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ABSTRACT

Investors evaluate their portfolios as a whole rather than selecting individual assets in
isolation, yet most existing asset-demand models implicitly assume substitution pat-
terns proportional to portfolio weights. We propose a flexible characteristic-based de-
mand system that relaxes these restrictive assumptions, explicitly allowing for intra-
portfolio and inter-portfolio heterogeneity in price elasticities of demand. Our frame-
work highlights investors’ effective systematic risk exposure, capturing how strongly
their portfolio returns respond to systematic risk, weighted by the relative importance
of systematic risk within the portfolio. To identify the structural parameters, we de-
velop a novel demand-inverse approach implemented through a Generalized Method
of Moments estimation procedure, leveraging mandate-based instruments and other
assets’ characteristics. Monte Carlo simulations demonstrate that our approach sig-
nificantly reduces the biases in price elasticity estimates relative to standard multino-
mial logit frameworks commonly used in the literature.
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1. INTRODUCTION

The conventional wisdom in portfolio choice is that an investor evaluates her portfolio as
a whole rather than selecting individual assets in isolation. Yet, most existing asset de-
mand models assume that investors respond to price changes across all assets proportion-
ally to each asset’s portfolio weight, implicitly ignoring that elasticity patterns vary due
to differences in assets’ risk characteristics and their interactions within portfolios. For
example, investors heavily exposed to volatile, high-growth technology firms typically re-
act very differently to price changes compared to those who primarily hold mature, stable
industrial stocks. Failing to capture these nuanced intra- and inter-portfolio differences
oversimplifies investors’ behavior and misrepresents the dynamics underlying portfolio
allocation decisions.

To better capture these complexities, this paper develops a new characteristic-based
asset-demand model that relaxes the overly restrictive assumptions of existing frame-
works. Specifically, we introduce ErrecTive Systemaric Risk Exposure (k;.), defined in-
tuitively as the product of how sensitive an investor’s portfolio returns are to systematic

risk and how significant this systematic risk is relative to their portfolio’s total risk:

ErreCTIVE SYSTEMATIC RisKk EXPOSURE K; ¢

PorTrFOLIO RETURN EXPOSURE TO SYSTEMATIC Risk
X

RELATIVE IMPORTANCE OF SYSTEMATIC Risk

In contrast, existing approaches - such as the multinomial logit (MNL) of the demand

system approach to asset pricing proposed by Koijen and Yogo (2019) (henceforth KY19)



- implicitly restrict the portfolio return exposure to systematic risk to unity. This assump-
tion forces all assets” expected returns to scale proportionally with their systematic risk
exposure, leaving no flexibility for asset-specific deviations or nuanced within-portfolio
heterogeneity in elasticities.

Building on this insight, we explicitly decompose the price elasticities of asset demand

into three intuitive components:

Price ELASTICITIES OF ASSET DEMAND 17); ¢

Base SusstiTUTION EFFECT
_l’_
INTRA-PORTFOLIO HETEROGENEITY
_l’_

INTER-PORTFOLIO HETEROGENEITY

The first component reflects the baseline elasticity structure commonly assumed in ex-
isting models, in which investors’ responses to price changes are strictly proportional to
their portfolio weights. However, this baseline ignores how the portfolio’s particular asset
selection influences sensitivity to systematic risk. The second component captures pre-
cisely this nuance: it allows elasticity responses to vary within the same portfolio based on
asset-specific risk characteristics and interactions. Finally, the third component reflects
how investors differ systematically in their effective exposure to systematic risk, captur-
ing fundamental differences between investor types, such as passive index trackers and
actively managed hedge funds. By explicitly separating these dimensions of elasticity,
our model aligns closely with the classical mean-variance portfolio theory (Markowitz,

1952) and quantifies the rich heterogeneity observed intra- and inter-portfolio.



Furthermore, we propose a demand-inverse approach to identify our model’s struc-
tural parameters and adopt a Generalized Method of Moments (GMM) estimation pro-
cedure. In addition to mandate-based price instruments, we leverage other assets’ char-
acteristics in the same portfolio as additional instruments accounting for cross-asset de-
pendencies. Through Monte Carlo simulations, we show that ignoring cross-asset depen-
dencies introduces a significant bias in price elasticities. Our model significantly reduces
this bias, offering substantial improvements over KY19.To fix the ideas, we introduce an

example that we gradually build on throughout this paper:

ExampLE. Consider two investors representing two pension funds with investment mandates
on the allocation of their assets under management. Alice’s (Bob’s) mandate requires a fixed
weight allocation to value stocks (small-cap stocks). These mandates reflect different invest-
ment strategies: Alice’s strategy focuses on investing in undervalued firms with solid funda-
mentals, while Bob’s strategy targets firms with smaller market capitalization that may offer
higher growth potential. Ideally, a demand model should capture these differences in how char-
acteristics like book-to-market ratio (as a proxy for value) or market equity (as a proxy for size)
translate into variations in risk-return relationship. However, using the linear MNL framework
of KY19 forces increases in expected returns to be matched by proportionate increases in factor

loadings; same proportional risk-return trade-off for the value strategy as for the size strategy.



RerLaTED LiTERATURE. This paper relates to two strands of research on discrete choice
models of demand: (i) the finance literature on demand systems in asset pricing and (ii)
the empirical industrial organization (IO) literature on demand with complementarity.
The finance literature, inspired by KY19, has predominantly relied on the MNL frame-
work. While computationally convenient, this approach overlooks heterogeneous substi-
tution patterns arising from investors’ distinct strategies. Our paper extends this liter-
ature by introducing a more flexible model that incorporates heterogeneous risk-return
profiles within investor portfolios, thereby allowing for richer patterns of substitutability
and complementarity.

KY19 started the literature on estimating asset demand systems. This methodologi-
cal approach has been used to study the crucial impact of various investor’s demand on
prices in different asset classes, ranging from equities (Koijen and Yogo, 2019; van der
Beck and Jaunin, 2023; Huebner, 2023; Mainardi, 2023; Gabaix et al., 2023; Noh et al.,
2023; Koijen et al., 2023; Haddad et al., Forthcoming; Gabaix and Koijen, 2024), corpo-
rate bonds (Koijen and Yogo, 2023; Chaudhary et al., 2023; Fang, 2024; Darmouni et al.,
2024; Siani, 2024), government bonds (Koijen et al., 2021; Jansen et al., 2024; Eren et al.,
2024), and currencies (Koijen and Yogo, 2024; Jiang et al., 2024, Forthcoming). Our work
builds on this literature by addressing biases introduced by the IIA assumption and by
allowing for more flexible substitutability and complementarity.

Recent studies have sought to relax the linear MNL framework. For instance, Chaud-
hary et al. (2023) use a nested logit structure to model flexible substitution across credit
ratings in corporate bond markets. Similarly, Allen et al. (2024) adopt a setup akin to
an Almost Ideal Demand System (Deaton and Muellbauer, 1980) to document varying

substitution patterns across Canadian Treasury bond maturities. On the theoretical side,



Fuchs et al. (2024) highlight that portfolio choice inherently features cross-asset demand
complementarities driven by diversification motives, raising concerns about the validity
of elasticity estimates derived from demand systems. Davis et al. (2024) further argue
that high substitutability assumptions in classical asset pricing models are a primary
driver of inelastic demand estimates for mean-variance investors. Our paper differs from
the recent works and advances this literature by addressing the bias introduced by the
high substitutability assumption underlying the linear MNL framework. We propose
a structural model that incorporates heterogeneous substitution patterns via investors’
flexible risk-return trade-offs, offering a framework researchers can apply to estimate
elasticities across any asset class.

Finally, our paper bridges the finance and empirical IO literatures by incorporating
potential complementarity into asset demand systems. Complementarity can arise in
differentiated product markets that feature multiple purchases, such as grocery (Deaton
and Muellbauer, 1980; Dubé, 2004; Thomassen et al., 2017; Ershov et al., Forthcoming;
Fosgerau et al., 2024; Iaria and Wang, 2020, 2024; Wang, 2024), newspapers (Gentzkow,
2007; Fan, 2013), telecommunication (Liu et al., 2010; Grzybowski and Verboven, 2016),
and media (Crawford and Yurukoglu, 2012; Crawford et al., 2018). Our asset demand
model, a flexible MNL framework, is microfounded by the mean-variance optimal port-
folio choice. The complementarity has a different nature from that in IO demand models
(e.g., consumption synergy, preference for variety, shopping cost). Methodologically, our
demand-inverse approach resembles the method pioneered by Berry (1994); Berry et al.
(1995) (aka BLP) and the recent one in Wang (2024) that incorporates complementarity
in the BLP framework. Both ours and theirs consist of a first step of demand inverse and

a second step that instruments out unobserved demand shocks, implying a GMM esti-



mation procedure. Because of distinct microfoundations, the invertibility argument in
our first step and the instrument validity in the second step differ from those in the BLP
approach.

The remainder of the paper is organized as follows. Section 2 presents the theoretical
framework and derives the asset demand model with cross-asset dependency in a portfo-
lio. Section 3 discusses identification and estimation. Section 4 evaluates the performance

of our estimator using Monte Carlo simulations. Section 5 concludes.

2. MobpEL

We develop a structural asset pricing model from the mean-variance optimal portfolio
choice of heterogeneous long-only investors. The optimal portfolio varies across investors
due to the heterogeneous nature of the portfolio asset composition. Following KY19,
we assume that the asset returns have a one-factor structure, and the expected returns
and the factor loadings on this one factor depend on asset characteristics. We show that
this framework results in a characteristic-based asset demand system where the portfolio

weights of each asset depends on the characteristics of all assets in the investor’s portfolio.

2.1. NoOTATION AND SETUP

Throughout the remainder of this paper, let the indicesi =1,...,I,n =1,...,N,and ¢
represent investors, assets, and time, respectively. The investment universe of investor ¢
at time ¢ is denoted by N;; C {1,..., N}, and is determined by the investor’s investment
mandate. We refer to the |N;;| assets in investor i’s portfolio at time ¢ as inside assets; all

wealth outside of the inside assets are referred to as outside asset. We use lowercase letters



to denote the natural logarithms of corresponding uppercase variables. For example, let
¢it(n) = In(Q;:(n) ) represent the natural logarithm of investor i’s holdings of asset n at

time ¢. The corresponding vector forms are denoted in bold, such that q;; = In (Q; ).

2.2. MEeAN-VARIANCE PorTFOL1IO CHOICE FOR HETEROGENEOUS INVESTORS

Investor 7 at time ¢ allocates her wealth A, ; across inside assets and an outside asset. Each
inside asset n has a gross return R;,;(n) from time ¢ to time ¢ + 1. The outside asset has
a gross return R;,(0) from time ¢ to time ¢ + 1. The investor puts w;,; of her wealth into

the inside assets, resulting in portfolio returns R} ;:
Ry = wi,Ripr + (1= wi 1) Ri11(0) = Riy1(0) + wip (Ryr — R4 (0)1), (1)
The resulting wealth is then governed by the following intertemporal budget constraint:
Airir = Aig (Ri1(0) + Wi, (Rigy — Riy1(0)1)) (2)

Furthermore, the portfolio weights are subject to the intratemporal budget constraint that

their sum cannot exceed one, allowing for a positive allocation to the outside asset:
].IWZ"t S 1. (3)

The |N;.|-dimensional vector of asset weights in her portfolio w;, € [0, 1] maximizes the
investor’s expected log utility over her terminal wealth at time 7™

A=Ay (Rt+1(0) + W;t (Riy1 — Rt+1(0)1)) ;
max E;; (In(A;7)) such that (4)

Wit
]-,Wi,t S 1.



LemMA 1 (SoruTioN TO THE MEAN-VARIANCE PorTrOLIO CHOICE PrOBLEM). The optimal

portfolio weights satisfy
Wi =5 (ig — Aigl), (5)

where \;; is the Lagrange multiplier on the intratemporal budget constraint (3).

Proor oF LEMMaA 1. See Appendix A.1. ]

2.3. CHARACTERISTIC-BASED DEMAND AND CROSS-ASSET DEPENDENCIES

Investor 7 at time ¢ forms expectations about an asset n’s returns based on its observed
and unobserved characteristics. The observed characteristics are log market equity (me;),
and other five characteristics x;(n) indexed by k including log book equity, dividends to
book equity, operating profits to book equity, log growth of assets, and market beta. Any
further characteristic that investor ¢ considers but is unobserved by the econometrician is
denoted by In (¢;:(n) ). Let x;,(n) denote the stacked vector of characteristics and y; ,(n)

their Mth-order polynomial for the assets in investor i’s portfolio at time ¢:

) Xi,t (n)
x;¢(n) = Xpt(n) and  y;s(n) = | vec(xi(n)xii(n)) | . (6)
In(g;(n)) :

me;(n

Note that these asset-level characteristics directly link to the market level five-factor
model of Fama and French (2015), e.g. via market beta (M KT'), market equity (SM B),
book-to-market equity (H M L), profitability (RM W), investment (CM A). Following KY19,
we assume that returns have a one factor structure at the market level, and that expected

excess returns and factor loadings on this one factor are affine in asset characteristics.



AssumpTION 1 (FACTOR STRUCTURE OF RETURNS AND CHARACTERISTIC DEPENDENCE). Asset

returns exhibit a one-factor structure:

Riy1 — Res1(0)1 = a;p + Ty (RY) — Re1(0)1) + €, (7)

/”Li,t(n) = Q¢ + Fi,t Ei,t (Ri‘—/[i-l - Rt+1<0)1) s (8)

where ;;(n) = E;; (Riy1 — Ri1(0)1) is the expected excess returns relative the outside op-

tion, Var (€;; ) = ;.1 is the idiosyncratic variance, and the covariance matrix of returns:
Yip = Liell, + il 9)
The expected excess returns and factor loadings are affine in asset characteristics

pit(n) = @it +yir(n) @y, (10)

Lii(n) =i+ Yi,t(n)/‘ljz‘,ty (11)

where ®; , and U, , are vectors and ¢;, and 1), , are scalars that are constant across assets.

The investor cares about the trade-off between risk - via the covariance matrix ¥, -
and return - via the expected excess returns p,;(n). Both of these components are tied
to the characteristics of the assets in the portfolio via Assumption 1. Building on this
parametrization, the mean-variance optimal portfolio choice simplifies to a characteristics-
based asset demand system, where the optimal portfolio weights w; ;(n) are affine in char-

acteristics of the assets in the investor’s portfolio.



LemMA 2 (CHARACTERISTICS-BASED AsseT DEmaND). The optimal portfolio weights are affine

in asset characteristics:

wip(n) = iy + yi(n)Iiy, (12)

where 11, , and m; , capture how characteristics influence portfolio weights each investor:

1
Hi,t = _(cI)i,t - ‘I’i,tﬁi,t); (13)
Vit
1
T = 7—(@,1& - /\i,t - %Ui,t/fz‘,t)- (14)
it

The term k; reflects the risk-adjusted expected excess returns contributed by the single factor:

PR (pig — Aigd)
u i Lie + e

(15)

ProOF OF LEMMA 2. See Appendix A.2. ]

Ultimately, &;, is a portfolio-wide variable that depends on the characteristics of all
assets in the portfolio. When the characteristics of an asset m in a portfolio changes, then,
all else equal, the risk exposure of other —m assets in the same portfolio are adjusted by
the changing portfolio risk exposure. Thus, without further restrictions as in KY19, the

own characteristics of an asset is not the only source of variation in its portfolio weights.

10



L;i(m) ~ F?,t(m) \ / L ,(—m) ~ H;t(—m)

X;(m) ~> Xf,t(m) Kit ~ Ky Wi (—m) ~> wf,t(_m)

pia(m) > 425, (m) j \ Toa(—m) ~ 7, (~m)

F1GURE 1: Cross-AsseT DEPENDENCY
This figure shows the cross-asset dependency in the characteristic-based asset demand derived from

mean-variance portfolio choice. In a portfolio, when the asset m’s characteristics change by an amount
g,1.e, x5 ,(m) = x;(m) + ¢, then, all else equal, the portfolio weights of all other —m assets change.

To model institutional portfolios realistically, it is important to account for wealth al-
located outside the set of modeled assets. The outside asset represents any unobserved
portion of the investor’s wealth, e.g., if the researcher is modeling institutional investor’s
equity demand, then the outside asset includes any equities with missing information in
the dataset, fixed-income securities, or any other asset classes not considered in estima-
tion. By formalizing the role of this outside asset, we ensure that the modeled portion
of the portfolio fits into the investor’s broader wealth allocation, maintaining internal

consistency and economic credibility.

AssuMPTION 2 (PARAMETRIZING THE PORTFOLIO WEIGHT ON THE OUTSIDE Asset). The pro-
portion of wealth allocated to the outside asset m;, is equal to the portfolio weight assigned to

the outside asset w; +(0):

Tt = w@t(O). (16)

11



Linking the outside asset’s share of wealth directly to w; ;(0) serves two purposes. First,
it aligns the theoretical representation of unmodeled wealth with the empirical measure,
because any fraction of wealth not allocated to the modeled assets is treated as an outside
option, simplifying both interpretation and implementation. Second, it allows for a clean,
empirically tractable partition between modeled and unmodeled assets.

Moreover, realistic portfolios rarely comprise only the modeled subset of assets, e.g., a
large institutional investor only investing in equities. Investors likely keep some residual
wealth in other forms, reflecting liquidity preferences, regulatory constraints, or simply
unobserved investment options. Ensuring a positive outside asset weight mimics these

conditions and preserves the model’s applicability to actual investment scenarios.

AssumpTION 3 (Positive WEIGHT oN THE OUTSIDE AsSseT). We assume that the Lagrange

multiplier associated with the intratemporal budget constraint (3) is zero:

/\i,t - O (17)

This assumption ensures that the portfolio remains realistic and avoids corner solu-
tions where all wealth is allocated to the modeled assets. By allowing a residual alloca-
tion to the outside asset, we prevent the portfolio from becoming artificially constrained.
Hence, our model reflects real-world investor behavior where portfolios extend beyond a
narrow set of securities.

Having established the role of the outside asset, the next challenge is identifying the

structural parameters of our characteristic-based model. Note that under Lemma 2 and

12



Assumptions 2, 3, we can express the portfolio weights (12) in relative terms:

wit(”) / Hit
=1+y;:n :
w; (0) Yieln) Tit
P, _ \I’i,tﬁ ((y (n)) By Uy ’yi’t)
/ Gip  Vig P IneN Y T b, 2,
= 1+Yyisn) |, (18)
1-— %/{ ((yt(n)) '_(I)Lt Pt 7“)
Giy N neNie’ Gin Vig iz,t
where
v, D,
b 0y oy Do (1) (13
. 2, 1,0 /yz,t _ ' 7,0 (bz,t
K ((yi,t(n))ne/\/’i,t; gb-t7 ¢‘t7 2 ) - . (19)
/L7 Z7 l,t

‘I’z‘,t ? Vit
o R
2,1t it

In this expression for portfolio weights relative to the outside asset, the constants (¢; +, 1 )

and the coefficient vectors (®;:, ¥,, ;) introduce a scale ambiguity. Without a normal-

ization, only the ratios ¢?’Z, w?’:, and % are identifiable, as scaling both numerator and
i, i, it

denominator by the same factor leaves these ratios unchanged while altering the absolute
levels of ¢;, Vis, ®it, ¥it, and 7,;. This rescaling preserves model predictions but ren-
ders the absolute interpretation of these parameters ambiguous. Consequently, the model
cannot distinguish between genuine shifts in returns and factor loadings versus arbitrary

rescaling of parameter values, necessitating a normalization to resolve this ambiguity.

AssumPTION 4 (IDENTIFICATION OF RELATIVE DIFrereNCES). Without loss of generality, we

set the constants in (10) and (11) to unity:

13



By fixing ¢ and v at unity, we remove arbitrary scaling and anchor the model’s ref-
erence point for expected returns and factor loadings. Hence, the relative differences,
i.e., how characteristics shift returns and factor exposures, become identifiable. If we
had chosen different constants, e.g., = 2 and ¢ = 1, the structure of the model’s pre-
dictions would remain unchanged, confirming that this is a normalization rather than a
substantive economic restriction. Ultimately, this step ensures a coherent estimation pro-
cess such that the effects of characteristics on risk and return can be estimated without
confounding scale ambiguities, enabling meaningful inference about investor demand
and portfolio formation.

Building on the normalization Assumption 4, we define linear transformations of asset
characteristics that capture the expected returns and factor loadings, respectively. These
definitions operationalize the relationship between portfolio weights and asset character-

istics, enabling a systematic characterization of investor preferences:

Uis(n) = Usa(xie(n)) = 1+ yi,(n) Piy, (21)

Vie(n) = Vie(xie(n)) = 1+ y; ,(n) Wy, (22)

Together with the feasibility assumptions (2) and (3), we get a structural model of

characteristic-based asset demand that incorporates portfolio-wide risk considerations:

ProrosITION 1 (Cross-AsseT DEPENDENCY IN PorTroLio WEIGHTS). A mean-variance in-
vestor’s demand for an asset in her investment universe, relative to the outside asset depends

on three key factors: (i) the asset’s expected returns relative to the outside asset’s returns U(-),

14



(i1) its factor loading V'(-), and (iii) portfolio-wide systematic risk exposure k:

Rit

=14y, (n) @i+ yi:(n) (Piy — Piy)

1-— ﬁi,t’

= exp (m(Ui,t(n) ) + In (1 + (1 - gi%) (1 ’j;t) ) ) , (24)

where k; is defined as

— ZnN:I Uie(n)Vie(n)
Rit = N 2 . (25)
Vit + D net V;,t(n)
Proor oF ProrosITION 1. See Appendix A.3. [

Importantly, Proposition 1 shows that the characteristic-based asset demand can be
flexibly derived from mean-variance portfolio choice without additional assumptions on
the functional form for U(-) and V' (-). Nonetheless, by imposing log-linearity of expected
returns U(+) and factor loadings V() in asset characteristics x;;, we can explore how spe-
cific modeling choices recover existing approaches in the demand system asset pricing

literature, and discuss the relative merits of our model.

AssuMPTION 5 (LoG-LINEAR SPECIFICATION OF EXPECTED RETURNS AND FACTOR LOADINGS).

If (21) and (22) are log-linear, we get

Uss(n) = exp (X ,Bi ), (26)

Vie(n) = exp (x; 0 ) - (27)

This log-linear specification implicitly assumes that the unobserved component of as-
set characteristics affects both expected returns U(-) and factor loadings V (-) proportion-

ally. However, this assumption can be relaxed to allow for heterogeneity in how U(-) and

15



V() depend on unobserved demand drivers. For example, introducing different powers
of the unobserved component, e.g., ¢;:(n) in U(-) and [g;+(n)]” with 7 # 1 in V(-) enables
the model to capture varying sensitivities to latent demand factors across systematic risk
and return components. Furthermore, we can normalize the Equations (26) and (27) in
the following lemma, allowing the intercept term to represent the demand for all assets

relative to the outside asset in the investment universe.

LemMmaA 3 (INTERCEPT TERM IN THE AsseT DEMAND System). The intercept term indexed by

K in the asset demand system satisfies

Br,it = Okie = —In(g:4(0) ). (28)

Proor oF LEMMA 3. See Appendix A.4. ]

With Lemma 3, our demand system aligns with economic intuition about investor
preferences, highlighting the role of the outside asset as a benchmark for allocation, with
the intercept capturing systematic influences on all assets. Building on the flexibility
introduced by Proposition 1 and leveraging Assumption 5 and Lemma 3, the following
corollary imposes structure on our generalized MNL specification with potential non-
linearities. Despite these functional form assumptions, this parametrization retains the
flexibility to capture rich substitution patterns, potential complementarities, and varying

elasticities of expected returns and factor loadings with respect to asset characteristics.

CorROLLARY 1 (IMPLICATIONS OF LOG-LINEARITY FOR THE ASSET DEMAND SysTem). When

both U(-) and V (-) are log-linear and multiplicative in observed and unobserved components

16



in x;4(n) as in (26) and (27), the generalized characteristic-based asset demand (24) becomes:

w; ¢(n)
wu (O)

= exp (x},(n)Bis ) |1+ (1 —exp (x],(n)A;,)) ( i )} : (29)

1-— Rt
where we defined the difference in coefficients as A; = (6ot — Boity---+0k—-1it — Br—1.1t,0).
Proor oF CorOLLARY 1. See Appendix A.5. [l

Thus, the term A,;; permits variation in the coefficients for expected returns and fac-
tor loadings. However, to better align with existing approaches in the demand-systems
asset pricing literature, additional symmetry assumptions should introduced. The fol-
lowing corollary formalizes this relationship and identifies the necessary and sufficient

conditions under which the nonlinear MNL framework collapses into a linear MNL.

CoroLLARY 2 (NECESSARY AND SUFFICIENT CONDITION FOR LINEAR MNL SPECIFICATION).

Along with the log-linearity of U(-), the restriction
(I)i,t = \Ili,ta (30)

is a sufficient and necessary condition for deriving a linear MNL

wi t(”) /
’ = ; it ) s 31
wi,t(()) exp (Xz,t (n)ﬁ ,t ) ( )
from the non-linear MNL (24).
ProOF OoF COROLLARY 2. See Appendix A.6. [

Under Corollary 2, the log-linear demand system simplifies to the linear MNL specifi-
cation proposed by KY19. This restriction, while computationally convenient — eliminat-
ing all nonlinear terms — imposes proportional responses of expected returns and factor

loadings to asset characteristics. Notably, it implies that the single factor considered by

17



the investor fully prices all assets, leaving no room for alpha.

We close our model with market clearing for each asset n:

meg(n) = In (Z Aiﬁtwi,t(n)> , (32)

where the (log) market value of shares outstanding must equal the (log) wealth-weighted

sum of portfolio weights across all investors.

2.4. ImprLicATIONS OF CROSS-ASSET DEPENDENCIES

To provide further context, we revisit the example introduced earlier, interpreting this

result within a specific scenario relative to our generalized demand system.

ExampLE. Assume that Alice and Bob believe institutions consider only value and size strate-
gies. As a result, they form expectations about returns and factor loadings based solely on two
characteristics: log book-to-market equity (value) and log market equity (size). Any changes
in their risk compensation during market events can be modeled using the coefficients on asset

characteristics in Equation 23:

D+ (P — W, ,) 1 /-4;
— Kigt

Alice holds shares of Pfizer, a value stock. Recently, Pfizer announced increased retained earn-
ings for future drug development, boosting its book equity without a corresponding increase in
market equity. As the book-to-market ratio rises, Alice expects the stock to become more attrac-

tive to value-oriented investors. This change increases Pfizer’s expected returns’ sensitivity to

18



log book equity with its sensitivity to log market equity unchanged. To keep the same weights:

Dujice ¢ (ber(Pfizer))  — (1 +10%) X @ ajice + (bes(Pfizer))

(I)Alice,t(bet (Pﬁzer)) 1
. X
\IjAlice,t(bet (Pﬁzer)) RAlice,t

U plice.t(bei(Pfizer))  — <1 + X 10%) X W pjice + (ber(Pfizer))

Bob holds shares of Etsy, a small-cap stock. Last year, Etsy introduced a premium subscription
service offering tools to help sellers grow their businesses, such as sponsored product credits,
enhanced ad placements, and detailed buyer insights. This quarter, Etsy reported higher rev-
enues from subscription fees, increasing its market equity. Bob anticipates that Etsy’s expected

returns’ sensitivity to log market equity will rise. To maintain the same portfolio weights:

Dpopi(met(Etsy))  — (14 10%) X Ppop+(mer(Etsy))

(I)Bob t(met (Etsy)) 1 )
Wpop i (me,(Ets — 1+ : X x 10% | x Wgop(me,(Ets
pnslme(Brsp) > (1 GEATEI 0% ) W (e (E1s)

However, if Alice’s and Bob’s asset demand were modeled using a linear MINL, the restriction
®,, = ¥, from Corollary 2 imposes that the model-implied required increase in risk for a

given increase in expected returns would be uniform across characteristics:

U ptice,t(ber(Pfizer))  — <1 + X 10%) X W pjice + (bey (Pfizer))

RAlice,t

Upopt(mey(Etsy))  — (1 + X 10%) X Wgop t(mey(Etsy))

KBob,t

Since k is a portfolio-specific parameter, the sensitivity of the factor loading on the market factor

with respect to any asset characteristic would no longer depend on that specific characteristic.
This outcome aligns with the economic intuition of ®,, = W¥,,, which implies that

19



the market factor perfectly prices all assets. In such a scenario, characteristics lose their
explanatory power for heterogeneity in risk-return profiles across institutional investors.
Consequently, using characteristics to infer differences in risk-return trade-offs would be
futile beyond predicting portfolio holdings.

This restriction is significant because there is likely heterogeneity in how different
characteristics influence risk-return profiles. For example, the assets in Alice’s portfolio
may exhibit greater sensitivity to log book equity, potentially generating alpha relative to
the CAPM. This suggests that the assumption of ®,, = ¥, , is overly strong and may fail
to capture the nuanced heterogeneity across characteristics and investors.

Even with an imposed log-linear functional form, a key feature of our model is its
ability to accommodate the substantial heterogeneity in risk-return profiles across insti-
tutional investors by allowing ®;; # W,,. For instance, value investors may focus on
book-to-market ratios, while momentum investors prioritize past returns, and green in-
vestors emphasize ESG metrics. The non-linear correction term in our model adjusts for
the net risk-return trade-off in an investor’s portfolio with respect to these differing char-
acteristics, enabling it to capture the diversity of institutional preferences and portfolio

dynamics across distinct investment strategies.

2.5. Price ErLAsTicITIES OF ASSET DEMAND

Understanding how investors respond to price changes is central to asset pricing. Price
elasticities quantify these responses, reflecting how investor demand adjusts when prices
move. In our framework, elasticities depend on the entire portfolio composition, con-
trasting with the KY19 MNL model, where cross-elasticities are rigidly proportional and

cannot accommodate varying asset roles or characteristic-driven heterogeneity. For ex-
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ample, an investor’s Tesla holdings respond to a price change in Ford proportional to
their Ford holdings, and their Ford holdings respond to a price change in Tesla propor-
tional to their Tesla holdings.

By relaxing this proportional structure, our model recognizes that an investor’s Tesla
holdings might respond differently to a price change in Ford than vice versa, due to dis-
tinct asset characteristics and their interactions within the portfolio. A price change in
Tesla may trigger larger adjustments than a similar change in Ford, reflecting their unique
contributions to the investor’s overall risk-return trade-off.

The source of this complexity lies in our non-linear correction term, which accounts
for how characteristics influence both expected returns and factor loadings. The price
elasticities in our framework depend on portfolio-specific factors such as the factor risk
exposed returns k; ;, as well as individual asset characteristics through U(-) and V'(-). The
non-linear correction term in our model plays a central role, adjusting the elasticities to
account for both the direct response to price changes and the portfolio-wide adjustments
driven by cross-asset dependencies. This correction term ensures that elasticities are sen-
sitive to the heterogeneity in how expected returns and factor loadings interact with the
investor’s portfolio composition, capturing the complexity of investment decisions.

The following corollary introduces the elasticity formula implied by our model and
lays the foundation for interpreting its components, particularly the role of the correction

term in shaping investor behavior:

COROLLARY 3 (Price ELASTICITY FOR AN INDIVIDUAL INVESTOR). Let Qi =In (A W) — Dy

be the vector of log shares held by investor i. Then, from Corollary 1, we derive the price
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elasticity of demand for an individual investor i as

8qzt< )

Op: (]) - }{n = ]} - BD,i,t [1{n — j} . wi,t(j)]

~
Base ErasTICITIES

exXp (X;,t(j)Ai,t ) Kigt
1 —exp (Xg7t<j)Az',t) Kit

-

INTRAPORTFOLIO RISk EXPOSURE

—[H{n = j} +wi(j)] AV (33)

;

OKiy Z y exp (x],(r)Ais ) —exp (X, (n)A)
3pt it — Kt €Xp (X;t(T)ALt ))(1 — Kt €Xp (xfiﬁt(n)A@t ))

INTERPORTFOLIO Risk EXPOSURE

The base elasticities measure how demand for an asset responds to price changes in a
linear MNL framework as in KY19. In this elasticity component, only the price coefficient
on expected returns matters, i.e., 5, with no adjustments for a different sensitivity to
factor loadings and the response is proportional to the portfolio weights. Thus, the role
of the risk-return trade-off doesn’t show up.

The second term shows how the differential sensitivities of expected returns and fac-
tor loadings to the characteristics, i.e., A;; # 0, influence demand elasticities. This ad-
justment, further scaled by the market factor’s contribution to the portfolio returns x; ¢,
effectively capturing how asset-specific characteristics impact the investor’s portfolio re-
balancing dynamics. For instance, if the net risk of market equity A, is negative, the
second term becomes positive, making the price elasticity larger than that implied by
KY19’s MNL. Intuitively, this corresponds to a scenario where an asset’s risk rises faster
than its returns when its price increases, prompting the investor to cut back more ag-
gressively. Consequently, this component ensures that elasticities accurately reflect the

nuanced contributions of asset characteristics to both returns and systematic risk.
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The third term introduces the complexity of cross-asset interactions by capturing how
changes in one asset j’s price affect the portfolio-wide exposure to systematic risk &,
and propagate across all other assets. It reflects the sensitivity of x;, to price changes
and scales it by the relative differences in characteristics across assets. For example, as-
sets with high portfolio weights or large coefficients on factor loadings exert a dispro-
portionate influence on this term, amplifying their impact on other assets’ elasticities.
This component highlights the interconnected nature of portfolio optimization, where
adjustments to one asset ripple through the entire portfolio, influencing the demand for
seemingly unrelated assets. Similarly, if all assets share the same characteristics, the third
term can also become positive under certain conditions, further amplifying the departure

from the MNL benchmark and potentially inducing complementarity among assets.

3. IDENTIFICATION AND ESTIMATION

Having established the theoretical foundation of our demand system, we now turn to
identifying and estimating the structural parameters (3, Vit, Ai¢) in (29). We assume
that the researcher observes the portfolio weights of each asset (wlt(n))f\i’f and character-
istics (xt(n))iy:tl While the discussion focuses on investor-date-specific parameters, our
approach naturally extends to settings where parameters are invariant across investors or
time.

Our identification strategy proceeds in two steps. In the first step, we apply a de-
mand inverse to recover the vector of asset returns (Uzt(n))g:l from the relative portfolio
weights of assets <M> e in (29). In the second step, we impose the exogeneity of asset

Wit (0) n=1

characteristics with respect to the latent demand factors in asset returns. We combine the
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two steps to construct moment conditions that identify (8, vi¢, A; ;) and imply a GMM
estimation procedure.

To start with, we reformulate the asset demand system (29).
LemMA 4 (REFORMULATING RELATIVE WEIGHTS). The asset demand system (29) can be rewrit-
ten as: for anyn =1, ..., N;,
Niy

) Ve + (1 —exp ( Z r)exp (x;,(r)A)

=1

() - (e

(.

gz

t(n)
(( (n))n 15 Vits Az‘,t)- (34)

Proor oF LEMMA 4. See Appendix A.7. [

N; ¢

.1 in Lemma 4, we isolate the

By expressing the portfolio weights in terms of (U;(n))
structural parameters into a convenient functional relationship £, ((U t(n ))n VL TTAY t)

This facilitates the identification discussion in the next section.

3.1. IDENTIFYING STRUCTURAL PARAMETERS

To proceed, we must first ensure that (34) can indeed be inverted: given (\/Yi, Ait),
) - ] . 2 Ni,t
(Fn ( s Vids Azt))fj:tl defines a bijection from (U,t(n))g:t1 to ((Ziigg) ) In the next

n=1

proposition, we characterize the invertibility of (34).
ProOPOSITION 2 (INVERTIBILITY OF AsSET DEMAND).

* Local Invertibility. Suppose a continuous joint distribution of the latent demands

(gie(1),...,4(Niys)), and that (\/Vig, Aiy) are equal to their true values (y/770;, A).

B _ 0 (n Nit
Then, asset demand system (34) is locally invertible at (Ult(n))ﬁf:t1 = (Z’;((g)) li/fy_(ﬂ)>
N Bt/ n=1
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with probability one, where superscript 0 refers to true values.

* Equivalence. Given any (/%it, Ait), asset demand system (34) is invertible if and only

if the following one-dimensional equation of G has a unique root:

v (3f) oo ios)

- — Vit (1 —exp (x;’t(r)Ai,t ))G (35)
Denote the root by G; ;. We can then express Ui,t(n) in (34) as
(25)
Usa(n) = T+ (1 - etg((oim% )G 56)

2 Ni,t

= Fn_l (wl’t(n)) 3 i 7Ai Vnzl,,NZ .

( w;4(0) B Vit Bt it

* Global Invertibility. If x;,(n)A;; < 0 for 1 < n < Ny, asset demand system (34) is
then globally invertible.

ProoFr oF PrRoOPOSITION 2. See Appendix A.8. [

Ni ¢
The first statement of Proposition 2 ensures the local invertibility of <Fn ( s A/ Voo A?,t>>

n=1

around the true (U“t(n))nN;l under mild regularity conditions on latent demands. It guar-
antees that one can back out the true (Um(n))fj:tl (and latent demand shocks) from (34)
around the true parameters of interest, forming the basis for their local identification. The
second statement of Proposition 2 establishes the equivalence between the invertibility
of (Fn ( 5 it Alt)):]:tl and the uniqueness of the solution of (35). Importantly, (35) is

univariate; it is more straightforward to establish sufficient conditions for the uniqueness

of its solution than for the invertibility of (F, (- ; /s, A,t))i:[:tl, a system of N;; equa-
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tions. The third statement of Proposition 2 is one example of such sufficient conditions:
as long as x; ,(n)A;; < 0for 1 <n < Ny, (35) satisfies the single-crossing condition and
has a unique solution.

Besides, the equivalence statement has important practical implications. Our pro-

Ni¢

n=1

posed GMM estimation procedure in section 3.2 will rely on inverting (£, (- ; /¥iz. Aiy))
for each combination of investor-time 7,¢. However, the possibility of a large number
of assets held N,, can introduce substantial numerical difficulty when directly solving
(34) with nonlinear equations N;,;.! The equivalence property reduces the dimensional-
ity challenge to a unidimensional problem; it suffices to find the solution G, ; to (35) and
the solution to (34) can then be written as in (36), an almost closed-form formula. We

will discuss the implementation details in section 3.2.

Having established the invertibility, we now turn to the second step and propose mo-
ment conditions that identify the true parameters (57,, /77, A7,). The following assump-

tion summarizes the required orthogonality conditions.

AssuMPTION 6 (EXOGENEITY OF AsSET CHARACTERISTICS). There exists random variables
zi+(n) such that
E (g;¢(n) | zit(n), x_os(1),...,2_0(Niz)) = L.

That non-price characteristics are exogenous is common in the demand system asset pric-
ing literature that builds on KY19. This assumption treats investors as atomistic, imply-
ing that their individual demand shocks do not shape aggregate conditions. However, as
Kim (2024) highlights, correlated demand shocks driven by institutional rebalancing or
procyclical risk-taking—can introduce factor structures into latent demand. Such corre-

lations may violate exogeneity. While KY19 assumes exogeneity only between an asset’s

'For example, in the FactSet data, the Vanguard Group holds ~ 3000 assets between 2000-2022 per quarter.
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own characteristics _¢¢(n) and its latent demand ¢;;(n), Assumption 6 in addition re-
quires other assets’ characteristics x_g+(r) to be exogenous to ¢;;(n) for all r # n. As we
will show below, the exogeneity of (z;(n), z_g(n)) helps identify 37, and the additional
exogeneity requirement in Assumption 6 helps identify ,/~7, and A?,, parameters that
KY19 does not have.

Given the invertibility established in Proposition 2 and Assumption 6, we now formu-

late the moment conditions of (57, /7, AY,): forn =1,..., N,

N;,
Ft (((wi,t(”)y) L AD )
n w;,¢(0) _17 %’,ta it

exXp (Xg(”) 215)

zi1(n), (m—Ot(”))g:; =0.

() Vo

(37)

Because of the parametric nature of (37), one can apply combine these moment condi-

tions and the classical arguments such as the rank conditions (e.g., Rothenberg (1971)) to

0
7,

identify ( 79y, AY,). Intuitively, these conditions could be achieved by having suffi-
cient cross-asset variation in z;;(n) and (x,ot(n))ggl We now illustrate this intuition by
using an approximative form of (37) and shed light on how each parameter’s variation
leaves distinct traits in the observable data.

To start with, we develop the first-order Taylor expansion of F,, ((Ui,t(n)N"’t 1, O) for

n=1 "
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n=1,...,Nj;around (\/7is, Ais) = (/70 A;) (see Appendix A.9 for details):

1

0
Vit

)

i 1 i -
In (& () ~mey(n)s),, +x0,(n)B%,, +In | —= | — U (n) Wiz ()
‘ %Qt wi’t(o)

)

Ni ' 0
+ Z wlft(r) Vz'(,)t(r) [ (1—eXp (X;t(n)A?t)) X;,t(r) —CXp (Xg,t(n)A?,t) th(”)} o
r=1 w1 (0) o

&‘D

+1n(g;4(n)) . (38)

The approximative form (38) shows how variation in portfolio weights and asset char-
acteristics, combined with suitable, exogenous instruments, is sufficient to identify all
structural parameters. Specifically, the price coefficient /3);, can still be recovered using
plausibly exogenous investment mandates as instruments, as in Koijen and Yogo (2019).
Exogenous variation in characteristics other than price, x_o4(n), identifies 5°,,, while
additional instruments are required to identify the parameters \/IQJ and A},. In essence,
(38) clarifies how each element of the model contributes to pinning down the underlying
parameters, thereby guiding the estimation strategy.

Investment mandates, as in Koijen and Yogo (2019), naturally serve as exogenous in-
struments for prices, given that they impose predetermined, persistent constraints on in-
vestors’ investment universes, such as sector-specific funds or index-tracking mandates.?
Although Fuchs et al. (2024) highlight that the exclusion restriction for such instruments
might be violated under price spillovers, our model explicitly and separately incorporates
these portfolio-wide interactions. By doing so, we show that the price coefficient 33, , can

be identified by the argument of “cost shifters” despite complex cross-asset dependen-

2KY19, Koijen et al. (2023) and Bretscher et al. (Forthcoming) show institutional investors’ holdings exhibit
high persistence over time, with 95% their investment universes remaining unchanged over 11-quarters.
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cies. To shed light on this point, consider the following instrument for me;(n) proposed
by KY19:

1{n e N;
ZZT(”) =1In (ZAj,tﬁ> , Vn=1,...,N. (39)
i g

First, under the assumption that both A;; and N are predetermined and exogenous
with respect to the current demand shocks, 27}°(n) is orthogonal to the demand shocks.
Second, given 7 and ¢, the cross-asset variation in the instrument is mainly driven by
log (Zle Ajvtlf%jogt‘})ﬁ which represents the log of the frequency of the asset n in the
investor’s investment universe weighted by her wealth.

Take two assets m and n, with similar non-price characteristics. If the frequency for
asset m is higher than asset n, then m appears more often in the investor’s investment uni-
verse than n, leading to greater aggregate investment in m than n, i.e., Ei]:l A w; i (m) >
Zle A, yw; i (n), if me,(m) = mey(n). Then, according to the market clearing condition
(32), the price of m must rise relative to n, i.e., a greater left-hand side of (32) for asset m,
to clear the market for asset m. Intuitively, 2]"}(n) can be seen as a measure of asset n’s
relative popularity among investors. The more popular n is, the more the investor has to
pay per share, validating the desired first-stage predictive power of 27}°(n) for me;(n).

Our framework also introduces the parameters m and A?,, which appear non-

A

linearly in the regression via terms like —— — 1 and e These parameters can be
it

identified by a similar argument to the “BLP-type” instruments in the empirical IO lit-

A t1H{n€EN; +}

’Note that 2]%¢(n) = log <1 - R ) + log (Zjvzl AH%) . When %j\fﬁ[‘“} is small

N ] 1{ne j,t}
Zj:l AJJ 1+|N7‘,,t\

At H{neN; 4}

. N 1{neN; .} s . . 1+[NG ¢ : .
relative to > 7~ | A, v the first term will be approximately S A lfﬂej\j}/"‘} that is dominated by
1= ’ it

N l{nGJ\/j,t}
log (ijl Ajt S )
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erature (e.g., Berry et al. (1995); Gandhi and Houde (2019)) that build on the exogenous
characteristics of other assets in the investor’s portfolio, x;(r). These characteristics enter

through

* the regressor for —— — 1, provided that AY, # 0,

7,t

wi ¢ (1)

* the regressor for \?jtTt via z(r), V(r), and R

The resulting variation is non-linear and non-collinear, guaranteeing that we meet the
rank conditions for the separate identification of (79, AY). Finally, under Lemma 3, i.e.,
normalizing the mean of latent demand to one, allows us to further identify the constants

£Y%.; + log # and 8%, completing the identification of all structural parameters.
it

3.2. GENERALIZED METHOD OF MOMENTS ESTIMATION

Building on (37), the next corollary formalizes the moment conditions that link observed

portfolio choices to the underlying structural parameters.

CororLARY 4 (MomenT ConprTions). Given Proposition 2 and Assumption 6, we can con-

struct unconditional moment condition for any measurable function g (zivt(n), (x_oi(n))Ni*t):

n=1
N;,
F-1 <(<wi,t(n)>2> t. 0 A0 )
n w;.4(0) 1 Vi St

n=1

exp (x;(n)B7,)

forn=1,...,N;,.

ProoF oF COROLLARY 4. See Appendix A.10. ]
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Corollary 4 lays out the key orthogonality conditions that arise from combining the in-
vertibility result with exogenous asset characteristics. In essence, they provide the link
from theory to an implementable estimation strategy. Because we have 2K + 2 parame-
ters, we need at least 2K + 2 such conditions, i.e., 2K + 2 different g functions that are
not collinear. As argued in previous section, such a requirement is met as long as there
is sufficient cross-asset variation in instruments and asset characteristics. We can then

construct the GMM estimator for (3%, /7%, A%) based on (40).

wi,t(O)

2 Ni,t
IMPLEMENTATION OF Fn’1 (<(wt—(n)> ) i3/ Yits Diy |- Asin Proposition 2, we have
n=1

N w;(n)
wiy(n)\*) w; (0)
F,! (L) Vit Dy | = . ) 41

w; ¢ (0) et e Vit + (1 —exp (X;,t(T)Ai,t ))Gi,t (41)

where G, is the solution to (35). One way (among others) to numerically solve (35) is
gradient-based methods such as the Newton-Raphson algorithm. For a gradient-based

method to work well, one usually needs an initial point that is not distant from the solu-

tion G; ;. We suggest using the solution corresponding to (,/7is, Qi) = (1,0, ...,0) as the

2
N;, wi (N . .
e (wi((0;> . With this

suggested initial point, we do not experience failures of numerical convergences in our

initial point, i.e., the value of G;; in the KY19 setting: GES} =

Monte Carlo simulations.
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3.3. MoNTE CARLO SIMULATIONS

Having established identification and laid out a GMM estimation approach, we now as-
sess the performance of our estimator in a controlled setting. Monte Carlo simulations
allow us to examine how well our method recovers the true structural parameters under
known data-generating processes. By comparing our estimator’s performance against
both an oracle benchmark, which represents an upper bound under partial knowledge
of the true structural parameters, and KY19’s MNL approach, we can quantify the bias
introduced by ignoring cross-asset dependencies.

In the simulations, we generate data under Proposition 1, i.e., from a characteristic-
based demand that explicitly incorporates cross-asset dependencies, for a mean-variance
investor holding a 500-asset portfolio. Next, we draw 200 random latent demands ¢,
and consider cost shifters to instrument for price endogeneity. Finally, we estimate the
parameters using the three estimators: (i) oracle, (ii) KY19, and (iii) our estimator (AW 24).

Looking at the results in Table 1, we see that ignoring cross-asset dependencies (KY19)
introduces substantial bias in nearly all parameters, often an order of magnitude higher
either of the other two estimators. Our estimator (AW24) reduces these biases markedly,
though it does not completely eliminate them; nonetheless, it is very close to oracle
benchmark which represents the upper bound. Notably, the median RMSE for own price
elasticity is dramatically lower under our approach compared to KY19, indicating that

accounting for cross-asset interactions greatly improves estimation accuracy.
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TaBLE 1: MONTE CARLO SIMULATIONS - B1as IN COEFFICIENTS

This table shows that ignoring cross-asset dependencies introduces sig-
nificant bias in asset demand estimations. A true model is generated
under the assumption that a characteristic-based demand model with
cross-asset dependencies is a good representation of how investors be-
have in financial markets. We consider a mean-variance investor with
500 assets in her portfolio, with the portfolio weights modeled taking
into account cross-asset dependencies:

e i o om0 ()]

1+ ﬁ:l exp (%7, (r)Bit ) {1 + (1 —exp (x},(r)A)) ( Kit )}

1-— Iii’t

wi,t(n) =

The investor considers the log market equity and another asset charac-
teristic. The true model parameters are 5 = (—1,1,0), A = (0.5,0.5) and
VY= V2. Given this true model, we run 200 Monte Carlo simulations
with different latent demand shocks €. We consider cost shifters to in-
strument for price endogeneity: me(n) = mc(n)+2x(n)+-¢. In each draw,
we estimate the true parameters using (i) an oracle estimator where the
ki is known, (ii) the Koijen and Yogo (2019) estimator ignoring cross-
asset dependencies, (iii) our estimator with cross-asset dependencies.

Bias

ORACLE KY19 AW24

Bme 0.024 0.417 0.055
Bother 0.054 0.245 0.115
constant 0.036 0.299 0.101
Nal 0 - 0.073
Ape 0 - 0.090
A01‘,her O - 0126
MepiaN RMSE
OwN Prick EvrasTICITY 0.024 0.772 0.191
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4. CONCLUSION

This paper advances the literature on asset demand systems by developing a flexible
characteristic-based framework that accommodates heterogeneous substitution patterns,
potential cross-asset complementarities. By relaxing the rigid substitutability assump-
tions inherent in MNL models, our approach provides a more realistic and nuanced de-
piction of portfolio allocation behavior. This generalization bridges the gap between de-
mand systems and mean-variance portfolio optimization, offering a robust framework
capable of capturing diverse risk-return trade-offs and investor preferences across assets.

Beyond theoretical advancements, we propose a demand inverse approach to identify
structural parameters, linking the economic model to observed data via moment condi-
tions, and then adopt a GMM procedure for estimation. To address price endogeneity, we
validate the continued applicability of mandate-based instruments and extend the frame-
work by incorporating the characteristics of other assets within an investor’s portfolio as
additional instruments to capture cross-asset dependencies. Monte Carlo simulations
confirm the robustness of our framework, showing that it substantially reduces biases in
elasticity estimates under conditions of cross-asset dependency, enhancing both precision
and interpretability.

Our model is versatile and can be applied to a variety of asset classes, including eq-
uities, bonds, and currencies. Its flexibility allows researchers to capture the complex
interplay between asset characteristics and investor preferences across different markets.
By integrating flexible substitution, cross-asset complementarity, and alpha pursuit, this
paper provides a robust foundation for advancing demand system approaches in asset

pricing and improving our understanding of investor behavior and market outcomes.
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APPENDIX

A. Proors

Proor or LEmma 1. The expected log utility over the investor’s terminal wealth at time 7" can be written as

T-1
Ais

1,8

Wi B Wi > (A1)

~ln(Ar)+E;, (Tt+1(0) + W i + 9

with p; + and 3; ; denoting the excess log returns and the covariance matrix of log returns. Mind that the log
return on the portfolio is not the same as the linear combination of log of individual assets. However, over
a short time interval, we can use a second-order Taylor approximate, which results in an approximation
of expected log utility around mean-variance utility. In the continuous-time limit, this approximation
becomes an exact solution as discussed in detail in Campbell and Viceira (2002, Chapter 2).

Then, the Lagrangian and the first-order condition for the portfolio choice problem are

= , W; tzz’,twi,t ,
‘Cl}t =In ( Ai,T) + Z Ei,t 7"i&«H(O) + Wi thit + ’f + /\i,s (1 -1 Wi,s) s
s=t
oL;
— = Mit — 25 ¢ Wi g — A1 =0,
8Wi7t
= Wi =5 (e — Aigl). (A.2)
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Proor oF LEmMa 2. Under Assumption 1, the optimal portfolio weights from Lemma 1 are

Wi = Zi_,tl (pie — Xigl),

1

Vit

1

. Fi,trg’t
LY T + i

= — (i — Xl —Tiekie),

Vit

=it +¥i ()i,

) (Mz‘,t - >\i,t1) ,

from the Woodbury matrix identity

Rit =

)

Ty (i — Aie)

UG Lie + i

i = (it — Nt — Viekie)/ Vit

IL ;= (®ie — Witkit)/ Vi

Proor or ProrositTioN 1. Under Lemma 2 and Assumptions 2, 3 and 4, we can write

Wit (n) /
— 1 _|_ i

w3 (0) Vit
=1+ y;,t(”)

=1+y;(n) (‘I’z‘t + (Pt — i) <

Ly B+ (L Yy 0) B — (14 () T) (

)

1I;
)
it
Py — Wik
1-— Kit

=Ui(n) + (Uit(n) — Vie(n)) (

Rit

l—liit

Rt

1_K;it

).

)
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Assumptions 3 & 4

1—K1t>7

(A.3)

Lemma 2 & Assumption 2



Proor oF LEMmaA 3. When n = 0:

Ui+(0,...,0,1,In (€;+(0))) = exp (Br it +1n(€;(0))), (A.5)
Vit (0,...,0,1,In(&;4(0))) = exp (nK,it +1n(e;:(0))), (A.6)
then, we have for (23):

s = (oo on (1 (- 5) (5257) ),

& 1= exp <5Kﬂ,t +1n(:4(0)) +In <1+ (1= exp (), (M) Ay ) <”t) > ) :

< 0=Pr.it+In(ei:(0))+In (1 + (1 —exp (% ,(n) Ak, )) ( ft ) > ,
& PBrir=-—In(g4(0)), (A7)

resulting from A ; + = 0 and which holds for any value of x;:.

Proor oF COROLLARY 1.

<ln +ln< < [‘?Zt?;)(lﬂ” )))
( o o1+ (- S () )
( )

Ko (14 (1= e (<)) (124 ) ).

= exp (i o (1 (14 (1= o (x,00800) (1724 ) ) ).
= exp (i (n)ie) |14 (1= exp (s men) (2] (A8)

Proor or CoroLLARY 2. One needs two conditions to derive (31) in which §;; does not depend on asset

characteristics x; = (z4(1),...,z:(N)).

ConprTion 1. —2 is a constant vector that does not depend on ;.

T4t
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ConprTioN 2. the coefficients in the constant vector satisfy the restrictions that these coefficients coin-

cide with those of the Taylor expansion of the exponential function around zero.

ConprTiON 2 is a functional form assumption on the asset-specific index and it is satisfied under Assump-
tion 5. We show that ConbiTioN 1 is the key to delivering the multinomial logit specification (and therefore
the IIA restriction); note that from the proof of Proposition 1:

II;

T4t

R
=@, + (P — Pyy) (1 ; ) ) (A.9)
— Kit

which is constant if and only if when x;; = 0 or ®;; = ¥;;. However, note that x;; > 0 because U(-) and

IT;; .
V(-) are both positive functions under Assumption 5. Thus, k;, can never be zero and ! is a constant
Tt
vector if and only if ®,; = ¥,,.
Proor or LEMMa 4. Using the expression of k; ; in (25), we obtain:
Nit ( ) Ni ¢ Ni ¢
Wit (N _ : : : : 1 Kit
2 0, (0) Vii(n) = ; Uit (n)Vi,e(n) + nz:jl Var(m) Usa(m) = Via(m)) 7=
Ni ¢ Nt Nt N,
’ ’ ’ 221 Uit () Vii(n)
= Use(m)Viu(n) + | D_Use(m)Viu(n) = 3 ViZ(n) O :
n=1 n=1 n=1 Vit + Zn;I Vft (TL) - Zn;1 Ui7t (n)%,t (n)
R (A.10)
— Rit
We can then rewrite (29) as:
() () Varm) ) 5= wi(r)
wy (N IRANL Wi ¢\T
: =U;+(n) |1+ <1 - = > : Vie(r)], A1l
wig(©) ~ ST Ty ) 22 w0) ) (A-11)
or equivalently,
2 Ni¢
w”(n)) <w”(n) Uit(n)) / ~ /
: = : : Vit + (1 —exp (x5 ,(n)A; Ui(r)exp (x;,(r)A;
<’wi,t(0) w;i i (0) i Tt ( P (xi(m)Air)) o alr) exp (33, (r) A

Ui,t (TL)
where the right-hand side defines a function of (Uy,(n))Y, given (\/7ir, At).

43



Proor or PropositioN 2. First statement. Denote by F), ((Ult (n))Nie /A9, A?t) the right-hand side of (34).

n=1»
N Nit N
By the inverse function theorem, (Fn ((Uit(n))ﬁf;ﬁ; V% A?t>) isat least locally invertible at (U (n))Yit, =
n=
Nit
(Za ((3)) %) if the Jacobian matrix has non-zero determinant. Note that the Jacobian matrix is
it Vit ne1
- N, Nt
I (Fn< Uie(n)) 5 /% 7A?)>
v < )nzl it t n=1
U2 (1) = V(1)
N.
) it 1 1 N
= 0 dia <wzt(n)) I+ — : [‘0 ...1/0 } dia (Uion ) ’
TiC1a8 w; (0) /4 ¥, : V(1) -+ Vi (N) g ( (Ui(n) -
UR(N) = V()
(A.12)
Using the matrix determinant lemma, its determinant is non-zero if and only if
U%,(1) = V(1) N
1 21V () (UL, (n) — Vo%(n
dot| 14 L vryva ] | =1 SR @) = V)
Vit ' ' Vit
Uy (N) = Vi3 (N)
(A.13)

When the joint distribution of the latent demands (e;¢(1), ..., €;:(N)) is continuous, 3% V2% (n) (U2,(n) = V0 (n))
is a continuous random variable conditional on (zg (1), x,oyt(n))g;i with z_¢+(n) the log market equity
and x_o(n) any other asset characteristics, while ), is a constant. Then, 77, # SN V2 (n) (U2,(n) = VO (n))

and consequently
B Ni Ni ¢
det <a,7 (Fn ((Ui,t(n)) RERVES A?t>) ) £0, (A14)
n= n=1

holds with probability one. The invertibility therefore holds locally.
Second statement. We first prove the following lemma that characterizes the solutions of (34). The proof

is included in Appendix A.11.

LemmMma 5. Suppose that the conditions for Lemma 4 hold.
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* Then, G = Zi\[:l{ .4 (7) exp (X} (1) A1) solves (35).

("”i,t,("))z Nt
w; (0
» Suppose that G; ; solves (35). Then, < %,t+(1*exr>(’x(;,)t(r)Ai,t ))Gi,t> solves (34).

n=1

The second statement of Proposition 2 follows immediately from Lemma 5.

Third statement. Because of the first statement, it suffices to show that (35) has a unique solution. When
xgyt(n)ALt < 0for 1 < n < N4, the right-hand side of (35) decreases in GG, and decreases from a positive
number to zero as G — oo. Besides, the left-hand side increases in GG, and increases from zero to co. when

G — oo. Consequently, the single-crossing condition is verified and (35) has a unique solution.

THE APPROXIMATIVE FORM (38): DeTaILs. We fix U; ;(n) to Ulot(n) for n = 1,..., N;; and develop the first-

Nt
L 1,0>; around (/i Qi) = (\/’Y?,taA?,t)i

n=

order Taylor expansion of F, <<[~fn(n)>

In ( wi"tm) > 1 U7y (n)

- Ni . wi(n)\ >
~ 0 . 0 0 it
~ In (Fn ((Uiﬂ:(rz))n_1 A/ Vit Ai,t> ) ‘ Note that this is equal to In ( (wit(o)) )
770 Nie [0 AD 7 Nie [0 AD
(Ui,t(n))nzl ; ’meAi,t) (1 3A9'tFn <(U n >n:1 Vi,thi,t> ( A0 )
: - Ry
) ?,t’A?,t

pi(n) ;
F, ((Uﬁt(n)):_l \/T >

- \/%Q,t) +

’Yzo,t
= w;i (7)o ’ 0 ’ ’ 0 / Ag,t
+ ——= Vi (r) [ (1 —exp (x},(n)AY, ) x},(r) —exp (x] ,(n)A7,) Xi,t(n)} ) (A.15)
r=1 Wit (0) 7?t
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which is, forn = 1, ..., N, equivalent to

wit(n) 1 wiy(n)\ " 1
n ( i > ~ met(”)ﬁg,i,t + xl—O,t(n)ﬁO—O,i,t +In - Ui?t(n) < “ > ———1

wit(0) 72t wi ¢(0) v,
30D )] (s (1)) ) =5 (o (A0 0]
r=1 bt v,
+In(eq(n)). (A.16)
Proor or CoroLLARY 4. Using Assumption 5 and Proposition 2, we get
- o ((Ei) () )| pposion

( \/’yzthzt) wzt() ’Yio,t

wiyt(n)

Assumption 5
wi (1) P

G T D) s win(0) -0, ‘

( \/’72157Azt) wzt( ) fy?,t

S Eit (A.l 7)
exp (xt(n)ﬂgt) ~w; ¢(n)
Substituting the expression for ¢; ; in Assumption 6, we have
( \/'thyAzt) wzt( ) \/’Y?,t
E ziyt(n), l',o’t(].),...,l',o’t(Niyt) =1 (A18)

exp (x;(n)B7; ) - wi(n)

To create a valid moment condition, multiply both sides of the equation by any measurable function

g(zit(n),x_04(1),...,2_0+(N;+)) and take expectations over the entire distribution to get

RO
F;1<((ZZZZ(3)) )n W’Att> wit(0) /7y

it(n), (x_og+(n M = .
exp(x;(n) i,t)’wi,t(n) -1 g(z“t( ) (z—0,4( ))n—l) 0 (A.19)
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Proor or LEMMa 5. Note that (34) implies: for eachn =1, ...,

(Lestm)’

N’L,t:

Uitn =
) Vit + (1 —exp (

We then obtain the first statement:

X, () A0 )) Somt Ui (r) exp (%, (1) Agy )

2
Nig Niy (s ) exp (%1, (M) A)
- w;.£(0) P (X5 ¢ it
U, +(r) exp(x”(r)Azt) = ~
= > " Vit + (1 —exp (x},(n)Ai¢)) Z Ui +(r) exp (x),(r)Ai¢)
it r=1
Git
(’wi,t((”)))Q
. i _ Wit 0 .
For the second part, define U, 4(n) = T (—exp( %, (B G forn=1 N; ;. It then suffices to verify
(Ult(n))ﬁ;i satisfies (34):
Nt Nt
Uie(n) | Vi + (1 —exp ( Z r)exp (x4 (r)Aiy)

Ni ¢t

wir(m))* LA
w;,¢(0) exp(xz,t(r) z,t)

Vit + (1 —exp (x;t(n)AM ))

n=1 r=1

Vit + (Vi —exp (

X1 (1)Ai1 )G

Gt

Mo (Zzi(g)))z (\/’YT‘F (1 —exp(x e A1 ))Gi)
\/T (1 —exp (Xi,t(T)Ai,t ))Gz’,t

The second part is proved.
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