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Abstract

We revisit the proxy variable approach to production function estimation. We show that
the invertibility assumption at its heart is testable. We characterize what goes wrong if
invertibility fails and what can still be done. We show that rethinking how the estimation
procedure is implemented either eliminates or mitigates the bias that arises if invertibility fails.
Furthermore, we show how a modification of the procedure ensures Neyman orthogonality

and enhances efficiency and robustness.

1 Introduction

Production functions are one of the oldest concepts in economics (von Thiinen 1842, Wicksteed

1894, Cobb & Douglas 1928). As a description of the relationship between inputs and output,
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they are of interest in and of themselves and also a vehicle for measuring productivity and tech-
nical change (Solow 1957). More recently, production functions have become a key input into
estimating markups and markdowns in order to assess firms’ market power (Hall 1988, De Loecker
& Warzynski 2012). This production approach to markup estimation recognizes that, given an
estimate of the production function, the markup can be recovered from the firm’s cost minimiza-
tion problem. To estimate the production function a large and rapidly growing literature relies on
the procedure initially developed by Olley & Pakes (1996) and further advanced by Levinsohn &
Petrin (2003) and Ackerberg, Caves & Frazer (2015) (henceforth, OP, LP, and ACF).

The OP/LP/ACF procedure starts from the observation due to Marschak & Andrews (1944)
that there is an endogeneity problem in estimating production functions. This problem arises
because the decisions that the firm makes regarding its inputs depend on its productivity, which
is unobserved by the econometrician. To resolve this problem, OP turn it on its head and use the
firm’s decisions that are observed by the econometrician to infer its productivity. The resulting
proxy variable approach to production function estimation has quickly become standard practice.

The inversion from observables to productivity at the heart of the OP/LP/ACF procedure
requires that firms with the same productivity make the same choices. Yet, there is no reason
to believe this is the case, e.g., if these firms face different demands in the output market. The
current paper therefore revisits the OP/LP/ACF procedure if invertibility fails. It characterizes
what goes wrong in the OP/LP/ACF procedure and what can still be done.

The observation that the OP/LP/ACF procedure cannot accommodate unobserved demand
heterogeneity has been made before. Foster, Haltiwanger & Syverson (2008) put it as follows:

. idiosyncratic demand shocks make the proxies functions of both technology and
demand shocks, thereby inducing a possible omitted variable bias. Put simply, proxy
methods require a one-to-one mapping between plant-level productivity and the observ-
ables used to proxy for productivity. This mapping breaks down if other unobservable

plant-level factors besides productivity drive changes in the observable proxy. (p. 403)

Indeed, to establish invertibility, OP rule out that firms face different demands and abstract from
competition between firms.! LP assume a perfectly competitive industry where firms act as price
takers and thus face the same horizontal demand curve (p. 322 and Appendix A). Based on their
results, ACF start from scalar unobservable and strict monotonicity assumptions, and almost all
subsequent literature simply imposes invertibility as a high-level assumption. For this reason, it

may not have fully appreciated the demanding nature of the invertibility assumption.

LOP assume that any profitability differences across firms are due to differences in their capital stocks and
productivities (p. 1273), thereby ruling out that firms face different demands. Limiting the state variables in the
firm’s investment policy to its own capital stock and productivity moreover abstracts from competition between
firms (see also Lemma 3 and Theorem 1 in Pakes 1994).



Unobserved demand heterogeneity is likely to be empirically important. The large literatures on
demand estimation and productivity analysis highlight the considerable heterogeneity in demand
that remains even after controlling for detailed product attributes (Berry, Levinsohn & Pakes 1995)
or honing in on (nearly) homogenous products (Foster et al. 2008). The problem is compounded by
the fact that, in imperfectly competitive environments, a firm’s decisions in equilibrium depend on
its own productivity as well as on the productivities of its rivals. Hence, imperfectly competitive
environments require jointly inverting the decisions of all firms for the productivities of all firms.
This many-to-many inverse may not exist (Biondi 2022) or it may be too high-dimensional to be
practical (Ackerberg & De Loecker 2024). Moreover, a firm’s rivals are partially or completely
unobserved in typical datasets used for production function estimation. The decisions of its rivals
have thus to be thought of as shocks to the demand the focal firm faces.

Invertibility can fail for reasons other than unobserved demand heterogeneity. Changes in firm
conduct due to mergers and acquisitions or switches from competition to collusion are best thought
of as changes to the ownership matrix. Invertibility can fail if these changes in firm conduct are
partially or completely unobserved by the econometrician. Finally, invertibility can fail if there is
unobserved variation across firms or time in input prices, investment opportunities, or financial
constraints.

Taken together, the invertibility assumption is especially challenging for the production ap-
proach to markup estimation for two reasons. First, the demand a firm faces in the output
market is a fundamental determinant of the markup that its charges. Second, estimating markups
is arguably most important in imperfectly competitive environments and after changes in firm
conduct.

This paper makes five contributions. First, we propose tests for invertibility. Our tests exploit
that if invertibility fails, then productivity becomes a hidden state in a Markov model. The
literature on Kalman and particle filters in dynamic systems shows that the best guess for the
hidden state uses the entire history of the observables as opposed to just their current value.
Invertibility can therefore be tested by including lags of the observables in the regression in the
first step of the OP/LP/ACF procedure. Implementing our tests on an unbalanced panel of
Spanish manufacturing firms and a balanced panel of US manufacturing industries, we strongly
reject invertibility.

Building on Doraszelski & Jaumandreu (2024), we therefore characterize the consequences of a
failure of invertibility for the OP/LP/ACF procedure. If invertibility fails, then the prediction of
quantity from the first step contains an error. Because this prediction is used to control for lagged
productivity in the GMM estimation in the second step, the lagged prediction error enters into
the conditional moment. This invalidates capital as an instrument, resulting in biased estimates.

However, because the prediction error is by construction mean independent of the observables



used in the first step, other instruments such as lagged capital, labor, and materials remain valid.

Turning from what goes wrong if invertibility fails to what can still be done, our second
contribution is to provide a necessary and sufficient condition for the moment condition in the
second step of the OP/LP/ACF procedure to hold for the true production function and some (not
necessarily the true) law of motion for productivity. This condition calls for rethinking how the
OP/LP/ACF procedure is implemented. In particular, it compels us to ensure that any instrument
used in the second step is appropriately included in the regression in the first step. Due to the lag
structure of the model, this means including the lead of capital in addition to its current value in
the regression. We provide a series of examples where this simple expedient suffices to satisfy our
necessary and sufficient condition.

Beyond these examples, our necessary and sufficient condition may be violated. While this
results in biased estimates, our third contribution is to show that rethinking how the OP/LP/ACF
procedure is implemented mitigates the bias. Specifically, we show that the moment condition in
the second step implicitly incorporates a first-order bias correction provided any instrument used
in the second step is appropriately included in the regression in the first step.

Our fourth contribution is to explicitly include the bias correction in the second step of the
OP/LP/ACF procedure. We show that the resulting modified moment condition enjoys a property
known as Neyman orthogonality (Neyman 1959). While our modification is as easy to implement as
the original OP/LP/ACF procedure, the benefit of Neyman orthogonality is considerable. Under
some conditions, it notably renders the asymptotic distribution of the GMM estimator in the
second step invariant to the quality of the prediction of productivity from the first step. This is
especially beneficial if the regression in the first step uses a rich set of covariates. In finite samples,
Neyman orthogonality improves the performance of the GMM estimator. A Monte Carlo exercise
shows that this improvement can be substantial.

Our fifth and final contribution is to provide a diagnostic to assess the sensitivity of the
estimates to the size of the prediction error in the first step. While our diagnostic has some
similarities to the sensitivity measure in Andrews, Gentzkow & Shapiro (2017), it is not local to
the true model and directly informative about the estimated model. Our diagnostic is neither
necessary nor sufficient for no bias. However, a small value of the diagnostic provides assurance
that small changes in the prediction error do not dramatically alter the estimates.

In sum, this paper revisits the OP/LP/ACF procedure if the invertibility assumption fails.
Invertibility fails if there are demand shocks or in imperfectly competitive environments with
partially or completely unobserved rivals or changes in firm conduct. Whether invertibility fails
can be tested. A failure of invertibility can have a substantial, detrimental impact on the estimates.

Fortunately, much can still be done. We provide a necessary and sufficient condition for the

moment condition in the second step of the OP /LP/ACF procedure to hold for the true production



function. This condition compels us to ensure that any instrument used in the second step is
appropriately included in the regression in the first step. We show that this simple change either
eliminates or mitigates the bias. Going a step further, we modify the moment condition in the
second step to endow it with Neyman orthogonality. Finally, we provide a diagnostic to assess the
sensitivity of the estimates to the size of the prediction error that arises in the first step of the
OP/LP/ACF procedure if invertibility fails.

The remainder of the paper is organized as follows. In Section 2, we recall the setup and the
OP/LP/ACF procedure. In Section 3, we develop tests for invertibility. In Section 4, we recall
that a failure of invertibility invalidates capital as an instrument, resulting in biased estimates. We
develop a necessary and sufficient condition for the moment condition in the second step to hold
for the true production function. We show that ensuring that any instrument used in the second
step is appropriately included in the regression in the first step either eliminates or mitigates the
bias. In Section 5, we modify the moment condition in the second step to endow it with Neyman
orthogonality. In Section 6, we conduct a Monte Carlo exercise to illustrate what goes wrong
in the OP/LP/ACF procedure if invertibility fails and what can still be done. In Section 7, we
provide a diagnostic to assess the sensitivity of the estimates to the size of the prediction error.

We conclude in Section 8.

2 Setup and OP/LP/ACF procedure

Firm ¢ in period ¢ produces output Q;; with inputs K;; and Vj; according to the production function

Qit = f (i, vie) + wi + €it, (1)

where lower case letters denote logs. Capital k;; is a predetermined input that is chosen in period
t—1 whereas vj; is freely variable and decided on in period ¢ after the firm observes its productivity

wit.? Productivity follows a first-order Markov process with law of motion
wit = B [wi|wi—1] + &t = g(wir—1) + &t (2)

where the productivity innovation &;; is by construction mean independent of lagged productivity
w;t—1 and further assumed to be mean independent of any variable included in the firm’s infor-
mation set in period t — 1. The disturbance &;; sits between the firm’s output ¢; as recorded in
the data and the output ¢}, = ¢ — € = f(kit,vit) + wi that the firm planned on when it de-

cided on the variable input v;. It can be interpreted as measurement error or as an unanticipated

2While k; and vy may be vectors, we think of them as scalars for simplicity. The variable input v;; may
accordingly be interpreted as a composite of labor and materials such as cost of goods sold.



shock to output (OP, pp. 1273-1274) and is assumed to be mean independent of the inputs and
other included variables as formalized below.? While the econometrician observes actual output
¢ix and the inputs k;; and v;, productivity wj, the disturbance ¢;;, and planned output ¢}, remain

unobserved.

Invertibility. The literature following OP relies on invertibility. Invertibility assumes that there
exists a function wy; = h(z;) that maps observables x;; = (ky, vy, . . .) into productivity wy. This
is equivalently to

E [Wit|$z‘t] = Wit-

The observables included in z;; depend on the decision of the firm that is being inverted.? We
remain agnostic about which variables are included in x;, aside from imposing, without loss of

generality, that the inputs k;; and v;; are included.

OP/LP/ACF procedure. Estimation proceeds in two steps. Step 1 assumes E [e4]|zy] = 0

and flexibly or nonparametrically estimates the conditional expectation
E [git|zie] = E [ f(kit, vie) + wie + it| 2ae] = [(Kig, vie) + B wie|zie] = f(Kig, vie) + wie = @3y, (3)

where the first equality uses equation (1), the second-to-last equality uses invertibility, and the
last equality uses the definition of planned output ¢j;. Because E [gu|zi] = ¢}, step 1 separates
actual output ¢;; into planned output ¢, and the disturbance ¢;; = ¢ — qj;.

Step 2 of the OP/LP/ACF procedure assumes E[{; + ;| zi] = 0 for instruments z; =
(Kit, kit—1,vit—1, - . .) and estimates the parameters § = (6, 6,) in the production function f and the
law of motion g by GMM.? Capital k;; is a valid instrument because it is a predetermined input,
and the lagged inputs k;_; and v;_; are valid instruments because the productivity innovation
& is mean independent of any variable included in the firm’s information set in period t — 1. We
remain agnostic regarding additional instruments in z;.

Using equations (1) and (2) and the definition of planned output ¢};, the assumption E [&;; + €| 2] =

0 implies

Elgic — f(kit, vie) — 9(wir—1)|zit) = Elgie — f(kie, vie) — 9(qG_1 — f(Kit—1, vie—1))|2i] = 0. (4)

Substituting E[g;_1|z;—1] from step 1 for ¢f,_;, step 2 proceeds by estimating the parameters

3Mundlak & Hoch (1965) refer to w;; and &;; as the transmitted, respectively, untransmitted component of pro-
ductivity. The untransmitted component may include machine breakdowns, labor actions, supply chain disruptions,
and power outages that are not anticipated by the firm. The interpretation as measurement error accommodates
serial correlation in the disturbance ;.

40P invert the firm’s demand for investment whereas LP and ACF invert its demand for materials.

5For notational convenience we suppress 6 in much of what follows.



from the moment condition

E [Qit - f(kz‘t, ’Uz‘t) —4g (E [Qitfl‘xitfl} - f(kitfla Uh%l)) ‘Zit} = 0. (5)

Throughout the remainder of the paper, we follow OP, LP, and ACF and maintain E [g;|x;] = 0
for observables x;; = (ki, vy, . . .) and E [&; + €54 2] = 0 for instruments z;, = (i, ki1, Vi1, - - -)-
To avoid burdensome notation, we ask the reader to understand equality involving random vari-

ables and conditional expectations as equality almost surely.

3 Tests for invertibility

If invertibility fails and E [w;|x;;] # wi, then productivity w;; becomes a hidden state in a Markov
model. The literature on Kalman and particle filters in dynamic systems shows that the best guess
for the unobservables uses the entire history of the observables as opposed to just their current
value. Our tests for invertibility are based on this intuition.

Our first proposition shows that invertibility implies a testable mean-independence restriction:

Proposition 1. If E[wy|zy] = wy and E[eg|zy, va—1] = Eleulza], then Eqi|wi, zi] =
E [qit|wt).

While step 1 of the OP/LP/ACF procedure assumes E [g;|z;] = O for observables z; =
(kit, vit, - . .) and step 2 assumes E [§; + €;4|2] = 0 for instruments z;; = (kir, kir—1, Vit—1, - - .), this
does not quite imply E [e;|xi, xie—1] = E [ei|zit]. However, the interpretation of the disturbance
£; as an unanticipated shock to output that is outside the firm’s information set in period ¢ implies

E [git|®it, xis—1] = E [gi]zi] = 0.° The proof of Proposition 1 is straightforward:
Proof. If E [wy|zy] = wi, then
Git = [(Kit,vit) + wie + €ir = f(ki, vie) + E [wie|wie] + €t
E [ei|Ti, xiv—1] = E [ey| 2] therefore implies E [gi|xi, Ti—1] = E [qit|Ti]- O

Our second proposition shows that invertibility implies a testable conditional-independence

restriction:

Proposition 2. If E|wy|zy| = wy and ey L xy | xy, then gy L xy1|xy.

6Under the interpretation of the disturbance e;; as measurement error, the assumption E [g;s|@is, zi4—1] =
E [eit|zit] holds if ;41 does not have predictive power for €;; beyond x;;.



Going beyond the first-order implication of E [wy|z] = wy in Proposition 1 calls for a stronger
assumption on the disturbance ;. The assumption e; L x| x; in Proposition 2 means that
any possible dependence between e;; and 1 is through ;. It is implied by €;; L (24, x4—1) and
implies E [z, vi4—1] = E [ei|xi]. The proof of Proposition 2 parallels the proof of Proposition
1 and is therefore omitted.

We implement our tests for invertibility on an unbalanced panel of Spanish manufacturing
firms from 1990 to 2006 (Encuesta Sobre Estrategias Empresariales) and a balanced panel of US
manufacturing industries from 1958 to 2018 (NBER-CES). In both cases, we reject invertibility by
a wide margin. We provide further details on the data and the tests in Appendix A. In the next

section, we turn to the consequences of a failure of invertibility for production function estimation.

4 Failure of invertibility and validity of OP/LP/ACF mo-

ment condition

If invertibility fails and E [w;|2;] # wi, then a prediction error (;; = wy — B [wy|zy] arises that is
generally non-zero. By construction, the prediction error satisfies E [(j|x;] = 0.
To see how the presence of the prediction error (; affects the OP/LP/ACF procedure, recall

that the conditional expectation estimated in step 1 is
E [git|zie) = f(Kie, vie) + E [wiezie] + Eleie|vie] = f(Fie, vie) + wie — Ge = @ — Gt (6)

where the second-to-last equality uses E[e;|x;] = 0 and the definition of the prediction error (,
and the last equality uses the definition of planned output ¢};. Equation (6) provides an alternative
interpretation of the prediction error as the difference between planned output and its prediction
in step 1: Gy = qj; — E[qie|var].

Substituting E[g;;—1|xi:—1] from equation (6), the left-hand side of moment condition (5) in step
2 becomes

E [Qit — f(kit,vie) — g (q;‘kt—l — Git—1 — f(Kir—1, Uz’t—l)) |Z7,t} . (7)

Because of the lagged prediction error (1, conditional moment (7) is generally non-zero. To see
this more clearly, consider the special case of an AR(1) process for productivity. If g(wy_1) =

pwit—1, then conditional moment (7) evaluates to
E &t + it + pGit—1|2it) = pE [Gie—1]2it] - (8)

Recall that x4y = (ky—1,vi-1,...) and z;; = (ki, kir—1, Vie—1,...). The lagged inputs k;;—; and

v;r—1 hence remain valid instruments because E [(;_1|x;;_1] = 0. However, capital k; may no longer



be a valid instrument as E [(;_1|ki] # 0, as previously pointed out by Doraszelski & Jaumandreu
(2024). This is because the firm chooses k;; in period ¢t — 1 with knowledge of w;; ;. What remains
of lagged productivity after controlling for the lagged observables x;;_; may therefore be correlated
with kj.

The above discussion foreshadows part of the solution to the problem: adding the lead of capital
ki1 to the observables x;; in step 1 of the OP/LP/ACF procedure ensures that E [(;—1|kiy] = 0
and hence the validity of capital k;; as an instrument in step 2. This simple expedient amounts to
rethinking how the OP/LP/ACF procedure is implemented. The remaining question is to what
extent it suffices beyond the special case of an AR(1) process for productivity.

The following theorem provides a complete answer to this question in the form of a necessary

and sufficient condition.

Theorem 1. Moment condition (5) in step 2 of the OP/LP/ACF procedure holds for the true

production function f° and some law of motion § if and only if
E [90<Wz‘t—1)‘zit] =E [§ (E [Wz't—1|$it—1])| Zit] ) (9)
where ¢° is the true law of motion.
We prove Theorem 1 before parsing it:

Proof. Recall that the true production function fY and the true law of motion ¢° satisfy moment
condition (4).
“Only if” part: Suppose moment condition (5) holds for the true production f° and some law of

motion §. Then we have
0=E [Qit - fo(kita Vit) — § (E [Git—1|Tie—1] — fo(kit—h Uitfl)) ’ Zz’t}
=E [Qit - fo(kit> vi) — g (B [%’t—ﬂ%‘t—l])‘ Zit} )

where the last equality uses equation (6). Subtracting from equation (4) implies condition (9).

“If” part: Suppose condition (9) holds. Substituting into equation (4), we have
0=E [Qit - fo(/fm vie) — g (B [Witflyxitfl])‘ Zit}
=E [Qit - fo(kz'n Vit) — (E [Git—1|Tie—1] — fo(kit—h Uit71>) ’ Zz’t] )
where the last equality uses equation (6). Hence, moment condition (5) holds for f and g. [

Theorem 1 covers the invertibility assumption at the heart of the literature following OP as

a special case. If E |wi|zi] = wi, then condition (9) becomes E [¢°(wi_1)|2:] = E[§ (wit—1) |2i]



and is therefore satisfied with g = ¢°. Importantly, however, condition (9) can be satisfied even if
invertibility fails and E [wy|x;] # wis.

To understand condition (9), note that it becomes E [¢°(wi;—1)|2i¢] =  (E [wit_1|zi—1]) if 2s1 S
zi. This is difficult to satisfy as the left-hand side is a function of z;; whereas the right-hand side
is a function of z;; 1 C 2.

We therefore set x;;_1 2 z; in what follows. This amounts to rethinking how the OP/LP/ACF
procedure is implemented, as foreshadowed by the special case of an AR(1) process for productivity.
In particular, because k; is included in z;; in step 2, we must include k;;11 in x; in step 1.

Setting ;1 2 2, we further examine condition (9) through a series of examples:

Example 1 (linear law of motion, AR(1) process). If ¢°(wi—1) = pwir_1, then E [pwi_1]zi] =
E [pE [wit—1|Tit—1] |2:). Condition (9) is therefore satisfied with §(E[wi_1|2i_1]) = ¢°(E[wis_1|zi_1])-
[ |

Remarkably, moment condition (5) in step 2 of the OP/LP/ACF procedure holds in Example 1
irrespective of the quality of the estimate of E [g;;|x;] in step 1.

Example 2 (quadratic law of motion). If ¢%(wi_1) = prwis—1 + paw?_; and Var (Cy_1|2i) = 02,
then

E [leit—l + P2wi2t_1’ Z} =E [P1E [wit—1|@i—1] + p2 BB [wit—1|xit—1]2 + P2Ci2t—1 Zit] .
Condition (9) is therefore satisfied with §(E[wi_1|7i_1]) = ¢°(Elwir_1|zi_1]) + pac?.” [

Example 2 is less restrictive on the law of motion but more restrictive on the lagged prediction

error than Example 1. The next example pushes this tradeoff further:

Example 3 (analytic law of motion). If the Taylor series of ¢° around E[w;;_1|z;_1] converges

absolutely so that ¢°(wir—1) = Y72, 90’0)(]3[“’;.‘!‘1‘“‘1]) 7, where ¢®U) is the jth derivative of g,
then

> 0 (J
th] .

If B[¢),_,|i1] = ; for some constant, o; for all j, then condition (9) is satisfied in this example
— ZOO "D EBwir_1|zi_1]) 8 m

j=0 5! Q-

1t1

g (E[wzt 1|$7,t 1])
p |y e
=0

> 0(] w'L ‘,'U'L
K [Zg = 1' - ”E[ AN

with §(Elwi—1|zi-1])

"We can relax Var (Ci—1]zit) = 02 to Var (Cir—1|2it) = h(E[wit—1|zit—1]) for some function h. In this case,
condition (9) holds with g(E[wi—1|zi—1]) = ¢°(Elwi—1|zi—1]) + p2h(Elwit—1|zit—1])-

8Condition (9) remains valid if we relax the condition that E[¢/, ,|z:—1] = a; for some constant a; for all j to
Git—1 L zit| Elwir—1|Ti—1].
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Beyond these examples, condition (9) may be violated even if z;_ 1 2 z4.° While this re-
sults in biased estimates, setting z;_1 2 z; mitigates the bias. If ;1 D 2y, then E [wy_1|zi] =
E [E [wit—1|zit—1] | ziz]) by the law of iterated expectations and hence E [(;—1|zi] = E [wit—1 — E [wit—1|xi—1]| zi] =
0. This mean independence of the lagged prediction error (;;_; from the instruments z;; intuitively

eliminates a first-order source of bias. The following theorem formalizes this intuition:

Theorem 2. If x;_1 2 zy and g is differentiable, then moment condition (5) in step 2 of the

OP/LP/ACF procedure implicitly incorporates a first-order bias correction:

E [Qit - f(kita Uit) - g (E [Cb‘t—1|$z‘t—1] - f(kz‘t—h vit—l)) |Zzt] =E [Qit - f(k?it, ?Jz‘t)
-9 (Q;kt—l — Git—1 — f(kit—la Uit—l)) - 9' (Q;g_1 — Git—1 — f(kit—la Uz’t—l)) Cit—l}zit} ) (10)

where ¢’ is the first derivative of g.

We note that equation (10) holds for any production function f and any law of motion g for which
the conditional moments exist. The proof of Theorem 2 is in Appendix B.

To appreciate Theorem 2, recall that moment condition (4) remains valid even if invertibility
fails. Because lagged planned output ¢}, ; is unobserved, moment condition (4) is infeasible for
estimation. Step 2 of the OP/LP/ACF procedure therefore proceeds by substituting E [g;¢—1|®ii—1]
from step 1 for ¢},_,. If invertibility fails, then this substitution introduces the lagged prediction
error (1 = q},_, — E [¢it—1|7ir—1] into moment condition (5) (see conditional moment (7)). Theo-
rem 2 shows that setting x;_1 2 z;; adjusts moment condition (5) toward the valid but infeasible
moment condition (4).

Indeed, comparing the term ¢ (E [gi—1|®ii—1] — f(ki—1,vi—1)) in moment condition (5) to the

term g (q;-*t_1 — f(k:it_l,vit_l)) in moment condition (4) yields

9 (Elgi—1|wi] — f(ki—1,vi-1)) — g (612’24 — f(Ki-1, Uit—l))
= g (q:t_l = Git—1 — f(kir—1, Uit—l)) -9 (q;t—l — f(Kir—1, Uit—l))
= —¢ (1 — Gie1 — f(ki—1,vie-1)) Gi—1 + 0(Cit—1), (11)

where the last equality uses a first-order Taylor expansion of g around ¢}, | — Gr—1 — f(kiu—1, vit—1)
and o((;;—1) denotes the higher-order remainder. Equation (10) in Theorem 2 shows that if ;1 D
2it, then moment condition (5) implicitly accounts for the term — g’ (q;}_1 — Cit—1 — f(ki—1, Uit—l)) Cit—1.
Moment condition (5) thus differs from the valid but infeasible moment condition (4) at most by

higher-order terms. Put differently, setting z;;_1 O z;; provides a first-order bias correction in step

9Testing condition (9) is empirically challenging. A necessary condition for it to be satisfied is that moment
condition (5) in step 2 of the OP/LP/ACF procedure holds at the estimated production function and law of motion.
This can be tested with an overidentification test that corrects for the plug-in nature of the OP /LP /ACF procedure
and clustering in the data.

11



2 of the OP/LP/ACF procedure.
Because setting z;_1 2 z; provides a first-order bias correction in step 2 of the OP/LP/ACF
procedure, a violation of condition (9) must be of second order relative to size of the prediction

error. The following theorem formalizes this intuition:

Theorem 3. Let G be a set of functions that includes the true law of motion ¢°. If xy_1 D 2y

and ¢° is twice continuously differentiable, then

;1615 HE [go(wit—l)fzit} — E[g (E [wit—1]mi—1]) [2]

|, < 7Var (Gier) s

0//( or

where |||,y is the Ly norm, T = sup,, 19" (wi—1)|, and ¢*" is the second derivative of ¢°.

The proof of Theorem 3 is in Appendix B.

Theorem 3 ties the violation of condition (9) to the variance of the lagged prediction error (;;_;.
Because Var((ir—1) = E[(wit—1 — E[wir_1|zi:-1])?], this variance gets smaller as the observables z;;_;
get richer even beyond z;. Theorem 3 therefore suggests to take a kitchen sink approach to the
regression in step 1 of the OP/LP /ACF procedure and add as many relevant covariates as possible.
Adding covariates that speak to demand conditions and firm conduct may be especially helpful.!?

Adding covariates makes the assumption E [;|z;] = 0 that underpins step 1 of the OP /LP/ACF
procedure more demanding. We advocate replacing x;; = (ki, vy, ...) in the original procedure
by xiy = (kiut1, kit, Vit - . .). In the original procedure, the assumption E [g;|z;] = 0 is justified by
stipulating that e;; is outside the firm’s information set in period ¢. This justification extends to
our approach as the firm is assumed to choose k;; in period t. However, it may be advisable
to add current values or lags rather than leads of other covariates to x; to guard against the
possibility that the firm eventually learns ;.

Finally, we caution that adding covariates introduces a curse of dimensionality. The resulting
larger mean squared error of the estimate of E[g;_1|r;—1] may counterbalance the benefit of the
smaller Var((;;—1) in finite samples. In the next section, propose a modification of the OP/LP/ACF

procedure that addresses this problem.

Summary. Our analysis calls for rethinking how the OP/LP/ACF procedure is implemented.
Theorem 1 makes a strong case for ensuring x;_1 2 z;. For a linear law of motion, the moment
condition in step 2 of the OP/LP/ACF procedure holds for the true production function f° and

19The recent literature in fact proceeds along this line: “The materials demand function in our setting will take
as arguments all state variables of the firm (...), including productivity, and all additional variables that affect a
firm’s demand for materials. These include firm location (... ), output prices (... ), product dummies (...), market
shares (...), input prices (...), the export status of a firm (...), and the input (...) and output tariffs (...) that
the firm faces on the product it produces” (De Loecker, Goldberg, Khandelwal & Pavcnik 2016, p. 466). Whether
adding covariates restores invertibility can be assessed using the tests in Section 3.

12



the true law of motion ¢". For a nonlinear law of motion, recovering the true production function
f requires condition (9) to be satisfied. A violation of condition (9) results in biased estimates.
In this case, Theorem 2 shows that setting z;; 1 2 z;; provides a first-order bias correction.
Theorem 1 further suggests to be flexible in modeling the law of motion in step 2 as condition
(9) is easier to satisfy if § can come from a larger set G. Theorem 3 finally suggests to take a

kitchen sink approach to step 1.

Related literature. An alternative to relaxing the invertibility assumption is to forgo step 1 of
the OP/LP/ACF procedure. Instead of substituting E [g;;—1|z;—1] for ¢f,_; in moment condition
(4), the dynamic panel approach to production function estimation pioneered by Blundell & Bond

(2000) substitutes ¢; 1 and imposes the linear law of motion g(w;_1) = pw;;—1 to obtain

E[qit_f(kita Uit)_g(%tfl_f<kitfla vitfl))lzit] = E[Qit_f(kita Uit>_g(q;t—l_f(kit—la Uitfl))_pgitfllzit]-

Besides the assumption E [{; + €;4]2¢] = 0 maintained in moment condition (4), the dynamic
panel approach requires assuming E[e;;_1|z;] = 0. In comparison, our Example 1 requires setting
Tig—1 2 zy and assuming Eley_q]|zi—1] = 0 in step 1 of the OP/LP/ACF procedure. Either
assumption can be justified by appealing to the firm’s information set and the timing of decisions,
as discussed above.

Hu, Huang & Sasaki (2020), Brand (2020), and Ponder (2021) generalize the dynamic panel
approach from a linear to a nonlinear law of motion.!' To illustrate the similarities and differences
with our approach, consider the quadratic law of motion g(w;;_1) = p1wir_1 + paw?_,. Substituting

¢it—1 for ¢f,_; in moment condition (4) yields

E[Qit - f(km ’Uit) - g(Qz’tfl - f(kitfla Uitfl))lzit] = E[qz‘t - f(kita Uit)
- Q(thq - f(kit—la Uz'z%l)) — P1€it—1 — 202&%1(61371 - f(kit—ly Uit—l)) - Pz€?t71|zzt]-

The dynamic panel approach therefore requires assuming Ele;;—1|2i] = 0, Elej—1wit—1]zi] = 0,
and Var (e;_1/z;) = 0. In comparison, our Example 2 requires setting z;;_1 O z;; and assuming
Eleit_1]zie—1] = 0 and Var(¢;_1|2;1) = o?. Both approaches are similar in that they impose
exclusion restrictions on second-order moments of latent variables to ensure that the moment
condition holds for the true production function.

This similarity extends to the polynomial law of motion g(wi—1) = >>77, pjwh 1. In this

case, the dynamic panel approach requires assuming that E[e), ||wi_1,2i] is constant for all 7.

HThe estimation strategy in Hu et al. (2020) and Brand (2020) differs from the identification strategy. The
latter builds on Hu & Schennach (2008) and relies on the existence of two conditionally independent proxies
for productivity and the invertibility of an integral operator. The implied semiparametric maximum likelihood
estimator involves significant computational challenges that preclude its implementation.
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This restriction on the joint distribution of ;1 and w;;_; may be unpalatable if ;1 and w;;_1
are interpreted as the untransmitted, respectively, transmitted component of productivity (see
footnote 3).'> Tn comparison, our Example 3 requires assuming that E[¢, ,|2i_1] is constant for
all j.

The key difference is that our approach imposes restrictions on the lagged prediction error
(jr—1 rather than the lagged disturbance ;1. Whereas the magnitude and properties of ¢;;_; are
inherent in the data generating process, the advantage of our approach is that the magnitude of
Cit—1 can be reduced by adding covariates to the regression in step 1 of the OP /LP /ACF procedure.
Proceeding to add covariates may shrink Var((i—1) = E[(wi—1 — Elwi_1|7i_1])?] towards zero if we
approach invertibility in the limit. This makes our approach particularly attractive for datasets

with a rich set of observables.

5 Modification of OP/LP/ACF moment condition

To address the problem posed by a noisy estimate in step 1 of the OP/LP/ACF procedure, we
propose explicitly incorporating the bias correction from Theorem 2. This modification ensures
that estimation error in step 1 does not adversely affect the asymptotic distribution of the GMM
estimator in step 2.

We think of E[g;;_1|zi—1] as the true value of a nuisance parameter denoted by e(z;_1). The
finite-sample estimate of e(z;_1) from step 1 of the OP /LP /ACF procedure generally deviates from
the true value E[g;;_1|x;;—1]. This deviation, in turn, adversely affects the asymptotic distribution
of the GMM estimator in step 2 according to the sensitivity of the conditional moment to deviations
of e(zy_1) from E[g;_1|zi—1]. To eliminate this adverse impact, we modify the moment condition

in step 2 as follows:

E [Qit - f(kit; Uit) -9 (e(xitfl) - f(k'itfla Uz't71>>
— g (e(@i—1) = f(Kir—1,vit-1)) (qit—1 — €($it—1))’Zit] =0. (12)

Consider first the case where e(z;;—1) equals its true value E[g;;—1|zi—1]. If e(zi-1) = Elgi—1|Tit—1]
and Eley_1|zi_1, 2i] = 0, then the left-hand side of moment condition (12) reduces to the right-
hand side of equation (10) for any production function f and any law of motion g. Consequently,
by Theorem 2, if x4 2O z;, then moment condition (12) coincides with moment condition (5)
in step 2 of the OP/LP/ACF procedure. Moment condition (12) therefore has exactly the same

identification properties as the original procedure in this case.

2Tf 2,1 C 2 and invertibility holds, then E[e/, | |wi_1,zi] = Elel,_,|2:). While this facilitates interpreting
the restriction, we focus on the case where invertibility fails.
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However, if e(x;;_1) differs from its true value E[g;;_1|x;_1], then moment condition (12) has

the following property that moment condition (5) lacks:

Theorem 4 (Neyman orthogonality). Define the set of functions T = {0(zy_1) = e(xy_1) —
Elqit_1|Ti—1] : € € T}, where T is the set of real-valued integrable functions of xy_1. If Ty_1 2O 2z
and g has a bounded and continuous derivative, then the pathwise (or Gateauz) derivative of the
left-hand side of moment condition (12) at e(xy—1) = E[qit—1|xi—1] with respect to any direction
6 €T is zero. That is, for any § € T, we have

0
5]3 [qit — [(Kit,vie) — g (Elqir—1]Ti—1] + M0 (zi—1) — f(ki—1,vit—1))

— 9 (Blgie1|wi] + A (@i—1) = f(Kie—1,vie-1)) (@it—1 — Elga—1|vi1] — )‘5(%’5*1))’%] ’,\—o =0

The proof of Theorem 4 is in Appendix D."

Theorem 4 shows that the left-hand side of moment condition (12) is not sensitive to small
deviations of e(x;_1) from its true value E[g;_1|x;;—1]. This property, known as Neyman orthog-
onality (Neyman 1959), has received renewed attention in the double-debiased machine learning
literature. As discussed in Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey & Robins
(2018) and Chernozhukov, Escanciano, Ichimura, Newey & Robins (2022), as long as the estimator

for e(z;;_1) converges to E[gi_1|zi_1] at a rate faster than N /4

, Neyman orthogonality guaran-
tees that the GMM estimator based on moment condition (12) is oracle efficient. This means that
the asymptotic distribution of the GMM estimator is the same irrespective of whether we replace
e(zi—1) by its estimate from step 1 or by its true value E[g;_1|zi—1]. As a byproduct, a practical
advantage is that there is no longer any need to adjust standard errors to account for the first-step
estimation following, e.g., Hahn, Liao & Ridder (2018).

In contrast to the general approaches to generating Neyman orthogonality using influence
functions or score projections in Chernozhukov et al. (2022), moment condition (12) is Neyman
orthogonal by construction. Because it avoids introducing high-dimensional nuisance parameters,
our modification is as easy to implement as the original OP/LP/ACF procedure.

Theorem 4 allows for any integrable deviation and thus accommodates a wide range of estima-
tion methods in step 1 of the OP/LP/ACF procedure. This includes traditional nonparametric
methods such as sieve, kernel, and LASSO estimators, which produce smooth estimates, as well
as modern machine learning techniques such as neural networks and random forests, which may
produce non-smooth estimates. Intuitively, Neyman orthogonality means that small deviations
of e(x;_1) from its true value E[g;_1|x;—1] that can arise from finite-sample variance, functional

approximation error in sieve estimation, local smoothing bias in kernel estimation, or regulariza-

13The assumption that g has a bounded derivative simplifies stating Theorem 4. As shown in Appendix D, it
can be replaced by a much weaker assumption.
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tion bias in LASSO and machine learning methods do not have a first-order impact on the GMM
estimator based on moment condition (12).

Finally, we recommend ensuring x; ; 2 z; when implementing our modification of the
OP/LP/ACF procedure. This is because, without z; 1 O z;, our modification provides a first-
order bias correction on e(x;;_1) toward Elg;;_1|z4_1, 21 instead of E[g;_1|x;;—1]. To see this more

clearly, we use the law of iterated expectations to rewrite moment condition (12) as

E [Qit - f(kita Vit) — ¢ (6(9%71) — f(kit—1, ’Uz't71>>
- g/ (e(mitq) - f(kitfly Uz’tfl)) (E[Qitfllxitfla Zit] - 6(1’#71))}%} = 0.

The conditional mean of the term in the second line is generally non-zero at e(zy_1) = E[qi_1|Ti 1]

and the true production function f°.

6 Monte Carlo exercise

Data generating process. We specify the CES production function

v
f ki, vi) = g + p In (o exp(pkir) + (1 — ag) exp(pvir)) ,

where ay, € (0, 1) is a distributional parameter, p < 0 and o = 1%/) is the elasticity of substitution,
and v > 0 is returns to scale, and the disturbance ;; ~ N(0,02). We further specify the law of

motion
9(Wit—1) = o + pu ((1 — Q) wi—1 + % In(In(1 + eXp(CwWit1>>>> :

w
where p,, € (0,1), a, € [0,1], and ¢, > 0, and the productivity innovation &; ~ N(0,02). Our
particular interest lies in comparing the nonlinear process for o, = 1 with the Gaussian AR(1)
process for oy, = 0. To facilitate this comparison we calibrate y,, and o2 to hold fixed E [w;] and
Var (w;;). Figure 1 illustrates the resulting distribution of productivity and overlays the law of
motion in the two cases.

We specify the CES demand
Gy = O1it — (1 + exp(—02it) )Dit

where p;; is the output price and § = (015, do;r) captures shocks to the demand the firm faces and
unobserved rivals. This avoids having to specify the imperfectly competitive environment that the
firm operates in.

We denote the price of capital as pX and the price of the variable input as p);. Assuming short-

run profit maximization and equating marginal revenue with marginal cost determines v;; along

16



Nonlinear process (a =1) AR(1) process (o =0)

wwwww 5

Figure 1: Distribution of productivity (left axis) and law of motion (right axis). Nonlinear process
(ay, = 1, left panel) and Gaussian AR(1) process (a,, = 0, right panel).
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with ¢};, ¢, and p;;. Note that because v;; is a function of kj, p}é, wjt, and Oy, the firm’s demand
for the variable input cannot be inverted to express w;; as a function of observables: invertibility
fails as long as Var(dy;) > 0 or Var(dy;) > 0.

Recall that capital k;;,1 is chosen in period t. We assume that capital fully depreciates between
periods and endow the firm with static expectations regarding w;;11, 05441, and p¥+1- Hence, the
firm chooses kj;, 1 in period ¢ given w;, 0y, p%, and p); as if ki1 and vy, are variable inputs. !

To complete the specification, we assume Gaussian AR(1) processes for p& | pl 81, and g
We simulate S = 100 datasets with N = 10,000 firms and 7" = 50 periods. We provide further
details on the specification in Appendix C.

Estimation. We estimate E [g;;|z;] in step 1 of the OP/LP/ACF procedure using the complete
set of Hermite polynomials of total degree 4 in the variables in x;. We estimate the parameters
0 = (o, Oy Py U,y Ly Puy Oy Cw) In step 2 using the complete set of Hermite polynomials of total
degree 4 in the variables in z; as instruments.'> Our particular interest lies in comparing moment
condition (5) with moment condition (12) to highlight the benefit of Neyman orthogonality in
finite samples. We provide further details on the GMM estimator in Appendix C.

We proceed in three steps. First, we conduct a Lagrange multiplier test for the true parameter

value 6°. Our test corrects for the plug-in nature of the OP/LP/ACF procedure and clustering in

14 Assuming constant returns to scale in production and quadratic adjustment costs to capital, the firm’s dynamic
programming problem that determines investment can be solved in closed form if the firm is a price-taker in the
output market (Syverson 2001, Van Biesebroeck 2007, Ackerberg et al. 2015). As this is no longer possible under
imperfect competition, we opt for a different, tractable specification of the evolution of capital.

15For a polynomial law of motion, it can be shown that a constant in the law of motion is not separately identified
from a constant in the production function. While our law of motion is not polynomial, we nevertheless fix o at
its true value. If o, = 0, then we further fix (, at its true value.
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the data. We provide further details on the Lagrange multiplier test in Appendix C.

Second, following the production function approach to markup estimation, we use the estimate
b
Mctit

of s to estimate the markup p;; = of firm ¢ in period t as

8f(kit7 Uz‘t)

ln/vbit‘i_git:pit"i_Qit_px_Uit"i_ln B
(%7

The right-hand side is the log of the output elasticity minus the log of the expenditure share of
the variable input.'® Noting that the disturbance e; averages out as Eles] = 0, for simplicity we
refer to the average of In u;; + €;; across firms and time as the average log markup.

Third, because the law of motion is of primary interest in some applications (Aw, Roberts &
Xu 2011, De Loecker 2013, Doraszelski & Jaumandreu 2013), we use the estimate of 6, to estimate

410 = (1= ) + o)

as a measure of persistence in the productivity process.

Results. We compare three cases for the observables z;; in step 1 of the OP /LP/ACF procedure

and the instruments z; in step 2:
o Case I: vy = (kibvitap%) and z; = (k’z‘t, kitflavitflapz‘gapz‘é—l)-
o Case 2: wy = (kit+17 kityvitapz"{+17p¥) and z; = (kit, kitflavitflapz“gprl)-
o Case 3: vy = (k?z't+17 kimvz’tapz't;px+1ap¥) and z; = (kizhkit—bUit—17pit—17px7p¥71)~

Case 1 is our baseline and corresponds to how the OP/LP/ACF procedure is implemented in the
existing literature.!” Case 2 heeds Theorem 1 and ensures z;_; O z;. In light of Theorem 3, case
3 pursues a kitchen sink approach and adds the output price as a covariate that speaks to demand
conditions.

Figure 2 shows the results of the OP/LP/ACF procedure with moment condition (5) for the
nonlinear process (a, = 1). The Lagrange multiplier test for the true parameter value 6° rejects
in all cases by a wide margin. In case 1, the failure of invertibility causes a massive bias in the

production function and in the average log markup derived from it. Indeed, the average log markup

16De Loecker & Warzynski (2012) isolate In y;; on the left-hand side and use the residual from the regression
in step 1 of the OP/LP/ACF procedure to estimate €;; on the right-hand side. However, using equation (6), the
residual is ¢ — E [gs¢|2it] = €3¢ + (it Having ;4 on the left-hand side thus avoids that ¢;; taints the correlation of
the estimated markup with a variable of interest such as the firm’s export status or a measure of trade liberalization
(Doraszelski & Jaumandreu 2024).

17We treat the price of the variable input p), as observable to focus on demand shocks as the reason for the
failure of invertibility. The nonidentification result in Gandhi, Navarro & Rivers (2020) assumes invertibility and
therefore does not apply in our setting.
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centers around —0.27 whereas short-run profit maximization implies In p;; = In (1 + exp(dai)) > 0
at the true parameter value °. The failure of invertibility also causes a large bias in the law of
motion as summarized by the measure of persistence ¢’(0). In short, the failure of invertibility
can have a substantial, detrimental impact on the OP/LP/ACF procedure as implemented in the
existing literature.

In cases 2 and 3, ensuring z; 1 2 z; in light of Theorem 1 greatly reduces the bias. The
average log markup centers around 0.23 in case 2 and around 0.16 in case 3 compared to its true
value of 0.24. In case 3, the measure of persistence ¢’(0) further centers around 0.64 compared to
its true value of 0.65.

Figure 3 shows the results of our modification the OP/LP/ACF procedure with moment con-
dition (12) for the nonlinear process (a,, = 1). Our modification reduces the bias in all cases. Case
3 combines our modification with adding the output price as a covariate that speaks to demand
conditions. In this case, the average log markup centers around 0.25 compared to its true value of
0.24 and the measure of persistence ¢'(0) centers around 0.64 compared to its true value of 0.65.
The Lagrange multiplier test rejects for just 26 of the 100 simulated datasets at a 5% significance
level.

Figure 4 shows the results for the OP/LP/ACF procedure with moment condition (5) for the
Gaussian AR(1) process (a,, = 0). In case 1, the Lagrange multiplier test for the true parameter
value 6° rejects by a wide margin and there are large biases. In cases 2 and 3, the Lagrange
multiplier test does not reject. As in Example 1 in Section 4, ensuring x; 1 O 2;; eliminates the

bias.

7 Sensitivity analysis

While setting ;1 2O z; provides a first-order bias correction, higher-order biases may remain
and adversely affect the estimates of 6 = (6¢,6,) in step 2 of the OP/LP/ACF procedure. In this
section, we develop a diagnostic to assess the sensitivity of the estimates to biases arising from
the failure of invertibility. Our diagnostic remains valid without x;_1 O z.

To simplify the analysis, we abstract from any finite-samples differences between e(z;—1) and

E[qit—1|7i—1]. We consider

E [Qit — f(Kit,vie) — g (qz(tfl — AGit—1 — f(kir-1, 'Uitfl)) ‘Zz't] =0, (13)

where A > 0 scales the lagged prediction error (;; ;. If A = 0, then moment condition (13) equals
the valid but infeasible moment condition (4). If A = 1, then moment condition (13) equals the
original moment condition (5) because (;—1 = ¢},_; —E|[git—1|zi—1] from equation (6). If, moreover,

Tit—1 2 zy, then it also equals the modified moment condition (12) with e(z;—1) = E[gi—1|i—1],
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as discussed in Section 5.
Define

m (0, N) = qie — f(ki, vie; 05) — g (CI;:_1 — f(kit—1, vie—1:05) + AGie—1; 9g) )

where we make explicit the parameterization of the production function and law of motion. More-

over, define the pseudo-true value of 6 as a function of A\ as
O(\) € argmin E[h(zi)ma (0, \)] T WE[R(zi)ma (0, V)],
0

where the superscript T denotes the transpose, h(z;) is a vector function of the instruments z;,
and W is the GMM weighting matrix. By construction, #(0) equals the true parameter value
6° and 6(1) is the probability limit of the GMM estimator based on either the original moment
condition (5) or the modified moment condition (12). 6(1) — 0(0) is therefore the bias.

Although it is not possible to consistently estimate the bias #(1) — 6(0), it is possible to
‘/\ , and thus to assess the sensitivity at the pseudo-true value 0(1). A
small value of de(/\) ‘ 1 prov1des assurance that small changes in the prediction error that arises in
step 1 of the OP / LP/ACF procedure if invertibility fails do not dramatically alter the pseudo-true

value 6(1). Indeed, one can show that —|A | 1s zero in the examples in Section 4 where no

consistently estimate dg()‘)

bias arises despite the failure of invertibility. Conversely, a large value of 46 means that the

b
pseudo-true value 0(1) is sensitive and thus warns of potentially large blas in the estimates.

. . . d@()\)‘
To derive our diagnostic =3=|,_ .

under suitable regularity conditions satisfies the first-order condition

we show in Appendix E that the pseudo-true value 6(\)

Omi(0(N), A

D %H/J(zﬁ)} WE[A(z:)mar(0(A), \)] = 0 (14)

where W is a dim(#) x 1 vector. The implicit function theorem implies

d6(\)

) B 15
b i (15)
where T is a dim(6) x dim(f) matrix and  a dim(0) x 1 vector. Using 2t 20, geg;?, and %ggj\f
to abbreviate am“gy)’w,\: , am“(e A):A) Ia=1, 82”3;86(4\)’A)|)\:1, and %L\ 1, respectively, the

matrix I' is defined as

anit T an’it
I'=|E Welh (Zzt) WE[h(zZt)mlt(Q, )\)], c. ,E Wedim(g h (Zzt) WE[h(zZt)mlt(Q, )\)]
+E [ g;thT(z“)] WE {h(zit)%l , (16)
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where ¢; is a dim(f) x 1 vector with a one in the [th position and zeros elsewhere. The vector ~y

is defined as

8mit amit

a2mithT(zit)} WE[h(zi)m(6, \)] +E{ 59 hT(Zit)} WE {h('z“)ﬂ]' 17)

000\

-

To evaluate our diagnostic %&’\) !/\:1, we assume Ele;;_q|zi-1, 2] = 0. As we detail in Appendix
E, consistently estimating I' is straightforward. Consistently estimating v is complicated by the

fact that
Omyy o 99(Elqit—1]wi1] — f(kitflavitfﬁef);eg)

=— Git—1
o\ &uit,l
and
9 82my 029(Elgit—1|mit—1]—f (kit—1,vi2—1;0£);04) 8f(k7it717'0it71§0f)<-‘
O“my [ do08 | o2, 905 it—1
00O\ ?myy _ 02 9(E[qit—1|mit—1]—f(kit—1,vi¢—1;0£);04) C
90,0 Duwir—100, =1

depend on the lagged prediction error ;1. The key insight is that assuming E[e; 1|21, 2] = 0
implies

E[Cit—llxit—la Zit—l] = E[(]it—l - E[qz’t—1|33it—1] \iEit—l, Zit—l]-
Using the law of iterated expectations, we can substitute (;_; with g1 — E[gu_1|®i—1] in the

above expressions and rewrite v as

8m,~
v=E [%thT(Zz't)] WE[h(zit)mi (0, N)] + E [ aethT(Zit)] WE [h(zit) Y] , (18)
where % and %Ze’g;f are replaced by v¥;; and ¢;; respectively with

89<E[Qit71’xitfl] - f(kz't—h Vit—15 9f)3 eg)

L= o1 — Elgi1 |t
¢zt 8w¢t71 (qn 1 [ta l| it 1])
and 82g(E[git—1|i—1]— f (k 0:):04) Of (k 0;)
9(Elgiz—1 $zt—lawz.2tilzt717’vlt717 £);04) Of( /Ltfévevfztfh I (Qit—l . E[%’t—l’xit—l])
()Oit = 5
0°g(Blgit—1|zit—1]—f(kit—1,vit—1;07);0
— ZoBla 1|xtait_f1(80; L g)(%‘t—1 — E[git—1|zi—1])

We can therefore consistently estimate « by the finite-sample analog to equation (18) using the
estimate of E[g;_1|zy—1] from step 1 and that of 6 from step 2.

Table 1 shows our diagnostic %&)‘)‘ ,_, for the nonlinear process (a, = 1). We evaluate the
diagnostic at the theoretically best estimate of 6 from our modification of the OP/LP/ACF proce-
dure in cases 2 and 3. Because the above derivation presumes that moment condition (12) equals
moment condition (5), we revert to the original procedure in case 1. We average the diagnostic
over the S = 100 datasets from Section 6. For comparison, we also show the bias 6(1) — 6(0).

In case 1, the large biases in the production function parameters §; = (ak,p,v) go hand-
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297 14 v M Puw (7%} Cw

Case 1:
Bias 0.1153  -0.3218  0.0075 0.1335  -0.0554  0.3778  -4.3693
Diagnostic | 0.1482  -0.2849  0.0063 0.1962  -0.1378  0.1581 0.0752
(0.0073)  (0.0501) (0.0004) | (0.0656) (0.0249) (0.0849) (0.3359)

Case 2:
Bias -0.0079  -0.0286  -0.0007 | -0.1131 -0.0303  0.1277  -4.2358
Diagnostic | 0.0109 -0.0114  -0.0013 | -0.0651 -0.1124 -0.1169 -0.1361
(0.0040) (0.0266) (0.0004) | (0.0102) (0.0079) (0.0151) (0.0702)

Case 3:
Bias -0.0032  -0.0019  0.0003 | -0.0209 -0.0060  0.0089 -0.6944
Diagnostic | -0.0018 -0.0728  0.0009 | -0.0037 -0.0238 -0.0136  -0.0201
(0.0010) (0.0046) (0.0001) | (0.0027) (0.0021) (0.0039) (0.0919)

Table 1: Bias and diagnostic %&’“! \—; averaged over S = 100 datasets with standard deviation in
brackets. Nonlinear process («,, = 1). Case 1 uses estimate of 6 based on moment condition (5)
and cases 2 and 3 use estimate of 6 based on moment condition (12).

in-hand with large values of the diagnostic. Conversely, in cases 2 and 3, the small biases go
hand-in-hand with small values of the diagnostic. Turning to the law of motion parameters 0, =
(Hew, Py Qs (), the relationship between bias and diagnostic is less tight. This may be because
our specification of g is difficult to linearize around the sharp bend at the center of the distribution
of productivity (see left panel of Figure 1). Nevertheless, the bias and the diagnostic are both an
order of magnitude smaller in case 3 than in cases 1 and 2. Hence, the diagnostic remains useful
to assess the sensitivity of the estimates to biases arising from the failure of invertibility.

Finally, we emphasize that our sensitivity analysis is conducted around the potentially mis-
specified model at A = 1 as opposed to the true model at A = 0 and remains valid regardless of the
magnitude of misspecification. Our approach thus differs from the sensitivity analysis in Andrews

et al. (2017) that is only valid locally around the true model.

8 Concluding remarks

We revisit the OP/LP/ACF procedure for production function estimation by scrutinizing the
invertibility assumption at its core. We show that this assumption is testable and strongly rejected
in widely used panel data. A failure of invertibility has important consequences: the prediction of
planned output ¢}, from observables z;; in step 1 of the OP/LP/ACF procedure contains an error
that invalidates capital k;; as an instrument, leading to biased estimates in step 2.

Fortunately, much can still be done. We establish a necessary and sufficient condition for
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the moment condition in step 2 of the OP/LP/ACF procedure to hold for the true production
function. This condition compels a rethinking of the OP/LP/ACF procedure: any instrument
used in step 2 must be appropriately included in the regression in step 1 to ensure ;1 2 2.
At a minimum, this calls for adding the lead of capital k;;11 to z;;. Furthermore, our condition is
easier to satisfy if the law of motion is modelled flexibly and we show that taking a kitchen sink
approach to the regression in step 1 mitigates violations of our condition.

In case our condition is violated, we show that setting z;;_1 O z; provides a first-order bias
correction. Explicitly integrating the bias correction achieves Neyman orthogonality in the modi-
fied moment condition. Both theoretical arguments and Monte Carlo simulations underscore that
this modification can substantially improve the finite-sample performance of the GMM estimator
in step 2, especially if the regression in step 1 uses a rich set of covariates.

Finally, we recognize that, despite ensuring x;_1 2 z;, higher-order biases may remain. To
gauge their importance for the GMM estimator in step 2, we introduce a diagnostic that measures
the sensitivity of the estimates to the size of the prediction error that arises in step 1 from a failure
of invertibility.

In sum, the invertibility assumption is demanding and can fail because of unobserved demand
heterogeneity or in imperfectly competitive environments with partially or completely unobserved
rivals or changes in firm conduct and for other reasons. It is therefore particularly challenging for
the production function approach to markup estimation. By outlining how to test the invertibility
assumption and offering straightforward modifications of the OP/LP/ACF procedure that either
eliminate or mitigate the bias that results from a failure of invertibility, we provide a practical
framework for production function estimation under broader conditions. We hope that Neyman
orthogonality, together with our diagnostic, are valuable tools for researcher seeking to improve

finite-sample performance and assessing the robustness of their empirical findings.
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Appendix

A Tests for invertibility

Tests. Delgado & Manteiga (2001) and Cai, Guo & Zhong (2024) develop nonparametric infer-
ence procedures for a mean-independence restriction (Proposition 1), while Shah & Peters (2020)
focus on a conditional-independence restriction (Proposition 2). These procedures presume i.i.d.
data. Instead of adapting them for panel data, we proceed semiparametrically in what follows.

We test E[qi|zit, Ti—1] = E|[git|xi] in Proposition 1 using the partially linear regression model

Qit = xlqﬂ + (i) + e, (19)

where the superscript T denotes the transpose and 1(z;) is a sufficiently flexible function. In
practice, we specify 1 (z;;) = 7' (25)y, where r(z;) is the complete set of polynomials of a given
total degree in the variables in x;; and ~y is a parameter vector. E[qy|zi, zi—1] = E[git|x:] implies
B = 0. Rejecting Hy : § = 0 is therefore evidence against invertibility. To implement this test, we
use OLS to estimate the partially linear model (19) and conduct a standard F-test with firm-level
clustering.

Because the partially linear model (19) involves a large number of regressors, the standard
F-test may perform poorly in finite samples. To address this concern, we use the procedure in
Chernozhukov, Hansen & Spindler (2015) (henceforth, CHS) instead of OLS. This allows us to
use LASSO for dimensionality reduction while achieving oracle efficiency for the estimator of
via Neyman orthogonalization.

We test ¢;; L x;_1|x; in Proposition 2 using quantile regression to estimate the partially
linear model (19). Let Q. (qi|zi) and Q. (qit|Tit, Ti—1) denote the Tth quantile of ¢;; conditional
on x;; and (xy, xy—1), respectively. ¢ L x;_1|zy implies 5 = 0 and is equivalent to Q,(git|xy) =
Q- (Git|wit, xi—1) for all 7 € (0,1). We restrict attention to the median (7 = 0.5) and conduct the
F-test with firm-level clustering in Parente & Santos Silva (2016).

Data. We implement our tests on two widely used datasets: an unbalanced panel of Spanish
manufacturing firms from 1990 to 2006 (Encuesta Sobre Estrategias Empresariales, henceforth
ESEE) and the balanced panel of US manufacturing industries from 1958 to 2018 (NBER-CES)
from Becker, Gray & Marvakov (2021).

We follow the data cleaning procedures and variable definitions in Doraszelski & Jaumandreu
(2018, 2024) for the ESEE data and in Jaumandreu (2022) and Jaumandreu & Lopez (2024) for
the NBER-CES data. The available variables include output g¢;;, capital k;;, labor [;;, materials

my, the price of output py, the wage w;;, and the price of materials p2/ (in logs). In addition, the
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total degree 2 total degree 3 | total degree 4

industry | #obs #firms | OLS CHS Median | OLS CHS | OLS CHS
1 2365 296 | 0.000 0.000  0.000 |0.000 0.000 |0.000 0.000
2 1270 147 1 0.004 0.043 0.046 | 0.008 0.032 | 0.012 0.033
3 2168 278 | 0.000 0.000 0.002 |0.000 0.000 | 0.000 0.000
4 1411 165 | 0.000 0.004 0.005 |0.016 0.006 | 0.035 0.004
5 1505 197 1 0.000 0.004 0.012 | 0.000 0.000 | 0.000 0.000
6 1206 148 1 0.000 0.000 0.018 | 0.001 0.000 | 0.001 0.000
7 2455 304 | 0.000 0.000 0.000 | 0.000 0.000 |[0.000 0.000
8 2368 317 | 0.000 0.000 0.000 | 0.000 0.000 |0.000 0.000
9 1445 191 ] 0.001 0.000 0.001 |0.017 0.000 | 0.009 0.000
10 1414 174 1 0.000 0.000 0.000 |0.000 0.000 |{0.000 0.000

Table 2: p-value for test of Hy : 8 = 0 with zy = (ki Lig, mat, pie, wit, p2 ). ESEE data.

total degree 2 total degree 3 | total degree 4

industry | #obs #firms | OLS CHS Median | OLS CHS | OLS CHS
1 2365 296 | 0.000 0.000 0.000 |0.000 0.000 | 0.000 0.000
2 1270 147 | 0.000 0.001 0.110 | 0.001 0.000 | 0.070 0.001
3 2168 278 | 0.000 0.000 0.000 |0.000 0.000 | 0.000 0.000
4 1411 165 | 0.001 0.000 0.107 | 0.062 0.000 | 0.208 0.000
5t 1505 197 1 0.000 0.000 0.004 | 0.000 0.000 | 0.000 0.000
6 1206 148 1 0.000 0.000 0.017 | 0.000 0.000 | 0.015 0.000
7 2455 304 | 0.000 0.000 0.000 | 0.000 0.000 |[0.000 0.000
8 2368 317 | 0.000 0.000 0.000 | 0.000 0.000 |[0.000 0.000
9 1445 191 ] 0.000 0.000 0.009 | 0.000 0.000 | 0.007 0.000
10 1414 174 1 0.000 0.000 0.000 |0.000 0.000 |{0.000 0.000

Table 3: p-value for test of Hy: 8 = 0 with zy = (Kit, lit, Mz, Dit, Wi, p, mdy;;). ESEE data.

ESEE data has a market dynamism variable mdy;; that indicates shifts in the demand the firm
faces (slump, stability, or expansion). Investment is non-zero in the NBER-CES data, so that the

investment variable inv; (in logs) is well-defined.

Results. Tables 2 and 3 present results for the 10 industries in the ESEE data. We show the
p-value for the test of Hy : § = 0 for different estimators (OLS, CHS, and median regression)
and for different specifications of g(z;) (total degree 2, 3, and 4).'® TIn Table 2, we use z;; =
(Kit, Lig, Mg, Die, wie, pM). We reject invertibility by a wide margin in all industries and for all

combinations of estimators and specifications of g(x;;). In Table 3, we add the market dynamism

8Results for median regression are limited to total degree 2 because the Stata package qreg? fails to converge
for total degree 3 and 4.
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variable mdy;; to x;. While we continue to reject invertibility in 8 industries, we cannot reject
invertibility at a 5% significance level in industries 2 and 4 for some combinations of estimators
and specifications of g(x;). This reinforces that invertibility hinges on the ability to control for
demand.

We note that all estimated models in Tables 2 and 3 have an R? of at least 0.990 and some
have an R? of 0.998. Insufficient flexibility in modeling g(x;) is thus not likely to compromise our
results.

Turning to the NBER-CES data, we alternatively use x;; = (kis, Lit, Mz, Pit, Wit, P ) and z;; =
(Kit, Lit, Mg, Dig, wig, P invy). The latter follows OP to invert the firm’s demand for investment.
Throughout the p-value for the test of Hy: 8 = 0is 0.000 and the R? exceeds 0.987.

B Failure of invertibility and validity of OP/LP/ACF mo-

ment condition

Omitted proofs.

Proof of Theorem 2. Using (i1 = ¢},_1 — E[qu_1|7i-1], we have

/ (q:t—1 — Git—1 — f(kir—1, Uit—l)) Cit—l‘zit}
Elgit—1|zie—1] — f(kie—1,vie-1)) Qz’t—l‘zit}
Elg' (Blgi—1|@i] — f(Kie—1,vie-1)) Ge—1|Tie—1, 2id] ‘Zzt}
Elgic—1|zit—1] — f(kit—1, vie—1)) ElGie—1]2ir—1, zit] ‘Zit}
= 0, (20)

<
—~

Q\
—~

where the second equality is due to the law of iterated expectations, the third equality uses that
i1 = (ky—_1,v_1,...) implies that ¢ (E[gi_1|zi—1] — f(ki—_1,vi-1)) is a function of z; 1, and
the last equality uses that x;_1 O z; implies E[(;—1|2i—1, zit] = E[Gii—1]|Ti—1] = 0. Finally, using
equation (20) and (i1 = ¢;_; — E[git—1|zi—1] establishes equation (10). O

Proof of Theorem 3. Because ¢° € G, we have

522 HE [go(wit—lﬂzz‘t} — E g (E [wit—1|7i-1]) | 2] ‘L,l

= ;ggE HE [go(wit_1)|zit} — E[g (B [wit—1|7i-1]) |2i]
] .

< E||Bl’@u-)lze] — Blo (Bluu |zl

|
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Using a second-order Taylor expansion of ¢° around E|w;;_1|xi_1], we have

Blg° (wit—1)|2it] — Blg® (Blwir—1|wi—1])|2i]
E :90/<E[wit—1|xit—1D<z't—1 Zi - +E {go”(azﬁ_l)gft,l zit] ’
E :90,<E[wit—1|J7it—1DCit—1 Zi | ‘ + )E [90//(@1—1)@_1 Zit} )

< |E 90/(E[Wit—1|$it—1})@t—1 Zit ‘ +7E [C}th Zit:| )

where w;;_1 is some value between w;;_1 and E[w;_1|x;_1], and the last inequality follows from the

~
L

IN

~+
L

definition of 7. As in the proof of Theorem 2, because x;;_1 O z;;, the law of iterated expectations
implies E [90/(E[wit—1|$it—1])Qt—1

zit} = 0. Thus, we have

;felg HE [go<wit—1)‘zit] — E g (E [wit—1|7i—1]) 2]

’L,l <E [TE [Cz‘Qt—1|Zz‘tH = 7Var((i—1).

C Monte Carlo exercise
Data generating process. Marginal revenue is
mry = —In (1 4 exp(d2i)) + pit

and marginal cost is

0 (ki vi)

174 ity Vit

MCit = Py + Vit — f(km Uz‘t) —1In T — Wit
it

We rewrite mr;; = mc; as

O1it + exp(—02it) (f (kit, vie) + wir)
1 + eXp(_(SQZ‘t)

8f<kit7 Uit)
vy

—In (1 + exp(d2i)) + In —py, — v =0

and solve numerically for vy;. With vy in hand, we determine ¢, = f(ki, vit) + wir, e = ¢ + €t
31t —0,

Trexp(—b20)

As capital fully depreciates between periods and the firm has static expectations, it chooses

and py =

kiry1 in period t given wy, 0, pk, and p); whilst anticipating that it optimally chooses @, in
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period ¢t + 1. To maximize its expected profit in period ¢ + 1, in period ¢ the firm solves

kit+1 \ Dit+1

max <13ﬂaX exXp(Pits1 + Gpir) — exp(pyy + Kirp1) — exp(py, + 17z‘t+1))
= max  exp(Pis1 + Gry) — exp(pi; + kier1) — exp(py; + Tier1)

Kit+1,05041

subject to

Tiya1 = [ (Kitg1, Diggr) + wir,

Gyyr = O1ie — (1 + exp(—02it) ) Dits1.

The solution is

1 exp((Sgit) + 1
ki1 = — (1 —p 1
T ) ( HaK p’t) + exp(do) + 1 — v n

B e Y A A ) lfp+(1—aK) ex;(pivt) -
( V ) < K ) (1 QK)

01
(Oéo-’-(x.)@'t) Lit )

+
1 + eXp(—(Sgit)

. t) 1) + —
n(exp(dzie) + 1) + o5

GMM estimator. Corresponding to moment condition (5) in step 2, define the moment function

mit<9) = {qit — f(kit; Vit; Qf) ) (€<$it71) - f(kitfly Vit—15 9f)3 99) ) (21)

where we replace e(z;_1) by the estimate from step 1. In step 2, we solve the GMM problem

i (% > h<zit>mit<e>> W (% > h<zit>m@-t<e>> , (22)

where the superscript T denotes the transpose, h(z;) is the complete set of Hermite polynomials

of total degree 4 in the variables in z;, and

W= (NTl_ 1 Z (h<zit)mit (90) — ﬂ)T (h(zit)mz’t (90) — ﬂ)) with i = % ; h(zit) s (90) ,

i,t

is a weighting matrix evaluated at the true parameters values 6°.

Corresponding to moment condition (12), our modification of the OP/LP/ACF procedure
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redefines the moment function as

mit(g) = (qit — f(kita Vit Qf) —4g (6(%&—1) - f(k‘z‘t—b%‘t—l; 9f)§ 9g)
— g (e(@it—1) — f(kit—1, vie—1505); 0g) (Gir—1 — e(@ir—1)), (23)

where we replace e(x;;_1) by the estimate from step 1. We hold fixed W to facilitate the comparison

between our modification and the original procedure.

Lagrange multiplier (LM) test. We first derive the LM test for the original moment function
(21). To account for the plug-in nature of the GMM estimator in step 2, we have to explicitly
specify how e(x;;_1) is modelled and estimated in step 1. In our Monte Carlo exercise, we model
e(wy_1) = ' (zy_1)7, where the superscript T denotes the transpose, r(z;_1) is the complete set
of Hermite polynomials of total degree 4 in the variables in z;_1, and 7 is a parameter vector.

Consequently, we define
mit(97 T) = it — f(kita Vit 9f) ) (TT<xit—1)7— - f(kit—b Vit—1; 9f>§ 69) ) (24)

where we make explicit the dependence of the moment function on 7. We estimate 7 in step 1 by

OLS as 7 = [ﬁ Zi,t T(xit—l)TT(xit—ﬂ]*lﬁ Zi,t Git—17(Tig—1). "
Following standard asymptotic arguments, we can show that

A _1
2

h(zit)m( 9 ,T) — N N(0,1),
S AT

where 3 = K@KT,

~

A= (I 2 e Mzin) [%GTOT)] [Zi,tT(xit—l)TT(ﬂfit—l)]—l> )

19We can alternatively estimate 7 as 7 = [¢7 >., , 7(it)r | (zit)] " 54 Di ¢ ¢ (%3¢). In our simulated datasets,
both current and lagged values are available for all T periods and N firms.
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with I being the dim(h(z;)) x dim(h(z;)) identity matrix, and

O — Qn e
- \ay, @
12 22

Y

]~
]~
WE

[mit(QO, %)mit/ (90, %)h(zlt)hT<th/)] y

=1

~~
Il
—
%
I
—
-
Il

[mz‘t(QO, )i —1 — TT(Iit'—l)f')h(zit)TT(%t'—l)} )

“
Il
—_
X
Il
_

)

sz = [(%’tfl - TT(xitfl)%)(Qit/fl - TT<xit’71)%)r(l'itfl)r—r(xit’fl)} .

=)

I
Z‘H Z‘H Z‘H
~ ~ ~
(]~ IV~
(]~ 1]~
[]= L[1]=

/

t=1 1 =1

Il
~+
I
Il

Note that 3 incorporates firm-level clustering and thus allows for arbitrary correlation within firm
across time in the data. As N — oo, the LM statistic

1 0 - TAfl 0 ~
Sy = NT <; h(zit )i (6 ,T)> )y (; h(zi )i (0 ,T>>

converges to a x? distribution with dim(h(z;)) degrees of freedom. Let ¢;_,, be the 1—a quantile of
this distribution. Then rejecting Hy : E[h(zi)m(6°,7°)] = 0 if Sy > ¢1_4 is a valid LM inference
procedure with asymptotic size a.

Turning to the modified moment function (23), Neyman orthogonality renders correcting for
the plug-in nature of the GMM estimator in step 2 superfluous. Consequently, we use a standard
LM test with firm-level clustering. As N — oo, the LM statistic

1 0 ~ TA—1 0 ~
Sy = 1= (Z; h(zi)ma (6 ,T)> Q (Z Bz )ma (6 ,T)>

it

converges to a x? distribution with dim(h(z;)) degrees of freedom. Rejecting Hy : E[h(zi)my(0°,7°)] =

0if Sy > ¢1_ is a valid LM inference procedure with asymptotic size a.

D Modification of OP/LP/ACF moment condition

Omitted proofs.

Proof of Theorem /. By the definition of the derivative, it suffices to show that for any non-zero
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sequence A, with lim,_,., A, = 0, we have

li !
L

(E [qit - f(kita Uz't) —4g (E[Qit—1|$it—1] + >\n5($it—1) - f(kit—la Uit—l))
- gl (E[Qit—l‘xit—l] + )\n5($it—1) - f(kit—b Uit—l)) (Qit—l - E[Qit—l\fit—l] - >\n5(1’it—1)|zit} )
- (E [Qit — f(kit, vie) — 9 (Blga—1|i—1] — f(Kir—1, vie—1))

— ¢ (Blgi1lwi] — f(ki—1,vie—1)) (i1 — E[Qitlymitlb‘zit})] =0. (25)
Similar to the idea used in the proof of Theorem 2, the law of iterated expectations implies

E [9/ (E[Qitfllxitfl] + )\né(xitfl) - f(kitfla /Uitfl)) (%‘tﬂ - E[Qitfl‘witfl])‘zit} =0, (26)
E [9/ (E[Qz’tflhjitfl] - f(k'itfla Uz’hl)) (%’tﬂ - E[Qitflywitfl]ﬂzit] =0. (27)

Using equations (26) and (27), equation (25) is equivalent to

) 1
lim —E [9 (E[Qit—1|$it—1] + )\né(xit—l) - f(kit—la Uit—l)) — g (E[Qit—l‘xit—l] - f(kit—b Uit—l))

n—oo0 \,,

= lim E [gl (Elgit—1|Tit—1] + M0(zit—1) — f(kit—1, viz—1)) 0(zs1-1)

n—oo

Zit]

Ziti| . (28)

It therefore remains to establish equation (28). We do this by showing that both sides of equation
(28) are equal to E {9/ (Elgit—1|zie—1] — f(Kie—1,vie—1)) 0(@ir—1) Zit:|-

Because ¢’ is bounded and § is integrable, there exists some 7 > 0 such that

E [ sup |¢ (E[qi—1|Tit—1] + Mo(zi—1) — f(Kit—1,vie—1)) 0(it—1)]

A Al<n

zit] < 00 (29)

almost surely.?’ Because ¢’ is continuous, the dominated convergence theorem therefore implies

that
Zit}

zit] . (30)

lim E [9’ (Elgit—1|Tit—1] + M0 (xit—1) — f(kit—1,vit—1)) 0(Tit—1)

n—oo

= E [9/ (E[Qit—l‘xit—l] - f(kit—h Uz‘t—l)) 5(%1—1)

29Theorem 4 continues to hold if the assumption that ¢’ is bounded is relaxed to this condition.

34



Turning to the other side of equation (28), the mean value theorem implies that

)\i (g (E[Qit—1|$it—1] + M0 (@ie—1) — f(Ki—1,vie-1)) — g (E[Qz’t—1|$it—1] — f(kit—1,vit—1)))

=g’ (E[Qit—ﬂxit—l] + 5\n5($it—1) — f(kit—1, Uz‘t—1)) d(@ir—1), (31)

where \, is some value between 0 and A, that implicitly depends on x;_;. Because |/~\n] < | A
and ¢’ is continuous, we have

lim ¢’ (E[Qit—lfﬂfz‘tq] + 5\n5(55'z't71) — f(ki—1, Uipl)) O(Tit—1)

n—oo

= ¢ (Blgi—1|vi] = f(Kie—1,vit-1)) 6 (wir—1) (32)

for all ;1. Given inequality (29) and equation (32), the dominated convergence theorem implies
that

1 )

Zit

nhjglo )\—E [9 (E[qz‘t—1|$z‘t—1] + /\n5($it—1) - f(kit—la Uit—l)) —4g (E[Qit—1|$z‘t—1] - f(k’z‘t—l, Uit—l))
Zit:| .

=E [9/ (Elgit—1|zit—1] — f(kit—1, vie-1)) 6 (xi—1)
This establishes equation (28). O

E Sensitivity analysis

Assume f(ki, vi;6y) is twice continuously differentiable in 6, and g(w;—1;6,) is twice continu-
ously differentiable in (6,,w;—1), so that m; (0, \) is twice continuously differentiable in (6, \).
Assume the product of h and the first-order derivatives of m; (6, A) is always integrable. Then the

dominated convergence theorem implies

207 =E [h(z”)T] ’ B =E [h(’zi”T} '

Similarly, assume the product of h and the second-order derivatives of m;; (0, \) is always integrable.

Then the dominated convergence theorem implies

82E[h(zit)mit(6’, )\)] . 32mit(0, /\):| 82E[h(zzt)mzt(9, )\)] .

82mit(9, A)
20007 =k {h i) =507 ] '

RIR)) =k {h i) =590

Under these regularity conditions, the pseudo-true value #(\) satisfies the first-order condition
(14).
Assume the first-order condition (14) identifies #(\) for A in a neighborhood of 1. Then the
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implicit function theorem implies

. { ( 9my dO(N)

anit

00007 dA ),\:1 000

) hT(zit)] WE [h(zi)mi(0(N), A)]

8mit T 8mit d@()\) (9m2-t .
+E[ ool (zlt)l WE {hm)(am — ‘A:1+ St =0, (33)

where we use 83”9“, 83”/\1"5, g;ggi%, and %Qng\t to abbreviate 6m“(890(’\)”\) Ia=1, 8m“(§’\)”\) Ia=1, %| A=1,
2 : . . .
and Wh:l, respectively. Equation (33) can be rewritten as
do(\)
r—) 4y =0,
d\ =1 R

where I" and v are defined in equations (16) and (17), respectively. Assume I' is invertible. Then
equation (15) follows.

Consistently estimating I' is straightforward because

Omir _ Of(kit,viz;0f) + 09(Elgit—1|mit—1]—f (kir—1,vit—1:0£):09) Of (kit—1,vit—1;0)
amit . 00y . 00y Owit—1 00y
20 Omit N _ 99(Elgit—1|zir—1]—f(kit—1,2t—1;05);09)
904 90y
and
82mit e} Mt
D?myy 20;06] 00700
86’89T < 32mz‘t ) anzt ’
90,090 90,00,
where
a2mit _ _a2f<kita Vit ef) ag(E[Qitfllxitfl] - f(kitfla Vit—1; ef); eg) an(kitA, Vit—1; ef)
(‘3@89} 8@8«9} 80),’,5_1 8«%89}
_329(E[Qit—1|$it—1] — f(ki—1,vir—1507);04) (Of (Ki—1, vir—150¢) Of (kit—1, vie—1; 6¢) '
&u?tfl 60f 8(9]0 ’
*my _ 3f(kit71, Vit—1; 9f) 329@[%#1’%&1] - f(kitfla Vit—1; 9f)§ eg)
89]@9; 89f 8wit_169; ’
*my _ 829(E[Qit—1|$it—1] — f(Kit—1,Vit—1; 9f)§ 9g)
00,007 09,007 ’

do not depend on the lagged prediction error (;;_;. Following standard asymptotic arguments, I’
can be consistently estimated by the finite-sample analog to equation (16) using the estimate of

E[qit—1|7i—1] from step 1 and the estimate of 6 from step 2.
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