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Abstract

In this paper, we consider a well known class of infinite horizon dynamic stochastic choice models
in discrete time, and seek answers to two questions: first, how to characterize optimal policies when
the decision maker does not perfectly observe the model states? and second, whether the commonly
employed perturbation method delivers a good approximation to the optimal policy in this model
with learning? To answer those questions we focus our attention on a new class of information
structures which we call Conditional Gauss Markov (cGM). In answer to the first question, we show
that the Euler equation, which characterizes optimal decision rules under imperfect information, has
under the cGM information structure a full information equivalent with finite dimensional states. In
answer to the second question, we derive the deterministic limit of this full information equivalent

model and show that the usual perturbation approximation applies.

1 Introduction

Dynamic stochastic choice models in which agents learn about hidden states are ubiquitous in Economics.
It is well known that in such models optimal decision rules depend on the decision maker’s posterior
distribution over the hidden states given the observed history.! As a consequence, models with learning

generally have state vectors that are infinite dimensional, which makes their study challenging. In certain
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special cases, however, the conditional distributions that make the new states can be summarized by
a handful of sufficient statistics which are transitive (Bahadur, 1954), in the sense that their current
values can be calculated from their values in the previous period and the newly observed variables. In
this paper, we define and analyze a class of nonlinear dynamic choice models which have this property.
We call them the conditional Gauss Markov models.

We embed our analysis in the well known framework of Sokey and Lucas (1989) but with one key
difference: instead of requiring that the agent perfectly observes the exogenous model states, we allow
the states to remain hidden. The information structure is that of a conditional Gauss Markov model:
a nonlinear state space model with two key properties. First is the property that the conditional dis-
tributions of the hidden states given the observed history be Gsussian; second is the property that
the statistics sufficient for control be Markovian. After setting up the model, we show that the well
known optimality conditions—FEuler equations and transversality conditions—characterize optimal deci-
sion rules even in the situations in which the decision maker does not observe all the relevant exogenous
states. This result allows us to derive the first theoretical contribution of the paper: a full information
model which we show is equivalent to the original incomplete information model. In the full information
equivalent model, the agent observes all the model states whose dynamics we characterize. With the full
information equivalent model in hand, we next examine the question of optimal policy approximation.
By studying the asymptotic limit of the model as all the stochastic terms go to zero at the same speed,
we show that the regular perturbation approximation & la Fleming (1971) applies. This result is the
second theoretical contribution of the paper.

The remainder of this paper is organized as follows. Section 2 previews our key findings in the context
of a simple example: a stochastic growth model with time varying parameters and uncertainty. Section
3 defines the class of dynamic choice models with conditional Gauss Markov information structure and
studies the necessary and sufficient conditions for optimality. Section 4 then analyzes the perturbation

approximation of such models. All the assumptions and proofs are relegated to an Appendix.

2 DMotivating Example

Consider a simple a stochastic growth model with a representative agent choosing her consumption Cy

and investment I; so as to maximize
00 Cl_y 00
E{tz;ﬂtlt—y} (case v > 1), or E[;Bt lnCt] (case v =1)

with 0 < 8 < 1 subject to the output Y; and capital K; constraints: Y; = AK |, Y = Cy + I,
Ki=(1-0)Ki1+6L,Ce>20,;>20,K; >0, with0<d<1,0<a<1,and K_; >0 given. At each
time period t = 0,1, ... the agent observes the last period capital stock K;_1, the current level of (log)

technology a; = In A;, whose law of motion is given by:

2 2 2 .
a1 = O1ap + Oagr1€apr1, M0z, =we + AgInog +agay, oy given, (1)



where the latent drifting parameter 6; evolves as:
9t = 9t_1 + O9EPt, 0() ~ N(g, P) (2)

We assume that the technology shocks {eat}:ff ~ iid N(0,1) are Gaussian and independent of the
parameter shocks {eg};.% ~ iid N(0,1), which are also Gaussian. In this model, there is both a
drifting unobserved parameter 6; and a time varying uncertainty in productivity as captured by the time
varying volatility o4;. The model is similar to those studied in Cogley and Sargent (2005) and Primiceri
(2005).2

The first question we ask is: how should one solve for the optimal consumption C;? Our first result
is to show that this incomplete information model has a full information equivalent in which all the
model states are observed by the decision maker. Moreover, the optimal policy in the full information
equivalent model equals the optimal policy in the original incomplete information model. Therefore, one
can characterize optimal consumption C; by considering the optimality conditions of the full information
equivalent model. Specifically, for the model considered here, optimal consumption C} is obtained by

finding a policy C; = C(K;—_1, , ay, é\t, P;,02,) which solves

n 2
Kt—17 ag, eta -Pt7 Oat

E |8 (aexp(a) KM + (1 -9)) (CtH)V =1 as. t=0,1,... (3)

Cy

where the exogenous states (ay, 5,5, P;,02,), observed by the agent at time ¢, follow the law of motion:

at41 = Orar + /a2 Py + 02, 1€t41
A+

—~ —~ atPt
Or1 = 0; + 5 5 €t+1
\/ a; by + Oat+1
2
o
2 a,t+1
Pt+1 = 0y + t (4)

2 2
aiy Py + Tat+1

2 2
Oait1 = exXp(Wa + g In0gy + agay)

for every t = 0,1,..., with {&};£F ~ iid N(0,1), and where é\o =0, Py = P, 02, given.? In the
equations above, 5,: = E(0; | at,...,ap) is the conditional expectation of the latent parameter 6; given
the agent’s information, while P, = E[(6; — @)2 | at, ..., ap] is its conditional variance.

The second question we ask is: is it possible to approximate the optimal policy Cy = C(Ky_1,, at, 79\1:7 P;,02)
in (3) using the perturbation method? Specifically, suppose that in the original incomplete information

model (1)-(2) we assume that

{eat}; 20 ~ iid N(0,0%) and {eg}; ~ iid N(0,07%), with & — 0. (5)

2Cogley and Sargent (2005) impose further conditions that guarantee stationarity of {a;};-5. This
stationarity requirement is left out for simplicity.
3Detailed derivations for the motivating example are in Appendix D.



The limit experiment in (5) corresponds to the one in which the noise becomes small and the variables
(at, 0y, 04¢) become deterministic. Note however that 6; is unobservable for any o > 0 which raises the
question of what are the state variables of the deterministic limit of the model (1)-(2)? The second
main result of our paper is to show that under (5), the law of motion of the exogenous states of the full

information equivalent keeps exactly the same form as in (4) but with innovations which now follow
{e}i ~ N(0,0%) (6)

While the law of motion of the exogenous states does not change, their interpretation does: we still have
6, = E; | at,...,a0) but now P, = 0 2E[(6; — @)2 | at,...,ap]. Combing (4) and (6) immediately
shows that in the deterministic limit ¢ = 0, the exogenous model states follow:

)y ) ) 2 Ug,tJrl 2 2
aip1 = Oray, 0Oi1 =0;, Pip1 =05+ " Py, 0y441 = exp(Wa + AaInog, +agar).  (7)
¢

Pito7,
The above result is non trivial: it shows that the deterministic limit of a model with learning is not the
same as that of a model in which the agent observes all the states. Indeed, in a complete information
model in which we assume that the agent observes the drifting parameter 6; in (2), the deterministic
limit is simply: a¢41 = 0ray, i1 = 0 and 02,t+1 = exp(wq + Ag In afbt + agay). Even if we were to set
6 = 6, the states of the deterministic model with observed #; differ from the ones in which the agent
learns about 6;: the difference is in the variable P, which captures the evolving precision of the learning
process.

We now outline how the two main results generalize to more complicated setups. First, we enlarge
the class of dynamic stochastic choice models to include those considered in Stokey and Lucas (1989).
While we broadly follow the setup defined in their Chapter 9.1 we pay particular attention to the
assumptions on the stochastic elements of the model. Our key objective is to avoid making bounded
support assumptions which would put the framework at odds with the Gaussian assumptions that follow.

Second, we broaden the information structure in equations (1)-(2) to a new class of models, which
we call conditional Gauss Markov. As suggested by their name, the conditional Gauss Markov models
have two important properties: they belong to the class of conditionally Gaussian models introduced
by Liptser and Shiryayev (1978) and are thus characterized by a finite number of sufficient statistics.
Moreover, they are Markovian in the sense that those sufficient statistics can be calculated from their
own past values and the newly observed variables.* The conditional Gauss Markov family contains
numerous information structures of interest to economists, including: time-varying parameter VARs
a la Cogley and Sargent (2005) and Primiceri (2005), models with conditional heteroskedasticity a la
ARCH/GARCH and their multivariate extensions, threshold models, smooth transition models a la
Auerbach and Gorodnichenko (2012), growth-at-risk models & la Adrian, Boyarchenko, and Giannone
(2019).

Similar to the optimality analysis in our motivating example, we show that any of our conditional

Gauss Markov dynamic choice models (which are models with incomplete information) has a full infor-

4In statistical decision theory (see, e.g. Bahadur, 1954), such statistics are called transient.



mation equivalent, for which we provide necessary and sufficient optimality conditions (Euler equations
and transversality conditions). Moreover, we show that the full information equivalent model has a well
defined small noise limit which lends itself to regular perturbation analysis in these models. This result
is to the best of our knowledge new to the perturbation literature which has up to now focused on full
information models (see, e.g. Fleming, 1971; Judd, 1996; Jin and Judd, 2002).

3 Dynamic Choice Models with Gaussian Signals

To setup the framework we first consider the dynamic choice problems with learning. The setup is
such that it can accommodate the models in which some components of the state vector are imperfectly
observed, as well as the models in which the decision maker has signals about the future values of some

components of the state.

3.1 Stokey-Lucas Setup

The optimal choice problems that we consider are similar to the ones described in Stokey and Lucas
(1989), Ch 9.1 with one key difference: the structure of the information available to the decision maker
at the time the decisions are made. We first recall the main features of Stokey-Lucas framework. Let x
denote the endogenous state variable taking values in the set X C R™* and let z denote the erogenous
variable taking values in the set Z C R"™; realizations of both z and z are observed by the decision
maker.® The decision problem is the one in which in each period ¢, the decision maker chooses the value
for the endogenous state variable in the subsequent period.® The constraints on the choice of x4y are
described by the feasible set T'(x,z) C X where I': X x Z — X. In what follows, let A be the graph of
NA={(y,xz,2) e X x X x Z |y €'(z,2)}, let F: A— R be the per-period return function, and let
0 < B < 1 be the discount factor. The goal of the decision maker is to

o0
maximize E[Z BUF(x441, x4, zt)} , (8)
t=0
with xg given.
Time starts at ¢ = 0 and we assume that zo is given (deterministic). Let us denote by I; the

information vector available to the decision maker at time t = 0,1, ...,

It = {Zt, Tty o ,Z(),x(]}.

SForeshadowing the discussion to follow, one can think of z as consisting of observed exogenous states
as well as signals about latent exogenous states.

6Models in which optimality can be defined using the Euler equation require that the dimension of the
action (or decision or control) variable ¢ be the same as the dimension of the endogenous state variable
x. For instance, if one starts with the state transition equation of the type x11 = g(z, ¢, 2z) where x4
denotes the one period ahead value of the endogenous state variable x, and per-period utilities of the
form wu(c), then implicit here is the assumption that the state transition equation can be solved for ¢ in
terms of the other variables, ¢ = h(z41,x, z), which can then be plugged into u(c) to yield per-period
returns F(z41,, 2) = u(h(z41, 7, 2)).



It is assumed here that the decision maker knows all the parameters of the decision problem in (8),
such as 8, F' and I, even though we do not explicitly include these values in her information set. The
starting point of optimality analysis is to reformulate the original choice problem in terms of policies.
Rather than choosing a sequence of endogenous states (z1,x2,...), the decision maker chooses a (non-
randomized) plan 7™ = (7o, 71, ...), which is a sequence of maps 7, that assign a value for ;41 to all
the information I; available to the decision maker at time t. Stating the decision maker’s problem in
terms of plans rather than sequences of controls ensures that she utilizes the full information available
to her at every point in time. Starting at time ¢ = 0, the decision maker takes her initial information
set Iy = {20, 20} and she chooses z1 = Ty(Ip) which yields the return F (7 (lp), zo, z0). Time moves to
t = 1, the decision maker observes z1, adds it to her information set and chooses x2 as a function of all
the variables in Iy = {21, 1, 20, 20 }. The return F (71 (1), 7o(lp), 1) is realized and its discounted value
added to the previous reward. Time moves on and the entire sequence repeats. Thus, for each ¢, the
policy 7y : Z; — X is a (Borel) measurable function that to each history [; € Z; = Z x X X -+ x Z x X
(2(t + 1) factors) assigns z441 = m¢(1y).

We now need to discuss how the expectation in (8) is calculated. This requires setting up the
probabilistic background. Assume then that the observed data are realizations of a stochastic process
{2 }/55 defined on a complete probability space (2%, B¥, P), where Z! = Z x -+ - x Z (t+1 factors) and
B., = B(Z) is the associated Borel o-algebra, t = 0,1,...,00. Denote by z' = (20,...,2) (t=0,1,...)
the finite history of the process up to time ¢ and by p; the corresponding finite dimensional distribution.
Explicit assumptions on uf, which will be our point of departure from Stokey-Lucas setup, shall be made
clear in the following sections.

The plan & = (7o, 71, .. .), together with the distribution of {2}, defines for each initial zg € X

given, a distribution of the process {x7 };-° given by:

2T = 7o (20, 7o)

T~ T T _
i =m(z,xf, ... 21,27, 20,%0), t=1,2,....

It is clear from this construction that with zy € X given, the policies 7; are B-measurable, t = 0,1, .. ..
In other words, each 7; can be written as a function of 2! (and x¢) alone. Let us then define the sequence

7 = (mp, 71, ...) where each m; : Z! — X is given by:
m(20) = To(20,z0) and m(2') = %t(zt,xf, .. .,zl,x?,zo,xo), t=1,2,.... 9)

Put in words, the policies m; are obtained by repeatedly substituting past endogenous variables as
functions of previous z’s. Note that in order to simplify the notation we have dropped reference to xg in
(9). The definitions that follow are now stated in terms of the plan 7. In subsequent sections, we shall
however go back to the original definition of the plan 7 as keeping the reference to the past endogenous

states will be important for reduction to stationary plans.



The sequence ™ = (mg, 71, . ..) is said to be a feasible plan (from () if we have

mo(z0) € I'(zg, 20), for all zp € Z,
m(2") € T(m1 (2871, %), forall 2t € 28 t=1,2,....

The set of all feasible plans is denoted by II. Note that the set II depends on zy as well as all the
parameters (3, ', F') of the decision problem, though we do not make this dependence explicit. Hereafter,
we assume that the set IT is nonempty.” Note that for any 7 € II, the period-t reward F(x] 27, %) in
(8) is BL-measurable. Now for each 7 € II define v : Il = R U {—o0} by

T
o(m) = fim ZF(WO(ZO)aUUOyZO)MO(dZO) +;5t /sz (e (2" w1 (271), 20) ' (d=")

+oo
—B| 38Tt )| (10
t=0
That v(m) is well defined requires assumptions (stated in Appendix A) that mirror those of Stokey and
Lucas (1989), Ch 9.1. Finally, the decision problem in (8) then amounts to finding a feasible plan 7* € II
such that

v(7*) = sup,epv(m). (11)

Such 7* is called optimal.

3.2 Euler Equation

Up to this point, the setup is the one described by Stokey and Lucas (1989), Ch 9.1. We now describe
the information structure which is the point of departure from the traditional Stokey-Lucas framework.
The analysis in Stokey and Lucas (1989), Ch 9.1 proceeds under the additional assumption that the
exogenous variable z follows a Markov process. This assumption is no longer tenable if, for example,
one allows for some components of the exogenous state to be unobserved by the decision maker. The
assumption also breaks down if the decision maker receives additional signals that help her predict the
future values of the exogenous state. In both cases, the exogenous observed variables z follow a hidden
Markov process.® The question then becomes: how can one analyze the decision problem in (8) when z
is not Markovian?

To start, recall again that the decision problem in (8) is equivalent to the optimization problem in
(11). There are two ways to approach the latter: first is to use the principle of Dynamic Programming.
The idea here is to connect the supremum function v(7*) with solutions to the Bellman functional
equation, then use the latter to gain insights into the properties of n*. This is the approach taken

in Stokey and Lucas (1989) for complete information problems. This is also the approach taken by

"For completeness, all our assumptions are formally stated in Appendix A.
8We make precise assumptions on how this hidden Markov process is generated in the following
section.



Bertsekas and Shreve (1978) to analyze stochastic control problems with partial information, and derive
their full information equivalents. The second approach to solving (11) is to use calculus of variations;
see, e.g. Fleming and Rishel (1975), Section 9.5 in Stokey and Lucas (1989), Santos (2000), Section 16.3
in Acemoglu (2009), Gonzalez-Sanches and Hernandez-Lerma (2013).° The idea here is to connect the
optimal policy 7* with solutions to the Euler equations. While both approaches are theoretically equally
valid, it is worth to note that most works that analyze approximate solutions to decision problems such
as (8), either via perturbation or projection methods (see, e.g. Judd (1996)) take the Euler equation as
the starting point. For this reason, we pursue the Euler equation approach here.

To set up the calculus of variations, let A be the vector space of all plans (i.e. sequences of B.-
measurable functions),

A:{()\g,/\l,...)\/\t:Zt—HR{”m,t:O,l,...}

with the standard addition and scalar multiplication. We need the following definition of an internal
plan (see p.3 in Fleming and Rishel (1975)).

Definition 1. Let m € Il and A € A. We say that 7 is an internal plan in the direction X\ if there
exists a real number €y > 0 such that m + e\ € II for all |¢| < €.

Next, we impose differentiability of the return function F(-,-,2) in (8) as well as a condition that
ensures that differentiating under the integral in (10) is legitimate; see our Assumptions 5 and 6 in
Appendix A. Under those assumptions the function v(-) is Gateaux-differentiable (or directionally
differentiable) at any internal point in II. Specifically, let = € II be an internal plan in the direction
A € A, and let dv(m, A) denote the Gateaux differential of the function v(-) at 7 in the direction A,

d
Su(m, \) = CTZ(” +eN) .
In calculus of variations, dv(m, A) is called the first variation. We then have the following lemma whose

proof is in Appendix B.

Lemma 1. Let Assumptions 1-6 hold. Consider the function v(-) in (10) and let m € II be an internal
plan in the direction X € A. Then the Gateaux differential dv(m,\) of the function v(-) at 7 in the

direction A\ exists and is given by

+oo
60(m,N) = B | 25 (T w0, 20) - 2t + D B (25 (0o 2) - adr + 9 (@i, 0, 21) x?)] (12)
t=1

With the Gateaux differential in hand, deriving the Euler equation is straightforward: if v(7) has a
supremum at an internal point 7* in the direction A, then a first order condition dv(7*, \) = 0 holds (see,

e.g. Theorem 2.1 in Fleming and Rishel (1975)). The Euler equation follows by considering directions

9Note that none of these works deal with the discrete time dynamic stochastic choice problems with
incomplete information, which is the class of problems that we are interested here. In addition, the
assumptions used Acemoglu (2009) (finite or compact Z), for example, rule out the linear Gaussian
dynamics for the exogenous states that we are mostly interested here.



which are of the form A = (0,...,0,v,,0,...) for 7 = 0,1,... where v; : Z7 — R" is any measurable
function. To ensure that 7* is an internal point in all such directions, we need Assumption 10 found in
Appendix A. Imposing the Euler equation in every time period does not exhaust all the implications
of the first order condition dv(7*,\) = 0; there remains a limit transversality condition. It is the
combination of the Euler equation and the transversality condition that is equivalent to dv(7*, ) = 0.
That the latter is also a sufficient condition for optimality of 7* follows by further restricting our attention
to convex feasible sets and concave functions v(-); the precise conditions can be found in Assumptions

7-9 in Appendix A. The main result of this section can then be stated as follows.

Theorem 1. Let Assumptions 1-9 hold. If a plan * € 11 satisfies the Euler equation

oF , _«

T

8F ﬂ_* ﬂ_* 71_*
('Tt—i-l’xt y2t) + BE |:ax(xt+27xt+1azt+l)

O 41

zt] =0 as t=0,1,...

and the transversality condition

8F * * *
TIEI;OE [ﬁTaxH <x}+1,x} ,zT> ~xpl] } =0, foranymell,

then 7 is the unique optimal plan in I1. Conversely, if m* € 11 is an optimal plan for which Assumption

10 holds, then ©* satisfies the above Fuler equation and transversality condition.

3.3 Conditional Gauss Markov Information Structure

First, let us assume that by appropriate transformations, the exogenous variable z in our decision
problem can be made to take values in the entire Euclidean space R™=. For instance, if (a component of)
z is always non-negative (such as e.g. the TFP or gross return on assets) then use the transformation
z — Inz. We shall then assume that in the stochastic decision model described in Sections 3.1-3.2 the
exogenous variable z follows a nonlinear state space model driven by an wunobserved exogenous state

variable € taking values in R™ whose transition equation is given by:
£t+1 = A(zt)gt + u(zt) + B(Zt)thrlv = 07 17 ceey 50 ~ N(éﬂv i0) (13)

with A(z%) € Rmex" y(zt) € R, B(z') € R"*™  and with a covariance matrix ¥y € R"%*"¢ that is
positive semidefinite. The variable z, which is observed by the decision maker, is related to £ through

an observation equation given by:
2 =C(E NG+ o™+ DET Yy, t=0,1,... (14)

with C(2t71) € R™%=*"¢ y(2!71) € R™, D(2!71) € R?=*"w 10 The n,,-vector w; collects all the structural

shocks and signal errors in the system and we assume it to be Gaussian,

wy ~ iid N(0,1d).

10 By convention 2=t = () so for t = 0, (C(z~1), D(271),v(z71)) = (C, D,v) are constant matrices.



Note that setting the covariance matrix of w; to be an identity matrix is without loss of generality if one
is willing to assume that all the components of w; are linearly independent; in this case, the Cholesky
factor of the covariance matrix of w; can simply be subsumed in the matrices B(z!) and D(2!71). No
restrictions are placed on the dimensions n¢, n, and n,,. Moreover, not all components of w; are required
to appear in every equation.

The system matrices (A(2!), B(2!), C(z'), D(2!), u(z!), v(2!)) are all allowed to be random and adapted
to the observation process, so long as all their entries are finite with probability one. The sequence
{wt}jzof and &y are assumed to be independent; Assumptions 11 and 12 in Appendix A summarize the
restrictions just stated. As before, we assume that the decision maker knows all the parameters of the
model, so that the values of (§y, ¥) in the equations above are deterministic and known. Similarly, once
2t (resp. 2t71) is observed, A(z!), B(2?), u(z!) (resp. C(z'71), D(2'71),v(271)) are known to the decision
maker. Systems of this type are known as conditionally Gaussian systems (Liptser and Shiryayev, 1978;
Chen, Kumar, and van Schuppen, 1989).

It is important to emphasize that the equations (13)-(14) are inherently nonlinear and that they
generate a stochastic process {(&;,2¢)},.% which is generally not Gaussian. Still, this process has the
important property that for each ¢t = 0,1, .. ., the conditional distribution of & given z! is Gaussian whose
parameters can be calculated recursively using the familiar Kalman-Bucy filtering equations, formally
stated below. To further emphasize the nonlinear character of the system in (13)-(14), let us compare
it to the well known case in which the system matrices (A4, B, C, D, u,v) follow a deterministic sequence
(i.e. A(z2') = A; deterministic, etc for all the other system components); this is the original Kalman-
Bucy setup (see, e.g. Harvey, 1989) and also a special case of the setup considered here. Whereas in the
Kalman-Bucy scheme the process {(&;, 2;)},.5 is Gaussian, and the resulting filtering equations linear, in
the conditionally Gaussian case considered here, the filtering equations are generally speaking nonlinear.

Another important difference between the Gaussian (i.e. Kalman-Bucy) setup and the condition-
ally Gaussian setup is in their ability to accommodate several desirable features commonly found in
macroeconomic models, such as (i) conditional heteroskedasticity of shocks or errors in the transition
and/or observation equations, so long as the heteroskedasticity is of known form (e.g. GARCH-type
heteroskedasticity is allowed but stochastic volatility is ruled out), (ii) parameter switching driven by
the observables, or (iii) learning about constant but unknown parameters of the exogenous process.
While all those features are compatible with the conditionally Gaussian system in (13)-(14), they are
not permitted in the original Kalman-Bucy setup.

Lastly, note that our setup also nests the case in which the exogenous state variable £ = z is perfectly
observed by the decision maker: it suffices to let C(2'~1) = Id, v(2*~1) = 0, and D(2'~!) = 0 in equation
(14). Beyond the case with complete information, we allow for two additional sets of variables in the
model: (i) exogenous state variables £ that remain latent to the decision maker at the time the decisions
are made, and (ii) signals s related to £ that the decision maker observes prior to taking the decision.

We can now give an explicit expression for the distribution i of 2! for t = 0,1,.... For this, start

at time ¢ = 0 with initial state &y as in (13), and note that the initial observation equation (14) implies

10



that (o, 20) are jointly Gaussian,

(5] = leels ) (% eneTon)
20 Cf() +v CZO CE()C/ + DD’

This implies in particular, that the conditional distribution of &y given zg is Gaussian with parameters
o= E(& | 20) and Xo = E[(§o — £0)(§o — &0)" | 20] given by

go = fo + iocl(Ciocl -+ DD/)+(Z() — Cgo — U) and Yo = io — 200/(0200/ -+ DD/)+CSO, (16)

where for any matrix P we use P to denote the pseudoinverse (or Moore-Penrose inverse) of P.1!
Next, one proceeds by induction: assuming that for some ¢, (&, z;) is conditionally Gaussian given
2!=1 the equations (13)-(14) then imply that (&1, 2:+1) is conditionally Gaussian given z!. Thus, &1

t+1

given z is also conditional Gaussian with conditional mean &1 = E(&41 | zt‘H) and conditional

covariance X1 = E[(&41 — é\t+1)(€t+1 — ggﬂ)/ | 2/+1] which can be calculated recursively from

Ei1 = AGHE + () + K (%) (21— CEHAGYE - CEuG) oz (17)

et+1=2t+1—E(2¢41]2%)

where

K(2', %) = [A(Z") S AR C(2Y) + B(z")B(2") C(2") + B(z")D(2")'] Ze (2", Sy) " (18)
Se(2h, ) = C(2HARNSARY) C(ZY + [C(2YB(2) + D(2)] [C(z")B(2") + D(zt)]/ (19)

and
Y1 = AZHSA(RY) 4+ B(2Y)B(2Y — K (25, )% (25 2 K (24, %) (20)

fort=0,1,... with EO and ¥y as given in (16).12

Several remarks are in order. First, note that the coefficients of the matrices K, ¥.,3; do not
depend explicitly on the system vectors u,v. Second, unlike in the Kalman-Bucy case, those matrices
now depend on the observations z%; this is because the system matrices A, B,C, D in (13)-(14) are
themselves functions of 2. In particular, both the Kalman gain K (2%,3;) as well as ;11 the conditional

covariance of &1 are now functions of the observations z!

t

. Note that the latter is predetermined, in
the sense that the covariance conditional on z/*! only depends on data up to time ¢; thus ¥;,; can be
computed at time ¢. Third, note that in (17), the conditional expectation gAt is a nonlinear function of z*;
this again is in contrast with the Kalman-Bucy scheme in which a is a linear function of the observations

2t Last, unless the system matrices A, B,C, D are deterministic, the unconditional distribution of the

HRecall that any matrix P € R™*" has a unique pseudoinverse (or Moore-Penrose inverse) PT. The
updating formulas that use pseudoinverses can be found e.g. in Ch 13 of Liptser and Shiryayev (1978)
or Chen, Kumar, and van Schuppen (1989).

2For reasons that will become apparent in Section 3.4, we keep explicit the dependence of K, ¥, on
P
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latent exogenous variable &; is not Gaussian.

With the filtering formulas (17)-(20) in hand, we now proceed to calculate the conditional distri-
butions of z;11 given 2! for t = 0,1,.... Combined with the marginal distribution of 2z in (15), they
will then uniquely define the finite dimensional distributions p; of zt, for t = 0,1, .... For this, consider
the innovations e;y; defined in (17) and assume that the system matrices B,C, D are such that the
covariance matrix Y¢(z%, ¥;) is positive definite with probability one, for ¢t = 0,1,... (see Assumption 13
in Appendix A). Let

€1 = Se(2h, 2) Y21 (21)

where for any positive definite n x n matrix ¥ we use the notation /2 to denote the Cholesky square
root of X, that is, the unique lower diagonal n x n matrix with positive diagonal entries such that
»1/2(51/2) = 5 see Appendix C for details.

The properties of {e;};=% are given in the lemma below.

Lemma 2. Let Assumptions 11-18 hold. Then, fort =0,1,...

€1 = A& +u(z) + K(2', D) Ze (2, 50) e 1 (22)
2p41 = C(zt)A(zt)gt + C(zt)u(zt) + v(zt) + Ee(zt, Et)1/2et+1,

where {€,};-%5 ~ iid N (0, Id). Moreover, letting BL denote the o-algebra generated by (zo, €1, .. ., €), we
have BY, = BL fort =0,1,.. ..

The representation above is called the innovations representation of the original state space system
(13)-(14). While its validity is well known under the Kalman-Bucy scheme with deterministic system
matrices (see, e.g., Anderson and Moore, 1979), the fact that the representation still holds with random
system matrices as in (13)-(14) is less well understood; thus we formally state the above results as a
lemma whose proof can be found in Appendix B. Lemma 2 has several interesting implications that are
worth pointing out. First, it shows that the innovations €11 are not necessarily an affine transformation
of 2!t which is the case obtained under the Kalman-Bucy scheme. Here, €;41 is a nonlinear function
of past z!; what matters is that €;;1 is a linear transformation of z,1 conditional on the past z%.
Second, the equivalence of o-algebras means that the innovation process {et}jzof and zg contain the
same information as the observable process {2}, In particular, this implies that for every t = 1,2.. .,
€ is Bzi-measurable, i.e. ¢ is a function of 2! and so is observed by the decision maker at time t. The
equivalence of g-algebras also implies that €; is independent of z° for any s < t. Thus, €; consists of

t—1

that part of z; containing new information not carried in z°~*, which is the usual interpretation of an

innovation (see, e.g. Ch 5.3 in Anderson and Moore, 1979). This last property is important as it allows

us to calculate the conditional distributions of 2,1 given z!, which equal
Zip1 | 28~ N (C(zt)A(zt)gt + C(2Nu(zh) + v(zh), Ze (2, Et)) , fort=1,2,...

Combining the above with the distribution of zp given in (15) then determines the finite dimensional

12



distributions p! of 2! for every t = 0,1,.. ..

Now, let us consider the structure of the recursive equations (22) and (18)-(20). It is clear from
these equations that if the system matrices A, B, C, D, u,v are deterministic, then (2441, gAtH, Y¢4+1) has
a Markov property, i.e. P(zt+1,é;+1,2t+1 | zt) = P(zt+1,§t+1,2t+1 | zt,a,Zt). This Markov property
will play an important role in the developments that follow as it will allow us to reformulate the original
decision problem in (8) into an equivalent problem with fully observed states that are Markovian. In
order to preserve the Markov property when the system matrices A, B, C, D, u, v are random, we hereafter
restrict our attention to a subfamily of nonlinear state space models (13)-(14) which we call conditionally

Gauss Markow.

Definition 2 (Conditionally Gauss Markov System). The nonlinear state space system in (13)-(14) is
said to be conditionally Gauss Markov if there exists a sequence of random variables m; € R™ such that

fort=1,2,..., (i) my is Bgl measurable, (ii) my is recursive in the sense that
my = f(me—1, 2-1), (23)

for some function f : R™ x R™ — R"™ and some mgy given (deterministic), and (iii) such that

A, B,C,D,u,v depend on 2* only through (z¢,my), i.e.

A(ZY) = Az, my), u(2)) = ulze, my), B(2') = Bz, my),
C(2") = Oz, my), v(2") = v(z,my), D(2%) = D(2¢,my).

Put in words, the state space system (13)-(14) is conditionally Gauss Markov if it is conditionally
Gaussian and Markov. The restrictions imposed in Definition 2 are sufficient to obtain Markovian-
ity, as we now have P(Zt+1,gt+1,2t+1amt+1 | zt) = P(Zt+]_,é-\t+]_,zt+]_,mt+]_ | zt,a,Et,mt), that is
(zt+1,§t+1, Y¢+1,meg1) has a Markov property. Note that Definition 2 leaves open the choice of my.
Since for t = 0, the system matrices are only functions of zg, we can set mg to any value.'®

Before moving on, it is useful to give some examples of conditionally Gauss Markov state space

models.

Example 1. ARCH models Consider an RBC model with log-productivity a; = In A; that follows a
random walk with drift, Aa; = g;—1 + 0qteqr Wwhere Aay = ay — ay—1 is observed, g = (1 — p)g* + pgi—1 +
ogeqt is latent, and where 02, = w + «(Aaz—1)?. When a # 0, the log-productivity increments exhibit
conditional heteroskedasticity of ARCH-type. To fit this model into our setup, let & = ¢+, 2+ = Aay,

wt = (€4¢,€qt)’, and define the system matrices as

Azp,Bz(ag O),u:(l—p)g*,C:I, D(zt):(() W),U:O

Note that in this example, the system matrix D depends only on the contemporaneous value of z and

not its past. All the other system matrices are time invariant.

13In specific applications, this value can be chosen so as to make mq disappear from the formulas
above; see, for instance our Example 2 below.
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Example 2. GARCH models Consider a similar setup as above, but assume that the conditional
heteroskedasticity is of GARCH-type, 02, = w + Bafm,l + a(Aa;_1)%. Now let my = 02, and note that

my satisfies our restrictions (i) and (ii) above. In this case, let the system matrices A, B,u,C,v be as

before and set
D(z¢,my) = (0 Vw+ pmy + ozth) .

This then satisfies condition (iii). Note that because of the recursive nature of GARCH-type volatility,
the system matrix D now depends on the additional random variable m. We can set mg = 0 so that at

time ¢t = 0, D is only a function of zj.

Example 3. Threshold models Consider a setup in which Aa; = g¢—1 + 04t€at is observed and
gt = (1= po)g* + pegr—1 + ogt€gt s latent. We assume that the parameters in the model switch regimes

via the following rule:

{Ug17 P1, Ual} for % 255:1 Aai_g >a
{O-gtupho-at} = ¢ 1 g A .
{0'927 P2, 0'(12} or 5 Zs:l at—s <=a

where @ is a specified threshold rule. This model can be put into our setup where & = g¢, 2z = Aay,

/ /
my = (Zt—172t—272t—3) , Wt = (Eguﬁat) :

A(ze,my) = p(ze,mye), B(ze,my) = (Jg(zt,mt) 0) , u(ze,my) = (1 — p(ze, me))g*
C =1, D(z,my) = (0 ag(zt,mt)> , v=0.

The transition rule for m; is:

Zt—1 0 00 ) Zt—1
Zt—9 - 1 0 0 Zt—3 + 0
Zt—3 01 0 Zt—4 0

Example 4. Smooth Transition models Consider a setup similar to Example 3, but assume that

the parameters in the model smoothly transition between regimes instead:
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S S
1 1
Ogt = (1 — F (S Z Aat_s)) o1 +F (S ZAat—s> 0g2
s=1 s=1
1S 1 g
pr = <1 - F (S Z Aat—s)) p1+F (S ZAat—s) P2
s=1 s=1
1S 1o
Oat = <1 —F (S ; ACLt_5>> Oq1 + F (S SZ:; Aat—s) 0a2

= e (o ($25 Aa))
F <S Z Aat_s) a 1+ exp (—'y <% Zsszl Aat_s)) 720

This model can be put into our setup in the same way as Example 3. A prominent application (under
full information) of this model can be found in Auerbach and Gorodnichenko (2012).

Example 5. Exogenously Evolving Time-Varying Parameters Consider the following model
with an exogenously evolving time-varying autoregressive coefficient Aa; = (1 — py)a* + prAar—1 + 04cat

and p; = (1= A)p* 4+ Ap—1 +0pep. This can be put in our framework by defining & = p¢, 2t = Aay, wy =
/
<5pt75at> :
A=) B= (ap 0), u=(1-=MNp*, C(z) =2z —a*, D= (0 Ja>, v=a".

It is straightforward to generalize the above example to vector valued processes of the kind considered

in Cogley and Sargent (2005) and Primiceri (2005), for example.

Example 6. Parametric Growth-at-Risk Consider the following model with correlated shifts in
mean and volatility that generates growth-at-risk as in Adrian, Boyarchenko, and Giannone (2019):
Aay = vTi—1 + gi—1 + Oa€ats gt = (1 — p)g* + pgi—1 + ogigr, e = (1 — N)a* + Avy_1 + 0464, log o2, =
0a0 + q17:—1, and log O'gt = 0g0 + O0g17¢—1. In this setup, Aa; and x; are observed and g; is latent. This
can be put into our framework by setting & = g4, 2t = (Aat :ct>/ , Wy = (sgt, Eat) Emt>/ and defining the

system matrices as

A= Blem) = (foxp (3040, (0 1)) 0 0) ateum) = (1= i

C= (;) , D(z¢,my) = 0 \/exp <5a0 *dan (0 1) Zt) 0 , U(ze,my) = 7 (O 1) “t

0 0 s (I=XA)z"+ A (O 1) zt

Example 7. Parameter Estimation Consider a time invariant linear Gaussian state space model
& = a&—1 + Bwy, z = c& + Dwy, with scalar ¢ that is latent, scalar z that is observed, scalar a,c
and B = (b0) and D = (0d) (b # 0, d # 0), and assume that the decision maker does not know the
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parameters 0 = (a, b, c,d) of the model. Instead, she is estimating 6 using an estimator é\t that has the
property of (i) being based only on the data z~! up to time ¢ — 1, and (ii) being recursive in the sense
that é\t can be calculated from é\t,l and z;. We can then take m; = é\t and let the decision maker use

the model & = a(m¢—1)&—1 + B(my—1)wy, z¢ = c(my—1)& + D(my—1)w; for decision making.

3.4 Full Information Equivalence

The results of Sections 3.3 and 3.2 can now be combined to define a full information equivalent of the
dynamic model in Section 3.1. For this, recall that solving the decision problem in (8) is equivalent to
finding a feasible plan 7 in II that satisfies the Euler and transversality conditions of Theorem 1. The

plans in IT have the form given in equation (9),
7(20) = To(20,z0) and m(2') = %t(zt,fvf, R 21,113‘71?,20,1}0), t=1,2,...

with policies 7, : Zy — X which to each information set Iy = {z, @y, ..., 20,20} assign xpy1 = me(1y).
As defined in Section 3.3, the exogenous process {zt};og is generated by the conditionally Gauss

Markov state space system,

&1 = A(ze, me)&e + u(ze, my) + Bz, my)wisr
2zt = Clzp—1,me—1)& + v(2e—1, me—1) + D(ze—1,my—1)we, t=0,1,... (24)

mer1 = f(me, 2t)

with {w},.55 ~ iid N(0,1d) independent of & ~ N (&, o), initial mg given and deterministic, and
z—1 = 0 and m_; = 0 so the system matrices (C, D,v) are constant and deterministic in (24) at time
t = 0 (see also footnote 10). Under the conditional Gauss Markov assumption (see Definition 2 and
Assumption 14 in Appendix A), for every t = 0,1,..., the conditional distribution of & given 2! is
Gaussian with parameters

& eR™  and vech(%;) € R(et1)/2 (25)

which are determined recursively through the filtering equations (16)-(20).14
Now consider including in the information set I; all the filtering information about the latent state

process {& 1,55, i.e. let
Tt = {Zt)ghztvmtaxta-'~7207£0720>m07x0}7 tZO,l, (26)

be the extended information set available to the decision maker at time ¢.! Denote by Z; the space of all
information sets Iy, i.e. Z; = R x R x Rt 1)/2 5 Rm 5 X .+ .. x R x R x R t1)/2 5 Rm ¢ X

(5t + 5 factors), and consider policies 7; : Z; — X which to each I; € Z; assign x441 = 7 (I;). Let II

“Note that we a slight abuse of notation, we hereafter write that ¥; belongs to R (" Hz/ 2.7
15 As before, we do not keep reference to the model parameters 3,1, F, A, B,C, D,u, v, &y, Xo in the
definition of the information set I; even though all those parameters are known to the decision maker.
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denote the set of all plans ™ = (7, 71, . . .) which are feasible. It is clear that

IIcla

The following lemma, due to Rhenius (1974), shows that with any plan from II the decision maker cannot

obtain a greater value v than with the plans out of II.
Lemma 3. Let Assumptions 1-4 hold. Then for every T € I there exists w € 11 such that v(7) = v(r).

In particular, lemma 3 implies that an optimal plan 7* in II satisfies Theorem 1 with the same
Euler equation and transversality condition. The key reason for considering plans in II with policies

7 : Iy — X, is that the information set I; on which the policy 7; operates has a Markov structure with
P (2,8, %0, mu | Te—1) = P26, &, Se,me | 201, &—1, Sem1,me—1). (27)

Specifically, using the innovations representation in Lemma 2 the law of motion for {zt};;og can also be

written as

Eir1 = Az, me)& + ulze, me) + K (20, me, $)Se (20, e, £) Y €11
241 = Oz, me) Az, ma)&e + C (2, ma)u(ze, me) + v(ze,mi) + Se(ze, me, $o) e (28)
Et+1 = A(Zt, mt)EtA(zt, mt)’ + B(Zt, mt)B(zt, mt)' — K(zt, mg, Et)Ze(zt, my, Et)K(Zt, my, Zt),

mey1 = f(myg, 2)

for t = 0,1,..., with {g},L% ~ iid N(0,1d), 2o and & as in (15) and (16), and where the matrices
K(z¢,my, %) and 3e(z¢, my, X¢) are as defined in (18) and (19). Thus, the Markovian property in (27)
follows. It is important to emphasize that Markovianity does not obtain with the information sets I,
where, due to the presence of the latent states &, P(z; | I—1) # P(z¢ | zt-1)-

With the Markov structure in hand, we can now apply the results of Blackwell (1965) on the existence
of optimal stationary plans m = (¢, ¢, ...) in II where ¢ : R" x R x Rt D/2 w R™ » X — X is a
function that maps states (zt,é;, ¢, my, z¢) into choices xyy1, t = 0,1,.... For a stationary plan 7, let

{xf}z;of denote the corresponding endogenous variable process,

'CC(f :(ZJ(ZO,é\O,EO,m(L.TQ), x:fz_l = ¢(Ztaé;72t7mt7x?)7 t= 1727"‘ (29)
with {a};"g and {¥;};£% as defined in equations (16)-(20), and where {m;};=% is as in (23) with mq
fixed. Note that the set of feasible stationary plans, which we denote by ITI*°, is a subset of II,

I1*° c II.

The following theorem shows two results: (i) if there is an optimal 7* in II, there is one which is stationary;
and conversely (i) if a stationary plan 7°° = (¢*, ¢*,...) with ¢* : R x R™ x R +1)/2 x Rm « X —
* 3 400

t=1
conditions stated below, then 7 is optimal in II.

X and the corresponding {xf in (29) satisfies the stationary Euler equation and transversality
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Theorem 2. Consider the decision problem in equation (8) with exogenous variables £ (latent) and z
(observed) that follow the conditionally Gauss Markov state space system in (24), and let Assumptions
1-14 hold. If 7 € 1I*° satisfies the stationary Fuler equation

oF
0z 11

* * aF * * ~ *
<$f+1,$f ,zt> + BE [(% (:Uf+2,:vf+1,zt+1) zt,ﬁt,Et,mt,mf } =0 as t=0,1,...

with 2% as in (29), z,g, X, m as in (28) with mq fized, and the transversality condition

oF
0w 41

Th_I)I;OE [BT (x?:_pa:?j,zT) a:}:{m} =0, foranymell,
then 7 is the unique optimal plan in I1. Conversely, if m* € 11 is an optimal plan for which Assumption
10 holds, then there a stationary plan 7 € 1I°° which is also optimal in 11, and which satisfies the above

stationary Fuler equation and transversality condition.

Theorem 2 formally establishes the equivalence between the original decision problem with incomplete
information described in (24) in which ¢ is latent and z observed, and a complete information decision
model with exogenous states (z,&, 2, m) that evolve as in (28), all of which are observed by the decision
maker. In the original problem, the decision maker is considering policies that depend on the entire
history of z which makes the problem nonstationary; in its full information equivalent formulation, all
the exogenous information needed for decision is summarized in the current values of z and the statistics
(E, Y, m) that are sufficient for control, which makes the problem stationary.

Put differently, Theorem 2 allow us to turn a nonstationary decision problem, in which an optimal
sequence of policies (or plan) 7* = (7, 7], . . .) is to be found, into a stationary one, in which we only need
to find one optimal policy ¢*. Even though the latter problem appears easier to solve, the stationary
Euler equation is generally a highly nonlinear function of ¢* for which no closed form solutions are

available. This raises the question of optimal policy approximation, to which we turn next.

4 Perturbation Approximation

The main idea behind the perturbation approach is to consider approximating the object of interest—
here an optimal policy—around a point at which the solution to the original problem—here the decision
problem in equation (8)—is known (or at least easier to calculate). In the vast majority of applications
of the perturbation method in macroeconomics, the point around which the approximation is sought is
that of a deterministic limit of the model, see e.g. Judd (1996). While this limit quite naturally obtains
in stationary models in which the decision maker perfectly observes a Markovian state, the question
of what is a deterministic limit of a nonstationary model that involves learning is less obvious. To
setup the perturbation approximation, we therefore start with an asymptotic small noise analysis of the
conditional Gauss Markov model.

Consider again the conditional Gauss Markov model in (24) with an additional scalar parameter
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o > 0 which controls the size of the error terms,

1 = Az, mi)E] + ulzf,mi) + o B(z], mi w1
7 = Czly,mi)& +o(zlq,miq) + oDz, mi_jw, t=0,1,... (30)

miyy = f(mf,z])

where w; ~ iid N(0,1d), £§ ~ N(£5,%3) and mg given. We emphasize the fact that the solution to
(30) depends on o by labeling the resulting processeb as {71, {2035, and {m¢}, . Similarly, we
let §t = E(& | 27t and XY = E[(£&7 — {t )(EZ —&7) | 291, for t = 0,1,... be the conditional mean and
covariance of & given 27" = (2§,...,27). The idea in (30) is that a common scale parameter o controls
the speed at which all the stochastic drivers in the model (30) converge to zero. We are interested in
the behavior of the full-information equivalent of the conditional Gauss Markov model above as we let
o—0.

For this, we first examine the behavior as ¢ — 0 of the innovations representation of the conditional
Gauss Markov model in (30). As argued previously, the innovations representation is key in determining
the full-information equivalent model and its state variables. Assuming that the initial distribution of
€9 satisfies £ = & and X¢ = 025 with (y, %) independent of o (Assumption 15), the innovations

representation of the conditional Gauss Markov model in (30) is given in the following lemma.

Lemma 4. Let Assumptions 11 - 15 hold, and consider £& = E(£7 | 217) and %y = LE[(& - €7)(&7 —
é;(’)’ | 219 = % Then, fort =0,1,...

& = AT mDE +u(f,m]) + oK (2 mf, S)Ze(7 i, 50) v
2P = O, m{) A m)E7 + Oz m] Ju(z],mf) + (=] ,mf) + 0%e(2f,mf, B0) e (31)
S = A(2], m{) DAz, mi) + B(z],m])B(z],m{)’

— K(2f,m7, %) Ze (2], mf, B) K (27, m7, )

ngrl = f(mga Z?)

with {e,}7°° ~ iid N(0, Id), starting values §g = & and S calculated as in (16), and where K (27, m, )
and Xe(z{,mf, %) are as in (18)-(19).

Lemma 4 has several important implications. Firstly, it shows that the full information equivalent of
the conditional Gauss Markov model in (30) has state variables (£7, %y, 27, m¢) where £ = E(£7 | 21°)
and Yy = %E (&7 — gf")(ff — Ef)’ | 299 = i—g Secondly, it shows that the dynamic equations governing
the law of motion of 3; (and m{) do not explicitly depend on o. This is a non-trivial finding which
follows from two key properties of the model in (30): (i) the Kalman gain matrix K(z7, m7,¥;) does not
depend on ¢ directly; and (ii) the covariance matrix of the innovations is of the form 2%, (27, my, %),
where again ¥.(z7,mJ,%;) only depends on o indirectly, through its dependence on (z7,m{). Thirdly,
the dynamic equations governing the laws of motion of Zg and z7, depend on o in a very specific way,
which is well suited for examining the behavior of the sequences {Eg}j;g and {27 };£% as 0 — 0 and

applying the perturbation method of Fleming (1971).
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A Assumptions

This Appendix collects the assumptions on the stochastic decision model defined in Section 3. To clarify
their role, we compare and contrast our assumptions with those by Stokey and Lucas (1989), whenever
possible. In the assumptions that follow xg € X as well as all the parameters of the model, 5,1, F as well
as A,C,u, W, V, &, Sq later on, are all given, deterministic, and assumed known to the decision maker.

We first state the assumptions that ensure that the function v(7) in (10) and the optimization

problem in (11) are well defined.
Assumption 1. The set II is nonempty.

Assumption 2. For each w € 11, the limit

T
lim Zﬁt/ F(x], 1,2, z)u'(dz")  ezists (it may be —oc0).
=0 V'

T—00 “—
Assumption 3. There is a sequence of {mt};og of nonnegative real numbers such that:
(1) / F(xf 2, 2)u'(dz") <my  for everyt =0,1,... and w € 11
=zt

+oo
(i) > B'my < 400

t=0

Assumption 4. There exists m € 11 such that

+00
B| S8 Felaf.5)] > —oc
t=0

Assumption 1 plays the same role as Assumption 9.1 in Stokey and Lucas (1989); see their Lemma
9.1. Assumption 2 is analogous to Assumption 9.2(b) in Stokey and Lucas (1989). Note that this
assumption does not preclude F' from being unbounded nor from taking both signs. Assumption 3 plays
the same role as Assumption 9.3 in Stokey and Lucas (1989): it is used to justify the change in the order
of limit and integration (see p. 250 in Stokey and Lucas (1989)). In particular, CRRA utility functions
are allowed (including the log utility) so long as Assumptions 2 and 3 hold. Finally, Assumption 4
ensures that v(m) in (10) does not take value —oo for all 7 € II so that the supremum in (11) is well
defined.

Next is the group of assumptions that we impose in order to guarantee that the function v(7) has a

Gateaux differential.

Assumption 5. For each possible value z € Z, the function F(-,-, z) is differentiable in the interior of
X x X.

Assumption 6. Let 7 € II be an internal plan in the direction A € A, denote by {zF};£5 and {x}2

the corresponding endogenous state processes, and let
Fo(e) = F(aT + ex?, 0, 20) and Fy(e) = F(af 4 + expiq,af +exp,z), t=1,2,....
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There exists € > 0 such that for all || <€
d [ A
2[5 ] - 42
t=0 t=0

Assumption 5 is analogous to Assumption 9.12 in Stokey and Lucas (1989). Assumption 6 is used
to ensure that one can differentiate under the integral in (10).

Last are the convexity and concavity assumptions.
Assumption 7. The set X is a convexr subset of R™.

Assumption 8. For every z € Z, (z1,y1,22,y2) X X X X X x X and 0 < 0 < 1 imply
F(Oyr + (1 = 0)yz, 01 + (1 = O)wz, 2) 2 OF (y1,21,2) + (1 — 0)F(y2, 32, 2),

and the inequality is strict when (y1,21) # (y2,22) and 0 < 0 < 1.

Assumption 9. For every (z,x1,x2) € Z x X x X, y1 € I'(x1,2), y2 € I'(x2,2) and 0 < 0 < 1 imply
Oy1 + (1 —0)y2 € I'(0z1 + (1 — 0)z2, 2).

Assumption 7 is the same as Assumption 9.4 in Stokey and Lucas (1989). Assumptions 8 and 9,
which are the same as Assumptions 9.10 and 9.11 in Stokey and Lucas (1989), ensure that the set of

feasible policies II is convex and that v(-) is strictly concave on II.

Assumption 10. Let 7* € II be an optimal plan in (11). For any t = 0,1,...: (i) :c%il s an interior
point of the feasible set T'(x] ,z), and (ii) there exists ¢, > 0 such that ||z — af, || < € implies a7, , €
[(z,2011), for all 2+ € ZHHL

Assumption 10 is used to ensure that an optimal plan 7* is interior in any direction A\, = (0,...,0,v;,0, ...

with 7 =0, 1,..., and v, that is Bz:-measurable.

Assumption 11. {w;} % is independent and normally distributed N (0, Id); &y is normally distributed
N (&, X0) with $o positive semidefinite; {wt}?':of and &y are independent.

Assumption 12. For t = 0,1,..., the entries of A(z"), B(z'),C(2"), D(2"),u(z"),v(z") are: (i) B-

measurable; (i) finite with probability one.
Assumption 13. Fort =0,1,..., the matrices ¥.(2%,%;) are nonsingular with probability one.

Assumption 14. There ezists a random variable m € R™ such that fort = 1,2,..., (i) my is Btgl
measurable, (i) my is recursive myr1 = f(my, z), for some function f : R"™ x R"> — R™"  and (iii)
such that A, B,C,D,u,v depend on z' only through (z;,my), i.e. A(2') = A(z, my) with analogous

restrictions on the other system matrices.

Assumption 15. The initial distribution of £ in (30) satisfies £§ = & and £ = a?Sg with (£y, Xo)

independent of o.
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B Proofs

This Appendix contains the proofs of the results stated in the main text.

Proof of Lemma 1. Under Assumptions 1-4 the function v(-) in (10) is well defined. Let 7 and A be as

in Assumption 6. For any |e| < min{ey, €} we have

+oo
dv d A t A A
I —(m+eN) = deE F(z] + ex7, zo, 20) + Zﬁ F(af +exyq,af +exy, 2)
t=1
d X d
A t A A
=F &F(:c’f + ex?, o, 20) + ZB &F(afﬂ +ex ol +exy, zt)
OF t A A A OF A A p
=F |51+ ey, 20, 20) - 77 + Zﬁ <3x+1 (@1 + iy, f +€xp, 2) - aiyn + gy (T + ey, of + ex, 2e) - @
t=1

where the second equality uses Assumption 6, and where 0/0z41 (resp. 9/0x) denotes the gradient
with respect to the first variable x1; (resp. second variable z) in F (41,2, 2), and - denotes the scalar

product. Taking € = 0 then yields

ov(m, ) =

oF T t A
do1 (15 %05 20) ‘o + E :5 (axﬂ (@fpraf s 2) - aiyr + G (@fg. 2 2) - fUt)] :

O

Proof of Theorem 1. The proof proceeds in three steps: first, we establish that the feasible set II is
convex and that v(-) is strictly concave on II. Second, we show that the Euler equation is necessary for
optimality. Third, we show that it is also sufficient. We note that the convexity of Il and concavity of
v(-) only play a role in the last step, i.e. the Euler equation remains necessary for optimality even if the

convexity requirements are not met.

STEP 1: CONCAVITY OF v(-). We first establish that under Assumption 8, the set II is convex. For
this, consider two policies m; and 7 in II, and take any 0 < 6 < 1. The policy mg = 071 + (1 — 0)ma

generates the following sequence {x}°};2°

270 = 07 (20) + (1 — 0)72(20) = 02" + (1 — 0)2T> € T'(xg, 20)
wily = 0my (2') + (1= O)mf(2") € T (Omy_y (2" + (L= )iy (271), )

where the inclusions follow by Assumption 7 (convexity of X) and Assumption 9. Next, we establish

that v(m) in (10) is strictly concave on II. For this, consider 7j,m € II and 0 < # < 1 and let
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mg = Omy + (1 — 0)mo; then
v(m +(1—-0)m) =FE ZBtF xtﬂ,xt o 2)

=B ZBtF(Hmt(zt) +(1- 0)7r2t(zt), Gﬁl,t_l(ztfl) +(1- 0)7r27t_1(zt*1), zt)]
=0

o

> E ) B (0F (mu(2"), maa (2", 2) + (1= 0) F(mar(2"), w21 (27, Zt))]
= Ov(m1) + (1 — O)v(me)

where the inequality uses Assumption 8, and is strict when 71 # 7m0 and 0 < 6 < 1.

STEP 2: NECESSITY. Let 7* € II be an optimal plan in (11). Pick an integer 7 > 0 and pick a
measurable function v, : Z7 — R"*. Define a plan \™ € A by letting A\f = 01if ¢t # 7 and A\l = v,. By

Assumption 10, there exists e, > 0 such that for every |¢| < e, we have

(i) 2%, +ev, €T(al ,z), and (ii) 2T,o € D(xT + evr, 2r11)
for all 271 € Z™+1 7 =0,1,.... That is, the plan 7* is internal in the direction \™. Moreover, 7* and
AT satisfy Assumption 6. Then, by Lemma 1, the Gateaux differential dv(7*, A7) exists and equals

aF * *
5v<w*,x>=E[<a< Pl )+ B <:+2,x¢+1,zT+1>)-uT]=o, r=01.. ()
T+1

where the second equality follows by Theorem 2.1 in Fleming and Rishel (1975). Since (32) holds for
any v, : Z7 — R™ measurable, it follows by the definition of conditional expectations (see, e.g. Section
34 in Billingsley (1995)) that

aF * *
E[a (2Ty 1,27 2 )—i—ﬁ ( T o0 BT 1, Zrg1) ZT] =0 as. 7=0,1,....
T+1

Since the first term inside the expectation is BL measurable, the above equality can also be written as

oF * oF
W_"_l(szﬂ’xZ’ )+5E o ( ‘r+27 T+17ZT+1)

]:O as. T7=0,1,.... (33)

Now take any other plan 7w € II and consider the direction ¢ = 7 — 71* € A. Since the set II is convex,
we have for every 0 < e < 1, 7* 4+¢ep € II, that is, 7* is an internal point of II in the direction ¢. Again,
using Theorem 2.1 in Fleming and Rishel (1975), we necessarily have dv(7*,¢) = 0. Combining the
latter with (12) and (33) yields

T ¢ oF
EB 6x+1($T+17$T72T) Tht Z 8 (axﬂ(xtﬂvxmzt) :cf+1+3:,:(x?ﬂ,x§,zt)-xf)] =0, VI'=0,1,...

t=T+1
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Taking the limit as T" — oo then gives

Th_fgoE [BT&w (:CT—‘,-lvxT »ZT> 'x$+1} =0. (34)

STEP 3: SUFFICIENCY. Take 7, 7* € Il (7 # 7*) and 0 < 6 < 1; it follows from strict concavity of v(-)
(established in Step 1) that

v+ (1 —6)7") > Ov(m) + (1 — O)v(n™),
which can be re-arranged as

[v(T* 4+ 0(r —7*)) —v(r™)] > v(w) — v(7").

| =

Taking the limit as # — 0 then gives
dv(m*,m —7*) > v(m) —v(r")

Thus, if dv(7*, 7 —7*) = 0 for all = € II, then v(-) has a unique maximum at 7*. Let then 7* be a policy

that satisfies the Euler equation (33), and consider any 7 € II, m # 7*. Define the direction ¢ = 7 — 7*.

Since for any t = 0,1, ..., ¢; = m}f — m is Bze-measurable, we have from (33) and (34) that

do(r*, o) =FE 52}:1 (27, o, 20) 951 + Zﬁt <8x+1 CHRE AR ﬂffﬂ + %(mgﬂ’x?a%) 9320)]
= TIEE;OE Z gt (81‘+1 $t+1a$t y2t) + ﬁax (2719, 2711, Zt+1)) xfi + /8T3x+1 ($T+17mT ,2T) - x%ﬂ]
= pm B [ﬁ Taii (#7000 21) 'x?“]
=0

Thus, v(+) has a strict maximum on IT at 7*.

O

Proof of Lemma 2. To prove the lemma, we use the results from Ch 13 of Liptser and Shiryayev (1978).

Note that by combining the transition and observation equations (13)-(14), we can write

ze01 = C(2HY ALY & + C(2Hu(2h) +v(2h) + [C(zt)B(zt) + D(zt)] W1,
—_—— ~

A1 (t,2) Bi(t,z)

which is the form of the observation equation (13.47) in Liptser and Shiryayev (1978); our transition
equation (13) is of the form (13.46) used in Liptser and Shiryayev (1978). We now follow the reasoning
in Theorem 13.5 in (Liptser and Shiryayev, 1978). In order to establish the conditional Gaussianity of

t

& given z°, we do not use their Theorem 13.3 which requires the stringent hypotheses of finite second
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moments of the entries of the random system matrices B, D,u,v and boundedness of the entries of
A, C (those are conditions (1) and (2) on p. 62 of Liptser and Shiryayev (1978)) — rather, we use our
Assumption 12 that those entries are finite with probability one.!8 Then, by the main Theorem of Chen,
Kumar, and van Schuppen (1989), the conditional Gaussianity follows. The reasoning in Theorem 13.5

in Liptser and Shiryayev (1978) applies provided their condition

Bi(t,2)Bi(t,2) + A1(t, 2)X¢A1(t, z)"  is nonsingular with probability one, t = 0,1, ...

holds. Our Assumption 13 ensures that for ¢ = 0,1,..., the matrix By(t,2)B1(t,2)" is positive defi-
nite with probability one, thus the same holds for Bi(t,z)Bi(t,z) + Ai(t,2)X:A1(t, 2)" and the above
condition is satisfied. O

Proof of Lemma 3. To prove the lemma, we follow the same steps as Rhenius (1974) in his proof of
Theorem 6. First, we need to establish that under our Assumptions 1-4 for any 7 € II, v(7) in (10) and
v(7) in (11) are well defined. For this, note that if IT is nonempty (Assumption 1), then II is nonempty.
Next, note that for any plan 7 € II, the policy 7; is Bz:-measurable so we can find 7 : Z¢ — X such
that 7, (1) = m(2'); thus, if 7 = (w0, 71, . ..) € II satisfies Assumptions 2-4, so does 7. Thus v(7) is well

defined and moreover v(7) = v(m). O

Proof of Theorem 2. The proof of Theorem 2 consists of two parts: part 1 establishes the sufficiency of
the stationary Euler equation and transversality condition, while part 2 shows necessity. Throughout,

we let Assumptions 1-11 hold, so in particular Theorem 1 and Lemma 3 apply.

PART 1: SUFFICIENCY. Consider a stationary plan 7°° = (¢*, ¢*,...) in II*® with ¢* : R™ x R" x
R7e(met1)/2 5 X' — X and the corresponding endogenous variable process {xf *};Of that satisfy the

stationary Euler equation

oF * * oF
O (forl? xf » 2 ) + BE |: <$t+2’ $?+1, Zt+1>
+1

Ztaéh&@f] =0 as t=01,...

with {é\t};fg and {%:},2% as given in (16)-(20). Now, the expectation term above can be written as:

OF o :
E [(% <xt+2,wf+1,zt+1> zt,&,Et,xf]

—E % <¢ (Zt+1>£t+172t+1’¢ <Zt,£t;2tal‘t )) 7¢ (Zt’gt)2t7xf ) 7Zt+1> Zt’gt)2t7mf :|
:6F ) R R . -

=F 87 (Qb (Zt+17§t+172t+17¢* <2t7£t7 Zt’xt )) (Zt,ft,zt,ﬂff ) ’Zt+1> It:|

—E 9 <q§ (Zt+17§t+172t+1’¢ <Zt,€t,2t737t )) (Zt’gt’zt’xf ) ’Zt+1) 4 35)

where the second equality uses the Markov property (27), and the third equality uses the fact that I,

is B%.-measurable; thus 7 satisfies the Euler equation in Theorem 1. If in addition 7 satisfies the

6Note that conditions (3) and (4) on p. 62 of Liptser and Shiryayev (1978) are satisfied here.
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transversality condition

Th—{I;OE [BT ailil (93?11, m?*, zT> -x%f{m] =0, forany m €I,
then by Theorem 1 (sufficiency), 7 is the unique optimal plan in II.

PART 2: NECESSITY. Let 7* € II be an optimal plan for which Assumption 10 holds. By Lemma
3, m* is also optimal in II. Now, we can put our setup in the framework considered by Blackwell (1965)
by letting s; = (x, zt,é,zt) be the state at time ¢t = 0,1,... taking values in S = X x R™ x R"% x
Rre(netD)/2 ¢, — Z¢4+1 be the action at time t taking values in A = X, and letting 7(s¢, at, S¢41) =
F (x4, 2, 2441) be the reward at time t. By Theorem 6(c) in Blackwell (1965), there exists an optimal
plan 7 which is stationary. Since 7* satisfies Assumption 10, so does 7°, so by Theorem 1 7°° satisfies
the Euler equation and transversality condition. Using the equality in (35) then shows that 7°° satisfies
the stationary Euler equation given in Theorem 2.

O

Proof of Lemma 4. Using exactly the same reasoning as in Sections 3.3 and 3.4 but with the system
matrices (B, D) being replaced with (¢B, D), and assuming that the starting values (£J,%9) are such

that £5 = & and 39 = 023, gives the initial values
=5 and X =05, (36)

where (20, Yo) are as given in equation (16). Note that neither {y nor ¥y depend on o. It then follows
from (19) and (36) that

22 (26, mg, 35) = C(25, m§) A(zg, mG) LG A5, m§)' C (25, mG)'
+[C (2§, mG)oB(25, mG) + 0D (25, m§)][C(25, m§)oB(z§, m§) + o D (25, mg)]

= 0’226(28,7”8,20)’ (37)

with X (2§, m§, Xo) being calculated exactly as in (19). Again, note that none of the matrices in (19)
depend on o directly, i.e. ¥¢(z7,mg,X0) depends on o only indirectly through zJ and mg. Moving on
to (18), we have

K(25,mg,55) = [A(2§, m§)S§A(2§,m§) C(2§,m§) + o B(z§,m§)B(z§,m§) C (2§, m7)’
+ 0°D(2§,m§) D (2§, m§)' |57 (2§, m§, )"
= K (25, mg, X0) (38)

where the second equality uses (36) and (37), and where K (zJ,m§,%0) is being calculated exactly as in

(18), i.e. its only dependence on ¢ is indirectly through 2§ and mg. Finally, to calculate ¥, we have
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from (20), (36), (37) and (38)

57 = A(, m§) SGA(G mg) + 0* B(§, m§) B(=§,m§) — K° (=5, m§, £§)7 (=6, m§, B K7 (2§, m, 55’
— G2[A(G.m§)ZoA(§, m§) + Bz, m§)B(=g.m§) — K (2§, m§, So) L5, m§, T0)K (=5, m§, o)’
= o’% (39)

i.e. ¥; is calculated exactly as in (20) and depends on o only indirectly through 2§ and mg.

Note that ¥ does not depend on o, while ¥; depends on o only indirectly through 2§ and mg.
Iterating through equations (37)-(39) for ¢ = 1, ... shows that for all t = 0,1, ...

Eg(zta’mta7 Zta) = 0'226(2?,7%?, Et)a KU(Z?¢m?a E?) = K(Ztav mta7 Et)v Eg = OQEt (40)

with Xe(zf,m{, %), K(27,m7,%:) and 3; calculated exactly as in (18)-(20), i.e. through recursions
that depend on o only indirectly through z{ and my. Combining (40) with (28) then yields the result

of the lemma. O

C Matrix Cholesky Square Roots

Let 33 be an n x n positive semidefinite matrix. Then, there exists at least one, and in general many, n xn
matrices R such that RR' = 3. When X is positive definite, then a unique Cholesky lower triangular

square root $1/2 can be defined such that
21/2(21/2)/ — E,

and the diagonal entries of /2 are all positive. The elements Eij/ ? of the Cholesky square root matrix

can be computed sequentially, row by row, from the following system:

S0 .0 ) IHVARED S/ Yy S T ... i
S0 S5 0 0 = | P2 X Yon
R SRS 3 A L N PP 37y AR OOt VS o
which yields the recursion: for ¢ = 1,...,n, compute
L 1/2 1/2
= kf/;’“ = L i=1,2,...,i—1
1/2
Yot = 2.5 ) )
1) \/E”_ ;Lk{) , J=1
y ] >

D Details of the motivating example

In this section, we give the detailed derivations for the motivating example in Section 2.
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Step 1: conditional Gauss Markov framework Let

Wy = <€at> , W~ N(O, IdQ)

€ot

be all the disturbances in the system (notice the stacking of technology shocks on top and parameter

shocks at bottom). Then, the state transition equation is

0 Lwa + AaIno?, + aq 0
Qg1 _ ag a n eXP[Q(W + nog + agay)] Wit (41)
0t+1 0 1 Qt 0 g9
—_—— —
Et+1 A(ze,me) B(zt,m¢)

and the observation equation is

a = (1 0) (at>+ (0 0) w (42)
\Z:/ C(zt—1,m¢—1) 9t D(zg—1,m¢—1)

where we have defined

my = 02, with mg = o2, given

Note that for all t = 0,1,..., we have C(z;,m;) = C and D(zy, my) = D.

Step 2: Kalman Filtering equations The conditional distribution of & given 2! is Gaussian with

mean &; and covariance ;. Let us start with prior mean and covariance,

§0—<a> and io—<2a 9>
0 0o P

At time ¢t = 0, after observing zy = ag, we get from (42),

o = & + S0C"(CSoC' + DD') V(29 — C&) = (‘Z’)

L _ _ 00
Yo = S0 — S0C'(CEC! + DD 1O = (o P) (43)

In what follows, let

é\[):é and P():]5

~ 0 0
50 = C,l\o and EO =
0o 0 P

so that
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Now time moves on to ¢t = 1 and we have

26(20, mo, 20) = CA(Z(), mO)EoA(Z(), mo)’C” + [CB(Z(), mo) + D] [CB(Z(), mo) + D]/
= a%Po + 021 (44)

SO

K(ZQ, mo, 20) = [A(Zo, mO)ZoA(Zo, mo),C/ + B(Zo, mO)B(Zo, mo)lcl + B(Zo, mo)Dl]Ee(Z’o, mo, 20)_1

1
:< o ) (49
aZPotoZ,
and
1 = A(z0,m0)Z0A(20, mo)" + B(20, m0)B(20, mo) — K (20, mo, L0) e (20, mo, o) K (20, mo, Xo)’

0 0 0 0
0 E< P) (a6

%0t Rzt 0 4

Finally, we have

gl = A(Zﬂv mo)go + K(Zo, mo, 20)26(207 mo, E0)1/261
21 = CA(Z(), mo)go + 26(2’0, mo, 20)1/261,

where €1 ~ N (0, 1) so using (44) and (45), gives

~ aof, VaiP + o2
§1—<20>+ ¢

ao Py €1

\/agP0+o'(2ll

zZ1 = a090 + \/ G%PO + 02161

Since & = (a1,01) and z; = ay it follows from the equations above that the first component 511 of 21

to

equals z; which is as we would expect.

Step 3: Full information equivalent model In what follows let 51 denote the second component

of El, and more generally, for any ¢t =0,1,..., let 6, denote the second component of Et In addition, let
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P, denote the bottom diagonal element of 3;. Iterating in ¢ then gives, for every t = 0,1,...,

— .0, /2 2
a1 = atﬁt + Qay Pt + Ua,t+16t+1

~ ~ ar P
Orr1 =0y + 5 all 5 €t+1
V@05
02t+1
Pt+1 = O'g + 7—3 (47)

2 2
a; P + Oat+1

2 2
Outil = exp(wq + A\ Inoy; + agay)

where {e:};.7 ~ iid N(0,1), and where B0 = 0, Py = P, o2, given.

The exogenous states in the full information equivalent of the model (1)-(2) are then
((It, 9t7 Ptu 0-521,15)

and for every t = 0,1,..., the optimal consumption C; = C(K;_1, at, (/9;, P;,02,) is obtained by solving

the stationary Euler equation

E B (Ozexp(at)Kf__ll +(1- 5)) (CtH) Kt_l,at,@\t,]%,agt =1 as. t=0,1,...

Cy

in which the exogenous states (azy1, Oy1, Pt 02 +11) follow (47) and the endogenous state K; = (1 —
NKi—1 +expla) K| — C(Kt,l,at,é\t, P;,02,), with K_; given.

Step 4: Small noise limit Now consider the case in which the variances of the shocks €,; and €y, are

small as in (5), i.e.
{eat} 5 ~ iid N(0,0%) and {eg} X ~ iid N(0,0?), with o — 0.

In this case, the matrices B(z¢,m;) and D in equations (41) and (42) need to be replaced with o B(z, my)
and oD. Assuming the prior is modified as 8y ~ N(,0%P), and following the same calculations as in
Steps 1 and 2 above, it is straighforward to see that this induces the following transformations on the
system matrices in (44), (45) and (46):

K (2,4, 50) = K (20, my,072%),  Se(ze,my, p) = 02 (2, my, 07 2%), Xy 025y

Defining .
@:E(et‘ata”'aao) and Pt:?E[(et_é\t)Q‘ata”'aa()]
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then gives

0 2 2
ai+1 = atby +oy/a; P + O 141641

ar Py

by1=0+o - ——F€tt1
\/ a; P+ Oat+1

2

Uzz,t—l—l P
GQP +0.2 t
ttt a,t+1

2
Py =05+
02,1 = exp(wa + Ao In 02, 4 agay)
at+1 = XPlWq a1 O gy Qg

with {e:};2 ~ iid N(0,1), which yields the result in the main text.
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