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Abstract

Heterogeneous agent models in continuous time (HACT) have become a
workhorse in macroeconomics, but incorporating aggregate risk remains a ma-
jor computational challenge. Existing methods often rely on local approxima-
tions or restrict models to quasi-stationary settings, limiting their ability to
capture nonlinear macroeconomic dynamics. This paper introduces a novel
approach that globally solves HACT models with aggregate risk by leverag-
ing the master equation. Our approach transforms this non-standard partial
differential equation (PDE) into a high-dimensional yet standard PDE using
Polynomial Chaos expansions, enabling the application of advanced but off-
the-shelf deep learning techniques from the applied mathematics literature.
Specifically, we adapt the Deep BSDE method to solve this equation efficiently.
To demonstrate its applicability, we solve a two-asset HACT model with aggre-
gate risk featuring adjustment costs and collateral constraints. By overcoming
a key computational barrier, our method enables the study of fully nonlinear
heterogeneous agent models, opening new avenues for macroeconomic research.
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1 Introduction

Heterogeneous agent models have seen a remarkable revival in macroeconomic re-
search following the influential work of Achdou, Han, Lasry, Lions, and Moll (2022)
and Kaplan, Moll, and Violante (2018). While these models are particularly well-
suited for analyzing critical questions related to inequality, only the recent method-
ological advances in solving these complex models propelled them to the forefront
in macroeconomics. In particular, Achdou et al. (2022) leverage continuous-time
modeling to use a finite-difference partial differential equation (PDE) solver to com-
pute these models efficiently. However, a key methodological roadblock remains:
incorporating aggregate risk. The core computational obstacle lies in the fact that
the stochastic cross-sectional household distribution becomes an infinite-dimensional
state variable, influencing both prices and policy functions. Although there has been
progress in computing models with aggregate risk using local approximations around
the steady state!, this approach is less suitable for models with aggregate nonlineari-
ties inherent, for instance, in macro-finance or environmental economics. In a recent
essay, Moll (2024) highlights the difficulty of solving heterogeneous agent models with
aggregate risk as one reason to move away from rational expectations. This paper
directly addresses these challenges by providing a novel computational method that
globally solves a general heterogeneous agent model in continuous time (HACT) with
aggregate risk.’

Our method is designed to handle general HACT models where the aggregate
Brownian motion can enter the budget constraint both indirectly and directly. More-
over, it accommodates non-stationary dynamics, non-trivial borrowing constraints
and market clearing conditions, and, many state variables. We rely on the mas-
ter equation which integrates the Kolmogorov Forward equation (KFE) with the
Hamilton-Jacobi-Bellman equation to ensure the consistency of the cross-sectional

distribution’s law of motion. We solve this equation using neural networks. Al-

LA non-exhaustive list includes Ahn et al. (2018); Boppart et al. (2018); Bayer and Luetticke
(2020); Auclert et al. (2021); Bilal (2023).

2While we acknowledge the significant value of expectation formation models that are micro-
founded, we believe that their investigation should be primarily motivated by empirical evidence
rather than the computational challenges associated with a different class of models. Furthermore,
it is not unlikely that also the computational complexity of expectation formation models increases
in future research. Thus, methods that solve complex models like ours may also be useful for models
not following the rational expectations hypothesis.



though we are not the first to do so (see Gu, Lauriere, Merkel, and Payne, 2024;
Gopalakrishna, Payne, and Gu, 2024; Huang, 2024; Payne, Rebei, and Yang, 2024),
the generality of our setting is novel. The existing work focuses on models with de-
terministic KFE which are are quasi-stationary, i.e., their optimal policies and prices
are state-dependent but not time-dependent. In contrast, our method extends to
fully stochastic settings and thus, allows for the incorporation of richer aggregate
nonlinearities. To illustrate that this extension is important in practice, note that
a stochastic KFE would already arise when incorporating idiosyncratic risk into the
macro-finance model by Brunnermeier and Sannikov (2014). By drawing on various
insights from applied mathematics — many of which have already proven valuable
in different contexts of economics — we provide a robust and scalable solution to a
long-standing computational challenge.

Our contributions are twofold. First, we heuristically derive the master equation
for this general HACT model. The rigorous mathematical theory on mean-field games
underlying this derivation has been established by Cardaliaguet, Delarue, Lasry, and
Lions (2019); Carmona and Delarue (2018a,b). In contrast to these rigorous results,
our goal is to provide an accessible derivation for economists who are familiar with the
basics of continuous-time stochastic processes. While Bilal (2023) carefully derives
this equation for quasi-stationary models, we are the first to do so for cases where the
KFE is stochastic, enabling the study of genuinely non-stationary models. The key of
deriving the master equation in this case is an extension of It6’s lemma. Originally,
Ito’s lemma yields the dynamics of functions of stochastic processes, whereas, its
extension defines the dynamics of functions of stochastic processes and stochastic
distributions.

The master equation is a non-standard partial differential equation (PDE) be-
cause it contains distributional derivatives of the value function. These derivatives
are functional derivatives that evaluate how the value function would change given a
marginal change in the cross-sectional distribution. Our second contribution lies in
transforming this non-standard PDE into a high-dimensional yet standard PDE for
which we adapt off-the-shelf solution methods from applied mathematics. The key
is to leverage the equivalence of three different mathematical definitions of distribu-
tional derivatives that vary in how the cross-sectional distribution is represented, by a
p.d.f., a c.d.f. or a random variable. Economically, this does not make any difference.

However, representing distributional derivatives using random variables allows us to



exploit a general approximation theorem. Any square-integrable random variable can
be approximated perfectly by a projection on a stochastic family of orthogonal poly-
nomials when the degree of the polynomials approaches infinity. This projection is
called a Polynomial Chaos expansion and was introduced as an approximation of the
cross-sectional distribution in a discrete-time model by Proehl (2019). When pro-
jecting the cross-sectional distribution, the distributional derivatives in the master
equation transform into derivatives w.r.t. the projection coefficients. This represen-
tation, hence, results in a high-dimensional yet standard PDE allowing us to adapt
solution methods recently developed in the applied mathematics literature. We pre-
dominantly rely on the Deep BSDE method by E, Han, and Jentzen (2017) that uses
neural networks to solve high-dimensional PDEs after converting them into a system
of stochastic differential equations (SDE). Simulating these SDEs creates the training
data to optimize an appropriate loss function with stochastic gradient descent. Since
the neural networks essentially approximate the agents’ optimal controls, this algo-
rithm falls into the category of reinforcement learning. Lastly, we modify the Deep
BSDE method according to insights by Niisken and Richter (2021); Huang, Negyesi,
and QOosterlee (2025) to improve the convergence for our strongly coupled system of
forward backward stochastic differential equations (FBSDE).

Lastly, we illustrate this method with a standard two-asset HACT model with ag-
gregate risk featuring a one-period zero-coupon bond and illiquid capital. We evaluate
how hedging motives and the wealth distribution are affected by different collateral
constraints and agent-specific endogenous labor choice.Overall, by overcoming a long-
standing computational hurdle, this paper provides a foundation for future research
into fully nonlinear heterogeneous agent models with aggregate risk — offering new
insights into macroeconomic dynamics that were previously infeasible to explore.

Related Literature. This paper contributes to multiple strands of literature,
foremost among them the development of numerical algorithms for solving heteroge-
neous agent models with aggregate risk. Traditional approaches address the challenge
of an infinite-dimensional state space by either relying on a bounded-rationality ap-
proach to reduce dimensionality (see Den Haan, 2010, for an overview), or on local
perturbations around a stationary equilibrium as in, e.g., Reiter (2009); Ahn, Kaplan,
Moll, Winberry, and Wolf (2018); Boppart, Krusell, and Mitman (2018); Bayer and
Luetticke (2020); Auclert, Bardéczy, Rognlie, and Straub (2021). Grid-based meth-

ods solving the rational expectations equilibrium globally suffer from the course of



dimensionality. To overcome this limitation, a growing body of research — including
this paper — leverages grid-free, simulation-based deep learning as a powerful tool for
tackling (very) high-dimensional optimization problems, see e.g., Scheidegger and Bil-
ionis (2019); Maliar, Maliar, and Winant (2021); Azinovic, Gaegauf, and Scheidegger
(2022). Another class of methods employs neural networks under bounded-rationality
to approximate the perceived law of motion of aggregate variables more flexibly as in
Fernandez-Villaverde, Hurtado, and Nuno (2023), or to parametrize a mapping from
a finite-agent discretization to a lower-dimensional finite-moment representation of
the cross section as in Han, Yang, and E (2021).

More specifically, our method belongs to the class of algorithms for models posed
in continuous time. Popularized in macroeconomics by Achdou et al. (2022), their
analytical tractability has not only been exploited in a local perturbation method as
in Bilal (2023), but it also forms the basis of several global solution methods — either
using value function iteration with adaptive-sparse grids as in Schaab (2020), or using
deep learning. More concretely, the recursive equilibrium in these models satisfies a
fundamental necessary condition on the value function: an infinite-dimensional, non-
standard PDE known as the master equation. Within the deep learning literature on
solving this equation, two main approaches have emerged. The first employs tech-
niques from Sirignano and Spiliopoulos (2018) and Raissi, Perdikaris, and Karniadakis
(2019), where a neural network approximates the value function by minimizing the
mean-squared error of the PDE and its boundary conditions, see e.g., Gopalakrishna
(2021); Duarte, Duarte, and Silva (2024); Fan, Qiao, Jiao, Gu, Li, and Lu (2024); Gu,
Lauriere, Merkel, and Payne (2024); Gopalakrishna, Payne, and Gu (2024); Payne,
Rebei, and Yang (2024). The second approach, which we adopt in this paper, follows
the Deep BSDE method developed by E et al. (2017). This method reformulates the
PDE as a system of stochastic differential equations and solves it using deep rein-
forcement learning. To the best of our knowledge, this approach has so far only been
adopted in the macroeconomic literature by Han, Yang, and E (2021) in discrete time,
and Huang (2024) in continuous time. More broadly, Pham and Warin (2022, 2023)
use an adaption of the Deep BSDE method proposed in Huré, Pham, and Warin
(2020) to solve mean-field games, though without applications to macroeconomics.

Finally, this paper contributes to the macroeconomic literature that employs poly-
nomial chaos expansions as a numerical tool. While its application for parameter

sensitivity analysis is closest to its origin in engineering and physics as in Harenberg,



Marelli, Sudret, and Winschel (2019); Fehrle, Heiberger, and Huber (2025), Proehl
(2019) uses it as a discretization scheme for heterogeneous agent models. The key
idea is to follow Proehl (2024) in rewriting recursive equilibrium in terms of square-
integrable random variables, the space of which is fully spanned by polynomial chaos.
Our approach is the first, to our knowledge, to integrate this discretization scheme
into a deep learning framework for solving HACT models. Existing methods primar-
ily rely on discretization using finite agents, finite-element methods, or a combination
with neural network approximations.

Outline. The paper proceeds as follows. The next section introduces a general
heterogeneous agent real business cycle model nesting a range of applications. For
this general model, Section 3 derives the master equation, which we then approximate
using polynomial chaos in Section 4. In Section 5, we describe how a global solution
of the approximated master equation can be computed using an adaption of the
Deep BSDE method. Lastly, Section 6 applies the proposed algorithm to study the
interaction of three sources of inequality — as considered by Kaplan et al. (2018) —
in a macro-finance model with aggregate risk: uninsurable income risk, non-trivial

borrowing constraints, and risky asset illiquidity. Section 7 concludes.

2 A General HACT Model

We introduce a general heterogeneous agent real business cycle model to facilitate the

use of the methodology introduced in this paper for a range of applications.

Environment. Time is continuous ¢ € [0,00). The economy is populated by a
continuum of agents ¢ € [0, 1]. Suppose that all stochastic processes are defined on a
generic filtered probability space (€2, 3, Fi>o, P). The aggregate risk is modeled by an
aggregate d*-dimensional Brownian motion {B;};>o. Similarly, agent i’s idiosyn-
cratic risk is given by a d*-dimensional Brownian motion {B!};>o. This process is
i.i.d. across agents ¢ € [0,1]. Furthermore, we assume that the entries of the vectors

By and B} are pairwise independent for any i € [0, 1].?

Household Problem. All agents face the same optimization problem. At any

3Nevertheless, correlation between the aggregate and idiosyncratic risk can be introduced as is
illustrated in our example model in Section 6.



instant ¢ > 0, agent i € [0, 1] controls their N*-dimensional vector of agent-specific
state variables i with an NY-dimensional vector of controls ¥ to maximize their flow
utility u(y!, Z!) which is discounted at the constant rate p. Agents optimize while ob-
serving an N“-dimensional vector of aggregate state variables a;. This optimization
is subject to a N°-dimensional function of state constraints e(t, zl, a;) > 0. Further-
more, all agents have access to N market instruments whose prices have potentially
risky relative returns r;. When optimizing, agents take these returns as given. For
that reason, they play the same role as the Brownian innovations when stating the

household problem. Overall, agent i € [0, 1] optimizes

max [ {/ e "u(y;, @) dt
0

{yi}te=o
s.b. dzy = i (y;, T, ap, ) dt + & (yi, 4, ar,r¢) By + 6% (y;, @y, ar, 1) dB?
day = n (ag, ) dt + ¢ (ag, r) dBy?
e(t, 7! a;) >0

where the drift and dispersion functions are given by fi : RV/FN"FNHNT _ RNT
go o RNVHNTENTENT o RNXE with o € {id,ag}, n : RY"™N" — RN and ¢ :
RN+HNT 5 RN“*d™ - Note that the state vector Z! can contain exogenous states as
well. In that case, the corresponding drift and dispersion entries are constant across
agent-specific variables (yi,7:). The states’ aggregate and idiosyncratic covariance

matrices are defined as

30 (yi,i:i, a, 7’) =0° (yi, i a, 7") o’ (yi,ii, a,r)T e RN N o € {id, ag} (1)
yve (yi,afi,a, r) =% (yi,izi,a, r) ((a, r)T c RNTxN®

¥ =C(a,r)C(a,r)" € RN,

Example 1 (Krusell and Smith (1998)). The continuous-time version of this model
fits our framework as follows. The agent-specific state Ti = [I}, k] consists of agent
1’s exogenous labor productivity and her endogenous capital savings. The agent’s
controls solely consist of her consumption yi = ci. Furthermore, each agent observes
the aggregate TFP shock a; = z,. The budget constraint determining the savings’
dynamics also depends on the aggregate marginal poductivities r, = [0F; /0L, OF,/0K]
that the agents take as given. Lastly, the constraint is defined by e(t, %, a;) = ki — k.



It is well known (see e.g. Achdou et al., 2022; Bilal, 2023) that the state constraint
can be transformed into a state boundary condition. To do so, we first assume

sufficient regularity of the state constraint and then rewrite the state dynamics.

Assumption 2 (State Constraint Regularity). Assume that the state constraint func-
tion e : [0,00) x RN* TN — RN s differentiable once in time and twice in the states.
Moreover, suppose that N¢® < N*. W.l.o.g. divide the agent-specific state into its
unconstrained and constrained part, i.e., T = [T%%, 2%°|T where T denotes the ma-
triz transpose. Assume that the state constraint function e is invertible for ¢, i.e.,

el (t, 70" 6, a) = {3 € RN |e(t, 0", £v°, ay) = €} is a singleton for any é € RN,
The constraint ¢! = e(t, #!, a;) follows the dynamics
dézlf = 1/) (t7 y;: jzzta Qi Tt) dt + Uid (yz%n jzzta G, rt) dB: + v (yt%7 ‘%17 Qt, Tt) def,lg7

where the j-th rows of the drift and dispersion functions ¢;,v?, o € {id,ag}, with

je{l,..., N} follow trivially from Itd’s formula

| J _ J a i o~
¢J =€ + Z eannn + D) Z 6anan/ Enn’ + Z ejgl:un
n=1 n=1

n,n'=1
1 N* 1 N* N@®
J 10 J STa
52 D e St 52D G, S
n,n'=1oe{id,ag} " n=1n/=1
NI
id __ 7 ~id
vy = E €0 O
n=1

N@ N*
ag __ J J ~ag
v’ = E el Cn+ E €3 O
n=1 n=1

with the covariance matrices as in (1) and where the subscripts of ¢/ denote its
derivatives. Function arguments have been dropped for notational convenience. Note
that e/, ¢] € R, e} € RN", el € RN" el € RNV ol ¢ RN"™N" and ¢, €

a Frat
RN*XN* " Considering Assumption 2, the individual optimization problem can be



restated as
o0
(nax By { /O e Mu (yy, 7", 57°) dt (2)
s.b. dzb"e = e (vi, R ay, re) dt + gidue (i, T P ay, r) dB;
4 Gague (yi,:ii uc jt, . ay, Tt) dBtg

iyt =t (4L, e, a)

day = n (ag, ) dt + ¢ (ay, ) dB}Y

dél = (t,yi, 30", 3%, ap,my) dt + 0" (yi, 30", 30°, ag, ) dB;

+ v (y;, T pne e a,r¢) dBy?
& >0,

where superscript uc denotes the first N* — N€ rows of the respective vectors and

matrices. Given this restated optimization problem, we can now substitute the agent-

specific states by xi = [#7"°, &/]” with dynamics

dm’sz =p (ta y}w xia G, rt) dt + O-id (y; xia G, rt) de + o (yz» [Ei, ag, rt) de(flg (3)

with

_"uc 7 ~ruc _1 i
(g are) = ! (yt’mt € (tvxtaat)aat,ﬁ)]

w (t yt7 ~luc7 _l(ta‘mi;at)aat?rt)

O'O’UC ( ~1,UC

—1 7
] ] Yi» 'rt , € (twrtaat)’atyrt) .
o’ (v, xt ap,ry) = . o€ {id,ag}.
(y“ v t) (yt7xiuca _1<taxf€7at)7aturt> , { , g}

This yields the following idiosyncratic and aggregate covariance matrices

30 (y’,xl,y’ x’ ,a,r) =0° (yz,xz,a, 7“) o’ (yZ , ,a,r) c RV"N" o € {id,ag} (4)
yra (yi,xi,a,r) =g (yi,xi,a,r) C(a,r)T € RN
£9(a,r) =C(a, 1)C(a, 1) € RN

Optimal Controls. The household optimization problem is a standard optimal

control problem which can be solved by dynamic programming.® Define the value

4See for instance Bjork (2009, Chapter 19).



function by

J(tu l‘; at) = max Et |:/ e—p(s—t)u (yz7 ‘%i,uc? 6_1 (t7 J]i, at)) ds| . (5)
{yz}SZt t

The corresponding Hamilton-Jacobi-Bellman (HJB) equation for the value function

J(t,2,a) and its boundary conditions can be derived using standard dynamic pro-

gramming results. Define the operator H7/B[J 4 r|(t, 2", a) mapping the functions

[J,y%,r] into a function of (¢, 2%, a) by

N@ N*

A 1
HJIB[ 7 i .
HY Py r] =—p +u+ J + E Jannn—i—g Jx;lﬁn+§

n=1 n=1

>

n,n'=

Ja'n ap,’ (Tlln/ (6)
1

N* N¢

NE
+ Z Z ngm;, Z;)Ln’ + Z Z Jm%an/ Z’rngz’

n,n’'=1 oc{id,ag} n=1n/=1

where the subscripts of J denote its derivatives. Function arguments have been
dropped for notational convenience. The covariance matrices are given in (4).

Define the operator for the terminal boundary condition H?5%[J](z?, a) mapping
the function J into a function of (x%,a) by

HTBC[ (2%, a) = lim J(T, 2, a). (7)

T—o00

The state constraint results in an additional state boundary condition (see e.g. Achdou
et al., 2022; Bilal, 2023). To guarantee that the constraint holds at all times, the drift
of € in (2) at € = 0 must be nonnegative and the dispersion terms must vanish, i.e.,

for any [t,y?, 244 a,r] € RIFNVHNT=NENENT it must hold that

0 Sw (ta yiv 'i’i’uca eil(ta i,i,uc’ 07 CL), a, 7n)
0 :Uid (y17 :Z,i,uc’ G_I(t, i,i,uc’ 07 CL), a, 7’)

o
0 =v" (y’,x“‘c, e (t,2""°,0,a),a, 7’) .

This implies that part of the HJB equation vanishes at the state boundary é* = 0. This
vanishing part constitutes the additional boundary condition. Therefore, we define

the operator for the state boundary condition HBC[J, ¢, 7](t, Z%"¢, a) mapping the

10



functions [J, y%, 7] into a function of (¢, %%, a) by
Y

SBC ) _
WLy r] = (8)
Ne e e
. . o
él}ir%) Jei min ( E E E Jiues En N Ne !
n=1 =1 n'=1oe{id,ag}
NE 8 a
2 § o E E
&i E T_Ne4n,N*—Ne+n/ + Je’ (] —Ne+n,n/
n,n'=1o€e{id,ag} n=1n/=1

The HJB equation and its corresponding boundary conditions are then given by

0 =max {HP[ .y 1](t.2", a)}
yl

0 =H"PCLI)(2', a)
0 =H BT,y r](t, 25, a).

The corresponding optimal controls feature the same function arguments as the
operator H/B[J 4 r] such that y* = y>*(t, 2!, a;, 7). The w-th element of the

optimal control vector y* = [y, ... ,yj\’,t,]T, w € {1,..., NV}, satisfies the first-order
condition
O L miBry i i
0=——H"""[J ¢, r](t,z* a) (9)
e
N® Na
=3y u+Zszun+— DD DIFANEIES 3) AT
Yw n,n'=1 oe{id,ag} n=1n/=1

Market Clearing. The vector of relative returns r; is determined by market
clearing. The optimally controlled states x,’f* differ across agents due to the idiosyn-
cratic risk, which we summarize by the cross-sectional cumulative distribution func-
tion M; € P(RN"), i.e., M; : RN" — [0,1]. Naturally, the cross-sectional density m;
is given by My(z) = [ __my(z)dz. Market clearing aggregates the agents’ states and
choices according to this distribution. Thus, the relative returns r* that clear markets

are defined by
0 = HMCr* y**|(t, M, a),

where HMC[r, y'|(t, M, a) is the market-clearing operator mapping the functions r and

11



y into a function of (¢, M,a). This implies r; = r*(t, My, a;). We assume that the

market clearing conditions have the following structure.

Assumption 3 (Market Clearing Regularity). Suppose that the market clearing op-
erator HMC[r,y'|(t, M,a) € RN" for any (t,M,a) € [0,00) x P(RY") x RM", i.e.,
there are as many conditions as market instruments. Additionally, assume that the
n-th market clearing condition HMC[r y¥)(t, M,a) =0, n € {1,..., N"}, is equivalent

to either of the following equations.

(i) Explicit market clearing: v} = MS*(t, M,a) for some function M : [0,00) X
PRN) x R - R

(it) Implicit market clearing: 0 = M™[r* y**|(t, M, a) for some function M™ :
[0,00) x P(RN") x RN" — R or operator M™ acting on r* and/or y*

Example 4. In Krusell and Smith (1998), the labor and capital market clearing con-
dition can be posed in the explicit form. In an endowment economy similar to Huggett
(1993) with a bond and a stock in zero and unit net supply, respectively, the bond mar-
ket clearing condition is in implicit form — though without a direct dependence on r*
or y** —, whereas, the stock market clearing condition can be converted into explicit

form by aggregating over the total financial wealth yielding the stock price.

Consistent Law of Motion. The cross-sectional distribution M, used for mar-

ket clearing needs to be consistent with the agents’ optimal choices. Agent i’s op-
timally controlled state i = [£"“*,&/*] is defined by its dynamics as in (3) such
that y! = y"*(¢,xy", as, ry) solves (9). The cross-sectional c.d.f. consistent with this

0%

optimally controlled state is given by M;(x) = P(z;" < z). The consistent law of

motion of the corresponding density equals the Kolmogorov forward equation®

dmt<x> - Z {_ 8in [lun (tv yi7*(t7 T, ay, Tt)v Z, g, Tt) my (x)} <10)

n=1
1 o o2 |
*3 > Z D07 [So (0 (2,0, 14), @, ag,m0) my ()] o dt
n’=1 oe{id,ag}
N?* 8

— oz,

[O-?zg (yi’*@v T, Qt, rt)v x, ag, 7,t) mt<x>] dBfg

n

This corresponds to Equation (2.4) in Carmona and Delarue (2018b) who derive it in Subsection
2.1.2 on p. 110-112. In Cardaliaguet et al. (2019), this equation corresponds to Equation (4.2).

12



for any x € RY". The dynamics of the distribution sum over the first- and second-
order variations stemming from changes in each element of the agent-specific state
vector. The Kolmogorov forward equation is stochastic. This follows from the aggre-
gate Brownian shock in (3) which is the same for all agents and, thus, does not wash
out when taking the cross-sectional average. We refer to this property (c% > 0) as
direct aggregate risk. This paper, hence, generalizes the work of Bilal (2023) and Gu
et al. (2024) which focuses on models with indirect aggregate risk (¢ > 0,0% = 0).
In this case, aggregate Brownian shocks only affect the dynamics of aggregate states
— such as TFP in Krusell and Smith (1998) — and the Kolmogorov forward equation
has a stochastic drift but no volatility term. Furthermore, the framework in this pa-
per allows for controlled volatility in agent-specific states and, thus, for asset pricing
applications.’

To derive the master equation in the following section, we also need the dynamics
of the marginal distribution M;(x,) = lim, , e M;(x) where My(z) = [

ey Mu(2)d2.

Note that x, € R denotes the n-th element of the state vector z € RY", whereas,
r_, € RN~ excludes the n-th element from the state vector. Given (10), the

dynamics of the marginals read as follows.

Proposition 5 (Consistent Law of Motion for the Marginal Distributions). Given
that the process of cross-sectional p.d.f.s {my(x)}i>0 zerne follows (10), the dynamics

of the marginal c.d.f.s {My(zy) }t>02,er are given by

dM;(x,) = {—/R [1n (6,75 (8, 2, a4, 14), 2, ag, 1) me(2)] | dz_p (11)

Zn==In

1 — ) |
+§ Z Z / |:87n,23n/ (y%*(t, zZ,Qg, Tt)u Z, Ay, T't) mt(Z):|

NT_1
n'=1 oe{id,ag} R

_ {/N [gzg (yi,*(t7 2, G4, T),s 2, Gy, rt) mt(z)] lzn:xn dz_n} dBY.
RNT—1

dz_, pdt

Zn==In

Working with the dynamics of the marginal c.d.f.s has computational advantages
over the marginal densities. Apart from reducing the need to compute derivatives, it
also allows for a more straightforward numerical approximation of the master equa-

tion.

6In existing work in economics, Huang (2024) is the only one to consider controlled volatility.
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Definition 6 (Recursive Equilibrium). The recursive equilibrium of this heteroge-
neous agent economy is a set of controls {y;" }iso4epo.], Teturns {ri}iso and cross-

sectional distributions {M;}i>o such that the following conditions hold.

(i) Given the returns {r}i>0, households choose their controls yi™* = y™*(t, 2, a) to

optimize their value function J(t,x' a) such that

0 :aiyiHH‘]B[J, Yy (L, 2t a), ne {1,..., NV}, (12)
0 =HHIB[ ] yi* 1¥](t, 2, @) (13)
0 =HTEC[J](z, a) (14)
0 :zHSBC[J7 yi,*7 T*](t, fi’uc, a)) (15)

where HE'B, HTBC and HYBC are defined as in (6), (7) and (8), respectively.

(17) The cross-sectional density {m:}+>o of the optimally controlled individual states
follows the consistent law of motion in (10) such that the cross-sectional marginal

distribution functions {M;}i>o follow the consistent laws of motion in (11).

(iii) Given the controls {y;" }1>0.icio.1], the returns ri = r*(t, M, a) clear markets such
that
0 = HMC[r*, 4>*|(t, M, a). (16)

3 Deriving the Master Equation

The master equation essentially combines conditions (i) and (i) in Definition 6 so
that equilibrium can be described by a set of equations 0 = H[J, y**,7*]. This section
derives the master equation for the general heterogeneous agent model with aggregate
risk in a heuristic manner. The goal is to make the rigorous derivations in Carmona
and Delarue (2018a,b) and Cardaliaguet et al. (2019) accessible for a wider quan-
titative economics audience and offer a recipe to apply the methodology in various
contexts.

Let us first shed light on how the master equation combines household optimality
and the consistent law of motion. The HJB equation in (13) ensures that the value
function in equilibrium is a (local) martingale and agents smooth consumption. When

setting up the agents’ optimization problem, we postulated that they take the returns
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as given. What does this mean in detail? Agents are fully rational. They know how
the returns are determined through the market clearing equation in (16). Agents also
have full knowledge of the cross-sectional distribution and its consistent law of motion
in (10). However, each agent is assumed infinitesimal so that a single agent’s deviation
from the recursive policy function y“*(¢, !, a;) would not change the distribution or
returns. Thus, in deriving the first-order condition for the optimal controls yi* in
(12), it suffices for agents to assume that the value function J solely depends on
(t,z!,a;). The dependency on t summarizes the exogenous variation stemming from
the aggregate and idiosyncratic Brownian motion and the variation stemming from
changes in the cross-sectional distribution taken as given by the agent. In order
to ensure consistency of the distribution’s law of motion with agents’ choices, this
latter variation needs to be considered separately. This is achieved by specifying the
equilibrium value function in further detail by setting J(¢, 2%, a;) := J(t, My, x%, ay).
The master equation then results from rewriting the HJB equation in (13) in
terms of J. Note that the HJB operator defined in (6) subtracts the time-derivative
of the value function in (5) which equals pJ(t, z¢, a;) — u(yl, i) from the drift of
the It6 process J(t, 7!, a;). Thus, we will subsequently define the master operator
equivalently by subtracting the time-derivative of the value function in (5) from the
drift of the stochastic process J (¢, My, z¢, a;). This, however, is easier said than done
because the distribution M, is not a standard 1t6 process such that one cannot simply
apply Ito’s formula to derive the drift of 7. The following subsection explains how

[to’s calculus can be adjusted to accommodate the distribution process.

3.1 The Cross-Sectional Distribution as a Stochastic Process

It is important to note that the aggregate distribution M;(z) is a stochastic process
that is different from the aggregate state process a; which is a standard Ito process.
For any fixed time point ¢, a; is a real vector, whereas, M;(x) is a real-valued function.
Thus, the distribution does not only depend on time, but also on its argument x €
RY*. Compared to the state a, which is a stochastic process with the standard
time index set t € [0,00), the distribution M;(z) and, similarly, the density m;(z)

are generalized stochastic processes with the larger index set (t,z) € [0,00) x RV".7

"Generalized stochastic processes are called random fields which have been introduced in eco-
nomics by Proehl (2024) in the context of the discrete-time heterogeneous-agent RBC model as in
Krusell and Smith (1998).
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With this extended index set, the standard Ito formula is no longer sufficient to
derive the dynamics of a real-valued function of time and the distribution process
f(t, My). A suitable expansion requires well-defined distributional derivatives of the

function f. First, note that we can define f in terms of a function of the density

f(t,mt) = f(t, th/d.T) = f(t, Mt)
Definition 7 (Distributional Derivatives (see Cardaliaguet et al., 2019, Definitions
2.2.1, 2.2.2 and Section 2.2.2)). Let my(x) = [my(x1),...,my(xy=)] denote the vector
of marginal densities my(z,) = [ my(xn, x_p)dx_,. Then, the derivative of f w.r.t.
the density is defined by the Riesz representation given by

f(t,my + s(mi —my)) — f(t,my)

lim ; - Fun(t, ma(2)T (mi(2) — my(2)) da,

where fp,(t,my(x)) € RN". The derivative w.r.t. the c.d.f. fa is then defined by

ot 0 M) = = o (8. 0().

The second-order derivatives are similarly defined by

n(t; (m 4 5(mi; —my))(x)) = fn (L, ()

lim =
s—0 S
- Fonm (£, (2, )" (0 () — my(2)) d’,

where fom(t, my(z, ') € RNN® such that

2 -
Y . — /
Jaranr, (8, My(2,27)) := menmn, (t,me(z,2")).
The first-order derivative may differ for various arguments = of the distribution,
i.e., it evaluates how f changes when the density only changes at the argument x and
nowhere else. Similarly, the second-order derivative evaluates how f changes when

the density changes at x,, and x/, but nowhere else.

Given f,, and fyum, the definition of the derivatives w.r.t. the c.d.f. are judiciously
chosen to ensure that the second-order Taylor expansions of f (t,my) =: f(t, M)

coincide. The second-order Taylor expansion of f follows from the definition of the

16



derivative w.r.t. the density which implies
F(toml) — F(tymy) / / Fon (61000 (2)) (1 (20 — m10(20) )l
1 ~
g / Z [ Bt ) omifal) = mua)
(my(xn) — my(xy,))da), dz,ds

with my , = m; + s(m} —m,). Integrating by parts once in the first term and twice in

the second term yields
flt,my) = ft,me) = (17)
1 N*
- / / Fat (6, Mo (2)) (M () — My(2))dands

/ > [ v (8 Mo, ) (M) = M)

n,n’'=1

(M{(z,) — My(x,))dx!,dz,ds
=: f(t, M{) — f(t, M)

with d/dxM;s(x) = mys(z). Heuristically, adding a change in the time argument
At = t' —t to this second-order Taylor expansion and setting M = My such that
(M| (x,) — My(z)) = (My(x,) — My(z,)) = AM,(z,) rationalizes the It6 expansion
of a function f(¢,M;). Note that AM;(x,) becomes dM;(x,) following (11) when
the time change is infinitesimal. If M, is the cross-sectional c.d.f. consistent with

the idiosyncratic state following (3), the appropriate expansion of a function f(t, M;)
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reads®
df (t, My) = (18)

{ft (t, M) +Z Fan, (t, Miy(2) i (8,5 (8, 2, ar, 70), 2, a, 1) my () dae

RN®

+ - Z Do | Pt (6 M) (8 2, 2)me()da

n,n'=1 oe{id,ag}

—l— Z Faran,, (6 My(z, ")) 5005 (t, @, 2 )mt(x)mt(x')dxdm’} dt

+Z{

with far.(t, My(z)) € RY"*N" and the optimally controlled covariance function

an t Mt< )) (yi’*(t,m,at,rt),x,at,rt) mt(x)dx}dBfg

RN®

207*(ta T, lj) =o% <y17*(t7 Z,ag, Tt)a T, a, rt) o (yL* (tv ZL’/, Qg rt)a ZL'/, ag, Tt)T (19)

with o € {id,ag}. Note that the term containing fys, results from combining the
first-order term in the Taylor expansion in (17) with the second term of the marginal
c.d.f. dynamics in (11) and applying integration by parts once more. This term mea-
sures the cross-variation stemming from changes to the distribution and changes to

the realization of the current draw of this distribution.

Lastly, let us give some practical examples of the derivations of this section. The
following example illustrates how the distributional derivatives can be computed for

a concrete example function.

Example 8 (Distributional Derivatives of a Production Function). Consider the
model in Krusell and Smith (1998) where we have x% = [Ii, k!], i.e, N® = 2. Denote the
Cobb-Douglas production function with elasticity o € (0,1) by F(Ly, K;) = Ly *K¢.
Define the aggregates by

L, = / Ima(1, k)dldk = / 1dM, (1, k)
R2 R2

8This follows from Theorem 4.14 in Carmona and Delarue (2018b) and Theorem A.l in
Cardaliaguet et al. (2019).
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and
Kt:/ /{;mt(l,k)dldk::/ kdM,(l, k).
R2

R2

Note that they can be written as functions of either my or M, i.e., f(t,m;) =
f(t, My) = F(Ly, K;). Then, the derivative of the production function reads

Fr(Ly, Ky)l
Fx (L, Ky)k

-~

= fon (t,me (1)) T

lim F(t,me + s(my —my)) — F(t,me) _ /
R2

s—0 S

] (ml(1, k) — my (1, k))didk

such that
Fr (L, K,
Farlt, My(1, k) = p(le Ka) |
FK(LtaKt)
It follows that far.(t, My(k,1)) =0 and
- Fr (L, K, 0
Fra(t, me(1, k) = oL K1) .
0 Fr (L, Ky)

The second-order derivatives are given by

fmm(ta mt(la ka l/a k,)) =

Fro(Le KOW Fug(Lo, KK
Fxr(Le, KK Frer(Ly, K kK

and

fMM(ta Mt(l7 k? lla k/)) =

FLL(LtaKt) FLK(Lt7Kt)
Frr(Li, Ki)  Frre(Li, Ky)

Existing work on the master equation in economics utilizes fm (Schaab, 2020;
Bilal, 2023; Gu et al., 2024). Contrary to that, we work with fj; and equation (18).
Both are equivalent and can be easily translated. We illustrate this translation with

the model with indirect aggregate risk featured in Bilal (2023).

Example 9 (Case Without Direct Aggregate Risk in Bilal (2023)). In this model,
N*=d" =1, >0 and 0 = 0. In the case without direct aggregate risk (c*9 =0),
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the stochastic integral in (18) is obsolete such that

df (t, M)

— {ft(t, M) + /RfM(t, My(z))p (E, 4™ (t, @, ap, 70), @, ag, ) my(z)da
+1/fo(t,Mt(!E))Eid’*(t,l’,x)mt(x)dx}dt
{ft (t, my(x / fm (t, my(x))p ( ,yi’*(t,x,at,rt),x,at,rt) my(x)dx
+% / & fm(t,mt(x))Zid’*(t,x,x)mt(x)dx}dt

R dx?
= t mt /fm t mt [ ,u(t,yi7*(t,ZL’,CLt,T’t),I’,(Zt,Tt) mt(w)] dx
o] ()

2

+%/Rfm(t7mt(x)) % (S (¢, 2, 2)my(z)] dz p dt

J/

=St (5’3)

where the second equality follows from Definition 7 and the third equality results from

integration by parts. It follows that

d - 1
where the Kolmogorov forward equation reads £my(z) = o} (x)+ 3¢ (x). Bilal (2023)

uses this equation and sets f equal to the value function to derive the master equation.

Apart from illustrating their equivalence, this example demonstrates the advan-
tages of working with fj; rather than fm to derive the master equation. The former
is simply multiplied by the drift and covariance terms of the state dynamics, whereas,
the latter requires the computation of derivatives which can be numerically cumber-

some.

20



3.2 Derivation of the Master Equation

The master equation results from rewriting the HJB equation in (13) in terms of
J. Akin to the HJB operator in (6), we define the master operator to subtract the
time-derivative of the value function in (5), which equals pJ (¢, My, xt, a;) — u(yl, xt),
from the drift of the stochastic process J(t, My, !, a;). We have seen in the pre-
vious subsection that Ito’s formula does not apply to functions of the random field
{My(x) };>0 zerv= but appropriate extensions have been derived in Carmona and De-
larue (2018b) and Cardaliaguet et al. (2019). Since J (¢, My, z¢, a;) is a function of
time, the distribution with marginals following (11) and the states as in (2), the

expansion in equation (18) needs to be extended to’
dJ (t, Mt,xi,at) = dA;x (t,Mt,mi,at) + dAy (t, Mt,xi,at) +dAyx (t, Mt,xi,at) )

The first term summarizes the variation stemming from ¢ and the state processes

{z}, as }1>0. It follows from the standard It formula, i.e.,
dAtX (ta Mt7 I’i, at) =

N"L’
{k7t (t7 Mta .1111;, at) + Z jx% (tv Mt7 x’tiu at) Hn (ta y?*a xi? At T:)

n=1

1 < e
+ 9 Z Z jx%fff;/ (t,Mt,xi,at) X (t7xt7$t)

n,n'=1 oe{id,ag}

N v
+ ; Tan (t, My, at) ny (ag, 7)) + 3 nnZ:1 Tana, (6, My, 7}, a0) $2,0 (ag,77)
Ly e | -
+§ Z Z jmﬁlan/ (t7 Mt7 xia (lt) Zﬁ%/ (y?*, I’i, ag, 7’:) } dt
n=1 n'=1

n=1

N®
+ {Z jx% (ta Mt)'ria at) O-;d (yz,*7$i7 Qg, 7”;:)} dBZ

Nl‘ Na
+ {Z jx% (tv Mt7 lj)é) at) O-zg (?J?*a l‘i, Ay, T:) + Z jan (ta Mta xi? at) Cn (a't7 T:)} ngg
n=1

— n=1

9This follows from Theorem 4.17 in Carmona and Delarue (2018b).
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with the covariance matrices ¥ as in (4) and X-* as in (19). The other two terms,
on the other hand, account for the dependence on the random field {M;(x)};50 perne.
Thus, dAy; (¢, My, 2%, a;) results from the expansion in (18) such that

dAM (tu Mt7 Z‘i, at) =

NZ
{Z /N jMn (t7 Mt(fﬁ), Z‘i, a’t) Mn (t) yi’*’ X, G, T;() mt<ﬂ7>dﬂ7
n=1 RN®

N(E
1 .
+ 3 Z T, (6 My(z,2), 2}, a) S0 (¢, @, 2" Ymy(z)my (2 ) dwda’

2NT
n,n/=1 R

+ Z Z / Titpe,, (6 My(2), 2}, a) 07, (¢, @, 2)my(z)de » di

n,n'=1oe{id,ag}
+ Z {

whereas, the last term dAyx (¢, My, xi, a;) takes the interaction of the distribution

o (1. M) 4.00) 037 (41”00 7) (o) 5,

RN?

{M(2)}1>02erv= with the state processes {z}, a; };>0 into account, i.e,
dAnx (t Mt@i,at) =

332 [ s 000000 ) 5 )t
n,n/=1 RN®

+- ZZ TMna,, t Mt( ), xi,at) o (yt . T, at,rt) t(x)d:p}dt.

NIE
nln’l R

Subtract the time-derivative of the value function in (5) and collecting the drift terms

of this expansion yields the master operator. We define it by HM [T, y%, ](t, M, 2%, a)
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mapping the functions [7, y’, 7] into a function of (¢, M, z*,a) such that
YT,y 7 (¢, M, ' a) = (20)

+% Z TIntont,, (B M (z,2"), 2", a) $097 (¢, x, 2" ym(z)m(z")dzda’

2NZ
n,n’=1 R

+3 Z S [ Tute (M (@), a) T (82, 2)m(a)da

n,n'=1 oe{id,ag}

N%T N2
_'_ % Z Z jMnan/ (t7 Mt(x)7 'Ii? a’) Zigﬂ (lyz7 x, a/, T) m(l’)dl’
n=1n'=1 RN®
1 &
— . ag,* 7
Py [ oo (00570 227 (1) o)

+Zg7an77n(a'r Z jana/ nn' ar +Z‘7€E’HJ" ty ' Cl?“)

n=1 n,n’'=1 =

D S SN CAERO RED 35 SE A=A TR

n,n’'=1 oc{id,ag} n=1n/=1

with the covariance matrices ¥ as in (4) and X-* as in (19). When inserting the
optimal controls y** that solve the first-order conditions in (12), the master equation
sets the master operator to zero. Note that J, = J,, o € {2%,a, 2’2", aa, x'a}, such
that the first two terms and the last two lines of the master operator equal the terms
in the HJB operator in (6). The additional terms are due to introducing the consistent
law of motion of the distribution into the equation, i.e, splitting the time derivative
Jy into the variation stemming from the exogenous Brownian innovations given by
J; and the variation stemming from changes in the distribution summarized by the
distributional derivatives. Note that in models solely featuring indirect aggregate
risk (¢ > 0,0% = 0) as in, e.g., Bilal (2023); Gu et al. (2024), it holds that J; = 0
because exogenous aggregate Brownian innovations only affect the agents-specific
state indirectly through the aggregate state. In our more general setting that includes
direct aggregate risk (0% > 0), however, the time derivative J; is non-negligible as the

agent-specific state variable is directly affected by exogenous Brownian innovations.
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Overall, the master equation allows us to characterize the equilibrium as follows.

Proposition 10 (Characterization of the Recursive Equilibrium). For any trajectory
of consistent cross-sectional distributions {M;}i>o, the recursive equilibrium of Defi-
nition 6 consists of a set of controls {y,* }is0.cpo,1) and returns {r;}>o such that the

following conditions hold.

(i) Given the returns {r} Yo, households choose their controls yi™* = y*(t, M, ", a)

to optimize their value function J(t, M,z  a) such that

O :;HHJB[ja yi’*u T*](t’ M7 xi’ a’)a n E {1’ te 7Ny}’ <21)
Yn,

O :HM[ja yi7*7 T*](ta M7 xiv (Z) <22)

0 =H"PC[TN(M, ", a) (23)

0 :%SBC[J, yi’*, T’*](t, M, i’i’uc, a)’ (24)

with HT'B as in (6), HM as in (20), HTPC as in (7) and H5BC as in (8).

(i1) Given the controls {y;* }i>0.4cio.1], the returns ri = r*(t, M, a) clear markets such
that
0 = HMC[r*, y™*|(t, M, a). (25)

4 Approximating the Equilibrium Conditions

The master equation in (22) is a non-standard PDE due to the distributional deriva-
tives. Thus, to solve the equilibrium conditions (21)-(25), we first propose an approx-
imation of the distributional derivatives. Importantly, this approximation allows us

to approximate the master equation with a standard PDE.

4.1 Approximating the Distributional Derivatives

It is useful to note that the distribution function M;(.) = P(zi < .) = p[zf](.) is a
function of the random variable x!. In this context, however, z! does not denote a
specific outcome for one particular agent ¢ but rather all possible outcomes that agent
1 could have at time t. To emphasize this difference between realized and hypothetical

state, we keep ! to denote the realization of agent i’s state variable at time ¢ and
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denote the collection of possible outcomes at time ¢ by x:. Thus, we substitute
M;(.) = p[xi](.). Therefore, the value function J(t, My, %, a;) = J(t,p[xi], 2%, a;) =
J(t, X}, xt, a;) can be rewritten in terms of the state random variable y%.'" As an
[t6 process, the agent-specific state in (3) is a square-integrable stochastic process
implying that ! for a fixed time point ¢ is a square-integrable random variable, i.e.,
xi e L2(Q,F,P;RY"). Since the state random variable lives on a Hilbert space,
the derivative of a function of that random variable f (t,x%) is given by the standard

Fréchet derivative fxi :

Definition 11 (Distributional Derivatives II (see Carmona and Delarue, 2018a, Def-
inition 5.22)). The derivative w.r.t. a square-integrable random variable is defined by
the Fréchet derivative fy: given by'!

s—0 S

Fultxis )" @ = 2)dP ({ <o} <a'})

RN®

for any Xi,Xil € L*(Q, F;,P;RN"). The second-order derivative is similarly defined
by

fxi(tXi + S(Xi/ - Xfﬁ)ax) - fxi(t7Xi7x)

lim =
s—0 S
Fexe (b x4 2, 2) (@ = 2)dP (1} <2} 0 {d < a'}).
RN®

As for the other distributional derivatives, we have that f~Xi (t,xi, z) € RN and
Frini (t, X, @, 2') € RN™XN" Moreover, there is a direct link between derivatives w.r.t.

the c.d.f. and derivatives w.r.t. the corresponding random variable.

Proposition 12 (Cardaliaguet et al. (2019, Proposition A.1.2)). If a function of the
distribution f(t, M;) = f(t,xi) is differentiable w.r.t. the c.d.f., then it is differen-
tiable w.r.t. the corresponding random variable and fp(t, My(x)) = fxi(t, Xk, x). Sim-

ilarly, the second-order derivatives agree, i.e., fyn(t, My(z,2')) = fxixi(t,xi,x,x’).

10The fact that functions of distributions can be rewritten as functions of random variables has
also been exploited in Proehl (2024) in a discrete-time context. As that paper provides a detailed
account of this correspondence, we only give a high-level summary here.

' The equation to define in is equivalent to Cardaliaguet et al. (2019, Equation (A.5)).
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The advantage of working with f (t,x}) and its derivatives lies in the fact that one
can approximate the random variable x¢ with polynomial chaos, a stochastic variant
of orthogonal polynomial projection. Importantly, this approximation converges when
the order of the polynomial approximation increases. This discretization technique
has first been proposed for heterogeneous agent models by Proehl (2019) in a discrete-
time framework. At a fixed time point ¢, any element of the multivariate state random
variable (x%), € L*(Q2,%,P;R) can be written as

(X = Y _ 910" (&) (26)

where £ € L™(Q,%,P;RM) is an N¢-dimensional vector of independent random
variables for which all moments are finite. The corresponding family of orthogonal

polynomials {¢"}>°, satisfies

Lo=upb” = ¢ (€)9" (E)m®(€)dg (27)

RN¢

such that 6" > 0, v € {0,1,...}. The projection coefficients {¢},, }72, are defined by

dtn=g5 | [ o0 @ () < w46 < ). (28)

The seed random variables ¢ in the Polynomial Chaos representation (26) are fixed
exogenously. There is a trade-off to be considered for that choice. On the one hand,
one can choose ¢ to equal a standard random variable, e.g., normal or uniform. In
that case, the truncation error in (26) will become small only for higher-order poly-
nomials. However, the family of polynomials is then standard and does not need to
be constructed. On the other hand, one can tailor ¢ to a distribution close to the
one expected in the model. In that case, truncating (26) at lower-order will already
achieve a good approximation but the family of polynomials needs to be constructed
separately. The latter is what is done in Proehl (2019) as this paper relies on a
tensor-grid discretization of the state space. In contrast, we choose the former be-
cause our numerical method relies on neural nets and therefore, suffers less from the
curse of dimensionality. In (26), we fix £ ~ N(0,1). Furthermore, we assume this
standard univariate distribution to be i.i.d. for all states n € {1,..., N*}. The cor-

responding family of orthogonal polynomials are the Hermite polynomials (see e.g.
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Ernst et al., 2012; Xiu and Karniadakis, 2002). This implies that b” = /27 v! in (27)
and ¢°(¢) = 1 such that ¢}, in (28) yields the mean of the state random variable
(X, Le.s 07 = E[(X)n]-

Using this polynomial projection technique, the multivariate random variable x;
can be represented by a set of projection coefficient series ({47, }520, - - -, {h ;1 }020)-
Therefore, we can rewrite any function f(t,x!) = f(t, {0l hoo - 1PN 1020)-
Given (28), each projection coefficient in {¢], ;}52, is a function of the corresponding
element (x%), of the multivariate state random variable. Hence, the distributional

derivative can be computed using the chain rule.

Proposition 13. When the multivariate state random wvariable is represented by

Polynomial Chaos as in (26), the distributional derivative of a function defined as

Ft.xi) = AR 3200 ke 1i20) s given by

S ¢*(e)
f t Xt? Z t {Qplt}v 0y {QPNQC t}v 0) v
where 0¥ as in (27) and x,(e) = Y07 @7 ,0"(e). The second-order derivatives are
given by
¢ i = 0 £ v 00 v 0o ¢v( )¢U ( )
fx%xil, (ta Xt :E(e)? $(€/)) :Uvz Wf(t7 {Spl,t}vz(b te {SONI,t}v: ) by bv/
T (o)) = 5 [ AR Fo20r - {he}00) 20" ()
xXh, \Us Xt gt bUZ/ ngn,’taeqﬁv( )

Remark. The distributional derivative fx% s a random variable itself with projection

coefficients { f% JbY

Numerically, the series in (26) will be truncated at V,, meaning that we set
{#f o>y, = 0. Proehl (2019) showed in a discrete-time framework that, when in-
creasing the truncation order V,, of the polynomial projection, the policy function
of the truncated representation converges to the true policy function exponentially.
This convergence result likely carries over to the framework at hand which we will

check numerically for our example model.
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4.2 Approximated Equilibrium Conditions

Overall, we can rewrite the value function by

J (t7Mt7xi>at) :j (t X;wi’at) = j (t {szljt}go—m ce e {901]]\”,1&}1010:0’1‘;’ at)
Nj (t {Solt}v 05+ - {SONH}U Oaxtvat>'

Note that the derivatives of J and J w.r.t. {t, 2, a, 2’2, aa, 2a} coincide. Com-
bining Propositions 12 and 13 allows us to approximate the master operator in (20)
with a standard PDE for the function j(t {pnin 0, % AT 2t a). Define the
approximated master operator H*M[J 4", r](t {0, %= 1N 2%, a) mapping

functions [7, %", r] into a function of (¢, {2, ..., {@%= 1\2% 2% a) by

HMT 'l et e - {125 2 a) = (29)
—pJ +u(y,a") + T+ Z Z %/ P (t.y', z(e),a,r) ¢"(e)m*(e)de
n=1 v=0 RN

N*  V, V. j /
EPIPD biZf’AQNg S (6 w(e), ()6 (e)me (e)de” (¢ ym (¢ e’

nn/ 1 v=0 v'=0

+ = Z Z jw/ 30 (t x(e), z(e)) /% 1:(86) ——m?®(e)de
nn/ 1 0€{id,ag} v=0 RN U’n=0 (pz’%(bv (6)
N® N° V. 5
= j a,,r za v
+ = Z Z Z et / e z(e),a, 1) ¢"(e)m*(e)de
n=1n'=1 v=0

v=
N* 'V,

- Z 2 it /N£ 209 (2, z(e)) ¢¥(e)m® (e)de

nn’ 1 v=0

Ne
—l—ZJannnar—l— Zjana, (a,r —i—Zleunty a',a,r)
nn’ 1 n=1
—i—% Z Z .7;“;/20* (t,2",2") ZZsza,Zm y', 2’ a,r)

n,n'=1 oe{id,ag} n=1n/=1

where b” as in (27), z,(e) = 32\, ¢u¢"(e), the covariance matrices ¥ as in (4) and

¥* as in (19). We can now define the approximated equilibrium.

Definition 14 (Approximated Recursive Equilibrium). Suppose that the agent-specific
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state random variable is approzimated by polynomial chaos as in (26). Then, for any
trajectory of consistent cross-sectional distributions {M;}i>o, the approzimated recur-
sive equilibrium consists of a set of controls {y;*}is0.cp.1 and returns {r}}>o such
that the following conditions hold.

(1) Given the returns {r; }1>0, households optimize their approzimated value func-

tion j(t {eu,, .. {go}’vz L/Ng,x a) by choosing their optimal control func-
tions y," = y>* (¢, {gol Vi A% WNE ) such that for anyn € {1,..., N}
PGy ] (1AM (ke a) (30)

ayn Yo L Fvm0s -+ - s VPN= Fom0 s
0 =HM(T, 5 r"] (t [P0 {ke N2 ) (31)
0 =H"PT] ({ethio, - {oh 152 a) (32)
0 =HPT y ] (LA AR D5 8 %00) . (39)

where HATB as in (6), H*™M as in (29), HTBC as in (7) and HBC as in (8).

(i) Given the controls {y?*}t>01€[071], the returns that clear markets are given by

unctions r; = r*(t, {oY AR YN G) such that
t 1v0 Nz Ju=0

0= HMW g ({pT o {0k N2 a) (34)

Note that this set of equations simplifies for some example models. For instance,
whenever (30) and (34) yield closed-form solutions for y* and r*, respectively, we
can insert this directly into the approximated master equation and the boundary

equations.

Example 15. The returns in Krusell and Smith (1998) are explicitly given by

2 F (2, E ], E [k]])
O F (z,E[li],E [Ki])

oK

ry =

%F (Zta Lt7 Kt)] _

Q%F (Zt7 Lt7 Kt)

o)
ﬁF (Zt;SO?Ja(Pg,k)
d

ar b (26,80, k)

such that the market clearing condition (3/) can be inserted directly into equations

(50)-(33). In contrast, the bond return in Huggett (1993) is implicitly given by the

market clearing condition

=E [bﬂ =E [90?,1)]
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and thus, cannot be inserted.

5 Solving for the Approximated Equilibrium

Next, we outline a numerical method to compute global, grid-free approximations of
the equilibrium functions (Dm7j , D2J ,7*) in Definition 14, where D,: denotes the
spatial gradient operator with regards to idiosyncratic states ' and D? denotes the
full spatial Hessian operator. We recover the equilibrium policy function y** through
the optimality condition (9) from (D,:7, D2J) by assuming sufficient regularity of

the state dynamics in (3) such that a unique, closed-form control map C exists.

Assumption 16 (Hamiltonian Regularity).
The drift and dispersion functions p, o° with o € {id,ag}, and  are such that

(i) the HJB-operator H'B in (6) is convex in y';

(ii) (30) has a unique, closed-form solution in terms of the partial gradient D7 :
[0,00) x RN — RN" and the full Hessian D27 : [0,00) x RN — RV*N where
N = N*"+ N® + Zflv; V,, is the number of spatial dimensions, i.e., there ex-
ists a unique closed-form operator C[Dmij, Dzj] (t, 2% a,0,7) € RN such that
ClD1d, D) =, where = ({3 Hko.. .., ik 125 ) 2

Remark. The operator C defines a function g : ([0,00) x RY x RN") x RN x
RNXN s RNY which maps values in the image im(Dxij, DQj) e RY* x R¥*N into
the optimal control y** € RN for every (t,2%,a,p,r) € [0,00) x RY x RV,

We outline our solution method in two steps. First, we derive a probabilistic rep-
resentation of recursive equilibrium. Second, we use this probablistic representation
to deploy methods from the applied mathematics literature to jointly approximate
(DT, D27, r*) such that J satisfies (30)-(33) and r* satisfies market clearing (34).

12Note that y** only depends on the parts of the Hessian w.r.t. * or a, since the cross-sectional
dynamics do not matter for optimality. We omit denoting this explicitly since it does not matter for
the design of our algorithm.
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5.1 Probablistic Representation of the Approximated Recur-
sive Equilibrium

Following the Deep BSDE method (E et al., 2017; Han et al., 2018), we reformulate
the analytical task of finding (the gradient and Hessian of) J as a probabilistic task
of solving backward stochastic differential equations (BDSEs). Since we allow for
controlled direct volatility, the PDE solved by J is fully nonlinear and the associated
BSDEs are of second-order. Such a nonlinear setting is considered in the Deep 2BSDE
method further developed by Beck et al. (2019), which forms the building block of
the algorithm developed herein.

To outline the reformulation of the solution J to (30)-(33), assume that some price
function r7*(t, ¢, a) exists such that (34) is satisfied V¢ € [0,00). Then the functions
C[Dxij, Dzj] and 7* can be substituted into the approximated master equation (31)
such that it constitutes a fully-nonlinear, yet, standard PDE of dimension 1 + N.!3
The Deep BSDE method formulates such PDEs equivalently as BSDEs through a
generalization of the famous Feynman-Kac formula (see, e.g., Pardoux and Peng,
1992). Loosely speaking, this corresponds to applying Pontryagin’s maximum prin-
ciple yielding a probabilistic rather than analytical representation of optimal control
problems (Yong and Zhou, 1999)." However, since the optimality condition (30) does
not take into account the dynamics of the cross-sectional distribution, we cannot view
the master equation (31) as the HJB equation of a standard stochastic control prob-
lem. Consequently, we cannot directly employ variations of the Deep BSDE method
which are based on the stochastic maximum principle (e.g., Ji et al., 2022; Huang
et al., 2025). Rather, we treat (31) as a generic fully-nonlinear PDE. Through the
nonlinear Feynman-Kac formula in Cheridito et al. (2007, Theorem 4.10), it is re-
lated to the following system of strongly coupled forward and second-order backward

13The PDE is fully-nonlinear whenever y** depends on D27, that is, whenever agent-specific
volatility is controlled, i.e., Im € {id, ag, xa} such that 9X™/dy’ # 0.

14We refer to Huang (2024) for an illustration in the context of economic models. Furthermore,
note that under Assumption 16.i the second-order adjoint equation in the more general case treated
by Yong and Zhou (1999) becomes irrelevant (see p. 141 and Proof of Ch.3 Theorem 5.4).
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stochastic differential equations (FBDSE),"

¢ dzd
x;*t* nO—i_/O :U’n(ys ’ s 7CLS’ S d8+2/ n] ys ’ s 7a57 s)dBl (35)

a,
d*9 s

+Z/ n] ys ) S 7a87 S)dB;g7

ant—ano+/ T (15,7 ds+Z/ Cog (a,7) dB, (36)
v v ! d)v( ) % * 13
Pt =¢n,o+/ ok (Y7 (5,05, 2(e), as), w(e), as, ) m*(e)de (37)
0 RN€ b
0 v
Z Z / ae(b ,( 2 20 (s, x(e),x(e))mé(e)de}ds
oe{zd ag}n'=1 NE by Zn’ de¢v ( )

+;/0 { e ¢Z§,€ ond (" (s, 05, 2(e), as), (e), as, 17) mb (e )de} dB;3,

dzd N<T

/ {pY—U ys ) s }dS_ZZ/ nsan] ys ’ s Y as, T s)dBZ (38)

j=1n/=1
da

—Z/ {ZZn Sanj ys s s ,as, s +ZZNCC+7L anJ(a& s)
n’=1

+ Z Zzn s ¢Zv(/€)”zgi (47 (s, s, 2(e), as), z(e), as, ) mé (e )de}dng,

n'=1v'= RN
/ Amsds—z / o 502 Z / (o s s (39)
NZ Vn’ )
DI R
n’=1v'=0 t

where n € {1,...N*}, v € {0,...,V,}, m € {1,... N}, rf = r*(t, 1, a), and y,* =
g (t, xi’*, at, 1, ri, Z1.n= 1, 1't) is the optimal control of a specific household as defined
in the Remark to Assumption 16. The dependence on Z; and I'; foreshadows the
equivalence result below and implies the strong coupling of the FBSDEs. Specifically,
the forward SDEs (36)-(37) encode the aggregate dynamics of a specific economy
with initial state (ag, o) and shock history {B;”};>o. The forward SDE (35) in turn

15Here, we index over the 22:1 V,, projection coefficients by (n, v) denoting ¢¥’s position.

32



encodes the idiosyncratic state dynamics of a specific household with initial state
z{ and shock history {B{};>, which populates this economy. These forward SDEs
depend on the backward SDEs (38)-(39) encoding the dynamics of the current value
Y; and the vector of spatial marginal values Z; of this specific household. That is,
Y :[0,00)xQ > Raswellas Z, A : [0,00) x Q2 — RY¥ and T": [0, 00] x Q — RV*N are
household-specific F-adapted stochastic processes. Defining the approximated value

function J as in (5), one can verify, using It6’s lemma twice, that indeed!®

}/t = j(tv Pt le‘:’*a at>7 Zt = Dj(ta Sptax?*v at)7 (4())
At - B[Dj](tﬂ@t,ivi’*,atﬁ Ft = Dzj(tthaxi’*7at)7 (41)

where DJ : [0,00) x RY — RY denotes the full spatial gradient of J and the
functional operator B is defined in Appendix B.1. In what follows, it is important to
differentiate between the functions defined on the entire state space [0,00) x RY on
the right-hand side of equations (40)-(41), and their values at (t, ¢, ", a;), which
are random variables.

It remains to impose additional conditions on the processes {Y;, Z;, Ay, Tt }i>0 in
(35)-(39) such that they also satisfy the transversality and state boundary condi-
tions. In light of (40), the transversality condition (32) is equivalent to the terminal
condition limz . [Yz, Z7|T = 0. The state boundary condition (33), which ensures
by smooth pasting that the unconstrained HJB equation (13) converges to the con-
strained HJB equation at the boundary, is imposed by reflecting the dynamics dé;
at € = 0. Specifically, the last N¢ elements of dx! are rewritten such that, at the

boundary, the drift is nonnegative and the dispersion terms vanish, i.e.,

dé! =Lz-00(t, Yl Tt ay,ry)dt + 15— max (w(t,y;, T4, ar, 1), 0) dt (42)
+ Tzisg {Uid (yz,fvi, at,rt) dB! + v (yi, Tl at,rt) dBfg} )

Given a function r* satisfying (34) Vt € [0,00), the processes {Y:, Z;, As, 't }>0
which solve the FBSDEs with the terminal condition limy_,[Yr, Z7|T = 0, therefore,
equivalently represent recursive equilibrium. E et al. (2017) were first to view the task
of computing approximations of the functions in (40)-(41) as a deep reinforcement

learning (RL) problem.

6 For the necessary regularity assumptions underlying this result we refer to Cheridito et al. (2007).
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5.2 Baseline Algorithm

A host of methods employs this insight to solve high-dimensional PDEs with varying
properties (see E et al., 2021, for a review). Broadly speaking, these methods vary
along 4 important dimensions: (i) how the RL problem is defined; (i7) whether the
FBSDEs are temporally discretized in time as a backward or forward system; (iii)
which subset of the functions in (40)-(41) is approximated with neural nets; (iv)
how the RL problem is numerically implemented. Ideally, these algorithmic choices
must not only be consistent with each other, but also be suitable to properties of the
FBSDEs at hand, as well as retain convergence results established in the literature.
Here, our numerical algorithm must accommodate five critical properties. First,
the FBSDEs are of second order since (31) is fully nonlinear. Second, the FBSDEs
are strongly coupled because the drift and volatility term of dz!* depend on Y; and Z;
through the individual choices y/”*. Both properties are due to controlled volatility as
a natural feature of macro-finance models. To accomodate them we modify the Deep
2BSDE method by Beck et al. (2019) according to insights by Niisken and Richter
(2021); Huang et al. (2025). Third, the initial state (zf, ag, @o) is a R -valued random
variable distributed according to a calibrated empirical distribution Mo(x, a,).'” We
adopt an appropriate modification of the Deep BSDE method, that is already pro-
posed in the original paper by Han et al. (2018). Fourth, the cross-sectional dynamics
(37) and market-clearing condition (34) depend on the policy function C[D,:.J, D2J]
with subdomain R™Y" - not on a single realized policy yz* Fifth, the FBSDESs are only
well-defined given a price function r*, which is, however, not known in closed form
under Assumption 3.ii. The last two properties manifest the culprit of solving HACT
models with aggregate risk and implicit market clearing conditions. To accommodate
both features we augment the 2BSDE method by Beck et al. (2019) as detailed below.

(i) Reinforcement Learning Problem. Intuitively, one can think of the RL
problem introduced by Beck et al. (2019) as finding suitably defined functions for the
initial (marginal) values ¥*°(z{, ag, po) = Yo and 920 (x, ag, po) = Zo, as well as for
their drift and volatility functions 92(t, 20, as, ;) = Ay and 97 (¢, 22%, ay, ) = T,
Vt € [0,00). These functions must imply paths of {Y;, Z;};>¢ that minimize some

"This c.d.f. follows from a calibrated distribution ]\:40 (z,a) ~ (2’,a’) implying a jointly random

vector of projection coefficients ¢ discretizing My (z,a’) ~ 2’ for every realization of a’.
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"loss” functional relative to an exogenous target quantity. Although this functional
needs to be chosen such that the optimum coincides with the solution of the FBS-
DEs, its specification leaves many degrees of freedom. For decoupled FBSDESs, Beck
et al. (2019) employ the mean squared error of the terminal condition on Y7 as the
exogenous target quantity. For coupled FBSDEs, recent findings (Andersson et al.,
2023; Huang et al., 2025) show that solely relying on the terminal condition on Y
leads to convergence issues. Therefore, we follow Huang et al. (2025), who develop
a robust adaption for strongly coupled second-order FBSDEs, by augmenting the
objective functional in (43) with the mean squared error of the terminal condition
limy o Z7 = 0. Furthermore, we follow Niisken and Richter (2021), who show that
using the error variance rather than the mean squared error of terminal conditions
leads to more robust finite-sample approximations.

Because we need to track distributional dynamics and accommodate implicit mar-
ket clearing, we augment the RL problem of Beck et al. (2019) along two dimensions.
First, distributional dynamics depend on all household choices y** = C[D,:J, D*J],
i.e., on the gradient and Hessian functions with subdomain RY". By the equivalence
relation in (41), D2J(t, 22" ay, ;) = 07 (t, %, ay, ;) is part of the RL problem’s
controlled functions. The gradient DJ (t, 2™ ay, ¢;), however, is not a control in
the RL problem of Beck et al. (2019); Huang et al. (2025), as its realized evolution
{Z:}1>0 serves as the predicted output. To evaluate the distributional dynamics (37),
we therefore add the function 97+ (¢, x*, ay, ;) = Dy T (£, 20, ay, @) as an additional
function control and use its evaluated mean squared deviation from the realized pro-
cesses {Z1.n= 1 }1>0 over the time interval [0, 00) as the corresponding objective.

Second, implicit market clearing (Assumption 3.ii) introduces the unknown re-
turn function V" (¢,a;, ) = rf as an additional control of the RL problem (43).
Specifically, household choices y** = C[Dxij .D2J |(r7), which take returns as given,
must clear markets at all times, i.e., M [r* y"*|(t,as, ;) = 0, Vt € [0,00),Vn €
{1,...,N"}."® We employ the mean squared error for this market-clearing condi-
tion over the time interval [0,00) as the corresponding objective. That is, opti-
mal household behavior and the return function, which depend on the controlled
functions ¢ = (90, 9% 9% 94 Y' 97), must jointly determine a path {a, ¢;}52,

through (37), which is consistent with market clearing. Meanwhile, explicit mar-

18Tn the Huggett (1993) economy (Example 4 and 15) the bond market clearing condition is simply
MMy (L, ar, o) = gp?’b = 0 as it does not depend on household choices directly.
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ket clearing (Assumption 3.i) significantly simplifies the RL problem because then
r* = 9 (t,a,0) = M(t,a,p) is known a priori. Therefore, we only outline our

algorithm for the more general implicit case.

(

ming limg_, o {Var [YT(Q‘})] + Zf:[:l Var [ZH,T(ﬁ)] }
+E | [;7 || Zine s (9) = 9% (t, 27", ay, SOt)H2 dt]
| f7 M [ 0), €00 7, D2 1 0)] (8 9), 009)

subject to (35)-(39),(42) with

2
dt] ,
(43)
Yy = 97(zi, ag, o), Zo = 970 (xl, ag, @o), for a given (z, ag, o) ~ My
Ay =04t 2l ap, ), Ty = OV (4, 0% ag, 1), 7 = 07 (t, ag, ¢), Yt € [0, 00)
| DT (8 ar,01) = 0% (t, -, ai,00), D2T (1, ar,00) = 07 (8, -, a, 1)

The terms in the objective of the RL problem (43) operationalize the three recur-
sive equilibrium conditions of Definition 6 within its probabilistic representation de-
rived above. The first two terms ensure (%) individual household optimality, the third
term (ii) its consistency with the law of motion of the cross-sectional distribution, and
the last term (744) market clearing. Furthermore, it is important to note that (43) is a
global problem in the sense that limr_,{Y7(9), Zr(9)} and {Z;(9), ar (), o:(9) }i>0
depend on the system’s entire dynamics as controlled by ). Hence, although one
may think about this method as a sort of shooting algorithm, all loss terms can
be reformulated into divergences in (controlled) probability measures over the entire
time path, rather than just at terminal time (Niisken and Richter, 2021). In light of
this, the RL problem may be viewed as an importance sampling task. Its aim is to
minimize variation in the terminal value of sampled households, deviations between
their optimal behavior and that consistent with the distributional dynamics, as well

as from market clearing — i.e., to minimize violations of equilibrium.

(ii) Temporal Discretization. Since the FBSDEs are coupled, we discretize the
FBSDEs into a forward Euler-Murayame scheme (Andersson et al., 2023; Huang et al.,
2025). This also allows us to initialize simulated paths under a calibrated empirical
distribution My(z, a, ¢). In order to handle the time domain [0, c0), we follow Friedl
et al. (2023) and adopt the transformation of Traeger (2014) mapping unbounded
physical time t € [0,00) into transformed time 7(t) = 1 — exp(—vt) € [0,1),v > 0,
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such that the inverse map t(7;) := 7 !(73) exists. The unit interval is then partitioned
into K intervals U [, 7%+1) = [0,1) of equal length 1/K, where 75 := 0 and
Tk = 1. Time is, hence, discretized into K intervals of increasing physical length
Aty = t(7) — t(T—1) = L In (1 + fi—i) Under this discretization the FBSDEs turn

into a forward Euler-Murayama scheme in transformed time, i.e., for X ~ M,

Aty,
AB;,

bl

XTk/ XO k'—1 XTk ATk
YTk/ =|Y |+ Z FEM Tk YTk ) FTk ?C [
k=0 ZTk r*

Tk

Dmiﬂt(m),Xm),] .

. ) rr),
D27 (t(r,), X *
Z,, Z (t(7k), Xr,)

(44)

where X, = [22*, ar,, 0r )7, Xo, = [ an, 00T, ABy, = {{AB: Y4, {AB}9 14

j=1 o S =1
with AB;fii’“g} i N (0, Aty), and the function F'PM is defined in Appendix B.2.
(iii) Neural Network Approximation. Numerical implementation of the RL
problem relies on deep learning, i.e., on parametrizing 9 by neural nets.'? Specifically,
we closely follow Beck et al. (2019) and approximate the functions ¥4 and ' at
different time increments 7 € [0, 1) with separate multilayer (deep) neural networks
Nf_: :RY — RY and Ni}i : RV — RV*N - Analogously, the gradient ¥4 and return
functions 9" are parametrized by separate nets kazz :RY — RV and N7 : RNV —
RN". Lastly, the neural nets NgYO : RY — R and NgZo : RV — RY parametrize
the initial (marginal) values ¥¥° and 9¥%°. Given a network hyper parametrization

O30 := [0%0,6% 6% 64 0" 0"]", the discretized RL problem is

mingee Var[Y;(0)] + SN Var [Z0,1(0)]
P 2
+E | S e 6) - N 6]
. ~ N . 2
+E | [, 00,100 2T O] 0[] )
s.t. (44) with Yy = N7 (X,), Zo = N?7°(X,), for a given Xo ~ M,
A = NI(X,), Dy = N0 (X)), =NV (X,,), VEe{0,...,K — 1}

» Tk

| Dai T (t(0), Xr,) = NO (X0), DT (t(m), Xr) = NG, (o)

(iv) Iterative Scheme. The Deep (2)BSDE method implements the RL prob-

YFor introductions to neural networks we refer to, e.g., Maliar et al. (2021); Azinovic et al. (2022).
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lem in (45) through mini-batch stochastic gradient descent. In the present context,
Niisken and Richter (2021) call such schemes — perhaps more instructively — ”iter-
ative diffusion optimization”. It involves iteratively 1.) estimating all expectations
and variances given a parametrization . ; through batch Monte Carlo simulation of
the diffusion process (44); and 2.) updating 6., by the ” Adam”-variant of gradient
descent optimization (Kinga et al., 2015; E et al., 2017, Appendix A). To speed up
training, Beck et al. (2019) also apply batch normalization (Ioffe and Szegedy, 2015)
and a decaying learning rate schedule {\;} X (e.g., Glorot and Bengio, 2010). Our
adaption of their method is summarized by the pseudo-code in Algorithm 1. Appendix

C provides further details on the network architecture and the Adam optimizer.

Algorithm 1 Approximation of (D7, D27, r*)

1: Input: Hyper parametrization Myatch, Mirain, Mepochs, K, v, {/\i}fibf“h, O;
Calibration My € P(RY)
2: Output: Neural network approximations
oZe 0% NOTAK—1 5 24 * K—1
{N NTk: ) NTk k=0 ~ {D:Jclj(t(Tk)7 X)? D j(t(Tk)) X)’ r (t(Tk)v X) k=0

Tk

3: Initialize a network parametrization: 0y g, +1 € ©
4: Draw Mpatch states Xo ~ My and Mirain X K Brownian increments AB;,
5: for e = 1,..., Mcpochs (sequentially) do
6: Initialize network parameters from previous epoch: 0.1 = 0c—1,01,,,0,+1
T fori=1,..., Kpatch := Mtrain/Mbatch €N (SequenﬁaHY) do
8: for 1 < m < Myaten (in parallel) do
9: Initialize X" from mth of the My,ien draws of X and set
070 070
Yy" =No™(Xg"),  Zo=Ny™ (Xg")
10: for k=0,..., K — 1 (sequentially) do
11: Set network approximation:
o (xm)
Al N (X7 A . g%z .
| b [P ), X N G
Tk NT,; (XTk) ) D2j(t(7'k),Xm) 08 i/ vrm
TT;C Oc.s m Tk NTk (XTk)
N'Tk’ (XT]C)
12: Compute next values according to Euler-Murayama scheme (44):%
X xm xm A™m ; -
7%:11 _ Y:T,?k PEM [ Yiﬁ 7 Féf c [Dx;q(t(m)a)_@,:),] (), [ Aty }
Z;:Jﬁl Z:Z Z:—Z r:—k D j(t(Tk),X.?Z) ke ABTk

29Tn the application to the example model, we furthermore ”enforce” market clearing by setting
nglz = 0 Vk,m (see Example 15) in order to avoid convergence issues associated with training
samples that violate market clearing (Azinovic et al., 2022). The deviation from this condition
enters the last term of the loss function.

38



13: end for

14: end for
15: Compute an estimation of the objective (loss) function in (45):
Myatcn M, Mpatcn 2
ZMEatch Z 1 " Moaten ,
o9, ;) =—=m=L__ ym 4 &n=1lLm=1 m_ Zm
( e,z) Mbatch 1 Z 1 Mbatch 1 n,l mzz:l n,l1
Mypaten K NT 2
* T 2 ZZ( e~ N () (1)
A m=1 k=1n=1
Mbatch K N7 GZI er . 2
e 2 2 > (M NN N v . ) )
batch 21 k=1n=1
16: Update 0,; = [02/2, 9622, Qer, 0@42, 951, 0;. J¥ by ”Adam” with learning rate \; > 0

He,iJrl = ee,i - )\ZAda‘m (Dem-‘l)(@e,z’)) (47)

17: end for
18: end for
19: Return 0. = Onr, oo Myaen+1

Remark. The Kpygen, mini-batches sample over the initial distribution Mo € P(RN )
and trajectories of {X,Y, Z} to estimate the objective (loss) function ®(0. ;) in step 15.

The algorithm has some desirable properties for solving HACT models with ag-
gregate risk. First, the simulation step ensures a global, grid-free approximation since
each optimization step is based on sampled data rather than a pre-determined grid.
As pointed out by Azinovic et al. (2022), this approximates the ergodic set of the re-
cursive equilibrium under 6. ;. This avoids computation in regions of the state space,
which are not visited in equilibrium. The method, therefore, caters to equilibrium
state spaces with irregularly shaped (non-hypercubic) geometries (see e.g., Maliar
et al., 2011). Second, the algorithm can be augmented with a parallelization scheme
to speed up its numerical execution (see e.g., Azinovic et al., 2022, Appendix A.9).

Third, the algorithm benefits from the well-known computational efficiency of
neural nets. Since they represent a sequence of matrix operations, the computational
complexity in their evaluation and automatic differentiation is of a similar magnitude
(Azinovic et al., 2022). The Deep BSDE method exploits this regularity in sampling
many batches and in evaluating the gradient Dy, , in (47) to handle high-dimensional
PDEs. Here, the high dimensionality is due to the Zﬁzl V,, projection coefficients
discretizing the household distribution. These projection coefficients track the cross-

sectional evolution of the economy — the methodological roadblock in HACT models
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with aggregate risk. Since Polynomial Chaos expansions can capture the (tail of)
distributions particularly well if 2221 V,, is large, we view its combination with deep

PDE solvers as a natural strategy to solve such models.

6 A Macro-Finance Example

Using this solution method, we study the interaction between uninsurable income risk,
borrowing constraints, and asset illiquidity in a macro-finance model with aggregate
risk. Although this interaction has gained much attention since the influential work by
Kaplan et al. (2018), it has not yet been extensively investigated under aggregate risk.
Therefore, the effect of variations in households’ self-insurance and hedging motives
against risk are not fully understood. We first inspect a canonical model with inelastic
labor supply in which self-insurance and hedging can only be achieved through saving-
investment decisions. In an extension, we study the effects of endogenous household-

specific labor choice and of a collateral rather than absolute borrowing constraint.

6.1 Environment

We consider the two-asset economy in Krusell and Smith (1997) — an extension of
Examples 1 and 8 — with illiqudity in productive capital as in Kaplan et al. (2018).
Specifically, individual worker-households hold illiquid capital and rent it to a per-
fectly competitive representative firm producing F'(L;, K;)—0 K, units of a single good,
§ > 0.%! Furthermore, we consider direct aggregate risk shocking household’s individ-
ual capital rather than an aggregate variable, e.g., TFP. We have that d'¢ = d%9 = 1,
N? =3, and N* = 0. Therefore, we drop any dependence on a;.

Household Problem. Each household is characterized by its labor productivity
e* earning the wage rate wy, liquid bond holdings b paying risk-free rate ¥, and illiq-
uid capital holdings k! paying the risky return r¥, i.e., 2t = [21, b, k], ry = [wy, r2, rF].
Log-labor productivity 2! follows an idiosyncratic Ornstein-Uhlenbeck process which
is correlated with aggregate shocks by w € [—1,1]. Tlliquid capital is subject to ki-
proportional aggregate shocks and convex adjustment costs W(ul) = tbg|cl] + 1)y ]ei]¥>
per ¢ invested (divested) units (19,%1 > 0; ¥» > 1). Households have CRRA-

preferences over consumption, u(ci) = (¢¢)'=7/(1 — ), inelastically supply labor, and

2ITherefore, there are no firm profits to be distributed.
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choose controls ¥ = [¢!, ] subject to a borrowing and short-selling constraint, i.e.,
e(t,zt) = [bi — b, k{]. Hence, the household problem is

max | [ e/ (15)

s.t. dzl = k(2 — 20)dt + V1 — w20.dB! + wo.dBY,
dbi = {wtezé + bt RN = - W) - cé} dt,
dk} = Ukjdt + kloxd By,

(b = b k] > 0.

Optimal Controls. The optimal controls y”* satisfy the first-order condition
7% -1 i 1% %
[, 0] = [(To) 7, =k (L + (i) To + ki Tl (49)

such that households’ optimal investment policies feature an inaction region, i.e., 0 €
im(:%*), due to the proportional component of adjustment costs (¢9 > 0): Households
only adjust their holdings of illiquid capital if the absolute difference between their
marginal rate of substitution between both assets and the cost of capital, which here

is normalized to one, is higher than the minimum marginal cost 1, of doing so.?

Proposition 17 (Optimal Investment Policy). For ki > 0 a.s., if (49) holds, then

1
TJe—(4+0)Tp | Y21 TN
( D1y ) if g~ 1>
i =10 i %=1 < v
1
_(0=%0)Tp=T | Y21 ; _
( A ) it 1=3 > .

Furthermore, it holds then that the set of optimal wealth allocations without adjust-
ment costs is in the inaction region, i.e., assuming kg + bf; #0 a.s.,
ki V kb Vz z 1,%
- t -= - ik; i T 27”15 . ik ic«JO' = 0 207 (5())
ki + b Vir (ki +b) ok N Vi (ki +0}) o5

Vv Vv
(i) Myopic diversification demand (ii) Hedging demand

22This is a well-established result, see e.g., Constantinides (1986) or Davis and Norman (1990).
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where V denotes households’ value function in an equivalent economy with W(i}) = 0.

Therefore, the inaction region increases in the minimum marginal cost ¢y. Further-
more, Davis and Norman (1990) prove that, without convex costs and labor income
(risk; z,11,0. = 0), the optimally controlled illiquid wealth share {ki/(ki + bi)}i>0
follows a reflected diffusion inside a 1)y-dependent wedge around the unconstrained
optimum in (50). We conjecture and will numerically verify that this property ex-
tends to the present model:** Households’ illiquid capital demand comprises of (%)
their myopic diversification demand, (7i) their hedging demand due to labor income
risk, and (74) a tolerated deviation from their sum due to adjustment costs W(-).

Market Clearing. To ease notation, the market-clearing operator H*¢ encodes

optimal factor inputs as well as clearing of the labor, bond, and capital market,

| Fr, (fgo €2dMy(2), [0 kdM,(z)) — w}
HMCly,", (8, M) = Jra 0AM; () , (51)
Fre (fgs €7dMy (), [os kdMy(z)) — 6 — e

such that the condition (25) yields explicit expressions of w; and r™, which can
be substituted into the master operator H™ in (20), and defines the risk-free rate
r* as a fixed point. The sequence of fixed points {r’*},~o and household controls
{yi’*}tz(),ie[o’l] jointly constitute recursive equilibrium as specified in Proposition 10.

Extension. In an extension, we consider a collateral rather than absolute bor-
rowing constraint [bi + 7k!, k] > 0, where © € (0, 1] is the pledgeability parameter.
Furthermore, we assume that households no longer supply labor inelastically. They
choose individually optimal working hours [**(t, ¢, M) € y/* maximizing expected
discounted flow utility u(ci, I}) = u(ct) — 1 (1¢)'72 /(1 — &3), where £; > 0 is a prefer-

ence shifter and 1/e5 > 0 is the Frisch elasticity.

6.2 Calibration and Results

Work in progress.

ZTsaenko (2005) considers the same convex adjustment costs, as we do here, for a finite-horizon,
complete-market case without intermediate consumption concluding that the shape of the inaction
region is independent of the degree of convexity 1o — 1 > 0.
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7 Conclusions

This paper addresses a longstanding computational challenge in solving heterogeneous
agent models with aggregate risk by introducing a novel global solution method.
While existing approaches either rely on local approximations or focus on quasi-
stationary settings with deterministic KFEs, our method extends to fully stochastic
environments, accommodating richer aggregate nonlinearities. This setting is, for
instance, also applicable to fully non-stationary models crucial in environmental eco-
nomics, e.g. Friedl et al. (2023). By leveraging insights from applied mathematics —
particularly the master equation and polynomial chaos expansion — we transform an
inherently infinite-dimensional problem into a high-dimensional yet tractable PDE.

Our approach not only expands the computational feasibility of rational expecta-
tions models but also provides a scalable and flexible framework for studying macroe-
conomic dynamics under aggregate uncertainty. By adapting the Deep BSDE method,
we demonstrate how neural networks can effectively approximate agents’ optimal con-
trols, offering a reinforcement learning-based solution to forward-backward stochastic
differential equations.

To illustrate the power of our method, we applied it to a two-asset HACT model
with aggregate risk, showing how collateral constraints and endogenous labor choices
impact the wealth distribution and hedging motives. This framework lays the foun-
dation for future research into nonlinear heterogeneous agent models, enabling new
insights in macroeconomics, macro-finance, and environmental economics. By over-
coming key computational hurdles, our work contributes to a more precise and com-

prehensive understanding of macroeconomic risk and policy design.
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Appendix A Proofs

A.1 Proof of Proposition 5

Proof. The dynamics of the c.d.f. {M;(2)}50 zerne With My(z) = fzgx my(2)dz follow
from integrating (10) over z < x € R,

M, (z) = / _dmi(a)ds

Nflf
0 .
> {‘ B, b Wz e o) m(@)]], _, dz
n=1 z<zx n
1 5?2 .
+ 5 i<z 8132 [E ( (t7x7at7rt)7x7at,rt) mt(JI)Hzn:xn dz
oe{id,ag}
n—1 82 '
i Z Z < axnf)x / [me’/ (y%*(t’ L, At Tt)’ T, Ot Tt) mt(l’)] ’zn ! =Ty ot dz o dt
n'=1oe{id,ag} ¥ *=7 n , ;

N{K
0 ; a
- { o o (4 (s an o), @) (@), dz} 4B
z<zx n

N()ﬁ

=Y {‘/ [t (47 (1 2 00,70) 200, 70) mu(2)] |, d
z2-n<T_p

n=

+;Z/Z

O ( (t,Z,CLt,T’t),Z,at,’l“t) mt(Z)] — ndz—n
oc{id,ag} nSTon (%n o
+ Z Z / (yz,*(t7 Z, at, Tt), 2, at, 7,If) mt(Z)] ‘Zn,n’:xn,n’ dZ—TL,n/ } dt
n'= 1o€{zdag}

_ Z {/ [ggg (yi,*(t, Z,Q,T), 2, Ay, rt) mt(z)] |zn=xn dZ—n} dBY.
n=1 Z

where the second equality exploits symmetry of the Hessian of 32 ,m,(z), o € {id, ag}
and the third equality follow from partial integration in dimensions n and n’. The
dynamics of the marginal c.d.f.s {M;(z,)}i>02,er in (11) follow from Mi(z,) =

lim, oo M;(z), i.e., from marginalizing out x_, under the differential operator. [J

A.2 Proof of Proposition 13

Proof. The distributional derivatives of f(¢,x}) = f(t, {07 o0, -+ {oRe i }02) fol-

low from the chain rule and applying Definition 7 to each projection coefficient in
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{eh }o2g, 1 < n < N7, as a function of the corresponding element (x}), of the

multivariate state random variable in the RHS of (28),

- i - J ; v 00 v 0 _&02
fri (txg,z(e)) = Z D f@EAeT oo 1PN 1 omo) axz"t
v=0 n "

0 v e £ 07(€)

gﬂg

oy (t {of t}v 0»--~a{90Nw,t}u:0) o

Il
o

v

~ i o a a v a ;L/}th
fX%XZ'(t’X;’x(e)’x@/)) - Z Op v’ {&P ( {(plt}v 200 1PN t}v o)d)bg) )} o

v,0'=0 aX%/
P by e 1 0°(0) 07 (€)
ZU;OW (t, {SDU}v O""7{90Nz,t}fu:0) bo b

Pt ale) =3 —° >{ = <t,{soa’,t}zio,.--,{so?w,t}itio>¢256)}

w(e
f(t {901 t}v 0y {Qpljifx,t}qo;io) d(b“(e)

Il
1

o bv dx,(e)
- i Bg% .]E(t7 {9011),15}20207 ceey {SOUNT,t};“;(]) 2 U<€)
— by dlee (e) e

s Pt AT 3020, PR 1020) 20" (e)
b Zv O@n’tae(bv( ) '

M)

S
I
o

A.3 Proof of Proposition 17

Proof. The proof follows the same steps as Isaenko (2005). If k¢ > 0,

(49) = T (1 + dosgn(ey™) + il [P2 L sgn(ty™)) + Ji = 0,

*750 7.% _
= o + Yol = | T/ T — 1,

which has the solution

el _ (uk/m,— 1 —%)wil
t Vi |
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as long as vy < |Jx/Tp — 1|. Otherwise, the first-order condition is satisfied by
Li’* = 0. The first expression in Proposition 17 follows from collecting cases.

The implication in equation (50) follows from V > J due to (the absence of) ad-
justment costs. That is, if the wealth allocation under adjustment costs equals the
optimal wealth allocation in the frictionless case, no additional utility can be gained
by deviating from it. The optimal wealth allocation in the frictionless case follows
from the first-order condition in the associated HJB equation with control variable
i = e +b“ which can be freely chosen if W(:!) = 0 such that Vy =V, i.e., from

pV = maX{Vt +u(c) + [wteli + (k0D + 0Lk + b)Y (rF — %) — W,

T
ci,0

o2 . . _ . o2 . .
—K (91> (k’z + bi)Qka + 7Tl(l — l;)Vl + EZVU + 92(1{7; + b;)WUIUKVlk}.
]

A.4 Alternative Derivation of H* in (29)

Let each set of projection coeflicients {cp}jn}})/go be defined by the set of time-invariant
functions {¢¥ (x?)}V2, in the RHS of (28). Equivalently, they are defined by functions
{@v (M)}, of the corresponding c.d.f. M, ~ x!. By Proposition 12 and the Proof

of Proposition 13 each coefficient’s distributional derivatives are, therefore, defined as

0 0 ¢v1(je)’ fm=n
Bh(Mi(2) =gt 2(e) = §
aM t O t 0 s
2 ¢%(e) .
d a d 8 . 3& v, T , lfm —n
Wn(Mt( ) = Uy, z(e)) = { b S el 2o
i o2 |

-4 2 M / - v '3 / —0.
OM,,0M,, SOn( t(x, x )) ax%axfn/ gon(xt,m(e),x(e )) 0
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Applying the generalized [t6’s formula in (18), each project coefficient follows

»Y 0 ~v %
ngn<Mt) :{ RN® aM @n(Mt('I>)/’l’n (y’ (tax7at7,rt>7x7at7rt) mt(‘r)d‘r

+_ Z Z/Nz dl‘n aM gon(Mt( ))Ezgk/(t,x,x)mt(x)dx)}dt

oe{zd ag}n'=1

0 J a
+ / (Mt( )) (y17*(t7$aat7rt)7x7at7/rt) mt(ﬂ:)dl’ dBtg
RNZT 8M

:{ » ¢’ (e )Mn (yi,*(t,x(e),at,rt),x(e),ahrt) mé(e)de

bv
- "’ew 2 2o “(e)d }d
"2 {Z}Z/ S T R

+{ D g0 (41 0(e),a0,0) (). ) mf<e>de}dBfg~
RN

The approximated master operator H*™ in (29) subtracts p.J — u(y*, 1) from [j;ﬂ,
which follows from applying It6’s lemma to J <t {e¥ i, { % t}L/NS , Th, at> for
dpy , = dpy(M;). To arrive at the third line of (29), note that if op9*(t,x)¢"(e) €
LYQ, F, P, RYY) Vo < V,,Vn < N7, where 0%*(t, ) = 0 (yo*(t, 2, as,70), T, ay, 1),

it holds that

[ ot n(e)s e exde < oo, Wo < Vi, ¥ < N
RN

/

/ 770 (¢, 2(€)) " (¢) 5(6)616) ( / 0 (1, 1)) (Y () de,)
e /szs ol (t,x(e)) o (t, x(e')) " (e)m* (e)ded” (¢')m* (') de’

o (t,x(e), 2(¢))o" (eym’ (e)deg” (¢')m (¢} de'.

2Né

-
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Appendix B Expressions

B.1 Expressions in Section 5.1

% 8f i 1 ol a
B[f](ta Sptht;at) = E(t,@t,l‘t,at) —+ 5 Z fanan/Enn’ (CL,T) (52)
n,n/=1
1 N* - Vo Y QD,LSO / ag* / v ¢ o' T, ,
Ly yyley S ) S e (e
n,n'=1 v=0 v/=0 R
1 Ne Nt Veop |
3 Z Z f@” ’ /]R T (¢ x(e) a,r) ¢ (e)m (e)de
NZ 'V, .
§ 2 Y [ (et ste) (il
n,n/=1 v=0
N=® N®
3>

Z xw’EZ; (t, 2", 2") Zfoza,Em Yot a,r).
ida

nn’ 1o g} n=1n'=1

48



B.2

Expressions in Section 5.2

The function FEM in equation (44) is defined such that

0%

xn,rk/

0%
/
n' Ty

A,y

v
Prry

Yo,

Zm,Tk/

k-1

0 T,uc % .

_xn70+§ FM (Th, 2%, @y Py Ly Dy Ay, AB )
k=0
k'—1

:x;/@ + Z Fof (Tk, xZT’k*, Arys Prys Loy Ly ALY, ABTk) ,
k=0
wheren € {1,...,N* = N}, n’ = N* = N°+n" n" €{1,...,N°},
k-1

:Gn,O + Z ng <7_]€7 a/Tk7 SOTkv Atkv {AB;Z-k };lii)
k=0
k'—1

:(1017]1,0 + Z F?fm (Tk’7 Qry s SOTkaacij7 D2\-7; Atka {ABig-k ?“:91)
k=0

k'—1
:Yb + Z FY (Tkuxi-’:vaTkvgoTk7ZTk7FTk7Dmiju D2j7 AtkuABTk>
k=0

k'—1 N*T N®
:Zm,O + Z {Am,Tk Atk + Z an’,tAx;’;.:Tk + Z I\m(N‘Urn/),‘rk Aan’,ﬂ-k
k=0

n/=1 n/=1

Nz Vr
+ Z Z Fm(n’?}/),TkASO:L//,Tk}’

n'/=1v'=0
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where

did
X x,id,uc i
EPUe() =Gt (T, #2" ary, 0ryy Zryyy Uy, ) Dbiyr + Z Hy " (o, @ s Py Zy s Uy ABj _—
Jj=1
da9
X ag uc ag X e
ZH (7h 2%, s Py Zr T ) ABJY, me{1,...,N* = N}

, dz‘d dae9g
FZ/C(') _Gi// (Tk’a Tk 7aTk7 P Z‘I'ka FTky Atk‘-i-l? {A 7, Tk+1}j:1’ {AB] Tk+1}-7 1) Atk-f—l

dzd
+3 H“dc Zpy Vo, Aty {ABL, Y22 {ABS 1)) AB;
' Tk $Tk7a’rk7§07'k7 T+ TRy Sk JTe+1dj=1 Iy Th+1 D Th+1
a*d

T,a9,¢ did de9 ag
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n=N*—-N°+n" n"e{1,... N

oo
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' "~
FY () =GY (i, a5, Y, Ze, Tr) Ayt + Y HY ™ (4, 2" ary 05y Z U ) ABL
%9 "
+ Y HY (m a5 s 9, 2 Uy D DT ) ABE,
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and in turn the drift and diffusion functions G and H are defined with t(73,) := 77 !(7%) as

Gﬁ’uc(') ﬂ?f (yi7*(t(7-k)a 907'193$3—7:7 a‘rk; ZTkvera ’I”* (t(Tk)7 QDTIC’ a‘f'k))’ xi—’:a aTk’ r*(t(TkJ)’ 9077@’ aTk)) )
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ne{l,... N°— N9
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Appendix C Details on Algorithm 1

The goal of this section is to describe details of the baseline algorithm developed
in section 5, which are not necessary to follow its main idea, but important for its
practical application — specifically, the network architecture with batch normalization
and the Adam-optimizer with decaying learning rates. We try to offer a concise yet
self-contained description without assuming more than a basic knowledge of deep
learning. Although this comes at the expense of the generality and mathematical
rigor of the formulation in Beck et al. (2019, Framework 3.2), we adopt some of their

notation and, thus, deviate somewhat from the simplified notation in the main text.

C.1 Network Architecture with Batch Normalization

The network architecture follows Beck et al. (2019, Fig. 5). Specially, all intermediate-
time neural networks N?_Z, j € {Z,,A,T,r} and intial-time neural networks Ngj,
Jj € {Yo, Zo} are fully connected with two hidden layers with respectively ‘Wl € N and
Sﬁ% € N neurons. Input and output layer dimensions are determined by the respective
domain and range. Moreover, we also adopt rectifier activation functions at the
input and hidden layers R,en(z € R) := [max{z;,0},..., max{z,,0}]" as a common
choice for deep neural networks (see e.g., Glorot et al., 2011). Furthermore, these
neural networks are trained using batch normalization (Ioffe and Szegedy, 2015) before

activation. The basic idea is to normalize inputs (here, the idiosyncratic or aggregate
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state variables) X' and neurons L%’m, [ € {1,2}, using data from observation m’s

mini-batch i € {1,..., Kpaten} at time increment 7y, to regularize optimization; i.e.,
» Xr —[f i o ;ﬂ’l” L
0]7 9]7l7 l7 — 7l7 7l7
BN (Xm) = it 28 gii Ny it o 2n B gits
Tk Tk

where operations are element-wise, ﬂZT ,6i e RY (R¥"M for j = r) are the mean
and standard deviation vectors of the inputs, and yT’Z ‘o ZTZZ € R™, [ € {1,2} those of
the neurons of net j across the mini-batch at iteration ¢ and time increment 7. The
vectors y2', B11 € RN (RNV=N" for j = r) and 42, BI0 € R e {1,2} are trainable
parameters at iteration i. In training, each deep neural net, therefore, depends on
an iteration’s parameter vector #/ € R¥, and on its mini-batch data — which we
donote by the additional superscript i. Defining the affine linear transformation

Mgil’” :R? — RP, v,p,q € N, which applies network weights and biases, as

ME@(x € RY) =

T
<Z 9v+le> U+pq+17 to (Z 9v+ (p—1) q+l ) + 9U+PQ+P]
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the neural nets can, hence, for k € {0,..., K — 1} with 75 = 0, be defined as

Yo 5 0Y0 2N 4O (N43)4+m0 (043 Yo 9. 9Y0 2N+ 0 (N 43
Ng -y b 10( )+9,° (0 )OR YOOBNQ 0,2,7,OMY v 10( )
1,90 Ny QI [

0Y0 1, 6Y0 2N 0Y0 i/ vm
o Rmfo o BN o Mmyo w ° BN" (XY,

1 >
vy, = 2N + 90O(N + 3) + 90 (N0 +4) + 1;

o BNVZ0.2i o g0 02N+ (N+3)

Zg 0Z0 2N+NZ0 (N+3)+mZ0 (%0 43
NEZOd —pg? 2N INEIRREONT) o

0 ;ﬁZOmZO

2 v

N,‘ﬁ2ZO mQO
Z . Z Zo 4
© Ryo © BN?":1i o M;Z%’QJ\]]V o BN?™i(xm),
1
vz, = N + 3) + N(N + 3) + N2 (N7 + 3);

0% (k+1) (2N+N7* (N+3)+0NZ* (77 +3)) 0% kNT® (N7 +3)+(k+1) (2N +07% (N+3))

Zy ; Zy o ;
NI = o o BN?"*:20 o 0
Zo 1 s 0%z k(NZ® (N+3)+NZ= (0792 +3))+(k+1)2N Zu
0 Ryyze 0 BNOZ b o 7 MO (NERIET (D) (D2 o somy
1 NyeN k

vy =K <2N + N (N +3) + NG (NP +3) + N* (NG + 1)) ;

N MQA,(k+1)(2N+mf‘(N+3)+‘ﬁ’2“ (N{+3))
Tk -

A A A A
04 2 04, kNS (N +3)+(k+1) (2N+N{H (N +3) )
N o R‘ﬂg‘ o BN oM

RIEOI S

. A A A(mA .

. Rm;‘ o BN 6 M;A,ij(ml (N+3)+9 (NP +3) )+ (k+1)2N . BNQAJ(X:Z)?
1°

va =K (NS +3) + NNV +3) + (0 +3)) 5

NI O (2N (N3) 0 (N +3)

Lo, O kL (MU +3)+(k+1) (2N+T (N+3
OR FOBPIG ,2,@0 ]‘[ 2( 1 ) ( )( 1( ))
N2mE Ny

nL ot

. ng o BN i o Mef,k(m{(N+3)+mg(m{+3))+(k+1)2jv . BNGF’i(X;’Z),

nLLN
vr =K (N2 + NG + 1)) + N (N +3) + NG (N] +3)) ;

N"’ : M}ew(:;1)(2(N7Nm)+m;((Nwa)+3)+mg(m§+3)) . ng o BN 2 o M;;,Z?;g(m{+3)+(k+l)(2(N7N$)+‘JI’1’((N7N’“)

o Rayy o BN L o M:};,’lj\g‘it%g(ngNw)+3)+‘ﬂ§(‘ﬂ{+3))+(k+1)2(N7NZ) . BNQFJ(X:Z%

vy = K (2(N — N%) + N (N — N®) + 3) + NN +3) + N" (O + 1))

In evaluation, when no mini-batch moments f1, 6 are available, these are replaced with

their exponentially weighted averages across iterations i € {1,..., Kpaen} defined as
K atc K atc .
] l) batch (]l Kpagch+1—1 A (j l) batch . (] I )Z ~ Kpatcn+1—1t
= § )u' ( > ) 0-7—k7 = E Urk <ﬁ2> )
i=1

o4



where the decay rates B, Bo € (0,1) are non-trainable hyper-parameters. The train-
able parameter vector is 6 := [0Y°, 0% 0% 94 0V 9"]T € © = RY, v = >, v for
Jj € {Yo, Zo, Z., A, T, 1} as specified above.

C.2 Adam optimizer with Learning rate schedule

The Adam (adaptive moment estimation) algorithm (Kinga et al., 2015) has become
popular to make optimization faster, more stable, and better suited for deep learning.
It is an adaption of gradient descent and combines momentum, i.e., descending by an
exponentially weighted moving (leaky) average of the gradient g; := Dy, ®(6;) € R”,
and adaptive learning, i.e., scaling individual parameters’ learning rate by a leaky
average of its variance g7 € R” as a proxy for the scale of the corresponding element
of the Hessian (Duchi et al., 2011). Specifically, given a hyperparametric initialization
vy, 8o, the leaky averages of the gradient and its variance are recursively defined for
ie€{l,..., Kpaten} as

v; = Bl'vi—l +(1— Bl>gi§ 8; = BQSz'—l +(1— Bz)g?

such that the (rescaled) gradient update in equation (47) reads as

-1

where the decay rates 5:1, 6:2 € (0,1) are again non-trainable hyper-parameters and
the small number ¢ = 107¢ (by custom) avoids division by zero. In addition to
the adaptivity of the Adam optimizer, Beck et al. (2019) employ an exponentially
discretely decaying learning rate (staircase) schedule such that

i

M= g N | 7o) |

where the initial learning and decay rates Ao, A € (0,1) as well as the decay step size

Kgep < Kpaten are non-trainable hyper-parameters.
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