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Abstract

This paper formalizes a framework to study optimal central income tax with strategic local govern-

ments who also redistribute with nonlinear income tax and compete tax with each other. It develops a

sufficient-statistics approach to the multi-level contract design and identify a concise ABC-nest-ABC tax

rule based on a few micro statistics. Our formula demonstrates precisely how the central government

can engage local governments and achieve the optimal tax system using empirically observable data.

The classic Diamond ABC is integrated into a novel Pigouvian ABC, comprising: (i) economic weight for

each region, (ii) inter-government objective inconsistency, and (iii) the Diamond ABC. Unlike the canoni-

cal Mirrleesian tax, this optimal tax specifically addresses inconsistencies in inter-government objectives,

including fiscal externality. A simple quantitative analysis to the U.S. indicates that decentralized redis-

tribution is generally beneficial, particularly when supported by a well-designed central income tax. The

welfare effect of local taxes is minor because the central income tax significantly crowds out local taxes

while stabilizing the overall tax burden. From another perspective, local taxes address local needs with-

out greatly impacting national welfare. The central income tax is essential for redistribution, even with

free inter-region transfers. In contrast, implementing region-specific central income taxation would only

slightly improve national welfare. (A quantitative analysis covering 51 jurisdictions in the U.S. is to be

done)
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1 Introduction

The optimal Mirrleesian tax literature often assumes that there is a sole redistribution policymaker. How-

ever, in practice, multiple governments typically enforce redistribution policies in the same region. Nev-

ertheless, organizations with varying degrees of centralization do exhibit significant differences in their re-

distribution policies, with more centralized governments generally having more centralized redistribution

policies. This is exactually the case among the EEC, U.S., and China.1 A crucial question thus arises: is de-

centralized redistribution desirable from a national perspective? And, how to design central redistribution

with decentralized redistribution?

There are two difficulties in designing the central redistribution policy. Take the U.S. as an example. First,

the diverse economic landscapes of U.S. states pose a significant challenge to the design of a fair and efficient

federal income tax. Moreover, the U.S. Constitution mandates the uniformity of federal income tax.2 Such

a one-size-fits-all federal income tax system struggles to adequately address the inherent disparities. The

central govenment has to balance the redistribution between regions and within regions. Second, central

governments that want or are obliged to compress income gaps must take residents’ incentive problems, as

well as the local governments’ reactions, into consideration. Empirical studies documents two important

facts on how the behavior of local governments has changed the effectiveness of central redistribution.

Higher central income tax rates lead to lower local income tax rates (see, e.g., Feldstein and Metcalf (1987);

Goodspeed (2000)). Moreover, central tax reforms that would increase the progressivity of state effective tax

rates result in decreased progressivity of statutory state income taxes (see, e.g., Scott and Triest (1993)).

Despite the global prevalence of multi-level governments, plausible empirical evidence on strategic re-

sponses of local government, and the challenge to the tax design for a union, normative research in this

context is notably scarce. This paper thus studies optimal region-uniform central income tax with region-

specific local income taxes designed by local governments. The underlying question here, which lies at

the core of optimal taxation and fiscal federalism, is how to construct a central income tax that effectively

leverages the strengths of both central and local governments while navigating their inherent conflicts. 3

Bearing the above phenomenons and questions in mind, we formalize a multi-principal Mirrlees tax

problem in a sequential game consisting of a central government, two asymmetric local governments, and a

continuous heterogeneous taxpayer. Multi-level governments contract sequentially and non-cooperatively

with the residents in their jurisdictions. At the beginning of the economy, the central government set its in-

come tax schedule while considering the reactions of local governments and taxpayers. Local governments

1Many, if not most, countries and unions are governed by multi-level governments and all levels of government collect tax
formally or informally. For example, in the United States, both federal and state governments levy income taxes. In the European
context, both member states and the European Economic Community itself enact redistribution (such as the European Social Fund
and the European Regional Development Fund). In China, although the local governments cannot formulate local income tax,
they adjust the effective tax through a talent subsidy policy, a government-funded projects, and tax administration. These typical
examples suggest that (i) despite differences in the degree of decentralization, multi-level redistribution is popular around the
world; and (ii) typically, the more centralized the organization is, the more centralized its redistribution policies is (in the above
cases, EEC is the most decentralized and China is the most centralized).

2Article I, Section 8, Clause 1 of the Constitution states that "all Duties, Imposts, and Excises shall be uniform throughout
the United States." The U.S. courts have interpreted "uniformity" to mean geographical uniformity in how the tax is applied, not
necessarily that everyone pays the same rate. This allows for a progressive tax system where rates vary based on income levels.

3Alexis de Tocqueville observed this nearly two centuries ago (see, e.g., Tocqueville (2003)): “The federal system was created
with the intention of combining the different advantages that result from the magnitude and the littleness of nations.”
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then design their own income taxes, taking the central tax as given and anticipating taxpayer responses.

Lastly, taxpayers, observing the tax system, act to maximize their utilities. Unlike the local governments,

which consider only the local welfare, the central government is concerned with the national welfare. On

the policy side, we follow the spirit of Mirrlees tax both to abstract the analysis from functional constraints

on taxes and to capture the nonlinear reaction of local tax in the real economy. By doing so, we have, for the

first time, unveiled the key principles of nonlinear tax design in a multi-level government system.

Our main contribution is developing a sufficient-statistics approach for the contract design in a multi-

level principal-agent problem with both intensive-margin (labor supply) and extensive-margin (location

choice) decisions. Follow the Mirrlees (1971) tradition, we allow all taxes to be arbitrarily non-linear.4 Local

income taxes are region-specific. In contrast, the central income tax is region-uniform, capturing political

or information constraints of the central government. As Oates (1999) observed, central governments have

been historically, and continue to be, prevented from implementing completely region-specific redistribu-

tion policies. Actually, the U.S. Constitution mandates the uniformity of federal income tax.5 Another key

feature of the current paper is the explicit objective inconsistency between governments. This inconsistency,

often implicit and taken for granted, is the basis of the other issues. Without objective inconsistency, tax

design reduces to a planning problem for a benevolent social planner.6 Our paper highlights the impact of

objective inconsistency and multi-level principal-agent problem on the tax design. Below, we elaborate on

the baseline and extension components of this study, respectively.

In the benchmark model, we segregate the problem from labor mobility and highlight the role of objec-

tive inconsistency. We first analyze how local governments react to the central income tax, which determines

the optimal local tax. Levying central income tax reduces local governments’ benefit from motivating labor

supply, which in turn increases the aggregate local income tax rate (i.e., the combined tax rate of the local

and central income taxes). However, the aggregate tax rate is sticky in the sense that one unit increase of the

central income tax rate crowds in less than one unit of aggregate tax rate. Therefore, although the aggregate

tax rate increases, the local income tax rate is crowded out.

These observations align with empirical evidence. Previous empirical studies have demonstrated that

increases in the level and progressivity of central income tax are often accompanied by decreases in the

corresponding aspects of local income tax, partially counteracting the impact of central tax reforms (see, e.g.,

Feldstein and Metcalf (1987); Scott and Triest (1993); Goodspeed (2000)). Our theoretical framework echoes

these empirical findings, demonstrating consistency in both the offsetting effect and the overall effects; and

in both the level and progressivity of taxes.

Our primary finding is a statistic-based ABC-nest-ABC tax rule, which establishes our main findings.

The rule integrates the classic Diamond ABC as the term C within a novel Pigouvian ABC formula. Specif-

ically, the Pigouvian A, B, and C terms comprise: (i) the classic Diamond ABC, forming the baseline of

4We consider nonlinear taxes because (i) Empirical research has found that local taxes respond to central taxes in both level and
progressive aspects. (ii) Reducing ad hoc policy constraints highlights the key of our tax design

5Article I, Section 8, Clause 1 of the Constitution states that “all Duties, Imposts, and Excises shall be uniform throughout the
United States.” The U.S. courts have interpreted “uniformity” to mean geographical uniformity. This allows for a progressive tax
system where rates vary based on income levels.

6As is emphasized by Drazen (2018), externality and asymmetric information problems are relevant only with objective incon-
sistency.

2



the central tax rule; (ii) objective inconsistency, reflecting how inter-governmental conflicts cause deviations

from the canonical Mirrleesian tax rule (the Diamond ABC); and (iii) region-specific economic weights,

capturing the trade-off in redistribution across different regions.

The key insight of our optimal tax formula is its focus on addressing objective inconsistency, which is

quite different from the canonical Mirrleesian tax. The central income tax is limited to remedy the objective

inconsistency rather than forming incentives for the taxpayers. Therefore, the optimal central income tax

rate is positive (negative) when the central government has a relatively higher (lower) obligation to redis-

tribute. Second, there is a trade-off between intra-region redistributions. Since the central income tax does

not vary by locality, the policy design balances redistributive effects within each locality, which is the core

of the ABC-nest-ABC formula. Last, there is an interaction between the inter-region transfer and central

income tax. We find that inter-region transfers help reduce inter-region objective inconsistency, which dis-

appears in the benchmark with optimal transfers. If transfers are imperfect, the central income tax assumes

the role of inter-region redistribution. In such cases, the optimal marginal tax rates at boundaries are not

zero, challenging traditional findings.

In the model extension, we explore the influence of labor mobility and tax competition. Local govern-

ments lower tax rates to compete for tax revenue, while the central income tax serves as a Pigouvian tax

to internalize the horizontal externalities.7 This finding justifies the central income tax even when govern-

ments share the same preference. Solving the optimal central income tax in an economy with labor mobility

and asymmetric jurisdictions is quite complex. While we employ the variational approach to address the

problem in our main analysis, we also demonstrate the validity of the primal approach.

Our research demonstrates how to use a small number of sufficient statistics to design contracts in the

context of multilayer principal-agent problem. First, we demonstrate the existence of general equilibrium

elasticities (GEEs) that determine the reaction of labor income to the central income tax. These GEEs are

elasticities of labor income with respect to the central income tax, taking the reaction of local income taxes

into consideration. Second, we show how can these GEEs be determined by a small number of partial

equilibrium elasticities (PEEs), i.e., labor income, population, an elasticities of labor income and populations.

Interestingly, under common symmetry assumptions on elasticities, the ABC-nest-ABC tax rule still holds

and our benchmark analysis is still explanatory. What’s different is now the term B is modified to include

the effect of fiscal externality due to the tax competition.

Positively, we did a simple quantitative analysis for the United States. Calibrating objectives of local

governments to meet realistic income taxes, we find that decentralized redistribution is desirable when ob-

jective inconsistency is relatively small. Interestingly, local taxes have a minor effect on national welfare

because the central income tax considerably crowds out local taxes while maintains a stable aggregate in-

come tax. This finding illustrates why state income taxes are relatively low and flat in the U.S. From another

perspective, the above finding indicates that local taxes address local needs without significantly affecting

national welfare. Last, we find that the federal income tax is crucial even if inter-region transfer is perfect.

In contrast, introducing a region-specific federal income tax would only mildly increase national welfare.

The study generates important policy recommendations. The basic principles of fiscal federalism as-

7Horizontal and vertical externalities refer to the effects between governments at the same and different levels, respectively.
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sert that redistributive policies should be undertaken by the most central level of government.8 In practice,

multi-level redistribution is popular around the world; and generally, the more centralized the union is,

the more centralized its redistributive policy system is.9 Therefore, it is of general interest to ask to what

extent redistribution should be decentralized; and, given the distribution of authority, how to design the

central income tax. One can answer the first question only if the second one has been addressed. Our study

suggests that local redistribution is generally beneficial, particularly when supported by a well-designed

central income tax. Decentralized redistribution can enhance national welfare in certain situations and ef-

fectively address local issues. To prevent potential negative impacts on national welfare due to local actions,

it is advisable to limit local redistribution within a suitable range. Furthermore, our findings indicate that

region-specific central income taxes have a minimal impact on national welfare and, given the implementa-

tion costs, may not be an effective policy option. Last, our formula demonstrates precisely how the central

government can engage local governments and achieve the optimal tax system using empirically observable

data.

Literature. This paper makes two key contributions. First, it explores optimal Mirrleesian tax under tax

overlap and tax competition, a novel study within the Mirrlees framework. Second, it addresses a gap in

fiscal federalism research by developing a quantifiable model and a practical tool for fiscal institution design

which is absent in previous work (see, e.g., Oates (2005)).10

To illustrate the contribution of this article in detail, we will discuss its connections to three relevant

bodies of literature: (i) optimal taxation with multiple regions (jurisdictions), (ii) optimal taxation in multi-

level governance contexts, and (iii) using empirically observable statistics to derive optimal taxation.

(i) The first body of literature is an emerging and influential field focused on redistribution in multi-

region economies (see, e.g., Lehmann et al. (2014); Ales et al. (2015); Gomes et al. (2018); Eeckhout and Guner

(2015); Huggett and Luo (2023)). For instance, Lehmann et al. (2014) examines optimal income taxation in a

two-country model under Nash equilibrium, where each country, acting as a parallel principal, simultane-

ously designs its income tax while treating the other country’s tax as fixed. In contrast, our model features

a hierarchical structure in which one government acts as a leader while the others follow. This approach

effectively captures the multi-level governance prevalent in various countries, which is often overlooked in

optimal tax literature.11

Recently, Gaubert et al. (2021) investigated the desirability of inter-region transfers alongside region-

uniform income redistribution, while Colas and Hutchinson (2021) explored the advantages of a progressive

region-uniform income tax in conjunction with inter-region transfers. Both studies demonstrate that inter-

region transfers and central income taxes cannot be substituted for each other. However, this literature

primarily focuses on optimal taxation with parallel principals or a single principal. None of these works

address optimal central redistribution in conjunction with strategic decentralized redistributions, a gap that

8There are also arguments for some decentralized redistribution policies. Please see the literature review for details.
9See footnote 1.

10As noted by Oates (2005), “while these models (second-generation fiscal federalism) offer a nuanced perspective on the balance
between centralization and decentralization, they often neglect the specifics of fiscal institutional structures.”A quantifiable fiscal
federal model for policy design is essential but absent.

11This setup aligns with studies on a leader’s optimal taxation in open economies. For example, tax reforms in large countries
or unions, such as the United States and the European Union, may influence the tax policies of other nations. Consequently, the
government of the country or union may design its tax policy as a leader rather than treating the taxes of other countries as given.
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our paper aims to fill.

(ii) The second body of literature typically examines optimal policy within a multi-level principal-agent

framework, addressing adverse selection or moral hazard issues in labor or credit markets (see, e.g., Golosov

and Tsyvinski (2007); Chetty and Saez (2010); Scheuer (2013); Stantcheva (2014); Doligalski et al. (2023)). In

contrast, our paper focuses on a different type of adverse selection—specifically, the interaction between

local governments and their residents, which constitutes a multi-level government problem. Moreover, we

account for asymmetric subprincipals (local governments) and practical policy constraints on the central

principal. In this asymmetric environment, the central government must navigate inter- and intra-region re-

distribution while considering the strategic responses of local governments. The introduction of multi-order

and asymmetric governance leads to significant changes in the dynamics at play. Our paper contributes to

this literature with an approach to articulate optimal central income taxation by employing a small number

of empirically observable statistics.

Research on optimal redistribution involving multi-level governments is relatively scarce. This paper is

particularly related to Wildasin (1991) and Bordignon et al. (2001). Wildasin (1991) examines an economy

characterized by exogenous labor supply, two types of individuals, and symmetric information between

governments and residents, allowing for enforceable type-specific lump-sum taxes. Bordignon et al. (2001)

highlights the role of asymmetric information among governments, yet their analysis excludes labor mobil-

ity and assumes individuals are identical within regions, thereby overlooking intra-region inequality and

inconsistencies in regional objectives. Overall, Wildasin (1991), Bordignon et al. (2001), and the current pa-

per complement each other by addressing three critical aspects of central tax design: externalities, imperfect

information, and objective inconsistencies. Recently, Fajgelbaum and Gaubert (2020) studied optimal central

policy in a general framework that incorporates local governments’ reactions, focusing on spillovers from

concentration and spatial sorting. While they analyze parameterized taxes in a model without endogenous

labor supply, we investigate non-parametric income tax in the Mirrleesian tradition.

A core issue in fiscal federal literature is whether redistribution policy should be decentralized. A pre-

vailing view suggests that due to adverse selection and pecuniary externalities, it is preferable for the cen-

tral government to administer redistribution policies (see, e.g., Stigler (1957); Musgrave (1971); Oates (1972);

Brown and Oates (1987); Kopczuk et al. (2005)). Conversely, arguments for decentralized redistribution

policies highlight that local governments possess more accurate regional information and can implement

targeted measures (see, e.g., Boadway and Wildasin (1984); Raff and Wilson (1997); Oates (1999)). Our study

presents a structural fiscal federal model that facilitates the design of taxes tailored to different economies

and evaluates the welfare implications of central versus decentralized redistribution quantitatively.

(iii) Lastly, this paper contributes to the literature on statistics-based optimal taxation (see, e.g., Piketty

(1997); Diamond (1998); Saez (2001)) by examining a novel economic framework: a multi-level and asym-

metric principal-agent model in which the leader is constrained by policy. Utilizing the variational approach,

we derive tax incidences and present intuitive illustrations of optimal taxation. The variational approach

has long been employed to solve for optimal nonlinear taxes (see, e.g., Mirrlees (1971); Piketty (1997); Chris-

tiansen (1984); Saez (2001)). Golosov et al. (2014) advocate for this method as a formal means of addressing

optimal tax systems. Currently, the approach is widely recognized in the literature (see, e.g., Saez and
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Stantcheva (2018); Park and Chang (2018); Sachs et al. (2020)). However, to the best of our knowledge, it has

not yet been applied to a multi-level principal-agent problem with asymmetric contract competition and

policy constraints. The statistics-based formula derived herein enhances the existing literature by illustrat-

ing how objective inconsistency as well as inter-region inequality affects optimal taxation. We also present

the primal approach as an alternative method. The techniques developed in this paper may be extended to

analyze other multi-level principal-agent scenarios. For instance, the optimal income tax with screening in

the labor market (see, e.g., Stantcheva (2014)).

The structure of the remainder of this paper is organized as follows. We begin by outlining the model

setup and the problems of taxpayers and local governments in Section 2. In Section 3, we derive solutions for

taxpayers and local governments, and formally define the equilibrium. We then derive the tax incidence of

central income tax within the equilibrium in Section 4 and present the optimal central income tax in Section

5. We introduce labor mobility in Section 6. Section 7 presents the numerical analysis. Section 8 concludes

the paper. Appendixes A to E contain the proofs. In Appendix C, we address various issues, including tax

base and optimal transfers, and present the primal approach.

2 Model

We consider a static two-region economy inhabited by a continuum of heterogeneous residents. Each region

is governed by a distinct local government and a singular central authority. Our baseline model posits

that individuals are immobile. In Section 6, we incorporate labor mobility to examine the effects of tax

competition on optimal tax policies. While we focus on a two-region economy for clarity, the model can

easily accommodate any finite number of regions.

Environment. Consider a country composed of two regions, denoted as j ∈ J ≡ {1, 2}. The population

consists of a continuum of residents indexed by skill level θ ∈ Θ ≡ (0, ∞). We refer to a θ-skilled resident

working in region j as a (θ, j) individual, using θj to specify the skill of these individuals. We normalize the

total population of the economy to one, and the economy produces a homogeneous output, which serves as

the numeraire.

Skill levels are distributed according to a cumulative distribution function (CDF) Fθ : Θ 7→ R+. Let

fθ : Θ 7→ R+ denote the probability density function (PDF) of θ. We denote fθj : Θ 7→ R+, Fθj : Θ 7→ R+,

and Nj ∈ (0, 1) as the PDF, CDF, and total population of θ-skilled residents in region j, respectively. We have

fθ(θ) = ∑j Nj fθj(θ) and Fθ(θ) = ∑j NjFθj(θ). Let θ j and θ j represent the lowest and highest skill levels in

region j, respectively, with Θj ≡ (θ j, θ j).

As technical assumptions, we posit that: (i) fθj(·) is continuously differentiable on Θ; and (ii) fθj(·) is

strictly positive on Θj and zero on Θ/Θj, for all j ∈ J . Consequently, fθ(θ) is also continuously differen-

tiable and positive on Θ.

Preference and Technology. Residents exhibit homogeneous preferences for consumption and leisure,

characterized by quasi-linear consumption preferences and iso-elastic effort costs. These simplifying as-

sumptions are common in the literature, as they facilitate the derivation of closed-form optimal tax formulas

for a single government.12 Let cj and lj denote the consumption and labor supply of a resident in region j,

12See Salanié (2003), chapter 4, p. 86.
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respectively. The utility of an individual is expressed as u(cj, lj) = cj − φ(lj), where φ(·) is a function that is

twice continuously differentiable, strictly convex, strictly monotonically increasing, and satisfies the Inada

conditions. The elasticity of effort costs, defined as ε j ≡
φ′(lj)

ljφ′′(lj)
, is assumed to be constant.13 We denote the

indirect utility of a (θ, j) agent as Vj(θ).

Production occurs via a linear production function based on labor inputs. The productivity of residents

is determined by their skill levels and a region-specific productivity parameter Aj ∈ (0, ∞). The income

(output) of a (θ, j) resident is given by yj = Ajθlj.

Policy and Authority. In each jurisdiction, there is one local government. The j-region government redis-

tribute income in region j by a local income tax Tj : R+ 7→ R on yj. The tax is levied to make redistribution

and collect a transfer required by the central government. Denote Ej ∈ R as the exogenous per capita trans-

fer from j-region government to the central government. Later in Section C.2 and C.3, we will consider

endogenous inter-government transfers.

The central government, seeking to maximize the national welfare, redistributes income within the coun-

try by a central income tax T : R+ 7→ R on yj, j ∈ J . The policy system T ≡
{

T, Tj; Ej
}

j∈J thus is a

combination of central policy system T C ≡
{

T; Ej
}

j∈J and regional policy system T R =
{

Tj
}

j∈J .

Both central and local income taxes are arbitrarily nonlinear in the tradition of Mirrlees (1971). However,

the central income tax is restricted to be region-uniform. For any government, all the remaining fiscal rev-

enue after the inter-government transfers are used as a lumpsum subsidy (tax, if negative) for the residents

in their jurisdictions. For later use, we define the aggregate local income tax on yj as a function TA
j : R+ 7→ R

satisfying:

TA
j
(
yj
)
= T

(
yj
)
+ Tj

(
yj
)

. (1)

Throughout this paper, we consider twice continuously differentiable tax functions, i.e., T, Tj ∈ C2 (R+, R)

and j ∈ J .

Governments’ Objectives. To characterize all Pareto constrained-efficient allocations, we employ a con-

tinuous probability density function (PDF) f̃θj : Θ 7→ R+ to represent the Pareto weight schedule of the local

government for (θ, j) individuals. The corresponding cumulative distribution function (CDF) is denoted as

F̃θj(θ) ≡
∫ θ

0 f̃θj(x) dx, representing the cumulative weight for residents in region j with skill levels lower than

θ.14 We also use continuous functions f̃ C
θj

: Θj 7→ R+ to govern the central government’s Pareto weights for

(θ, j) individuals, ensuring that ∑j

[
Nj
∫

Θ f̃ C
θj
(θ) dθ

]
= 1. We require both f̃θj(·) and f̃ C

θj
(·) to be positive on

Θj and zero on Θ/Θj.

Let Vj(θ) denote the individual utility of a (θ, j) agent. The objectives of the j-region government and

the central government are expressed as:

Wj =
∫

Θj

G(Vj(θ)) f̃θj(θ) dθ and W = ∑
j

[
Nj

∫
Θj

G(Vj(θ)) f̃ C
θj
(θ) dθ

]
.

13We employ a separable utility function to abstract from the effects of complementarity or substitutability between consumption
and leisure on the incentive conditions. Readers interested in these effects can refer to Atkinson and Stiglitz (1976), Mirrlees (1976),
and Christiansen (1984).

To emphasize the role of the authority system in tax design, we abstract from general equilibrium effects such as production
spillovers. For those interested in the impact of spillovers, see Fajgelbaum and Gaubert (2020) for an example.

14See Saez and Stantcheva (2016) for generalized social welfare weights and Pareto weights.
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In our benchmark model, we consider a linear social welfare function, G(x) = x, allowing f̃ C
j (·) to reflect

the governments’ preferences for equality. Later in Section C, we will explore the implications of a concave

welfare function.

The Pareto weight schedules of central and local governments can differ significantly. First, different

governments may have varying preferences. Second, even if governments share the same preference for

equality, their Pareto weights for a θ-skilled individual may diverge, as a high-skilled individual in re-

gion j could be classified as middle- or even low-skilled at the national level. Thus, although the total na-

tional social welfare weight sums to one, i.e., ∑j

[
Nj
∫

Θj
f̃ C
θj
(θ) dθ

]
= 1, the local total social welfare weight∫

Θj
f̃ C
θj
(θ) dθ may not equal one. We will later introduce inter-region and intra-region social welfare weights

to represent the government’s preferences for inter- and intra-region equality.

Timeline. The economy is divided into three stages. At the outset, the central government enacts the cen-

tral income tax. Subsequently, local governments implement regional income taxes simultaneously, treating

the central income tax as a given. Finally, individuals choose their labor income to maximize their utilities,

given the imposed taxes.

Formally, an individual of type (θ, j) maximizes their utility under the budget constraint, observing all

tax policies:

Vj(θ) = max
yj

cj − φ

(
yj

Ajθ

)
(P-1)

s.t. cj ≤ yj − TA
j
(
yj
)

.

Treating the central income tax as given and anticipating the responses of residents, the government of

region j designs local income taxes to maximize local social welfare, j ∈ J :

max
Tj

∫
Θj

G
(
Vj(θ)

)
f̃θj (θ) dθ (P-2)

s.t. Ej ≤
∫

Θj

Tj
(

Ajθlj(θ)
)

fθj(θ)dθ

yj(θ) ∈ arg max
yj
{P-1} , ∀θ ∈ Θ.

Considering the strategic reactions of local governments and individuals, the central government’s

problem involves choosing the central income tax T(y) to maximize social welfare, subject to budget con-
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straints:15

max
T

∑
j

Nj

∫
Θj

G
(
Vj(θ)

)
f̃ C
θj
(θ) dθ (P-3)

s.t. 0 ≤∑
j

Nj

[∫
Θj

T
(

Ajθlj (θ)
)

fθj (θ) dθj

]
+ ∑

j
NjEj,

Tj ∈ arg max
Tj
{P-2} , ∀j ∈ J ,

yj(θ) ∈ arg max
yj
{P-1} , ∀θ ∈ Θ, j ∈ J .

Equilibrium. We provide a formal definition of equilibrium after solving for the problems of all agents.

Initially, we present an informal definition: given the central policies, the equilibrium allocation and price

system ensure that the resulting allocation maximizes individuals’ utilities while adhering to their bud-

get constraints, and it also maximizes the objectives of local governments under their respective budget

constraints. Furthermore, all markets must clear under the established price system, and the central gov-

ernment’s budget constraint must be satisfied. This condition, when considered alongside the budget con-

straints of individuals and local governments, implies that the social resource constraint is also fulfilled.

The central government aims to select a central income tax that yields a constrained optimal equilibrium.

To facilitate analysis, we assume that the first-order conditions for both individuals’ and local governments’

problems are both necessary and sufficient and there exist an unique solutions for all agents’ problems.16

Finally, we impose the common monotonicity assumptions:17

Assumption 1 yj(θ) and cj(θ) are continuously differentiable, strictly positive, and strictly increasing in θ, for all

θ ∈ Θj and j ∈ J .

Under Assumption 1, we construct the CDF of labor income by Fj
(
yj(θ)

)
= Fθj(θ) and PDF of labor

income by f j
(
yj
)
= F′j

(
yj
)
. For later use, we also set income-based Pareto weights by F̃j

(
yj(θ)

)
= F̃θj(θ)

and f̃ j
(
yj
)
= F̃′j

(
yj
)
; F̃C

j

(
yj(θ)

)
= F̃θj(θ) and f̃ C

j

(
yj
)
= F̃′j

(
yj
)
. We assume that F̃θj (θ) ≥ Fθj (θ) and

F̃C
θj
(θ) ≥ Fθj (θ), which means that governments have a weak preference for equality.

3 Solution

In this section, we solve for the MGTE. Note that local governments’ solutions are parts of the equilibrium.

3.1 Individual’s Solution
To solve the individual’s problem P-1, we derive the following first-order conditions:

1− TA′
j (yj(θ)) =

1
Ajθ

φ′
(

yj(θ)

Ajθ

)
, ∀θ ∈ Θ, j ∈ J . (2)

We denote by yj(θ) the argmax of the above problem, and let cj(θ; TA
j ) and Vj(θ; TA

j ) represent the resulting

consumption and indirect utility, respectively. Following the literature (see, e.g., Jacquet et al. (2013)), we
15Recall that we consider G(Vj) = Vj in our benchmark model.
16Additionally, we assume that the tax policies are twice continuously differentiable. When the central tax is restricted to be

twice continuously differentiable, the local tax response to the central tax is also twice continuously differentiable.
17The Spence-Mirrlees condition implies that labor income and consumption be non-decreasing in wages. For simplicity, we

assume that yj(θ) and cj(θ) increase strictly with θ, thereby excluding cases with mass points.
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assume that the first-order conditions of individuals’ problems are both necessary and sufficient, which

holds true provided that the aggregate regional income taxes are not excessively concave.

As established in the literature on tax incidence (see, e.g., Saez (2001) and Golosov et al. (2014)), a first-

order Taylor expansion of both sides of (2) around the baseline yields the change of labor income of θj-skiled

individual (ŷj(θj)) in terms of the change of marginal tax rates (T̂A′
j (yj(θj))). We formally define the tax

reform and following changes of individual action in Appendix A.1, where we show:

Lemma 1 For any j ∈ J and θj ∈ Θj,

ŷj(θj)

yj(θj)
= −εA

j (yj(θj))
T̂A′

j (yj(θj))

1− TA′
j (yj(θj))

, (3)

where

εA
j (yj(θ)) =

1
1
ε j
+ pA

j (yj(θ))
(4)

is the elasticity of labor income, and pA
j (yj) = −

d ln[1−TA′(yj)]
d ln yj

represents the progressivity of the aggregate income tax,

with θ ∈ Θj, j ∈ J .

Proof. See Appendix A.2.

The elasticity εA
j incorporates all micro factors determining the responsiveness of labor income to the

net aggregate tax retention rate (1− TA′
j ): the concavity of the utility function and the progressivity of the

aggregate income tax. According to the taxpayer’s problem, regardless of how local taxes respond to the

central income tax, equation (3) must hold. It turns out that the elasticity εA
j , reflecting the responsiveness of

labor income to 1− TA′
j , also governs the response of labor income to the local income tax when given the

central income tax.

3.2 Local Government’s Solution

The local government’s problem P-2 is analogous to the planner’s problem in the canonical Mirrleesian tax

framework (see, e.g., Piketty (1997), Diamond (1998), and Saez (2001)), with the exception of the introduction

of a central income tax. We denote the solution to the local government’s problem P-2 as T?
j (·).

Local Income Tax. The derivation of the regional income taxes is presented in Appendix A.1. Below, we

provide the rule for local income tax:18

Lemma 2 Set y
j
= yj

(
θ j

)
and yj = yj

(
θ j
)
. For any yj ∈

(
y

j
, yj

)
, optimal local income tax satisfies:

T?′
j
(
yj
)

1− T′
(
yj
)
− T?′

j

(
yj
) =

F̃j
(
yj
)
− Fj

(
yj
)

1− Fj
(
yj
) 1− Fj

(
yj
)

yj f j
(
yj
) 1

εA
j

(
yj
) . (5)

Proof. See Appendix A.3.

Formula (5) illustrates how local governments strategically respond to the central income tax. The central

income tax is incorporated into the ABC tax formula (see, e.g., Piketty (1997), Diamond (1998), and Saez

18To maintain a consistent framework, we employ the variational approach to derive both regional and central income taxes.
Alternatively, the mechanism design theory and primal approach could be utilized to address the governments’ problems. Proposi-
tion 3, as an extension of Proposition 2, demonstrates that the optimal taxations obtained from these two approaches are consistent.
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(2001)). Rearranging (5) provides an intuitive illustration of optimal taxation:

0 =

Local revenue effect︷ ︸︸ ︷
εA

j (yj)

1− T′(yj)− T?′
j (yj)

T?′
j (yj)yj f j(yj)

Redistribution effect︷ ︸︸ ︷
−

F̃j(yj)− Fj(yj)

1− Fj(yj)

[
1− Fj(yj)

]
. (6)

The local revenue effect and the redistribution effect correspond to the “elasticity effect” and “mechanical

effect net of welfare loss“ respectively, as described in Saez (2001). Notably, the percentage change in the

retention rate is now represented by 1
1−T′(yj)−T?′

j (yj)
instead of 1

1−T?′
j (yj)

.19

The percentage change in the after-tax retention rate induced by any regional tax reform becomes more

pronounced with the introduction of a central income tax, indicating that the local revenue effect is more

sensitive to regional tax reforms. Specifically, the regional revenue losses resulting from individuals’ re-

sponses to an increase in regional tax rates become larger, while the gains from individuals’ reactions to a

decrease in local tax rates diminish. This shift, in turn, leads to a decrease in the optimal local income tax.

More clearly, we can observe the following transformation of (5):

T?′
j
(
yj
)
=

F̃j(yj)−Fj(yj)
1−Fj(yj)

1−Fj(yj)
yj f j(yj)

1
εA

j (yj)

1 +
F̃j(yj)−Fj(yj)

1−Fj(yj)
1−Fj(yj)
yj f j(yj)

1
εA

j (yj)

[
1− T′

(
yj
)]

. (7)

Note that the optimal response of local government indicates that the increase in the local tax rate result-

ing from an additional unit increase in the central tax rate is less than 1. This is evident from the multiplier

of 1− T′(yj) on the right side of (7). To elucidate this point, we present the result in terms of parameters in

Corollary 1. Before doing so, we will introduce the following useful concepts.

Mirrleesian Tax. In the context of Mirrleesian tax literature, it is well known that in the absence of a central

income tax, the optimal local income tax rate on yj(θ) is τ?
j (θ); conversely, without a local income tax, the

optimal region-specific central income tax rate on yj(θ) is represented as τC,?
j (θ):

τ?
j (θ) ≡

F̃θj (θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

)
1 +

F̃θj (θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

) and τC,?
j (θ) ≡

F̃C
θj
(θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

)
1 +

F̃C
θj
(θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

) . (8)

Note that we have assumed that F̃θj (θ) ≥ Fθj (θ) and F̃C
θj
(θ) ≥ Fθj (θ). This assumption guarantees τ?

j ≥ 0

and τC,?
j ≥ 0. Besides, τ?

j and τC,?
j are less than one. Intuitively, there is no need to enforce a tax rate higher

than one (see, e.g., Mirrlees (1971)). We will return to the above canonical Mirrleesian tax frequently in the

following analysis.

19As a simple illustration following Saez (2001), suppose the marginal local income tax rates decrease by an amount dτ
for incomes between y and y + 4y, where dτ is assumed to be second order compared to 4y. This tax reform increases
the labor supply of each targeted taxpayer (whose income falls within (y, y + 4y)) by dτ

1−T′(yj(θ))−T?′
j (yj(θ))

εA
j (yj(θ)), which

when multiplied by yj(θ) fyj (yj(θ))T?′
j (yj(θ))4y, yields the increased tax revenue. Meanwhile, the tax burden for all taxpay-

ers with income exceeding y +4y is reduced by 4ydτ. The redistribution benefit of such a tax reform can be quantified as

−
F̃yj (yj(θ))−Fyj (yj(θ))

1−Fyj (yj(θ))

[
1− Fyj (yj(θ))

]
4ydτ in terms of government revenue.
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Crowd-out and Crowd-in Effects. With the notations established, we first find that:

Proposition 1 For any θ ∈ Θj, and j ∈ J , (i) the reaction of the local income tax to the central income tax satisfies

T?′
j (yj(θ)) = τ?

j (θ)
[
1− T′(yj(θ))

]
; (9)

(ii) the reaction of the aggregate labor income tax to the central income tax satisfies

1− TA′
j (yj(θ)) =

[
1− τ?

j (θ)
] [

1− T′(yj(θ))
]

. (10)

Proof. See Appendix A.3.20

Proposition 1 show that the marginal tax rate of local income tax for a specific agent decreases with the

increase of marginal central income tax rate faced by the agent, while the marginal tax rate of aggregate

income tax increases with the increase of marginal central income tax rate.

Remarkably, the canonical Mirrleesian tax rate τ?
j (θ) captures the sensitivity of the reactions of local and

aggregate income tax rates to the central income tax rates. Two important aspects are worth noting here: the

crowd-out effect of the central income tax on local income tax and the crowd-in effect of the central income

tax on aggregate income tax. First, an increase in T′(yj(θ)) leads to a decrease in T?′
j (yj(θ)). Second, although

T?′
j (yj(θ)) decreases with respect to T′(yj(θ)), TA′

j (yj(θ)) ultimately increases with respect to T′(yj(θ)) (see

equation (10)), because a unit increase in T′(yj(θ)) induces a decrease of less than one unit in T?′
j (yj(θ)).21

These two effects illustrate the significant impact of the central income tax on local and aggregate income

taxes.

Comparison to the Canonical Mirrleesian Tax. To understand the aforementioned findings, we compare

the local income tax to the canonical Mirrleesian tax. To facilitate further analysis, consider the case where

T′
(
yj (θ)

)
≥ 0, which holds when the central government has a greater obligation to redistribute than

regional governments. Proposition 1 directly implies the following results:22

1. When T′
(
yj (θ)

)
≥ 0, we have T?′

j
(
yj (θ)

)
≤ τ?

j (θ) and TA′
j (yj (θ)) ≥ τ?

j (θ);

2. When T′
(
yj (θ)

)
≤ 0, we have T?′

j
(
yj (θ)

)
≥ τ?

j (θ) and TA′
j (yj (θ)) ≤ τ?

j (θ).

The above results indicate that local governments will choose a lower local tax rate and a higher aggre-

gate tax rate than it would in the absence of the central income tax. The reasoning is that, with a central

income tax, a portion of tax revenues is allocated to the central government. Consequently, local govern-

ments undervalue the revenue benefits associated with reducing local income taxes. To clarify, the total

revenue effect
εA

j (yj)
1−T′(yj)−T?′

j (yj)

[
T?′

j
(
yj
)
+ T′

(
yj
)]

yj f j
(
yj
)

is larger than the local revenue term in equation

(6), i.e.,
εA

j (yj)

1−T′(yj)−T?′
j (yj)

T?′
j (yj)yj f j(yj). As a result, the local income tax rate chosen by the local government is

20The proof for Proposition 1 is included in the proof for Lemma 2.
21To see this, transform equation (10) to TA′

j (yj(θ)) = T′(yj(θ))
[
1− τ?

j (θ)
]
+ τ?

j (θ). The term 1 − τ?
j (θ) ≤ 1 captures the

sensitivity of the aggregate income tax rate to the central income tax rate.
22Notice that 0 ≤ τ?

j (θ) < 1. Equation (10), combined with T′
(

yj (θ)
)
≥ 0, implies that TA′

j (yj (θ)) ≥ τ?
j (θ). While equation

(10) implies that TA′
j (yj (θ)) ≥ τ?

j (θ), equation (9) indicates that T?′
j

(
yj (θ)

)
≤ τ?

j (θ).

12



higher than a scenario without the central income tax. From another perspective, local governments over-

look the greater total revenue when reducing the aggregate income tax rate, resulting in a higher aggregate

income tax rate.

An interesting question arises: What prevents a local government from implementing its preferred in-

come tax schedule? Given the availability of nonlinear income tax options, the local government could

theoretically override any federal tax policy and substitute it with its preferred alternative. However, when

weighing the revenue and redistribution effects induced by the local income tax, it is optimal for local gov-

ernments to deviate from τ?
j (θ). Consequently, the central government can influence the aggregate income

tax by inserting “wedges” into the local government’s decision-making process. Proposition 1 show pre-

cisely how can the central government adjust the total tax rate upwards and downwards.

Relation to Empirical Findings. There are plausible empirical findings on the strategic response of local

governments to the central policy (see, e.g., Feldstein and Metcalf (1987), Scott and Triest (1993), Goodspeed

(2000), Parchet (2019)). Our theoretical findings echo empirical findings on the strategic response of the local

income tax to the central one. Goodspeed (2000) find that higher national income tax rates lead to lower local

income tax rates. Scott and Triest (1993) consider a federal income tax reform, which would cause an increase

in the progressivity of effective state tax. They find a decrease in the progressivity of statutory state income

tax which offset the influence of federal tax reform. However, when state tax payments net of the federal

subsidy are analyzed, state tax progressivity increases.23

3.3 Equilibrium
Throughout this paper, we will consider the following Multi-level Governance Tax Equilibrium (MGTE), where

we refer to the allocation set A ≡
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J as a combination of consumption schedules cj :

Θ 7→ R+, and labor supply schedules lj : Θ 7→ R+. In a MGTE, the local governments’ behaviors have to be

determined as a part of the equilibrium.

Definition 1 Given a central policy system T C, a Multi-level Governance Tax Equilibrium (MGTE) is a combination

of the central policy system T C and the resulting allocation A and regional policy system T R, such that given the

central government’s policies T C, the local governments’ policies T R solve local governments’ problem P-2 subject to

the local budget constraint and individuals’ rational reaction, and the allocationA solve residents’ problem P-1 subject

to the budget constraint under the policy system T ; and the final goods market is cleared:

∑
j∈J

Qj = ∑
j∈J

[
Nj

∫
Θ

cj (θ) f j(θ)dθ

]
. (11)

By Walras’s law, the central government’s budget constraint is satisfied when the commodity market-

clearing condition (resource constraint) and the local governments’ budget constraints are satisfied. As

social welfare increases in the agents’ utilities, the budget constraints must be binding in the equilibrium.

Since we have assumed that the first-order conditions are both necessary and sufficient, equations (10),

23Feldstein and Metcalf (1987) examines how federal deductibility of state and local taxes influences state and local fiscal behav-
ior. They find that in states where the federal deductibility makes personal taxes cheaper for taxpayers, these states tend to rely
more on these deductible personal taxes. Goodspeed (2000) use a sample of 13 OECD countries for the period 1975–1984. Scott and
Triest (1993) examines the extent to which states adjusted the progressivity of state tax in response to federal tax changes during
the 1980s of U.S.
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(2) together with individuals’ and local governments’ budget constraints and commodity market-clearing

conditions (11) determine the MGTE allocation.

4 Model Analysis: Tax Incidence

In this section, we derive the elasticity of labor income to the central income tax. We then combine the

elasticities of labor income to the central and aggregate income tax to derive the reaction of local income tax

to the central income tax.

Tax Perturbation. Consider a central tax perturbation T̂ ∈ C2 (R+, R) so that the perturbed central income

tax is T + µT̂, where µ ∈ R+. Denote by yj (θ; T) and yj

(
θ; T + µT̂

)
the labor income under the initial

tax and the tax after reform. The marginal response of labor income to such a perturbation at T (·) in the

direction T̂ (·) is then given by: ŷj

(
θ; T, T̂

)
≡ limµ→0

yj(θ;T+µT̂)−yj(θ;T)
µ . Note that the change in the central

income tax will alter the local income tax and the change of labor income takes this indirect effect into

consideration.

Denote by T?
j (y; T) and T?

j

(
y; T + µT̂

)
the local income tax under the initial central income tax and

after the tax reform. We assume that for any y ∈ R+, T?
j (y; ·) and T?′

j (y; ·) change continuously in response

to infinitesimal perturbations of the initial central income tax.24 We then derive the change in regional

governments’ behaviors following this perturbation as µ→ 0. To do this, we first define the reform of local

income tax and marginal tax rate of local income tax for a specific income level y ∈ R+ of region j ∈ J as:25

T̂?
j

(
y; T, T̂

)
≡ lim

µ→0

T?
j

(
y; T + µT̂

)
− T?

j (y; T)

µ
and T̂?′

j

(
y; T, T̂

)
≡ lim

µ→0

T?′
j

(
y; T + µT̂

)
− T?′

j (y; T)

µ
.

(12)

In particular, the change of lumpsum part is T̂?
j

(
y

j
; T, T̂

)
= limµ→0

T?
j

(
y

j
;T+µT̂

)
−T?

j

(
y

j
;T
)

µ , where y
j
= 0 be-

cause θ j = 0. For later use, denote

T̂A
j

(
y; T, T̂

)
= T̂ + T̂?

j

(
y; T, T̂

)
(13)

as the reform of the aggregate income tax after the reform of the central income tax.

Reaction of Labor Income. Taking the first-order Taylor expansions of the equilibrium conditions (see

Appendix A.4) at the baseline tax system (i.e., µ → 0) provides differential equations describing the first-

order changes in allocations and tax policies. With these differential equations, we can derive the marginal

changes in labor income:

Lemma 3 Solving the local government’s problem gives:

ŷj
(
θj
)

yj
(
θj
) = −εC

j
(
yj (θ)

) T̂′
(
yj
(
θj
))

1− T′
(
yj
(
θj
)) , (14)

24Formally, we assume that for any y ∈ R+, initial central income tax T (·) and central income tax reform T̂ (·), T?
j (y; ·)

and T?′
j (y; ·) are locally Lipschitz continuous. That is, there exist µ > 0 and M > 0 such that 0 < µ < µ implies∣∣∣T?

j (y; T + µT̂)− T?
j (y; T)

∣∣∣ ≤ M× µ and
∣∣∣T?′

j (y; T + µT̂)− T?′
j (y; T)

∣∣∣ ≤ M× µ.

25In particular, the change of lump-sum term as T̂k

(
y

k

)
= limµ→0

Tk

(
y

k
;T+µT̂

)
−Tk

(
y

k
;T
)

µ .
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where

εC
j
(
yj (θ)

)
=

1
1
ε j
+ pC

(
yj(θ)

) (15)

is another elasticity of labor income and pC (yj
)
= − d ln[1−T′(yj)]

d ln yj
is the progressivity of central income taxes, θ ∈

Θj, j ∈ J .

Proof. See Appendix A.4.

Equation (14) reveals a key insight: in a multi-level governance structure, the sensitivity of labor income

to changes in the net-central-tax retention rate is given by εC
j

(
yj (θ)

)
= 1

1
ε j
+pC(yj(θ))

. This expression incor-

porates the induced changes in local income tax resulting from the central tax reform. For comparison, in a

centralized setting, the corresponding elasticity is εA
j
(
yj (θ)

)
= 1

1
ε j
+pA(yj(θ))

.

Labor income elasticity εA
j
(
yj (θ)

)
is familiar due to the optimal tax literature. Labor income elasticity

εC
j

(
yj (θ)

)
takes into the reaction of local income tax to the central income tax. Interestingly, equation (10),

i.e., 1− TA′
j (yj(θ)) =

[
1− τ?

j (θ)
] [

1− T′(yj(θ))
]
, suggest that the presence of local government does not

alter the elasticity of labor income, i.e., εC
j

(
yj (θ)

)
= εA

j
(
yj (θ)

)
.26 However, this equivalence generally do

not hold when τ?
j (θ), is endogenous. We will revisit this point in Section 6.

Reaction of Local Income Tax. By Lemma 1 and 3, we have

ŷj
(
θj
)

yj
(
θj
) = εA

j
(
yj (θ)

) T̂
(
yj (θ)

)
+ T̂?

j
(
yj (θ)

)
1− TA′

j

(
yj (θ)

) = εC
j
(
yj (θ)

) T̂?′
j
(
yj
(
θj
))

1− T′
(
yj (θ)

) ,

Using εC
j

(
yj (θ)

)
= εA

j
(
yj (θ)

)
and equation (10), the above equation delivers the reaction of local income

tax to the central income tax:

T̂?′
j
(
yj
(
θj
))

= −T̂′
(
yj
(
θj
))

τ?
j
(
θj
)

, ∀θ ∈ Θj, j ∈ J . (16)

Equation (16) shows the sensitivity of local income tax to central income tax reform is determined by the

multiplier τ?
j
(
θj
)
∈ [0, 1), which is a composite of income distribution, government preferences, and labor

elasticity. This simplicity of the expression of T̂?′
j
(
yj
)

comes from the exogeneity of Pareto weight f̃θj (θ).

Despite its simplicity, it reflects the immediate factors that determine the behavior of local governments.

5 Optimal Centralized Redistribution

This section is attributed to solving problem P-3. As we have studied the incidence of central income tax,

we can deliver the optimal central income tax formula by welfare analysis. In Appendix C.2, we also use

the primal approach to derive the optimal central income, which verifies our main results below.

26To elaborate, recall that pC
(

yj(θ)
)
= − d ln[1−T′(yj)]

d ln yj
and pA

j

(
yj(θ)

)
= − d ln[1−TA′(yj)]

d ln yj
. Equation (10) implies

d ln[1−T′(yj)]
d ln yj

=

d ln[1−TA′(yj)]
d ln yj

, leading to pC
(

yj(θ)
)
= pA

j

(
yj(θ)

)
. Applying the definitions of labor income elasticities then yields εC

j

(
yj (θ)

)
=

εA
j

(
yj (θ)

)
.
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5.1 Optimal Central Income Tax

Balanced Elementary Tax Reform. To derive the optimal central income tax, we consider one specific form

of tax reform: the balanced elementary central income tax reform. An elementary central income tax reform

is a balanced elementary central income tax reform if and only if the central government budget constraint

holds after the tax reform. Formally, we consider

T̂ (y) = 1{y≥y∗} + r̂ (y∗) , (17)

in which r̂ (y∗) is a lump-sum tax guaranteeing the balance of the central government’s budget. Denote the

optimal central income tax as T? : R+ 7→ R . If the initial central income tax is optimal (i.e., the initial central

income tax is T? (·)), any tax reform
{

T̂? (·; y∗)
}

y∗∈R+

results in Ŵ = 0.

Use θ̃j (y) : R+ 7→ Θ to denote the ability of an agent who earns y in region j, and define θ∗j ≡ θ̃j (y∗).

Set y
j
= yj(θ j) and yj = yj(θ j). For later use, set the lowest and highest income as y = min

(
y

j
, y−j

)
and

y = max
(

yj, y−j

)
, respectively. Without loss of generality, we consider the following case as an illustration:

min
{

y(θ j)
}

j∈J
= y

1
, max

{
yj(θ j)

}
j∈J

= y
2
, min

{
yj(θ j)

}
j∈J = y1, and max

{
yj(θ j)

}
j∈J = y2.

The assumption above indicates that region 2 is richer than region 1. In particular, all individuals with

income [y
1
, y

2
) are from region 1, while all individuals with income (y1, y2] are from region 2.

Inter- and Intra-region Welfare Weights. To capture the government’s preference for inter- and intra-

region equality, we define

ρj ≡

∫
Θj

G′
(
Vj (θ)

)
f̃ C
θj
(θ) dθ

∑j Nj

[∫
Θj

G′
(
Vj (θ)

)
f̃ C
θj
(θ) dθ

] and F̃C
θj

(
θj
)
≡

∫ θj
θ j

G′
(
Vj (x)

)
f̃ C
θj
(x) dx∫

Θj
G′
(
Vj (θ)

)
f̃ C
θj
(θ) dθ

(18)

as the inter-region social welfare weight for region j and intra-region social welfare weights for individuals

with skill lower than θj. ρj is a normalized multiplier of fiscal expenditure. Note that F̃C
θj

: Θ 7→ R+ is a CDF

and ρj satisfies ∑j Njρj = 1. For later use, set F̃C
j

(
yj(θ)

)
= F̃C

θ

(
θj
)

and f̃ C
j

(
yj
)
= F̃C′

j

(
yj
)
.

Optimal Tax. In the optimum, any marginal tax reform induces a zero first-order effect on the national

welfare, which delivers a necessary condition for the optimal central income tax.

Proposition 2 (i) For any y ∈ ∩2
j=1

(
y

j
, yj

)
and j ∈ J , the optimal central income tax rates satisfy the following

equations:

T?′ (y) = ∑
j

Nj f j (y) yεC
j (y)

∑j Nj f j (y) yεC
j (y)

ρj

[
F̃C

j (y)− F̃j (y)
]
+
(
1− ρj

) [
1− Fj (y)

] [ εA
j (y)

εC
j (y)

+
F̃j(y)−Fj(y)
y f j(y)εC

j (y)

]
F̃j (y)− Fj (y)

T?′
j (y) , (19)

where ρj

[
F̃j (y)− F̃j (y)

]
and

(
1− ρj

) [
1− Fj (y)

] [ εA
j (y)

εC
j (y)

+
F̃j(y)−Fj(y)
y f j(y)εC

j (y)

]
capture the intra-region and inter-region
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objective inconsistencies, respectively. (ii) In particular, when ρj = 1 we have:

T?′ (y) = ∑
j

Nj f j (y) yεC
j (y)

∑j Nj f j (y) yεC
j (y)

F̃C
j (y)− F̃j (y)

F̃j (y)− Fj (y)
T?′

j (y) . (20)

Proof. See Appendix B.3.

Equations (19) and (20) show the relationship between the optimal central income tax and local income

tax. When the central government is restricted to a region-uniform income tax, it can draw support from the

local governments to implement a region-specific income redistribution policy, in which the central income

tax is used to adjust the “objectives” of local governments, so that the resulting aggregate income tax rates

are socially preferred solutions. To do this, it should enforce a positive tax rate when the local governments

have lower obligations for redistribution.

In Appendix B.3, we derive the optimal central income taxation for each of the following intervals:

[y
1
, y

2
), [y

2
, y1] and (y1, y2]. When a certain income level only appears in one region, the economic weight

of that region is 1, and the weight of another region is zero. Therefore, the above rules still hold, but there is

no longer a need to write in a weighted form.

The ABC-nest-ABC Formula. The combination of Lemma 2 and 2 establishes our main finding. It provides

statistics-based optimal central income tax rates in terms of social welfare weights, elasticities, and income

distributions:

Theorem 1 (i) For any y ∈
(

y, y
)

, we have

T?′ (y)
1− T?′ (y)

= ∑
j∈J

Aj (y) Bj (y)Cj (y) , (21)

where

Aj (y) =

Economic weight︷ ︸︸ ︷
Nj f j (y) yεC

j (y)

∑j Nj f j (y) yεC
j (y)

, (22)

Bj (y) =

Objective inconsistency︷ ︸︸ ︷
ρj

[
F̃C

j (y)− F̃j (y)
]
+
(
1− ρj

) [
1− Fj (y)

] [ εA
j (y)

εC
j (y)

+
F̃j(y)−Fj(y)
y f j(y)εC

j (y)

]
F̃j (y)− Fj (y)

,

Cj (y) =

Mirrleesian tax: Diamond ABC︷ ︸︸ ︷
F̃j(y)−Fj(y)

1−Fj(y)
1−Fj(y)

f j(y)y
1

εA
j (y)

1 + F̃j(y)−Fj(y)
1−Fj(y)

1−Fj(y)
f j(y)y

1
εA

j (y)

.

(ii) When ρj = 1 (inter-region objective is consistent), only intra-region objective inconsistency
[

F̃C
j (y)− F̃j (y)

]
matters for the tax formula.

Proof. See Appendix B.4.
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Theorem 1 makes a significant contribution to the literature on statistics-based optimal taxation (e.g.,

Piketty (1997); Diamond (1998); Saez (2001)) by examining it within the framework of a multi-level author-

ity structure. Importantly, the formula relies on social welfare weights and commonly available statistics,

including income distributions, labor elasticities, and expenditure multipliers (ρj). As previously demon-

strated, labor elasticities can be expressed in terms of observable micro-elasticities, providing practical prox-

ies even when εA
j (y) or εC

j (y) are not directly observable.

Theorem 1 addresses the challenge of redistribution facing objective inconsistencies and policy con-

straint. The optimal tax formula can be decomposed into three key components:

(i) Mirrleesian Term: This term represents the optimal local income tax rate in the absence of a central

income tax. It serves as the baseline upon which the optimal central income tax is built.

(ii) Economic Weights: These weights capture the trade-offs inherent in redistributing resources across

regions. A larger economic weight assigned to a region signifies a higher priority given to redistribution

within that region. 27

(iii) Objective Inconsistency Term: This component highlights how the central government incorporates

objective inconsistencies between its own and the regions’ preferences when designing the central income

tax. Notably, when both inter-region and intra-regional objectives are aligned (ρj = 1 and F̃C
j (y) = F̃j (y)),

this term, Bj (y), becomes zero.

As indicated by Lemma 2, the central government possesses the ability to influence the aggregate income

tax rate by adjusting the central income tax. However, such adjustments impact both regions, potentially

leading to undesirable outcomes. The optimal tax formula presented in Theorem 1 effectively demonstrates

how the central government can achieve constrained optimal region-specific aggregate income tax schedules

by carefully balancing intra- and inter-region redistribution goals.

In conclusion, the ABC-nest-ABC formula elucidates how the central tax design: (i) balances the dual

roles of intra- and inter-regional redistribution; (ii) optimizes the trade-off between redistribution across

different regions; and (iii) leverages local redistributive efforts to achieve national redistribution goals, in

the presence of objective inconsistency between governments.

A Special Case: ρj = 1. To see how the central government deals with the objective inconsistency, we

consider a specific case with ρj = 1. In this case, the formula reduces to:

T?′ (y)
1− T?′ (y)

= ∑
j∈J

Aj(y)︷ ︸︸ ︷
Nj f j (y) yεC

j (y)

∑j Nj f j (y) yεC
j (y)

Bj(y)︷ ︸︸ ︷
F̃C

j (y)− F̃j (y)

F̃j (y)− Fj (y)

Cj(y)︷ ︸︸ ︷
F̃j(y)−Fj(y)

y f j(y)
1

εA
j (y)

1 + F̃j(y)−Fj(y)
y f j(y)

1
εA

j (y)

.

Two points merit mention here. First, under the optimal inter-region transfer scheme, ρj equals 1, which

serves as a nice baseline (see Appendix C.2). This implies that inter-region objective inconsistencies can

be effectively addressed through appropriate transfers. We will come back to this point later. Second, we

27In our setup with linear labor supply elasticity, εC
j (and consequently εC

j (y)) is independent of j. This allows for a simplification

of the economic weights from
εC

j (y) f j(y)Nj

∑j εC
j (y) f j(y)Nj

to Nj f j(y)
∑j Nj f j(y)

. However, we retain εC
j (y) within the economic weight expression to

maintain its explicit representation.
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observe that Cj
(
yj (θ)

)
coincides with τ?

j (θ). This equivalence will be revisited in the context of the model

extension.

Here we illustrate how objective inconsistency affects optimal central income tax and the resulting ag-

gregate income tax with the above case. By Theorem 1, we obtain the following results:

Corollary 1 Consider ρj = 1. Under the optimal central income taxation:

(i) If for any j ∈ J , the governments have the same preference for
(

θ j, θ̃j (y)
)

-residents, i.e., F̃θj

(
θ̃j (y)

)
=

F̃C
θj

(
θ̃j (y)

)
, then T?′ (y) = 0;

(ii) If for any j ∈ J , the local governments have lower preference for
(

θ j, θ̃j (y)
)

-residents, i.e., F̃θj

(
θ̃j (y)

)
≤

F̃C
θj

(
θ̃j (y)

)
, then T?′ (y) ≥ 0 and TA?′

j (y) ≥ τ?
j

(
θ̃j (y)

)
, and vice versa.

Proof. The results above can be derived directly from Theorem 1 and Proposition 1.

Parts (i) of Corollary 1 shows that the central income tax is limited to correct tax rate deviation caused

by objective inconsistency. Parts (ii) of Corollary 1 suggest how to deal with objective inconsistency. If the

central government has a higher preference for
(

θ j, θ̃j (y)
)

-residents than the local governments, it should

enforce non-negative marginal central income tax rates. Otherwise, it enforces non-positive marginal tax

rates. As a result, when the central government has a higher preference or obligation for equality, the

aggregate income tax rate is higher than the aggregate income tax rate in a decentralized economy without

a central income tax, i.e., TA′
j (y) ≥ τ?

j

(
θ̃j (y)

)
.

5.2 Objective Inconsistency

Why do central income tax rates in practice tend to be positive and more progressive than the local taxes?

Using Theorem 1, we proceed to show how objective inconsistency can contribute to the observed patterns

of the tax system in the real economy.

Objective inconsistency results from heterogeneous preference (or obligation to redistribute) and differ-

ences in residents of each jurisdiction. First, the central government generally has a higher obligation to

redistribute. As an example pointed out by Wellisch (2000), the German central government is obliged to

compress inter-region income gaps. 28. Second, the objectives of local and central governments differ due to

the different demographics of residents. For instance, a high-income individual in a poor region might be

considered middle- or low-income in a wealthy region, leading the central government to weigh their needs

differently than the local government.

Objective inconsistency manifests in two forms: intra-region and inter-region inconsistency, captured by

the inconsistency in intra- and inter-region social welfare weights (see equations (18)), respectively.

Intra-region Inconsistency. A single-region case is a useful starting point for understanding the effect of

intra-region Inconsistency. Equivalently, one can consider an economy with symmetric regions. In both

cases, the problem is abstracted from the inter-region inconsistency. We have the following result:

28See, e.g., Article 106 in combination with Article 72 of the German Constitution
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Corollary 2 Consider ρj = 1, j ∈ J . When there is a single region, for any θ ∈ Θ, the optimal taxation satisfies

T?′ (y (θ)) =
τC,?(θ)− τ? (θ)

1− τ? (θ)
and TA′ (y (θ)) = τC,?(θ), (23)

which means we have the following results:

(i) Suppose that F̃C
θj
(θ) > Fθj (θ). For any θ ∈ Θ we have the following results: T?′

j (y (θ)) < τ? (θ) if F̃C
θj
(θ) >

F̃θj (θ); T?′ (y (θ)) > T?′
j (y (θ)) if and only if F̃C

θj
(θ)− F̃θj (θ) > F̃θj (θ)− Fθj (θ).

(ii) Suppose that 1−τ?(θ)
1−τC,?(θ)

> τ? (θ) and τ?′ (θ) < 0.29 Then the central income tax is more progressive at y(θ)

than the local income tax in the sense that pC (y(θ)) > pj (y(θ)).

Proof. See Appendix B.5.

Corollary 2 shows how preference inconsistency shapes central income tax. It suggests the central gov-

ernment’s stronger desire for equality as a reason for a relatively progressive central income tax. First, only

if the central government has a higher preference for equality or a stronger obligation to compress income

gaps (F̃C
θj
(θ) > F̃θj (θ)) will it enforce a positive marginal income tax rate. Second, one has T′ (y) > T′j (y)

when F̃C
θj
(θ)− F̃θj (θ) > F̃θj (θ)− Fθj (θ). From another perspective, the local government’s low incentive to

pursue equality may result in a more progressive central income tax. To see this, part two of Corollary 2

shows pC (y(θ)) > pj (y(θ)) when τ?′ (θ) < 0.

Formula (23) suggests that when the central government does not face region-uniform policy constraint

(since there an unique region), the second-best allocation is achievable. The local government is only rel-

evant for determining the decomposition of the aggregate income tax between central and local income

taxes.

Inter-region Inconsistency. Even if the intra-region welfare weight is consistent, central income tax is

desirable when there is inter-region inconsistency. For example, due to regional inequality, inter-region

welfare weight is inconsistent, i.e., ρj 6= ρ−j, unless the inter-region transfer is free and optimal (see Section

C for detail).

Corollary 3 We have the following results with intra-region consistency, i.e., F̃C
θj
(θ) = F̃θj (θ) for any θ ∈ Θ: when

ρj = 1, one has T?′ (y) = 0. Otherwise, T?′ (y) is not equal to zero for some y ∈
(

y, y
)

.

Proof. The results above can be derived directly from Theorem 1.30

Corollary 3 shows that Mirrlees (1971)’s finding of the optimal income tax rate on the boundary does

not hold in an economy with multi-level governance and inter-region inequality. Intuitively, when inter-

region transfer is not free, the central income tax bears the role of inter-region transfer. In this case, even if

the intra-region welfare weights are consistent, a central income tax should be used to redistribute between

regions.

Corollaries 1 to 3 suggest inter-region inequality, lack of inter-region transfer, and the central govern-

ment’s high obligation to promote equality as elements for the relatively high level and progressivity of the

central income tax in the real economy. Section 6 presents labor mobility as another element.
29A sufficient condition for 1−τ?(θ)

1−τC,?(θ)
> τ? (θ) is τC,?(θ) ≥ τ? (θ) or equivalently F̃C

j (θ) ≥ F̃j (θ).
30Note that if ρj ≥ 1, one has ρ−j ≤ 1, where the equality holds if ρj = 1 (see equation (18)).
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6 Model Extension

This section explores the impact of labor mobility and tax competition on policy design. The most important

issue here is internalizing the horizontal revenue externalities due to tax competition. While formally deriv-

ing the optimal central taxation scheme under tax competition between local governments presents consid-

erable analytical challenges, we establish a general framework and methodology to address this problem.

Subsequently, we apply this framework to analyze both symmetric and asymmetric economies. Notably,

under some common assumptions, the ABC formula derived in our benchmark model remains applicable

even in the presence of tax competition. Introducing fiscal externality is analogous to endogenizing social

welfare weights. Since our benchmark model elucidates how optimal taxation responds to changes in social

welfare weights, it is still explanatory. The difference is that policy design now needs to take the endogeneity

of social welfare weights into consideration, which results in a modified B.

Preference and Population. Remember that Vj(θ) = cj (θ)− φ(lj (θ)) is the individual utility. In the follow-

ing analysis, we assume that ε j = ε ∈ R+ is independent of j. Following Allen et al. (2019), the gross utility

and the “population” of (θ, j) residents, are functions of θ, Vj(θ), V−j(θ). We set Uj (θ) = U
(
θ, Vj(θ), V−j(θ)

)
and f p

j (θ) = f p
j

(
θ, Vj(θ), V−j(θ)

)
as the gross utility and population. Moreover, U

(
θ, Vj(θ), V−j(θ)

)
=

U
(
θ, V−j(θ), Vj(θ)

)
, so that Uj (θ) = U−j (θ).31 Underlying this assumption is the labor mobility between

regions that results in the unity of gross utilities between regions for the same skills. We therefore omit the

subscript of Uj (·) in the following analysis.

Set θ = min{θ j}j∈J and θ = max
{

θ j
}

j∈J . For simplicity, throughout model extension, we assume that

Θ1 = Θ2 = Θ =
(
θ, θ
)

with 0 ≤ θ, θ ≤ ∞, yj = y−j = y ≤ ∞, and y
j
= y−j

= y < y. Set Y ≡
(

y, y
)

. Denote

Fp
j (θ) ≡

∫ θ
θ f p

j (x)dx as the total population of residents in j region with skills lower than θ. Nj =
∫ θ

θ f p
j (θ) dθ

is the total population of region j. PDF and CDF of θ-skilled residents in region j are fθj (θ) =
f p
j (θ)

Nj
and

Fθj(θ) =
Fp

j (θ)

Nj
.

Policy and Governments’ Objectives. The policies of local governments are the same as that of the bench-

mark model. The central government now has an additional policy — inter-government transfer Ej, which

is the part of regional tax revenue belonging to the central government. All the remaining regional taxes

are fed back to the regional residents as a lumpsum transfer (tax, if negative). The regional and central

governments’ budget constraints are the same as before.

As in our benchmark model, we consider welfare functions that are the weighted average of gross utili-

ties. However, the gross utility U(θ) is now a nonlinear function of the individual utility Vj(θ). The central

31In particular, Allen et al. (2019) considers Uj (θ) =

[
f p
j (θ)

f (θ)

]−κ

Vj(θ), where κ 6= 0 captures the extent of population externality.

Solution of extensive problem thus determines the equilibrium distribution of populations f p
j (θ) as a function of {Vj(θ)}j∈J , which

satisfies the following laborer supply condition: f p
j (θ) = f (θ) Vj(θ)

1
κ

∑j Vj(θ)
1
κ

, ∀θ ∈ Θ, j ∈ J . Alternatively, one can take Eaton and

Kortum (2002)’s approach to model the preference for location and labor mobility. As demonstrated by Allen et al. (2019), there is
an equivalence between and the setups of Allen et al. (2019) and Eaton and Kortum (2002) in modeling gravity. Thus, the population
externality can be treated as a general approach for modeling location choice. Our results do not rely on the specific form of Uj (θ).
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government’s objective is maximizing:∫
Θ

U
(
θ, Vj(θ), V−j(θ)

)
f̃ C
θ (θ) dθ. (24)

There is a complementarity or substitutability between the individual utilities of the same skilled indi-

viduals working in different cities. This complementarity or substitutability relation constructs an endoge-

nous objective of local governments. The local government j treat
{

V−j(θ)
}

θ∈Θ as given and maximize:

∫
Θ

U
(
θ, Vj(θ), V−j(θ)

)
f̃θj (θ) dθ. (25)

Equilibrium. We now revise the definition of MGTE and define the Symmetric Multi-level Governance Tax

Equilibrium (SMGTE).

Definition 2 (i) Given a central policy system T C =
{

T, Ej
}

j∈J , a MGTE with labor mobility is a combination of the

central policy system T C and the resulting allocationA ≡
{

lj (θ) , cj (θ) , f p
j (θ)

}
θ∈Θ,j∈J

and regional policy system

T R, such that given the central government’s policies T C and local government −j’s policy, the local government j’s

policy maximizes the local governments’ objectives (25) under the regional budget constraint and individuals’ rational

reaction and labor maximize their gross utilities under given central and regional policies, which means for any θj ∈ Θ

and j ∈ J allocation
{

lj
(
θj
)

, cj
(
θj
)}
∈ A solve (θ, j) resident’s problem P-1, and the population f p

j (θ) ∈ A satisfies

the laborer supply condition f p
j (θ) = f p

j

(
θ, Vj(θ), V−j(θ)

)
; and the final good market is cleared, i.e., (11) is satisfied.

(ii) A SMGTE is a MGTE where Aj, f̃θj (θ) and f̃ C
θ (θ) are independent of j ∈ J , such that the allocationA and local

governments’ policies T R are also independent of j.

Throughout this sector, we consider interior equilibrium, where for any θ ∈ Θ and j ∈ J , f p
j (θ) > 0

whenever fθ (θ) > 0. Under an SMGTE, f p
j (θ) = fθ(θ)

2 is exogenous. The central government’s problem

is choosing a symmetric allocation {c(θ), l(θ)}θ∈Θ that maximize national welfare under the resource con-

straints and rational reactions of agents. We first solve for the optimal reaction of regional governments in

an arbitrary MGTE. We then solve for the optimal central income tax of SMGTE.

6.1 Decentralized Redistribution

Partial Equilibrium Elasticities. We find that the optimal decentralized and centralized redistribution can

be expressed in terms of a small number of partial equilibrium elasticities (PEEs) and social welfare weights.

These PEEs are the labor income elasticities εA
j
(
yj (θ)

)
= 1

1
ε j
+pA

j (yj(θ))
and εC

j

(
yj (θ)

)
= 1

1
ε j
+pC(yj(θ))

, labor

income distributions, populations, and the following semi-elasticity of population mjk (θ). Remember that

we have assumed that ε j = ε ∈ R+. Therefore, εC
j (·) and εA

j (·) are independent of j.

To capture the effect of individual utility on population mobility, we define the semi-elasticity of the

population with respect to individual utility (semi-elasticity of the population for short) as:

mjk (θ) ≡
∂ ln f j

(
θ; Vj (θ) , V−j (θ)

)
∂Vk (θ)

, ∀θ ∈ Θ, j, k ∈ J . (26)

All other elements in the statistics-based formula can be expressed in terms of the micro elasticities and

social welfare weights.
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Revenue Effects. Under quasi-linear utility, mjk (θ) is also the semi-elasticity of the population with respect

to consumption. To capture the revenue effects of local income taxes, we further define

rjk (θ) ≡ mjk (θ)
[
Tj
(
yj (θ)

)
− Ej

]
and rjk (θ) ≡

∫ θ

θ
rjk (x)

fθj (x)
1− Fθj (θ)

dx, (27)

for any θ ∈ Θ, j, k ∈ J .

rjk (θ) is the marginal revenue effect on region j induced by one extra unit of lumpsum subsidy to (θ, k)

residents. Correspondingly, rjk (θ) is the weighted revenue effect. Marginal revenue effect rjk (θ) is positive

if and only if the net tax revenue of the local government from (θ, j) resident Tj
(
yj (θ)

)
− Ej is positive.

Welfare Weights. Last, we define the marginal and weighted welfare weight of local government for any

θ ∈ Θ, j ∈ J :

gj (θ) ≡
1
λj

∂U (θ)

∂Vj(θ)

f̃θj (θ)

Nj fθj (θ)
and gj (θ) ≡

∫ ∞
θ gj (x) fθj (x) dx

1− Fθj (θ)
. (28)

λj is the shadow value of local government revenue.32

Notations. It is a bit of a symbol abuse, but for the sake of simplicity in expression, we set notations in

terms of labor income: gj
(
yj (θ)

)
= gj (θ) , gj

(
yj (θ)

)
= gj (θ) , rjk

(
yj (θ)

)
= rjk (θ) , mjk

(
yj (θ)

)
= mjk (θ),

for θ ∈ Θ, j, k ∈ J . Under Assumption 1, above notations are well defined.

Optimal Local Income Tax. Solving the planning problem of local governments, we observe the strategic

reaction of local governments to the federal income tax:33

Proposition 3 The optimal local income tax and the resulting aggregate income tax again satisfy equations (9) and

(10), except that τ?
j (θ) is generalized to be

τ?
j (θ) ≡

[
1− gj (θ)− rjj (θ)

] 1−Fθj (θ)

θ fθj (θ)

(
1 + 1

ε j

)
1 +

[
1− gj (θ)− rjj (θ)

] 1−Fθj (θ)

θ fθj (θ)

(
1 + 1

ε j

) , ∀θ ∈ Θ, j ∈ J , (29)

which is exactly the local income tax rate without a central income tax.

Proof. See Appendix D.1.

It can be seen that 1 − τ?
j (θ) again captures the sensitivity of local income tax to central income tax.

Except that now the optimal local income tax takes the tax competition and horizontal fiscal effect into

consideration. Proposition 3 can be treated as an extension of Lemma 2, where the weight for residents with

skill higher than θ is modified by the horizontal fiscal effect rjj (θ).

Increasing the utility Vj(θ) attracts more individuals of type (θ, j), thereby boosting tax revenue (subsidy

if negative) in that region. Raising the revenue effect increases the region’s welfare weight associated with

Vj(θ), akin to increasing the Pareto weight in the benchmark model. Therefore, the higher the fiscal effect,

the lower the optimal local income tax.

32See equation (D4) for the expression of λj.
33See Appendix E.1 for details.
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6.2 Central Redistribution
The key to solving the optimal central income tax is describing the feasible allocation under enforceable

policies. We can resort to Lemma 6 to describe the implementable allocations, except now that the popula-

tion depends on the individual utility, and the policy constraint is modified. Besides, unlike the benchmark

problem, we now allow the central government to manipulate the inter-government transfer by choosing

Ej.

Due to the policy constraint, the asymmetric problem is fairly complicated. In particular, the federal

income tax will change the social welfare weights, revenue effects, and regional income distributions, which

in turn relax or tighten the policy constraints. We demonstrate the implementability of the constrained

optimal allocation in Lemma 16 (see Appendix E.2).

6.2.1 Symmetric Example

Following Lemma 16, we can use Lagrange multipliers to solve for the constrained optimal allocation. How-

ever, the general problem is extremely complicated. It is out of our capacity to provide a transparent solu-

tion to such a complex problem. The symmetric case, where the uniform policy constraint is loosed (see,

e.g., Corollary 5 in Appendix E.2), provides a useful section. Solving for the optimal central income tax of

SMGTE:

Proposition 4 Optimal central income taxation of SMGTE satisfies:

T′ (y (θ))
1− T′ (y (θ))

=

[
gj (θ) + rjj (θ)− g (θ)

]
1−Fθ(θ)

θ f (θ)

(
1 + 1

ε

)
1 +

[
1− gj (θ)− rjj (θ)

]
1−Fθ(θ)

θ f (θ)

(
1 + 1

ε

) , ∀θ ∈ Θ, (30)

where g (θ) is a weighted social welfare weights of the central government. gj (θ) and rjj (θ) are independent of j,

∀j ∈ J .

Proof. See Appendix D.2.

Proposition 4 is a generation of Proposition 2 (see equation (20)). It highlights the key implication of

this paper. The role of central income tax is to correct objective inconsistency. Therefore, the optimal central

income tax depends on the gap between the Pareto weights (i.e., the gap between gj (θ) + rjj (θ) and g (θ)).

Introducing labor mobility modifies local government’s weight for individual utilities and thus the optimal

federal income tax. Proposition 3 and 4 show that while T′j (y (θ)) decreases in rjj (θ), T′ (y (θ)) increases

in rjj (θ). Intuitively, to internalize the horizontal externality, the central government should increase the

aggregate regional tax rate on y (θ) when rjj (θ) is positive.

As an illustration of the effect of revenue effect, consider the maximin welfare function. The importance

of this maximin welfare function comes both from its simplicity and duality to the problem of maximizing

revenue under a rational constraint.34 When all governments maximize the utility of the lowest-skilled

residents, gj (θ) = g (θ).35 In this case, the sign of T′ (y (θ)) is generally determined by the sign of rjj (θ).

Therefore, the optimal federal income tax rate on the taxpayers is positive when rjj (θ) > 0. Otherwise, it is

34Moreover, the revenue-maximizing problem is analogous to the firm’s profit-maximizing problem. The analysis under a
maximin welfare function thus also sheds light on how to design tax with intra-firm income distribution.

35See Boadway and Jacquet (2008) and Lehmann et al. (2014) for details about the maximin welfare function and optimal taxation
under this welfare function.
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negative. Since high-income individuals pay more taxes, the revenue effect may result in a less progressive

local income tax and a more progressive central income tax. Competition for tax revenue also adds to the

explanations of why the federal income tax is higher than the state income taxes on average.

6.2.2 General Solution

Generalized Welfare Weights. To solve the optimal taxation with the variational approach, we first gen-

eralize some notations presented in our benchmark model to incorporate the effect of labor mobility and

competition for taxes.

First, as analogs to inter- and intra-region welfare weights in the benchmark (see equation (18)), we

define the inter- and intra-region welfare weights of local and central governments in our model extension:

ρC
j ≡

∫ θ
θ

∂U(x)
∂Vj(x) f̃ C

θ (x) dx

∑j
∫ θ

θ f̃ C
θ (x) ∂U(x)

∂Vj(x)dx
, F̃j

(
yj (θ)

)
≡

∫ θ
θ

∂U(x)
∂Vj(x) f̃ j (x) dx∫ θ

θ
∂U(x)
∂Vj(x) f̃ j (x) dx

, and F̃C
j
(
yj (θ)

)
≡

∫ θ
θ

∂U(x)
∂Vj(x) f̃ C (x) dx∫ θ

θ
∂U(x)
∂Vj(x) f̃ C (x) dx

,

for θ ∈ Θ, j ∈ J . For later use, we also set ρC ≡ ∑j
∫ θ

θ f̃ C
θ (x) ∂U(x)

∂Vj(x)dx.

To capture the influence of revenue effect on social welfare weight, we set

FR
j
(
yj (θ)

)
≡
∫ θ

θ

[
1− rjj

(
yj (x)

)]
f j (x) dx∫ θ

θ

[
1− rjj

(
yj (x)

)]
f j (x) dx

, ∀θ ∈ Θ, j ∈ J .

By definitions, one has
1−FR

j (yj(θ))
1−Fθ(θ)

=
1−rjj(yj(θ))

1−rjj
, where rjj ≡ rjj

(
yj (θ)

)
.36 Therefore, 1− FR

j (·) is just

another expression of one minus the weighted revenue effect 1− rjj (·). Under above definitions, one has

another expression of τ?
j (θ). τ?

j (θ) = Cj
(
yj (θ)

)
and

Cj (y) ≡

(
1− rjj

) F̃j(y)−FR
j (y)

y f j(y)
1

εA
j (y)

1 +
(
1− rjj

) F̃j(y)−FR
j (y)

y f j(y)
1

εA
j (y)

, ∀y ∈ Y . (31)

Revenue Effect in General Equilibrium. Set yk
j (y) ≡ yj (θ) |yk(θ)=y as the labor income of (θ, j) when

yk (θ) = y, and define a general-equilibrium-weighted-average revenue effect for any θ ∈ Θ, and j, k, n ∈ J :

rG
kj (θ) = rkj (θ) + ∑

n

Nn

∑n Nn

∫ θ

θ
[T (yn(x)) + En]mnj (x)

fn (x)
1− Fk (θ)

dx, (32)

rG
kj (θ) = rkj (θ) + ∑

n

Nn

∑n Nn

∫ θ

θ
[T (yn(θ)) + En] fn (θ)mnj (θ) dθ.

The revenue effect rkk only takes the revenue effect of transfer to region k on region k. While the GRE

takes revenue effect rC
kk of the transfer on all regions into consideration. Last set

[
ηG

kn

]
≡
[
I−

[
rG

kj

]]−1
as the

36By definition, FR
j

(
yj (θ)

)
=

[1−Fθ(θ)]−
∫ θ

θ
rkk(x) f j(x)dx

1−
∫ θ

θ
rkk(x) f j(x)dx

. Notice that rkk (θ) =
∫ θ

θ
rkk(x) f j(x)dx
1−Fθ(θ)

and rkk (θ) =
∫ θ

θ rkk (x) f j (x) dx. We

have 1− FR
j

(
yj (θ)

)
= [1− Fθ (θ)]

1−rkk(θ)
1−rkk(θ)

.
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inverse matrix of I−
[
rG

kj

]
. Then we define

ρj ≡
∑k ρC

k ηG
kj

∑j ∑k ρC
k ηG

kj
/

Nj

∑j Nj

as an inter-region welfare weight modified by the revenue effect, j ∈ J . Again, we have ∑j Njρj = 1. Under

∑j Njρj = 1, the symmetricity of ρj implies ρj = 1.

General Equilibrium Elasticity of Labor Income. Solving the individual’s and local government’s prob-

lems, we have the following results in the equilibrium:

Proposition 5 Consider a tax reform without changes in inter-region transfers. Under regularity conditions provided

in Assumption 2, there exist own and cross elasticities εC
j : Y 7→ R, εCross

j : Y2 7→ R such that

ŷj

yj
= −εC

j
(
yj
) T̂′

(
yj
)

1− T′
(
yj
) − ∫ y

y
εCross

j
(
yj, y

) T̂′ (y)
1− T′ (y)

dy, ∀j ∈ J , yj ∈ Y .

The own elasticity turns out consistent with the elasticity in our benchmark, i.e., εC
j

(
yj
)
= 1

1
ε j
+T′′(yj)yj/[1−T′(yj)]

.

Proof. See Appendix D.3.

The own elasticity still satisfies (15). What’s new is the cross elasticity εCross
j

(
yj (θ

′) , y (θ)
)
. The cross

elasticity captures the influence of change in marginal tax rate T′ (y (θ)) on the labor income of agent (θ′, j).

It turns out to be zero in our benchmark model but generally not zero in the model extension. This is

because the change in tax rate at one income point will affect the tax rate choices at other income points by

altering the fiscal revenue effect (see rjj (θ) in equation (30)), which is zero in the benchmark. As long as

we know how labor income reacts to tax reform, the following is the same as before, except that now the

agent’s utility includes spillover effects. εCross
j

(
yj, y

)
together with εC

j

(
yj
)

construct the general rquilibrium

rlasticity (GEEs) that determine ŷj.

Welfare Analysis. In the optimum, any marginal tax reform results in Ŵ = 0, where

Ŵ = ∑
j∈J

∫
Θ

f̃ C (θ)
∂U
(
θ; Uj (θ) , U−j (θ)

)
∂Uj (θ)

Ûj (θ) dθ

and V̂j (θ) still satisfies (B4), i.e., V̂j (θ) = −T̂
(
yj (θ)

)
− T̂j

(
yj (θ)

)
. Therefore, we have Lemma 4:

Lemma 4 Given fiscal multipliers ρC
j , the change in national changes in the aggregate income taxes determine welfare:

− Ŵ
ρC = ∑

j∈J
ρC

j × T̂A
j

(
y
)
+ ∑

j

∫ y

y
ρC

j

[
1− F̃C

j (y)
]

T̂A′
j (y) dy.

Proof. See Appendix D.4.

The change in social welfare is determined by changes in aggregate income taxes and how changes in

taxes affect the social welfare, later of which is captured by the social welfare weights. Intuitively, one unit

increase in T̂A
k

(
y
)

increases the social welfare by ρC
k unit. The welfare effect of the marginal increase in

T̂A′
k (y) is captured by ρC

k

[
1− F̃C

k (y)
]
.
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Optimal Central Income Tax. When the initial tax rate is at the optimal level, its marginal change will not

have a first-order effect on social welfare. By searching for this central income tax, we can solve the condi-

tions that the optimal central income tax needs to meet. It turns out that under some common conditions,

the optimal tax formula is still ABC-nest-ABC. Set yj
m (y) = ym

(
θ̃j (y)

)
, where θ̃j (y) is the skill of an agent

whose income is y. We have the following result:

Proposition 6 Suppose ρj and εCross
j (y′, y) are independent of j, ∀j ∈ J and y, y′ ∈ Y .37 The optimal central

income tax satisfies:
T′ (y)

1− T′ (y)
= ∑

j∈J
Aj (y) Bj (y)Cj (y) , (33)

where Aj (·) is still given by (22), and Cj (·) is given by (31). Last, Bj (y) is given by:

Bj (y) ≡

 (
1− rjj

) [
1− F̃j (y)

]
−
(

1− rG
jj

) [
1− F̃C

j (y)
]
+

rjj (y)
[
1− Fj (y)

]
−∑m

Nm
Nj

rG
mj

(
yj

m (y)
) [

1− Fm

(
yj

m (y)
)] 

(
1− rjj

) [
F̃j (y)− FR

j (y)
] , ∀j ∈ J , y ∈ Y . (34)

Proof. See Appendix D.11.

The difference between the optimal tax formula in the benchmark and the one above comes from the

variation of Bj (y), which now incorporate the inter-government inconsistency of objectives due to the fiscal

externality. When there is no labor mobility and ρj = 1, we will return to the benchmark result:

Bj (y) =
F̃C

j (y)− F̃j (y)

F̃j (y)− Fj (y)
, ∀y ∈ Y .

Although Bj (y) becomes more complicated, the underlying principle of central tax design does not. The

central income tax is used to remedy the objective inconsistency between governments. Local governments

do not consider the negative effects of their tax reduction on the fiscal revenue of other regions, while the

central government do. This difference in perspectives is reflected in the inclusion of the fiscal effect term

within the objective inconsistency term.

When ρj and εCross
j (y′, y) are not symmetric, the result is much more involved. In particular, one addi-

tional term B̃j : Y 7→ R+ appears in the optimal tax formula (see Theorem 3 in Appendix D.7). Nevertheless,

we demonstrate that micro elasticities defined in Section 6.1 are still sufficient (see Proposition 7 in Appendix

D.9).

7 Numerical Analysis

Our theoretical analysis reveals that the impact of regional income taxes on national income redistribution

depends on regional characteristics and governmental preferences. When regions are homogenous and

governmental preferences are inconsistent, fully centralized redistribution is optimal, unless inter-regional

transfers are restricted. Conversely, when regional disparities exist alongside inconsistent governmental

preferences, decentralized redistribution becomes more effective for intra-regional redistribution, making

37In this case ρj = 1. In Appendix D.12, we show that under some assumptions on symmetricity of elasticitie, ρj = 1 is optimal.
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central income tax redundant. However, the desirability of decentralized redistribution becomes less clear

when regional inequality coincides with misaligned objectives.

This section investigates the optimality of decentralized redistribution within the United States. We con-

duct a simplified numerical analysis of our benchmark model with endogenous social welfare weights and

transfer(see Section C.3). As stated in theoretical research, although the benchmark model does not incor-

porate the externalities caused by tax competition directly, this impact can be partly captured by selecting

reasonable Pareto weights.

Furthermore, we demonstrate how objective inconsistencies and regional disparities collectively shape

the optimal configuration of federal and state income taxes. We calibrate our analysis using the U.S. wage

distribution, dividing it into two representative regional distributions (consider the East and West Coasts for

example) and exploring scenarios with varying degrees of preference inconsistency and regional inequality.

Our findings indicate that decentralized redistribution consistently exerts a minimal impact on national

welfare, while central redistribution emerges as a far more influential factor.

Environment. To calibrate fθ (θ), we should first make some assumptions about consumer preference and

initial policies. We assume that the utility is c − l1+1/ε

1+1/ε with ε = 0.33 (see Chetty (2012)). Without loss of

generality, we set the regional technology Aj at one and use the distribution of skills (i.e., Fθj (θ)) to govern

the distributions of wages. The population N1 = N2 = 0.5. The labor income schedule is assumed to have

a constant rate of progressivity. Following Heathcote et al. (2017), the original income tax on income y is

y− 1−ς
1−φ y1−φ. φ = 0.151 is the rate of progressivity, and ς = −3 governs the marginal tax rate in the lower

bound. All tax revenue is transferred to individuals in the form of lumpsum transfers.

To get as close to the real F̃θj(θ) as possible, we set state income tax rates basing on the real state income

taxes in the United States. Specifically, we assume that the regional income tax in region 2 is progressive with

a top marginal tax rate (MTR) of 0.133, which equals the highest marginal state income tax rate in the U.S.

The regional income tax in Region 1 is also progressive with a benchmark top MTR of 10%. We considers

different top MTR of region 1 (i.e., 5%, 10% and 13.3%), underlying which is the different preferences of local

governments. Then, we can investigate how local government’s preferences affect optimal taxation. In the

benchmark case, the initial regional income tax rates and corresponding Pareto weights of local governments

are given in Figure 1a and 1d.

To capture the central government’s desire to redistribute, we assume that the central government’s

objective is ∑ Nj
∫

Θj
G
(
Vj (θ)

)
fθj (θ) dθ and consider a concave social welfare function: G (V) = V1−kC

1−kC . kC =

0 corresponds to utilitarian preferences. As kC → ∞, the welfare weights approach that of a Rawlsian

preference. We provide the optimal tax rates for kC = 2, which is among the common values in the literature

(in Sachs et al. (2020), kC ∈ [1, 3]).

Construction of Regional Income Distributions. The income distribution is estimated according to the

statistical results presented in Saez and Stantcheva (2018). They use IRS tax data for income distributions

in 2007.38 As in Saez (2001), we infer the distribution of θ and labor income from the income distribution

and individual’s first-order condition. We then construct two regions that are consistent with the calibrated

38As put by Saez and Stantcheva (2018): “We choose 2007 as this is the most recent year of publicly available micro-level U.S. tax data
available before the Great Recession.”
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(a) Initial regional income tax rates (b) The Pareto weights of local governments calcu-
lated by the initial regional income tax rates

(c) Regional and national wage distributions (d) Hazard ratios of wage distributions

Figure 1: Pareto Weights and Wage Distributions

fθ (θ). Suppose region 1 is poorer than region 2. We construct the distribution of region 1 an 2 by Fθ1 (θ) =

1− [1− Fθ (θ)]
h and Fθ2 (θ) =

Fθ(θ)−N1Fθ1 (θ)

N2
. In the benchmark case, h = 2. Under the initial income taxation,

the average income of Region 2 is 2.2 times of that of region 1. As a comparison, we also consider cases with

h = 1.2 and h = 3. The distributions of wages and corresponding hazard ratios in the benchmark case are

displayed in Figure 1c and 1d.

Given the federal and state income tax in the U.S., F̃θj(θ) is calculated by the value of state income tax

and regional governments’ optimal reactions to the federal income tax (see, e.g., Lemma 2). We compare the

Pareto weights of central and regional governments in Figure 2. Both the red and black lines are concave,

and the red line is more concave than the black line. These results suggest that the central government has a

higher desire for redistribution than the local governments, especially for region 2. Second, the decrease in

the top marginal tax rate of region 1 reflects the decrease in the local government’s desire for redistribution.

Therefore, the preference inconsistency between the central and the local government of region 1 increases.

As a reflection, the area of pink becomes larger. However, this increase in preference consistency does not

necessarily result in welfare loss (see the below part on social welfare).
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(a) F̃C
j (θ) versus F̃j(θ) when original Top MTR of re-

gion 1 equals 5%
(b) F̃C

j (θ) versus F̃j(θ) when original Top MTR of re-
gion 1 equals 10%

(c) F̃C
j (θ) versus F̃j(θ) when original Top MTR of re-

gion 1 equals 13.3%

Figure 2: Pareto Weights of Central and Local Governments

Optimal Tax System. Our algorithm uses the optimal tax formulas and an updating rule to identify a

fixed-point optimal tax schedule (see Appendix B for details). We will compare the regional income tax Tj,

federal income tax T, and aggregate regional income tax TA
j under four different authority systems:

(a) only federal income tax (OF);

(b) only regional income tax (OR);

(c) both federal income tax and regional income taxes (F&R);

(d) region-specific federal income tax (RSF).

To isolate the welfare impact of income taxes, we allow for inter-regional transfers (Ej) while setting all

income tax functions (T(y) and Tj(yj
)) to zero. Instead, we use tC and tj to represent lump-sum transfers

from the central and local governments to their respective residents. Since only the difference between inter-

regional transfers matters, we set E1 = 0 and use E2 to govern these transfers. Budget balance is maintained

by ensuring that the sum of taxes and transfers to residents and governments equals zero.
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Figure 3 illustrates the optimal taxation scheme under our benchmark parameters (i.e., h = 1.5 and a top

marginal tax rate of 10% in region 1). Comparing Figures 3a, 3c, and 3d reveals how the federal income tax

changes when transitioning from the OF system to the F&R system.

Figures 3c and 3d demonstrate how to optimally design federal income tax within an economy char-

acterized by both inter- and intra-regional inequality. These figures illustrate the composition of optimal

aggregate income taxes. Firstly, the central government implements a positive federal income tax due to its

higher preference for redistribution (see Figure 2). Secondly, the aggregate income tax rate in the wealthier

region (TA′
2 (y)) surpasses that of the poorer region (TA′

1 (y)) due to the higher regional income tax levied by

region 2. This higher regional income tax in region 2 enables the central government to better approximate

the optimal region-specific federal income tax structure.

(a) Optimal TC′ (y) under OF (b) Optimal T′j (y) under OR

(c) Optimal T′1 (y) and TA′
1 (y) under F&R (d) Optimal T′2 (y) and TA′

2 (y) under F&R

Figure 3: Optimal Taxation

Comparing Figure 3b to 3c and 3d shows the way regional income tax schedules change when the tax

system switches from F&R to OR. It can be seen that although the regional income taxes under OR are much

higher than those under F&R, they are substantially lower than the aggregate income tax under F&R. This

finding already implies the limitation of regional income taxation as an instrument for redistribution. See

the following welfare analysis for details.
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(a) Optimal TA′
j (y) when Top MTR of region 1 equals

13.3%
(b) Optimal TA′

j (y) when Top MTR of region 1 equals
5%

Figure 4: Comparing Optimal Aggregate Tax Rates under RSF and R&F

Figures 4a and 4b compare aggregate income tax rates under a RSF system and a F&R system. Inter-

estingly, the aggregate income tax rates for both regions under F&R fall within the range observed under

RSF. This occurs because the central government faces a trade-off between inter- and intra-regional redis-

tribution. While it might desire a higher tax rate in region 2, it refrains from doing so to avoid excessively

increasing the tax rate in region 1. Switching from F&R to RSF eliminates this trade-off, allowing for an

increase in TA′
2 (y) and a decrease in TA′

1 (y).

Social Welfare. Recall that national welfare is represented by Nj
∫

Θj
G
(
Vj (θ)

)
fθj(θ)dθ. Under our bench-

mark parameters, transitioning from OF to F&R yields a welfare gain equivalent to $22.6 of per capita con-

sumption. However, this benefit diminishes as the top marginal tax rate in region 1 increases, becoming a

welfare loss of $1.3 of per capita consumption when the top marginal tax rate reaches 13.3%. This occurs be-

cause a lower top marginal tax rate in region 1 leads to lower regional income taxes, bringing the aggregate

income tax rates closer to those observed under RSF (see Figures 4a and 4b). This alignment stems from the

central government’s desire for a higher aggregate income tax rate in region 2 compared to region 1, which

is facilitated by a relatively lower regional income tax rate in region 1.

These findings suggest that introducing decentralized redistribution can either enhance or diminish na-

tional welfare. However, in both cases, the impact of regional redistribution on national redistribution and

welfare remains limited.

Similarly, switching from F&R to RSF generates modest welfare gains, increasing with higher values of

h. For instance, when h = 2 (where the average income in region 2 is 3.4 times that of region 1), the welfare

gain amounts to $67.8 of per capita consumption. In contrast, transitioning OR to F&R yields significantly

larger welfare gains, reaching $8026.5 of per capita consumption in our benchmark case.

These results underscore that while regional income taxes have a minor influence on national welfare,

the central income tax plays a crucial role, even when inter-regional transfers are freely available.
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8 Conclusion

The diverse economic landscapes of U.S. states pose a significant challenge to the design of a fair and effi-

cient federal income tax system. However, the U.S. Constitution mandates the uniformity of federal income

tax. Such a one-size-fits-all federal income tax system struggles to adequately address the inherent dispar-

ities. This paper investigates how to construct a tax system that effectively leverages the strengths of both

central and local governments while navigating their inherent conflicts. The global prevalence of multi-level

governments and plausible empirical evidence on strategic local tax responses to central taxes underscore

the need for normative research on optimal redistribution in multi-level governance contexts.

Our study show that the optimal central income tax is limited to correcting the objective inconsistency

due to preference and object inconsistency as well as fiscal externality. Decentralized redistribution is de-

sirable when local redistribution helps the central government mimic the optimal region-specific income

taxation. Therefore, it is an empirical question whether the central government should nullify the redis-

tributive effect of some regional income taxes through tax rebates. The numerical analysis demonstrates

that, under a well-designed central income tax, local income taxes in the United States is generally desir-

able. Welfare effect of local taxes is small because the central income tax significantly crowds out local taxes

while stabilizing the overall tax burden. From another perspective, local taxes address local needs without

greatly impacting national welfare. The central income tax is essential for redistribution, even with free

inter-region transfers. In contrast, implementing region-specific central income taxation would only slightly

improve national welfare.
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APPENDIX

A Decentralized Redistribution
A.1 Local Tax Incidence
In this subsection, given an initial tax system T , we derive the first-order effects of a local tax perturbation

with a given central income tax.

Local Tax Reform. Given an initial central income tax, consider a regional tax form on Tj with direction

T̂j ∈ C2 (R+, R) and extent µj ∈ R+. We denote the labor supply, income, gross utility, and social welfare

after such a local income tax form as Tj

(
yj; Tj + µjT̂j

)
, lj

(
θj; Tj + µjT̂j

)
, yj

(
θj; Tj + µjT̂j

)
, Vj

(
θj; Tj + µjT̂j

)
and Wj

(
Tj + µjT̂j

)
. To make the expressions concise, we sometimes omit µj when µj → 0. For any µj, we

assume that the above functions are continuously differentiable on µj.

When the magnitude of the tax change is small enough, the tax reform’s first order effect on labor supply

can be given formally by the Gateaux derivative of the labor supply functional Tj 7→ lj
(
θj; Tj

)
in the direction

T̂j:39

l̂j
(
θj
)
≡ lim

µj→0

1
µj

[
lj

(
θj; Tj + µjT̂j

)
− lj

(
θj; Tj

)]
. (A1)

Analogously, we can define the changes in (Gateaux derivatives of) individual’s income, utility, and social

welfare, and denote them as ŷj
(
θj
)
, V̂j

(
θj
)
, and Ŵj, respectively.

We call a regional tax reform a balanced regional tax reform if it maintains the local government’s budget

constraint. The following equations describe the economy under balanced tax reform:

φ′
(

yj(θj;Tj+µj T̂j)
Ajθj

)
Ajθj

= 1− TA′
j
(
yj
(
θj; µj

)
; µj
)

, ∀θ ∈ Θj, (A2)

and

Ej =
∫

Θj

[
Tj

(
yj

(
θj; Tj + µjT̂j

))
+ µjT̂j

(
yj

(
θj; Tj + µjT̂j

))]
fθj

(
θj
)

dθj. (A3)

Labor Income Effect. A first-order Taylor expansion of both sides of (A2) around the baseline labor supply

delivers the Gateaux derivative ŷj
(
θj
)

as a function of labor elasticity and tax reform, i.e., equation (3) in
Lemma 1.

The expression of
ŷj(θj)
yj(θj)

above is equivalent to the traditional expression if TA′
j
(
yj
(
θj
))

= T′j
(
yj
(
θj
))

.

With the introduction of central income tax, the percentage change in the retention rate moves from− T̂′j (yj(θj))
1−T′j (yj(θj))

to − T̂′j (yj(θj))
1−TA′

j (yj(θj))
and the original expression changes into (3).

Utility and Social Welfare Effect. A first-order Taylor expansion of the perturbed gross utility, Vj

(
θj; Tj + µjT̂j

)
=

yj

(
θj; Tj + µjT̂j

)
− TA

j

(
yj

(
θj; Tj + µjT̂j

)
; Tj + µjT̂j

)
− φ′

(
yj(θj;Tj+µj T̂j)

Ajθj

)
, around the baseline gross utility

39See Luenberger (1997) for details about the Gateaux derivative.
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Vj
(
θj; Tj

)
yields:

V̂j
(
θj
)
=

[
1− TA′

j
(
yj
(
θj
))
− φ′

(
yj
(
θj
)

Ajθj

)
1

Ajθj

]
ŷj
(
θj
)
− T̂j

(
yj
(
θj
))

. (A4)

The individual’s first order condition (2) implies that the first term on the right side of (A4) is zero, so that

we obtain:

V̂j
(
θj
)
= −T̂j

(
yj
(
θj
))

. (A5)

Intuitively, taking the derivative of Vj

(
θj; Tj + µjT̂j

)
with respect to µj, and using the envelop theory, we

have V̂j
(
θj
)
= −T̂j

(
yj
(
θj
))

when µj → 0. This is because under the agent’s optimal reaction, the marginal

tax reform has no first-order effect on the gross utility through its effort on the choice of agent. Thus, the

change in the gross utility equals the change in the tax burden under the initial labor income. Last, the

change in social welfare is a summation of V̂j (θ), i.e., Ŵj =
∫

Θj
V̂j
(
θj
)

f̃ j
(
θj
)

dθj.

A.2 Proof of Lemma 1
Using the first-order condition under the baseline tax system is

1− T′
(
yj
(
θj
))
− T′j

(
yj
(
θj
))

= φ′
(

yj
(
θj
)

Ajθj

)
1

Ajθj
.

The perturbed individual first-order condition of individual θj is:

1− T′
(

yj

(
θj; Tj + µjT̂j

))
− T′j

(
yj

(
θj; Tj + µjT̂j

))
− µjT̂A′

j

(
yj

(
θj; Tj + µjT̂j

))
= φ′

yj

(
θj; Tj + µjT̂j

)
Ajθj

 1
Ajθj

,

where T̂A′
j

(
yj

(
θj; Tj + µjT̂j

))
= T̂′j

(
yj

(
θj; Tj + µjT̂j

))
because the local government treats the central in-

come tax as given.

By the first-order Taylor expansion, one has:

−T′′
(
yj
(
θj
))

ŷj
(
θj
)
− T′′j

(
yj
(
θj
))

ŷj
(
θj
)
− T̂A′

j
(
yj
(
θj
))

= φ′′j

(
yj
(
θj
)

Ajθj

)
1

Ajθj

1
Ajθj

ŷj
(
θj
)

,

where ŷj (θ) is a Gateaux derivative.

Thus, the change in labor income is:

ŷj
(
θj
)
= −

T̂A′
j
(
yj
(
θj
))

φ′′j

(
yj(θj)

Ajθj

)
1

Ajθj

1
Ajθj

+ T′′
(
yj
(
θj
))

+ T′′j
(
yj
(
θj
)) .

Dividing both the numerator and denominator on the right side of the equation above by φ′
(

yj(θj)
Ajθj

)
1

Ajθjyj(θj)
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or
1−TA′

j (yj(θj))
yj(θj)

,40 we have:

ŷj
(
θj
)

= −

yj(θj)T̂A′
j (yj(θj))

1−TA′
j (yj(θj))

φ′′j

(
yj(θj)

Ajθj

)
yj(θj)

Ajθj

φ′

(
yj(θj)

Ajθj

) +
yj(θj)TA′′

j (yj(θj))
1−TA′

j (yj(θj))

(A6)

= −

yj(θj)T̂A′
j (yj(θj))

1−TA′
j (yj(θj))

1
ε j
+ pA

j

(
yj(θj)

)
= −εA

j
(
yj
(
θj
))

yj
(
θj
) T̂A′

j
(
yj
(
θj
))

1− TA′
j

(
yj
(
θj
)) ,

where the second and third equations are derived from definitions of elasticity.

Remember that in the local government’s problem, T̂A′
j (·) = T̂′j (·). The last equation of (A6) implies

Lemma 1.�

A.3 Proof of Lemma 2

Balanced Elementary Tax Reform. To derive the first-order necessary condition for the optimal local in-

come tax rate, we consider a balanced elementary tax reform. A balanced elementary tax reform is con-

structed by an elementary tax reform on the marginal tax rates and the accompanying tax reform on lump-

sum tax, which guarantees a balanced budget.41 Formally, an elementary tax reform is represented by the

following step function:

T̂j
(
yj; y∗

)
= 1{yj≥y∗} + r̂j (y∗) , (A7)

in which r̂j (y∗) is a lumpsum tax used to guarantee a balanced budget. Under the tax reform above, we

have

T̂′j
(
yj; y∗

)
= δ

(
yj − y∗

)
, (A8)

in which δ(·) is a Dirac function.42 The tax reform increases the tax on yj < y∗ by r̂j (y∗) and yj ≥ y∗ by

1 + r̂j (y∗). For simplicity, we omit y∗ in T̂j
(
yj; y∗

)
and T̂′j

(
yj; y∗

)
unless it leads to misunderstanding.

Denote the optimal local income tax given the central income tax by T?
j : R+ 7→ R . If the initial local

income tax is optimal (i.e., the initial local income tax is T?
j (·)), any tax reform

{
T̂j
(
yj; y∗

)}
y∗∈R

, results

in Ŵj = 0. This is the key to solving for the optimal tax formula, with which one can obtain a necessary

condition for optimal local income tax.

40Note that the agent’s first order condition implies φ′j

(
yj(θ)

θ

)
1

θyj(θ)
=

1−TA′
j (yj(θ))
yj(θ)

.
41Saez and Stantcheva (2016) also considers a balanced tax reform. The elementary tax reform follows from Sachs et al. (2020).
42Although T̂j (y) is not a differentiable function, we can focus on it without losing generality because the elementary tax re-

forms can be approached with certain differentiable tax reforms (see, e.g., Gomes et al. (2018)). To see this, define Ĥj (y; δ) as

below with parameter δ > 0: Ĥ′j (y; δ) =

{
3
2δ

(
y−y∗

δ

)2
, y∗ − δ ≤ y ≤ y∗ + δ;

0, otherwise.
and Ĥj (y; δ) =

∫ y
y Ĥ′j (s; δ) ds + r̂j. Then we have

limδ>0,δ→0 Ĥj

(
yj; δ

)
= T̂j

(
yj

)
= 1{y≥y∗} + r̂j, and limδ>0,δ→0 Ĥ′j

(
yj; δ

)
= T̂′j

(
yj

)
= δ

(
yj − y∗

)
, which characterize the elemen-

tary tax reform we considered.
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Local Budget Balance. A first-order Taylor expansion of local government’s perturbed budget constraint

(A3) around the baseline budget constraint,
∫

Θj
Tj
(
yj
(
θj; Tj

))
fθj

(
θj
)

dθj = Ej, yields (A9):

0 =
∫

Θj

[
T′j
(
yj
(
θj
))

ŷj
(
θj
)
+ T̂j

(
yj
(
θj
))]

fθj

(
θj
)

dθj. (A9)

Local Social Welfare. A first-order Taylor expansion of the perturbed social welfare,

Wj

(
Tj + µjT̂j

)
=
∫

Θj

Vj

(
yj

(
θj; Tj + µjT̂j

)
; Tj + µjT̂j

)
f̃ j
(
θj
)

dθj,

around the baseline social welfare Wj
(
Tj
)

yields:

Ŵj =
∫

Θj

V̂j (θ) f̃ j
(
θj
)

dθj = −
∫

Θj

T̂j
(
yj
(
θj
))

f̃ j
(
θj
)

dθj. (A10)

where the second equation is derived by the Envelope theorem (see, e.g., (A5)).

Optimal Local Income Tax Rate. Now, we consider the balanced elementary tax reform. For later use,

define θj
(
yj
)

: R+ 7→ R+ as the skill of agents who earn yj in region j. We have yj
(
θj (y)

)
= y. θj

(
yj
)

is well defined under our monotonicity assumption on yj
(
θj
)
, and we have θ′j

(
yj
)
> 0. In particular, set

θ∗j ≡ θj

(
y∗j
)

.

Under the balanced elementary tax reform, for any y∗, we have T̂j
(
yj; y∗

)
= 1{yj≥y∗} + r̂j (y∗) and

T̂′j
(
yj; y∗

)
= δ

(
yj − y∗

)
(see, e.g., (A7) and (A8)). Substitute T̂′j

(
yj
)

in (A6) with δ
(
yj − y∗

)
:

ŷj
(
θj
)
= −εr

j
(
yj
(
θj
))

yj
(
θj
) δ

(
yj
(
θj
)
− y∗

)
1− TA′

j

(
yj
(
θj
)) , ∀θj ∈ Θj. (A11)

Substitute ŷj (θ) and T̂j
(
yj (θ)

)
in (A9) with (A11) and (A8) respectively:

∫
Θj

− θjT?′
j
(
yj
(
θj
))(

1 + 1
ε j

) [
1− T′

(
yj
(
θj
))
− T?′

j
(
yj
(
θj
))] δ

(
y
(
θj
)
− yj

(
θ∗j

))
+ 1{

yj≥yj

(
θ∗j

)} + r̂j (y∗)

 fθj

(
θj
)

dθj = 0.

Solve for r̂j (y∗) with the equation above:

r̂j (y∗) =
f j

(
θ∗j

)
θ∗j T?′

j

(
y∗j
)

(
1 + 1

ε j

) [
1− T′

(
y∗j
)
− T?′

j

(
y∗j
)] − [1− Fj

(
θ∗j

)]
.

The above equation holds for any balanced elementary tax reform. Substitute r̂j (y∗) in (A7) with the

above equation:

T̂j
(
yj
)
= 1{yj≥y∗} − 1− Fj

(
θ∗j

)
+

θ∗j f j

(
θ∗j

)
T?′

j (y∗)(
1 + 1

ε j

) [
1− T′ (y∗)− T?′

j (y∗)
] . (A12)
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Substitute T̂j
(
yj
)

in (A10) with (A12):

Ŵj =
∫

θj≥θ∗j

[
f j
(
θj
)
− f̃ j

(
θj
)]

dθj +
θ∗j f j

(
θ∗j

)
T?′

j

(
yj

(
θ∗j

))
(

1 + 1
ε j

) [
1− T′

(
yj

(
θ∗j

))
− T?′

j

(
yj

(
θ∗j

))] .

The equation above holds for any y∗ and θ∗j = θj (y∗). At the optimum, any balanced elementary tax

reform has no first-order effect on the regional welfare (i.e., Ŵj = 0), which gives:

T?′
j
(
yj
(
θj
))

1− T′
(
yj
(
θj
))
− T?′

j

(
yj
(
θj
)) =

F̃θj

(
θj
)
− Fθj

(
θj
)

θj f j
(
θj
) (

1 +
1
ε j

)
, ∀θj ∈ Θj, j ∈ J . (A13)

Using the notation τ?
j (θ), we can rewrite the equation above as (9). Combination of TA′

j (yj) = T′
(
yj
)
+

T′j
(
yj
)

and (9) gives (10).

Notice that:

T?′
j
(
yj
(
θj
))

1− T′
(
yj
(
θj
))
− T?′

j

(
yj
(
θj
)) =

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
))

1− Fj
(
yj
(
θj
)) 1− Fj

(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
)) yj

(
θj
)

y′j
(
θj
)

θj

(
1 +

1
ε j

)
(A14)

and (see the following equation (A16)):

1
1
ε j
+ 1

y′j
(
θj
)

θj

yj
(
θj
) = εA

j
(
yj
(
θj
))

. (A15)

Last, combination of equations (A14) and (A15) gives (5).

To see why (A15) holds, take the derivative of both sides of individual’s first-order condition, i.e., 1−

TA′
j
(
yj
(
θj
))

= 1
Ajθj

φ′
(

yj(θj)
Ajθj

)
, with respect to θj:

−TA′′
j
(
yj
(
θj
))

y′j
(
θj
)
= − 1

Ajθ
2
j

φ′
(

yj
(
θj
)

Ajθj

)
+

1
Ajθj

φ′′
(

yj
(
θj
)

Ajθj

)[
y′j
(
θj
)

Ajθj
−

yj
(
θj
)

Ajθ
2
j

]
.

Solve the above equation of (A16) for
y′j(θj)θj

yj
:

y′j
(
θj
)

θj

yj
(
θj
) =

φ′′

(
yj(θj)

Ajθj

)
yj(θj)

Ajθj

φ′

(
yj(θj)

Ajθj

) + 1

TA′′
j (yj(θj))yj(θj)
1−TA′

j (yj(θj))
+

φ′′

(
yj(θj)

Ajθj

)
yj(θj)

Ajθj

φ′

(
yj(θj)

Ajθj

)
(A16)

=
1 + 1

ε j

pA
j

(
yj(θj)

)
+ 1

ε j

.

By the definition of pA
j
(
yj(θj)

)
and εA

j
(
yj
(
θj
))

, the above equation implies (A15).�
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A.4 Proof of Lemma 3
Equilibrium. To derive the incidence of labor, one should take the reaction of local income tax to the

central income tax into consideration. In the equilibrium, the reaction of labor income is determined by

both changes in the central and local income tax. The following equation system describes the MGTE after

the tax reform:

T?′
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
=

 1− T′
(

yj

(
θ; T + µT̂

))
−µT̂′

(
yj

(
θ; T + µT̂

))  τ?
j (θ) , (A17)

and ∫
Θj

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
f j
(
θj
)

dθj = Ej, (A18)

and [
1− T?′

j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)] [
1− τ?

j (θ)
]
=

φ′
(

yj(θ;T+µT̂)
Ajθj

)
Ajθj

, (A19)

and

∑
j

Nj

∫
Θj

 T
(

yj

(
θ; T + µT̂

))
+

µT̂
(

yj

(
θ; T + µT̂

))  f j
(
θj
)

dθj + ∑
j

NjEj = 0, ∀θ ∈ Θj, j ∈ J . (A20)

The optimal reactions of local governments imply the first streams of equations. The budget balance of

the local government requires the second equation. The third stream of equations describes the taxpayers’

behaviors. Last, the budget balance of the central government requires the fourth equation.

Tax Incidence of Labor Income. Lemma 2 immediately implies:

T?′
j

(
yj

(
θj; Tj + µjT̂j

)
; Tj + µjT̂j

)
(A21)

=
[
1− T′

(
yj

(
θj; Tj + µjT̂j

))
− µT̂′

(
yj

(
θj; Tj + µjT̂j

))]
τ?

j
(
θj
)

.

By definition T̂?′
j
(
yj
(
θj
))

= limµ→0
T?′

j (yj(θj;Tj+µj T̂j);Tj+µj T̂j)−T?′
j (yj(θj;Tj+µj T̂j);Tj)

µ and the above equation, we

have (16), i.e., T̂?′
j
(
yj
(
θj
))

= −T̂′
(
yj
(
θj
))

τ?
j
(
θj
)
.

The perturbed individual first-order condition of individual θ is expressed as:

[
1− T′

(
yj

(
θj; Tj + µjT̂j

))
− µT̂′

(
yj

(
θj; Tj + µjT̂j

))] [
1− τ?

j
(
θj
)]

= φ′

yj

(
θj; Tj + µjT̂j

)
Ajθj

 1
Ajθj

,

where the left side is the retention rate taking the local government’s reaction into consideration. Using

the first-order condition in the baseline tax system, i.e.,
[
1− T′

(
yj
(
θj
))] [

1− τ?
j
(
θj
)]

= φ′
(

yj(θj)
Ajθj

)
1

Ajθj
, we

reach a first order change of labor income by first-order Taylor expansion and the defined Gateaux derivative

ŷj (θ): [
−T′′

(
yj
(
θj
))

ŷj
(
θj
)
− T̂′

(
yj
(
θj
))] [

1− τ?
j
(
θj
)]

= φ′′j

(
yj
(
θj
)

Ajθj

)
ŷj
(
θj
)

Ajθj

1
θj

.
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Equivalently:

ŷj
(
θj
)
= −

[
1− τ?

j
(
θj
)]

T̂′
(
yj
(
θj
))

[
1− τ?

j

(
θj
)]

T′′
(
yj
(
θj
))

+ φ′′j

(
yj(θj)

Ajθj

)
1

Ajθj

1
θj

. (A22)

Dividing both the numerator and denominator on the right side of the equation above by φ′
(

yj(θj)
Ajθj

)
1

Ajθjyj(θj)

or
1−TA′

j (yj(θj))
yj(θj)

,43 we have:

ŷj
(
θj
)

= −

yj(θj)[1−τ?
j (θj)]T̂′(yj(θj))

1−TA′
j (yj(θj))

φ′′j

(
yj(θj)

Ajθj

)
yj(θj)

Ajθj

φ′

(
yj(θj)

Ajθj

) +
yj(θj)

[
1−τ?

j (θj)
]

T′′(yj(θj))
1−TA′

j (yj(θj))

(A23)

= −

yj(θ)T̂′(yj(θj))
1−T′(yj(θj))

φ′′j

(
yj(θj)

Ajθj

)
yj(θj)

Ajθj

φ′

(
yj(θj)

Ajθj

) +
yj(θ)T′′(yj(θj))

1−T′(yj(θ))

= −εC
j
(
yj
(
θj
))

yj
(
θj
) T̂′

(
yj
(
θj
))

1− T′
(
yj
(
θj
)) .

The second equation of (A23) is derived by (10), and the third equation is derived by definitions of

elasticities, i.e., pC (yj(θj)
)
=

yj(θj)T′′(yj(θj))
1−T′(yj(θj))

, 1
ε j

=
φ′′j

(
yj(θj)

Ajθj

)
yj(θj)

Ajθj

φ′

(
yj(θj)

Ajθj

) and εC
j

(
yj
(
θj
))

= 1
1
ε j
+pC

j (yj(θj))
. The last

equation in (A23) gives equation (14) of Lemma 3.�

B Centralized Redistribution

B.1 Central Tax Incidence
Tax Burden. In the above analysis, we derive the reaction of local income tax. We can further derive the

change of tax burden:

Lemma 5 For any j ∈ J and θ ∈ Θj, we have

T̂?
j
(
yj (θ)

)
= T̂?

j
(
yj (θ)

)
+
∫ θ

θ
T̂?′

j
(
yj (x)

)
dyj (x) . (B1)

and

0 =
∫

Θj

T?′
j
(
yj (θ)

)
ŷj
(
θj
)

f j
(
θj
)

dθj +
∫

Θj

T̂?
j
(
yj (θ)

)
f j
(
θj
)

dθj, (B2)

where ŷj(θ)

yj(θ)
= −εC

j

(
yj (θ)

) T̂′(yj(θj))
1−T′(yj(θ))

.

Proof. See Appendix B.2.

43Note that the agent’s first order condition implies φ′j

(
yj(θ)

θ

)
1

θyj(θ)
=

1−TA′
j (yj(θ))
yj(θ)

.
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Equation (B1) shows that the change in tax burden at a specific income point is equal to the change in

the marginal tax rate of income below that income point and the change in tax burden at the lowest income

point.

Equation (B2) is derived by a first-order Taylor expansion of both sides of the local government’s budget

constraint (A18). It says that the overall tax changes come from two parts: Given individual income, the tax

burden caused by changes in the tax function, and the tax changes caused by the impact of tax reform on

individual income. The above two equations together determine T̂?
j (·).

Utility and Welfare. A first-order Taylor expansion of the perturbed gross utility Vj

(
θj; T + µT̂

)
around

the baseline gross utility, Vj (θ; T), yields:

V̂j
(
θj
)
=

[
1− T′

(
yj
(
θj
))
− T?′

j
(
yj
(
θj
))
−

φ′
(
lj
(
θj
))

Ajθj

]
ŷj
(
θj
)
−
[

T̂
(
yj
(
θj
))

+ T̂?
j
(
yj
(
θj
))]

, (B3)

where the first-order conditions imply φ′
(

yj(θj)
Ajθj

)
1

Ajθj
= TA′ (yj

(
θj
))

. Therefore,

V̂j
(
θj
)
= −T̂

(
yj
(
θj
))
− T̂?

j
(
yj
(
θj
))

. (B4)

The change in gross utility equals the sum of the adjustment in the central tax and the resulting change in

the local tax. Last, the national welfare change is simply a weighted average of changes in gross utilities:

Ŵ = ∑j

[
Nj

∫
Θj

V̂j (θ) f̃ C
θj
(θ) dθj

]
. (B5)

B.2 Proof of Lemma 5
First, the change of individual tax burden satisfies:

lim
µ→0

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
− T?

j
(
yj
(
θj; T

)
; T
)

µ

= lim
µ→0

T?
j

(
yj

(
θj; T + µT̂

)
; T
)
− T?

j
(
yj
(
θj; T

)
; T
)

µ

+ lim
µ→0

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θj; T + µT̂

)
; T
)

µ

= T?′
j
(
yj
(
θj
))

ŷj
(
θj
)
+ T̂?

j
(
yj
(
θj
))

.

Similarly, we have:

lim
µ→0

T?′
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
− T?′

j
(
yj
(
θj; T

)
; T
)

µ
= T̂?′

j
(
yj
(
θj
))

+ T?′′
j
(
yj
(
θj
))

ŷj
(
θj
)

.

Besides,
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T?
j

(
yj

(
θj + µT̂

)
; T + µT̂

)
− Tj

(
yj

(
θ j + µT̂

)
; T + µT̂

)
=
∫ θj

θ j

∂T?
j

(
yj

(
x + µT̂

)
; T + µT̂

)
∂yj

dyj

(
x, T + µT̂

)
, (B6)

where

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
= T?

j
(
yj
(
θj; T

))
+
[

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
− T?

j
(
yj
(
θj; T

))]
, (B7)

and

T?
j

(
yj

(
θ j; T + µT̂

)
; T + µT̂

)
= T?

j

(
yj

(
θ j; T

))
+
[

T?
j

(
yj

(
θ j; T + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θ j; T

))]
. (B8)

Similarly, we have:

T?
j
(
yj
(
θj
))
− T?

j

(
yj

(
θ j

))
=
∫ θj

θ j

∂T?
j
(
yj (x)

)
∂yj

dyj (x) . (B9)

Combination of (B6) and (B9) delivers:

∫ θj

θ j

∂T?
j

(
yj

(
x + µT̂

)
; T + µT̂

)
∂yj

dyj

(
x, T + µT̂

)
−
∫ θj

θ j

∂T?
j
(
yj (x)

)
∂yj

dyj (x)

=
[

T?
j

(
yj

(
θj + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θ j + µT̂

)
; T + µT̂

)]
−
[

T?
j
(
yj
(
θj
))
− T?

j

(
yj

(
θ j

))]
.

Rearrange the above equation:

∫ θj

θ j

∂T?
j (yj(x+µT̂);T+µT̂)

∂yj
− ∂T?

j (yj(x))
∂yj

µ
dyj

(
x, T + µT̂

)
+
∫ θj

θ j

∂T?
j
(
yj (x)

)
∂yj

d

yj

(
x, T + µT̂

)
− yj (x)

µ


=

T?
j

(
yj

(
θj + µT̂

)
; T + µT̂

)
− T?

j
(
yj
(
θj
))

µ
−

T?
j

(
yj

(
θ j + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θ j

))
µ

.

As µ→ 0, we have:

∫ θj

θ j

[
T̂?′

j
(
yj (x)

)
+ T?′′

j
(
yj (x)

)
ŷj (x)

]
dyj (x) +

∫ θj

θ j

T?′
j
(
yj (x)

)
dŷj (x) (B10)

= T̂?
j
(
yj
(
θj
))

+ T?′
j
(
yj
(
θj
))

ŷj
(
θj
)
− T̂?

j

(
yj

(
θ j

))
− T?′

j

(
yj

(
θ j

))
ŷj

(
θ j

)
.

Notice that

T?′
j
(
yj
(
θj
))

ŷj
(
θj
)
− T?′

j

(
yj

(
θ j

))
ŷj

(
θ j

)
(B11)

=
∫ θj

θ j

d
[

T?′
j
(
yj (x)

)
ŷj (x)

]
=

∫ θj

θ j

ŷj (x) dT?′
j
(
yj (x)

)
+
∫ θj

θ j

T?′
j
(
yj (x)

)
dŷj (x)

=
∫ θj

θ j

T?′′
j
(
yj (x)

)
ŷj (x) dyj (x) +

∫ θj

θ j

T?′
j
(
yj (x)

)
dŷj (x) .
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Combination of (B10) and (B11) delivers:

T̂?
j
(
yj
(
θj
))
− T̂?

j

(
yj

(
θ j

))
=
∫ θj

θ j

T̂?′
j
(
yj (x)

)
dyj (x) .

The local government’s budget constraint (A18), i.e.,
∫

Θj
T?

j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
f j
(
θj
)

dθj = Ej,

implies: ∫
Θj

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
− T?

j
(
yj
(
θj; T

)
; T
)

µ
f j
(
θj
)

dθj = 0

Therefore, we have:

0 =
∫

Θj

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
− T?

j

(
yj
(
θj; T

)
; T + µT̂

)
µ

f j
(
θj
)

dθj

+
∫

Θj

T?
j

(
yj
(
θj; T

)
; T + µT̂

)
− T?

j
(
yj
(
θj; T

)
; T
)

µ
f j
(
θj
)

dθj

When µ→ 0, the above equation implies (B2).�

B.3 Proof of Proposition 2

Incidence of Labor Income. Equation (A23) already implies Lemma 3. For later use, we derive alternative

expressions of ŷj (θ). Taking differentiation of an individual’s first-order condition with respect to the skill

we have

T′′
(
yj
(
θj
)) [

1− τ?
j
(
θj
)]

y′j
(
θj
)
+ φ′′j

(
yj
(
θj
)

θj

)
1

Ajθj

1
Ajθj

y′j
(
θj
)

= φ′
(

yj
(
θj
)

θj

)
1

Ajθj

1
Ajθj

+ φ′′j

(
yj
(
θj
)

Ajθj

)
yj
(
θj
)

Ajθj

1
Ajθj

1
θj

+

d ln
[
1− τ?

j
(
θj
)]

d ln θj

[
1− τ?

j
(
θj
)] [

1− T′
(
yj
(
θj
))]

θj
.

Utilizing
φ′′j

(
yj

Ajθ

)
yj

Ajθ

φ′
(

yj
Ajθ

) = 1
ε j

, the above equation can be simplified as:

[
1 + 1

ε j
+

d ln[1−τ?
j (θj)]

d ln θj

] [
1− τ?

j
(
θj
)] [

1− T′
(
yj (θ)

)]
dyj(θj)

dθj
θj

(B12)

=
[
1− τ?

j
(
θj
)]

T′′
(
yj
(
θj
))

+ φ′′j

(
yj
(
θj
)

Ajθj

)
1

Ajθj

1
θj

.
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Utilize the above equation to substitute the denominator of (A22):

ŷj
(
θj
)
= −

T̂′
(
yj
(
θj
))

y′j
(
θj
)

θj[
1 + 1

ε j
+

d ln
[
1−τ?

j (θj)
]

d ln θj

] [
1− T′

(
yj (θ)

)] . (B13)

Central Budget Balance. A first-order Taylor expansion of the perturbed budget constraint of central gov-

ernment,

∑
j

Nj

∫
Θj

[
T
(
yj
(
θj; µ

))
+ µT̂

(
yj
(
θj; µ

))]
f j
(
θj
)

dθj + ∑
j

NjEj = 0,

around the baseline budget constraint,

∑
j

Nj

∫
Θj

T
(
yj
(
θj
))

f j
(
θj
)

dθj + ∑
j

NjEj = 0,

yields:

∑
j

Nj

∫
Θj

[
T′
(
yj
(
θj
))

ŷj
(
θj
)
+ T̂

(
yj
(
θj
))]

f j
(
θj
)

dθj = 0.

By identity equation T̂
(
yj
(
θj
))

= T̂
(

yj

(
θ j

))
+
∫ θj

θ j
T̂′
(
yj
(
xj
))

dyj
(
xj
)
, the above equation can be trans-

formed into:

∑
j

NjT̂
(

yj

(
θ j

))
+ ∑

j
Nj

∫
Θj

[
T′
(
yj
(
θj
))

ŷj
(
θj
)
+
∫ θj

θ j

T̂′
(
yj
(
xj
))

dyj
(
xj
)]

f j
(
θj
)

dθj = 0.

Remember that y = minj yj

(
θ j

)
. One has T̂

(
yj

(
θ j

))
= T̂

(
y
)
+
∫ yj(θ j)

y T̂′
(
yj
)

dyj. Therefore, the above

equation gives

0 = ∑
j

NjT̂
(

y
)
+ ∑

j
Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj + ∑
j

Nj

∫
Θj

T′
(
yj
(
θj
))

ŷj
(
θj
)

f j
(
θj
)

dθj

+∑
j

Nj

∫
Θj

∫ θj

θ j

T̂′
(
yj
(
xj
))

dyj
(
xj
)

f j
(
θj
)

dθj.

Using the Fubini theorem, and f j
(
θj
)
= f j

(
yj
(
θj
))

y′j
(
θj
)
, the above equation is equivalent to:

0 = ∑
j

NjT̂
(

y
)
+ ∑

j
Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj + ∑
j

Nj

∫
Θj

T′
(
yj
(
θj
))

ŷj
(
θj
)

f j
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∫
Θj

[
1− Fj

(
yj
(
θj
))]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

.

Remember that ŷj
(
θj
)
= −εC

j

(
yj
(
θj
))

yj
(
θj
) T̂′(yj(θj))

1−T′(yj(θ))
. The above equation can be transformed into:
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0 = ∑
j

NjT̂
(

y
)
+ ∑

j
Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj + ∑
j

Nj

∫
Θj

[
1− Fj

(
yj
(
θj
))]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

,

which means

T̂
(

y
)

= −∑
j

Nj

∑j Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj −∑
j

Nj

∑j Nj

∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.

i.e.,

T̂
(

yj

(
θ j

))
=

[∫ yj(θ j)

y
T̂′
(
yj
)

dyj −∑
j

Nj

∑j Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj

]
(B14)

−∑
j

Nj

∑j Nj

∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.

Finally, we have

T̂
(
yj
(
θj
))

=
∫ θj

θ j

dT̂
(
yj
(

xj
))

+

[∫ yj(θ j)

y
T̂′
(
yj
)

dyj −∑
j

Nj

∑j Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj

]
(B15)

−∑
j

Nj

∑j Nj

∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.

In the following analysis, we derive the optimal central income tax rate for each income interval.

Optimal Reaction of Local Governments. A first-order Taylor expansion of the perturbed budget con-

straint of local government,

Ej =
∫

Θj

T?
j

(
yj

(
θj; T + µT̂

)
; T + µT̂

)
f j
(
θj
)

dθj,

around the baseline budget constraint,

Ej =
∫

Θj

T?
j
(
yj
(
θj; T

)
; T
)

f j
(
θj
)

dθj,

On the other hand, the budget constraint implies:∫
Θj

T̂?
j
(
yj
(
θj
))

f j
(
θj
)

dθj +
∫

Θj

T?′
j
(
yj
(
θj
))

ŷj
(
θj
)

f j
(
θj
)

dθj = 0
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Remember that T̂?
j
(
yj
(
θj
))

= T̂?
j

(
yj

(
θ j

))
+
∫ θj

θ j
T̂?′

j
(
yj
(
xj
))

dyj
(
xj
)
. The above equation can be trans-

formed into:

T̂?
j

(
yj

(
θ j

))
+
∫

Θj

∫ θj

θ j

T̂?′
j
(
yj
(
xj
))

dyj
(
xj
)

f j
(
θj
)

dθj +
∫

Θj

T?′
j
(
yj
(
θj
))

ŷj
(
θj
)

f j
(
θj
)

dθj = 0

Using the Fubini theorem, and f j
(
θj
)
= f j

(
yj
(
θj
))

y′j
(
θj
)
, we have:

T̂?
j

(
yj

(
θ j

))
+
∫

Θj

[
1− Fj

(
yj
(
θj
))]

T̂?′
j
(
yj
(
θj
))

dyj
(
θj
)
+
∫

Θj

T?′
j
(
yj
(
θj
))

ŷj
(
θj
)

f j
(
yj
(
θj
))

dyj
(
θj
)
= 0

By T?′
j
(
yj
(
θj
))

=
[
1− T′

(
yj
(
θj
))]

τ?
j
(
θj
)
, T̂?′

j
(
yj
(
θj
))

= −T̂′
(
yj
(
θj
))

τ?
j
(
θj
)
, and ŷj

(
θj
)
= −εC

j
(
yj
(
θj
))

yj
(
θj
) T̂′(yj(θj))

1−T′(yj(θ))
,

the above equation can be transformed into:

T̂?
j

(
yj

(
θ j

))
=

∫
Θj

[
1− Fj

(
yj
(
θj
))]

τ?
j
(
θj
)

dT̂
(
yj
(
θj
))
−
∫

Θj

[
1− T′

(
yj
(
θj
))]

τ?
j
(
θj
)

f j
(
yj
(
θj
))

ŷj
(
θj
)

dyj
(
θj
)

=
∫

Θj

[
1− Fj

(
θj
)]

τ?
j
(
θj
)

dT̂
(
yj
(
θj
))

+
∫

Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

τ?
j
(
θj
)

T̂′
(
yj
(
θj
))

dyj
(
θj
)

.

Combination of the above equation and (B14) gives:

T̂?
j

(
yj

(
θ j

))
+ T̂

(
yj

(
θ j

))
(B16)

=

[∫ yj(θ j)

y
T̂′
(
yj
)

dyj −∑
j

Nj

∑j Nj

∫ yj(θ j)

y
T̂′
(
yj
)

dyj

]

+
∫

Θj

[
1− Fj

(
θj
)]

τ?
j
(
θj
)

dT̂
(
yj
(
θj
))
−∑

j

Nj

∑j Nj

∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+
∫

Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

τ?
j
(
θj
)

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.

Rearrange the above equation:

T̂?
j
(
yj
(
θj
))

=
∫

Θj

[
1− Fj

(
θj
)]

τ?
j
(
θj
)

dT̂
(
yj
(
θj
))
−
∫

Θj

[
1− T′

(
yj
(
θj
))]

τ?
j
(
θj
)

ŷj
(
θj
)

f j
(
θj
)

dθj

+
∫ θj

θ j

T̂?′
j
(
yj
(
xj
))

dyj
(
xj
)

=
∫

Θj

[
1− Fj

(
θj
)]

τ?
j
(
θj
)

dT̂
(
yj
(
θj
))
−
∫

Θj

[
1− T′

(
yj
(
θj
))]

τ?
j
(
θj
)

ŷj
(
θj
)

f j
(
yj
(
θj
))

dyj
(
θj
)

−
∫ θj

θ j

T̂′
(
yj
(

xj
))

τ?
j
(

xj
)

dyj
(
xj
)

.
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Substitute ŷj
(
θj
)

in the above equation by ŷj
(
θj
)
= −εC

j

(
yj
(
θj
))

yj
(
θj
) T̂′(yj(θj))

1−T′(yj(θ))
:

T̂?
j
(
yj
(
θj
))

(B17)

=
∫

Θj

[
1− Fj

(
θj
)]

τ?
j
(
θj
)

dT̂
(
yj
(
θj
))
−
∫ θj

θ j

τ?
j
(
xj
)

dT̂
(
yj
(
xj
))

+
∫

Θj

τ?
j
(
θj
)

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

dT̂
(
yj
(
θj
))

.

Remember that:

τ?
j
(
θj
)

=

F̃θj(θj)−Fθj(θj)
fθj(θj)θj

(
1 + 1

ε j

)
1 +

F̃θj(θj)−Fθj(θj)
fθj(θj)θj

(
1 + 1

ε j

) =

F̃j(yj(θj))−Fj(yj(θj))
f j(yj(θj))yj(θj)

(
1 + 1

ε j

)
yj(θj)

y′j(θj)θj

1 +
F̃j(yj(θj))−Fj(yj(θj))

f j(yj(θj))yj(θj)

(
1 + 1

ε j

)
yj(θj)

y′j(θj)θj

(B18)

=

F̃j(yj)−Fj(yj)
1−Fj(yj)

1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

1 +
F̃j(yj)−Fj(yj)

1−Fj(yj)
1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

|yj=yj(θj) = Cj
(
yj
(
θj
))

,

where we use
d ln yj(θj)

d ln θj
=
(

1
ε j
+ 1
)

εA
j
(
yj
(
θj
))

to derive the third equation. Therefore, we can substitute

τ?
j
(
xj
)

in (B17) by Cj
(
yj
(
θj
))

:

T̂?
j
(
yj
(
θj
))

=
∫

Θj

[
1− Fj

(
θj
)]

Cj
(
yj
(
θj
))

dT̂
(
yj
(
θj
))
−
∫ θj

θ j

Cj
(
yj
(
xj
))

dT̂
(
yj
(
xj
))

(B19)

+
∫

Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

dT̂
(
yj
(
θj
))

.

Utility and Social Welfare. Substitute T̂?
j
(
yj
(
θj
))

and T̂
(
yj
(
θj
))

in (B4) by (B1) and the identity equation

T̂
(
yj
(
θj
))

= T
(

yj

(
θ j

))
+
∫ θj

θ j
T̂′
(
yj
(

xj
))

dyj
(
xj
)
:

V̂j
(
θj
)

= −T̂
(
yj
(
θj
))
− T̂?

j
(
yj
(
θj
))

(B20)

= −T̂
(

yj

(
θ j

))
− T̂?

j

(
yj

(
θ j

))
−
∫ θj

θ j

T̂′
(
yj
(
xj
))

dyj
(
xj
)
−
∫ θj

θ j

T̂?′
j
(
yj
(
xj
))

dyj
(
xj
)

Use (16) and τ?
j
(
θj
)
= Cj

(
yj
(
θj
))

to replace T̂?′
j
(
yj
(
xj
))

in the above equation:

V̂j
(
θj
)
= −T̂

(
yj

(
θ j

))
− T̂?

j

(
yj

(
θ j

))
−
∫ θj

θ j

[
1− Cj

(
yj
(
xj
))]

T̂′
(
yj
(
xj
))

dyj
(
xj
)

Similar to the welfare effect of the local tax reform, we have Ŵ = ∑j Nj

[∫
Θj

V̂j
(
θj
)

f̃ C
j

(
θj
)

dθj

]
. Substitute
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V̂j
(
θj
)

in Ŵ with the above equation:

Ŵ = −∑
j

Njρj

[
T̂
(

yj

(
θ j

))
+ T̂?

j

(
yj

(
θ j

))]
−∑

j
Nj

∫
Θj

∫ θj

θ j

[
1− Cj

(
yj
(
xj
))]

T̂′
(
yj
(
xj
))

dyj
(
xj
)

f̃ C
j
(
θj
)

dθj

Using the Fubini theorem, and we know that ∑j Njρj = ∑j Nj = 1 the equation above can be transformed

into:

Ŵ = −∑
j

Nj

∑j Nj
ρj

[
T̂
(

yj

(
θ j

))
+ T̂?

j

(
yj

(
θ j

))]
(B21)

−∑
j

Nj

∑j Nj
ρj

∫
Θj

[
1− Cj

(
yj
(
θj
))] [

1− F̃C
j
(
yj
(
θj
))]

dT̂
(
yj
(
θj
))

.

Multiply both sides of equation (B16) by Njρj and sum across j:

∑
j

Njρj

[
T̂?

j

(
yj

(
θ j

))
+ T̂

(
yj

(
θ j

))]
= −∑

j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj

+∑
j

Nj

∑j Nj
ρj

∫
Θj

[
1− Fj

(
θj
)]

Cj
(
yj
(
θj
))

dT̂
(
yj
(
θj
))

−∑
j

Nj

∑j Nj
ρj

∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj
(
1− ρj

)
∑j Nj

∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj
ρj

∫
Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.
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Rearrange the above equation:

∑
j

Njρj

[
T̂?

j

(
yj

(
θ j

))
+ T̂

(
yj

(
θ j

))]
= −∑

j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj

−∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj
ρj

∫
Θj

[
1− Fj

(
θj
)] [

1− Cj
(
yj
(
θj
))]

dT̂
(
yj
(
θj
))

+∑
j

Nj

∑j Nj
ρj

∫
Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

Replacing ∑j Njρj

[
T?

j

(
yj

(
θ j

))
+ T

(
yj

(
θ j

))]
in (B21) by the above equation:

Ŵ = ∑
j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj

+∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj
ρj

∫
Θj

[
1− Fj

(
θj
)] [

1− Cj
(
yj
(
θj
))]

dT̂
(
yj
(
θj
))

−∑
j

Nj

∑j Nj
ρj

∫
Θj

[
1− Cj

(
yj
(
θj
))] [

1− F̃C
j
(
yj
(
θj
))]

dT̂
(
yj
(
θj
))

−∑
j

Nj

∑j Nj
ρj

∫
Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

Rearrange the above equation:

Ŵ = ∑
j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj (B22)

+∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj
ρj

∫
Θj

[
F̃C

j
(
yj
(
θj
))
− Fj

(
yj
(
θj
))] [

1− Cj
(
yj
(
θj
))]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj
ρj

∫
Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.
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Notice that− ŷj(θj)
yj(θj)

= εA
j
(
yj
(
θj
)) T̂A′

j (yj(θj))
1−TA′

j (yj(θj))
= εC

j

(
yj
(
θj
)) T̂′(yj(θj))

1−T′(yj(θj))
(see Lemmas 1 and 3), T̂A′

j
(
yj
(
θj
))

=[
1− Cj

(
yj
(
θj
))]

T̂′
(
yj
(
θj
))

(see equations (16) and (13)), and 1−TA′
j
(
yj
(
θj
))

=
[
1− Cj

(
yj
(
θj
))] [

1− T′
(
yj
(
θj
))]

(see Proposition 1). We have
T̂′(yj(θj))

1−T′(yj(θj))
=

T̂A′
j (yj(θj))

1−TA′
j (yj(θj))

and
εC

j (yj(θj))
εA

j (yj(θj))
= 1. Therefore, equation (B22) can be

rewritten as:

Ŵ = ∑
j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj (B23)

+∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj
ρj

∫
Θj

[
F̃C

j
(
yj
(
θj
))
− Fj

(
yj
(
θj
))] εC

j

(
yj
(
θj
))

εA
j

(
yj
(
θj
)) [1− Cj

(
yj
(
θj
))]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj
ρj

∫
Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

Notice that (see equation (B18)):

1− Cj
(
yj
(
θj
))

=
1

1 +
F̃j(yj)−Fj(yj)

1−Fj(yj)
1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

|yj=yj(θj)

=

F̃j(yj)−Fj(yj)
1−Fj(yj)

1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

1 +
F̃j(yj)−Fj(yj)

1−Fj(yj)
1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

|yj=yj(θj)

×
f j
(
yj
(
θj
))

yj
(
θj
)

εC
j

(
yj
(
θj
))

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
)) εA

j
(
yj
(
θj
))

εC
j

(
yj
(
θj
))

= f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) 1

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
)) εA

j
(
yj
(
θj
))

εC
j

(
yj
(
θj
))Cj

(
yj
(
θj
))

.

Replacing
[
1− Cj

(
yj
(
θj
))]

in the right side of (B23), we have

Ŵ = ∑
j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj + ∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj
ρj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) F̃C

j
(
yj
(
θj
))
− Fj

(
yj
(
θj
))

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
)) Cj

(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj
ρj

∫
Θj

εC
j
(
yj
(
θj
))

yj
(
θj
)

f j
(
yj
(
θj
))

Cj
(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

−∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

.
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Collect the terms on the right side of the above equation:

Ŵ = ∑
j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
T̂′
(
yj
)

dyj (B24)

−∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

) T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj
ρj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) F̃C

j
(
yj
(
θj
))
− F̃j

(
yj
(
θj
))

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
)) Cj

(
yj
(
θj
))

T̂′
(
yj
(
θj
))

dyj
(
θj
)

+∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

Last, notice that

1 = Cj
(
yj
(
θj
)) 1

Cj
(
yj
(
θj
)) = Cj

(
yj
(
θj
)) 1 +

F̃j(yj)−Fj(yj)
1−Fj(yj)

1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

F̃j(yj)−Fj(yj)
1−Fj(yj)

1−Fj(yj)
f j(yj)yj

1
εA

j (yj)

|yj=yj(θj)

 (B25)

= Cj
(
yj
(
θj
)) [

1 +
f j
(
yj
(
θj
))

yj
(
θj
)

εA
j
(
yj
(
θj
))

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
)) ]

= f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) F̃j(yj(θj))−Fj(yj(θj))

f j(yj(θj))yj(θj)
1

εC
j (yj(θj))

+
εA

j (yj(θj))
εC

j (yj(θj))

F̃j
(
yj
(
θj
))
− Fj

(
yj
(
θj
)) Cj

(
yj
(
θj
))

.

The last term on the right side of (B24) satisfies

∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj

[
1− Fj

(
θj
)]

T̂′
(
yj
(
θj
))

dyj
(
θj
)

= ∑
j

Nj

∑j Nj

(
1− ρj

) ∫
Θj


f j
(
yj
(
θj
))

yj
(
θj
)

εC
j

(
yj
(
θj
)) [

1− Fj
(
θj
)]
×

F̃j(yj(θj))−Fj(yj(θj))
f j(yj(θj))yj(θj)

1
εC
j (yj(θj))

+
εA
j (yj(θj))

εC
j (yj(θj))

F̃j(yj(θj))−Fj(yj(θj))
Cj
(
yj
(
θj
))
 dT̂

(
yj
(
θj
))

.

Then, it is easy to see that equation (B24) can be rewritten as

Ŵ = ∑
j

Nj

∑j Nj

(
1− ρj

) ∫ yj(θ j)

y
dT̂
(
yj
)

(B26)

−∑
j

Nj

∑j Nj

∫
Θj

f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
)) T′

(
yj
(
θj
))

1− T′
(
yj (θ)

)dT̂
(
yj
(
θj
))

+∑
j

Nj

∑j Nj

∫
Θj



f j
(
yj
(
θj
))

yj
(
θj
)

εC
j
(
yj
(
θj
))

Cj
(
yj
(
θj
))
×

(
1− ρj

) [1−Fj(θj)]

[
F̃j(yj(θj))−Fj(yj(θj))

f j(yj(θj))yj(θj)
1

εC
j (yj(θj))

+
εA
j (yj(θj))

εC
j (yj(θj))

]
F̃j(yj(θj))−Fj(yj(θj))

+ρj

[
F̃C

j (yj(θj))−F̃j(yj(θj))
]

F̃j(yj(θj))−Fj(yj(θj))




dT̂
(
yj
(
θj
))

.
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Optimal Tax Formula. Now, we consider the elementary balanced tax reform. Substitute T̂
(
yj
(
θj
))

in

the above equation by 1{y≥y∗} + r̂ (y∗) (remember that we have set θ∗j = θ̃j (y∗) as the skill of an individual

whose income is y∗). Without loss of generality, we consider that y
1
≤ y

2
, and y1 ≤ y2, we can find the

optimal rule by segment.

First consider a tax reform with y∗ ∈
(

y
2
, y1

)
. At the optimum, the marginal tax reform has a zero first

order effect on the welfare (Ŵ = 0). By equation (B26), we have:

T′ (y∗)
1− T′ (y∗) ∑

j

Nj f j (y∗) y∗εC
j (y

∗)

∑j Nj

= ∑
j

Nj f j (y∗) y∗εC
j (y

∗)

∑j Nj


(
1− ρj

) [1−Fj(y∗)]

[
F̃j(y∗)−Fj(y∗)

f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

]
F̃j(y∗)−Fj(y∗)

+ρj

[
F̃C

j (y
∗)−F̃j(y∗)

]
F̃j(y∗)−Fj(y∗)

Cj (y∗) .

Rearrange the above equation:

T′ (y∗)
1− T′ (y∗)

= ∑
j

Nj f j (y∗) y∗εC
j (y

∗)

∑j Nj f j (y∗) y∗εC
j (y

∗)


ρj

[
F̃C

j (y
∗)−F̃j(y∗)

]
F̃j(y∗)−Fj(y∗)

+

(
1− ρj

) [1−Fj(y∗)]

[
F̃j(y∗)−Fj(y∗)

f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

]
F̃j(y∗)−Fj(y∗)

Cj (y∗) .

Notice that T?′
j (y∗) = [1− T′ (y∗)]Cj (y∗). We have

T′ (y∗) = ∑
j

Nj f j (y∗) y∗εC
j (y

∗)

∑j Nj f j (y∗) y∗εC
j (y

∗)


ρj

[
F̃C

j (y
∗)−F̃j(y∗)

]
F̃j(y∗)−Fj(y∗)

+

(
1− ρj

) [1−Fj(y∗)]

[
F̃j(y∗)−Fj(y∗)

f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

]
F̃j(y∗)−Fj(y∗)

 T?′
j (y∗) . (B27)

Second, consider that y∗ ∈
[
y

1
, y

2

]
. At the optimum, the marginal tax reform has a zero first order effect
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on the welfare (Ŵ = 0). By equation (B27), we have

T′ (y∗)
1− T′ (y∗)

=
N1 (1− ρ1)

N1 f1 (y∗) y∗εC
1 (y∗)

+


ρ1

[F̃C
1 (y∗)−F̃1(y∗)]

F̃1(y∗)−F1(y∗)
+

(1− ρ1)
[1−F1(y∗)]

[
F̃1(y∗)−Fj(y∗)

f1(y
∗)y∗

1
εC
1 (y∗)

+
εA
1 (y∗)
εC
1 (y∗)

]
F̃1(y∗)−F1(y∗)

C1 (y∗)

= (1− ρ1)
N1 f1 (y∗) y∗εC

1 (y
∗)

N1 f1 (y∗) y∗εC
1 (y∗)

F̃1(y∗)−Fj(y∗)
f1(y∗)y∗

1
εC

1 (y
∗)
+

εA
1 (y

∗)

εC
1 (y
∗)

F̃1 (y∗)− F1 (y∗)
C1 (y∗) +ρ1

[
F̃C

1 (y∗)− F̃1 (y∗)
]

F̃1 (y∗)− F1 (y∗)
+ (1− ρ1)

[1− F1 (y∗)]
[

F̃1(y∗)−Fj(y∗)
f1(y∗)y∗

1
εC

1 (y
∗)
+

εA
1 (y

∗)

εC
1 (y
∗)

]
F̃1 (y∗)− F1 (y∗)

C1 (y∗)

=


ρ1

[F̃C
1 (y∗)−F̃1(y∗)]

F̃1(y∗)−F1(y∗)
+ (1− ρ1)

[1−F1(y∗)]
[

F̃1(y∗)−Fj(y∗)
f1(y
∗)y∗

1
εC
1 (y∗)

+
εA
1 (y∗)
εC
1 (y∗)

]
F̃1(y∗)−F1(y∗)

+ (1− ρ1)

[
F̃1(y∗)−Fj(y∗)

f1(y
∗)y∗

1
εC
1 (y∗)

+
εA
1 (y∗)
εC
1 (y∗)

]
F̃1(y∗)−F1(y∗)

C1 (y∗) .

where the second equation is derived by (B25).

Similarly, when y∗ ∈ [y1, y2], we have:

T′ (y∗)
1− T′ (y∗)

=


ρ2

[F̃C
2 (y∗)−F̃2(y∗)]

F̃2(y∗)−F2(y∗)
+ (1− ρ2)

[1−F2(y∗)]
[

F̃2(y∗)−Fj(y∗)
f2(y
∗)y∗

1
εC
2 (y∗)

+
εA
2 (y∗)
εC
2 (y∗)

]
F̃2(y∗)−F2(y∗)

+ (1− ρ2)

[
F̃2(y∗)−Fj(y∗)

f2(y
∗)y∗

1
εC
2 (y∗)

+
εA
2 (y∗)
εC
2 (y∗)

]
F̃2(y∗)−F2(y∗)

C2 (y∗) .

In particular, for any y∗ ∈
[
y

1
, y

2

]
∪ [y1, y2]:

T?′ (y∗) =


ρj

[
F̃C

j (y
∗)−F̃j(y∗)

]
F̃j(y∗)−Fj(y∗)

+
(
1− ρj

) [1−Fj(y∗)]

[
F̃j(y∗)−Fj(y∗)

f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

]
F̃j(y∗)−Fj(y∗)

+
(
1− ρj

) F̃j(y∗)−Fj(y∗)
f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

F̃j(y∗)−Fj(y∗)


T?′

j (y∗) , (B28)

where j = 1 if y∗ ∈
[
y

1
, y

2

]
and j = 2 if y∗ ∈ [y1, y2]. In conclusion, we have Proposition 2.�

B.4 Proof of Theorem 1
Combination of (B27) and (B28) gives:

T?′ (y∗) = ∑
j

Nj f j (y∗) y∗εC
j (y

∗)

∑j Nj f j (y∗) y∗εC
j (y

∗)


ρj

[
F̃C

j (y
∗)−F̃j(y∗)

]
F̃j(y∗)−Fj(y∗)

+

(
1− ρj

) [1−Fj(y∗)]

[
F̃j(y∗)−Fj(y∗)

f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

]
F̃j(y∗)−Fj(y∗)

 T?′
j (y∗) , ∀y∗ ∈

(
y

1
, y2

)
.

(B29)

This equation can be derived under the Case 2 of Section B.3 if we do not eliminate ∑j Nj
(
ρj − 1

)
by

∑j Nj
(
ρj − 1

)
= 0.
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Notice that T?′
j (y∗) = [1− T′ (y∗)]Cj (y∗). Equation (B29) implies that for any y∗ ∈

(
y

1
, y2

)
:

T?′ (y)
1− T?′ (y)

= ∑
j

Nj f j (y∗) y∗εC
j (y

∗)

∑j Nj f j (y∗) y∗εC
j (y

∗)


ρj

[
F̃C

j (y
∗)−F̃j(y∗)

]
F̃j(y∗)−Fj(y∗)

+

(
1− ρj

) [1−Fj(y∗)]

[
F̃j(y∗)−Fj(y∗)

f j(y
∗)y∗

1
εC
j (y
∗)
+

εA
j (y∗)

εC
j (y
∗)

]
F̃j(y∗)−Fj(y∗)

Cj (y∗) .

�

B.5 Proof of Corollary 2
(i) Firstly, substituting T?′

j (y) in (20) by (9) we have:

T?′ (y (θ))
1− T?′ (y (θ))

=
F̃C

θj
(θ)− F̃θj (θ)

F̃θj (θ)− Fθj (θ)
τ? (θ) ,

or equivalently,

T?′ (y (θ)) =

F̃C
θj
(θ)−F̃θj (θ)

F̃θj (θ)−Fθj (θ)
τ? (θ)

1 +
F̃C

θj
(θ)−F̃θj (θ)

F̃θj (θ)−Fθj (θ)
τ? (θ)

=

F̃C
θj
(θ)−F̃θj (θ)

fθj (θ)θ

(
1 + 1

ε j

)
1 +

F̃C
θj
(θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

) =
F̃C

θj
(θ)− F̃θj (θ)

F̃C
θj
(θ)− Fθj (θ)

τC,? (θ) . (B30)

The second and third equations are derived from the definitions of τ? (θ) and τC,? (θ) (see, e.g., (8)).

Substituting 1− T?′ (y (θ)) in the above equation by (10), we immediately have TA′(y (θ)) = τC,? (θ).

Using TA′(y (θ)) = T?′ (y (θ)) + T?′
j (y (θ)) and the above equation, we have:

T?′
j (y (θ)) =

F̃θj (θ)− Fθj (θ)

F̃C
θj
(θ)− Fθj (θ)

τC,? (θ) =

F̃θj (θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

)
1 +

F̃C
θj
(θ)−Fθj (θ)

fθj (θ)θ

(
1 + 1

ε j

) (B31)

= τ? (θ)
1− τC,? (θ)

1− τ? (θ)
,

where the second and third equations are derived by the definitions of τ? (θ) and τC,? (θ). Combination of

(B30) and (B31) delivers T?′ (y (θ)) = τC,?(θ)−τ?(θ)
1−τ?(θ)

. In conclusion, we have (23).

(ii) Suppose that F̃C
θj
(θ) > Fθj (θ) such that τC,? (θ) > 0. (B30) implies T?′ (y (θ)) ≥ 0 if and only if

F̃C
θj
(θ) ≥ F̃θj (θ), and the equation holds only if F̃C

θj
(θ) = F̃θj (θ). (B31) suggests that T?′

j (y (θ)) ≥ 0 if and

only if F̃θj (θ) ≥ Fθj (θ), and the equation holds only if F̃θj (θ) = Fθj (θ). Moreover, if F̃C
θj
(θ) > F̃θj (θ) such

that τC,? (θ) > τ? (θ), we have T?′
j (y (θ)) < τ? (θ). Last, combination of (B30) and (B31) suggests:

T?′ (y (θ))− T?′
j (y (θ)) =

 F̃C
θj
(θ)− F̃θj (θ)

F̃C
θj
(θ)− Fθj (θ)

−
F̃θj (θ)− Fθj (θ)

F̃C
θj
(θ)− Fθj (θ)

 τC,? (θ) ,

which means T?′ (y (θ)) ≥ T?′
j (y (θ)) if and only if F̃C

θj
(θ)− F̃θj (θ) ≥ F̃θj (θ)− Fθj (θ).
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(iii) Notice that 1− T?′ (y (θ)) = 1−τC,?(θ)
1−τ?(θ)

and 1− T′j
(
yj (θ)

)
= 1− [1−τC,?(θ)]τ?(θ)

1−τ?(θ)
, we have

pC (yj(θ)
)
− pj

(
yj(θ)

)
=

1
d ln y(θ)

dθ

d ln
[
1− T′j (y (θ))

]
dθ

− d ln [1− T′ (y (θ))]
dθ



=
1

d ln y(θ)
dθ


d ln

1−[1−τC,?(θ)] τ?(θ)
1−τ?(θ)

1−τC,?(θ)
1−τ?(θ)

dθ

 ,

where

d ln
1−[1−τC,?(θ)] τ?(θ)

1−τ?(θ)

1−τC,?(θ)
1−τ?(θ)

dθ
=

d ln
[

1−τ?(θ)
1−τC,?(θ)

− τ? (θ)
]

dθ

=

−τ?′(θ)
1−τC,?(θ)

+ [1−τ?(θ)]τC,?′(θ)

[1−τC,?(θ)]
2 − τ?′ (θ)

1−τ?(θ)
1−τC,?(θ)

− τ? (θ)

=
−τ?′ (θ)

1−τ?(θ)
1−τC,?(θ)

− τ? (θ)
.

In conclusion, we have pC (yj(θ)
)
− pj

(
yj(θ)

)
> 0 if 1−τ?(θ)

1−τC,?(θ)
> τ? (θ) and τ?′ (θ) < 0.�

B Numerical Analysis
Data. According to the findings of Saez and Stantcheva (2018),44 we assume that the income distribution

obeys the lognormal distribution at first. Starting from 50, 000, it transforms from a lognormal distribution

to a Pareto distribution. The transformation ends at 800, 000. After 800, 000, labor income obeys the Pareto

distribution with a Pareto parameter equal to 1.4. Denote ym as the average labor income of all individuals

with labor income higher than y. To estimate the labor income distribution Fy(y), we choose the Pareto

mode, mean, and variance of lognormal distribution so that (i) ym
ym−y is equal to the corresponding value of

the sample at y = 80, 0000 and 200, 000, respectively; and (ii) the average of y coincides with the average

incomes in the sample. Finally, we assume that individuals’ annual labor incomes are higher than 7, 000

and normalize the labor income distribution. This treatment follows Mankiw et al. (2009), who assume that

taxpayers earn not less than $3.5 per hour.

Algorithm. We use equation (C31) with ρj = 1 to derive the optimal federal income tax rates by fixed-point

approach. To do this, we first substitute (9) in (C31) by T?′
j (y∗) and substitute τ?

j (θ) by (8):

T?′ (y∗)
1− T?′ (y∗)

= ∑
j

[
Njε

C
j (y

∗) y∗ f j (y∗)

∑j Njε
C
j (y

∗) y∗ f j (y∗)

F̃C
j (y∗)− F̃j (y∗)

F̃j (y∗)− Fj (y∗)
τ?

j
(
θj (y∗)

)]
. (B32)

Provided allocations, we can derive schedules of federal and state income taxes by (B32), as well as inter-

region transfers that make ρj = 1. Then, we can derive a new set of allocations by solving individuals’

44See, e.g., Figure 4 in Saez and Stantcheva (2018).
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problems with the given policies. Repeating the above steps until the policy converges, we obtain the federal

income tax that is potentially optimal. For details about this fixed-point approach, see Mankiw et al. (2009).

C Discussions and Robustness

This section discusses relevant issues that have not been considered in our benchmark analysis. (i) Is the

choice of the tax base of central income tax relevant to the policy design? (ii) What’s the optimal transfer

and optimal tax under the optimal transfer? (iii) Can we extend our method to derive the optimal policy in

a more general problem? For example, in an economy with labor mobility and endogenous social welfare

weight.

C.1 Tax Base
In our benchmark model, we consider a central income tax on the before-regional-tax income. What if

the central income tax is levied on the after-regional-tax income?45 Denote a central income tax on after-

regional-tax income as T#. The individual’s problem can be reformulated as:

max
lj

cj − φ′
(
lj
)

s.t. cj = Ajθlj − Tj
(
θlj
)
− T# (θlj − Tj

(
Ajθlj

))
.

Solving the above problem yields:

[
1− T′j

(
yj (θ)

)] [
1− T#′

(
yj (θ)− T′j

(
yj (θ)

))]
=

1
Ajθ

φ′
(

yj (θ)

Ajθ

)
.

It is easy to see that when there is only one region, an allocation implemented by T (·), can also be

implemented by T# (·). One can construct T# (·) by:[
1− T′j

(
yj (θ)

)] [
1− T#′

(
yj (θ)− T′j

(
yj (θ)

))]
= 1− T′j

(
yj (θ)

)
− T′

(
yj (θ)

)
.

However, this is generally not the case when there are multiple regions. To see this, remember that

when local tax is not deductible before the federal tax,
φ′(lj(θj))

Ajθj

1
1−τ?

j (θj)
=

φ′(l−j(θ−j))
A−jθ−j

1
1−τ?

−j(θ−j)
as long as

y−j
(
θ−j
)
= yj

(
θj
)
. However, this is generally not the case when local tax is deductible before the federal

tax.

The deductibility of state and local taxes carries significant implications for both revenue generation and

tax equity (see, e.g., Kaplow (1996b)). However, the question of whether such taxes should be deductible

from federal taxable income remains a subject of ongoing debate (see, e.g., Stark (2003)).

This debate gained prominence during the Reagan administration’s 1984 tax reform proposal, which

sought to eliminate state and local tax deductibility. As Feldstein and Metcalf (1987) recount, state and

local governments vehemently opposed the proposal, arguing that deductibility was crucial for maintaining

public support for essential services and that its elimination would result in unfair double taxation. While

acknowledging these concerns, the Treasury Department countered that deductibility creates distortions in

45See Kaplow (1996a) and Stark (2003) for some facts about the deductibility of state and local taxes under federal income tax.
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resource allocation and primarily benefits high-income taxpayers, leading to substantial federal revenue

losses.

The deductibility debate intersects with fundamental principles of fiscal federalism. While these princi-

ples generally advocate for centralizing redistributive policies, our study suggests that local redistribution

can offer distinct advantages.46 Ultimately, the impact of deductibility on national welfare is a complex issue

that warrants further investigation.

C.2 Endogenous Transfer

In our benchmark model, we deliberately decouple the problem of tax design from the determination of

optimal intergovernmental transfers. It is important to note that endogenizing Ej would not alter our core

findings, which emphasize the crucial role of objective inconsistency, income distributions, and labor supply

elasticities in shaping optimal central redistribution. This robustness stems from the fact that the optimal

local and central income tax rates in our benchmark model are independent of Ej.

However, the interplay between regions, mediated through intergovernmental transfers, indirectly influ-

ences optimal taxation when social welfare weights are endogenous. To create a nontrivial optimal transfer

problem, we need to introduce either a strictly concave utility function or a nonlinear social welfare function

in which social welfare weights depend on the transfers themselves. Otherwise, the solution becomes triv-

ial: either there is no need for inter-regional transfers, or the central government would transfer all income

from one region to the other.

Let’s consider a scenario where the central government’s social welfare weight is endogenous. In this

case, the central government aims to maximize national welfare by choosing both the tax function, T(·), and

the inter-regional transfer, Ej. By redistributing income through lump-sum transfers, the central government

directly impacts income distributions, thereby influencing the social welfare weights. A noteworthy finding

that emerges is the central government’s indifference between regions under the optimal transfer scheme,

implying that ρj = ρ−j = 1. A detailed analysis using a planning problem with a Bergson-Samuelson social

welfare function is provided in Section C.3.

C.3 Primal Approach

Mechanism design has difficulty in dealing with region-uniform policy constraints. The policy constraint

requires individuals of the same income to pay the same amount of tax. This income-based constraint can

not be directly expressed in terms of exogenous skills because income is endogenous. This section shows

how to use the primal approach to derive the optimal taxation. In addition to providing an alternative

approach, as an extension, we allow Ej to be free and consider a nonlinear Bergson-Samuelson social welfare

function.

For simplicity, we assume that Θ1 = Θ2 = Θ = (0, ∞), such that y
j
= y−j

and yj, y−j → ∞. Denote

θj (θ) : Θ−j 7→ Θj as the skill of worker who earns y−j (θ) in region −j. Under Assumption 1, θj : Θ−j 7→ Θj

is a one-to-one mapping with θj

(
θ−j

)
= θ j and θj

(
θ−j
)
= θ j.

46Stark (2003) provides a nuanced analysis of this conflict, highlighting how the federal deduction for state and local taxes (SALT)
deviates from core fiscal federalism principles. He argues that the current SALT deduction disproportionately favors itemizing
taxpayers, progressive income and property taxes over regressive sales taxes, and high-income earners. Consequently, he proposes
a more aligned approach: a more progressive federal tax structure coupled with less progressive state and local tax systems.
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The central government’s problem is choosing
{

yj
(
θj
)

, cj
(
θj
)}

θj∈Θj,j∈J
to maximize:

∑ Nj

∫
Θj

G
(
Vj (θ)

)
f̃ C
θj
(θ) dθ

subject to the incentive constraints:

V ′j (θ) =
1
θ

yj
(
θj
)

Ajθj
φ′
(

yj
(
θj
)

Ajθj

)
, ∀j ∈ J , θ ∈ Θj, (C1)

the resource constraint:

∑
j

Nj

∫
Θj

yj
(
θj
)

f j(θ)dθ = ∑
j

Nj

[∫
Θj

[
Vj (θ) + φ

(
yj
(
θj
)

Ajθj

)]
f j(θ)δj (θ) dθ

]
, (C2)

and the policy constraints. That is for any θj and θ−j that satisfy yj
(
θj
)
= y−j

(
θ−j
)
, T′
(
yj
(
θj
))

= T′
(
y−j

(
θ−j
))

.

According to (2) and (10), the policy constraint is equivalent to

φ′
(

yj(θj)
Ajθj

)
Ajθj

1
1− τ?

j

(
θj
) =

φ′
(

y−j(θ−j)
A−jθ−j

)
A−jθ−j

1
1− τ?

−j

(
θ−j
) , (C3)

for any θj and θ−j satisfying yj
(
θj
)
= y−j

(
θ−j
)
.

The Bergson-Samuelson social welfare function G (·) is continuously differentiable, concave, and in-

creasing in its argument. We take f̃ C
j (·) as a PDF and use the region-uniform social welfare function G (·)

to govern the central government’s preference for inter-region equality. The general result about the imple-

mentability is delivered in Lemma 6.

Lemma 6 Suppose that the FOCs of the individuals and the regional governments are both necessary and sufficient.

The allocation of MGTE
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θj,j∈J
satisfies the following conditions jointly:

(i) Incentive constraints (C1), where yj
(
θj
)
= Ajθjlj

(
θj
)
, and Vj

(
θj
)
= cj

(
θj
)
− φ

(
lj
(
θj
))

;

(ii) Policy constraints (C3), for any θj and θ−j satisfying yj
(
θj
)
= y−j

(
θ−j
)
;

(iii) Market clearing condition (C2).

Conversely, when the allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θj,j∈J
satisfies the properties 1–3 above, there exists a central

policy system T C such that the allocation can be implemented by T C at some regional income taxes T R in a MGTE.

Proof. See Appendix C.1.

Following Lemma 6, we use Lagrange multipliers to solve for the constrained optimal allocation. To

facilitate the Lagrange multiplier method, we should express the non-parametric policy constraint (C3) in

terms of parametrics. It turns out to be easier to control
{

yj
(
θj
)

, Vj
(
θj
)}

θj∈Θj,j∈J
instead of

{
lj
(
θj
)

, cj
(
θj
)}

θj∈Θj,j∈J
.

Notice that θ2 (θ) is determined by y1 (·) and y2 (·). Given y1 (·), we can replace y2 (·) by θ2 (·), which deliv-
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ers an alternative form of the policy constraint:

φ′
(

y1(θ)
A1θ

)
A1θ

1
1− τ?

1 (θ)
=

φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

1
1− τ?

2 (θ2 (θ))
, ∀θ ∈ Θ1. (C4)

Notice that we have expressed the policy constraint in terms of θ ∈ Θ1. We can also express the incen-

tive constraint and resource constraints in Θ1 space. The planner’s problem can be described as choosing{
y1 (θ) , θ2 (θ) , Vj (θ)

}
θ∈Θ1,j∈J to maximize the objective under the incentive and resource constraints.

The optimal tax formulas derived from the variational and primal approaches are consistent (see Ap-

pendix C.2). Interestingly, as is mentioned in Section C.2, ρj equals ρ−j at the optimum. A more striking

finding is:

Corollary 4 When the central government chooses inter-region transfers freely, and the intra-region social welfare

weights are consistent, the optimal federal income tax rates are zero.

Proof. See Appendix C.2.

The reason behind this interesting finding is straightforward. When intra-region welfare weights are

consistent, the only use of the federal income tax is mimicking inter-region transfer, which is better to be

performed by the inter-region transfer.

Corollary 4 has two policy implications. For one thing, inter-region transfer reduces central income tax’s

use. For another, even if there is inter-region transfer, central income tax is generally desirable because of

intra-region inconsistency (either due to preference or object inconsistency).

The above primal approach can also be used to study other multi-level principal-agent models. For ex-

ample, the optimal income tax with screening in the labor market (see, e.g., Stantcheva (2014)). It will be

interesting to see the optimal tax rate when the government attempts to maximize the lowest-skilled indi-

viduals’ utility while firms maximize their profit under rational constraints. In this case, the firm’s problem

is the dual problem of government’s problem. As firms deal with the incentive problem, the optimal income

tax should differ greatly from the traditional optimal income tax.

In Appendix E, we also show how can the use of the primal approach be extended to an economy with

labor mobility. In the following model extension, we study optimal central income tax with the variational

approach.

C Proofs to Discussion and Robustness
C.1 Proof of Lemma 6
We first show that a MGTE allocation

{
lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J must satisfy parts 1–3. First, by the definition

of MGTE, (C2) must be satisfied. Second, by the definition of MGTE, individuals maximize their utilities,

which results in (2) and (C1). Third, by the definition of MGTE, local governments maximize their objectives,

which results in (10). (10) together with (2) gives (C3).

Next, suppose that we are given an allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J satisfying parts 1–3. We now

construct T C and T R, which together with
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J constructs a MGTE. We first construct

T C and T R with the given allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J . We then show that the constructed policy

system T C and T R together with
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J do construct a MGTE.
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First, given the allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J we construct
{

yj
(
θj
)

, Vj
(
θj
)}

θj∈Θ,j∈J by yj
(
θj
)

=

Ajθjlj
(
θj
)

and Vj
(
θj
)
= cj

(
θj
)
− φ

(
lj
(
θj
))

. In addition, we construct θ2 (θ) by y2 (θ2 (θ)) = y1 (θ), ∀θ ∈ Θ.

The aggregate regional tax rates TA′
j (·) are constructed by (2):

TA′
j
(
yj (θ)

)
= 1−

φ′
(

yj(θ)
Ajθ

)
Ajθ

.

Then, we can construct T′
(
yj
)

by (10).

To fix the income taxes, we should solve for the boundary values of taxes. We use agents’ budget con-

straints to fix the income taxes. We first construct Tj (·) and T (·) by

Tj
(
yj(θ)

)
= Tj

(
yj(θ)

)
−
∫ yj(θ)

yj(θ)
T′j (y) dy

and

T
(
yj(θ)

)
= T

(
yj(θ)

)
−
∫ yj(θ)

yj(θ)
T′ (y) dy

We then substitute Tj
(
yj(θ)

)
and T

(
yj(θ)

)
in the following equation by the above equations:

yj(θ)− Tj
(
yj(θ)

)
− T

(
yj(θ)

)
− cj(θ) = 0. (C5)

We want to show that there exists
{

Tj
(
yj(θ)

)}
j∈J and T

(
yj(θ)

)
such that given

{
yj
(
θj
)

, Vj
(
θj
)}

θj∈Θ,j∈J ,

equation (C5) is satisfied for any θ ∈ Θ. To be consistent with the θ-type agent’s budget constraint,{
Tj
(
yj(θ)

)}
j∈J and T

(
yj(θ)

)
must satisfy:

yj(θ)− Tj
(
yj(θ)

)
− T

(
yj(θ)

)
− cj(θ) = 0. (C6)

We should show that any
{

Tj
(
yj(θ)

)}
j∈J and T

(
yj(θ)

)
satisfying (C6) are also consistent with other agents’

budget constraints. This is equivalent to saying that:

y′j(θ)
[
1− T′j (y(θ))− T′ (y(θ))

]
− c′j(θ) = 0.

Substituting 1− T′j (y(θ))− T′ (y(θ)) with (2), the above equation is equivalent to:

c′j(θ)−
φ′
(
lj(θ)

)
Ajθ

y′j(θ) = 0.

The above equations hold because we have:

V ′j (θ) =
φ′
(
lj(θ)

)
lj(θ)

Ajθ
(C7)

= c′j(θ)−
φ′
(
lj(θ)

)
Ajθ

y′j(θ) +
φ′
(
lj(θ)

)
lj(θ)

Ajθ
.
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The first equation of (C7) is the incentive compatible condition, and the second equation is derived by

the definition of Vj(θ). We have shown that any
{

Tj
(
yj(θ)

)}
j∈J and T

(
yj(θ)

)
satisfying the equations

(C6) are consistent with all agents’ budget constraints. To fix
{

Tj
(
yj(θ)

)}
j∈J and T

(
yj(θ)

)
we need one

more equation in addition to (C6). This is the resource constraint or, equivalently, the government’s budget

constraint:

0 = ∑j Nj

∫
Θ

[
Tj
(
yj(θ)

)
+ T

(
yj(θ)

)]
fθj (θ) dθ (C8)

= ∑j Nj

∫
Θ

[
Tj
(
yj(θ)

)
+
∫ yj(θ)

yj(θ)
T′j (y) dy + T

(
yj(θ)

)
+
∫ yj(θ)

yj(θ)
T′ (y) dy

]
fθj (θ) dθ

= ∑j Nj

∫
Θ

[∫ yj(θ)

yj(θ)
T′j (y) dy +

∫ yj(θ)

yj(θ)
T′ (y) dy

]
fθj (θ) dθ + ∑j NjTj

(
yj(θ)

)
+ T

(
yj(θ)

)
.

Any
{

Tj
(
yj(θ)

)}
j∈J and T

(
yj(θ)

)
that solves the equation system (C6) and (C8) are consistent with the

allocation.

We now construct
{

Ej
}

j∈J by regional governments’ budget constraints, which implies

NjEj = Nj

[∫
Θ

yj (θ) f j (θ) dθ −
∫

Θ
cj (θ) f j (θ) dθ −

∫
Θ

T
(
yj (θ)

)
f j (θ) dθ

]
, ∀j ∈ J .

In conclusion, given the allocation, we can construct a unique combination of federal income tax and inter-

government transfers that are consistent with the allocation in the equilibrium.

Last, we show that the allocation A satisfying parts 1–3 and the constructed policy system T construct

an MGTE. First, the allocation satisfies the incentive conditions (C1), which are both necessary and suffi-

cient for agents’ optimal choice given the preconditions of Lemma 6. Second, under the constructed Ej, the

constructed regional income taxes T R satisfies (10), local governments’ budget constraint and the incentive

conditions (C1). Therefore, regional income taxes are the optimal solution to local governments’ problems.

Third, the goods market clear condition (C2) are satisfied. Lastly, agents’ budget constraints are embedded

in gross utilities’ definitions and income taxes’ construction. In conclusion, the constructed policy system T
together with the given allocation A constructs an MGTE.�

C.2 Using Primal Approach to Derive Optimal Taxation
Define Ṽj (θ) = Vj

(
θj (θ)

)
and introduce

δj (θ) = θ′j (θ) (C9)

as a control variable. θj (θ) is a state variable. We have the following incentive conditions and national

resource constraint:

Ṽ ′j (θ) =

y1(θ)
Ajθj(θ)

φ′
(

y1(θ)
Ajθj(θ)

)
θj (θ)

δj (θ) , ∀j ∈ J , θ ∈ Θ, (C10)

and

∑
j

Nj

∫
y1 (θ) f j(θj (θ))δj (θ) dθ = ∑

j
Nj

[∫ [
Ṽj (θ) + φ

(
y1 (θ)

θj (θ)

)]
f j(θj (θ))δj (θ) dθ

]
. (C11)
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Formally, the central government’s problem is:

max
{θ2(θ),V2(θ),V1(θ),δ2(θ),y1(θ)}θ∈Θ

N1

∫
G
(

Ṽ1 (θ)
)

f̃ C
1 (θ) dθ + N2

∫
G
(

Ṽ2 (θ)
)

f̃ C
2 (θ2 (θ)) δ2 (θ) dθ

subject to (C10), (C11), (C9) and (C4). G (·) is continuously differentiable, concave, and increasing in its

argument. In the following analysis, we assume that f̃ C
j (·) is a PDF and use G (·) to govern the central

government’s preference for inter-region equality.

For later use, we derive the following term:

∂

[
φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2(θ)

1
1−τ?

2 (θ2(θ))

]
∂θ2 (θ)

=

−φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

2 −
φ′′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

y1 (θ)

A2θ2 (θ)
2

 1
1− τ?

2 (θ2 (θ))
(C12)

+
τ?′

2 (θ2 (θ))

[1− τ?
2 (θ2 (θ))]

2

φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

=

−φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

2 −
φ′′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

y1 (θ)

A2θ2 (θ)
2

 1
1− τ?

2 (θ2 (θ))

+
TA′′

j (y (θ))

[1− τ?
2 (θ2 (θ))] θ′2 (θ)

y′ (θ)− T′′ (y2 (θ)) y′2 (θ)
θ′2 (θ)

=

−
φ′′
(

y1(θ)
A2θ2(θ)

)
A2θ2(θ)

1
A2θ2(θ)

1− τ?
2 (θ2 (θ))

− T′′ (y1 (θ))

 y′1 (θ)
θ′2 (θ)

.

The second equation of the above equations is derived by the first-order condition of local government’s

problem (i.e., equation (10), TA′
2 (y1 (θ)) = T′ (y1 (θ)) [1− τ?

2 (θ2 (θ))] + τ?
2 (θ2 (θ))), which gives:

τ?′
2 (θ2 (θ))

[1− τ?
2 (θ2 (θ))]

2 =

TA′′
2 (y1(θ))

[1−τ?
2 (θ2(θ))]θ′2(θ)

y′1 (θ)−
T′′(y1(θ))y′1(θ)

θ′2(θ)

1− TA′
2 (y (θ))

.

The third equation of (C12) is derived by the first-order condition of individual’s problem (i.e., equation (2),
φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2(θ)

= 1− TA′
2 (y1 (θ))), which gives:

TA′′
2 (y1 (θ)) =

φ′′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

y1 (θ)
θ′2(θ)
y′1(θ)

A2θ2 (θ)
2 −

1
A2θ2 (θ)

+
φ′
(

y1(θ)
A2θ2(θ)

)
θ′2(θ)
y′1(θ)

A2 [θ2 (θ)]
2 .

We now use Lagrange multipliers to solve the central government’s problem.47 The Lagrange function

47See Luenberger (1997) for details about the Lagrangian techniques. See Mirrlees (1976), Golosov et al. (2016), Findeisen and
Sachs (2017) for the application to the field of public economics.
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is set as:

L = N1

∫
G
(

Ṽ1 (θ)
)

f̃ C
1 (θ) dθ1 + N2

∫
G
(

Ṽ2 (θ)
)

f̃ C
2 (θ2 (θ)) δ2 (θ) dθ1

+
∫

q1 (θ)

 y1(θ)
A1θ φ′

(
y1(θ)
A1θ

)
θ

− Ṽ ′1 (θ)

 dθ +
∫

q2 (θ)

 y1(θ)
A2θ2(θ)

φ′
(

y1(θ)
A2θ2(θ)

)
θ2 (θ)

δ2 (θ)− Ṽ ′2 (θ)

 dθ

+
∫

µ (θ)

φ′
(

y1(θ)
A1θ

)
A1θ

1
1− τ?

1 (θ)
−

φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

1
1− τ?

2 (θ2 (θ))

 dθ

+
∫

χ (θ)
[
δ2 (θ)− θ′2 (θ)

]
dθ

+λ

 N1
∫

y1 (θ) f1 (θ) dθ + N2
∫

y1 (θ) f2 (θ2 (θ)) δ2 (θ) dθ

−N1
∫ [

Ṽ1 (θ) + φ
(

y1(θ)
A1θ

)]
f1 (θ) dθ − N2

∫ [
Ṽ2 (θ) + φ

(
y1(θ)

A2θ2(θ)

)]
f2 (θ2 (θ)) δ2 (θ) dθ

 .

Taking partially integrals yields:

−
∫

q1(θ)Ṽ ′1(θ)dy = Ṽ1(θ)q1(θ)− Ṽ1(θ)q1(θ) +
∫

q′1(θ)Ṽ1(θ)dθ

and

−
∫

q2(θ)Ṽ ′2(θ)dy = Ṽ2(θ)q2(θ)− Ṽ2(θ)q2(θ) +
∫

q′2(θ)Ṽ2(θ)dθ.

The derivatives with respect to the endpoint conditions yield the following boundary conditions:

qj(θ) = qj(θ) = 0, ∀j ∈ J . (C13)

Substituting the above conditions into the Lagrangian yields the following first-order conditions for any

θ ∈ Θ:

∂L
∂y1 (θ)

=



q1(θ)
φ′
(

y1(θ)
A1θ

)
θ

1
A1θ

(
1 + 1

ε

)
+ q2 (θ)

[
φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

δ2(θ)
A2θ2(θ)

(
1 + 1

ε

)]

+µ (θ)

[
φ′′
(

y1(θ)
A1θ

)
[A1θ]2

1
1−τ?

1 (θ)
−

φ′′
(

y1(θ)
A2θ2(θ)

)
[A2θ2(θ)]

2
1

1−τ?
2 (θ2(θ))

]
+λN1 f1 (θ)

[
1− 1

A1θ φ′
(

y1(θ)
A1θ

)]
+ λN2 f2 (θ2 (θ)) δ2 (θ)

[
1− 1

A2θ2(θ)
φ′
(

y1(θ)
A2θ2(θ)

)]


= 0, (C14)

and

∂L
∂θ2 (θ)

=



N2Ṽ2 (θ) f̃ C′
2 (θ2 (θ)) δ2 (θ)− q2 (θ2)

φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

y1(θ)

A2θ2(θ)
2

[
2 + 1

ε

]
δ (θ)

+λN2

 y1 (θ) f ′2 (θ2 (θ)) δ2 (θ)−
[
Ṽ2 (θ) + φ

(
y1(θ)

A2θ2(θ)

)]
f ′2 (θ2 (θ)) δ2 (θ)

+ f2 (θ2 (θ)) δ2 (θ) φ′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)
2


+χ′ (θ) + µ (θ)


 φ′′

(
y1(θ)

A2θ2(θ)

)
A2θ2(θ)

1
A2θ2(θ)

1−τ?
2 (θ2(θ))

+ T′′ (y1 (θ))

 y′1(θ)
θ′2(θ)




= 0, (C15)
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and

∂L
∂δ2 (θ)

=

 N2G
(

Ṽ2 (θ)
)

f̃2
C
(θ2 (θ)) + χ (θ) + q2(θ)

y1(θ)
A2θ2(θ)

φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

+λN2 f2 (θ2 (θ)) [y1 (θ)− c2 (θ2 (θ))]

 = 0, (C16)

and
∂L

∂Ṽ1 (θ)
= q′1 (θ) + N1 f̃ C

1 (θ) G′
(

Ṽ1 (θ)
)
− N1λ f (θ) = 0, (C17)

and
∂L

∂Ṽ2 (θ)
= q′2 (θ) + N2G′

(
Ṽ2 (θ)

)
f̃ C
2 (θ2 (θ)) δ2 (θ)− N2λ f2 (θ2 (θ)) δ2 (θ) = 0, (C18)

where we substitute Ṽj (θ) + φ
(

yj(θ)

θj(θ)

)
by cj

(
θj (θ)

)
.

According to (C17), (C18) and the boundary conditions we have:

−
q′j (θ)

λ
=

[
f̃ C
j

(
θj (θ)

)
λ f j
(
θj (θ)

)G′
(

Ṽj (θ)
)
− 1

]
Nj f j

(
θj (θ)

)
δj (θ)

and

qj (θ)

λ
=

∫ ∞

θ

 f̃ C
j

(
θj (θ)

)
G′
(

Ṽj (θ)
)

λ f j
(
θj (θ)

) − 1

Nj f j
(
θj (θ)

)
δj (θ) dθ (C19)

= Nj
[
1− Fj

(
θj (θ)

)] [
gj
(
θj (θ)

)
− 1
]

,

where

gj
(
θj (θ)

)
=

∫ ∞
θ

[
f̃ C
j (θj(x))G′(Ṽj(x))

λ f j(θj(x))

]
f j
(
θj (x)

)
δj (x) dx

1− Fj
(
θj (θ)

) (C20)

and

λ =

∫
Θ f̃ C

j

(
θj (θ)

)
G′
(

Ṽj (θ)
)

δj (θ) dθ∫
Θ f j

(
θj (θ)

)
δj (θ) dθ

, ∀j ∈ J . (C21)

For later use, define gyj
: Y 7→ R+ by:

gyj

(
yj
(
θj (θ)

))
= gj

(
θj (θ)

)
, ∀θ ∈ Θ1, j ∈ J . (C22)

Note that the right side of (C21) must be independent of j. This condition inherently determines the

optimal inter-region transfer. Notice that
∫

Θ f j
(
θj (θ)

)
δj (θ) dθ = 1. Equation (C21) implies

λ = ∑j Nj

∫
Θ

f̃ C
j
(
θj (θ)

)
G′
(

Ṽj (θ)
)

δj (θ) dθ =
∫

Θ
f̃ C
j
(
θj (θ)

)
G′
(

Ṽj (θ)
)

δj (θ) dθ, j ∈ J .

One can see that the inter-region weight ρj =

∫
f̃ C
j (θj(θ))G′(Ṽj(θ))δj(θ)dθ

∑j Nj
∫

Θ f̃ C
j (θj(θ))G′(Ṽj(θ))δj(θ)dθ

= 1. Therefore, under the optimal

inter-region transfer, the central government is indifferent between the regions.
Using (C20) to (C22) we can derive the following equation by the definition of ρj and F̃j (·) (see, e.g.,
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(18)):

gyj

(
yj
(
θj (θ)

)) [
1− Fj

(
yj
(
θj (θ)

))]
(C23)

=

∫
Θ f̃ C

j
(
θj (θ)

)
G′
(

Ṽj (θ)
)

δj (θ) dθ

∑j Nj
∫

Θ f̃ C
j
(
θj (θ)

)
G′
(

Ṽj (θ)
)

δj (θ) dθ

∫ ∞

θ
G′
(

Ṽj (x)
) f̃ C

j
(
θj (x)

)
δj (x)∫

Θ f̃ C
j
(
θj (θ)

)
G′
(

Ṽj (θ)
)

δj (θ) dθ
dx

= ρj

[
1− F̃C

j
(
yj
(
θj (θ)

))]
,

where ρj = 1.

Taking derivative of the both sides of (C16) with respect to θ, we have:

−χ′ (θ) = N2Ṽ ′2 (θ) f̃ C
2 (θ2 (θ)) + N2Ṽ2 (θ) f̃ C′

2 (θ2 (θ)) δ2 (θ) + q′2(θ)
φ′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)

θ2 (θ)

+q2 (θ)
φ′
(

y1(θ)
A2θ2(θ)

)
θ2 (θ)

y′1 (θ)
A2θ2 (θ)

(
1 +

1
ε

)

−q2 (θ)
φ′
(

y1(θ)
A2θ2(θ)

)
θ2 (θ)

y1 (θ)

A2θ2 (θ)
2

(
2 +

1
ε

)
δ (θ)

+λN2

 f2 (θ2 (θ)) y′1 (θ) + f ′2 (θ2 (θ)) δ2 (θ) [y1 (θ)− c2 (θ2 (θ))]−
f2 (θ2 (θ))

[
Ṽ ′2 (θ) + φ′

(
y1(θ)

A2θ2(θ)

) [
y′1(θ)

A2θ2(θ)
− y1(θ)δ2(θ)

A2θ2(θ)
2

]]  .

Substitute χ′ (θ) in (C15) by the above equation and reorganizing the equation:

−N2Ṽ ′2 (θ)
[

f̃ C
2 (θ2 (θ))− λ f2 (θ2 (θ))

]
− q′2(θ)

φ′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)

θ2(θ)

−q2 (θ)
φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

y′1(θ)
A2θ2(θ)

(
1 + 1

ε

)
−λN2

[
y′ (θ)− φ′

(
y1(θ)

A2θ2(θ)

)
y′1(θ)

A2θ2(θ)

]
f2 (θ2 (θ))

+µ (θ)


 φ′′

(
y1(θ)

A2θ2(θ)

)
A2θ2(θ)

1
A2θ2(θ)

1−τ?
2 (θ2(θ))

+ T′′ (y (θ))

 y′1(θ)
θ′2(θ)




= 0. (C24)

Substitute q′2 (θ) and Ṽ ′2 (θ) in (C24) by (C18) and (C10), respectively:


−

φ′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)

θ2(θ)

[
G′
(

Ṽ2 (θ)
)
− 1
]

N2 f̃ C
2 (θ2 (θ)) δ2 (θ)

θ′2(θ)
y′1(θ)

+q2 (θ)
φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

1
A2θ2(θ)

(
1 + 1

ε

)
θ′2 (θ)

+λN2 f2 (θ2 (θ))
[
1− φ′

(
y1(θ)

A2θ2(θ)

)
1

A2θ2(θ)

]
θ′2 (θ)

 (C25)

= µ (θ)

T′′ (y1 (θ)) +

φ′′
(

y1(θ)
A2θ2(θ)

)
A2θ2(θ)

1
A2θ2(θ)

1− τ?
2 (θ2 (θ))

 .
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Add two sides of the above equation to the two sides of (C14) and rearrange:

 φ′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)

θ2(θ)

[
G′
(

Ṽ2 (θ)
)
− 1
]

N2 f̃ C
2 (θ2 (θ)) δ2 (θ)

θ′2(θ)
y′1(θ)

+

q1(θ)
φ′
(

y1(θ)
A1θ

)
θ

1
A1θ

(
1 + 1

ε

)
+ λN1 f1 (θ)

[
1− 1

A1θ φ′
(

y1(θ)
A1θ

)]
 (C26)

= −µ (θ)

φ′′
(

y1(θ)
A1θ

)
(A1θ)2

1
1− τ?

1 (θ)
+ T′′ (y1 (θ))

 .

Substitute µ (θ) in (C14) by (C25) (alternatively, one can substitute µ (θ) by (C26)):

q1(θ)
φ′
(

y1(θ)
A1θ

)
θ

1
A1θ

(
1 +

1
ε

)
+ q2 (θ)

φ′
(

y1(θ)
A2θ2(θ)

)
θ2 (θ)

δ2 (θ)

A2θ2 (θ)

(
1 +

1
ε

) (C27)

+λN1 f1 (θ)

[
1− 1

A1θ
φ′
(

y1 (θ)

A1θ

)]
+ λN2 f2 (θ2 (θ)) δ2 (θ)

[
1− 1

A2θ2 (θ)
φ′
(

y1 (θ)

A2θ2 (θ)

)]

= −


φ′′
(

y1(θ)
A1θ

)
(A1θ)2

1−τ?1 (θ)
−

φ′′
(

y1(θ)
A2θ2(θ)

)
(A1θ)2

1−τ?2 (θ2(θ))



−

φ′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)
θ2(θ)

[
G′
(

Ṽ2 (θ)
)
− 1
]

N2 f̃ C
2 (θ2 (θ))

δ2(θ)
y′1(θ)

+

q2 (θ)

φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

A2θ2(θ)
1+ε

ε + λN2 f2 (θ2 (θ))

[
1−

φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2(θ)

]
 θ′2 (θ)

T′′ (y1 (θ)) +

φ′′
(

y1(θ)
A2θ2(θ)

)
A2θ2(θ)

1
A2θ2(θ)

1−τ?2 (θ2(θ))

.

Notice that

φ′′
(

y1(θ)
A2θ2(θ)

)
[A2θ2 (θ)]

2
1

1− τ?
2 (θ2 (θ))

=
φ′′
(

y1(θ)
A2θ2(θ)

)
y1(θ)

A2θ2(θ)

φ′
(

y1(θ)
A2θ2(θ)

) φ′
(

y1(θ)
A2θ2(θ)

)
y1 (θ) A2θ2 (θ)

1
1− τ?

2 (θ2 (θ))

and
φ′′
(

y1(θ)
A1θ

)
(A1θ)2

1
1− τ?

1 (θ)
=

φ′′
(

y1(θ)
A1θ

)
y1(θ)
A1θ

φ′
(

y1(θ)
A1θ

) φ′
(

y1(θ)
A1θ

)
y1 (θ) A1θ

1
1− τ?

1 (θ)
.

We have
φ′′
(

y1(θ)
A2θ2(θ)

)
[A2θ2(θ)]

2
1

1−τ?
2 (θ2(θ))

=
φ′′
(

y1(θ)
A1θ

)
(A1θ)2

1
1−τ?

1 (θ)
. Therefore, (C27) implies:


q1(θ)

φ′
(

y1(θ)
A1θ

)
θ

1
A1θ

(
1 + 1

ε

)
+ λN1 f1 (θ)

[
1− 1

A1θ φ′
(

y1(θ)
A1θ

)]
q2 (θ)

φ′
(

y1(θ)
A2θ2(θ)

)
θ2(θ)

1
A2θ2(θ)

(
1 + 1

ε

)
θ′2 (θ)

+λN2 f2 (θ2 (θ))
[
1− φ′

(
y1(θ)

A2θ2(θ)

)
1

A2θ2(θ)

]
θ′2 (θ)

 = 0. (C28)
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Equivalently, we have:

0 =

 q2 (θ)

λN2 f2 (θ2 (θ))

φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

2

(
1 +

1
ε

)
+

1−
φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

 λN2 f2 (θ2 (θ)) θ′2 (θ)

+

 q1 (θ)

λN1 f1 (θ)

φ′
(

y1(θ)
A1θ

)
A1θ2

(
1 +

1
ε

)
+

1−
φ′
(

y1(θ)
A1θ

)
A1θ

 λN1 f1 (θ1) .

When θ = θ̃1 (y), we have θ2 (θ) = θ̃2 (y) and θ2

(
θ̃1 (y)

)
= θ̃2 (y). Therefore, θ′2

(
θ̃1 (y)

)
θ̃′1 (y) =

θ̃′2 (y) and θ′2 (θ) =
θ̃′2(y)
θ̃′1(y)

θ′2 (θ) = θ′2

(
θ̃1 (y)

)
. Substitute qj(θ)

λ by (C19) and use θ̃j (y):

0 =


[
1− Fy2 (y)

] [
gy2

(y)− 1
]

f2

(
θ̃2 (y)

) φ′
(

y
A2 θ̃2(y)

)
A2θ̃2 (y)

2

(
1 +

1
ε

)
+

1−
φ′
(

y
A2 θ̃2(y)

)
A2θ̃2 (y)


N2 f2

(
θ̃2 (y)

) θ′2 (y)
θ′1 (y)

(C29)

+


[
1− Fy1 (y)

] [
gy1

(y)− 1
]

f1

(
θ̃1 (y)

) φ′
(

y
A1 θ̃1(y)

)
A1θ̃1 (y)

2

(
1 +

1
ε

)
+

1−
φ′
(

y
A1 θ̃1(y)

)
A1θ̃1 (y)


N1 f1

(
θ̃1 (y)

)
.

Substitute 1
f j(θ̃j(y))θ̃j(y)

φ′
(

y
Aj θ̃j(y)

)
Aj θ̃j(y)

(
1 + 1

ε

)
, 1−

φ′
(

y
Aj θ̃j(y)

)
Aj θ̃j(y)

and f j

(
θ̃j (y)

)
θ̃′j (y) by

T′j (y)

F̃j(y)−Fj(y)
(see e.g., (A13)),

T′j (y) + T′ (y) and f j (y), respectively:

0 =

[1− Fy1 (y)
] [

gy1
(y)− 1

]
F̃y1 (y)− Fy1 (y)

T′1 (y) + T′1 (y) + T′ (y)

N1 fy1 (y)

+N2 fy2 (y)

[1− Fy2 (y)
] [

gy2
(y)− 1

]
F̃y2 (y)− Fy2 (y)

T′2 (y) + T′2 (y) + T′ (y)

 .

Equivalently, we have:

T′ (y) = ∑j∈J

 Nj f j (y)
∑j∈J Nj f j (y)

[
1− F̃j (y)

]
−
[
1− Fj (y)

]
gyj

(y)

F̃j (y)− Fj (y)
T′j (y)

 . (C30)

Substitute gyj
(y) in (C30) by (C23) gives:

T′ (y) = ∑j∈J

 Nj f j (y)
∑j∈J Nj f j (y)

[
1− F̃j (y)

]
− ρj

[
1− F̃C

j (y)
]

F̃j (y)− Fj (y)
T′j (y)

 . (C31)

In particular, when G
(
Vj
)

= Vj and
∫

Θj
f̃ C
θj
(θ) dθ = 1, we have

[
1− Fj

(
θj (θ)

)] [
gj
(
θj (θ)

)
− 1
]

=
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Fj (y)−
F̃C

j (y)
λ and λ = 1. In this case,

T′ (y) = ∑j∈J

[
Nj f j (y)

∑j∈J Nj f j (y)

F̃C
j (y)− F̃j (y)

F̃j (y)− Fj (y)
T′j (y)

]
.

One thing worth noting here is that due to
φ′′
(

y1(θ)
A2θ2(θ)

)
[A2θ2(θ)]

2
1

1−τ?
2 (θ2(θ))

=
φ′′
(

y1(θ)
A1θ

)
(A1θ)2

1
1−τ?

1 (θ)
, the choice of y1 (θ) has

no influence on the intensity of policy constraint. This is not true if the utility cost of working in different

regions are different or φ is not constant elasticity with respect to labor supply.
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ONLINE APPENDIX

D Model Extension
D.1 Proof of Proposition 3
We use Lagrange multipliers to solve the local government’s problem. The authors also use the variational

method to solve this problem and obtained the same results. The relevant results can be provided upon

request.

The Lagrange function is set as:

L =
∫

Θ
U (θ) f̃ j (θ) dθ +

∫
Θ

qj (θ)

[
lj (θ) φ′

(
lj (θ)

)
θ

−V ′j (θ)

]
dθ

+λj

 ∫Θ Ajθlj (θ) f p
j (θ) dθ −

∫
Θ

[
Vj (θ) + φ

(
lj (θ)

)]
f p
j (θ) dθ

−
∫

Θ T
(

Ajθlj (θ)
)

f p
j (θ) dθj −

∫
Θ Ej f p

j (θ) dθ

 .

Taking partially integrals yields:

−
∫

Θ
q(θ)V ′j (θ)dθ = Vj(θ)qj(θ)−Vj(θ̄)qj(θ̄) +

∫
Θ

q′j(θ)Vj(θ)dθ.

The derivatives with respect to the endpoint conditions yield the following boundary conditions:

qj(θ) = qj(θ̄) = 0. (D1)

Substituting the above conditions into the Lagrangian yields the following first-order conditions for any

θ ∈ Θ:

∂L
∂lj (θ)

= qj (θ)
φ′
(
lj (θ)

)
θ

(
1 +

1
ε j

)
+ λj f p

j (θ) Ajθ

[
1−

φ′
(
lj (θ)

)
Ajθ

− T′
(

Ajθlj (θ)
)]

= 0, (D2)

and
∂L

∂Vj(θ)
= q′j (θ) +

∂U (θ)

∂Vj(θ)
f̃ j (θ) + λj

[
mj

j (θ)
[
Tj
(
yj (θ)

)
− Ej

]
f p
j (θ)− f p

j (θ)
]
= 0, (D3)

where we substitute Ajθlj (θ) −
[
Vj (θ) + φ

(
lj (θ)

)]
− T

(
yj (θ)

)
by Tj

(
yj (θ)

)
. Taking integration of both

sides of the above equation gives

λj =

∫
Θ

∂U(θ)
∂Vj(θ)

f̃ j (θ) dθ

1−
∫

Θ mj
j (θ)

[
Tj
(
yj (θ)

)
− Ej

]
fθj (θ) dθ

1
Nj

. (D4)

We define

gj (θ) ≡
1
λj

∂U (θ)

∂Vj(θ)

f̃θj (θ)

Nj fθj (θ)
and gj (θ) ≡

∫ ∞
θ gj (x) fθj (x) dx[

1− Fθj (θ)
] (D5)
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as local government’s welfare weight for Vj (θ), and weighted welfare weight for
{

Vj (x)
}

x≥θ,x∈Θ, respec-

tively. λj is the shadow value of local government revenue.

According to (D3) and the boundary conditions we have

−
q′j (θ)

λj
=

[
1
λj

∂U (θ)

∂Vj(θ)

f̃ j (θ)

f p
j (θ)

− 1

]
f p
j (θ) + ε j (θ)

[
Tj
(
yj (θ)

)
− Ej

]
f p
j (θ)

=
[
gj (θ) + rjj (θ)− 1

]
fθj (θ) Nj

and

qj (θ)

λj
=

∫ ∞

θ

[
1
λj

∂U (θ)

∂Vj(θ)

f̃ j (θ)

fθj (θ)
− 1

]
f p
j (θ) dθ +

∫ ∞

θ
mj

j (x)
[
Tj
(
yj (x)

)
− Ej

]
f p
j (x) dx (D6)

= Nj

[
1− Fθj (θ)

] [
gj (θ) + rjj (θ)− 1

]
.

Rearranging (D2) we have:

1− φ′(lj(θ))
Ajθ

− T′
(

Ajθlj (θ)
)

φ′(lj(θ))
Ajθ

= −
qj (θ)

θλj f p
j (θ)

(
1 +

1
ε j

)
.

Substituting 1
Ajθ

φ′
(

y
Ajθ

)
in (D2) by 1− TA′

j
(
yj (θ)

)
and qj(θ)

λj
by (D6), we have:

T′j
(
yj (θ)

)
1− TA′

j

(
yj (θ)

) =
[
1− rjj (θ)− gj (θ)

] 1− Fθj (θ)

θ f j (θ)

(
1 +

1
ε j

)
. (D7)

In conclusion, we have Proposition 3.�

D.2 Proof of Proposition 4
We use Lagrange multipliers to solve the Planner’s optimization problem. The The Lagrange function is set

as

L =
∫

Θ
U (θ) f̃ C (θ) dθ +

∫
Θ

q (θ)
[

l (θ) φ′ (l (θ))
θ

−V ′ (θ)
]

dθ

+λ

[∫
Θ

Aθl (θ) fθ (θ) dθ −
∫

Θ
[V (θ) + φ (l (θ))] fθ (θ) dθ

]
Taking partial integrals yields

−
∫

Θ
q(θ)V ′(θ)dθ = V(θ)q(θ)−V(θ̄)q(θ̄) +

∫
Θ

q′(θ)V(θ)dθ.

The derivatives with respect to the endpoint conditions yield the following boundary conditions:

q(θ) = q(θ̄) = 0. (D8)

Substituting the above conditions into the Lagrangian yields the following first-order conditions for any
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θ ∈ Θ:
∂L

∂l (θ)
= q (θ)

φ′ (l (θ))
θ

[
1 +

1
ε

]
+ λ f (θ) Aθ

[
1− φ′ (l (θ))

Aθ

]
= 0, (D9)

and
∂L

∂V(θ)
= q′ (θ) +

[
∂U (θ)

∂Vj (θ)
+

∂U (θ)

∂V−j (θ)

]
|Vj(θ)=V−j(θ)=V(θ) f̃ C (θ)− λ f (θ) = 0. (D10)

Taking integration of both sides of the above equation gives:

λ =
∫

Θ

[
∂U (θ)

∂Vj (θ)
+

∂U (θ)

∂V−j (θ)

]
|Vj(θ)=V−j(θ)=V(θ) f̃ C (θ) dθ. (D11)

According to (D10) and the boundary conditions (D8) we have

−q′ (θ)
λ

=


[

∂U(θ)
∂Vj(θ)

+ ∂U(θ)
∂V−j(θ)

]
|Vj(θ)=V−j(θ)=V(θ)

λ

f̃ C (θ)

fθ (θ)
− 1

 fθ (θ)

= [g (θ)− 1] fθ (θ)

and

q (θ)
λ

=
∫ ∞

θ


[

∂U(θ)
∂Vj(θ)

+ ∂U(θ)
∂V−j(θ)

]
|Vj(θ)=V−j(θ)=V(θ)

λ

f̃ C (θ)

fθ (θ)
− 1

 fθ (θ) dθ (D12)

= [1− Fθ (θ)] [g (θ)− 1] ,

where we define

g (θ) ≡∑j

∂U(θ)
∂Vj(θ)

f̃ C (θ)

λ f (θ)
|Vj(θ)=V−j(θ)=V(θ) and g (θ) ≡

∫ ∞
θ g (x) f (x) dx

1− Fθ (θ)
(D13)

as the central government’s marginal and weighted welfare weights for V (θ) and {V (x)}x≥θ,x∈Θ, respec-

tively. λ is the shadow value of central government revenue.48

Rearranging (D9) we have:

1− φ′(l(θ))
Aθ − T′ (Aθl (θ))

φ′(l(θ))
Aθ

= − q (θ)
λ f (θ) θ

(
1 +

1
ε

)
. (D14)

Substitute 1
Aθ φ′ (l (θ)) in the above equation by 1− TA′ (y (θ)) and q(θ)

λ by (D12):

TA′ (y (θ))
1− TA′ (y (θ))

= [1− g (θ)]
1− Fθ (θ)

θ f (θ)

(
1 +

1
ε

)
.

Equivalently,
1

1− TA′ (y (θ))
= 1 + [1− g (θ)]

1− Fθ (θ)

θ f (θ)

(
1 +

1
ε

)
.

48See (D11) for the expression of λ.
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Substituting TA′ (y (θ)) in the above equation by TA′(y (θ)) = 1− 1−T′(y(θ))

1+[1−gj(θ)−rjj(θ)]
1−Fθj

(θ)

θ f j(θ)
(1+ 1

ε )
(see Propo-

sition 3), we have Proposition 4.�

D.3 Proof of Proposition 5
The proof is split into five parts. We first show how local income tax changes with the tax reform given ŷk(θk)

yk(θk)

and τ̂?
k (θk)

1−τ?
k (θk)

in Section D.3.1. We then show what’s τ̂?
k (θk)

1−τ?
k (θk)

under the tax reform considered. We will show

how Ej changes with the tax reform in Section D.3.3. We show how T̂ (y(θ)) + T̂j
(
yj(θ)

)
changes with the

tax reform in section D.3.4. Last, a combination of the above results gives the result in Proposition 5.

D.3.1 Result 1: Reaction of Local Income Tax
In the first step, we want to derive the following results:

T̂′ (yk (θk))

1− T′ (yk (θk))
= −

[
1
εk

+
T′′ (yk (θk)) yk (θk)

1− T′ (yk (θk))

]
ŷk (θk)

yk (θk)
+

τ̂?
k (θk)

1− τ?
k (θk)

. (D15)

Alternatively,

ŷk (θk)

yk (θk)
= − 1

1
εk
+ T′′(yk(θk))yk(θk)

1−T′(yk(θk))

T̂′ (yk (θk))

1− T′ (yk (θk))
+

1
1
εk
+ T′′(yk(θk))yk(θk)

1−T′(yk(θk))

τ̂?
k (θk)

1− τ?
k (θk)

. (D16)

Proof. To do this, notice that the local income tax before the tax reform is:

1− T′ (yk (θk)) =
1

1− τ?
k (θk)

[
1− T′ (yk (θk))− T?′

k (yk (θk))
]

(D17)

The local income tax after the tax reform is:

1− T′
(

yk

(
θk; T + µT̂

))
− µT̂′

(
yk

(
θk; T + µT̂

))
(D18)

=

 1− T′
(

yk

(
θk; T + µT̂

))
− µT̂′

(
yk

(
θk; T + µT̂

))
−T?′

k

(
yk

(
θk; T + µT̂

)
; T + µT̂

) 
1− τ?

k (θk; µ)
.

Subtract the items on both sides of the equation (D18) from the items on both sides of equation (D17),

and take µ→ 0 to obtain

−
[

T′′ (yk (θk)) ŷk (θk) + T̂′ (yk (θk))
]

= − 1− T′ (yk (θk))

1− TA′
k (yk (θk))

{
TA′′

k (yk (θk)) ŷk (θk) + T̂A′
k (yk (θk))

}
−

τ̂?
k (θk)

1− τ?
k (θk)

[
1− T′ (yk (θk))

]
.

Rearrange the above equation:

−T′′ (yk (θk)) ŷk (θk) + T̂′ (yk (θk))

1− T′ (yk (θk))
= −

TA′′
k (yk (θk)) ŷk (θk) + T̂A′

k (yk (θk))

1− TA′
k (yk (θk))

−
τ̂?

k (θk)

1− τ?
k (θk)

.
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Equivalently:

T′′ (yk (θk)) yk (θk)

1− T′ (yk (θk))

ŷk (θk)

yk (θk)
+

T̂′ (yk (θk))

1− T′ (yk (θk))

=
TA′′

k (yk (θk)) yk (θk)

1− TA′
k (yk (θk))

ŷk (θk)

yk (θk)
+

T̂A′
k (yk (θk))

1− TA′
k (yk (θk))

+
τ̂?

k (θk)

1− τ?
k (θk)

.

Use ŷk(θk)
yk(θk)

= − εA
k (yk (θk))

T̂A′
k (yk(θk))

1−TA′
k (yk(θk))

= − 1
1
ε +

TA′′
k (yk(θk))yk(θk)

1−TA′
k (yk(θk))

T̂A′
k (yk(θk))

1−TA′
k (yk(θk))

to substitute T̂A′
k (yk(θk))

1−TA′
k (yk(θk))

in the

above equation:

T′′ (yk (θk)) yk (θk)

1− T′ (yk (θk))

ŷk (θk)

yk (θk)
+

T̂′ (yk (θk))

1− T′ (yk (θk))

=
TA′′

k (yk (θk)) yk (θk)

1− TA′
k (yk (θk))

ŷk (θk)

yk (θk)
−
[

1
ε
+

TA′′
k (yk (θk)) yk (θk)

1− TA′
k (yk (θk))

]
ŷk (θk)

yk (θk)
+

τ̂?
k (θk)

1− τ?
k (θk)

= −1
ε

ŷk (θk)

yk (θk)
+

τ̂?
k (θk)

1− τ?
k (θk)

.

Rearranging the above equation gives equations (D15) and (D16).�

D.3.2 Result 2: How τ?
j (θ) Changes with the Reform

Set the following notations:

ekn (y) = −
[1−gk(y)−rkk(y)][1−Fk(y)]

fk(y)yεA
k (y)

[1−gk(y)−rkk(y)][1−Fk(y)]
fk(y)yεA

k (y)
+ 1

mkn (y)
1
εk
+ T′′(y)y

1−T′(y)

, (D19)

eown
kk

(
y, y′

)
= −

1−Fk(y)
fk(y)yεA

k (y)

[
fk (y′) 1y′≥y −

gk(y)

gk

(
y

k

) fk (y′)

]
[1−gk(y)−rkk(y)][1−Fk(y)]

fk(y)yεA
k (y)

+ 1

mkk (y′)
1
εk
+ T′′(y)y

1−T′(y)

,

ecross
kn

(
y, y′

)
= −

yn
k (y
′)εA

k (yn
k (y
′))
(

1
εk
+1
)

y′εA
n (y′)( 1

εn +1)
[1−Fk(yn

k (y))]
fk(yn

k (y))yn
k (y)ε

A
k (yn

k (y))

[1−gk(yn
k (y))−rkk(yn

k (y))][1−Fk(yn
k (y))]

fk(yn
k (y))yn

k (y)ε
A
k (yn

k (y))
+ 1

×



[
fk(yn

k (y
′))

1−Fk(yn
k (y))

1yn
k (y
′)≥yn

k (y)
− gk(yn

k (y))
gk

(
y

k

) fk
(
yn

k (y
′)
)]

gk
(
yn

k (y
′)
)

µkn
(
yn

k (y
′)
)
+ gk

(
y

k

)
1yn

k (y′)≥yn
k (y)
−gk(yn

k (y))

gk

(
y

k

) [
rkk
(
yn

k (y
′)
)

εk
kn
(
yn

k (y
′)
)
− 1
]

−Fk
(
yn

k (y)
)

rkk
(
yn

k (y)
)

mkn
(
yn

k (y
′)
)

fk
(
yn

k (y
′)
)


1
εk
+

T′′(yn
k (y))yn

k (y)
1−T′(yn

k (y))

,

where we know that can define the function θ̃j (y) as a inverse function of y = yj (θ), which means that

y = yj (θ)⇔ θ = θj (y)

Then we define yj
m (y) = ym

(
θj (y)

)
, similar we have yn

k (y
′) = yk (θn (y′)). Define that the semi-elasticity
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of marginal utility µkn (θ) as below:

µkn (θ) ≡
∂2U

∂Vk∂Vn
(θ)

∂U
∂Vk

(θ)

We want to show that:

−
τ̂?

k (θk)

1− τ?
k (θk)

= −∑
n

ekn (yk (θk)) T̂A
n (yn (θk)) (D20)

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk))
[

T̂A
k (yk (xk))− T̂ (yk (xk))− Êk

]
dyk (xk)

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk)) T?′
k (yk (xk)) yk (xk)

ŷk (xk)

yk (xk)
dyk (xk)

−∑
n

∫ yn(θk)

yn(θk)
ecross

kn (yk (θk) , yn (xk)) T̂A
n (yn (xk)) dyn (xk) .

Substitute τ̂?
k (θk)

1−τ?
k (θk)

in equation (D15), we have:

ŷk (θk)

yk (θk)
= − 1

1
εk
+ T′′(yk(θk))yk(θk)

1−T′(yk(θk))

T̂′ (yk (θk))

1− T′ (yk (θk))
−∑

n
ekn (yk (θk)) T̂A

n (yn (θk)) (D21)

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk))
[

T̂A
k (yk (xk))− T̂ (yk (xk))− Êk

]
dyk (xk)

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk)) T?′
k (yk (xk)) yk (xk)

ŷk (xk)

yk (xk)
dyk (xk)

−∑
n

∫ yn(θk)

yn(θk)
ecross

kn (yk (θk) , yn (xk)) T̂A
n (yn (xk)) dyn (xk) .

Alternatively, in terms of labor income, we have:

ŷk

yk
= − 1

1
εk
+ T′′(yk)yk

1−T′(yk)

T̂′ (yk)

1− T′ (yk)
−∑

n
ekn (yk) T̂A

n

(
yk

n (yk)
)

−
∫ yk

y
k

eown
kk
(
yk, y′k

) [
Êk + T̂

(
y′k
)
− T̂A

k
(
y′k
)]

dy′k

−∑
n

∫ yn

y
n

ecross
kn

(
yk, y′n

)
T̂A

n
(
y′n
)

dy′n +
∫ yk

y
k

eown
kk
(
yk, y′k

)
T?′

k
(
y′k
)

y′k
ŷ′k
y′k

dy′k.

Proof. To see above results, remember that we have set τ?
k (θk) in equation (29) in the main body as:

τ?
k (θk)

1− τ?
k (θk)

=

(
1 +

1
εk

)
[1− gk (yk (θk))− rkk (yk (θk))] [1− Fk (yk (θk))]

fk (θk) θk
.
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Rearrange the above equation gives:

τ?
k (θk) =

(
1 + 1

εk

)
[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)
d ln yk(θk)

d ln θk(
1 + 1

εk

)
[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)
d ln yk(θk)

d ln θk

+ 1

=

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1
,

where the second equation is derived by d ln yk(θk)
d ln θk

= εA
k (yk (θk))

(
1
εk
+ 1
)

.

Remember that τ?
k (θk) = Ck (yk (θk)):

Ck (yk (θk)) =

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1
. (D22)

Step 1. To derive τ̂?
k (θk), we first express τ̂?

k (θk) in terms of the change in revenue effect r̂kk (yk (θk)),

change in social welfare weight ĝk (yk (θk)), and changes in labor income distributions, i.e., f̂θk (θk) , F̂θk (θk).

First, by definition of τ?
k (θk), we have:

τ?
k (θk ;T+µT̂)−τ?

k (θk)

µ[
1− τ?

k (θk)
] [

1− τ?
k

(
θk; T + µT̂

)] =

τ?
k (θk ;T+µT̂)

1−τ?
k (θk ;T+µT̂)

− τ?
k (θk)

1−τ?
k (θk)

µ

=

(
1 +

1
εk

)

[
1− rkk

(
θk; T + µT̂

)
− gk

(
θk; T + µT̂

)]
1−Fk(θk ;T+µT̂)
fk(θk ;T+µT̂)θk

− [1− rkk (θk)− gk (θk)]
1−Fk(θk)
fk(θk)θk


µ

,

Take the derivative of both sides of the above equation with respect to µ:

τ̂?
k (θk)

1− τ?
k (θk)

1
τ?

k (θk)
=

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

(D23)

= −
[

r̂kk (θk) + ĝk (θk)

1− rkk (θk)− gk (θk)
+

f̂k (θk)

fk (θk)
+

F̂k (θk)

1− Fk (θk)

]
,

where, by definition,

τ̂?
k (θk) ≡ lim

µ→0

τ?
k

(
θk; T + µT̂

)
− τ?

k (θk)

µ
.

Step 2. In this step, we express τ̂?
k (θk) in terms of ∂̂U

∂Vk
(xk) , f̂k (xk) , m̂kk (xk) , T̂?

k (yk (xk)) , ŷk (xk). By the

definition of gk (xk):

gk (xk) =

∂U
∂Vk

(xk)
f̃k(xk)
fk(xk)∫ θk

θk

∂U
∂Vk

(xk)
f̃k(xk)
fk(xk)

fk (xk) dxk

∫ θk

θk

[1− rkk (xk)] fk (xk) dxk
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We have the following expression for gk (θk) ≡
∫ θk

θk

gk(xk) fk(xk)
1−Fk(θk)

dxk and rkk (θk) ≡
∫ θk

θk
rkk (x) fk(x)

1−Fk(θk)
dx:

gk (θk) =

∫ θk
θk

∂U
∂Vk

(xk)
f̃k(xk)
fk(xk)

fk(xk)1xk≥θk
1−Fk(θk)∫ θk

θk

∂U
∂Vk

(xk)
f̃k(xk)
fk(xk)

fk (xk) dxk

dxk ×
∫ θk

θk

[1− rkk (xk)] fk (xk) dxk, (D24)

rkk (θk) =
∫ θk

θk

rkk (xk)
fk (xk) 1xk≥θk

1− Fk (θk)
dxk.

In particular, one has gk (θ) = 1− rkk (θ). Combination of definitions of gk (θk) , gk (θk) , rkk (θk) gives:

∂U(θk)
∂Vk(θk)

f̃k (θk)∫ θ
θ

∂U(x)
∂Vk(x) f̃k (x) dx

=
gk (θk) fk (θk)∫ θk

θk
[1− rkk (xk)] fk (xk) dxk

=
gk (θk) fk (θk)

1− rkk (θ)
, (D25)

and ∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) 1xk≥θk∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk

dxk = gk (θk)
1− Fk (θk)∫ θk

θk
[1− rkk (xk)] fk (xk) dxk

= gk (θk)
1− Fk (θk)

1− rkk (θ)
. (D26)

Substitute gk (θk) and rkk (θk) in equation (29) by (D24):

ln
τ?

k (θk)

1− τ?
k (θk)

= ln
(

1 +
1
εk

)
+ ln

[1− gk (θk)− rkk (θk)] [1− Fk (yk (θk))]

fk (θk) θk
(D27)

= ln
(

1 +
1
εk

)
+ ln


∫ θk

θk
[1−rkk(xk)] fk(xk)1xk≥θk

dxk∫ θk
θk

[1−rkk(xk)] fk(xk)dxk

−
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk


+ ln

∫ θk

θk

[1− rkk (xk)] fk (xk) dxk − ln fk (θk) θk.
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Taking the derivative of both sides of the above equation with respect to µ gives:

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

(D28)

=

∫ θk
θk

[1−rkk(xk)] fk(xk)1xk≥θk
dxk∫ θk

θk
[1−rkk(xk)] fk(xk)dxk∫ θk

θk
[1−rkk(xk)] fk(xk)1xk≥θk

dxk∫ θk
θk

[1−rkk(xk)] fk(xk)dxk

−
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

̂( ∫ θk
θk

[1−rkk(xk)] fk(xk)1xk≥θk
dxk∫ θk

θk
[1−rkk(xk)] fk(xk)dxk

)
∫ θk

θk
[1−rkk(xk)] fk(xk)1xk≥θk

dxk∫ θk
θk

[1−rkk(xk)] fk(xk)dxk

−

∫ θk
θk

[1−rkk(xk)] fk(xk)1xk≥θk
dxk∫ θk

θk
[1−rkk(xk)] fk(xk)dxk∫ θk

θk
[1−rkk(xk)] fk(xk)1xk≥θk

dxk∫ θk
θk

[1−rkk(xk)] fk(xk)dxk

−
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

̂( ∫ θk
θk

∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

)
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

+

̂∫ θk
θk

[1− rkk (xk)] fk (xk) dxk∫ θk
θk

[1− rkk (xk)] fk (xk) dxk

− f̂k (θk)

fk (θk)
.

Basing on the definitions of gk (θk), gk (θk), and rkk (θk), and using (D24) to (D26), we have:

1− rkk (θk)

1− rkk (θk)− gk (θk)
=

∫ θk
θk

[1−rkk(xk)] fk(xk)1xk≥θk
dxk∫ θk

θk
[1−rkk(xk)] fk(xk)dxk∫ θk

θk
[1−rkk(xk)] fk(xk)1xk≥θk

dxk∫ θk
θk

[1−rkk(xk)] fk(xk)dxk

−
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

, (D29)

gk (θk)

1− rkk (θk)− gk (θk)
=

∫ θk
θk

∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk∫ θk
θk

[1−rkk(xk)] fk(xk)1xk≥θk
dxk∫ θk

θk
[1−rkk(xk)] fk(xk)dxk

−
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

.

Substitute corresponding terms in equation (D28) by equations (D29):

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

=
1− rkk (θk)

1− rkk (θk)− gk (θk)

̂( ∫ θk
θk

[1−rkk(xk)] fk(xk)1xk≥θk
dxk∫ θk

θk
[1−rkk(xk)] fk(xk)dxk

)
∫ θk

θk
[1−rkk(xk)] fk(xk)1xk≥θk

dxk∫ θk
θk

[1−rkk(xk)] fk(xk)dxk

(D30)

− gk (θk)

1− rkk (θk)− gk (θk)

̂( ∫ θk
θk

∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

)
∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

+

̂∫ θk
θk

[1− rkk (xk)] fk (xk) dxk∫ θk
θk

[1− rkk (xk)] fk (xk) dxk

− f̂k (θk)

fk (θk)
.
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The right side of equation (D30) is constructed by the following terms:

̂∫ θk
θk

[1− rkk (xk)] fk (xk) dxk∫ θk
θk

[1− rkk (xk)] fk (xk) dxk

,

̂∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk

,

̂∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) 1xk≥θk dxk∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) 1xk≥θk dxk

,

̂∫ θk
θk

[1− rkk (xk)] fk (xk) 1xk≥θk dxk∫ θk
θk

[1− rkk (xk)] fk (xk) 1xk≥θk dxk

.

Further calculations reveal the expressions of the four items listed above:

̂∫ θk
θk

[1− rkk (xk)] fk (xk) dxk∫ θk
θk

[1− rkk (xk)] fk (xk) dxk

(D31)

=
∫ θk

θk

[1− rkk (xk)] fk (xk)∫ θk
θk

[1− rkk (xk)] fk (xk) dxk

{
f̂k (xk)

fk (xk)
− rkk (xk)

1− rkk (xk)

r̂kk (xk)

rkk (xk)

}
dxk

=
∫ θk

θk

1− rkk (xk)

1− rkk (θ)
fk (xk)

{
f̂k (xk)

fk (xk)
− rkk (xk)

1− rkk (xk)

r̂kk (xk)

rkk (xk)

}
dxk,

and

̂∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk

=
∫ θk

θk

∂U
∂Vk

(xk) f̃k (xk)∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk

∂̂U
∂Vk

(xk)
∂U
∂Vk

(xk)
dxk (D32)

=
∫ θk

θk

gk (xk)

1− rkk (θ)
fk (xk)

∂̂U
∂Vk

(xk)
∂U
∂Vk

(xk)
dxk,

and

̂∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) 1xk≥θk dxk∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) 1xk≥θk dxk

=
∫ θk

θk

∂U
∂Vk

(xk) f̃k (xk)∫ θk
θk

∂U
∂Vk

(xk) f̃k (xk) dxk

1∫ θk
θk

∂U
∂Vk

(xk) f̃k(xk)1xk≥θk
dxk∫ θk

θk
∂U
∂Vk

(xk) f̃k(xk)dxk

1xk≥θk

∂̂U
∂Vk

(xk)

∂U
∂Vk

(xk)
dxk (D33)

=
∫ θk

θk

gk (xk)

gk (θk)

fk (xk)

1− Fk (θk)
1xk≥θk

∂̂U
∂Vk

(xk)

∂U
∂Vk

(xk)
dxk
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and

̂∫ θk
θk

[1− rkk (xk)] fk (xk) 1xk≥θk dxk∫ θk
θk

[1− rkk (xk)] fk (xk) 1xk≥θk dxk

(D34)

=
∫ θk

θk

[1− rkk (xk)] fk (xk) 1xk≥θk∫ θk
θk

[1− rkk (xk)] fk (xk) 1xk≥θk dxk

{
f̂k (xk)

fk (xk)
− rkk (xk)

1− rkk (xk)

r̂kk (xk)

rkk (xk)

}
dxk

=
∫ θk

θk

1− rkk (xk)

1− rkk (θk)
fk (xk) 1xk≥θk

{
f̂k (xk)

fk (xk)
− rkk (xk)

1− rkk (xk)

r̂kk (xk)

rkk (xk)

}
dxk.

Substitute (D31) to (D34) into (D29) and use gk (θ) = 1− rkk (θ):

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

=
∫ θk

θk

1− rkk (xk)

1− rkk (θ)
fk (xk)

{
f̂k (xk)

fk (xk)
− rkk (xk)

1− rkk (xk)

r̂kk (xk)

rkk (xk)

}
dxk −

f̂k (θk)

fk (θk)
(D35)

+
1− rkk (θk)

1− rkk (θk)− gk (θk)

∫ θk

θk


1−rkk(xk)
1−rkk(θk)

fk (xk) 1xk≥θk

− 1−rkk(xk)
1−rkk(θ)

fk (xk)


{

f̂k (xk)

fk (xk)
− rkk (xk)

1− rkk (xk)

r̂kk (xk)

rkk (xk)

}
dxk

− gk (θk)

1− rkk (θk)− gk (θk)

∫ θk

θk

gk (xk)

gk (θk)

fk (xk)

1− Fk (θk)
1xk≥θk

∂̂U
∂Vk

(xk)

∂U
∂Vk

(xk)
dxk −

∫ θk

θk

gk (xk)

gk (θ)
fk (xk)

∂̂U
∂Vk

(xk)

∂U
∂Vk

(xk)
dxk



To derive r̂kk (xk) in the above equation, remember that rkk (xk) ≡
[
T?

k (yk (xk))− Ek
]

mkk (xk), and

rkk

(
xk; T + µT̂

)
=
[

T?
k

(
yk

(
xk; T + µT̂

)
; T + µT̂

)
− Ek − µÊk

]
mkk

(
xk; T + µT̂

)
.

Taking the derivative of both sides of the above equation with respect to µ gives:

r̂kk (xk) = [T?
k (yk (xk))− Ek] m̂kk (xk) +

[
T̂?

k (yk (xk))− Êk + T?′
k (yk (xk)) ŷk (xk)

]
mkk (xk) .

Using 1− 1−rkk(θk)
1−rkk(θk)−gk(θk)

= − gk(θk)
1−rkk(θk)−gk(θk)

and the above expression of r̂kk (xk) to rewrite (D35):

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

= − f̂k (θk)

fk (θk)
+
∫ θk

θk


[

fk(xk)1xk≥θk
− gk(θk)

gk(θ)
fk(xk)

]
[1−rkk(xk)]

1−rkk(θk)−gk(θk)
f̂k(xk)
fk(xk)

−

[
fk(xk)

1−Fk(θk)
1xk≥θk

− gk(θk)
gk(θ)

fk(xk)

]
gk(xk)

1−rkk(θk)−gk(θk)

∂̂U
∂Vk

(xk)

∂U
∂Vk

(xk)

 dxk (D36)

−
∫ θk

θk

[
fk (xk) 1xk≥θk −

gk(θk)
gk(θ)

fk (xk)
]

rkk (xk)

1− rkk (θk)− gk (θk)

m̂kk (xk)

mkk (xk)
dxk

−
∫ θk

θk

[
fk (xk) 1xk≥θk −

gk(θk)
gk(θ)

fk (xk)
]

mkk (xk)

1− rkk (θk)− gk (θk)

[
T̂?

k (yk (xk))− Êk + T?′
k (yk (xk)) ŷk (xk)

]
dxk.

Step 3. In this step, we derive expressions of ∂̂U
∂Vk

(xk) , f̂k (xk) , m̂kk (xk). By lemmas in Appendix E.2, one
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has
f̂k (θk)

fk (θk)
= −

[
∑
n

mkn (θk) T̂A
n (yn (θk))−∑

n

∫ θk

θk

mkn (xk) fk (xk) T̂A
n (yn (xk)) dxk

]
,

and

∂̂U
∂Vk

(θk)
∂U
∂Vk

(θk)
= −∑n µkn (θk) T̂A

n (yn (θk)) ;
m̂kk (θk)

mkk (θk)
= −∑n

[
εk

kn (θk)− 1
]

mkn (θk) T̂A
n (yn (θk)) . (D37)

By d ln yn(xk)
d ln xk

= εA
n (yn (xk))

(
1
εn
+ 1
)

, the expression of f̂k(θk)
fk(θk)

can be expressed in terms of labor income:

f̂k (θk)

fk (θk)
(D38)

= −∑
n

mkn (yk (θk)) T̂A
n (yn (θk))−

∑
n

∫ yn(θk)

yn(θk)

mkn (yk (xk)) fk (yk (xk)) yk (xk)

yn (xk)
V̂n (yn (xk))

d ln yk (xk) /d ln xk

d ln yn (xk) /d ln xk
dyn (xk)

= −∑
n

mkn (yk (θk)) T̂A
n (yn (θk))−

∑
n

∫ yn(θk)

yn(θk)
mkn (yk (xk))

εA
k (yk (xk))

1+εk
εk

εA
n (yn (xk))

1+εn
εn

fk (yk (xk)) yk (xk)

yn (xk)
V̂n (yn (xk)) dyn (xk)

= −∑
n

mkn (yk (θk)) T̂A
n (yn (θk)) +

∑
n

∫ yn(θk)

yn(θk)
mkn (yk (xk))

εA
k (yk (xk))

1+εk
εk

εA
n (yn (xk))

1+εn
εn

fk (yk (xk)) yk (xk)

yn (xk)
T̂A

n (yn (xk)) dyn (xk) .

Step 4. Substitute f̂k(θk)
fk(θk)

and
∂̂U
∂Vk

(θk)

∂U
∂Vk

(θk)
in equation (D36) by (D37) and (D38):

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

(D39)

= ∑
n

mkn (θk) T̂A
n (yn (θk))−

∫ θk

θk

[
fk (xk) 1xk≥θk −

gk(θk)
gk(θ)

fk (xk)
]

mkk (xk)

1− rkk (θk)− gk (θk)

[
T̂?

k (yk (xk))− Êk

+T?′
k (yk (xk)) ŷk (xk)

]
dxk

+∑
n

∫ θk

θk



[
fk(xk)

1−Fk(θk)
1xk≥θk

− gk(θk)
gk(θ)

fk(xk)

]
gk(xk)µkn(xk)

1−rkk(θk)−gk(θk)
+

{[1− rkk (θk)] [1− Fk (θk)]− gk (θk)}mkn (xk) fk (xk)

−{1− rkk (θk)− gk (θk)}mkn (xk) fk (xk)

−
[

fk (xk) 1xk≥θk −
gk(θk)
gk(θ)

fk (xk)
]
[1− rkk (xk)]mkn (xk)

+
[

fk (xk) 1xk≥θk −
gk(θk)
gk(θ)

fk (xk)
]

rkk (xk)
[
εk

kn (yk (xk))− 1
]

mkn (xk)

1−rkk(θk)−gk(θk)


T̂A

n (yn (xk)) dxk.

Using definitions of εk
kn, rkk, rkk, gk, and (D24) to (D26), we can simplify the right side of the above equa-
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tion by the following equation:

{[1− rkk (θk)] [1− Fk (θk)]− gk (θk)}mkn (xk) fk (xk)− [1− rkk (θk)− gk (θk)]mkn (xk) fk (xk)(D40)

−
[

fk (xk) 1xk≥θk −
gk (θk)

gk (θ)
fk (xk)

]
[1− rkk (xk)]mkn (xk)

+

[
fk (xk) 1xk≥θk −

gk (θk)

gk (θ)
fk (xk)

]
rkk (xk)

[
εk

kn (xk)− 1
]

mkn (xk)

=

{
gk (θ) 1xk≥θk − gk (θk)

gk (θ)

[
rkk (xk) εk

kn (xk)− 1
]
− Fk (θk) rkk (θk)

}
mkn (xk) fk (xk) .

Substitute the corresponding term in the right side of (D39) by (D40):

̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

= ∑
n

mkn (θk) T̂A
n (yn (θk)) (D41)

−
∫ θk

θk

[
fk (xk) 1xk≥θk −

gk(θk)
gk(θ)

fk (xk)
]

mkk (xk)

1− rkk (θk)− gk (θk)

[
T̂A

k (yk (xk))− T̂ (yk (xk))− Êk

]
dxk

−
∫ θk

θk

[
fk (xk) 1xk≥θk −

gk(θk)
gk(θ)

fk (xk)
]

mkk (xk) T?′
k (yk (xk)) yk (xk)

1− rkk (θk)− gk (θk)

ŷk (xk)

yk (xk)
dxk

+∑
n

∫ θk

θk


[

fk(xk)
1−Fk(θk)

1xk≥θk
− gk(θk)

gk(θ)
fk(xk)

]
gk(xk)µkn(xk)

1−rkk(θk)−gk(θk)
+[

gk(θ)1xk≥θk
−gk(θk)

gk(θ)
(rkk(xk)ε

k
kn(xk)−1)−Fk(θk)rkk(θk)

]
mkn(xk) fk(xk)

1−rkk(θk)−gk(θk)

 T̂A
n (yn (xk)) dxk.
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Substitute (D41) into (D23):

−
τ̂?

k (θk)

1− τ?
k (θk)

=
[1− gk (yk (θk))− rkk (yk (θk))]

[1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1

 ̂[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk

[1−gk(θk)−rkk(θk)][1−Fk(yk(θk))]
fk(θk)θk


= ∑

n

[1− gk (yk (θk))− rkk (yk (θk))]
[1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1
mkn (yk (θk)) T̂A

n (yn (θk))

−
∫ θk

θk

[1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

 fk (yk (xk)) 1yk(xk)≥yk(θk)

− gk(yk(θk))
gk(yk(θk))

fk (yk (xk))

mkk (yk (xk))

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1

[
T̂A

k (yk (xk))−
T̂ (yk (xk))− Êk

]
dyk (xk)

−
∫ θk

θk

[1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

 fk (yk (xk)) 1yk(xk)≥yk(θk)

− gk(yk(θk))
gk(yk(θk))

fk (yk (xk))

mkk (yk (xk)) T?′
k (yk (xk)) yk (xk)

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1

ŷk (xk)

yk (xk)
dyk (xk)

+∑
n

∫ θk

θk

[1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

[1−gk(yk(θk))−rkk(yk(θk))][1−Fk(yk(θk))]

fk(yk(θk))yk(θk)ε
A
k (yk(θk))

+ 1

yk (xk) εA
k (yk (xk))

(
1
εk
+ 1
)

yn (xk) εA
n (yn (xk))

(
1
εn
+ 1
) T̂A

n (yn (xk))

×


[

fk(yk(xk))
1−Fk(θk)

1yk(xk)≥yk(θk) −
gk(yk(θk))
gk(yk(θk))

fk (yk (xk))
]

gk (yk (xk)) µkn (yk (xk)) + gk(yk(θk))1yk(xk)≥yk(θk)
−gk(yk(θk))

gk(yk(θk))

[
rkk (yk (xk)) εk

kn (yk (xk))− 1
]

−Fk (yk (θk)) rkk (yk (θk))

mkn (yk (xk)) fk (yk (xk))

 dyn (xk) .

Using the definitions of ekn (y) , ecross
kn (y, y′) , eown

kk (y, y′) to simplify the above equation, gives equation

(D20). Last, combination of (D20) and (D16) gives (D21).�

D.3.3 Result 3: Local Government’s Budget Constraint
Then the local government’s Budget Constraint can be presented as below:

T̂A
k (yk (θ))−∑

j
rkj (θ) T̂A

j
(
yj (θ)

)
(D42)

=

[
Êk + T̂ (yk (θ)) +

∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂′ (yk (θ)) dyk (θ)

]

−
{∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂A′

k (yk (θ)) dyk (θ)−∑
j

∫ yj(θ)

yj(θ)
[1− Fk (θ)] rkj (θ) T̂A′

j
(
yj (θ)

)
dyj (θ)

}

−
∫ yk(θ)

yk(θ)
fk (yk (θ)) yk (θ)Ck (yk (θ))

[
1− T′ (yk (θ))

] ŷk(θ)

yk(θ)
dyk(θ).

Proof. The budget constraints of local governments before the central tax reform is:

NkEk =
∫ θ

θ
Tk (yk(θ)) f p

k (θ; Uk (θ) , U−k (θ)) dθ. (D43)
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The budget constraint after the tax reform is:

Nk

(
T + µT̂

)
Ek

(
T + µT̂

)
(D44)

=
∫ θ

θ
Tk

(
yk(θ; T + µT̂); T + µT̂

)
f p
k

(
θ; Vk

(
θ; T + µT̂

)
, V−k

(
θ; T + µT̂

))
dθ,

where

Nk =
∫ θ

θ
f p
k (θ; Vk (θ) , V−k (θ)) dθ, (D45)

and

Nk

(
T + µT̂

)
=
∫ θ

θ
f p
k

(
θ; Vk

(
θ; T + µT̂

)
, V−k

(
θ; T + µT̂

))
dθ. (D46)

Subtract the items on both sides of equation (D43) from the items on the corresponding sides of equation

(D44) to obtain the following equation:

Nk

(
T + µT̂

)
Ek

(
T + µT̂

)
− EkNk

µ
(D47)

=
Nk

(
T + µT̂

)
− Nk

µ
Ek

(
T + µT̂

)
+

Ek

(
T + µT̂

)
− Ek

µ
Nk

=
∫ θ

θ

Tk

(
yk(θ; T + µT̂); T + µT̂

)
− Tk (yk(θ))

µ
f p
k

(
θ; Vk

(
θ; T + µT̂

)
, V−k

(
θ; T + µT̂

))
dθ

+
∫ θ

θ
Tk (yk(θ))

f p
k

(
θ; Vk

(
θ; T + µT̂

)
, V−k

(
θ; T + µT̂

))
− f p

k

(
θ; Vk (θ) , V−k

(
θ; T + µT̂

))
µ

dθ

+
∫ θ

θ
Tk (yk(θ))

f p
k

(
θ; Vk (θ) , V−k

(
θ; T + µT̂

))
− f p

k (θ; Vk (θ) , V−k (θ))

µ
dθ.

Subtract the items on both sides of equation (D45) from the items on the corresponding sides of equation

(D46) to obtain the following equation:

Nk

(
T + µT̂

)
− Nk

µ
(D48)

=
∫ θ

θ

f p
k

(
θ; Vk

(
θ; T + µT̂

)
, V−k

(
θ; T + µT̂

))
− f p

k

(
θ; Vk (θ) , V−k

(
θ; T + µT̂

))
µ

dθ

+
∫ θ

θ

f p
k

(
θ; Vk (θ) , V−k

(
θ; T + µT̂

))
− f p

k (θ; Vk (θ) , V−k (θ))

µ
dθ.

3001
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When µ→ 0, equations (D47) and (D48) are reduced to:

N̂kEk + ÊkNk =
∫ θ

θ

[
T̂k (yk(θ)) + T′k (yk(θ)) ŷk(θ)

]
f p
k (θ; Vk (θ) , V−k (θ)) dθ (D49)

+∑
j

∫ θ

θ
Tk (yk(θ))

∂ f p
k (θ; Vk (θ) , V−k (θ))

∂Vj (θ)
V̂j (θ) dθ

and

N̂k = ∑
j

∫ θ

θ

∂ f p
k (θ; Vk (θ) , V−k (θ))

∂Vj (θ)
V̂j (θ) dθ. (D50)

Substitute N̂k in (D49) by (D50):

ÊkNk =
∫ θ

θ

[
T̂k (yk(θ)) + T′k (yk(θ)) ŷk(θ)

]
f p
k (θ; Vk (θ) , V−k (θ)) dθ

+∑
j

∫ θ

θ
[Tk (yk(θ))− Ek]

∂ f p
k (θ; Vk (θ) , V−k (θ))

∂Vj (θ)
V̂j (θ) dθ

By the definition of rkj (θ), the above equation is equivalent to:

Êk =
∫ θ

θ

[
T̂k (yk(θ)) + T′k (yk(θ)) ŷk(θ)

]
fk (θ) dθ + ∑

j

∫ θ

θ
fk (θ) rkj (θ) V̂j (θ) dθ

Using d [1− Fk (θ)] = − fk (θ) dθ and Lemma 13, i.e., T̂?
j
(
yj (θ)

)
= T̂?

j
(
yj (θ)

)
+
∫ θ

θ T̂?′
j
(
yj (x)

)
dyj (x),

the above equation can be rewritten as:

Êk =
∫ θ

θ

[
T̂?

k (yk (θ)) + T?′
k (yk(θ)) ŷk(θ)

]
fk (θ) dθ + ∑

j

∫ θ

θ
fk (θ) rkj (θ) V̂j (θ) dθ

= −
∫ θ

θ
T̂?

k (yk (θ)) d [1− Fk (θ)] +
∫ yk(θ)

yk(θ)

fk (θ) θ
d ln yk(θ)

d ln θ

T?′
k (yk(θ))

ŷk(θ)

yk(θ)
dyk(θ)

−∑
j

∫ θ

θ
fk (θ) rkj (θ) T̂A

j
(
yj (θ)

)
dθ

= −
∫ θ

θ
T̂?

k (yk (θ)) d [1− Fk (θ)] +
∫ yk(θ)

yk(θ)
fk (yk(θ)) yk(θ)T?′

k (yk(θ))
ŷk(θ)

yk(θ)
dyk(θ)

−∑
j

∫ θ

θ
fk (θ) rkj (θ) T̂A

j
(
yj (θ)

)
dθ.

By the definition of rjk (θ) and d
{
[1− Fk (θ)] rkj (θ)

}
= − fk (θ) rkj (θ) dθ, the above equation is equivalent

to:

Êk = −
∫ θ

θ
T̂?

k (yk (θ)) d [1− Fk (θ)] +
∫ yk(θ)

yk(θ)
fk (yk(θ)) yk(θ)T?′

k (yk(θ))
ŷk(θ)

yk(θ)
dyk(θ)

+∑
j

∫ θ

θ
T̂A

j
(
yj (θ)

)
d
{
[1− Fk (θ)] rkj (θ)

}
.
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Using integration by part, the above equation is transformed to:

Êk = T̂?
k (yk (θ))−∑

j
rkj (θ) T̂A

j
(
yj (θ)

)
+
∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂?′

k (yk (θ)) dyk (θ)

−∑
j

∫ yj(θ)

yj(θ)
[1− Fk (θ)] rkj (θ) dT̂A

j
(
yj (θ)

)
−
∫ yk(θ)

yk(θ)
fk (yk (θ)) yk (θ) T?′

k (yk(θ))
ŷk(θ)

yk(θ)
dyk(θ).

Add T̂ (yk (θ)) +
∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂′ (yk (θ)) dyk (θ) in both sides of above equation to get the following

expression:

Êk + T̂ (yk (θ)) +
∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂′ (yk (θ)) dyk (θ)

= T̂A
k (yk (θ))−∑

j
rkj (θ) T̂A

j
(
yj (θ)

)
+
∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂A′

k (yk (θ)) dyk (θ)

−∑
j

∫ yj(θ)

yj(θ)
[1− Fk (θ)] rkj (θ) dT̂A

j
(
yj (θ)

)
−
∫ yk(θ)

yk(θ)
fk (yk (θ)) yk (θ) T?′

k (yk(θ))
ŷk(θ)

yk(θ)
dyk(θ).

Rearrange the above equation:

T̂A
k (yk (θ))−∑

j
rkj (θ) T̂A

j
(
yj (θ)

)
=

[
Êk + T̂ (yk (θ)) +

∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂′ (yk (θ)) dyk (θ)

]

−


∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂A′

k (yk (θ)) dyk (θ)−∑j
∫ yj(θ)

yj(θ)
[1− Fk (θ)] rkj (θ) dT̂A

j
(
yj (θ)

)
+
∫ yk(θ)

yk(θ)
fk (yk (θ)) yk (θ) T?′

k (yk(θ))
ŷk(θ)
yk(θ)

dyk(θ)

 .

Notice that T?′
k (yk (θ)) = Ck (yk (θ)) [1− T′ (yk (θ))], the above equation is equivalent to equation (D42).�

D.3.4 Result 4: Central Government’s Budget Constraint
We set the following notations for later use:

rG
kj (θ) ≡ rkj (θ) + ∑

n

Nn

∑n Nn

fn (θ)

fk (θ)
rnj (θ) ;

rG
kj (θ) ≡

∫ θ

θ
rC

kj (x)
fk (x)

1− Fk (θ)
dx

Under the above definitions, we have rG
kj (θ) =

∫ θ
θ rkj (x) fk(x)

1−Fk(θ)
dx + ∑n

Nn
∑n Nn

∫ θ
θ rnj (x) fn(x)

1−Fk(θ)
dx and

rG
kj (θ) = rkj (θ) + ∑n

Nn
∑n Nn

∫ θ
θ rnj (θ) fn (θ) dθ. Define

[
ηG

kj

]
as the inverse matrix of I −

[
rG

kj (θ)
]
, i.e.,

[
ηG

kj

]
=[

I −
[
rG

kj (θ)
]]−1

. Under the above definitions, we have the following result by the before- and after-tax-
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reform budget constraints of the central government:

T̂
(

y
)

= ∑
j

T̂A
j
(
yj (θ)

)
×
{

∑
n

Nn

∑n Nn

∫ θ

θ
[T (yn(x)) + En] fn (θ)mnj (θ) dθ

}
(D51)

−∑
n

Nn

∑n Nn
Ên −∑

n

Nn

∑n Nn

∫ yn(θ)

y
dT̂ [yn (θ)]

−∑
n

Nn

∑n Nn

∫ yn(θ)

yn(θ)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

+∑
j

∫ yj(θ)

yj(θ)

{
∑
n

Nn

∑n Nn

∫ θ

θ
[T (yn(x)) + En] fn (x)mnj (x) dx

}
T̂A′

j
(
yj (θ)

)
dyj (θ)

−∑
n

Nn

∑n Nn

∫ yn(θ)

yn(θ)
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ).

The above equation together with equation (D42) gives:

T̂A
n

(
y

n

)
= ∑

j
ηG

nj

{
Êj +

∫ y
j

y
dT̂
[
yj
]
−∑

m

Nm

∑m Nm
Êm −∑

m

Nm

∑m Nm

∫ y
m

y
dT̂ [ym]

}
(D52)

+∑
j

∫ yj

y
j

[
ηG

kj −∑
m

ηG
nm

Nj

∑m Nm

] [
1− Fj

(
yj
)] [

1− T′
(
yj
)] T̂′

(
yj
)

1− T′
(
yj
)dyj

+∑
j

∫ yj

y
j


[
ηG

nj

[
1− Fj

(
yj
)]
−∑m ηG

nm

[
1− Fm

(
yj

m
(
yj
))]

rG
mj

(
yj

m
(
yj
))] 1−TA′

j (yj)
εA

j (yj)

−
[

ηG
njCj

(
yj
)
−∑m ηG

nm
Nj

∑n Nj

T′(yj)
1−T′(yj)

]
f j
(
yj
)

yj
[
1− T′

(
yj
)]


ŷj

yj
dyj.

and

T̂
(

y
n

)
+ Ên (D53)

=

{
Ên +

∫ y
n

y
dT̂ [yn]−∑

m

Nm

∑m Nm
Êm −∑

m

Nm

∑m Nm

∫ y
m

y
dT̂ [ym]

}
−

∑
j

∫ yj

y
j

Nj
[
1− Fj

(
yj
)] [

1− T′
(
yj
)]

∑m Nm

T̂′
(
yj
)

1− T′
(
yj
)dyj −∑

j

∫ yj

y
j

Nj f j
(
yj
)

yjT′
(
yj
)

∑m Nm

ŷj

yj
dyj.

Proof. We now prove that there are equations (D51) to (D53). The budget constraint of the central govern-

ment before the tax reform is:

0 = ∑
j

∫ θ

θ
T
(
yj(θ)

)
f p
j

(
θ; Vj (θ) , V−j (θ)

)
dθ + ∑

j
NjEj. (D54)

The budget constraint of the central government after the tax reform is:

0 = ∑
j

∫ θ

θ

[
T
(

yj(θ; T + µT̂)
)
+ µT̂

(
yj

(
θ, T + µT̂

))]
f p
j

(
θ; Vj

(
θ; T + µT̂

)
, V−j

(
θ; T + µT̂

))
dθj (D55)

+∑
j

Nj

(
T + µT̂

)
Ej

(
T + µT̂

)
,
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where we denote by Nj

(
T + µT̂

)
and Ej

(
T + µT̂

)
the population and regional transfer after the tax reform.

Subtract the items on both sides of equation (D55) from the items on the corresponding sides of equation

(D54) to obtain the following equation:

0 = ∑
j

∫ θ

θ

 T(yj(θ;T+µT̂))+µT̂(yj(θ,T+µT̂))−T(yj(θ))
µ ×

f p
j

(
θ; Vj

(
θ; T + µT̂

)
, V−j

(
θ; T + µT̂

))  dθj

+∑
j

∫ θ

θ
T
(
yj(θ)

) f p
j

(
θ; Vj

(
θ; T + µT̂

)
, V−j

(
θ; T + µT̂

))
− f p

j

(
θ; Vj (θ) , V−j (θ)

)
µ

dθj

+∑
j

Nj

(
T + µT̂

)
Ej

(
T + µT̂

)
− NjEj

µ
.

When µ→ 0, we have:

0 = ∑
k

Nk

∫ θ

θ

[
T′ (yk(θ)) ŷk(θ) + T̂ (yk(θ)) + Êk

]
fk (θ) dθ

−∑
k

∑
j

Nj

∫ θ

θ

[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) T̂A

k (yk (θ)) dθ

= ∑
k

Nk

∫ θ

θ
T′ (yk(θ))

fk (θ) θ
d ln yk(θ)

d ln θ

ŷk(θ)

yk(θ)
dyk(θ) + ∑

k
Nk

∫ θ

θ
T̂ (yk(θ)) fk (θ) dθ

+∑
k

NkÊk −∑
k

∑
j

Nj

∫ θ

θ

[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) T̂A

k (yk (θ)) dθ

+∑
k

Nk

∫ θ

θ
T′ (yk(θ)) fk (yk(θ)) yk(θ)

ŷk(θ)

yk(θ)
dyk(θ) + ∑

k
Nk

∫ θ

θ
T̂ (yk(θ)) fk (θ) dθ

+∑
k

NkÊk −∑
k

∑
j

Nj

∫ θ

θ

[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) T̂A

k (yk (θ)) dθ

Using d [1− Fk (θ)] = − fk (θ) dθ, we can represent above equation as below:

0 = ∑
k

Nk

∫ θ

θ
T′ (yk(θ)) fk (yk(θ)) yk(θ)

ŷk(θ)

yk(θ)
dyk(θ)−∑

k
Nk

∫ θ

θ
T̂ (yk(θ)) d [1− Fk (θ)]

+∑
k

NkÊk −∑
k

∑
j

Nj

∫ θ

θ

[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) T̂A

k (yk (θ)) dθ

Using T̂A
k (yk (θ)) = T̂A

k (yk (θ)) +
∫ θ

θ T̂A′
k (yk (x)) dyk (x) (see Lemma 14) to substitute T̂A

k (yk (θ)) in the
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above equation:

0 = ∑
k

Nk

∫ θ

θ
T′ (yk(θ)) fk (yk(θ)) yk(θ)

ŷk(θ)

yk(θ)
dyk(θ) + ∑

k
NkÊk −∑

k
Nk

∫ θ

θ
T̂ (yk(θ)) d [1− Fk (θ)]

−∑
k

∑
j

Nj

{∫ θ

θ

[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) dθ

}
T̂A

k (yk (θ))

−∑
k

∑
j

Nj

∫ θ

θ

∫ θ

θ
T̂
[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) T̂A′

k (yk (x)) dyk (x) dθ

Using the Fubini Theorem to change the order of integral and using integration by part, we have the

following result:

0 = ∑
k

NkT̂ (yk(θ))−∑
k

T̂A
k (yk (θ))×

{
∑

j
Nj

∫ θ

θ

[
T
(
yj(θ)

)
+ Ej

]
f j (θ)mjk (θ) dθ

}

+∑
k

NkÊk + ∑
k

Nk

∫ θ

θ
[1− Fk (θ)] dT̂ (yk(θ))

−∑
k

∫ yk(θ)

yk(θ)

{
∑

j
Nj

∫ θ

θ

[
T
(
yj(x)

)
+ Ej

]
f j (x)mjk (x) dx

}
T̂A′

k (yk (θ)) dyk (θ)

+∑
k

Nk

∫ yk(θ)

yk(θ)
fk (yk(θ)) yk(θ)T′ (yk(θ))

ŷk(θ)

yk(θ)
dyk(θ).

Notice that ∑k Nk = 1 and T̂ (yk (θ)) = T̂
(

y
)
+
∫ yk(θ)

y dT̂ (yk (θ)). We have equation (D51) by the above

equation.
We can use T̂ (yk (θ)) = T̂

(
y
)
+
∫ yk(θ)

y dT̂ (yk (θ)) (see Lemma 13) to replace T̂ (yk(θ)) in equation (D42),

and use (D51) to replace T̂
(

y
)

in (D42), to derive the following equation:

T̂A
k (yk (θ))−∑

j
T̂A

j
(
yj (θ)

)
×
{

rkj (θ) + ∑
n

Nn

∑n Nn

∫ θ

θ
[T (yn(θ)) + En] fn (θ)mnj (θ) dθ

}
(D56)

= −


∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂A′

k (yk (θ)) dyk (θ)−

∑j
∫ yj(θ)

yj(θ)

{
[1− Fk (θ)] rkj (θ) + ∑n

Nn
∑n Nn

∫ θ
θ [T (yn(x)) + En] fn (x)mnj (x) dx

}
T̂A′

j
(
yj (θ)

)
dyj (θ)


+

{
Êk −∑

n

Nn

∑n Nn
Ên

}
+

{∫ yk(θ)

y
dT̂ [yk (θ)]−∑

n

Nn

∑n Nn

∫ y
n
(θ)

y
dT̂ [yn (θ)]

}

+

{∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂′ (yk (θ)) dyk (θ)−∑

n

Nn

∑n Nn

∫ yn(θ)

yn(θ)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

}

−

 ∫ yk(θ)
yk(θ)

fk (yk (θ)) yk (θ)Ck (yk (θ)) [1− T′ (yk (θ))]
ŷk(θ)
yk(θ)

dyk(θ)

+∑n
Nn

∑n Nn

∫ yn(θ)
yn(θ)

fn (yn(θ)) yn(θ)T′ (yn(θ))
ŷn(θ)
yn(θ)

dyn(θ)

 .
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Remember that by definitions of rkj (θ) and rG
kj (θ) (see equation (32)):

rG
kj (θ) = rkj (θ) + ∑

n

Nn

∑n Nn

∫ θ

θ
[T (yn(x)) + En]mnj (x)

fn (x)
1− Fk (θ)

dx

rG
kj (θ) = rkj (θ) + ∑

n

Nn

∑n Nn

∫ θ

θ
[T (yn(θ)) + En] fn (θ)mnj (θ) dθ.

Therefore, equation (D56) can be simplified as:

T̂A
k (yk (θ))−∑

j
rG

kj (θ)× T̂A
j
(
yj (θ)

)
(D57)

= −
{∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂A′

k (yk (θ)) dyk (θ)−∑
j

∫ yj(θ)

yj(θ)
[1− Fk (θ)] rG

kj (θ) T̂A′
j
(
yj (θ)

)
dyj (θ)

}

+

{
Êk −∑

n

Nn

∑n Nn
Ên

}
+

{∫ yk(θ)

y
dT̂ [yk (θ)]−∑

n

Nn

∑n Nn

∫ y
n
(θ)

y
dT̂ [yn (θ)]

}

+

{∫ yk(θ)

yk(θ)
[1− Fk (θ)] T̂′ (yk (θ)) dyk (θ)−∑

n

Nn

∑n Nn

∫ yn(θ)

yn(θ)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

}

−

 ∫ yk(θ)
yk(θ)

fk (yk (θ)) yk (θ)Ck (yk (θ)) [1− T′ (yk (θ))]
ŷk(θ)
yk(θ)

dyk(θ)

+∑n
Nn

∑n Nn

∫ yn(θ)
yn(θ)

fn (yn(θ)) yn(θ)T′ (yn(θ))
ŷn(θ)
yn(θ)

dyn(θ)

 .

Using
[
ηG

kj

]
=
[

I −
[
rG

kj (θ)
]]−1

and solve equation (D57) for T̂A
k (yk (θ)) gives:

T̂A
k (yk (θ)) = ∑

j
ηG

kj

{
Êj −∑

n

Nn

∑n Nn
Ên

}
+ ∑

j
ηG

kj


∫ yj(θ)

y dT̂
[
yj (θ)

]
−

∑n
Nn

∑n Nn

∫ yn(θ)
y dT̂ [yn (θ)]

 (D58)

+

{
∑

j

∫ yj(θ)

yj(θ)
ηG

kj
[
1− Fj (θ)

]
T̂′
(
yj (θ)

)
dyj (θ)−∑

j

∫ yj(θ)

yj(θ)

(
∑
m

ηG
km

)
Nj

∑m Nm

[
1− Fj (θ)

]
T̂′
(
yj(θ)

)
dyj(θ)

}

−
{

∑
j

∫ yj(θ)

yj(θ)
ηG

kj
[
1− Fj (θ)

]
T̂A′

j
(
yj (θ)

)
dyj (θ)−∑

j

∫ yj(θ)

yj(θ)
∑
m

ηG
km [1− Fm (θ)] rG

mj (θ) T̂A′
j
(
yj (θ)

)
dyj (θ)

}

−

 ∑j
∫ yj(θ)

yj(θ)
ηG

kj f j
(
yj (θ)

)
yj (θ)Cj

(
yj (θ)

) [
1− T′

(
yj (θ)

)] ŷj(θ)

yj(θ)
dyj(θ)+(

∑m ηG
km
)

∑j
∫ yj(θ)

yj(θ)

Nj
∑m Nm

f j
(
yj(θ)

)
yj(θ)

T′(yj(θ))
1−T′(yj(θ))

[
1− T′

(
yj (θ)

)] ŷj(θ)

yj(θ)
dyj(θ)

 .

Notice that we have the following two equations

∑
j

∫ yj(θ)

yj(θ)
ηG

kj

[
1− Fj (θ)

]
T̂′
(

yj (θ)
)

dyj (θ)−∑
j

∫ yj(θ)

yj(θ)

(
∑
m

ηG
km

)
Nj

[
1− Fj (θ)

]
T̂′
(

yj(θ)
)

∑m Nm
dyj(θ) (D59)

= ∑
j

∫ yj(θ)

yj(θ)

[
ηG

nj −∑
m

ηG
nm

Nj

∑m Nm

] [
1− Fj

(
yj (θ)

)] [
1− T′

(
yj (θ)

)] T̂′
(

yj (θ)
)

1− T′
(

yj (θ)
) dyj(θ),
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and

−∑
j

∫ yj(θ)

yj(θ)
ηG

kj

[
1− Fj (θ)

]
T̂A′

j

(
yj (θ)

)
dyj (θ)−∑

j

∫ yj(θ)

yj(θ)
∑
m

ηG
km [1− Fm (θ)] rG

mj (θ) T̂A′
j

(
yj (θ)

)
dyj (θ) (D60)

= ∑
j

∫ yj(θ)

yj(θ)

[
ηG

nj

[
1− Fj

(
yj (θ)

)]
−∑

m
ηG

nm [1− Fm (ym (θ))] rG
mj (ym (θ))

]
1− TA′

j

(
yj (θ)

)
εA

j

(
yj (θ)

) ŷj(θ)

yj(θ)
dyj (θ) ,

where we have used T̂A′
j
(
yj (θ)

)
= − 1−TA′

j (yj(θ))
εA

j (yj(θ))
ŷj(θ)

yj(θ)
in equation (D60).

Using (D60) to substitute a term in the right side of (D58):

−

∑
j

∫ yj(θ)

yj(θ)
ηG

kj

[
1− Fj (θ)

]
T̂A′

j

(
yj (θ)

)
dyj (θ)−∑

j

∫ yj(θ)

yj(θ)
∑
m

ηG
km [1− Fm (θ)] rG

mj (θ) T̂A′
j

(
yj (θ)

)
dyj (θ)

 (D61)

−

 ∑j
∫ yj(θ)

yj(θ)
ηG

kj f j

(
yj (θ)

)
yj (θ)Cj

(
yj (θ)

) [
1− T′

(
yj (θ)

)]
ŷj(θ)
yj(θ)

dyj(θ)

+
(
∑m ηG

km
)

∑j
∫ yj(θ)

yj(θ)

Nj

∑m Nm
f j

(
yj(θ)

)
yj(θ)

T′(yj(θ))
1−T′(yj(θ))

[
1− T′

(
yj (θ)

)]
ŷj(θ)
yj(θ)

dyj(θ)



= ∑
j

∫ yj(θ)

yj(θ)


[
ηG

nj

[
1− Fj

(
yj (θ)

)]
−∑m ηG

nm [1− Fm (ym (θ))] rG
mj (ym (θ))

] 1−TA′
j (yj(θ))

εA
j (yj(θ))

−
[

ηG
njCj

(
yj (θ)

)
−∑m ηG

nm
Nj

∑m Nm

T′(yj(θ))
1−T′(yj(θ))

]
f j

(
yj(θ)

)
yj(θ)

[
1− T′

(
yj (θ)

)]


ŷj(θ)

yj(θ)
dyj (θ)

Substitute terms in the right side of (D58) by (D61) and (D59) gives:

T̂A
n (yn (θ)) = ∑

j
ηG

nj

{
Êj −∑

m

Nm

∑m Nm
Êm

}
(D62)

+∑
j

∫ yj(θ)

yj(θ)

[
ηG

nj −∑
m

ηG
nm

Nj

∑m Nm

] [
1− Fj

(
yj (θ)

)] [
1− T′

(
yj (θ)

)] T̂′
(

yj (θ)
)

1− T′
(

yj (θ)
) dyj (θ)

+∑
j

ηG
nj

{∫ yj(θ)

y
dT̂
[
yj (θ)

]
−∑

m

Nm

∑m Nm

∫ ym(θ)

y
dT̂ [ym (θ)]

}

+∑
j

∫ yj(θ)

yj(θ)


[
ηG

nj

[
1− Fj

(
yj (θ)

)]
−∑m ηG

nm [1− Fm (ym (θ))] rG
mj (ym (θ))

] 1−TA′
j (yj(θ))

εA
j (yj(θ))

−
[

ηG
njCj

(
yj (θ)

)
−∑m ηG

nm
Nj

∑m Nm

T′(yj(θ))
1−T′(yj(θ))

]
f j

(
yj(θ)

)
yj(θ)

[
1− T′

(
yj (θ)

)]


ŷj(θ)

yj(θ)
dyj (θ) .

Rearrange (D62) gives equation (D52). Using T̂ (yk (θk)) = T̂
(

y
)
+
∫ y

k
(θ)

y dT̂ (yk (θ)) (see Lemma 13)

and equation (D51), eqaution (D52) can be transformed to be equation (D53).�
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D.3.5 Result 5: Elasticity of Labor Income
We set notations and conditions for the following analysis. Set the following notations:

ekj
(
y, y′

)
= ekj (y)

1− TA′
j (y′)

εA
j (y′)

, eC,own
kk

(
yk, y′k

)
=
∫ y

y′k
eown

kk
(
yk, y′′k

)
dyk (sk)

[
1− T′

(
y′k
)]

, (D63)

eC,cross
kj

(
yk, yj

)
=

 ∑n

[
ekn (yk) +

∫ y
y ecross

kn (yk, y′n) dy′n
] [

ηG
nj −∑m ηG

nm
Nj

∑m Nm

]
−
[∫ y

y eown
kk

(
yk, y′k

)
dy′k
] [

ηG
kj +

Nj

∑m Nm

(
1−∑m ηG

km
)]

[1− Fj

(
yj

)] [
1− T′

(
yj

)]
,

eE,own
kk (yk) =

∫ y

y
eown

kk
(
yk, y′k

)
dy′k, eE,cross

kj (yk) =

{
ηG

kj

∫ y

y
eown

kk
(
yk, y′k

)
dy′k −∑

n

[
ekn (yk) +

∫ y

y
ecross

kn
(
yk, y′n

)
dy′n

]
ηG

nj

}
,

ey,own
kk

(
yk, y′k

)
= eown

kk
(
yk, y′k

)
T?′

k
(
y′k
)

y′k −
1− TA′

k
(
y′k
)

εA
k
(
y′k
) ∫ y

y′k
eown

kk
(
yk, y′′k

)
dy′′k ,

ey,cross
kj

(
yk, yj

)
=



∫ y
yj

ecross
kj

(
yk, y′′j

)
dy′′j

1−TA′
j (yj)

εA
j (yj)

+
[∫ y

y eown
kk

(
yk, y′k

)
dy′k
] ηG

kj

[
1− Fj

(
yj

)]
−

∑m ηG
km

[
1− Fm

(
yj

m

(
yj

))]
rG

mj

(
yj

m

(
yj

))  1−TA′
j (yj)

εA
j (yj)

−∑n

[
ekn (yk) +

∫ y
y ecross

kn (yk, y′n) dy′n
] {

ηG
nj

[
1− Fj

(
yj

)]
−∑m ηG

nm

[
1− Fm

(
yj

m

(
yj

))]
rG

mj

(
yj

m

(
yj

))} 1−TA′
j (yj)

εA
j (yj)

−
[∫ y

y eown
kk

(
yk, y′k

)
dy′k
] [

ηG
kjCj

(
yj

)
−
(
1 + ∑m ηG

km
) Nj

∑n Nj

T′(yj))
1−T′(yj)

]
f j

(
yj)
)

yj

[
1− T′

(
yj

)]
+∑n

[
ekn (yk) +

∫ y
y ecross

kn (yk, y′n) dy′n
] [

ηG
kjCj

(
yj

)
−∑m ηG

nm
Nj

∑n Nj

T′(yj))
1−T′(yj)

]
f j

(
yj)
)

yj

[
1− T′

(
yj

)]


.

The following assumption is made to facilitate the resolvent used to solve the integral equation. For any

j ∈ J and θ ∈ Θj, set

cy
e ≡

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ekj

(
yk, y′j

)]2

∣∣∣∣∣∣
εA

j

(
y′j
) (

1
ε j
+ 1
)

εA
k (yk)

(
1
εk
+ 1
)
∣∣∣∣∣∣ dy′jdyk


1
2

+

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ey,cross

kj

(
yk, y′j

)]2

∣∣∣∣∣∣
εA

j

(
y′j
) (

1
ε j
+ 1
)

εA
k (yk)

(
1
εk
+ 1
)
∣∣∣∣∣∣ dy′jdyk


1
2

+

{
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk, y′k

)]2

∣∣∣∣∣ εA
k

(
y′k
)

εA
k (yk)

∣∣∣∣∣ dy′kdyk

} 1
2

.

Assumption 2 cy
e < 1 and
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K

∑
k=1

∫ y

y

∣∣1− T′ (yk)
∣∣2 + ∣∣∣1− TA′

k (yk)
∣∣∣2 + ∣∣∣∣ 1

1− T′ (yk)

∣∣∣∣2 +
∣∣∣∣∣ 1
1− TA′

k (yk)

∣∣∣∣∣
2

dyk < +∞,

K

∑
k=1

K

∑
j=1

∫ y

y

∣∣∣rG
kj (yk)

∣∣∣2 dyk < +∞,

K

∑
k=1

∫ y

y

∣∣∣εA
k (yk)

∣∣∣2 + ∣∣∣∣∣ 1
εA

k (yk)

∣∣∣∣∣
2

dyk < +∞,

K

∑
k=1

∫ y

y

∣∣∣εC
k (yk)

∣∣∣2 + ∣∣∣∣∣ 1
εC

k (yk)

∣∣∣∣∣
2

dyk < +∞,

K

∑
k=1

∫ y

y
|Ck (yk)|2 dyk < +∞,

K

∑
k=1

∫ y

y
|1− Fk (yk)|2 + | fk (yk)) yk|2 dyk < +∞.

We can make the following resolvent when Assumption 2 is satisfied. When Assumption 2 is satisfied,

define resolvent
{

hkj

(
yk, y′j

)}
and

{
hkj

(
yk, y′j

)}
:

hkj

(
yk, y′j

)
≡ ekj

(
yk, y′j

)
+

K

∑
m=1

∫ yk
m(yk)

yj
m

(
y′j
) ekm

(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m, (D64)

and

hkj

(
yk, y′j

)
≡ ey,own

kk

(
yk, y′j

)
1k=j + ey,cross

kj

(
yk, y′j

)
+
∫ y

y′′k
(

y′j
) ey,own

kk
(
yk, y′′k

)
hkj

(
y′′k , y′j

)
y′′k (D65)

+
K

∑
m=1

∫ y

y′′m
(

y′j
) ey,cross

km
(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m +

K

∑
m=1

∫ yk
m(yk)

y
ekm

(
yk, y′′m

)
hmj

(
y′′m, y′j

)
dy′′m

+
∫ y

y
ey,own

kk
(
yk, y′′k

)
hkj

(
y′′k , y′j

)
y′′k +

K

∑
m=1

∫ y

y
ey,cross

km
(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m.

Using the above resolvent operator, we can solve for the ŷk
yk

in terms of the following elasticities (see the

following Lemma 7)

εC
k (yk) ≡

1
1
εk
+ T′′(yk)yk

1−T′(yk)

, (D66)

and

εCross
kj

(
yk, y′j

)
(D67)

≡ hkj

(
yk, y′j

)
εC

j

(
y′j
)

1y′j≤yk
j (yk)

+ hkj

(
yk, y′j

)
εC

j

(
y′j
)
+ eC,own

kk
(
yk, y′k

)
1j=k + eC,cross

kj

(
yk, y′j

)
+
∫ yk

j (yk)

y
hkj

(
yk, y′′j

)
eC,own

jj

(
y′′j , y′j

)
dy′′j +

∫ y

y
hkj

(
yk, y′′j

)
eC,own

jj

(
y′′j , y′j

)
dy′′j

+∑
m

∫ yk
m(yk)

y
hkm

(
yk, y′′m

)
eC,own

mj

(
y′′m, y′j

)
dy′′m + ∑

m

∫ y

y
hkm

(
yk, y′′m

)
eC,own

mj

(
y′′m, y′j

)
dy′′m,
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and

εE
kj (yk) (D68)

≡ eE,own
kk (yk) 1j=k + eE,cross

kj (yk) +
∫ yk

j (yk)

y
hkj

(
yk, y′j

)
eE,own

jj

(
y′j
)

dy′j +
∫ y

y
hkj

(
yk, y′j

)
eE,own

jj

(
y′j
)

dy′j

+∑
m

∫ yk
m(yk)

y
hkm

(
yk, y′′m

)
eE,own

mj

(
y′′m, y′j

)
dy′′m + ∑

m

∫ y

y
hkm

(
yk, y′′m

)
eE,own

mj

(
y′′m, y′j

)
dy′′m

−
Nj

∑m Nm



eE,own
kk (yk) + ∑j eE,cross

kj (yk) + ∑j
∫ yk

j (yk)
y hkj

(
yk, y′j

)
eE,own

jj

(
y′j
)

dy′j
+∑j

∫ y
y hkj

(
yk, y′j

)
eE,own

jj

(
y′j
)

dy′j

+∑j ∑m
∫ yk

m(yk)
y hkm (yk, y′′m) eE,own

mj

(
y′′m, y′j

)
dy′′m

+∑j ∑m
∫ y

y hkm (yk, y′′m) eE,own
mj

(
y′′m, y′j

)
dy′′m


.

For simplification, we also set

εCross
k

(
yk, y′

)
≡ ∑

j∈J
εCross

kj
(
yk, y′

)
. (D69)

We now derive the change in labor incomes:

Lemma 7 We have the following result regarding the change of labor income

ŷk

yk
= ∑

j

∫ yk
j (yk)

y
ekj

(
yk, y′j

) ŷ′j
y′j

dy′j +
∫ y

y
ey,own

kk

(
yk, y′k

) ŷ′k
y′k

dy′k (D70)

+∑
j

∫ y

y
ey,cross

kj

(
yk, yj

) ŷ′j
y′j

dy′j −
1

1
εk
+ T′′(yk)yk

1−T′(yk)

T̂′ (yk)

1− T′ (yk)

−
∫ y

y
eC,own

kk

(
yk, y′k

) T̂′
(
y′k
)

1− T′
(
y′k
)dy′k −∑

j

∫ y

y
eC,cross

kj

(
yk, yj

) T̂′
(
yj
)

1− T′
(
yj
)dyj

−eE,own
kk (yk)

[
Êk −∑

m

Nm

∑m Nm
Êm

]
−∑

j
eE,cross

kj (yk)

[
Êj −∑

m

Nm

∑m Nm
Êm

]
.

Proof. See the following proof.
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Proof of Lemma 7. First, use T̂A
k (yk (xk)) = T̂A

k

(
y

k

)
+
∫ yk(xk)

yk(θ)
T̂A′

k

(
yk
(
x′k
))

dyk
(
x′k
)

and T̂k (yk (xk)) =

T̂k

(
y

k

)
+
∫ yk(xk)

yk(θ)
T̂′k
(
yk
(
x′k
))

dyk
(
x′k
)

to rewrite (D21) as:

ŷk (θk)

yk (θk)
= − 1

1
εk
+ T′′(yk(θk))yk(θk)

1−T′(yk(θk))

T̂′ (yk (θk))

1− T′ (yk (θk))

−∑
n

ekn (yk (θk))

[
T̂A

n

(
y

n

)
+
∫ yn(θk)

yk(θ)
T̂A′

n
(
yn
(
x′k
))

dyn
(
x′k
)]

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk))

 T̂A
k

(
y

k

)
+
∫ yk(xk)

yk(θ)
T̂A′

k

(
yk
(
x′k
))

dyk
(
x′k
)
−

T̂k

(
y

k

)
−
∫ yk(xk)

yk(θ)
T̂′k
(
yk
(
x′k
))

dyk
(
x′k
)
− Êk

 dyk (xk)

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk)) T?′
k (yk (xk)) yk (xk)

ŷk (xk)

yk (xk)
dyk (xk)

−∑
n

∫ yn(θk)

yn(θk)
ecross

kn (yk (θk) , yn (xk))

[
T̂A

n

(
y

n

)
+
∫ yn(θk)

yk(θ)
T̂A′

n
(
yn
(
x′k
))

dyn
(
x′k
)]

dyn (xk) .

Use the Fubini Theorem to change the order of integral:

ŷk (θk)

yk (θk)
= − 1

1
εk
+ T′′(yk(θk))yk(θk)

1−T′(yk(θk))

T̂′ (yk (θk))

1− T′ (yk (θk))

−
∫ yk(θk)

yk(θk)

[∫ yk(θk)

yk(xk)
eown

kk (yk (θk) , yk (sk))
[
1− T′ (yk (xk))

]
dyk (sk)

]
T̂′ (yk (xk))

1− T′ (yk (xk))
dyk (xk)

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk)) T?′
k (yk (xk)) yk (xk)

ŷk (xk)

yk (xk)
dyk (xk)

+
∫ yk(θk)

yk(θk)

[∫ yk(θk)

yk(xk)
eown

kk (yk (θk) , yk (sk)) dyk (sk)

]
T̂A′

k (yk (xk)) dyk (xk)

−∑
n

∫ yn(θk)

yn(θk)
ekn (yk (θk)) T̂A′

n (yn (xk)) dyn (xk)

−∑
n

∫ yn(θk)

yn(θk)

[∫ yn(θk)

yn(xk)
ecross

kn (yk (θk) , yn (sk)) dyn (sk)

]
T̂A′

n (yn (xk)) dyn (xk)

−∑
n

[
ekn (yk (θk)) +

∫ yn(θk)

yn(θk)
ecross

kn (yk (θk) , yn (xk)) dyn (xk)

]
T̂A

n (yn (θk))

+
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk)) dyk (xk)
[

T̂A
k (yk (θk))− T̂ (yk (θk))− Êk

]
.

Notice that T̂A′
n (yn (xk)) = − 1−TA′

n (yn(xk))
εA

n (yn(xk))
ŷn(xk)
yn(xk)

, we can substitute T̂A′
n (yn (xk)) by ŷn(xk)

yn(xk)
. Then, the above
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equation is transformed into

ŷk (θk)

yk (θk)
= − 1

1
εk
+ T′′(yk(θk))yk(θk)

1−T′(yk(θk))

T̂′ (yk (θk))

1− T′ (yk (θk))
(D71)

−
∫ yk(θk)

yk(θk)

[∫ yk(θk)

yk(xk)
eown

kk (yk (θk) , yk (sk))
[
1− T′ (yk (xk))

]
dyk (sk)

]
T̂′ (yk (xk))

1− T′ (yk (xk))
dyk (xk)

−
∫ yk(θk)

yk(θk)

 1−TA′
k (yk(xk))

εA
k (yk(xk))

∫ yk(θk)
yk(xk)

eown
kk (yk (θk) , yk (sk)) dyk (sk)

−eown
kk (yk (θk) , yk (xk)) T?′

k (yk (xk)) yk (xk)

 ŷk(xk)

yk(xk)
dyk (xk)

+∑
n

∫ yn(θk)

yn(θk)
ekn (yk (θk))

1− TA′
n (yn (xk))

εA
n (yn (xk))

ŷn(xk)

yn(xk)
dyn (xk)

+∑
n

∫ yn(θk)

yn(θk)

[
1− TA′

n (yn (xk))

εA
n (yn (xk))

∫ yn(θk)

yn(xk)
ecross

kn (yk (θk) , yn (sk)) dyn (sk)

]
ŷn(xk)

yn(xk)
dyn (xk)

−∑
n

[
ekn (yk (θk)) +

∫ yn(θk)

yn(θk)
ecross

kn (yk (θk) , yn (xk)) dyn (xk)

]
T̂A

n (yn (θk))

−
∫ yk(θk)

yk(θk)
eown

kk (yk (θk) , yk (xk)) dyk (xk)
[

T̂ (yk (θk)) + Êk − T̂A
k (yk (θk))

]
.

Second, combination of (D62) and (D53) gives:

∫ y

y
eown

kk
(
yk (θk) , y′k

)
dy′k

[
T̂ (yk (θ)) + Êk − T̂A

k (yk (θ))
]
+ ∑

n

[
ekn (yk (θk)) +

∫ y

y
ecross

kn
(
yk (θk) , y′n

)
dy′n

]
T̂A

n (yn (θ)) (D72)

=
∫ y

y
eown

kk
(
yk (θk) , y′k

)
dy′k

{
Êk −∑

m

Nm

∑m Nm
Êm

}

+∑
j

 ∑n

[
ekn (yk (θk)) +

∫ y
y ecross

kn (yk (θk) , y′n) dy′n
]

ηG
nj

−ηG
kj
∫ y

y eown
kk

(
yk (θk) , y′k

)
dy′k


[

Êj −∑
m

Nm

∑m Nm
Êm

]

−∑
j

∫ y

y


[∫ y

y eown
kk

(
yk (θk) , y′k

)
dy′k
] [

ηG
kj +

Nj

∑m Nm

(
1−∑m ηG

km
)]

−∑n

[
ekn (yk (θk)) +

∫ y
y ecross

kn (yk (θk) , y′n) dy′n
] [

ηG
nj −∑m ηG

nm
Nj

∑m Nm

] 
×
[
1− Fj

(
yj

(
xj

))] [
1− T′

(
yj

(
xj

))] T̂′
(

yj

(
xj

))
1− T′

(
yj

(
xj

)) dyj

(
xj

)
−

∑
j

∫ y

y



[∫ y
y eown

kk
(
yk (θk) , y′k

)
dy′k
]  ηG

kj

[
1− Fj

(
yj

(
xj

))]
−

∑m ηG
km

[
1− Fm

(
ym

(
xj

))]
rG

mj

(
ym

(
xj

))  1−TA′
j (yj(xj))

εA
j (yj(xj))

−

∑n

 ekn (yk (θk)) +∫ y
y ecross

kn (yk (θk) , y′n) dy′n

 ηG
nj

[
1− Fj

(
yj

(
xj

))]
−

∑m ηG
nm

[
1− Fm

(
ym

(
xj

))]
rG

mj

(
ym

(
xj

))  1−TA′
j (yj(xj))

εA
j (yj(xj))

−



[∫ y
y eown

kk
(
yk (θk) , y′k

)
dy′k
]  ηG

kjCj

(
yj

(
xj

))
−

(1+∑m ηG
km)Nj

∑n Nj

T′(yj(xj))
1−T′(yj(xj))


−∑n

 ekn (yk (θk)) +∫ y
y ecross

kn (yk (θk) , y′n) dy′n


 ηG

njCj

(
yj

(
xj

))
−

∑m
ηG

nm Nj

∑n Nj

T′(yj(xj))
1−T′(yj(xj))




×

f j

(
yj(xj)

)
yj(xj)

[
1− T′

(
yj

(
xj

))]



ŷj(xj)

yj(xj)
dyj

(
xj

)
.
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Use (D72) to substitute the left side of equation (D72) in (D71):

ŷk (θk)

yk (θk)
= − 1

1
εk
+

T′′(yk(θk))yk(θk)
1−T′(yk(θk))

T̂′ (yk (θk))

1− T′ (yk (θk))

−
∫ y

y

[∫ y

yk(xk)
eown

kk (yk (θk) , yk (sk))
[
1− T′ (yk (xk))

]
dyk (sk)

]
T̂′ (yk (xk))

1− T′ (yk (xk))
dyk (xk)−

∑
j

∫ y

y


∑n

 ekn (yk (θk)) +∫ y
y ecross

kn (yk (θk) , y′n) dy′n

 [ηG
nj −

Nj

∑m Nm
∑m ηG

nm

] [
1− Fj

(
yj

(
xj

))] [
1− T′

(
yj

(
xj

))]
−
[∫ y

y eown
kk

(
yk (θk) , y′k

)
dy′k
] [

1− Fj

(
yj

(
xj

))] [
1− T′

(
yj

(
xj

))]
+
[∫ y

y eown
kk

(
yk (θk) , y′k

)
dy′k
] [

ηG
kj −

Nj

∑m Nm
∑m ηG

km

] [
1− Fj

(
yj

(
xj

))] [
1− T′

(
yj

(
xj

))]


T̂′
(

yj

(
xj

))
dyj

(
xj

)
1− T′

(
yj

(
xj

))

−
[∫ y

y
eown

kk
(
yk (θk) , y′k

)
dy′k

]{
Êk −∑

m

Nm

∑m Nm
Êm

}

−∑
j

{
∑
n

[
ekn (yk (θk)) +

∫ y

y
ecross

kn
(
yk (θk) , y′n

)
dy′n

]
ηG

nj − ηG
kj

∫ y

y
eown

kk
(
yk (θk) , y′k

)
dy′k

}
×
{

Êj −∑
m

Nm

∑m Nm
Êm

}

+∑
j

∫ yj(θk)

y
ekj (yk (θk))

1− TA′
j

(
yj

(
xj

))
εA

j

(
yj

(
xj

)) ŷj(xj)

yj(xj)
dyj

(
xj

)

+
∫ y

y

[
eown

kk (yk (θk) , yk (xk)) T?′
k (yk (xk)) yk (xk)−

1− TA′
k (yk (xk))

εA
k (yk (xk))

∫ y

yk(xk)
eown

kk (yk (θk) , yk (sk)) dyk (sk)

]
ŷk(xk)

yk(xk)
dyk (xk)

+∑
j

∫ y

y



∫ y
yj(xj)

ecross
kj

(
yk (θk) , yj

(
sj

))
dyj

(
sj

) 1−TA′
j (yj(xj))

εA
j (yj(xj))

+

[∫ y
y eown

kk
(
yk (θk) , y′k

)
dy′k
] ηG

kj

[
1− Fj

(
yj

(
xj

))]
−

∑m ηG
km

[
1− Fm

(
ym

(
xj

))]
rG

mj

(
ym

(
xj

))  1−TA′
j (yj(xj))

εA
j (yj(xj))

−

∑n

 ekn (yk (θk)) +∫ y
y ecross

kn (yk (θk) , y′n) dy′n

 ηG
nj

[
1− Fj

(
yj

(
xj

))]
−

∑m ηG
nm

[
1− Fm

(
ym

(
xj

))]
rG

mj

(
ym

(
xj

))  1−TA′
j (yj(xj))

εA
j (yj(xj))

+

Nj

∑n Nj


[∫ y

y eown
kk

(
yk (θk) , y′k

)
dy′k
]
+

∑m ηG
km

[∫ y
y eown

kk
(
yk (θk) , y′k

)
dy′k
]
−

∑m ∑n

[
ekn (yk (θk)) +

∫ y
y ecross

kn (yk (θk) , y′n) dy′n
]

ηG
nm

 f j

(
yj(xj)

)
yj(xj)T′

(
yj(xj)

)
−


[∫ y

y eown
kk

(
yk (θk) , y′k

)
dy′k
]

ηG
kj−

∑n

[
ekn (yk (θk)) +

∫ y
y ecross

kn (yk (θk) , y′n) dy′n
]

ηG
nj

Cj

(
yj

(
xj

))
f j

(
yj(xj)

)
yj(xj)

[
1− T′

(
yj

(
xj

))]



ŷj(xj)

yj(xj)
dyj

(
xj

)
.

By definitions of (D63), we can write the above equation as:

ŷk

yk
= − 1

1
εk
+ T′′(yk)yk

1−T′(yk)

T̂′ (yk)

1− T′ (yk)

−
∫ y

y
eC,own

kk

(
yk, y′k

) T̂′
(
y′k
)

1− T′
(
y′k
)dy′k −∑

j

∫ y

y
eC,cross

kj

(
yk, yj

) T̂′
(
yj
)

1− T′
(
yj
)dyj

−eE,own
kk (yk)

{
Êk −∑

m

Nm

∑m Nm
Êm

}
−∑

j
eE,cross

kj (yk)

{
Êj −∑

m

Nm

∑m Nm
Êm

}

+∑
j

∫ yk
j (yk)

y
ekj

(
yk, y′j

) ŷ′j
y′j

dy′j +
∫ y

y
ey,own

kk

(
yk, y′k

) ŷ′k
y′k

dy′k + ∑
j

∫ y

y
ey,cross

kj

(
yk, yj

) ŷ′j
y′j

dy′j.

�

We now derive Proposition 5 by showing that when Assumption 2 holds, there is a unique solution to
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equation (D70). Moreover, there exist own and cross elasticities εC
j : Y 7→ R and εCross

j : Y2 7→ R and

εE
jk : Y 7→ R such that

ŷj (θ)

yj (θ)
= −εC

j
(
yj (θ)

) T̂′
(
yj (θ)

)
1− T′

(
yj (θ)

) − ∫ y

y
εCross

j
(
yj (θ) , y (x)

) T̂′ (y (x))
1− T′ (y (x))

dy (x)− ∑
k∈J

εE
jk
(
yj
)

Êk, (D73)

where εC
j

(
yj (θ)

)
= 1

1
ε j
+

T′′(yj(θ))yj(θ)

1−T′(yj(θ))

.

Proof. Step 1. Set −→x ≡
[

x1 · · · xK

]T
as a K dimension vector function, such that for k = 1, . . . , K,

xk (θ) ≡ − 1
1
εk
+ T′′(yk(θ))yk(θ)

1−T′(yk(θ))

T̂′ (yk (θ))

1− T′ (yk (θ))
(D74)

−
∫ θ

θ
eC,own

kk

(
yk (θ) , yk

(
θ′
)) T̂′ (yk (θ

′))

1− T′ (yk (θ′))
εA

k
(
yk
(
θ′
)) ( 1

εk
+ 1
)

dθ′

−∑
j

∫ θ

θ
eC,cross

kj

(
yk (θ) , yj

(
θ′
))

εA
j
(
yj
(
θ′
)) ( 1

ε j
+ 1
)

T̂′
(
yj (θ

′)
)

1− T′
(
yj (θ′)

)dθ′

−eE,own
kk (yk (θ))

{
Êk −∑

m

Nm

∑m Nm
Êm

}
−∑

j
eE,cross

kj (yk (θ))

{
Êj −∑

m

Nm

∑m Nm
Êm

}
.

Set a K× K dimension vector function
−→
γ ≡

[
γ11 · · · γK×K

]T
,−→γ ≡

[
γ11 · · · γK×K

]T
such that

for any k, j = 1, . . . , K:

γkj
(
θ, θ′

)
≡ ekj

(
yk (θ) , yj

(
θ′
))

εA
j
(
yj
(
θ′
)) ( 1

ε j
+ 1
)

;

γkj
(
θ, θ′

)
≡

[
ey,own

kk

(
yk (θ) , yj

(
θ′
))

1k=j + ey,cross
kj

(
yk (θ) , yj

(
θ′
))]

εA
j
(
yj
(
θ′
)) ( 1

ε j
+ 1
)

.

Define a linear operator T
(−→

f
)
=
[

T1

(−→
f
)
· · · TK

(−→
f
) ]T

where for any k = 1, ..., K:

Tk

(−→
f
)
(θ) ≡

K

∑
j=1

∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′;

Notice that equation (D70) is equivalent to the following equation (D75):

T
(−→

f
)
+−→x =

−→
f . (D75)

If there exists a unique solution to the problem (D70), then there exist
[

ŷk(θ)
yk(θ)

· · · ŷk(θ)
yk(θ)

]T
as a solution

to the above equation, and it is unique.

Step 2. To use Lemma 10 to Lemma 12 to solve the above problem, we should show that −→x ∈ LK
2 (Θ)

and
−→
γ ,−→γ ∈ LK×K

2 (Θ×Θ). To see this, notice that under Condition 2 the following functions belong to
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L2 (Θ):

eE,cross
kj (yk (θ)) , eE,own

kk (yk (θ)) ,
1

1− T′
(
yj (θ)

) , εA
j
(
yj (θ)

)
,

1
1
εk
+ T′′(yk(θ))yk(θ)

1−T′(yk(θ))

.

Second, the following functions belong to L2 (Θ×Θ):

eC,cross
kj

(
yk (θ) , yj

(
θ′
))

, eC,own
kk

(
yk (θ) , yk

(
θ′
))

.

Using Holder inequality and triangle inequality for absolute value, one can see xk (θ) consists of func-

tions belonging to L2 (Θ). Then, use Minkowski inequality, one has xk (θ) belong to L2 (Θ). Therefore
−→x ∈ LK

2 (Θ). Similarly, one can see that γkj (θ, θ′) and γkj (θ, θ′) are consist of functions belong to L2 (Θ×Θ).

Therefore,
−→
γ ,−→γ ∈ LK×K

2 (Θ×Θ).

Step 3. To use Lemma 10 to Lemma 12 to solve the problem (D75), one also need to show that
∥∥∥−→γ ∥∥∥K×K

2
+∥∥−→γ ∥∥K×K

2 < 1. To do this, first notice that

∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 (D76)

=

{
K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
γkj
(
θ, θ′

)]2
dθ′dθ

} 1
2

+

{
K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
γkj
(
θ, θ′

)]2 dθ′dθ

} 1
2

=

{
K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

ekj
(
yk (θ) , yj

(
θ′
))2
[

dyj (θ
′)

dθ′

]2

dθ′dθ

} 1
2

+


∑K

j=1 ∑K
k=1
∫

Θ

∫
Θ

[
ey,cross

kj

(
yk (θ) , yj (θ

′)
)]2 [ dyj(θ

′)
dθ′

]2
dθ′dθ+

∑K
k=1
∫

Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ
′))
]2
[

dyk(θ
′)

dθ′

]2
dθ′dθ+

+2 ∑K
k=1
∫

Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ
′)) ey,cross

kk (yk (θ) , yk (θ
′))
] [ dyk(θ

′)
dθ′

]2
dθ′dθ



1
2

.

Using Holder’s inequality, we have:

2
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk (θ) , yk

(
θ′
))

ey,cross
kk

(
yk (θ) , yk

(
θ′
))] [dyk (θ

′)

dθ′

]2

dθ′dθ (D77)

≤ 2

√√√√ K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ′))
]2
[

dyk (θ′)

dθ′

]2

dθ′dθ

×

√√√√ K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ′))
]2
[

dyk (θ′)

dθ′

]2

dθ′dθ
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Therefore,

K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ey,cross

kj

(
yk (θ) , yj

(
θ′
))]2

[
dyj (θ

′)

dθ′

]2

dθ′dθ (D78)

+
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk (θ) , yk

(
θ′
))]2

[
dyk (θ

′)

dθ′

]2

dθ′dθ

+2
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk (θ) , yk

(
θ′
))

ey,cross
kk

(
yk (θ) , yk

(
θ′
))] [dyk (θ

′)

dθ′

]2

dθ′dθ

≤
K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ey,cross

kj

(
yk (θ) , yj

(
θ′
))]2

[
dyj (θ

′)

dθ′

]2

dθ′dθ

+
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk (θ) , yk

(
θ′
))]2

[
dyk (θ

′)

dθ′

]2

dθ′dθ

+2

√√√√ K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ′))
]2
[

dyk (θ′)

dθ′

]2

dθ′dθ

×

√√√√ K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ′))
]2
[

dyk (θ′)

dθ′

]2

dθ′dθ.

Take the square root of both sides of equation (D78):


∑K

j=1 ∑K
k=1
∫

Θ

∫
Θ

[
ey,cross

kj

(
yk (θ) , yj (θ

′)
)]2 [ dyj(θ

′)
dθ′

]2
dθ′dθ+

∑K
k=1
∫

Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ
′))
]2
[

dyk(θ
′)

dθ′

]2
dθ′dθ+

+2 ∑K
k=1
∫

Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ
′)) ey,cross

kk (yk (θ) , yk (θ
′))
] [ dyk(θ

′)
dθ′

]2
dθ′dθ



1
2

≤

√√√√ K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ′))
]2
[

dyk (θ′)

dθ′

]2

dθ′dθ

+

√√√√ K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk (yk (θ) , yk (θ′))
]2
[

dyk (θ′)

dθ′

]2

dθ′dθ.

The above inequality together with equation (D76) implies:

∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 ≤

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

ekj
(
yk (θ) , yj

(
θ′
))2

dyj(θ
′)

dθ′

dyk(θ)
dθ

dyj
(
θ′
)

dyk (θ)


1
2

+

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ey,cross

kj

(
yk (θ) , yj

(
θ′
))]2

dyj(θ
′)

dθ′

dyk(θ)
dθ

dyj
(
θ′
)

dyk (θ)


1
2

+

{
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk (θ) , yk

(
θ′
))]2

dyk(θ
′)

dθ′

dyk(θ)
dθ

dyk
(
θ′
)

dyk (θ)

} 1
2

.
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Use d ln yk(θk)
d ln θk

= εA
k (yk (θk))

(
1
εk
+ 1
)

to substitude d ln yk(θk)
d ln θk

in the above equation:

∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 ≤

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

ekj
(
yk (θ) , yj

(
θ′
))2

∣∣∣∣∣∣
εA

j

(
yj

(
θ′j

)) (
1
ε j
+ 1
)

εA
k (yk (θk))

(
1
εk
+ 1
)
∣∣∣∣∣∣ dyj

(
θ′
)

dyk (θ)


1
2

+

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ey,cross

kj
(
yk (θ) , yj

(
θ′
))]2

∣∣∣∣∣∣
εA

j

(
yj

(
θ′j

)) (
1
ε j
+ 1
)

εA
k (yk (θk))

(
1
εk
+ 1
)
∣∣∣∣∣∣ dyj

(
θ′
)

dyk (θ)


1
2

+

{
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk
(
yk (θ) , yk

(
θ′
))]2

∣∣∣∣∣ εA
k
(
yk
(
θ′k
))

εA
k (yk (θk))

∣∣∣∣∣ dyk
(
θ′
)

dyk (θ)

} 1
2

The rearrangement of the above equation gives:

∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 ≤

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ekj

(
yk, y′j

)]2

∣∣∣∣∣∣
εA

j

(
y′j
) (

1
ε j
+ 1
)

εA
k (yk)

(
1
εk
+ 1
)
∣∣∣∣∣∣ dy′jdyk


1
2

+

 K

∑
j=1

K

∑
k=1

∫
Θ

∫
Θ

[
ey,cross

kj

(
yk, y′j

)]2

∣∣∣∣∣∣
εA

j

(
y′j
) (

1
ε j
+ 1
)

εA
k (yk)

(
1
εk
+ 1
)
∣∣∣∣∣∣ dy′jdyk


1
2

+

{
K

∑
k=1

∫
Θ

∫
Θ

[
ey,own

kk

(
yk, y′k

)]2

∣∣∣∣∣ εA
k

(
y′k
)

εA
k (yk)

∣∣∣∣∣ dy′kdyk

} 1
2

By the definition of cy
e and Assumption 2, the above inequality gives:

∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 ≤ cy
e < 1.

Step 4. A combination of Step 3 and Step 2 suggests that we can use Lemma 10 and Lemma 11 to solve

problem (D75). In particular, it suggests that there is a unique solution to the problem (D75). Moreover,

there exist resolvent
{

hkj

(
yk, y′j

)}
and

{
hkj

(
yk, y′j

)}
to the problem:

hkj

(
yk, y′j

)
≡ ekj

(
yk, y′j

)
+

K

∑
m=1

∫ yk
m(yk)

yj
m

(
y′j
) ekm

(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m,

and

hkj

(
yk, y′j

)
≡ ey,own

kk

(
yk, y′j

)
1k=j + ey,cross

kj

(
yk, y′j

)
+
∫ y

y′′k
(

y′j
) ey,own

kk

(
yk, y′′k

)
hkj

(
y′′k , y′j

)
y′′k

+
K

∑
m=1

∫ y

y′′m
(

y′j
) ey,cross

km

(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m +

K

∑
m=1

∫ yk
m(yk)

y
ekm
(
yk, y′′m

)
hmj

(
y′′m, y′j

)
dy′′m

+
∫ y

y
ey,own

kk

(
yk, y′′k

)
hkj

(
y′′k , y′j

)
y′′k +

K

∑
m=1

∫ y

y
ey,cross

km

(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m.
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The above resolvent can be derived by taking the limit of sequences
{

h
n
kj

(
yk, y′j

)}
and

{
hn

kj

(
yk, y′j

)}
.

To see this, first we set the following sequence of h
n
kj:

h
0
kj

(
yk, y′j

)
≡ ekj

(
yk, y′j

)
,

h
n+1
kj

(
yk, y′j

)
≡ ekj

(
yk, y′j

)
+

K

∑
m=1

∫ yk
m(yk)

yj
m

(
y′j
) ekm

(
yk, y′′m

)
h

n
mj

(
y′′m, y′j

)
y′′m, n ≥ 0.

We have hkj

(
yk, y′j

)
= limn→+∞ h

n
kj

(
yk, y′j

)
. In addition, for any n ≥ 0, we set the following sequence of

hn
kj

(
yk, y′j

)
:

h0
kj

(
yk, y′j

)
≡ ey,own

kk

(
yk, y′j

)
1k=j + ey,cross

kj

(
yk, y′j

)
+
∫ y

y′′k
(

y′j
) ey,own

kk

(
yk, y′′k

)
hkj

(
y′′k , y′j

)
y′′k

+
K

∑
m=1

∫ y

y′′m
(

y′j
) ey,cross

km

(
yk, y′′m

)
hmj

(
y′′m, y′j

)
y′′m,

hn+1
kj

(
yk, y′j

)
≡ h0

kj

(
yk, y′j

)
+

K

∑
m=1

∫ yk
m(yk)

y
ekm
(
yk, y′′m

)
hn

mj

(
y′′m, y′j

)
dy′′m

+
∫ y

y
ey,own

kk

(
yk, y′′k

)
hn

kj

(
y′′k , y′j

)
y′′k +

K

∑
m=1

∫ y

y
ey,cross

km

(
yk, y′′m

)
hn

mj

(
y′′m, y′j

)
y′′m.

By Lemma 11, we have hkj

(
yk, y′j

)
= limn→+∞ hn

kj

(
yk, y′j

)
.

Step 5. Using Lemma 12 to solve problem (D75) with resolvent
{

hkj

(
yk, y′j

)}
and

{
hkj

(
yk, y′j

)}
gives:

ŷk (θ)

yk (θ)
= xk (θ) + ∑

j

∫ yj(θ)

y
hkj
(
yk (θ) , yj

(
θ′
))

xj
(
θ′
)

dyj
(
θ′
)
+ ∑

j

∫ y

y
hkj
(
yk (θ) , yj

(
θ′
))

xj
(
θ′
)

dyj
(
θ′
)

Substitute xk (θ) in the above equation by (D74). Then, using the Fubini theorem to exchange the inte-
gration order and collecting the terms gives:

ŷk
yk

= − 1
1
εk
+ T′′(yk)yk

1−T′(yk)

T̂′ (yk)

1− T′ (yk)
−∑

j

∫ yk
j (yk)

y

hkj

(
yk, y′j

)
1
ε j
+

T′′
(

y′j
)

yj(θ)

1−T′(yj(θ))

T̂′
(

y′j
)

1− T′
(

y′j
)dy′j

−∑
j

∫ y

y



eC,own
kk

(
yk, y′k

)
1j=k + eC,cross

kj

(
yk, y′j

)
+

hkj

(
yk ,y′j

)
1
ε j
+

T′′(yj(θ′))yj(θ′)

1−T′(yj(θ′))

+

∫ yk
j (yk)

y hkj

(
yk, y′′j

)
eC,own

jj

(
y′′j , y′j

)
dy′′j +

∫ y
y hkj

(
yk, y′′j

)
eC,own

jj

(
y′′j , y′j

)
dy′′j

+∑m
∫ yk

m(yk)
y hkm (yk, y′′m) eC,own

mj

(
y′′m, y′j

)
dy′′m

+∑m
∫ y

y hkm (yk, y′′m) eC,own
mj

(
y′′m, y′j

)
dy′′m


T̂′
(

y′j
)

1− T′
(

y′j
)dy′j

−∑
j



eE,own
kk (yk) 1j=k + eE,cross

kj (yk)

+
∫ yk

j (yk)
y hkj

(
yk, y′j

)
eE,own

jj

(
y′j
)

dy′j +
∫ y

y hkj

(
yk, y′j

)
eE,own

jj

(
y′j
)

dy′j

+∑m
∫ yk

m(yk)
y hkm (yk, y′′m) eE,own

mj

(
y′′m, y′j

)
dy′′m

+∑m
∫ y

y hkm (yk, y′′m) eE,own
mj

(
y′′m, y′j

)
dy′′m


[

Êj −∑
m

Nm

∑m Nm
Êm

]
.
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By the definitions of εC
k (yk) , εCross

kj

(
yk, y′j

)
, εCross

j (yk, y′) , and εE
kj (yk) given in equations (D66) to (D69),

the above equation is equivalent to equation (D73). Since we have proved that there is a unique solution

to the integral equation (D75), the equation (D73) gives one solution to the integral equation. The above

equation is the unique solution to the equation (D75).�

D.4 Proof of Lemma 4
First, we want to prove that

Ŵ
ρC = −

{
∑

k
ρC

k × T̂A
k (yk (θ)) + ∑

k

∫ θ

θ
ρC

k

[
1− F̃C

k (yk (x))
]

T̂A′
k (yk (x)) dyk (x)

}
, (D79)

where ρC ≡ ∑k
∫ θ

θ f̃ C (x) ∂U(xk)
∂Vk(xk)

dxk.

First, by Lemma 13 to 14, we have:

Û (θ) = ∑
k

∂U (θ)

∂Vk (θ)
× V̂k (θ) ; (D80)

V̂k (θ) = −T̂A
k (yk (θ)) = −

[
T̂A

k (yk (θ)) +
∫ θ

θ
T̂A′

k (yk (x)) dyk (x)
]

By the defintion of W ≡
∫ θ

θ f̃ C (θ)U (θ) dθ and Ŵ, we have:

Ŵ =
∫ θ

θ
f̃ C (θ) Û (θ) dθ.

Substitute Û (θ) in the above equation by equations (D80):

Ŵ = −∑
k

∫ θ

θ
f̃ C (x)

∂U (x)
∂Vk (x)

dx× T̂A
k (yk (θ))−∑

k

∫ θ

θ

∫ θ

θ
f̃ C (θ)

∂U (θ)

∂Vk (θ)
T̂A′

k (yk (x)) dyk (x) dθ.

Use the Fubini to exchange the order of the double integration in the right side of the above equation:

Ŵ = −∑
k

∫ θ

θ
f̃ C (x)

∂U (x)
∂Vk (x)

dx× T̂A
k (yk (θ))−∑

k

∫ θ

θ

[∫ θ

θ
f̃ C (x)

∂U (x)
∂Vk (x)

dx

]
T̂A′

k (yk (θ)) dyk (θ) .

By definitions of ρC
k and F̃C

k (yk (θ)):

Ŵ = −
[
∑

k

∫ θ

θ
f̃ C (x)

∂U (x)
∂Vk (x)

dx

] [
∑

k
ρC

k × T̂A
k (yk (θ)) + ∑

k

∫ θ

θ
ρC

k

[
1− F̃C

k (yk (θ))
]

T̂A′
k (yk (θ)) dyk (θ)

]
.

Rearrangment of the above equation gives (D80).�
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D.5 Lemma 8
Define the following notations:

B1
n (yn (θ)) ≡ ρn

 [1− Fn (yn (θ))]− [1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

]
−

∑m
ρm
ρn

Nm
Nn

[1− Fm (ym (θ))] rG
mn (ym (θ))− ρC

n
∑k ρC

k ηG
kn

[
1− F̃C

n (yn (θ))
] 

[1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

] ,

B2
n (yn (θ)) ≡ (1− ρn)

[1− Fn (yn (θ))]
[

εA
n (yn(θ))

εC
n (yn(θ))

+ (1− rnn)
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εC

n (yn(θ))

]
[1− rnn]

[
F̃n (yn (θ))− FR

n (yn (θ))
] ,

and

B̃k (yk) ≡ ρk


[1− rkk]

[
1−F̃k(yk)
1−Fk(yk)

]
+ rkk (yk)−

[
ρC

k
∑m ρC

mηG
mk

] [
1− F̃C

k (yk)
[1−Fk(yk)]

]
−∑m

ρm Nm
ρk Nn

rG
mn
(
yk

m (yk)
) 1−Fm(yk

m(yk))
1−Fk(yk)


[1− rkk]

[
1−FR

k (yk)−[1−F̃k(yk)]
1−Fk(yk)

] (D81)

Bk (yk) ≡ B̃k (yk) + (1− ρk)

[1− Fk (yk)]

[
εA

k (yk)

εC
k (yk)

+ (1− rkk)
F̃k(yk)−FR

k (yk)
yk fk(yk)

1
εC

k (yk)

]
[1− rkk]

[
F̃k (yk)− FR

k (yk)
] ;

Using the above notations, we have the following results:

Lemma 8 The marginal change of social welfare satisfies:

− Ŵ

ρC
[
∑j ∑k ρG

k ηG
kj

] = −∑
n
(1− ρn)

Nn

∑n Nn
Ên (D82)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
yn (θ) fn (yn (θ)) B1

n (yn (θ))Cn (yn (θ))
[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn (θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
εC

n (yn (θ)) yn (θ) fn (yn (θ)) B2
n (yn (θ))Cn (yn (θ)) T̂′ (yn(θ)) dyn(θ).

In particular, when Assumption 2 holds, we have:

− Ŵ

ρC
[
∑j ∑k ρC

k ηG
kj

] (D83)

= −∑
n

{
Nn

∑n Nn
(1− ρn)−∑

m

∫ y

y
Λ (y) Am (y)

[
∑
n

εE
mn (y)

] {
T′ (y)− B̃m (y)Cm (y)

[
1− T′ (y)

]}
dy

}
Ên

+
∫ y

y

 Λ (y)∑n An (y) {T′ (y)− Bn (y)Cn (y) [1− T′ (y)]}
+
∫ y

y Λ (y′)∑m Am (y′)
{

T′ (y′)− B̃m (y′)Cm (y′) [1− T′ (y′)]
}

εCross
m (y′ ,y)

εC
m(y′)

dy′

 1
1− T′ (y)

dT̂ (y) ,

where Λ (y) = ∑n
Nn

∑n Nn
fn (y) yεC

n (y).
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Proof. See the following proof.

D.6 Proof of Lemma 8
Step 1. We want to use (D62) to substitute ∑k ρC

k × T̂A
k (yk (θ)) in (D79). Before this, notice that by (D62),

∑k ρC
k T̂A

k (yk (θ)) equals to:

∑
k

ρC
k T̂A

k (yk (θ)) = ∑
j

∑
k

ρC
k ηG

kj

{
Êj −∑

n

Nn

∑n Nn
Ên

}
+ ∑

j
∑

k
ρC

k ηG
kj


∫ y

j
(θ)

y dT̂
(
yj (θ)

)
−

∑n
Nn

∑n Nn

∫ y
n
(θ)

y dT̂ (yn (θ))


+

 ∑j
∫ yj(θ)

yj(θ)
∑k ρC

k ηG
kj

[
1− Fj (θ)

]
T̂′
(
yj (θ)

)
dyj (θ)−

∑n
∫ yn(θ)

yn(θ)

(
∑j ∑k ρC

k ηG
kj

)
Nn

∑n Nn
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)


−

 ∑j
∫ yj(θ)

yj(θ)
∑k ρC

k ηC
kj

[
1− Fj (θ)

]
T̂A′

j
(
yj (θ)

)
dyj (θ)−

∑j
∫ yj(θ)

yj(θ)
∑n ∑k ρC

k ηG
kn [1− Fn (θ)] rG

nj (θ) T̂A′
j
(
yj (θ)

)
dyj (θ)


−∑

j

∫ yj(θ)

yj(θ)
∑

k
ρC

k ηC
kj f j
(
yj (θ)

)
yj (θ)Cj

(
yj (θ)

) [
1− T′

(
yj (θ)

)] ŷj(θ)

yj(θ)
dyj(θ)

+

(
∑
m

∑
k

ρC
k ηC

km

)
∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ).

Divide both sides of the above equation by ∑j ∑k ρC
k ηG

kj:

∑k ρC
k T̂A

k (yk (θ))

∑j ∑k ρC
k ηG

kj
= ∑

j

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

{
Êj −∑

n

Nn

∑n Nn
Ên

}
(D84)

+∑
j

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

{∫ y
j
(θ)

y
dT̂
[
yj (θ)

]
−∑

n

Nn

∑n Nn

∫ y
n
(θ)

y
dT̂ [yn (θ)]

}

+

 ∑j
∫ yj(θ)

yj(θ)

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

[
1− Fj (θ)

]
T̂′
(
yj (θ)

)
dyj (θ)

−∑n
∫ yn(θ)

yn(θ)
Nn

∑n Nn
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)


−


∑j
∫ yj(θ)

yj(θ)

∑k ρC
k ηC

kj

∑j ∑k ρC
k ηG

kj

[
1− Fj (θ)

]
T̂A′

j
(
yj (θ)

)
dyj (θ)

−∑j
∫ yj(θ)

yj(θ)
∑n

∑k ρC
k ηG

kn
∑j ∑k ρC

k ηG
kj
[1− Fn (θ)] rG

nj (θ) T̂A′
j
(
yj (θ)

)
dyj (θ)


−

 ∑j
∫ yj(θ)

yj(θ)

∑k ρC
k ηC

kj

∑j ∑k ρC
k ηG

kj
f j
(
yj (θ)

)
yj (θ)Cj

(
yj (θ)

) [
1− T′

(
yj (θ)

)] ŷj(θ)

yj(θ)
dyj(θ)

+∑n
∫ yn(θ)

yn(θ)
Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)
yn(θ)

dyn(θ)

 .

To simplify the above equation, we first rearrange terms on the right side of the above equation one by

one:

∑
j

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

{
Êj −∑

n

Nn

∑n Nn
Ên

}
= ∑

n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
Ên,
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and

∑
j

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

{∫ y
j
(θ)

y
dT̂
[
yj (θ)

]
−∑

n

Nn

∑n Nn

∫ y
n
(θ)

y
dT̂ [yn (θ)]

}

= ∑
n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

) ∫ yn(θ)

y
dT̂ [yn (θ)] ,

and

∑
j

∫ yj(θ)

yj(θ)

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

[
1− Fj (θ)

]
T̂′
(
yj (θ)

)
dyj (θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

= ∑
n

∫ yn(θ)

yn(θ)

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ),

and

∑
j

∫ yj(θ)

yj(θ)

∑k ρC
k ηG

kj

∑j ∑k ρC
k ηG

kj

[
1− Fj (θ)

]
T̂A′

j
(
yj (θ)

)
dyj (θ)−

∑
j

∫ yj(θ)

yj(θ)
∑
n

∑k ρC
k ηG

kn

∑j ∑k ρC
k ηG

kj
[1− Fn (θ)] rG

nj (θ) T̂A′
j
(
yj (θ)

)
dyj (θ)

= ∑
n

∫ yn(θ)

yn(θ)

{
∑k ρG

k ηG
kn

∑n ∑k ρG
k ηG

kn
[1− Fn (θ)]−∑

m

∑k ρG
k ηG

km

∑m ∑k ρG
k ηG

km
[1− F (θ)] rG

mn (θ)

}
T̂A′

n (yn (θ)) dyn (θ) .

Using the above equations to simplify the right side of (D84):

∑k ρC
k T̂A

k (yk (θ))

∑j ∑k ρC
k ηG

kj
(D85)

= ∑
n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
Ên + ∑

n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

) ∫ yn(θ)

y
dT̂ [yn (θ)]

+∑
n

∫ yn(θ)

yn(θ)

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)

{
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
[1− Fn (θ)]−∑

m

∑k ρC
k ηG

km

∑m ∑k ρC
k ηG

km
[1− F (θ)] rG

mn (θ)

}
×[

1− TA′
n (yn (θ))

]
εA

n (yn (θ)) [1− T′ (yn (θ))]

[
1− T′ (yn (θ))

] εA
n (yn (θ)) T̂A′

n (yn (θ))

1− TA′
n (yn (θ))

dyn (θ)

−∑
n

∫ yn(θ)

yn(θ)

∑k ρC
k ηG

kn

∑n ∑k ρC
k ηG

kn
fn (yn (θ)) yn (θ)Cn (yn (θ))

[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ).
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Remember that 1− T′ (yn (θ)) =
1−T′(yn(θ))−T?′

n (yn(θ))
1−τ?

n (θn)
. We have

1− T?′
n (yn (θ))

1− T′ (yn (θ))

= 1− τ?
n (θn) = 1−

[1− rnn]
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εA

n (yn(θ))

1 + [1− rnn]
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εA

n (yn(θ))

=
εA

n (yn (θ)) yn (θ) fn (yn (θ))

[1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

] [1− rnn]
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εA

n (yn(θ))

1 + [1− rnn]
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εA

n (yn(θ))

=
yn (θ) fn (yn (θ))

[1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

]Cn (yn (θ)) ,

where Cn (yn (θ)) = τ?
n (θn). Therefore, we have[

1− TA′
n (yn (θ))

]
εA

n (yn (θ)) [1− T′ (yn (θ))]
= yn (θ) fn (yn (θ))

Cn (yn (θ))

[1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

] . (D86)

Substitute [1−TA′
n (yn(θ))]

εA
n (yn(θ))[1−T′(yn(θ))]

in (D85) by (D86):

∑k ρC
k T̂A

k (yk (θ))

∑j ∑k ρG
k ηG

kj

= ∑
n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
Ên + ∑

n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
×

∫ yn(θ)

y
dT̂ [yn (θ)] + ∑

n

∫ yn(θ)

yn(θ)

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)
yn (θ) fn (yn (θ))

∑k ρC
k ηG

kn
∑n ∑k ρC

k ηG
kn
[1− Fn (θ)]−∑m

∑k ρC
k ηG

km
∑m ∑k ρC

k ηG
km
[1− F (θ)] rG

mn (θ)

[1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

]
×Cn (yn (θ))

[
1− T′ (yn (θ))

] εA
n (yn (θ)) T̂A′

n (yn (θ))

1− TA′
n (yn (θ))

dyn (θ)

−∑
n

∫ yn(θ)

yn(θ)

∑k ρC
k ηG

kn

∑n ∑k ρC
k ηG

kn
fn (yn (θ)) yn (θ)Cn (yn (θ))

[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ).
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Notice that ŷn(θ)
yn(θ)

= − εA
n (yn(θ))T̂A′

n (yn(θ))
1−TA′

n (yn(θ))
. The above equation is equivalent to:

∑k ρC
k T̂A

k (yk (θ))

∑j ∑k ρG
k ηG

kj

= ∑
n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
Ên + ∑

n

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)

×
∫ yn(θ)

y
dT̂ [yn (θ)] + ∑

n

∫ yn(θ)

yn(θ)

(
∑k ρC

k ηG
kn

∑n ∑k ρC
k ηG

kn
− Nn

∑n Nn

)
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)
yn (θ) fn (yn (θ))

∑k ρC
k ηG

kn
∑n ∑k ρC

k ηG
kn
[1− Fn (θ)]−∑m

∑k ρC
k ηG

km
∑m ∑k ρC

k ηG
km
[1− F (θ)] rG

mn (θ)

[1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

]
×Cn (yn (θ))

[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn (θ)

−∑
n

∫ yn(θ)

yn(θ)

∑k ρC
k ηG

kn

∑n ∑k ρC
k ηG

kn
fn (yn (θ)) yn (θ)Cn (yn (θ))

[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ).

By definition ρn ≡ ∑k ρC
k ηG

kn
∑n ∑k ρC

k ηG
kn

/ Nn
∑n Nn

, we can rearrange the above equation to derive:

∑k ρG
k T̂A

k (yk (θ))

∑j ∑k ρG
k ηG

kj
(D87)

= ∑
n
(ρn − 1)

Nn

∑n Nn
Ên + ∑

n
(ρn − 1)

Nn

∑n Nn

∫ yn(θ)

y
dT̂ [yn (θ)]

+∑
n

∫ yn(θ)

yn(θ)
(ρn − 1)

Nn

∑n Nn
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)

fn (yn (θ)) yn (θ) ρnNn

∑n Nn

 [1− Fn (θ)]− [1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

]
−∑m

∑k ρC
k ηG

km
∑m ∑k ρC

k ηG
km
[1− Fm (θ)] rG

mn (θ)


[1− rnn]

[
F̃n (yn (θ))− FR

n (yn (θ))
]

×Cn (yn (θ))
[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn (θ) .

Remember that

Cn (yn (θ)) =
[1− rnn]

F̃n(yn(θ))−FR
n (yn(θ))

yn(θ) fn(yn(θ))
1

εA
n (yn(θ))

1 + [1− rnn]
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εA

n (yn(θ))

.
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Equivalently,

[1− Fn (θ)]

εC
n (yn (θ)) yn (θ) fn (yn (θ))Cn (yn (θ))

(D88)

=
[1− Fn (yn (θ))]

[
εA

n (yn(θ))

εC
n (yn(θ))

+ (1− rnn)
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εC

n (yn(θ))

]
[1− rkk]

[
F̃n (yn (θ))− FR

n (yn (θ))
] .

Therefore,

∑
n

∫ yn(θ)

yn(θ)
(ρn − 1)

Nn

∑n Nn
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ)

= −∑
n
(1− ρn)

∫ yn(θ)

yn(θ)

Nn

∑n Nn

εC
n (yn (θ)) yn (θ) fn (yn (θ)) [1− Fn (θ)]

εC
n (yn (θ)) yn (θ) fn (yn (θ))Cn (yn (θ))

Cn (yn (θ)) T̂′ (yn(θ)) dyn(θ)

= −∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
εC

n (yn (θ)) yn (θ) fn (yn (θ)) (1− ρn)Cn (yn (θ)) T̂′ (yn(θ))

×
[1− Fn (yn (θ))]

[
εA

n (yn(θ))

εC
n (yn(θ))

+ F̃n(yn(θ))−FR
n (yn(θ))

yn(θ) fn(yn(θ))
1−rnn

εC
n (yn(θ))

]
[1− rkk]

[
F̃n (yn (θ))− FR

n (yn (θ))
] dyn(θ),

where the second equation uses equation (D88).

Then substitute ∑n
∫ yn(θ)

yn(θ)
(ρn − 1) Nn

∑n Nn
[1− Fn (θ)] T̂′ (yn(θ)) dyn(θ) in equation (D87) by the above equa-

tion:

∑k ρC
k T̂A

k (yk (θ))

∑j ∑k ρC
k ηG

kj
(D89)

= ∑
n
(ρn − 1)

Nn

∑n Nn
Ên + ∑

n
(ρn − 1)

Nn

∑n Nn

∫ yn(θ)

y
dT̂ [yn (θ)]

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)


Nn

∑n Nn
εC

n (yn (θ)) yn (θ) fn (yn (θ)) (1− ρn)Cn (yn (θ)) T̂′ (yn(θ))

×
[1−Fn(yn(θ))]

[
εA
n (yn(θ))

εC
n (yn(θ))

+(1−rnn)
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εC
n (yn(θ))

]
[1−rkk ][F̃n(yn(θ))−FR

n (yn(θ))]

 dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)


fn (yn (θ)) yn (θ) ρn

Nn
∑n Nn

Cn (yn (θ)) [1− T′ (yn (θ))]
ŷn(θ)
yn(θ)

×


[1− Fn (θ)]− [1− rnn]

[
F̃n (yn (θ))− FR

n (yn (θ))
]

−∑m
∑k ρC

k ηG
km

∑m ∑k ρC
k ηG

km
[1− Fm (θ)] rG

mn (θ)


[1−rnn][F̃n(yn(θ))−FR

n (yn(θ))]


dyn (θ) .
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Rearrange eqaution (D79):

− Ŵ[
∑k
∫ θ

θ f̃ C (x) ∂U(x)
∂Vk(x)dx

] [
∑n ∑k ρC

k ηG
kn

]
=

∑k ρC
k T̂A

k (yk (θ))

∑j ∑k ρC
k ηG

kj
+

∑n
∫ θ

θ ρC
n

[
1− F̃C

n (yn (θ))
]

T̂A′
n (yn (θ)) dyn (θ)

∑n ∑k ρC
k ηG

kn
.

Substitute ∑k ρC
k T̂A

k (yk(θ))

∑j ∑k ρC
k ηG

kj
in the above equation by (D89):

− Ŵ[
∑k
∫ θ

θ f̃ C (x) ∂U(x)
∂Vk(x)dx

] [
∑n ∑k ρC

k ηG
kn

] (D90)

= ∑
n
(ρn − 1)

Nn

∑n Nn
Ên + ∑

n
(ρn − 1)

Nn

∑n Nn

∫ yn(θ)

y
dT̂ [yn (θ)]

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ)

−∑
n

∫ yn(θ)

yn(θ)


Nn

∑n Nn
εC

n (yn (θ)) yn (θ) fn (yn (θ)) (1− ρn)Cn (yn (θ)) T̂′ (yn(θ))

×
[1−Fn(yn(θ))]

[
εA
n (yn(θ))

εC
n (yn(θ))

+(1−rnn)
F̃n(yn(θ))−FR

n (yn(θ))
yn(θ) fn(yn(θ))

1
εC
n (yn(θ))

]
[1−rkk ][F̃n(yn(θ))−FR

n (yn(θ))]

 dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)



Nn
∑n Nn

yn (θ) fn (yn (θ))Cn (yn (θ))
[1−T′(yn(θ))]ŷn(θ)

yn(θ)

×

 ρn [1− Fn (θ)]− ρn [1− rnn]
[

F̃n (yn (θ))− FR
n (yn (θ))

]
−

∑m ρm
Nm
Nn

[1− Fm (θ)] rG
mn (θ)−

ρC
∑k ρC

k ηG
kn

ρn

[
1− F̃C

n (yn (θ))
] 

[1−rnn][F̃n(yn(θ))−FR
n (yn(θ))]


dyn (θ) .

Use the definition of B1
n (yn (θ)), B2

n (yn (θ)), and ρC to simplify the expression of (D90):

− Ŵ

ρC
[
∑j ∑k ρG

k ηG
kj

] = −∑
n
(1− ρn)

Nn

∑n Nn
Ên −∑

n
(1− ρn)

Nn

∑n Nn

∫ yn(θ)

y
dT̂ [yn (θ)] (D91)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
yn (θ) fn (yn (θ)) B1

n (yn (θ))Cn (yn (θ))
[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn (θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
εC

n (yn (θ)) yn (θ) fn (yn (θ)) B2
n (yn (θ))Cn (yn (θ)) T̂′ (yn(θ)) dyn(θ).
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Since we have assumed that θk = θ, θk = θ, yn(θ) = y, yn(θ) = y. We can simplify the above equation:

− Ŵ

ρC
[
∑j ∑k ρG

k ηG
kj

] = −∑
n
(1− ρn)

Nn

∑n Nn
Ên

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
fn (yn(θ)) yn(θ)T′ (yn(θ))

ŷn(θ)

yn(θ)
dyn(θ)

+∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
yn (θ) fn (yn (θ)) B1

n (yn (θ))Cn (yn (θ))
[
1− T′ (yn (θ))

] ŷn(θ)

yn(θ)
dyn (θ)

−∑
n

∫ yn(θ)

yn(θ)

Nn

∑n Nn
εC

n (yn (θ)) yn (θ) fn (yn (θ)) B2
n (yn (θ))Cn (yn (θ)) T̂′ (yn(θ)) dyn(θ).

Step2. When Condition 2 holds, by Propostion 5, we have:

ŷn (θ)

yn (θ)
= −εC

n (yn (θ))
T̂′ (yn (θ))

1− T′ (yn (θ))
−
∫ y(θ)

y(θ)
εCross

n (yn (θ) , y (x))
T̂′ (y (x))

1− T′ (y (x))
dy (x)−∑

j
εE

nj (yn (θ)) Êj,

where εC
n (yn (θ)) =

1
1

εn +
T′′(yn(θ))yn(θ)

1−T′(yn(θ))

. Substitute ŷn(θ)
yn(θ)

in equation (D91) by the above equation:

− Ŵ

ρC
[
∑j ∑k ρC

k ηG
kj

] = −∑
n
(1− ρn)

Nn

∑n Nn
Ên

−∑
n

∫ y

y

Nn

∑n Nn
εC

n (yn) yn fn (yn) B2
n (yn)Cn (yn) T̂′ (yn) dyn

−∑
n

∫ y

y

Nn

∑n Nn
fn (yn) ynT′ (yn)

 −εC
n (yn)

T̂′(yn)
1−T?′(yn)

−∑m εE
nm (yn (θ)) Êm

−
∫ y

y εCross
n (yn, y′) T̂′(y′)

1−T′(y′)dy′

 dyn

+∑
n

∫ y

y

Nn

∑n Nn
yn fn (yn) B1

n (yn)Cn (yn)
[
1− T′ (yn)

] −εC
n (yn)

T̂′(yn)
1−T?′(yn)

−∑m εE
nm (yn) Êm

−
∫ y

y εCross
n (yn, y′) T̂′(y′)

1−T′(y′)dy′

 dyn.

Use the Fubini theorem to exchange the order of integration:

− Ŵ

ρC
[
∑j ∑k ρC

k ηG
kj

]
= −∑

n

Nn

∑n Nn

{
(1− ρn)−∑

m

∫ y

y

Nm

Nn
y fm (y) εE

mn (y)
{

T′
(
y′
)
− B1

m (y)Cm (y)
[
1− T′

(
y′
)]}

dy

}
Ên

+
∫ y

y

 ∑n
Nn

∑n Nn
y fn (y) εC

n (y)
{

T′ (y′)−
[
B1

n (y) + B2
n (y)

]
Cn (y) [1− T′ (y′)]

}
+∑m

∫ y
y

Nm
∑n Nn

fm (y′m) y′m
{

T′ (y′m)− B1
m (y′m)Cm (y′m) [1− T′ (y′m)]

}
εCross

m (y′m, y) dy′m

 dT̂ (y)
1− T′ (y)

.
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Use defintions of B̃n (y) and Bn (y):

− Ŵ

ρC
[
∑j ∑k ρC

k ηG
kj

] = −∑
n


Nn

∑n Nn
(1− ρn)−

∑m
∫ y

y
Nm

∑n Nn
y fm (y)

[
∑n εE

mn (y)
] [

T′y)− B̃m (y)Cm (y) [1− T′ (y)]
]

dy

 Ên

+
∫ y

y

 ∑n
Nn

∑n Nn
fn (y) yεC

n (y) {T′ (y)− Bn (y)Cn (y) [1− T′ (y)]}
+∑m

∫ y
y

Nm
∑n Nn

fm (y′) y′
{

T′ (y′)− B̃m (y′)Cm (y′) [1− T′ (y′)]
}
× εCross

m (y′, y′) dy′

 dT̂ (y)
[1− T′ (y)]

.

Use Λ (y) = ∑n
Nn

∑n Nn
fn (y) yεC

n (y) to simplify the above equation:

− Ŵ

ρC
[
∑j ∑k ρC

k ηG
kj

] (D92)

= −∑
n


Nn

∑n Nn
(1− ρn)−

∑m
∫ y

y Λ (y)) Am (y)
[
∑n εE

mn (y)
] {

T′ (y)− B̃m (y)Cm (y) [1− T′ (y)]
}

dy

 Ên

+
∫ y

y

 Λ (y)∑n An (y) {T′ (y)− Bn (y)Cn (y) [1− T′ (y)]}+∫ y
y Λ (y′)∑m Am (y′)

{
T′ (y′)− B̃m (y′)Cm (y′) [1− T′ (y′)]

}
εCross

m (y′,y)
εC

m(y′)
dy′

 dT̂ (y)
1− T′ (y)

.

The above equation is equivalent to (D79).�

D.7 Theorem 3: Integral Equation for the Optimal Taxation
For the optimal central income tax, we have the following general result.

Theorem 3 When the regular Assumption 2 hold, for any y ∈ Y , the optimal central income tax rate satisfies:

T′ (y) =
∑n An (y) Bn (y)Cn (y)

∑n An (y) [1 + Bn (y)Cn (y)]
(D93)

+
∫ y

y

Λ (y′)
Λ (y)

∑n An (y′) B̃n (y′)Cn (y′)
∑n An (y) [1 + Bn (y)Cn (y)]

εCross
n (y′, y)

εC
n (y′)

dy′

−
∫ y

y

Λ (y′)
Λ (y)

∑n An (y′)
[
1 + B̃n (y′)Cn (y′)

]
∑n An (y) [1 + Bn (y)Cn (y)]

εCross
n (y′, y)

εC
n (y′)

T′
(
y′
)

dy′,

where Λ (yn(θ)) = ∑n
Nn

∑n Nn
fn (yn(θ)) yn(θ)εC

n (yn (θ)), Aj (y) =
Nj f j(y)yεC

j (y)

∑j Nj f j(y)yεC
j (y)

, Bj (y) is given in equation (D81),

Cj (y) in given in equation (31). Moreover, if the inter-region transfer is freely chosen by the central government, we

have

0 =
Nn

∑n Nn
(1− ρn)−

∫ y

y
∑
m

Am
(
y′
) [ T′ (y′)−

B̃m (y′)Cm (y′) [1− T′ (y′)]

] [
Λ
(
y′
)
∑
n

εE
mn
(
y′
)]

dy′. (D94)

Proof. See the following proof.
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D.8 Proof of Theorem 3
Step 1. When the central government can not manipulate En, and the central income tax is optimal, we have

Ŵ = 0 for any tax perturbation and Ên = 0. Then according to (D83), we have:

0 =
∫ y

y

 Λ (y)∑n An (y) {T?′ (y′)− Bn (y)Cn (y) [1− T?′ (y)]}
+
∫ y

y Λ (y′)∑m Am (y′)
{

T?′ (y′)− B̃m (y′)Cm (y′) [1− T?′ (y′)]
}

εCross
m (y′,y)

εC
m(y′)

dy′

 dT̂ (y)
1− T?′ (y)

.

Since for any T̂ (y) the above equation hold, we can consider the elementary tax reform so that
{

T̂ (ỹ) = 1y=ỹ

}
ỹ∈[y,y]

.

Then for any ỹ ∈ Y :

0 =
∫ y

y

 Λ (y)∑n An (y) {T?′ (y′)− Bn (y)Cn (y) [1− T?′ (y)]}
+
∫ y

y Λ (y′)∑m Am (y′)
{

T?′ (y′)− B̃m (y′)Cm (y′) [1− T?′ (y′)]
}

εCross
m (y′,y)

εC
m(y′)

dy′

 d1y=ỹ

1− T?′ (y)
.

We have the following result for any ỹ ∈ Y :

0 = ∑
n

An (ỹ)
{

T′ (ỹ)− Bn (ỹ)Cn (ỹ)
[
1− T′ (ỹ)

]}
+

∫ y

y
∑
m

Am
(
y′
) {

T′
(
y′
)
− B̃m

(
y′
)

Cm
(
y′
) [

1− T′
(
y′
)]} Λ (y′)

Λ (ỹ)
εCross

m (y′, ỹ)
εC

m (y′)
dy′

Alternatively, for y ∈ Y :

0 = ∑
n

An (y)
{

T′ (y)− Bn (y)Cn (y)
[
1− T′ (y)

]}
+ (D95)

∫ y

y
∑
m

Am
(
y′
) {

T′
(
y′
)
− B̃m

(
y′
)

Cm
(
y′
) [

1− T′
(
y′
)]} Λ (y′)

Λ (y)
εCross

m (y′, y)
εC

m (y′)
dy′.

Rearranging (D95) gives (D93).

Step 2. If the central government can both choose central income tax and inter-region transfer, then one

has optimal conditions for the central income tax and transfer. To derive the conditions, we first reform

the central income tax while keeping the inter-region transfer unchanged. Then we again has the above

equation (D93). On the other hand, since in the neighbor of optimal tax and transfer, for any marginal

reforms
{

T̂ (y) , Êk

}
, one has Ŵ = 0, we have the following equation by equation (D83):

0 = −∑
n

 Nn
∑n Nn

(1− ρn)−
∑m
∫ y

y Λ (y) Am (y)
[
∑n εE

mn (y)
] {

T?′ (y)− B̃m (y)Cm (y) [1− T?′ (y)]
}

dy

 Ên

+
∫ y

y

 Λ (y)∑n An (y) {T?′ (y′)− Bn (y)Cn (y) [1− T?′ (y)]}+∫ y
y Λ (y′)∑m Am (y′)

{
T?′ (y′)− B̃m (y′)Cm (y′) [1− T?′ (y′)]

}
εCross

m (y′,y)
εC

m(y′)
dy′

 dT̂ (y)
1− T?′ (y)

.
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Since for any y ∈ Y , (D95) is satisfied, the above equation can be simplified as:

0 = −∑
n


Nn

∑n Nn
(1− ρn)−

∑m
∫ y

y Λ (y) Am (y)
[
∑n εE

mn (y)
] [

T?′ (y)− B̃m (y)Cm (y) [1− T?′ (y)]
]

dy

 Ên.

Notice that for any
{

Ên

}
the above equation should be zero when the original tax and transfer are

optimal. We have equation (D94).�

D.9 Proposition 7: Solution to the Integral Equation
In Proposition 7, we show the existence and uniqueness of the solution to the integral equation.

Assumption 4 Functions ∑n An(y)Bn(y)Cn(y)
∑n An(y)[1+Bn(y)Cn(y)]

, ∑n An(y′)B̃n(y′)Cn(y′)
∑n An(y)[1+Bn(y)Cn(y)]

, and Λ(y′)
Λ(y)

εCross
n (y′,y)

εC
n (y′)

are square-integrable func-

tion in Y , where Λ (y) = ∑n
Nn

∑n Nn
fn (y) yεC

n (y). They satisfy the following inequality:

∫ y

y

∫ y

y

Λ (y′)
Λ (y)

∑n An (y′)
[
1 + B̃n (y′)Cn (y′)

]
∑n An (y) [1 + Bn (y)Cn (y)]

εCross
n (y′, y)

εC
n (y′)


2

dy′dy


1
2

< 1.

Under Assumption 4, we can well define B∗n (y):

B∗n (y) = Bn (y) +
∫ y

y


An(y′)Cn(y′)
An(y)Cn(y)

 Λ(y′)
Λ(y)

εCross
n (y′ ,y)

εC
n (y′)

+
∫ y

y g (y, y′′) Λ(y′)
Λ(y′′)

εCross
n (y′ ,y′′)

εC
n (y′)

∑n An(y)[1+Bn(y)Cn(y)]
∑n An(y′′)[1+Bn(y′′)Cn(y′′)]

dy′′

 B̃n (y′)

+g (y, y′) An(y′)Cn(y′)
An(y)Cn(y)

∑n An(y)[1+Bn(y)Cn(y)]
∑n An(y′)[1+Bn(y′)Cn(y′)]

Bn (y′)

 dy′, (D96)

where g (y, y′) is the solution to the following integral equation

g
(
y, y′

)
= −Λ (y′)

Λ (y)

∑n An (y′)
[
1 + B̃n (y′)Cn (y′)

]
∑n An (y) [1 + Bn (y)Cn (y)]

εCross
n (y′, y)

εC
n (y′)

−

∫ y

y

Λ (y′)
Λ (y′′)

∑n An (y′)
[
1 + B̃n (y′)Cn (y′)

]
∑n An (y′′) [1 + Bn (y′′)Cn (y′′)]

εCross
n (y′, y′′)

εC
n (y′)

g
(
y′′, y′

)
dy′′.

Assumption 4 guarantees the existence and uniqueness of the solution to the above equation. Under the

above assumptions and definitions, we have the following proposition:

Proposition 7 When Assumption 2 holds, there exist unique optimal central income tax schedule, which satisfies

T?′ (y) =
∑n An (y) Bn (y)Cn (y)

∑n An (y) [1 + Bn (y)Cn (y)]
(D97)

+
∫ y

y

Λ (y′)
Λ (y)

∑m εCross
nm (y′, y)
εC

n (y′)
∑n An (y′) B̃n (y′)Cn (y′)

∑n An (y) [1 + Bn (y)Cn (y)]
dy′

−
∫ y

y

Λ (y′)
Λ (y)

∑n An (y′)
[
1 + B̃n (y′)Cn (y′)

]
∑n An (y) [1 + Bn (y)Cn (y)]

∑m εCross
nm (y′, y)
εC

n (y′)
T?′ (y′) dy′.
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where Λ (y) = ∑n
Nn

∑n Nn
fn (y) yεC

n (y). Alternatively, we have:

T?′ (y) = ∑n An (y) B∗n (y)Cn (y)
∑n An (y) [1 + Bn (y)Cn (y)]

. (D98)

Proof. See the following proof.

D.10 Proof of Proposition 7
To shorten the expression, set x (y) and γ (y, y′):

x (y) =
∑n An (y) Bn (y)Cn (y)

∑n An (y) [1 + Bn (y)Cn (y)]
+
∫ y

y

Λ (y′)
Λ (y)

εCross
n (y′, y)

εC
n (y′)

∑n An (y′) B̃n (y′)Cn (y′)
∑n An (y) [1 + Bn (y)Cn (y)]

dy′,

γ
(
y, y′

)
= −Λ (y′)

Λ (y)

∑n An (y′)
[
1 + B̃n (y′)Cn (y′)

]
∑n An (y) [1 + Bn (y)Cn (y)]

εCross
n (y′, y)

εC
n (y′)

.

Then the equation (D93) is equivalent to:

T′ (y) = x (y) +
∫ y

y
γ
(
y, y′

)
T′
(
y′
)

dy′. (D99)

When Assumption 4 holds, by Minkowski inequality and Holder inequality, we know γ (y, y′) and x (y)

are square integrable function. By Lemma 10, there is a unique solution to the above equation (D99). By

Lemma 11, when Assumption 4 holds, there exist a unique resolvent g (y, y′) to the equation (D99):

g
(
y, y′

)
= γ

(
y, y′

)
+
∫ y

y
γ
(
y, y′′

)
g
(
y′′, y′

)
dy′′

Moreover, we can solve g (y, y′) by taking the limit of sequence {gn (y, y′)}, i.e., g (y, y′) = limn→∞ gn (y, y′):

gn+1 (y, y′
)
= γ

(
y, y′

)
+
∫ y

y
γ
(
y, y′′

)
gn (y′′, y′

)
dy′′; n ≥ 0, g0 (y, y′

)
= γ

(
y, y′

)
.

By Lemma 12, when Assumption 4 holds, the solution of equation (D99) is

T′ (y) = x (y) +
∫ y

y
g
(
y, y′

)
x
(
y′
)

dy′.

By definitions of x (y) and g (y, y′):

T?′ (y) =

∑n An (y)

Bn (y) +
∫ y

y
An(y′)Cn(y′)
An(y)Cn(y)


Λ(y′)
Λ(y)

εCross
n (y′ ,y)

εC
n (y′)

B̃n (y′) +

B̃n (y′)
∫ y

y g (y, y′′) Λ(y′)
Λ(y′′)

εCross
n (y′ ,y′′)

εC
n (y′)

∑n An(y)[1+Bn(y)Cn(y)]
∑n An(y′′)[1+Bn(y′′)Cn(y′′)]

dy′′

+g (y, y′) ∑n An(y)[1+Bn(y)Cn(y)]
∑n An(y′)[1+Bn(y′)Cn(y′)]

Bn (y′)

 dy′

Cn (y)

∑n An (y) [1 + Bn (y)Cn (y)]

Use the definition of B∗n (y), the above equation is equivalent to (D98)

T?′ (y) = ∑n An (y) B∗n (y)Cn (y)
∑n An (y) [1 + Bn (y)Cn (y)]

.
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D.11 Proof of Proposition 6: Optimal Tax When ρn = 1
By Proposition 7 when ρn = 1, one has for any yn (θ) and n (see equation (D81)):

B̃n (yn (θ)) = Bn (yn (θ)) .

Then equation (D97) can be written as:

0 = ∑
n

An (y)
{

T?′ (y)− Bn (y)Cn (y)
[
1− T?′ (y)

]}
+

∫ y

y
∑
m

Am
(
y′
) Λ (y′)

Λ (y)
εCross

m (y′, y)
εC

m (y′)
{

T?′ (y′)− Bm
(
y′
)

Cm
(
y′
) [

1− T?′ (y′)]} dy′.

Remember that εC
m is independent of m. In addition, if εCross

m (y′, y) is independent of m ∈ J for y′, y ∈ Y ,

we have

0 = ∑
n

An (y)
{

T?′ (y)− Bn (y)Cn (y)
[
1− T?′ (y)

]}
+ (D100)

∫ y

y

εCross (y′, y)
εC (y′)

{
∑
m

Am
(
y′
)

T?′ (y′)−∑
m

Am
(
y′
)

Bm
(
y′
)

Cm
(
y′
) [

1− T?′ (y′)]} dy′.

where we omit the subscript of εC
m and εCross

m because they are indpendent of m. We have the following

T?′ (y) as a solution to the above equation.

T?′ (y) = ∑n An (y) Bn (y)Cn (y)
∑n An (y) [1 + Bn (y)Cn (y)]

Moreover, since there is a unique solution to (D100), the above solution is the unique solution.�

D.12 Supplement to Proposition 6: When ρn = 1 is Optimal
When the central government can freely choose central income tax and inter-region transfers, the optimal

policies satisfy

ρn = 1;
T?′ (y)

1− T?′ (y)
= ∑

n
An (y) Bn (y)Cn (y) (D101)

when Assumptions 2 and 4 hold, and

εE
m′n (y) = εE

mn (y) , εCross
m′

(
y′, y

)
= εCross

m
(
y′, y

)
, ∀m′, m, n ∈ J , y′, y ∈ Y . (D102)

To see the above result, we first prove that when the central government can freely choose central income
tax and inter-region transfers, ρn = 1. By equation (D98) in Proposition 7, one has the following result when
the central government can choose inter-region transfer freely:

Nn

∑n Nn
(1− ρn) =

∫ y

y
∑
m

Am
(
y′
)

[
1 + B̃m (y′)Cm (y′)

]
T?′ (y)

−B̃m (y′)Cm (y′)

×
[

Λ
(
y′
)
∑
n

εE
mn
(
y′
)]

dy′. (D103)

By equation (D97) in Proposition 7, the optimal tax rate satisfies:
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0 =

{
∑
n

An (y) [1 + Bn (y)Cn (y)] T?′ (y)−∑
n

An (y) Bn (y)Cn (y)

}
(D104)

+
∫ y

y

{
∑
m

Am
(
y′
) [

1 + B̃m
(
y′
)

Cm
(
y′
)]

T?′ (y)−∑
m

Am
(
y′
)

B̃m
(
y′
)

Cm
(
y′
)} Λ (y′)

Λ (y)
εCross

m (y′, y)
εC

m (y′)
dy′.

Proposition 7 has shown that there is a unique solution. Therefore, we need only to show that (D101) is

a solution.

In the Proof of Proposition 6, we have shown that when ρn = 1 and for any m′, m ∈ J , y′, y ∈ Y ,

εCross
m′ (y′, y) = εCross

m (y′, y), (D104) is equivalent to:

T?′ (y)
1− T?′ (y)

= ∑
n

An (y) Bn (y)Cn (y) .

Therefore, (D101) satisfies (D104). When for any m′, m, n ∈ J , εE
m′n (y) = εE

mn (y), the left side of (D103)
is equivalent to

Nn

∑n Nn
(1− ρn)−

∫ y

y
∑
m

Am
(
y′
) {[

1 + B̃m
(
y′
)

Cm
(
y′
)]

T?′ (y)− B̃m
(
y′
)

Cm
(
y′
)} [

Λ
(
y′
)
∑
n

εE
mn
(
y′
)]

dy′

=
Nn

∑n Nn
(1− ρn)−

∫ y

y

{
∑
m

Am
(
y′
) [

1 + B̃m
(
y′
)

Cm
(
y′
)]

T?′ (y)−∑
m

Am
(
y′
)

B̃m
(
y′
)

Cm
(
y′
)} [

Λ
(
y′
)
∑
n

εE
n (y)

(
y′
)]

dy′,

where we save subscript m of εE
mn in the right side of the above equation because εE

mn is independent of m.
Under (D101) we have ρn = 1 and B̃m (y′) = Bm (y′), which implies

0 =
Nn

∑n Nn
(1− ρn)−

∫ y

y

{
∑
m

Am
(
y′
) [

1 + B̃m
(
y′
)

Cm
(
y′
)]

T?′ (y)−∑
m

Am
(
y′
)

B̃m
(
y′
)

Cm
(
y′
)} [

Λ
(
y′
)
∑
n

εE
n (y)

(
y′
)]

dy′.

Therefore, when (D102) holds, (D101) guarantees (D103). In conclusion, (D101) is the unique solution.�

E Supplements for Model Extension
E.1 Propositions about Integral Equations
We first provide the necessary definitions and then present the integral equation problem to be solved in

Section E.1.2 (see equation (A.P)). Finally, we solve the integral equation problem.

E.1.1 Definition of Space and Operator

Definition 3 The L2−normed Vector Space. (i) Given that Θ ⊆ R is a closed interval in R with a lower bound θ,

L2 (Θ) is defined as the vector space consisting of all square-integrable functions on Θ (equivalence classes up to a

Lebesgue measure zero set), which forms a normed vector space equipped with the 2-norm ‖·‖2:

L2 (Θ) ≡
{

f | f : Θ→ R and
∫

Θ
| f (θ)|2 dθ < ∞

}
/˜; ‖ f ‖2 ≡

[∫
Θ
| f (θ)|2 dθ

]1/2

. (E1)

Here, the symbol “/˜” indicates that this is a vector space composed of equivalence classes. Similarly, L2 (Θ×Θ) is

defined as follows:
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L2 (Θ×Θ) ≡
{

h|h : Θ→ R and
∫

Θ

∫
Θ

∣∣h (θ, θ′
)∣∣2 dθdθ′ < ∞

}
/˜; (E2)

‖h‖2 ≡
[∫

Θ

∫
Θ

∣∣h (θ, θ′
)∣∣2 dθdθ′

]1/2

.

(ii) The normed vector space LK
2 (Θ) is the vector space consisting of all K-dimensional vector functions that are

square-integrable on Θ, which forms a normed vector space when equipped with the 2-norm ‖•‖K
2 . We define the

K-dimensional vector function
−→
f : Θ→ RK on Θ as follows:

−→
f =

[
f1 · · · fK

]T
: Θ→ RK; where ∀ k = 1, . . . , K, fk : Θ→ R is a function on Θ.

where LK
2 (Θ) and ‖•‖K

2 : LK
2 (Θ)→ [0,+∞) are defined as

LK
2 (Θ) ≡

{−→
f =

[
f1 · · · fK

]T
: Θ→ RK| fk ∈ L2 (Θ) , ∀ k = 1, . . . , K

}
/˜; (E3)

∥∥∥−→f ∥∥∥K

2
≡

[
K

∑
k=1

∫
Θ
| fk (θ)|2 dθ

] 1
2

.

Similarly, the normed vector space LK×K
2 (Θ×Θ) can be defined as the vector space consisting of K× K-dimensional

vector functions on Θ×Θ, equipped with the 2-norm ‖•‖K×K
2 . Define the K × K-dimensional vector function

−→
h :

Θ×Θ→ RK×K on Θ×Θ as follows:

−→
h =

[
h11 · · · h1K h21 · · · hK×K

]T
: Θ×Θ→ RK×K,

where for any k, j = 1, . . . , K, hkj : Θ×Θ → R is a function on Θ×Θ. Then define LK×K
2 (Θ×Θ) and ‖•‖K×K

2 :

LK×K
2 (Θ×Θ)→ [0,+∞):

LK×K
2 (Θ×Θ) ≡


−→
h =

[
h11 · · · h1K h21 · · · hK×K

]T
:

Θ×Θ→ RK×K|hkj ∈ L2 (Θ×Θ) , ∀ k, j = 1, . . . , K

 /˜; (E4)

∥∥∥−→h ∥∥∥K×K

2
≡

[
K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣hkj
(
θ, θ′

)∣∣2 dθdθ′
] 1

2

.

Note that L2 (Θ) and L2 (Θ×Θ) are complete spaces. Since the product space of a finite number of

complete spaces remains complete, it follows that the metric spaces LK
2 (Θ) and LK×K

2 (Θ×Θ) are complete

spaces. To simplify the narrative, in the following appendix, we omit the equivalence class description in

the text while retaining “/˜” in the definition to indicate that equivalence classes are taken here.

Definition 4 Bounded Mapping, Linear Operator, and Contraction Operator. Given that Θ ⊆ R is a closed interval

with a lower bound θ, and LK
2 (Θ) and LK×K

2 (Θ×Θ) are complete normed vector spaces: (i) T : LK
2 (Θ) → LK

2 (Θ)

is a bounded operator, if there exists a constant M > 0 such that for any
−→
f ∈ LK

2 (Θ), the following inequality holds:

∥∥∥T
(−→

f
)∥∥∥K

2
≤ M

∥∥∥−→f ∥∥∥K

2
;
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(ii) Similarly, the operator T̃ : LK×K
2 (Θ×Θ)→ LK×K

2 (Θ×Θ) is said to be bounded if there exists a constant M > 0

such that for any
−→
h ∈ LK×K

2 (Θ×Θ), the following inequality holds:

∥∥∥T̃
(−→

h
)∥∥∥K×K

2
≤ M

∥∥∥−→h ∥∥∥K×K

2
;

(iii) T : LK
2 (Θ)→ LK

2 (Θ) is a linear operator, if for any a1, a2, a ∈ R and any
−→
f 1,
−→
f 2,
−→
f ∈ LK

2 (Θ), one has:

T
(

a1
−→
f 1 + a2

−→
f 2

)
= a1T

(−→
f 1

)
+ a2T

(−→
f 2

)
; T
(

a
−→
f
)
= aT

(−→
f
)

;

(iv) Similarly, T̃ : LK×K
2 (Θ×Θ)→ LK×K

2 (Θ×Θ) is a linear operator, if for any a1, a2, a ∈ R and any
−→
h 1,
−→
h 2,
−→
h ∈

LK×K
2 (Θ×Θ), one has:

T̃
(

a1
−→
h 1 + a2

−→
h 2

)
= a1T̃

(−→
h 1

)
+ a2T̃

(−→
h 2

)
; T̃
(

a
−→
h
)
= aT̃

(−→
h
)

;

(v) T : LK
2 (Θ) → LK

2 (Θ) is a contraction operator, if there exist δ ∈ [0, 1) such that for any
−→
f 1,
−→
f 2 ∈ LK

2 (Θ), the

following inequality holds: ∥∥∥T
(−→

f 1

)
− T

(−→
f 2

)∥∥∥K

2
≤ δ

∥∥∥−→f 1 −
−→
f 2

∥∥∥K

2
;

(vi) Similarly, T̃ : LK×K
2 (Θ×Θ) → LK×K

2 (Θ×Θ) is a contraction operator, if there exist δ ∈ [0, 1) such that for

any
−→
h 1,
−→
h 2 ∈ LK×K

2 (Θ×Θ), the following inequality holds:

∥∥∥T̃
(−→

h 1

)
− T̃

(−→
h 2

)∥∥∥K×K

2
≤ δ

∥∥∥−→h 1 −
−→
h 2

∥∥∥K×K

2
.

E.1.2 The Problem to be Solved
Set vector function

−→
γ ≡

[
γ11 · · · γKK

]T
,−→γ ≡

[
γ11 · · · γKK

]T
∈ LK×K

2 (Θ×Θ), where γkj, γkj ∈

L2 (Θ×Θ), k, j = 1, . . . , K. For any
−→
f ≡

[
f1 · · · fK

]T
∈ LK

2 (Θ), define linear operator T
(−→

f
)

=[
T1

(−→
f
)
· · · TK

(−→
f
) ]T

as:

Tk

(−→
f
)
(θ) ≡

K

∑
j=1

∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′, k = 1, ..., K; (E5)

Under the above-defined linear operator, the equation

−→
f = T

(−→
f
)
+−→x (A.P)

represent the following equation system.

fk (θ) = xk (θ) +
K

∑
j=1

∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′; k = 1, ..., K.

This is the system of equations to be solved below.
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Lemma 9 The operator T
(−→

f
)

is a well-defined bounded linear operator from LK
2 (Θ) to LK

2 (Θ).

Proof. See the following proof.

E.1.3 Proof of Lemma 9
As linearity is obvious, to prove Lemma 9 , we only need to prove that for any k = 1, ..., K, Tk

(−→
f
)

is a

well-defined (i.e., bounded) operator from LK
2 (Θ) to L2 (Θ). That is to say

∥∥∥Tk

(−→
f
)∥∥∥

2
< ∞.

Step 1. Using the properties of absolute values, we have the following inequality

max
{

γkj
(
θ, θ′

)
f j
(
θ′
)

,−γkj
(
θ, θ′

)
f j
(
θ′
)}

≤
∣∣∣γkj

(
θ, θ′

)∣∣∣ ∣∣ f j
(
θ′
)∣∣ ,

max
{

γkj
(
θ, θ′

)
f j
(
θ′
)

,−γkj
(
θ, θ′

)
f j
(
θ′
)}
≤

∣∣γkj
(
θ, θ′

)∣∣ ∣∣ f j
(
θ′
)∣∣ .

We can derive the following inequality between integrations by the above inequality:∣∣∣∣∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣ ≤ ∫ θ

θ

∣∣∣γkj
(
θ, θ′

)∣∣∣ ∣∣ f j
(
θ′
)∣∣ dθ′,∣∣∣∣∫Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣ ≤ ∫

Θ

∣∣γkj
(
θ, θ′

)∣∣ ∣∣ f j
(
θ′
)∣∣ dθ′.

Notice that
∫ θ

θ

∣∣∣γkj (θ, θ′)
∣∣∣ ∣∣ f j (θ

′)
∣∣ dθ′ ≤

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣ ∣∣ f j (θ

′)
∣∣ dθ, one has the following inequalities by

the above inequalities: ∣∣∣∣∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣ ≤ ∫

Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣ ∣∣ f j
(
θ′
)∣∣ dθ, (E6)∣∣∣∣∫Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣ ≤ ∫

Θ

∣∣γkj
(
θ, θ′

)∣∣ ∣∣ f j
(
θ′
)∣∣ dθ′.

Step 2. Since γkj, γkj : Θ×Θ→ R is a square-integrable function, we have the following inequality:

∫
Θ

∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′dθ < ∞,
∫

Θ

∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′dθ < ∞.

Based on the definition of integrability, it can be inferred that
∫

Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′ < ∞ and

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′ <

∞ is true almost everywhere in Θ. Using the Holder inequality, we have

∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣ ∣∣ f j
(
θ′
)∣∣ dθ ≤

[∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′
] 1

2

×
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

, (E7)

∫
Θ

∣∣γkj
(
θ, θ′

)∣∣ ∣∣ f j
(
θ′
)∣∣ dθ′ ≤

[∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′
] 1

2

×
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

.

Combination of (E6) and (E7) suggests that the following inequality hold almost everywhere in Θ:

∣∣∣∣∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣2 ≤ [∫

Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′
]
×
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

]
, (E8)∣∣∣∣∫Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣2 ≤ [∫

Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′
]
×
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

]
.
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Notice that
−→
f ∈ LK

2 (Θ), one has
∫

Θ

∣∣ f j (θ
′)
∣∣2 dθ′ < ∞. Therefore the following inequality holds almost

everywhere in Θ:

∣∣∣∣∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣ ≤ [∫

Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′
] 1

2

×
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

< ∞,∣∣∣∣∫Θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
∣∣∣∣ ≤ [∫

Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′
] 1

2

×
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

< ∞

When the above inequality holds, one can take integration of both sides of (E8), which gives:

∫
Θ

[∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
]2

dθ ≤
∫

Θ

[∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′ ×
∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

]
dθ,

∫
Θ

[∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
]2

dθ ≤
∫

Θ

[∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′ ×
∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

]
dθ.

Using the Fubini theorem, the above inequality can be transformed into:

∫
Θ

[∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
]2

dθ ≤
∫

Θ

∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′dθ ×
∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′ < ∞, (E9)

∫
Θ

[∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′
]2

dθ ≤
∫

Θ

∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′dθ ×
∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′ < ∞.

The above inequality suggests that
∫ θ

θ γkj (θ, θ′) f j (θ
′) dθ′ and

∫
Θ γkj (θ, θ′) f j (θ

′) dθ′ are square integrable

functions in Θ.

Step 3. Rememeber that we have defined the following operator (see equation (E5)):

Tk

(−→
f
)
(θ) ≡

K

∑
j=1

∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′.

For any k = 1, .., K, using the triangle inequality of absolute values, for any
−→
f ∈ LK

2 (Θ) we have the

following inequality:

∣∣∣Tk

(−→
f
)
(θ)
∣∣∣ =

∣∣∣∣∣ K

∑
j=1

∫ θ

θ
γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

γkj
(
θ, θ′

)
f j
(
θ′
)

dθ′

∣∣∣∣∣ (E10)

≤
K

∑
j=1

∫ θ

θ

∣∣∣γkj
(
θ, θ′

)∣∣∣ ∣∣ f j
(
θ′
)∣∣ dθ′ +

K

∑
j=1

∫
Θ

∣∣kj
(
θ, θ′

)∣∣ ∣∣ f j
(
θ′
)∣∣ dθ′.

Using (E6) and (E7), we can rewrite (E10) as:

∣∣∣Tk

(−→
f
)
(θ)
∣∣∣ ≤ K

∑
j=1

[∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′
] 1

2
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

+
K

∑
j=1

[∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′
] 1

2
[∫

Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

.
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Using Holder’s inequality, the above inequality can be written as

∣∣∣Tk

(−→
f
)
(θ)
∣∣∣ ≤ [

K

∑
j=1

∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′
] 1

2
[

K

∑
j=1

∫
Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

+

[
K

∑
j=1

∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′
] 1

2
[

K

∑
j=1

∫
Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

.

Rearrange the above inequality:

∥∥∥Tk

(−→
f
)∥∥∥

2
≤


∫

Θ


[

∑K
j=1
∫

Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′

] 1
2

+
[
∑K

j=1
∫

Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′

] 1
2


2

dθ


1
2 [

K

∑
j=1

∫
Θ

∣∣ f j
(
θ′
)∣∣2 dθ′

] 1
2

=


∫

Θ


[

∑K
j=1
∫

Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′

] 1
2

+
[
∑K

j=1
∫

Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′

] 1
2


2

dθ


1
2 ∥∥∥−→f ∥∥∥K

2
.

Notice that
∥∥∥T
(−→

f
)∥∥∥K

2
=

(
∑K

k=1

∥∥∥Tk

(−→
f
)∥∥∥2

2

) 1
2

. We have

∥∥∥Tk

(−→
f
)∥∥∥

2
≤
∥∥∥T
(−→

f
)∥∥∥K

2
≤


K

∑
k=1

∫
Θ


[

∑K
j=1
∫

Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′

] 1
2

+
[
∑K

j=1
∫

Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′

] 1
2


2

dθ


1
2 ∥∥∥−→f ∥∥∥K

2
. (E11)

On the other hand, for any k = 1, .., K, we have

K

∑
k=1

√√√√ K

∑
j=1

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′ +

√√√√ K

∑
j=1

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′

2

(E12)

=
K

∑
k=1

K

∑
j=1

∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′ +
K

∑
k=1

K

∑
j=1

∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′

+2
K

∑
k=1

√√√√ K

∑
j=1

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′

√√√√ K

∑
j=1

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′.

Using Holder inequality for vector, we have

K

∑
k=1

√√√√ K

∑
j=1

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′

√√√√ K

∑
j=1

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′

≤

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′dθ

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′dθ
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Combination of the above inequality and equation (E12) gives

K

∑
k=1

√√√√ K

∑
j=1

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′ +

√√√√ K

∑
j=1

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′

2

(E13)

≤
K

∑
k=1

K

∑
j=1

∫
Θ

∣∣∣γkj
(
θ, θ′

)∣∣∣2 dθ′ +
K

∑
k=1

K

∑
j=1

∫
Θ

∣∣γkj
(
θ, θ′

)∣∣2 dθ′

+2

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′dθ

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′dθ

=

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′dθ +

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′dθ

2

=

(∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2

)2

.

Combination of (E11) and (E13) gives

∥∥∥Tk

(−→
f
)∥∥∥

2
≤
∥∥∥T
(−→

f
)∥∥∥K

2
≤
(∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2

)
×
∥∥∥−→f ∥∥∥K

2
. (E14)

Notice that
−→
γ ,−→γ ∈ LK×K

2 (Θ×Θ). One can see that T
(−→

f
)

and Tk

(−→
f
)

are well-defined bounded

operators. The linear property of the above operator is obvious.�

E.1.4 Existence and Uniqueness of the Solution
The following Theorem 5 and Lemma 10 are used to prove the existence and uniqueness of the solution to

the integral equations.

Theorem 5 Banach Contraction Mapping. (i) if (a) T : LK
2 (Θ) → LK

2 (Θ) is linear bounded contraction mapping,

and (b) −→x ∈ LK
2 (Θ), we have the following results:

(a) There is a unique solution
−→
f ∗ ∈ LK

2 (Θ) to the following equation:

−→
f = T

(−→
f
)
+−→x

(b) For any −→x 0 ∈ LK
2 (Θ), one can construct sequence

{−→
f n

}+∞

n=0
as below, such that for any n ≥ 0 there is

−→
f n ∈

LK
2 (Θ) satisfying limn→+∞

−→
f n =

−→
f ∗:

−→
f n+1 = T

(−→
f n

)
+−→x , n ≥ 0,

−→
f 0 = −→x 0

(ii) If (a) T̃ : LK×K
2 (Θ×Θ)→ LK×K

2 (Θ×Θ)is linear bounded contraction mapping, and (b) −→y ∈ LK×K
2 (Θ×Θ),

we have the following results:

(a) There is a unique solution
−→
h ∗ ∈ LK×K

2 (Θ×Θ) to the following equation:

−→
h = T̃

(−→
h
)
+−→y
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(b) If for any −→y 0 ∈ LK×K
2 (Θ×Θ) , one can construct sequence

{−→
h n

}+∞

n=0
as below, such that for any n ≥ 0, there

is
−→
h n ∈ LK×K

2 (Θ×Θ) satisfying limn→+∞
−→
h n =

−→
h ∗:

−→
h n+1 = T̃ (hn) +

−→y , n ≥ 0, h0 = −→y 0

Proof. For the above theorem, see Theorem 6.2.1 and 6.2.2 in CH6 of Zemyan (2012).

Sachs et al. (2020) also use the above theorem to prove the existence and uniqueness of the solution to

the integral equation. By the above theorem, we have the following Lemma 10.

Lemma 10 If the following contraction condition holds:

∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 < 1; (E15)

i.e., √√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣γkj (θ, θ′)
∣∣∣2 dθ′dθ +

√√√√ K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣γkj (θ, θ′)
∣∣2 dθ′dθ < 1,

then for any −→x ∈ LK
2 (Θ) there is a unique solution

−→
f ∗ ∈ LK

2 (Θ) to problem (A.P), i.e.,
−→
f ∗ = T

(−→
f ∗
)
+−→x . The

uniqueness mentioned above means that, up to a set of measure zero, there exists a unique
−→
f ∗ ∈ LK

2 (Θ) such that
−→
f ∗ = T

(−→
f ∗
)
+−→x . In particular, if

−→
f is continuous, the solution

−→
f ∗ exist and is unique.

Proof. See the following proof.

E.1.5 Proof of Lemma 10
First, to prove that problem (A.P) is a well-defined problem, one only need to show that for any

−→
f ∈ LK

2 (Θ),

there is T
(−→

f
)
+ −→x ∈ LK

2 (Θ). Notice that T is linear and bounded mapping, one has T
(−→

f
)
∈ LK

2 (Θ).

Moreover, since −→x ∈ LK
2 (Θ), the Minkowski inequality implies T

(−→
f
)
+−→x ∈ LK

2 (Θ)3002

Second, we now prove that T is a contractive mapping. Use inequality (E14) and condition E15, one can

see that there exist δ =
∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2 ∈ [0, 1), such that for any
−→
f ∈ LK

2 (Θ) there is the following

inequality: ∥∥∥T
(−→

f
)∥∥∥K

2
≤ δ

∥∥∥−→f ∥∥∥K

2
<
∥∥∥−→f ∥∥∥K

2

It can be seen that T is a contractive mapping. Then by Theorem 5, there exist a unqiue solution to

problem (A.P). Moreover, for any −→x 0 ∈ LK
2 (Θ), one can construct sequence

{−→
f n

}+∞

n=0
as below, so that for

any n ≥ 0, there is
−→
f n ∈ LK

2 (Θ) satisfying limn→+∞
−→
f n =

−→
f ∗:

−→
f n+1 = T

(−→
f n

)
+−→x , n ≥ 0,

−→
f 0 = −→x 0.

In conclusion, we have Lemma 10.�

E.1.6 Resolvent of Problem
Considering the possibility of iterative convergence in solving the problem, it can be conjectured that there

exists a vector function
−→
Γ ≡

[
Γ11 · · · ΓKK

]T
,
−→
Γ ≡

[
Γ11 · · · ΓKK

]T
∈ LK×K

2 (Θ×Θ) , such that the
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solution
−→
f ∗ =

[
f ∗1 · · · f ∗K

]T
satisfies the following representation form:

f ∗k (θ) = xk (θ) + ∑
j

∫ θ

θ
Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′ + ∑
j

∫
Θ

Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′, k = 1, .., K

Substituting it into the problem to be solved, i.e., problem (A.P), it can be found that if
−→
Γ and

−→
Γ is the

solution to problem (A.P), for any k, j = 1, .., K,
−→
Γ and

−→
Γ should satisfy the following equations:

Γkj
(
θ, θ′

)
= γkj

(
θ, θ′

)
+

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′; (E16)

Γkj
(
θ, θ′

)
=

[
γkj
(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′
]

+
K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′ +

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′.

To this end, we refer to the existence and uniqueness of the solution (
−→
Γ and

−→
Γ ) to the above problem as

the resolvent problem of (A.P).

We have the following result regarding the resolvent problem of (A.P).

Lemma 11 When condition E15 holds, there exist a unique solution
−→
Γ ∈ LK×K

2 (Θ×Θ) and
−→
Γ ∈ LK×K

2 (Θ×Θ)

such that there is a solution to the resolvent problem (E16). Moreover the resolvent
{

Γkj (θ, θ′)
}

and
{

Γjk (θ, θ′)
}

can be constructed by the following sequence. First construct a convergent sequence
{

Γn
kj (θ, θ′)

}+∞

n=0
of the resolvent{

Γkj (θ, θ′)
}

:

Γ0
kj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
,

Γn+1
kj

(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
Γn

mj
(
θ′′, θ′

)
dθ′′, ∀n ≥ 1.

One has Γkj (θ, θ′) = limn→∞ Γn
kj (θ, θ′). Second, construct a convergent sequence

{
Γn

kj (θ, θ′)
}+∞

n=0
of the resolvent{

Γkj (θ, θ′)
}

:

Γ0
kj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′;

Γn+1
kj

(
θ, θ′

)
≡

[
γkj
(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′
]

+
K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

)
Γn

mj
(
θ′′, θ′

)
dθ′′ +

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

)
Γn

mj
(
θ′′, θ′

)
dθ′′.

One has Γkj (θ, θ′) = limn
n→∞ Γn

kj (θ, θ′) , ∀n ≥ 1.

Proof. See the following proof.
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E.1.7 Proof of Lemma 11
We first prove that there exist a unique

−→
Γ ∈ LK×K

2 (Θ×Θ) such that

hkj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
hmj
(
θ′′, θ′

)
dθ′′; (E17)

Then, use the property that
−→
Γ ∈ LK×K

2 (Θ×Θ), we prove that there exist a unique
−→
Γ ∈ LK×K

2 (Θ×Θ)

such that the following equation holds:

hkj
(
θ, θ′

)
≡

[
γkj
(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′
]

(E18)

+
K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

)
hmj
(
θ′′, θ′

)
dθ′′ +

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

)
hmj
(
θ′′, θ′

)
dθ′′.

Step 1. Prove that there exists a unique solution
−→
Γ ∈ LK×K

2 (Θ×Θ) to the problem (E17).

First, for any
−→
h ∈ LK×K

2 (Θ×Θ), define linear operator T̃
(−→

h
)

=
[

T̃11

(−→
h
)
· · · T̃K×K

(−→
h
) ]T

:

LK×K
2 (Θ×Θ)→ LK×K

2 (Θ×Θ) such that for any k, j = 1, .., K:

T̃kj

(−→
h
) (

θ, θ′
)
=

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
hmj
(
θ′′, θ′

)
dθ′′;

Then, we only need to prove that there exists a unique solution to the following equation:

−→
h = T̃

(−→
h
)
+
−→
γ

where
−→
γ ∈ LK×K

2 (Θ×Θ).

Now, we only need to prove that T̃ is a contraction mapping. Similar to the process of obtaining (E12) in

the proof of Lemma 9 by utilizing (E6) and (E7), we can derive the following inequality:

∫
Θ

∫
Θ

∣∣∣∣T̃kj

(−→
h
) (

θ, θ′
)∣∣∣∣2 dθdθ′

≤
∫

Θ

∫
Θ

[ K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2
[

K

∑
m=1

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′
] 1

2
2

dθdθ′

=
∫

Θ

∫
Θ

[
K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] [

K

∑
m=1

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′
]

dθdθ′
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Summing over k and j yields:

K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣∣T̃kj

(−→
h
) (

θ, θ′
)∣∣∣∣2 dθdθ′

≤
K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

[
K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] [

K

∑
m=1

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′
]

dθdθ′

With Fubini’s theorem, the above inequality can be written in the following form:

K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣∣T̃kj

(−→
h
) (

θ, θ′
)∣∣∣∣2 dθdθ′

≤
{

K

∑
k=1

K

∑
m=1

∫
Θ

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′dθdθ′′
}
×
{

K

∑
j=1

K

∑
m=1

∫
Θ

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′dθ′
}

Using notations defined before, the above inequality can be expressed in the following form:

∥∥∥∥T̃
(−→

h
)∥∥∥∥K×K

2
≤
∥∥∥−→γ ∥∥∥K×K

2

∥∥∥∥−→h ∥∥∥∥K×K

2
<

∥∥∥∥−→h ∥∥∥∥K×K

2

By Theorem 5, (a) there exist a unique solution in LK×K
2 (Θ×Θ) to problem (E17). Set

−→
Γ as the solution;

moreover (b) we can construct sequence
{−→

Γ n

}+∞

n=0
such that limn→+∞

−→
Γ n =

−→
Γ :

−→
Γ n+1 = T̃

(−→
Γ n

)
+
−→
γ , n ≥ 0;

−→
Γ 0 =

−→
γ .

Specifically,

Γ0
kj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
;

Γn+1
kj

(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
Γn

mj
(
θ′′, θ′

)
dθ′′, n ≥ 0.

Step 2. We now prove that there exists a unque solution
−→
Γ ∈ LK×K

2 (Θ×Θ) to problem (E18)

In Step 1, we have proved that there exists a unique solution
−→
Γ ∈ LK×K

2 (Θ×Θ) to problem (E17). Now

set −→y ≡
[

y11 · · · yK×K

]T
such that for any k, j = 1, .., K:

ykj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′

Similar to the process of obtaining (E8) in the proof of Lemma 9 by utilizing (E6) and (E7), we can use

the fact that −→γ ,
−→
Γ ∈ LK×K

2 (Θ×Θ) to prove that
∫

θ′′≥θ′ γkm (θ, θ′′) Γmj (θ
′′, θ′) dθ′′ ∈ LK×K

2 (Θ×Θ).

Then use Minkowski inequaltiy, one has ykj ∈ L2 (Θ×Θ). Therefore −→y ∈ LK×K
2 (Θ×Θ). Then, set an
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operator ˜̃T(−→h ) =
[ ˜̃T11

(−→
h
)
· · · ˜̃TK×K

(−→
h
) ]T

: LK×K
2 (Θ×Θ)→ LK×K

2 (Θ×Θ) as below:

˜̃Tkj

(−→
h
) (

θ, θ′
)
=

K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

)
hmj
(
θ′′, θ′

)
dθ′′ +

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

)
hmj
(
θ′′, θ′

)
dθ′′, k, j = 1, .., K.

Then the original problem becomes proving that there exists a unique solution to the following equation:

−→
h = ˜̃T (−→h )+−→y ,

where −→y ∈ LK×K
2 (Θ×Θ).

Now we only need to prove that ˜̃T is a contractive mapping. Similar to the process of obtaining (E12) in

the proof of Lemma 9 by utilizing (E6) and (E7), we can derive the following inequality:∣∣∣˜̃T (−→h ) (θ, θ′
)∣∣∣

≤
K

∑
m=1

[∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2
[∫

Θ

∣∣hmj
(
θ′′, θ′

)∣∣2 dθ′′
] 1

2

+
K

∑
m=1

[∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2
[∫

Θ

∣∣hmj
(
θ′′, θ′

)∣∣2 dθ′′
] 1

2

≤


[

K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2

+

[
K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2

[

K

∑
m=1

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′
] 1

2

.

Similar to the process of obtaining (E11) and (E13) in the proof of Lemma 9, we can derive the following

inequality by the above inequality:

K

∑
k=1

K

∑
j=1

∫
Θ

∫
Θ

∣∣∣˜̃T (−→h ) (θ, θ′
)∣∣∣2 dθdθ′

≤
∫

Θ

∫
Θ

 K

∑
k=1

[
K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2

+

[
K

∑
m=1

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′
] 1

2


2

dθ′

×
[

K

∑
j=1

K

∑
m=1

∫
Θ

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′dθ′
]

≤


[

K

∑
k=1

K

∑
m=1

∫
Θ

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′dθ′
] 1

2

+

[
K

∑
k=1

K

∑
m=1

∫
Θ

∫
Θ

∣∣γkm
(
θ, θ′′

)∣∣2 dθ′′dθ′
] 1

2


2

×
[

K

∑
j=1

K

∑
m=1

∫
Θ

∫
Θ

∣∣∣hmj
(
θ′′, θ′

)∣∣∣2 dθ′′dθ′
]

.

Using notations defined before, the above inequality can be expressed in the following form:

∥∥∥˜̃T (−→h )∥∥∥K×K

2
≤
(∥∥∥−→γ ∥∥∥K×K

2
+
∥∥−→γ ∥∥K×K

2

)∥∥∥−→h ∥∥∥K×K

2
<
∥∥∥−→h ∥∥∥K×K

2
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It can be seen that ˜̃T is a linear and bounded contractive mapping defined on LK×K
2 (Θ×Θ). By Theorem

5, since −→y ∈ LK×K
2 (Θ×Θ), we have (a) there exist a unique solution in LK×K

2 (Θ×Θ) to problem (E18). Set

the solution as
−→
Γ . Moreover, (b) one can construct sequence

{−→
Γ n

}+∞

n=0
such that limn→+∞

−→
Γ n =

−→
Γ :

−→
Γ 0 = −→y ,

−→
Γ n+1 = T̃

(−→
Γ n

)
+−→y , n ≥ 0.

i.e.,

Γ0
kj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′,

Γn+1
kj

(
θ, θ′

)
≡

[
γkj
(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′
]

+
K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

)
Γn

mj
(
θ′′, θ′

)
dθ′′ +

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

)
Γn

mj
(
θ′′, θ′

)
dθ′′,

where n ≥ 0. The proof is completed.�

E.1.8 Solution of the Problem

Lemma 12 The fixed point of operator T (see equation (E5))
−→
f ∗ =

[
f ∗1 . . . f ∗K

]
satisfies:

f ∗k (θ) = xk (θ) + ∑
j

∫ θ

θ
Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′ + ∑
j

∫
Θ

Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′, k = 1, ..., K (E19)

Proof. See the following proof.

E.1.9 Proof of Lemma 12
Since operator T is a contractive mapping, there exists a unique mapping. Therefore, we only need to prove

that
−→
f ∗ satisfies

−→
f ∗ = T

(−→
f ∗
)
+−→x . In other words, we only need to prove that for any k = 1, .., K:

f ∗k = Tk

(−→
f ∗
)
+ xk.

By the definition of T (see equation (E5)), we have the following equation:

[
Tk

(−→
f ∗
)
+ xk

]
(θ) = xk (θ) +

K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′

)
f ∗m
(
θ′
)

dθ′ +
K

∑
m=1

∫
Θ

γkm
(
θ, θ′

)
f ∗m
(
θ′
)

dθ′ (E20)
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Substitude
−→
f ∗ in the above equation by equation (E19):

[
Tk

(−→
f ∗
)
+ xk

]
(θ) = xk (θ) +

K

∑
j=1

∫ θ

θ
γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

γkj
(
θ, θ′

)
xj (θ) dθ′

+
K

∑
j=1

K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

) ∫ θ

θ
Γmj

(
θ′′, θ′

)
xj
(
θ′
)

dθ′dθ′′

+
K

∑
j=1

K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

) ∫
Θ

Γmj
(
θ′′, θ′

)
xj
(
θ′
)

dθ′dθ′′

+
K

∑
j=1

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

) ∫ θ

θ
Γmj

(
θ′′, θ′

)
xj
(
θ′
)

dθ′

+∑
j

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

) ∫
Θ

Γmj
(
θ′′, θ′

)
xj
(
θ′
)

dθ′dθ′′.

Using integration by part, we have the following expression for
[

Tk

(−→
f ∗
)
+ xk

]
(θ):

[
Tk

(−→
f ∗
)
+ xk

]
(θ) (E21)

= xk (θ) +
K

∑
j=1

∫ θ

θ

[
γkj
(
θ, θ′

)
++

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′
]

xj
(
θ′
)

dθ′

+
K

∑
j=1

∫
Θ

[
γkj (θ, θ′) + ∑K

m=1
∫

θ′′≥θ′ γkm (θ, θ′′) Γmj (θ
′′, θ′) dθ′′

+∑K
m=1

∫ θ
θ γkm (θ, θ′′) Γmj (θ

′′, θ′) dθ′′ + ∑K
m=1

∫
Θ γkm (θ, θ′′) Γmj (θ

′′, θ′) dθ′′

]
xj (θ) dθ′

Remember that
−→
Γ and

−→
Γ are solution to the resolvent (E16):

Γkj
(
θ, θ′

)
≡ γkj

(
θ, θ′

)
+

K

∑
m=1

∫ θ

θ′
γkm

(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′;

Γkj
(
θ, θ′

)
≡

[
γkj
(
θ, θ′

)
+

K

∑
m=1

∫
θ′′≥θ′

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′
]

+
K

∑
m=1

∫ θ

θ
γkm

(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′ +

K

∑
m=1

∫
Θ

γkm
(
θ, θ′′

)
Γmj

(
θ′′, θ′

)
dθ′′

Therefore equation (E21) can be written as:

[
Tk

(−→
f ∗
)
+ xk

]
(θ) = xk (θ) +

K

∑
j=1

∫ θ

θ
Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′ +
K

∑
j=1

∫
Θ

Γkj
(
θ, θ′

)
xj (θ) dθ′

By the definition of
−→
f ∗, we have

f ∗k (θ) =
[

Tk

(−→
f ∗
)
+ xk

]
(θ) , k = 1, ..., K, (E22)

i.e.,
−→
f ∗ = T

(−→
f ∗
)
+−→x .
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Therefore function vector
−→
f ∗ is a solution to problem (A.P). Since the solution to problem (A.P) exist

and is unique, the solution to the problem (A.P) must satisfy:

f ∗k (θ) = xk (θ) + ∑
j

∫ θ

θ
Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′ + ∑
j

∫
Θ

Γkj
(
θ, θ′

)
xj
(
θ′
)

dθ′, k = 1, ..., K.

In conclusion, we have Lemma 12.�

E.2 Supplementary Lemmas
E.2.1 Lemma 13

Lemma 13 For any j ∈ J and θ ∈ Θj, we have

T̂?
j
(
yj (θ)

)
= T̂?

j
(
yj (θ)

)
+
∫ θ

θ
T̂?′

j
(
yj (x)

)
dyj (x) . (E23)

Proof. See the following proof.

E.2.2 Proof of Lemma 13
First, using limµ→0 yj

(
θ; T + µT̂

)
= yj (θ), we have

lim
µ→0

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
− T?

j
(
yj (θ; T) ; T

)
µ

= lim
µ→0

T?
j

(
yj

(
θ; T + µT̂

)
; T
)
− T?

j
(
yj (θ; T) ; T

)
µ

+ lim
µ→0

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θ; T + µT̂

)
; T
)

µ

= T?′
j
(
yj (θ)

)
ŷj (θ) + T̂?

j
(
yj (θ)

)
.

On the other hand, we have

lim
µ→0

T?′
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
− T?′

j
(
yj (θ; T) ; T

)
µ

= T̂?′
j
(
yj (θ)

)
+ T?′′

j
(
yj (θ)

)
ŷj (θ) .

Besides,

T?
j

(
yj

(
θ + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θ + µT̂

)
; T + µT̂

)
(E24)

=
∫ θ

θ

∂T?
j

(
yj

(
x + µT̂

)
; T + µT̂

)
∂yj

dyj

(
x, T + µT̂

)
,

where

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
= T?

j
(
yj (θ; T)

)
+
[

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
− T?

j
(
yj (θ; T)

)]
, (E25)
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and

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
= T?

j
(
yj (θ; T)

)
+
[

T?
j

(
yj

(
θ; T + µT̂

)
; T + µT̂

)
− T?

j
(
yj (θ; T)

)]
. (E26)

Similarly, we have:

T?
j
(
yj (θ)

)
− T?

j
(
yj (θ)

)
=
∫ θ

θ

∂T?
j
(
yj (x)

)
∂yj

dyj (x) . (E27)

Combination of (E24) and (E27) delivers

∫ θ

θ

∂T?
j

(
yj

(
x + µT̂

)
; T + µT̂

)
∂yj

dyj

(
x, T + µT̂

)
−
∫ θ

θ

∂T?
j
(
yj (x)

)
∂yj

dyj (x)

=
[

T?
j

(
yj

(
θ + µT̂

)
; T + µT̂

)
− T?

j

(
yj

(
θ + µT̂

)
; T + µT̂

)]
−
[

T?
j
(
yj (θ)

)
− T?

j
(
yj (θ)

)]
.

Rearrange the above equation:

∫ θ

θ

∂T?
j (yj(x+µT̂);T+µT̂)

∂yj
− ∂T?

j (yj(x))
∂yj

µ
dyj

(
x, T + µT̂

)
+
∫ θ

θ

∂T?
j
(
yj (x)

)
∂yj

d

yj

(
x, T + µT̂

)
− yj (x)

µ


=

T?
j

(
yj

(
θ + µT̂

)
; T + µT̂

)
− T?

j
(
yj (θ)

)
µ

−
T?

j

(
yj

(
θ + µT̂

)
; T + µT̂

)
− T?

j
(
yj (θ)

)
µ

.

As µ→ 0, we have

∫ θ

θ

[
T̂?′

j
(
yj (x)

)
+ T?′′

j
(
yj (x)

)
ŷj (x)

]
dyj (x) +

∫ θ

θ
T?′

j
(
yj (x)

)
dŷj (x)

= T̂?
j
(
yj (θ)

)
+ T?′

j
(
yj (θ)

)
ŷj (θ)− T?′

j
(
yj (θ)

)
ŷj (θ)− T̂?

j
(
yj (θ)

)
.

Notice that

T?′
j
(
yj (θ)

)
ŷj (θ)− T?′

j
(
yj (θ)

)
ŷj (θ) =

∫ θ

θ
d
[

T?′
j
(
yj (x)

)
ŷj (x)

]
(E28)

=
∫ θ

θ
ŷj (x) dT?′

j
(
yj (x)

)
+
∫ θ

θ
T?′

j
(
yj (x)

)
dŷj (x)

=
∫ θ

θ
T?′′

j
(
yj (x)

)
ŷj (x) dyj (x) +

∫ θ

θ
T?′

j
(
yj (x)

)
dŷj (x) .

Combination of (B10) and (E28) delivers

T̂?
j
(
yj (θ)

)
− T̂?

j
(
yj (θ)

)
=
∫ θ

θ
T̂?′

j
(
yj (x)

)
dyj (x) . (E29)

�
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E.2.3 Lemma 14

Lemma 14 We have the following results regarding the change of utility with tax reform:

V̂k (θ) = −T̂A
k (yk (θ)) = −

[
T̂ (yk (θ)) + T̂?

k (yk (θ))
]
= −

[
T̂A

k (yk (θ)) +
∫ θ

θ
T̂A′

k (yk (x)) dyk (x)
]

(E30)

and

Û (θ) = ∑
k

∂U (θ)

∂Vk (θ)
× V̂k (θ) = −∑

k

∂U (θ)

∂Vk (θ)
× T̂A

k (yk (θ)) (E31)

= −∑
k

∂U (θ)

∂Vk (θ)
×
[

T̂A
k (yk (θ)) +

∫ θ

θ
T̂A′

k (yk (x)) dyk (x)
]

and

∂̂U
∂Vk

(xk)
∂U
∂Vk

(xk)
= ∑n

∂2U
∂Vk∂Vn

(xk)
∂U
∂Vk

(xk)
V̂n (xk) = ∑n µkn (xk) V̂n (xk) = −∑n µkn (yk (xk)) T̂A

n (yn (xk)) . (E32)

Proof. See the following proof.

E.2.4 Proof of Lemma 14
Firstly, we have

V̂k (θ) = −T̂A
k (yk (θ)) = −

[
T̂ (yk (θ)) + T̂?

k (yk (θ))
]

= −
[

T̂ (yk (θ)) +
∫ θ

θ
T̂′ (yk (x)) dyk (x) + T̂?

k (yk (θ)) +
∫ θ

θ
T̂?′

k (yk (x)) dyk (x)
]

= −
[

T̂A
k (yk (θ)) +

∫ θ

θ
T̂A′

k (yk (x)) dyk (x)
]

,

where we use equation (E29) to derive the third equation.

Remember that U (θ) = U
(
θ; Vj (θ) , V−j (θ)

)
, ∂U(θ)

∂Vj(θ)
=

∂U(θ;Vj(θ),V−j(θ))
∂Vj(θ)

, and

Û (θ) ≡ lim
µ→0

U
[
θ; Vj

(
θ; T + µT̂

)
, V−j

(
θ; T + µT̂

)]
−U

[
θ; Vj (θ) , V−j (θ)

]
µ

,

we have

Û (θ) = ∑
k

∂U (θ)

∂Vk (θ)
× V̂k (θ) = −∑

k

∂U (θ)

∂Vk (θ)
× T̂A

k (yk (θ)) .

Use equation (E29) again:

Û (θ) = −∑
k

∂U (θ)

∂Vk (θ)
×
[

T̂A
k (yk (θ)) +

∫ θ

θ
T̂A′

k (yk (x)) dyk (x)
]
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By definitions of ∂U
∂Vk

(xk) and ∂̂U
∂Vk

(xk), we have

∂̂U
∂Vk

(xk)
∂U
∂Vk

(xk)
≡ lim

µ→0

∂U
∂Vk

(
xk; Vj

(
xk; T + µT̂

)
, V−j

(
xk; T + µT̂

))
− ∂U

∂Vk

(
xk; Vj (xk) , V−j (xk)

)
µ

By the chain rule, we have:

∂̂U
∂Vk

(xk)
∂U
∂Vk

(xk)

= lim
µ→0

 ∂U
∂Vk

(
xk; Vj

(
xk; T + µT̂

)
, V−j

(
xk; T + µT̂

))
− ∂U

∂Vk

(
xk; Vj (xk) , V−j

(
xk; T + µT̂

)) 
∂U(xk)

∂Vk

[
Vj

(
xk; T + µT̂

)
−Vj (xk)

] lim
µ→0

Vj

(
xk; T + µT̂

)
−Vj (xk)

µ

+ lim
µ→0

 ∂U
∂Vk

(
xk; Vj (xk) , V−j

(
xk; T + µT̂

))
− ∂U

∂Vk

(
xk; Vj (xk) , V−j (xk)

)


∂U(xk)
∂Vk

[
V−j

(
xk; T + µT̂

)
−V−j (xk)

] lim
µ→0

V−j

(
xk; T + µT̂

)
−V−j (xk)

µ

= ∑n

∂2U
∂Vk∂Vn

(xk)
∂U
∂Vk

(xk)
V̂n (xk) .

By µkn (xk) ≡
∂2U

∂Vk∂Vn (xk)

∂U
∂Vk

(xk)
, we have:

∂̂U
∂Vk

(xk)
∂U
∂Vk

(xk)
= ∑n

∂2U
∂Vk∂Vn

(xk)
∂U
∂Vk

(xk)
V̂n (xk) = ∑n µkn (xk) V̂n (xk) = −∑n µkn (yk (xk)) T̂A

n (yn (xk)) .

In conclusion, we have Lemma 14.�

E.2.5 Lemma 15

Lemma 15 We have the following results regarding to the change of populations with tax reform:

f̂ p
k (θk)

f p
k (θk)

= ∑
n

mkn (θk) V̂n (θk) = −∑
n

mkn (θk) T̂A
n (θk) ,

N̂k

Nk
= ∑

n

∫ θk

θk

mkn (xk) fk (xk) V̂n (xk) dxk = −∑
n

∫ θk

θk

mkn (xk) fk (xk) T̂A
n (xk) dxk,

f̂k (θk)

fk (θk)
= ∑

n
mkn (θk) V̂n (θk)−∑

n

∫ θk

θk

mkn (xk) fk (xk) V̂n (xk) dxk

= −
[
∑
n

mkn (θk) T̂A
n (θk)−∑

n

∫ θk

θk

mkn (xk) fk (xk) T̂A
n (xk) dxk

]
,

m̂ki (θ)

mki (θ)
= ∑n

[
εk

in (θ)− 1
]

mkn (θ) V̂n (θ) = −∑n

[
εk

in (θ)− 1
]

mkn (θ) T̂A
n (θ) .

Proof. See the following proof.
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E.2.6 Proof of Lemma 15
We first calculate the change of f p

k (θk). By definition of f̂ p
k (θk) and mkn (θk) ≡

∂ ln f p
k (θk ;Vk(θk),V−k(θk))

∂Vn(θk)
, we have

f̂ p
k (θk)

f p
k (θk)

≡ lim
µ→0

f p
k (θk ;Vk(θk ;T+µT̂),V−k(θk ;T+µT̂))− f p

k (θk ;Vk(θk),V−k(θk))

µ

f p
k (θk; Vk (θk) , V−k (θk))

(E33)

= ∑
n

∂ ln f p
k (θk; Vk (θk) , V−k (θk))

∂Vn (θk)
V̂n (θk)

= ∑
n

mkn (θk) V̂n (θk) ;

By definition of Nk and N̂k:

N̂k

Nk
≡ lim

µ→0

∫ θk

θk

f p
k (xk ;Vk(xk ;T+µT̂),V−k(xk ;T+µT̂))− f p

k (xk ;Vk(xk),V−k(xk))

µ

f p
k (xk; Vk (xk) , V−k (xk))

f p
k (xk; Vk (xk) , V−k (xk))

Nk
dxk (E34)

=
∫ θk

θk

f p
k (xk)

Nk
×

f̂ p
k (xk)

f p
k (xk)

dxk = ∑
n

∫ θk

θk

mkn (xk) fk (xk) V̂n (xk) dxk.

By the definition of fk (θk), we have:

f̂k (θk)

fk (θk)
≡ lim

µ→0

f p
k (θk ;T+µT̂)
Nk(T+µT̂)

− f p
k (θk)
Nk

µ

1
fk (θk)

=
f̂ p
k (θk)

f p
k (θk)

− N̂k

Nk
(E35)

= ∑
n

mkn (θk) V̂n (θk)−∑
n

∫ θk

θk

mkn (xk) fk (xk) V̂n (xk) dxk.

Last, combination of definitions of definitions of mkk (xk) and εk
in (xk), and mki (θ) =

∂ ln[ f p
k / f ]

∂Vi
, we have

(E36). To see this, remember that by the definition of ε
j
ik (θ), we have

ε
j
ik (θ) ≡

∂2
[

f p
j / f

]
∂Vi∂Vk

f p
j
f

∂
[

f p
j / f

]
∂Vi

∂
[

f p
j / f

]
∂Vk

=

∂ ln


∂[ f p

j / f ]
∂Vi

f p
j / f

× f p
j / f


∂Vk

∂ ln
[

f p
j / f

]
∂Vk

=

∂ ln
∂ ln[ f p

j / f ]
∂Vi

∂Vk

∂ ln
[

f p
j / f

]
∂Vk

+

∂ ln
[

f p
j / f

]
∂Vk

∂ ln
[

f p
j / f

]
∂Vk

=

∂ ln mji(θ)
∂Vk

mjk (θ)
+ 1,

which gives ∂ ln mji(θ)
∂Vk

=
[
ε

j
ik (θ)− 1

]
mjk (θ). Equivalently,

∂ ln mki (θ)

∂Vn (θ)
=
[
εk

in (θ)− 1
]

mkn (θ) .
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Therefore, we have the following result:

m̂ki (θ) = mki (θ)∑n
∂ ln mki (θ)

∂Vn (θ)
V̂n (θ) (E36)

= mki (θ)∑n

[
εk

in (θ)− 1
]

mkn (θ) V̂n (θ)

= −mki (θ)∑n

[
εk

in (θ)− 1
]

mkn (θ) T̂A
n (θ) .

In conclusion, we have Lemma 15.�

E Primal Approach with Labor Mobility
This section presents the problems of the local and central governments and presents solutions. We give

relevant proof in the next four sections.

E.1 Decentralized Redistribution
Local government’s reaction to federal income tax can be treated in a number of different ways. In the heuris-

tic argument that follows, j local government adopts a feasible direct, truthful mechanism,
{

cj(θ), yj(θ)
}

θ∈Θ,

to implement allocation rules of consumption and labor
{

cj(θ), lj(θ)
}

θ∈Θ that maximize regional welfare un-

der regional resource constraint (local government’s budget constraint). Under such a mechanism, an agent

who reports θ should earn yj(θ) units of labor income in region j, and will receive cj(θ) units of consump-

tion as a reward. It is worth noting that j local government takes the policies of other governments as given,

which suggests that it also takes
{

V−j(θ)
}

θ∈Θ as given.

It turns out to be easier if we take lj(θ) rather than yj(θ). Further, we substitute cj(θ) with Vj(θ)

by Vj(θ) = cj (θ) − φ
(
lj(θ)

)
as our control variables. The j local government must choose schedules{

lj(θ), Vj(θ)
}

θ∈Θ
to maximize its objective such that the allocation satisfies incentive-compatible conditions:49

V ′j (θ) =
lj (θ) φ′

(
lj (θ)

)
θ

, ∀θ ∈ Θ, (E37)

the laborer supply condition, and the local government budget constraint (equivalently, the regional re-

source constraint):∫
Θ

Ajθlj (θ) f p
j (θ) dθ −

∫
Θ

[
Vj (θ) + φ

(
lj (θ)

)]
f p
j (θ) dθ −

∫
Θ

T
(

Ajθlj (θ)
)

f p
j (θ) dθ ≥ Ej. (E38)

Solving the above planning problem, we observe the optimal local income tax formula presented in Propo-

sition 3.

49Individual report types to maximize individual utility Uj(θ) ≡ max
θ′∈Θ

cj (θ
′)− φ

(
yj(θ

′)
Ajθ

)
. Denote the utility of a θ-type individual

who reports θ′ as Uj(θ
′|θ) = cj (θ

′)− φ
(

yj(θ
′)

Ajθ

)
. The first-order necessary incentive-compatible conditions require ∂Uj(θ

′ |θ)
∂θ′ |θ′=θ = 0,

∀θ ∈ Θ. It is common in the optimal Mirrleesian tax literature that under our preference, the first-order incentive condition is not
only necessary but also sufficient and is equivalent to (E37).
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E.2 Centralized Redistribution

Policy Constraint. A region-uniform federal income tax should satisfy the following policy constraint: for

any θj and θ−j that satisfy yj
(
θj
)
= y−j

(
θ−j
)
, T′

(
yj
(
θj
))

= T′
(
y−j

(
θ−j
))

. According to Proposition 3 and

(2), this is equivalent to say that for any θj and θ−j satisfying yj
(
θj
)
= y−j

(
θ−j
)
,

φ′
(

y1(θ1)
A1θ1

)
A1θ1

[
1 + [1− g1 (θ1)− r11 (θ1)]

N1 − Fp
1 (θ1)

θ1 f p
1 (θ1)

(
1 +

1
ε1

)]
(E39)

=
φ′
(

y2(θ2)
A2θ2

)
A2θ2

[
1 + [1− g2 (θ2)− r22 (θ2)]

N2 − Fp
2 (θ2)

θ2 f p
2 (θ2)

(
1 +

1
ε2

)]
.

The above policy constraint is non-parametric. There is a way to express the policy constraint in the

space of parametric. Introduce θj (θ1) as the skill of worker who earns y1 (θ1) in region j, j ∈ J . Note that

θ1 (θ1) = θ1 and θ2 (θ1) is determined by y1 (·) and y2 (·). Under Assumption 1, θ2 : Θ 7→ Θ is a one-to-one

mapping. Thus, one can replace y2 (·) by θ2 (·). Then we have an alternative form of policy constraint. For

any θ ∈ Θ,

φ′
(

y1(θ)
A1θ

)
A1θ

[
1 + [1− g1 (θ)− r11 (θ)]

N1 − Fp
1 (θ)

θ f p
1 (θ)

(
1 +

1
ε1

)]
(E40)

=
φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

[
1 + [1− g2 (θ2 (θ))− r22 (θ2 (θ))]

N2 − Fp
2 (θ2 (θ))

θ2 (θ) f p
2 (θ2 (θ))

(
1 +

1
ε2

)]
.

Wedges. In traditional second-best solution, marginal distortions in agents’ choices can be described with

wedges. This is also the case in our economy. Since individuals have two possible choices (consumption

and leisure), and local governments have one type of policy, there are two types of wedges. Tax wedge for

individuals and local governments are captured by the aggregate local income tax rate TA′
j (·) and federal

income tax rate T′ (·), respectively. To see the later, redefine τ?
j (θ) as

τ?
j (θ) ≡

[
1− gj (θ)− rjj (θ)

] 1−Fθj (θ)

θ f j(θ)

(
1 + 1

ε j

)
1 +

[
1− gj (θ)− rjj (θ)

] 1−Fθj (θ)

θ f j(θ)

(
1 + 1

ε j

) , (E41)

which, according to Proposition 3, is the optimal local income tax rate without federal income tax. Marginal

federal income tax act as a wedge between 1
Ajθj

φ′
(

yj(θj)
Ajθj

)
and 1− τ?

j (θ). Combination of Proposition 3 and

(2) gives:

T′
(
yj (θ)

)
= 1−

1
Ajθ

φ′
(

yj(θ)
Ajθ

)
1− τ?

j (θ)
, ∀θ ∈ Θ, j ∈ J . (E42)

Once TA′
j (·) and T′ (·) are determined, we can derive T′j (·) by T′j (·) = TA′

j (·)− T′ (·).

Implementability. In addition to intensive and extensive incentive-compatible constraints and resource

constraint, the implementable allocation must satisfy the policy constraints when federal income tax is re-

stricted to be region-uniform.
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Lemma 16 Suppose that the FOCs of the individuals and the local governments are both necessary and sufficient. The

allocation of MGTE with labor mobility,
{

lj
(
θj
)

, cj
(
θj
)

, f p
j (θ)

}
θj∈Θ,j∈J

, satisfies the following conditions jointly:

(i) Incentive constraints (C1) and laborer supply condition f p
j (θ) = f p

j

(
θ, Vj(θ), V−j(θ)

)
,50 where yj

(
θj
)
=

Ajθjlj
(
θj
)
, Vj

(
θj
)
= cj

(
θj
)
− φ

(
lj
(
θj
))

, V2 (θ2 (θ)) = V2 (θ2) +
∫ θ2(θ)

θ2
V ′2 (x) dx, V1 (θ2 (θ)) = V1 (θ1) +∫ θ2(θ)

θ1
V ′1 (x) dx. θ2 (θ) is determined by y2 (θ2 (θ)) = y1 (θ), i.e., y1 (θ) =

∫ θ2(θ)
θ2

y′2 (x) dx;

(ii) Policy constraints,

φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

[
1 + [1− g2 (θ2 (θ))− r22 (θ2 (θ))]

1− F2 (θ2 (θ))

θ2 (θ) f2 (θ2 (θ))

1 + ε2

ε2

]
(E43)

=
φ′
(

y1(θ)
A1θ

)
A1θ

[
1 + [1− g1 (θ)− r11 (θ)]

1− F1 (θ)

θ f1 (θ)

1 + ε1

ε1

]
, ∀θ ∈ Θ,

where terms in equations (E43) can be expressed as functionals of
{

Vj (·) , θ2 (·) , θ′2 (·)
}

j=1,2;

(iii) Goods market clearing conditions (C2).

Conversely, suppose the allocation
{

lj
(
θj
)

, cj
(
θj
)

, f p
j (θ)

}
θj∈Θ,j∈J

satisfies the properties 1–3. Then there exists

a central policy system T C such that the allocation can be implemented by T C at some regional income taxes T R in a

MGTE.

Proof. See Appendix E.3.

Symmetric Case. In a SMGTE, the policy constraint (E43) is naturally satisfied. This property of symmet-

ric allocation helps us to simplify the problem. Moreover, under a symmetric economy, fθj (θ) = fθ (θ) is

exogenous. Thus, the central government’s problem is reduced to the traditional one. Formally, the cen-

tral government’s planning problem is choosing a symmetric allocation {c(θ), l(θ)}θ∈Θ that maximize the

national welfare
∫

Θ U (θ) f̃ C (θ) dθ under the incentive constraints

V ′ (θ) =
l (θ) φ′ (l (θ))

θ
, ∀θ ∈ Θ, (E44)

and national resource constraint ∫
Θ

y (θ) fθ (θ) dθ =
∫

Θ
c (θ) fθ (θ) dθ. (E45)

Formally, we have the following Corollary 5:

Corollary 5 Suppose that the FOCs of the individuals and the local governments are both necessary and sufficient.

The allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J of a SMGTE satisfies the following conditions jointly:

(i) Incentive conditions (E44);

(ii) Final market clearing condition (E45).

50Notice that f p
j (θ2 (θ)) = f p

j

(
θ2 (θ) , Vj(θ2 (θ)), V−j(θ2 (θ))

)
. To express f p

j (θ2 (θ)), V2 (θ2 (θ)) and V1 (θ2 (θ)) are needed.
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Conversely, suppose an allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J satisfies the properties 1–2 above. Then there

exists a central policy system T C such that the allocation can be implemented by T at some regional income

taxes T R in a SMGTE.

Proof. See Appendix E.4.

Corollary 5 suggests that even if laborers are mobile, any incentive-compatible and feasible allocation

can be implemented by the central government. Intuitively, the central government can get any symmetri-

cal aggregate income tax by adjusting the federal income tax. Thus, any symmetric allocation that can be

achieved in an economy without regional income taxes can also be achieved with regional income taxes.

E.3 Proof of Lemma 16
We first show that a MGTE allocation

{
lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J must satisfy parts 1–3. First, by the definition

of MGTE, (C2) must be satisfied. Second, by the definition of MGTE, individuals maximize their utilities,

which results in (C1), f p
j (θ) = f p

j

(
θ, Vj(θ), V−j(θ)

)
, and (2). Third, by the definition of MGTE, local gov-

ernments maximize their objectives, which results in Proposition 3. Proposition 3 together with (2) gives

(E43).

Next, suppose that we are given an allocation
{

lj
(
θj
)

, cj
(
θj
)

, f p
j (θ)

}
θj∈Θ,j∈J

satisfying parts 1–3. We

now construct T C and T R, which together with
{

lj
(
θj
)

, cj
(
θj
)

, f p
j (θ)

}
θj∈Θ,j∈J

constructs a MGTE. We first

construct T C and T R with the given allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J . We then show that the constructed

policy system T C and T R together with
{

lj
(
θj
)

, cj
(
θj
)

, f p
j (θ)

}
θj∈Θ,j∈J

do construct a MGTE.

First, given the allocation
{

lj
(
θj
)

, cj
(
θj
)}

θj∈Θ,j∈J we construct
{

yj
(
θj
)

, Vj
(
θj
)}

θj∈Θ,j∈J by yj
(
θj
)

=

Ajθjlj
(
θj
)

and Vj
(
θj
)
= cj

(
θj
)
− φ

(
lj
(
θj
))

. In addition, we construct θ2 (θ) by y2 (θ2 (θ)) = y1 (θ), ∀θ ∈ Θ.

The aggregate regional tax rates TA′
j (·) are constructed by (2):

TA′
j
(
yj (θ)

)
= 1−

φ′
(

yj(θ)
Ajθ

)
Ajθ

.

We now construct T′
(
yj
)
. First, we construct θ2 (θ), V2 (θ2 (θ)) and V1 (θ2 (θ)) by y2 (θ2 (θ)) = y1 (θ),

V2 (θ2 (θ)) = V2 (θ2) +
∫ θ2(θ)

θ2
V ′2 (x) dx and V1 (θ2 (θ)) = V1 (θ1) +

∫ θ2(θ)
θ1

V ′1 (x) dx, respectively. Remem-

ber that, f p
j (θ) = f p

j

(
θ, Vj(θ), V−j(θ)

)
and f p

j (θ2 (θ)) = f p
j

(
θ2 (θ) , Vj(θ2 (θ)), V−j(θ2 (θ))

)
. Therefore, Nj =∫

Θ f p
j (θ) dθ, Fp

2 (θ2 (θ)) =
∫ θ2(θ)

θ2
f p
2 (x) dx, and Fp

1 (θ) =
∫ θ

θ1
f p
1 (x) dx can be expressed as functionals of{

Vj (·) , θ2 (·)
}

j=1,2. By definitions (see, e.g., (C20)), g2 (θ2 (θ)) and g1 (θ) can also be expressed as functionals

of
{

Vj (·) , θ2 (·)
}

j=1,2. Now set T̃ (θ) ≡ T (y1 (θ)), T̃2 (θ) ≡ T2 (y1 (θ)) = y1 (θ)−
[
V2 (θ2 (θ)) + φ

(
y1(θ)

A2θ2(θ)

)]
−

T̃ (θ) and T̃1 (θ) ≡ T1 (y1 (θ)) = y1 (θ)−
[
V1 (θ) + φ

(
y1(θ)
A1θ

)]
− T̃ (θ). We have:

r11 (θ) = m11 (θ)

[
y1 (θ)−

[
V1 (θ) + φ

(
y1 (θ)

A1θ

)]
− T̃ (θ)− E1

]
and

r22 (θ2 (θ)) = m22 (θ2 (θ))

[
y1 (θ)−

[
V2 (θ2 (θ)) + φ

(
y1 (θ)

A2θ2 (θ)

)]
− T̃ (θ)− E2

]
,

141



where mjj is given by (26). In addition, r11 (θ) =
∫ ∞

θ r11(x) f p
1 (x)dx

N1−F̂1(θ)
and r22 (θ2 (θ)) =

∫ ∞
θ rjj(θ̃2(y)) f p

2 (θ̃2(y))dθ2(y)

N2−F̂2(θ2(θ))
.

According to Proposition 3, we have:

1− T′ (y1 (θ)) = 1− T̃′ (θ)
y′1 (θ)

=
φ′
(

y1(θ)
A1θ

)
A1θ

[
1 + [1− g1 (θ)− r11 (θ)]

N1 − Fp
1 (θ)

θ f p
1 (θ)

(
1 +

1
ε1

)]

=
φ′
(

y1(θ)
A2θ2(θ)

)
A2θ2 (θ)

[
1 + [1− g2 (θ2 (θ))− r22 (θ2 (θ))]

N2 − Fp
2 (θ2 (θ))

θ2 (θ) f p
2 (θ2 (θ))

(
1 +

1
ε2

)]
.

Therefore, one can derive T̃′ (·) as a functional of
{

Vj (·) , θ2 (·) , θ′2 (·) , y1 (·) , y′1 (·)
}

j=1,2 and T̃
(
θ
)
. Since

T′ (y1 (θ)) = T̃′(θ)
y′1(θ)

, given T̃
(
θ
)
, T′ (·) is also a functional of

{
Vj (·) , θ2 (·) , θ′2 (·) , y1 (·) , y′1 (·)

}
j∈J . Last, we

can construct the local income tax rate by T′j
(
yj
)
= TA′

j
(
yj
)
− T′

(
yj
)
.

To fix the policies, we should solve for the boundary values of taxes and
{

Ej
}

j∈J . This part follows the

proof of Lemma 6 in Appendix C.1.

Last, we show that the allocation A satisfying parts 1–3 together with the constructed policy system T
constructs an MGTE. First, the allocation satisfies the incentive conditions (C1) and f p

j (θ) = f p
j

(
θ, Vj(θ), V−j(θ)

)
,

which are both necessary and sufficient for agents’ optimal choice under our preconditions of Lemma 16.

Second, under the constructed Ej, the constructed local income taxes T R satisfies Proposition 3, local gov-

ernments’ budget constraint and the incentive conditions (C1) and f p
j (θ) = f p

j

(
θ, Vj(θ), V−j(θ)

)
. Therefore,

regional income taxes are the optimal solution to local governments’ problems. Third, the goods market

clear condition (C2) are satisfied. Lastly, agents’ budget constraints are embedded in the definitions of gross

utilities and the construction of income taxes. In conclusion, the constructed policy system T together with

the given allocation A constructs an MGTE.�

E.4 Proof of Corollary 5
The first part of Corollary 5 is obvious. To prove part 2 of Corollary 5 we only need to show that the policy

constraints are naturally satisfied and the labor distribution must be symmetric such that given an allocation

solving the planner’s problem, we can construct an MGTE following the steps given in the proof of Lemma

16 and such an MGTE is an SMGTE. To see this, first note that under symmetric allocations, for any θ ∈ Θ,

Vj (θ) is independent on j, thus according to labor market clear conditions f p
j (θ) = f p

j

(
θ, Vj(θ), V−j(θ)

)
,

the resulting distribution of labors must be symmetric. Second, as allocation is symmetric, yj (θ) must

equals y−j (θ). Under Assumption 1, yj (θ) = y−j (θ) implies θ̃j (y) = θ−j (y). Therefore, under symmetric

allocation, the policy constraints are naturally satisfied. In conclusion, we have Corollary 5.�
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