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Abstract

We study the impacts of the spatial distribution of R&D subsidies in the US. One key
feature of these subsidies is their dynamic effects (through innovation, as they subsidize
R&D) and spatial effects (as the subsidy rates vary from state to state). To account for both
dimensions, we develop a tractable model of endogenous growth with spatial heterogeneity
and agglomeration spillovers in innovation. We provide three key results. First, the existing
distribution of R&D subsidies is superior to a spatially homogeneous one with the same
overall cost. Second, the optimal distribution of R&D subsidies increases the present value
of consumption by 3.2% to 6%, without increasing the overall fiscal burden of the subsidy.
Third, the geographical scope of the policy (e.g., subsidizing cities vs. states) can drastically
change which locations get subsidized.
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1 Introduction

Research and Development (R&D) subsidies are some of the most important policies to fos-
ter innovation in the US. However, these incentives often vary substantially between locations.
Consider R&D tax credits: Introduced in 1981 at the federal level, these credits apply to
company-funded R&D expenditures above a predetermined baseline level.! Since their intro-
duction, most states have also adopted subsidies targeting research activities over the years (see
appendix figures A.1 and A.2), resulting in a wide spatial dispersion of R&D tax credits. Figure
1 plots the dispersion of effective tax credit rates by state in 2005.

What are the aggregate implications of the spatial dispersion in R&D incentives? The answer
to this question must account for both the spatial and dynamic implications of R&D policy.
Spatially heterogeneous subsidies can affect where workers and firms choose to locate (Moretti
and Wilson, 2017; Akcigit et al., 2016). This is relevant because innovative activity benefits
from agglomeration spillovers: inventors are more productive when they are located in densely
populated cities (Moretti, 2021).2 Moreover, as R&D constitutes an investment decision, it
affects not only the level of economic activity but also economic growth.

In contrast, most existing studies that evaluate the impact of spatial policies do so in a
static setting (Kline and Moretti, 2014; Ossa, 2015; Gaubert, 2018; Fajgelbaum and Gaubert,
2020). Similarly, studies that evaluate the long-run effects of R&D or innovation policies seldom
account for local externalities or the spatial heterogeneity of innovation subsidies (e.g., Akcigit
et al., 2018).

We build an endogenous growth model with local agglomeration externalities and spatial
heterogeneity to assess the current distribution of R&D subsidies and compute a potential
optimum. The framework captures the spatial and dynamic aspects of R&D policy by allowing
the productivity of individual inventors to increase with the population density of the city where
they live. Furthermore, the population distribution itself is endogenous, which means that
changes in local policies can attract new inventors to a city. We provide three main findings.
First, the current distribution of R&D subsidies does better than a spatially homogeneous
subsidy that would cost the same to the general government, increasing welfare (present value
of consumption) by about 1%. Second, there is much to be gained under an optimal policy.
If subsidies are allowed to vary by city, aggregate welfare increases by at least 6% under the
optimal distribution. When subsidies are fixed at the state level, the gains are about half as
large, at 3.2%. In both cases the overall fiscal burden is kept constant, so these gains are driven
solely by the reallocation of inventors to a few dynamic cities.

Third, and perhaps most surprising, the geographical scope of the policy (e.g., city vs. state-
wide subsidy) plays a critical role in determining which locations should receive subsidies. Since
agglomeration externalities operate at the city level in the model, concentrating inventors in a
few highly productive cities will boost innovation. At the state level, this idea may not hold

because the composition of cities also plays a role. Specifically, it is sub-optimal to subsidize

!The Joint Committee on Taxation (2010) estimated that R&D tax credits would amount to over US$ 9 billion
in foregone revenues to the federal government in 2019, about 20% more than the National Science Foundation’s
budget for that year (see https://www.nsf.gov/about/budget/fy2019/pdf/01_fy2019.pdf).

2The benefits from agglomeration, however, must be weighed against congestion costs and the fact that local
benefits might be offset by losses elsewhere (see Kline and Moretti, 2014).


https://www.nsf.gov/about/budget/fy2019/pdf/01_fy2019.pdf

Figure 1: R&D Tax Credit Rates per State, 2005.

Note: The figure shows the effective R&D tax credit rates as computed by Wilson (2009). Statutory and effective
credit rates differ based on how the base amount is defined and whether or not the credit is “recaptured” (i.e.,
considered taxable income).

R&D in states that have one highly productive city and several other medium-sized cities. This
is because the subsidy to these medium-sized cities will also attract inventors, undermining the
concentration into the most productive places. In contrast, a state where innovation is highly
concentrated in a single city is a good candidate for a state-level subsidy—even if that city is
not the most productive in the country—because most inventors will end up in the same place.

In its essence, the framework we develop adds a spatial dimension to a model of endoge-
nous growth through innovation (Aghion and Howitt, 1992). The model includes a system of
heterogeneous cities, where inventors benefit from agglomeration spillovers (i.e., they become
more productive when they are in densely populated by other inventors), but may also face
congestion costs through more expensive non-tradable goods. Firms hire inventors to innovate
over goods varieties, increasing their quality and pricing competitors out. As a result, firms
want to be located in the most productive places (including agglomeration spillovers), which
allows them to innovate more and increase profit. However, because workers can move across
cities after paying a moving cost, this force for agglomeration is countervailed by higher wages
required to live in more expensive cities.

This is where government policies can play a role in determining the spatial distribution of
innovation. R&D subsidies reduce firms’ innovation costs, increasing their innovation efforts.
If these subsidies are local and focused on densely populated regions, they also increase the
willingness of firms to pay the higher wages required to live in those places. Alternatively,
if subsidies are focused on low-density areas, they incentivize firms to move away from large
population centers. As a result, governments can use local policies to influence the location
choices of inventors and firms, taking advantage of agglomeration spillovers to increase aggregate

innovation or reducing the costs of R&D through lower congestion.



Despite these moving parts, the model’s equilibrium is highly tractable. This makes the
policy exercises we run computationally simple, as many key variables have analytical solutions
in equilibrium. More importantly, it provides us with relationships between variables that can be
directly taken to the data, making identifying and estimating parameters more transparent. For
example, two key parameters in the model are the elasticity of agglomeration and the elasticity
of congestion with respect to city size. Within the model’s structure, these parameters can
be estimated through linear regressions that we take to our data. To account for potential
endogeneity in each city’s population, we construct a shift-share instrument that leverages
industry-specific growth in the employment shares of inventors as exogenous shifters for the
population in each city (Adao et al., 2019; Borusyak et al., 2022; Goldsmith-Pinkham et al.,
2020).

The model also does well in replicating untargeted distributions of patents and firms and
in replicating out-of-sample changes in the spatial distribution of inventors and patents over
several decades. Specifically, the model can reproduce the cross-city distribution of inventors
and patents in the 1970s, 1980s, and 1990s with reasonably high accuracy (correlations greater
than 0.8) just by changing the R&D subsidy to its appropriate level at the time. We note
that changes in state-specific R&D tax credits/subsidies are largely uncorrelated with changes
in states’ corporate and labor income taxes, which suggests that R&D subsidies are indeed

responsible for the long-run patterns we measure.

1.1 Relationship to the Literature

This paper is related to several strands of the economic literature. The main findings of the
paper contribute to the literature on spatial misallocation and optimal spatial policies. In
line with our results, several other studies have found large potential gains from reallocating
resources across space in the US.3 Hsieh and Moretti (2019) argue that housing supply restric-
tions adopted in some of the most productive cities in the US significantly lowered the country’s
rate of growth between 1964 and 2009. Fajgelbaum et al. (2019) find that tax dispersion across
states leads to aggregate losses because it distorts the spatial allocation of resources. Gaubert
(2018) and Fajgelbaum and Gaubert (2020) develop general quantitative frameworks that allow
them to compute optimal local subsidies designed to attract workers and firms to each city. Sim-
ilarly, Ossa (2015) explores the welfare effects of subsidy competition among states, while Kline
and Moretti (2014) study the long-run effects of the Tennessee Valley Authority development
program.

Although these are important contributions, the existing literature has analyzed the welfare
effects of spatial policies primarily through static frameworks. As discussed above, R&D tax
credits have both spatial and dynamic effects that interact with each other. A purely spatial

model would incorrectly evaluate the welfare effects of spatially reallocating R&D subsidies

3In light of the recent rise in economic inequality across the US, some economists have diverted their focus to
policies designed to mitigate economic distress (Austin et al., 2018) or income inequality Farrokhi (2021). Glaeser
and Hausman (2019) discuss changes in innovation policies that focus on particularly impoverished areas as a
means of reducing joblessness. At the same time, they recognize that spatially reallocating innovative activity
might reduce the overall production of innovation in the country. So, they suggest alternatives that minimize the
spatial reallocation of R&D funding.



because it would ignore the impact of a rise/fall in the rate of creative destruction on the
incentives of firms (more creative destruction reduces the incentives to innovate, as the chance
that a firm is replaced by a competitor in the future increases). Similarly, a purely dynamic
model would predict no relationship between the location of subsidies and aggregate growth.
Thus, to understand how the aggregate economy reacts to changes in the distribution of R&D
subsidies, one must adopt a setting that captures this policy’s dynamic and spatial effects.

The theoretical framework developed here is based on endogenous growth models in which
innovation through creative destruction is the main driving force of economic growth (Aghion
and Howitt, 1992; Klette and Kortum, 2004; Akcigit and Kerr, 2018). It contributes to this lit-
erature by nesting such an endogenous growth model into a spatial setting. The resulting model
retains many of the features in the growth literature, but also allows for spatial heterogeneity,
agglomeration spillovers, and endogenous population distribution. Adding a spatial dimension
to this class of models helps us to understand the linkages between innovation at the firm level,
which is greatly impacted by the firm’s location through agglomeration spillovers, and broader
economic growth. It is also fundamental to the investigation of the impact of spatial policies
on aggregate welfare and growth.

This framework also contributes to the literature on spatial and dynamic models. One
closely related paper is Duranton (2007), which embeds a quality ladder model into an urban
structure to study the city size distribution and the movement of industries across cities. The
main advantage of the current setting is that agglomeration and congestion externalities are
microfounded and endogenously generated in the model’s equilibrium; in contrast, Duranton
(2007) relies on a reduced form that captures the net effect of these externalities on the size of
cities.

Other spatial and dynamic models (Desmet et al., 2018; Caliendo et al., 2019) generally do
not focus on the details of innovation and their solutions and estimation can be numerically
demanding. In contrast, our model remains highly tractable and preserves a natural link between
firm-level decisions in the model and in the data. This tractability is partly possible because
some frictions, such as trade costs, are ignored in our model as they typically do not account for
a significant cost of R&D-intensive products/industries. Other relevant spatial heterogeneities
(amenities, moving costs, city-specific productivity) are also crucial in our framework.

The remainder of this paper is organized as follows. Section 2 develops a formal endoge-
nous growth model replicating the linkages between city-specific R&D subsidies and aggregate
growth. Section 3 solves for the model’s equilibrium in a Balanced Growth Path. Section 4
shows how to map the model’s equilibrium to the US data and estimate its parameters. In
section 5, we use this framework to measure the effects of adopting alternative R&D policies.

Section 6 concludes.

2 A Dynamic Spatial Model of Innovation and Growth

In this section, we introduce our theoretical framework. The main contribution of this model is
to provide a tractable quantitative framework that allows the productivity of R&D investments

to be a function of spatial heterogeneity and local agglomeration externalities. This implies



that the spatial distribution of economic activity matters for aggregate growth. In addition,
since workers and firms choose where to locate, this distribution is endogenous and responds

dynamically to policy changes.

2.1 Citiles

There are C' + 1 cities, indexed by ¢ € {0,1,...,C}. For many results in the paper, we consider
the limit as C' — oo. Cities differ in four key aspects. First, each city has an amenity level a.
that captures factors enhancing quality of life, such as climate, geography, or cultural attributes.
Second, cities have a landmass m, which absentee landlords own. For convenience, we assume
land is fully taxed by the government and normalize moy = 1 and m. = 1/C for all ¢ > 1. This
emphasizes that when C' is large, each city represents only a small share of the economy, and
the Law of Large Numbers can be applied to equilibrium results.* The distinct role of city 0
will be discussed in below.

Third, cities have a distinct geographical location. The impact of a city’s location on eco-
nomic outcomes can be felt through moving costs: any individual who wishes to move from
city ¢ to city ¢ must pay an instantaneous cost that reduces their utility by a factor of d(c, ).
Following Desmet et al. (2018), we assume that this cost can be decomposed into an origin- and

a destination-specific component such that
d(c,d) =di(c)da(¢) and d(c,c) =1,

where the latter condition guarantees that no cost is incurred if the agent decides not to move.

These two assumptions imply that
1

~ da(o)

for any city ¢, which means that an agent leaving city c effectively receives a “benefit” equal to

d1 (C)

the cost of entering that same city. One important implication of this result is that the history
of cities where an agent has lived does not affect their overall lifetime moving cost: this is fully
determined by the initial and final destinations only. To see why, note that the cost of moving
from city a to city b and later from city b to city ¢ is the same as moving from city a to city ¢
directly:
d(a,b) x d(b,c) = di(a)da(b) x di(b) d2(c) = di(a)da(c) = d(a,c).
T

Fourth, and finally, we also introduce a city-specific productivity term x.(t), which captures
the idea that some cities serve as innovation hubs, often benefiting from local venture capital
networks (Gompers and Lerner, 2001) or a culture favorable to entrepreneurship (Manso, 2011;
Saxenian, 1994). To allow for local shocks and realistic spatial dynamics, we assume this
productivity term is stochastic and evolves according to

Xc(t) = Xcezc(t) )

4This normalization is also without loss of generality, as the role of landmass cannot be distinguished from
amenities and productivity in equilibrium outcomes.



where Y. captures permanent differences in R&D productivity across cities, and z.(t) is an
Ornstein-Uhlenbeck (O-U) process:

dze(t) = ¢(p — ze(t))dt + o dWe(t).

Here, ¢ and o denote the mean reversion and volatility parameters, respectively, while W, ()
is a city-specific Brownian motion. The O-U process is particularly useful in this context as
it ensures stationarity, which means that as ¢ — oo, the distribution of z.(t¢) stabilizes with a
finite mean and variance (Stokey, 2008). Consequently, while individual cities face uncertainty,
the model does not exhibit aggregate uncertainty in the large-C limit. We set u = —o2/(4¢) so
that, under the stationary distribution, E[e*] = 1.

People and Goods. FEach city hosts both workers and firms. Workers are divided into
two groups: inventors, who engage in R&D, and production workers, who manufacture final
goods. The total number of inventors and production workers, denoted by I and L respectively,
remains constant over time. Workers do not switch occupations in response to R&D subsidies,
an assumption that simplifies the model and aligns with empirical findings on the inelasticity
of inventor supply (Goolsbee, 1998).

Both types of workers are free to move across cities at any time (after paying the moving
costs) but must be employed locally—meaning that they work in the city where they reside.
This assumption might also abstract from some real-world frictions but aligns with empirical
evidence that labor responds significantly to regional tax differentials (Moretti and Wilson,
2017). Firms can also choose their location upon entry but cannot relocate afterward. In our
model, the location of a firm determines where its innovation activities occur. Firms with
multiple locations that employ inventors in different cities are treated as separate entities (see
Section 4 and Online Appendix C.1). Like land, firms are owned by absentee investors and are
fully taxed by the government.

The model includes three types of goods: a final non-tradable good, a final tradable good,
and intermediate goods. We assume that tradable goods can be exchanged without transporta-
tion costs. Although this is a simplification, it is justified by the fact that many innovation-
intensive goods have low transport costs relative to their value. Additionally, production and
innovation often occur in different locations, implying that transport costs should not signifi-
cantly influence firms’ decisions on where to innovate. In our setup, production is concentrated

in city 0, whereas innovation occurs in all other cities.

2.2 Preferences

The only consumers in this model are inventors and production workers. All consumers share
the same utility function but may differ in wages. A worker of type h € {i, ¢} (where ¢ denotes

an inventor and ¢ denotes a production worker) has utility given by

Uh(to) = /too o Pt m?)x{uﬁ(t) ()G (t)}dt,

0 <



where ¢(t) is the city where the worker resides at time ¢, G(¢) is the amount of public good
consumed in period ¢, and u’;( t)(t) represents the maximum utility a worker of type h can attain

while living in city c at time ¢:

ul(t) = max [acn())?y(0)70 st y(t) + pact)n(t) < wh(t).
n(t),y(t)

In this expression, a. are amenities, n(t) represents the amount of the non-tradable final
good consumed at time ¢, and y(t) is the amount of the tradable final good consumed in
the same period. In what follows, we will refer to the non-tradable final good simply as the
“non-tradable good” and the tradable final good as the “final good” (intermediate goods are
introduced below).

All workers inelastically supply one unit of labor per period, so their income is equal to their
wage, w?(t). To simplify the analysis, we assume that all consumers are “hand-to-mouth” in
the sense that they cannot borrow or save. This ensures that a worker’s wealth does not depend

on past locations where they may have lived.

The Role of Mobility Restrictions. Appendix G explores several extensions of the model,
one of which assumes no mobility across cities. In this scenario, we show that the spatial
distribution of R&D tax credits does not affect the economy’s aggregate innovation rate. Any
impact of larger subsidies is entirely absorbed into higher wages, as the supply of inventors in
each city remains fixed. This result contradicts empirical evidence that R&D subsidies increase
innovation at the firm level and that inventors exhibit relatively high mobility.

An alternative extension assumes that inventors can move freely across cities, while pro-
duction workers cannot. In this case, the incentive for inventors to agglomerate becomes even
stronger, as they continue to benefit from localized knowledge spillovers and network effects

while facing lower congestion costs.

2.3 Technology

The production side of the economy consists of three sectors: non-tradable goods, final goods,
and intermediate goods. Non-tradable goods are locally produced using land and labor, while
final goods are produced using labor and intermediate goods. Intermediate goods, in turn, are
produced by firms that innovate and accumulate product lines over time. Firms compete in a

pricing game, and the technological leader in each variety effectively acts as a monopolist.

2.3.1 Non-tradable Good

Non-tradable goods are locally produced by competitive firms using land and the labor of

production workers. The non-tradable goods producer in each city solves

, En)ax ( )pnyc(t)n(t) — wﬁ(t)ﬁn,c(t) — Pmc(t)me(t) st. n(t) = Emc(t)ﬁmc(t)l_ﬁ,
n,c(t),me(t

by hiring ¢, . production workers and renting m, units of land. The producer takes as given

the price of the non-tradable good, p, ., the price of land, py, ., and the wages of production
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workers, w;.

Land is a fixed factor in each city, leading to decreasing returns to scale in the production of
non-tradable goods. This generates congestion costs: as a city’s population grows, so does the
demand for the non-tradable good. Due to decreasing returns to scale, higher demand pushes

up prices, making the city less attractive to live in.’

2.3.2 Final Goods

The final good is produced competitively using labor and intermediate goods. Like all firms,
final good producers are free to choose their location at entry. If production occurs in city c*,

the final good producer solves

gy,C* (t)a

max Y(t)—/jpj(t)kj(t)dj—wg*(t)ﬁy,c*(t) st. Y(t) = -

zy,c”‘ (t)v{k] (t)}jGJ

/ ki ()2 q;(t)°dj,
J

where £, .« is the number of production workers hired, and k; and ¢; denote the quantity and
quality of intermediate good j used in production, respectively. Each intermediate good is sold
at a price p; to final good producers, and the price of the final good is normalized to 1.

Since all intermediate goods and the final good are freely tradable across cities, their pro-

duction location does not affect their prices.

2.3.3 Intermediate Goods

Intermediate goods exist in a continuum of varieties, 7 € J = [0,1]. Intermediate goods
producers—hereafter simply “firms”—can produce multiple varieties. Each firm’s product set
and the quality at which it can produce them consists of all innovations it has previously
developed. For now, we take this set as given.

Following Akcigit and Kerr (2018), firms compete in a two-stage pricing game:®

Assumption 1. All firms capable of producing intermediate good j engage in a two-stage pricing
game. In the first stage, firms decide whether to pay a small fee to announce their price. In the

second stage, all firms that paid the fee set their selling price for good j.

This assumption directly implies that only the firm producing good j at the highest quality
(the technological leader) pays the fee and enters the second stage. As shown in equilibrium,
demand for intermediate goods increases with quality, so technological laggards cannot recoup
the fee if they enter the second stage. Consequently, the technological leader acts as a monopolist
in producing good j.

A crucial requirement for this result is that firms face identical production costs regardless of
location. This rules out production functions where labor is used to produce intermediate goods,

as wages vary across cities. If location affected production costs, the technological leader might

5The production function implies that the elasticity of the supply of non-tradable goods with respect to
population is the same across cities. This assumption abstains from different legal environments across cities, for
example, in the stringency of zoning laws or the ease of building housing. Empirically, Hsieh and Moretti (2019)
document variation in elasticity across cities, which may impact labor allocation.

5This pricing game leads to an outcome similar to limit-pricing, except that firms’ markups depend on their
production elasticity € rather than the quality step size .



be unable to drive lower-quality competitors out of the market. For instance, firms producing
at lower quality but facing lower costs could remain competitive by undercutting the leader’s
price.”

Following Akcigit et al. (2018), we assume that the final good is used as an input in the
production of intermediate goods. Since the final good is freely tradable, all firms face the same

marginal cost v > 0. The technological leader in each variety chooses production by solving:

max p;(k;(t); q;(¢))k;(t) — vk;(1),

k;(t)
where p;(k;; q;j) represents the inverse demand function for intermediate good j, and the price
of the final good is normalized to 1 in all periods.

An important implication of this framework is that intermediate goods production is not
city-specific. This makes the model equivalent to one in which production and innovation are
geographically dissociated, with production occurring wherever it is cheapest. The only incen-
tive for firms to locate in a particular city stems from location-specific productivity differences

in R&D investments, which ultimately determine the set of products a firm can produce.

2.4 Research and Development

Innovation in this model plays two key roles. First, it drives economic growth by improving the
quality of intermediate goods. Second, it expands firms’ product portfolios by establishing them
as the technological leader in a given variety of intermediate goods. When a firm f innovates in
product line j, it immediately produces that good at quality (1+X\)g;(t), where A > 0 represents
the quality improvement from innovation (or the step size in the quality ladder), and g;(t) is
the highest quality at which good j is currently produced. Since the innovating firm becomes
the new leader for good j, it displaces the previous producer, generating creative destruction.

Firms invest in R&D to generate innovations. Following Klette and Kortum (2004), the
number of innovations realized in each period follows a Poisson process, which in continuous
time implies that firms produce at most one innovation per period.® Firms cannot target specific
product lines with their R&D investments, meaning that any given innovation occurs randomly
across all product lines in the economy.

This assumption has several implications. Since firms cannot deliberately target competi-
tors’ products, R&D investment decisions are independent of competitors’ actions. Additionally,
because firms start with no product lines and can only acquire them through innovation, the
number of products in any firm’s portfolio remains countable. With a continuum of product
lines in the economy, the probability that a firm innovates over one of its own products is zero.
However, firms must still consider the probability of losing products they currently produce
due to competitors’ innovations. Another consequence is that firms do not belong to specific

sectors; they can produce any good they innovate upon. While common in endogenous growth

A similar issue arises if there are transportation costs for intermediate goods, as in Eaton and Kortum (2002).
In such cases, less productive firms may still sell goods in nearby markets, meaning the most technologically
advanced firms do not necessarily dominate sales.

8Fix x as the arrival rate of an innovation for an arbitrary firm. The number of arrivals N in a period of length
A follows P(N = k) = e 2*(Az)" /k!. Expanding e*® in a Taylor series, we obtain P(N = 0) = 1 — Az + o(A),
P(N =1) = Az + o(A), and P(N > 2) = o(A).



models, this assumption precludes sectoral specialization across cities, a feature often observed
in practice. This likely reduces the benefits from geographic concentration, as inventors interact
across sectors rather than primarily within their own.

Innovation depends on both firm-level R&D investment and the city in which the firm
operates. Innovation requires hiring inventors, who benefit from agglomeration externalities in
their city. Letting I. denote the density of inventors per unit of land in city ¢, the productivity
of each individual inventor is proportional to I/, where n > 0 determines the strength of
agglomeration spillovers. A firm f located in city c that hires i . inventors generates innovations

at the arrival rate:

erelt) = xelt) (L(0)i70(0)) 1)
where x.(t) is the city’s stochastic productivity term. When 7 = 0, there are no agglomer-
ation externalities.

Investment in R&D also involves a fixed cost, paid in terms of inventor labor. Each firm
that chooses to invest in R&D must hire x > 0 inventors to cover managerial and maintenance
costs associated with research. This fixed cost serves as a benchmark for the value of firm entry,
ensuring that free entry drives the expected value of entrants to zero.?

Several assumptions underlie this framework. The model takes inventor density as the key
measure of agglomeration externalities, which is empirically validated in Appendix C.3.3. It
also assumes that innovation does not scale with firm size, meaning that all firms in the same
city innovate at the same rate. An extension in Appendix G explores the case where innovation
rates vary with firm size and shows that the model’s aggregate predictions remain unchanged.

Agglomeration spillovers are assumed to be homogeneous within cities and nonexistent be-
yond city borders. In practice, knowledge spillovers likely decay with distance (Rosenthal and
Strange, 2001), but the model captures their aggregate effect within a geographic area corre-
sponding to the size of an average city. Another simplifying assumption is that inventors and
firms are homogeneous, implying no sorting across cities. If sorting were allowed, differences in
productivity across cities would be reflected in the parameter x., although sorting itself might
respond to policy changes. The implications of sorting for optimal R&D subsidies are unclear. If
more productive inventors benefit more from agglomeration, the economy might favor stronger
spatial concentration of inventors. However, lower-productivity inventors migrating to larger
cities could reduce average productivity in those locations.

Finally, the model assumes that firms cannot improve the quality of products they already
own, meaning that all innovation occurs through creative destruction. As a result, firms do not
benefit from their past innovations when improving the quality of goods they produce. Since
firms in more productive cities innovate more frequently, the absence of internal innovation (see
Akcigit and Kerr, 2018) reduces their incentives to locate in such cities, as the risk of losing

products to competitors increases.

City 0. To reflect that some US cities have never produced a single patent, we allow for one

city where yo = 0. City 0 is representative of all cities that do not have minimal necessary

9 A fixed cost, rather than an entry cost, is useful in this setting as it makes entrants and incumbents symmetric.
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conditions for investment in R&D (and therefore do not innovate) in the country. However,

companies located in the city 0, can still participate in the production of goods.

2.5 Government: Aggregate and Local Policies

The primary policy instruments analyzed in this paper are local R&D tax credits, which we
refer to interchangeably as subsidies for simplicity. These subsidies reduce the effective cost
of R&D by transferring a fraction of each firm’s research expenditures back to the firm. The
subsidy rate, denoted by s, is city-specific, meaning that the level of support varies by location.
In addition to R&D subsidies, the government provides a national public good, GG, which all
workers consume.

To finance these expenditures, the government fully taxes firm- and land-owners. In this
setting, the provision of the public good serves as a mechanism to redistribute profits and
land rents back to workers. In counterfactual exercises, public good expenditures are adjusted
to balance the government’s budget constraint, while the values of R&D subsidies are taken
directly from the data. The amount of public good available in each period is fixed at G(t) = G
for all ¢.

Corporate and labor income taxes. Local governments impose various other taxes and
subsidies that are not explicitly modeled. Two particularly relevant taxes in this context are
corporate and labor income taxes. In the framework of the model, regional differences in these
taxes primarily affect the attractiveness of cities to workers and firms. If tax rates remain
constant over time, the effect of corporate income taxes can be captured by differences in Y,
while labor income taxes affect a,.10

As shown later, the distribution of inventors across cities depends not only on the R&D
subsidy s. but also on productivity, amenities, and moving costs. Consequently, changes in
regional tax policies, such as income tax adjustments, would influence the spatial distribution
of inventors and, by extension, the economy’s aggregate growth rate. This paper focuses on
R&D subsidies, as their primary objective is to increase investment in innovation. Other taxes
often serve redistributive functions that fall outside the scope of this analysis (see Section 5.4).

One potential concern is that corporate and labor income tax rates may be correlated with
changes in local R&D subsidies. If this correlation exists, it could lead to an overestimation of
the impact of R&D subsidies in the data. We address this issue in Section 4.4, where we show

that the evolution of R&D tax credits is largely uncorrelated with other local tax policies.

3 The Balanced Growth Path Equilibrium

In this section, we explicitly pose all the problems consumers and firms face and solve for the
model’s equilibrium. In what follows, we impose two restrictions on the equilibrium. First, we
will solve for a Balanced Growth Path, in which all aggregate variables grow a constant rate.

Second, we require that each one of the local shocks z.(t) follows its stationary distribution. We

10T abor income taxes also influence the relative prices of tradable and non-tradable goods. Since non-tradable
goods are produced and consumed locally, their prices adjust to local conditions. In contrast, tradable goods are
consumed across all regions, meaning their equilibrium prices respond to aggregate economic conditions.
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refer to this equilibrium as a Stationary Balance Growth Path, formally defined in appendix B.
Despite the many moving part of the model, we show that its equilibrium is extremely tractable

and can be almost entirely solved analytically.

3.1 The Firm’s Static Problem

Each firm’s problem can be divided into a static problem and a dynamic problem. In the static
problem, the firm chooses how much to produce of each good, considering the set of products
it can produce and their respective qualities. In the dynamic problem, the firm chooses how

much to invest in R&D after observing the local productivity shock.

Final goods production. The final good producer is free to choose in which city to locate.
Because agglomeration externalities do not have any effect over the production of the final
good, production will take place in whichever city has the lowest wages (least congestion): city
0. Since xo(t) = 0 for all ¢, no firms investing in R&D will be located there, meaning there
are no inventors living city 0. As a result, the only workers in city 0 are the ones hired by
the final good producer and those who produce non-tradable goods. In each period, the final
good producer’s profit maximization problem is (we drop time from the notation as it causes
no confusion) P
Ky,OvIBjJ%')}{jGJ 11/7_705 [7 kjl‘isq;dj B /7pjkjdj - w(l;é%o‘

The first-order conditions define the wage in city 0 and the demand for intermediate goods.

Intermediate goods production. Given the demand function (obtained from the problem
above), each firm chooses k; to

max p; (kj; 4j)k; — vk;.

J
Since there are no transport costs and the marginal cost of production does not vary between
cities, the firm’s production decision is completely independent of its location. Solving the

1
problem above gives the quantity of good j produced, k; = g; (%) ¢ {y,0, and the profit made
l1—¢

l1—¢
from each product line 7; = £, o (7) ¢ gqj. Plugging the expression for k; into the final good

producer’s F.O.C. also gives an expression for the wages of production workers in city 0:

—E&

wh = — (1‘6)15 Q (2)

14

where Q = [ 7 4;4j is the average quality of all intermediate goods produced in the economy.

3.2 Local Wages and Congestion Costs

Before going into the dynamics of firm decisions, it is helpful to understand how local wages
respond to a city’s population. We start with the observation that because workers can move
across cities at any point in time, their current location must be the one where they receive the
highest possible utility level after discounting moving costs. Since this condition must hold for

all cities, it follows that (see appendix B for the proof):
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Lemma 1 (Mobility Equilibrium). In equilibrium, the indirect utility of a worker of type h €

{1, £} residing in city c satisfies
ug(t)

5 =ul(t), Ve,t

where 8. := dy(c) is the cost/benefit of leaving city c, and u"(t) is the equilibrium utility level

common across all cities where workers reside.

In other words, workers’ utility levels (adjusted for moving costs) must be the same across all
cities and all periods. This condition plays a central role in shaping spatial sorting, highlighting
how mobility frictions influence location decisions and the spatial distribution of economic
activity. This also implies that local wages must adjust to compensate workers for any variation
in utility caused by different levels of amenities, productivity, or congestion costs across cities.

Congestion costs arise because the production of the non-tradable good involves a fixed
factor (land), thus displaying decreasing returns to scale. Combined with the fact that the
demand for non-tradable goods increases with the population of workers in each city, DRS in
the production of non-tradable goods implies that cities with a larger population will also have
more expensive non-tradable goods—generating a congestion cost. Thus, as a city’s population
increases, so does the cost of living. In equilibrium, this means higher wages (due to worker
mobility), which means that firms will favor locating elsewhere.

Lemma 2 describes how wages respond to the city’s population (see appendix B for the
proof). The “tilde” notation indicates variables per unit of land: for example, if I, is the
population of inventors in city ¢, then I, = I, /me. We also define the effective amenity «, =
ac/ 5? , which reflects the amenity level that workers experience while living in city ¢ (i.e., after

discounting the moving costs required to arrive there).!!

Lemma 2. In equilibrium, wages can be expressed as the product of a congestion-adjusted (base-
line) wage and a term that adjusts for congestion costs in each city. Let I. and L., respectively,

as the population of inventors and production workers in each city (with Iy = 0). The wages of

inventors in cities ¢ € {1,...,C} are given by
= = 1 u? = I =
wl =w [ = where w' = s , (3)
¢ Qe 1—6 |[(1-6p)] L— L
while the wages of production workers are
71-p8 L@ Vi L
L= 1— 1 U -0
¢ _ | Le 0 _
w, = w < o > where  w" = T [(95)9] , (4)

where u' and u® are the utility levels of inventors and production workers, respectively. Land

"Note that there is no distinction between workers that choose to move to city ¢ and those that are “born”
there. The utility levels in each city are determined in equilibrium by population flows to cities with higher utility
levels. Hence, a city with high moving costs d. will always have relatively lower utility (all else constant) because
fewer workers are attracted to move there.
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rents in each of these cities are given by

__(1=p)0

Pm,cMe = 1— GB w};Ic

In city 0, the number of production workers hired to produce non-tradable goods is £, 0 =
05 Lg, and the number of workers hired to produce the final good is £y o = (1 —083)Lg. This gives

us a second expression for the wage of production workers, given by

0
LA\ (1-8)
wh = w' ( 0 ) (08) T (5)

o

and the land rent is py, omo = (1 — B)0w§ Lo.

Lemma 2 also implies that, in cities where there is innovation, the number of inventors
is proportional to the number of production workers: I./I = L./(L — Lp). As a result, the
population of production workers is sufficient to characterize the population of inventors in

each city, and vice-versa.

3.3 The Firm’s Dynamic Problem

Firms can either be entrants or incumbents. In each period, firms choose how much to invest
in innovation, given the set of product varieties they own and the optimal production decisions
described above. Incumbent firms take their location as given and are not allowed to move.
Entrant firms are free to choose which city to locate in. The timing of decisions in each period

is as follows:

(i) The shock z.(t) is realized and observed in all cities.

(ii) Potential entrants decide whether or not to enter, and in which city to locate.
(iii) Entrants and incumbents decide how many inventors to hire.

(iv) Innovation is realized (based on the arrival rates x¢.) and production takes place.

Incumbents The dynamic problem faced by an incumbent firm located in city ¢ can be
described by the Hamilton-Jacobi-Bellman (HJB) equation in lemma 3 below. Define q; to

t'2 of the qualities of products that the firm is currently producing and D to

be the multise
be the rate of creative destruction of the economy (the aggregate rate of innovation). Because
the measure of intermediate good varieties in the economy is one, D also coincides with the
probability than any single product line will be “stolen” at any point in time.

Let 7 be the (exogenous) interest rate and A = (Q, w', D, Lg) denote the “aggregate state”
of the economy, where @ is the average quality of all intermediate goods produced, w® is the

“baseline” wage of inventors, D is the rate of creative destruction, and Lg is the population

12 A multiset is a generalization of a set that allows for multiple instances of each of its elements. The notation
Uy indicates the multiset union operator, such that {a,b} Uy {b} = {a,b,b}. Similarly, \_ indicates the multiset
difference operator, such that {a,b,b}\-{b} = {a,b}. q; is a multiset because firms can have multiple products
that have the same quality level.
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of production workers in city 0 (which affects the flow of profits for firms). For convenience of
1—¢
notation, define 7 = (1 — 63) (%) ¢ ¢ so that the profit per period of each firm is 7; = 7 Lqg;

and Z. = e®¢ so that the city-specific productivity in innovation production is x. = X.Z.

Lemma 3. The problem faced by an incumbent firm located in city ¢ € {1,...,C} is described

by
- ovi(ay, I, Z,, A) DA
T‘é(qfaICa ZC7A) - faA E -

Y TLotj +wpcBjlVelay Us {1+ Najh, Ie, Ze, A) = Velay, Lo, Ze, A))
q;j€qar
max ¢ —(1 = s)wilige+5) =D Y [Velag, Lo Ze, A) = Velap\—{aj}, Lo Zes A)) + Relay, Lo, Ze, A)
fre ) gj€ar
st Tpe=XeZe([life)?

The derivation of this equation can be found in appendix B. The first term inside the curly
brackets is the profit made through the production and sale of goods. It is followed by the
expected gain from one more innovation, which introduces a new product into qs (recall that
the number of innovations per period follows a Poisson distribution, so that in continuous time
the probability that two or more arrivals occur can be ignored). The first term in the second
line is the cost of investment in R&D (both variable and fixed), subsidized at rate s.. The
second term in the second line is the expected cost from losing a product line due to creative
destruction. The remaining term, R.(qy, I., Z., A), captures the risk that firms in city ¢ face

due to the productivity shock.

Corporate income taxes Recall from section 2 that one of the government’s revenue sources
is taxes on firm owners. Taxing firm owners in this model is the same as taxing a firm’s profits,
yet no corporate income taxes appear on the HJB equation above. As shown in the proof of
lemma 3, this is done because corporate income taxes only shift the share of the firm’s value
that is accrued to the firm’s owner without having any effect on the allocation of resources in
the economy. By fully taxing firm owners, we study the limiting case where corporate taxes
are arbitrarily close to one but where firms still behave as profit maximizers (as if their value

function was V, in lemma 3).

Entrants Entrants behave the same way incumbents do, with two exceptions: first, entrants
do not yet have any product lines of their own; second, they can choose where to locate. As
before, define the aggregate state of the economy as A = (Q,w*, D, Lg). The entrant firm’s

problem can be solved in two steps:

Step 1: Choose which city to locate in after observing all shocks {Zc}gzlz

V¢(A) = max VE(I,, Z., A).
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Step 2: Choose the level of innovation subject to being in city c.

V(T 7, ) = Welle: Ze ) 04

0A ot
[ eV, I, Ze, A) ~ Ve, Ze, A)] = (1 = se)wilige + k) + Ri(Ie, Ze, A)
Tfe St Tfe= )ZCZC(Igif’C)w

The equation for the second stage of the entrant’s problem is exactly analogous to the
incumbent’s problem. Still, it does not include the flow of profits from current production or
the risk of losing products to other firms by creative destruction. Proposition 1 describes the

value function for entrants and incumbents (see appendix B for the proof).

Proposition 1. In a Stationary Balanced Growth Path Equilibrium where the production of
final goods Y grows at rate g < r, the value function of an incumbent firm located in the city

c > 1 and whose portfolio of products is qy is

%(qf7 iC’ ZC? A) = F(D7 LO) Z QJ + max {07 Ec(jca ZC7 wl/Qa Da LO)Q} 9
g €ar

where F(D, Lg) = wLo/(r + D) is the “franchise value” of adding a new product to the portfolio
and E. is the entry value for firms city ¢ (see the proof for a complete characterization). In

addition, the second stage value function of an entrant firm who is located in city c is
Vel Zey A) = max {0, Eel I, Zeyw'/Q, D, Lo)Q }

Intuitively, F' can be interpreted as the quality-adjusted franchise value of adding a new
product to the firm’s portfolio, while E.Q is the value at entry for all firms in city ¢. Note that
E. does not depend on the firm’s portfolio of products, so it does not vary across firms in the
same city. The term max{0, E.Q} in the firm’s value function reflects the fact that each firm
has the choice to invest in R&D or not, and as such can be interpreted as the option value of
investments in innovation. When investing in R&D is optimal, E. > 0 and the arrival rate z .
is strictly positive. However, firms can also choose not to invest in R&D in any given period —
for example, if the realized value of the shock Z,. is too low. In this case, the firm does not hire
inventors (if. = 0), produces no innovation (xf. = 0), and does not need to pay the fixed cost
(wik).

The assumption that g < r is a technical requirement for the present discounted value of
firms to be finite. The intuition is as follows: since the firm’s value from investing in R&D
grows at rate g (so long as E. > 0), if g > r, the optimal strategy for any given firm will be
to invest as much as possible on R&D (for example, by borrowing capital at rate r). This will
generate an expected growth in the firm’s value that is larger than its discount factor, and thus,
its present discounted value diverges. This issue is avoided when the growth rate is smaller than

the real interest rate.

Free Entry. The first stage of the entrant’s problem specifies that entrants are free to locate

in any city they wish. Since there is a large mass of potential entrants to every city in the
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economy, free entry implies that, in equilibrium the value of entry must be zero for all cities
and at all times:
VeI, Z,,A) =0 for all ¢ € {1,...,C} and all ¢.

The intuition behind this condition simple: if the entry value were positive, firms would keep
entering the city, which increases congestion and eventually pushes the value of entry to zero.
If the entry value were negative (i.e., E. < 0), two things happen. First, no firms will enter the
city. Second, incumbents will refrain from investing in R&D (see the discussion above). This
pushes down the demand for inventors in the city, reducing congestion costs and the value of
entry to zero.

One alternative way to read the free entry condition is that V.¢(I., Z., A) = 0 for all cities
and for any value of the shock Z. and the aggregate state A. In other words, the population
of inventors must adjust so that the value of entry is zero in all cities. From proposition 1, this
implies that E. = 0 regardless of the value of the state variables. Under this interpretation
of the free entry condition, proposition 2 determines the population of inventors in each city

(proof in appendix B).

Proposition 2. Imposing (1) free entry, (2) labor market clearing for both inventors and pro-
duction workers, and (3) assuming a large number of cities C' — 0o, the population of inventors

in each city is given by

" 2]
Xe © a®
1—sc c
I.=1x

X
1—6 1-6 o

() R

,_.
Q:

(6)

N

1—sc

where © = (1— )0 —yn(1—0). Moreover, the arrival rate of an innovation for a firm f located

i city ¢ is given by

v\ s
Tfe= (Kl—ib) XL "7, (7)

if the firm chooses to invest in R€D, and zero otherwise. The number of inventors hired by each
firm in city c is iy, = %n i case of positive investment and zero otherwise. The number of

firms located in city ¢ who invest in RE€D in each period is

N, = (1_¢> I.. (8)

K

Finally, it is also shown that the population of production workers in city 0 is proportional

to L (so Lo does not vary over time), and that w' is not affected by city-specific productivity

wi 7TL[) 179 % %
Q T+D{Cz<1—sc> Oéc} . (9)

Proposition 2 has three important results. First, it shows that the population of inventors

shocks

in each city has a closed-form solution in equation (6), with relatively simple terms. Cities
with higher amenities, higher productivity for innovation, and higher R&D subsidies will have

more inventors (assuming © > 0; see section 4). The population of inventors in each city
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also reacts to the productivity shock Z., increasing in periods where the shock is larger. The
composite parameter © can be interpreted as the “net elasticity” of congestion: (1— /) captures
the elasticity of congestion with respect to a city’s population, while ¥n is the elasticity of the
production of innovation with respect to the population of inventors. O is the weighted difference
between these two elasticities, where the share of expenditure determines the weights on the
tradable good, 6.

Second, proposition 2 says that the baseline wage of inventors — and therefore of production
workers as well (see equation B.4) — does not react to any of the city-specific productivity shocks.
Put differently, even though each city is subject to an idiosyncratic productivity shock, these
shocks “average out” on the aggregate, so the economy can still operate on a Balanced Growth
Path where there is no aggregate uncertainty.

Third, the proposition shows that the optimal arrival rate of innovation x ¢ . is uniform across
firms located in the same city and who make positive investments in R&D. Note, however, that
the expected value of investing in R&D is null because of the free entry condition. As a result, it
is possible that some firms in the city choose to invest in R&D and some choose not to. Indeed,
the number of inventors hired by firms who make positive investments does not respond to
productivity shocks. Instead, the adjustment to those shocks is done entirely on the extensive
margin — both by incumbents who decide whether or not to hire inventors and by the entry and

exit of firms.

3.4 Determining the Growth Rate

To determine the growth rate of the economy and complete the characterization of the model, we
must first compute that aggregate rate of creative destruction, D. Because all firms located in
the same city make the same investment in innovation, D = Egzl Nexy .. Corollary 1 expresses

this rate as a function of the spatial distribution of the population of inventors in the economy.

Corollary 1. Define I. to be the expected value of I. with respect to the local productivity
shocks. Similarly, I, is the expected density of inventors in city c. The aggregate rate of creative

destruction s then

C
D x % S xedn, (10)
c=1
Corollary 1 shows one of the key takeaways from this model: the aggregate rate of innovation
in the economy depends not only on the amount of inventors in the country, but also on how
inventors are geographically distributed. Since local R&D subsidies can change the spatial
distribution of inventors by attracting more firms to a given location, it follows that changes in
the spatial distribution of those subsidies affect the aggregate rate of innovation in the economy
— even if the average subsidy rate (or total expenditure) is kept constant. The corollary also
proves, as alluded to before, that the rate of creative destruction is indeed constant on the
SBGP equilibrium (as both x. and lgc are fixed over time).
Proposition 3 determines the value of the rate of growth of the economy in the SBGP
equilibrium, defined by ¢ =Y /Y.
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Proposition 3. In a Stationary Balanced Growth Path equilibrium where the production of the

final good in the economy grows at rate g, the following are true:

(1) The average quality of intermediate goods, @, and the baseline wage for both types of work-

ers, w' and w’, all grow at rate g. The utility level of workers, u' and u®, grows at rate
(1—6)g.

(2) The value of the rate of growth is g = \D.

(3) Let J.(t) be the set of intermediate goods that are produced in city ¢ at time t, Q.(t) =
fjc(t) q;j(t)dj their aggregate quality, and g.(t) = Qc(t)/Qc(t) the rate of growth of Q. in

time t. For large values of t, we have that

ElQ.(1)] =g or, equivalently, Elg.(t)] =g —

E[Qc(1)]

Part (1) of proposition 3 describes the growth rate of aggregate variables in the SBGP
equilibrium of the model. Part (2) then shows that the rate of growth of the economy is
equal to the rate of creative destruction multiplied by the innovation step-size. Part (3) shows
that the ratio between the expected variation in the aggregate quality of goods produced in
city ¢ and the expected quality of these goods converges to the national growth rate with time.
Intuitively, this result is a consequence of innovation by creative destruction: cities that produce
goods with higher-than-average quality will innovate over (“steal”) products whose qualities are,
on average, lower than the goods already produced in the city, and vice-versa. Through this
mechanism, creative destruction acts as a mean reverting force for the quality and the value
of goods produced in each city, precluding all economic activity from concentrating in a single
city.!3 Lastly, note that none of the results in the proposition are predicated upon the initial
spatial distribution of economic activity: as long as no city is large enough to drive the evolution

of aggregate variables by itself, proposition 3 holds regardless of where the economy starts from.

4 Identification and Estimation of the Model

The identification and subsequent estimation of the parameters in the model proceeds in three
steps. In the first step (section 4.1), we calibrate a set of parameters that can be directly
matched to quantities in data or found in similar studies in the literature. The second step
(section 4.2) uses linear regressions to estimate the elasticity of the agglomeration spillover with
respect to the population of inventors, as well as the elasticity of congestion with respect to
the population of production workers in each city. Finally, the third step (section 4.3) identifies
the remaining parameters by matching moments in the model to moments in the data. This
step-by-step structure simplifies the identification of the model by allowing each step of the

process to take as given the values of parameters identified in previous steps.

13 Another way to see this result is to note that the covariance between the rate of growth of a city and the
quality of goods produced there is proportional to g —E[gc]. Hence, if a city’s expected growth rate is larger than
g, this city tends to grow faster when the quality of goods produced there is lower.
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We use data on patent filings and economic activity within cities to estimate the parameters
in the model. Data on patents is available on the USPTO Patent Dataset, which records all
patents registered in the US. It also provides information on the identity and location of each
patent’s inventors and assignees (owners). We use the County Business Patterns Dataset (CBP),
which provides information on the demography and economic activity in each county in the US.
To approximate the prices of non-tradable goods we use the Zillow Rent Index (ZRI), which
estimates the median rental value per square foot across counties.'* Both the CBP and the ZRI
are aggregated to the city level, whose empirical counterpart is a CBSA (core-based statistical
areas). Those are geographic areas defined by the US Office of Management and Budget that
consist of one or more counties (or equivalents) anchored by an urban center of at least 10,000
people plus adjacent counties that are socioeconomically tied to the urban center by commuting.
We use the most recent definitions of CBSAs, based on the 2010 Census standards. Appendix
C.1 describes in detail the construction of the dataset. For most of the estimation procedure,
we focus on a panel of firms (and their respective locations) who have filed patents between
1998 and 2016.

4.1 Calibration

A subset of the parameters in the model, summarized in table A.1, can be matched to the data
in a straightforward way. We start by setting the rate of growth of the economy to g = 2%,
which corresponds to the annualized historic rate of growth in the US. The discount rate of
consumers is also set to p = 2%, and the real interest rate is fixed at r = 3.8% (this corresponds
to the average real interest rate in the US between 1961 and 2017 according to the World Bank).

Innovation. We rely on previous work to determine the value of two parameters in the inno-
vation process: the curvature of the innovation production function, v, and the innovation step
size, \. We set ¢ = 0.5 following several studies that find similar values for this parameter.'®
The innovation step size is A = 0.132. This is the value estimated by Acemoglu et al.
(2018) in a setting close to the one presented here. Akcigit and Kerr (2018) find a similar
value for the step size of “external” innovations (i.e., innovations that do not target a firm’s
own products). In both cases, the step size estimation is achieved through a simulated method
of moments procedure that targets, among others, firms’ sales and R&D costs. Intuitively,
these data identify the innovation step size because the increase in the quality of goods after

an innovation is reflected in the sales to R&D cost ratio of firms.

0One drawback of this series is that it is only available after 2010. As an alternative, we also employ the
Zillow Home Value Index (ZHVI) to measure the price of non-tradable goods. The ZHVI has the median house
price per square foot in each county in the US, starting in 1996.

15A first group of papers identifies ¢ as the elasticity of patents with respect to R&D expenditure (Blundell
et al., 2002; Griliches, 1990). Acemoglu et al. (2018) arrive at the same value when computing the elasticity
of R&D expenditures with respect to scientists’ wages using firm-level data from the Census Bureau. Yet
another group of researchers identifies this parameter using the elasticity of R&D expenditure with respect
to taxes/subsidies, which in this model is equal to ¥/(1 —%). In a survey, Hall and Van Reenen (2000) conclude
that this elasticity is around unity. The same value is found by Bloom et al. (2002), Wilson (2009), and a recent
study by Akcigit et al. (2020). Note that a unit elasticity of patents relative to taxes also implies 1 = 0.5.
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R&D Subsidies. R&D subsidies are set to the value of existing R&D tax credits in each state
(the sum of federal and state-specific credits). Because of differences in state tax codes, the
statutory credit rates can be different from the effective credit rates (i.e., the actual rates that
are applied to firms’ costs). For example, R&D tax credits only apply to R&D investments over
and above a given threshold, which can differ across states. In addition, some states consider
the federal tax credit as taxable income, thus “recapturing” part of the credit. We therefore
assign s. to be equal to effective R&D tax credit rate that applies to the highest tier of R&D
investments in each state, available through the replication files for Wilson (2009).

Given the model’s structure, two additional adjustments were made to the data. First, the
value of R&D credits can change over time, while the model assumes that s. is fixed. The bulk
of the variation in tax credits happened before 1995, but there are still some cases where the
credit rate changes after that. We use the average credit rate between 1998 and 2006 (the last
year available in the data) to measure the R&D subsidy in each state. Second, the model is
written in terms of cities (CBSAs), which is some instances do not fall into the geographical
boundaries of states. In those cases, we match the CBSA to the state where its largest urban
center is located and assume that the R&D credit rate of that state applies to the entire CBSA.
For example, the New York-Newark-Jersey City, NY-NJ-PA MSA is matched to the state of
New York, the Boston-Cambridge-Newton, MA-NH MSA is matched to Massachusetts, and so

on.

Production and Preferences. The elasticity of quality in the production of the final good,
g, coincides with the profit /sales ratio for intermediate good producers, which can be observed in
the National Income and Product Accounts tables published by the Bureau of Economic Anal-
ysis (BEA). In addition, the preference parameter 6 is the share of expenditure on non-tradable
goods by consumers. We set this parameter to 0.6, which is roughly the share of expendi-
ture in housing and transportation found in the Consumer Expenditure Survey, published by
the Bureau of Labor Statistics (BLS), which also coincides with the share of investment on
non-tradable goods found by Bems (2008).

Population. The population of inventors in the economy, I, can be found through the unique
inventor ID in the USPTO patent data. For each year, we compute the total number of inventors
in the US that are authors of a patent, I”*. Since the number of inventors hired to produce
innovation (not counting those that cover the fixed cost) is > . Ncif. = I, we have that
I = E[IP% /4], where the expectation is taken over time.

The population of production workers (“non-inventors”) in the economy is set so that L+ I
matches the total employed population in the CBP data. Finally, Lg is the total employed
population in CBSAs that did not file any patents throughout the sample (again averaged over
time). Since the size of the economy does not affect the results in the quantitative exercises, we
normalize the population so that the total number of inventors in the economy is 1.

The number of cities is also chosen to match the data. There are 917 CBSAs in the US (not
counting Puerto Rico because it is not included in the CBP), of which 860 have filed at least
one patent between 1998 and 2016. Given that the number of patents filed measures innovation,

we assume that the remaining CBSAs have not produced any innovation over the sample. As
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a result, C' = 860 (the cities who have a positive expected productivity in innovation) and city

0 is representative of the remaining 57 CBSAs.

4.2 Linear Regressions

In this section, we estimate 7 and £, which help to determine the elasticities of agglomeration
and congestion, respectively. In both cases, these parameters can be estimated using linear

regressions based on relationships predicted by the model.

4.2.1 The Elasticity of Agglomeration

The production function for innovation, equation (1), leads to a log-linear relationship between
the innovation arrival rate, the number of inventors hired, and the population of inventors in
each city, suggesting that those parameters can be estimated by linear regression. However, the
model is written in continuous time, while the data is only available at a yearly rate. Thus,
equation (1) must first be transformed to reflect the same frequency as the data. The details

for doing so are described in appendix C.2. leading to the following regression

log(xf,c,t) = w log(if,c,t) + W? 10g(IC,t) + 50 + Zf.cits (11)

where, xf . is the number of innovations produced by firm f, located in city ¢, during year ¢;
if.ct is the number of inventors hired by firm f during year ¢; I.; is the population of inventors in
city ¢ during year t; d. is a city fixed-effect; and z7 . is a function of the city-specific productivity
shocks.

To proxy for the production of innovation in each year, we use the number of patents filed
by a firm in that same year. This is a fairly common practice, but it does have some caveats.
First of all, not all innovations are patented. Possible reasons for that include firms who decide
to protect their intellectual property by other means (for example with trade secrets) or the
fact that some innovations are not “patentable” (e.g., new managerial practices or marketing
strategies). Second, not all patents represent an innovation over a product. Examples include
defensive patenting and patent trolls.

To reduce the potential for a mismatch between patents filed and the production of inno-
vation by firms, we include an additional set of controls into the regression above. First, we
include total number of citations that the patents filed by each firm receive in a given year.
Patents that do not generate an innovation are less likely to be cited by future patents. Thus,
including the number of citations as a control helps to separate innovative patents from other
types of patents. In addition, more recent patents mechanically receive fewer citations. To
minimize this issue, we interact the number of citations with a dummy for the year in which the
patent applications were filed.Second, we add a set of dummies for each sector, which control for
the possibility that some sectors are more prone to patenting than others. Finally, we include
year fixed effects into the regression to capture aggregate variations over time (for example

population growth).
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Endogeneity One important prediction of the model is that both if.; ad I.; are correlated
with the local shock zf ., so that estimating the coefficients in regression (11) via OLS would
recover neither ¢ or 1. We address this issues in two steps. First, note that the regression can

be rearranged to

log(patentsy ;) — ¥ log(if.c:) = ¥nlog(let) + X},c,tr + 0+ 0t + 2fct

where X .; includes the controls mentioned above, and J; is a year fixed effect. Since the value
of 1 is known, the left-hand side of the equation can be constructed in the data. Aggregating
to the city level, we find

z

c,t

Z [log(patentsf’c’t) — log(if,c,t)] = yYnlog(Ies) + XétI‘ + ¢+ 0 + Zet (12)
—1

—_

Nc,t

~

where N.; be the number of firms in city ¢ during year ¢t and z.; is the average shock inside
each city. The control vector X.; includes the average number of citations received by patents
filed by firms in city ¢ (interacted with a year dummy) and the employment shares in each
NAICS 2-digit sector in city c¢. This representation simplifies the analysis by removing one of
the endogenous variables from the RHS of the equation.

To account for the endogeneity of the population of inventors I..;, we adopt and IV approach
that leverages exogenous shocks to industries. We partition the set of products J into K
industries, so that each product j can be assigned to a single industry k. The population of

inventors in city ¢ can then be written as

K K
Iy = Z It = Z Iiet—1(1 + Y e t—15t)
k=1 k=1

where I, ., is the number of inventors in industry k living at city ¢ during time ¢ and i ¢ 1—1—
is the rate of growth of I .; between periods ¢ — I and ¢.Based on this identity, we construct

the following instrument for I.;:

K

Teovs =Y Tne—i(l+ Vnioiost)- (13)
k=1

where 7, ;¢ is the overall growth rate of employment in industry £ from year ¢ — [ to year ¢.
To avoid picking up variation in the total number of inventors in each year, the growth rate is

computed using the shares of employment in each industry relative to the total population of in-

Iy /Te—Iy o1 /1y
Iii—1 /I ’

To ensure the exogeneity of the instrument, we follow Autor et al. (2013), and compute the

ventors. If Ij, ; is the number of inventors in industry k& during year ¢, v ;—1— =

industry growth rates v ;—;—; using inventors residing outside of the US who have registered
patents with the USPTO (who are responsible for about 50% of all registered patents in the
sample). Industries are defined based on NBER’s patent subcategories (which add up to 38

different industries) and inventors are assigned to an industry based on the modal sub-class of
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the patents he or she filed.'6

The instrument Z. ; ; has a structure that resembles the commonly used “shift-share” research
design (Adao et al., 2019; Borusyak et al., 2022; Goldsmith-Pinkham et al., 2020), with the
obvious difference that I, ;—; is the population level, not a share (see appendix C.3.1 for more
details). The economic content is preserved, however: the growth rate of employment in each
industry acts as an exogenous shock or “shifter” and the population level I} . ;—; measures the
city’s exposure to industry shocks. However, the shift-share structure can also affect the cross-
region correlation of the regression residuals (Adao et al., 2019). Intuitively, regions that have
a similar industry composition in their population of inventors will also have a similar exposure
to the shifters ~y; s, and therefore will tend to have similar residuals as well. As a result, we
include two sets of standard errors when the IV strategy is used: one that is clustered across
cities and one that is adjusted using the method developed by Adao et al. (2019).

The estimateed coefficients are shown in table 1. The top panel shows the first stage of the IV
estimation, and the bottom panel shows the second stage. Column (1) has the OLS estimates.
Columns (2) - (4) show the IV estimates with lags [ between 5 and 10 years (specified at the
bottom of the table). Column (5) has the IV estimates when I; o s = I; ¢ t99_os is fixed at its
average level between 1990 and 1995 and the growth rate i ¢y, o5—¢ is computed using average
industry shares in the same period as the base value (recall that the first year in the estimation
sample is 1998). All regressions are weighted by the number of firms in each city to account
for the fact that the data consists of averages over firms. Standard errors are clustered at the
city level to allow for serial correlation of shocks within each city. In the second stage, we
present a second set of standard errors based on Adao et al. (2019), which adjust for the for
the shift-share structure of the instrument and are indicated by AKM SE. By and large, the
estimated coefficients are statistically significant and vary between 0.07 and 0.10.

If compared to other estimates of the elasticity of agglomeration (which usually do not
focus on innovation), the values in table 1 are quite large. In fact, Duranton and Puga (2014)
state that most studies have found this elasticity to be between 0.02 and 0.05.Innovation can,
however, be more responsive to agglomeration spillovers than the production of goods. For
example, Carlino et al. (2007) compute the elasticity between the number of patents per capita
and employment density in metropolitan/urban areas in the US. In their baseline specification,
they find this elasticity to be approximately 0.19. The main difference between that study and
this one is that the amount of patents per capita does not account for differences in firm size
that arise in different cities — and cities with higher agglomeration will also have more and larger

firms, so they naturally produce more patents.

Identification Conditions and Robustness Checks. There are two ways to satisfy the
orthogonality condition for the instrument. The first one requires that exposures Iy .;—; are
uncorrelated with the local shock z.; (Goldsmith-Pinkham et al., 2020). This is unlikely to be
true for small values of the lag [ if shocks are serially correlated and local shocks differentially
affect industry employment shares due to variation in cities’ industrial composition. However,

this condition becomes plausible when lags are larger, or when the industry employment levels

6Note that this means that industries are different from sectors, as the latter are defined based on the
distribution of economic activity in each CBSA according to NAICS; see the data appendix C.1 for more details.
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Table 1: Estimation of the elasticity of agglomeration, 1.

FIRST STAGE

(1) (2) (3) (4) (5)
108(Ze.01) 0.546™*  0.481***  (.398*** 0.244%**
(0.031) (0.033) (0.035) (0.042)
F-stat. excluded inst. 315.10 214.79 130.93 33.94

SECOND STAGE

log(Inventors in City) 0.070***  0.104*** 0.098*** 0.105*** 0.104*
(0.014)  (0.019)  (0.020) (0.023) (0.060)
AKM SE (0.014)  (0.017) (0.016) (0.001)
Method OLS V(=5 IV(I=7 IV(I=10) IV (I =t—te_o3)
Observations 11279 11231 11220 11201 11210
Implied 7, 0.140 0.208 0.196 0.210 0.208

Standard errors are clustered at the CBSA level and shown in parenthesis. *, **, and *** indicate that the
coefficient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. AKM SE indicates
alternative standard errors, calculated according to Adao et al. (2019). All specifications control for patent
quality and city industry composition, as well as CBSA and year fixed effects.

are fixed at a period that predates the estimation sample (columns 4 and 5).

Second, the exclusion restriction also holds if the industry growth rates 7 ¢—;—; are asymp-
totically uncorrelated with the industry-specific average of local shocks (Borusyak et al., 2022).
Measuring growth rates vy —;—: outside of the US addresses many of the issues that could be
raised about the plausibility of this assumption. One concern that remains is that some indus-
tries might be highly concentrated in one single city — enough that the city’s local shocks are
able to affect global trends in that industry (Silicon Valley may come to mind). To address this
issue, we re-run the regressions in table 1 after excluding industries for which the employment
share in a single city exceeds 15% at any point in time. Varying this threshold between 10 and
25% produces comparable results (see appendix C.3.2).

Another concerns the log-log specification of the regression, which discards observations in
which firms have not produced a patent. Since innovation is stochastic, this specification could
introduce bias by selecting firms located in cities that are large, or experienced mostly positive
shocks. To address this issue, we rewrite (12) as a Poisson regression model, which allows firms
to produce no patents in any given year. Appendix C.3.3 describes this regression model in
detail and shows the estimated coefficients. The resulting elasticity of agglomeration becomes
even higher than above, estimated at approximately 0.13 — 0.15.

One last robustness check, also described in appendix C.3.3, tests the hypothesis inven-
tors/firms might benefit from other sources agglomeration. For example, firms could benefit
from being close to other firms that they can observe and learn from; alternatively, inventors
could benefit simply from living in densely populated areas, not necessarily by other inventors.
The results we find suggest otherwise: after accounting for the population of inventors, the
coefficients on the number of firms, total employment, and total establishments in each city are

either negative or not statistically significant.
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The value of 1. Givent the results in table 1, as well as the robustness checks in appendix
C.3, we use n = 0.20 as the baseline value to compute the optimal distribution of R&D subsidies
in section 5. In appendix F, we perform sensitivity analyses using 7 = 0.15 and n = 0.25, which
roughly spans the range of estimated coefficients found in all specifications.

We also estimate equation 12 using different values of 1) — namely, ¢ = 0.4 and ¥ = 0.6.
When 1) = 0.4, the estimated coefficient ¥n revolves around 0.11 (0.09 if estimated via OLS),
which implies n = 0.275. Conversely, when 1 = 0.6, the estimated coefficient ¥n fluctuates
around 0.09 (0.05 if estimated via OLS), which implies n = 0.15. In all of the IV specifications,
coefficients are statistically significant at the usual levels, and the implied value for n falls in

the range used for sensitivity analyses in appendix F.

4.2.2 The Elasticity of Congestion

Once the share of consumer expenditures on non-tradable goods is known, the parameter that
determines the elasticity of congestion in the model is the return to scale on the production
of non-tradables, 5. With constant returns to scale ( = 1) there is no congestion force, as
the production of the non-tradable good scales up with the city size. As § becomes closer to
zero, congestion costs become more and more relevant — to the point where the supply of the
non-tradable good is fixed and all variation in city size is absorbed into prices. This intuition
offers some insight into how best to identify 5. The first-order condition of the non-tradable

.\

good producer’s problem gives p;, . o< wﬁ (mc) . Using equation (4) to substitute for wages,

the model implies the following empirical relationship (details in appendix C.4)

1—
() = (1= ) 10B(Een) + 4 6 2L (1)

where pgt is the median rental value per square foot of housing units in city ¢ during year ¢ (a
measure of the price on non-tradables), L., is the population of non-inventors in city ¢ during
year t, 0. is a city fixed effect that accounts for variation in amenities and land availability, J; is
a year fixed effect that accounts for the growth in wages/prices and Zg,t is a city-specific shock.

Given 0, the coefficient on L.; identified 3. However, like the population of inventors
in each city, the model also predicts that the population of production workers is correlated
with z&t. As a result, estimating this regression via OLS will not recover the true value of
8. Notwithstanding, given that the population of production workers and the population of
inventors in each city is highly correlated, Z.;; also serves as an instrument for the population
of production workers.

Table 2 displays the estimation results from (14) using Z.;; as an instrument for L ;. In this
case, the first stage shows a lower predictive value, although the F-statistic generally remains
above commonly used thresholds. The implied value of 8 is consistent across specifications,
between 0.5 and 0.6. This is quite large. For comparison, Behrens et al. (2014) find this
elasticity to be between 0.08 and 0.09. This difference is due to the inclusion of city fixed effects

in my model.!” Those fixed effects reflect in part the fact that cities have different amenities,

'"Running this regression in the same data, but without including the city fixed effects, produces coefficients
in the range of 0.074 to 0.078, depending on the lag of the instrument.
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Table 2: Estimation of the elasticity of congestion, (1 — 8)/(1 — 6).

FIRST STAGE

(1) (2) (3) (4)
log(Ze.1,1) 0.020*** 0.023*** 0.018*** 0.023***
(0.005) (0.008) (0.005) (0.008)

F-stat. excluded inst. 14.58 7.47 12.95 8.89

SECOND STAGE

log(Prod. Workers in City)  0.981*** 1.013*** 1.267*** 0.902***
(0.326) (0.394) (0.392) (0.337)
AKM SE (0.026) (0.023) (0.033) (0.013)
Method IV(I=5) IV({I=7 IV({=10) IV (I=t—t9—95)
Observations 2855 2849 2845 2846
Implied 3 0.608 0.595 0.493 0.639

Standard errors are clustered at the CBSA level and shown in parenthesis. *, ** and *** indicate that the
coeflicient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. AKM SE indicates
alternative standard errors, calculated according to Adao et al. (2019). All specifications control for CBSA and
year fixed effects.

which affect the utility of consumers. Leaving them out of the regression can therefore severely
bias the elasticity of prices with respect to the population, since individuals are willing to pay

higher prices to live in cities where amenities are higher.

Identification Conditions and Robustness Checks. The structural error in equation
(14) is a function of the same productivity shock that determines the residual in the previous
section. Hence, the conditions for the orthogonality of the instrument in both cases are also
the same. Table 2 shows the estimated elasticity of congestion when the lag [ used to construct
the instrument varies from 5 to 10 years and when industry employment shares in each city are
fixed at their average level between 1990 and 1995 — leveraging the fact that for large [, I. 1 ¢
and zéﬁt are likely to be uncorrelated. Appendix C.4 presents these same results when using an
instrument that excludes industries whose employment share (of inventors) in any single city
share exceed 15% at any point in time.

Rental values are only available in the ZRI database after 2010, which explain the small
number of observations in table 1. Because of that, we also an alternative version of (14),
where pgt is approximated by the median housing price in each city (a series that goes back
to 1996)'®. This regression implies a higher value or 3, around 0.8, which reflects the fact that

housing prices tend to be less elastic than rental prices.

The value of 5. Combining the estimation results in table 2 and in appendix C.4, we adopt
B8 = 0.6 as the baseline value to compute the optimal distribution of R&D subsidies in section

5. We also perform sensitivity analyses using 5 = 0.5 and § = 0.8, which spans the range of

18Using housing prices to approximate pﬁ,t presents its own issues, as houses can also be thought of assets,
whose prices might reflect agents’ expectations about the future of the economy.
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estimated coefficients found in all specifications.

4.3 Moment Matching

Fixed Cost of Innovation. To estimate size of the fixed cost of innovation, k, we use
equation (8), which relates the number of firms in each city to the number of inventors in the

city. Summing both sides of that equation over cities and rearranging gives

I

“:(1—¢)N

where N is the total number of firms in the economy. Given that the average number of inventors
per firm in the data is I/N = 21.07 and ¢ = 0.5, this relationship gives x = 10.53.

City-Specific Parameters. Next, we turn to the set of city amenities . and mean produc-
tivities X. in each city. For cities ¢ € {1,...,C}, these parameters can be identified off the
average share of inventors and patents filed by cities over time. Specifically, the average share

of inventors in city ¢ over time is'®

(avg. share of inventors), = 7 =

ZC Xe e OZ%
c=1\1—s, ¢

Similarly, the average share of patents filed in each city is

(avg. share of patents filed), / D se(t) dt = Lﬂm

Zc 1 N (t)zfe(t) Zc:l ReIetom
The two sets of equations above identify a. and X. for every ¢ up to a constant. Since a. is a
preference parameter, its level does not have much meaning and we normalize E.[a.] = 1. The
scale of Y. can be identified off equation (10) by imposing that the rate of growth of the model
g = AD equals 2%, the historic annualized rate of growth in the US. The effective amenity
level in city 0 can be found by matching the share of population in city 0, Ly/(I + L), to its

counterpart in the data. Both of these procedures are described in detail in appendix D.1.

Law of Motion of the Productivity Shock Lastly, we describe the identification of shock
distribution parameters o and ¢. Since only the ratio 02/¢ matters for the equilibrium of the
model, we set ¢ = 1. Next, o can be found by matching the model-generated cross-sectional
variance of the population of inventors between cities with the same moment in the data.
Appendix D.2 derives the expression for this variance in the model and shows how to identify

g.

1—6 6
Xe )O o6 1-0
9Formally, model’s equilibrium gives 2 T OT I"(t)dt (175‘:) = X % fOT 1?;“3 S dt. Since
£, () 5 of r(1s(*s" 1) 5s)
Z.(t) is an ergodic process, the integral in this expression converges to an expected value when 7' — oo (Bergelson
et al., 2012). Assuming that the number of periods available in the data is large enough, the result follows.

o
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4.4 Comparison to Untargeted Moments

We assess the model’s external validity by measuring how well it can fit the spatial distribution
of variables that were not targeted for estimation. Figure A.3 plots the model’s predictions
against the data for four untargeted variables: the share of firms per city (panel a), the average
number of patents per firm in each city (panel b), the share of total employed population per
city (panel c¢) and the spatial distribution of patents per capita (panel d). In general the model
matches those distribution quite well — the correlation between the share of firms per city in
the model and data is particularly high, at about 0.97. The distribution of patents per firm is
harder to match, as there are many cities — of widely different sizes — that have on average a
single patent per firm.

Panels (c¢) and (d) of figure A.3 show the match between the total employed population and
patents per capita between model and data. As a general rule, the model tends to underestimate
the total population in cities where there is a small number of inventors and overestimate the
population of cities where many inventors live. This happens because the model predicts that the
population of inventors and production workers is proportional across cities; in practice, cities
tend to specialize in one type of activity. As a result, the model-predicted total population
and model-predicted patents per capita tend to be off in each end of the city size distribution.
Nevertheless, the correlations between model and data are still fairly high, as shown in panel A
of table 3.

Panel B of table 3 compares the outcomes in the model and data at different sections of the
city size distribution. Specifically, it ranks cities based on their average population of inventors
between 1998 and 2016 and divides them into five bins with an equal number of cities. It then
compares the share of firms and the average number of patents per firm in each of those quintiles
separately.For reference, we also include share of inventors and patents in each quintile of the
city size distribution (there is no comparison between model and data in those cases, as the

match is one-to-one).

Table 3: Spatial Distribution of Untargeted Variables

PANEL A: CORRELATIONS BETWEEN UNTARGETED VARIABLES: MODEL AND DATA

Number of Firms Patents per Firm Employed Population Patents per Capita
0.97 0.58 0.81 0.49

PANEL B: SPATIAL DISTRIBUTION OF UNTARGETED VARIABLES
Bin Share of Inventors Share of Patents Share of Firms Avg. Patents/Firm
(model) (data) (model) (data)

1 0.002 0.001 0.002  0.003 | 1.052 0.81
2 0.006 0.002 0.006  0.007 | 1.006 0.875
3 0.013 0.006 0.013 0.017 | 1.234 0.993
4 0.04 0.018 0.04 0.045 | 1.271 1.171
5 0.939 0.973 0.939 0.927 | 2.181 2.894

29



4.4.1 Can R&D Tax Credits Shift the Spatial Distribution of the Economy?

The last question addressed in this section is the extent to which R&D tax credits can influence
the location of firms. Moretti and Wilson (2017) offer evidence that inventors are very sensitive
to state taxes, but R&D tax credits tend to have a smaller effect than other forms of taxation.
Similarly, Slattery (2019) finds that state-level subsidies have an important effect over firms’
locations, but this effect includes all discretionary state subsidies and cannot be attributed to
R&D tax credits alone. Understanding the extent to which R&D tax credits can change the
spatial distribution of the economy is relevant for interpreting the counterfactual results in the
forthcoming sections, which assess the welfare effects of alternative spatial configurations of
those credits.

To answer this question, we leverage the variation of R&D tax credits over time and measure
how well the model can predict the spatial dispersion of the economy in the years when the
spatial distribution of R&D tax credits differed from what it is today. We focus on the spatial
distribution of the population of inventors and of patents filed in the decades of 1970-1979,
1989-1989 and 1990-1999. Using averages across longer periods has two advantages. First,
the equilibrium of the model assumes a BGP, so its predictions do not apply to short-term
variations. Second, these three decades roughly coincide with broad trends in the adoption of
R&D subsidies: in the 1970’s, there were no subsidies. In the 1980’s, the federal government
introduced a (spatially uniform) subsidy; in addition, a few states started offering local subsidies
of their own, on top of the federal benefits. By the 1990’s, similar policies had been adopted by
most states.

We construct the model-implied distribution of inventors and patents per city in any given
year by simply providing the model with the value of the R&D tax credit rates in that year
(keeping all other parameters fixed). Using those credit rates and the parameters estimated
above, we construct the share of inventors and patents produced in each city for all years, then
calculate their averages for each decade. Panel A of table A.3 shows the correlations between
model outcomes and the data for each decade. For better visualization, we again aggregate
cities according to quintiles of the city size distribution (where cities are ordered according to
their average population of inventors) and report the model-predicted and observed share of
inventors and patents in each of those bins.

To account for persistence in city size, we also analyze the model- and data-implied changes
in the shares of inventors and patents in each city across time. To this end, we again compute
the average share of inventors and patents produced in each city during the 1970’s, 1980’s,
1990’s and 2000’s. Next, we compute the difference between those shares in the decades of
1970, 1980 and 1990 relative to their value in 2000. Figure A.4 shows the correlation between
model and data outcomes in each decade, which hover around 0.6 for changes in the share of
inventors and 0.8 for changes in the share of patents filed. Panel B of table A.3 displays the
output of regressing the changes in shares observed in the data on its counterpart in the model,
where only the value of the R&D tax credit is allowed to vary.

These results suggest that R&D tax credits are quite relevant for the location decisions of
inventors/firms and the production of innovation. The R-squared of the regressions in table A.3

show that changes in the R&D tax credit rate can explain about 40% of the variation of changes
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in population shares over time and over 60% of the variation of changes in the production of
patents. The correlations in Panel A of that same table indicate that those changes often go in

the direction predicted by the model.

R&D Tax Credits vs Corporate and Labor Income Taxes. Previous research has
linked changes in corporate and labor income taxes to changes in the quantity and location of
innovation (Akcigit et al., 2020). As a result, it is important to check whether R&D tax credit
rates have moved in tandem with those taxes — which would mean that the results above might
not be related to R&D tax credits themselves, but the effects of changes in other local policies.

To test this possibility, we calculate, for each state in the US, the year-over-year change in
(1) the statutory R&D tax credit rate, (2) the state corporate income tax rate, and (3) the
state labor income tax rate for the top income bracket.2’ Data for all series is available between
1977 and 2006. Across all states, the correlation between changes in the R&D tax credit rate
and either corporate or labor income taxes is very small (—0.01 and —0.03, respectively), and
not statistically significant at the 10% level. Different specifications of a regression of R&D tax
credits on both corporate and labor income taxes all yield the same result: coefficients that are

small and not statistically significant (see table A.2).

5 The Welfare Effects of Spatial Policies

Finally, we turn to the main questions motivating this study: can a redistribution of local
R&D subsidies increase aggregate welfare in the economy? And if so, what is their optimal
distribution? To answer the first question, we compare the current spatial distribution of R&D
subsidies in the US with a spatially homogeneous subsidy that is implemented with the same

2L To answer the second question, we assume the existence of a social

amount or resources.
planner/government that is able to choose the value of all local R&D subsidies in order to
maximize welfare. We compute an approximate solution for this problem, which provides a set
of optimal R&D subsidies that can be used to measure the potential welfare gains from the
redistribution of local R&D subsidies in the US and to inform us about which places should

benefit from R&D policy.

5.1 The Government’s Problem

Aggregate welfare in this model is measured as the sum of the utility of all workers in the
economy, since all firm- and land-owners are fully taxed. For convenience, we assume that the
cost of producing G' units of the public good is v(G) = 7GQ(t), and that the amount of public
good produced is fixed. Let II(¢) be the aggregate flow of profits by all firms in the economy in

period t. The government’s problem is

2'Data on state income taxes are obtained through NBER’s TAXSIM model (https://users.nber.org/
~taxsim/state-rates/).

2n practice, each state is able to choose its own tax credit level, so the spatial distribution of R&D subsidies US
can be understood as the outcome of a non-cooperative game played by policy makers in each state. Comparing
this decentralized outcome with a spatially neutral subsidy informs us about the welfare gains of allowing states
to compete by choosing R&D policy.
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Note that the population of inventors and production workers, their wages, utility levels, land
prices, profits, and the rate of creative destruction are all endogenous variables that depend on
the full spatial distribution of subsidies. Appendix E shows that this dynamic problem can be
transformed into a static one, after plugging in the expression for those variables in the model’s
equilibrium.

The static version of the government’s problem also highlights one important tradeoff that
the government has to face. On the one hand, the government’s objective function increases with
the rate of creative destruction, D: a higher rate of creative destruction means that the economy
grows at a higher rate, which therefore implies a higher present value of welfare. Furthermore,
from corollary 1, D % ZCC:1 )Zcfcl U7 which means that a more spatially concentrated popu-
lation leads to a higher rate of innovation — especially if the population is concentrated in the
most productive cities. On the other hand, the normalized congestion-adjusted wage w'(t)/Q(t)
decreases with the rate of creative destruction (see equation 9 in proposition 2). Intuitively,
when the rate of creative destruction increases, so does the rate at which firms discount the
future, » + D, because the probability that any of the firm’s product lines will be stolen by
a competitor increases. This leads firms to decrease investments in R&D, which reduces the
demand for inventors and pushes their wage down (the same happens for production workers

through general equilibrium effects).Lower wages, in turn, result in lower welfare.

5.2 A Spatially Homogeneous Subsidy

The current spatial distribution of R&D subsidies in the US can be understood as the outcome
of the competition among states to attract innovative firms and inventors into their jurisdiction.
To evaluate the effects of this competition, consider a counterfactual economy where states are
not allowed to compete, so that R&D subsidies are fixed over space s. = 5 for all ¢. Since taxes
and other government expenditures are kept constant throughout all counterfactuals, § is fully
determined by the government’s budget constraint. Given the model’s calibration, this subsidy
rate is close to 19%. For comparison, the average subsidy rate under the current distribution is
about 16%.

Moving to a spatially homogeneous subsidy spreads the population of inventors more evenly
over space: the HHI index of the city population shares moves from 0.027 to 0.025. Under
this alternative population distribution, aggregate welfare falls by 0.77% due to a decrease
in the growth rate of the economy of approximately 0.03 percentage points. In contrast, the
static baseline wage w’ increases by 0.91%. In other words, the decentralized adoption of R&D
subsidies by states led to a higher welfare level than what would be attained under a spatially
neutral subsidy that is implemented using the same amount of resources. This suggests that the

states that offer the largest R&D tax credits are indeed to ones that are comparatively better
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at producing innovation (leading to a higher growth rate).

5.3 Approximating the Optimal R&D Subsidies

What is the best outcome that we can achieve by just redistributing subsidies across space?
Finding the exact optimal subsidies that solve (E.1) can be computationally challenging, as this
a non-convex problem with 860 choice variables (cities). Therefore, we compute an approximate

solution by imposing a functional form to s.:

. { Cofx¥, if Catyy <
T, if ¢ aﬁxﬁ > T
This functional form is motivated by the fact that cities only differ from each other because of
either a, or x. — and therefore any differences in the optimal subsidy across cities will necessarily
be driven by differences in these two parameters. In addition, we also introduce a subsidy cap,
taking values in 7 € {0.3,0.4,0.5}. This is done to avoid what might be a politically unfeasible
subsidy — the highest credit rate currently offered in the data (combining state and federal tax
credits) coincides with the lowest value of the cap, at about 30%. In each case, the parameters
¢ and w are chosen in the interval [—5, 10] to maximize aggregate welfare. The scale parameter
¢ ensures that the budget constraint is satisfied.

Figure A.5 plots aggregate welfare as a function of £ and w (fixing 7 = 0.4) and the resulting
optimal subsidy as a function of amenities and local productivity. It is clear from panel (b)
that the welfare is maximized when innovation is concentrated in cities with high amenities
and high productivity, so the optimal subsidy rates should move the economy in this direction.
This result is intuitive: cities with high productivity produce more innovation per worker, so
moving the population to those cities will generate a higher growth rate. Alternatively, workers
living in cities with high amenities will accept relatively lower wages, so firms in those cities
experience less congestion costs, all else equal.

Figure 2 maps the optimal R&D tax credits for each city in the US. In accordance to the
discussion above, there are two areas that are heavily subsidized under the optimal policy: the
Silicon Valley (San Jose) and New York City, which are already the two largest producers of
patents in the country. Figure A.6 shows how the optimal R&D subsidies affect the geographical
distribution of inventors and patents produced in each city, relative their current values. Note
that a big part of the effect of the optimal subsidies is to move the population from mid-sized
cities to a few high productivity/high amenity cities, dramatically increasing their share of the
population and innovation.

The welfare gains from the spatial reallocation of the population caused by the optimal
distribution of R&D subsidies is shown in table 4. When capping the city-level subsidy at 50%,
the model predicts that total welfare would grow by at least 6% if the optimal distribution of
R&D subsidies was adopted. This gain is generated in part by an increase of 0.26 percentage
points in the rate of growth of the economy. However, as mentioned above, baseline wages also
fall by over 7%, indicating that the higher rate of creative destruction has lowered the demand

for labor by individual innovative firms.
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Figure 2: Optimal R&D Tax Credit Rates per City

m (.35,.4]
m (.3,.35]

m (.25,.3]

m (.2,.25]

P m(.15,.2]

- . 1(.1,.15]

- ) I, 7(.05,.1]
° [1(.01,.05

//}%\ © Efo,.ou !

Table 4: Gains from adopting optimal subsidies.

PANEL A: CITY-LEVEL SUBSIDIES

A WELFARE A BASELINE WAGE A CREATIVE DESTRUCTION A RATE OF GROWTH T
2.95% —3.60% 0.97 p.p. 0.13 p.p. 0.3
5.23% —6.38% 1.70 p.p. 0.22 p.p. 0.4
6.15% —7.75% 2.00 p.p. 0.26 p.p. 0.5

PANEL B: STATE-LEVEL SUBSIDIES

A WELFARE A BASELINE WAGE A CREATIVE DESTRUCTION A RATE OF GROWTH T
2.50% —3.65% 0.88 p.p. 0.12 p.p. 0.3
3.06% —4.36% 1.07 p.p. 0.14 p.p. 0.4
3.23% —4.71% 1.13 p.p. 0.15 p.p. 0.5

5.3.1 Subsidies by State

The results described above are predicated on the assumption that R&D subsidies can vary by
city.Historically, these subsidies were chosen at the state level. Taking the geographical scope
of the policy as given, we re-run the exercise above while constraining subsidies to be constant
within states. To do that, let ¢(S) indicate a city ¢ that is located in state S. Denote by C(S)

the total number of cities in each state and the approximate optimal subsidy by
c(s . c(s _
s ) . CC(ls) Zc (1)aCXc7 lfCCELS) Zc (I)Oégxtc‘J
S) — .
¢ T, if (—C(ls) e (1) agxf > T
Once again, 7 € {0.3,0.4,0.5} and the parameters £ and w are chosen to maximize total

welfare in (E.1). The parameter ¢ ensures the the government’s budget constraint is satisfied.

Panel B of table 4 shows the welfare effects of the optimal distribution of R&D subsidies across
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states. Note that the distribution follows the same pattern as above, where a higher spatial
concentration of innovation leads to gains in welfare. Those gains are smaller, however, as there
are more constraints on the value of the subsidy. Finally, note that this pattern is again robust
to different values of the agglomeration and congestion elasticities, as shown by the sensitivity
analyzes in appendix F.

Figure 3 shows the optimal value of the subsidy in each state. It is interesting to see that the
optimal subsidy distribution changes completely, to California and Idaho! The reason for this
difference is that the state of New York has a number of mid-sized cities that, when combined,
produce a sizable share of innovation in the state. Therefore, subsidizing New York state would
bring more inventors to NYC, but also to all other cities, undermining the concentration of the
population in a single location.

In contrast, innovation in Idaho is much more concentrated in Boise — which is itself an
innovation hub as well. In fact, both NYC and Boise are home to about half of the population
in their respective states; however, NYC only produces around 5% of patents in the state of New
York, while Boise concentrates almost 60% of the patents in Idaho. As a result, the effect of an
R&D subsidy in Idaho would be highly focused in that city, leading to a larger concentration
of the population in one single place. One important conclusion from this discussion is that
the spatial distribution of the optimal R&D subsidy can drastically change depending on the
geographical scope of the policy.

Figure 3: Optimal R&D Tax Credit Rates per State
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5.4 Discussion

There are a few important points to keep in mind when interpreting the results found in this
section. First, the welfare gains reported here are the product of a pure redistribution of
R&D subsidies over space. Expenditures on those subsidies are kept constant throughout all

counterfactual exercises, with the exception of endogenous changes in the government’s revenue
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caused by the reallocation of the population. As such, the optimal subsidy rates computed here
require no changes in taxation whatsoever.

Second, the gains reported in table 4 are only a lower bound for the increase in welfare that
can be obtained by the redistribution of R&D subsidies. This is a consequence of imposing a
functional form to approximate the optimal subsidies, which does not necessarily describe the
policy that maximizes the government’s problem. As a counterpoint, the welfare gains under
the optimal distribution of R&D subsidies assumes the existence of a benevolent social planner,
which could be in contrast to how those policies were historically adopted. In the US, many
of the R&D tax credits were chosen independently by several states, whose goals might be
maximizing aggregate welfare and lack coordination across locations (Ossa, 2015).

A third point concerns simplifying assumptions in the model used to compute the optimal
policies and aggregate welfare. As discussed in section 2, the introduction of moving costs can
have relevant effects on welfare and on the the distribution of the optimal R&D tax credits.
Those impacts can take the form of one-time costs paid by workers to move between cities, but
could also affect the optimal distribution itself if the costs of moving workers from city A to
city B are too large. We argue that the results found here should be thought of as long-run
responses to changes in policy, but recognize that the adjustment might not trivial and take
some time to complete.

Lastly, placed-based policies often need to balance a tension between subsidizing more pro-
ductive regions and redistributing resources to poorer regions (Glaeser and Gottlieb, 2008;
Henkel et al., 2021). Because the utilities of workers equate across regions, issues related re-
gional inequality cannot be addressed here. As such, we do not argue that all policies should
work to concentrate resources in a handful of cities. Instead, we focus on R&D tax credits, a
policy designed with the clear objective to increase the amount of innovation in the country.
Given this goal, my framework is able to speak to both the spatial and dynamic incentives of
R&D policies at the firm level and propose a reallocation of resources that would lead to higher

growth by concentrating inventors in the most productive cities.??

6 Conclusion

This paper assesses whether there are welfare gains from the spatial reallocation of R&D tax
credits in the US. As a framework to analyze counterfactual spatial distributions of the tax
credit, we construct an endogenous growth model with spatial heterogeneity and agglomeration
economies in the production of innovation. This framework contributes to the literature on
endogenous growth by nesting a model of growth through creative destruction into a spatial
setting. It also contributes to the literature on spatial and dynamic models by developing a
tractable model that can be easily matched to micro data.

Qualitatively, we identify an important tradeoff in the the optimal spatial distribution of
R&D subsidies: increasing the geographical concentration innovation in highly productive cities

will increase the rate of growth of the economy, but it also increases the rate at which firms

22Note that this prescription is not inconsistent with alleviating regional inequalities either, as smaller cities
can also benefit from higher growth, or focus on other economic activities that are their comparative advantage
(see Rossi-Hansberg et al., 2019).
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discount the future due to a higher rate of creative destruction. This reduces individual firms’
investments in R&D, which puts downward pressure on the wages of inventors and decreases
aggregate welfare.

We find that concentrating the population of inventors in cities with high amenities and
high productivity has positive and potentially large impacts on aggregate welfare. Furthermore,
those gains are achieved through a pure redistribution of the R&D subsidy over space, keeping
all taxes and other government expenditures constant. Importantly, the geographical scope of
policies matters. While it is optimal to subsidize cities with high productivity/amenities, this
does not translate to the state level, as the composition of cities within each state needs to be

taken into account.
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Online Appendix for “R&D Subsidies and the Geography of Innovation”

A Additional Figures and Tables

Figure A.1: Number of States that Adopted R&D Tax Credits
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Note: figure shows the average effective R&D tax credit rate in the US. See the note in figure 1.

Figure A.2: Distribution of R&D Tax Credit Rates Across States
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Note: figure shows the effective R&D tax credit rates in the US. See the note in figure 1. The two discontinuities
in the federal credit rate are due to (1) a change in the method for computing the federal base level in 1991 and
(2) the fact that there were no federal credits in 1995.
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Figure A.3: Model Fit
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Figure A.4: Correlation Between Changes City Population: Model vs Data
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Note: The change in city population is defined as the difference between the average population share of the
city in a given decade minus the average population share of the same city between 2000 and 2006.
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Figure A.5: Results from Welfare Maximization
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(a) Welfare as a function of £ and w. (b) Optimal R&D tax credits/subsidies.

Figure A.6: Changes in the spatial distribution of inventors and innovation
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The x-axis shows the share of inventors and patents in each percentile of the city distribution (in log scale),
where cities are ordered by their current share of inventors (panel a) or patents filed (panel b). The y-axis
plots the expected change in those shares should the economy move to the optimal subsidy scheme. For better

visualization, each plot aggregates cities into percentiles.
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Table A.1: Calibrated Parameters

Parameter Value Description Matches
W 0.5 Elast. innovation wrt R&D  Literature (see footnote 15)
A 0.132 Innovation step size Acemoglu et al. (2018)
Se [0.13,0.30] Effective R&D credit rate Wilson (2009)
p 0.02 Discount rate Literature
g 0.02 Growth rate Annualized growth rate
r 0.038 Real interest rate Avg. real interest rate
€ 0.15 Elast. quality in final goods  Profit/sales ratio (BEA)
0 0.6 Preference parameter Share of expenditure in non-
tradables (BLS; Bems, 2008)
1 1 Population of inventors Avg. number of inventors re-
siding in CBSA’s (1998 - 2016)
L 175 Population of production Avg. employed population re-
workers siding in CBSA’s (1998 - 2016).
Ly 0.85 Population of production Avg. employed population re-

workers in CBSA’s that do

not innovate

siding in CBSA’s w/ no patents
filed (1998 - 2016).

Table A.2: Relationship between the R&D credit rate and income taxes.

Statutory rates

Effective rates

Changes in rates

(1) (2) (3) (4) (5) (6)
Labor income tax 0.031 0.044 0.085 0.085 -0.071  -0.063
(0.198) (0.119) (0.160) (0.117) (0.052)  (0.057)
lag 0.029
(0.054)
lead -0.145
(0.119)
Corporate income tax  0.180 -0.108 -0.081 -0.329 -0.017 0.008
(0.413) (0.324) (0.383) (0.316) (0.079) (0.075)
lag -0.022
(0.060)
lead 0.079
(0.122)
Fixed Effects State  State, year | State  State, year - -

Observations 1530 1530 1530 1530 1479 1377

Standard errors are clustered at the state level and shown in parenthesis.
coefficient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively.

Notes: Columns (1) and (2) regress the statutory R&D tax credit rate on corporate and labor income tax
rates. Columns (3) and (4) do the same, but using the effective credit rate. Columns (5) and (6) compute the
within-state year-on-year changes in statutory R&D credit rates and income tax rates; it then regresses changes
in the statutory R&D credit rate on changes in the corporate and labor income tax rates. Column (6) also

includes lags and leads of the changes in both tax rates.
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B Proofs and Derivations

Definition 1. Given initial product quality levels {q;(0) > 0}jes and a set of values for
the RED subsidy, effective amenity level and expected productivity of innovation in each city
{8e, e, Xe Y& such that x.(t) = xee* W, 5o = 0 and dz. = (pu — z.) + odW,, a Stationary
Balanced Growth Path Equilibrium of the model consists of, for all periods t > 0: (a) an
allocation of goods (Y (t),{nc(t)}Lq, {k;(t)}jes), (b) a spatial distribution of inventors, pro-
duction workers and firms {I.(t), Lc(t), N.(t)}S_o and (c) prices {wi(t), wi(t), pn(t)}L o such
that

(i) z.(t) is normally distributed with mean pu and variance o for all t and all c.

(ii) The production of the final good Y (t), the average quality of intermediate goods in the
economy Q(t) = fjej qj(t)dj, congestion-adjusted wages (w' and w'), and the utility of

consumers all grow at a constant rate.

(iii) All workers are freely mobile and mazimize their utility over the consumption of final and

non-tradable goods, as well as over the city where they live.

(iv) Final and non-tradable good producers mazimize profits while taking prices as given. Inter-
mediate good producers operate under monopolistic competition in the production of each

product line.

(v) Incumbent firms take their location as given and choose RED investments to mazimize
their discounted stream of profits. There is free entry to all cities and a large mass of

potential entrants.

(vi) All labor and goods markets clear, and the amount of public good produced, G, balances

the government’s budget constraint.

Proof of Lemma 1

In equilibrium, agents are free to choose where they will live. Hence, for any city ¢ and at any
time ¢
ull(t) > max ulh (t)d(c, ),

¢
where h € {i,¢} denotes the worker type. Without loss of generality, we assume that all cities
are populated, so the inequality above must hold for all cities in the economy.

To simplify the notation, let . = dy(c) = 1/da(c) be the cost/benefit of leaving city ¢, so
d(e,d') = 0./do. Next, we pick an “index” city, cg, and apply the inequality above (we omit the

time notation as it causes no confusion):

=9

h h Yc
chuC()dC,
0

but because city ¢y is also a city, it must be the case that



Combining these two equations, we immediately get
ug /e = u?o/dco =",

where u” is defined to be the normalized utility of of a type h worker living in city 0. And since

city ¢ was arbitrarily picked, the equation above is true for all cities in this economy.

Proof of Lemma 2

City 0. To derive the relationship between population and wages, it is useful to separate city

0 from cities 1,...,C. The non-tradable good producer in city 0 solves the problem
max ppn,0n — wéﬁn,o — Pmom st.n= Eﬁ Oml_ﬁ,
n,0,1M ’

where wé is determined in equation (2) using the final good producer’s problem. The first-order

conditions are

1-8
[En,O] : /Bpn,O <m) = w(l;

gn,O

[m] = (1= B)png (g;jf)ﬁ = Ping-

There are three local market clearing conditions (in the sense that they hold inside city 0).
The land market clearing condition is

m = 1my

since land is a fixed factor. The labor market clearing condition is
Lo =14y + tn,

where Lg is defined as the total population of production workers in city 0. And finally the
non-tradable good market clearing condition is
2 0
0 €y70& + En,oﬂ =n
Pn,0 Pn,0
where the demand for non-tradable good from each worker is ng /Pn.0, given the familiar Cobb-
Douglas utility function of workers.
Using the F.O.C. [¢, 0] from the non-tradable good producer’s problem, the supply of the

non-tradable good is
_ W bno

B Pn,0 B .

Plugging this into the non-tradable good market clearing condition,
9,3[5%0 + fn,o} = Emo = En,O =6LLy and £y70 = (1 — 9,3)[40

We can also compute the land rent in city 0 by using the F.O.C. [m] and the land market
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clearing condition:

(o)’
Pm,o = (1 — B)pn,[) ( 70) .
mo

Plug in p,, ¢ from the F.O.C. [¢, ] to find
pm70m0 = (1 — ,B)ngL()

Now turn to the equilibrium mobility condition uf; /80 = u’. A production worker’s utility is

uf = 510 [ao <9 wh )T (1 — 0)wl] .

DPn,c

Once again, we can plug in the F.O.C. [{, o] and the labor market clearing condition above to

find,
¢ mo 1= 011-0
u = |olp (06L0> [(1 = 0)wp] 7,

1 .
where ag = ag/d§ is the effective amenity level in city 0. Define Lo = Lo/mg as the population

per unit of land in city 0. Rearranging the expression above,

0

we _ ]. Uz ITIG f/g-]_/@ 1=0
0716 |(8p)8 o ’

as desired.

Cities 1,...,C. The process for cities 1 through C is very similar, with the exception that
these cities also have a population of inventors. In each city, the non-tradable good producer
solves

Y4 _ 1—
max pp.ct — Weln e — Pm,ecMe St 1= Eg}cmc B
gn,mmc

The first-order conditions are

me 1-8 ¢
[fn,c] : Bpn,c <€> = w.

)

lne”
[mc] : (1 - B)pn,c <m7 > = Pm,c-

Cc

Again, there are three local market clearing conditions that must hold in equilibrium. For

all ¢ € {1,...,C}, the land market clearing condition is
Me = M}

the labor market clearing condition is
En,c = Lc;

48



and the goods market clearing condition is

A 7
0 [LC We L1, “)C] —n
Pn,c Pn,c

where L. and I, are, respectively, the population of production workers and the population of
inventors in city c.

Using the F.O.C. [(, ] and the two latter market clearing conditions, we get

Le _ (573";;) o
Me w

C

and . .
0 |:LC W + Ic é :| _ W, &
Pn,c Pn,c DPn,c /8
This second equation simplifies to
03 ,
1
Low, = T eﬁfcwé. (B.1)

The utility level for production workers is therefore

1 nak 1-6
¢ — c C 1 _ l
u 3 [a Qpnj [( G)wc}

Rearranging this expression and using the “tilde” to denote variables expressed by units of land

(L. = L./m.), production worker’s wages are

1

6
A 1 Wt 1T
e _ 0 c l_
W, =w < o ) where w" = T [(95)0] . (B.2)

To find w?, and rewrite equation (B.1) as (recall that “tildes” indicate variables per unit of
land, I, = I./m,)

.  j1-8
Using Pre — Le we get,
g wﬁ 5 9 g

Now plug this and (B.2) into (B.1) to find

. (1-6
wi 10801 93 N e
Dn.c 0 wll—08 ° '
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The utility of inventors is thus

7

ul zlkﬁwﬁgm—mwf*

¢ Pn,c
1 oes N\ e o]
N 1o 65 1- 11-6
= |ac(1—6p) (M - Gﬁwf:) ac LT [A=0)wl] .
Rearranging,
1-68
1-6
~_g ] ,
. I 1= . ut
w,, Zwl( Cac ) where w' = e 5 . (B.3)
1—
(1—6)1-° [(1 —0p3) (ﬁ—lfgﬁ) ]
Finally, going back to (B.1) and plugging in (B.2) and (B.3), we get
08 w10
w1~
L.= — I
= (o)
C
for cities ¢ € {1,...,C}. Summing over cities where there is innovation and using that I = Z I.
=1
c C
and1;=:L0+-§:1¢,ﬁ_buowsthat
c=1
TN
¢ = i
= . B4
v <le> 1-68" (B-4)

Finally, plug (B.4) into (B.3) to find

v = 1ie [[(1—u;6>]41i9 (L—ILOY

Also note that plugging (B.2) and (B.3) into (B.1) and summing over ¢ € {1,...,C} implies

that the number of inventors and production workers is proportional in those cities:

1. L.

T L—ILo

Finally, we can find land rents in each city by plugging in the land market clearing condition
and the F.O.C. [¢, ] into the F.O.C. [m,]:

1-6
B

It is convenient to write this expression in terms of the population and wage of inventors in

= V4
Pm,cMec = wch-
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each city. Using equation (B.1), we have

1-06)0 .
pm,cmc = ( /8) wéIc

108

Proof of Lemma 3

As described in the main text, the firm’s HJB equation is

(> TLogj + 2 EVelay Us {1+ N} Ie Ze, A) = Velag, Lo, Ze, A)
g;€qr

r‘/;:(qf7 jC’ 267 A) — max -D Z [‘/c(qfv fm ZCa A) - ‘/C(qf\*{q‘j}7 I~Ca Z07 A)]
Tfe qj€qy

EldVi(ays, Ie, Ze, A)]
dt

—(1 = se)wp(ife + k) +

s.t. Tfe= )ZCZC(fgiﬁc)w

where we have defined Z. = e* as the local productivity shock. Since z. is an Ornstein-
Uhlenbeck process with law of motion dz. = ¢(u — z.)dt + cdW,(t), it follows that

2
dZ, = ¢ (U — ln(Zc)> Zedt + 0 Z.dW,(t)

4¢
by application of It6’s lemma and using p = —%.

To prove lemma 3, we only need to determine dVC(qf,INC,ZC,A). This can be done by
applying It6’s lemma to the the firm’s value function V., while taking into account that one of
the state variables — the population of inventors per land in the city I, — is a function of the
shock Z.. For each city ¢ > 1, define a function k. : Ry x R% x [0,1] x [0, L] — [0, I/m,] such
that I, = he(Ze; A) (recall that A = (Q,w’, D, Lg) € RZ x [0,1] x [0, L]). Tt&’s lemma implies
that
oh

o? Oh. (0Z.)? 0%h, c
dt + [(]5 <4¢ — ln(Zc)> anZC + 2> 972 dt + Uan—chWc(t),

~ Oh,0A

dhe = 0A Ot

where the arguments of the function are suppressed for convenience in the notation. Note that
the first term in the equation above is the regular derivative of h. w.r.t. the vector representing
the aggregate state of the economy, while the remaining two terms involve differentiating w.r.t.
the stochastic process Z..

Given the process for h., we use It6’s lemma once again to differentiate V.(qy, he(Ze; A), Ze, A)

o1




with respect to time:

av, = g‘jgjngZ . gZthr [ZZVQ(dZ) a;fgc(dhc)u a?gh dZdh]
D0 Dl (7)) g o)
+§ZZ{[¢<Z;—1n(ZC)> chZZ+(U§C)QgQZQ] SZZ o(t) + g};%f }
+ [t G (o) o e oz .

Recall that E[dW] = 0 and note that E[%}X %‘?] = 0 because the total number of inventors in

the economy is fixed. Thus, taking the expectation and replacing he(Z.; A) = I,

Ve V. oI,
0Z.  9l, 0%,

Bldve) _ 9v.0A o2
dt OA Ot

= 1 ln(Zc)> Ze

~ 2 ~ ~
(02.)* | O*Ve  O*Ve [ OL WL ) Ve Ol
2 0z = 912 \9Z. oI. 072 " " 97,01, 0Z.

Finally, define Rc(qf,fc,Zc,A) = E[z;/c] — %‘X% to be the risk that firms face due to the

productivity shock Z.. This concludes the proof.

A note on corporate income taxes The HJB equation above does not include any corpo-
rate income taxes, even though these taxes change between locations in the data and are one
of the sources of revenue for the government (see section 2). The reason for doing this is that
taxing a firm’s profits will not change any of its decisions in this model, as long as “profits”
include the expenditure on R&D.

To see why, note that the firm’s HJB equation including corporate taxes 77 is

(1—717 Z TLogj — (1 — sc)wl(ife + k)
q;€qr

rve(dy, Ie, Ze, A) = max +xp Eifve(ar Us {(1+Ngj}, Ie, Ze, A) — ve(ay, I, Ze, A)]

Lfe

E[dvc(va [Nm Zw A)]

-D c 7I~C7Z67A — Ve — j 7I~C>Z01A
\ qj;f[v (ay ) —velas\—{gj} )]+ 7

st. xfe = )‘(ch(INgif,c)zb.

For any function v, that satisfies this equation, we can define V. = v./(1 — 77), where V, is

the solution to the HJB equation shown in the beginning of this proof. The firm’s decision
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of xy . will thus only depend on the value V., which means that firms will choose the same
amount of investment in R&D regardless of the corporate income tax rate. In addition, the
location decisions of firms will also be independent of this tax, since free entry drives the value
of entrants to zero (see the discussion preceding proposition 2).23

O

Proof of Proposition 1

We start the proof by solving for the incumbent’s value function. To do that, we use a guess

ad verify argument. The guess is

‘/c(qfafca ZC7A) =F Z q; + ECQ7
q;€qaf

where F' and E. are both functions of the state (.fc, Ze, A) and % = 0. Substituting this guess

along with the constraint into the HJB equation, we find

OFE.0A .
rF Y g+ rEQ — 5o Q — B =
g;€qy
Lo Y g +ap FA+NQ-D Y Fy
g;€qyf g;€qyf
¥
4 T
—(1 — sc)w f’ci — + K
(XeZe) v 1!

max
Z‘f’c

OF. N OE, oI,
9Z. 9l 0Z,

Q+

- ZN\ 2 -
(0Z.)? |0FE.0%I. O*E,. [ OI. 5 0’E, 0l 0
2 oI, 922 " o12 \ 9Z. 01,07, 07,
u J
The first-order condition is
1-9
1 (1 =s.)wiz,”
ETAR F(1+>\)Q——( 2 Tl <o
(XeZe)¥ 1¢
If the optimal solution is interior,
1 Q ar~ - 1-8)0 1
_ o9 c —0 —
Tfe=Xe wF(l—l_)\)ﬁl—sCIC I Z¢

where we have used equation (3) to substitute for w’. However, firms might prefer not to invest

23Note that an incumbent firm’s value will still depend on the corporate tax rate, but the entrant firm’s value
won'’t (as it equals zero for all cities).
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in R&D at all, particularly in periods where Z, is low. In those cases, the firm can choose a
corner solution . = 0, which means that iy . = 0 and it does not need to pay the fixed cost

wir as well. It is useful to analyze each case separately.

INTERIOR SOLUTION. we will start by considering an interior solution. Plugging xf. in the

HJB equation, we find
0F. 0A

rF ) 4 +rEQ - Gr g Q- EQ=
q;€qy
[’]
(N
Lo > ¢;—D Y Fgi+(1—d)apF (1+)\)Q—(1—sc)nw‘< ; )
a;€qf gj€ay c
o? OE. OE. dl, (0Z.)? [O?E.
— —In(Z)) 2. ~
+¢< 4¢ ( )> 9Z. " oI, 0. ©r _azg]Q
- ~ 2 ~

(0Z.)? | OE. 6216+82Ec oI, ) 9’E, Ol 0

2 oI. 0Z2 912 \ 0Z, 0I.02,0Z:| ~
\ . 7
Collecting terms with and without ) gyeq; U
rF'=nLy— DF, (B.5)
and
’ i [ 71-8 25
Q aEc 814 wl IC_ -
E.[r—2X)] - = =(1- F(1 — (1= 8)h—
C<T Q A Ot ( 7#)'/Ef,c ( +)\> ( S )K}Q o
dE, OE. dI,

(aicﬁ [%252] w6)

0z, " o1, 07,

~ ~ 2 ~
+(O’Zc)2 0B, 0?1, N 0’E, ( OlI. 5 0’E, Ol
2 oI. 0Z2 912 \ 0Z, 01.07,0Z,
Equation (B.5) immediately gives us

7L
r+D’

F(D, Lo) = (B5)
To show that % = 0, it suffices to prove that Lo = 0 and D = 0. Going back to the final good
producer’s problem and plugging in the quantity of each intermediate good produced, k;, and

the number of production workers used in the production of the final good (¢,0 = (1 — 65)Lo),

we find that
v - 1-06p (1
1—¢

1—¢
9 € Y Q L()
) Tom — y-G+T

v
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By definition, Y and @ grow at a constant rate in a SBGP. From the equation above, this
implies that Ly must either be constant (Lo = 0) or grow at a constant rate as well. However,
given that the population of production workers is fixed at L, it follows that the only possible
rate of growth for Ly is 0. This argument also implies that Y and @ grow at the same rate, so
that YV /Y = Q /@ = g. Furthermore, it will be shown in proposition 3 that the rate of growth
of the economy in the SBGP is ¢ = AD. Since both g and A are constant, it follows that D
must be constant as well. In conclusion, both Ly and D are fixed over time, and therefore it
follows that the same is true for the franchise value F'(D, Lg).

Using Q/Q = g and plugging in x . from the F.O.C. of the incumbent’s problem, (B.6) can
be rewritten as

o =

Q ol 1u=0-0-p0 1

1 c — -
= (1= WR[FO+ V)T 95 ], 75"

_ o804
0A Ot

(T - g)Ec

OFE. N OE,. oI,
0Z.  0l. 0Z,

i F1-6 %
—(1— sc)/{% (Ica ) + ¢ <02 - ln(ZC)> Z.

)

(0Z.)? |0?E, 0E.0L. o%E. oL\  _ o2E. ol

2 | 0z2 " oL 022 " on2 (azc> Y0502, 0Z.

(B.6")

which implicitly defines FE. = Ec(fc,Zc,wi/Q,D,Lg). To understand the requirement that
r > g, assume for a moment that Z. = 1 for all cities and in all periods. In this case, equation

(B.6’) becomes an ordinary differential equation and has an explicit solution:

Eo(I.(t),w'(£)/Q(t), D, Lo) — lim Ee(I.(f),w'()/Q(f), D, Lo)e™ =9t =
t—00

e o) S - M) ) T s,

t

where K. and M, are the collection of terms multiplying I. on the first and second lines of
(B.6"), respectively. Since the total population of workers is fixed and w'(t)/Q(t) is stationary
(see proposition 3), the requirement that > g is sufficient for the limit in the equation above to
be zero and for the value of the integral to be well defined. Intuitively, if g > r, firms will always
find it profitable to invest as much as possible in R&D (by, for example, borrowing capital at
rate 1), as the value of doing so grows at rate g. This intuitive argument applies to the case

with local shocks as well.

CORNER SOLUTION. Now let us consider the case of a corner solution. The argument for used
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to derive the expression for F' remains unchanged; however, equation (B.6) now becomes

OE. A Q o2
TEC — 8A E — EC@ = ¢ <4¢ — h’l(Zc)> Zc

OE, N OE, OlI.
9Z. 9l 0Z,

(0Z.)? [0?E,
2 07?2

(02 | 9E. 1. . (0l 2 , O°E. 0L,
2 oI, 0Z2 912 \ 0Z, O1.0Z.0Z

since x 7. = 0 and the firm does not have to pay the fixed cost w'k. Note that a trivial solution
for this equation is E. = 0.

Summarizing both cases, we can conclude that

Vc(qfa fC) Ze, A) = F(Dv LO) Z ¢j + max {07 EC(va Zc7wi/Q’ D, LO)Q} ’
g;€ar

where F' is given by equation (B.5’) and FE. is given by (B.6’).

Entrant’s Problem. The second stage of the entrant’s problem can be solved in the same

way, and in particular note that the guess V(I Z., A) = E.Q implies

OE, A :
TECQ— aA EQ_ECQ_
( 1 \
N
(1 +A)Q — (I —swy | — 57— +&
(XeZe)v 1!
OE, OE,. dI, (0Z:)? [DE.

0.2
ER A (IH(ZC)> Ze\oz. "ot 02,9t 2 a2 @

Q

(02.)2 |0E. 0%, o%E. (oL \" , O°F. Ol
2 oI, 072 = a12 \ 0Z. 1,07, 0Z.

The first-order condition for this problem is exactly the same as in the incumbent’s problem, so
the arrival rates of innovation per product line of all firms is the same. Following the same steps
as above, it is straightforward to show that the entrant’s HJB equation will satisfy equation
(B.6"), verifying the guess. The same holds true in case of a corner solution, where the firm
hires no inventors and again E. = 0. Collecting both cases, we have that V.¢(I., Z,, A) =
max {0, EC(I:C, Ze,w'/Q, D, LO)Q}, with E, defined exactly as it was for the incumbent firm. O

Proof of Proposition 2

There are several claims made in proposition 2, so we proceed in order. We start by proving
that the ratio w’/Q does not depend on any of the local shocks Z., which readily delivers
the population of inventors in each city (equation 6). Then, using those results, we derive

the expressions for the number of inventors hired by each firm, the optimal arrival rates of
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innovation and the number of active firms in each city. Finally, we demonstrate how to find the

population of production workers in city 0.

Wages and the Population of Inventors. Imposing the free entry condition (E. = 0 Ve, t)

into equation (B.6’) gives us
Y
=

0
= _n(1=0)—=(1-p)0 1 i [fl-B\T-0
0= (1— ) [RF(1+ N7 [0 ch_w—(l—sc)’f% ( C ) .

w1l — s, Qe

Define © = (1 — 8)8 — ¥n(1 — 6) to be the net elasticity of congestion. Solving for I. in the

equation above yields

) o

- 11—\ Yy Xe(1+M7Lo Q ol
I. = ¢¥ Z. . B.
¥ ( K > r+ D wil — s, (B.7)

Next, we impose that labor markets clear in all periods. The population of inventors in the
economy is fixed and equal to I; similarly, the population of production workers equals L. Since
workers are freely mobile and supply one unit of labor inelastically, the labor market clearing

conditions are (since there are no inventors in city 0)

C C
I:ZIC and L:LO+ZLC.
c=1 c=1

Recall that I, = I/, and that the land mass in cities ¢ € {1,...,C} has been normalized to
m. = 1/C. Multiplying both sides of equation (B.7) by m. and summing over c yields (after

rearranging)

w1 e (lz¢ Y (1 4+ N7 Lo Z Xl
Q I% r+D C ¢

Using the expression above, my goal is now to demonstrate that % is not a function of the

1-0
©

. Recall that z. follows an Ornstein-

1—sc

o
local shocks z.. For each ¢, define &.(¢) = [WZC(t)

Uhlenbeck process with stationary distribution z. ~ AN (u, %) Since Z, = e€* and p =

—0? /4¢, it follows that Z, is log-normally distributed with mean 1 and variance exp (%) -1
As a result, {£.(t)}<; is a sequence of independent random variables, each with finite first and

second moments, for all ¢ > 0. Applying Kolmogorov’s Strong Law of Large Numbers (see
Shiryaev, 1996, Ch. 4, §3),

1< 1 [ & T as
C;@;—CE 2}] 250

To compute the expectation above, note that (., , s.) are fixed and Z, is independent and
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identically distributed across all ¢. Furthermore, for any K # 0, we have

B[2] = B[] = oA () g = (%),

v e

1-6
Plugging in K = (1 —6)/© and u = —0?/4¢, we get E (Zc@ ) = exp (1 o (%9 - 1) %)

Since C' — oo, it follows that wages in each period are, with probability 1,

w' 1 " 1—1 1=y (14+N)7Lo < Xe 5 & ﬂ(ﬂ_l)cﬁ = B8
v 5 (e Vi . :
Q I%¢ ( K ) r+D C;<1—35> e (B-8)

In words, the equation above shows that w’/Q does not depend on the individual realizations

of the local shocks. It also implies equation (9) in the proposition’s statement. Plugging (B.8)

into (B.7), the population of inventors in each city is

— X =, (B.9)

which is equivalent to equation (6).

Firms, Inventors per Firm and the Arrival Rate of Innovation. Once wages and the
population of inventors is determined in each city, the remaining variables of the model can be
readily computed. To begin, simply plug in equation (B.8) into the expression for the optimal

arrival rate of innovation (see the proof of proposition 1) to find

ii
—01-%

0
Xec © IS 10
(175 ) Q¢ .0 p P _n(1- 9) <1 8)6 w
c ¥ Z.1. -9
(0 1 _w Xe

Now use (B.9) to get

KR ¥ =,
l‘f,cZW’b (1_w> )_CCZCIZZW

The number of inventors hired by each firm is found by substituting the expression for xy .

above into the production function of innovation (1):

Ife=—K.

fie 1— w
Finally, we must also require that all inventors living in the city are employed by some firm.
Let N.(t) be the number of firms located in city ¢ who invest in R&D during period ¢. Since
all firms located in the same city will hire the same number of inventors (in case they decide to
invest in R&D), we have that

I. = Nc(if,c + K).
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Using the expression for ¢ ., this expression becomes
K
I.=(—— ) N,
= (15~
which equation proves (8) after rearranging.

Population in City 0. Finally, we can now determined the population of city 0. To find Lg,
note that equation (B.8) implies

o
2

C B 179 =
. 1 1—1 (1_|_)\ 0 1-0(1-0 1)\
i_ P SIPC) ( © 1)4¢>
w' = QLo Il?g?/) < - ) "+ D { gz <1 _Sc> age }

1

W
Also, recall that
I \T7 63
y4 )
= B4
v <L L0> 1-08 (B-4)
and
f15\ T (1-5)6
L _
wézwf<° ) (08)' 77", )
oo

1—¢

1— :
where wé =1 c < E> @ from equation (2). Combining all of those results,
—€ v

6
a1
= (Lo ﬁ) -
ap
L
— (op) T (L w08 (LT
N L— Ly 1—08" \ g
-85 71— 1ﬁ9
fesr N1 i (L
(L—L0> 1—05QWL°<aO )

Using the normalization mg = 1 (so that Lo = Lo) and rearranging this equation gives

1—¢

1

1-68
Lo 1-6 _ € 1_8 : — 9 1-6
(L_LO) T l-—¢ ( v > (1=0B)ag {(GﬁI) W}
_ 1=y o2 /1 ¢ 1;#0 0 %
O G i e e [éZ(fs) a?]
c=1 ¢
:A‘rlliﬂf
B (B.10)
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and therefore
A

—L
1+A

Note that this equation implies that if the rate of creative destruction, D, is constant over time,

Lo =

then so is A and therefore so is Ly. Since D is constant in the Balanced Growth Path, it follows
that the population in city Lg is fixed and does not react to any of the shocks in other cities as
well.

O
Proof of Corollary 1

To prove this corollary, start with the definition of the rate of creative destruction and plug in

the expressions for V. and . found in proposition 2.

C
= ZNcﬂﬁf,c
c=1 c
= <1 ;7’[)) chﬁf,c

where the third equality uses the fact that I, /C = I.. The last equality is obtained by plugging in

- _ N N )
the expression for I, (equation B.9) and defining I, = I <1§;C> ° af {Zle (1’7‘;6) ° af }
Since the number of cities is large (C' — o0), the Law of Large Numbers applies and the

average above converges almost surely to its expected value. Therefore, with probability one,

- c
11—\ a- OQ+vn) (=50 1) o2
D = Wb( nw> ( +1 Y E: Iclwn

14+(1+ym) 152

0_2
where the expectation of Z. is found using the relationship E [ZK ] = eK@ +K@>

C

found in proposition 2, using K =1+ (1 + 1/17))19;9 = %. O

Proof of Proposition 3

(1) Before we begin the proof, recall from corollary 1 that the rate of creative destruction is
fixed over time. As a result, Lo = LA/(1+ A) is also constant, since A does not change

between periods (see proposition 2).
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The total production of final goods is given by

Eeo 1
V== | ¢k;°dj
1—5/7q] i Y

where 4,0 = (1 — 63)Lo. By plugging in k; from equation (??) and doing some algebra,

Y:1—9ﬁ (1—5) c Lo0.

1—¢ v

Thus, ' .
y_@

Y Q@

Since, by definition, Y /Y = g, it follows that Q/Q = g.

To prove that @ and w’ grow at the same rate, it suffices to look at equation (B.8) and
realize that the RHS of that equation is fixed over time. Thus

d<Q>/dt:0:>wi:Q'

Furthermore, from equation (B.4) it is evident that wt is proportional to w’, which means
that w’ must also grow at rate g. Finally, equations (4) and (3) show that u’ oc (w)!~? and

u? oc (w')1~?. From the results above, it follows that both u’ and u’ grow at rate (1 — 6)g.

To show that ¢ = AD, one can analyze the dynamics of ). For a small interval of time A,

C

Qt+A) = Q1) + Y Ne(t)(Azg (1)) x AQ(t)

c=1
where Az .(t) is the probability that an innovation will be produced by firm f in city ¢

between t and ¢+ A and AQ(t) is the aggregate expected quality gain from that innovation.
Rearranging and taking the limit as A — 0, we get

tim QEEEI Q0 003 Nett)ar o)

A—0

d C
g =A CZ:; chf,c'

Since Q/Q = g and 25:1 Nexy. = D, the result follows. Note that because D and X are

constant, the rate of growth g must also be constant over time.

Once again, this claim can be proved by analyzing the dynamics of Q.. For a small interval
of time A,

Qc(t + A) = Qc(t) + Nc(t)(Amf,c(t)) X (1 + A)Q - (AD)Qc(t)
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Taking the limit as A — 0,

Qc = (1 + A)Qchf,c - DQC

Rearranging this expression and multiplying both sides by e”?, we have that

d
%em@c =1+ )\)eDtQchfjc.

Integrating both sides in ¢ € [0, 7],
T
PTQUT) = Qul0) = (14 ) [ QN (1)
for a given initial condition Q.(0).

Under the SBGP equilibrium, ) grows at a constant rate so that Q(t) = Q(0)e". In addi-
tion, N¢(t)xs.(t) has a stationary distribution so its mean is constant over time. Therefore,

taking the expectation on both sides results in

PTEIQe(T)] — Qc(0) = (1 + NQOE [News ] 5 1+ - [e(mm B 1} '

Now divide both sides by eP?T and take the limit as 7' — oo to find?*

lim E[Q.(t)] = Jim St

t—00 t—oo D + g

E [chf,c] Q(t)
Finally, using g = AD we have that

lim E[Q()] = lim —Nere]

t—o00 t—o0

Qt). (B.11)
Moving back to the law of motion for Q)., take the expectation on both sides to find
EQu(t)] = (1+ NQE [Nezs,J] — DE[Q.(1)].
Once again take the limit as ¢ — oo and use equation (B.11) to find
lim E[Q.(0)] = (1+X)D lim E[Qc(1)] — D Jim E[Qc(1)]

tliglo E[Qc(t)] = gtliglo E[Q.(t)].

To avoid carrying limits in the notation, let T be a time period such that V¢t > T the
relationship above is approximately true. Define the rate of growth of Q.(t) as g.(t) =
Qc(t)/Qc(t). Then, for t > T

E[gc(t)Qc(t)] = gE[Qc(t)]

24 Alternatively, one can impose Q.(0) = (1-3\71@9@}3 [Nexs,c] to find the same result for all ¢.
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Elge(O]E[Qc(t)] + Cov(ge(t), Qe(t)) = gE[Qc(t)]
)

_ Covlgelt), Qelt))

Elg(t)] = g E[Qc(t)]

C Linear Regressions

C.1 Data

The main dataset we use to derive the empirical results in section 4.2 is the patent data pub-
lished by the United States Patent and Trademark Office (USPTO). Through the PatentsView
platform, the USPTO provides data on the universe of patents registered in the US, including
citations made and received by each patent, their industry classification, who are their inventors
and who those patents were assigned to (i.e., who owns the patent). We assume the year in
which each patent was “produced” is the year when the patent application was filed. As a
baseline quality cutoff, we drop all patents who were never granted.

The focus of this paper is on innovation led by firms, so we drop any patent assignee who
is not labeled as a corporation from the data. Throughout the text, we use the words assignee
and firm interchangeably to refer to the owner of a patent. We attribute a location to each
patent by matching it to its assigned owner and assume that the patent was “produced” at the
CBSA where the assignee is located. In case a patent has multiple owners, we split that patent
into equal shares between each of them. To minimize double counting when an assignee has
multiple addresses, we use the patent’s inventors locations to select which address is currently
used by that firm.

We also adjust the data for the fact that we only observe inventors and firms when they
are successful in producing patents. For example, if a firm files a patent 2009 and in 2011 —
but not in 2010 — this firm will not be included in the data in 2010. To deal with this selection
problem, we “complete” the dataset by adding back the missing inventors and firms in each
year. In the case of firms, we do that by determining an entry and exit year for each firm in
every CBSA that they appear in the data. Then we create a new observation whenever a year
is missing between entry and exit for each CBSA. In this new observation, the firm is assigned
zero patents. In the case of inventors, the procedure is similar, but we also match them to the
firms they are “working for” (i.e., the assignees of the patents created by that inventor). As
was the case for firms, whenever an inventor has multiple addresses, we use the location of the
assignee of the most recent patents he or she created to determine which address is currently
used. If this process still results in multiple addresses, we assume that the inventor spends an
equal fraction of his or her time in each of those places. As a result, the number of inventors
hired by a firm and the population of inventors in a city can be non-integer.

The USPTO data also classifies each patent in one of 6 broad categories and 37 subcategories.
For each firm and each inventor, we identify the most common subcategory among all patents
produced and assign this subcategory as the firm/inventor’s industry. In cases when the mode
is not unique, we assign that inventor or firm into a separate industry subcategory, “industry

0.” This happens for about 10% of all inventors and firms, but this effect is concentrated
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on inventors/firms who have produced a small number of patents (for example, an inventor
who produces a total of two patents, but in different subcategories, will by definition not have a
unique subcategory mode). Weighting by patents produced, only approximately 7% of inventors
and 2% of firms are assigned to “industry 0.”

We also employ the County Business Patterns (CBP) data, published by the Census Bureau.
It contains information on the demography and economic activity (employed population, number
of establishments, industry classification, etc.) inside every county in the US. Similarly, we use
the Zillow Rent Index (ZRI) and the Zillow Home Value Index (ZHVI), both published by Zillow
Research, for data on the median rental value and housing price by square foot in each county
(respectively). We aggregate this information to the CBSA level using NBER's county to CBSA
crosswalk.?> In the data used for estimation, we focus on the years after 1998, when the CBP
switched its industry classification system from SIC to NAICS. However, we occasionally use
data that goes further back in time as well — for example in the construction of the instrument
in section 4.2.1, which involves lags of employment shares. The two datasets combined contain
information on 2,217,577 patents, 1,191,418 inventors and 136,124 firms (assignees), spread out
over 860 CBSAs (not all CBSAs include firms/inventors who produced patents) between the
years of 1998 and 2016.

C.2 Going From the Model to the Data

The procedure to transform the continuous time flow variables in the model to quantities that
are observed in the data is exactly the same in all cases. Here, we detail how to perform this
transformation using the production function of innovation, given by equation (1). Normalizing
one year to be equal to a time interval with measure one, the expected number of innovations

produced by a firm f located in city ¢ during year T, given the sequence of shocks {Z.(t)}1._,,

/TT_le,c(t)dt = Xec /TT_1 [(Iéi))nz’fﬁc(t)]w Z.(t)dt.

1S

Taking logs

T Y
log/ zfo(t)dt =1 log (n
T-1 1

> +mlog(I,) + log ()
T % ¥n
+log [ 1{igelt) > 0/Z:(1) (Z“)) Z.(b)d,
T-1

¥
1-¢
(indicated by 1{is.(t) > 0|Z.(t)}) and defined I, as in corollary 1. Once again using those

where we have used that if.(t) = in the periods when firm f decides to invest in R&D

results, we find that

T T
log / i5.(8)dt = log <K1 L4 w) +log / 1iso(t) > 01Zo(t) )t
- T-—1

T-1

25See https://www.nber.org/data/cbsa-fips-county-crosswalk.html. Out of the 929 CBSAs in the US,
917 can be merged with the CBP data. The remaining 12 are in Puerto Rico, which is not included in the CBP.
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and

As a result,

T T T
log/ zf(t)dt = wlog/ ife(t)dt +Ym log/ I.(t)dt + log <
T-1

T-1

1-0 ¥
tos [ 1fi70) > 02.0) (Z“)) Z.(t)dt

T-1 e © (‘5 )4¢

T
—wlog/ 1{ig(t) > 01Zo(8)}dt — v log/
T-1
This last equation leads to the regression model

log(xf,c,t) =1 IOg(if,c,t) + ¢77 10g(Ic,t) + 0. + Zf.c,ty

where, slightly abusing notation so that ¢ now represents a year instead of an infinitesimal
period, xf.; is the number of innovations produced by a firm f located in city ¢ during year
t; ifcy is the number of inventors hired by firm f during year ¢ (i.e., the average number of
inventors hired per period); I.; is the population of inventors in city ¢ during year ¢ (i.e., the
average population of inventors in city ¢ per period); 6. is a city fixed-effect that captures
variation in X. and m.; and zf.; is a shock aggregating the two bottom lines in the previous

equation.

C.3 Details on the Estimation of the Elasticity of Agglomeration
C.3.1 Shift-Share Research Designs

This section provides a brief comparison between the “traditional” shift-share research design
and the instrument proposed in section 4.2.1. Following the more common shifft-share approach,

one can take difference between variables in (12) relative to their values in period ¢ to find

Yo — Yoo = Ynllog(Le) —1og(Iesy)] + (X yp — X0y )T 4 (0 = 0ty) + (2t — Zeyto)

where y.; is the outcome variable in the regression and ¢y is some pre-period, usually many
years before year ¢ so that there is no correlation between z.; and I.;. An instrument for
[log(I.:) —log(let,)] could then be defined as

Ik’,c,to

d;
1ff> o
c,to

K
log(Z, et to log Z

k=1

(1 + ’Yk,to—n‘)'

Recall from the definition of Z.;; in equation (13) that this is exactly what we would get if we
computed the difference log(IcM)‘l:t_tO —log(1et,)-

Alternatively, the fixed-effects regression model we run is equivalent to de-meaning the
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variables in (12):

Yer — Te = Ynllog(Les) —log(Le)] + (X — XOT + (0 — 0) + (20 — %),

where the overlines indicate averages over time. Given the definition of Z.;; (eq. 13), the

instrument for [log(1.+) — log(I.)] is

K

I Ik
log(zc,t,l) }lztfto - log(IC) = IOg Z %(1 + 7k7t0—>t)’
k=1 ¢

where log(fc) = log(1.). The difference between the shift-share design and the fixed effects
specification therefore resides only on the denominator used to compute the “share.” As shown
by Adao et al. (2019) and Borusyak et al. (2022), the econometric properties of the estimators
using this type of instrument do not depend on the exact definition of these shares. Furthermore,
by using the fixed-effects specification, data on the outcome y.; and the control variables X ;

during period tg is not required to estimate the parameters in the regression.

C.3.2 Threats to Identification

The exogeneity condition for the instrument defined in section 4.2.1 is E. [Z.+;2.,¢] = 0. Follow-

ing the argument made by Borusyak et al. (2022), this condition can be written as

K
Zlk,tflwk,t(l + Vi t—1-t) = 0,
k=1
where I = Ec[lp i) and wpy = Ee[lgcr—12ct]/Ee[lkct—1). This equation provides two

different interpretations for the conditions that are required for instrument exogeneity. The
first one is that the lagged industry employment levels I, . ;—; are uncorrelated with the current
shock, so wp; = 0. As mentioned in the main text, this condition is unlikely to hold for
contemporary shares/shocks. However, even is shocks are serially correlated, this condition will
hold if lags are long enough. The estimates shown in table 1 cover this case, showing the results
when the instrument is lagged for up to 10 years and when industry employment is fixed at its
average level between 1990 and 1995.

The second interpretation for instrument endogeneity requires that

K

Z I —1wpe e (1 4 Yyp—1—5e) — 0
=1

as the number of industries increases. In words, the industry-specific growth rate of employment
in countries other than the US, 4 ;—;—, is asymptotically uncorrelated with the industry-specific
average of unobserved factors affecting the employment level in locations specializing in each
industry, wg ;. One concern that arises in this case are industries that are simultaneously highly

concentrated in specific cities and large enough to drive international trends in employment

shares. To avoid this issue, we slightly modify the instrument to exclude any industry whose

66



employment share in any single city exceeds 15% at any point in time.?® This excludes 6
of the original 38 industries (information storage, drugs, semiconductor devices, motors and
engines/parts, apparel and textile, earth working and wells). The estimation results can be
seen in table C.4. While 32 industries might be a low number to claim asymptotic lack of
correlation, the fact that the estimates below are similar to the ones found before indicates that

no city is likely to be driving ~y; ;¢ on its own.

Table C.4: Estimation of the elasticity of agglomeration — excludes spatially concentrated in-
dustries.

FIRST STAGE

(1) (2) (3) (4)
log(Zc,t.1) 0.532*** 0.467*** 0.389*** 0.260***
(0.038) (0.040) (0.039) (0.041)
F-stat. excluded inst. 196.20 137.93 97.70 40.71

SECOND STAGE

log(Inventors in City)  0.109*** 0.103*** 0.092*** 0.090
(0.021) (0.022) (0.026) (0.057)
AKM SE (0.009)  (0.011) (0.011) (0.001)
Method V(=5 IV(I=7) IV(Q=10) IV (I=t— ty_gs)
Observations 11184 11165 11119 11162
Implied 7 0.218 0.206 0.184 0.180

Standard errors are clustered at the CBSA level and shown in parenthesis. *, **, and *** indicate that the
coefficient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. AKM SE indicates
alternative standard errors, calculated according to Adao et al. (2019). All specifications control for CBSA and
year fixed effects.

C.3.3 Robustness Checks

Including Cities with Zero Patents. Recall from equation (11) that the theoretical model

presented in this paper implies the following relationship in the data:

log(patentsf&t) —plog(ifes) = Ymlog(les) + X}’c’tlﬂ +0c+ 0 + 2f 4

One issue with this equation is that many firms, especially those in smaller cities, do not produce
any patents over the course of one year. If this is the case, running the log-log regression above
simply discards those observations, potentially biasing the estimation. To avoid this problem,

we can instead run this regression in the form

Vier = exp (nlog(les) + X o T+ 6c + 6t + 2pe1)

26The value of the threshold is arbitrary, but variations around it (e.g., 10, 20 or 25%) generate comparable
results.
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where
Yio = patentsfyqt/i;f,c,t, ififee >0
fe 0, otherwise.

Once again, the goal is to estimate the elasticity of agglomeration ¥n, so we can aggregate

the data by taking averages over cities.

Ve = exp (¢Ynlog(les) + X, T+ 0c + 6 + 2ct)

Nc t Nc t
1
where Y. ; = N g Yyt is the average of outcomes Yy, and exp( Zet) et)
L et j—1

aggregates the res1duals. For consistency with the other empirical models run so far, X ;
includes the average number of citations that all firms in city ¢ receive in year t and the industry
employment shares in city ¢ during year ¢.

We control for the endogeneity of log(I.), by following the method proposed by Wooldridge
(2010, Ch.19), which approaches the endogeneity problem from an omitted variables perspective.
Specifically, let

log(Ie,t) = [log(Zee), X1y, 0c, 0t] - T+ ey (C.1)

where II is vector of reduced-form parameters and v.; is a residual. Furthermore, we assume
that (2ct,vc¢) are independent of [log(Ze ), X¢. 4, Oc, 0] and that

Zet = PUct + €ct

where e.; is independent of v .
Under those conditions, and assuming that Y.; has a Poisson distribution, it follows that

(slightly abusing notation so that the fixed effects absorb constant terms)
log (E [ch,t’IC,t7 Xc,ta (SC, (St, ’th]) = TIZ)T] log(IQt) + Xét]:‘ + 66 + 5t -+ PUc,t- (02)

Intuitively, the term pv.; controls for the endogeneity of log(l.). The residuals v.; can be
obtained from the first-stage regression (C.1) and the model (C.2) is estimated via pseudo-
maximum likelihood with the help the ppmlhdfe command in Stata, developed by Correia et al.
(2019). Once again, each observation is weighted by the number of firms in each city to reflect
the fact that the aggregated data is comprised of means over these firms.

The estimated coefficients are in table C.5. Column (1) shows the coefficient estimate
without the use of an instrument (p = 0), columns (2) - (4) show the estimates obtained when
using different lags [ to compute the instrument and column (5) fixes Iy ¢ 49, o, at its average
value between 1990 and 1995. The Poisson model produces larger point estimates than the
linear model, potentially because the effect of spillovers at the extensive margin (and on firms
who do not continuously innovate) is larger than for other incumbents. However, the standard

errors are also quite big, leading values that are not statistically different from zero in columns
(4) and (5).27

2"Note that the AKM standard errors are not shown in this case, as the method developed by Adao et al.
(2019) only applies to linear regressions.
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Table C.5: Estimation of the elasticity of agglomeration — Poisson regression.

FIRST STAGE

(1) (2) (3) (4) (5)
log(Ze.t1) 0.536*** 0.469*** 0.388*** 0.248***
(0.031) (0.033) (0.034) (0.039)
F-stat. excluded inst. 308.28 206.71 129.93 40.02

SECOND STAGE

log(Inventors in City) 0.197***  (.122*** 0.095** 0.029 -0.001
(0.030) (0.039) (0.043) (0.052) (0.120)
Method OLS V(=5 IV(I=7 IV({i=10) IV (I=t—1tg—95)
Observations 12889 12827 12808 12766 12792
Implied n 0.394 0.244 0.190 0.058 -0.002

Standard errors are clustered at the CBSA level and shown in parenthesis. *, **, and *** indicate that the
coefficient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. All specifications control
for patent quality and city industry composition, as well as CBSA and year fixed effects.

Other Sources of Externality. The population of inventors in a city might not be the
only source of agglomeration for firms investing in innovation. For example, an individual firm
might benefit from locating near other companies, as this provides opportunities for the firm
to learn from its competitors and improve the quality of its own investments. Similarly, the
agglomeration spillover, as assumed by a number of papers in the literature, might be related
to overall population density instead of the density of inventors.

To test these hypotheses, we include various sources of agglomeration into the regression
equation (12): the total population of inventors, the total number of firms who invest in R&D,
the total employed population and the total number of (overall) establishments in each city.
We focus on simple correlations in this case, so no instrumental variable specification is shown
in table C.6 below. Column (1) shows the coefficients from the log-linear model, and column
(2) shows the coefficients from the Poisson counting model. As shown in the table, only the
number of inventors in the city has a positive (and significant) effect over the average production
of patents in each city. This result also holds in the disaggregated model (11), in different
geographic levels of aggregation (e.g., counties), and after including non-linear functions of each

of the potential sources of agglomeration into the regression model.

C.4 Details on the Estimation of the Elasticity of Congestion

To arrive at the regression model (14) from the equations in the model, we basically follow
the argument described in section C.2 of this appendix. Plugging in the value of production

workers’ wages (eq. 4) into to intermediate good producer’s FOC, we find
1-8
wt L.\ 1-9
Pre=—"7"\ 7.
Bae™" M€
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Table C.6: Estimation of the elasticity of agglomeration — multiple sources of agglomeration.

(1) (2)
log(Inventors in City) 0.064*** 0.203***
(0.017) (0.034)
log(Innov. Firms in City) 0.007 -0.002
(0.014) (0.029)
log(Employment in City) -0.078 -0.124
(0.076) (0.146)
log(Establishments in City) 0.106* -0.004
(0.062) (0.151)
Model Log-linear (OLS)  Poisson
Observations 11279 12889

Standard errors are clustered at the CBSA level and shown in parenthesis. *, ** and *** indicate that the
coeflicient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. All specifications control
for patent quality and city industry composition, as well as CBSA and year fixed effects.

1-p)e
for cities ¢ > 1. In city 0, a similar equation holds, but the RHS is multiplied by (63) ¢ .

The equation above reflects the flows of continuous variables. To match them to the data, we

integrate them over the period of one year:

T o 1-p7-1
/ Pnc(t)dt = [,Baé‘emé‘g]

T-1

In city 0, the population of inventors is constant, so the integral reduces to f;il w'(t)dt. In
cities ¢ € {1,...,C}, the population of production workers is proportional to the population of

inventors (see lemma 2). As a result,

1—6
L— Ly L—1Lg- Zc(t)v
L.(t) = I.(t) = 1 ,
C e TR = e
where I, is constant over time. Define L. = L_ILO I.. so that
T o 1-p171 _1-p (T Z.(4)
/ Pnc(t)dt = {5%1977139] L™ / wf(t)%dt.
T-1 T-1 o (1)

Take logs to find

T _ T 1-8
1= 8\, - Ry Z.(1)'5
o8 [ pucttyit = (15 Y ogE) ~tog (502" md ) 10w [ w007

1-0 —
Finally, use the fact that f:,?_l L.(t)dt = L. f;_l I_HZC(t) © ___dt to replace L, in the equation
e

B2
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above:

T 1— ﬁ T 0 1-8
log [ pucltidt= (1= log [ Le(®yit —log (50l "
T-1 1-0 T-1

T 1-5 T 1-0
Z.(t)® 1-p Z.(t)®
—|—log/ wh(t) 17130(179 —dt — <1 — 0) log/ — 17)9 —dt,

-1 oo (B-1)5

In the expression above, fTT—1 Pnc(t)dt is the average price charged for the non-tradable
good in city ¢ during year T', which we approximate by the median rent value per square foot
of housing units in city ¢, pgt. Similarly, fTT—1 L.(t)dt is the average population of production
workers living in city ¢ during year 7. This is matched to the total employed population
minus the number of inventors in each CBSA in the data. The other terms in the equation
are captured by a city fixed effect, which accounts for differences in land mass and effective
amenities in each city; a year fixed effect, controlling for growth in wages w’(t); and a local
shock zZt that combines the variation in the integrals containing Z.(t). This produces the model
(14),

h 1-p A
log(pe,) = (1_0> log(Le,) + 0c + 61 + 2oy

Note that L is correlated with the shock 2, since L(t) varies with the shock z(t).

C.4.1 Threats to Identification

Following the discussion in sections 4.2.2 and C.3.2, table C.7 shows the estimated elasticity of
rental prices with respect to the city’s population of production workers. For the estimation of
those elasticities, the instrument Z,.; ; is computed after excluding industries whose employment
share in any single city exceeds 15% in any point in time. The implied value of 5 does not show

any significant change when compared to table 2.

C.4.2 Alternative Specification

Rental value data is only available in the Zillow Rent Index starting late in 2010. To take
advantage of a larger dataset, we run an alternative regression that approximates the price of
the non-tradable good in each city by the median price per square foot of housing units. This
series is available since 1996 in the Zillow Home Value Index database. The main issue with using
housing prices as an approximation for the price of non-tradable goods (whose consumption is
modeled as a flow) is that houses are long-term assets, and therefore their prices could be
influenced by agents’ expectations about the future. Having that in mind, housing prices can
still provide useful information on congestion costs in each city.

Table C.8 displays the estimates elasticity of housing prices with respect to the city’s pop-
ulation of production workers. The estimated coefficients are quite smaller than in table 2,
and imply a value of 8 closer to 0.8. These numbers reflect a lower elasticity of housing prices
(relative to rental prices) to the city’s population, most likely because those prices only reflect

permanent changes in congestion costs in each city. The value of 5 found using this alternative
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Table C.7: Estimation of the elasticity of congestion — excludes spatially concentrated industries.

FIRST STAGE

(1) (2) (3) (4)
log(Ze.1,1) 0.013*** 0.017*** 0.013*** 0.022***
(0.004) (0.007) (0.005) (0.007)

F-stat. excluded inst. 11.20 5.67 8.31 9.56

SECOND STAGE

log(Prod. Workers in City)  1.336*** 1.063** 1.384*** 1.033***
(0.413) (0.459) (0.479) (0.368)
AKM SE (0.019) (0.021) (0.032) (0.006)
Method IV(I=5) IV({I=7 IV({=10) IV (I=t—t9—95)
Observations 2843 2833 2822 2825
Implied S 0.466 0.575 0.446 0.587

Standard errors are clustered at the CBSA level and shown in parenthesis. *, ** and *** indicate that the
coeflicient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. AKM SE indicates
alternative standard errors, calculated according to Adao et al. (2019). All specifications control for CBSA and
year fixed effects.

Table C.8: Estimation of the elasticity of congestion — housing prices.

FIRST STAGE

(1) (2) (3) (4)
log(Zc,1.1) 0.039*** 0.037*** 0.035*** 0.032***
(0.006) (0.006) (0.006) (0.007)
F-stat. excluded inst. 42.94 36.00 40.04 22.42

SECOND STAGE

log(Prod. Workers in City) 0.335* 0.322* 0.418** 0.426**
(0.183) (0.179) (0.166) (0.208)
AKM SE (0.067) (0.060) (0.059) (0.002)
Method v (l = 5) v (l = 7) v (l = 10) v (Z =t— t90_95)
Observations 9900 9891 9874 9876
Implied g 0.866 0.871 0.833 0.830

Standard errors are clustered at the CBSA level and shown in parenthesis. *, **, and *** indicate that the
coefficient is statistically different from 0 at the 10%, 5%, and 1% levels, respectively. AKM SE indicates
alternative standard errors, calculated according to Adao et al. (2019). All specifications control for CBSA and
year fixed effects.

specification is used as an upper bound in sensitivity analyses of the counterfactual results in

this paper.
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D Matching Moments

D.1 Identifying oy and the Scale of y.

Identifying the scale of the mean productivity in each city and the effective amenity level in city
0 is straightforward once 02 /4¢ (along with the remaining parameters in the model) is known.
For now, assume that this is the case. Define the scale of productivity as x*, where Y. = x°x.

and E[Y.] = 1. Then, from corollary 1, we have that

1—y\¥ a- O+tvm) (A=510 41)o? ] A
D= xsw( 1/}) Bz > Xl

K

Given that g = AD, it follows that

—1
—p\1Y - O)itun) (=50 4 1) o ¢ .
g ) 1 ¢ ( L +1)2 1 o Fldapn
_A{¢ < - ) ( )4)05 Xel, .

To identify «q, recall from the proof of proposition 2 that

1-08 _0

Lo 1-0 a&ﬂQ
(%) - _ B

1=\ Y 14X o2 (1z0_ e
e (55) B e [ (5) o

K r+ D
The LHS of the equation above can be constructed using the data and values of the parameters

already estimated. The same is true for the denominator in the RHS, since y. is now fully
determined. The equation above therefore identifies o, given the values of parameters estimated

in the previous steps.

D.2 Law of Motion of the Productivity Shock

Finally, in this section we describe the identification of the parameters in the stochastic process
of the productivity shock, Z.. As mentioned in the main text, only the ratio o2/+ influences
the values of the variables of interest in the SBGP equilibrium, so we set ¢ = 1. The remaining
parameter, o, is then identified by the cross-sectional variance of the population of inventors
across cities. Recall that quantities in the model must be integrated over time to match the
same frequency as the data. The variance of the population of inventors across cities in year T

is therefore
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_E [/T:Ic(t)dtr

_ éiE -/TT_lL;(t)dt/T: Ic(s)ds] _E UTT_lfc(t)dt] E {/T:illc(s)ds]

1 & roT
= 52 /T s {E[I.(t)1.(s)] — E[I(t)|E[L(s)]} dtds

1 C
Var(I.r) :521[3
c=1

2
¢ 7 T T
1 I. / / 1-0 1-6
=~ E Cov (Z.(t)"® ,Z.(s)® )dtds
C= \exp (%9 (352 -1) %) T-1J7-1 ( )

To compute this covariance, we start by noting that the limiting (stationary) distribution of
the Ornstein-Uhlenbeck process is such that Cov(z.(t), z.(s)) = %e_d"t_S'. Using the prop-

erties of the multi-variate log-normal distribution, it follows that Cov (Zc(t)l%ee, Zc(s)l%ee) =

exp <%9 (% — 1) %) [exp (%9% exp(—o¢|s — t])) — 1}. Plugging into the equation above,

c 1 pl 2
1 - 1-46
Var(I.1) = rol g I? { s exp (U exp(—o|s — t\)) dtds — 1} ,

where a simple change in variables switches the region of integration to [0,1].2® The LHS of
the equation above is the average cross-sectional variance of the population of inventors across
cities, which can be computed in the data. Given ¢ = 1 and the values of the other parameters

already identified, this equation identifies o.

E The Government’s Problem

The government’s problem, as stated in section 5, is

oo c
— ot Y4 i
ax /0 e P {; Lo(t)u' (£) + L(t)u (t)}}c;(t)dt
o0 c T o0 c
s.t. /0 et [;scwé(t)lc(t)+7(G(t))_ dt = /0 et [pmp(t)mg—|—;pmyc(t)mc—i—ﬂ(t) dt

28The integral in this equation does not have a closed form solution, but it can be simplified to

2 fel,¢ 11/y exp (1(;9 %xy) ﬁdmdy, which makes the numerical integration easier.
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The sum in the objective function reduces to Lu(t) + Iu’(t) because market clearing must hold

in all periods. Using equations (3), (4) and (B.4), this term can be rewritten as

1-6
(L — Lo)?P =% (1 +65+ LOL ) <11 _;ﬁwi(t)) .
~ Lo -

Using the results in lemma 2, the term py, o(t)mo + ZCC:1 Pm.c(t)me in the budget constraint is

C C
D@0 + 3 (e = (1 — B)0wbe)Lo + S S iy, o)
c=1

!
c=1 _ 1- 0/8

From equations (5) and (B.4), the first part of the expression above is

0

1-poubLe 2 - s (;) (00 k()
0
[ 1-08
B =98 (AN (0 Ly T
- 1-08 (%) <HBL—L0> [=rwe)
Equation (3) and the definition I, = I../C yield
c c o
(1-58)0 ; _(1=-p)0 ;. 1 L9 = 108
; ch(tﬂc(@ =105 v (t)a ; <ac> Ie(t) 0.

The last term in the government’s budget constraint is the integral fooo e "TI(t)dt. Recall
that II(¢) is defined as the aggregate flow of income net of costs for all firms in the economy
in period t. For any individual firm, the discounted present value of this flow is equal to the
firm’s value at ¢ = 0. Furthermore, since neither the final or non-tradable good producers make

profits, the discounted present value of II(¢) starting in ¢ = 0 must be equal to
o0
/ e " I(t)dt = F(D, Lo)Q(0).
0

Collecting the results above and using that G(t) = G for all ¢, the government’s problem can

be reduced to

< /Oo oo (1o ) (120 i) L
{f}ccil 0 © 0 L— Ly I—Hﬁw

st [T {wiwézse (1>”’ L) T +7(G)} dt = F(D, Ly)Q(0)

6 1-68 0
1-8)0 [ _., . 1\ 10 Ly \ 170 1 L\T0 - 16s
1= ), © twi(t) { (Om) (961L = Lo> + 52 (ac) L.(t) }
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This expression can be further simplified by using the expression for I:c, which gives

1< 1\ s 1 o 1\ 10 =1-68 Z, (t)lgﬁ
=N (= LT == k. [— [0 2\ 7
k(o) R0 P (o) 7 (1) 2

where k. equals s. for the first term in the budget constraint and equals 1 in the last. Given

that C' — oo, we can once again apply the law of large numbers to find

C - C
1 1\1T-6 . _1-68 1
6 E k’c ( > (t) 1-6 =¢ © © 49 6 E: k'c (Oéc>

c=1

(6%

For convenience, define the public good production cost as v(G) = 7GQ(t) and let
o 1lwi(t) 1 19\ Y (1 NLo (e [ 1 fE T
i = ¢UJ < > 06(?_1)5 — Z < Xe ) a® .
TQ) 11 K r+D Ci=\1-s.

Note that @’ does not vary with time, which reduces the government’s problem to

0 1-0 N\ = —pt 10
d
> < w) /0 e PQ(t) t

L
L—Lo)% (1
gnax (L= Lo) < O ) \T =03
1-68 (1-8)0 o2 1 C 1 % ~1-68 G‘ L Q(O)
s.t. e ® © 45 _ Z‘SC <> R A A 0 _
—1 Qe wt wi(r+ D) [T e tQ(t)dt
(1-p)0 1\ o Lo TP iesamee2 1 CL /1 T it
A M7 _ © 16 — _ -
+ 193 (a0> (BL_LO) +e C;((%) . :

Since Q(t) grows at a constant rate g, we can write Q(t) = Q(0)e?® for a given initial condition
Q(0). Assuming that p > (1 — 0)g (otherwise the welfare function is not well defined),
/ T enQ(e) 10t = Q(0)" / T =gy — QO
0 0 r—(1-0)g

After plugging in this result into the government’s objective function, it becomes

max L — Lo(s))? <1 + 6
Bl (b=t YT 1)) - (1- 02D
C _6 =
108 (1-8)0 02 | 1\1-0 = 168 G r—AD(s) Lo(s)  (1—p)0
5] o 4 — - =

e o2 ()T O 4 g - T e o

1\ 1 Lo(s) \ ™* 9ﬁ<15>021z 1\

1 1— I o(s 1— 1;) 7@) 2757 b 1— :C 1:€B

[<Oéo> <05 L- O(S)> e C = (ac> els) >
(E.1)
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F Sensitivity Analyzes

The different specifications used to estimate the elasticities of agglomeration and congestion in

section 4 produced different point estimates, sometimes significantly different from one another.

To account for this variation, we redo step three of the model’s estimation procedure (section 4.3)

and re-run the counterfactual experiments (section 5) using different values for these elasticities.

To span the full range of estimated elasticities, we consider all possible combinations of n €
{0.15,0.20,0.25} and S € {0.5,0.6,0.8}. The counterfactual results are shown in table F.9,
which fixes the subsidy cap at 50%.

Note from table F.9 that, despite the wide variation in the values of those two parameters,

the optimal subsidies all follow the same pattern: they increase the spatial concentration of the

population, increasing the rate of creative destruction/growth, but decreasing the baseline wage

of workers. Intuitively, higher values of  and  increase the gains from spatially concentrating

the population: a high n means a high elasticity of agglomeration and a high S means a low

elasticity of congestion.

Table F.9: Gains from adopting optimal subsidies, 7 = 0.5.

CITY-LEVEL SUBSIDIES

n 8 A WELFARE A BASELINE WAGE A CREATIVE DESTRUCTION A RATE OF GROWTH
0.15 0.5 3.97% —7.29% 1.33 p.p. 0.18 p.p.
0.15 0.6 5.45% —7.13% 1.80 p.p. 0.24 p.p.
0.15 0.8 15.23% —6.56% 3.53 p.p. 0.47 p.p.
0.20 0.5 4.12% —7.20% 1.54 p.p. 0.20 p.p.
0.20 0.6 6.15% —7.75% 2.00 p.p. 0.26 p.p.
0.20 0.8 18.42% —7.05% 4.09 p.p. 0.54 p.p.
0.25 0.5 4.61% —7.60% 1.68 p.p. 0.22 p.p.
0.25 0.6 6.97% —8.05% 2.18 p.p. 0.29 p.p.
0.25 0.8 22.58% —7.59% 4.76 p.p. 0.63 p.p.

STATE-LEVEL SUBSIDIES

n B8 A WELFARE A BASELINE WAGE A CREATIVE DESTRUCTION A RATE OF GROWTH
0.15 0.5 1.91% —4.34% 0.82 p.p. 0.11 p.p.
0.15 0.6 2.86% —4.48% 1.03 p.p. 0.14 p.p.
0.15 0.8 8.67% —5.01% 2.24 p.p. 0.30 p.p.
0.20 0.5 2.14% —4.50% 0.88 p.p. 0.12 p.p.
0.20 0.6 3.23% —4.711% 1.13 p.p. 0.15 p.p.
0.20 0.8 10.68% —5.83% 2.68 p.p. 0.35 p.p.
0.25 0.5 2.39% —4.66% 0.95 p.p. 0.13 p.p.
0.25 0.6 3.65% —4.83% 1.23 p.p. 0.16 p.p.
0.25 0.8 13.79% —6.70% 3.30 p.p. 0.44 p.p.
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G Extensions of the Model

This section modifies the model in sections 2 and 3 in two important ways. First, we address the
issue that the model in the main text predicts that all firms located in the same city, regardless
of their size, will have the same arrival rate of innovation. Translating to the data, this means
that big and small firms produce the same expected number of patents over any given year,
which is course not true. In the following section, we extend the model to allow the production
of innovation to scale with firm size in the spirit of Klette and Kortum (2004). Keeping with
the interpretation of maintenance and managerial costs, we assume that each firm’s fixed costs
also scale up with their size.

In this extended model, firms that own more product lines will also hire more inventors
and produce more patents, but the innovation intensity of firms (patents per worker) will be
constant within a city. We will show that the predictions of this extended model concerning
the spatial distribution of inventors and innovation and its relationship with economic growth
are the exactly the same as the simplified model shown in the main text.

The second modification of the model involves the inclusion of moving costs for inventors.
Free mobility of inventors across cities is better understood as reflecting long-run dynamics,
while ignoring short-run costs. As an alternative, we consider a model in which the population
of inventors in each city is fixed. Under this scenario, the spatial distribution of tax credits has

no effect on the rate of growth of the economy, which is counterfactual.

G.1 A Model With Scalable Innovation

We start by redefining the innovation production function for a firm f located in city ¢ as

xf,c(t) = Xc(t) (fc(t)nif,c(t)>¢pf(t)1_w (Gl)

where pr(t) = 14 |qf(t)| and qy(¢) is the set of product lines owned by the firm. We define py
as the number of product lines plus one to maintain symmetry between entrant and incumbent
firms (note that entrant firms do not own any product lines, so qf = @). We also assume that
the fixed cost of innovation scales in the same way, so that firms must hire xkp; inventors to
cover their fixed costs of innovation.

All of the remaining assumptions of the model in section 2 are kept, and any results not
explicitly shown to be different will still apply to this extension (e.g., lemma 2). The HJB
equation for an incumbent is thus given in lemma G.1, which is stated without proof (the proof

is exactly analogous to lemma 3.

Lemma G.1. The HJB equation that describes the problem faced by an incumbent firm located
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in cityce {1,...,C} is

o 8‘/;(qf,jc, ZC7A) % _
A ot

T‘/c(qfa fC7 ZC) A)

> wLogj + x5 By [Velay Us {(1+ Naj} I, Ze, A) = Velay, Lo, Ze, A)]
g;€qy

max
Tfe

_(]— - Sc)wé(if,c + pr) - D Z [%(qu j& ZC7 A) - ‘/C(qf\—{q]}a fw ZC? A)] + RC(qf7 fw ZC7 A)
q;€qf

.Z'f,c — XCZc(igZﬁc)wp}_w

The HJB function of an entrant firm will be exactly analogous, with the exception that it
own no product lines of its own. Building on lemma G.1, proposition G.1 presents the solution

of the firm’s problem.

Proposition G.1. In a Stationary Balanced Growth Path Equilibrium where the total produc-
tion of final goods Y grows at rate g < r, the value function of an incumbent firm located in

city ¢ > 1 and whose portfolio of products is qy is

V(ay s Zes A) = F(D, Lo) Y a; +max {0, Eo(Le, Ze, w'/Q, D, Lo)psQ}
g;€qy

where F(D, Ly) = 7Lo/(r + D) is the “franchise value” of adding a new product to the portfolio
and E. is the entry value for firms city ¢ (see the proof for a complete characterization,).

In addition, the second stage value function of an entrant firm who is located in city c is
VeI Zey A) = max {0, Eol I, Zesw'/Q, D, Lo)Q }

Proof. The proof of this proposition mimics the proof of proposition 1. We start by guessing

the solution

Velap, Ie, Ze, A) = F Y q; + EcpsQ.
gj€qy
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Substitute this into the firm’s HJB to find

O0E.0A .
rl Z g +rEprQ — A Epr — EpsQ =
g;€qy
(
7Lo Y g+ zp[F1+NQ+EQ]-D ) Fgj
q;€qy q;€qy
1
. x?
—(1 — s.)w. 1fi = T KDf
()Zch)E gpfw
max
e 2 9E, OE, I, (0Z.)2 [0°E
g c c c 04 c
— —In(Z,) ) Z. _
+¢<4¢ n )) 07, " oL, 02, |V 2 [azg]pf@
- -\ 2 -
(0Z.)? |0E.0%*1. O*E. [ OI., 5 0*E, 0I, 0
2 |of 0z " oz \ 0z 01,02, 2. | '
The first-order condition is
1=y
1(1— sc)wéxfﬁ
[zfe]: F1+M)Q+EQ— — = <0

(8

If the optimal solution is interior, the arrival rate of an innovation is given by

P
_6 -
1 al-? _(1-p)8 1
Zre=prXa " {Y[F(1+ ) + Ed Q ac I o Z,

wtl — s,

Plugging x . into the HJB equation and collecting terms with and without ) gjca; B gives

7L
F(D, Lo) = +3), (G.2)

where the same argument made in the proof of proposition 1 applies to show that F' is constant
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over time. In addition, using that Q/Q = g,

_6 -9
Q 050179 _n(1-0)—(1-p)6 1

_1 1
= (1= V) {XlF(1+ )+ EJ} 7 T . '* Zl

i 71— %
(11— sc)ﬁ% (Ia > ¢ (Z; — ln(Zc)> Z,

~ ~ 2 ~
(cZ.)? | O%E. N OB, 0?1, N 0’E, [ OlI. 5 0’E, Ol
2 072 = oI, 072 912 \ 0Z, o01.07,.0Z,

OE. 0A
(r—g9)Ec — A ot

OE, N OE, OlI.
0Z.  9l. 0Z.

)

(G.3)

which implicitly defines E, = E (I, Ze,w'/Q, D, Ly).
If the optimal solution is a corner, then both the number of inventors hired and the fixed
cost are zero. In this case it is straightforward to show that F, as defined in equation (G.2),

and F. = 0 solve the firm’s HJB. Summarizing both cases, we can conclude that

Ve(p, Ios Zes A) = F(D, Lo) Y a; +max {0, Be(Le, Ze,w'/Q, D, Lo)Q}
9 €ar

Entrant’s Problem. The entrant’s problem is solved in exactly the same way. Repeating

the argument made in the proof of proposition 1 shows that
Vel Zey A) = max {0, Eol I, Zesw'/Q, D, Lo)Q }

O]

We now impose free entry into all cities, which drives the value of entry to zero. Setting
E. = 0 in equation (G.3) determines the population of inventors in each city. Proposition G.2

shows how the economy is spatially distributed in this model.

Proposition G.2. Imposing (1) free entry, (2) labor market clearing for both inventors and
production workers, and (3) assuming a large number of cities C' — oo (so that the Law of Large
Number applies and the average of city-specific shocks converges to its mean), the population of

tnventors in each city is given by

(G.4)

where © = (1— )0 —yn(1—0). Moreover, the arrival rate of an innovation for a firm f located

m city c 18

v\
Tfc=Df <K‘1_w> )ZJEMZC (G5)

and the number of inventors hired by each firm in city c is iy, = %/{pf. Now let N, be the
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number of firms investing in RE&ED and located in city ¢, and J. be the total number of products

Ne+ Je. = (1_w> I, (G.6)

K

produced by those firms. Then,

Finally, it can also be shown that the population of production workers in city 0 is propor-

tional to L (i.e., Ly does not vary over time), and that w' is not affected by the city-specific

€]
, 1-0 =7
w* Lo © 9
Q r—i—D{C’Z(l—sc) O‘C@} ' (G.7)

Again, those results are stated without proof since they are exactly analogous to the ones

productivity shocks

in proposition 2. The only difference in this case is when finding the number of active firms in
each city in the equilibrium. This is done by requiring that all inventors living in the city are

employed by some firm. Let F. be the set of firms f located in city ¢. Then

Ic:/ (if’c—f—:‘ﬁpf)df,
Fe

where we integrate over the set of firms f located in city c¢. Using the expression for if. and

recalling that py = 1 + |qy/|, this expression becomes

K
= 1_¢/fc<l+|qf|>df

Let N, be the number of firms located in city ¢ and .J. the total number products that are

produced by those firms. Then

I = (15w> (Ne+ J),

which gives equation (G.6) after rearranging.

Finally, corollary G.1 determines the aggregate rate of creative destruction in this economy.

Corollary G.1. The aggregate rate of creative destruction in this economy is

S (G.8)

HMQ

Proof. The aggregate rate of creative destruction in this economy is given by

C
_;/}_wa,cdf
(e NS
¢y C
- <ﬂ1_¢> Z;chg/’”Zc(Nc+Jc)
=w¢(1_w>l g Z L2
K
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Note that this is exactly the same expression found in the proof of corollary 1. Since there is
no change in how the local shock is defined and the population of inventors is allocated in the
same way (proposition G.2), it follows that the rate of creative of creative destruction will also

have the same structure as the one shown in corollary 1. O

G.1.1 Estimation

The main challenge with this extended version of the model is estimating its parameters. In
particular, equation (G.6) relates the number of firms, products and the population of inventors
in each city. Because J, is included in that expression, we can no longer normalize the measure
of products in the economy to 1 without affecting the scale of N, and I..

To determine the relative scale of N, and J., one could solve for the firm size distribution in
each city. Let u.(q,t) be the measures of firms with ¢ products located city ¢ in period ¢. Since
firms gain products at rate z . and loose them at rate D, it follows that

Ope(g; t)

“ar = Ufa-Deteld = L) + (@ + 1) Dhc(g +1,1) = 24(g),chte(a,) — gDpela, 1)

where z ¢, . is the arrival rate of innovation for a firm with ¢ products. The first and second
terms in the RHS of the equality account for the inflow of firms into size ¢: firms with ¢ — 1
products who gain a new product line and firms with ¢ 4+ 1 products who loose one; the third
and fourth terms account for the outflow: firms with ¢ product lines who gain one extra product
and those who loose one product. Note from this differential equation that the measure of firms
who own ¢ products in city c is not stationary, as it depends on the realization of the local sock
through the arrival rate xs.. As a result, the average number of products per firm in each city
is also going to vary over time, making the relationship between N. and J. hard to pin down.
The simplified model in the main text will also have a non-stationary firm size distribution
in each city. However, that model does not require the average number of products per firm
to be determined before it is taken to the data (since the number of products does not affect
the number of inventors hired). In addition, both the simplified and extended models make the
same predictions about how R&D subsidies affect the distribution of the population and the
aggregate rate of growth of the economy. For those reasons, the model introduced in section 2

is chosen for performing the counterfactual policy exercises in this paper.

G.2 A Model With Exogenous City Populations

When the population of inventors and production workers is fixed, most of the equations in the
static portion of the model still hold, with the exception that production workers’ and inventors’
utilities are no longer equalized across cities. Most of the arguments in Proposition 1 also hold
under this new assumption. The main difference appears in the free entry condition. In the
baseline model, this condition pins down the number of inventors in each city (see the proof of

Proposition 2). Now, since this population is exogenous, it instead pins down wages in each

83



city. The free entry condition is

Y
1 Q 7 -9 1 wt
0=(1—Y)[vF(1+N]T7 [~ 5 Ze" — (1= se)h==5,
(1 =) [XF (1 + )] [wg1—sc ( s)HQ

which gives
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The remaining steps in solving for the equilibrium are very similar. Plugging this into the rate

of innovation (from the FOC of the firm’s dynamic problem)

%
1 I’ 1-9
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1 —
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we find that the rate at which firms innovate is still given by

v\,
'rf,C: <1_¢K/> XchIgma

but now with an extremely important difference: since the population of inventors in each city

is fixed, local rates of innovation do not react to local subsidies to R€D. Instead, all the subsidy
does is increase the wages of inventors, undoing any potential gains that firms might have. As a
result, the arrival rate of innovation is not affected. From the production function of innovation,

the number of inventors hired per firm is still

Ufc = m’f

and the number of firms in each city is

again unchanged by local subsidies to R&D. As a result, it is clear that neither the aggregate

rate of innovation o
D =) Ny,
c=1

nor the rate of growth of the economy g = AD are affected by the underlying spatial distribution
of R&D subsidies.
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