1

Proof. First, we compute the Sharpe ratio on the risky asset. We will compute expectations
using the objective measure, but a similar calculation gives the Sharpe ratio using the

investors’ subjective beliefs. The expected excess return is given by
E [R}(X,s,s")] = psLRY(X, s, L) + perR(X, s, H). (67)
The variance of excess returns is given by
Var[R4(X,s,s')] = psLpsuARE(X, s)2. (68)
The Sharpe ratio in the risky asset is then given by
E[R4(X,s,s")] \/ﬁ °(X,s,L) \/;9571{ XsH (69)
VvV Var[Re(X,s,s') psg AR¢(X,s) ps. ARS(X,s)

We can write the expression above in terms of the economy’s SDF. The SDF under the

#4These assumptions are analogous to the ones used by e.g. Merton (1992) to derive the continuous-
time limit with diffusion processes. Allowing for rare events, p., = O(e) for some s’, would lead to a
jump-diffusion process.
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objective measure can be written as

E[A(X,s,s")] RE(X,s, H) E[A(X,s,s")] R4(X,s, L)
, A(X,s,H) = — .
PsL AR{(X,s) ( ) PsH AR4(X,s)
(70)

A(X,s, L) =

Combining the expressions above, we obtain

E[RS(X,s,s")]
V/ Var[Ré(X,s,s')]

B A(X,s,L) — A(X,s,H)
= \/PsLPsH E[A(X,s,5)] : (71)

We consider next how the Sharpe ratio affects the risk-neutral expectation of future

productivity growth. The risk-neutral expectation of productivity is given by

A(X,s, L) A(X,s, H)

Q _ o AXs L) AX s, H)
E- [l = PLEIA(X, 5,5t T PPEIA(X, 5,5 (72)

The difference between the expected value of productivity under the physical measure

and the risk-neutral measure is given by

E[A(X,s,s")] — A(X,s,L) E[A(X,s,s")] — A(X,s, H)
—_E° —
Elxi1] —E~[xt11] = pst E[A(X,s,s)] XL+ PsH E[A(X,s,5)] XH-
(73)
Rearranging the expression above, we obtain
A(X,s,L) — A(X,s,H)
— E° —
Elxt11] — E¥[xt11] = psLpsn E[A(X,s,5)] Ax, (74)
where Ax = xy — x[.
Using the expression for the Sharpe ratio, we obtain
E[R4(X,s,s)]
E9x¢11] = Blxe41] — /PsLPsH : 75
[xt41] = E[xt41] — V/PsLPsH JVarRA(X,5.5)] (75)
O

A.5 Proof of Proposition 2

Proof. We start by deriving the process for returns. From the market clearing condition
for goods, we obtain

wh(C) —gME
P(X,S) - 1_5 (76)
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The return on the surplus claim is given by

/ 1+v

: xP(x(X,5,5),5) v, xh(£'(X,9))" — HEG
RP(X’ 58 ) - o h([,)1+1/ = E N h([,)l-&-v . (77)

P(X’S) o <x5h(£) -G T+v ) xsh(L’) —¢ T4v
Using the conditions in (14), we can rewrite the expression as follows
xa L' X,s Mﬁ_Lﬁ/ X,s 1};3,,(
RP(X,S,S/) = ﬁ 5 ( ) - 1+v E-H/ ) ) (78)
’B xsﬁm — & Litv—a

Note that the denominator in the expression above is positive if and only if £ < %xs.

A sufficient condition is given by axy < x1, as shown below

X 1+v
ngH<?L<

Xs, (79)

and, similarly, this condition guarantees that the numerator is also positive.

Interest rate. The interest rate satisfies the condition Ry(X,s) =

E %RP(X, s, s’)] ,50 Ry(X, 5) is given by

1+v/) B (80)

v/
P x LT — & LT

(X, 5) s
Ry(X,s) = (1— : )xS L(Xo)m

!
using the fact that E []Eﬁ\%(—’sfs))]xs/} = L'(X,s).
The expression above is increasing in £'(X, s), decreasing in xs, and it is increasing in

L fors = L.

Risk premium. The risk asset’s excess return is given b
y

Ry(Xss) 1 xy—5L(Xs) 1)
Ry(X,s) 1-1% L'(X,s)
The conditional risk premium is then given by
1 Es[xg] — L/(X,s)
Es[RS(X,s,5")] = S ’ 2
5[ p( 1515)] 1_ﬁ EI(X,S) ’ (8)

Ry(X,s,5")—Ryp(X,s)
Rb (X,S) :

given the definition R}, (X,s,s’) =
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A.6 Proof of Proposition 3 and Corollary 1

Proof. We start by deriving the expression for the SDF. Note that we can express the SDF
in terms of R,(X,s,s’) and R,(X,s) instead of R/(X,s,s’) and R,(X, s), as we can always
obtain the SDF in terms of any two (linearly independent) assets. The SDF is then given

by
1 1 IRy(X,s, =5

A(X,s,s') = —
( ) Pss Rb(X/S) AR%(X/S)

(83)
The excess return on the surplus claim is given by

1 xg—L'(X,s)

1-15  L£(Xs)

R;(X, s,8) = (84)

Combining the previous two expressions, we obtain

1 Ja_gy — L(X,s)]
pss Rp(X, s) Ax

A(X,s,s') = (85)

Ry(Xss') 1 xy—L'(X5)

using the fact that ARS(Xs) — Ry(Xs)  bx

Demand for risk. The demand for risk in this economy is given by

[ psu(X,s) B psi.(X,s) 1, (86)

I
i0s Rin X,S,S/ = sLPs
L io[Rin(Xos, )] = Vpsipsrt | N I~ 5 A (Kos, )

i=1
where pg(X,s) = L/ 1i:pl,, using the fact that o5[R,(X,s,5')] = \/PsuPst AR (X, s)
and the results in Lemma 2.
Using the expression for the SDF, the demand for risk can be written as

L / 1?/#;“% psH(X,S)E’(X,S)liﬂa psL(X,S)El(X,S)l}:ELX
Z 1710.5 [RZ/H(X/ S/ 5 )] = 0-5 [xS/] ® 1+v £/ X - £, X 7
i1 Xs LT — 4 LTS (X,8) —x1 xy — L'(X,s)

(87)

given og[xy| = \/PsLPsHDX.

The first term inside brackets in the expression above is decreasing in £'(X,s) if and
only if the following condition holds

S LX) UL (Xs) —x) — £/(X9) <0 e LX) < 2E, (89)
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which holds, given that £'(X,s) < xy < L.
Therefore, the demand for risk is decreasing in £/'(X,s). As £'(X,s) is decreasing in
the Sharpe ratio of the risky asset, then the demand for risk is increasing in the Sharpe

ratio.

Supply of risk. The volatility of returns is given by

xs 0s[xg]L'(X,s) T

a[Ry(X,5,8)] = : - (59
B x, L= — ﬁﬁliﬁa
which is increasing in £'(X, s) and decreasing in x;.
Equilibrium. Combining supply and demand for risk, we obtain
Xs os[xg| L/ (X, s) e 14 v—axs Us[xs/]ﬁ’(X,s)% psu(X,s)  psi(X,s)
B x. L — ﬁﬁliﬂa 14V ByLri — ﬂtﬁﬁliﬁ“ L'(X,8)—xp xg—L'(X,8)]"
(90)

The left-hand side is strictly increasing in £'(X, s), while the right-hand side is strictly
decreasing in £'(X,s) in the interval x; < L£'(X,s) < xy. The right-hand side con-
verges to +oo as L'(X’,s) approaches x| from above, and it converges to —oo as £'(X,s)
approaches xp from below. Therefore, there exists a unique value of £'(X,s) solv-
ing the equation above in this interval. Note that the two curves intersect again for
L'(X,s) > xpg, which can be seen by noticing that the right-hand is decreasing in £’ (X, s)
for £'(X,s) > xy and converges to +co as L'(X,s) approaches xy from above. There-
fore, the economically relevant solution corresponds to the smallest of the two points of
intersection.

Rearranging the expression above, we obtain

_1+v—a

1— X,s)(xg — L1(X,8)) — psn(X,8) (L'(X,s) — x1)
1+v ’

(L'(X,s) —x1)(xyg — L'(X,s))

£(x,s) Pt (91)

We then obtain a quadratic equation for £'(X, s):

% g sy [(1o LEv=® _l4v-a : _
1+1/£ (X,s) [(1 150 psH(X,s)> Xy + <1 T+ o psL(X,s)> xL] L'(X,s)+xxg =0
(92)
The equilibrium value is given by the smallest root of the equation above.
O
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A.7 Proof of Proposition 4

Proof. We start by deriving the return on the investor’s portfolio. Given that markets are
complete, there exists a replicating portfolio w’ (X, s) such that

R/(X,s,8") = w'(X,85)Ryp(X,s5,5") + (1 - w'(X,5))Ryp(X,5) = R{(X,s,5") = &"(X,5)R}(X,s,5"),
(93)

gs[[ﬁr(( We can then write the return on the portfolio of
sLivp

investor i as follows:

X,s,s' AR, (X,s
where o (X,5) = Sfpeiesl) = St

) p(Xs)

AR, (X,s)

Rin(X,s,s") = wi(X,s)R; (X, s,5") + Ry(X,s) = wi(X,s)mR;’t(X, s,8') +Rp(X,s).
(94)
Using condition (56) and the expression for the SDF, we obtain
[ ! i 1 AxR¢(X,s,s")
e ! Psa PsL pr\Try
: = - 95
RI,TI(X/ S/S ) Rb(X/ S) ,c/(X,S) _ xL xH _ ,C/(X,S) ARP(X,S) ( )
— Pin PiL _ /
_ s — s = L(X,s)). 96
The return on the portfolio is then given by
AxRy(X,s) AxRy(X,s)
, — TR ; = 2 p 97
RI,W(X/S/ L) XH — EI(X,S) pSL’ Rz,n(X,S, H) EI(X,S) _ xLPsH ( )
Wealth share dynamics. The share of wealth of investor i is given by
n(X,s,s) = MRnXoss) WP P (98)

— = )
L hiRin (X5, Tlmply P (X)

Long-run wealth dynamics. Note that the wealth share is a (bounded) martingale under
market beliefs:

s (X)n{(X, s, H) + psr.(X)(X,s,L) = ni(piyy + pir) = 1i- (99)

Therefore, from the martingale convergence theorem, the wealth share of investor i
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converges. This implies that, for every ¢, there exits T such that

Py — pss(X)

pe(X) | <© (100)

MiT+1 — M| <€ = 7

almost surely, where the economy is at the state (X, s) at period T.

This implies that either 77; converges to zero or p!, converges to pss(X). If p, # pﬁ o
foranyi,j € Z, i # j, then the wealth share of a single investor converges to one.

By definition, p',; > psp(X) for an optimistic investor in state (X, s), then the wealth
share of optimists increase in the good state and decline in the bad state. This implies that
market beliefs evolve according to

ply
pon(X Zws/H Zmp S( )PS/H, (101)
where
N e Py 28
X') = i £ s i 2 >~ Ps
pur(X') gﬂpsH( )PHH_PH( ), pLa(X ans( )PLH psh(X).
(102)

This implies that the relative wealth share for investors i and j is given by

n(X,58) _ nips

= (103)
1i(X,s,8)  mjpl,

Suppose investor j beliefs coincides with the objective measure. Then, the ratio above
is a martingale:

i i Pip 0P _ i
= ps1——= 4+ PsH L (104)
’7] — bl 1j PsL PsH iPsH  1j

If the wealth of investor j is bounded away from zero, then the above martingale is

E;

bounded and, from the martingale convergence theorem, it converges almost surely. [

A.8 Proof of Corollary 2

Proof. Consider an economy that starts at s = H with wealth distribution {#;}/_; which
switches to the low state after either one period (early transition) or two periods (late
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transition). Market beliefs on the low state in the case of an early transition are given by

pra(X Z 771

pLH/ (105)

and market beliefs on the low state in the case of a late transition are given by

I
X// _ I pHL , 106
PLH( ) 271 PH L(X/)pLH ( )

where 1 1204

Note that if investor i is optimistic, pi;; > pau(X), then 7/ > 7; and pg: (X') <
pﬁiL(X), where pﬁzL(X) = 1%% Vit WJPJHL' This implies that the following inequality
holds:

= : — : — =7, .
LX) ylply + (U= pg (X)) T miply + (L= )pg (X)) PEL(X)
Therefore, there is more weight on the beliefs of investors who were optimistic in the
original state in the case of a late transition. In the case of rank-preserving beliefs, these

agents are also optimistic in the low state, so the market is more optimistic under a late

transition:
pLH(X//) > pLH(X/)- (108)

Alternatively, the market is now more pessimistic after a late transition in the case of

rank-alternating beliefs:
pLH(XN) < PLH(X/)- (109)

A similar argument shows that, under rank-preserving beliefs, the market is more

pessimistic after a late transition when the economy starts at state s = L:

prn(X") = Zm i o 0cy Pl < Zm x)Phn = prn(X), (110)

where 17! = ; pL(L X Alternatively, the market is more optimistic under a late transition
in the case of rank—alternatmg beliefs.
O
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B Estimating the Heterogeneity in Beliefs

B.1 The process for realized and expected earnings

Let i € 7 denote a firm-analyst pair. We index both firm-level outcomes and the ex-
pectations of the analyst covering this firm by i. We denote (realized) earnings for firm
i at period t by e;; and the first-difference of realized earnings by Ae;; = e;; — ei,t_1.25
We denote aggregate earnings by ¢; and the first-difference of aggregate earnings by Ae;.

Realized earnings follows the process:
Aejy = Biler + ujy, (111)

where u;; = pjuj;—1+ €y and €;; ~ N(0, 02). The error term €; ; is assumed to be i.i.d.
and independent of Ae;. We assume that Ae;; and Ae; have already been de-meaned, so
we can omit the intercept. We also assume that Ae;; and Ae; have been normalized to
have unit variance.

Given the formulation above, individual earnings depend on aggregate shocks, i.e.
shocks that affect aggregate earnings, as well as idiosyncratic shocks, as captured by u; ;.
The parameters p; controls the persistence of idiosyncratic shocks. Hence, firms are al-
lowed to be heterogeneous on their exposure to the aggregate shock as well as the persis-
tence of idiosyncratic shocks.

We assume that analysts understand that individual earnings follows the process
(111), but they potentially disagree on the process followed by aggregated earnings. In
particular, we assume that analyst i believe (in a dogmatic fashion) that Ae; follows the
following process:

Aey = 0;Aep_1 + vy, (112)

where v;; is an i.i.d. process given by v;; ~ N(0,02). We assume that analysts agree on
the unconditional mean for Ae;, which we normalize to zero. This allow us to focus only
on disagreement about the persistence of shocks to aggregate earnings.
The expected change in aggregate earnings using the subjective beliefs of analyst i is
given by
E;:[Ae;y1] = 0;Aet, (113)

where [E;;[-] denote the conditional expectation at t according to the subjective beliefs of

BAs e; s can potentially be negative, we work with first differences instead of proportional differences,
AE,‘/t
€it
experience negative earnings, which is a significant fraction of our sample.

, or log-differences, Alog(e;;). By focusing on first differences, we do not have to drop firms which
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analyst i.

We assume that Ae; is perfectly observed by investors at time ¢, so differences in beliefs
are controlled by 6;. A relatively high value for 8; implies that analyst i is more optimistic
about aggregate earnings after a positive shock and more pessimistic after a negative
shock, capturing a form of belief extrapolation.

Notice that expectations of changes in individual earnings depend on the degree of

persistence of shocks to aggregate earnings 0;:
IEl"t [Ae,"H_l] = ﬁiGiAet + piltjt. (114)

Equation (114) shows that we can infer properties of the process for subjective beliefs
on aggregate earnings using information on subjective beliefs about individual earnings.

This is important as beliefs on aggregate earnings are not directly available.

B.2 Estimation procedure

We show next how to estimate (B;, p;, 6;) in two stages. First, we estimate the parameters
in Equation (111). In a second stage, we obtain the distribution of 6;, using Equation (114)
and the parameters estimated in the first stage.

First stage. Consider first Equation (111). We can rewrite the process for Ae; ; as follows:
Aejp = Biler + pi (Aeir—1 — Biler1) + €y, (115)

where we used the fact that u;; = Ae;; — B;Ae;.

To ensure that —1 < p; < 1, we consider the following change of variables. As-
sume that p; is given by the a non-linear transformation of the parameter p; € IR:
pi = —1+ 2% € (—1,1). The parameters (B;, ;) can in principle be estimated
using, for instance, non-linear least squares for each company i. We proceed instead by
estimating the parameters simultaneously for all i using Bayesian methods. The Bayesian
approach is useful as it allow us to regularize the individual estimates and avoid overfit-
ting, which can be a concern in settings where the length of the time series is not particu-

larly long.?

26This procedure is analogous to a ridge regression, where the estimates are regularized using a L2
penalty (see e.g. Hastie, Tibshirani, Friedman and Friedman, 2009). For a discussion of how regularized
regressions can be reinterpreted as a Bayesian procedure, see e.g. Nagel (2021).
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Formally, we consider the following multi-level priors:
Bi ~ N (B,03), pi~N(p,o7), (116)

The coefficients (B,p) and (g, 0,) are referred to as hyperparameters and they have

their own priors, which are given by
B ~ N(0,1.50%), p ~ N(0,0.50%), (117)

and the standard-deviation for each parameter is assumed to follow a Half Student-t dis-
tribution with 3 degrees of freedom, a standard value for this class of models. These priors
are set to be wide enough to capture the range of plausible values for the parameters.
The multi-level structure allow us to obtain a form of adaptive regularization. If (say)
0p is very large, then the prior on f; is not very informative, and this would be analogous
to estimate f8; independently for each i. If 0 ~ 0, then we have effectively a pooling es-
timator, where ; will be the same for all i. For intermediate values of 03, the parameters
are allowed to vary across units, but they are partially shrunk towards the population
mean. The shrinkage of the parameters limits the effect of noise or measurement error, as
the model is essentially skeptical of extreme values. Because 0y is also an estimated pa-
rameter, the extent to which estimates are regularized is directly informed by the data.?”

Second stage. Consider next Equation (114), which relates subjective beliefs about in-
dividual earnings to realized aggregate and individual earnings. To capture the fact
that (subjective) expectations are potentially measured with error, we assume that only
a noisy version of the analyst’s expectation is observed, which is given by ]]AEi,t [Ae; 1] =
E;¢[Ae;jt41] + @i ;. The measurement error w;; is assumed to be a mean-zero normally
distributed i.i.d. process with variance given by ¢2. Combining this measurement equa-
tion with Equation (114) and isolating the terms estimated in the first stage, we obtain the

following estimating equation:
Zip = 0+ 0iXi + Wiy, (118)

where z;; = IIAEi,t [Ae; 1] — piuir and x; ; = BiAe;. Notice that z; ; and x; ; are known at this
stage, so it only remains to estimate 0, ;.

As before, we use a Bayesian multi-level model to adaptively regularize our estimates.

2’For more details on how multi-level models provide a form of adaptive regularization, see e.g. the
discussion in McElreath (2020).

58



exp (6;)
Texp(6;)”
ensure that §; € (—1,1). We assume the following prior for 6; ;:

We also consider the transformation 8; = —1 4 2 where 6; € R, such that we can

0;r ~ N(0,07), (119)

where 8 ~ N(0,0.5%) and ¢y follows a half Student-t distribution with 3 degrees of free-

dom.

B.3 Data and estimation results

Data. We use data from I/B/E/S on analysts expectations about firms’ future earnings.
For firms with coverage of more than one analyst, we use the consensus expectation for
that firm. We drop firms with missing values for realized or expected earnings in more
than 20% of the sample. We ended up with 579 firms covering the time period from March
1977 until December 2020, with a total of 44,267 company-quarter pairs.

Model fitting and results. We sample the model using an extension of Hamiltonian
Monte Carlo, the no-U-turn sampler (NUTS) by Hoffman, Gelman et al. (2014), as imple-
mented in R Stan. Table 5 reports the posterior mean and 95% credible intervals for the
cross-sectional mean and dispersion of parameters (f;, p;, 0;). Because we have standard-
ized all the variables, the parameter j; captures the correlation between individual and
aggregate earnings. The correlation is close to zero reflecting the fact that typically most
of the variation in a company’s earnings reflect idiosyncratic shocks. However, there
is substantial heterogeneity in this parameter, with the cross-sectional dispersion being
three times the average ;. This can be seen in the left panel of Figure 6, which shows
the posterior mean of the kernel density for ;, where B; ranges from —0.3 to 0.4. The
average autocorrelation coefficient p; is positive, but it is also very dispersed across firms,
as shown in the middle panel of Figure 6. Finally, we have that 6; is on average negative,
which is consistent with the fact that Ae; has a negative autocorrelation. However, the
average subjective coefficient of autocorrelation is more negative than its objective coun-
terpart, as [E[f;] = —0.48 and we obtain a coefficient of autocorrelation of —0.28 for Ae;
using aggregate data. As before, we observe substantial heterogeneity in 6;, as shown in

the right panel of Figure 6.
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Table 5: Cross-sectional mean and dispersion of parameters

Estimate Est.Error 1-95% CI 1u-95% CI Rhat

E[Bi] 0.03 0.01 0.01 0.04 1.00
E[oi] 0.45 0.02 0.41 050 1.00
E[6;] -0.48 0.12 -0.72 -0.24  1.00
7[B:] 0.09 0.01 0.08 0.10 1.00
7[oi] 0.47 0.02 0.43 051 1.00
7[6:] 0.19 0.13 0.01 049 1.00

Note: Posterior mean and credible intervals (CI) for the cross-sectional mean, E[xi], and cross-sectional standard-deviation, 7[x;], for
parameters x € {B, p,0}. Rhat is an indicator of the convergence of the chains during sampling. Rhat = 1 indicates convergence.

Figure 6: Kernel estimate of cross-sectional distribution of the different parameters
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Note: Posterior mean of the kernel density for the cross-section of 6; (left panel), p; (middle panel), and 6; (right panel).

B.4 Belief disagreement

We consider next a measure of belief disagreement. Notice that the expectation of analyst
of aggregate earnings growth is given by [E;[Ae; 1] = 0;Ae;. This motivates our definition
of a disagreement index DI;, which corresponds to the cross-sectional dispersion in beliefs
about aggregate earnings growth:

T[E;[Aer11]]

Dlt = 5’[91] X |A€t| . (120)
-~

The disagreement index has two components. First, the cross-sectional dispersion in
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the parameter 6;. If all analysts agree on the persistence of aggregate earnings growth,
such that o[f;] = 0, then the disagreement index would be equal to zero. Second, the
absolute value of aggregate earnings growth, |Ae¢|. Given that Ae; has been already de-
meaned, |Ae;| captures the distance of aggregate earnings growth to its mean. If aggre-
gate earnings growth is already at its average value, |Ae;| = 0, then disagreement on how
Ae; reverts to its plays no role in determining expectations. Therefore, the level of dis-
agreement in the economy depends on the interaction between dispersion in beliefs and
deviations of aggregate earnings growth from its mean.

The left panel of Figure 7 shows the time series of the disagreement index. The dis-
agreement index is typically low during normal times and it significantly spikes in pe-
riods of crises, where aggregate earnings growth deviates substantially from its average

value.

Turnover. One important implication of theories with heterogeneous beliefs is that the
level of disagreement is related to the amount of trading in the economy. To test this
implication, we consider next a measure of trading activity, the (value-weighted) stock
market turnover.’® We measure the stock turnover - shares traded divided by shares
outstanding - for individual securities on the New York and American Stock Exchanges
from January 1977 to December 2021. We measure turnover at the quarterly frequency
and compute an aggregate turnover measure using a value-weighted average (similar
results are obtained by using an equal-weight measure). The right panel of Figure 7 shows
the time series of turnover. We can observe that the turnover level changed significantly

over time and that turnover has an important cyclical component.

Belief disagreement and turnover. We consider next the relationship between belief
disagreement and turnover. Table 6 shows the result of a time-series regression of
turnover on the disagreement index. As shown in Figure 7, the disagreement index se-
ries has a few outliers, in particular, during crisis periods. To ensure that the relation-
ship between turnover and disagreement is not driven only by these extreme periods,
we consider a sample where we exclude observations where the disagreement index is
below the 2.5% percentile or above the 97.5% percentile. Column (1) shows that there
is a strong statistically significant association between DI and turnover, where we com-
pute Newey-West standard-errors with four lags. If the disagreement index goes from
its 25% percentile to its 75% percentile, turnover increases by 8.0 percentage points, an

2For a discussion of turnover as a measure of trading volume and its connection with standard portfolio
theory, see Lo and Wang (2010).
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Figure 7: Time series of the disagreement index and stock market turnover
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Note: Left panel shows the time series of the disagreement index and the right panel shows the time-series of stock market turnover.
The smooth line in the right panel is the HP-filter trend of turnover. The vertical bars represent NBER recessions.

increase of almost 30%. Column (2) tests whether this relationship is nonlinear by intro-
ducing a quadratic term, again in the example where we exclude outliers. We find that
the quadratic term is not significant, consistent with a linear relationship. This can be ver-
ified visually in Figure 8, which shows the scatterplot of turnover and the disagreement
index for this sample. Column (3) shows the regression of turnover on DI and DI? for
the full sample. We find that the quadratic term is now statistically significant, indicating
the necessity of considering a nonlinear relationship to capture the effect of the extreme
crisis-level disagreement. The magnitude of the marginal effect of changing DI is similar
to the linear case for large of values for the disagreement index. Therefore, we conclude
that belief disagreement is strongly associated with stock market turnover.
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Table 6: Regression of turnover on disagreement index

Dependent Variable: turnover

Model: (1) (2) 3)

Variables

(Intercept) 0.2580***  0.2420***  (0.2549***
(0.03373) (0.04375)  (0.0369)

DI 1.239%** 1.798** 1.260***
(0.2277)  (0.6277)  (0.2898)

DI? 2.068  -0.6879**

(1.6920)  (0.2094)

Fit statistics

Observations 165 165 175

R? 0.24084  0.24786  0.30386

Adjusted R? 0.23618 0.23857  0.29576

Newey-West standard-errors in parentheses (4 lags)
Signif. Codes: ***: 0.01, **: 0.05, *: 0.1
Note: Columns (1) and (2) .
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Turnover

Figure 8: Scatterplot of the disagreement index and stock market turnover
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Note: Scatterplot of disagreement index and turnover for a sample without outliers.
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Online Appendix

O1 The case with an arbitrary number of states

O1.1 Environment

We consider an extension of the model in Section 3 where aggregate productivity growth
x; takes N possible values, i.e. x; € {x!,x%,...,xN} = &, where x! < x? < ... < xN,
The objective probability of switching from state s € {1,2,...,N} = S to state s’ €
S is denoted by p,y and the corresponding subjective probability for household i € Z
is denoted by pi ¢~ Households can trade Arrow securities that pay off conditional on
every possible state. We also assume that households die with probability x and leave
their financial wealth to their child, which will have type j with probability p;. This
assumption ensures that a non-degenerate stationary distribution of wealth exists. The
next proposition provides a characterization of the equilibrium in this N-state economy.
The main conclusion is that the results of Section 3 are essentially unchanged in this more

general setting.

Proposition O.1 (N-state economy). Suppose that x; € X, where x; takes N possible values.

i. The (scaled) household’s problem can be written as follows

_yp-1 1yt
0i(X,8) 1Y —1 c} o1 E [(0 (X!, s")n")1=7] T —1

]- - lp_l Ci’Rg,n 1 - lp_l 1 - lp_l

7

(O1.1)
subject to the flow budget constraint n’ = R; (1 — c;), the natural borrowing limit n’ > 0,
and the portfolio-return constraint

Es[A'R},] = 1. (01.2)

ii. Consumption-wealth ratio and the investor’s SDF are given by

(B = 1) Ri(X,5) ¥

ci(X,s) = T4 (BT 1)PR, (X, )1V (01.3)
Ai(X,s,8') = [39< ci(X (CX(; Ss))N )N/) E1{1-,,1()<,s,s’)*<1*9>, (O1.4)



and the change-of-measure condition is given by

Ai(X,s,8") = P A(X,s,'). (01.5)
pss’

iii. Wages, hours, and profits are given by

h(E) = ("‘;)”V Y w(E)=¢ (@>” 2(E,s) = (g)”ﬁ“ [ET —aE

¢
(01.6)
iv. The law of motion of the endogenous aggqregate state variables is given by
/
E(X,s) = pss A(X,s,5") (O1.7)

— X/,
o6 LseS pssA(X,s,5)7°

J— . . / J— .
n(X,s,s) = (1 —x)niR; n(X,s,8")(1 —ci(X,s)) Ty (O18)

2}21 anj,n(X, s,s")(1— cj(X,s))

v. The market clearing conditions for consumption and the Arrow security for state s € S are

given by
1+v
I xsh(E)* — gME L /
i_zlmc,-(X,s) = B(Xs) , 217 i(X,s,8') = Rp(X,s,s),
(01.9)
5 — _ 1i(1=ci(Xs)
where 7j; = L0y (X"
Proof. See Online Appendix O3.1. O

An implication of the result above is that the LDF corresponds to the risk-neutral ex-
pectation of productivity growth. The following corollary shows that E’(X, s) can be ex-
pressed as the expected productivity growth (under the objective probability measure)
discounted by a risk premium.

Corollary 3. Let Rg(X, s,s') denote the return on a claim on productivity growth, then
log E'(X,s) = log Es[xy] — logﬁg(X,s), (01.10)
Re(X,58') .

where R, o(X,8) = Loes Pss R xcsT Ry K ) is the risk premium on a claim on productivity growth.

Proof. The price of a claim on productivity growth is given by
Py(X,s) = Es[A(X,s,s")xy], (01.11)

2

1+v
1+v—

4
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and the return on this claim is given by R¢(X,s,s’) = %.

Expressing the pricing condition above in terms of covariances, we obtain

A(X,s,s) X!
Es[Ro(X,s,8)] — Rp(X,8) = — - > . 1.12
(R0 = Ro065) = —Coms (T ) oL
Similarly, we can write E'(X, s) in terms of covariances:
A(X,s,s)
E'(X,s) = Es[xy it ap 1.1
( ,S) s[xs]+covs (]ES[A(X,S,S’)]’xS) (01.13)

Using the fact that Pe(X,s) = E'(X,s)/Ry(X,s), we can combine the expressions
above to obtain

E'(X,s) = Es[xy] — (Es[ﬁing)s I 1) E'(X,s) = E'(X,s) = R]EL;S/S])' (O1.14)
7 g 7
0

01.2 Special Case I: Log utility

We consider next the special case where ¢y = v = 1 for the economy with an arbitrary
number of states. Proposition O.2 below shows that the main implications from Section 5
extends to this more general economy.

Proposition O.2 (Log-utility). Suppose p = v = 1 and that the following condition is satisfied
N < 2

i. Consumption and portfolio decisions are given by

i
i(X,5)=1— B, Rin(X,5,8") = R, (X,s,s"). (O1.15)
pss’(X)
ii. The economy’s SDF is given by
! Pss'(X) 5/ n—1
A(X,s,s') = p—Rp(X, s,s) . (O1.16)
ss’



iii. The price and return on the surplus claim are given by

xsh(E)“ _ éh(E)1+v

P(X,s) = 5 Ly (01.17)
1+v
xygE’ X51+V“——E Xsl+vo<
Ry(X,s,s) = =222 (X5) v SH JTE (01.18)
xsEl-‘rV O — —E1+V o

iv. The risk premium on the surplus claim and the interest rate are given by

1+v
Ry(X,s) = <1_ “ ) s BX ) —, (01.19)
1+1/ ,BxE1+VA—1—E1+V“
—_ F/ / v—u
Es[RS(X,s,5')] = X [Bs|xy] — EX(X, 5)|E (}fj)” . (01.20)
,B xSE1+v x — 1—E1+V «
v. The law of motion of the agqregate state variables are given by
: SoE(X,s)]
Z Xy Pss (X) [xs T+v ( S)} - (O1.21)
JeS  Yses pss(X) [x~ - mE/(X S)}
n1(X,s,8") = (1 —0)pi——rc P _ + K, (01.22)

Pss (X)

and there exists a unique value of E'(X,s) € (x1, xn) satisfying the law of motion of L.

Proof. See Online Appendix O3.2. O

01.3 Special Case II: Representative Agent with IID Returns

We consider next a different special case which is also particularly tractable: investors
have common iid beliefs, pé ¢ = Pu,and the supply and demand of labor converge to zero.
Formally, we assume & = &€ and ¢ = ¢e and take the limit as € goes to zero. For simplicity,
we focus on the case ¥ = 0. Because labor is chosen in advance, returns on financial assets
would not be iid even if the process for aggregate productivity is iid. By taking the limit as
supply and demand goes to zero, we ensure that all equilibrium objects are well-defined
in the limit and the economy behaves essentially as an endowment economy, analogous
to an iid version of the Mehra and Prescott (1985) economy.

Proposition O.3 provides a characterization of this limit economy. To highlight these
results apply to this particular limit, we denote the equilibrium objects in the limiting

economy with an *, e.g. v*(X,s) and c*(X,s).
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Proposition O.3 (IID Returns). Suppose pé .
following condition is satisfied: B* = ,BIE*[xifW

€ — 0 satisfies the following conditions:

i. Consumption and portfolio decisions:

c;(X,s)=1-p"%,

ii. The net-worth multiplier v} (X,s) is given

vi(X,5) =
iii. Wages, hours, and profits are given by

I*(E) = :

iv. The economy’s SDF is given by

A*(X,s,d)

(1-pr

1
AE\ T+
(“T) . w'(E)=0,

= py, & = &e, and § = &e. Suppose also the

-1

1-y . Lo
| T < 1. Then, the economy in the limit as

v. The price and return on the surplus claim are given by

Xs

P*(X,s) = =

vi. The risk-free rate and the expected return on the surplus claim are given by

Rp(X,s) =

E*[Ry(X,s,s")]

vii. The law of motion of the state variables are given by

E'(X,s) = E¥,

R;,(X,s,8') = R5(X,s,5)) (01.23)

1 (1-p%) 1511 (01.24)
*(E,s) = xs. (O1.25)

= BE*[x, _7]%&77. (01.26)
R}(X,s,5') = ;—é (O1.27)

51* i**[[ ]] (01.28)

_ Rb(x,s)]E*gi'[]Ej%f“ i (01.29)
ni(X,s,8") = ;. (01.30)



1—
]E*[xs, 7]

where E* = B

Proof. See Online Appendix O3.3. [

The following corollary shows that we recover the standard asset pricing formulae for

iid economies in continuous time if we assume that x; is approximately log-normal.

Corollary 4. Suppose log xs can be approximated by a normal distribution with mean u and
variance 0. Then, under the assumption of Proposition O.3, we obtain

i. Interest rate:

2 -1
log R} (X,s) = p+ ¢~ <y + %) — %0’2, (01.31)

where p = — log .

ii. Risk-premium:
Rj(X,s,s")

2
I ASA JPUPV-CY (01.32)
R} (X,s)

log IE

iti. Risk-neutral expectation of productivity growth:

E'(X,s) ’

1 ~ —y0oc. 1.
og Elx,] yo (01.33)

The corollary above shows how E’(X, s) depends on xy and the equity risk premium.

02 Approximate Solution of the General Economy

In the previous section, we derived exact analytical solutions for two special cases: i)
log-utility; ii) homogeneous beliefs and iid returns. In this section, we derive asymptotic
closed-form solutions for a general economy with an arbitrary number of states, an ar-
bitrary number of households with heterogeneous beliefs, and Epstein-Zin preferences
with unrestricted EIS and risk aversion. The derivations for the benchmark case with

homogeneous beliefs and iid returns will be useful in deriving the approximate solution.

02.1 Perturbation

Consider a family of economies indexed by €. The parameter € controls three dimensions

through which these economies differ from each other. First, it determines the degree of



belief heterogeneity:
p;s’ = p;k/ + 5;5/6, (02.1)

where ) ycs (Sé ¢ = 0. We also assume that the objective measure coincides with beliefs in

the reference economy, i.e. ps = pJ. Second, € scales both supply and demand for labor:
¢ = Ce, x = Qe (02.2)

The economy satisfying € = 0 is essentially an endowment economy with iid common be-

liefs, a special case of the Mehra and Prescott (1985) economy, as described above. Third,

we assume that ¥ = Re, such that there is no mortality risk in the benchmark economy.
All equilibrium objects are now indexed by €. For instance, the net worth multiplier is

now given by v;(X, s; €). We are interested in the expansion of v;(X, s; €) on €, for € small:
vi(X,s;€) = v (X,s) + 0;(X,s)e + O(e?), (02.3)

where v¥(X,s) = v;(X,s;0) and 9;(X, s) represents the first-order correction of v;(X, s; €)
ine.

Similarly, we can write the consumption-wealth ratio ci(X,s; €) as follows:
¢i(X,s;€) = ci(X,s) +¢i(X,s)e + O(e?), (02.4)

and analogously for the remaining equilibrium variables.

The functions v} (X, s) and ¢/ (X, s) are already known, as they correspond to the solu-
tion of the case with homogeneous beliefs and iid returns, which we characterized above.
It remains to solve for 9;(X,s), ¢;(X,s), and the first-order correction for the other vari-
ables.

We start by providing a characterization of the households” problem in this general
economy.

Proposition O.4. Suppose that pés, = py+ (S;S,e, a = e, and & = Ee. Suppose also that
B* < 1. Then,

i. Net-worth multiplier:

0(X,s) ., L1 8, A(Xs,s) .
= g [ A A ) 025
0%, P L Ty T A X)) TP (025)




* 1=
X
where w:/ — Pty X* — (E*, {,71. 11:1)’ and

Yses p;fx;_w
_ 1 s, A(X*,5,8)
U= w3 Wy | —= — o= | - (02.6)
1- /3* Eg S;; —vpy  AN(XHE)
ii. Consumption-wealth ratio:
Cl(X/S ﬁi(X,S)
=(1-— 2.7
(%) - V) (©27)
iii. Portfolio return:
Ryi(X,s,8") 1 =y,
m = ;myopzc + hedging, (02.8)
where
. / a A(X, S, S/)
myopic = % — W %s — o (02.9)
4 X sgs p A*(X,s,s)
. [ 5,(X*, ') 0;(X*,8) A(X,s,3)
hedging = | 2 — Y wi- 72 w} L (02.10)
Mg i v*(X,s) sgs *v*(X,s) sgs *A*(X,s,3)
Proof. See Online Appendix O3.4. O

Proposition O.4 provides asymptotic closed-form solutions to the value function and
policy functions. The net-worth multiplier 9;(X,s) is high when investor i is relatively
optimistic and state-prices are relatively low. The effect of beliefs can be seen by writing
the term involving 5; o as follows:

1 d, 1 X7 d, 1 x4
) w:/l — = = Y. ph s S = Cov* T 51 > , =1, (02.11)
) Xg TE [ ] Py

/

using the fact that ) o .g p* =t = (. The covariance above will be positive when (5;; o 18
on average positive when xS is high, i.e. the covariance is increasing in how optimistic
investor i is.

The term involving A(X, s, s') captures the effect of changes in the SDF on the portfolio

return that can be achieved by the household:

/ A /
1=E [A(X,s,5;€)Rin(X,s,5;€)] = Zw Rin(X,s,5') =— ) W} AX,s,s')

2P (02.12)
s'eS S/) s'eS SA*(X’S’S/)



Hence, if } g5 w? % is negative, then the household is able to achieve higher weighted

portfolio returns in the € > 0 economy.

Given 9;(X, s), we can characterize the policy functions. The consumption-wealth ratio ¢;(X, s)
is proportional to 9;(X,s). If i > 1, such that the substitution effect on savings dominates, house-
holds save a larger fraction of their wealth when average portfolio returns are high.

As in the continuous-time model of Merton (1992), portfolio returns have two components:
the myopic demand and the hedging demand. The myopic demand depends on current market con-
ditions, while the hedging demand depends on future expected returns as captured by 9;(X*,s’).

We consider next the labor market outcomes and firms’ profits.

Proposition 0.5 (Hours, wages, and profits). Suppose that p', = p% + &' e, a = &e, and ¢ = Ee.
Suppose also that B* < 1. Then,

i. Wages:
. (RE\ T
B(E) =& <"‘A ) " (02.13)
¢
ii. Hours: ( )
" L log (AE
N AE\ T+ g &
h(E) = | = — 2R 02.14
®-(%)" T 0219
iii. Profits:
log (AE/&
#(X,s) [ . Ogl(i V/ ‘) —E] . (02.15)
Proof. See Online Appendix O3.5 O

We consider next the behavior of the price of the surplus claim and the riskless asset.

Proposition O.6 (Asset Prices). Suppose that pi, = p%, + 6! €, a = &e, and & = Ee. Suppose also that
B* < 1. Then,

i. Price of surplus claim:

" I N
e e T R P AU D S o M AT

R,(X,s,s") E* E* E i ! 0;(X*, s 1 9;(X,s
pSSZ[log—<—>] 1)y | ) L)
14

R%(X,s,s") E X¢ X ) | 14v = or(Xx,8) pror(X,s)
(02.17)
iii. Risk-free rate:
' X A /
Ry(X,s) _— psxy’ A(X,s,s) (02.18)



iv. Conditional risk premium:

RE Z pS/xS ( S/) o RZ(X,S), (02‘19)
R (X, ) a6 E*[xe] RE(Xs,8")  Rp(X)s)
where Rg(X,s;€) = E* {%}
Proof. See Online Appendix O3.6 O

The next proposition provides the law of motion of the aggregate state variables.

Proposition 0.7 (Aggregate state variables.). Suppose that p', = p% + 0! €, & = &€, and ¢ = Ee.
Suppose also that B* < 1. Then,

1. Wealth distribution:

1(X,s,8")  Rin(X,5,5) & Ria(Xss) (g1 G(X,s) & G(Xs) Hi—1i
i = —= — i — -1) | = — i +x .
i R (Kse) BTR (Kse) (P %) Sl ) T
(02.20)
ii. Risk-neutral expectation of productivity growth:
E'(X,s) Ry(X,s) . A(X,s,8)
= + ) Wi (02.21)
E R} (X,s) sgs A*(X,s,s")
Proof. See Online Appendix O3.7. O

Propositions O.4 to O.7 characterize the behavior of all equilibrium objects given the econ-
omy’s SDF A(X,s,s'). The next proposition provides an expression for A(X,s,s’) in terms of the

primitives of the economy.

Proposition 0.8 (The economy’s SDF). Suppose that p', = p% + 6. e, & = ke, and ¢ = &e. Suppose
also that B* < 1. Then, the economy’s SDF is given by

A(X/S/S/) _ A / —1 E3 AN * ok A * L/ * * A * oz

A (X,s,5) =W (X,5,8) — (y—9p 1) |wb(X,s) - Brw - bA(X, ) + B ggws(w b (x5,8) |,
(02.22)

where

A / _l‘sss’(X)ilP—’Y—l o * ki, ks - Ei*i Ei*ii

b (X,s,s)—ly o po—T w* - 65(X) — Brw* -8y (X) + B ;wg(w 35(X)) log £ o
(02.23)

Proof. See Online Appendix O3.8. O

A particularly simple special case is given by the case of CRRA preferences, i.e. v = ¢~ L.
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Corollary 5. Suppose v = 1. Then,

i. SDF: . /
A(X,s,8") e (X) E* (E* E &
— —yllog— — [ =—— — = . 2.24
A(Xss)  pn TU®E \nw /)] 11v (©224)
02.2 Special cases
Consider the special case where (51 o =0foralli € Tands,s’ € S. In this case, investors still have

common iid beliefs, but returns will not be iid due to the fact that labor is chosen one period in
advance.

In this case, the economy’s is given by

A(X,s,s") 1 E E* E]| & 1 E* E*\ &
7 7 = 1 _ - _ _ 1 _Rx* iﬁ/
A*(X,s,s") ¥ OgE*+xS/ xs | 14+v (y=¢)(a-p );ws xs xg) 14V
(02.25)
The interest rate is given by
Ry(X,s) ps/xs, A(X,s,s")
RS AR . (02.26)
R;(X 5) s% E*[x,"] A*(X,s,8')
02.3 Conditional moments
Consider the conditional risk premium
p(X,s,5;¢€)
e
R, (X, s;¢€) Sgs ps, Rb Xse) (02.27)

Expanding the expression above in €, we obtain

R4(X,s) PiRy(X,55)  [Ry(X,s,8)  Ry(X,

b 2 ps,xs Ry(X,s,5)  Ry(X,s,s)
R} (X,s,s') RZ(

RLIZ”* a s'eS 25'63 p;f’R;(X’ 5 §/) s GS xs
(02.28)
The conditional volatility of excess returns is given by
1
)12
(X, s;€) [Z Py ( (X,s,8';¢€) — R;(X,s;e)> ] . (02.29)
s'eS
Expanding the expression above in €, we obtain
&Z(X’S) — B 2 P ( (X,s,s") — R;'*(X,s)> (R;(X,s,s') — R;(X,s)> , (02.30)
oy (X,s) o} oy’

5 Be,x Ry(X5,8 Ry(X,
where Ry (X,s,5") = R" (X, s,s") (RZEX§§§ - Rbﬁxii)

R:(X,s)  Ry(X,s)



02.4 Stock prices in the log economy

Suppose ¥ = v = 1 and that investors have homogeneous iid beliefs, §', = 0. The stock price

satisfies the following recursion:

Q(X,s) = ) pssA(X,s,8") [(E'(X,s),8") + x4 Q(X',s")], (02.31)
s'eS
5*"" icﬂx 14+v— x£
where 71(E,s) = (%) T [1 B X%E] and psy A(X,s,s') = Pss’(X)x% (E’(E(,S)) ) 1+vija§£‘§,s) :

Define the price-dividend ratio (X, s) = x; ggg . The price-dividend ratio satisfies the recur-
sion:
q(X,s) = ) pwA(X,s,8") [1(E'(X,s),s") + x4 Q(X,5")], (02.32)
s'eS

We can then write the expression above as follows:

T+v—af 1 — o EXs)
=B Y. pes( B 1l [1+q(X,s)]. (02.33)
s'eS - T &y

Let’s assume that v = Ve. We can then write g(X, s; €) as follows

e Z wXos)e (02.34)
i /. 1+v— a£ 170(% /
Define g(X,s,s;€) = #—. We can expand g(X,s,s’) as follows

14v—a=—22) (X“) 1—as
g(X,s,55¢) =Y gr(X,s, s')ek, (02.35)
k=0

where go(X,s,s’) = 1 and, for k > 0, we obtain

s (E’(X,S) _ 5)
e (X,s,8') = (02.36)

(1-uf) (x5 -1)

This gives the following recursion for i (X, s):

(02.37)

=B ) pw(X

s'eS

) |8k(X,s) +Zg;XSQk](X s')
j=0

Under our assumptions, the risk-neutral expectation of productivity growth is constant
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E’(X,s) = E. In this case, we can write the recursion

— x E Py Xs
Q(X,s) =8 (1 — ) —5 -
1+vx des X — 1 E

Let Q(X,S) = %/ Q(X)
T+v  xs

I
o
<
NG
©
s
Z
oV}
=}
Q.
S
]
|

xs—aE
s A Then, we can write

B <sz> JERTa Yoo Pl =3

T
[1-Bin(p*)] Q(X) = b9y, (02.38)
Inverting the matrix above, we obtain
- B <aE)“§“ . Xy —aE < o E>
X,8)=|—= |+ — | 1- — . 02.39
The price-dividend ratio is given by
X ;) — E Xg — LE
%Q(X,s) _ 5 Z P WA DT (02.40)
(X, s) Bics ~x¢—iyE xs—aE
Equity returns are given by
Es "O(X. ¢ , 1— 1— a;, 1— LE/
RE(X,S,S/): 7-[( /S>+j Q( /S) :xi é — txxsf +ﬁ 1—;1/}%5 ‘ (0241)
QXs) P YoesPor,mag L~ Thn 1T T
Excess returns are given by
R%(X,s,s') = apxy + bE, (02.42)
where
1 1-8
ag = A= )E TS — +B (02.43)
1+v Zs 'cS S/W
(02.44)

The conditional risk premium is given by
Re(X,s) = — - 1=F g Ep - [A=ROEY) ) @ gy
(1_ )E x xy—aE x Xg—aF 1+v
Zs 'eS P Zsesps’x/—TE
(02.45)

1+v SIXI—WE
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We can write the expression above as follows:

_ 1 1— 1-p)1 b
Re(X,s) = 1_- 2 )\E pr*"‘E +B ) Elxs] - Lo :;v“)E TP 13‘-1/
(1-5) 1—vYges o ng 1-viges = vg
s 1+v s 1+v
(02.46)

02.5 Quantitative implications

Let z; denote demeaned log productivity growth, which we assume follows an AR(1) process:

zi41 = pzi + 0/ 1 — p%€r 41, (02.47)

where €, follows a standard normal distribution and it is serially uncorrelated. In levels, the
(gross) productivity growth is given by x; = e#™*, where u denotes average productivity growth.

We discretize the process above following the method of Rouwenhurst (1995). Let Z; denote

the discretized variable taking values in the equally-spaced grid {z1,...,zxy}, where z; = —¢ +
%(i —1),s0z; = —¢ and zy = P. We set y = 0/N — 1, so we match the unconditional
variance.

02.6 A more general process for productivity growth

Discretization. The evolution of £, under subjective beliefs, can be written in a convenient

fem _ |wn| |01 f?t |G O i ] (02.48)
2t 0 0 0 [Zi 0 ou| | vt

where 2;; = IE;;[£1+1] — 6;%:. We recover objective beliefs in the special case ; = o0, = 0.

matrix form:

As wyyq follows a Markov chain, the process above corresponds to a Markov-switching vec-
tor autoregression (MS-VAR), with state-dependent conditional means. To discretize the sys-
tem above, we adapt the methods of Gospodinov and Lkhagvasuren (2014), who extended the
Rouwenhurst (1995) method to VARs, and Liu (2017), who proposed a discretization of univariate
Markov-Switching models. The discretization provides a state space with dimension S for x;, so
xy € X = {x},x%,...,x°}, and transition probabilities {p’,}, fors,s’ € S = {1,2,...,S}, that ap-
proximate the MS-VAR (02.48). Notice that our discretization implies that the grid X is the same
for all investors, so they agree on the state s, but they disagree on the transition probabilities p’,,.

Let £; = log x; — pu denote the demeaned log productivity growth. We assume that investor i
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believes the process for %; is given by

Rer1 = B[R 1] + 0iuttip (02.49)
E;+[£111] = 0:% + 0004, (02.50)

Vi = Ut + 0; 4, where u;; and v; are mutually independent, serially uncorrelated, standard normal
random variables. Notice that u;;,1 represents the period t + 1 innovation according to investor
i and v; represents an expectation shock. We assume that this expectation shock is common across
investors, so heterogeneity comes only from 6;.

The presence of this expectation shock is important to quantitatively match the volatility of
expectations in the data. To see the role of v;, notice that the unconditional variance of £;;1 and

E;[%}41] are given by

o2 + 02 0202 4+ o2
Var[f4] = 24—, Var[Ey[#1]] = =2~ 02.51
[ t+1] 1_ 912 [ i[ t+l]] 1_ 912 ( )
The fraction of total variance explained by movements in expectations is given by
Var[Ey[£141]] 2 2 0%
— =0+ (1-607) 5——. 02.52
Var([£41] P : >(7i2,u + 02 ( )

Hence, by adjusting o, it is possible to obtain any value in the interval [6?,1) for the fraction of
variance explained by movements in expectations. In the special case 0, = 0, we obtain an AR(1)

process for %1, which achieves the lower bound of this interval.

Discretization. We discretize the process above using the generalization of the method of
Rouwenhurst (1995) proposed by Gospodinov and Lkhagvasuren (2014). The method consists
of mixing the distribution for independent AR(1) processes to approximate the distribution of a

VAR(1) with uncorrelated shocks. Define 2; = E;;[%; ;| — 6;%;, so we can write the system above in

i?t+1 _ |01 th L | 0 U1 ’ (02.53)
Zt41 0 0 Zt 0 (o) Ot+1

where we dropped the dependence on the investor i to ease notation. Given this representation,

matrix form:

we can construct the discrete approximation following the three steps described below.
Step 1: grid construction. We construct the grids for £ and Z as in Rouwenhurst (1995). Let
R(Ny,0y) = {fl,fz, ... ,EN"} denote the grid for £, where

oi i—1
& = —x(Nx, 02) + 2¢2(Ny, 03) 15— (02.54)
X

Px(Ny, 0y) = 0xv/ Ny — 1, and 0, denotes the unconditional standard-deviation for £;. Notice that
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the grid is equally spaced, x' = —hy(Ny,0y), and ¥ = ¢, (N, 0y). The grid for £ is constructed
analogously.

Step 2: transition matrix for independent AR(1). Let II(N, p, o) denote the N x N transition ma-
trix for the Rouwenhurst (1995) approximation of an AR(1) process with autocorrelation p and

unconditional variance 02. We denote the k-th row of this matrix by

(N, p,0) = {m1(N,p,0), m2(N,p,0),..., in(N,p,0)}, (02.55)

where 7 (N, p, ) is the probability of transitioning from state k to state . In the special case
where p = 0, the transition probability is independent of the current state, so we can write
m,j(N,0,0) = 7t;j(N, 7).

Step 3: Markov chain construction. Given N, points in the grid for £ and N, points in the grid
for Z;, we have a total of S = Ny x N states. Denote the state space by S = {1,2,...,5}. Let
s=i+(k—1)xNyands' = j+ (I —1) x Ny, where i,j € {1,...,Ny} and k,I € {1,...,N;}.
Denote the probability of £;,1 = ¥ given state s by p¥(j) and the probability of 2,1 = Z' given
state s by pZ(1). As £;41 and £, are conditionally independent, the probability of switching from

state s to state s’ is given by
pss = ps () < pi(1). (02.56)

As z is serially uncorrelated, we have that pZ(I) = 71;(N,, 0;). The transition probability for £;
will be obtained by appropriately mixing the distribution of an AR(1) process with autocorrelation
ox =4/1— t%i and unconditional variance ¢2.

Let py(s) = 6% + £F denote the conditional expectation of £ at state s. Suppose first that

12 (s) € [oxx!, pxX™1]. Define the probability of £;,1 = ¥/ given state s as follows:

pi(j) = /\(PX)”L,j(Nx/ Px,0x) + (1 — A(Px))”tﬂ,j(NXrPx/ 0x), (02.57)

i+l
where ¢ is such that p, % < 1, (s) < X and A(py) = W.

This choice of A(py) implies that we match the conditional moments:
Ny ‘
Z ps ()® = Alpx)pxx + (1 — /\(Px))Pxle = px(s)- (02.58)
j=1

The conditional second moment is given by
Ny

L P =21 =)+ 62 M) @+ (=A@ (299
Z
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Denote the conditional variance of the discrete process by 72, which is given by

0% = 21— )+ [Mp) 1) + (1= Mo )] = 02 [ + (1= Moy |

= 0z (1— p3) + p3A(px) (1 = Apx)) (@H —7)?

= o3(1-p3) + a§p§4}\(px;\(,1:l)‘<px>), (02.60)

. . 2
using the fact that (¥ — %) = f]ixl. As N, — oo, the second term on the right converges to

zero and &, = 02(1 — p2) = o2, given our choice of py. If yx(s)/px does not belongs to the grid
of %, then the discretization matches the conditional mean of £, but it overstates the conditional
variance.

Suppose now that jiy(s) & [p.X", pxX"*]. In this case, we set p(j) = 711,j(Nx, px, 0x) if pix(s) <
pxx! and pf(j) = 7N, j (N, 0x, 0%) if pi(s) > pXYNX. In both cases, the conditional variance is
matched exactly and the conditional mean achieves the value closest to jx(s) given the grid points.

A different representation. An equivalent representation of the system is given by

Ret1 = ze + oyl (02.61)
Zp41 = 0iz¢ + 0;0uU 11 + 090141, (02.62)

where z; = E;;[£;+1]. Hence, expected growth follows an AR(1) process and it is exposed to
both expectation shocks, v, and shocks to realized growth rates, 1;,1. Notice that we cannot
independently choose the persistence of expectations and the correlation between z;;1 and ;.

The impact of v; in expected future growth is

I, [£1+4] k-1
= 2.
20, W0, (02.63)
fork > 1.
02.7 A process with richer heterogeneity
Under the objective measure, log productivity follows a Markov-Switching process:
log(xt41) = pe1 + 0(log(xt) — pie) + e, (02.64)

where u;, 1 ~ N(0,02) and p41 follows a two-state Markov chain, that is, ;41 € {u!, 4*} and
Pr(ppp1 = wlu = ut) = pz. fori,j € {1,2}. The different regimes enable us to capture the fact that

productivity is subject to small fluctuations most of the time with occasional rare large shocks.
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Under subjective beliefs, productivity follows the process

log(x¢41) = per1 + 0i(log(x) — pe) + vip + Ujri1, (02.65)

where w11 ~ N(0,0%,), viy = p0i0; + /1= p20i,0;s, and (T, v;;) are iid standard normal
random variables. We assume that (u;, 9;,7¢) are mutually independent.

Subjective beliefs differ from the objective one in two important dimensions. First, the persis-
tent parameter 6; may differ from the objective one 6. Second, subjective beliefs are exposed to
expectation shocks v;;. These expectations shocks are exposed to a common component 7; and
an investor-specific component v; . Differences in 8; capture the fact that investors differ on how
they react to news, with some investors extrapolating and some investors under-reacting. The
expectation shocks v;; are important to capture the volatility of subjective expectations observed
in the data.

Define £; = log(x;) — p and the vector 0; = [01y,...,01,]. Investor i believes that [£;, T, 0]

follows the process:

N / A

i1 0; 00y /1—pPoisel] | % Uit

5t+1 - 0 0 01 x I Uy + 5t+1 (0266)
0141 01«1 Orx1 Orx1 0 Ot 41

Notice that the total variance and the variance of the conditional expectation are given by

o2 40?2 0202 + o2
Var(#q] = ———>=, Var[E[%1]] = ——* (02.67)
1-6; 1-0;
The fraction of total variance explained by movements in expectations is given by
V[/ZT[]Et [ﬁH_lH 2 2 Uizv
—— =0+ (1-67) 5——. 02.68
Var[xtH] i ( 1)0_51[ + 0-1‘2,0 ( )

02.8 A more general process for productivity growth

Let #; = log x; — u denote the demeaned log productivity growth. We assume that £; follows the

process:
Ri41 = 24 + 0y [\/ 1—p%up1 + sz0t+1] (02.69)
Zt41 = 0,2 + 050441, (02.70)

where u; and v; are standard normal random variables, serially uncorrelated, and uncorrelated
with each other. Notice that E;[x;;1] = z;, so z; corresponds to expected productivity growth. The

disturbance v;;1 can then be interpreted as expectations shocks. These expectations shocks are

18



potentially correlated with cash-flow shocks, with correlation coefficient p,,. In the long-run risk
literature, vy is referred to as a long-run risk shock, while u;,1 corresponds to a short-run risk
shock.

The ARMA(1,1) case. Suppose py, = 1. This implies that the process for £; specializes to
ft—l—l = szt + OxUpp1 — (Gzo'x - Uz)vt/ (02-71)

which is an ARMA(1,1) process. If we further assume that o, = 6,0y, then we obtain an AR(1)
process.
Notice that we can write the conditional expectation of x;, as follows

tr —E; 6, —b
Ei[xt11] = 0% — bw = E¢[x; 1] = Zi/gxﬁ?t- (02.72)
Oy 1-0bL
where b = 6,0, — 0, and L is the lag operator.
Define @; as follows
N (DR - MO
W = 1oL —;b X j. (02.73)
Unconditional moments. The unconditional variance of z;;1 is given by
02
Var(zyq] = 1_729%, (02.74)
and the unconditional variance of %, is given by
2 &
Var[®i+1] = E [Var[%p11]] + Var[E¢[fea]] = 0f + —2. (02.75)

1- 62

In this general case, we can choose 6, and ¢ to match the persistence and variance of expecta-
tions and choose ¢2 to match the unconditional variance of productivity growth. The parameter
Pxz controls the correlation between expected and realized productivity growth.

In the special case py; = 1 and 0, = 6,0,. This allows us to match the persistence of expec-
tations and either the unconditional variance of expected productivity growth or unconditional
variance of realized productivity growth.

If o, = 0,0, then

2
Var(z;11] = 62 Ix

S 02Var|x;1]. (02.76)
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Discretization of the productivity growth process. Using the process for z;,1 to eliminate

v¢+1 from the expression for £;, we obtain

o 1
£iq = 0212 _|_<pxzx_> Zpi1 — 0:2¢) + 0y /1 — 02 Uy q. 02.77
t+1 = 07 "Zt1 - 6 (zt41 — 022¢) + 0% O3z Ut 41 ( )

z

Given z;, z441, and u; 1, this allow us to solve for £;1. Suppose z; takes on N, discrete values
and u; takes on N, values. This implies that £; can take on N = N2 x N, values. If we impose
the constraint p,, = 1, then £;;, is independent of 1,1, so %; takes on N? possible values. If we
further assume that o, = 60,0y, then £; can take only N; values.

The current value of £ is determined by (z¢_1,z:, u) = (z',21,uF), where i,jed{l,...,N;} and
k € {1,...,N,}. We can define the current state as a function of (i,j,k): s =i+ (j —1)N, + (k —
1)N2. The transition matrix is then given by

Pr(z' = 2|z = 2)Pr(u’ = uF), if i = ] (©o278)

o 2y
PV(S/ =i+ (]/ —1)N, + (k’ —1)N7|s) = { 0, ifi’ # ]

wheres =i+ (j — 1)N; + (k — 1)NZ.

We can write the system above in matrix form:
Rit1 _ 0 1] |% i Ox 0 Ur ' (02.79)
Zi1 0 0.| |z Pxz0z /1 —p2,0:| | Vi1
Notice that the spectral decomposition of the matrix of coefficients is given by
0 1 1 1|16, 0| |0 ot
= z i (02.80)
0 6, 6. 0|0 Of|1 —6
Define the following transformed variables:
0 67! —
- = | |TH (02.81)
Wyt 1 —02_1 Zt

The difference equation for w; is given by

[w1,t+1] _ [92 0] [th] n [ szgf m% ] [”Hl]. (02.82)

a; ;
Wy ,t41 0 Of |wat Ox — Pxzg- —V/1— Pazczgf (Ju]

We can write the original variables in terms of w; ; and wy :

logx; = p +wy s+ woy, zp = 0,1 4 (02.83)
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We can then discretize w; and wy .

w2,t+1 = \/ 1- pazczaxut+1 + (szU'x - 029;1)0t+1 (0284)
W11 = 0,1 + 0202 g (02.85)
0 _
Xpp1 = p A Wi + /1 — p20x (w1001 — 9zwl,t);Z + (pxz0x — 0207 1) g1 (02.86)

zZ

O3 Proofs

03.1 Proof of Proposition O.1
Proof. We provide the characterization of the economy with N-possible states in steps, proceeding

from the households’ problem to the market clearing conditions.

Step 1: households” problem. Household i chooses consumption C;, hours k;, and arrow

securities B;(X,s,s’) to maximize (3) subject to the budget constraint:
C,+ E; [A(X, s, S/)Bi(X, S,S/)] = B; + Wh;, (03.1)

and an appropriate No-Ponzi condition.
As in the two-state case, it is useful to transform this budget constraint in terms of net con-

sumption and total wealth:

A/ B/+W/h1_ (h)1+V+H
W -

1+v

=B+ Wh; — ¢~

C,;+E
1+s 1+I/

+ Hi = Ni, (032)

where we used the fact that H; = E {A’ (W’h’ - ()" 7—[’)} and C; = C; — Ch i
1 s i 1+v i - 1+v-*

We can then write the budget constraint above as follows
Ci+ E; [A'N{] = N.. (03.3)

The household’s problem can then be equivalently expressed as choosing
(Gi(N,X,s),N/(N,X,s,s')) to maximize (3) subject to the constraint above and the natural
borrowing limit Ni’ (N,X,s,s") > 0. The solution takes the form in Equation (77) It Wlll be useful
to define the consumption-wealth ratio ¢; = CW and the normalized net worth n} = <. Define the

portfolio return as R; ,(X,s,s') = 1 (CX(XS )) which gives the budget constraint n’ = R;/n(l —¢). The
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function v;(X, s) must then satisfy the condition

1—yp—1

=
(X, s)N)Y T 1 NIV -1 [(0(X, )N T —1
(U ( i)_ l)I]_l — r:}%ix(]_ — ﬁ) (C 1)_ ll)_l + ‘B [ 1 — lp_l ] ,

(03.4)
subject ton’ = R},(1 —¢;), Es[A'R},] = 1,and n’ > 0.

Step 2: optimality conditions. The first-order conditions for the consumption-wealth ratio

and the portfolio share are given by

1

(1=B)e; ¥ = BRiX, )V (1 —c) ¥ (03.5)
ploui (X, s’)l_”YR;,n(X, s,8)77 = ps A(X, 8,8 u(X,s), (03.6)

1
where R;(X,s) = E; [(v;(X,s")R;n(X,s,8'))77|X,s] =7 and p(X, s) is the (normalized) multiplier
on the constraint on returns. From the first-order condition for consumption, we obtain Equation

(42). The envelope condition is given by

1

<

oi(X)7F = (1= B)e; ¥ = vi(X)17 = (1 - B)e; (03.7)
Notice that the multiplier is given by
0 _0
np! y1— 1— 1-p Ci ¢
H(X,5) = E{(@(X, R (%5, ) 7 = Rix,0) 7 = (B ) [0 T ons
1
Combining the previous two expressions above with the first-order condition for R} ,, we ob-
tain
0
1—8)(c)) ¥R, (X,s,8') 7
pss N(X,8,8") = plss/( pI () - in - ) (03.9)
1- G | ¥
(5°) [+%]
0
) N\ "¢ 1
i () R (©310
=p.A(X,s,8), (03.11)

using the fact that % +1-60=1.
Hence, expressions (42) and (43) hold unchanged with multiple states. Moreover, the change-
of-measure equation A;(X,s,s’) = P/ A(X,s,5") also holds.

SS/

Step 3: firms’ problem and labor market outcomes. The firm’s problem is essentially the
same and the first-order condition (13) holds without change. The equations for hours and wages
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(14) are also unchanged.

Step 4: law of motion of aggregate state variables. The aggregate state variables are the

same as before. The law of motion of £ is given by

pss A(X,s,s)

E'(X,s) = —
s'eS Yses Ps§A(X, S,S) s

(03.12)

and the law of motion of 7; is unchanged.

Step 5: market clearing conditions. Notice that Y-/, #;B; must coincide with the cum-
dividend value of the firm. Hence, Z{Zl u;iNj coincides with the cum-dividend value of the surplus
claim, A_P(X,s), where A_ denotes lagged productivity.

The market clearing condition for net consumption is then given by

I v
ZyiNici(X,s) =A_ <xsh(E)”‘ — gh(lE_’)_l;r ) . (03.13)
i=1

Using the fact that Y/, #;N; = A_P(X,s), we obtain the market clearing for consumption in
Equation (18). The market clearing for Arrow securities is given by

I
Y uiNini(X,s,s") = x,A_P(X',s'). (03.14)
i=1
We can write the expression above in terms of portfolio returns:

piNi(1 — ci(X,s)) xsA_P(X',s")

R,i(X,s,8) = —, (03.15)
YL N —g(X,s) ™ A [P(X,5) = (xh(E) — gMEE")]
using the fact that 2}21 #iN;j(1—¢i(X,s)) = A_ [P(X,s) - (xsh(E)"‘ - é‘h(ﬂlvﬂ)} .
We can write the expression above as follows

I
Y 7iRui(X,s,8") = Ry(X,s,5"), (03.16)
i=1

foreachs’ € S. O

03.2 Proof of Proposition O.2

Proof. We provide next a characterization of the economy with log-utility and an arbitrary number

of states.
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Step 1: consumption and portfolio decisions. Suppose = 7y = 1. This implies that
ci(X,s) = 1— B and that A;(X,s,s') = R;nl (X,s,s"). From the change-of-measure equation, we

obtain
_ pssA(X,s,8")

i
; = Rip(X,s,8) = — P’ (03.17)
Pss’

-1
Kin (X9 P A(X,s,)

Step 2: the economy’s SDF. Plugging the expression for R; ,(X,s,s’) into the market clearing

condition for Arrow securities paying off in state s’, we obtain

21‘1:1 Uipi / , , Pss'(X) . /
pss A(X,s,5") p(X,s,8") = A(X,s,s") PR (X,s,s) (03.18)

Notice that the portfolio return for household i is given by

) A pis’ /
Rin(X,s,s) b (X Ry(X,s,s'). (03.19)

Hence, optimistic investors, i.e. investors satisfying p’, > pss(X), hold a levered position on the

surplus claim.

Step 3: the surplus claim. From the market clearing condition for goods, we obtain

xsh(E)a . Ch(E)1+v

o 1+v
P(X,s) = -8 . (03.20)
This implies that the return on the surplus claim is given by
/ 1+v
/ xP(X',8) 2 xgh(E'(X,5))* — éw
Ry(X,s,s") = TEEA 5 TGRD . (03.21)
P(X,s) — (xh(E) —g"ER") xoh(E)s — gMEL
Using the expression for h(E), we can simplify the expression above
g E/(X,5) T — £ E/(X,5) T
Ry(X,s,s') = 222 (X.5) Lt L ) , (03.22)
,B xSEm — ﬁEl‘FV*lX

which coincides with the expression for the two-type case.

Step 4: interest rate and risk premium. Using the fact that R, (X, s) is the risk-neutral expec-
tation of Ry(X,s,s’) and E'(X, s) is the risk-neutral expectation of xy, we obtain

(03.23)

1+v 7/

,B xsEﬁ — 7136_1/E1+1/—4x

a o\ Xs E'(X,s)Ta
1+v

Ry(X,s) = (1 -
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which coincides with the expression for the two-type case.
The expected return on the surplus claim is given by

E]E[ ]E(X S)HVA_mE,(X S)1+va

1+
ﬁ _’xSElJrv a — 7E1+1Va

Es[R,(X,s,s')] = (03.24)

Taking the difference of the previous two equations, we obtain the risk premium on the surplus

claim:
s [Bafxy] = E'(X,s)]E'(X, 5)

03.25
,B xsEl+v « — 7E1-}—Tla ( )

IES[R‘;,(X,S,S/)] =

Step 5: law of motion of aggregate state variables. The risk-neutral probability is given by

pss’A(Xr S,S,) _ Pss’(X) P (X S, S) _ pss/(X) [xS’ - 136—1/E/(X S)] ! (03 26)
Yses PssANX,8,8)  Yacs pss(X)R (X, s,5) Yses Pss(X) [xs* — 10 E'(X, S)} o .

From the law of motion of £, we obtain

E'(X,s) =Y x¢ . (03.27)

JeS  Yges Pss(X) [ §— mE/(X S)] B

y psy (X) [xg — £5E'(X,5)] !

Rearranging the expression above, we obtain

y P X — E(Xos) _ (03.28)
ses YT mE (X,s)

The left-hand side is positive for E'(X,s) = x!,itis negative for E'(X,s) = xN, and it is strictly
decreasing in E'(X,s), assummg the condition xN < *- such that the denominator is positive in
the range x! < E’(X,s) < xN. Therefore, a solution ex1sts and it is unique.

The law of motion of the wealth share is given by

ﬂiRi,n(X/S/S/) _ ,Ri/”(X’S’S/)_ _Pss’

1(X,s,8) = — — . 03.29
1i%55) 2}:1 WjRj,n(X/S,S/) 1 Ry(X,s,8') 1 pss (X) ( )

03.3 Proof of Proposition O.3

Proof. We will construct an equilibrium that has iid returns for any financial asset. We guess-and-

verify that the consumption-wealth ratio and the net-worth multiplier are constant.
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Step 1: consumption and portfolio decisions. Let the consumption-wealth ratio be given
by c;f (X,s) = 1— p*, given a constant p* that we need to determine. Given that there is
no heterogeneity in beliefs, we obtain from the market clearing condition for Arrow securities
R}, (X,s,8") = R;(X,s,s). Plugging c; (X,s) and R}, (X,s,s’) into the expression for Af(X,s,s’),
we obtain

AI(X,5,8") = BY(B") TV [R}(X,5,8)] 7. (03.30)

Step 2: net-worth multiplier. From the envelope condition, we obtain

lp—l

0f(X,5) 0 = (1= B)ei (X,8) 0 = 0f(X,s) = (1—B)+ T (1= ") 9T, (0331)

Step 3: wages, hours, and profits. Using « = e, & = &, and taking the limit of the expres-
sions for wages, hours, and profits as € — 0, we obtain the expressions provided in the proposi-

tion.

Step 4: The price and return on the surplus claim. For an arbitrary a and ¢, the market
clearing condition for goods implies that

« 14+v
o

I+v—a — — [ 1+v—a

XSE 1 I/E

* Xs
P*(X,s) = = . .
(X.s) —p e (03.32)
e=0
The return on the surplus claim is given by
xgE'(X,s)TFs — % E/(X,s THa '
Ry (X,s,s') = b (X.5) 1 Eﬂ, ) =X (03.33)
B xET — (L ETts o B
Step 4: The economy’s SDE. From the pricing equation, we obtain
Ei[A}(X,s,8")Ry(X,s,8")] = 1= B*(B") "Bil(x)' 7] =1 (03.34)
Rearranging the expression above, we obtain
* 11— Ly !
B = BE;[(x) " T (03.35)
Notice that the condition p* < 1 is required to ensure that the consumption-wealth ratio is
positive.
The SDF is then given by

-1

A(X,s,5") = BE*[x)7) T (20)77, (03.36)
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using the fact that A*(X,s,s’) = Af(X,s,s').

Step 6: Law of motion of aggregate state variables. The risk-neutral probability is given

by
piA*(X,s,s") phx,”
N = = 03.37
Lses PsAY(X,8,5)  E*[x,"] 7
Hence, E'(X, s) is given by
E*[x} "]
E'(X,s) = —>—. 03.38
X9 = S (03.39)

Step 5: The interest rate and risk premium on surplus claim. The interest rate and risk

premium are given by

. E'(X,s E*[xy] — E'(X,s
R;(X,s) = (ﬁ* ), Ry, (X,s) = [x] Iz ( ) (03.39)
Using the expression for f* and E’(X, s), we can write the interest rate as follows

—-1_
RY(X,s) = BB (x)! 1) B () ), (03.40)

The expected return on the surplus claim is given by

* * / —1E*[(+" 1= pla *
E[Ro(X,5,5)| = BB [(x)! 7] T By (03.41)
and the risk premium on the surplus claim is given by
R*(X,s,s’ E*[x,]E*[x,”
E’ ”E )| =l 17[xs ] (03.42)
R;(X,s) E*[x} "]

O

03.4 Proof of Proposition O.4

Proof. We provide a characterization of the first-order correction for the value function, summa-
rized by the net-worth multiplier v;(X,s;€), and the policy functions, namely the consumption-
wealth ratio ¢;(X,s;€) and the portfolio return R; ,(X,s,s’; €), given the expansion for the econ-
omy’s SDF

A(X,s,5";€) = A*(X,s,5') + A(X,s,5")e + O(e), (03.43)

where f\(X, s,s") is the first-order correction for the SDF. We take A(X, s,s') as given for now and

we will solve for it in a later stage.
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Step 1: value function. The Bellman equation for household i can be written as follows:

1

_ 1yt
v;(X,s;€) ¥ A i (v;(X',8";€)RI (1 —¢;)) =7 e
XSl = (- p Ly + plies eV (L =) ] (0344
+u(X,s;€) [1 =Y PiA(X,s,s€)R), |,
s'eS

where X' = x(X,s,¢;¢€).
Taking the derivative of the expression above with respect to € and evaluating at e = 0, we

obtain a condition involving the first-order correction for v;:

y—yp~!

1—y 0*R* 1—7
(o) ¥ 0:(X,5) = B [2 p;‘,(vl’-‘R;‘,(s’)ﬁ*)l—W] [Z iR ( RLRAN

s'eS s'eS -7

Y pe () TR (s)BT) T 0i(X5, )

s'eS

— 1 (X,s) Y, piA (X, 5,8 )R5(s"),
s'eS

(03.45)

where we used the fact that R}, (X, s,s’;0) = R;;(X, s,s'),¢i(X,s;,0) =1— p*. We also used
the fact that x(X,s,s’;0) = X*, where X* = (E*, {n;}._,) as E'(x,s) = E* and the wealth
distribution is constant in the benchmark economy:.

Using the results for the benchmark economy, we can simplify the expression above:

szil
x 11— s/ x 11—
_[3[2795/9( 7] [ Z +Zps/x T6;(X*,s)
s'eS s'eS s'eS
— 1 (X,8) (1) Y piA( X,s,s’)Rp(s’), (03.46)
s'eS

where we used the fact that v* (X, s) is constant and Ry (s)* = xy.
Let’s solve for u* (X, s) next. The first-order condition for R, (X, s,s’; €) is given by

y—p~1

1—y
Y o (0i(X', s €) R, (1~ Cz'))l_”] pss (0i(X',8") (1 =€) " Ra(X,5,8") 77 = (X, s;€)pi A(X, 5, 5';€)
s'eS
(03.47)
Multiplying by R, (X, s, s") both sides and adding across states, we obtain
1-yp~1
1—y
1(X,s;e€) [Z Pl (vi(X,8';€) Ry (1 — ;)7 . (03.48)
s'eS
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Evaluating the expression above at € = 0, we obtain

H(X,s) = po*(X,s)1 ¢ [

)

Z p:/xl v

s'eS

1-yp1

K

(03.49)

Given p*(X, s), we obtain a system of equations for 9;(X,s’)
UAI(X S wxp 1=y 1yl *UAi(X*/S/) I S Lyl (U d / X 5, S)
— BE*[x,, '] T wy— = BE"[x, "] T S5 ,*
v (X, s) p s S,EZS * v*(X,s) p s sgs -7 Pk sgs SA*(X,s,s")
(03.50)
1-y w . 1=
I\ A n Xy iy PsXs
using the fact that R, (s")A*(X,s,s") = B and the definition w = B
We will solve first for the case X = X*. We can write the system above in matrix form
B ﬁi(X*,l) T "
1= Xow]  —Xow; —Xowy X bi1 (X7)
—xowi 1 — xpwi —XoW5 oi(X72 b, (X*
Aot Aot XoON || o) | 2 X9\ (03.51)
@t —Xew} 1= xowy] 2] [BEn(X)
1-yp~1
] T and
w? oL, . A(X*,s,s)
— = — 1. 03.52
L @ A*(X,s,s’ )] ( )
5;(X, N)]" de-

where x, = BE*|

bis(X*) = Xo

Let w
note a column vector, b”( )

sion above as follows

L1,

[1 - XU]IN('U*]

1_r)/ps/

wy;] denote a row vector,
LN (X)

* = |wi,w;, ..
X) = [b%(X)
denote a N-dimensional column vector filled with ones. We can then write the expres-

DS
7
—~

s'eS

")

= b7(X").

i

Xv

_XU

ﬁl(X) = [UAZ(X, 1), ce.,0
denote a column-vector, and 1y

(03.53)

The matrix on the left-hand side corresponds to the sum of an invertible matrix and
rank-one matrix. An application of the Sherman-Morrison formula gives the inverse of
(03.54)

an*} bY(X*)

this matrix, which gives the solution
(X') =57 (X) 1+
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(03.55)

Zws lS

ﬁi(X*,S)
1 — Xvses

vi(X,s)
we can write the expression above as follows
5 o
Al )] . (03.56)

Using the expression for b7,
Xv *) Z Wy 525’ Z

Wa w

s Lesl—mf s SA* 5,5')

0,(X*,s
l( ) — Z (15 s + 1
5eS v
Taking the average of the expression above using the weights w;, we obtain
5 ,)]

The net-worth multiplier at state (X, s) is then given by
*b'Z) X*

(03.57)

’)

v (X, s) — A
wr O,
Ss Zws’ )

s'eS A

Xv *
W;
Z [Sgl_q{ps/

L 0i(X%, )
L w; vi(X,s) T 1-
s€S Xv 5e5
The net-worth multiplier at (X, s) is then given by
0;(X,s) w? 5;5 A(X,s,s)
=X — C(J S T a Vv o\
RS B B
(03.59)

U;-k (X’ S) s’eS
We can then write the expression above as follows
0; (X 1 0, A(Xs,s) _
=X Wy | ¥ + X0,
Usgg ll—fyps A*(X,s,s') v
A(X*5,¢
(X", SS) ] : (03.60)

(03.58)

5,s')

X,s)

(X,

vl

where
—_  Xv * 1 555’
0= Wg W
1—XU§§9 L ll—ws,
From the envelope condition, the consumption-

(03.61)

Step 2: consumption-wealth ratio

wealth ratio is given by
(1—B)¥v;(X,s;€) Y.

ci(X,s;€) =
(03.62)

The first-order correction for consumption is then given by
731' (X ;S )
[(X,s)

(1= B)" (0 (X,5)) (1 - )

él(X, S) =
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Step 3: portfolio return. Using the expression for the Lagrange multiplier, we can write
the first-order condition for the portfolio return as follows

i
PS:/ vi(X, ) TR(X,5,85€) T = A(X,5,55€) Y plo(0i(X', s €)Ru(X,5,5'5€)) 7

s/ s'eS
(03.63)
Expanding the expression above in €, we obtain
S5, 0;(X*,s") R.i(X,s,8) A(X,s,s)
“ss’ 1— L 4 _ nji = 4 03.64
T ®s) TR (x 55) A (X5,9) (03.64)

i

Ly Py (" (X,5)Ry(s")'™

z?i(X*,s’) Rnli(X,S,S/)
e LseS p;l‘(v*(X,s)R;( )) -

ss’ .
P + (1 ,)/) < ’U*(X,S) R;(X,S,SI)

S/

(03.65)
Rearranging the expression above, we obtain
ﬁni(X/S/S) nz XSS) R /
A2 ) (] — =b(X,s,s"), 03.66
i Rj(X,s,s') i Sg,ws Ry (X,s,5) (Xs,5') ( )
where
Sl 0;(X*,s") P 0:(X*,38) | Ai(X,s,9)
R " — °ss . 1 7 _ x | Yss _ 1 ’ o 797
bl (X/S/S) - *, +(1 /Y) U* X,S Zws * +(1 ,)/) ,U* X,S A* X,S,S/
5 sesS Ps
(03.67)
We can write the system above in matrix form:
[ Ryi(X,s1) T
Y+(1-7yw; (A-7w; ... (Q—-7w'N R, (Xs,1) b*(X,s,1)
« . . Ry i(X32
1-7w; vy+AQ-—7w; ... (A=7w) R;‘,((X,SS,Z)) _ bR(X,s
1 —v)w* 1—7)w; + (1 — w)ws R,,,i(X,s,N) bR(X,s,N
(1= 7)wy (1=7)w; 7+ (1 -wwy ke i ( )
(03.68)

Denote the matrix above by A" and define the row vector w* =

[w*(s1), w*(s2),...,w"(sy)] and the column-vector 1 with 1 in every entry. We can

then write A* as follows:
A" =9I+ (1 —v)lw". (03.69)
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The inverse of A* is given by

(A= 21- —w*. (03.70)

The portfolio return is then given by

an‘(X/ 515/) 1 R / 1—7 fxl(X,s, 3)
, bR(X,s, _ i 2\ 03.71
R;‘:(XIS/S/) v (%,55) Y ggg ’ A*(X,s,8) ( )

We can write the expression above as follows:

Ryi(X,s,8") _ 1 Oy _ 9 A1(X ) 7 :

i ses PS/ Ps ses

0;(X*,8)  9;(X*,3) A1(X,s,5)
( v*(X,s) B v*(X,s)> + A*(X,s,9)
(03.72)

Notice that we can write the term involving 9;(X, s) as follows

b; (X 1 (& O\ [ AXNSLE) A5
o , sggw ) Xvsgw S%w [ — <P;~F/ ps/> (A*(X*,S,S~/) A*(X*,§,§’)
(03.73)
[
03.5 Proof of Proposition O.5
Proof. From the expression for wages, we obtain:
AE\ T . (RE\ T
w(E;e) :g("‘éf) . :g(“§> Ter o). (03.74)

Hours are given by

1 &E AENTE  /aE\ o log (%) )

Profits are given by

A\ THv—a 1
n(X,s;€) = <A> {xsEHg—bY _ aETHw
¢

de+O(e?), (03.76)

where we used the following Taylor expansion:

logE ,

Em= =1 + o det O(e?). (03.77)
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03.6 Proof of Proposition O.6

Proof. We derive next the expression for the price and return for the surplus claim and riskless

asset.

Step 1: price of surplus claim. The market clearing for consumption can be written as

P(X,s;¢) i ci(X,5;€) = (“) i [x Er= — & prit ] (03.78)
7°7 i:17ll 1 727 - g S 1+V . .

Expanding the expression above in €, we obtain

log(&E/¢) 1 E

— | a. 7
1+v 14 vxg & (©3.79)

P(X,s) .Emc*(X,s) -

Rearranging the expression above, and using the expression for ¢;(X, s), we obtain

P(X,s) . E1 & L (X,
P g = [oB@E/D) - ] 7o - - g (03.80)

Step 2: return on surplus claim. The return on the surplus claim is defined as follows

xsP(x(X,s,s;€),s';€)

R,(X,s,5;€) = — -
” P(X,s¢) — (xh(E) — 5

(03.81)

1+v

Expanding the expression above in €, we obtain

Ry(X,s,s)  DP(X*s) P*(X,s) P(X,s) 1
* n P+(X* ¢\ | P*(X — x. P*(X T pr(X _ Xs log
R} (X,s,s') (X*,8') (X,s) — xs P*(X, ) (X,s) — x5

E)_E)liv]'

(03.82)

W &

We can write the expression above as follows:

R (X,S,S,) o p(X*,S/> o p(X,s) o & E A
RZ(X,S,S’) ~ P (X, ¢) - [(,3 ) 1P*(X,S) +(1—(g™ <1og <8E> — xs) 1—1—1/] , (03.83)

using the fact that P*(X,s) = x5/ (1 — ).
Using the expression for the price of the surplus claim, we obtain

Ry(X,s,s") i E* E & ! 0;(X*,s") 1 0:(X,s)
Rg(X,S S/) - |:10g<E /E> - < - >:| 1+ v - (1 _l/)) 21771 |:’0*(X*,S/) - ,B*U*(X,S)] ’

7 xS/ xS
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Step 3: interest rate. The interest rate is given by

-1
Ry(X, psfx ,7 A(X,s,s")

Ry(X,s,s';€) piN(X,s,s'; e)] = = - > . . (03.85)
L;S Ry (X, ;5 NANX s, )

Step 4: stock prices. Stock prices, normalized by current productivity, satisfy the functional

equation:

Q(X,s;€) = ) pa(X,s,5;€) !(g) (xs/E’(X,s;e)m — aE'(X,s;e)l}rﬁ> +xsQ(x(X,s,5;€),5;€)

s'eS
(03.86)
For € = 0, we obtain
Q" (X,s) = ) piN(X,s,5)xy [14+ Q*(X*,s")]. (03.87)
s'eS
We can write the expression above as follows:
09— T L 14 0x)] + 0k = £ (03.88)
,8) = =5 ,8 ,8) = - .
ses IE*[X;/ 7] 1- :B
Expanding the expression for Q(X, s), we obtain
A A RE* A
A(X,s) | AXs,8) (s () B\ o)
= o g i S A LA — 6/ = =/ .
o - | aEse PO T T )R e | (O3
Evaluating the expression above at X = X*, we obtain
[I = B Inw*] Q(X*) = b2(X"), (03.90)

where Q(X) = [Q(X,1),...,Q(X,N)], bQ(X) = [b2(X,1),...,b2(X,N)]’, and bQ(X,s) =
Q(%,5) Fyes @ [ Ate) | (1 gy <1°g1<j5) - E) ] |

Solving the system above, we obtain

O(X*) = {1 +1 f*ﬁ*nw*} bR (X*). (03.91)

We can then write Q(X, s) as follows:

Q(X A(X,s, s) . A(X*,s,s’) (,3*)2 . A(X*,§,s’) log (?*) .
Q Xf) sgSw A*(Xss)Jrﬁ A*(X*,s,s’)+1—ﬁ*;§9w§z\*(x*,s,s’)]+( 1+v Zws/f &

s'eS
(03.92)
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Step 5: equity returns. Equity returns are given by

xsQ(x(X,s,s’;€),8) + n(E(X,s;¢€;¢€),5)

Re(X,s,s;€) = .
£(X,s,s';€) 0X,5;¢) (03.93)
Evaluating the expression above at € = 0, we obtain
xg Q*(X*,s") + m*(E*,s')  xg
R:(X,s,s) = =5 == 03.94
5] Q" (X,56) B (359
The first-order correction is given by
Re(X,s,s") LQ(X*,8) f(E*s") Q(X,s) (03.95)

Ri(Xss) P oms TP T T Ty

Step 6: conditional risk premium. The conditional risk premium is defined as follows:

— Re(X,s,s';€)
Re(X,s;€) = 5 {— ) (03.96)
s;s* Ps Ry(X,s;€)
The first-order correction is given by

ﬁ ps/xs A ( /S/S/) Rb(X/S)
— . 03.97
RY( ,S) Sg Ry(X,s,8")  Rj(X,s) ( )
O

03.7 Proof of Proposition O.7

Proof. We consider next the law of motion of #; and L.

Step 1: wealth distribution. The law of motion of #; can be written as

1
ni(X,s,5"€) Y niRin(X,s,5"€)(1—ci(X,s;€)) = niRin(X,s,5;€)(1 — ci(X,s;€)).  (03.98)
=1

Expanding the expression above in €, we obtain

! R I’l X 7 H ’ Ci [ Ci X/
08 ) = | )~ DR ) ~ T (e~ L ieks
R, (X,s, = (Xos,8)  1—c(X,s) \ ¢f(X,s) = (X,s)
(03.99)

Using ¢} (X,s) = 1 — B* gives the expression in the proposition.
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Step 2: risk-neutral probability of productivity growth. The law of motion of £ can be

written as

E'(X,s;€) = Ry(X,s;¢€) Z piN(X,s,s;€)xs. (03.100)
s'eS

Expanding the expression above in €, we obtain

E'(X,s) ﬁ paN*(X,s,8)xy A(X,s,s)
03.101
E*(X,s) X,s sgs E*[A*(X,s,s")xg] A*(X,s,s") ( )
We can write the expression above as follows:

E'(X,s) Ry(X,s) pixlT A(X,s,s')
- = 4 LR (03102)

E R} (X,s) SES'IE*[ U A (Xs,s')
Using the definition of E* and w;, we obtain the expression given in the proposition. O

03.8 Proof of Proposition O.8

Proof. We consider the derivation of the economy’s SDF A(X, s, s').

Step 1: the system of equations. The market clearing for the Arrow security paying off in
state s’ is given by

I I
Y (1 —ci(X,s;€))Rui(X,5,5") = Rp(X,s,8") Y 1i(1 — ci(X, 5;€)). (03.103)
i=1 i=1
Expanding the expression above, we obtain

niRni(X,s,5") = Rp(X,s,5). (03.104)

M-

N
Il
—_

Using the expression for R,,;(X,s,s') and R, (X,s,s'), we obtain

555’(X) _ 2 w;/(ss§/(x) . A(X/SIS/)

I
"
& X oL

ot~ (5Dl e o B [ S

xs/ Xs 7

1 1—9 0;(X*,s") . 0i
a i e

(03.105)

—_
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Using the expression for 9;(X, s), we obtain

1 A(X,s,s’) ot A(X*,¢,8)  A(X*,53§) . A(X,s,8)
T (X58) [ﬁ Sgs“’ sgg (A*(X*,s’, 7y A*(X*,§,§’)> _E S A(X, s, 5/)]
(03.106)
. « [ A(X*,8,5) 1 A(X,s,§ 5,9 A ,
-1 - 3 1 — b (X,s,s"),
(I/J )ﬁ [ 5%605 (A*(X*,S/,~/) ﬁ* A*(X s, §/ > sgS'w sggws A* X* /)] ( 5 S)
(03.107)
where
1 (X g (X o (X
x5y = L [ X) g G X)) B [Ecw Y |22 e
T Ps JeS g T ses  ses Py g
—1 N . 055 (X) (X E* E* E &
iy wgllssg el SS§>}_{logf_(x__x_)}1+v_
Tses  des Ps g g s' 5
(03.108)
We can simplify the expression above as follows:
1AX!// — * A k% A yx ) * * A [(VE x /
,W((X;SS,))Jr(zp—y h lw A - o AKX + B D sl AKX | =t (Xs),
(03.109)
here A(X. s) — [AX'sD)  AX*s2) Ax*s,N) 1’ dew* - A(X « AXs8)
whnere ( ,S)— A*(X*,S,l)’ A*(X*,S,Z)""’m and w” - ( ,S) 25/&)~/m

Step 2: solving the system. We can write the system above in matrix form as follows:
[7*11 +(p— fy*l)ﬂNw*] A(X,s) = BM(X,s), (03.110)

where b4 (X, s) = [0 (X,s,1),04(X,s,2),...,6%(X,s,N)]' and

b (X,s,8') = b (X,s,8) + (p — ¢ H)B* [w* AKX, = ) ws(w? A(X*,sf))]

5eS
(03.111)
Applying the Sherman-Morrison formula, we can invert the system above
A(X,s) = [71 — (- qu)]le*} A (X, 5). (03.112)
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We can then write the expression above as follows:

//\\m = bN(X,s,8" )+ (yp—1)B* |w* - A(X*,s) Sgsws w* - A(X ))] —(y— v Hw b (X, s).
(03.113)

Step 3: solving for the average A(X,s,s’). Assuming X = X*, multiplying by w?, and

adding across states, we obtain
w*A(X*,s) = p W b (XF, ). (03.114)
Averaging across s, we obtain

Y wiw AX%8)] =91 Y wiw b (X,3)]. (03.115)
ses ses

We can then write A(X,s,s’) as follows

AT o ()~ (1= D (K, + (-9 [w* ) = D -bA(X*,sv)] .
(03.116)

Step 4: simplifying the expression for b*(X,s,s’). We can write b*(X,s,s’) as follows:

bA(X,s,s’):%PSS/p—fg)—w*-ds(X)} +‘%* S/(X)—Zwiw* J:(X)
+%[w*-5( ) — B*w* - 54(X) + B Zw w* - 55(X)) | — {log%*—(f—;—xﬁs)]liv.

(03.117)

Combining terms, we obtain

g £ (E_EY] &
8F Xy x5 )| 1+v

bA(X,s,s’)z,1‘5“’()()—"’_71 [w*ﬁ( ) — B*w* - 64(X) + B* Zw w* - 85(X)) | —

Py v—1
(03.118)
Notice that we can A(X,s,s’) as follows:
A(X,s,s")  A(X*ss) E E—-E*] &
— log — — . A1
A*(X,s,s")  A*(X,s,s’) Ty 08 Xs 1+v (03.119)
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03.9 The economy with no labor frictions and iid returns

Suppose that labor can be chosen conditional on the current productivity level. In this case, the

problem of the firm can be written as
rr}lax xthf — wihy, (03.120)
t

where w; = A":’jl . Labor demand takes the familiar form:

1
T
wx = wy = hy = <"‘xt> . (03.121)
wt
The labor supply from households is given by
l/
hy = (?) . (03.122)

Combining labor supply and labor demand, we obtain the equilibrium hours and wages:

THv—a —a v
By = ("‘?) - w0 = ET () o (03.123)

Firm’s profits are given by

I lﬁ%a 1+v
= Ar-1(1 —a) (C) X, (03.124)
Total surplus is given by
Com Ao | — e B A (1 ) (B) T 03.125
t= Apq Xtt_1—|—1/_ t—1<_1+v><€> Xy . (03.125)

Let P(X,s) denote the price of the surplus claim normalized by lagged productivity. Market

clearing condition implies that

o _Itv
. o o\ T x e
1-p"= <1 — 1—1—1/) <€> P(X,5)’ (03.126)

where 1 — 8* is the consumption-wealth ratio, which we assume to be constant.
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The return on the surplus claim is given by

14+v P
x v« , D\ THv—a
Ry(X,s,s) = ol X (xs) . (03.127)
,B* stV*“ ,B>(< xS
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