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1 Introduction

This paper contributes to the development of the search-theoretic model of imperfect

competition in product markets of Butters (1977), Varian (1980), and Burdett and Judd

(1983). The simple idea behind the search-theoretic model of imperfect competition is

that, due to information or physical frictions, buyers cannot purchase from any seller in

the market but only from a discrete subset of sellers. Since buyers have a limited choice

set, the equilibrium of the market is imperfectly competitive – where the extent of actual

competition depends on the distribution of the size of buyers’ choice sets. The model

has been fruitfully applied to study price dispersion (e.g., Sorensen 2000, Galenianos et

al. 2012, Kaplan and Menzio 2015, Kaplan et al. 2019, Shi 2023), price stickiness (Head

et al. 2012, Burdett and Menzio 2018), monetary exchange (Head and Kumar 2005,

Burdett et al. 2017), the variation of markups across groups of buyers (Pytka 2017, Nord

2023) and over time (Kaplan and Menzio 2016), specialization patterns (Menzio 2023),

store locations (Cai et al. 2023), and market power (Menzio 2024). These applications,

even those that are explicitly dynamic, assume that the quantity and the quality of the

information possessed by buyers about sellers does not improve over time. The assumption

keeps the model static and the analysis of equilibrium simple. The assumption, however,

may not be a good description of product markets in which buyers are long-lived, or

markets in which buyers can gather information from others in the market.

In this paper, we contribute to the development of the search-theoretic framework

of imperfect competition by introducing learning. We consider two forms of learning:

memory and word of mouth. In the model with memory, we consider a version of the

framework in which long-lived buyers not only learn about some new sellers in every

period, but they also remember some of the sellers that they contacted in the past. As

a result of this process of private learning, the quantity of information that buyers have

about sellers increases over time. In the model with word of mouth, we consider a version

of the framework in which short-lived buyers not only learn about sellers through search,

but they also learn about sellers from talking to previous buyers, which refer them to

the best seller of which they are aware. As a result of this process of social learning, the

quality of the information that buyers have about sellers increases over time. Both types

of learning lead to non-trivial, albeit different, market dynamics.

In Section 2, we consider a version of the search-theoretic model of imperfect compe-

tition in which buyers have memory. Specifically, we consider a product market that is

populated by a continuum of long-lived sellers and by a double continuum of long-lived

buyers. Sellers are heterogeneous with respect to the quality of their variety of the prod-

uct. In every period, sellers post prices. Buyers are ex-ante homogeneous and demand

one unit of the product per period. In every period, buyers search the market and contact

m new sellers, where m is distributed as a Poisson with some coefficient µ. Buyers also

have a probability 1− δ of remembering a seller that they had contacted in the past.
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We show that equilibrium exists and is unique. The dynamics of equilibrium are driven

by the evolution of the average number of sellers λt in the choice set of buyers, which is

equal to (1 − δ)λt−1 + µ, the average number of remembered sellers (1− δ)λt−1 plus the

average number of new sellers µ a buyer contacts. Since λt is strictly increasing over time,

the choice set of buyers expands and the market becomes progressively more competitive.

The increase in competition allows buyers to purchase the good from sellers with higher

quality, since sellers with higher quality offer higher surplus to buyers. The increase in

competition also induces sellers to lower prices. While competition increases over time

as the average size of buyers’ choice set expands, the market does not become perfectly

competitive as long as buyer’s memory is imperfect. Intuitively, as long as memory is

imperfect, each seller has a strictly positive probability of meeting a captive buyer and,

hence, can always secure itself strictly positive profits. We also show that prices are lower

with better memory, i.e. the price distribution in any given period is strictly decreasing,

in the sense of first-order stochastic dominance, with respect to the buyers’ memory 1−δ.

In Section 3, we consider a version of the search-theoretic model of imperfect competi-

tion with word of mouth. Specifically, we consider a product market that is populated by

a continuum of long-lived sellers and by a double continuum of short-lived buyers. Sellers

are heterogeneous with respect to the quality of their variety of the product. In every

period, sellers post prices. Buyers are homogeneous and demand one unit of the good.

In every period, buyers search the market and contact m sellers, where m is distributed

as a Poisson with coefficient µ. Buyers also meet r old buyers, where r is distributed as

a Poisson with coefficient ρ. When new and old buyers meet, the old buyers tell the new

buyers about the best seller of which they were aware in the previous period.

We show that equilibrium exists and is unique. By contrast to the model with memory,

the average number of sellers in the choice set of buyers is constant over time and equal

to ρ + µ, the average number of word-of-mouth contacts ρ plus the average number of

new sellers µ a buyer contacts. The dynamics of equilibrium are driven entirely by the

evolution of the sampling distribution, i.e. the distribution of sellers from which buyers

sample. Buyers active in period t sample some sellers through search from the distribution

of all sellers, but they sample additional sellers through word of mouth from a more

selective distribution: the distribution of the highest quality seller known to buyers who

purchased in period t− 1. Buyers active in period t purchase the good from the highest

quality seller among those contacted through either search or word of mouth.

Along the equilibrium path, the distribution of the highest quality seller known to

buyers who purchased in the previous period gets better and better over time. Therefore,

over time, the size of the buyers’ choice sets does not increase, but its quality does. The

increase in the quality of the buyers’ choice sets leads to higher sales concentration over

time —just as memory does. However, the dynamics of competition are more complex

with word of mouth. With word of mouth, competition does not increase over time for all

sellers, as it does with memory. The dynamics of competition are heterogeneous across
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sellers and depend on the seller’s popularity – which is a measure of how likely it is that

the seller will be contacted through word of mouth rather than search. We find that

competition may be either increasing or decreasing, or it may vary non-monotonically

over time, depending on a seller’s popularity. In any given period of time, the highest

quality sellers face increasing competition, but the lowest quality sellers face decreasing

competition. Overall, the increase in the quality of buyers’ choice sets does not lead to

lower prices to the same degree as memory. Specifically, we show that, for the same level

of sales concentration, prices in the model with word of mouth are always higher, for any

given quality y, than prices in the model with memory.

In the Online Appendix, we present a version of the memory model in which buyers

enter and exit the market. The properties of equilibrium described in Section 2 carry over

when there is buyer entry and exit. In addition, this version of the model allows us to

study the dynamics of individual buyers independently from the dynamics of the market.

There is a distribution of buyers’ experience, i.e. the number of periods a buyer has been

in the market, which evolves over time. We show that the surplus captured by a buyer is

higher, in expectation, with more experience in the market. We also show that a buyer

purchases from higher quality sellers, in expectation, with more experience.

Related literature. As discussed, this paper introduces dynamic learning into

the search-theoretic model of imperfect competition of Butters (1977), Varian (1980),

and Burdett and Judd (1983). Our introduction of both private learning through mem-

ory and social learning through word-of-mouth communication contributes to the large

search literature that applies and extends this model including Head and Kumar (2005),

Head et al.(2012), Kaplan and Menzio (2015), Kaplan and Menzio (2016), Pytka (2017),

Burdett and Menzio (2018), Kaplan et al. (2019), Nord (2023), Menzio (2023), Cai et

al. (2023), and Menzio (2024). Our model with learning through word of mouth is also

related to the search-theoretic literature on referral networks in the labor market, such as

Galenianos (2013, 2014, 2021). Our model provides a highly tractable dynamic framework

for capturing both search frictions and learning under imperfect competition.

This paper also contributes to the literature on word-of-mouth communication in

product markets, such as Galeotti (2010), Campbell (2013, 2015, 2019), Campbell et al.

(2020), and Campbell et al. (2024).1 This literature often considers either a monopoly

(Campbell 2013, 2015) or a (potential) duopoly (Campbell et al. 2020 and Campbell et

al. 2024) and studies how awareness of a firm’s product changes over time due to word

of mouth and how this affects demand, entry, market shares or market concentration.

Our approach is complementary but different. By using the search-theoretic model of

imperfect competition, we obtain results regarding the effects of word of mouth on the

dynamics of competition in an environment where prices are determined by local oligopoly.

In particular, we show how these dynamics differ across low and high-quality sellers.

1Early papers on word-of-mouth learning in general environments include Ellison and Fudenberg
(1995) and Banerjee and Fudenberg (2004).
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2 Memory

In this section, we construct a version of the search-theoretic model of Butters (1977),

Varian (1980) and Burdett and Judd (1983) in which buyers can remember sellers about

which they learned in the past. We construct the model so that, even though buyers

and sellers are long-lived, the buyer’s problem of choosing where to purchase the good

is static, and the seller’s problem of choosing what price to post is static. We establish

that the equilibrium exists and is unique and we characterize the evolution of equilibrium

outcomes over time.

2.1 Environment

We consider the market for some consumer good. On one side of the market, there is a

measure 1 of infinitely-lived sellers. Sellers are heterogeneous with respect to the quality

y of their variety of the good.2 The distribution of sellers with respect to y is given by

a twice differentiable cumulative distribution function Φ(y) with Φ′(y) > 0 and support

[yℓ, yh] where 0 < yℓ < yh. A seller produces its variety of the good at a constant marginal

cost, which we set to 0 for the sake of simplicity.3 In every period t = 1, 2, ..., the seller

posts a price p for its variety of the good.4 If the seller trades q units of the good at the

price p, its periodical profit is qp.

On the other side of the market, there is a continuum of measure b of infinitely-lived

buyers per seller.5 Buyers are ex-ante homogeneous. In every period t, a buyer demands

2We assume that sellers are heterogeneous with respect to the quality of their variety of the product. In
a version of the model with homogeneous sellers, the price posted by an individual seller is indeterminate,
since the equilibrium involves sellers mixing over prices according to an equilibrium distribution. In a
version of the model with heterogeneous sellers, the price posted by an individual seller is uniquely
pinned down. Heterogeneity purifies mixed strategies. The reader is free to interpret the heterogeneity
in the model as a purification device, in which case the reader can take the extent of heterogeneity to
be arbitrarily small, or as economically meaningful heterogeneity, in the sense that some sellers carry a
better variety of the product than others. Supporting the second interpretation, Albrecht, Menzio and
Vroman (2023) show that, if sellers can invest in the quality of their product, the unique equilibrium of
the model features heterogeneity.

3The assumption that the marginal cost of production is 0 is made for the sake of algebraic simplicity,
and all the results presented in the paper extend trivially to the case in which the marginal cost of pro-
duction is strictly positive. The assumption that the marginal cost of production is constant, rather than
strictly increasing, is substantive. Menzio (2023) shows that the structure of equilibrium is qualitatively
different when sellers operate a production function with decreasing rather than constant returns to scale.

4We assume that a seller can only post a price. A seller cannot post a schedule of prices in an attempt
to discriminate buyers. Specifically, a seller is not allowed to post a price schedule p(ht), where the price
paid by the buyer depends on its purchasing history ht. The assumption seems natural in the context of
retail markets.

5We assume that the market is populated by a continuum of sellers and a double continuum of buyers.
If we were to assume that the market is populated by a continuum of sellers and a continuum of buyers,
the actual number of buyers that meet an individual seller and, in turn, the actual number of trades
made by an individual seller would be a random variable. The realization of the random variable would
be informative about the choice set of the buyers that purchased the good from the seller and, in turn,
the seller would use this information to set its price in the next period. For instance, if the seller made
more trades than expected, the seller would infer that it is in contact with a larger than expected number
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one unit of the good. If the buyer purchases a variety of the good of quality y at the price

p, its periodical utility is y − p. If the buyer does not purchase the good, its periodical

utility is 0.

The product market is frictional, in the sense that a buyer cannot purchase the good

from any seller in the market, but only from those sellers with which it is in contact. In

period 1, buyers enter the market without any contacts. At the beginning of each period

t > 1, a buyer is in contact with nt−1 sellers. For any given one of the nt−1 sellers, the

buyer permanently loses contact with that seller with probability δ ∈ [0, 1]. During period

t, the buyer contacts mt additional sellers, where mt = 0, 1, 2, . . . is drawn from a Poisson

distribution with coefficient µ > 0. At the end of period t, the buyer chooses whether and

where to purchase the good among the sellers with which it is in contact.

The environment described above is quite natural. In every period, buyers search the

market and discover some new sellers. Buyers are also aware of the sellers that they have

discovered in the past. The ability of buyers to remember sellers that they have discovered

in the past is limited by the fact that a buyer “forgets” about a previously discovered seller

with probability δ. If δ = 1, buyers have no memory, and the environment is the same

as in Butters (1977), Varian (1980) and Burdett and Judd (1983). If δ = 0, buyers have

perfect memory. If δ ∈ (0, 1), buyers have some memory, but their memory is imperfect.

The parameter δ may be interpreted literally as the probability that a buyer forgets

about a seller. The parameter δ may also capture the probability of a negative shock

to a time-varying, match-specific component of the gains from trade between the buyer

and the seller that drives the gains from trade to zero. Notice that buyers have the same

probability of “forgetting” a seller whether or not they purchased the good from it. This

assumption is the polar opposite of the assumption made in the search model of imperfect

competition in the labor market of Burdett and Mortensen (1998). Indeed, in this model,

workers are assumed to have no memory of any of the previously contacted firms, except

for the firm at which they are currently employed. This assumption greatly simplifies

the analysis of equilibrium as it makes the buyer’s choice of where to purchase the good

static.

2.2 Equilibrium

In order to characterize equilibrium, we start by analyzing the properties of the buyer’s

choice set. At the beginning of period 1, a buyer enters the market without any contacts.

During period 1, the buyer searches the market and comes into contact with m1 sellers,

where m1 is a Poisson random variable with coefficient µ. Hence, at the end of period

of buyers for which the seller is the most attractive choice. Since the identity of the sellers in the buyers’
choice sets is persistent, the seller could use this information to set its price in the next period. In
contrast, under the assumption of a double continuum of buyers, the measure of buyers that meet an
individual seller is deterministic and so are the measure of trades made by the seller. Therefore, the seller
cannot infer anything about buyers from observing the quantity of the good that it has traded.
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1, the buyer can purchase the good from n1 = m1 sellers. At the beginning of period 2,

the buyer is in contact with n1 sellers. During period 2 and for each one of the n1 sellers,

the buyer has a probability δ of losing contact with the seller, and a probability 1 − δ

of staying in contact with the seller. Let n̂2 denote the number of sellers with which the

buyer remains in contact. During period 2, the buyer searches the market and comes into

contact with m2 additional sellers, where m2 is a Poisson random variable with coefficient

µ. Therefore, at the end of period 2, the buyer can purchase the good from n2 = n̂2 +m2

sellers. The buyer keeps adding and losing contacts in the same way in period t = 3, 4,...

By assumption, the number of buyer’s contacts n1 is distributed as a Poisson with

coefficient µ. The next lemma establishes that the number of a buyer’s contacts nt is

distributed as a Poisson also in any period t > 1. There is a simple logic behind this result.

If the buyer enters period t with a number of contacts nt−1 that is Poisson with coefficient

λt−1 and each contact is maintained with probability 1 − δ, the number of contacts n̂t

maintained by the buyer is distributed as a Poisson with coefficient (1− δ)λt−1. In turn,

if the number of contacts n̂t maintained by the buyer is distributed as a Poisson with

coefficient (1 − δ)λt−1 and the buyer contacts a number mt of additional sellers that is

distributed as a Poisson with coefficient µ, the buyer’s number nt of contacts at the end

of period t is Poisson with coefficient λt, where λt is given by µ+ (1− δ)λt−1.

It is clear from Lemma 1 that λt is strictly increasing over time if δ ∈ (0, 1).

Lemma 1: The number nt of buyer’s contacts in period t = 1, 2, . . . is distributed as a

Poisson with coefficient λt, where λt is given by

λt =
µ

δ
[1− (1− δ)t]. (2.1)

Having characterized the properties of the buyer’s choice set, we can now examine the

problem of a buyer. In period t, the buyer is in contact with nt sellers. For each of these

sellers, the buyer observes the quality y of their variety of the product and the price p that

they charge. The buyer’s decision affects its payoff in the current period. In particular, if

the buyer purchases a variety of the good of quality y at the price p, the buyer enjoys a

payoff of y − p in the current period. If the buyer does not purchase the good, the buyer

enjoys a payoff of 0 in the current period. The buyer’s decision does not affect the buyers’

future payoffs. The buyer’s decision does not affect the buyer’s contacts in the future

(since the buyer is equally likely to remember all sellers they contact), nor does it affect

the buyer’s prices in the future (since sellers are not allowed to discriminate based on

purchasing history). The buyer’s problem is static, and it simply involves comparing the

surplus s = y − p offered by the nt sellers and the payoff from not purchasing the good.

Obviously, the solution to the buyer’s problem is such that the buyer purchases from the

seller that offers the highest surplus s if such surplus is positive, and the buyer does not

purchase the good if s is strictly negative. If the highest positive surplus s is offered by

multiple sellers, the buyer purchases the good from any of them with equal probability.
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We now turn to examine the problem of a seller with a variety of quality y in period t.

The seller has to decide the price p for its variety of the good or, equivalently, the surplus

s = y − p offered to buyers. The seller’s decision has no effect on the seller’s demand in

the future, since the measure and the distribution of buyers that come into contact with

the seller in the future is independent of the seller’s current price. The seller’s decision has

no effect on the seller’s ability to set prices in the future, since the current price does not

restrict the seller’s future prices. Therefore, the seller’s problem is static, and it amounts

to choosing s to maximize profits in period t.

For any s ≥ 0, the seller’s profit in period t is given by

Vt(y, s) =

[
∞∑
k=0

bk,tπk,t(s)

]
(y − s) , (2.2)

where

bk,t = b
e−λtλk+1

t

(k + 1)!
(k + 1), (2.3)

and

πk,t(s) = Ft(s−)k +
k∑

j=1

j!(k − j)!

k!

ζt(s)
jFt(s−)k−j

(j + 1)
. (2.4)

Let us explain the expressions above. The seller meets a measure bk,t of buyers that

are in contact with k other sellers, with k = 0, 1, 2 . . . The measure of buyers bk,t who

have k other contacts is given by (2.3), which is the measure of buyers that have k + 1

contacts, given that the number of contacts of each buyer is Poisson with coefficient λt,

multiplied by k+ 1, the number of contacts for each one of these buyers. A buyer with k

other contacts purchases from the seller with probability πk,t(s). The probability πk,t(s) is

given by (2.4), where Ft(s) denotes the cumulative distribution function of surplus offered

by sellers, Ft(s−) denotes the left limit of Ft and is the fraction of sellers offering strictly

less than s, and ζt(s) denotes the fraction of sellers that offer s. The probability πk,t(s)

is the sum of the probability of two events. The first event is that the buyer’s k other

contacts offer a surplus strictly smaller than s. The second event is that j of the buyer’s k

other contacts offer a surplus equal to s and k− j of them offer a surplus strictly smaller

than s and the buyer breaks the indifference in favor of the seller. The seller’s periodical

profit in (2.2) is given by the number of buyers that purchase from the seller multiplied

by the seller’s profit per unit sold.

The next three lemmas are standard fare in the analysis of models in the style of

Butters (1977), Varian (1980), and Burdett and Judd (1983). The first lemma establishes

that the profit of the seller is strictly positive. The second lemma establishes that the

surplus distribution Ft(s) cannot have any mass points. The third lemma establishes that

the support of the surplus distribution Ft(s) is an interval [sℓ,t, sh,t], with sℓ,t = 0.

Lemma 2: For any y ∈ [yℓ, yh], the seller’s maximized profit is strictly positive.
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Lemma 3: The equilibrium surplus distribution Ft(s) does not have mass points.

Since the surplus distribution does not have any mass points, ζt(s) = 0 and Ft(s−) =

Ft(s) for all s. Using these observations, we can simplify (2.2) as

Vt(y, s) =

[∑∞
k=0 b

e−λtλk+1
t

(k + 1)!
(k + 1)Ft(s)

k

]
(y − s)

= bλte
−λteλtFt(s)

[∑∞
k=0

e−λtFt(s)λk
tFt(s)

k

k!

]
(y − s)

= bλte
−λt(1−Ft(s))(y − s).

(2.5)

The first line is obtained by substituting bk,t and πk,t(s) from (2.3) and (2.4) into (2.2),

and by using the fact that ζt(s) = 0 and Ft(s−) = Ft(s). The second line is obtained

by collecting terms. The third line is obtained by recognizing that the summation in

the second line is equal to 1. In expression (2.5) for Vt(y, s), the term bλte
−λt(1−Ft(s)) is

the measure of buyers such that the surplus s offered by the seller is the highest surplus

offered to those buyers, i.e. it is the seller’s trade volume.

Lemma 4: The support of the equilibrium surplus distribution Ft is an interval [sℓ,t, sh,t],

with sℓ,t = 0.

The next lemma establishes that the surplus offered by a seller is a strictly increasing

function of the seller’s quality. The finding is intuitive. The benefit of increasing the

surplus s offered to buyers—which is to the increase the quantity of the good sold—is

strictly greater for a seller with a variety of the good of higher rather than lower quality,

since the profit per sale enjoyed by a seller is strictly increasing in y.

Lemma 5: In equilibrium, the surplus offered by a seller is a strictly increasing function

st(y) of its quality.

Given that buyers choose the highest surplus among the sellers they contact, the fact

that st(y) is strictly increasing in quality y means that the distribution of qualities across

transactions is equal to the distribution of the highest quality seller a buyer contacts,

conditional on the buyer having at least one contact. Letting Ht(y) denote the fraction

of transactions at sellers with quality smaller than y, we have

Ht(y) =

[∑∞
k=1

e−λtλk
t

k!
Φ(y)k

]/[
1− e−λt

]
=

[
e−λt

∑∞
k=0

(λtΦ(y))
k

k!
− e−λt

]/[
1− e−λt

]
=

e−λt(1−Φ(y)) − e−λt

1− e−λt
.

(2.6)

The numerator in the first line of (2.6) is the product of the probability that a buyer has

k contacts and the probability, Φ(y)k, that all of its k contacts have quality less than y,
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summed over k = 1, 2, . . ... The denominator in the first line is the probability that the

buyer has at least one contact and, hence, purchases the good. The third line of (2.6)

uses the fact that
∑∞

k=0 x
k/k! = ex.

The transaction distributionHt(y) first-order stochastically dominates the distribution

of seller quality, i.e. Ht(y) < Φ(y). The average quality of a transaction, ỹt = EHt(y), is

given by

ỹt =

∫
xλtΦ

′(x)e−λt(1−Φ(x))dx

1− e−λt
. (2.7)

We can similarly define the average surplus per transaction, s̃t = EHt(st(y)), and the

average price paid per transaction, p̃t = EHt(pt(y)).

Returning to the seller’s problem, a seller producing quality y solves:

Vt(y) = max
s∈[0,y]

bλte
−λt(1−Ft(s))(y − s). (2.8)

The necessary condition for the optimality of the surplus st(y) offered by a seller of quality

y is

bλ2
t e

−λt(1−Ft(st(y)))F ′
t(st(y))(y − st(y)) = bλte

−λt(1−Ft(st(y))). (2.9)

The left-hand side of (2.9) is the marginal benefit of offering buyers an additional unit of

surplus, which is given by the increase in the volume of sales multiplied by the profit per

sale. The right-hand side of (2.9) is the marginal cost of offering buyers an additional unit

of surplus, which is given by the volume of sales. The optimality condition (2.9) states

that the marginal benefit of offering an additional unit of surplus must be equal to the

marginal cost.

The surplus distribution Ft is such that

Ft(st(y)) = Φ(y). (2.10)

The left-hand side of (2.10) is the fraction of sellers that offer surplus smaller than st(y).

The right-hand side of (2.10) is the fraction of sellers with a quality smaller than y. Since

st(y) is strictly increasing function, the left and the right-hand sides of (2.10) must be

equal for every y. Differentiating (2.10) with respect to y implies that F ′
t(st(y))s

′
t(y) is

equal to Φ′(y). Combining this observation with (2.10) allows us to rewrite (2.9) as

s′t(y) = Φ′(y)λt(y − st(y)). (2.11)

The expression above is a differential equation for the surplus function st(y). The relevant

solution of the differential equation satisfies the boundary condition st(yℓ) = 0, since

Lemma 4 guarantees that the lowest surplus on the distribution Ft is sℓ,t = 0, and Lemma

5 guarantees that the seller that offers the lowest (highest) surplus on the distribution Ft

is the seller with the lowest (highest) quality, i.e. st(yh) = sh,t and st(yℓ) = sℓ,t.

The analysis above identifies a unique candidate equilibrium, which is given by the
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solution to the differential equation (2.11) together with the boundary condition st(yℓ) =

0. To verify that the candidate equilibrium is an equilibrium, consider a seller with an

arbitrary quality y0 ∈ [yℓ, yh]. In the candidate equilibrium, the seller offers the surplus

st(y0), where st(y0) satisfies the optimality condition (2.9). In the candidate equilibrium,

the seller makes a strictly positive profit. The seller does not want to deviate and offer a

surplus ŝ that is strictly negative, since by doing so its profit would be zero. The seller

does not want to deviate and offer a surplus ŝ ∈ [0, st(y0)). In fact, ŝ = st(ŷ) for some

ŷ < y0 and, hence, the derivative of the seller’s objective function (2.9) is equal to zero

for ŷ, and strictly positive for y0. Similarly, the seller does not want to deviate and offer a

surplus ŝ ∈ (st(y0), st(yh)]. Finally, the seller does not want to deviate and offer a surplus

ŝ > st(yh), since in doing so it would attain a profit that is strictly smaller than by offering

the surplus st(yh).

We have thus established the existence and uniqueness of equilibrium.

Theorem 1: (Existence and uniqueness of equilibrium with memory) An equilibrium

exists and is unique. For t = 1, 2, ..., equilibrium is given by a surplus function st(y) that

satisfies the differential equation (2.11) together with the boundary condition st(yℓ) = 0.

The solution to this differential equation is

st(y) =

∫ y

yℓ
λte

−λt(1−Φ(x))xΦ′(x)dx

e−λt(1−Φ(y))
, (2.12)

and st(yh) = (1− e−λt)ỹt where ỹt is the average transaction quality.

To interpret this expression, let Ĥt(y) = e−λt(1−Φ(y)), the distribution of the highest

quality among the sellers a buyer meets.6 Expression (2.12) is equivalent to

st(y) =

∫ y

yℓ
xĤ ′

t(x)dx

Ĥt(y)
.

The surplus st(y) is equal to the expected value of the highest quality among the sellers a

buyer contacts, conditional on that quality being less than the seller’s own quality y. This

is equivalent to the expected value of the second-best seller’s quality among the sellers a

buyer contacts, conditional on y being the highest seller’s quality. Effectively, firms set

prices pt(y) = y − st(y) equal to the expected value of the difference between their own

quality y and the next best quality among the sellers a buyer meets.

Associated with the equilibrium surplus function st(y), there are a surplus distribution

Ft(s) and a price distribution Gt(p). The surplus distribution Ft(s) is given by

Ft(s) = Φ(yt(s)), (2.13)

where yt(s) is a strictly increasing function that denotes the inverse of the surplus function

6Note that this distribution has a mass point at yl because we assume that if the buyer meets no
sellers the maximum is yl, and thus the buyer gets surplus s(yl) = 0.
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st(y). Similarly, the distribution of prices posted by sellers, Gt(p), is given by

Gt(p) =

∫
y:pt(y)≤p

Φ′(y)dy, (2.14)

where pt(y) is the price function defined as pt(y) = y− st(y). Note that, even though the

surplus function st(y) is strictly increasing in y, the pricing function need not be strictly

increasing or strictly decreasing in y.7 Therefore, the price distribution Gt(p) has to be

written as an integral of the quality density Φ′(y) over the qualities y such that pt(y) is

smaller than p.

2.3 Market dynamics

In this subsection, we characterize the dynamics of equilibrium. In particular, we are

interested in the evolution of the distribution of surplus offered by sellers, the distribution

of prices posted by sellers, the distribution of transactions across sellers and the evolution

of sales concentration.

The dynamics of equilibrium are driven by the accumulation of the amount of infor-

mation that buyers have about sellers in the market. In period t, a buyer is in contact

with nt sellers, where nt is distributed as a Poisson with coefficient λt. In period t + 1,

a buyer is in contact with nt+1 sellers, where nt+1 is distributed as a Poisson with co-

efficient λt+1. As long as buyers have some memory of past contacts, in the sense that

δ < 1, the expression in Lemma 1 shows that λt is strictly increasing over time. Since the

coefficient λt is equal to the buyer’s average number of contacts in period t, the fact that

λt is strictly increasing over time means that, on average, buyers are in contact with an

increasing number of sellers.

As buyers accumulate contacts, the market becomes more competitive over time and,

for this reason, the surplus offered by sellers increases and, for the same reason, the prices

posted by sellers decline. To see this, it follows from (2.11) that

s′t(y) = Φ′(y)λt(y − st(y)), (2.15)

and

s′t+1(y) = Φ′(y)λt+1(y − st+1(y)), (2.16)

together with the boundary conditions st(yℓ) = st+1(yℓ) = 0. The surplus function st+1(y)

is strictly greater than st(y) for every y ∈ (yℓ, yh]. To see why this is the case, the following

two observations are sufficient. First, notice that st+1(y) = st(y) implies s′t+1(y) > s′t(y),

since λt+1 > λt. In turn, this implies that st+1(y) can equal st(y) at most once, say for

y = yc, and that st+1(y) > st(y) for all y > yc. Second, notice that st+1(yℓ) = st(yℓ).

Taken together, these two observations imply that st+1(y) > st(y) for all y ∈ (yℓ, yh].

7If the extent of heterogeneity in the sellers’ quality is small enough, the pricing function pt(y) is
strictly decreasing in y.
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Since the surplus function st+1(y) is strictly greater than st(y), it follows from (2.13)

that Ft+1(s) < Ft(s). Since st+1(y) is strictly greater than st(y), the price function

pt+1(y) = y − st+1(y) is strictly smaller than pt(y). It then follows from (2.14) that

Gt+1(p) > Gt(p).

Proposition 1: (Surplus and price dynamics with memory) Let δ ∈ [0, 1). For any given

y > yℓ, the surplus st(y) is strictly increasing in t and the price pt(y) is strictly decreasing

in t. The surplus distribution Ft(s) is strictly increasing in t in the sense of first-order

stochastic dominance, and the price distribution Gt(p) is strictly decreasing in t in the

sense of first-order stochastic dominance.

As buyers accumulate contacts, they are not only offered more surplus by each seller,

but they also get to purchase the good from sellers that offer more surplus, which are

those that carry a variety of the good of higher quality. Both the increase in the surplus

offered by each seller of a given quality y and the shift of transactions from low to high-

surplus sellers (or, equivalently, from low to high-quality sellers) contribute to increase

the buyer’s surplus.

Proposition 2: (Transaction dynamics with memory) For any δ ∈ [0, 1), the distribution

of transactions across sellers of different quality, Ht(y), is strictly increasing in t in the

sense of first-order stochastic dominance.

As shown in Proposition 2, the distribution of transactions moves towards higher qual-

ity sellers as buyers accumulate contacts. Since high quality sellers trade more than low

quality sellers, trade becomes more concentrated as buyers accumulate contacts. This

finding may appear surprising, since the market becomes progressively more competitive.

Indeed, it is true that, as buyers accumulate contacts and their choice sets expand, the

increase in competition drives prices down. At the same time, though, as buyers accu-

mulate contacts and their choice sets expand, buyers can purchase the good from better

sellers. Since all buyers have the same ranking over sellers, trade concentration increases.

Indeed, in a perfectly competitive version of the market, only the highest-quality seller

would trade.

To formalize this intuition, the quantity of the good traded by a seller with a variety

of quality y in period t is

qt(y) = bλte
−λt(1−Φ(y)). (2.17)

Clearly, the quantity qt(y) is strictly increasing in y because Φ′(y) > 0. Since the quantity

traded by a seller is a strictly increasing function of the seller’s quality y, it follows that

the largest sellers are the sellers with the highest quality. Hence, the fraction of Qt(x) of

transactions made by the fraction x of largest sellers is given by

Qt(x) = 1−Ht(y(1− x)), (2.18)

where y(z) = Φ−1(z), the quality of a seller at the z-th quantile of the distribution.
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In Proposition 2, we established that Ht+1(y) < Ht(y) for all y ∈ (yℓ, yh). Therefore,

Qt+1(x) > Qt(x) for all x ∈ (0, 1).

Proposition 3: (Concentration dynamics with memory) For any δ ∈ [0, 1), sales con-

centration is increasing over time, i.e. the fraction Qt(x) of sales made by the fraction x

of the largest sellers is strictly increasing over time.

We now want to examine the role of memory in shaping the equilibrium of the product

market. Let us first compare the properties of equilibrium if buyers have some memory

of the sellers that they have contacted in the past, in the sense that δ ∈ [0, 1), with the

properties of equilibrium if buyers have no memory, in the sense that δ = 1.

In period 1, the buyers’ number of contacts is distributed as a Poisson with coefficient

λ1 = µ whether buyers have memory or not. For this reason, in period 1, the surplus

distribution, the price distribution and the transaction distribution are the same whether

buyers have memory or not. Formally, F1(s|δ), G1(p|δ) and H1(y|δ) are independent of

δ. In periods t ≥ 2, memory matters. With memory, i.e. δ ∈ [0, 1), we have λ2 > λ1,

λ3 > λ2, etc. . . Without memory, i.e. δ = 1, we have λ2 = λ1, λ3 = λ2, etc. . . For

this reason, with memory, the market becomes more competitive, the surplus offered by

sellers increases, the prices posted by sellers decline, and buyers shift their transactions

from lower to higher quality sellers. Formally, Ft(s|δ) is strictly decreasing in t, Gt(p|δ)
is strictly increasing in t, and Ht(y|δ) is strictly decreasing in t. Without memory, i.e.

δ = 1, the surplus distribution Ft(s|δ) remains equal to F1(s|δ), the price distribution

Gt(p|δ) remains equal to G1(p|δ), and the transaction distribution Ht(y|δ) remains equal

to H1(y|δ).
Next, let us compare the properties of equilibrium if buyers have better or worse

memory. That is, let us compare the equilibrium if buyers have memory 1− δ1 or 1− δ2,

with δ1 < δ2. In period 1, F1(s|δ1) = F1(s|δ2), G1(p|δ1) = G1(p|δ2) and H1(y|δ1) =

H1(y|δ2). In periods t ≥ 2, λt is strictly greater if buyers have better memory (δ1) than if

buyers have worse memory (δ2). Therefore, in any period t ≥ 2, surplus is higher, prices

are lower, and transactions are better if buyers have better memory (δ1) than if they have

worse memory (δ2). Formally, for t ≥ 2, Ft(s|δ1) < Ft(s|δ2), Gt(p|δ1) > Gt(p|δ2) and

Ht(y|δ1) < Ht(y|δ2).
The above observations are summarized in the following proposition.

Proposition 4: (Memory). Take any δ1 and δ2, with 0 ≤ δ1 < δ2 ≤ 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same for δ1 and δ2,

in the sense that F1(s|δ1) = F1(s|δ2), G1(p|δ1) = G1(p|δ2) and H1(y|δ1) = H1(y|δ2).

(ii) In period t ≥ 2, equilibrium surplus is higher, prices are lower, and transactions

are better with better memory (i.e. lower δ), in the sense that Ft(s|δ1) < Ft(s|δ2),
Gt(p|δ1) > Gt(p|δ2) and Ht(y|δ1) < Ht(y|δ2).
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(iii) Let δ2 = 1. Without memory, equilibrium surplus, prices and transactions are

constant over time, in the sense that Ft(s|δ2) = F1(s|δ2), Gt(p|δ2) = G1(p|δ2), and
Ht(y|δ2) = H1(y|δ2).

2.4 Steady state

Lastly, we want to understand the limiting behavior of the product market. In particular,

we want to understand whether the market eventually becomes perfectly competitive, in

the sense that every buyer purchases the good from the seller with the highest quality at

a price equal to the seller’s marginal cost.

To understand the limiting behavior of the product market, it is sufficient to examine

the limiting behavior of the average number of contacts, λt. If buyers have imperfect

memory of sellers met in the past, in the sense that δ ∈ (0, 1), then λt is strictly increasing

and converges to λ∗ = µ/δ.8 Given that Ht+1(y) < Ht(y) for all t and Ht(y) ∈ [0, 1], it is

easy to see that Ht(y) converges to a stationary distribution H∗(y).

Proposition 5: (Ergodic transaction distribution with memory) For any δ > 0, the

transaction distribution Ht(y) converges to an ergodic distribution H∗(y) that is given by

H∗(y) =
e−λ∗(1−Φ(y)) − e−λ∗

1− e−λ∗ (2.19)

for all y ∈ [yℓ, yh]. The distribution H∗(y) is atomless and λ∗ = µ/δ.

Since λt is strictly increasing, the surplus offered by sellers increases over time, the

prices posted by sellers decline over time, and the distribution of transactions moves from

lower to higher quality sellers. Given that st+1(y) > st(y) for all t and st(y) ∈ [0, yh],

the surplus function st(y) converges to a stationary surplus function s∗(y) given by (2.12)

where λ∗ = µ/δ. Since λ∗ is finite, the equilibrium does not become perfectly competitive.

Indeed, since λ∗ is finite, a seller with any quality y ∈ [yℓ, yh] meets a strictly positive

measure bλ∗ exp(−λ∗) of captive buyers and, hence, can guarantee itself a strictly positive

profit. For this reason, the surplus function s∗(y) is such that s∗(y) < y, the price function

p∗(y) is such that p∗(y) > 0, and the volume of sales, bλ∗ exp(−λ∗(1 − Φ(y))), is strictly

positive, for all y ∈ [yℓ, yh]. Only in the frictionless limit as λ∗ → ∞ is the equilibrium

perfectly competitive. As λ∗ → ∞, the distribution of transactions H∗(y) is a degenerate

distribution at yh and s∗(yh) → ỹ∗ = yh and p∗(yh) → 0.

3 Word of mouth

In this section, we construct a version of the search-theoretic model of Butters (1977),

Varian (1980) and Burdett and Judd (1983) in which buyers learn about sellers not only by

directly searching the market but also by talking to buyers that were active in the market

8To see this, Lemma 1 implies that λ∗ = limt→∞ λt =
µ
δ limt→∞[1− (1− δ)t] = µ

δ .
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in the previous period. We construct the model so that, even though sellers are long-lived,

the seller’s problem of choosing what price to post remains static. We establish that the

equilibrium exists and is unique, and we characterize the evolution of equilibrium outcomes

over time. We show that memory and word of mouth generate similar dynamics along

some dimensions (i.e., concentration), but not along other dimensions (i.e., competition

and prices).

3.1 Environment

We consider the market for some consumer good. The market is populated by a continuum

b of infinitely-lived sellers with measure 1. Sellers are heterogeneous with respect to the

quality y of their variety of the good. The distribution of sellers with respect to y is given

by a cumulative distribution function Φ(y) with Φ′(y) > 0 and support [yℓ, yh] where

0 < yℓ < yh. A seller produces the good at a constant marginal cost, which we set to 0.

In every period t, a seller posts a price p.9 If a seller trades q units of the good at the

price p, its periodical profit is qp.

The market is also populated by a double continuum of short-lived buyers with measure

b per seller.10 New buyers enter the market in period t. If one of these buyers purchases

a variety of the good of quality y at the price p, its periodical utility is y − p. If one of

these buyers does not purchase the good, its periodical utility is 0. Whether it purchases

the good or not, the buyer exits the market at the end of period t.

The product market is frictional, in the sense that a buyer cannot purchase the good

from any seller in the market, but only from those sellers with which it is in contact. In

every period t, a buyer may come into contact with sellers through two channels: search

and word of mouth. Through search, a buyer comes into contact with mt sellers, where

mt is a random variable distributed as a Poisson with coefficient µ > 0. In every period

t, a buyer comes into contact with rt additional sellers through word of mouth, where rt
is a random variable distributed as a Poisson with coefficient ρ > 0. Since there are no

old buyers in period 1, the word of mouth channel is inactive and the rt sellers contacted

in period 1 are found through random search. The average number of contacts in period

t through either channel is λ = µ+ ρ, where λ is constant over time.

Depending on whether a contact is obtained through either search or word of mouth,

the sellers in buyers’ choice sets are potentially drawn from different distributions. Each

contact obtained through search is randomly selected from the seller’s distribution of

qualities Φ(y). Each contact obtained through word of mouth is randomly selected from

the distribution Φ̂t(y), where Φ̂t(y) denotes the distribution of the highest quality seller

9We assume that sellers are not allowed to post price schedules. In particular, a seller is not allowed to
post a price schedule that depends on the calendar time t, or on the purchasing history ht of an individual
buyer.

10We assume that there is a continuum of buyers per seller. The assumption guarantees that an
individual seller cannot learn anything about the demand that it faces from the quantity of the good that
it has sold in the past, since such quantity is a deterministic function of the seller’s quality and price.
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contacted by buyers who purchased in the previous period. We conjecture (and later

verify) that Φ̂t(y) is twice differentiable. In period 1, note that Φ̂1(y) = Φ(y).

The environment described above is quite natural. A buyer that is new to the market

can find out about sellers by searching the market directly. The outcome of this direct

search process is a number m of meetings with randomly-selected seller. This is the same

search process as in Butters (1977), Varian (1980) or Burdett and Judd (1983). A buyer

that is new to the market, however, can also find out about sellers indirectly by looking

for buyers that successfully purchased in the market in the previous period. The outcome

of this indirect search process is a number r of meetings with previous buyers. In the

meeting, the new buyer learns about the highest quality seller with which the old buyer

had been in contact in the previous period.11

We assume that an old buyer refers a new buyer to the one seller that, among its

contacts, carries the variety of the good with the highest quality, rather than to the

seller that, among its contacts, offered the highest surplus in the previous period. The

assumption simplifies the analysis. In fact, if old buyers refer new buyers to the highest-

quality seller of which they know, the seller’s price in the current period does not affect the

measure and type of buyers that reach the seller in the future. Therefore, if old buyers

refer new buyers to the highest-quality seller of which they know, the seller’s pricing

problem is static. The assumption is also easy to rationalize as an equilibrium. If sellers

do not expect the current price to affect their future demand, higher quality sellers always

choose to offer more surplus to their buyers. In turn, if higher quality sellers are expected

to offer more surplus to their buyers, new buyers ask old buyers about the highest-quality

seller of which they know, since that seller is the one expected to offer the highest surplus

to the new buyer.

3.2 Equilibrium

Consider some arbitrary period t = 1, 2, . . .. The distribution of sellers across qualities is

given by Φ(y). This is the distribution from which buyers sample when they contact a

seller through the search channel. The distribution of the highest quality seller contacted

by buyers who purchased in period t− 1 is given by Φ̂t(y). This is the distribution from

which buyers sample when they contact a seller through word of mouth.

We denote as Ft(s) the distribution of surplus offered by sellers. For the same reasons

as in Section 2, the distribution Ft(s) does not have any mass points. We denote as F̂t(s)

the distribution of surplus offered by sellers reached through word of mouth, which also

cannot have any mass points.

Consider a seller of quality y that offers the surplus s ≥ 0 in some period t = 2, 3 . . ..

The seller is reached by buyers through both search and word of mouth. Let us first

11It seems quite natural that a new buyer would only ask an old buyer about the best seller of which
it knows. Information about additional sellers does not improve the new buyer’s payoffs.
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consider the buyers that reach the seller through search. There is a measure bk,t of buyers

that reach the seller through search and that contacted k additional sellers through search,

where bk,t is given by

bk,t = b(k + 1)
e−µµk+1

(k + 1)!
. (3.1)

Let us explain the expression in (3.1). Per seller, there is a measure b exp(−µ)µk+1/(k+1)!

of buyers that have k+1 contacts through search. Therefore, per seller, there is a measure

b(k + 1) exp(−µ)µk+1/(k + 1)! of search contacts that are generated by buyers that have

met k + 1 sellers through search. Since every seller has the same probability of being

contacted through search, the measure of buyers that reach a particular seller through

search and that have met k additional sellers through the search channel is given by the

expression in (3.1).

It is easy to compute the probability that one of the bk,t buyers purchases the good from

the seller. A fraction exp(−ρ) of the bk,t buyers did not contact any sellers through word

of mouth. These buyers purchase the good from the seller with probability Ft(s)
k, where

Ft(s) denotes the distribution of surplus offered by sellers. A fraction exp(−ρ)ρ of the bk,t
buyers did contact one seller through word of mouth. These buyers purchase the good from

the seller with probability Ft(s)
kF̂t(s), where F̂t(s) is the distribution of surplus offered by

sellers contacted through word of mouth. More generally, a fraction exp(−ρ)ρj/j! of the

bk,t buyers did contact j sellers through word of mouth, with j = 2, 3, . . .. These buyers

purchase the good from the seller with probability Ft(s)
kF̂t(s)

j. Overall, the probability

that one of the bk,t buyers purchases the good from the seller is given by

πk,t(s) =
∑∞

j=0

e−ρρj

j!
Ft(s)

kF̂t(s)
j. (3.2)

Next, consider the buyers that reach the seller through word of mouth. There is a

measure b̂k,t buyers that reach the seller through word of mouth and that reached k other

sellers through word of mouth, where b̂k,t is given by

b̂k,t = b(k + 1)κt(y)
e−ρρk+1

(k + 1)!
(3.3)

and κt(y) is given by

κt(y) =
Φ̂′

t(y)

Φ′(y)
. (3.4)

Let us explain the expression in (3.3). Per seller, there is a measure b exp(−ρ)ρk+1/(k+1)!

of buyers that have k + 1 contacts through word of mouth. Therefore, per seller, there is

a measure b(k+1) exp(−ρ)ρk+1/(k+1)! of word-of-mouth contacts that are generated by

buyers that are in contact with k+1 sellers through word of mouth. If every seller has the

same probability of being contacted through word of mouth, the measure of buyers that

reach a particular seller through word of mouth and that have contacted an additional k
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sellers through the word-of-mouth channel would be b(k + 1) exp(−ρ)ρk+1/(k + 1)!.

The term κt(y) given by (3.4) reflects the fact that some sellers are more likely than

others to be contacted through word of mouth. In particular, the fraction of word-of-

mouth contacts that reaches sellers with quality ŷ ∈ [y, y+ ϵ] is Φ̂(y+ ϵ)− Φ̂(y), while the

measure of sellers with quality ŷ ∈ [y, y + ϵ] is Φ(y + ϵ) − Φ(y). Therefore, the measure

of buyers that reach a seller of quality ŷ ∈ [y, y + ϵ] through word of mouth and that

contacted an additional k sellers through word of mouth is b(k+ 1) exp(−ρ)ρk+1/(k+ 1)!

multiplied by [Φ̂(y + ϵ) − Φ̂(y)]/[Φ(y + ϵ) − Φ(y)]. Taking the limit for ϵ → 0 yields

κt(y) = Φ̂′
t(y)/Φ

′(y). The term κt(y) will turn out to be important later on.

It is easy to compute the probability that one of the b̂k,t buyers purchases the good

from the seller. A fraction exp(−µ) of the b̂k,t buyers did not contact any sellers through

search. These buyers purchase the good from the seller with probability F̂t(s)
k. A frac-

tion exp(−µ)µ of the b̂k,t buyers did contact one seller through search. These buyers

purchase the good from the seller with probability F̂t(s)
kFt(s). More generally, a fraction

exp(−µ)µj/j! of the b̂k,t buyers did contact j sellers through search. These buyers pur-

chase the good from the seller with probability F̂t(s)
kFt(s)

j. Overall, the probability that

one of the b̂k,t buyers purchases the good from the seller is given by

π̂k,t(s) =
∑∞

j=0

e−µµj

j!
Ft(s)

jF̂t(s)
k. (3.5)

We can now write the profit Vt(y, s) for a seller with quality y offering the surplus

s ≥ 0 is given by

Vt(y, s) = [
∑∞

k=0 bk,tπk,t(s)] (y − s) +
[∑∞

k=0 b̂k,tπ̂k,t(s)
]
(y − s)

=

[∑∞
k=0 b(k + 1)

e−µµk+1

(k + 1)!

(∑∞
j=0

e−ρρj

j!
Ft(s)

kF̂t(s)
j

)]
(y − s)

+

[∑∞
k=0 b(k + 1)κt(y)

e−ρρk+1

(k + 1)!

(∑∞
j=0

e−µµj

j!
Ft(s)

jF̂t(s)
k

)]
(y − s).

(3.6)

Collecting terms, we can rewrite (3.6) as

Vt(y, s) =

[∑∞
k=0 bµe

−µµ
kFt(s)

k

k!
e−ρ(1−F̂t(s))

(∑∞
j=0

e−ρF̂t(s)ρjF̂t(s)
j

j!

)]
(y − s)

+

[∑∞
k=0 bρκt(y)e

−ρρ
kF̂t(s)

k

k!
e−µ(1−Ft(s))

(∑∞
j=0

e−µFt(s)µjFt(s)
j

j!

)]
(y − s)

=

[∑∞
k=0 bµe

−µµ
kFt(s)

k

k!
e−ρ(1−F̂t(s))

]
(y − s)

+

[∑∞
k=0 bρκt(y)e

−ρρ
kF̂t(s)

k

k!
e−µ(1−Ft(s))

]
(y − s),

(3.7)

where the second equality makes use of the fact that the summations over j in lines 1 and
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3 are both equal to 1. Collecting terms once more, we can rewrite (3.7) as

Vt(y, s) = bµe−µ(1−Ft(s))e−ρ(1−F̂t(s))

[∑∞
k=0 e

−µFt(s)
µkFt(s)

k

k!

]
(y − s)

+bρκt(y)e
−µ(1−Ft(s))e−ρ(1−F̂t(s))

[∑∞
k=0 e

−ρF̂t(s)
ρkF̂t(s)

k

k!

]
(y − s)

= b (µ+ ρκt(y)) e
−µ(1−Ft(s))e−ρ(1−F̂t(s))(y − s).

(3.8)

where the second equality makes use of the fact that the summations over k in the second

and third lines are both equal to 1.

Using the same arguments as in Lemma 4, it is straightforward to show that the

support of the surplus distribution Ft(s) is some interval [sℓ,t, sh,t], with sℓ,t = 0. In turn,

using the same arguments as in Lemma 5, it is easy to show that the surplus offered by

a seller is a strictly increasing function st(y) of the quality of the seller’s variety y. From

the strict monotonicity of st(y), it follows that the fraction of sellers offering a surplus

smaller than st(y) is equal to the fraction of sellers with quality smaller than y, i.e.

Ft(st(y)) = Φ(y). (3.9)

Similarly, in the distribution of sellers reached through word of mouth, the fraction offering

a surplus smaller than st(y) is equal to the fraction of sellers reached through word of

mouth with quality smaller than y, i.e.

F̂t(st(y)) = Φ̂t(y). (3.10)

Differentiating both (3.9) and (3.10) with respect to y yields

F ′
t(st(y)) =

Φ′(y)

s′t(y)
, F̂ ′

t(st(y)) =
Φ̂′(y)

s′t(y)
. (3.11)

For a seller producing quality y, the seller’s problem at date t is

Vt(y) = max
s∈[0,y]

b (µ+ ρκt(y)) e
−µ(1−Ft(s))e−ρ(1−F̂t(s))(y − s). (3.12)

The necessary condition for the optimality of the surplus st(y) offered by a seller with

quality y is[
µF ′

t(st(y)) + ρF̂ ′
t(st(y))

]
b (µ+ ρκt(y)) e

−µ(1−Ft(s))e−ρ(1−F̂t(s))(y − st(y))

= b (µ+ ρκt(y)) e
−µ(1−Ft(s))e−ρ(1−F̂t(s)).

(3.13)

The left-hand side of (3.13) is the benefit to the seller from offering an extra unit of

surplus to the buyers, which is given by the increase in the seller’s volume multiplied by

the seller’s profit per trade. The right-hand side of (3.13) is the cost to the seller from

offering an extra unit of surplus, which is given by the seller’s volume. Using (3.9), (3.10)
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and (3.11), we can rewrite (3.13) as

s′t(y) = Φ′(y)(µ+ ρκt(y))(y − st(y)). (3.14)

Since buyers purchase from the contacted seller that offers the highest surplus, and

sellers with higher quality offer higher surplus, a buyer purchases the good from the con-

tacted seller that carries the variety of the good with highest quality. Since the transaction

distribution is equal to the distribution of the highest quality seller contacted by a buyer

in the previous period, conditional on the buyer having contacted at least one seller, the

sampling distribution Φ̂t(y) for sellers contacted in periods t > 1 through word of mouth

is just the distribution of transactions in the previous period, Ht−1(y). In period 1, recall

that Φ̂1(y) = Φ(y) and therefore we use the convention that H0(y) = Φ(y) in what follows.

Lemma 6: The distribution Ht(y) of transactions at time t ≥ 1 is atomless and it is

given by

Ht(y) =
e−µ(1−Φ(y))e−ρ(1−Ht−1(y)) − e−(µ+ρ)

1− e−(µ+ρ)
. (3.15)

The analysis above leaves us with a unique candidate equilibrium in any period t ≥ 1.

In the candidate equilibrium, the transaction distribution Ht(y) is given by (3.15) and

the surplus function st(y) is given by the solution to the differential equation

s′t(y) = Φ′(y)(µ+ ρκt(y))(y − st(y)), (3.16)

where H0(y) = Φ(y) and

κt(y) =
H ′

t−1(y)

Φ′(y)
, (3.17)

together with the boundary condition st(yℓ) = 0. As we did in Section 2, it is easy to

verify that the unique candidate equilibrium is, indeed, an equilibrium since (3.16) is not

only necessary but also sufficient for profit maximization. Note that in period 1, we have

κ1(y) = 1 for all y ∈ [yℓ, yh] because we use the convention that H0(y) = Φ(y).

Before we present Theorem 2, it is useful to first define β = ρ/λ, the average proportion

of contacts reached through word of mouth, and 1− β = µ/λ, the average proportion of

contacts reached through search.

Theorem 2: (Existence and uniqueness of equilibrium with word of mouth) An equilib-

rium exists and is unique. The equilibrium is such that:

(i) In period t ≥ 1, we have Φ̂t(y) = Ht−1(y) and the surplus function st(y) is the

solution to the differential equation (3.16) that satisfies the boundary condition

st(yℓ) = 0.

(ii) Letting λ = µ+ ρ, the solution to the differential equation (3.16) is

st(y) =

∫ y

yℓ
λe−λ(1−Γt(x))xΓ′

t(x)dx

e−λ(1−Γt(y))
(3.18)
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where β = ρ/λ and

Γt(y) = βHt−1(y) + (1− β)Φ(y), (3.19)

where st(yh) = (1− e−λ)ỹt where ỹt is the average transaction quality.

The solution st(y) to the differential equation has the same structure as the solution

in Theorem 1. Again, firms set prices pt(y) = y − st(y) equal to the expected value of

the difference between their own quality y and the next best quality among the sellers a

buyer contacts. The main difference is that the relevant distribution from which sellers are

drawn is now Γt(y), which is a weighted average of the distribution Ht−1(y) of transactions

in period t − 1 and the distribution Φ(y) of seller qualities. We call Γt(y) the sampling

distribution for buyers. The weight β on the distributionHt−1(y) is the average proportion

ρ/λ of contacts reached through word of mouth, while the weight 1−β on the distribution

Φ(y) is the proportion of contacts obtained through search.

Associated with the equilibrium surplus function st(y), there are a surplus distribu-

tion Ft(s), a price distribution Gt(p), and a transaction distribution Ht(y). The surplus

distribution Ft(s) is given by

Ft(s) = Φ(yt(s)), (3.20)

where yt(s) is the inverse of the surplus function st(y). The price distribution Gt(p) is

given by

Gt(p) =

∫
y:pt(y)≤p

Φ′(y)dy, (3.21)

where pt(y) is the pricing function y − st(y). The transaction distribution Ht(y) can be

expressed as

Ht(y) =
e−λ(1−Γt(y)) − e−λ

1− e−λ
. (3.22)

For any period t ≥ 1, the transaction distribution Ht(y) first-order stochastically

dominates the sampling distribution Γt(y). For any period t > 1, the sampling distribution

Γt(y) also first-order stochastically dominates the distribution of seller qualities Φ(y)

whenever ρ > 0. That is, for any period t > 1, we have Ht(y) < Γt(y) < Φ(y) for any

y ∈ (yℓ, yh) whenever word of mouth is active.

3.3 Market dynamics

In contrast to the model with memory, where the evolution of the average number of

contacts λt drives market dynamics, it is the evolution of the sampling distribution Γt(y)

over time that drives market dynamics with word of mouth. Given that the distribution of

seller qualities sampled through search is static, the evolution of the sampling distribution

Γt(y) is driven entirely by the dynamics of the transaction distribution Ht(y), which

determines the sellers sampled through word of mouth.

We have the following proposition regarding the evolution of Ht(y) over time.
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Proposition 6: (Transaction dynamics with word of mouth) For any ρ > 0, the distri-

bution of transactions across sellers of different quality, Ht(y), is increasing over time in

the sense of first-order stochastic dominance, and the sampling distribution Γt(y) is also

increasing over time in the sense of first-order stochastic dominance.

Notice that the transaction distribution improves over time in the model with word

of mouth just as it does in the model with memory. The reason why the transaction

distribution improves over time is, however, different in the model with word of mouth

and in the model with memory. In the model with memory, the transaction distribution

improves over time because the buyers’ choice sets become larger and larger and, for

this reason, buyers can be more selective and purchase the good from better and better

sellers. In the model with word of mouth, the transaction distribution improves over time

not because the buyers’ choice sets become larger and larger, but because the buyers’

choice sets include better and better sellers. Through word of mouth, buyers sample

the highest-quality sellers contacted by buyers in the previous period and they sample,

through direct search, some additional sellers. For this reason, the highest-quality sellers

sampled in period t are better than the highest-quality sellers sampled in period t− 1.

Next, we examine the dynamics of trade concentration. In any period t ≥ 1, the

quantity of the good traded by a seller with a variety of quality y is

qt(y) = b (µ+ ρκt(y)) e
−µ(1−Φ(y))e−ρ(1−Ht−1(y)). (3.23)

In period 1, the quantity qt(y) is strictly increasing in y because Φ′(y) > 0. For any

period t ≥ 2, the quantity qt(y) is strictly increasing in y because the term κt(y) is

strictly increasing in y. To see why this is the case, notice that (3.17) and (3.15) imply

κ2(y) =
H ′

1(y)

Φ′(y)
=

(µ+ ρ)e−µ(1−Φ(y))e−ρ(1−H1(y))

1− e−(µ+ρ)
. (3.24)

It is evident from (3.24) that κ2(y) is strictly increasing in y. For any t > 2,

κt+1(y) =
H ′

t(y)

Φ′(y)
=

(µ+ ρκt(y))e
−µ(1−Φ(y))e−ρ(1−Ht(y))

1− e−(µ+ρ)
. (3.25)

If κt(y) is strictly increasing in y, it is clear from (3.25) that κt+1(y) is also strictly

increasing in y. By induction, we have that κt(y) is strictly increasing in y for any t ≥ 2.

In period 1, we have κt(y) = 1 for all y.

Since the quantity of the good traded by a seller is a strictly increasing function qt(y)

of the seller’s quality y, it follows that the largest sellers are the sellers with the highest

quality. Hence, the fraction of Qt(x) of transactions made by the x fraction of largest

sellers is given by

Qt(x) = 1−Ht(Φ
−1(1− x)), (3.26)

where y(z) = Φ−1(z), the quality of a seller at the z-th quantile of the distribution. Since
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Ht(y) is strictly deceasing in t, (3.26) implies that Qt(x) is strictly increasing in t.

Proposition 7: (Concentration dynamics with word of mouth) For any ρ > 0, sales

concentration is increasing over time, i.e. the fraction Qt(x) of sales made by the x

fraction of largest sellers is strictly increasing over time.

As in the model with memory, trade becomes more and more concentrated over time

at higher quality sellers. In the model with memory, trade becomes more concentrated

over time because the choice sets of buyers become larger and, hence, buyers can purchase

the good from higher quality sellers, which are the sellers that offer more surplus and have

higher trade volume. In the model with word of mouth, trade becomes more concentrated

over time because the sellers in the choice sets of buyers have higher quality, and higher

quality sellers are those that offer more surplus and have higher trade volume.

We now examine the dynamics of the surplus offered by sellers. In any period t ≥ 1,

the surplus function st(y) is the solution to the differential equation

s′t(y) = Φ′(y) (µ+ ρκt(y)) (y − st(y)) (3.27)

and the surplus function st+1(y) is the solution to

s′t+1(y) = Φ′(y) (µ+ ρκt+1(y)) (y − st(y)) , (3.28)

where both satisfy the boundary conditions st(yℓ) = 0. Since the integral of κτ (y) ≡
H ′

τ−1(y)/Φ
′(y) with respect to the seller’s distribution Φ(y) is equal to 1 for all τ = 1, 2, ...,

we know that κt+1(y) cannot be greater than κt(y) for all y. For this reason, the surplus

function st+1(y) need not be strictly greater than the surplus function st(y) for all y .

Recall that κt(y) = Φ̂′
t(y)/Φ

′(y), the ratio of the density of sellers contacted through

word of mouth to the density of sellers contacted through search. It is useful to interpret

κt(y) as the popularity of a seller with quality y in period t because it is a measure of

the extent to which the seller is more likely to be contacted through word of mouth

than through search. The average popularity of a seller at time t is always equal to one.

For sellers with higher qualities y that are more likely to be contacted through word of

mouth, the density Φ̂′
t(y) is greater than the density Φ′(y) and thus κt(y) > 1, i.e. their

popularity is above average. For sellers with lower qualities y that are less likely to be

contacted through word of mouth, the density Φ̂′
t(y) is less than the density Φ′(y) and

thus κt(y) < 1.

The dynamics of competition depend on whether a seller is increasing or decreasing in

popularity κt(y). Lemma 7 tells us that the highest quality sellers experience increasing

popularity over time, while the lowest quality sellers experience decreasing popularity over

time. For sellers of intermediate quality, their popularity varies non-monotonically over

time, at first increasing and then eventually decreasing.

Lemma 7: (Dynamics of popularity with word of mouth) For any ρ > 0, the pop-
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ularity of a seller κt(y) may be increasing, decreasing, or non-monotonic over time. In

particular, we have the following:

(i) For any period t, there exists a unique cut-off quality yct ∈ (yl, yh) such that a seller’s

popularity is increasing at time t, i.e. κt+1(y) > κt(y), if and only if y > yct . The

cut-off quality yct is increasing over time.

(ii) If y ≥ ycmax = limt→∞ yct then κt(y) is always strictly increasing over time.

(iii) If y < ycmin then κt(y) is always strictly decreasing.

(iv) If y ∈ (ycmin, y
c
max) then κt(y) is strictly increasing and then strictly decreasing.

Proposition 8 says that the dynamics of competition are heterogeneous across sellers.

Competition may be increasing or decreasing over time, or it may vary non-monotonically

over time. At any given period of time, there is a range of low-quality sellers that expe-

rience decreasing competition and post a lower surplus and higher price over time, but

there is also a range of high-quality sellers that experience increasing competition and

post a higher surplus and a lower price over time. For the very lowest-quality sellers,

competition is always decreasing over time, but for the highest-quality seller it is always

increasing over time. Figure 1 illustrates an example of the heterogeneous price dynamics.

Proposition 8: (Dynamics of competition with word of mouth) For any ρ > 0, the

surplus function st(y) and the price function pt(y) may be either increasing, decreasing,

or non-monotonic over time. In particular, we have the following:

(i) For any period t, there exists a unique cut-off quality yst ∈ (yl, yh) such that, if

y > yst , the surplus st(y) is strictly increasing at time t, i.e. st+1(y) > st(y), and

the price pt(y) is strictly decreasing at time t, i.e. pt+1(y) < pt(y).

(ii) For any period t, if a seller’s quality y < yct , the surplus st(y) is strictly decreasing

and the price pt(y) is strictly increasing at time t.

(iii) If y = yh, the surplus st(y) is always strictly increasing and the price pt(y) is always

strictly decreasing over time.

(iv) If y < ycmin, the surplus st(y) is always strictly decreasing and the price pt(y) is

always strictly increasing over time.

(v) If y ∈ (ysmin, y
c
max), the surplus st(y) and the price pt(y) are non-monotonic over

time. In particular, the surplus (price) is increasing (decreasing) at first and then

is eventually decreasing (increasing) over time.

Why do more popular (higher quality) sellers tend to experience greater competition

over time relative to less popular (lower quality) sellers? The answer lies not in a difference

in the size of buyers’ choice sets, but in the fact that word of mouth is a less competitive

channel than search for sellers that are unpopular. To see this, consider what the surplus
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Figure 1: Price dynamics for word of mouth with ρ = 1/3, µ = 1, uniform Φ(y) on [0, 1]

(a) Increasing prices for lower quality seller, y = 0.5

(b) Decreasing prices for highest quality seller, y = 1

(c) Non-monotonic prices for intermediate quality seller, y = 0.8
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function would be if there was only the search channel and no word-of-mouth channel:

s′t(y) = Φ′(y)µ (y − st(y)) . (3.29)

Now consider what the surplus function would be if there was no search channel and only

the word-of-mouth channel:

s′t(y) = H ′
t−1(y)ρ (y − st(y)) . (3.30)

Suppose the average size of the choice set is the same, i.e. µ = ρ. We know that

H ′
t−1(y) < Φ′(y) if and only if κt(y) < 1. It can be shown that, for unpopular sellers

(κt(y) < 1), the surplus function st(y) is strictly lower with word of mouth only versus

search only, but for popular sellers (κt(y) > 1), st(y) is strictly higher with word of mouth

only versus search only.12 For the best seller, the surplus function st(yh) is always higher

at any time t with word of mouth only compared to search only.

In this sense, word of mouth is a more competitive channel than search for sellers that

are popular. As a result, popular sellers, who are more likely to be contacted through word

of mouth, anticipate steeper competition and offer buyers a higher surplus. The reason

why there is greater competition and higher surplus offered by more popular sellers is the

fact that the density of nearby sellers being sampled through word of mouth is higher for

these sellers. Intuitively, this means that, with word of mouth, competing sellers are more

likely to be close competitors with qualities y close to each other. This closeness between

competitors reduces the gap between the highest and second-highest seller in a buyer’s

choice set, which reduces the price posted and increases the buyer’s surplus.

Proposition 9: (Surplus and price dynamics with word of mouth). For any ρ > 0,

the surplus distribution Ft(s) need not be increasing over time in the sense of first-order

stochastic dominance, and the price distribution Gt(p) need not be decreasing over time

in the sense of first-order stochastic dominance.

The above proposition highlights a critical difference between the model with memory

and the model with word of mouth. In the model with memory, the choice set of buyers

expands over time. The expansion of the buyers’ choice sets increases the extent of

competition and, in turn, leads to a decline in prices. Moreover, the expansion of the

buyers’ choice sets allows buyers to purchase from higher quality sellers and, in turn,

leads to higher concentration. In the model with word of mouth, the choice set of buyers

does not expand but it does improve, in the sense that it replaces lower-quality sellers

with higher-quality sellers. The improvement in the buyers’ choice sets directly leads to

an increase in concentration. However, the improvement in the buyers’ choice set affects

sellers differently depending on their popularity. It does not increase competition for all

sellers and, for this reason, does not necessarily lead to a decline in prices for all sellers.

The highest quality sellers face steeper competition and post a higher surplus and lower

12See the Appendix for a proof.
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price over time, while the lowest quality sellers face weaker competition and post a lower

surplus and higher price over time.

It is useful to dive deeper in the comparison between the effect of memory and the

effect of word of mouth on both market concentration and competition. Consider the

model with memory. In equilibrium, the fraction x of the largest sellers trades a fraction

Qt(x) of the good, where Qt(x) is given by

Qt(x) =
1− e−λtx

1− e−λt
. (3.31)

For x small, Qt(x) is approximately equal to

Qt(x) ≃ Qt(0)−Q′
t(0)(0− x)

= (λtx)/(1− e−λt).
(3.32)

The first line in (3.32) is a first-order approximation of Qt(x) around 0. The second line

in (3.32) is obtained by noting that Qt(0) = 0 and by computing the derivative of Qt(x)

with respect to x and evaluating it at x = 0.

Now, consider the model with word of mouth. In equilibrium, the fraction x of the

largest sellers trades a fraction Qt(x) of the good, where Qt(x) is given by

Qt(x) =
1− e−µxe−ρ(1−Ht−1(y(1−x)))

1− e−(µ+ρ)
(3.33)

where y(z) = Φ−1(z), the quality of a seller at the z-th quantile of the distribution. For

x small, Qt(x) is approximately equal to

Qt(x) ≃ Qt(0)−Q′
t(0)(0− x)

=
(
µ+ ρ(H ′

t−1(yh)/Φ
′(yh))

)
x/(1− e−(µ+ρ))

= (µ+ ρκt(yh))x/(1− e−(µ+ρ)).

(3.34)

The first line in (3.34) is a first-order approximation of Qt(x) around 0. The second line

in (3.34) is obtained by noticing that Qt(0) = 0 and by computing the derivative of Qt(x)

and evaluating it at x = 0. The third line in (3.34) uses (3.17).

Imagine a situation in which the concentration of trade at the fraction x of the top

sellers is the same in the equilibrium of the model with memory as in the equilibrium of

the model with word of mouth, for x ≃ 0. From (3.32) and (3.34), it follows that the

concentration of sales is the same in the two models if and only if

λt

1− e−λt
=

µ+ ρκt(yh)

1− e−(µ+ρ)
. (3.35)

We know that κt(yh) > 1 because κt(y) is strictly increasing in y and the integral of

κτ (y) ≡ H ′
τ−1(y)/Φ

′(y) with respect to the seller’s distribution Φ(y) is equal to 1. If

λt ≤ µ+ ρ, then (3.35) cannot hold because z/(1− e−z) is increasing in z and κt(yh) > 1.

27



Figure 2: Market share of top 1% of sellers with µ = 2, β = 1− δ, Φ(y) uniform

Therefore, we require λt > µ + ρ in order for (3.35) to hold. In fact, because this also

implies 1− e−λt > 1− e−(µ+ρ), condition (3.35) holds only if

λt > µ+ ρκt(yh). (3.36)

This means that in order for the sales concentration to be the same across the two models,

the model with memory requires a strictly greater average number of contacts λt.

In the model with memory, the average number of contacts λt depends on the memory

parameter 1− δ. In particular, we know that λt =
µ
δ
[1− (1− δ)t] from Lemma 1. If the

average number of new sellers reached through search, µ , is the same for both models,

then condition (3.36) requires that

µ

δ
[1− (1− δ)t] > µ+ ρκt(yh). (3.37)

The left-hand side of (3.37) is less than µ/δ whenever δ > 0. The right-hand side of (3.37)

is greater than µ + ρ because κt(yh) > 1. Therefore, if µ/δ < µ + ρ, condition (3.36)

cannot hold. This means that if β > 1 − δ, i.e. the proportion of contacts β reached

through word of mouth is greater than the memory parameter 1− δ, we cannot have the

same concentration for both models. In this case, concentration is always higher in the

model with word of mouth compared to the model with memory. We summarize this

observation in Proposition 10 below.

Figure 2 illustrates an example for the top 1% of sellers by quality where β = 1− δ.

Proposition 10: Suppose the average number of sellers reached through search, µ , is

the same for both memory and word of mouth. Sales concentration is always higher with
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word of mouth compared to memory if β > 1− δ.

If the proportion of contacts reached through word of mouth is sufficiently low, i.e.

β < 1− δ, the concentration of sales will be identical in the equilibrium of the two models

(for small x) if (3.35) holds. However, the equilibrium distribution of surplus and prices is

not the same. Indeed, in the equilibrium of the model with memory, the surplus function

is given by the solution to the differential equation

s′t(y) = Φ′(y)λt(y − st(y)), (3.38)

with the boundary condition st(yℓ) = 0, where λt > µ+ρκt(yh). In the equilibrium of the

model with word of mouth, the surplus function is the solution to the differential equation

s′t(y) = Φ′(y) (µ+ ρκt(y)) (y − st(y)), (3.39)

with the boundary condition st(yℓ) = 0. Since κt(y) is strictly increasing in y, we have

κt(yh) > κt(y) for all y < yh and it follows from (3.38) and (3.39) that the surplus function

st(y) is strictly greater in the model with memory than in the model with word of mouth.

In turn, this implies that the surplus offered by sellers, for any given y, is strictly greater

in the model with memory than in the model with word of mouth. That is, Ft(s) is strictly

smaller in the model with memory than in the model with word of mouth. Similarly, the

prices posted by sellers are strictly lower, for any given y, in the model with memory than

in the model with word of mouth. That is, Gt(p) is strictly greater in the model with

memory than in the model with word of mouth.

Proposition 11. If sales concentration for a small fraction x of the top sellers is

the same for both memory and word of mouth, then competition is strictly greater with

memory compared to word of mouth. In particular, surplus offers st(y) are higher and

prices posted pt(y) are lower for all y, the surplus distribution Ft(s) is higher in the sense

of first-order stochastic dominance, and the price distribution Gt(p) is lower in the sense

of first-order stochastic dominance, with memory compared to word of mouth.

The findings above reveal that, when word of mouth and memory generate the same

degree of market concentration, word of mouth generates less competition than memory.

The findings are intuitive. Concentration depends on the distribution of the best seller

in the buyers’ choice set. Competition depends not only on the best seller in the buyers’

choice set, but also on the second-best seller. Memory expands buyers’ choice sets and,

in doing so, reduces the gap between the best and the second-best seller in the buyers’

choice sets, which lowers seller profits and increases buyers’ surplus. Word of mouth does

not expand the buyers’ choice sets. Word of mouth tilts the content of part of the buyers’

choice sets towards better sellers. This increases concentration but it does not increase

competition for all sellers in the way that an increase in the size of buyers’ choice sets

does. The effect is more complex: competition increases for the best seller but decreases

for the weakest sellers.
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Lastly, we want to compare the equilibrium of the model with word of mouth (β > 0)

with the equilibrium of a model without word of mouth (β = 0), and the equilibrium of

the model with more word of mouth (higher β) or less word of mouth (lower β). The

results in Proposition 12 follow from (3.16) plus (3.20) and (3.15).

Proposition 12: (Word of mouth). Take any β1 and β2, with 0 ≤ β1 < β2 ≤ 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same for β1 and

β2, in the sense that F1(s|β1) = F1(s|β2), G1(p|β1) = G1(p|β2) and H1(y|β1) =

H1(y|β2).

(ii) In period t ≥ 2, equilibrium surplus is higher, prices are lower, and transactions are

better with more word of mouth (i.e. higher β), in the sense that Ft(s|β1) > Ft(s|β2),

Gt(p|β1) < Gt(p|β2) and Ht(y|β1) > Ht(y|β2).

(iii) Let β1 = 0. Without word of mouth, equilibrium surplus, prices and transactions

are constant over time, in the sense that Ft(s|β1) = F1(s|β1), Gt(p|β1) = G1(p|β1)

and Ht(y|β1) = H1(y|β1).

We have seen that prices may be either increasing, decreasing, or non-monotonic

over time for different sellers with word of mouth, depending on the seller’s quality and

popularity. We can also consider the dynamics of the average price p̃t = EHt(pt(y)) and

the average surplus s̃t = EHt(st(y)) across transactions. We define the consumer surplus

at time t as the average surplus received by a consumer:

cst = (1− e−λt)︸ ︷︷ ︸
prob. transaction

s̃t,︸︷︷︸
avge surplus

i.e. the probability a buyer makes a transaction in period t multiplied by the average

surplus per transaction in that period.

We can decompose the consumer surplus into three components: the probability 1−
e−λt of making a transaction, the average transaction quality ỹt = EHt(y), and the surplus

share of consumers s̃t/ỹt, i.e. the average surplus divided by the average quality across

transactions:

cst = (1− e−λt)︸ ︷︷ ︸
prob. transaction

ỹt︸︷︷︸
avge quality

s̃t
ỹt
.︸︷︷︸

surplus share

With memory, the consumer surplus is always increasing over time. Surprisingly, however,

the consumer surplus may be either increasing or decreasing over time with word of mouth.

Figure 3 illustrates an example of the dynamics of the consumer surplus and the con-

sumer surplus share over time. In this example, the consumer surplus is increasing over

time for both memory and word and mouth. The dynamics of the consumer surplus share

look similar for both. However, if we look more closely, we can see that the dynamics of

the consumer surplus share s̃t/ỹt are non-monotonic with word of mouth, but not with

memory. Despite the average quality of transactions increasing over time, which increases
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the overall consumer surplus over time, the surplus share of consumers is increasing at

first and then decreasing over time with word of mouth. This means that not only can

competition vary non-monotonically over time for specific sellers, but aggregate competi-

tion – as measured by the surplus share of consumers – can be non-monotonic over time.

3.4 Steady state

With word of mouth, the average number of contacts λ = µ+ρ does not vary over time, so

the limiting behavior of the product market is determined by the limiting behavior of the

sampling distribution Γt(y), which is determined in turn by the limiting behavior of the

transaction distribution Ht(y). To discuss this limiting behavior, we need to first establish

that there is convergence of Ht(y) and therefore of Γt(y) to an ergodic distribution.

Proposition 13 says that if the average proportion of contacts β obtained through

word of mouth is sufficiently low, the transaction distribution converges to an atomless

distribution H∗(y).

Proposition 13: (Ergodic transaction distribution with word of mouth) If β < 1−e−λ

λ
,

we have the following:

(i) The transaction distribution Ht(y) converges to an ergodic distribution H∗(y) that

is given by

H∗(y) =
e−λ(1−Γ∗(y)) − e−λ

1− e−λ
(3.40)

on [yℓ, yh] and the distribution H∗(y) is atomless.

(ii) The sampling distribution Γt(y) converges to an ergodic distribution Γ∗(y) given by

Γ∗(y) = βH∗(y) + (1− β)Φ(y) (3.42)

where H∗(y) < Γ∗(y) < Φ(y) for any y ∈ (yℓ, yh).

If β < 1−e−λ

λ
, then for any y < yh, the surplus function st(y) is eventually strictly

decreasing over time, i.e. there exists a time τ such that st+1(y) < st(y) for all t > τ . To

see this, the surplus function st(y) is decreasing at time t, i.e. st+1(y) < st(y), if y < yct
by Proposition 8. Also, Proposition 13 says that ycmax = limt→∞ yct = yh, which implies

that, eventually, for any y < yh, there will be some time τ at which y < ycτ . Since yct
is increasing over time, this implies that y < yct and for all t > τ and therefore st(y) is

strictly decreasing for all t > τ . This means there is convergence to a steady state surplus

function s∗(y) because st(y) is bounded, i.e. st(y) ∈ [0, y] for all y ∈ [yl, yh], and st(y) is

either eventually strictly decreasing over time (if y < yh) or strictly increasing over time

(if y = yh). Therefore, st(y) → s∗(y) for all y ∈ [yl, yh].

The steady state surplus function s∗(y) is given by the solution to the differential
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Figure 3: Dynamics of consumer surplus with ρ = 0.5, µ = 2, δ = 0.8, uniform Φ(y)

(a) Dynamics of consumer surplus over time

(b) Dynamics of consumer surplus share over time

(c) Non-monotonic consumer surplus share with word of mouth
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equation

s∗′(y) = Φ′(y) (µ+ ρκ∗(y)) (y − s∗(y)) , (3.43)

where the popularity of any seller with quality y is

κ∗(y) =
H∗′(y)

Φ′(y)
. (3.44)

By similar reasoning to Theorem 2, we obtain the following.

Proposition 14: (Existence and uniqueness of stationary equilibrium with word of

mouth) If β < 1−e−λ

λ
, an equilibrium exists and is unique. The steady state surplus

function is

s∗(y) =

∫ y

yℓ
λe−λ(1−Γ∗(x))xΓ∗′(x)dx

e−λ(1−Γ∗(y))
(3.49)

for all y ∈ [yℓ, yh] and s∗(yh) = (1− e−λ)ỹ∗ where ỹ∗ is the average transaction quality.

We now compare sales concentration in the stationary limit of the model with memory

and the model with word of mouth where β < 1−e−λ

λ
. To prevent confusion, let λ∗

m denote

the steady state average number of contacts in the model with memory. Suppose that the

average number of new sellers contacted through search, µ, is the same for both models.

We have λ∗
m = µ/δ and λ = µ+ ρ. Now suppose that the average number of contacts per

buyer is equal in the steady state, λ∗
m = λ.

The ratio of sales concentration with word of mouth, Q∗(x), and memory, Q∗
m(x), is

Q∗(x)

Q∗
m(x)

=
1− e−µxe−ρ(1−H∗(Φ−1(1−x)))

1− e−(µ+ρ)x
. (3.51)

We have Q∗(x) > Q∗
m(x) for all x ∈ (0, 1) if and only if

µx+ ρ(1−H∗(Φ−1(1− x))) > (µ+ ρ)x. (3.52)

Rearranging, this holds if and only if

H∗(Φ−1(1− x)) < 1− x, (3.53)

In general, H∗(y) < Γ∗(y) < Φ(y) for any ρ > 0 and y ∈ (yℓ, yh), so in particular

H∗(Φ−1(1− x)) < Φ(Φ−1(1− x)) = 1− x. (3.54)

Thus sales concentration is higher with word of mouth than with memory if the average

number of contacts is the same. We summarize this observation in Proposition 15.

Proposition 15: (Concentration with memory vs word of mouth) Suppose the steady

state average number of contacts λ is the same with memory and with word of mouth. If

β < 1−e−λ

λ
, sales concentration in the steady state Q∗(x) is strictly higher with word of

mouth than with memory for any x ∈ (0, 1).
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In contrast to the model with memory, where competition is increasing over time for

all sellers, competition does not increase over time for all sellers with word of mouth.

However, competition always increases over time for the top seller, which has quality yh.

We might therefore wonder whether the economy converges to a competitive outcome at

least for the top seller. If β < 1−e−λ

λ
, the surplus offered by the top seller is s∗(yh) =

(1 − e−λ)ỹ∗ where ỹ∗ is the average transaction quality, so we have s∗(yh) < yh and

p∗(yh) > 0 for any finite λ. Only in the frictionless limit as λ∗ → ∞ is the equilibrium

perfectly competitive. As λ∗ → ∞, the distribution of transactions H∗(y) is degenerate

at yh and we have s∗(yh) → ỹ∗ = yh and p∗(yh) → 0.

4 Conclusion

This paper develops a tractable framework for dynamic learning in the static search-

theoretic model of imperfect competition developed in Butters (1977), Varian (1980)

and Burdett and Judd (1983). In this model of imperfect competition, buyers can only

purchase from a subset of sellers in each period, called their “choice set”, due to the

presence of search frictions. With learning, either the average size of buyers’ choice sets

can increase over time or the composition of buyers’ choice sets can change over time.

We consider both private learning (via memory) and social learning (via word of

mouth). Both forms of learning are highly tractable. We establish the existence and

uniqueness of equilibrium and characterize the dynamics of the product market for both

models. Overall, we find that the dynamics of market concentration are similar for both

memory and word of mouth, but the dynamics of competition and prices are different.

Memory increases the quantity of information available to buyers by increasing the

size of their choice sets over time. As a result, memory leads to both higher market

concentration over time and stronger competition over time for all sellers.

Word of mouth, on the other hand, increases the quality of information available to

buyers by changing the composition of the subset of sellers in their choice sets. Over time,

buyers’ choice sets are more likely to include higher-quality sellers. As a result, word of

mouth leads to higher concentration over time. However, unlike memory, word of mouth

does not increase competition for all sellers. The dynamics of competition and prices

are heterogeneous across sellers and depend on a seller’s popularity. At any given point

in time, we find that competition is increasing and prices are decreasing over time for

higher-quality sellers, but the opposite is true for lower-quality sellers. Competition and

prices may also vary non-monotonically over time for sellers of intermediate quality.

Given the tractability of our framework for dynamic learning, we believe there are

many potential applications of the model – both for product markets and the labor market.
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Appendix: Proofs

Proofs for Section 2

Proof of Lemma 1: Suppose that the buyer enters the period with n contacts, where

n is Poisson with some arbitrary coefficient γ > 0. Moreover, suppose that the buyer

maintains a contact with probability 1 − δ and loses a contact with probability δ, with

δ ∈ [0, 1]. Let n̂ denote the number of contacts retained by the buyer. The probability

that n̂ equals k = 0, 1, 2, ...n is given by

Pr(n̂ = k) =
∞∑
n=k

e−γγn

n!

n!

k!(n− k)!
(1− δ)kδn−k

=
e−γeγδγk(1− δ)k

k!

[
∞∑
n=k

γn−k

1

e−γδ

(n− k)!
δn−k

]
=

e−γ(1−δ)(γ(1− δ))k

k!
.

(A.1)

The expression in the first line of (A.1) is easy to understand. The probability that n̂ = k

is equal to the sum of the probability that the buyer enters the market with n contacts

and retains k of them, for n = k, k + 1, k + 2,.... The first term on the right-hand side of

(A.1) is the probability that the buyer enters the market with n contacts, given that n is

distributed as a Poisson with coefficient γ. The second term is the probability that the

buyer maintains exactly k of its n contacts, given that the buyer retains a contact with

probability δ. The second line of (A.1) is obtained by collecting terms. The third line of

(A.1) follows from the fact that the summation in the second line is equal to 1. The third

line reveals that n̂ is distributed like a Poisson with coefficient γ(1− δ).

Next, suppose that the buyer retains a number n̂ of old contacts, where n̂ is Poisson

with some arbitrary coefficient γ̂ > 0. Moreover, suppose that the buyer makes m new

contacts, where m is Poisson with coefficient µ > 0. Let n+ denote the total number of

contacts of the buyer. The probability that n+ equals k is given by

Pr(n+ = k) =
k∑̂

n=0

e−γ̂ γ̂n̂

n̂!

e−µµk−n̂

(k − n̂)!

=
e−(γ̂+µ)(γ̂ + µ)k

k!

[
k∑̂

n=0

k!

n̂!(k − n̂)!

(
γ̂

γ̂ + µ

)n̂(
µ

γ̂ + µ

)k−n̂
]

=
e−(γ̂+µ) (γ̂ + µ)k

k!
.

(A.2)

The expression in the first line of (A.2) is easy to understand. The probability that the

buyer has k total contacts is equal to the sum of the probability that the buyer retains

n̂ contacts and adds k − n̂ new contacts, for n̂ = 0, 1, 2....k. The first term on the right-

hand side of (A.2) is the probability that the buyer retains n̂ contacts, given that n̂ is
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distributed as a Poisson with coefficient γ̂. The second term is the probability that the

buyer adds m = k − n̂ contacts, given that m is Poisson with coefficient µ. The second

line of (A.2) is obtained by collecting terms. The third line of (A.2) follows from the fact

that the summation in the second line is equal to 1. The third line reveals that n+ is

distributed like a Poisson with coefficient γ̂ + µ.

By assumption, n1 is Poisson with coefficient λ1 = µ. From the above observations,

it follows that n̂2 is Poisson with coefficient λ1(1 − δ) and, in turn, n2 is Poisson with

coefficient λ2 = λ1(1 − δ) + µ. Similarly, it follows that n̂3 is Poisson with coefficient

λ2(1− δ) and, in turn, n3 is Poisson with coefficient λ3 = λ2(1− δ) + µ. In general, n̂t is

Poisson with coefficient λt−1(1−δ), and nt is Poisson with coefficient λt = λt−1(1−δ)+µ.

We prove that nt is distributed as a Poisson with coefficient λt = µ
∑t

i=1(1− δ)t−i by

induction on t. First, n1 is distributed as a Poisson with coefficient λ1 = µ. Now suppose

that nt is distributed as a Poisson with coefficient λt = µ
∑t

i=1(1− δ)t−i. Consider period

t+1. We know that nt+1 is distributed as a Poisson with coefficient λt+1 = λt(1− δ)+µ.

Therefore, since we assume that λt = µ
∑t

i=1(1−δ)t−i, we have λt+1 = µ
∑t

i=1(1−δ)t−i(1−
δ)+µ or λt+1 = µ

(∑t
i=1(1− δ)t+1−i + 1

)
. Simplifying delivers λt+1 = µ

∑t+1
i=1(1−δ)t+1−i.

Therefore, nt is distributed as a Poisson with coefficient λt = µ
∑t

i=1(1−δ)t−i for all t ≥ 1.

Rearranging yields λt = µ
∑t−1

i=0(1− δ)i, which is equal to µ1−(1−δ)t

1−(1−δ)
= µ

δ
[1− (1− δ)t]. ■

Proof of Lemma 2: If a seller with quality y ∈ [yℓ, yh] offers a surplus s equal to 0,

its profit is
Vt(y, 0) = [

∑∞
k=0 bk,tπk,t(0)] y

≥ b0,tπ0,t(0)y.
(A.3)

It is clear from (A.3) that b0,k > 0. That is, the seller meets a strictly positive measure

of buyers that are captive. It is clear from (A.3) that π0,t(0) = 1. That is, a captive

buyer purchases the good from the seller with probability 1. Lastly, since y ∈ [yℓ, yh] and

yℓ > 0, the seller makes a strictly positive profit per sale by offering a surplus of 0. These

observations imply that the second line in (A.3) is strictly positive and so is Vt(y, 0). Since

offering a surplus of 0 is feasible but not necessarily optimal, it follows that the seller’s

maximized profit is strictly positive. ■

Proof of Lemma 3: On the way to a contradiction, suppose that the distribution

Ft(s) has a mass point at some surplus s0. Let y0 denote the quality of one of the sellers

offering s0. From Lemma 2, it follows that y0 > s0. By offering the surplus s0, the seller

enjoys a profit of

Vt(y0, s0) =
[∑∞

k=0
bk,tπk,t(s0)

]
(y0 − s0). (A.4)
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By offering a surplus of s0 + ϵ, with ϵ > 0, the seller enjoys a profit of

Vt(y0, s0 + ϵ)

= [
∑∞

k=0 bk,tπk,t(s0 + ϵ)] (y0 − s0 − ϵ)

≥ [
∑∞

k=0 bk,tπk,t(s0)] (y0 − s0 − ϵ)

+

[∑∞
k=0 bk,t

(∑k
j=1

j!(k − j)!

k!
ζt(s)

jFt(s−)k−j

(
1− 1

j + 1

))]
(y0 − s0 − ϵ),

(A.5)

where the inequality in the third line follows from the fact that buyers that have j other

contacts offering s0 and k − j other contacts offering strictly less than s0 purchase the

good from the seller with probability less than 1 if the seller offers s0 and with probability

1 if the seller offers s0 + ϵ. Since ζt(s) > 0, the difference in trading probability in the

fourth line of (A.5) is strictly positive. Also, the difference in the trading probability in

the fourth line is independent of ϵ. Since s0 < y0, there is some ϵ small enough such that

Vt(y0, s0+ ϵ) is strictly greater than Vt(y0, s0). Since a seller must maximize its profit and

Vt(y0, s0 + ϵ) > Vt(y0, s0), a seller with quality y0 cannot offer the surplus s0. Therefore,

Ft(s) cannot be an equilibrium distribution. ■

Proof of Lemma 4: We first establish that the support of Ft is an interval [sℓ,t, sh,t].

On the way to a contradiction, suppose that the support of Ft has a gap between s0 and

s1, with s0 < s1, and s0 and s1 both on the support of Ft. Let y1 denote the quality of a

seller that offers the surplus s1. The profit of this seller is given by

Vt(y1, s1) = bλte
−λt(1−Ft(s1))(y1 − s1). (A.6)

If the seller offers the surplus s0, the seller’s profit is given by

Vt(y1, s0) = bλte
−λt(1−Ft(s0))(y1 − s0)

= bλte
−λt(1−Ft(s1))(y1 − s0)

> bλte
−λt(1−Ft(s1))(y1 − s1) = Vt(y1, s1),

(A.7)

where the second line follows from the fact that F (s1) = F (s0), and the third line follows

from the fact that s0 < s1. Since a seller must maximize its profit and Vt(y1, s0) >

Vt(y1, s1), a seller with quality y1 cannot offer the surplus s1. Therefore, Ft(s) cannot be

an equilibrium distribution.

Next, we establish that sℓ,t = 0. On the way to a contradiction, suppose sℓ,t < 0. Let

y0 denote the quality of a seller that offers the surplus sℓ,t. The seller attains a profit

Vt(y0, sℓ,t) equal to 0, since no buyer purchases the good for a strictly negative surplus. If,

however, the seller were to offer a surplus of 0, it would attain a profit Vt(y0, 0), which is

strictly positive by Lemma 1. Therefore, sℓ,t cannot be strictly negative. Next, suppose

sℓ,t > 0. Let y0 denote the quality of a seller that offers the surplus sℓ,t. The seller attains

a profit Vt(y0, sℓ,t) equal to bλt exp(−λt)(y0 − sℓ,t). If, however, the seller were to offer a
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surplus of 0, it would attain a profit Vt(y0, 0) equal to bλt exp(−λt)y0, which is strictly

greater than Vt(y0, sℓ,t). Therefore, sℓ,t cannot be strictly positive. Combining the above

observations yields sℓ,t = 0. ■

Proof of Lemma 5: The proof has two parts. The first part establishes that surplus

offered by a seller is strictly increasing in the seller’s quality. The second part establishes

that the mapping between the seller’s quality and the surplus is a function, in the sense

that every seller with the same quality offers the same surplus.

(i) Consider a seller with quality y0 and a seller with quality y1, with y0 < y1. Denote

as s0 the surplus offered by the seller with quality y0, and denote as s1 the surplus offered

by the seller with quality y1. Since the seller with quality y0 enjoys a higher profit offering

s0 rather than s1, we have

bλte
−λ(1−Ft(s0))(y0 − s0) ≥ bλte

−λ(1−Ft(s1))(y0 − s1). (A.8)

Since the seller with quality y1 enjoys a higher profit offering s1 rather than s0, we have

bλte
−λt(1−Ft(s1))(y1 − s1) ≥ bλte

−λt(1−Ft(s0))(y1 − s0). (A.9)

Combining (A.8) and (A.9) yields[
e−λt(1−Ft(s1)) − e−λt(1−Ft(s0))

]
(y1 − y0) ≥ 0. (A.10)

Since y1 > y0 and Ft(s) is strictly increasing in s, (A.10) implies that s1 is greater or equal

to s0. Now, suppose that s0 = s1 = s. Then, every seller with quality y ∈ (y0, y1) must

offer the surplus s and, hence, there is a mass point in the surplus distribution Ft, which

contradicts Lemma 3. Hence, it must be the case that s1 is strictly greater than s0.

(ii) On the way to a contradiction, suppose that there is a seller with quality y0 that

offers the surplus s0 and another seller with quality y0 that offers the surplus s1, with

s0 < s1. Every seller with quality y > y0 must offer a surplus strictly greater than s1.

Every seller with quality y < y0 must offer a surplus strictly smaller than s0. Therefore,

Ft(s0) must be equal to Ft(s1) or, in other words, there must be a gap on the support of

Ft between s0 and s1, which contradicts Lemma 4. ■

Proof of Theorem 1: We have already established the existence and uniqueness of

equilibrium. Rewriting (2.11), the function st(y) solves the following differential equation:

s′t(y) + λtΦ
′(y)st(y) = λtyΦ

′(y), (A.11)

where st(yℓ) = 0. For any given y, there exists a unique solution st(y) which satisfies this

differential equation and the general form of the solution is
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st(y) = λte
−λtΦ(y)

∫ y

yℓ

eλtΦ(x)xΦ′(x)dx+ ce−λtΦ(y), (A.12)

where c is a constant. Given that st(yℓ) = 0, we have ce−λtΦ(yℓ) = c = 0. Therefore,

st(y) =

∫ y

yℓ

λte
−λt(Φ(y)−Φ(x))xΦ′(x)dx. (A.13)

Rearranging, (A.13) is equivalent to (2.12).

To prove that st(yh) = (1 − e−λt)ỹt, note that the distribution of qualities of trans-

actions Ht(y) is given by (2.6) and the average quality of a transaction, ỹt = EHt(y), is

given by (2.7). To calculate st(yh), expression (A.13) for st(y) implies

st(yh) =

∫ yh

yℓ

λte
−λt(1−Φ(x))xΦ′(x)dx. (A.14)

Therefore, we have st(yh) = (1− e−λt)ỹt. ■

Proof of Proposition 2: For γ > 0, let h(γ) be defined as

h(γ) =
e−γ(1−x) − e−γ

1− e−γ
. (A.15)

The derivative of h(γ) with respect to γ is given by

h′(γ) =
e−γ

[
1− xe−γ(1−x) − (1− x)eγx

]
(1− e−γ)2

. (A.16)

The term in square brackets at the numerator of (A.16) determines the sign of h′(γ).

The term takes the value 0 for x = 0, it takes the value 0 for x = 1, and it is strictly

convex with respect to x for all x ∈ (0, 1). Therefore, the term in square brackets is

strictly negative for all x ∈ (0, 1) and, in turn, h′(γ) is strictly negative for all x ∈ (0, 1).

Since Ht(y) = h(λt) and Ht+1(y) = h(λt+1) for x = Φ(y) and λt < λt+1, it follows that

Ht+1(y) < Ht(y) for all y ∈ (yℓ, yh). ■

Proofs for Section 3

Proof of Lemma 6: A buyer purchases the good from the contacted seller that carries

the variety of the good with highest quality. The fraction of buyers that purchase the

good from a seller with quality non-greater than y is

Ht(y)

=

{
be−µ

∑∞
j=1

e−ρρj

j!
Φ̂t(y)

j

}/
{b
[
1− e−(µ+ρ)

]
}

+

{∑∞
k=1 b

e−µµk

k!

[∑∞
j=0

e−ρρj

j!
Φ(y)kΦ̂t(y)

j

]}/
{b
[
1− e−(µ+ρ)

]
}.

(A.25)
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Let us explain (A.25). The first term at the numerator is the measure of buyers that

do not reach any seller through search and reach j sellers through word of mouth, with

j = 1, 2, 3 . . .. Each one of these buyers purchases the good from a seller with quality

non-greater than y with probability Φ̂t(y)
j. The second term at the numerator is the

measure of buyers that reach k sellers through search, with k = 1, 2, . . . ., and reach j

sellers through word of mouth, with j = 0, 1, 2, . . . Each one of these buyers purchases the

good from a seller with quality non-greater than y with probability Φ(y)kΦ̂t(y)
j. Overall,

the numerator is the measure of buyers that purchase the good from a seller with quality

non-greater than y. The denominator is the measure of buyers who purchase the good,

which is equal to the measure of buyers multiplied by the probability that a buyer contacts

at least one seller either through search or word of mouth.

We can rewrite the first term at the numerator of (A.25) as

be−µ
∑∞

j=1

e−ρρj

j!
Φ̂t(y)

j

= be−µ

[
e−ρ(1−Φ̂t(y))

∑∞
j=0

e−ρΦ̂t(y)ρj

j!
Φ̂t(y)

j − e−ρ

]
= be−µ

[
e−ρ(1−Φ̂t(y)) − e−ρ

]
.

(A.26)

The first equality in (A.26) is obtained by collecting terms. The second equality in (A.26)

is obtained by recognizing that the summation over j is equal to 1.

We can rewrite the second term at the numerator of (A.25) as

∑∞
k=1 b

e−µµk

k!

[∑∞
j=0

e−ρρj

j!
Φ(y)kΦ̂t(y)

j

]
=

∑∞
k=1 b

e−µµkΦ(y)k

k!
e−ρ(1−Φ̂t(y))

[∑∞
j=0

e−ρΦ̂t(y)ρjΦ̂t(y)
j

j!

]

= be−ρ(1−Φ̂t(y))

[
e−µ(1−Φ(y))

∑∞
k=0

e−µΦ(y)µkΦ(y)k

k!
− e−µ

]
= be−ρ(1−Φ̂t(y))

[
e−µ(1−Φ(y)) − e−µ

]
.

(A.27)

The first equality in (A.27) is obtained by collecting terms. The second equality in (A.27)

is obtained by recognizing that the summation over j is equal to 1. The last equality in

(A.27) is obtained by recognizing that the summation over k is equal to 1.

Using the expressions in (A.26) and (A.27) to replace the first and the second term at

the numerator of (A.25), and then setting Φ̂t(y) = Ht−1(y), yields expression (3.15) for

Ht(y) in Lemma 10.
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To prove that Ht(y) is an atomless distribution, it remains to show that

H ′
t(y) =

d

dy

e−µ(1−Φ(y))e−ρ(1−Ht−1(y)) − e−(µ+ρ)

1− e−(µ+ρ)
> 0, (A.28)

where

H ′
t(y) =

(µ+ ρκt(y)) Φ
′(y)e−µ(1−Φ(y))e−ρ(1−Ht−1(y))

1− e−(µ+ρ)
. (A.29)

First, in period 1, we have

H ′
1(y) =

λΦ′(y)e−λ(1−Φ(y))

1− e−λ
> 0. (A.30)

Next, we have H ′
t(y) > 0 if and only if µ+ ρκt(y) > 0, which is true if H ′

t−1(y) > 0 since

Φ′(y) > 0. Therefore, by induction, H ′
t(y) > 0 for all periods t ≥ 1. ■

Proof of Theorem 2: We have already established existence and uniqueness of

equilibrium. Letting λ = µ+ ρ and β = ρ/λ, we can rewrite (3.16) as

s′t(y) = Γ′
t(y)λ(y − st(y)) (A.31)

and st(yℓ) = 0. By similar reasoning to Theorem 1 above, the solution is

st(y) = λ

∫ y

yℓ

e−λ(Γt(y)−Γt(x))xΓ′
t(x)dx. (A.32)

To calculate st(yh), we have

st(yh) = λ

∫ yh

yℓ

e−λ(1−Γt(x))xΓ′
t(x)dx. (A.33)

So st(yh) = (1− e−λ)ỹt where

ỹt =

∫
yλΓ′

t(x)e
−λ(1−Γt(x))dy

1− e−λ
, (A.34)

the average transaction quality. ■

Proof of Proposition 6: It follows from (3.22) that Ht+1(y) < Ht(y) if and only if

e−λ(1−Γt+1(y)) − e−λ

1− e−λ
<

e−λ(1−Γt(y)) − e−λ

1− e−λ
, (A.35)

which is is true if and only if e−λ(1−Γt+1(y)) < e−λ(1−Γt(y)). This holds if and only if Γt+1(y) <

Γt(y), which is true if and only if Ht(y) < Ht−1(y). The result that Ht+1(y) < Ht(y) for

all t follows by induction starting with H2(y) < H1(y). The result that Γt+1(y) < Γt(y)

follows from the fact that Γt+1(y)− Γt(y) = β(Ht(y)−Ht−1(y)) < 0. ■

Proof of Lemma 7:
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(i) Starting with expression (3.17), we have κt+1(y) > κt(y) if and only if

H ′
t(y)

Φ′(y)
>

H ′
t−1(y)

Φ′(y)
. (A.36)

In particular, κ2(y) > κ1(y) if and only if κ2(y) > 1 because H0(y) = Φ(y).

In general, since Φ′(y) > 0, we have κt+1(y) > κt(y) if and only if H ′
t(y) > H ′

t−1(y).

Differentiating (3.22) yields

H ′
t(y) =

λΓ′
t(y)e

−λ(1−Γt(y))

1− e−λ
. (A.37)

Therefore, we have κt+1(y) > κt(y) if and only if

λΓ′
t(y)e

−λ(1−Γt(y))

1− e−λ
> H ′

t−1(y). (A.38)

Differentiating expression (3.19) for Γt(y), we obtain

Γ′
t(y) = βH ′

t−1(y) + (1− β)Φ′(y), (A.39)

where β = ρ/λ, so (A.38) is true if and only if

λe−λ(1−Γt(y))

1− e−λ
>

λ
µ

κt(y)
+ ρ

. (A.40)

Now let fL,t(y) denote the left-hand side of (A.40) and fR,t(y) denote the right-hand

side of (A.40). Both fL,t(y) and fR,t(y) are strictly increasing in y because Γ′
t(y) > 0

and κ′
t(y) > 0. Next, we have fL,t(yℓ) < fR,t(yℓ) if and only if κt+1(yℓ) < κt(yℓ), and

fL,t(yh) > fR,t(yh) if and only if κt+1(yh) > κt(yh). We prove that κt+1(yℓ) < κt(yℓ) and

κt+1(yh) > κt(yh) for all t ≥ 1 by induction.

Using expression (3.25), we have

κt(y) =
(µ+ ρκt−1(y))e

−µ(1−Φ(y))e−ρ(1−Ht(y))

1− e−(µ+ρ)
, (A.41)

which implies that

κt(yℓ) =

(
µ+ ρκt−1(yℓ)

λ

)
λe−λ

1− e−λ
(A.42)

and

κt(yh) =

(
µ+ ρκt−1(yh)

λ

)
λ

1− e−λ
. (A.43)

Consider the case t = 1. Using (A.42), we have κ2(yℓ) < κ1(yℓ) if and only if

κ2(yℓ) =
λe−λ

1− e−λ
< κ1(yℓ) = 1, (A.44)
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which is true. Using expression (A.43), we have κ2(yh) > κ1(yh) if and only if

κ2(yh) =
λ

1− e−λ
> κ1(yh) = 1, (A.45)

which is true. Therefore, we have κ2(yℓ) < κ1(yℓ) and κ2(yh) > κ1(yh).

Now suppose that κt(yℓ) < κt−1(yℓ) and κt(yh) > κt−1(yh). Expression (A.42) implies

that κt+1(yℓ) < κt(yℓ) if and only if

µ+ ρκt(yℓ) < µ+ ρκt−1(yℓ), (A.46)

which is true since we assume that κt(yℓ) < κt−1(yℓ). Next, expression (A.43) implies that

κt+1(yh) > κt(yh) if and only if

µ+ ρκt(yh) > µ+ ρκt−1(yh), (A.47)

which is again true since we assume that κt(yh) > κt−1(yh).

Since both fL,t(y) and fR,t(y) are increasing in y, it follows that there exists a unique

cut-off yct given by fL,t(y
c
t ) = fR,t(y

c
t ) such that κt+1(y

c
t ) = κt(y

c
t ). It is given by

λe−λ(1−Γt(yct ))

1− e−λ
=

λ
µ

κt(yct )
+ ρ

(A.48)

and we have fL,t(y) > fR,t(y) if and only if y > yct . So, there exists a unique cut-off yct
such that κt+1(y) > κt(y) if and only if y > yct .

We can also prove that the cut-off yct is increasing over time. Consider yct+1, which

solves:
λe−λ(1−Γt+1(yct+1))

1− e−λ
=

λ
µ

κt+1(yct+1)
+ ρ

. (A.49)

First, we have fL,t+1(y
c
t ) < fL,t(y

c
t ) because Γt(y) is strictly decreasing in t. Also, fL,t(y

c
t ) =

fR,t(y
c
t ) by definition of yct , so this implies fL,t+1(y

c
t ) < fR,t(y

c
t ). Given that κt+1(y

c
t ) =

κt(y
c
t ) by definition of yct , we have fR,t+1(y

c
t ) = fR,t(y

c
t ). Therefore, we have fL,t+1(y

c
t ) <

fR,t+1(y
c
t ). By definition of yct+1, we have fL,t+1(y) < fR,t+1(y) if and only if y < yct+1, so

this implies yct < yct+1.

(ii) We know that yct is increasing over time and it is bounded above by yh. Let

ycmax = sup{yct |t = 1, 2, 3, ...}. If y ≥ ycmax, then y > yct for all t and therefore κt(y) is

always increasing over time. Note that ycmax solves

λe−λ(1−Γ∗(ycmax))

1− e−λ
=

λ
µ

κ∗(ycmax)
+ ρ

. (A.50)

(iii) Let ycmin = inf{yct |t = 1, 2, 3, ...}, which is yc1. If y < ycmin then y < yct for all t

because yct is increasing over time. So if y < ycmin, κt(y) is always decreasing over time.
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Note that yc1 solves
λe−λ(1−Φ(yc1))

1− e−λ
= 1. (A.51)

(iv) Suppose that y ∈ (ycmin, y
c
max). In period t = 1, we have y > yc1, so κ2(y) >

κ1(y) = 1. If y < ycmax, there exists a time τ such that y < ycτ and therefore κτ+1(y) <

κτ (y). So, the function κt(y) is initially increasing at t = 1 and eventually decreasing.

Given that yct is strictly increasing over time, there exists a unique time tc at which, prior

to that time, y > yct and κt(y) is increasing for all t < tc and, after that time, y > yct and

κt(y) is decreasing for all t < tc.

Proof of Proposition 8:

(i) Let λ = µ + ρ and let Ĥt(y) = e−λ(1−Γt(y)), the distribution of the highest quality

among the sellers a buyer meets. Note that Ĥt(y) has a mass point at yl with probability

mass e−λ (i.e. the probability a buyer contacts zero sellers) but we can ignore below this

because st(yl) = 0 for all t. Expression (3.18) is equivalent to

st(y) =

∫ y

yℓ
xĤ ′

t(x)dx

Ĥt(y)
, (A.64)

where β = ρ/λ and

Γt(y) = βHt−1(y) + (1− β)Φ(y). (A.65)

Similarly, we obtain

st+1(y) =

∫ y

yℓ
xĤ ′

t+1(x)dx

Ĥt+1(y)
. (A.66)

We need to show that there exists a unique cut-off quality yst ∈ (yct+1, yh) such that,

if y > yst , we have st+1(y) > st(y). Rearranging the above expressions (A.64) and (A.66),

st+1(y) > st(y) is equivalent to∫ y

yℓ

xĤ ′
t+1(x)dx

(
Ĥt(y)

Ĥt+1(y)

)
>

∫ y

yℓ

xĤ ′
t(x)dx. (A.67)

It is easy to see that Ĥt+1(y) < Ĥt(y) if and only if Γt+1(y) < Γt(y), which is true by

Proposition 6. Therefore, Ĥt(y)/Ĥt+1(y) > 1 and it suffices to show that∫ y

yℓ

x
(
Ĥ ′

t+1(x)− Ĥ ′
t(x)

)
dx ≥ 0. (A.68)

From (3.17), we have H ′
t(x) = κt+1(x)Φ

′(x), and Ĥ ′
t(x) = H ′

t(x)(1− e−λ). Therefore,

Ĥ ′
t(x) = κt+1(x)Φ

′(x)(1− e−λ). (A.69)
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Substituting (A.69) into (A.68), we have st+1(y) > st(y) if the following holds:

Gt(y) ≡
∫ y

yℓ

xΦ′(x) (κt+2(x)− κt+1(x)) dx ≥ 0. (A.70)

For y = yct+1, we have κt+2(y
c
t+1) = κt+1(y

c
t+1) by definition of yct+1 and Lemma 7 tells

us κt+2(x) < κt+1(x) if and only if x < yct+1. Therefore, since Φ′(x) > 0 by assumption,

we have Gt(y
c
t+1) < 0. Also, we know that Gt(yh) > 0 because st+1(yh) > st(yh) by part

(iv). In order to prove that there exists a unique cut-off quality yst ∈ (yct+1, yh) such that,

if y > yst , we have st+1(y) > st(y), it therefore suffices to show that G′
t(y) > 0 for all

y ∈ (yct+1, yh). For any given y ∈ (yct+1, yh), we can split Gt(y) as follows:

Gt(y) =

∫ yct+1

yℓ

xΦ′(x) (κt+2(x)− κt+1(x)) dx+

∫ y

yct+1

xΦ′(x) (κt+2(x)− κt+1(x)) dx.

(A.71)

Differentiating the above, we obtain

G′
t(y) =

d

dy

∫ y

yct+1

xΦ′(x) (κt+2(x)− κt+1(x)) dx. (A.72)

By Lemma 7, we know that κt+2(x) > κt+1(x) if and only if x > yct+1. Therefore, since

Φ′(x) > 0 by assumption, the integrand in (A.72) is always strictly positive over the range

(yct+1, y). Given that this is true for any y ∈ (yct+1, yh), we know that the integral in (A.72)

above must be increasing in its upper limit y. Therefore, part (i) is proven and the cut-off

yst ∈ (yct+1, yh) is the unique solution to Gt(y
s
t ) = 0.

(ii) For any given y, define Ft(x; y) ≡ Ĥt(x)

Ĥt(y)
where Ĥt(y) = e−λ(1−Γt(y)). The func-

tion Ft(; y) is a cdf with support [yl, y] and pdf ft(; y) given by ft(x; y) =
Ĥ′

t(x)

Ĥt(y)
. Us-

ing expressions (A.64) and (A.66), we can write st(y) =
∫ y

yℓ
xft(x; y)dx and st+1(y) =∫ y

yℓ
xft+1(x; y)dx. We need to show that if y < yct then st+1(y) < st(y). To prove this,

it suffices to show that Ft(; y) strictly first-order stochastically dominates Ft+1(; y), i.e.

Ft(x; y) < Ft+1(x; y) for all x ∈ (yl, y). That is, it suffices to show that, for y < yct ,

Ĥt(x)

Ĥt(y)
<

Ĥt+1(x)

Ĥt+1(y)
, (A.73)

or equivalently
Ĥt+1(y)

Ĥt(y)
<

Ĥt+1(x)

Ĥt(x)
(A.74)

for any x ∈ (yl, y). Since x < y, it is sufficient to show that Ĥt+1(y)

Ĥt(y)
is strictly decreasing

in y for any y < yct . Recalling that Ĥt(y) = e−λ(1−Γt(y)), we have

Ĥt+1(y)

Ĥt(y)
=

e−λ(1−Γt+1(y))

e−λ(1−Γt(y))
= eλ(Γt+1(y)−Γt(y)). (A.75)
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Differentiating the above, we obtain

d

dy

Ĥt+1(y)

Ĥt(y)
= λ((Γ′

t+1(y)− Γ′
t(y))e

λ(Γt+1(y)−Γt(y)). (A.76)

Therefore, we have d
dy

Ĥt+1(y)

Ĥt(y)
< 0 if and only if Γ′

t+1(y) < Γ′
t(y). Differentiating expression

(A.65) for the distribution Γt(y), we obtain

Γ′
t(y) = βH ′

t−1(y) + (1− β)Φ′(y). (A.77)

Therefore, Γ′
t+1(y) < Γ′

t(y) if and only ifH ′
t(y) < H ′

t−1(y). From (3.17), we haveH ′
t−1(y) =

κt(y)Φ
′(y), so this is true if and only if κt+1(y)Φ

′(y) < κt(y)Φ
′(y). Since Φ′(y) > 0 by

assumption, this is equivalent to κt+1(y) < κt(y). By Lemma 7, κt+1(y) < κt(y) if and

only if y < yct . Thus,
d
dy

Ĥt+1(y)

Ĥt(y)
< 0 and st+1(y) < st(y) for any y < yct .

(iii) Follows from the fact that st(yh) = (1 − e−λ)ỹt by Theorem 2, where ỹt is the

average transaction quality, and ỹt is increasing over time by Proposition 6.

(iv) Follows from part (ii). If y < ycmin = yc1 where yc1 ∈ (yℓ, yh), then the surplus st(y)

is strictly decreasing at time t = 1 by part (ii). By Lemma 7 (i), the cut-off quality yct is

increasing over time t. Therefore, y < yc1 implies that y < yct for any time t, so part (ii)

implies the surplus st(y) is always strictly decreasing over time.

(v) Suppose that y ∈ (ysmin, y
c
max). We have y > ys1, so part (i) implies that st(y) is

strictly increasing at time t = 1. Therefore, since yst ∈ (yct+1, yh) from the proof of part

(i), we must have y > yc2. Since the sequence y
c
t is strictly increasing over time by Lemma

7 (i) and y < ycmax, there exists T > 2 such that y < ycT . Applying part (ii), the surplus

st(y) is strictly decreasing at all time periods t ≥ T. Therefore, the surplus st(y) is strictly

increasing at first and then eventually strictly decreasing for all t ≥ T . ■

We also prove the following result, which is mentioned on page 24 in Section 3.

Remark 1. For unpopular sellers (κt(y) < 1), the surplus function st(y) is strictly

lower with word of mouth only versus search only, but for popular sellers (κt(y) > 1),

st(y) is strictly higher with word of mouth only versus search only.

Proof: Suppose the total expected number of sellers contacted by either search or

word of mouth is equal to λ > 0. If some sellers are contacted only through word of

mouth, their surplus swt (y) is given by

swt (y) =

∫ y

yℓ
xĤ ′

t,w(x)dx

Ĥt,w(y)
(A.78)

where Ĥt,w(y) = e−λ(1−Ht−1(y)). If some sellers are contacted only through search, their

surplus sst(y) is given by

sst(y) =

∫ y

yℓ
xĤ ′

t,s(x)dx

Ĥt,s(y)
(A.79)
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where Ĥt,s(y) = e−λ(1−Φ(y)). For any given y, define Fw
t (x; y) ≡ Ĥt,w(x)

Ĥt,w(y)
and F s

t (x; y) ≡
Ĥt.s(x)

Ĥt,s(y)
. Fw

t (.; y) and F s
t (.; y) are cdfs with support [yl, y] and pdfs fw

t (; y) and f s
t (.; y).

Using expressions (A.78) and (A.79), swt (y) =
∫ y

yℓ
xfw

t (x; y)dx and sst(y) =
∫ y

yℓ
xf s

t (x; y)dx.

We have swt (y) > sst(y) if F
w
t (x; y) strictly first-order stochastically dominates F s

t (x; y),

i.e. if Fw
t (x; y) < F s

t (x; y) for all x ∈ (yl, y). This is true if and only if

Ĥt,w(x)

Ĥt,w(y)
<

Ĥt.s(x)

Ĥt,s(y)
, (A.80)

which is equivalent to
e−λ(1−Ht−1(x))

e−λ(1−Ht−1(y))
<

e−λ(1−Φ(x))

e−λ(1−Φ(y))
, (A.81)

which is equivalent to eλ(Ht−1(x)−Ht−1(y)) < eλ(Φ(x)−Φ(y)), which is true if and only if

Ht−1(x)− Φ(x) < Ht−1(y)− Φ(y) (A.82)

for all x ∈ (yl, y). Since x < y, it suffices to show that Ht−1(y)−Φ(y) is strictly increasing

in y. Differentiating, this is true if and only if H ′
t−1(y) > Φ′(y). From (3.17), we have

H ′
t−1(y) = κt(y)Φ

′(y), so H ′
t−1(y) > Φ′(y) is equivalent to κt(y)Φ

′(y) > Φ′(y). Because

Φ′(y) > 0 by assumption, this is equivalent to κt(y) > 1. Therefore, we have Fw
t (x; y) <

F s
t (x; y) for all x ∈ (yl, y) and thus swt (y) > sst(y) if κt(y) > 1 (i.e. for popular sellers).

Conversely, if κt(y) < 1 (i.e. unpopular sellers), the opposite is true because Fw
t (x; y) >

F s
t (x; y) for all x ∈ (yl, y) and thus swt (y) < sst(y). ■

Proof of Proposition 13: Let x(y) denote the fraction Φ(y) of sellers with quality

smaller than y, and let y(x) denote the inverse of x(y). Let zt(y) denote the fraction Ht(y)

of transactions made by sellers with quality smaller than y in period t. From (3.15), it

follows that z1(y) is given by

z1(y) =
e−λ(1−x(y)) − e−λ

1− e−λ
. (A.52)

For t = 1, 2, ..., it follows from (3.15) that zt+1(y) is given by

zt+1(y) =
e−µ(1−x(y))e−ρ(1−zt(y)) − e−(µ+ρ)

1− e−(µ+ρ)
. (A.53)

The fraction z1(x) of transactions made by sellers with quality non-greater than y(x)

is the solution with respect to z to the equation

f(z, x) ≡ z
(
1− e−λ

)
− e−λ(1−x) − e−λ = 0. (A.54)

Consider any x ∈ (0, 1). The function f(z, x) is strictly increasing in z, and such that

f(0, x) < 0 and f(1, x) > 0. Therefore, there exists one and only one z1(x) that solves

the equation f(z1(x), x) = 0 and z1(x) ∈ (0, 1). The function g(x) ≡ f(x, x) is strictly
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concave and such that g(0) = 0 and g(1) = 0. Therefore, g(x) = f(x, x) > 0 for all

x ∈ (0, 1). Since f(x, x) > 0, f(z1(x), x) = 0, and f(z, x) is strictly increasing in x, it

follows that z1(x) < x. For x = 0, the unique solution to f(z, 0) = 0 is z1(0) = 0. For

x = 1, the unique solution to f(z, 1) = 0 is z1(1) = 1.

The fraction zt+1(x) of transactions made by sellers with quality non-greater than y(x)

is given by

f+(z, x) =
e−µ(1−x)e−ρ(1−z) − e−(µ+ρ)

1− e−(µ+ρ)
, (A.55)

where z denotes the fraction of transactions made by sellers with quality non-greater

than y(x) in period t. Consider any x ∈ (0, 1). For ρ > 0, the function f+(z, x) is strictly

increasing and strictly convex in z. The function f+(z, x) is such that f+(0, x) > 0 and

f+(1, x) < 1. Therefore, there exists one and only one z∗(x) that solves the equation

f+(z, x) = z with respect to z for any x ∈ (0, 1). Moreover, f+(z, x) ∈ (z, z∗(x)) for every

z ∈ [0, z∗(x)), and f+(z, x) ∈ (z∗(x), z) for every z ∈ (z∗(x), 1]. For x = 0, the unique

solution to f+(z, x) = z is z∗(0) = 0. For x = 1, the relevant solution to f+(z, x) = z is

z∗(1) = 1.

It is easy to see that f+(x, x) < x for any x ∈ (0, 1). Since f+(z, x) > z for every

z ∈ [0, z∗(x)), and f+(z, x) < z for every z ∈ (z∗(x), 1], f+(x, x) < x implies z∗(x) < x.

In turn, for ρ > 0, z∗(x) < x implies

z∗(x) =
e−µ(1−x)e−ρ(1−z∗(x)) − e−(µ+ρ)

1− e−(µ+ρ)

<
e−µ(1−x)e−ρ(1−x) − e−(µ+ρ)

1− e−(µ+ρ)

=
e−λ(1−x) − e−λ

1− e−λ
= z1(x).

(A.56)

Rewriting (A.55) using λ = µ + ρ and β = ρ/λ, we obtain (3.40) in Proposition 13.

This is a cdf only if dH∗(y)
dy

≥ 0, and it is atomless only if dH∗(y)
dy

> 0. We have that H∗(y)

given by (3.40) is strictly increasing if and only if

dH∗(y)

dy
=

d

dy

e−µ(1−Φ(y))e−ρ(1−H∗(y)) − e−(µ+ρ)

1− e−(µ+ρ)
> 0. (A.57)

Differentiating, this is equivalent to

dH∗(y)

dy
=

(µ+ ρκ∗(y)) Φ′(y)e−µ(1−Φ(y))e−ρ(1−H∗(y))

1− e−(µ+ρ)
> 0. (A.58)

It is clear that dH∗(y)
dy

> 0 if and only if µ+ ρκ∗(y) > 0 where

κ∗(y) =
µe−µ(1−Φ(y))e−ρ(1−H∗(y))

1− e−λ − ρe−µ(1−Φ(y))e−ρ(1−H∗(y))
(A.59)
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and therefore

µ+ ρκ∗(y) =
µ(1− e−λ)

1− e−λ − ρe−µ(1−Φ(y))e−ρ(1−H∗(y))
, (A.60)

which is greater than zero if and only if

1− e−λ − ρe−µ(1−Φ(y))e−ρ(1−H∗(y)) > 0. (A.61)

The left-hand side of (A.61) is decreasing in y. For y = yℓ, (A.61) since 1−e−λ−ρe−λ > 0

because ρ ≤ λ. For y = yh, (A.61) holds if and only if 1 − e−λ − ρ > 0. If ρ < 1 − e−λ,

or equivalently if β < 1−e−λ

λ
, we have dH∗(y)

dy
> 0 for all y ∈ [yℓ, yh], so yu = yh and the

distribution H∗(y) is atomless. Also, if ρ < 1− e−λ, then

κ∗(yh) =
µ

1− e−λ − ρ
(A.62)

by (A.59). Substituting (A.62) into (A.48), we obtain yu = yh = ycmax. ■
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Online Appendix: Memory with buyer entry and exit

We consider a version of the model described in Section 2 in which new buyers enter the

market in every period, and old buyers exit the market in every period. Initially all buyers

are new entrants in period 1. In period t = 2, 3, ... a fraction σ ∈ [0, 1] of buyers that

were in the market in period t− 1 permanently exit the market, and a double continuum

of buyers with measure bσ > 0 per seller enter the market in period t+1. In each period,

the measure of buyers per seller is b.

With entry and exit of buyers, the distribution of the number of contacts for a buyer

depends on how long that buyer has been searching in the market, i.e. the degree of

experience of the buyer. We define the level of experience of a buyer as the number of

periods i the buyer has been in the market.

A buyer who has been in the market for i < t periods has not exited for i− 1 periods,

which occurs with probability (1−σ)i−1. Therefore, the measure of buyers who have been

in the market for i < t periods is equal to the measure bσ who were new entrants i periods

ago multiplied by the probability (1−σ)i−1. A buyer who has been in the market for i = t

periods is equal to the measure b of buyers at time t = 1 multiplied by the probability

(1− σ)i−1 of not exiting for i− 1 periods. Therefore, if σ < 1, the measure of buyers who

have been in the market for i periods at time t is given by Lemma 9. The distribution of

the number of contacts for a buyer i follows from Lemma 1.

Lemma 9: For a buyer with experience i, the number ni of the buyer’s contacts in

period t = 1, 2, . . . is distributed as a Poisson with coefficient λi, where λi is given by

λi =
µ

δ
[1− (1− δ)i]. (2.20)

The measure bt(i) of buyers with experience i at time t = 1, 2, . . . is given by

bt(i) =

{
bσ(1− σ)i−1 if i < t
b(1− σ)i−1 if i = t

(2.21)

As in the baseline model, the maximized profit for a seller with quality y ∈ [yℓ, yh] is

strictly positive (Lemma 2). As in the baseline model, the distribution Ft(s) of surplus

offered by sellers does not have any mass points (Lemma 3). Since the surplus distribution

Ft(s) does not have any mass points and the bt(i) buyers with experience i are in contact

with a number of sellers distributed as a Poisson with coefficient λi, the profit for a seller

with quality y that offers the surplus s ≥ 0 can be written as

Vt(y, s) =
[∑t

i=1
bt(i)λie

−λi(1−Ft(s))
]
(y − s). (2.22)

Note that
∑t

i=1 bt(i)λie
−λi(1−Ft(s)) is the sum of the measure bt(i)λie

−λi(1−Ft(s)) of buyers

with experience i such that the seller offers the highest surplus for those buyers, i.e. it is

the sum of trade volume across buyer types.
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As in the baseline model, the support of the surplus distribution Ft(s) is an interval

[sℓ,t, sh,t], with sℓ,t = 0 (Lemma 4). Moreover, the surplus offered by a seller is a strictly

increasing function st(y) of the quality y of the variety carried by the seller (Lemma 5).

Therefore, as in the baseline model, the fraction Ft(st(y)) of sellers offering surplus smaller

than st(y) is equal to the fraction Φ(y) of sellers with quality smaller than y. That is,

Ft(st(y)) = Φ(y). (2.23)

For a seller producing quality y, the seller’s problem at date t is

Vt(y) = max
s∈[0,y]

[
t∑

i=1

bt(i)λie
−λi(1−Ft(s))

]
(y − s). (2.24)

The necessary condition for the optimality of the surplus st(y) offered by a seller of quality

y in period t is[∑t

i=1
bt(i)λ

2
i e

−λi(1−Ft(st(y)))F ′
t(st(y))

]
(y − st(y))−

∑t

i=1
bt(i)λie

−λi(1−Ft(st(y))) = 0.

(2.25)

The left-hand side of (2.25) is the seller’s marginal benefit from offering an additional

unit of surplus to its buyers, which is given by the increase in the seller’s volume of trade

multiplied by the seller’s profit per trade. The right-hand side of (2.25) is the seller’s

marginal cost from offering an additional unit of surplus to its buyers, which is given by

the seller’s volume of trade.

Using (2.23) to substitute Ft(st(y)) with Φ(y) and F ′
t(st(y)) with Φ′(y)/s′t(y), we can

rewrite the optimality condition (2.25) as

s′t(y) = Φ′(y)Λt(y)(y − st(y)) (2.26)

where Λt(y) is given by

Λt(y) =

∑t
i=1 bt(i)λ

2
i e

−λi(1−Ft(st(y)))F ′
t(st(y))∑t

i=1 bt(i)λie−λi(1−Ft(st(y)))
. (2.27)

The surplus function st(y) must satisfy the differential equation (2.26), together with the

boundary condition st(yℓ) = 0. The differential equation has the same structure as in the

baseline model, except that Λt(y) takes the place of λt. It is easy to see that Λt(y) is

simply a weighted average of the Poisson coefficient λi for buyers with different experience

levels.

The unique candidate equilibrium of the product market is given by the solution st(y)

of the differential equation (2.26)) together with the boundary condition st(y) = 0. Using

the same argument used for the baseline model, it is easy to verify that the candidate

equilibrium is indeed an equilibrium.
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Theorem 4: (Existence and uniqueness of equilibrium with entry and exit) An equilibrium

exists and is unique. For t = 1, 2, ..., equilibrium is given by a surplus function st(y) that

satisfies the differential equation (2.26)) together with the boundary condition st(yℓ) = 0.

The solution to this differential equation is

st(y) =

(∫ y

yℓ

Λt(x)e
−(Bt(y)−Bt(x))xΦ′(x)dx

)
, (2.28)

where

Bt(y) =

∫ y

yℓ

Λt(z)Φ
′(z)dz (2.29)

and

Λt(y) =
t∑

i=1

ω̃i,t(y)λi (2.30)

where

ωi,t(y) =
bt(i)λie

−λi(1−Φ(y))∑t
j=1 bt(j)λje−λj(1−Φ(y))

. (2.31)

Associated with the equilibrium surplus function st(y), there are a surplus distribu-

tion Ft(s), a price distribution Gt(p), and a transaction distribution Ht(y). The surplus

distribution Ft(s) is

Ft(s) = Φ(yt(s)), (2.32)

where yt(s) is the inverse of the surplus function st(y). The price distribution Gt(p) is

Gt(p) =

∫
y:pt(y)≤p

Φ′(y)dy, (2.33)

where pt(y) is the pricing function y − st(y). The transaction distribution Ht(y) is

Ht(y) =

∑t
i=1 bt(i)

(
e−λi(1−Φ(y)) − e−λi

)∑t
j=1 bt(j) (1− e−λj)

, (2.34)

where the numerator in (2.34) is the quantity of the good traded by sellers with quality

less than y, and the denominator in (2.34) is the quantity of the good traded by all sellers.

4.1 Market dynamics

As in the baseline model, the market becomes more competitive over time because the

fraction of more experienced buyers increases over time. To formalize this intuition, we

first consider the dynamics of the distribution of buyer experience.

Lemma 10: The distribution of buyer experience i is the following:
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1. If σ ∈ (0, 1), the share of buyers with experience level i at time t is

πi,t =

{
σ(1− σ)i−1 if i < t
(1− σ)i−1 if i = t

(2.35)

where
∑t

i=1 πi,t = 1 and πi,t is decreasing in i.

2. If σ = 0, then πt,t = 1 and πi,t = 0 for i < t.

3. If σ = 1 then π1,t = 1 and πt,t = 0 for i > 1.

The average buyer experience at time t is ı̃t ≡
∑t

i=1 πi,ti. Lemma 11 establishes that

buyers become more experienced over time.

Lemma 11: For any σ ∈ (0, 1), buyers become more experienced over time. That is, the

distribution πi,t+1 of buyer experience at time t+1 first-order stochastically dominates the

distribution πi,t of buyer experience at time t. The average buyer experience ı̃t is strictly

increasing in t.

As buyers become more experienced over time, there is a larger number of sellers they

previously contacted which they may potentially remember. As a result, the average

number of contacts increases over time. With entry and exit, the relevant measure of the

average number is the weighted average Λt(y) =
∑t

i=1 ω̃i,t(y)λi where the weights ω̃i,t(y)

are given by (2.31). Lemma 9 shows that this weighted average number of contacts is

increasing over time.

Lemma 12: The weighted average number of contacts Λt(y) is strictly increasing in t.

Following the same arguments as in Proposition 1, it is easy to show that, since Λt(y)

is strictly increasing in t, the surplus function st(y) is strictly increasing over time. Since

st(y) is strictly increasing in t, it follows from (2.32) that Ft(s) is strictly decreasing in

t. Since st(y) is strictly increasing in t, the price function pt(y) = y − st(y) is strictly

decreasing over time. Therefore, it follows from (2.33) that Gt(p) is strictly increasing in

t. Following the same arguments as in Propositions 2 and 3, it is also easy to see that

Ht(y) is strictly decreasing in t and, hence, trade concentration is increasing over time.

These observations are summarized in the following proposition.

Proposition 16: (Market dynamics with entry and exit) Let σ ∈ [0, 1) and δ ∈ [0, 1). For

any given y < yℓ, the surplus st(y) is strictly increasing in t, and the price pt(y) is strictly

decreasing in t. The surplus distribution Ft(s) is strictly increasing in t in the sense of

first-order stochastic dominance, the price distribution Gt(p) is strictly decreasing in t in

the sense of first-order stochastic dominance, and the transaction distribution Ht(y) is

strictly increasing in t in the sense of first-order stochastic dominance.

If the buyers’ exit probability σ is equal to 1, the distribution of buyers across experi-

ence levels is degenerate, in the sense that bt(i) = b and bt(i) = 0 for i = 2, 3, . . . t+ 1. It

then follows from (2.27) that Λt+1(y)−Λt(y) = 0 and Λt(y) = µ for t = 1, 2, . . .. Hence, if
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σ = 1, the surplus function st(y), the price function pt(y), the surplus distribution Ft(s),

the price distribution Gt(p), and the transaction distribution Ht(y) remain constant over

time. Intuitively, if σ = 1, buyers cannot accumulate any experience and, hence, the

extent of competitiveness of the product market remains constant over time and so do all

the equilibrium outcomes. The same conclusions apply to the case in which buyers have

no memory (δ = 1), since in this case buyers do accumulate experience but experience is

worthless.

We now want to compare the properties of equilibrium if the buyers’ exit probability

is lower (σ1) or higher (σ2), given that buyers have some memory. In period 1, Λ1(y) =

µ irrespective of σ and, hence, the equilibrium is the same whether the buyers’ exit

probability is lower (σ1) or higher (σ2). Formally, in period 1, F1(s|σ1) = F1(s|σ2),

G1(p|σ1) = G1(p|σ2) and H1(y|σ1) = H1(y|σ2). In any period t ≥ 2, Λt(y) is strictly

higher if the buyer’s exit probability is lower (σ1) than higher (σ2), since the distribution

of buyers is tilted towards buyers with more experience when the buyers’ exit probability

is lower. For this reason, in any period t ≥ 2, the market is more competitive if the buyer’s

exit probability is lower. In turn, this implies that, in any period t ≥ 2, the surplus offered

by sellers is higher, the prices posted by sellers are lower, and the transactions are shifted

toward higher-quality sellers if the buyers’ exit probability is σ1 rather than σ2. Formally,

for t ≥ 2, Ft(s|σ1) < Ft(s|σ2), Gt(p|σ1) > Gt(p|σ2) and Ht(y|σ1) < Ht(y|σ2).

The above observations are summarized in the following proposition.

Proposition 17: (Exit). Take any δ ∈ [0, 1) and any σ1 and σ2, with 0 ≤ σ1 < σ2 ≤ 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same with lower

exit, in the sense that F1(s|σ1) = F1(s|σ2), G1(p|σ1) = G1(p|σ2) and H1(y|σ1) =

H1(y|σ2).

(ii) In any period t ≥ 2, equilibrium surplus is higher, prices are lower, and transactions

are better with lower exit, in the sense that Ft(s|σ1) < Ft(s|σ2), Gt(p|σ1) > Gt(p|σ2)

and Ht(y|σ1) < Ht(y|σ2).

(iii) Let σ2 = 1. With full exit, equilibrium surplus, prices and transactions are con-

stant over time, in the sense that Ft(s|σ2) = F1(s|σ2), Gt(p|σ2) = G1(p|σ2), and

Ht(y|σ2) = H1(y|σ2).

4.2 Steady state

We now consider the stationary limit. The limiting behavior of the product market is

determined by the limiting behavior of the weighted average number of contacts Λt(y).

In the limit as t → ∞,

lim
t→∞

Λt(y) = lim
t→∞

∑t
i=1 bσ(1− σ)i−1λ2

iF
′
t(st(y))e

−λi(1−Ft(st(y)))∑t
i=1 bσ(1− σ)i−1λie−λi(1−Ft(st(y)))

. (2.36)
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Since Λt(y) is increasing in t, Λt(y) converges to some finite Λ∗(y) if and only if Λt(y) is

bounded from above. For any σ ∈ (0, 1], the numerator is the sum of products between

a term that declines exponentially, (1 − σ)i−1, and a term λ2
i that is bounded above by

(µi)2. Therefore, the numerator in (2.36) is bounded from above. Since the denominator

in (2.36) is strictly increasing in t and the numerator in (2.36) is bounded from above,

Λt(y) is bounded from above and, hence, Λt(y) converges to some finite Λ∗(y). For σ = 1

and any δ ∈ (0, 1], Λt(y) is a weighted average of λi for i = 1, . . . t. Since λi is bounded

above by µ/δ, it follows that (2.36) is bounded from above, and, hence, Λt(y) converges

to some finite Λ∗(y).

From the above observations, it follows that the limiting behavior of the product

market remains imperfectly competitive as long as either buyers have imperfect memory,

in the sense that δ ∈ (0, 1], or buyers have a strictly positive probability of exiting, in the

sense that σ ∈ (0, 1]. In fact, if δ ∈ (0, 1] or σ ∈ (0, 1], Λt(y) converges to some finite

Λ∗(y) and the equilibrium associated with a finite Λ∗(y) is such that sellers enjoy a strictly

positive profit, prices are strictly greater than marginal cost, and all sellers, including

those with lower quality, trade the good. These findings are intuitive. If buyers have

imperfect memory, there is always a positive fraction of buyers that are captive. Hence,

sellers’ profits are always bounded away from zero and the market remains imperfectly

competitive. Similarly, if buyers have a strictly positive probability of exit, there is always

a positive fraction of buyers who have just entered the market and have limited contacts

with sellers. Hence, sellers’ profits are always bounded away from zero and the market

remains imperfectly competitive.

Up to this point, we focused on the dynamics of the product market. First, we showed

that, as long as buyers have some memory and as long as buyers have a probability

of exiting that is less than 1, the market becomes progressively more competitive and,

for this reason, the surplus offered by sellers increases over time, the prices posted by

sellers decrease over time, and the distribution of transactions moves from lower to higher

quality sellers. Second, we showed that, as long as buyers do not have perfect memory

or as long as buyers have a strictly positive probability of exiting, the market does not

become perfectly competitive.

The version of the model with entry and exit of buyers also allows us to study the

effect of experience on buyers’ outcomes independently from the dynamics of the product

market. To analyze the effect of experience, suppose that δ ∈ (0, 1) and σ ∈ (0, 1) and

that the market has reached its stationary limit.13

13We focus on the stationary limit because, in such limit, the difference in outcomes across buyers with
different experience i are the same as the change in outcomes for an individual buyer j as its experience
i increases. In an arbitrary period t, the differences in outcomes across buyers with different experience i
are qualitatively identical to those in the stationary limit. In an arbitrary period t, however, the difference
in outcomes across buyers with different experience i are not the same as the change in outcomes for an
individual buyer j as its experience i grows, since the latter would have to include changes in market-wide
outcomes between t and t+ 1.
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In this stationary limit, the distribution of buyer experience converges to a steady

state distribution. As t → ∞, we have π∗
i = σ(1 − σ)i−1 for all i, and the average buyer

experience is just ı̃∗ = 1/σ. For δ > 0, the average number of contacts for buyers with

experience i is λi =
µ
δ
[1− (1− δ)i], and the steady state average number of contacts per

buyer, λ∗, is given by

λ∗ =
µ

δ

[
1− σ(1− δ)

δ + σ(1− δ)

]
. (2.37)

It is clear that λ∗ < µ/δ whenever δ < 1 and σ > 0. This makes sense because buyers

have limited experience and therefore smaller choice sets compared to the model with

memory and infinitely-lived buyers in Section 2.

Buyers’ experience affects the quality of the goods they purchase and the value of the

surplus they receive. Buyers with experience i are in contact with ni sellers, where ni

is distributed as a Poisson with coefficient λi. Among the buyers with experience i that

purchase the good, the distribution of surplus across transactions, F̃i(s), is given by

F̃i(s) =

[∑∞
k=1

e−λiλk
i

k!
F ∗(s)k

]/[
1− e−λi

]
=

e−λi(1−F ∗(s)) − e−λi

1− e−λi
.

(2.38)

by similar reasoning to the derivation of expression (2.6) for Ht(y). Using the same

results as in the proof of Proposition 2, it is easy to show that λi+1 > λi implies Fi+1(s) <

Fi(s). As a result, the average surplus for a transaction for a buyer with experience

i is strictly increasing with respect to the buyer’s experience. Similarly, the average

transaction quality for a buyer with experience i is strictly increasing with respect to the

buyer’s experience.

Proposition 18: On average, more experienced buyers purchase higher quality goods and

receive higher surplus than less experienced buyers.

It is useful to point out that, while the buyers’ average surplus increases with experi-

ence, the surplus of a specific buyer may decrease, remain constant, or increase depending

on how many contacts the buyer has, how many contacts the buyer loses, and how many

new contacts the buyer adds. For instance, if some buyer j has ni,j contacts, loses the

best of its contacts, and does not acquire any new contacts, its surplus falls. If buyer j

has ni,j contacts, does not lose any of its contacts, and does not acquire any new contacts,

its surplus remains unchanged. If buyer j reaches a seller that is better than any of its

previous contacts, the buyer’s surplus increases. Moreover, all of these three events have

a strictly positive probability of occurring.

58



Proofs for Online Appendix

Proof of Theorem 4: We have already established existence and uniqueness of equi-

librium. Rewriting the differential equation (2.26), the function st(y) solves the following

differential equation:

s′t(y) + Λt(y)Φ
′(y)st(y) = Λt(y)yΦ

′(y) (A.17)

where st(yℓ) = 0. For any given y, there exists a unique solution st(y) which satisfies this

differential equation. The general form of the solution is

st(y) = e
−

∫ y
yℓ

Λt(z)Φ′(z)dz

(∫ y

yℓ

e
∫ x
yℓ

Λt(z)Φ′(z)dz
Λt(x)xΦ

′(x)dx+ c

)
, (A.18)

where c is a constant. Given that st(yℓ) = 0, we have c = 0. Therefore,

st(y) =

(∫ y

yℓ

e−(Bt(y)−Bt(x))Λt(x)xΦ
′(x)dx

)
(A.19)

where Bt(y) =
∫ y

yℓ
Λt(z)Φ

′(z)dz. ■

Proof of Lemma 10: Dividing the measure of buyers who have been in the market

for i years by the total measure of buyers b, we obtain (2.35). Next, we have

t∑
i=1

πi,t =
t−1∑
i=1

σ(1− σ)i−1 + (1− σ)t−1 (A.20)

where
t−1∑
i=1

σ(1 − σ)i−1 = σ
t−2∑
i=0

(1 − σ)i, which is equal to σ
(

1−(1−σ)t−1

1−(1−σ)

)
= 1 − (1 − σ)t−1

for σ < 1. Therefore,
∑t

i=1 πi,t = 1− (1− σ)t−1 + (1− σ)t−1 = 1. If σ = 0, then πt,t = 1

follows from Part 1. If σ = 1, all buyers are new entrants in each period so π1,t = 1. ■

Proof of Lemma 11: At time t+ 1 and time t, the share of buyers with experience

level i is the same for all i < t because πi,t+1 = πi,t = σ(1 − σ)i−1. However, for i = t,

we have πi,t+1 = σ(1 − σ)i−1 and πi,t = (1 − σ)i−1, so πi,t+1 < πi,t for σ < 1. Therefore,∑t
i=1 πi,t+1 <

∑t
i=1 πi,t and this is true for any t ≥ 1. Thus ı̃t is strictly increasing in t. ■

Proof of Lemma 12: It is sufficient to examine the difference between Λt+1(y) and

Λt(y), which can be written as

Λt+1(y)− Λt(y) =
[∑t

i=1
(ωi,t+1(y)− ωi,t(y))λi

]
+ ωt+1,t+1(y)λt+1, (A.21)

where

ωi,t(y) =
bt(i)λie

−λi(1−Φ(y))∑t
j=1 bt(j)λje−λj(1−Φ(y))

(A.22)
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and

ωi,t+1(y) =
bt(i)λie

−λi(1−Φ(y))∑t+1
j=1 bt(j)λje−λj(1−Φ(y))

(A.23)

If buyers have some memory, in the sense that δ ∈ [0, 1), Lemma 9 tells us that the

average number λi of contacts for a buyer is strictly increasing in the buyer’s experience

i. If buyers have a positive probability of staying in the market for multiple periods, in

the sense that σ ∈ [0, 1), the measure of buyers b(i) with experience i is strictly positive,

and so are ωi,t(y) and ωi,t+1(y). Using these observations yields

Λt+1(y)− Λt(y) =
[∑t

i=1 (ωi,t+1(y)− ωi,t(y))λi

]
+ ωt+1,t+1(y)λt+1

>
[∑t

i=1 (ωi,t+1(y)− ωi,t(y))λt+1

]
+ ωt+1,t+1(y)λt+1

=
[∑t

i=1 (ωi,t+1(y)− ωi,t(y)) + ωt+1,t+1(y)
]
λt+1 = 0.

(A.24)

Specifically, the second line in (A.24) makes use of the fact that b(i) > 0 for i = 1, 2, ...t+1

and, hence, (A.22) and (A.23) imply that ωi,t+1−ωi,t < 0 for i = 1, 2, . . . t. Moreover, the

second line uses the fact that λt+1 > λi for i = 1, 2, . . . t. The third line uses the fact that

ωi,t(y) and ωi,t+1(y) are weights, in the sense that
∑t

i=1 ωi,t(y) = 1 and
∑t+1

i=1 ωi,t+1(y) = 1

and, hence, the term in square brackets multiplying λt+1 is equal to 0. ■
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