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Abstract

Can a central bank tighten and real interest rates fall under monetary dominance?
Rupert and Sustek (2019) showed that adding endogenous capital to the New Keynesian
model allows real interest rates to move in any direction after a positive monetary shock.
This would suggest that the real interest rate channel of monetary policy is observa-
tional rather than structural in these models. This paper demonstrates that the puzzle
arises when the capital elasticity to the shock is so high that inflation expectations over-
react, causing the endogenous, or systematic, component of the monetary policy rule
to more than offset its exogenous one. The channel is indeed structural, but comparing
actual rates to a counterfactual without nominal rigidities may be misleading, particularly
after a shock that significantly impacts investment, such as a pandemic or a financial
crisis. Alternatively, a sign-consistent measure of the monetary policy stance is the
real interest rate gap that neutralizes the effect of shocks on endogenous state vari-
ables. Such an identification problem can also be mitigated by incorporating interest-

rate smoothing into the Taylor rule.
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1 Introduction

Can a central bank tighten and real interest rates fall under monetary dominance? In a
recent paper, Rupert and Sustek| (2019) challenged the existence of a real interest rate channel
of monetary policy transmission in textbook New Keynesian models, e.g., Woodford| (2003a)
and|Gali| (2015). They showed that introducing endogenous capital into such models allows
the real interest rate to move in any direction after a positive monetary shock, 5’{”E| To
illustrate this, Figure|1|displays the effect of a positive monetary shock under two different
specifications for its persistence coefficient, p’”, a policy parameter. The real interest rate
rises immediately after a transitory shock (p” = 0.0) but falls when the latter is just mildly

persistent (p™ = 0.5), while inflation falls and investment slumps in both cases.

IWoodford| (2003a, sec. 5.3.3) calls the lack of any effect of variations in private spending on the economy’s
productive capacity one of the more obvious omissions in the baseline New Keynesian model. He observes
that although there are calibrations for which introducing endogenous capital results in similar dynamics for
output and inflation after a monetary shock, the mechanisms within each model that generate these results

are not too closely parallel.
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Figure 1: Impulse response function to a positive monetary shock in a canonical New

Keynesian model augmented with endogenous capital

According to Rupert and Sustek (2019), this would prove that the real interest rate channel
is only observational — not structural — in that class of models. A channel not robust to
the |Lucas| (1976) critique raises serious concerns about the use of these models for policy
recommendations. For example, the very interpretation of their impulse response functions
becomes debatable, and it would be quite problematic to assume such a channel for the
identification of vector autoregression (VAR) models, whether through sign restrictions, as
in the method proposed by |Uhlig (2005); through sequentially ordering nominal and real
rates, as in a Cholesky decomposition (Benoit (1924)); or by selecting real rates instead of
nominal ones as part of the model’s endogenous variables.

The importance of Rupert and Sustek (2019)’s result is straightforward yet significant to
the extent that it has recently been evoked by Holden|(2024) as one of the reasons to motivate
aradical shift in central banking from nominal to real interest rate rules. Although in general
equilibrium all variables are determined simultaneously, every model needs a story to tell,

and the common view on the transmission of monetary policy in textbook New Keynesian



models relies on the real interest rate channel, which Ireland) (2010) describes as follows:

"A monetary tightening in the form of a shock to the Taylor rule that increases
the short-term nominal interest rate translates into an increase in the real interest
rate as well when nominal prices move sluggishly due to costly or staggered price
setting. This rise in the real interest rate then causes households to cut back
on their spending, as summarized by the IS curve. Finally, through the Phillips
curve, the decline in output puts downward pressure on inflation, which adjusts

only gradually after the shock."

Gali (2015, p. 5) also emphasizes the real interest rate channel when describing the short-

run non-neutrality of monetary policy in this class of models:

"As a consequence of the presence of nominal rigidities, changes in short-
term nominal interest rates (whether chosen directly by the central bank or induced
by changes in the money supply) are not matched by one-for-one changes in
expected inflation, thus leading to variations in real interest rates. The latter
bring about changes in consumption and investment and, as a result, in output
and employment, because firms find it optimal to adjust the quantity of goods
supplied to the new level of demand. In the long run, however, all prices and

wages adjust, and the economy reverts back to its natural equilibrium."

Schematically, a positive monetary shock (¢}*) should increase the nominal interest rate
(i;) and then the real interest rate (r;), because of sticky prices, causing the reduction of con-
sumption (c;), output (y;), and, finally, inflation ().
Tfl,:n = 1i; = Tre = ¢ = |y = |n;

~—~—~
if prices are sticky

However, Rupert and Sustek| (2019) propose a different story, which they argue is more
consistent with the actual mechanics of the model. The transmission does not operate
through a real interest rate channel. First, equilibrium inflation is approximately determined
as in a flexible-price modelE] Second, output is pinned down by the New Keynesian Phillips

curve, interpreted here to mean that, given the expected inflation trajectory, firms that cannot

2In Chapter 2 of |Gali (2015), a canonical real business cycle (RBC) model is augmented with a fixed-
intercept interest rate rule to pin down inflation and, thus, a trajectory for the price level. Current inflation,

as a deviation from its steady-state value, is determined by the expected path of real interest rate deviations
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adjust prices will change output. Finally, the real rate only reflects the feasibility of keeping
consumption smooth when income changes, whereas consistency with the real interest rate
channel depends on the persistence of the monetary shock. The canonical model, with fixed
capital, is simply a limiting case where the latter adjustment costs are infinite. According to

this view, monetary transmission should work as follows:

m .
tey: = 1, = o, = | ys => |l > °ry
~—~ ~—~

if prices are sticky depends on the presence

of capital and calibration
In this paper, I show that this puzzle stems from a problem of definition. In the canonical
New Keynesian model, monetary policy stance is measured by the real interest rate gap,

~Gap
rt

, which compares the actual real interest rate of a sticky economy with the one of an
identical counterpart except for the absence of nominal rigidities (I). This last rate is called
the natural real interest rate, r/*. If there is only a history of monetary shocks in the economy,

r!" should not move, implying that 7947 is equal to ;.
=Ff—F (1)

Since the canonical model has no endogenous state variables, such as capital, this rate
is strictly connected to the notion of equilibrium determination in that economy. In this
case, a zero real interest rate gap implies that output is at its potential level and inflation
is at the central bank’s target. This is a short-run equilibrium, but it is also a long-run one
in the absence of further exogenous shocks, where a single persistent exogenous shock is
just a sequence of exogenous shocks. Woodford (2003a, Ch. 5 sec 3.4) points out that this
definition of the real interest rate gap turns out to be odd once we introduce capital in the
model. That is so because, out of the steady state, the stock of capital of the sticky economy
will probably differ from the stock of the counterpart economy without nominal rigidities.
He suggests defining the natural rate of this economy as the one that would result from the
lack of nominal rigidities now and in the future, given all exogenous and predetermined

state variablesf|

from the steady state, as long as the Taylor principle is obeyed. It is important to note that the steady-state
value of the real interest rate and the intercept of the monetary policy rule coincide, assuming a zero-inflation
target. Chapter 1 of[Woodford| (2003a) shows the same idea in a partial-equilibrium monetary model where

the sequence of real interest rates is exogenous.
3Woodford (2003a, Ch. 5 sec 3.4)’s refers only to price flexibility, probably, due to the context of the simple

model he is analyzing.



Thus, for the real interest rate gap to represent the current monetary policy stance, it
must control for the effect of shocks on state variables. The natural rate that matters for
measuring the monetary policy stance is the one that assumes state variables are at the same
level as the real rate, which I call state-invariant definition, and not the definition employed
by, eg., Neiss and Nelson| (2003), which assumes the non-existence of nominal rigidities
neither in the past, present, or future, the state-variant definition. As a matter of fact, this
last definition has been ubiquitously employed in dynamic stochastic general equilibrium
(DSGE) models, such as |Smets and Wouters| (2003), whereas the state-invariant definition
was to great extent overlooked in the New Keynesian literature. The finding that the state-
variant definition is only observationally consistent with the real interest rate channel leads
to a theoretical argument in favor of the state-invariant definition.

Here, I incorporate that important caveat in a different approach. I decompose the
natural real interest into an exogenous component, 7, that corresponds to a counter-
factual that keeps the capital stock constant, and a remaining component, 7, IAcL’? + Nnkk€s
that depends on the state variable and the shocks, where 7, is a constant, 1,k is a vector
of constants, l%f is the log-deviation from the steady state of the capital stock in the economy

without nominal rigidities, and &, is a vector of shocks ]

N Ancc rn
fr = Ft ik + Nnkk€: 2)
N ~——
= 0 if only shocks are monetary =0 if only shocks are monetary

I proceed then by decomposing #; as the sum of a counterfactual where capital is fixed,

7¢¢, and a residual, (nklAct + nkka’t"), where 1} and 1 are constants, and defining the state-

invariant real interest rate gap, ftc ©GaP as the gap of real interest rates that controls for the
endogenous state variables.
ft2f5c+(1]kk[+1’]kk£’tn) 3
scc,Gap _ ~cc _ ancc
Py =7~ 7] (4)

. . . A ~cc,Ga
As can be seen in Flgureby comparing 7; and 7, P

, the latter is the real interest rate gap
measure whose sign is consistent with the New Keynesian theory at the shock period. Note
that while Woodford| (2003a)’s decomposition does not preclude that 7; reacts negatively

to a positive monetary shock, the here proposed decomposition isolates in coefficients 7

“Note that the remaining component does not depend on the monetary shock due to the lack of nominal

rigidities in the counterfactual economy.



and 1y any deep parameter sensitive to the speed of the adjustment of the state variable. I
propose the following explanation for the New Keynesian capital puzzle: a monetary tightening
in the form of a shock to the Taylor rule increases the short-term nominal interest rate
(policy rule), causing an increase in the real interest rate when nominal prices move sluggishly
(Fisher equation). This rise in the real interest rate causes households to cut back on their
spending (IS). If investment sinks too much, households cut consumption even further (IS
with capital). The large decline in output puts significant downward pressure on inflation
(Phillips Curve), amplifying the endogenous negative response of the policy rule. This results
in the nominal interest rate reversing its sign and dropping when its endogenous response
is numerically larger that the original monetary shock, ultimately causing a drop in the real
interest rate because prices are sticky. Then, onward, this flow continues with shrinking and

oscillating amplitude until convergence to the in-period equilibrium, as induced by mone-

tary dominance.
Tt’frtn:>Tit:> Tre = e >y =l =1y > 1|,
~—~— ~——
if prices are sticky if capital sinks

From an empirical perspective, this paper also shows that the identification problem
of the real interest rate channel of monetary policy can be largely mitigated in the relevant
parameter range by adding interest-rate smoothing to the Taylor rule — a feature as prevalent
as capital in medium-scale New Keynesian dynamic stochastic general equilibrium (DSGE)
models, e.g.,[Smets and Wouters| (2003, 2007). Smoothing interest rates narrows down the
numerical difference between the real interest rate gaps measured under the state-invariant
and state-variant definitions, while it also makes more likely that the state-variant real interest
rate gap reflects the sign of the monetary shock.

I adopt the following modeling strategy to disentangle the observational consistency of
the real interest rate channel from its structural validity. First, I solve the textbook New
Keynesian model of|Gali (2015) with capital and decompose the effect of shocks on the real
interest rate gap into two components: one that only depends on the exogenous shocks
and another one that only depends on the endogenous state variables of the model. This
decomposition exposes that the first component retains the sign predicted by the New Keynesian
theory. The sign of the endogenous component, by its turn, will depend on the interaction
between the structure of the model and the monetary policy rule. If the endogenous component

happens to have the opposite sign of the exogenous component and it is larger in magnitude



than the latter, a positive monetary shock can lead to an immediate decrease of the real
interest rate. In this case, yes, a central bank can tighten and real interest rates fall, but that
reflects the endogenous feedback of the structure of that economy (i.e., capital adjustment
costs, consumption habits) and not the first-round effect of monetary policy. Second, I add
smoothing in the Taylor rule to show that the latter can mitigate the identification problem
revealed by Rupert and Sustek (2019). This finding that the real interest rate channel of mon-
etary policy is reestablished with a common ingredient of medium-scale New Keynesian
models weakens the concerns about its correct identification in policy-oriented DSGE or
VAR models, where the latter are mostly immune to the problem because lagging terms are
ubiquitous in their specification. Third, I better qualify my results by exploring different
combinations of interest-rate smoothing and also capital adjustment costs, since making
capital adjustment sluggish is warranted to prevent output from overreacting after a mone-
tary shock. Finally, I show how smoothing solves the identification problem in a medium-
scale DSGE model.

Either by focusing on the state-invariant real interest rate gap or accepting that at least
some smoothing is the rule in central banking and that capital adjustment costs are never
negligible in the real world leads to an even broader conclusion. Regarding sign identification,
the relationship between inflation and real interest rates is actually more robust than that
between the former and nominal interest rates. That is because, after a monetary shock,
there is no univocal direction for the observed nominal interest rate response, whose rule is
composed of both an endogenous (i.e., response to inflation) and an exogenous component
(the shock). A sufficiently persistent positive shock can depress inflation expectations to
such an extent that current inflation subsides to the point that current nominal interest rate
must also decrease. This textbook result has been explored by both Woodford (2003a, sec.
4.2.4) and|Gali (2015).

The next sections of this paper are structured as follows. Section 2 presents the related
literature. Section 3 describes, solves, and analyzes the New Keynesian model before and
after introducing endogenous capital. Section 4 add interest-rate smoothing into the model.

Section 5 takes the proposed solutions to a medium-scale model. Finally, Section 6 concludes.



2 Related literature

This paper builds on Rupert and Sustek (2019), who scrutinize the mechanics of canon-
ical New Keynesian models, i.e., those in Woodford (2003a) and |Gali (2015). They argue
that the monetary policy transmission mechanism in this class of models does not operate
through the real interest rate channel, contrary to the conventional view. The observational
similitude with the real interest rate channel would come from an implicit assumption of
infinite capital adjustment costs.

Suspicion about the real interest rate channel of New Keynesian models is not new.
The seminal work of Kimball (1995) on the derivation of a real business cycle model with
sticky prices — he called it Neo-Monetarist — dedicates a whole section to discussing the
unlikelihood of that channel. He concludes that, even when investment adjustment costs
are introduced, parameter values perceived by him as "plausible" would imply that the real
interest rate increases in response to a monetary expansionE] The "implausible" scenario
would occur if either adjustment costs were "too high" or convergence back to the long-run
equilibrium after a monetary shock was "too fast", not unlike what Rupert and Sustek (2019)
find. Nonetheless, here lie two distinctions between the Neo-Monetarist model and most of
the New Keynesian models that followed. First, while Kimball (1995) insisted on portraying
monetary policy through a quantity equation with exogenous shocks to the money supply,
the New Keynesian literature has followed the real-world trend of adopting nominal interest
rate rules with an endogenous response to inflation. Especially when augmented with smooth-
ing, asI propose in this paper, these last rules put in sharp relief the speed of the convergence
back to a long-run equilibrium. Second, the parameterization he deems as "plausible" — an
investment adjustment cost elasticity of 0.2 and a (labor-constant) elasticity of intertemporal
substitution (EIS) for consumption of 0.2 — does not match modern estimations of these
models, which find higher values for the EISE]

Brault and Khan! (2022) modify Rupert and Sustek (2019)’s work by including frictions on
changes in the flow of investments, like|Christiano, Eichenbaum and Evans (2005) do, rather

than on capital adjustment. They find that the real interest rate moves in the same direction

5The model is linearized and, therefore, I assume a symmetrical response in the case of a monetary

contraction.
6Using Bayesian methods, Smets and Wouters (2003) estimate the EIS to be 0.74 for the Euro Area, and

Smets and Wouters|(2007) estimate it to be 0.68-0.72 for the U.S. All values are posterior modes.



as the monetary policy shock, regardless of adjustment cost size or shock persistence. The
authors argue that, at least in contemporary (medium-scale) New Keynesian models, the
real interest rate channel is present.

On the literature about gauging monetary policy stance through interest rate gaps,|Wicksell
(1898, |1907) builds a whole monetary theory over the gap between the money rate and the
natural interest rate in a mostly frictionless environment. More recently, despite relying on
different definitions of the real interest rate gap when there is endogenous capital, Woodford
(2003a) makes the theoretical case, while Neiss and Nelson (2003) present evidence in favor
ofits empirical relevance. Laubach and Williams (2003) estimate the gap in a semi-structural
model, defining the natural rate as a trend that depends on output growth. Cour-Thimann,
Pilegaard and Straccal (2006) specify the natural rate as the unobservable component of the
real interest rate which has no contemporaneous and lagged correlation with the output
gap. Lubik, Matthes et al.| (2015) employ a time-varying parameter vector autoregressive
model to calculate r-star without assuming economic relationships between key macroeconomic
variables, a largely agnostic approach. In actual central banking practice, the use of the real
interest rate gap has been pervasive (e.g., Waller| (2024);Schnabel (2024)).

Concerning interest-rate smoothing, its addition to the canonical model is empirically
motivated. The presence of a significant level of it in the response function of the Federal
Reserve is found by|Clarida, Gali and Gertler| (1999), for both the pre-Volcker (1960:1-1979:2)
and the Volcker-Greenspan (1979:3-1996:4) eras, as well as by|Coibion and Gorodnichenko
(2012), whose results employing both hard and narrative real-time data favor that source
of purposeful policy inertia over serially correlated monetary shocks, either arbitrary or
motivated by, perhaps, inherited persistence from the underlying data generating process
of omitted variables to which the Federal Reserve also responds. For their part, |[Smets and
Wouters|(2007) estimate a medium-scale New Keynesian DSGE model using Bayesian meth-
ods for the United States and find considerable coefficients for interest-rate smoothing (above
0.7) as well as small coefficients for monetary shock persistence (below 0.3). These papers
suggest the empirical presence of smoothing through the estimation of either single or multiple
equation models, that is, by imposing only a little or a lot of informational restriction on the
estimation.

Nonetheless, contrasting results can still be found depending on the estimation strategy

as Rudebusch (2006) and |Carrillo, Feve and Matheron (2018) demonstrate, favoring the
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modeling of serially correlated monetary shocks employed by Rupert and Sustek| (2019).
Both approaches to monetary policy are not mutually exclusive, though, since data-driven
monetary policy and contingency on new information do not preclude mild forms of forward
guidance and policy inertia. This paper shows that different combinations of these two
features are enough to restore the canonical identification of the real interest rate channel.
My modification is also theoretically justified. [Sack and Wieland| (2000) and [Woodford
(2003b) show that smoothing policy interest rates may be optimal from a welfare perspec-
tive, a concern already presented in Goodfriend|(1987) in terms of a central bank’s preference
to maintain "orderly money markets" by minimizing unexpected asset price movements
that otherwise could raise the risk of bankruptcies and banking crises. Thus, although smooth-
ing is a policy choice, high levels of it are generally optimal, and low levels are empirically

rare, which warrants the case of this paper.

3 New-Keynesian model before and after capital

In this section, I propose and solve a New Keynesian toy model: first the canonical version,
then the model augmented with endogenous capital, and then I add interest-rate smooth-
ing. This exposition strategy facilitates the comparison across the different versions of the

model. The reader can find in Appendix[A|a glossary of all symbols used.

3.1 Canonical closed economy (with omitted or fixed capital)

Consider a closed economy without fiscal policy, where a one-period risk-free nominal bond
is available in zero net supply and the central bank adopts a fixed-intercept Taylor rule. I
expand here on the simplified presentation made by Rupert and Sustek (2019) of the canon-
ical New Keynesian model of Gali (2015), with minor notational changes.

The simple model starts with seven variables: real consumption, c;; labor [;; real output,
y:; real wage, wy; real marginal cost, y;; nominal interest rate, i;; and inflation, m;. Over-
lined variables represent their steady-state values. There are six parameters: the subjective
discount factor, f; the inverse of the elasticity of labor supply, n; the elasticity of substitution
between intermediate goods, ¢; the fraction of producers not adjusting prices at any given
period, 0; the intercept of the Taylor rule, i; and the Taylor-rule coefficient that gauges the

central bank’s reaction to current inflation, v. There is also an exogenous monetary shock
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variable, ¢

Assuming a per-period utility function of the form

1+n
=1 - 5
u; =log(cy) 1+7 5)
and an intermediate goods aggregator like
yie= f yG)dj| (6)

the equilibrium conditions of that economy are given by the Euler equation (7) in conjunction
with equations (8) to , namely the first-order conditions (FOC) of labor, the production
function, the real marginal cost, the New Keynesian Phillips curve under Calvo pricing already

linearized around a zero steady-state inflation, a Taylor rule, and the market-clearing condition.

1 1 1+ )
—=pE (7)

Ct P t(ct+11+77:t+1
Do ®)

Ct
ye=1 9)
Xt = Wt ( (10)
1-60)1-06p) _

nt:Tﬁ(mct—mc)+ﬁ[E[n[+1 1y
l't:l.+V7Tt+f;n (12)
Ye=¢Ct (13)

As usual, the equilibrium conditions above can be simplified to a three-equation system
linearized around a nonstochastic steady state (r = 0, y = 1). This is possible by first linearizing
and substituting the market-clearing condition into it, then eliminating (13), (9), and
through the substitution of their respective expressions for c;, I;, and w; into (8), which

is later linearized such that j, = =¥, Finally, the Taylor Rule is rewritten as deviations

y
of the interest rate from its steady-state value such that ir=i;—1i.

_JA/:_[EtJA/t+1+iAt_[Etnt+1 (14)
T =QPr+PE 41 (15)
r=vm+&7 (16)

where

(1+n(1-0)1-6p) S
0

Q
1

0 17
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Notice that when prices are fully flexible, § — 0, then QQ — oo, whereas when prices are fixed,
0 — 1, then Q — 0. As Rupert and Sustek (2019) comment, it is helpful to think of Q as a
weight that gauges the solution coefficients of the system between the fully flexible and the
fixed price regime.

I can proceed further by substituting the policy rule into so that I reduce the

system to only two equations:

V=B P v+ & - B (18)

T =QP+PE; w1 (19)

I assume the monetary shock follows an AR(1) process given by {7 = p™¢ | + €], where
p™ €10,1) and €} is i.i.d. N(0,1). Solving the model with the method of undetermined
coefficients — also known as guess-and-verify — by conjecturing y; = a¢}" and n, = b7,
where a and b are the coefficients I want to obtain, and discarding explosive paths for output

and inflation leads to

1-pp™
=— <0 (20)
1-p™1-pp™ +Q(v-p™)
= ! 1)

Ta—pma-pema i —pm "
where both coefficients imply that a positive monetary shock always reduces inflation and
output in the canonical New Keynesian model.

Figure [2| plots coefficients a and b for different values of v and Q, under the calibration
of Rupert and Sustek (2019)[2} As expected, flexible prices reduce output elasticity to zero at
the same time that inflation elasticity is at its maximum. Moreover, a more active monetary

policy reduces both elasticities.

"The following calibration includes parameters that will be incorporated into the model later in this paper:

$=099,71=1,£=0.83,0=0.7,v=1.5,p" =05 a =0.3,§ = 0.025.
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Figure 2: Output and inflation elasticity to a monetary shock

The real interest rate as a deviation from its steady-state value can be obtained from the

Fisher identity, 7; = i —Ep e Substituting my solution, I have

1
A _ m
o= |1 g |4 (22)
v—p™m Q
€[0,1]
>0

whose coefficient on ¢}", which is never negative, implies that the real interest rate always
increases/decreases right after a positive/negative monetary shock. This is consistent with

monetary policy being transmitted through a real interest rate channel.

3.2 Endogenous capital

I now incorporate endogenous capital and show that the real interest rate channel is rees-
tablished once we use the state-invariant real interest rate gap definition.

I build on the model of Rupert and Sustek| (2019), which assumes there is an economy-
wide rental market of capital so that firms can rent capital in every period. In that sense,

capital is not ﬁrm—speciﬁcﬁ Moreover, they assume that whenever households change their

8Altig et al/(2011) estimate a New Keynesian DSGE model for the U.S. and find that this modeling choice for
introducing endogenous capital results in firms enduring long spells before readjusting prices, up to 9 quarters

on average. They show that firm-specific capital can align that spell more with empirical evidence from micro

data to, say, once a year.
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stock of capital, there is a quadratic adjustment cost, —% (ki1 — kt)z, where k; is the stock of
capital inherited from the previous period and « = 0 is a parameter that governs the size of
the adjustment cost in terms of foregone real income.

Resuming from the canonical model of Section 3.1} there is a new Euler equation for the
capital asset (23), where § € (0, 1) is a depreciation rate, and g; is the price of capital in terms
of current consumption, Tobin’s q, such that q; = 1+« (k;+; — k;). The production function
(9) is replaced by (24), which incorporates capital and labor proportionate to constant returns
to scale, where a is the Cobb-Douglas coefficient of capital. Equation (25) is the condition
for the optimal mix of capital and labor in production, which comes from the FOC of the
firm. The marginal cost is updated to include the rent on capital, ¥, (26). The resources

constraint must now account for the investment flow so markets can clear (27).

-0
1 —ﬁ[Et( ( r+1 6/t+1)) 23)
Cr+1 q: q:
ye=kil e (24)
Wy l-a (kt)
—L=—|Z (25)
rf a Iy (
r;c « Wy -«
ve=|L (=) (26)
K
Ve=cCi+ ki1 —(1-6) kt+§(kt+1_kt)2 (27)

After substituting equation li into by eliminating rf, and substituting equation

into (24) so as to eliminate /;, the model is log-linearized around the zero-inflation non-

stochastic steady state (Appendix. For any variable X, X = XIX_X, with the exception of

ft =i -1, fr=r;—71,and f’f = rf — 7%, After that, it is possible to eliminate ff, Xt Wy, and

I; to obtain the following reduced system with only four equations, which depends on the

specification of a policy rule for i,.

~&r=—F 8 +i—Emen (28)
A A A _k ~ ].+17A 1+C¥17A
—Cr=—-E; 1 +Es g+ 1 Ey Ct+1+1_ Vir1— g i+l (29)
+a 1+n. >
ﬂt:\y(n YVe—«& n]C[+C[)+ﬁ[E[7T[+1 (30)
l-a 1-
. T. E k
Ji==C+=kis1—-(1-06)= kt (31)
y y
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, such that when prices are flexible, ¥ — co. Moreover, G;;+1 = q;tl is

where ¥ = %—(1_9)(01_9/5)

the capital gain, so &, = §; — §,—1 = ¥ (k1 — k) =% (k; — k;—1), where ¥ = xk.

3.3 Thereal interest rate gap

In the New Keynesian theory, the gauge of monetary policy stance is the real interest rate
gap, #¢%P. |Neiss and Nelson| (2003) calculate the gap by taking the difference between the
actual real interest rate, 7;, and the real interest rate of a counterfactual economy without
nominal rigidities, 7', as in . This approach does not take into account the fluctuation
of state variables, such as capital, which, I show next, is the reason why Rupert and Sustek
(2019) find that the real interest rate channel of monetary policy transmission is only ob-
servational and not structural in New Keynesian models. Once we decompose the effect of
the shock into a purely exogenous component that emerges from the counterfactual with
fixed state variables, and one which depends on the existence of the state variable, (33), we
can calculate a state-consistent real interest rate gap, like in Woodford (2003a), but whose
sign reflects the actual monetary policy stance. This last measure is consistent with the New
Keynesian theory and shows that the transmission of monetary policy is truly through a real
interest rate channel, although deviations of state variables from their long-run values blur
that same mechanism. A steady-state economy inflicted with a positive monetary shock will

always exhibit a positive state-consistent real interest rate gap at the period of the shock.
We start by recalling some definitions introduced in this paper, to (4). r{¢is the
real interest rate of a counterfactual economy in which capital is kept fixed at its long-run
ncc ~cc,Gap

(steady-state) value, r;'““ is the same counterfactual but with no nominal rigidities, 7,

is the gap between them, while 71,,x, 7,k Tk, and 7 are constants.

P e

=P+ (N ik + ke’
f,f:f‘tcc+(17k]%t+17kk£’[n) (3)
PO = P — e @

We can now proceed with the decomposition. We substitute (3) and (2) into (4), and then
into its result to obtain (33).

OO = (o= mike = mike ") = (7 =kt —naee?)
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~cc,Gap _ ~Gap 7 n m m
't =7, " = Nkke +Nnkky —NMkk€r +NMnkk€y

~Gap _ ~cc,Gap 7 7.n m m
ry = 'y +Nkke —Nnkky +Nkk€r —NMnkk€y (32)

W—/ - ~ 7

state-invariant effect state-variant effect
. ~cc,G A »
As the only shock of the model is monetary, we know that 7, ””“" = #¢¢, 1,1, = 0, and k" = 0.
pOAP = pee + Nk + m (33)
t = t NiKe +Nkk€y

state-invariant effect state-variant effect

Returning to the model equations, after fixing capital, we can get rid of (29). Assuming the

same policy rule as before, we have:

6 = JE, 68 4 vn e 4 Ty, (34)
+a "
7 = (’7__aygc +6°) + BE, S, (35)
ACC E ACC
yi i ==¢ (36)
t y t

We substitute in to eliminate j,. Using the undetermined coefficients methods,

we solve next.

A

cc _ m ACC  __ m A m ACC  _ m_m
Cif=all' = E ¢ ,=akl,, = &r=ael’ = E 6L, =ap™e]

~ACC _

~ACC __ m ~ACC __ m m ~CC __ m_.m
A =bE = E A3, =bEL, = A =belt = E AL, =bp €]

ACC __ ACC cc m cc
=6 =BGyt & —Eemgy
+ac .
ﬂ?c:\P(T] :+1)C§C+ﬁ[Etﬂgil

l-ay

m __ m_.m m m m_.m
—ae; =—ap€; +vbe; +e; —bp"€;

n+ac
b€;n =¥ (mi + 1) 6l€;n + ,Bbpmé";n

1 v-p")Q
_ (( p") +1) (37)
p"—1{1-(v-p™m)Q
Q
b= ——— (38)
1-(v-p™)Q
here 0 — \P(Tl’f—ggﬂ)
where £ = f=gomy ey < )
Since Q < 0 and (v—pm)>0,—1<1(v(;p—,)n9<0, so that a < 0, which means that con-
-(v-p™)Q

sumption always decreases with respect to the state-invariant effect of the shock. Moreover,

the numerator of b is negative and the denominator is positive, so that b < 0, which means
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that inflation also falls as a consequence of the state-invariant effect of the shock. 77¢ and

A . ~cc,Ga
#11°¢ can now be analytically solved, and therefore, also 7, .

ACC _ :CC cc _ cc m cc
Fe =iy —Bemyy =vag e —Rempyy

Pi¢=vbel +e]'—bp"e] = (vb+1—-bp™)e]

Q

FC=1+(v—p")————|€e"
t p l—(V—pm)Q t
1
R e e 4
(v-pMQ
>-1
>0

A positive monetary shock will always result in a positive state-invariant effect, 77 > 0
and therefore f’tc eGap 0, but the sign of the state-variant effect will depend on the interaction
between the structure of the model economy and the policy rule. Therefore, ff “P will be
negative if the state-variant effect is negative and has a higher magnitude than the state-
invariant effect. Tables (1) to (4) sweep the sign of the impulse response functions of rtG ap
and rf eGap right after a positive monetary shock for different values of x ranging from 0
to 0.5. As one can see, rtG P turns negative the more persistent is the shock, but higher
capital adjustment costs make more likely that the change in sign occurs at higher persis-
tence levels. What capital adjustment costs do in the model is to introduce a friction on its
state variable (i.e. capital), turning the latter less sensitive to exogenous shocks in general,
and therefore attenuating the magnitude of the state-variant component of the real interest

rate gap. Overall, the real interest rate gap consistent with the real interest rate channel of

transmission of monetary policy is the state-invariant.

Table 1: Parameter sweep with § = 0.025 and x = 0.0

p"=0 pM™=0.1 p"=02 p™=03 p"=04 p"=05 p"=06 p"=07 p"=08 p"=09 p"=095 p™=0.99

Gap

r +

reeGap + + + + + + + + + + + +

Note: + indicates that the specific real interest rate gap increases right after a positive monetary

shock; - indicates that it decreases.
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Table 2: Parameter sweep with § = 0.025 and x = 0.1

p"=0 pM™=01 pMm=02 p"=03 p"=04 p"=05 p"=06 p"=07 p"=0.8 p"=09 p™=095 p™=0.99

rGap + + + + + + + +

reeGap + + + + + + + + + + + +

Note: + indicates that the specific real interest rate gap increases right after a positive monetary

shock; - indicates that it decreases.

Table 3: Parameter sweep with § =0.025 and x = 0.2

p"=0 pM™=0.1 p"=02 p™=03 p"=04 p"=05 p"=06 p"=07 p"=08 p"=09 p"=095 p™=0.99

Gap

r + + + + + + + + +

reeGap + + + + + + + + + + + +

Note: + indicates that the specific real interest rate gap increases right after a positive monetary

shock; - indicates that it decreases.

Table 4: Parameter sweep with § =0.025 and x = 0.5

p"=0 pM=0.1 p"=02 pT=03 p"=04 pT=05 p"=06 pT=07 p"=08 p"=09 p"=095 p™=0.99

rGap + + + + + + + + + +

reeGap + + + + + + + + + + + +

Note: + indicates that the specific real interest rate gap increases right after a positive monetary

shock; - indicates that it decreases.

4 Interest-rate smoothing

I now show that adopting interest-rate smoothing in the Taylor Rule can deliver impulse-
response functions with the sign consistent with the real interest rate channel — at least
within the empirically relevant parameter range — even for the state-variant real interest
rate gap, rtG P This finding largely minimizes the identification problem from an empirical

perspective and provides new insight into its mechanics.

4.1 Smoothing the policy rule

I substitute the Taylor rule , adopted by Rupert and Sustek/(2019), with one that includes

interest-rate smoothing , whose persistence is governed by pi e€[0,1).
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i[:piit_1+(l—pi)(i+wtt)+€;"} (39)

The reduced 4-equation system with the new policy rule becomes:

—étZ—Etét+1+Pift—1+(I—Pi)WTt—[EtﬂHl"'f;n (40)
&= —F, 101+, 8141 +T°E (c L1, _ltang ) @1)
= tCr+1 t8r+1 t|Cr+1 l—ayHl l—a t+1
n+a. 1+n. ) q
;=¥ -a ki+¢;|+PEm 42
t (l—ayt gt PE; 741 (42)
. CT. k. k-
Ji==Ci+=ki1—(1-06)=k; (43)
y y y
_=-01-0(1-6p) : : _ qre1
where ¥ =y ————, such that when prices are flexible, ¥ — co. Moreover, G+ = a1

the capital gain, so &, = §; — §,—1 = ¥ (k;+1 — k) =% (k; — k;—1), where ¥ = xk.

To check whether the negative response of real interest rates to a positive monetary
shock remains an identification problem, I sweep the combinations of parameter values for
p™€[0:0.1:0.9,0.95,0.99] and p’ € [0:0.1:0.9,0.95,0.99]. Tabledisplays the sign of the
reaction of the real interest rate right after the shock for all combinations under é = 0.025
and x = 0.0. Tables@] andincrease k to 0.1 and 0.5, respectively. As one can see, under the
hypothesis of no adjustment costs, p’ must be at least 0.95 to guarantee a positive response
under all values of p”. However, even a small adjustment cost, like ¥ = 0.1, is enough to
largely increase the parameter range consistent with a real interest rate channel of mone-

tary policy.
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Table 5: Parameter sweep with § = 0.025 and x = 0.0

pi=0 p'=01 pi=02 p'=03 pi=04 p'=05 p'=06 p'=07 p'=08 p'=09 p'=0.95 p=0.99

p"=0 + + + + + + + + + + + +
pMm=0.1 - - - - - - - + + + + +
pm=0.2 - - - - - - - - - + + +
p™=03 - - - - - - - - - + + +
p™=04 - - - - - - - - - - + +
p™=0.5 - - - - - - - - - - + +
p"=0.6 - - - - - - - - - - + +
p"=0.7 - - - - - - - - - - + +
p™=0.8 - - - - - - - - - + + +
p"=09 - - - - - - - - - + + +
p™=0.95 - - - - - - - - + + + +
p™=0.99 - - - - - + + + + + + +

Note: + indicates that the real interest rate increases right after a positive monetary shock; -

indicates that it decreases.

Table 6: Parameter sweep with § = 0.025 and x = 0.1

pi=0 pi=01 p'=02 p'=03 pi=04 p=05 p'=06 p'=07 p'=08 p'=09 p'=0.95 p’'=0.99

p™m=0 + + + + + + + + + + + +
p™=0.1 + + + + + + + + + + + +
pm=0.2 + + + + + + + + + + + +
p™=0.3 + + + + + + + + + + + +
p"=04 + + + + + + + + + + + +
p™=0.5 + + + + + + + + + + + +
p"=0.6 + + + + + + + + + + + +
p"=0.7 + + + + + + + + + + + +
p"=0.8 - + + + + + + + + + + +
p"=09 - + + + + + + + + + + +
p™=0.95 - + + + + + + + + + + +
p"™=0.99 - + + + + + + + + + + +

Note: + indicates that the real interest rate increases right after a positive monetary shock; -

indicates that it decreases.
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Table 7: Parameter sweep with § = 0.025 and x = 0.5

pi=0 p'=01 pi=02 p'=03 pi=04 p'=05 p'=06 p'=07 p'=08 p'=09 p'=0.95 p=0.99

p" = + + + + + + + + + + + +
p™m=0.1 + + + + + + + + + + + +
pm=0.2 + + + + + + + + + + + +
p™=03 + + + + + + + + + + + +
p"=04 + + + + + + + + + + + +
p™=05 + + + + + + + + + + + +
p"=0.6 + + + + + + + + + + + +
p"=0.7 + + + + + + + + + + + +
p™=0.8 + + + + + + + + + + + +
p™=0.9 + + + + + + + + + + + +
p"™=0.95 - + + + + + + + + + + +
p™=0.99 - + + + + + + + + + + +

Note: + indicates that the real interest rate increases right after a positive monetary shock; -

indicates that it decreases.

So, how restricting is the direction-switching behavior of the real interest rate in response
to a monetary shock for the estimation of VARs and DSGEs? We have seen that, in the
presence of interest-rate smoothing, an empirically validated (Coibion and Gorodnichenko,
2012), theoretically desirable (Woodford| (2003b), |Sack and Wieland! (2000)), and prevalent
feature of medium-scale DSGE models (Smets and Wouters| (2003) estimates p’ = 0.956 for
the Euro Area; Smets and Wouters| (2007) estimates pi = 0.75—0.84 for the United States), a
plausibly small adjustment cost is enough to reestablish the sign consistency with the real
interest rate channel. Thus, it is due to realistic combinations of endogenous state variable
rigidities that observational consistency is obtained in New Keynesian models augmented

with capital.

4.2 The mechanics of smoothing

Now, using the method of undetermined coefficients, I make explicit the solution for the real
interest rate and compare it to the exposition of[Rupert and Sustek| (2019).
Originally, there are three state variables (IAct, ¢ ;’Z 1 ft_l) and one shock (e’t")ﬂ To reduce

the number of coefficients I have to solve for, this representation can be simplified to just

9In Dynare code, there is an additional state variable, k;_;, that is used just for plotting capital at the

beginning of the period.
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three state variables (IAct, ¢, i ¢—1) using the monetary shock process equation. For the four
jump variables, I assume ¢; = apk, + a &+ asis_1; 7, = boky + bi&T + Dol q; Ve = dok; +
A+ dy Lio1; kpey = fo k + Hél+ fo i;—1. The set of coefficients to be determined for the
solution of the full system is {ay, ai, az, by, b1, b2, dy, di, do, fo, f1, f2}.

With the log-linearized Fisher relation, #; = i ¢+ —E;m41, and the Euler equation Ican

write:

ft:[EtéHl—ét

= (aofo —ap+ a (1 - pi) vbo) lAct + (d()fg —ap+ agpi + ap (1 - pi) ng) i1

=0 at the shock

+ pmal—al + ar (1—p’)vb1+a2 +a0f1 f’tn
Y— _ ~——
direct effect of capital

-~

smoothing

~ J

v
indirect effect of capital

ex-smoothing

where 7 is the log deviation of the real interest rate. When I remove interest-rate smoothing,
that is, when pi =0,a,=0,b,=0,d, =0, and f> = 0, the model is the same as the one
portrayed in Rupert and Sustek (2019).

The numerical coefficients can be extracted from the decision rules obtained for first-
order solutions in Dynare (Adjemian et al.|(2024)). Each coefficient is also a partial derivative
with respect to a state variable or a shock (i.e., ayp = 2—22). With that in mind, I can decompose
the immediate effect of the shock on the real interest rate into a direct effect of capital and
an indirect one. The direct effect is analytically the same as in Rupert and Sustek (2019)
since it depends only on the existence of endogenous capital in the model. The indirect
effect, on the other hand, can be decomposed into two components: ex-smoothing and
smoothing. The ex-smoothing component is the full indirect effect in [Rupert and Sustek
(2019), whereas the smoothing component appears in my model whenever p’ > 0. Although
the direct effect of capital is always negative, the indirect effect can switch signs depending
on how much consumption smoothing is allowed. For that, the shock’s persistence, the
policy rate’s smoothing, and capital adjustment costs are keyF_U] I call the total effect the sum

of the direct and indirect effects.

10The depreciation rate of capital, §, is also important because it sets the k =

il

, but I prefer to keep it fixed

to simplify the analysis.
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Oft _ ( m—]_) aét +(1+(1_ l-)vaﬁ't) 66[ +aé[ 0kt+1
0y oy 053" ) 0y ok, ocy'
ex-smoothing smoothing direct effect of capital < 0

B
indirect effect of capital

Under the benchmark calibration, with no adjustment costs and no interest-rate smooth-
ing, the direct effect of capital on the real interest rate from a monetary shock is negative for
all possible values of p™, while the indirect effect is mostly positive. The absolute indirect
effect is larger than the direct one only at the lowest range of p”, as seen in Figure
Note that for considerably persistent monetary shocks (p” > 0.7), the indirect effect can
be negative, which implies (%51 > 0, an atypical situation in which the prospect of a long
spell of deflation motivates a consumption increase in the present due to income effectE]
Meanwhile, in Figure[3b} I show that raising « to 0.1 increases both components of the total

effect, amplifying the range consistent with the real interest rate channel.

0.2 Ry: coefficient of & 05 Ry: coefficient of &
) o. —-6-— Direct effect . —-6-— Direct effect
o, @ Indirect effect P, @ Indirect effect
e, —o— Total effect 04} ™o —o— Total effect

0.1+

09

-0.1F

-0.2L

@x=0 (b) x =0.1

Figure 3: Decomposition of the effect of capital on #; from a monetary shock when p’ = 0

In Figure [4] I introduce interest-rate smoothing by setting p’ = 0.5, with no capital ad-
justment costs. In that case, the total effect curve becomes flatter near the zero axis. Raising
the adjustment cost to x = 0.1, as in Figure[5} is enough to turn the total effect curve positive

for all possible values of p” even with just a little interest-rate smoothing (o’ = 0.1).

This case is explored in more detail in Section
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Figure 4: Decomposition of the effect of capital on #; from a monetary shock when p’ = 0.5
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Figure 5: Decomposition of the effect of capital on #; from a monetary shock when p’ = 0.1

andx =0.1

4.3 Impulse response functions

Next, I plot the impulse response functions of the New Keynesian model augmented with

endogenous capital, adjustment costs, and interest-rate smoothing. I calibrate the standard

deviation of the monetary shock to 1 p.p. The graphs display percentage deviations from

steady-state values, except for interest rates, which are measured in p.p. deviations from
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steady-state values. As expected, output, consumption, and inflation respond negatively
in the event of a contractionary shock, except for the atypical case in which the income
effect dominates the intertemporal substitution of consumption. In this last case, output
and inflation fall, but consumption expands. The capital stock also decreases, but with a lag
due to my timing convention. However, the nominal interest rate may react either positively
or negatively, as the sign depends on inflation expectations and actual inflation, both of
which may decrease significantly in the presence of persistence of the monetary shock, a
well-documented pattern (Gali (2015) and Woodford| (2003a, sec. 4.2.4)). Most importantly,
cc,Gap

the state-invariant real interest rate gap, r, , is always positive right after a positive mon-

etary shock[/?]

4.3.1 Fixing with very high interest-rate smoothing

Figure |§] shows that a very high level of interest-rate smoothing (p’ = 0.95) reestablishes the
observational consistency with the real interest rate channel of monetary policy transmission.

However, without capital adjustment costs, output overreacts, becoming unrealistic.

2Interest-rate smoothing adds a new state variable to the model, which is lagged interest rate. Fixing that
state would violate the determinacy condition of the model, therefore I refrain from fixing it in the calculation

of % for the graphs of this section.
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Figure 6: Impulse response function to a one-standard-deviation monetary shock under

pi=095andkx =0

4.3.2 Fixing with very low interest-rate smoothing and small adjustment cost

Figure |7|shows that simply combining a very low level of smoothing (o’ = 0.1) with a small
adjustment cost (xk = 0.1) resolves the identification problem. The adjustment cost still
prevents output from overreacting right after the shock. Moreover, the negative association
between changes in inflation and changes in the real interest rate does not depend on inflation
expectations, differing from what is observed for changes in the nominal interest rate, whose

sign depends on the persistence of the monetary shock.
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Figure 7: Impulse response function to a one-standard-deviation monetary shock under

p'=0.1andx =0.1

4.3.3 The atypical consumption situation

In Figure [3a} I showed that for considerably persistent monetary shocks, say p”* > 0.7, the

&y

indirect effect of capital can be negative, which implies > 0. This atypical situation
in representative agent New Keynesian (RANK) models appears because the prospect of a
long spell of deflation motivates a consumption increase in the present due to investment
being much more elastic than output to a monetary shock in the absence of either capital
or investment adjustment costs — an extreme case in which the income effect of the shock
dominates its intertemporal substitution effectH As can be seen in Figure 8, by comparing
the impulse responses to a contractionary monetary shock for p” = 0.5 and p"" = 0.95, the

inconsistency with the real interest rate channel is present in this atypical case, but can also

13Kaplan, Moll and Violante| (2018) point out that, for any reasonable parameterization, monetary policy
in RANK models works almost exclusively through intertemporal substitution, in contrast with heterogeneous
agent models, in which indirect effects, such as the ones that arise from changes in labor income, play a larger

role.
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be solved with interest-rate smoothing as shown in Figures[4and[5| Here, the interpretation
of ff ©GaP is more challenging and raises a caveat. Although its sign at the impact of the
monetary shock is consistent with theory, the total size of the tightening is smaller when p™

is higher and the income effect dominates.
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Note: hat variables are deviations from the zero-inflation-target steady state. Nominal interest rate (i), real
interest rate (7;), inflation (77), real interest rate gap with constant capital ( ff eGap ), output (;), consumption

(é1), capital at the beginning of period (k;), and investment (%;).

Figure 8: Impulse response function to a one-standard-deviation monetary shock under

p™=0.5and p™ =0.95

5 Can Smets and Wouters (2007) do it?

Moving from textbooks to real-world central banking practice, how likely is it that the real
interest rate channel identification problem explored in this paper will appear? Quite unlikely.
Medium-scale New Keynesian models often incorporate some additional ingredients that
induce consumption and investment smoothing, complementing interest-rate smoothing
in the Taylor rule. A more complete specification of the latter — responding to output
change, output gap, and inflation expectation — suggests gradualism in monetary policy.
Consumption habits, sticky wages, and investment adjustment costs all favor smooth con-

sumption in general. In that sense, there are plenty of endogenous state variable frictions

29



which, at the end of the day, guarantee observational consistency with the real interest rate

channel of monetary policy.

5.1 Impulse response functions

Taking Smets and Wouters| (2007) as a reference and starting from calibration at the mode
of the estimated parameters’ posterior distribution, I can generate the real interest rate
channel identification problem if I reduce the investment adjustment cost parameter (k')
from 5.4882 to as low as 0.0001 in addition to setting p” = 0 and p’ = 0 (Figure [9)[”] Since
! is a structural parameter, not a policy choice like p™ and p’, the negative association
between changes in the real interest rate and changes in inflation is arguably much more
robust than that between the latter and changes in the nominal interest rate, as it is immune
to the|Lucas|(1976) critique. In this simulation, investment falls by more than 300%, exceeding
the limits of the log-linear approximation of the model around a nonstochastic steady state.
It is remarkable that the profound drops in output and consumption are not reflected in the
real interest rate, but are clearly noticeable from the sign and the amplitude of ff ©GaP which
reaches more than 20 p.p This indicates that ff ©GeP is not only sign-consistent with the
stance of monetary policy, but it also may be a better gauge of its intensity.

In Figure I change the policy parameter p”, keeping p’ = 0, and apply the same
monetary shock. Immediately after the shock, it is possible to make the nominal interest
rate to move in either the same or the opposite direction as inflation. Nonetheless, f’tc eGap
is always positive on the impact. Note that both in Figure @ and Figure ff ©GaP turns
negative after some periods, which did not happen in the canonical model augmented with
capital (Section[4.3). This happens in this medium-scale model due to the effect of the other
tenths of state variables that exist in it and, for convenience, are still allowed to vary in our

. ~cc,Ga
calculation of 7“7,

14 At that calibration, the sign switching requires higher values of k. I thank Johannes Pfeifer for providing

Dynare codes for the replication of Smets and Wouters|(2007).

15 ftc ©GaP is calculated by fixing capital stock, capital services, and investment. The removed equations are

the "Investment Euler Equation" (SW Equation 3), the "Definition of capital services" (SW Equation 6), and the
"Law of motion for capital" (SW Equation 8). In the remaining equations, references to capital stock, capital

services or investment are fixed at their steady-state levels.

30



K= 0.0001 «ereemmeene K = 0.001

iy

~ce,G
peeGap

0
10 20 0 10 20
i ¢ k
0 _____f! —— 0 ! 0 . ! 0 —
M
-20 5 -0.1 -100
X 40 -0.2 -200
-10 03
60 e -300
£ -0.4
-15 0 -400
0 10 20 0 10 20 0 10 20 0 10 20

Note: hat variables are deviations from the zero-inflation-target steady state. Nominal interest rate (i), real

interest rate (7;), inflation (i), real interest rate gap with constant capital (ftC eGap )

(é1), capital at the beginning of period (IAct), and investment (X;).

Figure 9: Smets and Wouters

output (y;), consumption

2007)’s impulse response function to a one-standard-

deviation monetary shock under x’ = 0.0001 and x’ = 0.001. Both calibrations assume

p™=0and p’ =0.
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Figure 10: Smets and Wouters (2007)’s impulse response function to a one-standard-

deviation monetary shock under p” = 0.90 and p™ = 0.99. Both calibrations assume p’ = 0.

5.2 Interest-rate smoothing

To show how interest-rate smoothing also helps with the identification problem in the/Smets
and Wouters| (2007) model, I raise the investment adjustment cost parameter from 0.001 to
0.005 in Table|8{and sweep for different values of p™ and p’. Note that increasing interest-
rate smoothing makes that channel more likely, just like in the textbook model. Finally, in
Table[9} I double the investment adjustment costs parameter and reestablish the real interest

rate channel.
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Table 8: Smets and Wouters| (2007)’s parameter sweep with k' = 0.005

pi=0 p'=01 pi=02 p'=03 pi=04 p'=05 p'=06 p'=07 p'=08 p'=09 p'=0.95 p=0.99

p"=0 + + + + + + + + + + + +
p™m=0.1 + + + + + + + + + + + +
pm=0.2 + + + + + + + + + + + +
p™=03 + + + + + + + + + + + +
p"=04 + + + + + + + + + + + +
p™=05 + + + + + + + + + + + +
p"=0.6 + - - - - - - - - + + +
p"=0.7 - - - - - - - - - + + +
p™=0.8 - - - - - - - - - + + +
p™=0.9 - - - - - - - + + + + +
p"™=0.95 - - - + + + + + + + + +
p™=0.99 + + + + + + + + + + + +

Note: + indicates that the real interest rate increases right after a positive monetary shock; -

indicates that it decreases.

Table 9: |Smets and Wouters (2007)’s parameter sweep with x’ = 0.01

pi=0 pi=01 p'=02 p'=03 pi=04 p=05 p'=06 p'=07 p'=08 p'=09 p'=0.95 p’'=0.99

p™m=0 + + + + + + + + + + + +
p™=0.1 + + + + + + + + + + + +
pm=0.2 + + + + + + + + + + + +
p™=0.3 + + + + + + + + + + + +
p"=04 + + + + + + + + + + + +
p™=0.5 + + + + + + + + + + + +
p"=0.6 + + + + + + + + + + + +
p"=0.7 + + + + + + + + + + + +
p"=0.8 + + + + + + + + + + + +
p"=09 + + + + + + + + + + + +
p™=0.95 + + + + + + + + + + + +
p™=0.99 + + + + + + + + + + + +

Note: + indicates that the real interest rate increases right after a positive monetary shock; -

indicates that it decreases.

5.3 Forecasting inflation with the real interest rate gap

Neiss and Nelson|(2003) find that the state-variant real interest rate gap contains informational

content that helps forecasting inflation, although the very own real interest rate is still a
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better, and more readily available, indicator. I conduct a similar exercise by simulating the
Smets and Wouters| (2007)’s model with all its different types of shocks activated and find
that the state-invariant gap has similar properties, also helping with forecasting inflation
(Tablesto. Starting from the non-stochastic steady state, I simulate 5,200 periods and
drop the first 200 periods.

When investment adjustment costs are meaningful, such as at the mode of the estimated

p ~Gap,cc

parameters’ posterior distribution, ftG “P is a slightly better predictor than F, , as can be
seen by the higher adjusted R-squared statistic achieved in Model 2 in comparison to Model
3. However, when investment adjustment costs are negligible, such as x* = 0.0001, leading to
the appearance of the capital puzzle, the relation inverts and only ftG 4P¢¢ is sign-consistent
with actual monetary policy stance. Overall, 7; is still the variable which individually best
improves forecasting, except for 4-period ahead annual inflation when investment adjust-
ment costs are significant, in which case f[G “P is the variable that contains more information
about the future. Combining all variables in the regression (Model 7) achieves the highest

adjusted R-squared statistic across all forecasting set-ups.
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6 Conclusion

Yes, a central bank can tighten and real interest rates fall under monetary dominance. The
capital puzzle arises when the capital elasticity to the shock is so high that inflation expecta-
tions overreact, causing the endogenous, or systematic, component of the monetary policy
rule to more than offset its exogenous one. This finding has important implications for the
design and implementation of monetary policy, particularly in junctures when investment
is significantly impacted, such as a financial crisis or a pandemic.

This paper demonstrates that the real interest rate channel is, indeed, structural in New
Keynesian models and that the identification problem that emerges once one augments
them with endogenous capital, as revealed by Rupert and Sustek (2019), stems from a prob-
lem of definition. The appropriate measure of the real interest rate gap, which accurately
reflects the sign of the stance of monetary policy, compares the counterfactual ex-ante real
interest rate as if state variables were invariant to its counterpart without nominal rigidities,
called in this paper the state-invariant definition. Simply comparing the actual real interest
rate to a counterfactual without nominal rigidities, the state-variant definition, as ubiqui-
tously done in the literature (e.g., Neiss and Nelson| (2003)), or isolating the exogenous from
the endogenous component as in |Woodford| (2003a), is a sometimes misleading approxi-
mation, which can result in the wrong perception that monetary policy does not operate
through the real interest rate channel.

Furthermore, the identification problem can be mitigated by including empirically val-
idated interest-rate smoothing into the Taylor rule, a feature as prevalent in medium-scale
New Keynesian models such as Smets and Wouters| (2003, 2007) as capital itself. The sign
of changes in the real interest rate right after a positive monetary shock is positive under
realistic parameters, thereby reestablishing the observational consistency of the real interest
rate channel of monetary policy transmission and weakening the empirical relevance of the
New Keynesian capital puzzle. This finding suggests that it is acceptable to identify VAR
models by imposing the same sign restriction on the real interest rate’s response to a mon-
etary shock. It is also acceptable to sequentially order nominal and real rates, as done in
Cholesky decompositions. Moreover, using real rates instead of nominal ones still — at least
partially — captures monetary policy shocks. Finally, interpretation of impulse responses

from canonical DSGE models through the real interest rate channel remains consistent as
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long as the monetary policy rule includes a sufficient degree of smoothing.

Ultimately, calculating the state-invariant real interest rate gap is enough for checking
the sign of monetary policy stance. It may also be a better gauge of its intensity, in addition to
improving the forecasting of future inflation. Alternatively, the state-variant real interest rate
gap may be a good approximation if one incorporates a somewhat realistic combination of
endogenous state variable rigidities, for example, acknowledging that at least some smooth-
ing is the norm in central banking and that capital adjustment costs are never negligible in
the real world. Overall, the negative association between changes in inflation and changes
in the real interest rate in New Keynesian models is actually more robust than that between

the former and changes in the nominal interest rate, which is more likely to be ambiguous.
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A Glossary of symbols

Table 18: Model variables

Symbol Definition/Description

Original Variables (Levels)

Cr

li

q:
Gt

Consumption

Labor

Output

Real wage

Real marginal cost

Nominal interest rate

Real interest rate

Inflation

Capital stock (beginning of period)
Rental rate of capital
Investment

Tobin’s q (q; = 1+« (ksy1 — k)
Capital gain (G+1 = qr+1/91)

Log-Deviations from Steady State (Hatted Variables)

log(c;/c)

log(y:/y)

log(k;/k)

log(x;/x)

ry— 1 (real interest rate deviation)

i — i (nominal interest rate deviation)
k

r; —7* (rental rate deviation)

7 — 7 (inflation deviation, 7 = 0)
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Table 19: Model variables (part 2)

Symbol

Definition/Description

Shocks and Policy Variables

¢y Monetary policy shock (AR(1) process)

el Innovation to ¢ (i.i.d. normal)

p™ Persistence of ¢}"

Other Variables

P Natural real interest rate (flex-price counterfactual)

F¢ Real interest rate with capital fixed

Free Natural real interest rate with capital fixed (flex-price counterfactual)

ftG ap State-variant real interest rate gap: ; — /'

7/ “U4P  State-invariant real interest rate gap: Fre—rpee

A7ty Annual inflation (4-period price level difference)
Table 20: Model deep parameters

Symbol Name/Definition

B Subjective discount factor

n Inverse elasticity of labor supply

€ Elasticity of substitution between intermediate goods

0 Fraction of firms not adjusting prices (Calvo parameter)

v Taylor rule coefficient on inflation

p™ Persistence of monetary policy shock

a Capital share in production (Cobb-Douglas)

) Depreciation rate of capital

K Capital adjustment cost parameter

p! Interest-rate smoothing coefficient in Taylor rule

Smets-Wouters Model Additions

KI

Investment adjustment cost parameter
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Table 21: Model derived parameters

Symbol Definition/Description
Q Slope of the Phillips curve in the canonical model:
_ +na-6)(1-6p)
Q = T
v Slope of the Phillips curve with capital:
_=—0-600-08)
V=X
K Effective capital adjustment cost:
Kx=xkK
Table 22: Additional coefficients
Symbol  Definition/Description
a,b Canonical model decision rule coefficients for output and inflation
ap, a1, a;  Consumption decision rule coefficients
bo, b1, b, Inflation decision rule coefficients
do,dy,d>  Output decision rule coefficients
fo, i, fo  Capital decision rule coefficients
Nk, Mukk Coefficients linking natural real rate to capital and shocks:
P = PO+ 1k + Nk
Nk Mk Coefficients linking actual real rate to capital and shocks:

Fr="7F +nike +nirel

B Steady state

In this section, I derive the nonstochastic steady state of the canonical New Keynesian model

augmented with endogenous capitalF_G] From their definitions, capital gain and Tobin’s q

equal 1 at the steady state.

G=1 (44)

16The steady state is the same with and without interest-rate smoothing.
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Q=1 (45)

I pick a zero-inflation steady state. The real rate of return on the implicit risk-free bond of the
model is the one obtained from the Fisher equation. Through the no-arbitrage condition,
I combine the two Euler equations of the model, (7) and (23), to get a relation between the

two real rates.

T=0 (46)
i=T+7T => i=T 47

_ 7k_5 _
(1+7)=(1+7) 1+ =] = i=7'-6 = F=7%-5 (48)

From the capital Euler equation ll evaluated at the steady state I can isolate 7* as a function

of the deep parameters:

1 1
E-ﬁ(ﬁ

Substituting 7* into the FOC of capital li at the steady state I get %:

—k —
r_—5+g)) S oFholisog (49)
Q Q i

1

_ —a1—1- K a 1-a
FF=aR" T " > ::(1—5) (50)
L B_1+

The production function at the steady state can be rewritten so as to put in evidence %

_ (K=
Y=[(=]| L (51)
g

I1=6K (52)

on the right side of the expression:

Now, the aggregate resource constraint may be rewritten as auxiliary ratios by substituting
the just derived expressions for Y and I and then dividing by L.
- = - K\" C 6K
Y=C+] = = ==+ = (53)
L L L
Combining the condition for the optimal mix of capital and labor in production and the

intratemporal condition at the steady state , I can write an expression for %:

n

=L =

— —a—— W
W=01-a)K'L " and =

wlile]

—\a
—(1-a) (%) 7 (54)
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allle]]

By substituting previously derived expressions for % and = into the aggregate resource constraint,

I obtain L as a function of the deep parameters of the model.

T ( 1 ) oa o (55)
“\\1-a/{i-1+6

B

I get the remaining steady-state variables as functions of the parameters by recursively substituting

into my previously derived expressions: = K, =Y, = I, and = C

and W. Finally, I obtain ¥ by substituting 7% and W into evaluated at the steady state.
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