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Abstract

In this paper we formulate a model of joint wage and mobility outcomes with
two-sided heterogeneity. The paper extends the finite mixture approaches of Bon-
homme, Lamadon, and Manresa (2019) and Lentz, Piyapromdee, and Robin (2023)
to identify worker type dynamics to follow a hidden Markov model. Furthermore,
the analysis applies a variational expectation maximization (VEM) algorithm to
the firm classification that ensures that both worker and firm latent type identifica-
tions are informed by the full likelihood of the wage and mobility data. The paper
documents significant classification improvements over existing methods.

The hidden Markov model allows the analysis to flexibly identify models where
the worker’s current type is at least in part affected by the workers’ employment
history. In particular, this includes models with human capital dynamics, where
these dynamics can depend on the current employment status and the type of the
employer. The type dynamics also contribute to the understanding of sorting by
allowing that the type dynamics of a match need not require worker reallocation,
but rather that the worker’s type can change.
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1 Introduction

2 The model

We start by describing the matched employer-employee data used in this study. Then we

construct a model for the data.

2.1 Data and setup

The panel starts in year ¢t = 1 and ends in year ¢ = T, a rather small, fixed value. If a
worker quits her job within a year, the employment sequence is recorded. Say that the
first 25 weeks are spent with the incumbent employer, the next 12 weeks the worker is
unemployed until she is hired by another firm for the remaining 15 weeks. In this case,
we say that the year contains three spells, two employed and one unemployed, and two
different total earnings are recorded—one for each employment spell.

We thus construct for each worker ¢ € {1, ..., I'} in the panel a sequence of observations
indexed by the spell index s € {1,...,5;}, comprising the following information: the
unique employer 1D, total earnings FARN, the spell length D € {1,...,52} in weeks,
together with starting calendar time TIMFE (in year and week), potential experience
EXP (cumulated number of weeks spent working since leaving school) and job tenure
TEN (cumulated number of weeks with the current employer) at the beginning of the
spell. We write W = In(EARN/D) for log weekly earnings, that we call log wages (or
simply wages).

Workers are drawn in the stock in the first survey year ¢ = 1. They enter the panel
with a non zero tenure and experience in this case. For ¢ > 1, there is a flow of workers
entering the labor market after school and an initial search period. For these workers we

record trajectories from the first job, and tenure and experience are initially equal to zero.

2.2 Initial network

The initial network of employment matches is modeled as a Degree Corrected Stochas-
tic Block Model (DC-SBM) (see Dasgupta, Hopcroft, and McSherry, 2004; Karrer and

Newman, 2011; Larremore, Clauset, and Jacobs, 2014).

Firm nodes. We divide J employers indexed by j € {1,...,I} into L groups ¢ €
{1,...,L}. Let Z]f = (if firm j draws type £ and define the indicator variables ZJJ; € {0,1},
with Zle ijg =1 and Z;Z = 1 if and only if Z]f = (. Firms draw a type ij = ( with
probability 7'('{ . Lastly, we add a special “firm” node 7 = 0 that denotes unemployment

and a corresponding firm type ¢ = 0.



Worker nodes. We divide I workers indexed by i € {1,...,I} into K groups k €
{1,..., K}. Workers initially draw a type Z(1) = k, independently, with probability
7. We also define indicator variables Z%(1), with Y1 Z%(1) = 1 and Z%(1) = 1 if
Z*(1) = k.

Initial matching. The initial block-structure of the network is governed by the prob-
abilities m(k, ) = my, > 0, with Zf:o mye = 1. There is also a parameter §;, that we
treat like a firm fixed effect and that controls the expected degree (size) of firm j # 0. To
simplify expressions, we define 6, = i Zjb /> ; Zje that we interpret as the probability
that having drawn a firm group ¢, we draw firm j from all the firms in this group. We
also normalize 0y = 1.

Let Y;(1) = j and Y;;(1) = 1 if worker ¢ matches with firm j initially; Y;;(1) =
0 otherwise. Moreover, Y;(1) = 0 or Yjo(1) = 1 indicates unemployment. We have
ijo Yi;(1) = 1, as employment states are mutually exclusive. We suppose that Y;(1) = j
is drawn with probability my.0;, given Z;* = k and Z]f =/1!

2.3 Dynamics

The network of worker-firm matches is exposed to two separate dynamics experienced
by workers: employment transitions and worker type changes. We assume that further
realizations of worker wages and employment transitions are subject to the following
Markovian conditional independence assumption between wages, employment transitions

and type changes: for s =1,...,5; — 1,
Wils) AL (Di(s), Yi(s + 1)) 1L Z{'(s + 1) | 27, Z}"(s), Yi(s),
where past observations beyond Z/, Z*(s), Y;(s) are irrelevant.

Matching dynamics. Employment transitions occur between employment states (to
and from unemployment, or employer change) with probability M (¢'|k, ¢) := M > 0 per
week. Not that My, is the probability of changing employer within the same group ¢ > 1,
but Moo = 0. Let also M(—|k,0) := My~ =1 — 25/:0 M denote the probability of
staying one additional week in the same employment state. Specific employers are drawn
within firm groups as in the initial spell with probabilities 6,;,. We denote as D;(s) the
length of the sth spell in weeks. All durations D;(s) are censored by the number of weeks
left until the end of the current year. Suppose that the period starts in week 30. Then
D;(s) < 52—29 = 23 and the minimum duration is one week. For all 1 < d < 23, the joint

In a standard SBM, the typical assumption is that (i, ) are drawn independently from a Bernoulli
distribution (or Poisson) with parameter my, given k;(1) = k and ¢; = £. So there is no normalization

ZeL:o mye = 1. If there are many firms, the dependence in the first case is negligible.



probability of the recorded duration and destination (d,j’,¢") given the origin (k, j,¢) is
(ngﬁ)d_l Myew80. The probability of censoring — D;(s) = 23 — is (ngﬁ)zg. These
probabilities do not depend on the current employer ID j beyond its type /.

The renewal process of worker types. The type of worker ¢ may change with the
period index s. Let Z!(s) denote the sequence of worker i's types. The probability
that Z(s) = k' given Z"(s — 1) = k, Yi(s — 1) = j and ij = ( is only function of
k, ¢, k" and is denoted A(K'|k, () := Agpr. We allow types to change during unemployment
(j = ¢ =0). In this case, we expect a loss of skill. Various constrained specifications are
possible. It could thus be Aggy only depends on whether ¢ = 0 (unemployment) or £ # 0
(employment). We could also assume that only incremental type changes are possible:
Apagy = 0 if [K/ — K| > 1.

Wages. As stated above, a unique wage is observed for each separate period of em-
ployment within a year. We keep the main job in case of several simultaneous jobs. We

assume the wage in spell s is Gaussian:
Wi(s) | Z(s) =k, Z] = € ~ N (pue, 0y -

We could have a different equation for within-job wages and hiring wages, add autore-
gressive effects, etc. We prefer to focus on the main innovation of this paper: worker type
dynamics. Also, errors need not be Gaussian. For example, Brault, Keribin, and Mari-
adassou (2020) consider the case of the regular univariate exponential family. The normal
is bivariate exponential, which also greatly simplifies the maximum likelihood calculations.

We can write the density of observation W;(s) = w conditional on Z¥(s) = k, ij =/ as

o(T,n) = h(w)exp (n'T —(n)),

2)T is the sufficient statistic, n = (91,1m2)" = (& L) s the
n N, 1

027 242
ni 1

natural parameter and (1) = —gL — 3 In(—2n). Using ¢ we can derive moments of the

sufficient statistics by differentiation:

where T'(w) = (w,w

_0%Y(n)
- OnonT’

ET = 812_5777)7 Var(7T)

3 Identification of parameters given firm types

In this section we show identification using at least three workers per firm and at least
three consecutive periods of observation per worker. We present a simple proof of identi-

fication for the discrete time case with no control variables and where the timings of wage
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observations and employment transition coincide. We also suppose to simplify that the

wage distributions are discrete.

3.1 Identification of firm types

Suppose that for each firm j we observe three wages. Then, assuming independent wage
draws given firm type, we can identify the proportion of each firm type, and the distri-
butions of observed firm characteristics and wages given firm types in each year, using
standard arguments for the identification of random mixtures. This was the argument in
BLM and it still applies in the present context. So let us now assume that we know the

type of each firm in every year.

3.2 Identifying matrices

We start by constructing a collection of identifying matrices. Fix one firm type ¢ =1, ..., L.

Within spell wage dynamics. The probability P(¢,w, -, w’) of two wages w and w’
in periods 1 and 2 in the same firm of type ¢ (the — sign means no firm change between

the two periods) is, with obvious notations,

P(l, w, -, w') Zm (k, 0) f(wl|k, 0) M(=|k, 0) A(K'|k, 0) f(w'|k', €)

— Z (Zm (k, 0) f(w|k, ) M(=|k, 0) A(k’\k,é)) f'|k'0),

where the sums are over {1,..., K'}. Let us stack the parameters into the following matri-

ces,
I, = diag[m<k7£)]kv Fy= [f(w|ka€)]w><ka Ap= [A(quvg)}ka’v Dy = diag[M<_‘|k7€)]k'
We have Qgﬁ = []P’(E,w, -, w’)]wxw/ = FgHngﬁAgFET.

Between spell wage dynamics. The probability of wages w and w’ in periods 1 and

2 with a job change from ¢ to ¢ is

P(,w, 0 w') = m(k, 0) f(wlk, €) M(C|k, ) AGK |k, €) f(w'|K, ).

k,k'

Denoting Dy = diag[M (¢'|k, ¢)];, we have

Qe@/ = []P)(g, w, g/, w/)]wxw/ - FEHKD@WAEFKT'



Transition to unemployment. The probability of wage w in period 1 in a firm of

type £ =1, ..., L followed by a transition to non-employment in period 2 is

P(¢,w,0) me (w|k, €) M(O|k, 0).

In matrix notations we have
Quw = [P({,w,0)], = FI1;Dyek,
for Dy = diag[dxe]r and ek is the K-vector of ones.

Wage dynamics with an unemployment interruption. Lastly, consider the prob-
ability of wages w and w’ and employer types ¢ and ¢ in periods 1 and 3 with an inter-

mediate non-employment spell in period 2:

P(6,w,0,0,w) = > m(k,€) f(wlk, €) M(O|k, €) AGK |k, €) M(¢'|K, 0) AGK"|K',0) f(w|K", ).

kK k"

In matrix terms, we have
QEOZ’ = [IED(& w, 07 g/, w/)]wxw’ = FKHEDEOAEDOE’AOFK—’ra

with AO = [A(k’“ﬂ, 0)]k><k’7 Dgo = d1ag[M(0|k,€)]k and Dog/ = d1ag[M(€’|k:, 0)]k

3.3 Assumptions and main identification result
We make the following identifying restrictions.
Assumption 1. The following conditions hold.

1. Forall (k,0) € {1,..., K}x{1, ..., L}, all matches are initially possible, i.e. m(k,l) #
0, making the matrices 11, = diag[m(k, ¢)]y non singular for all ¢ € {1,...,L}.

2. The matrices Fy = [f(wl|k, 0)]wxr have rank K for all € € {1,...,L}.
3. The matrices Ay are square-invertible for all ¢ =1, ..., L.

4. Forall (k,0) € {1,..., K} x{1, ..., L, no mobility is always possible, i.e. M(=|k,l)
0, making the matrices Dy = diag[M (—|k,¢)]x non singular for all ¢ € {1,..., L}.

5. For all (k, k') there exists ¢ € {1,..., L} such that M(Z‘(Zi) #* M(é‘ll:, , which means

that the diagonal matrices D, Dy = diag[M (£|k,€)/M (=|k, €)] have distinct diago-

nal entries.

6. In unemployment, there is a non zero probability of not changing type: A(klk,0) > 0.

6



Conditions 1-4 are rank restrictions implying that the matrices Q,-, ¢ € {1,...,L},
have rank K. Hence, the number of worker types is identified as the rank of an observable
matrix. This is because we are making more assumptions than Kasahara and Shimotsu
(2014) who only identify a lower bound of the number of groups. In particular, we restrict
the conditional wage distributions (f(w|k,¢)), to be linearly independent across worker
types for all firm types and the wage supports is large enough for the row rank to be
greater that K. Condition 5 is not a rank restriction. It ensures that certain matrices
have all their eigenvalues simple, making eigenspaces unidimensional. Condition 6 allows
to recover the parameters corresponding to unemployment spell once all other parameters
have been recovered. Conditions 1-6 are far from being minimal, but they facilitate
the proof of identification. And drawing all parameters from a continuous distribution
unrestrictedly, they are satisfied with probability one.

The following proposition shows that it suffices to observe worker wages and employer

types over three consecutive periods to identify all parameters.

Theorem 2. The model is identified under Assumption 1 up to a group label permutation
from all matrices Qo—, Qeer, Quo, Qeoer, for £,0 =1, ..., L.

The proof is in Appendix 1. It is constructive. It requires two consecutive employments
spells with and without intermediate period of unemployment. The latter case is the
only reason why we need three consecutive spells. The main idea of the proof, which is
specific to our setup and greatly simplifies the argument, is that we can learn a lot on

the parameters by contrasting wage changes within firms and between firms of the same

type.

4 Complete information

Let X = (Y, W, D) denote the observation sample. The latent worker and firm types are
gathered in Z = (Z/, Z%). The log-likelihood of the complete data (X, Z7, Zw) is

InL(X,27,2%)=InL(Z7)+InL (X,2°| Z7)
I
=L (Z)+) WL (X, 2" | 27,
1=1

with
J

L
L (27) =YY Z,nx].

Jj=1 (=1



To calculate L; (Xl-, zv |zt ), let us split the whole sequence of individual observations

(emissions) as

Xi(1) = (Yi(1), Wi(1), Di(1),Yi(2)) ,
Xi(s) = (Wis), Di(s), Yi(s + 1)), s =2,..,8 — 1,

(
Xi(5i) = (Wi(S2), Di(S:)) -

Given firm types Z/, the probability that the worker is initially of type k is
ar(l) =P(Z"(1) = k) = .

The probability of the first emission X;(1) given that Z*(1) = k is

ﬁk(1|Zf) = exp

L
Z ZZJZ (hlmkg—{—hl@jg

7=0 /=0

L1{j#0}n {lgp (M)}

g

J
+ D2(1> In Mkﬁ—\ + ZK] Z z; /[/1 {], 7é ]} [hl Mkal + hlej/g/])] .

j'=0

Then, for all following spells s = 2, ..., S;, the probability that Z*(s) = k’ given Z/ and
Z¥(s — 1) = k, irrespective of the whole past, is

J L
aww (s127) = exp | D Vij(s = 1) ZI,In Ags
j=1 =0
The likelihood of emissions X;(s) is, for s = 2,...,.5; — 1,
s 4 i : L (Wi(s) — pue
Br(s|Z7) = exp jZOYZ»j(S) Z Z5, (1 {j #0}In {;cp <7>]

ln Mkfﬁ + Z}/zj S + Z Z ’K’]‘ {j/ 7£ j} [1H Mk‘ﬁf’ + h’lej/g/])] ,

and for the last spell,

J

> Yi(8) i Z, (1 {j #0}1n ESO (Wﬂ +D;i(s) In Mkh)] -

7=0 /=1

Br(Si|Z7) = exp




We finally have,
K
InC; (Xi, 20| 27) = Z3(1) In [an(1) B (1] Z7)]
k=1

_|_Z sz Z lnakk/ |Zf +ZZ lnﬁk IZf)

s=2 k=1 k'=1 s=2 k=1

= In [o, (1) Bk, (11 Z27) s (21 27) B (2] 27 ) iy (31 27) By (31 27)... -

for Z1* = (ky, ko, ks, ...).

Let b denote the parameter of a parametric specification of £(X, Z). It comprises the
parameters of the likelihood of the latent variables: group shares 7}, 7'({ and the worker
type transition probabilities Agg; and the parameters of the emission probabilities: the
initial match probabilities my,, the match transition probabilities My, the firm sampling
probabilities 0;,, the wage parameters 7,,. We derive the Maximum Likelihood Estimator

of the complete information model, maximizing £(X, Z;b), in Appendix B.

5 Estimation with the observed data

The complete information MLE is a useful benchmark, but is unfortunately not feasible
because the types Z = (Z%, Z/) are unobserved. Let us gather observed emissions in the
array X; = (W;,Y;, D;) and let X = (X;). Averaging L£(X,Z) over Z to calculate the
likelihood of the observed data £(X) is infeasible because of the large dimension of the
vector of firm types Zf. The EM algorithm comes to mind. Unfortunately, EM requires
the computation of the conditional probability £(Z | X) which is also intractable.? We
can calculate £(Z* | X, Z7) because worker trajectories are independent conditional on
firm types, but not £(Z/ | X, Z%) because the network of firms connected by common
employees is essentially one big connected component.

Bonhomme, Lamadon, and Manresa (2019) solve this difficulty by pre-clustering firms
using a k-means algorithm. Then, they estimate the latent worker model using a standard
EM algorithm. Lentz, Piyapromdee, and Robin (2023) follow BLM and produce a hard
classification of firms and a random clustering of workers. However, they imbed the firm
classification inside the M-stage of the EM algorithm for workers, using the Classification
EM algorithm of Celeux and Govaert (1992).

The problem with a hard classification of firms is that the estimation of the model
can be used for simulation with only the firms used for estimation. The model remains
incomplete as it does not say how firm types are drawn. In addition, some firms will be

clustered accurately because they have many employees, but there are also many small

2To simplify notations, we use the same notations for the likelihood (function of parameters) and the
density function or probability mass of observed and latent variables.



firms with little information to group them accurately. Abowd, McKinney, and Schmutte
(2019) develop a model of worker-firm matching very similar to the one above, using a
Bayesian approach to estimation. Drawing firm types from the conditional distributions
with the Gibbs sampler is a formidable computing task that Abowd et al. speed up a bit by
making use of the possibility that firms may belong to disconnected sub-networks, which
allows for some degree of parallelization. But this parallelization is not massive enough —
the firm network is too connected — to make a big difference. In the end, they reduce the
estimation sample to a random subsample of about 400,000 person-year observations with
80,000 workers, 60,000 firms and 130,000 matches. Although a very active research exists
and has been successful at increasing the efficiency of the moves in MCMC algorithms
(see Lee and Wilkinson, 2019), an alternative to Monte Carlo methods is the class of
variational expectation-maximization (VEM) methods, that aim at maximizing a lower
bound of the observed log-likelihood In £(X) (Govaert and Nadif, 2008, Daudin, Picard,
and Robin, 2008) which we now describe.

5.1 Variational EM
For any probability distribution R(Z) (summing to one), define
J(R,X)=InL(X) - Dkr (R || £(Z | X))

where Dy (R || £L(Z | X)) is the Kullback-Leiber divergence

Dk (R L(Z | X)) ZR ( }2(@()>>0
Then,
J(R, X) =W L(X) - Dk (R || L(Z | X))
= ;R )In £(X ZR (%)
=Y R(Z)mL(X,Z) - H(R),
where H(R) = —> , R(Z)InR(Z) = —ErlnR(Z) is the entropy of distribution R.

Hence, a good distribution R(Z) is one that maximizes the expected complete log-
likelihood while keeping the entropy H(R) as large as possible (no small groups).
Variational EM is similar to standard EM. Given £(Z | X) and data X, a pseudo
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E-step optimizes on R(Z):

R = argmax J (R, X)

=argmax » R(Z)InL(Z | X) - > R(Z)InR(Z)

where R is a class of distributions making this optimization problem tractable.® If £(Z |
X) is computable, then we do not need to restrict the feasibility set R, and we get
}A%(Z) = L(Z | X) as in standard EM. Otherwise, the optimal solution can only be
approximated within a class of manageable distributions.

Notice that, as long as R contains the Dirac mass ¢,

< < .
InL(X,Z) 252 JIn£(X, 2) = J (67, X) < max T (R, X) < In L(X)
The parameter b is implicit everywhere. The Variational Estimator is

b= argmgxrgg%j(]% X) = argm&sz:R(Z) InL(X, Z;b).

Consider for example the case of a finite mixture model:

I K
LX,Z:0) =[] D Zumnf (Xi; Be),
i=1 k=1
where Z;, = 1 if i is in group k. We could restrict R(Z) to be a hard classification of
observations: R(Z) = Hz'[:1 H,l::l 77k where 7; = (1;4) are multi-indexes of length 1 (e.g.
(0,1) and (1,0)). In other words, R(Z) = 1 if and only if Z;, = 7 for all i, k. Then,

using the convention 01In(0) = 0 and since 11In(1) = 0,

I K

> R(Z)mL(X,Z) - ZR JInR(Z) => Y mumif(Xi: Br).
Z

i=1 k=1

Thus, given b = (7, fk), the pseudo E-step selects for each i the k£ that maximizes
7k f(Xi; Br). This is the Classification EM algorithm of Celeux and Govaert (1992) that
was used in Lentz, Piyapromdee, and Robin (2023).

3For the last equality, write In £(X,Z) = In£(Z | X) + In£(X) and note that Y, R(Z)InL(X) =
In £(X) is independent of R.
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5.2 VEM for our model

We first approximate £(Z | X) as R(Z) = R¥(Z¥)R/(Z/) with forced independence

between worker and firm types. The integrated or expected log-likelihood is

Epln £(X, 27, 2%) =) RI(Z)Y R"(Z")InL(X,Z!, 2").
zZf A

The M-step maximizes ErIn £(X, Z/, Z¥; b) with respect to b given current R/, R*. The

E-step is decomposed into a sequence of two steps. First, we maximize Eg In £(X, Z7, Z%;b)
with respect to R* given the updated b and current R/, with no restriction on R*. Then

we maximize the expected log-likelihood with respect to R’ given updated b and RY

subject to the following restriction:

zf
R (27 = H;’ZIR;.” (Z;” ) =11_,7,;".

In Appendix C, we show that the optimal value of R¥ is of the form R¥(Z*) = II!_, R¥(Z"),

with independence between worker types. We also calculate the marginal distributions:
]PRw {ZZw(S) = k} = C’ik(s)7 ]PRw {ZZw(S) = k, Z;U(S + 1) = k/} = &kk/(s + 1),

which are sufficient to calculate the expected log-likelihood.

6 Consistency of the ML and Variational estimators

Recent work derives conditions proving the identification and the consistency of VEM
for stochastic block models depending on the network density (see Snijders and Now-
icki (1997), Bickel and Chen (2009), Bickel, Choi, Chang, and Zhang (2013), Celisse,
Daudin, and Pierre (2012), Mariadassou and Matias (2015), Longepierre and Matias
(2019), Brault, Keribin, and Mariadassou (2020) and Zhao, Hao, and Zhu (2024)). The
last three, most recent papers show consistency of Maximum Likelihood and Variational
Estimators in different contexts. Longepierre and Matias (2019) consider the case of a
Dynamic Stochastic Block Model (SBM) where the latent types of the network’s nodes
change like the worker types in our paper. Zhao, Hao, and Zhu (2024) study the case of a
static Bipartite SBM. Brault, Keribin, and Mariadassou (2020) deal with a Latent Block
Model, or a finite two-way mixture of continuous distributions. These three papers cover
sufficiently many aspects of our framework that we can easily understand under which
conditions our Variational EM estimator is also going to be consistent. We follow the
method of proof of Brault et al. which is very clear and pedagogical.

The first result that is easy to prove is the consistency and the asymptotic normality

of the complete information MLE when I and J tend to infinity, as well as the local
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asymptotic normality of the MLE. The estimator exists in a closed form. The proof is
straightforward.

The next step compares the observed likelihood ratio £(X;b)/L(X;b*), where b* de-
notes the true value of the parameter, to the complete likelihood ratio £(X, Z;b)/L(X, Z; b*).
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APPENDIX

A Proof of the identification Theorem

We prove identification through the following steps.

1. Consider Qg_\ = []P’(E,w,—',w’)]wx,w/ = FgHngﬂAgF[ = FZHZDZ—\GZ with Gg =
FgAZ. Given the SVD Q.- = UgAg‘/ZT,4 write

U Qi -Vih;' = U FI,D, G VA ' = Ik

Let Wg = UJFgHngﬂ. Then Weil = GZ‘/@Azl

2. Consider QM = [P(f, w, é, w’)]wxw/ = FgHngZAZFET = FgHgDaGZ. It holds that
U QuViA;' = U F1,DyG ) VA = WD DWW,

The diagonal matrix D, Dy is identified as the eigenvectors (up to labeling). And
knowing that the entries of D, ' Dy = diag[M (¢|k,€)/M(=|k, ()] are all distinct

(Condition 5), any matrix of eigenvectors is thus of the form
W, = U, FIL,De- A, Wit = AG) VA,

for some non singular diagonal matrix A,.

3. Consider W[l. The matrix W[lAg‘/KT identifies . The rows of F} and the columns of
A, sum to one. It follows that the rows of G, also sum to one, which then identifies
he diagonal matrix A, from A,G}/, and G, is also identified. The matrix W, then
identifies F;II,D,-. And since the rows of F; sums to one, the diagonal matrix I1,D,-,
is identified and F} is identified. Since G, = FgA; with G, and F}, both identified,
we finally also identify A,. It is quite remarkable that @Q,— and Qg (mobility within
and between firms of type /) suffice to identify Fj, A, and the products of diagonal

matrices D;ngg and II,D,_..

4. Having proceeded independently for each firm type ¢, how do we know that the
worker group k that we have thus labelled for firm type ¢ corresponds to the
worker group k' that we have thus labelled for firm type ¢'7 Take matrix Qu =
[P(¢,w, ¢',w")]yxw corresponding to a job mobility from ¢ to ¢. We know that

Qur = F1yDyp AgF,) = (F1yDy-) (D, Dy ) AgE,)

4For a matrix Q € R™*" of rank K < m,n, the SVD has Q = UAV T where U is m x K with
orthonormal columns, A is diagonal K x K and V is n x K with orthonormal columns.
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with D;lDM diagonal. So given arbitrarily chosen worker-group labels for ¢ and
¢ one should relabel worker groups for ¢ (say) by reordering the columns of Fj
so that (Fyll;De-)*Qu(F;/)T A = D, Dy is a diagonal matrix (denoting Bt =
(B"B)7'BT for any full column rank matrix B). This procedure also identifies
D, Dy

5. Note that Dy~ + >, Dy = I. Hence

D =[Ix+ Y _ D' D)™
El

is identified, and so are all Dy». Hence, we also identify D, and II, from D;ngg
and Hngﬁ.

6. Consider Qq = [P(¢,w,0)], = FellyDyer, for Dy = diag[M(0|k, 0)]x and ey is the
K-vector of ones. Hence Dyex = [M(0|k, £)] is identified by regressing [P(¢, w, 0)].,

on the columns of Fyll,.

7. Consider Qup = [P(4, w, 0, ', W )| wxw = FillyDoA¢Dop AgF,l , with Ag = [A(K'|k, 0)]xx
and Doy = diag[M(¢'|k,0)]x. This identifies Doy Ay = [A(K'|k,0)M (¢'|k,0)] for
all ¢/ = 1,...,L. Consider diagonal terms A(k|k,0)M (¢'|k,0). One can eliminate
A(k|k, 0)(non zero by Condition 6) from these equations and identify M (¢'|k,0)/M (1|k,0)
for all ¢ = 2,...,L. Hence, all M({|k,0), ¢’ = 1,...,L, are identified because
S %_, M(£|k,0) = 1. Then the whole matrix Ay follows.

B MLE for the complete information model

We start by rewriting the log-likelihood as follows:

L
InL (Zf) = an lnwg,
=1
K L K K
InL (2" | Zf) = Zn’,ﬁ(l)lnw}: +ZZ N 10 Ao
k=1

{=0 k=1 k'=1

where
J
f_ f
"y = Z Zj,
j=1

counts the number of firms of type ¢, and where n}’(1) counts the number of workers

initially of type k and nj),, the number of workers of type k in a state ¢ in one period,
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and switching to type &’ in the next period:

)=z

I S;—1
o = Z Z Zi(s) )Zij (s + 1),
=1 s=1
I S;—1 J
=35 2509 (z 02) 2o . 1
i=1 s=1 j=1

The MLE of type probabilities are obtained by maximizing In £ (Zf ) and In £ (Zw | Z/ )

subject to the constraint that probabilities must add up to one, that is

f w w
~f _ Ty ~w T (1 A, — Npor
Ty =~ T = ) kek! — K )
J I Sh
k=1 e

where 325 _ n,, is the number of matches (k, /) in periods 1: S; — 1.

We next turn to the log-likelihood of emissions given worker and firm types:

L
InC (X |z7,2") :ZZnﬁln@g—{—ZZnM ) Inmy,

1 k=1 ¢=0

K L K
—+ Z Z n;:og, In Myoe + Z nz)oﬂ In M-
k=1

=1 k=1

where

I I S; J
nt =3 YuMZL+ Y N TN 1 £ Y (s — 1)Yi(s)Zh, g 0> 1,
=1 =1

=1 s=23j_=0

is the number of workers initially employed by firm j/type ¢ or who later are observed to
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move to such a firm and type. The other worker counts are transparent:

I
njo(1) = Z
1;1 Si—1 J
n(1) =33 Ze) > vz, 0> 1,
i=1 s=1 =1
I S—1 ’ J
e = Y > ZR(s)Yals) Y V(s + 1) Z0,, £ > 1,
i=1 s=1 =1
I Si-1 ’
M = D D Zi()Ya(s)Di(s),
Zjl Ss:jl
Njgy = Z Z
i=1 s=1
I Si-1
Njger = Z Z
i=1 s=1 ki
I S—1

nin =2 ) 2

i=1 s=1

Yiy(8) 20 Yio(s + 1), €2 1,

Mk ) Mk‘

Z Zhy, 00> 1,

1

Yii(8)Z1,Di(s), € > 1,

HMK‘

We may also set njy, = 0 (no transition from unemployment to unemployment as they
are counted in nj,_ ).
Maximizing In £ (X | 27, Zw) subject to appropriate constraints yields the following

simple moment estimators:

w
G —
= 7 w’
Zj:l L
R n (1
Mge = %7 14 > 07
> o (1)
o~ nw _ —~ nw ,
Mo~ = — i — Mpor = — e —, =1,
Mo~ + D e—1 Mo Mo + D p—1 Mo
7 Moy 7 Njoer /
My = = My = (>1,02>0
w ZL w w ZL w ! ’
N+ 2_pr=0 "kewr M-+ 2p—0 Mkerr
and
S; J
J r~ e — f
Ui (ke) = five = Whe = — (5) D Yi(s)ZL,Wils),
kf =1 s=1 ]:1
J
1 (7 W2 fyrr2
Uy (Mhe) = Mke + U ke = W2 = oy E Y;J'(S)ijm (s)-
Kl =1 s=1 j=1
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Finally, we deduce the following value of the log-likelihood of emissions given types:
L

L J
mL(X |z, 2°) =3 "nlY 0 n9]g+2nk 1)) e Inmy,
k=1

=1  j=1 £=0

K L L
+ Z Z Mo (Z M\kze/ In My + ]\/Zkgﬁ In ngﬁ)

k=1 ¢=0 =0
K L -
+> ) ning (ka W2, W) ;

k=1 (=1

where
J L
nf = Z niy, ng (1 Z N (1 Njgy = Mgy, + Z Mg
j=1 =0
C Details on the VEM estimation algorithm

C.1 Expected log-likelihood

The expected log-likelihood is

Erln£(X, 27, 2%) ZRJ‘ (z%) ZR“’ (Z")YInL(X, 27, 72")

where
InL(X, 25,2 =InL(ZF) + In L(X, 2" | Z7)
I
=mL(Z5)+) InLi(x,zv | 2%)
=1
with
J L
Erln L( Zf ZZT]glnﬂ'e
7j=1 ¢=1

and where the individual likelihoods In £;(X, Z* | Z7) can be integrated iteratively exactly
like the complete log-likelihood as we now explain.

The initial worker type probability is still
a(l) =,

but the worker type transition probabilities for s = 2, ..., S; replace the certain Z/ by the
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probability distribution 7 = (/) :

J L
gk (S|T) = exp Z Yii(s—1) Z Tio In Ao
j=1 =0
The emission probabilities also change in the same way:
e for X;(s):
J L
Br(1|T) = exp Z Y;;(1) Z Tje (lnmke +1nbj
7=0 (=0
1 W;(1) —
+1{j#0}In {;90 ( ( )U ,uké)]

J L
+ Dz(l) In ngﬁ + ZY;]/(Q) ZT]'/E/]_ {j/ 7é ]} [ln ngg/ + ln9ﬂ/])] )

j'=0 =0

(s|T) = exp

Zi; >§;7je<1{j¢o}m[§¢<w)]

J L
+ Di(s) In My + > Yig(s + 1) 7501 {j" # j} [In Myger + In em)] ,

/=0 =0

e for Xl(Sl)

Br(Si|T) = exp

S 103 (1 G#0n |p (B Lp MM)] -
=0 =1
For any distribution R¥(Z") with

Pro {Zi"(s) = k} = Gi(s), Pre{Z(s) =k, Z(s +1) = k'} = G (s + 1),
we finally obtain

ErlnL; (X, 20 | 27) Zé}k 1) In [o (1) B (1] 7))

S; Si

K K K
3N () e (s1m) + 3 D Cals) In Bi(s]7).

s=2 k=1 Kk'=1 s=2 k=1
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C.2 M-step

The expected log-likelihood has exactly the same structure as the complete log-likelihood.
It suffices to replace ZJJ.; by Tje, Zi(s) by Cik(s) and Z5ZY, by k. The VEM formulas

for the emission parameters are therefore

"’f Sw ~w
~f _ Ty ~w g (1) ro %
Ty = 7 T = — 7 Agory = —K ~.
J 1 Zk’:l Mook
and
G, — e
VA J o~
Zj:l Ny
- n¥(1
M = nkﬁ( ) 6 Z 0’
Ze o (1 )
_— n - — ﬁw /
Mo~ = — —I—Zk:(] ——, Mo = = ‘|‘£% —, > 1,
Mo =1 ko Mo =1 ko
- nw - an/
My = ———EF———, Muyw = ———27——, (> 1,0 >0,
Mg + D o—o M N+ D —o e
and
| LS
V] (ke) = Jine = Wie = o DD Gls) D Yis(s)meWils),
Kl =1 s=1 j:l
J
W (ke) = Fify + 020 = Wy = e ZZCM ) D Yi(s)m Wi (s).
i=1 s=1 7=1
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with
J
ﬁ{ = Z Tjg
j=1
I
D)= G(1)
i=1

I oSi—1 1

Mok = Z Z ZY;:O VEikw (s + 1),
z[l ;_11 =1 ;

= Y3 (S ) Gl 1), £21
i=1 s=1 \j=1

ﬁ;-"e—ZYw %HZZZL{J # Yo (s = 1)Yii(s)7j0, 4,0 > 1,

i=1 s=2 j'=0

(1) = ZCM(S)Yz‘o(S)’

I S;—1 J
nj(1) = Z Z Cir(s ZY;] $)Tie, £ > 1,
i=1 s=1 j=1
I S;—1 J
T = Z Z Cir(s ZYU(S + D)1y, £ > 1,
i=1 s=1 7j=1
I S;—1
Mo = Z Z Gir(5)Yio(s)Ds(s),
i=1 s=1
I Si—1
Ny = Z Z Cir(s
=1 s=1
I Si—1
Mgy = Z Z Gir(s T]eZYZ] s+ D1jp, 6,0 >1,
i=1 s=1 = ]l 1
I S5—1

nz}éﬁ Z Z Czk

i=1 s=1

)TJZY;()(S + 1) 14 2 1,

Mk ng

)TJZD( ) 62 1>

HM& |

We may also set njy, = 0 (no transition from unemployment to unemployment as they

1 w
are counted in nf,_).
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Note that we also obtain the following expression for

ErlnL (X, 21, 2%) =J

"-
f\\
5
N>1
+
~
]~
el
=)
s

k=1
L J _ K L
T Z ﬁg Z 915 In eﬂ + Z nql:(l) Z My In My
(=1 j=1 k=1 =0

n
M)~
Pgﬁ

L
Ty (Z Myge In Mgy + Mye— In Mk,gﬁ)

r=0
K L o
+) 0D g Ing (Wkg, W2, T]kz) :
k=1 (=1

C.3 Worker E-step

We update (x(s) and Egpr(s) in the worker E-step as follows.
The worker E-step problem is

maXZRf (")) R™(Z*)InL(X,Z"|Z") = Y  R“(Z*)In R*(Z")

Al Zw
exp (Z RI(ZHInL(X, 2" | Zf)>
Zf

subject to the restriction ) ., R*(Z") = 1. Hence

= max R*(Z*¥)In
Z?JJ

) R“(Z")InR"(Z")

R¥(Z") o exp <Z RI(ZHInL(X, z2v | Zf)>

7

B ﬁ exp >, RIZN) In Ly(X;, 22 | ZT)
B Do gw exXP Yy RIZI) InLi(X5, Z} | Z7)

1
=[] rrzo).
=1

This means that the optimal worker posterior distribution R*(Z") is indeed independent
across workers.

We then obtain the marginal posterior probabilities as:

Gir(s) = Pre (Z(s) = k)
S Bor (X, 27)
ZZW Zz T ( )
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and

Ciw (s +1) =Pru (Z8(s) =1,Z8,(s+1) = 1)
— ZZE”=ZZ”(S):k,Z;“(s+1):k/ Lir(Xi, Z}")
> zv Lir (X, Z") 7

where

InLir (X5, Z") = RI(ZI )L (X:, 2 | Z7)

zf
K
=¥ Z5(1) In[an(1)Bi(1]7)]
k=1
Si—1 K K S; K
+ N ZR(s— 1)) Zi(s) o (s|T) + ZZ s) In By (s|7)
s=2 k=1 k'=1 s=2 k

=In [akl( )5k1(1|7)04k1k2(2|7> ( | )ak‘2k3(3|7)6/€3(3|7)“']7

with Z = (ki, ko, k3, ...). The fact that Z/ has been integrated out does not alter the
structure of this likelihood. It is like the complete likelihood, with Z/ replaced by 7 in
the definition of the «, § state and emission probabilities.

The Forward-Backward algorithm can therefore applied to this non standard context,

yielding the following simple formulas for the posterior worker type probabilities:

Fir.(s) Bir(s)
L; ’

Ek(s)akk/(s + 1|T)Bkl(8 + 1|T)Bik/(8 + 1)

Gie(s) = L. ’

Ciw (s +1) =

where Fj(s) and By(s) are the Forward and Backward operators (defined just below)
and with

Li =) Fu(s)Ba(s).

The Forward algorithm. The forward step defines the variables,

Fi(s) = Z eXpZRf(Zf)lnﬁi (Xi(1:8),ZP(1:s—1),Z"(s) =k | Z7)

Zw(1:5—1) zf

= Y Lir(Xi(1:5),Z"(1:s—1),Z"(s) = k).

Z¥(1:s—1)

Up to the averaged out firm types, this is the likelihood of the observed emissions for

periods 1 to s, and of the worker being in state £ at s. The forward variables can be
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calculated iteratively as

sz( )_ak< )Bk( )
ZFM Da(s|7)Be(s|T), s=2,..., 5.

Remark. For S; large enough, the multiplication of many values lower than one can run
into numerical underflow problems. To deal with this, we can use the “log-sum-exp” trick.

First, we use a log coding:
K
In Fi(s) =1n (Z exp [In Fig(s — 1) + In oy (s) + In ﬁk/(s)]> .
k=1

Then, to avoid numerical underflows, we write the first log as

K K
In g e* = c+1In E e ¢ ¢ = maxxy.
e
k=1 k=1

This way, we make sure that e**~¢ = 1 for some k = 1,..., K, and therefore that the log

is positive. Alternatively, we can use the method in Rabiner (1989).
The Backward algorithm. The backward step defines, for s =1,...,.5; — 1,

Bi(s)= > expY RI(Z )L (Xi(s+1:8:),20(s+1:8) | 27, Z"(s) = k)
Z¥(s+1:5;) Al

= Y Lir(Xi(s+1:8),Z"(s+1:5) | Z(s) = k).
Z¥ (s+1:8;)

This is the likelihood of the emissions after s + 1 given the worker type at s. Here again,

the backward variables can be calculated iteratively. For

K
sz(S) = Z akk’(s + 1|T)6k’(8 + 1|T)Bik/(8 + 1), S = ]_, ceny Sz — 1,
k=1
Bix(S;) = 1.
We finally obtain, for s =1, ..., .5;,

> Lir (X:,Z'(1: 5 = 1), Z(s) = k, Z}"(s + 1 1 8)) = Fi(s) Bia(s),

Z¥(1:5—1),Z (s41:8;)
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and for s=1,...,5;, — 1,

> Lin (Xi, ZP(1:5—1),2"(s) =k, Z¥(s + 1) = K, Z"(s + 1 : Sy))

Z¥(1:s—1),Z (s42:5;)

= Fik(s)akk/(s + 1‘7’)Bk/(8 + 1‘7’)Bik/(8 + 1)

C.4 Firm E-step

Here we directly solve the problem

maXZRf (z7) ZR“’ (Z")mL(X, 2/, 2%) =Y RI(Z))m R/ (Z7),

zf

subject to
L
71
(=117 3o
j=1t=1 =1
For workers, this direct approach was not as straightforward because RY(Z}") did not

factorize as the product of marginals for Z!*(s). With the independence restriction
J L
ZRf Zf lan Zf ZZTjglnTjg.
zZrf j=1 ¢=1

The first-order condition for 7, (j,¢ # 0) is easily obtained from the expected log-
likelihood as

In 7r£ + Z Z Qk hl My + In ng]

=1 k=1

i=1 s=1 k=1
I S;—1 K J
+ NS Gul(9)Yi(s) DG £ 5} (s + 1) D mer [In My + In 6]
i=1 s=1 k=1 4'=0 =0
I S;—1 K L L
YD D Gl) YL A Y (8) Y me iy 4+ 1) [In My + In6]
i=1 s=1 k=1 j'= =0

—1 —lnTjg—l—ln)\j = 0,

where ); is determined by the constraint Zle Tie = 1.
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This system is of the form g(7,\) = 0 with ¢(7) = (g;(7,\)) and

T] — )‘j exp (aj -+ B]'T)

.
1,7;

g; (Tv )‘) =

where a; = (a;,) € R with

aj = Inw] + Z Z i (1) Y5 (1) [In g 4 1n 6]

=1 k=1

and Bj = (le, ...,Bjj) where Bjj = OLL and, for j 7£ j/,

K

ng Yigr(s + 1) In My, + Yijo(s)Yij (s + 1) In M)
=1

are L?-matrices, where In M}, is the matrix with In M in position (¢, ).

To update the 7;’s, one can either iterate the fixed point system:
T; x exp(a; + B;T),j=1,..., J,

perhaps sequentially (first the largest firm, then the second largest, etc), without any
guarantee of numerical convergence, or use a gradient optimization algorithm exploiting
the system’s sparsity.

The Jacobian J(1,\) = 88% /\)‘%

) follows with

ag] (T, )\) By ®exp (a; + B;T)

. . 0gj(7,)\)_ IL
o 00 U #75, or, |1, |
g, (T, A Ag; (T, A exp (a; + B;7
é& ) s G £ 5. ]8&'):[ as-+ By7)
J

Note also that many couples of firms (j, j') are disconnected because they share no worker
though a direct transition. It follows that matrix B = (B,;/) is sparse. A Newton-Raphson
solver for sparse systems can then be used to solve this problem. For example, one can

use a conjugate gradient method for solving the linear systems

J(@p)(Tpr — ) = g(xr), == (7,)),
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iteratively.
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