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Abstract
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changes the market’s structure, function, behavior and outcome. We develop a general
equilibrium framework to study the impact of government trading on market outcome
and investor welfare. We show that with incompleteness and asymmetric information, the
market equilibrium is in general sub-optimal and government intervention can improve
investor welfare even without any additional information. However, the welfare impact
of government intervention is sensitive to its policy design and the economy’s structural
details. In addition, popular policy goals such as informational efficiency, price stability
and market liquidity can have different welfare implications. Performance measures for
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1 Introduction

In addition to its conventional regulatory role, government also intervenes in the financial
market as a direct participant.! The Federal Reserve’s massive holdings of mortgage-backed
securities, the European Central Bank’s large positions in corporate bonds, and the Bank of
Japan’s extensive stock ETF purchase program are prominent examples of such interventions.?
Government intervention through its own trading fundamentally changes the market’s structure,
function, behavior and outcome. Yet, in our conventional analysis of the financial market and
asset pricing, the role of the government as a major market player has been mostly left out.

In this paper, we develop a parsimonious general equilibrium framework which includes
the government as a unique market participant and examine the role it can potentially play.
In addition to its market power and potential informational advantage, the government has
two distinct features. First, it has the power of transfers and taxes, allowing it to directly
influence the final allocation in the economy. Second, it may have objectives different in nature
from those of other market participants. We show that with the most basic imperfections of
the market such as incompleteness and information asymmetry, even without any additional
information, the government can still improve investor welfare by trading in the market. When
the government has additional information about the economy, its impact on market equilibrium
and investor welfare are sensitive to the structural details of the economy as well as the design
of the intervention policy. We further demonstrate that seemingly desirable policy goals such
as informational efficiency, price stability and market liquidity can carry substantial welfare
costs. Measures to assess the performance of government interventions relying on simple market
gauges such as prices are incomplete and sometimes misleading.

We consider an economy in which investors face heterogeneous income risk, which they also
have private information on. They can trade in the financial market to share/hedge their income
risk and to speculate on their information. In addition, we assume that the government can

directly trade in the market. Its gain/loss from trading is fully passed on to the investors as

!The market considered here is limited to non-government /private securities such as stocks, corporate bonds
and asset-backed securities. For government securities like government bonds, the government is naturally an
essential participant, hence will not be the aim of this paper. We also treat different government branches,
including the central bank, as its integral parts.

2By the end of 2023, the Fed’s MBS holdings exceeded 2.4 trillion dollars, over 22% of the overall market,
ECB'’s corporate bond holdings were over 0.3 trillion euros, over 8% of the market, and BOJ’s stock holdings
reached 35.7 trillion yen, over 4% in market share.



required by its budget constraint, and its objective is to maximize investor welfare. Taking the
government’s trading policy as given, investors choose their optimal trading strategies, and the
market equilibrium is achieved through market clearing. Given that the market is incomplete
with respect to the investors’ idiosyncratic risk, the equilibrium allocation is in general not
Pareto optimal, which leaves room for government intervention. The government then chooses
its intervention policy to improve investor welfare.

In our setting, investors” uninsured idiosyncratic risk gives rise to market incompleteness, the
key market imperfection we allow in this paper. If this risk is correlated with the payoff of traded
assets, say, the stock, the investors can then trade the stock to share/hedge their idiosyncratic
risk in the market. In the benchmark case when there is no government intervention, we show
that the market equilibrium fully reveals the underlying state of the economy, the aggregate
income risk exposure, and allows the investors to achieve full risk sharing. However, despite
its informational and allocational efficiency, such an equilibrium is in general not optimal. In
particular, the investors’ welfare level achieved through the market falls below its level in the
first-best allocation, in which investors simply bear their fair share of the aggregate risk without
going through the trading process.

The reason behind such an outcome is as follows. When investors trade in the market to
share/hedge their idiosyncratic risk, it is not cost free. They have to pay a market risk premium,
which depends on the aggregate risk. Given that the investors’ idiosyncratic risk has a zero
mean, the premium they pay for sharing it is zero on average. But, being risk averse, the risk
of paying this premium lowers the investors’ ex ante welfare. This inherent inefficiency in the
market equilibrium then calls for government intervention. In particular, if the government can
reduce the cost of risk sharing in the market though its own trading, it can potentially benefit
the investors.

Government’s intervention policy in general depends on the information it has. We consider
three situations. The first is when the government only has public information such as market
prices. The second situation is when it has full information on the underlying state of the
economy, which we also refer to as fundamental information. The third situation is when
the government has only partial information. In all three cases, we limit the government’s

information not to exceed the collective information of all investors.3

30Otherwise, the government can use its superior information to achieve outcomes that are not feasible to the
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When the government has only public information, it can adopt a trading policy dependent on
that information, such as the stock price. We show that in a rational expectations equilibrium, the
government’s trade will be known to the investors. As a result, they can adjust their own trades
to fully offset the impact of the government’s trade on their actual positions. Consequently, the
government’s trading, despite its market power, will have no impact on the market equilibrium
and investor welfare. We believe that this “no-impact theorem” holds in general as long as the
government’s trade is known to the investors, who also bear the resulting gain/loss. This result
is reminiscent of the notion of Ricardian equivalence in the current context.

This, however, does not mean that the government cannot do better, given that the market
equilibrium only yields a sub-optimal outcome. In fact, we show that the government can
improve investor welfare by acting as a noise trader. In particular, it can trade in the market on
pure noise, unobservable to the investors. By doing so, the government creates an informational
advantage for itself. The noise from its trading becomes a new and endogenous state variable
that investors do not observe. In addition, this noise reduces the informativeness of the price
about the fundamental state of the economy. The superior information in these two dimensions
allows the government to device trading strategies that can shift the equilibrium outcome and
investor welfare. In particular, its noise trading provides extra returns to the investors on their
trades, lowering the risk premium they pay in the market. Such a price effect, within certain
range, can actually improve investor welfare as it reduces the cost for their risk sharing.

We further observe that when the government trades on noise, it brings noise into the price.
A noisy price reduces the market’s informational efficiency, a seemingly undesirable outcome.
Yet, it can improve investor welfare. Moreover, as the government’s noise trading reduces the
market risk premium, it tends to reduce price volatility and improve market liquidity. At the
same time, it distorts investors’ risk allocation and incurs welfare cost. These results imply
that market properties often viewed as desirable in academic and policy analysis, such as price
informativeness, price stability and market liquidity may well have different welfare implications.

When the government has full information on the underlying state of the economy, its inter-
vention policy becomes dependent on the underlying state variable. Despite the informational
advantage the government has, we find that such an intervention policy is in general ineffective.

This is because, absent of any noise, trading on the precise fundamental information allows

investors on their own. More discussion on this matter is provided later in the paper.
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the equilibrium price to fully reveal it. This also reveals the government’s trade under rational
expectations. As pointed out above, any of the government’s trading that is known to the
investors will have no impact on market outcome as it will be fully offset by investors’ own
trades. Given that in the benchmark case with no government intervention, the equilibrium
fully reveals the underlying state of the economy, there is no additional benefit to bring the
same information into the market.

When the government has partial information on the underlying state of the economy, the
situation is like a combination of the previous two cases, trading on full fundamental information
and trading on noise, respectively. When the government intervenes, its trade brings both
fundamental information as well as noise into the market. The overall result then depends on
how the two components impact the market individually, how they interact and which one
ultimately dominates. As shown by the case of full information, trading on the fundamental
information does not improve welfare. The only potential benefit comes from the government’s
trading on noise, which comes naturally when it trades on partial /noisy information. Hence,
trading on partial information can improve welfare. The mechanism is the same as when trading
on pure noise. Consequently, we show that with the proper choice of its trading policy, the
government can improve investor welfare.

Moreover, while the actual policy does depend on the accuracy of the government’s informa-
tion, the magnitude of the optimal welfare gain does not. In fact, it is the same as when the
government trades on pure noise. This result may seem surprising at first. But it follows simply
from the fact that independent of the government’s fundamental information, the only tool it
has to influence welfare is its noise trading. The government’s optimal policy based on noisy
fundamental information with different accuracy really boils down to choosing the right amount
of noise trading.

Despite the fact the optimal welfare level does not depend on the government’s private
information, the choice of the policy to achieve it does. More importantly, the actual welfare
impact (except for the optimum) is in general quite sensitive to the structural details of the
economy, such as different values of model parameters, and the design of the intervention policy.
For example, small changes in the government’s trading policy can lead to very different welfare
impacts. This implies that while the government can improve welfare by intervening in the

market, extra caution is needed in finding the right input and design for the policy.
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Given the government’s direct intervention/trading in the market, during crisis as well
as during normal times, an important question is how to evaluate the performance of these
interventions. Some heuristic measures have been used, such as realized payoffs, without or with
risk adjustments.* These measures often rely on market prices of the assets involved. But, as
our analysis illustrates, using market prices can be misleading when they are also influenced by
the interventions. Our framework, however, provides a proper way to assess the intervention
policies by looking at their welfare implications. Moreover, we can use it to examine the other
heuristic measures, such as expected payoff or Sharpe ratio.

In particular, we consider two intervention policies as examples. One policy is “buy low and
sell high.” This corresponds to government interventions during financial crisis. The government
may directly or indirectly buy assets when their prices are depressed and sell them back to the
market when their prices recover. This strategy only relies on market prices and requires no
additional information. It yields a positive expected payoff and a positive Sharpe ratio. But
as discussed above, such a strategy has no impact on market equilibrium and investor welfare.
This is simply because this strategy can also be used by the investors. In fact, it will be, but
in the opposite direction to offset the impact of government’s trade if it chooses to intervene.
Another policy is “trade on noise,” as discussed above. Given that the government’s trading
will move the price against itself, such a strategy will yield a negative expected payoff and a
negative Sharpe ratio. However, as we show in the paper, this strategy, within a proper range,
can actually improve investor welfare. These results show that extra caution is needed when
using market prices to assess government intervention policies.

It is worth pointing out that the main purpose of this paper is to develop a simple general
equilibrium framework to properly incorporate government as a unique participant in the
financial market. It is not aimed at a specific intervention observed in the market, which often
relies on more targeted and stylized assumptions on various forms of market imperfections.
Hence, the model presented here is made as parsimonious as possible, allowing only the basic
imperfections of the market, its incompleteness and the associated information asymmetry. As a
result, the model sacrifices on various richness potentially useful in more practical applications.
Hopefully, the underlying mechanisms we establish here remain useful in general and the model

can be expanded for more complex situations. We discuss some of these extensions at the end of

4See, for example, Lucas (2019) and the references therein.
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Section 2 following the model specification and in the concluding section. For the same reason,
our analysis is streamlined to focus on the main implications of the model concerning investor
welfare. More detailed results on other market outcomes are either only touched on when needed

or simply left out for brevity.

Related Literature

As noted at the outset, this paper focuses on government intervention through its direct trading
in non-government securities, a narrow notion of the financial market as well as the form of
intervention. Thus, our discussion of the literature will be limited to the part that is closely
related in this particular sense. In a more general sense, government intervention can also
include other forms ranging from regulation and supervision/guidance, to guarantees/bailouts
and targeted taxes/subsidies; the financial market can also include other parts of the financial
system, in particular financial intermediaries and institutions. There is an extensive literature
on different aspects of these types of interventions, which are beyond the scope of this paper.

It is well recognized that the financial market, when it is incomplete and contains information
asymmetry, need not lead to optimal allocations (see, for example, Stiglitz (1982)). Greenwald
and Stiglitz (1986) consider government actions through general taxes and transfers to improve
welfare. They show that full re-distribution with taxes and transfers can improve allocational
efficiency. Their analysis, however, does not examine the allocation and welfare impact of
government intervention through its own trading in the market in a general equilibrium setting.

Market imperfections have been a main focus of research in finance, including the two basic
imperfections we consider in this paper, market incompleteness and asymmetric information.
For example, Mankiw (1986), Constantinides and Duffie (1996) and Heaton and Lucas (1996)
explore how investors’ uninsured income risks can influence the behavior of asset prices. Our
analysis focus more on the welfare cost of market incompleteness and the potential role for
government intervention.

There is also extensive work on the market’s informational inefficiency when there is in-
formation asymmetry. They are mostly based on the classic models of Grossman and Stiglitz
(1980) and Kyle (1985), in which investors trade on their private information about asset

payoffs, either competitively or non-competitively.® In these models, trading for non-speculative

®See Hellwig (1980) and Diamond and Verrecchia (1981) for variants of the static Grossman-Stiglitz noisy



reasons is introduced as noise trading, to preserve information asymmetry in equilibrium. The
noise trading itself is usually specified exogenously, leaving its origin, specification and welfare
implications outside the model. For this reason, these models are often referred to as noisy
rational-expectations-equilibrium models (Noisy-REE models). For tractability, our model
shares some features in its specification, mainly concerning the information structure, but it
departs in a fundamental dimension. It explicitly models the investors’ non-speculative or
risk-sharing trades. This is crucial for the purpose of this paper. In particular, our focus is how
the government’s intervention influences investor welfare. Hence, we need to properly capture all
investors’ trading motives, trading behavior, and mostly importantly their welfare.® In addition,
the model includes the bond market in the equilibrium, without assuming an exogenous interest
rate. Moreover, the model includes the government as a unique market participant with a closed
budget. These specifications make the model a fully general equilibrium one to allow proper
welfare analysis.

A number of studies have examined how government’s trading in various markets can alter
the market outcome such as price volatility, informational efficiency and market liquidity. For
example, Naranjo and Nimalendran (2000) and Pasquariello (2007) analyze how under particular
policy targets government intervention in the currency market influences its informational
efficiency and liquidity. Pasquariello, Roush, and Vega (2020) consider Federal Reserve’s trading
in the U.S. Treasuries market. For emerging markets, government intervention is a more
common phenomenon. In a study of Chinese government’s intervention in the stock market,
Brunnermeier, Sockin, and Xiong (2022) show how its trading against the noisy retail investors
can influence price volatility and the market’s informational efficiency. Huang, Qiu, Wang, and
Wang (2022) consider the same problem, assuming the government trades strategically on its
private information.

These papers all rely on the noisy rational expectations settings. While they provide useful
insights on how government trading can influence different market outcomes, the results are

partial equilibrium in nature. In addition to the fact the government’s budget is often not closed,

rational expectations model and Wang (1993), among others, for its intertemporal extensions.

SFrom a theoretical perspective, it can be argued that trading for risk sharing is more fundamental than
trading on private information. See, for example, Milgrom and Stokey (1982). See also Wang (1994), Huang and
Wang (2010), and Vayanos and Wang (2012a), which fully endogenize the “noise” trading driven by investors’
risk-sharing needs.



the exogenous nature of noise trading does not allow a full welfare analysis.

Our paper considers the government’s market intervention in a broader context and focuses on
its impact on investor welfare rather than particular market outcomes. Using a full equilibrium
framework in which investors trade rationally for risk-sharing and speculation and the government
has a closed budget, we examine the welfare implications of its intervention policy in a self-
contained general equilibrium setting. As we demonstrate in the paper, proper characterization
of the government’s objective and budget constraint as well as investor welfare are critical in
assessing government intervention policies.

Our analysis shows that policies targeted at seemingly desirable market outcomes, such
as enhancing informational efficiency, stabilizing price and improving market liquidity, may
carry substantial welfare costs. Yet, policies at the expense of these targets may actually
improve investor welfare. Hopefully, our setting provides a more integrated and coherent basis
to consolidate and extend the existing analyses. We can also modify the model to allow different
objectives and budget conditions for the government.

On the empirical side, several papers have studied European Central Bank’s purchase of
corporate bonds, including Grosse-Rueschkamp, Steffen, and Streitz (2019), Torodov (2020)
and Corell, Mota, and Papoutsi (2024). Barbon and Gianinazzi (2019), Charoenwong, Morck,
and Wiwattanakantang (2021) and Li (2022) have examined Bank of Japan’s stock purchase
program. While these analyses provide informative empirical background for direct government
interventions in the financial market, our study can help to supply a theoretical framework to
support future empirical work in better understanding these interventions.

There is an extensive literature on government interventions in the financial system especially
during crises, focusing primarily on the assistance or bailout of financial institutions.” The very
existence of financial institutions and their potential need for government assistance rely on
the presence of market imperfections in addition to those considered in this paper. From this
perspective, our framework, which is at a more basic level with only two primitive imperfections,
market incompleteness and information asymmetry, can provide a building block as well as a
useful basis for the analysis of more complex situations.

The remainder of the paper is organized as follows. In Section 2, we develop the basic

"See, for example, Bianchi (2016), Bond and Goldstein (2015), Chari and Kehoe (2016), Lucas (2019), and
Philippon and Schnabl (2013).



model for our analysis. Section 3 consider the market equilibrium when there is no government
intervention. This case serves as a benchmark and illustrates some of the model’s basic properties.
Section 4 presents the solution to the model when there is government intervention. In Section 5,
we examine the impact of government intervention on market equilibrium and investor welfare
under different information assumptions. Section 6 discusses different performance measures for
government’s trading policies. Section 7 concludes. The appendix contains the proofs, technical

details and additional results.

2 Model

The economy has two dates, 0 and 1, denoted by t = 0, 1.
2.1 Financial Market

There is a financial market consisting of two traded assets, a risk-free bond and a risky stock.

The bond yields a sure payoff of 1 at date 1. The stock pays a dividend D at date 1, given by:
D =D +u, (2.1)

where D is a constant and u is a random variable with zero mean. Thus, D gives the stock’s
expected payoff and u represents its payoff risk.
Trading in the market is through a Walrasian auction. Using the bond as the numeraire, we

denote the price of the stock at date 0 by P.
2.2 Investors
There is a continuum of investors, denote by i € [0, 1].

Endowment. All investors are endowed with 0 unit of the bond and 0 shares of the stock. Thus,
their initial financial wealth, given by the total market value of their endowed asset holdings, is

zero. In addition, each investor ¢ receives a non-traded income N; at date 1, given by:
N, =Yiu=(Y +y)u, 1€][0,1], (2.2)

where Y and y; are two independent random variables. Hence, u gives the income risk, while Y
and y; capture the investors’ common and idiosyncratic exposures to the income risk, respectively.
Here, non-traded income risk is assumed to be the same as the risk of stock payoff u, allowing

the investors to use the stock to share/hedge their income risk.®

8All we need is that the income risk is correlated with the stock payoff risk. The correlation is set to 1 in
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Information. At date 0, all investors observe the stock price P, which is public information.
In particular, we define P to be the variable or demeaned part of P as a public signal for the
market. In addition, investor 7 also observes Y;, which is private information. Thus, Y; not
only gives investor ¢’s total income risk exposure, but also provides a private signal about the
aggregate income risk exposure Y. Let [; denote the information set of investor 7 at date 0. We

then have {P,Y;} € I;, i € [0, 1].

Trading. Investors trade competitively in the market at date 0. Let 6; denote investor ¢’s stock
demand/holding at date 0. In general, it depends on her information at date 0. In absence of

other income, the terminal wealth of investor ¢ at date 1 is given by:

W; =0,(D+u—P)+Yu, icl01]. (2.3)

Preferences. The investors’ preferences are given by an expected utility function over their
terminal wealth. For simplicity, we assume that they all have constant absolute risk aversion

with risk aversion parameter v > 0. In particular, investor ¢ has the following utility function:
u;(Wy) = —e= Wi, i € [0,1], (2.4)

where W; is her terminal wealth at date 1.

It is important to note that there is perfect symmetry between the investors as defined above.
This helps to simplify our analysis without losing the essence of the model. The heterogeneity
among investors in both endowment and information gives rise to their need for trading in
the market. The difference in endowment leads to the trading need for risk sharing and the

difference in private information leads to the trading need for speculation.
2.3 Government

The government as a central planner can also participate in the market. We assume that the
government has no additional endowment of assets or income of its own.

Let I denote the information set of the government at date 0. We assume that other than
P, the stock price as a public signal, the government may also receive a private signal about Y,

the aggregate state variable, given by:

Say = BayY +eav, (2.5)

the paper merely for simplicity. The only exception is when the correlation is zero, in which case the financial
market becomes useless for investors’ risk sharing and yields an autarky equilibrium.
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where egy represents the noise in the signal. Hence, {P, Sgy} € Ig.
The government can trade in the market. Let 6 denote the stock holding of the government
at date 0 on per capita basis, which can depend on the information it has. For tractability, we

limit the government’s trading policy to be linear in its signals:
0c = hapP + haySay = ha [P Sav]",  ha = [hap hayl, (2.6)

where [- -+ -] denotes a row matrix and [-]" denotes its transpose.

Within the linear class, the government’s trading policy is given by the two coefficients, hgp
and hgy, or hg. For brevity, we will use 64 to denote both the government’s trading policy and
its actual stock position without further clarification when its meaning is clear in the context.
In addition, the former is given by h¢g in the case of linear policy, and is independent of the
state of the economy. In general, the government’s trading is not directly observable to the
investors. This implies, as we show later, that government’s trading in the market creates an
informational advantage for itself and additional information asymmetry in the market.

Let W denote the the government’s wealth at date 1, on per capital basis. Its budget

constraint is then given by:

We assume that the government’s wealth at date 1 will be fully transferred to the investors.
Negative transfers correspond to taxes. Given the symmetry between the investors, we assume
that government transfers will be equal among them. Thus, in the presence of government

intervention, investors’ terminal wealth becomes:
Wi =0,(D+u—P)+Y,u+Wg=(0;+05)(D+u—P)+Y;u, icl01]. (2.8)

The government’s objective is assumed to be maximizing the investors’ expected utility ex

ante or welfare, which is given by:

/E [u;(W;)] = /E [—e=*™1]. (2.9)

2.4 Distributional Assumptions and Parameter Constraints
For tractability, we assume that all shocks to the economy, u, Y, y;, for all i € [0,1], and egy

are independent normal with zero mean and variances o7, 03, 0, and 0y, respectively. Unless

otherwise stated, all variances are assumed to be strictly positive to avoid degeneracy.
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Under normality, the investors’ non-traded income is unbounded, which can yield extreme
values for the utility function. In order to guarantee the expected utility to be well defined, we

need the following parameter condition:
a’ol (o +07) <1, (2.10)

as shown in the appendix. In fact, under (2.10), investors’ expected utility without trading is
given by:
1
E [u(W;)] = — =V (2.11)
V1 - 200t +02)

Thus, V4 gives the level of their welfare under autarky. As expected, it is inversely related to

the investors’ total income risk, given by V [(Y +¥;) u] = (63 +0,)0, and their risk aversion a.
2.5 Common Knowledge and Rational Expectations

The structure of the economy is assumed to be common knowledge and both the investors and

the government are assumed to have rational expectations.
2.6 Market Equilibrium and Optimal Intervention
The notion of market equilibrium is the standard one of rational expectations defined as follows:

(1) Taking the government’s trading policy ¢ and the stock price P as given, investors

choose their trading policy 6; to maximize their expected utility:

J(P,1;,05) = max E [wi(Wi)|Li,0c) = E [—e*V:|L, 6], i€0,1], (2.12)
where J(P, I;,0¢) gives the value function of investor ¢; and

(2) The stock market clears:

/Qi + 60 =0, (2.13)
which gives the stock price and investors’ stock holdings and expected utility in equilibrium.

The government then chooses its trading policy 6g (or hg) to maximize the overall expected

utility for all investors:

max F [ / (P, Ii,ea)} = wax (ko). (2.14)

el
The last equality simply states that given the linear form of the government’s trading policy,

the choice of O reduces to the choice of hg, to improve the investors’ ex ante welfare V' (hg).
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2.7 Ex Ante First Best Allocation

In the economy defined above, investors face heterogeneous income risk, which give rise to their
desire to trade and share risk. In addition, when they have private information, they also want
to trade to speculate. In the absence of trading for risk-sharing, there will be no trading for
speculation either (see, for example, Milgrom and Stokey (1982)). Thus, investors’ primary
trading need is risk sharing. In particular, they want to trade to share the risk from their
idiosyncratic income exposure, given by ;. If such a risk sharing is complete and costless, the
investors will only be bearing their fair share of the aggregate income risk exposure, given by Y.

In this case, their ex ante expected utility will be:

1
— 24252
V1—afoioy

which is independent of 05. VFEB gives the investors’ welfare level under the first-best allocation.

VEB = (2.15)

In fact, this outcome can be achieved by the central planner through pooling together the income
from all investors, which eliminates all the idiosyncratic risk, and distribute the total, which
only depends on Y, evenly among the investors.

However, when investors have to rely on their trading in the market to share their idiosyncratic
income risk, which is correlated with the market risk, they have to pay the corresponding market
risk premium. Consequently, they may not be able to achieve the first best welfare level. This
then leaves room for the government to intervene in the market and improve investor welfare.

We will demonstrate this mechanism in our analysis below.
2.8 Remarks on Model Specification

For tractability and clarity, we have made simplifying assumptions in the model defined above.
Several remarks are in order regarding these simplifications, their economic implications and
possible relaxations.

Investor heterogeneity is essential to the importance of financial market, which facilitates
more efficient resource/risk allocations. In our model, we allow two forms of heterogeneity,
heterogeneity in endowment and in information, respectively. The heterogeneity in endowment
gives rise to investors’ desire to trade in the market to share risk and the heterogeneity in
information gives rise to their desire to trade to speculate on information. We have avoided

heterogeneity in preferences, although our setting can be easily extended to allow differences in
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investors’ (absolute) risk aversion. In addition, for parsimony, the form of information asymmetry
is assumed to be only about investors’ income risk. In general, we can also allow information
asymmetry about the stock payoff.

For the financial market, we allow only the riskless bond and the stock to be traded. Their
payoffs only depend on aggregate shocks, such as Y and u, which contribute to aggregate
consumption. Given that there exists uninsured idiosyncratic income risk, as captured by
yi, the financial market is incomplete. This is the basic imperfection in our setting, which
prevents investors from achieving the Pareto optimal allocation and leaves room for government
intervention.

We have also assumed that all investors are identical ex ante. This is mainly for simplicity.
We can allow differences in investors’ initial endowment of stock and bond holdings, their
exposure to aggregate income risk, the amount of exposure to idiosyncratic income risk, and the
precision of their private information. These extensions will of course enrich the structure of the
model as well as its implications. They will also make the analysis more complex. In order to
focus on the main issues of this paper aims to address, we consider the simplest structure and
leave its extensions to more specific applications.

Regarding the role of the government, we assume that its objective is the same as the
investors’ and its budget is closed. These two assumptions are important to our analysis on the
impact of government interventions. In principle, we can allow the government to have different
objectives and budget allocations. This will complicate the welfare implications of its actions.
Given the ex ante symmetry among the investors, we only consider the government’s ex post
transfer to be also symmetric. When the investors are heterogeneous ex ante, the government’s
intervention and transfer policies also need to be adapted accordingly.

In the model, investors receive noisy signals about the aggregate state variable Y. However,
collectively their signals fully reveal Y. That is, Y € UU; I;. This property of the information
structure is important for our analysis. In particular, when compared with the information
of each individual investor, the government’s private signal (Sgy) does contain additional
information about Y, but it provides no new information beyond the information investors
collectively have. Such a restriction is necessary to limit the government’s potential role. If
instead the government possesses information beyond the collective information of all investors,

it can attempt to achieve outcomes that are not feasible for the investors on their own. We
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avoid this situation in this paper as it falls outside our focus.

The joint assumption of normality for the underlying shocks and constant absolute risk
aversion allows us to solve the model analytically.

Also, for tractability, we only consider the government’s intervention (trading) policy within
the linear class. Thus, any notion of optimality concerning the intervention policy is limited to
this class. The desire for tractability forces us to consider linear equilibrium under linear policies
for the government. Since the main goal of the paper is about conditions under which government
intervention is warranted, we are less concerned about if a welfare-improving intervention is
globally optimal or even optimal within the linear class.

For simplicity, we have also assumed that the total stock and bond holdings of all investors
are zero. This can be easily relaxed without affecting the main results of the paper.

We will provide more discussions on the possible extensions of the basic model in Section 7.

3 Market Equilibrium with No Government Intervention

We first consider the market outcome when there is no government intervention. This case
allows us to establish some basic properties of the model and the underlying mechanism. Since
this is a special case of the general case with government intervention, we will simply state the

results here. Their derivation follows from the general solution provided in the next section.

Proposition 1. With no government intervention (0g = 0), the market equilibrium is given as

follows. Taking price P as given, the investors’ optimal trading policy is given by:
1 _
0;=—(D—P)-Y,. (3.1)

2
ooy

In equilibrium, the stock price is:

P=D-cY, c=ao?, (3.2)
the tnvestors’ stock holdings are:
0;=—vy;, 1€][0,1], (3.3)
and their ex ante welfare is given by:
VO=V(0) = — ! : (3.4)
\/1 — 020y (1+a?0202)

The equilibrium as given in Proposition 1 exhibits several simple but important features.
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First, investors’ optimal trading policy consists of two components, as given by the two
terms in (3.2), respectively. The first component is for speculation. It is proportional to the
expected return on the stock, D — P, and inversely proportional to the risk of the stock payoff
02 and the investor’s risk aversion . The second component is for risk-sharing. It is negatively
proportional to the investor’s exposure to the non-traded risk Y;. In particular, given that her
exposure to the non-traded risk u is the same as the stock payoff risk, the investor wants to take
on a stock position, exactly — Y}, to offset this risk, thereby share it in the market with other
investors. Hence, our model succinctly captures the two basic trading motives for investors,
speculation and risk sharing.

The investors’ trading behavior leads to the stock price in equilibrium given in (3.2), which
also has two parts. The first part, D, equals the stock’s expected payoff, which also gives the
average price level. This simply reflects the fact that the equilibrium price level of the stock
fully adjusts for its expected payoff.

The second part, —cY, represents the risk discount on the stock price. This discount arises
from investors’ risk-sharing trades. As they trade in the market to hedge/share their income
risk, the price of the stock will adjust accordingly to compensate for the corresponding risk it
now carries. Suppose, for example, investor ¢ receives a positive Y;. She now has a positive
exposure to the market risk . In order to share/hedge this risk in the market, she would like
to short the stock, for exactly the amount Y;. In order to attract other investors to take the
opposite side of the trade and bear this risk, the stock price has to decrease accordingly, yielding
a risk discount. This then offers a positive expected return for the other investors.

In equilibrium, the risk discount is proportional only to the total amount of income risk Y.
The proportionality coefficient ¢, as given in (3.2), is the risk premium per unit of the aggregate
risk. It is proportional to o2, the measure of aggregate risk, and «, the investors’ risk aversion.’

In addition, the equilibrium stock price as given in (3.2) is linear in Y, the investors’ common
income risk exposure. This implies that the equilibrium is full-revealing about the aggregate

state of the economy. That is, investors can infer Y precisely from the stock price. Hence, the

9Tt is worth noting that in our current setting, the number of stock shares endowed by the investors is set to
zero. This implies that the stock’s direct exposure to the aggregate risk u is zero. Nonetheless, it has an indirect
exposure coming from the investors’ use of the stock to share their non-traded risk, given by Y. If the number of
endowed stock shares is positive, then there will be a constant risk discount on the stock price, proportional to
the number of endowed stock shares. Since it won’t influence our analysis in the paper, we have set the number
of endowed shares to zero for simplicity.
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equilibrium obtained here becomes the same as the one when all investors directly observe Y .19
This outcome arises because investors’ private information on their income risk exposure, given
by Y; = Y +y;, is reflected in the stock price from their trading, and their information collectively
fully reveals Y through the price as it efficiently aggregates the investor’s private information.
Following Grossman (1976), in this case, we refer to the market as being informationally efficient.

Moreover, in equilibrium investors manage to fully share their idiosyncratic income risk.
This is shown clearly by their equilibrium stock holding, 6; = —y;, which exactly offsets their
idiosyncratic income risk exposure y;, i € [0,1]. Hence, the market equilibrium achieves efficient
risk sharing among the investors. This is facilitated by the fact the equilibrium price fully
reveals the level of aggregate risk (Y') and properly compensates for it.

Finally, we observe that efficient risk sharing in equilibrium improves investor welfare from
autarky, as expected, but does not necessarily lead to the first-best ex ante welfare level. In

particular, from (2.11), (2.15) and (3.4), we have
VA<Vl < VB, (3.5)

and the inequalities are strict when oy > 0 and o, > 0. In particular, despite the fact that the
investors fully share their idiosyncratic risk by trading in the market, their welfare still depends
on the magnitude of idiosyncratic risk as measured by OZ. As (3.4) shows, V? decreases with OZ
and this dependence further depends on ¢% and o2, the total amount of aggregate risk. This
result may seem a bit surprising, but is crucial to our analysis.

The reason behind the result is that sharing the idiosyncratic risk in the market is in general
not cost free. Investors need to pay a premium for the market risk as capture by u, which is
common to both the stock risk and the income risk. They pay this premium when they sell
the stock and receive it when they buy. In particular, as (3.2) shows, the actual premium is
¢ = ao? per unit of risk. Since the investors’ idiosyncratic risk exposure y;, i € [0, 1], has a zero
mean, the premium they pay for sharing this risk is zero on average. However, ex ante they
face the uncertainty of paying or receiving it. Being risk averse, this uncertainty reduces their

ex ante welfare. The fact that V0 < VB (when oy > 0 and o, > 0) clearly implies that the

10Tt is worth noting that ”fully-revealing” here only means that aggregate state variables are fully revealed or
become public information. Private information investors have about their own idiosyncratic risk exposures need
not and may not be revealed in equilibrium. This information remains important in investors’ trading decisions
and welfare, but becomes only inconsequential in determining asset prices.
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equilibrium allocation is in general not optimal in the Pareto sense.

The first-best welfare level is achieved in two special cases. The first is when 05 = 0. In this
case, there is no idiosyncratic income risk. Every investor is exposed only to the aggregate income
risk. Hence, no trading is need and autarky is optimal (first-best). The second case is when
02 = (. In this case, there is no aggregate income risk. All income risk is idiosyncratic. As a
result, sharing these risks in the market is cost free as it requires no risk premium. Consequently,
the market equilibrium achieves the first-best welfare level.

Hence, we can conclude that, in the current setting, in general, the market equilibrium on
its own does not lead to the first-best welfare level. This suggests that government intervention

has the potential to improve investor welfare.

4 Solution to Market Equilibrium with Government Intervention

We now turn to the situation when the government intervenes in the market. We first solve for
the market equilibrium, taken as given the government’s trading policy in the form of (2.6), and
then consider the choice of its trading policy to improve investor welfare. We outline in this
section the key steps and the main results in the general solution, leaving the derivations and
proofs to the appendix. In the following section, we examine in more detail how the government’s
trading policy may influence the market outcome.

In order to proceed, we need to know the form of the stock price as a function of the
underlying state variables. This will help to specify the informational role of market prices. We
start with the conjecture that the stock price takes the following linear form in the aggregate

state variables:
P=D—¢Y+degy=D+P, P=—cY +deay, (4.1)

where ¢ and d are constant price coefficients."! Since D only shifts the price by a constant, we
will follow P, the variable part of P, in our analysis. Our results will be unchanged if we set
D =0and P = P. As noted before, P or P also provides a public signal about the underlying
state of the economy, common to all market participants including the government. Our task

going forward in this section is to show that the stock price in the form of (4.1) indeed clears

HTn general, the price function should also include a constant term. However, as we later confirm, this
constant is zero in equilibrium, given that the mean exposure to the stock payoff risk is zero. Thus, it is omitted
here to simplify exposition.
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the market, yielding a market equilibrium.
4.1 Conditional State Variables

Given the linear price function (4.1), we can derive the distributions of the underlying state
variables conditional on investors’ signals, public and private. For convenience, we will express
the relevant quantities in matrix form.

Denote the vector of signals for investor ¢ by X;. Thus, X; € I; and is normally distributed:

P

Xi= || ~N(0, Zxx), (4.2)

i
where the mean of zero in the normal distribution represents a (2 x 1) vector of zeros and Xxx
is the covariance matrix of the two signals, given by (A.4a) in the appendix. Xy is assumed to
be positive definite, that is, | Yxx| > 0, where | - | denotes the determinant of a matrix.

Next, we derive the distribution of Y, u, and gy, the three aggregate state variables,
conditional on investor i’s information X;. With the stock price function in (4.1), these shocks

are no longer independent conditional on P, which is in X;. In particular, we have:
Eqy = (1/d)(ﬁ) + CY), (43)

when d # 0. (When d = 0, we will simply let gy = 0.) Hence, we only need to include the two

independent state variables going forward: Y and u. In particular, let:

Z = Y ~ N (0, Zzz) y EZZ = Dlag [0')2/, O’Z] y (44)
u
where Y is the covariance matrix of Z and Diag|[ - - - | denotes a diagonal matrix of its elements.

Given our distributional assumptions, Y, reduces to a diagonal matrix with variances of Y
and u, respectively.
Joint normality of Z and X, implies that conditional on X;, Z remains normal, as given in

the lemma below:

Lemma 1. Conditional on X;, i € [0,1], Z has the following normal distribution:

Z=2;+2;, Zi=B[Z|X)|=BzxXi, Zi=Z—Z;~N(0,Zz22x) . (4.5)

Here, Z; is the mean of Z conditional on X; and Z 1s the remaining random component; Bzx
gives the matriz of projection coefficients of Z on X; and Xz x is the variance matriz of Zi

conditional on X;, given by (A.6) and (A.7), respectively, in the appendiz.
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To avoid degeneracy, we assume that Lyy, Xz and Lzz x are all strictly positive definite.'?
Next, we consider the government’s trading in the market, which is not observable to the
investors. But they can form expectations conditional on their signals. The following lemma

gives the distribution of 6 conditional on investors’ signals:

Lemma 2. From (2.6) and (4.3), 0c has the following linear form:
0c = hiypP + hiy 7, (4.6)

where the coefficients hyp and hy,, are given by (A.10) in the appendiz. From (4.6) and Lemma

1, we then have:

0c = Oci + 0cs, i €0,1], (4.7)
where

Oci = E[0c|X,] = higpP + hiyy Zi = o Xi,  Oci = 0 — i = Wiy Z;, (4.8)
and hgx = hgp[1 0]+ higzBzx .-
Combining (4.7) and (4.8) gives:

0c = hiyx Xi + Wiy Zs. (4.9)

The first term in (4.9) gives investor i’s expected value of 6 based on her signal X;, and the

second term gives the unexpected part.
4.2 Investors’ Optimal Trading Policy and Value Function

We now consider the investors’ optimal trading policy, taken as given the government’s trading

policy and the price function. We can rewrite investor ¢’s wealth as follows:
Wi = (0; + 0ci + 0c:)[(—P) + u] + Y;u
= (0; +06:)(—P) + (0; + Oci + Vi) u + (—P)hizy Zi + 1 2 He Z, (4.10)
where

He = hyzhiy + hgzhaz,  haz =[0 1] (4.11)

12This requires that the elements in X;, Z and Z|X; are not degenerate (such as having a zero variance) or
linearly dependent. When that is not true, we will remove the degenerate or linearly dependent elements from
the corresponding vectors to maintain their covariance matrices to be positive definite.
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All the terms in (4.10) are linear in Z; except the last term which is quadratic in Z;. As shown
in the appendix, this quadratic term leads to a modified variance matrix of ZZ- from Xz x to

Y27 xc in the computation of expected utility, given by:
Sonxa = Sgpx Tala. (4.12)

For the investors’ expected utility to be well defined, X'z x needs to be positive definite, which
is confirmed under certain parameter restrictions given in the appendix. Going forward, we will
also use 0,7,x¢ to denote the covariance between v and Z = [Y u]T under Xz xq-

With Y77 x¢ as the modified variance matrix for Zi, the investors’ optimization problem

becomes a mean-variance problem. We then have the following proposition:

Proposition 2. For positive definite Xy 7 xq, investor i’s optimal trading policy is given by:

_ 1 .
and her value function is:
; Dzaixal i, v 1 1 me s

Investors’ optimal stock demand given in (4.13) has a simple interpretation. The first term
reflects the investor ¢’s desire to offset the expected distortion to her terminal wealth caused by
the government’s intervention. The next two terms take the similar form as in the case of no
government trading, given in (3.1), the former reflects the investor’s speculative trade based on

her expected stock return and the latter represents her hedging trade to share her income risk.
4.3 Price and Stock Holdings in Equilibrium
Investors’ optimal stock demand in (4.13) can also be rewritten in the following form:

0; = —hpP — hyY; = —hpP — hy (Y +y;), i€0,1], (4.15)

where coefficients hp and hy are given by (A.22) in the appendix. The market-clearing condition

(2.13) now becomes:
0= /81 + (9@ = (—hpp — th) + (hgpp + hgySGy). (416)

We then have the following proposition for the solution of the equilibrium stock price:

Proposition 3. In the market equilibrium with the linear stock price function in the form of
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(4.1), the price coefficients are given by:

1 1
- i=—
- hGP( y — hayBay), ——

Under certain parameter conditions, ¢ and d have a unique solution, given by Lemma A.3 in the

C hG'y. (417)

appendiz.

The above solution for the price coefficients confirms that the linear price function (4.1) can
indeed yield a market equilibrium, with the coefficients given by (4.17) and no constant term.'3

In equilibrium, the investors’ stock holdings are:

It is important to note that (4.15) expresses 6; in terms of investor i’s signals (information)
and stock price while (4.18) expresses it in terms of the underlying aggregate and idiosyncratic
shocks. This difference comes from the fact that former describes investors’ stock demand while
the latter gives their holdings in equilibrium after substituting in the equilibrium stock price.
Given the symmetry among investors, their equilibrium stock holdings do not depend on the
aggregate shock Y except through 64, the government’s intervention in the market. It also
shows that in equilibrium investors end up with stock holdings 6;, i € [0, 1], which fully offset

the distortion caused by the government’s intervention 6.
4.4 Investor Welfare

Next, we consider the investors’ ex ante welfare, given the government’s trading policy. For

convenience, define:
_ T _ . 2 2 2 .
z=Y vy eay] ~N(0,%,.), X, =Diag [Jy, oy, UGY] , 1€0,1]. (4.19)

Note that while Z contains only aggregate shocks, z; also includes the idiosyncratic shocks to

the investors. From the equilibrium solution, we have the following corollary:

Corollary 4.1. In the market equilibrium given above, the government’s trading policy, the
stock price, investor i’ income risk exposure, stock holding and value function in equilibrium can

be expressed as follows:

9@ = BGZi> p = BPZi, Y; = Byzi, 91 = —Bgzi + BQZZ‘, W =1 ZZ-TBZZ', (420)

)

13The constant term can become relevant if the market’s unconditional exposure to the payoff risk is not zero.
This occurs for example when the initial endowment of the stock shares or the mean of Y is not zero.
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where Bg, Bp, By, By and B are given in (A.32).
Investor’s welfare is then given by the following proposition:

Proposition 4. Given the government’s intervention policy (2.6), investors’ ex ante expected
utility is given by:

|EZZ\XG|1/2 ’2221|1/2
| Zaax V2| Z

Note that V is the same for all investors, hence it does not carry the index 7.t

V(be) = V(hg) = s L=x4+aB, iel01]. (4.21)

4
4.5 Optimal Intervention Policy
Under the linear intervention policy, the government’s optimal choice is given by:

hi, = argmax V(hg). (4.22)

The first order condition is:

o ) o 1"
Ohgp Ohgr Ohgy |

Optimality is ensured by the second order condition, which requires the second order derivatives

Vi Vihg) = 0, Vi, = (4.23)

of V(h¢g) to be negative definite:
| Vi Vi, Vi(he) | < 0. (4.24)

The solution to (4.23) will then yield the optimal trading policy within the linear class, when
the second order condition is also met.

Instead of focusing solely on the optimal policy, we can also explore how small interventions,
i.e., when |hg| is small, may improve welfare at the margin relative to no intervention. This
entails to examining the derivatives of V(h¢g) at hg = 0. Our analysis later will explore both

approaches.
4.6 Additional Comments

We have shown that under the government’s linear intervention policy (2.6) and the linear
price function (4.1), the market equilibrium is fully characterized by Propositions 2 and 3. Its
existence and uniqueness will depend on the parameter values, including hg. In what follows,
we will consider situations of interest under parameter conditions guaranteeing the existence

and uniqueness of the equilibrium, as specified in the appendix.

14(4.21) requires X! + aB to be positive definite, which can be guaranteed by proper parameter restrictions
as shown in the appendix.
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5 Government Intervention

With the general solution to the market equilibrium under a given government intervention
policy, we now examine how different policy choices impact market outcome. Obviously, the
government’s intervention policy depends on the information it has. We consider three different
situations. The first is when the government has only public information. The second situation
is when the government has private and full information about the underlying state of the
economy, and the third is when it only has partial information.

When examining the impact of government intervention, we focus on the major aspects
of the market equilibrium, including the stock price, the risk allocation among investors, the
informational efficiency of the market, and, especially, investor welfare. For brevity, we will
leave out other properties of the equilibrium such as price volatility and market liquidity, which

can be easily obtained from the general solution.
5.1 Intervention with Public Information

We start with the case when the government has no private information. In this case, the only
information it has is the stock price P, which is public information. Thus, the government’s
trading in the market can be a function of P, that is, 5 = 05(P).'> In this case, we do not

need to assume 6g to be linear in P.
Price function. We now assume that the price function takes the following form:
P=D-cY +d0g(P)=D+P+dé(P), P=-cY, (5.1)

where ¢ and d are constants. Given that 6 is only a function of P or equivalently P, which is
public information, it will be known to all investors. Thus, their information set is unaffected

by the government’s intervention in this case. In particular, X; = [P Y;]".

Investors’ optimal trading policy and value function. Investors’ terminal wealth is now:

Wi = (6 + 0c)(u — P) + Yiu, i€l01], (5.2)

same as (2.8). Given that 6 is known to all investors, W, is normal conditional on investor i’s

signal X;. This corresponds to the situation in the general case when fg; = ¢ and i = 0.

15Tn principle, the government can also intervene with pure noise with no information content. We consider
this case in the next subsection.
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Investor i’s optimization problem is formally similar to the maximization problem with no

government intervention, which yields the following solution:

1 ~ .
ei:—egﬁ-w(—P)—Y; 1€ [O, 1]. (53)

u

(5.3) shows that investor i’s optimal trading policy is to achieve her net optimal portfolio by
fully offsetting the effect of any intervention from the government. This is achievable if the
government’s trading/position is public information. Consequently, investors’ value function

will be the same as with no government intervention.

Market equilibrium and optimal intervention policy. From the analysis above, we
immediately conclude that when the government trades only on public information, any of its
intervention will be fully offset by the investors through their own trading to achieve the net
optimal portfolio. Thus, the market equilibrium and investor welfare will remain the same,
independent of the government’s trading. Consequently, there is no merit for the government
to intervene in the market using only public information. We summarize these results in the

following proposition:

Proposition 5. (No Impact Theorem) When the government intervenes with only public infor-
mation, its impact will be fully offset by the investors’ own trading, leaving no net effect on the

equilibrium price, investors’ net stock holdings, and their welfare.

This result is a form of Ricardian equivalence in the current context under the given conditions.
Thus, in what follows we will simply let hgp = 0 unless stated otherwise.

5.2 Intervention with Pure Noise

The result above, however, does not imply that the government cannot do better without private
information. We now consider the situation when the government has no private information
on the economy but chooses to intervene nonetheless, with pure noise. We assume that the
government’s trading/position is not public information (otherwise, we return to the previous

case). In particular, we set Sgy = 0 in the general solution and let:
9@ = hG [SYe (54)

where ¢ = egy is pure noise. With no loss of generality, we let 02 = 1.

In this case, the government acts as a noise trader, adding random shocks to the market.
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There are, however, two key differences between the government here and the noise traders
in the noisy-rational-expectations models.'® First, the government’s gain/loss from its noise
trading is passed on to the investors, not left outside the model. Second, the government’s
objective function is the investors’ welfare, which it acts strategically to improve. Thus, our
model remains closed and general equilibrium in nature even when the government trades on
noise.

Given the government’s noise trading, the stock price now takes the same linear from as in
(4.1). Since the government knows ¢ and it can also infer Y from P, we now have [Y e¢] € I¢.
This has three implications. First, the government can extract better information from the
price about the aggregate state variables Y and e than the investors. In other words, through
its noise trading, the government creates an informational advantage for itself. Second, it also
generates information asymmetry among investors as P now no longer fully reveals Y, the
underlying state of the economy. In addition to the price, each investor has to rely on her private
signal Y;, i € [0, 1], to learn about Y. Third, the government can implement an intervention
policy which also depends on Y, now its private information. Since our purpose here is to
examine the impact of the government’s pure noise trading, we will assume that it ignores the
information P reveals here about Y to simplify the analysis. In the next two subsections, we
will consider in more detail the situation when the government has its own information on the

state of the economy that individual investors do not have.

Market equilibrium. Applying the general solution in Section 4 with S5y = 0, as shown in
the appendix, we arrive at the solution to the market equilibrium for this case. The investors’
optimal trading policy and value function take the same form as in the general solution.

In equilibrium, the price coefficients ¢ and d satisfies the following solution:

0= (02 + 05)1{:3 — thT;kQ + a%ajk: — hgoto?, k=d/c, (5.5)

Yo
which is a cubic equation whose general solution is given in the appendix. The form of (5.5)
implies that k& and d have the same sign as hg. We then have the following solution for the price

coefficients ¢ and d:

0.2

c=(ac?) |1 — Y khg|, b=kc, and khg>0. (5.6)

0)2/05 + k2 (0% —i—ag)

16See Grossman and Stiglitz (1980) and also Hellwig (1980), Diamond and Verrecchia (1981), among others.
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The investors’ equilibrium stock holdings are:
0, = —hgeq — (1 + A7 o khg) vi, |Al= 02032/05 + d2(0§+a§), i€ [0,1]. (5.7)

(5.6) and (5.7) reveal how the government’s noise trading affect the equilibrium price and
investors’ equilibrium holdings. In particular, given that k hg > 0, government’s noise trading
tends to decrease ¢, the market premium investors pay to share risk, as (5.6) clearly shows. This
can be desirable for the investors. As discussed in Section 3, a lower risk premium reduces their
ex ante uncertainty about paying it when sharing their risk in the market.

From (5.6), we further observe that with government’s noise trading, investors tend to over
trade on their idiosyncratic income risk. In particular, net of her trades to offset the government’s
trading, which is 0g = hgeg, investor i’s hedging trade is now (1+ |A|7'c?0% k hg) y;, exceeding
i, her idiosyncratic income risk exposure. Such a shift comes from the investor’s speculative
trading against the government, which is profitable. In particular, government’s noise trading
moves the price against it, leaving excess returns for its counter-parties in the trade.

We illustrate this mechanism using the following example. Consider the situation when
investor ¢ observes a large and positive Y; = Y + y;. She then infers that both Y and y; are
likely to be positive and large. A large and positive y; leads her to hedge aggressively in the
market by shoring the stock. A large and positive Y implies a negative pressure on the price.
Conditional on the price, P = —cY +deg = —cY + (d/hg) O, however, this implies a large
government stock purchase, i.e., 05 > 0, exerting a positive price pressure and balancing out
the negative impact of Y. Such a price lift is purely caused by the government’s purchase and
unrelated to the stock’s payoff. Hence, it is optimal for the investor to take the opposite side
and sell the stock. This speculative trade is in the same direction as the investor’s hedging
trade, leading her net stock sale to be larger than y;.

The following proposition summarizes the results above:

Proposition 6. Government’s noise trading in the form of (5.4) in general reduces the market
risk premium and magnifies investors’ hedging trades, which reflects their trades against the

government.

Given the solution to ¢ and d, we can compute the investors’ welfare from (4.21), which is
given in the appendix. We can then examine in detail how the government’s trading policy

influences investor welfare.
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Small interventions. What we consider next is when the government only intervenes in
the market marginally, that is, when h¢ is small. In this case, we can obtain solutions to the
equilibrium price coefficients and investor welfare level to the lowest (non-trivial) order of hg.

The results are summarized in the following proposition:

Proposition 7. For hg small, the equilibrium price coefficients are given by:
c=aoc[l — (1/o3)hE] +o(hE), d=aochg+o(hE), (5.8)

where o (h%) denotes terms of higher order of hi,. The investors” welfare is given by:
1 1 (a?0y,)%0)(1+a’0507)

- \/1 — 020y (14+a?0202) 21— a’aioy (1+a’oio])

V(hg) = h2 | +o(h%), (5.9)

which is higher than V°, their welfare level with no government intervention.

Proposition 7 clearly shows that for small values of hg, the investors” welfare increases with h,.
It analytically confirms the mechanism we discussed earlier. The government’s noise trading
provides profitable trading opportunities for the investors in the market. This effectively lowers
the market risk premium as captured by c. A lower risk premium lowers the cost of investors’

risk sharing and improves their welfare. This welfare gain is despite the fact that the investors

total gain from trading with the government will be taxed away at the end.

Optimal intervention. We now explore the optimal intervention policy when the government
trades on noise. Instead of describing the results analytically, which is tedious and messy, we
present the results numerically to illustrate their main features.

As mentioned before, we focus on how the government’s intervention policy, as given by
h¢a, changes the market outcome, in particular, the equilibrium stock price, the market’s
informational efficiency and investor welfare. The parameter values are set as follows: a = 1.0,
o, = 0.5, oy =125, 0, = 1.0, Bgy = 0, and o¢ = 1.0. Figure 1 plots the price coefficients c
and d, the volatility of Y conditional on the investors’ signals oy|x, and the investors’ ex ante
welfare level V| for different values of hg. Since the government trades on noise (0g = hgeg
with 5 being a noise), the sign of hg does not matter. Hence, all the plots will be symmetric
with respect to hg = 0.

Panel (a) of Figure 1 plots the price coefficient ¢ for different values of hg around zero. As

discussed earlier, ¢ reflects the risk premium investors’ pay for sharing their income risk in the
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Figure 1: Price coefficients ¢, d, conditional volatility of Y, oy|x, and investor welfare V'
for different values of hg under government intervention with pure noise. The parameter
values are set at « =1, 0, = 0.5, oy = 1.25, 0, = 1.0, Bgy = 0, and 0¢ = ogy = 1.0. The
dashed horizontal line in each plot represents the values of ¢, d, oy|x and V, respectively with

no government intervention (hg = 0). The maximum value of V* = —1.380 is achieved at
hi, = 0.772.

market. The horizontal dash-dot line indicates the value of ¢ with no government intervention,
which is ¥ = ao? = 0.25. Tt is also the value of ¢ at hg = 0. The plot clearly shows that as hg
increases in magnitude, the value of ¢ decreases. This is consistent with the analytic results
we have in Proposition 6 and 7. The plot further shows that the negative impact of hg on c is
monotonic for a large range of hg. We thus conclude that government’s noise trading has the

effect of reducing the risk premium investors pay for sharing their income risk in the market,
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which can lead to their welfare gains.

In Panel (b) of Figure 1, we plot price coefficient d for different values of hg. The value
of d captures how much the noise in the government’s trading shifts the price. Again, the
horizontal dash-dot line gives the value of d when there is no government intervention, which is
0. Obviously, d has the same sign as h¢g, as we proved earlier. In addition, its absolute value
increases monotonically with the magnitude of hg. This is intuitive. As the government trades
more aggressively on noise, it will bring more noise into the equilibrium price. We further
observe that d is proportional to hg for small values of h¢, as shown in Proposition 7. However,
when hg becomes large in magnitude, its influence on d diminishes. This is because when
the government’s trading has a large impact on price, it also becomes more transparent to
the investors. As we show in Section 5.1, any known intervention by the government will be
countered by the investors’ offsetting trades and thus have little effect on price.

Next, we examine how the government’s noise trading affects the informational efficiency
of the market, measured by the standard deviation of Y conditional each investor’s signal X,
i € [0,1], given by oy|x. As we saw in Section 3, when there is no government intervention
(hg = 0), the equilibrium price fully reveals Y and oy|x = 0. This is represented by the dash-dot
line in the plot, now overlapping with the z-axis. When |hg| becomes positive, i.e., when the
government trades on noise, oy|x becomes positive and increases quickly with |hg|. This is
simply a reflection of the fact that the government’s noise trading brings noise into the price
and reduces its informational efficiency in revealing the underlying state of the economy. As the
magnitude of hg further increases, its impact on oy|x diminishes. The reason is the same as
why its impact on d diminishes.

In considering the market’s informational efficiency, we have focused on how informative
the equilibrium is about Y, the fundamental state of the economy. When the government is
trading on noise, it also brings the noise ¢4 into the market, which is a new and endogenous
state variable, not observable to the investors. Hence, we can also consider how informative
the equilibrium is about g, which can be measured by o, x. Given that P=—cY + dea
is in the investors’ information set, we immediately have V [P|X;] = 0 (i.e., the variance of P

conditional on P itself is zero). This then implies that conditional on P, Y and e are perfectly
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correlated. Consequently, when oy |y increases with |hg|, 0. x decreases correspondingly.!” For
this reason, we only follow oy|x when gauging the market’s informational efficiency.

Finally, we consider the investors’ welfare. As we have shown in Proposition 7, small amount
of noise trading by the government can improve investor welfare at the margin. Figure 1(d)
plots the investors’ welfare level for a range of hg. Again, the dash-dot line marks the welfare
level without intervention, V°, which takes the value of V? = —1.398. With intervention, the
welfare initially increases with |hg| quadratically, as shown in Proposition 7, levels off at some
optimal magnitude, and then starts to decrease quickly. For large values of |hg|, government’s
noise trading makes investors worse off than with no intervention.

Here, two factors are at work. On the one hand, government’s noise trading lowers ¢ as
shown in Figure 1(a), which lowers the risk premium investors pay for hedging their income risk
and improves welfare. On the other hand, government’s noise trading makes the stock price
less informative about the true state of the economy Y, which introduces additional risk in the
investors’ risk sharing and their terminal wealth/consumption, which lowers welfare. Figure
1(d) shows that the former dominates for small amount of noise trading by the government, and
the latter dominates for large amount of noise trading.

For the parameter values given in Figure 1, the maximum welfare is achieved at hg = 40.772
at the level of V(£0.772) = —1.380. This is higher than the welfare level of V" = —1.398 with
no intervention. But it is still below the first best level, which is VF® = —1.281 under the same

parameter values.

Other policy goals. In the discussion of government interventions, commonly used policy
goals include informational efficiency, price stability and market liquidity.'® As we have learned
from the analysis above, these goals also have important welfare implications. The results
presented in Figiure 1 not only show that interventions that improve welfare may reduce the
market’s informational efficiency, but also demonstrate that interventions yielding improvements
in these other policy goals may carry substantial welfare costs. In particular, the price volatility,
given by op = \/m, decreases with ¢. As shown in Vayanos and Wang (2012b),

various measures of market liquidity are inversely related to the value of ¢. Hence, large

IIn fact, O'?,‘X —2koy.qx + kgagc‘x =0 and agc = 1, which yields 0., x = oy|x/k.
18See, for example, Naranjo and Nimalendran (2000), Pasquariello (2007), Pasquariello, Roush, and Vega
(2020), and Brunnermeier, Sockin, and Xiong (2022).
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values of hg (beyond the value of 1.0) tend to reduce price volatility and improve market
liquidity, but they may substantially lower investor welfare. For example, for hg = 2.0, we
have op = 0.2290 < 0.3125 = 0% and ¢ = 0.1343 < 0.25 = °, showing improvements in
both price stability and market liquidity relative to their levels with no intervention, and yet
V = —1.441 < —1.398 = V°, showing a large decline in welfare. For brevity, we omit a more

detailed discussion of these results.
5.3 Intervention with Full Information

The next case we consider is when the government has perfect information about the aggregate
state of the economy. In particular, we let gy = 1.0 and gy = 0, hence, Sgy =Y, that is,
the government observes Y directly and []5 Y] € Ig. The government’s trading policy and the

stock price then become:
0o =heY, P=D-—cY. (5.10)

Hence, we have a fully-revealing equilibrium whenever ¢ ## 0, in which investors precisely
learn about Y from the stock price. Moreover, they can also infer the government’s trade.
Consequently, we are back to the case when the government trades on public information, in
which investors fully offset the impact of the government’s trade, neutralizing their impact on
the market. We thus end up with the following situation. Despite the fact the government has
better information than each individual investor, it is not easy for the government to trade on
this information and improves market efficiency. The reason is that the investors, if left on
their own, can also achieve the same equilibrium which fully reveals the relevant aggregate state
variable Y and achieves efficient risk allocation.

However, there is a special trading policy the government can adopt to avoid this ineffective
situation. This is when the policy is such that it forces ¢ to be zero. In this case, the stock price
no longer reveals Y. Hence, the investors cannot undo the government’s impact. In addition,
the market risk premium becomes zero, which makes risk sharing in the market costless. As
discussed earlier, lowering this cost can potentially improve welfare. Such a situation is indeed

possible as given by the following proposition.

Proposition 8. When the government has full information on Y and chooses the following
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trading policy:
2

* * o
0 =hgY, hiy=1+ U_g (5.11)
)
the market equilibrium becomes:
2
_ oy .
P:D, 0; = — <1+0_—§> (Y—l—yl), 1€ [0, 1], (512)

and investors’ welfare is given by:

1
\/ 1 — 020202 (02 +02) /o2

From Proposition 8, we see that when the government follows the trading policy in (5.11),

V(hg) = — >V when oy < a2030§. (5.13)

¢ = 0 and the price becomes a constant, completely uninformative about the state of the economy.
In this case, investors’ can only rely on their private signal Y; =Y + y; to guide their trades.
In particular, §; = E [y;|Y;] = (1 + 03./0;)Y;, which leads to her stock holding in equilibrium
given in (5.12). In this case, by fully absorbing the aggregate risk, the government has made the
equilibrium price constant. The cost for investors’ risk sharing trades now drops to zero, which
helps to improve investor welfare. At the same time, it completely removes the informational
role of the price. This tends to reduce the information investors have on the amount of aggregate
risk as captured by Y and leads to its inefficient allocation among the investors, lowering their
welfare. (5.13) shows that the former effect dominates when the variability of Y, as measured
by oy, is relatively small. Hence, investors’ welfare increases under hy,. When the variability of
Y is relatively large, the latter effect dominates, and the trading policy A, will actually decrease
investor welfare.

We thus conclude that when the government has full information on Y, the aggregate state
of the economy, and its variability is relatively small, as (5.13) specifies, it can find a unique
strategy h¢, as given in (5.11) that improves investor welfare. Otherwise, it cannot.

Given the analysis in Section 5.2, even without any non-public information, the government
can improve welfare by trading on noise. It is natural to also allow the government to include a
noise component in its trading policy here. The results from pure noise trading suggests that
the government can find more trading policies to improve investor welfare. Since this case is
similar to the case when the government trades on partial information, we will return to it in
the next section.

When the government has its own private information, a related question is whether it can
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alter the market outcome and improve investor welfare by simply making the information public.
With the results we have obtained above, we can properly address this question in our setting.
The answer is in general no, if the government’s information does not go beyond the collective
information of the investors. This is illustrated clearly by the case discussed above. If the
government has full information on Y, it can simply announce it to the market. Assuming it
is fully creditable, the investors will then learn about aggregate risk exposure (V') from the
announcement and their own idiosyncratic exposure (y;, i € [0,1]). We will then arrive at the
same market equilibrium as in Section 3 with no government intervention. What we have learned
above is that the government can do better under certain conditions by keeping its information
and trading in the market following a special strategy.'® In addition, with full information on
Y, the government can combine it with noise in its trading policy to improve welfare, while

revealing it will take away these opportunities.
5.4 Intervention with Partial Information

The final case we consider is when the government’s information about the underlying state of
the economy is noisy. In particular, it receives a signal on Y in the form of (2.5) with gy > 0
and ogy > 0. Again, we examine how the government’s trading policy as given by hg impacts
the market equilibrium and investor welfare.

For easy comparison, we hold the parameter values the same as in Figure 1, except for gy
and ogy, which define how informative the government’s signal is about Y. We then consider
two cases corresponding to different levels informativeness of the government’s signal Sgy. The
first case is when Bgy = 0.25 and ogy = 1.0 and the signal is less informative, and the second
case is when fgy = 1.0 and gy = 0.1 and the signal is more informative.

As in Figure 1, the four panels in Figure 2 plot the price coefficients ¢ and d, the investors’
conditional volatility of Y, and their welfare level, respectively, for different values of hq, ranging
from —2.0 to 2.0. As before, the dash-dot line in each plot (sometimes overlapping with the
x-axis) represents the corresponding value of the variable with no intervention. The solid black

lines correspond to the case when the government’s signal is less informative, and the dashed

90ne can also consider the possibility of government not being fully untruthful in its announcement. For
example, it can throw some noise into the announcement. Under rational expectations, the investors can simply
choose to ignore the government’s announcements and achieve the marke equilibrium without the government.
For brevity, we omit these extensions.
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Figure 2: Price coefficients ¢, d, conditional volatility of Y, oy|x, and investor welfare V' for
different values of hg under government intervention with partial information. The parameter
values are set at a = 1, o, = 0.5, oy = 1.25, 0, = 1.0. The dash-dot horizontal line in each
plot represents the values of ¢, d, oy|x and V, respectively, with no government intervention
(hg = 0). The solid black line represents the case for Sgy = 0.25 and o = gy = 1.0, and the
dashed blue line represents the case for gy = 1.0 and 0¢ = ogy = 0.1. The maximum value of
V* = —1.380 is the same for both cases, reached at h}, = 0.667 and 1.098, respectively.

blue lines correspond to the case when the government’s signal is more informative. For clarity,
we will discuss the first case fully and then return to the second case for comparison.

In Figure 2(a), the solid black line shows the value of ¢ for different values of hg, when the
government trades on a less informative signal. In this case, the government trading is mostly

noise trading, which tends to reduce the value of ¢, the market risk premium. Hence, the overall
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pattern of ¢ as a function of hg is quite similar to the pattern when the government trades on
pure noise. That is, government trading in general lowers c.

However, given that the government’s trading is also correlated with Y, although weakly,
the magnitude of its impact on ¢ becomes dependent on its direction. For a positive hg, the
government is buying the stock when it receives a positive signal about Y (Sgy = 0.25Y + gy ).
This implies that when Y is positive, most of investors are shorting the stock to share their
income risk, the government is on average buying. This helps to reduce the price impact of Y,
yielding a lower c. Indeed, ¢ decreases with hg quite fast for hg > 0. When hg is negative, the
government’s trading policy is reversed. For the same Sgy, the government will sell the stock,
which is in the same direction as the investors’ trades. Consequently, it will further depress the
price, implying a higher c.

Figure 2(b) plots the value of d as a function of hq, with the solid black line. Its overall
pattern is close to Figure 1(b), the case when the government trades on pure noise. This is not
surprising given that a large part of the government’s trading in this case is driven by noise.
Since the remaining part is correlated with Y, the function is slightly asymmetric with respect
to hg = 0.

For the market’s informational efficiency, in Figure 2(c) we plot oy|x for the same range
of hg, also shown by the solid black line. Clearly, absent of government intervention (hg = 0),
oy|x = 0. When the government intervenes, a large part of its trading is noise, which then
causes oy|x to increase sharply. This is very similar to the case when the government trades on
pure noise. However, given that a small part of the government trading is informative about Y,
its impact on oy|x also depends on the direction of its trade. As discussed above, for hg > 0,
the government is trading in the opposite direction as the investors, which softens the price
impact of Y. This has the effect of reducing the price’s informativeness and increasing oy x.
For hg < 0, we have the opposite effect, with slightly smaller magnitude.

Finally, we consider how the government’s intervention policy influences investor welfare.
In Figure 2(d), the solid black line shows the level of investor welfare for different choices of
hg. With a less informative signal, most part of the government’s trade is on noise. Its welfare
impact is similar to the results obtained in Section 5.2. Small interventions tend to increase
investor welfare while large interventions tend to decrease investor welfare. Given that a small

part of the trade is positively correlated with Y, the welfare impact now becomes dependent
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on the sign of hg. As discussed above, a positive hg means that government is trading in the
opposite direction as the investors. Relative to a negative hg with the same magnitude, this
reduces the market risk premium ¢ more substantially, hence increases welfare, at least for small
interventions.

Next, we consider the case when the government’s private signal on the state of the economy
Y is more informative (Sgy = 1.0 and ogy = 0.1). In this case, when the government trades on
its signal, a large part of it will be correlated with the underlying state variable Y, and only
a small part is noise. The results are represented by the dashed blue lines in the four plots
in Figure 2. Depending on the sign of hg, the impact of government trading becomes quite
different.

Let us start with panel (a) of Figure 2. When the government trades positively on the signal,
i.e., hg > 0and 0g = ha(Y + eyg) with ogy = 0.1, it partially offsets the impact of Y on the
stock price, leading to a smaller ¢, as before. When the government is trading negatively on the
signal, however, its impact on ¢ becomes minimal. This is because in this case, the government
trades in the same direction as the investors, making the price more responsive to hence more
informative about Y. This is further illustrated by the behavior of oy|x in panel (c) of Figure 2.
In particular, for hg < 0, oy|x remains very close to 0. With a more informative equilibrium,
the impact of the government’s trading on the equilibrium diminishes as we show in Section 5.3.

Price coefficient d in this case is shown in Figure 2(b). For hg < 0, the price is mostly driven
by Y, the coefficient d behaves very similarly as in the case of less informative signal for the
government. For hg > 0, the impact of Y on the price is dampened by the government’s trading,
the price becomes more responsive to its noise component. As a result, we see a sharp rise of d
with hg to much larger values than in the case of less informative signal. It only tapers off and
starts to decrease when hg becomes large.

The welfare impact of the government trading in this case is quite different from the case with
less informative signal. For hg > 0, the welfare improvement occurs when its magnitude becomes
quite large (exceeding hg = 0.5). As the government’s trading intensity keeps increasing, investor
welfare starts to improve. It reaches the maximum value of —1.380 at h¢, = 1.098. Beyond this
optimal trading intensity, the welfare level drops very quickly as hg further increases. This
suggests that, in this case with more informative signals, the welfare impact of the government’s

trading policy is very sensitive to its design. Small changes in its choice can have very different
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welfare implications.

For hg < 0, we see a very different situation. Investors’ welfare level seems little affected, at
least for a large range of hg. This is consistent with the results on ¢ and oy|x. The government’s
trading, when it is in the same direction as the investors’, largely reveals the underlying state
of the economy (Y) and has little effect on the market risk premium. Consequently, it fails to
improve investor welfare.

The discussion above about the impact of government trading when hg < 0 is mostly for
the completeness of our analysis. Our main results are for hg > 0 when welfare improvement
does occur.

Comparing the two cases we examined, when the government trades on less or more
informative signals, respectively, we observe that the maximum welfare level achievable remains
the same, which is V* = —1.380. Moreover, it is also the same as in the case when the government
trades on pure noise. This is no accident. The reason is as follows. As discussed in Section 5.2,
when the government trades on pure noise, the price function takes the form P = —cY + deg.
Knowing e¢, the noise the government trades on, it can also infer Y from the price. In searching
for the optimal intervention policy, the government is effectively using its precise information
on both, Y and 5. When the government receives a noisy signal on Y, Sgy = BayY + e¢
(where e = egy), it also observes the stock price, P = —cY + deq. These two independent
signals actually allow the government to infer both Y and ¢4 precisely. Hence, in all the three
cases with Bgy = 0, 0.25, 1.0, respectively, the government effectively has the same and full
information about the economy. In addition, we have also learned from Section 5.3 that full
information on Y in general does not help the government to improve investor welfare. The
only effective tool the government has is trading on noise. Thus, in all three cases, it is choosing
the right hg, given its signals (including pure noise), that delivers the optimal amount of noise

trading to achieve the same maximum welfare level for the investors.
5.5 Summary Comments

Our analysis in this section leads to a set of results from the model regarding the impact of
government intervention. Under the assumption that the gain/loss from government trading
is passed on to the investors, its influence on market equilibrium and investor welfare is in

general independent of the information the government has. In particular, if it trades on public
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information or full information on the underlying state of the economy, investors can infer the
government’s trade from prices and adjust their own trades accordingly to fully offset it. The
government can shift the market outcome only when it trades on noise, either by adding pure
noise to its trade or relying on the noise in its signal. In this case, the government’s trade is not
observable to the investors, hence won’t be fully offset by their trades. By offering extra returns
through its noise trading, the government is reducing the price cost of investors’ risk sharing
in the market, bringing welfare gains. At the same time, the government’s noise trading also
distorts the investors’ net portfolio holdings and terminal wealth. Proper choices of moderate
amount of noise trading can improve investor welfare. Nonetheless, the general welfare impact
of government’s intervention policy heavily depends on its inputs and design.

Our results also show that widely used policy targets based on market outcomes such
as informational efficiency, price stability and market liquidity, can have substantial welfare
implications in a general equilibrium context. In particular, welfare improving intervention
policies may well cause these targets shift in seemingly undesirable directions. The reverse is

true as well. We expand more on this topic in the next section.

6 Evaluating Government Intervention

Government often intervenes directly in the financial market during crisis. How to evaluate
these interventions has always been a challenging question.? It requires a proper cost-benefit
analysis with the right objective function. In this section, we consider some of the conventional
assessment measures. We also develop a measure using our general equilibrium framework.

To demonstrate the key points, we consider two simple trading strategies for the government.

The first is a contrarian strategy, buy low and sell high. Formally, it is given by:
gSeomtrarian — _ b P hg > 0. (6.1)

This strategy is reminiscent of government’s interventions during market downturns such as
buying distressed assets. The second is a noise trading strategy given in (5.4). Neither strategy
requires any information advantage about the market for the government. The computational

details are provided in the appendix. Below we only present the results.

Payoff. The first measure is the expected payoff on the government’s trading strategy. Given

20See, for example, (Lucas, 2019) and the references there in.
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the government’s trading strategy 6, its terminal payoff is:

WG :9G(u—P). (62)

For the contrarian strategy, its expected payoff is:

E [ entrarian) — g [gSontrarian(y, _ P)] = B [— hg P (u — P)] = hg 2ol > 0. (6.3)

Clearly, in this case, the average payoff on the contrarian strategy is also positive.

Next, we consider the noise-trading strategy. Its expected payoff is given by:
E[WZ =E[057*(u — P)] = E[hgeq (u— P)] = —hgdog <0, (6.4)

which is always negative (since hg d > 0), at least for small hg.

The difference in the expected payoffs from these two strategies reflects important aspects of
the government’s trading in the market. In particular, in the case of contrarian strategy, the
government trades only on public information. Thus, the investors can use their own trades to
fully offset the government’s trades. As a result, the government’s trading has no impact on the
price. As a contrarian, the government earns a positive expected payoff. However, this payoff
is the same for any investor in the market who follows the same strategy. In other words, the
government does not earn any extra payoff than what the market offers to all investors.

In the case of noise-trading strategy, the situation is very different. The government trades
on noise, which is not public information. Thus, government’s noise trading will move the
market price, which cannot be fully offset by the investors’ own trades, despite their efforts in
doing so. Consequently, the government’s price impact, which is in the same direction of its
trades, will lead to negative expected payoffs.

The results above clearly demonstrate that we need to be cautious in assessing the govern-
ment’s trading in the market by simply using the observed market prices. These prices can
be influenced by the government’s trades. However, whether or not they are depends on how
observable the government’s trades are. More importantly, when the government’s trading does
move prices, using market prices to assess its merit can be misleading. As shown in the case of
noise trading by the government, it always loses money but can actually improve welfare, as we

have learned in Section 5.2.

Sharpe ratio. In addition to expected payoff of the government’s trading strategy, we can also
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include its risk in the assessment. A natural candidate is the Sharpe ratio (SR), given by:

E [Wg]
o[Wal’

where o[W¢] denotes the volatility of Wg. As shown in the appendix, simple computations yield

SR = (6.5)

the following:

SR Contrarian — COy SR Noise — d 4e

V3c2o% + o2 _\/02032/—1—2d20é+03'

For reasons explained above, the Sharpe ratio for the government’s contrarian strategy does

(6.6)

not depend on its trading and is the same for all market participants. Keep in mind that the
equilibrium price coefficients b and ¢ here are not influenced by the government’s trading strategy,
as shown in Section 5.1. In the case of government’s noise trading, however, the situation is
different. Here, the government’s noise trading, as characterized by h¢, will influence the price
coefficients ¢ and d. As shown in Section 5.2, for small values of hg, d will be proportional to
heg. Thus, not only that the Sharpe ratio is negative, it also increases with the magnitude of the

government’s trading, at least when it is small.

Certainty equivalence of welfare gain. The ultimate measure of the government’s inter-
vention is the welfare gain or loss it generates for the investors. In particular, we define the
certainty equivalence, CF, in terms of investor wealth as a measure of their welfare gain or loss.

Specifically, we have:

where V (W, h¢) is the investors’ welfare level with wealth W and government trading policy hg.

From the welfare results obtained in Section 5.1 and 5.2, we can easily compute CFE for the
two of the government’s trading strategies under consideration. For the contrarian strategy, it
yields no welfare gain. Hence, its CE will be zero. For the noise-trading strategy, however, there

is a positive welfare gain, yielding a positive CE. Mathematically, we have:

CE Contrarian. _ () for all he: (6.82)

2.2 2
1+ afo; 0y

: 1
CE Noise _ —0530'305

5 h% + o (h%), for small hg, (6.8b)

1= %0202 (1+a%070%)
where the second equation comes from (5.9). It is interesting to note that despite its positive
expected payoff and Sharpe ratio, the contrarian strategy adds no value by the certainty

equivalence measure. In contrast, the noise-trading strategy yields a positive certainty equivalence
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measure despite its negative expected payoff and Sharpe ratio, which is proportional to the
square of the trading magnitude hg for small values of hg.

The analysis above shows that the government’s trading in the market cannot be simply
evaluated using observed market prices. This is due to the fact that government trading will in
general shift market prices, which influences investor welfare. When the government’s trades
are public information, they can be fully offset by investors’ own trading and thus won’t impact
market prices. In this case, the government’s trading can be evaluated using equilibrium market
prices. However, in this case the intervention loses its value as it has no effect on investor welfare.
When the government’s trades are not public information, they will have non-trivial welfare
implications. In this case, market prices will be influenced by the government’s trading strategy
and thus lose their validity in assessing the strategy’s merits. A proper evaluation measure is
based on the strategy’s impact on investor welfare, which can be constructed in the context of a

general equilibrium framework like ours.

7 Conclusion

In this paper, we have developed a general equilibrium model to examine the impact of
government’s direct trading in the financial market on market outcome and investor welfare. We
show that when the market is incomplete and contains information asymmetry, the equilibrium
does not lead to the first-best welfare level. While the market does allow full risk sharing, it is
not cost free. In particular, investors face the risk of paying the market risk premium, which
lowers their ex ante welfare. To the contrary, the first-best allocation yields the same perfect
risk sharing without incurring the market cost.

Given the sub-optimality of the market equilibrium, the government’s intervention through
its own trading can improve welfare, even when it has no additional information. We show that
any intervention based on public information does not alter market outcomes since investors can
trade to offset the distortion caused by the government’s trading. However, by trading on pure
noise, the government is creating additional returns on the investors’ trades. This effectively
lowers the cost for investors to share/hedge risk in the market and can potentially improve their
welfare.

When the government has additional information that individual investors do not have, the

impact of its intervention policy is sensitive to the details of the economy and the design of the

42



policy. We also show that when the government plays a monopolistic role in the market, using
market prices to assess the its intervention policies can be incomplete and misleading.

As stated in the introduction, the paper’s main objective is to construct a parsimonious
but comprehensive framework that allows us to examine the potential role for government
intervention and its welfare implications. Thus, for tractability and clarity, we have made
simplifying assumptions regarding the structure of the economy, the objective of the government
and its information and intervention policies. As discussed in Section 2.8, many of these
assumptions can be relaxed if the focus turns to specific imperfections of the market and the
corresponding government intervention policies. We will leave these explorations for future

research.
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Appendix
In this appendix, we provide the derivations and proofs for the main results in the paper.
A.1 Parameter constraint (2.10)

Under normality, the non-traded income given in (2.2) is unbounded, which can yield extreme
values for the utility function. In particular,
1 1
W; =Yiu, E[w(W;)|Y;] = —e2® VIl = _cga®nid? (A1)
which is unbounded when Y; is large. The expected value of the utility function above (over Y;)
is bounded only if the condition (2.10) is satisfied. (2.11) follows when (2.10) holds.
A.2 Solution to Market Equilibrium with Government Intervention

Conditional state variables — Proof of Lemmas 1 and 2

The following lemma, which is a standard result about joint normal distributions, will be

repeatedly used in our computations:

Lemma A.1. Let z be an N-dimensional normal random variable:

v = [xl ~N ([ifl 2 e ) 7 (A.2)
T2 T2

9
o1 Xy
where Ty, Ta, X1, Lo are the mean and covariance matrixz of x1 and x4, respectively, and 3o

18 the covariance matriz between x1 and xo. Then, conditional on x4, x1 remains normal with:
. -1 - -1 _
E [$1|$2] =T + Liplipy ($2 - $2)7 \% [$1, I1|$2] =2 — Dy X = 211\27 (A-3>
where V [xq, x1|x2] denotes the variance matriz of x1 conditional on xs.

Given the price function P in (4.1), signal vector X; in (4.2) and state vector Z in (4.4),

they are jointly normal. We immediately have:

2 2 | g2 9 2
. ccoy +d°o —co
Yxx=A= Y_ ) Gy s Ll A= Foyo, + d*ogy (o3 +02), (A.4a)
coy oy +0,
Al 1 oy +o; co? (A 4b)
Al | cot o+ d2oky | '
¥ y ay

and the joint distribution of Z and Xj, i € [0, 1], is then given by:
_ .2 2
z N s ZZX = €Iy 9y = IYx . <A5)

0
0

Yzz Yzx

)




Lemma 1 immediately follows from Lemma A.1. For convenience, we define:

_ [ﬁyx

O'Y)(Ail

Bzx = Ygx A~ = : (A.6)

ﬂuX 0 0

O'uXA_l

_ [—ca%azm Poy ot /A

since o,x = 0. In addition, we have:

_ 02 Oyy o? 0
ZZZ|X = EZZ_ZZXA 1ZXZ = YiXx 1; X == Yix 9|’ 012/|X = dzUéYU%Ui/‘A’, (A?)
OyulX Uu|X 0 Ou

which gives the variance and covariance of Y and w conditional on X;, and:

i ) L R (A8)
‘ZZZ\X| 0 O'%LX
Moreover,

Given (2.5), (2.6) and (4.3), (4.6) is immediate with:
Oc = h/GPP + hazZ, 6z =[hey heul, (A.10)
where
hap = hap + (1/d) hay,  hgy = (Bey +¢/d) hay,  hg, = 0. (A.11)
Lemma 2 then follows from Lemma A.1.
Investors’ optimal trading policy — Proof of Proposition 2

Given investor ¢’s wealth in (4.10), 7 € [0, 1], for (4.11) we further have:

/
GY 0

We can now rewrite (4.10) as:

W, =W+ 12 HeZ; =W + W/ + L2 HeoZi, i €0,1], (A.13)
where

W! = (6; + 0c:)(—P) + (0; + 0ci + Y huz Zi + (=P)hiy, Z; (A.14a)

W) = E[W/|X,] = (0; + 0c:)(—P), (A.14b)

W/ =W —W! = [(02- 406+ Vi hag + (—P)hy| Zi. (A.14c)

Note that conditional on X;, W/ is normal with mean zero.
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We now solve for the investors’ optimal trading policy. For ZZ_Z1| « T aHg positive definite,
which will be guaranteed with proper parameter restrictions, we define X7z x¢ as in (4.12),
which is also positive definite (and symmetric). It can be interpreted as a modified covariance

matrix for Z- from Y77 x with aHg. In addition, we have:

_ _ a/|x ahl
EZ%XG = Ezé\x +aHg = uf| /ZZ|X| ) Gy , (A.15a)
o hgy UY|X/|ZZZ|X|
|E§%|XG| = |Zzzx|™! = &®héy = [Zaz1xal ™, (A.15D)
2 2 _ /
D L UY;|XG = |Xzz1xc] UY|X/’E,ZZ|X‘ ) ahgy , (A.15c¢)
OyulXG  Oyxa —ahgy  03/|2z2x]
where | X7z x| is given in (A.8).
The normality of W/ yields the following lemma:
Lemma A.2. Given the trading policy 0; of investor i, i € [0, 1], her expected utility is:
1 s 7.
E [—e_O‘W" XZ-} =—E [6_QWZ’_2QZ¢THGZ’ Xi; ZZZ|X}
|2‘IZZ|XG|1/2 —aW!—aW! .
== W E le Xii Xzz)1xa
5 1/2 R
= _ | ZZ|XG| —aW; (A16)

| Zz2)x |/ ’

where E [-|X;; X] denotes the expectation conditional on X; with covariance matriz X, and
Wi = Wi/ - %aV [WHXz‘; ZZZ|XGL (A17)
where V [-|X;; X] denotes the corresponding conditional variance.

From Lemma A.2, the investor’s optimization problem new reduces to:

max W, = (0;+0c)(—P)

0;
— 3 @ [(0i+06i+Yi)huz+(—P)hig ) 2z zixcl(0i+0ci+ Y huz + (= P)hi,] T, (A18)
which is a mean-variance problem. The first order condition is:
0= (—ﬁ) — Oéhuzzlzngg[(ei—i-e_gri-m)huz—i-(—p) /GZ]T' (Alg)

Simple algebra leads to the following solution for the optimal trading policy:

- 1
0, =—0c+—(—P)—-Y,. A.20
Gi+ —(=P) (4.20)

u

49



Substituting the optimal trading policy into W,-, we have:

W= ao? [1 B %(1/05) (huz + O‘Oihl(;z) Yzz1x6 (huz + aagh'GZ)T} (15)2 + PY;
1 ~ ~
1
aoil TP (A.21)
a02

which gives the investor i’s value function. The derivation of Proposition 2 is now complete.

Price and stock holdings in equilibrium — Proof of Proposition 3

From Lemma 1 and 2, we can rewrite the investors’ stock demand in the form of (4.15) with:

1 coio? d*o2 02
hp=— +h/ — Yy hy =1 — G Y A.22
P 040'73 + GP — ‘A’ GY > Y + ’A‘ ( )

For equilibrium, the market-clearing condition (4.16) requires:

0= —[(=hp+hgp) c+ (hy —Bavhey)|Y + [(—=hp+hap) d+hay]eay (A.23)
It then leads to the following conditions for ¢ and d:

0= (—hp+hgp)c+ (hy — Bayhay), 0= (=hp+ hgp)d—+ hgy, (A.24)
which gives (4.17). Moreover, combining the two equations in (2.10) yields the following equation:

k=d/c= L (A.25)

hy — Bayhay

Some algebra yields the following equation for k:

ask® + agk® + ark + ag = 0, (A.26)
where

ag = ogy|(oy + 02) — orBavhay],  ay = —0gyoihay, (A.27a)

a1 = 0v0.(1 = Bavhay), ao=—0vo,hay. (A.27b)

(A.26) is a cubic equation for k. Its solution is given by the following lemma:

Lemma A.3. For a cubic equation of the following canonical form:

asx?® 4 agx® + a1z + ag = 0, (A.28)
define
2 2
wm as a0 as; aop ay 9 . 3 I ERVET)
=— - = = - — — — =—— A= = A.29
P= 34 9a3’ 6a2 2743  2a3’ " 3as’ ¢y, W ! )



where A is the discriminant of the cubic equation and w is a complex cubic root of —1. (A.28)

then has three roots given by:

xlzf/—q+ q2+p3+€/—q— ¢ +pP A+, (A.30a)
m:w{’/—qu q2+p3+w2{’/—q— ¢ +pttr, (A.30D)
x3=w2€/—q+\/q2+p3+w{’/—q— ¢ +pP+r. (A.30c)

Moreover, when A > 0, there is only one real root, when A < 0, there are three distinct real

roots, and when A =0, there are multiple real roots.

For A > 0 with as, as, a; and ag given in (A.27), we have a unique solution for k. Substituting

it into (A.24) gives the solution for ¢ and d. In particular, we have:
(Bay + k) k2UéYU§
0302 + k2 (0} + 02

2
c=ao, |1—

)hGY 3 b=Fkec. (A31)
This completes the proof of Proposition 3.

Investor welfare — Proof of Corollary 4.1 and Proposition 4

With the state variables included in z; for investor ¢, we can write the solution to the equilibrium

in the form of (4.20) with:
By =[11 0], Bg=hgpBp+|[Bevhay 0 hay], Bp=[—-c 0 d], (A.32a)

1 1
By= —(-Bp) =By, B= FB,IBP + (BpBy + By Bp) . (A.32b)

u

This gives Corollary 4.1.
With the above, we can compute the investors’ ex ante expected utility under government’s

intervention policy (2.6). In particular, we have:

|EZZ\XG|1/2 —aWs |EZZ\XG|1/2 _L..7B.
V(b~)=V(h :_—E|:€ O{WZ]:——E(E 50z, Bz
( G) ( G) |ZZZ|X|1/2 |ZZZ|X|1/2
¥ 125 112
_ _ Pzaxel 7| Zeenl ie0,1], (A.33)

|EZZ|X|1/2 |EZZ|1/2 7

where X, 5 is given in (4.21). This proves Proposition 4.
A.3 Equilibrium with No Government Intervention — Proof of Proposition 1

Market equilibrium with no government intervention and investor welfare can be obtained by
simply letting hgy = 0 in the general solution. We omit the details here for brevity. The main

results are summarized in Proposition 1.
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A.4 Government Intervention with Public Information — Proof of Proposition 5

In this case, the investors’ optimization problem is similar to the maximization problem with no

government intervention, which reduces to:

max W; = (0; + 0c)(=P) — § ool [(6: + 0c)* +2(6; + 0c)Y; + V], i €[0,1]. (A.34)
The the first order condition for 6; is:
—P — ac?Y; = ac?(6; + 0g), (A.35)

which yields the solution to 6; in (5.3). The rest of the results for this case follow easily from

the general solution in Section 4.
A.5 Government Intervention with Pure Noise — Proof of Propositions 6 and 7

The solution in this case follows from the general solution in Section 4 by substituting in the
government’s particular trading policy. In particular, we only need to set Sgy = 0 and 0%y = 1

in the general solution. Details are provided below.

Market equilibrium. For (4.6) and (4.9), we now have:

/ / / / (C/d)thG
GP = (1/d) ha, hgy = (C/d) ha, hgy = [(C/d> he 0], GX — T[ Y+J CUY] (A 36)
Moreover,
Heg = ; (¢/d) he (A.37)
(¢/d) hg 0
and
! - _ |1Al/(P0F07) ale/d) ha
Laxa = ZZZlX +aHg = o(c/d) hGy et | (A.38a)
/o —a(c/d) hg
) : A.38b
zz1xG = | & Z|XG| [ a(e/d) he \A]/(d%yo ) ( )
where
Al _
[ Zzz1xal = Fololo? a*(c/d)*hg; = | ¥zzxcl ™ (A.39)
We then have:
2 1 1 |A| _1
Oy|xc = |EZZ\XG‘;7 ulXG = |ZZZ|XG|W> ovuxe = —|Xzxqlalc/d) ha. (A.40)
w 9y

Given investors’ optimal trading policy, we now derive the equilibrium price coefficients, ¢
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and d. From (A.22), we have:

L, (/d)dhe (c/d)Phe

— 2 2 —
hp = 040'3 ’A‘ (UY+0y), hy =1+ ’A| Oy . (A41)
From (4.17), we now have:
C:hy/hp, d:hg/hp, d/CEk:hG/hy (A42)

The last equation leads to the following cubic equation for k in the form of (A.26), which is:
(0% + 02)k® — hqook® + oy ook — hgoyo, = 0. (A.43)

Its solution is given in Lemma A.3, which is unique for a range of h¢g. In particular, kK = 0 when
he = 0. Substituting the solution for &k in (A.42) yields the solution to ¢ and d:
k 05

0%03 + k2 (0}2/—1-05)

c=(ao?) |1 — hg|, d=ke. (A.44)
The investors’ stock holdings in equilibrium is then given by:

0, = —hpP — hyY; = —hgeg — (1 + |A| 7' Podk he) vi (A.45)
Welfare. We now compute the investors’ welfare given the government’s trading policy hg. In
this case, we have z; = [Y y; e¢]' and X, = Diag[o?, 05, 1]. Consequently, (A.32) becomes:

By =[110], Ba=1[00 hgl, Bp=[-c 0 d], By=1[0 1+c*ovkha/|Al hg], (A.46)

and B takes the same form as in (A.32). Hence,

1 0 —k 2 1 —k
BiBp=c|0 0 0| BiBy+ByBp=-c|1 0 -kl
-k 0 k2 -k —k O
and
/o2 —2ac  —ac —(c*/o2—ac)k
aB = —ac 0 ack

—(c*/o2—ac)k ack (2/o?)k?

From X}, = X' + aB, we obtain:

1 /1 ¢ c?
T2l = lﬁ (;ﬁ;—zac) - (040)2} + o (L= aPal(oy+op)] K (A47)
Y Y u Yoy

From (A.39) and (A.47) with |Y..| = 070, we can compute the investors’ welfare from (4.21).

This proves Proposition 6.

Small intervention. We now consider the situation when h¢ is small. This entails to obtaining
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approximate solution to the lowest (non-trivial) order of hg. From (A.43), we have:
k= hg+o(h¢)

where o (h%) denotes terms of higher orders of hZ,. From (A.42), we have:
¢ = (a02) [L=(1/o})h3] + o (h3), d = (a0?) he+ o ()

where ¢y = ao? is the solution for ¢ when hg = 0. As a result, we have:
& = (a0 [1-(2Ja 2] + o (12),

From (A.39), we have:
2 2

| Xz21x¢] [ 2d2ayoyau 11 [ o UY<7202 211
[Zzz1x6l 1y 2Oy d —|1- h
S22 (ac) A (ha/d) 0202 + (024 02)k2 ¢

=1+ a’02h +o(h).

From (A.47), we have:
.. 2 2 -1
||E B’| = {[1 + oy <C—2—2ac> — oyo(oc) } + (C—) [1—a?0% (0 +02)] k2} . (AM48)
2z (2
Note that when hg = 0, we have:

Ezz
S - et (et = @ @ =1/ /1- et (et
2z |0

Thus,

| EzzB |
py

We then have:

= Q{1 - Q%0 [l — a’ol(oy—0.)| hg} + o (k).

|Zzz1x0| | Zezn]
Zozx| |5 = Q2{1 + a203hé}{1 — Q*’0? [1 _ 04202(052/—05)} hé} +o(h)

= Q* {1+ d’oih — Q*d’o, [1 — oPol(oy —0))| b} + o (hE)
= Q" {1+ Q(a%0y) [1/Q* — 1 + (a’0y) (03 —0y)] hey} + 0 (hey)
= Q" [1-Q*’0,)’0,(1 4 ’o0v) he] + 0 (he)

It then follows that:

b)) b 1/2 1
Vi(he) = — |Yzz1x6] | 222 = —Q |1-2Q*(0?02)2 02 (1400202 )h% | + o (h%). (A.49)
|EZZ|X| |Ez2| 2 Y

Obviously, V(0) = V0 = —Q, V'(0) = 0, and V"(0) = 3Q*(a?02)?02(1+a’020%) > 0. This

completes the proof of Proposition 7.
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A.6 Government Intervention with Full Information — Proof of Proposition 8

Here, we consider the special case when the government has full information on the aggregate
state variable Y and chooses to trade to fully remove its influence on the price.

In this case, we have 0 = hgY and P = 0 under a particular value of hg we seek to
determine. Here, the state vector remains Z = [V u]" with Y, = Diag|o?,02]. In addition,
Xi=Y +y;, A= Yxx =0y + 0, and

2 2 2
UY], Bzx = BEX], Xyzix = [BYE% 002], Byx = 012/0—4};‘5-

Given that 65 = hg Y, we have:

EZX =

u

Oc = 0ci + 0ci, Oci = haByxYi, Oci=heY:, Yi=Y — ByxYi
For the investors’ optimization problem, we have:
Wi = (0 + 0gi + Vi) u+ he Yiu = (0; + 0gi + Vi) u+ 12 Ho Z,

and

Hoo |0 he|l 5 _
hg 0

In addition,

- _[1/<5yxo—§> 0 ] L _ll/wyxa;) ahG]
! .

ZZ|X 0 1/(0—3 ZZ|XG OéhG 1/(03)
From Proposition 2, the investors’ optimal trading policy is:

The market clearing condition with P = 0 requires:
e 032/ + 05 - 1
¢ oy 1— Byx

This determines the government’s trading policy in order to achieve P = 0. The investors’

equilibrium stock holdings are then:

2
O-Y .

For welfare, we have z; = [Y y;]" and X, = Diag[o%, 0¢?]. From (A.32), we have Bp = 0,
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B=0,2Y.p=2._ and

1
X = olo2, |X =X .
| Xzz1x| = Byxo,0,, | Xzz1x6] = | ZZ\X|1 ~a202(0% +02) (0% /o)
Thus, Proposition 4 gives the investors’ welfare under the specific intervention policy hg;:
|EZZ|XG|1/2 _ 1
/2 — )
V1= 020203 +02)(03 /o3)

which is (5.13). Hence, Proposition 8 follows.

Vihg) =

| Zzzx]

A.7 Evaluation of Government Intervention Policy

Given the government’s intervention policies: the simple contrarian trading strategy linear in
stock price and the noise trading strategy linear in noise, their performance measures and welfare

impact can be easily computed, as shown below.

Expected Payoff. For the linear contrarian strategy given in (6.1), it has no impact on the
equilibrium stock price, which takes the form in (3.2). For convenience, we define the return/net
payoff on one share of the stock by:

R=u-—P.
Then, the net payoff on the contrarian strategy is given by:

W =—hgP (u— P)=—haBpZZ" Bg,
where Z =Y u]", Bp =[—c 0] and Bg = [¢ 1]. Immediately, we have:

E [Wg] = — thPZZzB}Tz = thzO'%/,

which gives (6.3).
For the noise-trading strategy, we have:
We =0 (u— ]5) = hgeg (u+cY —deg).
Let Z=1[Y u eg]", By=[0 0 1], Bp=|—c 0 d],and B =[c 1 —d]. We have:
We = haBnZZ" B},.
It then follows that:

E[Wg] = hg BNE[ZZ7|By = haByXz2B) = —hgd o,

which is negative, at least for h small.
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Sharpe ratio. In order to compute the Sharpe ratio of the two strategies, we need to compute
the variance of their payoffs, which are the products of two normal variables. For this purpose,

we need the following lemma:
Lemma A.4. Let z; and zy be standard normal with correlation p. Then,

Vizz] =1+2p% (A.50)
Using the lemma, we can now compute the payoff variance for the two strategies under consider-
ation. In general, we can write their payoffs as:

We = £ ha(B:1Z)(BrZ)",

wher B; denotes the corresponding B for the two investment strategies. Let o; and og denote

the volatility of B;Z and BrZ, respectively, and p;r their correlation. Then, we have:

B Yy7B}

0} = B1Yz;Bp, 0% = BrYzzBg, C|B1Z,BrZ| = B1Xz;B, pir= i
10R

For the contrarian trading strategy, Z = [Y u]", B = Bp = [—¢ 1] and 0; = op. We have:
V [PR] = 0} (3 o3 + 0?).

For the noise trading strategy, Z =[Y u eg|’, By =[0 0 d], and we have:
V [(B1Z)(BrZ)| = hkod (o + 2d%0% + o).

Combine the results above, we obtain the Sharpe ratios for the two strategies given in (6.5).

Certainty equivalence. Given the form of the value function (4.14), welfare function (4.21)

and the definition of certainty equivalence (6.7), we have:
V(W, hg = 0)e”*F ) = V(W, he).

In the case of contrarian strategy, V(W, hg) = V (W, hg = 0). Hence, CE “°"™an — (0 In the
case of noise trading strategy, V (W, h¢g) is given in (5.9) for he small. To the lowest order of

he, we immediately have the second result in (6.5).
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