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Abstract

We introduce dynamic learning in the static search-theoretic framework of im-
perfect competition of Butters (1977), Varian (1980) and Burdett and Judd (1983).
We consider two forms of learning: memory and word of mouth. In the model with
memory, long-lived buyers not only learn about some new sellers in every period, but
they also remember some of the sellers about which they learned in the past. In the
model with word of mouth, short-lived buyers not only learn about sellers through
search, but they also learn about sellers by talking to previous buyers, which refer
them to the best seller of which they are aware. Both models are tractable. We
establish the existence and uniqueness of equilibrium and characterize the dynamics
of the product market. Memory increases the quantity of information available to
buyers and, for this reason, leads to higher concentration and more competition
over time for all sellers. Word of mouth increases the quality of information avail-
able to buyers and leads to higher concentration over time, but it does not increase
competition for all sellers. With word of mouth, the dynamics of competition are
heterogeneous across sellers and depend on a seller’s popularity. For different sellers,
competition and prices may be increasing, decreasing, or non-monotonic over time.
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1 Introduction

This paper contributes to the development of the search-theoretic model of imperfect
competition in product markets of Butters (1977), Varian (1980), and Burdett and Judd
(1983). The simple idea behind the search-theoretic model of imperfect competition is
that, due to information or physical frictions, buyers cannot purchase from any seller in
the market but only from a discrete subset of sellers. Since buyers have a limited choice
set, the equilibrium of the market is imperfectly competitive — where the extent of actual
competition depends on the distribution of the size of buyers’ choice sets. The model
has been fruitfully applied to study price dispersion (e.g., Sorensen 2000, Galenianos et
al. 2012, Kaplan and Menzio 2015, Kaplan et al. 2019, Shi 2023), price stickiness (Head
et al. 2012, Burdett and Menzio 2018), monetary exchange (Head and Kumar 2005,
Burdett et al. 2017), the variation of markups across groups of buyers (Pytka 2017, Nord
2023) and over time (Kaplan and Menzio 2016), specialization patterns (Menzio 2023),
store locations (Cai et al. 2023), and market power (Menzio 2024). These applications,
even those that are explicitly dynamic, assume that the quantity and the quality of the
information possessed by buyers about sellers does not improve over time. The assumption
keeps the model static and the analysis of equilibrium simple. The assumption, however,
may not be a good description of product markets in which buyers are long-lived, or

markets in which buyers can gather information from others in the market.

In this paper, we contribute to the development of the search-theoretic framework
of imperfect competition by introducing learning. We consider two forms of learning:
memory and word of mouth. In the model with memory, we consider a version of the
framework in which long-lived buyers not only learn about some new sellers in every
period, but they also remember some of the sellers that they contacted in the past. As
a result of this process of private learning, the quantity of information that buyers have
about sellers increases over time. In the model with word of mouth, we consider a version
of the framework in which short-lived buyers not only learn about sellers through search,
but they also learn about sellers from talking to previous buyers, which refer them to
the best seller of which they are aware. As a result of this process of social learning, the
quality of the information that buyers have about sellers increases over time. Both types

of learning lead to non-trivial, albeit different, market dynamics.

In Section 2, we consider a version of the search-theoretic model of imperfect compe-
tition in which buyers have memory. Specifically, we consider a product market that is
populated by a continuum of long-lived sellers and by a double continuum of long-lived
buyers. Sellers are heterogeneous with respect to the quality of their variety of the prod-
uct. In every period, sellers post prices. Buyers are ex-ante homogeneous and demand
one unit of the product per period. In every period, buyers search the market and contact
m new sellers, where m is distributed as a Poisson with some coefficient p. Buyers also
have a probability 1 — ¢ of remembering a seller that they had contacted in the past.



We show that equilibrium exists and is unique. The dynamics of equilibrium are driven
by the evolution of the average number of sellers \; in the choice set of buyers, which is
equal to (1 —0)M\—1 + p, the average number of remembered sellers (1 — §);_; plus the
average number of new sellers u a buyer contacts. Since J; is strictly increasing over time,
the choice set of buyers expands and the market becomes progressively more competitive.
The increase in competition allows buyers to purchase the good from sellers with higher
quality, since sellers with higher quality offer higher surplus to buyers. The increase in
competition also induces sellers to lower prices. While competition increases over time
as the average size of buyers’ choice set expands, the market does not become perfectly
competitive as long as buyer’s memory is imperfect. Intuitively, as long as memory is
imperfect, each seller has a strictly positive probability of meeting a captive buyer and,
hence, can always secure itself strictly positive profits. We also show that prices are lower
with better memory, i.e. the price distribution in any given period is strictly decreasing,
in the sense of first-order stochastic dominance, with respect to the buyers’ memory 1 —9.

In Section 3, we consider a version of the search-theoretic model of imperfect competi-
tion with word of mouth. Specifically, we consider a product market that is populated by
a continuum of long-lived sellers and by a double continuum of short-lived buyers. Sellers
are heterogeneous with respect to the quality of their variety of the product. In every
period, sellers post prices. Buyers are homogeneous and demand one unit of the good.
In every period, buyers search the market and contact m sellers, where m is distributed
as a Poisson with coefficient p. Buyers also meet r old buyers, where r is distributed as
a Poisson with coefficient p. When new and old buyers meet, the old buyers tell the new

buyers about the best seller of which they were aware in the previous period.

We show that equilibrium exists and is unique. By contrast to the model with memory,
the average number of sellers in the choice set of buyers is constant over time and equal
to p + u, the average number of word-of-mouth contacts p plus the average number of
new sellers p a buyer contacts. The dynamics of equilibrium are driven entirely by the
evolution of the sampling distribution, i.e. the distribution of sellers from which buyers
sample. Buyers active in period ¢ sample some sellers through search from the distribution
of all sellers, but they sample additional sellers through word of mouth from a more
selective distribution: the distribution of the highest quality seller known to buyers who
purchased in period ¢t — 1. Buyers active in period ¢ purchase the good from the highest
quality seller among those contacted through either search or word of mouth.

Along the equilibrium path, the distribution of the highest quality seller known to
buyers who purchased in the previous period gets better and better over time. Therefore,
over time, the size of the buyers’ choice sets does not increase, but its quality does. The
increase in the quality of the buyers’ choice sets leads to higher sales concentration over
time —just as memory does. However, the dynamics of competition are more complex
with word of mouth. With word of mouth, competition does not increase over time for all
sellers, as it does with memory. The dynamics of competition are heterogeneous across



sellers and depend on the seller’s popularity — which is a measure of how likely it is that
the seller will be contacted through word of mouth rather than search. We find that
competition may be either increasing or decreasing, or it may vary non-monotonically
over time, depending on a seller’s popularity. In any given period of time, the highest
quality sellers face increasing competition, but the lowest quality sellers face decreasing
competition. Overall, the increase in the quality of buyers’ choice sets does not lead to
lower prices to the same degree as memory. Specifically, we show that, for the same level
of sales concentration, prices in the model with word of mouth are always higher, for any
given quality y, than prices in the model with memory.

In the Online Appendix, we present a version of the memory model in which buyers
enter and exit the market. The properties of equilibrium described in Section 2 carry over
when there is buyer entry and exit. In addition, this version of the model allows us to
study the dynamics of individual buyers independently from the dynamics of the market.
There is a distribution of buyers’ experience, i.e. the number of periods a buyer has been
in the market, which evolves over time. We show that the surplus captured by a buyer is
higher, in expectation, with more experience in the market. We also show that a buyer

purchases from higher quality sellers, in expectation, with more experience.

Related literature. As discussed, this paper introduces dynamic learning into
the search-theoretic model of imperfect competition of Butters (1977), Varian (1980),
and Burdett and Judd (1983). Our introduction of both private learning through mem-
ory and social learning through word-of-mouth communication contributes to the large
search literature that applies and extends this model including Head and Kumar (2005),
Head et al.(2012), Kaplan and Menzio (2015), Kaplan and Menzio (2016), Pytka (2017),
Burdett and Menzio (2018), Kaplan et al. (2019), Nord (2023), Menzio (2023), Cai et
al. (2023), and Menzio (2024). Our model with learning through word of mouth is also
related to the search-theoretic literature on referral networks in the labor market, such as
Galenianos (2013, 2014, 2021). Our model provides a highly tractable dynamic framework
for capturing both search frictions and learning under imperfect competition.

This paper also contributes to the literature on word-of-mouth communication in
product markets, such as Galeotti (2010), Campbell (2013, 2015, 2019), Campbell et al.
(2020), and Campbell et al. (2024)." This literature often considers either a monopoly
(Campbell 2013, 2015) or a (potential) duopoly (Campbell et al. 2020 and Campbell et
al. 2024) and studies how awareness of a firm’s product changes over time due to word
of mouth and how this affects demand, entry, market shares or market concentration.
Our approach is complementary but different. By using the search-theoretic model of
imperfect competition, we obtain results regarding the effects of word of mouth on the
dynamics of competition in an environment where prices are determined by local oligopoly.

In particular, we show how these dynamics differ across low and high-quality sellers.

!Early papers on word-of-mouth learning in general environments include Ellison and Fudenberg
(1995) and Banerjee and Fudenberg (2004).



2 Memory

In this section, we construct a version of the search-theoretic model of Butters (1977),
Varian (1980) and Burdett and Judd (1983) in which buyers can remember sellers about
which they learned in the past. We construct the model so that, even though buyers
and sellers are long-lived, the buyer’s problem of choosing where to purchase the good
is static, and the seller’s problem of choosing what price to post is static. We establish
that the equilibrium exists and is unique and we characterize the evolution of equilibrium

outcomes over time.

2.1 Environment

We consider the market for some consumer good. On one side of the market, there is a
measure 1 of infinitely-lived sellers. Sellers are heterogeneous with respect to the quality
y of their variety of the good.? The distribution of sellers with respect to y is given by
a twice differentiable cumulative distribution function ®(y) with ®'(y) > 0 and support
[ye, yn] where 0 < yp < yp,. A seller produces its variety of the good at a constant marginal
cost, which we set to 0 for the sake of simplicity.® In every period ¢t = 1,2, ..., the seller
posts a price p for its variety of the good.* If the seller trades ¢ units of the good at the
price p, its periodical profit is gp.

On the other side of the market, there is a continuum of measure b of infinitely-lived
buyers per seller.” Buyers are ex-ante homogeneous. In every period ¢, a buyer demands

2We assume that sellers are heterogeneous with respect to the quality of their variety of the product. In
a version of the model with homogeneous sellers, the price posted by an individual seller is indeterminate,
since the equilibrium involves sellers mixing over prices according to an equilibrium distribution. In a
version of the model with heterogeneous sellers, the price posted by an individual seller is uniquely
pinned down. Heterogeneity purifies mixed strategies. The reader is free to interpret the heterogeneity
in the model as a purification device, in which case the reader can take the extent of heterogeneity to
be arbitrarily small, or as economically meaningful heterogeneity, in the sense that some sellers carry a
better variety of the product than others. Supporting the second interpretation, Albrecht, Menzio and
Vroman (2023) show that, if sellers can invest in the quality of their product, the unique equilibrium of
the model features heterogeneity.

3The assumption that the marginal cost of production is 0 is made for the sake of algebraic simplicity,
and all the results presented in the paper extend trivially to the case in which the marginal cost of pro-
duction is strictly positive. The assumption that the marginal cost of production is constant, rather than
strictly increasing, is substantive. Menzio (2023) shows that the structure of equilibrium is qualitatively
different when sellers operate a production function with decreasing rather than constant returns to scale.

4We assume that a seller can only post a price. A seller cannot post a schedule of prices in an attempt
to discriminate buyers. Specifically, a seller is not allowed to post a price schedule p(h;), where the price
paid by the buyer depends on its purchasing history h;. The assumption seems natural in the context of
retail markets.

5We assume that the market is populated by a continuum of sellers and a double continuum of buyers.
If we were to assume that the market is populated by a continuum of sellers and a continuum of buyers,
the actual number of buyers that meet an individual seller and, in turn, the actual number of trades
made by an individual seller would be a random variable. The realization of the random variable would
be informative about the choice set of the buyers that purchased the good from the seller and, in turn,
the seller would use this information to set its price in the next period. For instance, if the seller made
more trades than expected, the seller would infer that it is in contact with a larger than expected number



one unit of the good. If the buyer purchases a variety of the good of quality y at the price
p, its periodical utility is y — p. If the buyer does not purchase the good, its periodical
utility is 0.

The product market is frictional, in the sense that a buyer cannot purchase the good
from any seller in the market, but only from those sellers with which it is in contact. In
period 1, buyers enter the market without any contacts. At the beginning of each period
t > 1, a buyer is in contact with n;_; sellers. For any given one of the n;_; sellers, the
buyer permanently loses contact with that seller with probability 6 € [0, 1]. During period
t, the buyer contacts m; additional sellers, where m; = 0,1,2, ... is drawn from a Poisson
distribution with coefficient . > 0. At the end of period ¢, the buyer chooses whether and
where to purchase the good among the sellers with which it is in contact.

The environment described above is quite natural. In every period, buyers search the
market and discover some new sellers. Buyers are also aware of the sellers that they have
discovered in the past. The ability of buyers to remember sellers that they have discovered
in the past is limited by the fact that a buyer “forgets” about a previously discovered seller
with probability ¢. If 6 = 1, buyers have no memory, and the environment is the same
as in Butters (1977), Varian (1980) and Burdett and Judd (1983). If § = 0, buyers have
perfect memory. If § € (0, 1), buyers have some memory, but their memory is imperfect.

The parameter 6 may be interpreted literally as the probability that a buyer forgets
about a seller. The parameter § may also capture the probability of a negative shock
to a time-varying, match-specific component of the gains from trade between the buyer
and the seller that drives the gains from trade to zero. Notice that buyers have the same
probability of “forgetting” a seller whether or not they purchased the good from it. This
assumption is the polar opposite of the assumption made in the search model of imperfect
competition in the labor market of Burdett and Mortensen (1998). Indeed, in this model,
workers are assumed to have no memory of any of the previously contacted firms, except
for the firm at which they are currently employed. This assumption greatly simplifies
the analysis of equilibrium as it makes the buyer’s choice of where to purchase the good
static.

2.2 Equilibrium

In order to characterize equilibrium, we start by analyzing the properties of the buyer’s
choice set. At the beginning of period 1, a buyer enters the market without any contacts.
During period 1, the buyer searches the market and comes into contact with m; sellers,
where m; is a Poisson random variable with coefficient . Hence, at the end of period

of buyers for which the seller is the most attractive choice. Since the identity of the sellers in the buyers’
choice sets is persistent, the seller could use this information to set its price in the next period. In
contrast, under the assumption of a double continuum of buyers, the measure of buyers that meet an
individual seller is deterministic and so are the measure of trades made by the seller. Therefore, the seller
cannot infer anything about buyers from observing the quantity of the good that it has traded.



1, the buyer can purchase the good from n; = my sellers. At the beginning of period 2,
the buyer is in contact with ny sellers. During period 2 and for each one of the ny sellers,
the buyer has a probability 0 of losing contact with the seller, and a probability 1 — ¢
of staying in contact with the seller. Let ny denote the number of sellers with which the
buyer remains in contact. During period 2, the buyer searches the market and comes into
contact with mo additional sellers, where m is a Poisson random variable with coefficient
p. Therefore, at the end of period 2, the buyer can purchase the good from ny = ng + mso
sellers. The buyer keeps adding and losing contacts in the same way in period t = 3,4,...

By assumption, the number of buyer’s contacts n; is distributed as a Poisson with
coefficient . The next lemma establishes that the number of a buyer’s contacts n; is
distributed as a Poisson also in any period ¢ > 1. There is a simple logic behind this result.
If the buyer enters period ¢ with a number of contacts n,_; that is Poisson with coefficient
Ai—1 and each contact is maintained with probability 1 — §, the number of contacts n,
maintained by the buyer is distributed as a Poisson with coefficient (1 — §)A;_1. In turn,
if the number of contacts n; maintained by the buyer is distributed as a Poisson with
coefficient (1 — 0)A;_; and the buyer contacts a number m, of additional sellers that is
distributed as a Poisson with coefficient p, the buyer’s number n; of contacts at the end

of period t is Poisson with coefficient \;, where \; is given by p + (1 — ) A\s_1.

It is clear from Lemma 1 that ), is strictly increasing over time if 6 € (0, 1).

Lemma 1: The number n; of buyer’s contacts in period t = 1,2, ... is distributed as a
Poisson with coefficient \;, where \; is given by
A = %[1—(1—5)7 (2.1)
Having characterized the properties of the buyer’s choice set, we can now examine the
problem of a buyer. In period ¢, the buyer is in contact with n, sellers. For each of these
sellers, the buyer observes the quality y of their variety of the product and the price p that
they charge. The buyer’s decision affects its payoff in the current period. In particular, if
the buyer purchases a variety of the good of quality y at the price p, the buyer enjoys a
payoff of y — p in the current period. If the buyer does not purchase the good, the buyer
enjoys a payoff of 0 in the current period. The buyer’s decision does not affect the buyers’
future payoffs. The buyer’s decision does not affect the buyer’s contacts in the future
(since the buyer is equally likely to remember all sellers they contact), nor does it affect
the buyer’s prices in the future (since sellers are not allowed to discriminate based on
purchasing history). The buyer’s problem is static, and it simply involves comparing the
surplus s = y — p offered by the n; sellers and the payoff from not purchasing the good.
Obviously, the solution to the buyer’s problem is such that the buyer purchases from the
seller that offers the highest surplus s if such surplus is positive, and the buyer does not
purchase the good if s is strictly negative. If the highest positive surplus s is offered by
multiple sellers, the buyer purchases the good from any of them with equal probability.



We now turn to examine the problem of a seller with a variety of quality y in period ¢.
The seller has to decide the price p for its variety of the good or, equivalently, the surplus
s = y — p offered to buyers. The seller’s decision has no effect on the seller’s demand in
the future, since the measure and the distribution of buyers that come into contact with
the seller in the future is independent of the seller’s current price. The seller’s decision has
no effect on the seller’s ability to set prices in the future, since the current price does not
restrict the seller’s future prices. Therefore, the seller’s problem is static, and it amounts
to choosing s to maximize profits in period ¢.

For any s > 0, the seller’s profit in period t is given by

s) = [Z bk7twk7t(s)] (y—s), (2.2)

where
DN 2.3
bk,t—bm( + 1), (2.3)
and
—J)! IR (s—)k—3
Tri(s) = F, +Z‘7 J GlsV Fils=)™7 (2.4)

(G +1)

Let us explain the expressions above. The seller meets a measure by, of buyers that
are in contact with k other sellers, with £k = 0,1,2... The measure of buyers b;; who
have k other contacts is given by (2.3), which is the measure of buyers that have k + 1
contacts, given that the number of contacts of each buyer is Poisson with coefficient A,
multiplied by k£ + 1, the number of contacts for each one of these buyers. A buyer with k
other contacts purchases from the seller with probability 7y ;(s). The probability 7y .(s) is
given by (2.4), where Fi(s) denotes the cumulative distribution function of surplus offered
by sellers, Fi(s—) denotes the left limit of F} and is the fraction of sellers offering strictly
less than s, and (;(s) denotes the fraction of sellers that offer s. The probability 7y (s)
is the sum of the probability of two events. The first event is that the buyer’s k other
contacts offer a surplus strictly smaller than s. The second event is that j of the buyer’s k
other contacts offer a surplus equal to s and k — j of them offer a surplus strictly smaller
than s and the buyer breaks the indifference in favor of the seller. The seller’s periodical
profit in (2.2) is given by the number of buyers that purchase from the seller multiplied
by the seller’s profit per unit sold.

The next three lemmas are standard fare in the analysis of models in the style of
Butters (1977), Varian (1980), and Burdett and Judd (1983). The first lemma establishes
that the profit of the seller is strictly positive. The second lemma establishes that the
surplus distribution F;(s) cannot have any mass points. The third lemma establishes that
the support of the surplus distribution Fi(s) is an interval [sy¢, Sp¢], with s, = 0.

Lemma 2: For any y € [y, ynl, the seller’s mazimized profit is strictly positive.



Lemma 3: The equilibrium surplus distribution Fy(s) does not have mass points.

Since the surplus distribution does not have any mass points, (;(s) = 0 and Fy(s—) =
Fi(s) for all s. Using these observations, we can simplify (2.2) as

—At \k+1

b+ DE] -9

Vils) = | S0 s

. efAtFt(S)AkF s k
— b NN {Zkzo ihits) } (y— )

= bhe MUTFGD (g — 5).

(2.5)

The first line is obtained by substituting by, and 7y (s) from (2.3) and (2.4) into (2.2),
and by using the fact that (;(s) = 0 and Fi(s—) = Fi(s). The second line is obtained
by collecting terms. The third line is obtained by recognizing that the summation in
the second line is equal to 1. In expression (2.5) for Vi(y,s), the term b)\e*1=F(®) jg
the measure of buyers such that the surplus s offered by the seller is the highest surplus
offered to those buyers, i.e. it is the seller’s trade volume.

Lemma 4: The support of the equilibrium surplus distribution Fy is an interval [Set, Sni],
with spy = 0.

The next lemma establishes that the surplus offered by a seller is a strictly increasing
function of the seller’s quality. The finding is intuitive. The benefit of increasing the
surplus s offered to buyers—which is to the increase the quantity of the good sold—is
strictly greater for a seller with a variety of the good of higher rather than lower quality,

since the profit per sale enjoyed by a seller is strictly increasing in y.

Lemma 5: In equilibrium, the surplus offered by a seller is a strictly increasing function
si(y) of its quality.

Given that buyers choose the highest surplus among the sellers they contact, the fact
that s;(y) is strictly increasing in quality y means that the distribution of qualities across
transactions is equal to the distribution of the highest quality seller a buyer contacts,
conditional on the buyer having at least one contact. Letting H,(y) denote the fraction
of transactions at sellers with quality smaller than y, we have

i) =[S et /- e
_ {e"\t oo (Ati(!y))'“ B e_xt}/ 1] (2.6)

M=) _ o=

1 —e M

The numerator in the first line of (2.6) is the product of the probability that a buyer has
k contacts and the probability, ®(y)*, that all of its k contacts have quality less than v,



summed over k = 1,2,..... The denominator in the first line is the probability that the
buyer has at least one contact and, hence, purchases the good. The third line of (2.6)
uses the fact that Y ;- 2% /k! = e”.

The transaction distribution H,(y) first-order stochastically dominates the distribution
of seller quality, i.e. H¢(y) < ®(y). The average quality of a transaction, §; = Epg, (y), is
given by

_ Jan® (z)e M)y
yt - 1 o e_At .

We can similarly define the average surplus per transaction, §; = Epg,(s:(y)), and the

(2.7)

average price paid per transaction, p; = Eg, (pi(y)).

Returning to the seller’s problem, a seller producing quality y solves:

Vi(y) = max bh,e M FE)(y _5), (2.8)

s€[0,y]

The necessary condition for the optimality of the surplus s;(y) offered by a seller of quality
Y is

bAZeMA=F s WD) BY (5, (1)) (i — s4(y)) = bAe M F(se@) (2.9)
The left-hand side of (2.9) is the marginal benefit of offering buyers an additional unit of
surplus, which is given by the increase in the volume of sales multiplied by the profit per
sale. The right-hand side of (2.9) is the marginal cost of offering buyers an additional unit
of surplus, which is given by the volume of sales. The optimality condition (2.9) states
that the marginal benefit of offering an additional unit of surplus must be equal to the

marginal cost.

The surplus distribution F; is such that

Fi(st(y)) = @(y). (2.10)

The left-hand side of (2.10) is the fraction of sellers that offer surplus smaller than s.(y).
The right-hand side of (2.10) is the fraction of sellers with a quality smaller than y. Since
s¢(y) is strictly increasing function, the left and the right-hand sides of (2.10) must be
equal for every y. Differentiating (2.10) with respect to y implies that F}(s:(y))s}(y) is
equal to ®'(y). Combining this observation with (2.10) allows us to rewrite (2.9) as

si(y) = ' (y)Me(y — 5:(y))- (2.11)

The expression above is a differential equation for the surplus function s;(y). The relevant
solution of the differential equation satisfies the boundary condition s;(y,) = 0, since
Lemma 4 guarantees that the lowest surplus on the distribution £} is s;; = 0, and Lemma
5 guarantees that the seller that offers the lowest (highest) surplus on the distribution F;
is the seller with the lowest (highest) quality, i.e. s;(yn) = snt and s:(ye) = se.

The analysis above identifies a unique candidate equilibrium, which is given by the



solution to the differential equation (2.11) together with the boundary condition s;(y,) =
0. To verify that the candidate equilibrium is an equilibrium, consider a seller with an
arbitrary quality yo € [ye, yn]. In the candidate equilibrium, the seller offers the surplus
s¢(yo), where s4(yo) satisfies the optimality condition (2.9). In the candidate equilibrium,
the seller makes a strictly positive profit. The seller does not want to deviate and offer a
surplus § that is strictly negative, since by doing so its profit would be zero. The seller
does not want to deviate and offer a surplus § € [0, s:(yo)). In fact, § = s,(y) for some
§ < yo and, hence, the derivative of the seller’s objective function (2.9) is equal to zero
for g, and strictly positive for yo. Similarly, the seller does not want to deviate and offer a
surplus § € (s¢(yo), s¢(yn)]. Finally, the seller does not want to deviate and offer a surplus
$ > s4(yn), since in doing so it would attain a profit that is strictly smaller than by offering
the surplus s;(yp).

We have thus established the existence and uniqueness of equilibrium.

Theorem 1: (Existence and uniqueness of equilibrium with memory) An equilibrium
exists and is unique. For t = 1,2, ..., equilibrium is given by a surplus function s;(y) that
satisfies the differential equation (2.11) together with the boundary condition s,(y,) = 0.

The solution to this differential equation is

[ Xe M= 2@ 1@ () d
— Y

5t<y) e—At(l—‘P(y)) ’ (212>

and s;(yp) = (1 — e=)g; where §; is the average transaction quality.

To interpret this expression, let ﬁt(y) = ¢ MU=2W)  the distribution of the highest
quality among the sellers a buyer meets.% Expression (2.12) is equivalent to

I e H/(x)dx
Hi(y)

The surplus s;(y) is equal to the expected value of the highest quality among the sellers a

si(y) =

buyer contacts, conditional on that quality being less than the seller’s own quality y. This
is equivalent to the expected value of the second-best seller’s quality among the sellers a
buyer contacts, conditional on y being the highest seller’s quality. Effectively, firms set
prices pi(y) = y — s¢(y) equal to the expected value of the difference between their own

quality y and the next best quality among the sellers a buyer meets.

Associated with the equilibrium surplus function s;(y), there are a surplus distribution
F(s) and a price distribution G¢(p). The surplus distribution F;(s) is given by

Fi(s) = @(w(s)), (2.13)

where y;(s) is a strictly increasing function that denotes the inverse of the surplus function

SNote that this distribution has a mass point at 7; because we assume that if the buyer meets no
sellers the maximum is y;, and thus the buyer gets surplus s(y;) = 0.

10



s¢(y). Similarly, the distribution of prices posted by sellers, G;(p), is given by
G = [ @y (214)
yipe(y)<p

where p;(y) is the price function defined as p;(y) = y — s4(y). Note that, even though the
surplus function s;(y) is strictly increasing in y, the pricing function need not be strictly
increasing or strictly decreasing in y.” Therefore, the price distribution Gy(p) has to be
written as an integral of the quality density ®'(y) over the qualities y such that p,(y) is
smaller than p.

2.3 Market dynamics

In this subsection, we characterize the dynamics of equilibrium. In particular, we are
interested in the evolution of the distribution of surplus offered by sellers, the distribution
of prices posted by sellers, the distribution of transactions across sellers and the evolution

of sales concentration.

The dynamics of equilibrium are driven by the accumulation of the amount of infor-
mation that buyers have about sellers in the market. In period ¢, a buyer is in contact
with n; sellers, where n; is distributed as a Poisson with coefficient \;. In period t + 1,
a buyer is in contact with n;, sellers, where n;,; is distributed as a Poisson with co-
efficient \;;1. As long as buyers have some memory of past contacts, in the sense that
0 < 1, the expression in Lemma 1 shows that ), is strictly increasing over time. Since the
coefficient )\, is equal to the buyer’s average number of contacts in period ¢, the fact that
A is strictly increasing over time means that, on average, buyers are in contact with an

increasing number of sellers.

As buyers accumulate contacts, the market becomes more competitive over time and,
for this reason, the surplus offered by sellers increases and, for the same reason, the prices

posted by sellers decline. To see this, it follows from (2.11) that

si(y) = ' (y)Mly — se(y)), (2.15)

and
Si1(Y) = Y (Y) A1 (v — s41(y)), (2.16)

together with the boundary conditions s;(y,) = s¢41(ye) = 0. The surplus function s;11(y)
is strictly greater than s,(y) for every y € (y¢, yn]. To see why this is the case, the following
two observations are sufficient. First, notice that s,1(y) = s¢(y) implies s}, (y) > si(y),
since A¢y1 > Ay In turn, this implies that s;(y) can equal s;(y) at most once, say for
Y = Y, and that s,11(y) > s4(y) for all y > y.. Second, notice that s,11(ye) = s¢(ye).
Taken together, these two observations imply that s;1(y) > s,(y) for all y € (y, ya)-

"If the extent of heterogeneity in the sellers’ quality is small enough, the pricing function p;(y) is
strictly decreasing in y.
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Since the surplus function s;41(y) is strictly greater than s;(y), it follows from (2.13)
that Fyi1(s) < Fi(s). Since s;11(y) is strictly greater than s;(y), the price function
Pir1(y) = y — Se41(y) is strictly smaller than py(y). It then follows from (2.14) that

Gi1(p) > Gi(p).

Proposition 1: (Surplus and price dynamics with memory) Let § € [0,1). For any given
y > ye, the surplus s,(y) is strictly increasing in t and the price p,(y) is strictly decreasing
in t. The surplus distribution Fy(s) is strictly increasing in t in the sense of first-order
stochastic dominance, and the price distribution Gy(p) is strictly decreasing in t in the
sense of first-order stochastic dominance.

As buyers accumulate contacts, they are not only offered more surplus by each seller,
but they also get to purchase the good from sellers that offer more surplus, which are
those that carry a variety of the good of higher quality. Both the increase in the surplus
offered by each seller of a given quality y and the shift of transactions from low to high-
surplus sellers (or, equivalently, from low to high-quality sellers) contribute to increase

the buyer’s surplus.

Proposition 2: (Transaction dynamics with memory) For any 6 € [0,1), the distribution
of transactions across sellers of different quality, Hy(y), is strictly increasing in t in the

sense of first-order stochastic dominance.

As shown in Proposition 2, the distribution of transactions moves towards higher qual-
ity sellers as buyers accumulate contacts. Since high quality sellers trade more than low
quality sellers, trade becomes more concentrated as buyers accumulate contacts. This
finding may appear surprising, since the market becomes progressively more competitive.
Indeed, it is true that, as buyers accumulate contacts and their choice sets expand, the
increase in competition drives prices down. At the same time, though, as buyers accu-
mulate contacts and their choice sets expand, buyers can purchase the good from better
sellers. Since all buyers have the same ranking over sellers, trade concentration increases.
Indeed, in a perfectly competitive version of the market, only the highest-quality seller
would trade.

To formalize this intuition, the quantity of the good traded by a seller with a variety
of quality y in period t is
1 (y) = bre 72w, (2.17)

Clearly, the quantity ¢;(y) is strictly increasing in y because ®'(y) > 0. Since the quantity
traded by a seller is a strictly increasing function of the seller’s quality y, it follows that
the largest sellers are the sellers with the highest quality. Hence, the fraction of @Q;(x) of
transactions made by the fraction x of largest sellers is given by

Qi(z) =1— Hy(y(1 —z)), (2.18)

where y(z) = ®71(2), the quality of a seller at the z-th quantile of the distribution.
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In Proposition 2, we established that Hy 1(y) < Hy(y) for all y € (ys,yn). Therefore,
Qir1(x) > Qi(x) for all z € (0,1).

Proposition 3: (Concentration dynamics with memory) For any § € [0,1), sales con-
centration is increasing over time, i.e. the fraction Qi(x) of sales made by the fraction x

of the largest sellers is strictly increasing over time.

We now want to examine the role of memory in shaping the equilibrium of the product
market. Let us first compare the properties of equilibrium if buyers have some memory
of the sellers that they have contacted in the past, in the sense that 6 € [0,1), with the

properties of equilibrium if buyers have no memory, in the sense that 6 = 1.

In period 1, the buyers’ number of contacts is distributed as a Poisson with coefficient
A1 = p whether buyers have memory or not. For this reason, in period 1, the surplus
distribution, the price distribution and the transaction distribution are the same whether
buyers have memory or not. Formally, F(s|d), G1(p|d) and H;(y|d) are independent of
d. In periods ¢ > 2, memory matters. With memory, i.e. § € [0,1), we have \y > Ay,
A3 > Ao, etc... Without memory, i.e. § = 1, we have Ay = A, A3 = \o, etc... For
this reason, with memory, the market becomes more competitive, the surplus offered by
sellers increases, the prices posted by sellers decline, and buyers shift their transactions
from lower to higher quality sellers. Formally, F;(s|d) is strictly decreasing in ¢, G(p|d)
is strictly increasing in ¢, and H;(y|J) is strictly decreasing in t. Without memory, i.e.
d = 1, the surplus distribution Fj(s|d) remains equal to Fj(s|d), the price distribution
G4(p|d) remains equal to G(p|d), and the transaction distribution H;(y|d) remains equal
to Hq(y|d).

Next, let us compare the properties of equilibrium if buyers have better or worse
memory. That is, let us compare the equilibrium if buyers have memory 1 — §; or 1 — 9o,
with 6; < dy. In period 1, Fi(s|01) = Fi(s|d2), Gi(p|d1) = Gi(p|d2) and Hy(y|dy) =
Hi(yld2). In periods t > 2, \; is strictly greater if buyers have better memory (;) than if
buyers have worse memory (d2). Therefore, in any period ¢ > 2, surplus is higher, prices
are lower, and transactions are better if buyers have better memory (9;) than if they have
worse memory (dz). Formally, for t > 2, Fy(s|01) < Fi(s|d2), Gi(p|d1) > Gi(p|ds) and
Hy(ylor) < Hy(y|o2).

The above observations are summarized in the following proposition.

Proposition 4: (Memory). Take any d; and 02, with 0 < 07 < 5 < 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same for 61 and 0o,
in the sense that F1(s|o1) = Fi(s[d2), G1(p|d1) = G1(p|d2) and Hi(y|o1) = Hi(y|d2).

(ii) In period t > 2, equilibrium surplus is higher, prices are lower, and transactions
are better with better memory (i.e. lower §), in the sense that Fi(s|d1) < Fi(s|d2),
Gi(pld1) > Gi(plda2) and Hi(y[o1) < Hi(y[d2).
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(iii) Let 0o = 1. Without memory, equilibrium surplus, prices and transactions are
constant over time, in the sense that Fy(s|0s) = Fi(s|da), Gi(p|d2) = G1(p|d2), and
Hy(y|d2) = Hi(y|ds).

2.4 Steady state

Lastly, we want to understand the limiting behavior of the product market. In particular,
we want to understand whether the market eventually becomes perfectly competitive, in
the sense that every buyer purchases the good from the seller with the highest quality at
a price equal to the seller’s marginal cost.

To understand the limiting behavior of the product market, it is sufficient to examine
the limiting behavior of the average number of contacts, A\;. If buyers have imperfect
memory of sellers met in the past, in the sense that 6 € (0, 1), then )\, is strictly increasing
and converges to \* = /0.8 Given that Hyy(y) < Hy(y) for all ¢t and H,(y) € [0,1], it is
easy to see that Hy(y) converges to a stationary distribution H*(y).

Proposition 5: (Ergodic transaction distribution with memory) For any § > 0, the
transaction distribution Hy(y) converges to an ergodic distribution H*(y) that is given by
67)‘*(17(1)(:’;’)) — 67)‘*

H*(y) = [p—C (2.19)

for all y € [ye, yn]. The distribution H*(y) is atomless and \* = p/o.

Since \; is strictly increasing, the surplus offered by sellers increases over time, the
prices posted by sellers decline over time, and the distribution of transactions moves from
lower to higher quality sellers. Given that s;.1(y) > si(y) for all £ and s;(y) € [0, yn],
the surplus function s,(y) converges to a stationary surplus function s*(y) given by (2.12)
where A\* = p/6. Since A* is finite, the equilibrium does not become perfectly competitive.
Indeed, since A\* is finite, a seller with any quality y € [y, yn] meets a strictly positive
measure bA* exp(—A*) of captive buyers and, hence, can guarantee itself a strictly positive
profit. For this reason, the surplus function s*(y) is such that s*(y) < y, the price function
p*(y) is such that p*(y) > 0, and the volume of sales, bA* exp(—A*(1 — ®(y))), is strictly
positive, for all y € [ys, ys]. Only in the frictionless limit as A* — oo is the equilibrium
perfectly competitive. As A* — oo, the distribution of transactions H*(y) is a degenerate
distribution at y and s*(y,) — ¢* =y, and p*(y,) — 0.

3 Word of mouth

In this section, we construct a version of the search-theoretic model of Butters (1977),
Varian (1980) and Burdett and Judd (1983) in which buyers learn about sellers not only by
directly searching the market but also by talking to buyers that were active in the market

8To see this, Lemma 1 implies that \* = limy_c Ay = & limy_, o [1 — (1 — 6)] = &.
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in the previous period. We construct the model so that, even though sellers are long-lived,
the seller’s problem of choosing what price to post remains static. We establish that the
equilibrium exists and is unique, and we characterize the evolution of equilibrium outcomes
over time. We show that memory and word of mouth generate similar dynamics along
some dimensions (i.e., concentration), but not along other dimensions (i.e., competition

and prices).

3.1 Environment

We consider the market for some consumer good. The market is populated by a continuum
b of infinitely-lived sellers with measure 1. Sellers are heterogeneous with respect to the
quality y of their variety of the good. The distribution of sellers with respect to y is given
by a cumulative distribution function ®(y) with ®'(y) > 0 and support [y, yn] where
0 < yp < yp. A seller produces the good at a constant marginal cost, which we set to 0.
In every period ¢, a seller posts a price p.° If a seller trades ¢ units of the good at the
price p, its periodical profit is gp.

The market is also populated by a double continuum of short-lived buyers with measure
b per seller.! New buyers enter the market in period ¢. If one of these buyers purchases
a variety of the good of quality y at the price p, its periodical utility is y — p. If one of
these buyers does not purchase the good, its periodical utility is 0. Whether it purchases
the good or not, the buyer exits the market at the end of period .

The product market is frictional, in the sense that a buyer cannot purchase the good
from any seller in the market, but only from those sellers with which it is in contact. In
every period t, a buyer may come into contact with sellers through two channels: search
and word of mouth. Through search, a buyer comes into contact with m; sellers, where
my is a random variable distributed as a Poisson with coefficient © > 0. In every period
t, a buyer comes into contact with r, additional sellers through word of mouth, where r,
is a random variable distributed as a Poisson with coefficient p > 0. Since there are no
old buyers in period 1, the word of mouth channel is inactive and the r; sellers contacted
in period 1 are found through random search. The average number of contacts in period
t through either channel is A = p + p, where A\ is constant over time.

Depending on whether a contact is obtained through either search or word of mouth,
the sellers in buyers’ choice sets are potentially drawn from different distributions. Each
contact obtained through search is randomly selected from the seller’s distribution of
qualities ®(y). Each contact obtained through word of mouth is randomly selected from
the distribution ®,(y), where ®;(y) denotes the distribution of the highest quality seller

9We assume that sellers are not allowed to post price schedules. In particular, a seller is not allowed to
post a price schedule that depends on the calendar time ¢, or on the purchasing history h; of an individual
buyer.

10We assume that there is a continuum of buyers per seller. The assumption guarantees that an
individual seller cannot learn anything about the demand that it faces from the quantity of the good that
it has sold in the past, since such quantity is a deterministic function of the seller’s quality and price.

15



contacted by buyers who purchased in the previous period. We conjecture (and later
verify) that ®,(y) is twice differentiable. In period 1, note that @ (y) = ®(y).

The environment described above is quite natural. A buyer that is new to the market
can find out about sellers by searching the market directly. The outcome of this direct
search process is a number m of meetings with randomly-selected seller. This is the same
search process as in Butters (1977), Varian (1980) or Burdett and Judd (1983). A buyer
that is new to the market, however, can also find out about sellers indirectly by looking
for buyers that successfully purchased in the market in the previous period. The outcome
of this indirect search process is a number r of meetings with previous buyers. In the
meeting, the new buyer learns about the highest quality seller with which the old buyer
had been in contact in the previous period.!'*

We assume that an old buyer refers a new buyer to the one seller that, among its
contacts, carries the variety of the good with the highest quality, rather than to the
seller that, among its contacts, offered the highest surplus in the previous period. The
assumption simplifies the analysis. In fact, if old buyers refer new buyers to the highest-
quality seller of which they know, the seller’s price in the current period does not affect the
measure and type of buyers that reach the seller in the future. Therefore, if old buyers
refer new buyers to the highest-quality seller of which they know, the seller’s pricing
problem is static. The assumption is also easy to rationalize as an equilibrium. If sellers
do not expect the current price to affect their future demand, higher quality sellers always
choose to offer more surplus to their buyers. In turn, if higher quality sellers are expected
to offer more surplus to their buyers, new buyers ask old buyers about the highest-quality
seller of which they know, since that seller is the one expected to offer the highest surplus

to the new buyer.

3.2 Equilibrium

Consider some arbitrary period ¢t = 1,2,.... The distribution of sellers across qualities is
given by ®(y). This is the distribution from which buyers sample when they contact a
seller through the search channel. The distribution of the highest quality seller contacted
by buyers who purchased in period ¢ — 1 is given by i)t(y). This is the distribution from
which buyers sample when they contact a seller through word of mouth.

We denote as Fi(s) the distribution of surplus offered by sellers. For the same reasons
as in Section 2, the distribution F}(s) does not have any mass points. We denote as Fj(s)
the distribution of surplus offered by sellers reached through word of mouth, which also

cannot have any mass points.

Consider a seller of quality y that offers the surplus s > 0 in some period t = 2,3.. ..
The seller is reached by buyers through both search and word of mouth. Let us first

1Tt seems quite natural that a new buyer would only ask an old buyer about the best seller of which
it knows. Information about additional sellers does not improve the new buyer’s payoffs.
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consider the buyers that reach the seller through search. There is a measure by, of buyers
that reach the seller through search and that contacted k additional sellers through search,

where by, is given by
e—uuk+1
bp; =b(k+1 ) 3.1
ke = bR LG, (3.1

Let us explain the expression in (3.1). Per seller, there is a measure b exp(—p)u**t/(k+1)!

of buyers that have k+1 contacts through search. Therefore, per seller, there is a measure
b(k + 1) exp(—p)pu**1/(k + 1)! of search contacts that are generated by buyers that have
met k + 1 sellers through search. Since every seller has the same probability of being
contacted through search, the measure of buyers that reach a particular seller through
search and that have met k additional sellers through the search channel is given by the
expression in (3.1).

It is easy to compute the probability that one of the by ; buyers purchases the good from
the seller. A fraction exp(—p) of the by, buyers did not contact any sellers through word
of mouth. These buyers purchase the good from the seller with probability F;(s)*, where
Fi(s) denotes the distribution of surplus offered by sellers. A fraction exp(—p)p of the by,
buyers did contact one seller through word of mouth. These buyers purchase the good from
the seller with probability Fy(s)*F}(s), where F}(s) is the distribution of surplus offered by
sellers contacted through word of mouth. More generally, a fraction exp(—p)p?/j! of the
b buyers did contact j sellers through word of mouth, with j = 2,3,.... These buyers
purchase the good from the seller with probability Ft(s)kﬁt(s)j. Overall, the probability
that one of the b, buyers purchases the good from the seller is given by

o e P j A .
mols) =3 j!p] Fi(s)FEi(s). (3.2)

Next, consider the buyers that reach the seller through word of mouth. There is a
measure ZA)k.’t buyers that reach the seller through word of mouth and that reached k other
sellers through word of mouth, where Bk’,t is given by

efppk+1

(k + 1)!

Bk,t = b(k + 1)r:(y) (3.3)

and k,(y) is given by

re(y) = z%g; : (3.4)

Let us explain the expression in (3.3). Per seller, there is a measure bexp(—p)p*™/(k+1)!

of buyers that have k + 1 contacts through word of mouth. Therefore, per seller, there is
a measure b(k + 1) exp(—p)p**1/(k +1)! of word-of-mouth contacts that are generated by
buyers that are in contact with k41 sellers through word of mouth. If every seller has the
same probability of being contacted through word of mouth, the measure of buyers that

reach a particular seller through word of mouth and that have contacted an additional k
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sellers through the word-of-mouth channel would be b(k + 1) exp(—p)p*™t/(k + 1)!.

The term r¢(y) given by (3.4) reflects the fact that some sellers are more likely than
others to be contacted through word of mouth. In particular, the fraction of word-of-
mouth contacts that reaches sellers with quality § € [y, y+ €] is ®(y+€) — (y), while the
measure of sellers with quality § € [y,y + €] is ®(y + €) — ®(y). Therefore, the measure
of buyers that reach a seller of quality y € [y,y + €] through word of mouth and that
contacted an additional k sellers through word of mouth is b(k + 1) exp(—p)p**1/(k +1)!

multiplied by [®(y + €) — ®(y)]/[®(y + €) — ®(y)]. Taking the limit for e — 0 yields
ki(y) = ®4(y)/P'(y). The term r,(y) will turn out to be important later on.

It is easy to compute the probability that one of the I;k,t buyers purchases the good
from the seller. A fraction exp(—pu) of the lgkyt buyers did not contact any sellers through
search. These buyers purchase the good from the seller with probability ﬁt(s)k. A frac-
tion exp(—p)p of the IA)k,t buyers did contact one seller through search. These buyers
purchase the good from the seller with probability Ft(s)kFt(s). More generally, a fraction
exp(—p)p’ /5! of the Bk,t buyers did contact j sellers through search. These buyers pur-
chase the good from the seller with probability Ft(s)kFt(s)j . Overall, the probability that
one of the ZA)M buyers purchases the good from the seller is given by

fals) = S R sy Ey ()" (3.5)

j=0  j!

We can now write the profit V;(y, s) for a seller with quality y offering the surplus
s > 0 is given by

Vily, ) = [0 beamne()] (v = ) + [ i bretea(s)| (v = 9)
- SR 0T (S SE R R ) -9 )
#[ St ) S (53 SR RGP ) -9

Collecting terms, we can rewrite (3.6) as

k k . —pEy(s) o j
o L HEE(S)Y e w €PN (s
kT k —uFe(s),,j J
0o _, P Fi(s —u(1—F(s 0o € H 1y Fi(s
+ | ko bpri(y)e ”%6 p=kils)) (Zj:o i ts) )] (y —s)

~ kF s k .
— Zk:() b’ue_u%e_p(l_}?t(s))] (y — S)

A

~ kF s k
+ | > bp%t(y)e”%e”“”(s”] (y—s),

(3.7)
where the second equality makes use of the fact that the summations over j in lines 1 and
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3 are both equal to 1. Collecting terms once more, we can rewrite (3.7) as

. - kR (s)*
Vilys) = bue 1A= e) [Z B | (=

Pkﬁt(s)k

+bpf-;t(y)e—ﬂ(l—Ft(S))e—p(l—ﬁt(s)) Zzozoe—PFt(S) -

(y —s)

= b (/’L + p5t<y)) e_ﬂ(l_Ft(S))e_ﬂ(l_Ft(S))(y — 5>.

where the second equality makes use of the fact that the summations over £ in the second
and third lines are both equal to 1.

Using the same arguments as in Lemma 4, it is straightforward to show that the
support of the surplus distribution Fi(s) is some interval [sg4, Sp¢], with sp; = 0. In turn,
using the same arguments as in Lemma 5, it is easy to show that the surplus offered by
a seller is a strictly increasing function s;(y) of the quality of the seller’s variety y. From
the strict monotonicity of s,(y), it follows that the fraction of sellers offering a surplus
smaller than s;(y) is equal to the fraction of sellers with quality smaller than y, i.e.

Fi(si(y)) = @(y). (3.9)

Similarly, in the distribution of sellers reached through word of mouth, the fraction offering
a surplus smaller than s,(y) is equal to the fraction of sellers reached through word of
mouth with quality smaller than y, i.e.

~ A

Fi(si(y)) = Pul(y)- (3.10)

Differentiating both (3.9) and (3.10) with respect to y yields

Y(y) - ' (y)
F/(s¢(y)) = . Fl(si(y)) = (3.11
D=y D= ) )
For a seller producing quality y, the seller’s problem at date ¢ is
Viy) = max b(p+ pry(y)) e PO =Ry — ). (3.12)

s€[0,]
The necessary condition for the optimality of the surplus s,(y) offered by a seller with
quality y is
BEL () + (31 (9))| b+ pra(y)) e H IR =BE (y — s(y)) 5.13)
= bt pryly)) e HO-F) p1-Fi(e). '

The left-hand side of (3.13) is the benefit to the seller from offering an extra unit of
surplus to the buyers, which is given by the increase in the seller’s volume multiplied by
the seller’s profit per trade. The right-hand side of (3.13) is the cost to the seller from
offering an extra unit of surplus, which is given by the seller’s volume. Using (3.9), (3.10)

19



and (3.11), we can rewrite (3.13) as

si(y) = @' (y) (1 + pre(y)) (y — se(y))- (3.14)

Since buyers purchase from the contacted seller that offers the highest surplus, and
sellers with higher quality offer higher surplus, a buyer purchases the good from the con-
tacted seller that carries the variety of the good with highest quality. Since the transaction
distribution is equal to the distribution of the highest quality seller contacted by a buyer
in the previous period, conditional on the buyer having contacted at least one seller, the
sampling distribution i)t(y) for sellers contacted in periods ¢ > 1 through word of mouth
is just the distribution of transactions in the previous period, H;_1(y). In period 1, recall
that ®;(y) = ®(y) and therefore we use the convention that Hy(y) = ®(y) in what follows.

Lemma 6: The distribution Hy(y) of transactions at time t > 1 is atomless and it is

given by
e~ H1=2(y)) o—p(1-Hi-1(y)) _ o—(u+p)

Hi(y) = — . (3.15)

The analysis above leaves us with a unique candidate equilibrium in any period ¢ > 1.
In the candidate equilibrium, the transaction distribution H(y) is given by (3.15) and

the surplus function s;(y) is given by the solution to the differential equation

sy(y) = @' (y) (1 + pre(y)) (y — 5:(y)), (3.16)
where Hy(y) = ®(y) and .
riy) = (;)7(1;?), (3.17)

together with the boundary condition s;(y,) = 0. As we did in Section 2, it is easy to
verify that the unique candidate equilibrium is, indeed, an equilibrium since (3.16) is not
only necessary but also sufficient for profit maximization. Note that in period 1, we have
k1(y) = 1 for all y € [ye, yn] because we use the convention that Hy(y) = ®(y).

Before we present Theorem 2, it is useful to first define § = p/A, the average proportion
of contacts reached through word of mouth, and 1 — 5 = u/\, the average proportion of
contacts reached through search.

Theorem 2: (Existence and uniqueness of equilibrium with word of mouth) An equilib-

rium exists and is unique. The equilibrium is such that:

(i) In period t > 1, we have ®,(y) = H,_1(y) and the surplus function s,(y) is the
solution to the differential equation (3.16) that satisfies the boundary condition
s¢(ye) = 0.

(ii) Letting A = p+ p, the solution to the differential equation (3.16) is

[Y XNe 2O @) g T (2) e
(y) = = t
51ty e—AI-T4(y)

(3.18)
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where B = p/\ and
Ti(y) = BHi-1(y) + (1 = 5)2(y), (3.19)

where s;(yn) = (1 — e ), where §; is the average transaction quality.

The solution s;(y) to the differential equation has the same structure as the solution
in Theorem 1. Again, firms set prices p;(y) = y — s;(y) equal to the expected value of
the difference between their own quality y and the next best quality among the sellers a
buyer contacts. The main difference is that the relevant distribution from which sellers are
drawn is now I';(y), which is a weighted average of the distribution H;_(y) of transactions
in period ¢ — 1 and the distribution ®(y) of seller qualities. We call I';(y) the sampling
distribution for buyers. The weight /3 on the distribution H;_;(y) is the average proportion
p/ A of contacts reached through word of mouth, while the weight 1 — /3 on the distribution
®(y) is the proportion of contacts obtained through search.

Associated with the equilibrium surplus function s;(y), there are a surplus distribu-
tion Fi(s), a price distribution G¢(p), and a transaction distribution H;(y). The surplus
distribution F(s) is given by

Fi(s) = (un(s)). (3.20)

where y;(s) is the inverse of the surplus function s;(y). The price distribution G:(p) is
given by

Gt(p)Z/_ e ' (y)dy, (3.21)

where p;(y) is the pricing function y — s;(y). The transaction distribution H;(y) can be
expressed as
67’\(17Ft(y)) — 67)‘
Hiy) = ————— (3.22)

For any period ¢t > 1, the transaction distribution H,;(y) first-order stochastically

dominates the sampling distribution I';(y). For any period ¢t > 1, the sampling distribution
['y(y) also first-order stochastically dominates the distribution of seller qualities ®(y)
whenever p > 0. That is, for any period ¢t > 1, we have Hi(y) < I'\(y) < ®(y) for any
y € (ye, yn) whenever word of mouth is active.

3.3 Market dynamics

In contrast to the model with memory, where the evolution of the average number of
contacts \; drives market dynamics, it is the evolution of the sampling distribution I';(y)
over time that drives market dynamics with word of mouth. Given that the distribution of
seller qualities sampled through search is static, the evolution of the sampling distribution
['(y) is driven entirely by the dynamics of the transaction distribution Hy(y), which
determines the sellers sampled through word of mouth.

We have the following proposition regarding the evolution of H(y) over time.
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Proposition 6: (Transaction dynamics with word of mouth) For any p > 0, the distri-
bution of transactions across sellers of different quality, H,(y), is increasing over time in
the sense of first-order stochastic dominance, and the sampling distribution T'y(y) is also
increasing over time in the sense of first-order stochastic dominance.

Notice that the transaction distribution improves over time in the model with word
of mouth just as it does in the model with memory. The reason why the transaction
distribution improves over time is, however, different in the model with word of mouth
and in the model with memory. In the model with memory, the transaction distribution
improves over time because the buyers’ choice sets become larger and larger and, for
this reason, buyers can be more selective and purchase the good from better and better
sellers. In the model with word of mouth, the transaction distribution improves over time
not because the buyers’ choice sets become larger and larger, but because the buyers’
choice sets include better and better sellers. Through word of mouth, buyers sample
the highest-quality sellers contacted by buyers in the previous period and they sample,
through direct search, some additional sellers. For this reason, the highest-quality sellers
sampled in period ¢ are better than the highest-quality sellers sampled in period ¢ — 1.

Next, we examine the dynamics of trade concentration. In any period t > 1, the
quantity of the good traded by a seller with a variety of quality y is

qt(y) —b (M + [mt@)) e~ H1=2()) ,—p(1-Hi-1(y)) (3.23)

In period 1, the quantity ¢/(y) is strictly increasing in y because ®'(y) > 0. For any
period ¢ > 2, the quantity ¢;(y) is strictly increasing in y because the term r;(y) is
strictly increasing in y. To see why this is the case, notice that (3.17) and (3.15) imply

Hi(y) (u+ p)e‘“(l—é(y))e—p(l—Hl(y))

/f?(y) - (D/(y) - 1 — 6,(u+p) (324)
It is evident from (3.24) that ka(y) is strictly increasing in y. For any ¢ > 2,
H, _|_ K e_ﬂ(l_{)(y))e_p(l_Ht(y))
/ft—i—l(y) t(y) _ (:U’ P t<y)) . (325)

- (I)’(y) 1 — e—(utp)

If ki(y) is strictly increasing in y, it is clear from (3.25) that kyy1(y) is also strictly
increasing in y. By induction, we have that ;(y) is strictly increasing in y for any ¢ > 2.
In period 1, we have r(y) = 1 for all y.

Since the quantity of the good traded by a seller is a strictly increasing function ¢;(y)
of the seller’s quality y, it follows that the largest sellers are the sellers with the highest
quality. Hence, the fraction of Q;(z) of transactions made by the x fraction of largest

sellers is given by

Qu(x) =1~ H(®7'(1 — 1)), (3.26)

where y(z) = ®71(z), the quality of a seller at the z-th quantile of the distribution. Since

22



Hi(y) is strictly deceasing in ¢, (3.26) implies that Q(x) is strictly increasing in t.

Proposition 7: (Concentration dynamics with word of mouth) For any p > 0, sales
concentration is increasing over time, i.e. the fraction Qi(x) of sales made by the x

fraction of largest sellers is strictly increasing over time.

As in the model with memory, trade becomes more and more concentrated over time
at higher quality sellers. In the model with memory, trade becomes more concentrated
over time because the choice sets of buyers become larger and, hence, buyers can purchase
the good from higher quality sellers, which are the sellers that offer more surplus and have
higher trade volume. In the model with word of mouth, trade becomes more concentrated
over time because the sellers in the choice sets of buyers have higher quality, and higher

quality sellers are those that offer more surplus and have higher trade volume.

We now examine the dynamics of the surplus offered by sellers. In any period ¢ > 1,
the surplus function s,(y) is the solution to the differential equation

si(y) = ' (y) (u+ pre(y)) (v — 5:(y)) (3.27)

and the surplus function s;41(y) is the solution to

S (y) = ' (y) (14 prea(y)) (v — s¢(y)) (3.28)

where both satisfy the boundary conditions s;(y,) = 0. Since the integral of k,(y) =
H!_|(y)/®'(y) with respect to the seller’s distribution ®(y) is equal to 1 for all 7 = 1,2, ...,
we know that k41(y) cannot be greater than x,(y) for all y. For this reason, the surplus
function s,11(y) need not be strictly greater than the surplus function s,(y) for all y .

Recall that r,(y) = ®,(y)/P'(y), the ratio of the density of sellers contacted through
word of mouth to the density of sellers contacted through search. It is useful to interpret
ri(y) as the popularity of a seller with quality y in period ¢ because it is a measure of
the extent to which the seller is more likely to be contacted through word of mouth
than through search. The average popularity of a seller at time ¢ is always equal to one.
For sellers with higher qualities y that are more likely to be contacted through word of
mouth, the density ®(y) is greater than the density ®'(y) and thus s,(y) > 1, i.e. their
popularity is above average. For sellers with lower qualities y that are less likely to be
contacted through word of mouth, the density ®,(y) is less than the density ®'(y) and
thus r¢(y) < 1.

The dynamics of competition depend on whether a seller is increasing or decreasing in
popularity x(y). Lemma 7 tells us that the highest quality sellers experience increasing
popularity over time, while the lowest quality sellers experience decreasing popularity over
time. For sellers of intermediate quality, their popularity varies non-monotonically over
time, at first increasing and then eventually decreasing.

Lemma 7: (Dynamics of popularity with word of mouth) For any p > 0, the pop-
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ularity of a seller ki(y) may be increasing, decreasing, or non-monotonic over time. In
particular, we have the following:

(1) For any period t, there ezists a unique cut-off quality yi € (yi, yn) such that a seller’s
popularity is increasing at time t, i.e. Ki1(y) > ke(y), if and only if y > yi. The
cut-off quality y; is increasing over time.

(i) If ¥y > Y5ue = limyo0 5 then ki(y) is always strictly increasing over time.
(iil) If y < yS,, then ri(y) is always strictly decreasing.
(iV) If y € (Yoin, Ysanx) then ki(y) is strictly increasing and then strictly decreasing.

Proposition 8 says that the dynamics of competition are heterogeneous across sellers.
Competition may be increasing or decreasing over time, or it may vary non-monotonically
over time. At any given period of time, there is a range of low-quality sellers that expe-
rience decreasing competition and post a lower surplus and higher price over time, but
there is also a range of high-quality sellers that experience increasing competition and
post a higher surplus and a lower price over time. For the very lowest-quality sellers,
competition is always decreasing over time, but for the highest-quality seller it is always
increasing over time. Figure 1 illustrates an example of the heterogeneous price dynamics.

Proposition 8: (Dynamics of competition with word of mouth) For any p > 0, the
surplus function s,(y) and the price function p(y) may be either increasing, decreasing,

or non-monotonic over time. In particular, we have the following:

(i) For any period t, there exists a unique cut-off quality y; € (yi,yn) such that, if
y > yi, the surplus si(y) is strictly increasing at time t, i.e. Sgy1(y) > s¢(y), and
the price pi(y) is strictly decreasing at time t, i.e. pi1(y) < pe(y).

(ii) For any period t, if a seller’s quality y < y¢, the surplus si(y) is strictly decreasing
and the price p(y) is strictly increasing at time t.

(i) If y = yn, the surplus s.(y) is always strictly increasing and the price pi(y) is always
strictly decreasing over time.

(iv) If y < ySun, the surplus si(y) is always strictly decreasing and the price p(y) is
always strictly increasing over time.

(V) If vy € (Ylrin> Yoras)> the surplus si(y) and the price pi(y) are non-monotonic over
time. In particular, the surplus (price) is increasing (decreasing) at first and then

is eventually decreasing (increasing) over time.

Why do more popular (higher quality) sellers tend to experience greater competition
over time relative to less popular (lower quality) sellers? The answer lies not in a difference
in the size of buyers’ choice sets, but in the fact that word of mouth is a less competitive
channel than search for sellers that are unpopular. To see this, consider what the surplus

24



Figure 1: Price dynamics for word of mouth with p = 1/3, g = 1, uniform ®(y) on [0, 1]
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function would be if there was only the search channel and no word-of-mouth channel:

sy(y) = ' (Y (y — s4(y)) - (3.29)

Now consider what the surplus function would be if there was no search channel and only

the word-of-mouth channel:

sy (y) = Hi_y(y)p (v — 5:(y)) - (3.30)

Suppose the average size of the choice set is the same, i.e. u = p. We know that
H, (y) < ®'(y) if and only if x,(y) < 1. It can be shown that, for unpopular sellers
(kt(y) < 1), the surplus function s;(y) is strictly lower with word of mouth only versus
search only, but for popular sellers (k:(y) > 1), s¢(y) is strictly higher with word of mouth
only versus search only.!? For the best seller, the surplus function s;(y) is always higher
at any time t with word of mouth only compared to search only.

In this sense, word of mouth is a more competitive channel than search for sellers that
are popular. As a result, popular sellers, who are more likely to be contacted through word
of mouth, anticipate steeper competition and offer buyers a higher surplus. The reason
why there is greater competition and higher surplus offered by more popular sellers is the
fact that the density of nearby sellers being sampled through word of mouth is higher for
these sellers. Intuitively, this means that, with word of mouth, competing sellers are more
likely to be close competitors with qualities y close to each other. This closeness between
competitors reduces the gap between the highest and second-highest seller in a buyer’s
choice set, which reduces the price posted and increases the buyer’s surplus.

Proposition 9: (Surplus and price dynamics with word of mouth). For any p > 0,
the surplus distribution F,(s) need not be increasing over time in the sense of first-order
stochastic dominance, and the price distribution G(p) need not be decreasing over time
in the sense of first-order stochastic dominance.

The above proposition highlights a critical difference between the model with memory
and the model with word of mouth. In the model with memory, the choice set of buyers
expands over time. The expansion of the buyers’ choice sets increases the extent of
competition and, in turn, leads to a decline in prices. Moreover, the expansion of the
buyers’ choice sets allows buyers to purchase from higher quality sellers and, in turn,
leads to higher concentration. In the model with word of mouth, the choice set of buyers
does not expand but it does improve, in the sense that it replaces lower-quality sellers
with higher-quality sellers. The improvement in the buyers’ choice sets directly leads to
an increase in concentration. However, the improvement in the buyers’ choice set affects
sellers differently depending on their popularity. It does not increase competition for all
sellers and, for this reason, does not necessarily lead to a decline in prices for all sellers.
The highest quality sellers face steeper competition and post a higher surplus and lower

12Gee the Appendix for a proof.
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price over time, while the lowest quality sellers face weaker competition and post a lower

surplus and higher price over time.

It is useful to dive deeper in the comparison between the effect of memory and the
effect of word of mouth on both market concentration and competition. Consider the
model with memory. In equilibrium, the fraction = of the largest sellers trades a fraction
Q:(z) of the good, where @Q;(x) is given by

1 —e M7
Qu(z) = 1T on (3.31)
For x small, Q;(x) is approximately equal to
¢ ~ Q:(0) — Q}(0)(0 —
Qu(x) =~ Q(0) — Qy(0)(0 — ) (3.32)

= (\x) /(1 — e ).

The first line in (3.32) is a first-order approximation of @;(x) around 0. The second line
in (3.32) is obtained by noting that Q;(0) = 0 and by computing the derivative of Q:(z)
with respect to x and evaluating it at x = 0.

Now, consider the model with word of mouth. In equilibrium, the fraction = of the
largest sellers trades a fraction Q(x) of the good, where Q,(z) is given by

1 — e~ Hee—p(1-Hi—1(y(1-2)))

Qi(z) = (3.33)

1 — e—(utp)

where y(z) = ®71(2), the quality of a seller at the z-th quantile of the distribution. For
x small, Q;(x) is approximately equal to

Qi(r) = Qi(0) = Q40)(0 — )

= (4 p(H{_ (yn) /' (yn))) /(1 — e~ ) (3.34)
= (u+ pro(yn)) /(1 — e~ 0)).

The first line in (3.34) is a first-order approximation of @Q;(x) around 0. The second line
in (3.34) is obtained by noticing that ;(0) = 0 and by computing the derivative of Q;(x)
and evaluating it at x = 0. The third line in (3.34) uses (3.17).

Imagine a situation in which the concentration of trade at the fraction x of the top
sellers is the same in the equilibrium of the model with memory as in the equilibrium of
the model with word of mouth, for z ~ 0. From (3.32) and (3.34), it follows that the
concentration of sales is the same in the two models if and only if

Ao pre(yn)
l—e X 1 —e(utp)’

(3.35)

We know that r(yn) > 1 because r;(y) is strictly increasing in y and the integral of
k-(y) = H._,(y)/®'(y) with respect to the seller’s distribution ®(y) is equal to 1. If
At < i+ p, then (3.35) cannot hold because z/(1 — e~ #) is increasing in z and r;(yp) > 1.
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Therefore, we require \; > p + p in order for (3.35) to hold. In fact, because this also
implies 1 — e~ > 1 — e~#+#) condition (3.35) holds only if

At > po+ pri(Yn).- (3.36)

This means that in order for the sales concentration to be the same across the two models,

the model with memory requires a strictly greater average number of contacts A;.

In the model with memory, the average number of contacts A\; depends on the memory
parameter 1 — §. In particular, we know that A\, = £[1 — (1 — 0)"] from Lemma 1. If the
average number of new sellers reached through search, u, is the same for both models,
then condition (3.36) requires that

%[ — (1= 06)"] > pu + pre(yn)- (3.37)

The left-hand side of (3.37) is less than ;1/§ whenever § > 0. The right-hand side of (3.37)
is greater than p + p because r(y,) > 1. Therefore, if /6 < p + p, condition (3.36)
cannot hold. This means that if 7 > 1 — ¢, i.e. the proportion of contacts g reached
through word of mouth is greater than the memory parameter 1 — §, we cannot have the
same concentration for both models. In this case, concentration is always higher in the
model with word of mouth compared to the model with memory. We summarize this
observation in Proposition 10 below.

Figure 2 illustrates an example for the top 1% of sellers by quality where =1 — §.

Proposition 10: Suppose the average number of sellers reached through search, p , is
the same for both memory and word of mouth. Sales concentration is always higher with
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word of mouth compared to memory if B >1—4.

If the proportion of contacts reached through word of mouth is sufficiently low, i.e.
B < 1—14, the concentration of sales will be identical in the equilibrium of the two models
(for small ) if (3.35) holds. However, the equilibrium distribution of surplus and prices is
not the same. Indeed, in the equilibrium of the model with memory, the surplus function
is given by the solution to the differential equation

si(y) =P (Y)Aely — se(y)), (3.38)

with the boundary condition s;(y,) = 0, where A\; > p+ pry(yp). In the equilibrium of the
model with word of mouth, the surplus function is the solution to the differential equation

S (y) = D' (y) (u+ pre(w)) (y — su(y)), (3.39)

with the boundary condition s;(y,) = 0. Since k;(y) is strictly increasing in y, we have
ke(yn) > ke(y) for all y < yp, and it follows from (3.38) and (3.39) that the surplus function
s¢(y) is strictly greater in the model with memory than in the model with word of mouth.
In turn, this implies that the surplus offered by sellers, for any given vy, is strictly greater
in the model with memory than in the model with word of mouth. That is, Fj(s) is strictly
smaller in the model with memory than in the model with word of mouth. Similarly, the
prices posted by sellers are strictly lower, for any given y, in the model with memory than
in the model with word of mouth. That is, G¢(p) is strictly greater in the model with
memory than in the model with word of mouth.

Proposition 11. If sales concentration for a small fraction x of the top sellers is
the same for both memory and word of mouth, then competition s strictly greater with
memory compared to word of mouth. In particular, surplus offers s;(y) are higher and
prices posted p(y) are lower for all y, the surplus distribution Fy(s) is higher in the sense
of first-order stochastic dominance, and the price distribution Gy(p) is lower in the sense

of first-order stochastic dominance, with memory compared to word of mouth.

The findings above reveal that, when word of mouth and memory generate the same
degree of market concentration, word of mouth generates less competition than memory.
The findings are intuitive. Concentration depends on the distribution of the best seller
in the buyers’ choice set. Competition depends not only on the best seller in the buyers’
choice set, but also on the second-best seller. Memory expands buyers’ choice sets and,
in doing so, reduces the gap between the best and the second-best seller in the buyers’
choice sets, which lowers seller profits and increases buyers’ surplus. Word of mouth does
not expand the buyers’ choice sets. Word of mouth tilts the content of part of the buyers’
choice sets towards better sellers. This increases concentration but it does not increase
competition for all sellers in the way that an increase in the size of buyers’ choice sets
does. The effect is more complex: competition increases for the best seller but decreases
for the weakest sellers.

29



Lastly, we want to compare the equilibrium of the model with word of mouth (8 > 0)
with the equilibrium of a model without word of mouth (5 = 0), and the equilibrium of
the model with more word of mouth (higher /) or less word of mouth (lower ). The
results in Proposition 12 follow from (3.16) plus (3.20) and (3.15).

Proposition 12: (Word of mouth). Take any 51 and B, with 0 < f; < By < 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same for i and
Ba, in the sense that Fi(s|f1) = Fi(s|Ba2), Gi(p|f1) = Gi(p|P2) and Hi(y|f) =
Hi(y[B2)-

(ii) In period t > 2, equilibrium surplus is higher, prices are lower, and transactions are
better with more word of mouth (i.e. higher [3), in the sense that Fy(s|51) > Fi(s|P2),
Gi(p|B1) < Gi(p|B2) and Hi(y|f1) > Hi(y|B2).

(iii) Let 1 = 0. Without word of mouth, equilibrium surplus, prices and transactions
are constant over time, in the sense that Fy(s|f1) = Fi(s|f51), Gi(p|B1) = G1(p|51)
and Hy(y|B1) = Hi(y|Br).

We have seen that prices may be either increasing, decreasing, or non-monotonic
over time for different sellers with word of mouth, depending on the seller’s quality and
popularity. We can also consider the dynamics of the average price p, = Ey,(pi(y)) and
the average surplus §; = Ep,(s:(y)) across transactions. We define the consumer surplus

at time t as the average surplus received by a consumer:

csp = (1—e™™) S,

prob. transaction avge surplus

i.e. the probability a buyer makes a transaction in period t multiplied by the average
surplus per transaction in that period.

We can decompose the consumer surplus into three components: the probability 1 —
e~ of making a transaction, the average transaction quality 3, = Ey,(y), and the surplus
share of consumers §;/7;, i.e. the average surplus divided by the average quality across
transactions:

csy = (1—e™™) Ut
—_——

prob. transaction avge quality

{$z|wz

surplus share

With memory, the consumer surplus is always increasing over time. Surprisingly, however,

the consumer surplus may be either increasing or decreasing over time with word of mouth.

Figure 3 illustrates an example of the dynamics of the consumer surplus and the con-
sumer surplus share over time. In this example, the consumer surplus is increasing over
time for both memory and word and mouth. The dynamics of the consumer surplus share
look similar for both. However, if we look more closely, we can see that the dynamics of
the consumer surplus share §; /7y, are non-monotonic with word of mouth, but not with

memory. Despite the average quality of transactions increasing over time, which increases
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the overall consumer surplus over time, the surplus share of consumers is increasing at
first and then decreasing over time with word of mouth. This means that not only can
competition vary non-monotonically over time for specific sellers, but aggregate competi-
tion — as measured by the surplus share of consumers — can be non-monotonic over time.

3.4 Steady state

With word of mouth, the average number of contacts A = p+ p does not vary over time, so
the limiting behavior of the product market is determined by the limiting behavior of the
sampling distribution I'y(y), which is determined in turn by the limiting behavior of the
transaction distribution H;(y). To discuss this limiting behavior, we need to first establish
that there is convergence of Hy(y) and therefore of I';(y) to an ergodic distribution.

Proposition 13 says that if the average proportion of contacts S obtained through
word of mouth is sufficiently low, the transaction distribution converges to an atomless
distribution H*(y).

Proposition 13: (Ergodic transaction distribution with word of mouth) If § < %,

we have the following:

(i) The transaction distribution Hy(y) converges to an ergodic distribution H*(y) that
s given by

H* e_A(l_F*(y)) — e_)‘ 3 40

= (3.40)

on [ye,yn] and the distribution H*(y) is atomless.

(ii) The sampling distribution T'y(y) converges to an ergodic distribution T'*(y) given by
(y) = BH*(y) + (1 = 5)2(y) (3.42)

where H*(y) < T"(y) < ®(y) for any y € (ye, yn)-

If g < l_f\q, then for any y < yp, the surplus function s;(y) is eventually strictly

decreasing over time, i.e. there exists a time 7 such that s;1;(y) < s;(y) for all t > 7. To

see this, the surplus function s;(y) is decreasing at time ¢, i.e. si41(y) < s¢(y), if y < y§
by Proposition 8. Also, Proposition 13 says that v .. = lim; . yf = yp, which implies
that, eventually, for any y < ys, there will be some time 7 at which y < y¢. Since yy
is increasing over time, this implies that y < yf and for all ¢ > 7 and therefore s;(y) is
strictly decreasing for all t > 7. This means there is convergence to a steady state surplus
function s*(y) because s,(y) is bounded, i.e. s,(y) € [0,y] for all y € [y, yn], and s;(y) is
either eventually strictly decreasing over time (if y < yj) or strictly increasing over time
(if y = yn). Therefore, s,(y) — s*(y) for all y € [y, yn].

The steady state surplus function s*(y) is given by the solution to the differential
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Figure 3: Dynamics of consumer surplus with p = 0.5, = 2, § = 0.8, uniform ®(y)
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equation

s"(y) = ' (y) (u+ pr™(y)) (y — 5" () , (3.43)
where the popularity of any seller with quality vy is
H*/(y)

K (y) = : 3.44

) =505 (3.44)

By similar reasoning to Theorem 2, we obtain the following.

Proposition 14: (Existence and uniqueness of stationary equilibrium with word of

mouth) If § < 1_§ﬂ, an equilibrium exists and is unique. The steady state surplus

function is
y )\G_A(l_r*(z))xr*/($)d$
¥\ _ 9Ye
s*(y) = AT W) (3.49)

for all y € [ye, yn] and s*(yn) = (1 — e N)G§* where §* is the average transaction quality.

We now compare sales concentration in the stationary limit of the model with memory
and the model with word of mouth where g < % To prevent confusion, let \* denote
the steady state average number of contacts in the model with memory. Suppose that the
average number of new sellers contacted through search, u, is the same for both models.
We have X! = p/d and A = p+ p. Now suppose that the average number of contacts per
buyer is equal in the steady state, A7 = A.

The ratio of sales concentration with word of mouth, @*(x), and memory, Q7 (x), is

Q*(l’) B 1 — e_uxe_p(l_H*(¢71(1_$)))

Q) 1-c 321
We have Q*(z) > QF, (z) for all x € (0,1) if and only if
px 4 p(1 — H* (@71 —2))) > (u+ p)x. (3.52)
Rearranging, this holds if and only if
H*(® Y1 -2))<1—u, (3.53)
In general, H*(y) < I'*(y) < ®(y) for any p > 0 and y € (ys, yn), so in particular
H @ '1-2)<®@'(1—2)=1-ux (3.54)

Thus sales concentration is higher with word of mouth than with memory if the average
number of contacts is the same. We summarize this observation in Proposition 15.

Proposition 15: (Concentration with memory vs word of mouth) Suppose the steady

state average number of contacts X\ is the same with memory and with word of mouth. If

B < l_f\%, sales concentration in the steady state Q*(x) is strictly higher with word of
mouth than with memory for any z € (0,1).
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In contrast to the model with memory, where competition is increasing over time for
all sellers, competition does not increase over time for all sellers with word of mouth.
However, competition always increases over time for the top seller, which has quality yy,.
We might therefore wonder whether the economy converges to a competitive outcome at
least for the top seller. If B < =22

)
(1 — e™M)7* where §* is the average transaction quality, so we have s*(y,) < v, and

, the surplus offered by the top seller is s*(y,) =

p*(yn) > 0 for any finite A\. Only in the frictionless limit as \* — oo is the equilibrium
perfectly competitive. As A* — oo, the distribution of transactions H*(y) is degenerate
at v, and we have s*(y,) — 7* = y, and p*(yn) — 0.

4 Conclusion

This paper develops a tractable framework for dynamic learning in the static search-
theoretic model of imperfect competition developed in Butters (1977), Varian (1980)
and Burdett and Judd (1983). In this model of imperfect competition, buyers can only
purchase from a subset of sellers in each period, called their “choice set”, due to the
presence of search frictions. With learning, either the average size of buyers’ choice sets

can increase over time or the composition of buyers’ choice sets can change over time.

We consider both private learning (via memory) and social learning (via word of
mouth). Both forms of learning are highly tractable. We establish the existence and
uniqueness of equilibrium and characterize the dynamics of the product market for both
models. Overall, we find that the dynamics of market concentration are similar for both

memory and word of mouth, but the dynamics of competition and prices are different.

Memory increases the quantity of information available to buyers by increasing the
size of their choice sets over time. As a result, memory leads to both higher market

concentration over time and stronger competition over time for all sellers.

Word of mouth, on the other hand, increases the quality of information available to
buyers by changing the composition of the subset of sellers in their choice sets. Over time,
buyers’ choice sets are more likely to include higher-quality sellers. As a result, word of
mouth leads to higher concentration over time. However, unlike memory, word of mouth
does not increase competition for all sellers. The dynamics of competition and prices
are heterogeneous across sellers and depend on a seller’s popularity. At any given point
in time, we find that competition is increasing and prices are decreasing over time for
higher-quality sellers, but the opposite is true for lower-quality sellers. Competition and

prices may also vary non-monotonically over time for sellers of intermediate quality.

Given the tractability of our framework for dynamic learning, we believe there are
many potential applications of the model — both for product markets and the labor market.
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Appendix: Proofs

Proofs for Section 2

Proof of Lemma 1: Suppose that the buyer enters the period with n contacts, where
n is Poisson with some arbitrary coefficient v > 0. Moreover, suppose that the buyer
maintains a contact with probability 1 — ¢ and loses a contact with probability o, with
d € [0,1]. Let 7 denote the number of contacts retained by the buyer. The probability
that n equals £k =0,1,2,...n is given by

S n!

Pr(h=k) = zzjk R k)!(1 — §)kon—k

_ e ek (1 — §)F i yh e sk (A.1)
_ - o))
N k! ‘

The expression in the first line of (A.1) is easy to understand. The probability that n = k
is equal to the sum of the probability that the buyer enters the market with n contacts
and retains k of them, for n =k, k + 1,k + 2,.... The first term on the right-hand side of
(A.1) is the probability that the buyer enters the market with n contacts, given that n is
distributed as a Poisson with coefficient 7. The second term is the probability that the
buyer maintains exactly k of its n contacts, given that the buyer retains a contact with
probability §. The second line of (A.1) is obtained by collecting terms. The third line of
(A.1) follows from the fact that the summation in the second line is equal to 1. The third
line reveals that 7 is distributed like a Poisson with coefficient v(1 — §).

Next, suppose that the buyer retains a number n of old contacts, where n is Poisson
with some arbitrary coefficient 4 > 0. Moreover, suppose that the buyer makes m new
contacts, where m is Poisson with coefficient © > 0. Let n, denote the total number of
contacts of the buyer. The probability that n, equals k is given by

b e=I40 o=tk
Priny, =k) =

iz Nl

The expression in the first line of (A.2) is easy to understand. The probability that the
buyer has k total contacts is equal to the sum of the probability that the buyer retains
n contacts and adds k£ — n new contacts, for n = 0,1, 2....k. The first term on the right-

hand side of (A.2) is the probability that the buyer retains n contacts, given that n is
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distributed as a Poisson with coefficient 4. The second term is the probability that the
buyer adds m = k — n contacts, given that m is Poisson with coefficient . The second
line of (A.2) is obtained by collecting terms. The third line of (A.2) follows from the fact
that the summation in the second line is equal to 1. The third line reveals that n, is
distributed like a Poisson with coefficient 4 + pu.

By assumption, n; is Poisson with coefficient A\; = p. From the above observations,
it follows that 7y is Poisson with coefficient A;(1 — §) and, in turn, ns is Poisson with
coefficient Ao = A\ (1 — &) + p. Similarly, it follows that ns is Poisson with coefficient
Ao(1 —§) and, in turn, ng is Poisson with coefficient A3 = \y(1 — 0) + p. In general, 1, is
Poisson with coefficient A\;_;(1—¢), and n; is Poisson with coefficient A\, = A\;—1 (1 —9) + p.

We prove that n; is distributed as a Poisson with coefficient \; = p Z¢:1(1 —0)" by
induction on t. First, n; is distributed as a Poisson with coefficient A\; = . Now suppose
that n, is distributed as a Poisson with coefficient A\, = 3"t (1 — §)*~*. Consider period
t+1. We know that ny; is distributed as a Poisson with coefficient A\;11 = A(1 —0) + p.
Therefore, since we assume that A\, = >0, (1—8)'"%, we have \yy = p > (1-0)" (1~
)+ or M1 = p (305, (1 — 6)*17 4+ 1). Simplifying delivers A1 = p S (1)t
Therefore, n, is distributed as a Poisson with coefficient A, = 1 >>'_, (1—6)¢~ for all ¢ > 1.

Rearranging yields A\, = 31—} (1 — §)?, which is equal to M11:((11:¢?)t =&[1-(1-0)] N

Proof of Lemma 2: If a seller with quality y € [y, ys] offers a surplus s equal to 0,
its profit is
Vi(y,0) = 22520 Ok (0)]

(A.3)
> bo,¢70,¢(0)y.

It is clear from (A.3) that by > 0. That is, the seller meets a strictly positive measure
of buyers that are captive. It is clear from (A.3) that m,(0) = 1. That is, a captive
buyer purchases the good from the seller with probability 1. Lastly, since y € [y, ys] and
ye > 0, the seller makes a strictly positive profit per sale by offering a surplus of 0. These
observations imply that the second line in (A.3) is strictly positive and so is V;(y, 0). Since
offering a surplus of 0 is feasible but not necessarily optimal, it follows that the seller’s

maximized profit is strictly positive. W

Proof of Lemma 3: On the way to a contradiction, suppose that the distribution
Fy(s) has a mass point at some surplus sg. Let yo denote the quality of one of the sellers
offering sg. From Lemma 2, it follows that yy > sg. By offering the surplus sg, the seller
enjoys a profit of

Vilo,50) = | D2 bremralso)| (90 = 50). (A1)
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By offering a surplus of sy + €, with € > 0, the seller enjoys a profit of

Vi(yo, 50 +€)

[> k0 Okt (S0 + €)] (Yo — s — €)

[> %20 brtTh,e(50)] (o — 50 — €) (A.5)
o (S 2 e mer (1= ) )| - s

Jj+1

Vv

+

where the inequality in the third line follows from the fact that buyers that have j other
contacts offering sy and k — j other contacts offering strictly less than sq purchase the
good from the seller with probability less than 1 if the seller offers sy and with probability
1 if the seller offers sy + €. Since (;(s) > 0, the difference in trading probability in the
fourth line of (A.5) is strictly positive. Also, the difference in the trading probability in
the fourth line is independent of €. Since sy < yg, there is some € small enough such that
Vi(Yo, So + €) is strictly greater than V;(yo, so). Since a seller must maximize its profit and
Vi(yo, so + €) > Vi(vo, S0), a seller with quality yo cannot offer the surplus so. Therefore,
F(s) cannot be an equilibrium distribution. W

Proof of Lemma 4: We first establish that the support of F} is an interval [s;, Sp 4.
On the way to a contradiction, suppose that the support of F; has a gap between sy and
s1, with sg < s1, and sg and s; both on the support of F;. Let y; denote the quality of a
seller that offers the surplus s;. The profit of this seller is given by

Vi(yr, 81) = b)\te”\t(l’Ft(sl))(yl — 51). (A.6)

If the seller offers the surplus sq, the seller’s profit is given by

Vilyr, s0) = bhe MU Fls) () — g4)
= bAe MU=Fls)) (g — 59) (A.7)
> bAe MR (g — 1) = Vi(y1, 51),

where the second line follows from the fact that F'(s;) = F'(sg), and the third line follows
from the fact that sy < s;. Since a seller must maximize its profit and Vi(y1,s0) >
Vi(y1, 81), a seller with quality y; cannot offer the surplus s;. Therefore, F;(s) cannot be

an equilibrium distribution.

Next, we establish that s,; = 0. On the way to a contradiction, suppose s;; < 0. Let
Yo denote the quality of a seller that offers the surplus sy;;. The seller attains a profit
Vi(yo, set) equal to 0, since no buyer purchases the good for a strictly negative surplus. If,
however, the seller were to offer a surplus of 0, it would attain a profit V;(yo,0), which is
strictly positive by Lemma 1. Therefore, sy, cannot be strictly negative. Next, suppose
s¢r > 0. Let yo denote the quality of a seller that offers the surplus s;;. The seller attains
a profit Vi(yo, set) equal to b, exp(—A)(yo — se). If, however, the seller were to offer a
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surplus of 0, it would attain a profit V;(yo,0) equal to bA; exp(—A;)yo, which is strictly
greater than V;(yo, ss:). Therefore, s;; cannot be strictly positive. Combining the above
observations yields sp; = 0. W

Proof of Lemma 5: The proof has two parts. The first part establishes that surplus
offered by a seller is strictly increasing in the seller’s quality. The second part establishes
that the mapping between the seller’s quality and the surplus is a function, in the sense
that every seller with the same quality offers the same surplus.

(i) Consider a seller with quality yo and a seller with quality y;, with yo < 3;. Denote
as so the surplus offered by the seller with quality 19, and denote as s; the surplus offered
by the seller with quality y;. Since the seller with quality yo enjoys a higher profit offering
sg rather than s;, we have

bAte_A(l_Ft(SO))(yo — Sp) > bAte_A(l_Ft(sl))(yo — 51). (A.8)
Since the seller with quality ¥y; enjoys a higher profit offering s; rather than sg, we have
b)\te_’\t(l_Ft(Sl))(yl —51) > b)\te_’\t(l_Ft(SO))(yl — Sp). (A.9)

Combining (A.8) and (A.9) yields
[e’At(l’Ft(sl)) — e”\t“’Ft(SO))] (y1 — yo) > 0. (A.10)

Since y; > yo and Fy(s) is strictly increasing in s, (A.10) implies that s; is greater or equal
to so. Now, suppose that sg = s; = s. Then, every seller with quality y € (yo,y1) must
offer the surplus s and, hence, there is a mass point in the surplus distribution F;, which

contradicts Lemma 3. Hence, it must be the case that s; is strictly greater than s,.

(ii) On the way to a contradiction, suppose that there is a seller with quality yo that
offers the surplus sy and another seller with quality yo that offers the surplus s;, with
so < s1. Every seller with quality y > yo must offer a surplus strictly greater than s;.
Every seller with quality y < y, must offer a surplus strictly smaller than sy. Therefore,
F,(so) must be equal to Fi(s;) or, in other words, there must be a gap on the support of
F; between sg and s, which contradicts Lemma 4. W

Proof of Theorem 1: We have already established the existence and uniqueness of
equilibrium. Rewriting (2.11), the function s,(y) solves the following differential equation:

sp(y) + M@ (y)se(y) = My @' (y), (A.11)

where s;(y,) = 0. For any given y, there exists a unique solution s;(y) which satisfies this
differential equation and the general form of the solution is
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v
se(y) = )\te_At‘P(y)/ M@ d! (2)dx 4 ce MW, (A.12)

Ye

where ¢ is a constant. Given that s,(,) = 0, we have ce=*®®) = ¢ = 0. Therefore,

se(y) = / ’ Ae M EW @) 1! (1), (A.13)
ve
Rearranging, (A.13) is equivalent to (2.12).

To prove that s;(yn) = (1 — e )7, note that the distribution of qualities of trans-
actions H;(y) is given by (2.6) and the average quality of a transaction, g, = Fp,(y), is
given by (2.7). To calculate s;(yy), expression (A.13) for s,(y) implies

Yn
s¢(yn) :/ e M@ (1) d. (A.14)
Ye

Therefore, we have s;(y,) = (1 —e ). R

Proof of Proposition 2: For v > 0, let h(7) be defined as

6_7(1_I) — 6_7
h(vy) = —————. A.15
=" (A15)

The derivative of h(y) with respect to 7 is given by

e [1—ze 12 — (1 — g)er*
W(v) = L = 6_7)2(1 ) }. (A.16)

The term in square brackets at the numerator of (A.16) determines the sign of A/(7y).
The term takes the value 0 for x = 0, it takes the value 0 for x = 1, and it is strictly
convex with respect to x for all x € (0,1). Therefore, the term in square brackets is
strictly negative for all = € (0, 1) and, in turn, A/(vy) is strictly negative for all x € (0, 1).
Since Hy(y) = h(\) and Hiy1(y) = h(Aig1) for o = ®(y) and A\; < A4q, it follows that
Hya(y) < Hy(y) for all y € (ye,yn). W

Proofs for Section 3

Proof of Lemma 6: A buyer purchases the good from the contacted seller that carries
the variety of the good with highest quality. The fraction of buyers that purchase the
good from a seller with quality non-greater than y is

Hy(y)
s l— Ny
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Let us explain (A.25). The first term at the numerator is the measure of buyers that
do not reach any seller through search and reach j sellers through word of mouth, with
j = 1,2,3.... Each one of these buyers purchases the good from a seller with quality
non-greater than y with probability ci%(y)j . The second term at the numerator is the
measure of buyers that reach £ sellers through search, with £ = 1,2,...., and reach j
sellers through word of mouth, with j =0, 1,2, ... Each one of these buyers purchases the
good from a seller with quality non-greater than y with probability @(y)k(i)t(y)j . Overall,
the numerator is the measure of buyers that purchase the good from a seller with quality
non-greater than y. The denominator is the measure of buyers who purchase the good,
which is equal to the measure of buyers multiplied by the probability that a buyer contacts
at least one seller either through search or word of mouth.

We can rewrite the first term at the numerator of (A.25) as

b S fj%m

. —p®e(y) i . ]
= be M lep(lqn(y)) Z;’io #@t(yy — ep] (A.26)
J!

— be_.u‘ [e_p(l_&)t(y)) J— e_p] .

The first equality in (A.26) is obtained by collecting terms. The second equality in (A.26)
is obtained by recognizing that the summation over j is equal to 1.

We can rewrite the second term at the numerator of (A.25) as

S [ S

—py,k k . 1(y) pi § j
_ Zoolbe Pt d(y) o—r(1-:(y)) [ZOO e’ p]q)t(y)J]

(A.27)

_p1d e Wt (y)t
= be p(l q)t(y)) |:e M(l (I)(y)) Zk_o k' —e H:|

—  per1-%:(y) [e#(1-2W) — e=n].

The first equality in (A.27) is obtained by collecting terms. The second equality in (A.27)
is obtained by recognizing that the summation over j is equal to 1. The last equality in

(A.27) is obtained by recognizing that the summation over k is equal to 1.

Using the expressions in (A.26) and (A.27) to replace the first and the second term at
the numerator of (A.25), and then setting ®,(y) = H;_;(y), yields expression (3.15) for
Hi(y) in Lemma 10.
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To prove that H;(y) is an atomless distribution, it remains to show that

d e~ r(1=2W) p—p(1=Hi-1(y)) _ o—(n+p)

/ —
Hiy) = & = >0, (A.28)
where ( (1)) B (3)e— (12w g=p(1—He-1(»)
ooy B pr(y)) O (y)e TP em Pty
Hi(y) = R . (A.29)
First, in period 1, we have
AP/ (1) e 1—-2))
Hi(y) = 22W)e > 0. (A.30)

1—e?

Next, we have H{(y) > 0 if and only if u + pr(y) > 0, which is true if H,_;(y) > 0 since
®’(y) > 0. Therefore, by induction, H{(y) > 0 for all periods ¢t > 1. B

Proof of Theorem 2: We have already established existence and uniqueness of
equilibrium. Letting A = 1+ p and 8 = p/\, we can rewrite (3.16) as

s:(y) = Dy (y)A(y — s:(y)) (A.31)

and s;(yy) = 0. By similar reasoning to Theorem 1 above, the solution is
y
51(y) = A / e AT @)1 (1), (A.32)
Ye
To calculate s;(y,), we have
Yn
s¢(yn) = )\/ e AT @) g T (1) . (A.33)
Ye

So s¢(yn) = (1 — e *)g; where

o [0y
! 1—e? ’

(A.34)

the average transaction quality. H

Proof of Proposition 6: It follows from (3.22) that H:1(y) < H(y) if and only if

67)‘(17Ft+1(y)) — 67)‘ efA(lfrt(y)) — 67)‘
A.
1—e < 1—e ’ (4.35)

which is is true if and only if e~ Te+1W) < =A1=T:(W) This holds if and only if I';,1(y) <
I'4(y), which is true if and only if Hi(y) < H;—1(y). The result that H;1(y) < Hy(y) for
all ¢ follows by induction starting with Hs(y) < Hi(y). The result that I'y1(y) < [i(y)
follows from the fact that I'vy1(y) — T'i(y) = B(He(y) — Hi—1(y)) < 0. B

Proof of Lemma 7:
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(i) Starting with expression (3.17), we have r¢y1(y) > k¢(y) if and only if

Hi(y) _ H,_(y)
(y) ~ Y(y)

In particular, ra(y) > k1(y) if and only if ko(y) > 1 because Hy(y) = P(y).

(A.36)

In general, since ®'(y) > 0, we have k41(y) > ke(y) if and only if H{(y) > H{_,(y).
Differentiating (3.22) yields
)\F;(y)ef)‘(lfrt(y))

H(y) = =2 ———. (A.37)

Therefore, we have r¢41(y) > ki(y) if and only if

)\FQ (y) 67)‘(171_‘1& (y))

i > H! | (y). (A.38)

Differentiating expression (3.19) for I';(y), we obtain

Li(y) = BH{ 1 (y) + (1 = )2’ (y), (A.39)

where 8 = p/\, so (A.38) is true if and only if

> . (A.40)

Now let fr:(y) denote the left-hand side of (A.40) and fr.(y) denote the right-hand

side of (A.40). Both f1.(y) and fr:(y) are strictly increasing in y because I'j(y) > 0
and r}(y) > 0. Next, we have fr.(ye) < fre(ye) if and only if kii1(ye) < ki(ye), and

frie(yn) > fri(yn) if and only if ki1 (yn) > Ke(yn). We prove that keq1(ye) < ke(ye) and
Kir1(yn) > ke(yn) for all ¢ > 1 by induction.

Using expression (3.25), we have

(4 pry_y(y))e H1=2W)e=r(=He(y))

) = e , (A1)
which implies that
pA prea(ye)) e
ke(ye) = ( 3 ) o (A.42)
and ) \
M+ pE—1(Yn
ke(yn) = ( ) > = (A.43)
Consider the case t = 1. Using (A.42), we have r2(ys) < r1(ye) if and only if
e
raye) = 7= < rlye) = 1, (A.44)
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which is true. Using expression (A.43), we have ko(yn) > k1(yn) if and only if

A
1—e A

K2(Yn) = > k1 (yn) = 1, (A.45)

which is true. Therefore, we have ra(yr) < k1(ye) and ko(yn) > k1(yn)-

Now suppose that k(y,) < ki—1(ye) and k¢(yn) > Ki—1(yn). Expression (A.42) implies
that ry1(ye) < Ke(ye) if and only if

A pre(ye) < p+ pre—1(ye), (A.46)

which is true since we assume that r:(y,) < r¢—1(yr). Next, expression (A.43) implies that
Kir1(yn) > ke(yp) if and only if

A+ pre(yn) > 1+ pri—1(yn), (A.47)

which is again true since we assume that x;(ys) > xi—1(yn)-

Since both fr,:(y) and fr:(y) are increasing in y, it follows that there exists a unique
cut-off yi given by fr.(yf) = fr.(yf) such that ki1 (yf) = re(yf). It is given by

Xe 21-Te(yp)) A
[ — & T (A.48)

)

and we have fr:(y) > fr:(y) if and only if y > yf. So, there exists a unique cut-off yf
such that xy1(y) > Ki(y) if and only if y > yf.

We can also prove that the cut-off y; is increasing over time. Consider yy,;, which

solves: A—Tros ()
e AT, A
T = . (A.49)

[ S
Kt4+1 (y§+1)

First, we have fr++1(yf) < fr.(ys) because I';(y) is strictly decreasing in ¢. Also, fr:(yf) =
fr+(yf) by definition of yf, so this implies fr:1(yf) < fre(yy). Given that keiq(yy) =
k:(y) by definition of yf, we have frii1(yf) = fre(yf). Therefore, we have fr,11(yf) <
Jrt+1(yf). By definition of yf,,, we have fr,11(y) < fre+1(y) if and only if y <y, ;, so
this implies yf < yi, ;.

(ii) We know that y{ is increasing over time and it is bounded above by y,. Let
Y = sup{yflt = 1,2,3,...}. If y > ¢S, then y > y¢ for all ¢ and therefore r;(y) is
always increasing over time. Note that y¢ . solves

)\e_A(l_F*(yxcnax)) o )\ A
1— 6_)\ B =( ) + 1% ' ( 50)
K" (Yiax

(iii) Let yS,, = inf{yf|t = 1,2,3,...}, which is y{. If y < y&;, then y < yf for all ¢
because yf is increasing over time. So if y < y<,., k:(y) is always decreasing over time.
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Note that y{ solves
e M1=2(y5))

5 =L (A.51)

(iv) Suppose that ¥ € (Y%, Ysax)- In period t = 1, we have y > yf, so ka(y) >
ki(y) = 1. If y < 45, there exists a time 7 such that y < y¢ and therefore k., 1(y) <
k-(y). So, the function x,(y) is initially increasing at ¢ = 1 and eventually decreasing.
Given that y; is strictly increasing over time, there exists a unique time ¢. at which, prior
to that time, y > yf and k(y) is increasing for all ¢ < t. and, after that time, y > yf and
ri(y) is decreasing for all ¢ < t,.

Proof of Proposition 8:

(i) Let A = p+ p and let Hy(y) = e 2-T:@)_ the distribution of the highest quality
among the sellers a buyer meets. Note that ]:It(y) has a mass point at y; with probability
mass e > (i.e. the probability a buyer contacts zero sellers) but we can ignore below this
because s;(y;) = 0 for all ¢. Expression (3.18) is equivalent to

fyy e H/(x)dx
(y) = =i, A.64
st(y) ) (A.64)
where 8 = p/\ and
Li(y) = BHia(y) + (1 — B)®(y). (A.65)
Similarly, we obtain
fy tz;ﬂ dx
t . A.
se+1(y) = Ht+1( ) (A.66)

We need to show that there exists a unique cut-off quality y; € (y;,;,ys) such that,
if y > y7, we have sy1(y) > s¢(y). Rearranging the above expressions (A.64) and (A.66),
se+1(y) > s¢(y) is equivalent to

Y ad [:[t(y) Y adl
/ye zH{ (x)dzx (I:It+1<y)> > /ye rH(x)dx. (A.67)

It is easy to see that Ht+1(y) < I—A[t(y) if and only if I';11(y) < I't(y), which is true by
Proposition 6. Therefore, Hy(y)/H,.1(y) > 1 and it suffices to show that

/ Y (Hg+1(;p) - H;@)) dz > 0. (A.68)

Ye

From (3.17), we have H}(z) = ki1 (2)® (), and H](z) = H!(z)(1 — e~*). Therefore,

Hi(x) = ki (2) @' (2)(1 — 7). (A.69)
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Substituting (A.69) into (A.68), we have s;11(y) > s¢(y) if the following holds:

y
Gily) = / 28 (2) (Ko@) — Kper(2)) dz > 0. (A.70)
ve

For y = y¢ |, we have kyyo(yf, 1) = ke (y5,) by definition of g7, ; and Lemma 7 tells
us Fipo(2) < Rep1(w) if and only if @ < y7, ;. Therefore, since ®'(x) > 0 by assumption,
we have Gy(yf,,) < 0. Also, we know that G;(y) > 0 because s;41(yn) > s¢(yn) by part
(iv). In order to prove that there exists a unique cut-off quality y; € (y7,, y») such that,
if y > y7, we have s;11(y) > s:(y), it therefore suffices to show that G}(y) > 0 for all
Y € (Yf11,yn). For any given y € (y7,;,yn), we can split Gy(y) as follows:

Yir1 y
Gil) = [ 5 (@) (hesa(o) = i@ o+ [ 2 (o) (rrsale) = i) do
Ye Yii1
: (A.71)
Differentiating the above, we obtain
! d v /
Gl =7 [ a®(@) (o) = runa(2) o (A7
Yit1

By Lemma 7, we know that k;o(x) > kyy1(2) if and only if > y7,,. Therefore, since
®’(x) > 0 by assumption, the integrand in (A.72) is always strictly positive over the range
(y£11,y). Given that this is true for any y € (yf,,,ys), we know that the integral in (A.72)
above must be increasing in its upper limit y. Therefore, part (i) is proven and the cut-off
y; € (Y1, yn) is the unique solution to Gy(y;) = 0.

(ii) For any given y, define Fy(z;y) = gﬁ—g; where H,(y) = e *0-T¢®)  The func-

tion Fi(;y) is a cdf with support [y, y] and pdf f.(;y) given by fi(x;y) = % Us-
ing expressions (A.64) and (A.66), we can write s;(y) = fyye zfi(z;y)de and si4q(y) =
fyi zfrr1(x;y)de. We need to show that if y < yf then s;41(y) < s¢(y). To prove this,
it suffices to show that Fi(;y) strictly first-order stochastically dominates Fy,1(;y), i.e.

Fi(z;y) < Fiya(x;yy) for all z € (y;,y). That is, it suffices to show that, for y < yf,

- < = 3 (A.73)

or equivalently

ﬁtJrl(y) < [:[t+1 (37)

- - (A.74)
Hy(y) Hy()

Htjrl(y)
Hy(y)

in y for any y < yf. Recalling that ﬁt(y) = ¢ M1-T®)  we have

for any = € (y;,y). Since z < y, it is sufficient to show that is strictly decreasing

A —A(1-T
Hin(y) e (@) — Ml (y)-Te(y) (A.75)

Ht<y) e~ A1-Te(y)
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Differentiating the above, we obtain

d ﬁt+1(y) / / A -

— = = \((T — T(y))e e @) -Tew), A.76

dy H,(y) (T () (y)) ( )
Therefore, we have dd H;E;) < 0 if and only if I} |, (y) < I'}(y). Differentiating expression

(A.65) for the distribution I';(y), we obtain

Ti(y) = BH;_,(y) + (1 = B)P'(y). (A.T7)

Therefore, Iy, (y) < I'}(y) if and only if H{(y) < H{_,(y). From (3.17), we have H;_,(y) =
ke(y)®'(y), so this is true if and only if ki1 (y)P' (y) < ki(y)P'(y). Since ®'(y) > 0 by

assumption, this is equivalent to ki 1(y) < me(y). By Lemma 7, ri1(y) < re(y) if and
d Ht+1(
" dy Hi(y)

(iii) Follows from the fact that s;(y,) = (1 — e *)g; by Theorem 2, where §; is the

only if y < yy. Thus < 0 and s441(y) < s4(y) for any y < yf.

average transaction quality, and g, is increasing over time by Proposition 6.

(iv) Follows from part (ii). If y < y&,, = yi where y§ € (yr, yn), then the surplus s.(y)
is strictly decreasing at time ¢ = 1 by part (ii). By Lemma 7 (i), the cut-off quality y¢ is
increasing over time t. Therefore, y < y{ implies that y < yf for any time ¢, so part (ii)
implies the surplus s;(y) is always strictly decreasing over time.

(v) Suppose that y € (y5.., ¥S.e). We have y > y§, so part (i) implies that s;(y) is
strictly increasing at time ¢ = 1. Therefore, since y; € (yf,,,yn) from the proof of part
(i), we must have y > y5. Since the sequence ¥ is strictly increasing over time by Lemma
7 (i) and y < <, there exists 7' > 2 such that y < y$. Applying part (ii), the surplus
s¢(y) is strictly decreasing at all time periods ¢t > T. Therefore, the surplus s;(y) is strictly
increasing at first and then eventually strictly decreasing for all ¢ > 7. B

We also prove the following result, which is mentioned on page 24 in Section 3.

Remark 1. For unpopular sellers (ki(y) < 1), the surplus function s.(y) is strictly
lower with word of mouth only versus search only, but for popular sellers (ri(y) > 1),
si(y) is strictly higher with word of mouth only versus search only.

Proof: Suppose the total expected number of sellers contacted by either search or
word of mouth is equal to A > 0. If some sellers are contacted only through word of
mouth, their surplus s{(y) is given by

) le
si'(y) = Ju i ( ) (A.78)

where flw(y) = e M1=He1W) - If some sellers are contacted only through search, their
surplus s;(y) is given by
[V xH, (x)dx
Ye

si(y) = Ht—@) (A.79)
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where H,,(y) = e *1=®®), For any given y, define F{*(z;y) = Z’;’”Eg and Fy(r;y) =
s (x) |

) F(;y) and F}(.;y) are cdfs with support [y;,y] and pdfs f*(;y) and f7(.;v).
Using expressions (A.78) and (A.79), s{'(y) = [ xf* (2;y)dw and si(y) = [} 2 f7 (x5 y)dz.
We have s’(y) > s (y) if F}*(z;y) strictly first-order stochastically dominates F?(z;y),

iLe. if F*(x;y) < Ff(x;y) for all x € (y;,y). This is true if and only if

fizt,w(x) . P:It.s(x) (A.80)
Ht,w (y) Ht,s(y) 7

which is equivalent to
e M1=Hi1(z) o= A(1-0(2))

e NI—H1(5) ~ e MI—(@)

which is equivalent to e*(-1(@)=Hi-1W) < A®@=®W) which is true if and only if

(A.81)

Hy(2) = (x) < Hia(y) — B(y) (A.82)

for all z € (y;,y). Since x < y, it suffices to show that H, (y) — ®(y) is strictly increasing
in y. Differentiating, this is true if and only if H, ;(y) > ®'(y). From (3.17), we have
H, (y) = re(y)®'(y), so H{_,(y) > D'(y) is equivalent to r(y)P'(y) > P'(y). Because
®’(y) > 0 by assumption, this is equivalent to x;(y) > 1. Therefore, we have F}*(z;y) <
Fy?(xyy) for all x € (y;,y) and thus s}’(y) > s7(y) if k:(y) > 1 (i.e. for popular sellers).
Conversely, if x¢(y) < 1 (i.e. unpopular sellers), the opposite is true because F}*(x;y) >
F?(x;y) for all z € (y;,y) and thus s (y) < si(y). A

Proof of Proposition 13: Let z(y) denote the fraction ®(y) of sellers with quality
smaller than y, and let y(z) denote the inverse of x(y). Let z;(y) denote the fraction Hy(y)
of transactions made by sellers with quality smaller than y in period ¢t. From (3.15), it
follows that z;(y) is given by

efA(lfx(y)) — 67)‘

= A.52
21 (y> 1— e ( )
For t =1,2,..., it follows from (3.15) that z;.;(y) is given by
e—n(1—z(y)) o—p(1=2:(y)) _ o= (n+p)
zi41(y) = (A.53)

1 — e~ (utp)

The fraction z;(z) of transactions made by sellers with quality non-greater than y(x)
is the solution with respect to z to the equation

flzz)=z(1—e?) - e M2 oA — (A.54)

Consider any x € (0,1). The function f(z,z) is strictly increasing in z, and such that
f(0,z) < 0 and f(1,z) > 0. Therefore, there exists one and only one z;(z) that solves
the equation f(z1(x),z) = 0 and z(z) € (0,1). The function g(x) = f(x,x) is strictly
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concave and such that g(0) = 0 and g(1) = 0. Therefore, g(z) = f(z,z) > 0 for all
€ (0,1). Since f(x,z) > 0, f(z1(z),z) = 0, and f(z,x) is strictly increasing in z, it
follows that zy(z) < x. For = 0, the unique solution to f(z,0) = 0 is 2,(0) = 0. For
x = 1, the unique solution to f(z,1) =01is z;(1) = 1.
The fraction z;41(z) of transactions made by sellers with quality non-greater than y(x)

is given by
e~ #(1—2) p=p(1=2) _ o=(u+p)
f+(27l‘) = 1 — e—(utp) ) (A55)

where 2z denotes the fraction of transactions made by sellers with quality non-greater

than y(z) in period t. Consider any = € (0,1). For p > 0, the function f(z,x) is strictly
increasing and strictly convex in z. The function f,(z,x) is such that f,(0,2) > 0 and
f+(1,z) < 1. Therefore, there exists one and only one z*(x) that solves the equation
f+(z,x) = z with respect to z for any x € (0,1). Moreover, f,(z,z) € (z,2*(x)) for every
€ [0,2%(z)), and fi(z,x) € (2*(x), 2) for every z € (z*(z),1]. For z = 0, the unique
solution to fy(z,2) = z is 2*(0) = 0. For x = 1, the relevant solution to f,(z,x) = z is
z*(1) = 1.
It is easy to see that fi(z,z) < x for any = € (0,1). Since fi(z,x) > z for every
€ [0,z*(x)), and f,(z,x) < z for every z € (2*(z),1], fi(z,z) < x implies z*(z) < x.
In turn, for p > 0, z*(x) < z implies

e—(1=2) p—p(1=2"(2)) _ o= (u+p)
2(x) =

1 — e—(ptp)

e—H(1—z)o—p(1-z) _ o—(u+p)
A.56
< 1 — e—(utp) ( )
67)\(17:5) —e A
= 1— €_>‘ =21 (x)

Rewriting (A.55) using A = pu+ p and § = p/A, we obtain (3.40) in Proposition 13.
if dHy Y >0, and it is atomless only if 2 y) > 0. We have that H*(y)
given by (3.40) is strictly increasing if and only if

This is a cdf only i

dH*(y> d e_u(l_é(y))e_p(l—H*(y)) . 6_(H‘+p)
dy  dy P > 0. (A.57)

Differentiating, this is equivalent to

dH*(y)  (u+ pK*(y)) P’ (y)e H1=2W) g=p(1—H" ()

o (= > 0. (A.58)
It is clear that ¢ ( > 0 if and only if pu + pr*(y) > 0 where
ooy peHI=®W) g=p(1=H"(y))
R (y) = 1— e — pe—r1—8W)e—p(1—H" ) (A.59)
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and therefore

* - :u(l B 6_>\)
AP Y) = T R e ) (4.60)
which is greater than zero if and only if
1 — e — pe HI=2W)e=r(=H"W)) (A.61)

The left-hand side of (A.61) is decreasing in y. For y = y;, (A.61) since 1 —e™* — pe™ > 0
because p < \. For y = yp,, (A.61) holds if and only if 1 —e™ —p > 0. If p <1 —e?,
or equivalently if 8 < l_f\ﬂ, we have %y(y) > 0 for all y € [ys, yn], s0 ¥, = yn and the

distribution H*(y) is atomless. Also, if p < 1 — e, then

1

—_ A.62
l—e?r—p (A.62)

K (yn) =

by (A.59). Substituting (A.62) into (A.48), we obtain y, = yp = y5,... B
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Online Appendix: Memory with buyer entry and exit

We consider a version of the model described in Section 2 in which new buyers enter the
market in every period, and old buyers exit the market in every period. Initially all buyers
are new entrants in period 1. In period t = 2,3, ... a fraction o € [0, 1] of buyers that
were in the market in period ¢t — 1 permanently exit the market, and a double continuum
of buyers with measure bo > 0 per seller enter the market in period ¢t + 1. In each period,
the measure of buyers per seller is b.

With entry and exit of buyers, the distribution of the number of contacts for a buyer
depends on how long that buyer has been searching in the market, i.e. the degree of
experience of the buyer. We define the level of experience of a buyer as the number of

periods ¢ the buyer has been in the market.

A buyer who has been in the market for ¢ < ¢ periods has not exited for ¢ — 1 periods,
which occurs with probability (1—0)"!. Therefore, the measure of buyers who have been
in the market for ¢ < ¢ periods is equal to the measure bo who were new entrants ¢ periods
ago multiplied by the probability (1—¢)""'. A buyer who has been in the market for i = ¢
periods is equal to the measure b of buyers at time ¢ = 1 multiplied by the probability
(1 —0)"! of not exiting for 7 — 1 periods. Therefore, if ¢ < 1, the measure of buyers who
have been in the market for ¢ periods at time ¢ is given by Lemma 9. The distribution of

the number of contacts for a buyer ¢ follows from Lemma 1.

Lemma 9: For a buyer with experience i, the number n; of the buyer’s contacts in

period t = 1,2, ... is distributed as a Poisson with coefficient \;, where \; is given by
_ K i
A = 5[1 — (1 =10)]. (2.20)
The measure by(i) of buyers with experience i at time t = 1,2, ... is given by
v Jbo(l—o)tifi<t
(i) = { b1 — o) if i = ¢ (221)

As in the baseline model, the maximized profit for a seller with quality y € [y, ys] is
strictly positive (Lemma 2). As in the baseline model, the distribution Fi(s) of surplus
offered by sellers does not have any mass points (Lemma 3). Since the surplus distribution
F,(s) does not have any mass points and the b,(i) buyers with experience i are in contact
with a number of sellers distributed as a Poisson with coefficient A;, the profit for a seller

with quality y that offers the surplus s > 0 can be written as
t

Vi(y, s) = [Zizl bt(i)Aie*W*FﬂS))] (y — s). (2.22)

Note that " b,(i)\ie 07 is the sum of the measure b;(i)\;e (1= F(5) of bhuyers
with experience ¢ such that the seller offers the highest surplus for those buyers, i.e. it is
the sum of trade volume across buyer types.
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As in the baseline model, the support of the surplus distribution Fi(s) is an interval
[Se.4s Sht), with sp = 0 (Lemma 4). Moreover, the surplus offered by a seller is a strictly
increasing function s;(y) of the quality y of the variety carried by the seller (Lemma 5).
Therefore, as in the baseline model, the fraction Fi(s,(y)) of sellers offering surplus smaller
than s,(y) is equal to the fraction ®(y) of sellers with quality smaller than y. That is,

Fi(si(y)) = @(y). (2.23)

For a seller producing quality ¥, the seller’s problem at date t is

— max [Z be(7) i(1=F(s >>] (y — s). (2.24)

sEOy

The necessary condition for the optimality of the surplus s;(y) offered by a seller of quality
y in period ¢ is

> binee RO sy )] (5 = sely) = S

t

bt(i))\ie*)\i(lth(st(y))) = 0.
(2.25)

i=1

The left-hand side of (2.25) is the seller’s marginal benefit from offering an additional
unit of surplus to its buyers, which is given by the increase in the seller’s volume of trade
multiplied by the seller’s profit per trade. The right-hand side of (2.25) is the seller’s
marginal cost from offering an additional unit of surplus to its buyers, which is given by
the seller’s volume of trade.

Using (2.23) to substitute Fy(s:(y)) with ®(y) and F{(s:(y)) with ®'(y)/s,(y), we can
rewrite the optimality condition (2.25) as

si(y) = @' (y)Me(y) (y — 5:(y)) (2.26)

where Ay(y) is given by

S bi(i)AZe MO Fls ) B (s, (y))
S by(i)he N O-Filsew)

Aily) = (2.27)
The surplus function s;(y) must satisfy the differential equation (2.26), together with the
boundary condition s;(y,) = 0. The differential equation has the same structure as in the
baseline model, except that A;(y) takes the place of A;. It is easy to see that A.(y) is
simply a weighted average of the Poisson coefficient \; for buyers with different experience
levels.

The unique candidate equilibrium of the product market is given by the solution s;(y)
of the differential equation (2.26)) together with the boundary condition s;(y) = 0. Using
the same argument used for the baseline model, it is easy to verify that the candidate

equilibrium is indeed an equilibrium.
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Theorem 4: (Existence and uniqueness of equilibrium with entry and exit) An equilibrium
exists and is unique. For t = 1,2, ..., equilibrium is given by a surplus function s,(y) that
satisfies the differential equation (2.26)) together with the boundary condition s;(y;) = 0.
The solution to this differential equation is

si(y) = ( / ’ At(a:)ewt(y)Bt("”»ﬂD'(z)dz) | (2.28)

Ye

where

Bi(y) = yAt(z)(I)'(z)dz (2.29)
and | .
Ai(y) = Z@@t(y)kz‘ (2.30)
where

by (i) Nje M0 —2W)
zz‘:l bi(j)A e (1=2W) '

Associated with the equilibrium surplus function s;(y), there are a surplus distribu-

wit(y) = (2.31)

tion Fi(s), a price distribution G¢(p), and a transaction distribution H;(y). The surplus
distribution F(s) is
Fi(s) = ®(ye(s)), (2.32)

where y;(s) is the inverse of the surplus function s;(y). The price distribution Gy(p) is

= e (2.33)

where p;(y) is the pricing function y — s,(y). The transaction distribution H,(y) is

S bi(d) (e7M0-20) — =X)
E§'=1 be(7) (1 —eN) ’

where the numerator in (2.34) is the quantity of the good traded by sellers with quality

Hy(y) = (2.34)

less than y, and the denominator in (2.34) is the quantity of the good traded by all sellers.

4.1 Market dynamics

As in the baseline model, the market becomes more competitive over time because the
fraction of more experienced buyers increases over time. To formalize this intuition, we

first consider the dynamics of the distribution of buyer experience.

Lemma 10: The distribution of buyer experience 1 is the following:
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1. If 0 € (0,1), the share of buyers with experience level i at time t is

fo(l—o)tifi<t
Tia = { (1—o)ifi=t (2:35)

where Z§=1 mie = 1 and m;; 1s decreasing in i.
2. If 0 =0, then my =1 and m;y =0 for i <t.
3. If o =1 then m; =1 and 7y =0 for i > 1.

The average buyer experience at time ¢ is 2; = Zﬁzl m;it. Lemma 11 establishes that

buyers become more experienced over time.

Lemma 11: For any o € (0,1), buyers become more experienced over time. That is, the
distribution ;111 of buyer experience at time t+1 first-order stochastically dominates the
distribution m;; of buyer experience at time t. The average buyer experience 1, is strictly
mcereasing in t.

As buyers become more experienced over time, there is a larger number of sellers they
previously contacted which they may potentially remember. As a result, the average
number of contacts increases over time. With entry and exit, the relevant measure of the
average number is the weighted average A;(y) = S.r_, @;+(y)\i where the weights @; ,(y)
are given by (2.31). Lemma 9 shows that this weighted average number of contacts is

increasing over time.

Lemma 12: The weighted average number of contacts N(y) is strictly increasing in t.

Following the same arguments as in Proposition 1, it is easy to show that, since A;(y)
is strictly increasing in ¢, the surplus function s;(y) is strictly increasing over time. Since
s¢(y) is strictly increasing in ¢, it follows from (2.32) that Fi(s) is strictly decreasing in
t. Since s;(y) is strictly increasing in ¢, the price function p,(y) = y — s(y) is strictly
decreasing over time. Therefore, it follows from (2.33) that G.(p) is strictly increasing in
t. Following the same arguments as in Propositions 2 and 3, it is also easy to see that
H,(y) is strictly decreasing in ¢ and, hence, trade concentration is increasing over time.

These observations are summarized in the following proposition.

Proposition 16: (Market dynamics with entry and exit) Let o € [0,1) and § € [0,1). For
any given y < yy, the surplus s;(y) is strictly increasing in t, and the price p,(y) is strictly
decreasing in t. The surplus distribution Fy(s) is strictly increasing in t in the sense of
first-order stochastic dominance, the price distribution Gy(p) is strictly decreasing in t in
the sense of first-order stochastic dominance, and the transaction distribution H(y) is
strictly increasing in t in the sense of first-order stochastic dominance.

If the buyers’ exit probability o is equal to 1, the distribution of buyers across experi-
ence levels is degenerate, in the sense that b;(i) = b and b,(i) =0 for i =2,3,... ¢t + 1. It
then follows from (2.27) that Ay (y) —Ai(y) = 0 and Ay(y) = pfor t = 1,2,.... Hence, if
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o = 1, the surplus function s;(y), the price function p;(y), the surplus distribution Fi(s),
the price distribution Gy(p), and the transaction distribution H;(y) remain constant over
time. Intuitively, if ¢ = 1, buyers cannot accumulate any experience and, hence, the
extent of competitiveness of the product market remains constant over time and so do all
the equilibrium outcomes. The same conclusions apply to the case in which buyers have
no memory (d = 1), since in this case buyers do accumulate experience but experience is

worthless.

We now want to compare the properties of equilibrium if the buyers’ exit probability
is lower (o) or higher (o9), given that buyers have some memory. In period 1, A;(y) =
u irrespective of o and, hence, the equilibrium is the same whether the buyers’ exit
probability is lower (o7) or higher (o;). Formally, in period 1, Fi(s|oy) = Fi(s|o2),
Gi(plo1) = Gi(ploe) and Hi(yloy) = Hi(y|oz). In any period t > 2, Ay(y) is strictly
higher if the buyer’s exit probability is lower (o) than higher (o3), since the distribution
of buyers is tilted towards buyers with more experience when the buyers’ exit probability
is lower. For this reason, in any period ¢t > 2, the market is more competitive if the buyer’s
exit probability is lower. In turn, this implies that, in any period ¢ > 2, the surplus offered
by sellers is higher, the prices posted by sellers are lower, and the transactions are shifted
toward higher-quality sellers if the buyers’ exit probability is oy rather than oy. Formally,
for t > 2, Fy(s|o1) < Fi(s|oa), Ge(plor) > Gi(plos) and Hi(yloy) < Hi(y|os).

The above observations are summarized in the following proposition.

Proposition 17: (Exit). Take any 0 € [0,1) and any o1 and o3, with 0 < 01 < 09 < 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same with lower

exit, in the sense that Fi(s|oy) = Fi(s|oa), Gi(plor) = Gi(plo2) and Hi(yloy) =
Hi(yloa).

(ii) In any period t > 2, equilibrium surplus is higher, prices are lower, and transactions
are better with lower exit, in the sense that Fy(s|oy) < Fy(s|og), Gi(plo1) > Gi(ploz)
and Hy(y|o1) < Hi(y|o).

(i) Let oo = 1. With full exit, equilibrium surplus, prices and transactions are con-
stant over time, in the sense that Fi(s|os) = Fi(s|o2), Gi(plos) = Gi(p|os), and
Hi(yloz2) = Hi(yloz).

4.2 Steady state

We now consider the stationary limit. The limiting behavior of the product market is
determined by the limiting behavior of the weighted average number of contacts A;(y).
In the limit as t — oo,

lim Ay(y) = lim iy bo (1 — U)i_lAgF{(St(y))e_)‘i(l—Ft(St(y)))'

2.36
t—o00 t—o0 Z:’:l bO’(l — o-)ifl)\ie*&(lth(St(y))) ( )
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Since A(y) is increasing in ¢, A;(y) converges to some finite A*(y) if and only if A(y) is
bounded from above. For any o € (0, 1], the numerator is the sum of products between
a term that declines exponentially, (1 — ¢)""!, and a term A? that is bounded above by
(pi)?. Therefore, the numerator in (2.36) is bounded from above. Since the denominator
in (2.36) is strictly increasing in ¢ and the numerator in (2.36) is bounded from above,
A4(y) is bounded from above and, hence, A;(y) converges to some finite A*(y). For o =1
and any 0 € (0,1], Ai(y) is a weighted average of A; for i = 1,...¢. Since \; is bounded
above by /0, it follows that (2.36) is bounded from above, and, hence, A;(y) converges
to some finite A*(y).

From the above observations, it follows that the limiting behavior of the product
market remains imperfectly competitive as long as either buyers have imperfect memory,
in the sense that § € (0, 1], or buyers have a strictly positive probability of exiting, in the
sense that o € (0,1]. In fact, if 6 € (0,1] or o € (0,1], Ai(y) converges to some finite
A*(y) and the equilibrium associated with a finite A*(y) is such that sellers enjoy a strictly
positive profit, prices are strictly greater than marginal cost, and all sellers, including
those with lower quality, trade the good. These findings are intuitive. If buyers have
imperfect memory, there is always a positive fraction of buyers that are captive. Hence,
sellers’ profits are always bounded away from zero and the market remains imperfectly
competitive. Similarly, if buyers have a strictly positive probability of exit, there is always
a positive fraction of buyers who have just entered the market and have limited contacts
with sellers. Hence, sellers’ profits are always bounded away from zero and the market

remains imperfectly competitive.

Up to this point, we focused on the dynamics of the product market. First, we showed
that, as long as buyers have some memory and as long as buyers have a probability
of exiting that is less than 1, the market becomes progressively more competitive and,
for this reason, the surplus offered by sellers increases over time, the prices posted by
sellers decrease over time, and the distribution of transactions moves from lower to higher
quality sellers. Second, we showed that, as long as buyers do not have perfect memory
or as long as buyers have a strictly positive probability of exiting, the market does not

become perfectly competitive.

The version of the model with entry and exit of buyers also allows us to study the
effect of experience on buyers’ outcomes independently from the dynamics of the product
market. To analyze the effect of experience, suppose that 6 € (0,1) and o € (0,1) and

that the market has reached its stationary limit.!3

13We focus on the stationary limit because, in such limit, the difference in outcomes across buyers with
different experience i are the same as the change in outcomes for an individual buyer j as its experience
i increases. In an arbitrary period ¢, the differences in outcomes across buyers with different experience 4
are qualitatively identical to those in the stationary limit. In an arbitrary period ¢, however, the difference
in outcomes across buyers with different experience 7 are not the same as the change in outcomes for an
individual buyer j as its experience ¢ grows, since the latter would have to include changes in market-wide
outcomes between t and t + 1.
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In this stationary limit, the distribution of buyer experience converges to a steady
state distribution. As t — oo, we have 7 = (1 — ¢)*"! for all 4, and the average buyer
experience is just i* = 1/0. For 6 > 0, the average number of contacts for buyers with
experience i is A; = &[1 — (1 — §)"], and the steady state average number of contacts per

LM o(1-9)
X=5 [1 - m] . (2.37)

It is clear that A* < pu/6 whenever 6 < 1 and o > 0. This makes sense because buyers

buyer, \*, is given by

have limited experience and therefore smaller choice sets compared to the model with

memory and infinitely-lived buyers in Section 2.

Buyers’ experience affects the quality of the goods they purchase and the value of the
surplus they receive. Buyers with experience i are in contact with n; sellers, where n;
is distributed as a Poisson with coefficient \;. Among the buyers with experience i that
purchase the good, the distribution of surplus across transactions, E(s), is given by

~ @7/\1')\]?
Fi(s) = 25 TzF*(S)k]/ [1—e]
e~ M(1=F"(s)) _ o=Xi

1—eN

(2.38)

by similar reasoning to the derivation of expression (2.6) for H;(y). Using the same
results as in the proof of Proposition 2, it is easy to show that A\;.; > A; implies Fj 1(s) <
Fi(s). As a result, the average surplus for a transaction for a buyer with experience
1 is strictly increasing with respect to the buyer’s experience. Similarly, the average
transaction quality for a buyer with experience i is strictly increasing with respect to the
buyer’s experience.

Proposition 18: On average, more experienced buyers purchase higher quality goods and
recewe higher surplus than less experienced buyers.

It is useful to point out that, while the buyers’ average surplus increases with experi-
ence, the surplus of a specific buyer may decrease, remain constant, or increase depending
on how many contacts the buyer has, how many contacts the buyer loses, and how many
new contacts the buyer adds. For instance, if some buyer j has n,; contacts, loses the
best of its contacts, and does not acquire any new contacts, its surplus falls. If buyer j
has n, ; contacts, does not lose any of its contacts, and does not acquire any new contacts,
its surplus remains unchanged. If buyer j reaches a seller that is better than any of its
previous contacts, the buyer’s surplus increases. Moreover, all of these three events have

a strictly positive probability of occurring.
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Proofs for Online Appendix

Proof of Theorem 4: We have already established existence and uniqueness of equi-
librium. Rewriting the differential equation (2.26), the function s,(y) solves the following
differential equation:

sy (y) + A(y) @' (y)se(y) = Au(y)y®' (y) (A.17)

where s,(y,) = 0. For any given y, there exists a unique solution s;(y) which satisfies this

differential equation. The general form of the solution is

’ Y T ’
si(y) = e~ T MY (/ I MOV B C) | (A18)
ue
where ¢ is a constant. Given that s;(y,) = 0, we have ¢ = 0. Therefore,

si(y) = ( / ’ e_(Bt(y)_Bt(x))At(x)x@’(x)dx) (A.19)

where By(y) = fyye A(2)P'(2)dz. 1

Proof of Lemma 10: Dividing the measure of buyers who have been in the market
for i years by the total measure of buyers b, we obtain (2.35). Next, we have

t t—1
vat = Zo(l —o) P+ (1 —o)t (A.20)
i=1 i=1

t—1 A t—2 A 1

where Y o(1 — o) ! = 0> (1 — )", which is equal to o (%) =1-(1-o0)!
i=1 i=0

for o < 1. Therefore, S m,=1—(1—0)" '+ (1—0) ' =1. If 6 =0, then 7, = 1

follows from Part 1. If o = 1, all buyers are new entrants in each period so 7, =1. B

Proof of Lemma 11: At time ¢t 4+ 1 and time ¢, the share of buyers with experience

level 4 is the same for all i < ¢ because ;41 = my = o(1 — 0)""!. However, for i = t,
we have m; ;11 = o(1 — o) ' and m;; = (1 — o), so 441 < my for 0 < 1. Therefore,

b i < 3¢, and this is true for any ¢ > 1. Thus 7, is strictly increasing in ¢. W
7,—1 ) + Z—l ’ y y g

Proof of Lemma 12: It is sufficient to examine the difference between A, ;(y) and
A4(y), which can be written as

Besa(y) = Mow) = [30 @i ®) = wie@) ] +wrinen@hon, (A21)

where
by (i) NN (1=2W)

2321 bt (j))\jefAj(lf‘I’(y))

wit(y) = (A.22)
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and
be(i) Nje = 2W)

) S e

If buyers have some memory, in the sense that § € [0,1), Lemma 9 tells us that the

(A.23)

average number \; of contacts for a buyer is strictly increasing in the buyer’s experience
1. If buyers have a positive probability of staying in the market for multiple periods, in
the sense that o € [0, 1), the measure of buyers b(i) with experience i is strictly positive,

and so are w;¢(y) and w;11(y). Using these observations yields

Ai(y) — Mly) = [22:1 (Wi,t—i-l(y) - wi,t(y)) )‘z} + wt+1,t+1(y))\t+1
[2;1 (Wit (y) — wir(y)) )\t+1] + Wig1,41(Y) A1 (A.24)
= [Zle (Witr1(y) — wit(y)) + Wrsre1(y)] Mg = 0.
Specifically, the second line in (A.24) makes use of the fact that b(i) > 0fori =1,2,...t+1
and, hence, (A.22) and (A.23) imply that w; ;1 —w;; < 0 for i =1,2,...¢. Moreover, the

second line uses the fact that A,y 1 > \; for i = 1,2,...¢. The third line uses the fact that
wi(y) and w; ;11 (y) are weights, in the sense that St wi,(y) = L and 37 wia(y) = 1

V

and, hence, the term in square brackets multiplying A;1; is equal to 0. H
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