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March 20, 2025

Abstract

Heterogeneous agent models in continuous time (HACT) have become a
workhorse in macroeconomics, but incorporating aggregate risk remains a ma-
jor computational challenge. Existing methods often rely on local approxima-
tions or restrict models to quasi-stationary settings, limiting their ability to
capture nonlinear macroeconomic dynamics. This paper introduces a novel
approach that globally solves HACT models with aggregate risk by leverag-
ing the master equation. Our approach transforms this non-standard partial
differential equation (PDE) into a high-dimensional yet standard PDE using
Polynomial Chaos expansions, enabling the application of advanced but off-
the-shelf deep learning techniques from the applied mathematics literature.
Specifically, we adapt the Deep BSDE method to solve this equation efficiently.
To demonstrate its applicability, we solve a two-asset HACT model with aggre-
gate risk featuring adjustment costs and collateral constraints. By overcoming
a key computational barrier, our method enables the study of fully nonlinear
heterogeneous agent models, opening new avenues for macroeconomic research.
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1 Introduction

Heterogeneous agent models have seen a remarkable revival in macroeconomic re-

search following the influential work of Achdou, Han, Lasry, Lions, and Moll (2022)

and Kaplan, Moll, and Violante (2018). While these models are particularly well-

suited for analyzing critical questions related to inequality, only the recent method-

ological advances in solving these complex models propelled them to the forefront

in macroeconomics. In particular, Achdou et al. (2022) leverage continuous-time

modeling to use a finite-difference partial differential equation (PDE) solver to com-

pute these models efficiently. However, a key methodological roadblock remains:

incorporating aggregate risk. The core computational obstacle lies in the fact that

the stochastic cross-sectional household distribution becomes an infinite-dimensional

state variable, influencing both prices and policy functions. Although there has been

progress in computing models with aggregate risk using local approximations around

the steady state1, this approach is less suitable for models with aggregate nonlineari-

ties inherent, for instance, in macro-finance or environmental economics. In a recent

essay, Moll (2024) highlights the difficulty of solving heterogeneous agent models with

aggregate risk as one reason to move away from rational expectations. This paper

directly addresses these challenges by providing a novel computational method that

globally solves a general heterogeneous agent model in continuous time (HACT) with

aggregate risk.2

Our method is designed to handle general HACT models where the aggregate

Brownian motion can enter the budget constraint both indirectly and directly. More-

over, it accommodates non-stationary dynamics, non-trivial borrowing constraints

and market clearing conditions, and, many state variables. We rely on the mas-

ter equation which integrates the Kolmogorov Forward equation (KFE) with the

Hamilton-Jacobi-Bellman equation to ensure the consistency of the cross-sectional

distribution’s law of motion. We solve this equation using neural networks. Al-

1A non-exhaustive list includes Ahn et al. (2018); Boppart et al. (2018); Bayer and Luetticke
(2020); Auclert et al. (2021); Bilal (2023).

2While we acknowledge the significant value of expectation formation models that are micro-
founded, we believe that their investigation should be primarily motivated by empirical evidence
rather than the computational challenges associated with a different class of models. Furthermore,
it is not unlikely that also the computational complexity of expectation formation models increases
in future research. Thus, methods that solve complex models like ours may also be useful for models
not following the rational expectations hypothesis.
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though we are not the first to do so (see Gu, Laurière, Merkel, and Payne, 2024;

Gopalakrishna, Payne, and Gu, 2024; Huang, 2024; Payne, Rebei, and Yang, 2024),

the generality of our setting is novel. The existing work focuses on models with de-

terministic KFE which are are quasi-stationary, i.e., their optimal policies and prices

are state-dependent but not time-dependent. In contrast, our method extends to

fully stochastic settings and thus, allows for the incorporation of richer aggregate

nonlinearities. To illustrate that this extension is important in practice, note that

a stochastic KFE would already arise when incorporating idiosyncratic risk into the

macro-finance model by Brunnermeier and Sannikov (2014). By drawing on various

insights from applied mathematics – many of which have already proven valuable

in different contexts of economics – we provide a robust and scalable solution to a

long-standing computational challenge.

Our contributions are twofold. First, we heuristically derive the master equation

for this general HACT model. The rigorous mathematical theory on mean-field games

underlying this derivation has been established by Cardaliaguet, Delarue, Lasry, and

Lions (2019); Carmona and Delarue (2018a,b). In contrast to these rigorous results,

our goal is to provide an accessible derivation for economists who are familiar with the

basics of continuous-time stochastic processes. While Bilal (2023) carefully derives

this equation for quasi-stationary models, we are the first to do so for cases where the

KFE is stochastic, enabling the study of genuinely non-stationary models. The key of

deriving the master equation in this case is an extension of Itô’s lemma. Originally,

Itô’s lemma yields the dynamics of functions of stochastic processes, whereas, its

extension defines the dynamics of functions of stochastic processes and stochastic

distributions.

The master equation is a non-standard partial differential equation (PDE) be-

cause it contains distributional derivatives of the value function. These derivatives

are functional derivatives that evaluate how the value function would change given a

marginal change in the cross-sectional distribution. Our second contribution lies in

transforming this non-standard PDE into a high-dimensional yet standard PDE for

which we adapt off-the-shelf solution methods from applied mathematics. The key

is to leverage the equivalence of three different mathematical definitions of distribu-

tional derivatives that vary in how the cross-sectional distribution is represented, by a

p.d.f., a c.d.f. or a random variable. Economically, this does not make any difference.

However, representing distributional derivatives using random variables allows us to
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exploit a general approximation theorem. Any square-integrable random variable can

be approximated perfectly by a projection on a stochastic family of orthogonal poly-

nomials when the degree of the polynomials approaches infinity. This projection is

called a Polynomial Chaos expansion and was introduced as an approximation of the

cross-sectional distribution in a discrete-time model by Proehl (2019). When pro-

jecting the cross-sectional distribution, the distributional derivatives in the master

equation transform into derivatives w.r.t. the projection coefficients. This represen-

tation, hence, results in a high-dimensional yet standard PDE allowing us to adapt

solution methods recently developed in the applied mathematics literature. We pre-

dominantly rely on the Deep BSDE method by E, Han, and Jentzen (2017) that uses

neural networks to solve high-dimensional PDEs after converting them into a system

of stochastic differential equations (SDE). Simulating these SDEs creates the training

data to optimize an appropriate loss function with stochastic gradient descent. Since

the neural networks essentially approximate the agents’ optimal controls, this algo-

rithm falls into the category of reinforcement learning. Lastly, we modify the Deep

BSDE method according to insights by Nüsken and Richter (2021); Huang, Negyesi,

and Oosterlee (2025) to improve the convergence for our strongly coupled system of

forward backward stochastic differential equations (FBSDE).

Lastly, we illustrate this method with a standard two-asset HACT model with ag-

gregate risk featuring a one-period zero-coupon bond and illiquid capital. We evaluate

how hedging motives and the wealth distribution are affected by different collateral

constraints and agent-specific endogenous labor choice.Overall, by overcoming a long-

standing computational hurdle, this paper provides a foundation for future research

into fully nonlinear heterogeneous agent models with aggregate risk – offering new

insights into macroeconomic dynamics that were previously infeasible to explore.

Related Literature. This paper contributes to multiple strands of literature,

foremost among them the development of numerical algorithms for solving heteroge-

neous agent models with aggregate risk. Traditional approaches address the challenge

of an infinite-dimensional state space by either relying on a bounded-rationality ap-

proach to reduce dimensionality (see Den Haan, 2010, for an overview), or on local

perturbations around a stationary equilibrium as in, e.g., Reiter (2009); Ahn, Kaplan,

Moll, Winberry, and Wolf (2018); Boppart, Krusell, and Mitman (2018); Bayer and

Luetticke (2020); Auclert, Bardóczy, Rognlie, and Straub (2021). Grid-based meth-

ods solving the rational expectations equilibrium globally suffer from the course of
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dimensionality. To overcome this limitation, a growing body of research – including

this paper – leverages grid-free, simulation-based deep learning as a powerful tool for

tackling (very) high-dimensional optimization problems, see e.g., Scheidegger and Bil-

ionis (2019); Maliar, Maliar, and Winant (2021); Azinovic, Gaegauf, and Scheidegger

(2022). Another class of methods employs neural networks under bounded-rationality

to approximate the perceived law of motion of aggregate variables more flexibly as in

Fernández-Villaverde, Hurtado, and Nuno (2023), or to parametrize a mapping from

a finite-agent discretization to a lower-dimensional finite-moment representation of

the cross section as in Han, Yang, and E (2021).

More specifically, our method belongs to the class of algorithms for models posed

in continuous time. Popularized in macroeconomics by Achdou et al. (2022), their

analytical tractability has not only been exploited in a local perturbation method as

in Bilal (2023), but it also forms the basis of several global solution methods – either

using value function iteration with adaptive-sparse grids as in Schaab (2020), or using

deep learning. More concretely, the recursive equilibrium in these models satisfies a

fundamental necessary condition on the value function: an infinite-dimensional, non-

standard PDE known as the master equation. Within the deep learning literature on

solving this equation, two main approaches have emerged. The first employs tech-

niques from Sirignano and Spiliopoulos (2018) and Raissi, Perdikaris, and Karniadakis

(2019), where a neural network approximates the value function by minimizing the

mean-squared error of the PDE and its boundary conditions, see e.g., Gopalakrishna

(2021); Duarte, Duarte, and Silva (2024); Fan, Qiao, Jiao, Gu, Li, and Lu (2024); Gu,

Laurière, Merkel, and Payne (2024); Gopalakrishna, Payne, and Gu (2024); Payne,

Rebei, and Yang (2024). The second approach, which we adopt in this paper, follows

the Deep BSDE method developed by E et al. (2017). This method reformulates the

PDE as a system of stochastic differential equations and solves it using deep rein-

forcement learning. To the best of our knowledge, this approach has so far only been

adopted in the macroeconomic literature by Han, Yang, and E (2021) in discrete time,

and Huang (2024) in continuous time. More broadly, Pham and Warin (2022, 2023)

use an adaption of the Deep BSDE method proposed in Huré, Pham, and Warin

(2020) to solve mean-field games, though without applications to macroeconomics.

Finally, this paper contributes to the macroeconomic literature that employs poly-

nomial chaos expansions as a numerical tool. While its application for parameter

sensitivity analysis is closest to its origin in engineering and physics as in Harenberg,
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Marelli, Sudret, and Winschel (2019); Fehrle, Heiberger, and Huber (2025), Proehl

(2019) uses it as a discretization scheme for heterogeneous agent models. The key

idea is to follow Proehl (2024) in rewriting recursive equilibrium in terms of square-

integrable random variables, the space of which is fully spanned by polynomial chaos.

Our approach is the first, to our knowledge, to integrate this discretization scheme

into a deep learning framework for solving HACT models. Existing methods primar-

ily rely on discretization using finite agents, finite-element methods, or a combination

with neural network approximations.

Outline. The paper proceeds as follows. The next section introduces a general

heterogeneous agent real business cycle model nesting a range of applications. For

this general model, Section 3 derives the master equation, which we then approximate

using polynomial chaos in Section 4. In Section 5, we describe how a global solution

of the approximated master equation can be computed using an adaption of the

Deep BSDE method. Lastly, Section 6 applies the proposed algorithm to study the

interaction of three sources of inequality – as considered by Kaplan et al. (2018) –

in a macro-finance model with aggregate risk: uninsurable income risk, non-trivial

borrowing constraints, and risky asset illiquidity. Section 7 concludes.

2 A General HACT Model

We introduce a general heterogeneous agent real business cycle model to facilitate the

use of the methodology introduced in this paper for a range of applications.

Environment. Time is continuous t ∈ [0,∞). The economy is populated by a

continuum of agents i ∈ [0, 1]. Suppose that all stochastic processes are defined on a

generic filtered probability space (Ω,Σ,Ft≥0,P). The aggregate risk is modeled by an

aggregate dag-dimensional Brownian motion {Bag
t }t≥0. Similarly, agent i’s idiosyn-

cratic risk is given by a did-dimensional Brownian motion {Bi
t}t≥0. This process is

i.i.d. across agents i ∈ [0, 1]. Furthermore, we assume that the entries of the vectors

Bag
t and Bi

t are pairwise independent for any i ∈ [0, 1].3

Household Problem. All agents face the same optimization problem. At any

3Nevertheless, correlation between the aggregate and idiosyncratic risk can be introduced as is
illustrated in our example model in Section 6.

6



instant t ≥ 0, agent i ∈ [0, 1] controls their Nx-dimensional vector of agent-specific

state variables x̃it with an Ny-dimensional vector of controls yit to maximize their flow

utility u(yit, x̃
i
t) which is discounted at the constant rate ρ. Agents optimize while ob-

serving an Na-dimensional vector of aggregate state variables at. This optimization

is subject to a N e-dimensional function of state constraints e(t, x̃it, at) ≥ 0. Further-

more, all agents have access to N r market instruments whose prices have potentially

risky relative returns rt. When optimizing, agents take these returns as given. For

that reason, they play the same role as the Brownian innovations when stating the

household problem. Overall, agent i ∈ [0, 1] optimizes

max
{yit}t≥0

E0

[∫ ∞

0

e−ρtu
(
yit, x̃

i
t

)
dt

]
s.t. dx̃it = µ̃

(
yit, x̃

i
t, at, rt

)
dt+ σ̃id

(
yit, x̃

i
t, at, rt

)
dBi

t + σ̃ag
(
yit, x̃

i
t, at, rt

)
dBag

t

dat = η (at, rt) dt+ ζ (at, rt) dB
ag
t

e(t, x̃it, at) ≥ 0

where the drift and dispersion functions are given by µ̃ : RNy+Nx+Na+Nr → RNx
,

σ̃o : RNy+Nx+Na+Nr → RNx×do with o ∈ {id, ag}, η : RNa+Nr → RNa
and ζ :

RNa+Nr → RNa×dag . Note that the state vector x̃it can contain exogenous states as

well. In that case, the corresponding drift and dispersion entries are constant across

agent-specific variables (yit, x̃
i
t). The states’ aggregate and idiosyncratic covariance

matrices are defined as

Σ̃o
(
yi, x̃i, a, r

)
=σ̃o

(
yi, x̃i, a, r

)
σ̃o
(
yi, x̃i, a, r

)T ∈ RNx×Nx

, o ∈ {id, ag} (1)

Σ̃xa
(
yi, x̃i, a, r

)
=σ̃ag

(
yi, x̃i, a, r

)
ζ(a, r)T ∈ RNx×Na

Σa =ζ(a, r)ζ(a, r)T ∈ RNa×Na

.

Example 1 (Krusell and Smith (1998)). The continuous-time version of this model

fits our framework as follows. The agent-specific state x̃it = [lit, k
i
t] consists of agent

i’s exogenous labor productivity and her endogenous capital savings. The agent’s

controls solely consist of her consumption yit = cit. Furthermore, each agent observes

the aggregate TFP shock at = zt. The budget constraint determining the savings’

dynamics also depends on the aggregate marginal poductivities rt = [∂Ft/∂L, ∂Ft/∂K]

that the agents take as given. Lastly, the constraint is defined by e(t, x̃it, at) = kit − k̄.
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It is well known (see e.g. Achdou et al., 2022; Bilal, 2023) that the state constraint

can be transformed into a state boundary condition. To do so, we first assume

sufficient regularity of the state constraint and then rewrite the state dynamics.

Assumption 2 (State Constraint Regularity). Assume that the state constraint func-

tion e : [0,∞)×RNx+Na → RNe
is differentiable once in time and twice in the states.

Moreover, suppose that N e ≤ Nx. W.l.o.g. divide the agent-specific state into its

unconstrained and constrained part, i.e., x̃i = [x̃i,uc, x̃i,c]T where T denotes the ma-

trix transpose. Assume that the state constraint function e is invertible for x̃i,c, i.e.,

e−1(t, x̃i,uct , ẽ, at) = {x̃i,ct ∈ RNe|e(t, x̃i,uct , x̃i,ct , at) = ẽ} is a singleton for any ẽ ∈ RNe
.

The constraint ẽit = e(t, x̃it, at) follows the dynamics

dẽit = ψ
(
t, yit, x̃

i
t, at, rt

)
dt+ υid

(
yit, x̃

i
t, at, rt

)
dBi

t + υag
(
yit, x̃

i
t, at, rt

)
dBag

t ,

where the j-th rows of the drift and dispersion functions ψj, υ
o
j , o ∈ {id, ag}, with

j ∈ {1, . . . , N e} follow trivially from Itô’s formula

ψj =e
j
t +

Na∑
n=1

ejanηn +
1

2

Na∑
n,n′=1

ejanan′Σ
a
nn′ +

Nx∑
n=1

ej
x̃in
µ̃n

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

ej
x̃inx̃

i
n′
Σ̃o
nn′ +

1

2

Nx∑
n=1

Na∑
n′=1

ej
x̃inan′

Σ̃xa
nn′

υidj =
Nx∑
n=1

ej
x̃in
σ̃idn

υagj =
Na∑
n=1

ejanζn +
Nx∑
n=1

ej
x̃in
σ̃agn ,

with the covariance matrices as in (1) and where the subscripts of ej denote its

derivatives. Function arguments have been dropped for notational convenience. Note

that ej, ejt ∈ R, eja ∈ RNa
, ej

x̃i
∈ RNx

, ejaa ∈ RNa×Na
, ej

x̃ia
∈ RNx×Na

and ej
x̃ix̃i

∈
RNx×Nx

. Considering Assumption 2, the individual optimization problem can be
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restated as

max
{yit}t≥0

E0

[∫ ∞

0

e−ρtu
(
yit, x̃

i,uc
t , x̃i,ct

)
dt

]
(2)

s.t. dx̃i,uct = µ̃uc
(
yit, x̃

i,uc
t , x̃i,ct , at, rt

)
dt+ σ̃id,uc

(
yit, x̃

i,uc
t , x̃i,ct , at, rt

)
dBi

t

dx̃i,uct =+ σ̃ag,uc
(
yit, x̃

i,uc
t , x̃i,ct , at, rt

)
dBag

t

x̃i,ct = e−1
(
t, x̃i,uct , ẽit, at

)
dat = η (at, rt) dt+ ζ (at, rt) dB

ag
t

dẽit = ψ
(
t, yit, x̃

i,uc
t , x̃i,ct , at, rt

)
dt+ υid

(
yit, x̃

i,uc
t , x̃i,ct , at, rt

)
dBi

t

dEi
t =+ υag

(
yit, x̃

i,uc
t , x̃i,ct , at, rt

)
dBag

t

ẽit ≥ 0,

where superscript uc denotes the first Nx − N e rows of the respective vectors and

matrices. Given this restated optimization problem, we can now substitute the agent-

specific states by xit = [x̃i,uct , ẽit]
T with dynamics

dxit = µ
(
t, yit, x

i
t, at, rt

)
dt+ σid

(
yit, x

i
t, at, rt

)
dBi

t + σag
(
yit, x

i
t, at, rt

)
dBag

t (3)

with

µ
(
t, yit, x

i
t, at, rt

)
=

[
µ̃uc
(
yit, x̃

i,uc
t , e−1(t, xit, at), at, rt

)
ψ
(
t, yit, x̃

i,uc
t , e−1(t, xit, at), at, rt

)]

σo
(
yit, x

i
t, at, rt

)
=

[
σ̃o,uc

(
yit, x̃

i,uc
t , e−1(t, xit, at), at, rt

)
υo
(
yit, x̃

i,uc
t , e−1(t, xit, at), at, rt

) ] , o ∈ {id, ag}.

This yields the following idiosyncratic and aggregate covariance matrices

Σo
(
yi, xi, yi

′
, xi

′
, a, r

)
=σo

(
yi, xi, a, r

)
σo
(
yi

′
, xi

′
, a, r

)T
∈ RNx×Nx

, o ∈ {id, ag} (4)

Σxa
(
yi, xi, a, r

)
=σag

(
yi, xi, a, r

)
ζ(a, r)T ∈ RNx×Na

Σa(a, r) =ζ(a, r)ζ(a, r)T ∈ RNa×Na

.

Optimal Controls. The household optimization problem is a standard optimal

control problem which can be solved by dynamic programming.4 Define the value

4See for instance Björk (2009, Chapter 19).
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function by

J(t, xit, at) = max
{yis}s≥t

Et
[∫ ∞

t

e−ρ(s−t)u
(
yit, x̃

i,uc
t , e−1

(
t, xit, at

))
ds

]
. (5)

The corresponding Hamilton-Jacobi-Bellman (HJB) equation for the value function

J(t, xi, a) and its boundary conditions can be derived using standard dynamic pro-

gramming results. Define the operator HHJB[J, yi, r](t, xi, a) mapping the functions

[J, yi, r] into a function of (t, xi, a) by

HHJB[J, yi, r] =− ρJ + u+ Jt +
Na∑
n=1

Janηn +
Nx∑
n=1

Jxinµn +
1

2

[
Na∑

n,n′=1

Janan′Σ
a
nn′ (6)

+
Nx∑

n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo
nn′ +

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′


where the subscripts of J denote its derivatives. Function arguments have been

dropped for notational convenience. The covariance matrices are given in (4).

Define the operator for the terminal boundary condition HTBC [J ](xi, a) mapping

the function J into a function of (xi, a) by

HTBC [J ](xi, a) = lim
T→∞

J(T, xi, a). (7)

The state constraint results in an additional state boundary condition (see e.g. Achdou

et al., 2022; Bilal, 2023). To guarantee that the constraint holds at all times, the drift

of ẽit in (2) at ẽit = 0 must be nonnegative and the dispersion terms must vanish, i.e.,

for any [t, yi, x̃i,uc, a, r] ∈ R1+Ny+Nx−Ne+Na+Nr
, it must hold that

0 ≤ψ
(
t, yi, x̃i,uc, e−1(t, x̃i,uc, 0, a), a, r

)
0 =υid

(
yi, x̃i,uc, e−1(t, x̃i,uc, 0, a), a, r

)
0 =υag

(
yi, x̃i,uc, e−1(t, x̃i,uc, 0, a), a, r

)
.

This implies that part of the HJB equation vanishes at the state boundary ẽi = 0. This

vanishing part constitutes the additional boundary condition. Therefore, we define

the operator for the state boundary condition HSBC [J, yi, r](t, x̃i,uc, a) mapping the
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functions [J, yi, r] into a function of (t, x̃i,uc, a) by

HSBC [J, yi, r] = (8)

lim
ẽi→0

Ne∑
n=1

Jẽin min (0, ψn) +
Nx−Ne∑
n=1

Ne∑
n′=1

∑
o∈{id,ag}

Jx̃i,ucn ẽi
n′
Σo
n,Nx−Ne+n′

lim
Ei→0

+
1

2

 Ne∑
n,n′=1

∑
o∈{id,ag}

Jẽinẽin′
Σo
Nx−Ne+n,Nx−Ne+n′ +

Ne∑
n=1

Na∑
n′=1

Jẽinan′Σ
xa
Nx−Ne+n,n′


The HJB equation and its corresponding boundary conditions are then given by

0 =max
yi

{
HHJB[J, yi, r](t, xi, a)

}
0 =HTBC [J ](xi, a)

0 =HSBC [J, yi, r](t, x̃i,uc, a).

The corresponding optimal controls feature the same function arguments as the

operator HHJB[J, yi, r] such that yi,∗t = yi,∗(t, xit, at, rt). The w-th element of the

optimal control vector yi,∗ = [yi,∗1 , . . . , y
i,∗
Ny ]T , w ∈ {1, . . . , Ny}, satisfies the first-order

condition

0 =
∂

∂yiw
HHJB[J, yi, r](t, xi, a) (9)

=
∂

∂yiw

u+
Nx∑
n=1

Jxinµn +
1

2

 Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′
Σo
nn′ +

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′

 .

Market Clearing. The vector of relative returns rt is determined by market

clearing. The optimally controlled states xi,∗t differ across agents due to the idiosyn-

cratic risk, which we summarize by the cross-sectional cumulative distribution func-

tion Mt ∈ P(RNx
), i.e., Mt : RNx → [0, 1]. Naturally, the cross-sectional density mt

is given by Mt(x) =
∫
z≤xmt(z)dz. Market clearing aggregates the agents’ states and

choices according to this distribution. Thus, the relative returns r∗ that clear markets

are defined by

0 = HMC [r∗, yi,∗](t,M, a),

whereHMC [r, yi](t,M, a) is the market-clearing operator mapping the functions r and
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y into a function of (t,M, a). This implies r∗t = r∗(t,Mt, at). We assume that the

market clearing conditions have the following structure.

Assumption 3 (Market Clearing Regularity). Suppose that the market clearing op-

erator HMC [r, yi](t,M, a) ∈ RNr
for any (t,M, a) ∈ [0,∞) × P(RNx

) × RNa
, i.e.,

there are as many conditions as market instruments. Additionally, assume that the

n-th market clearing condition HMC
n [r, yi](t,M, a) = 0, n ∈ {1, . . . , N r}, is equivalent

to either of the following equations.

(i) Explicit market clearing: r∗n = Mex
n (t,M, a) for some function Mex : [0,∞) ×

P(RNx
)× RNa → R

(ii) Implicit market clearing: 0 = Mim
n [r∗, yi,∗](t,M, a) for some function Mim :

[0,∞)× P(RNx
)× RNa → R or operator Mim

n acting on r∗ and/or yi

Example 4. In Krusell and Smith (1998), the labor and capital market clearing con-

dition can be posed in the explicit form. In an endowment economy similar to Huggett

(1993) with a bond and a stock in zero and unit net supply, respectively, the bond mar-

ket clearing condition is in implicit form – though without a direct dependence on r∗

or yi,∗ –, whereas, the stock market clearing condition can be converted into explicit

form by aggregating over the total financial wealth yielding the stock price.

Consistent Law of Motion. The cross-sectional distribution Mt used for mar-

ket clearing needs to be consistent with the agents’ optimal choices. Agent i’s op-

timally controlled state xi,∗t = [x̃i,uc,∗t , ẽi,∗t ] is defined by its dynamics as in (3) such

that yit = yi,∗(t, xi,∗t , at, rt) solves (9). The cross-sectional c.d.f. consistent with this

optimally controlled state is given by Mt(x) = P(xi,∗t ≤ x). The consistent law of

motion of the corresponding density equals the Kolmogorov forward equation5

dmt(x) =
Nx∑
n=1

{
− ∂

∂xn

[
µn
(
t, yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]
(10)

+
1

2

Nx∑
n′=1

∑
o∈{id,ag}

∂2

∂xn∂xn′

[
Σo
nn′

(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

] dt

−
Nx∑
n=1

∂

∂xn

[
σagn
(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]
dBag

t

5This corresponds to Equation (2.4) in Carmona and Delarue (2018b) who derive it in Subsection
2.1.2 on p. 110-112. In Cardaliaguet et al. (2019), this equation corresponds to Equation (4.2).
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for any x ∈ RNx
. The dynamics of the distribution sum over the first- and second-

order variations stemming from changes in each element of the agent-specific state

vector. The Kolmogorov forward equation is stochastic. This follows from the aggre-

gate Brownian shock in (3) which is the same for all agents and, thus, does not wash

out when taking the cross-sectional average. We refer to this property (σag > 0) as

direct aggregate risk. This paper, hence, generalizes the work of Bilal (2023) and Gu

et al. (2024) which focuses on models with indirect aggregate risk (ζ > 0, σag = 0).

In this case, aggregate Brownian shocks only affect the dynamics of aggregate states

– such as TFP in Krusell and Smith (1998) – and the Kolmogorov forward equation

has a stochastic drift but no volatility term. Furthermore, the framework in this pa-

per allows for controlled volatility in agent-specific states and, thus, for asset pricing

applications.6

To derive the master equation in the following section, we also need the dynamics

of the marginal distribution Mt(xn) = limx−n→∞Mt(x) where Mt(x) =
∫
z≤xmt(z)dz.

Note that xn ∈ R denotes the n-th element of the state vector x ∈ RNx
, whereas,

x−n ∈ RNx−1 excludes the n-th element from the state vector. Given (10), the

dynamics of the marginals read as follows.

Proposition 5 (Consistent Law of Motion for the Marginal Distributions). Given

that the process of cross-sectional p.d.f.s {mt(x)}t≥0,x∈RNx follows (10), the dynamics

of the marginal c.d.f.s {Mt(xn)}t≥0,xn∈R are given by

dMt(xn) =

{
−
∫
RNx−1

[
µn
(
t, yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣
zn=xn

dz−n (11)

+
1

2

Nx∑
n′=1

∑
o∈{id,ag}

∫
RNx−1

[
∂

∂zn′
Σo
nn′

(
yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣∣∣
zn=xn

dz−n

 dt

−
{∫

RNx−1

[
σagn
(
yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣
zn=xn

dz−n

}
dBag

t .

Working with the dynamics of the marginal c.d.f.s has computational advantages

over the marginal densities. Apart from reducing the need to compute derivatives, it

also allows for a more straightforward numerical approximation of the master equa-

tion.

6In existing work in economics, Huang (2024) is the only one to consider controlled volatility.
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Definition 6 (Recursive Equilibrium). The recursive equilibrium of this heteroge-

neous agent economy is a set of controls {yi,∗t }t≥0,i∈[0,1], returns {r∗t }t≥0 and cross-

sectional distributions {Mt}t≥0 such that the following conditions hold.

(i) Given the returns {r∗t }t≥0, households choose their controls yi,∗t = yi,∗(t, xi, a) to

optimize their value function J(t, xi, a) such that

0 =
∂

∂yin
HHJB[J, yi,∗, r∗](t, xi, a), n ∈ {1, . . . , Ny}, (12)

0 =HHJB[J, yi,∗, r∗](t, xi, a) (13)

0 =HTBC [J ](xi, a) (14)

0 =HSBC [J, yi,∗, r∗](t, x̃i,uc, a), (15)

where HHJB, HTBC and HSBC are defined as in (6), (7) and (8), respectively.

(ii) The cross-sectional density {mt}t≥0 of the optimally controlled individual states

follows the consistent law of motion in (10) such that the cross-sectional marginal

distribution functions {Mt}t≥0 follow the consistent laws of motion in (11).

(iii) Given the controls {yi,∗t }t≥0,i∈[0,1], the returns r
∗
t = r∗(t,M, a) clear markets such

that

0 = HMC [r∗, yi,∗](t,M, a). (16)

3 Deriving the Master Equation

The master equation essentially combines conditions (i) and (ii) in Definition 6 so

that equilibrium can be described by a set of equations 0 = H[J, yi,∗, r∗]. This section

derives the master equation for the general heterogeneous agent model with aggregate

risk in a heuristic manner. The goal is to make the rigorous derivations in Carmona

and Delarue (2018a,b) and Cardaliaguet et al. (2019) accessible for a wider quan-

titative economics audience and offer a recipe to apply the methodology in various

contexts.

Let us first shed light on how the master equation combines household optimality

and the consistent law of motion. The HJB equation in (13) ensures that the value

function in equilibrium is a (local) martingale and agents smooth consumption. When

setting up the agents’ optimization problem, we postulated that they take the returns
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as given. What does this mean in detail? Agents are fully rational. They know how

the returns are determined through the market clearing equation in (16). Agents also

have full knowledge of the cross-sectional distribution and its consistent law of motion

in (10). However, each agent is assumed infinitesimal so that a single agent’s deviation

from the recursive policy function yi,∗(t, xit, at) would not change the distribution or

returns. Thus, in deriving the first-order condition for the optimal controls yi,∗t in

(12), it suffices for agents to assume that the value function J solely depends on

(t, xit, at). The dependency on t summarizes the exogenous variation stemming from

the aggregate and idiosyncratic Brownian motion and the variation stemming from

changes in the cross-sectional distribution taken as given by the agent. In order

to ensure consistency of the distribution’s law of motion with agents’ choices, this

latter variation needs to be considered separately. This is achieved by specifying the

equilibrium value function in further detail by setting J(t, xit, at) := J (t,Mt, x
i
t, at).

The master equation then results from rewriting the HJB equation in (13) in

terms of J . Note that the HJB operator defined in (6) subtracts the time-derivative

of the value function in (5) which equals ρJ(t, xit, at) − u(yit, x
i
t) from the drift of

the Itô process J(t, xit, at). Thus, we will subsequently define the master operator

equivalently by subtracting the time-derivative of the value function in (5) from the

drift of the stochastic process J (t,Mt, x
i
t, at). This, however, is easier said than done

because the distributionMt is not a standard Itô process such that one cannot simply

apply Itô’s formula to derive the drift of J . The following subsection explains how

Itô’s calculus can be adjusted to accommodate the distribution process.

3.1 The Cross-Sectional Distribution as a Stochastic Process

It is important to note that the aggregate distribution Mt(x) is a stochastic process

that is different from the aggregate state process at which is a standard Itô process.

For any fixed time point t, at is a real vector, whereas,Mt(x) is a real-valued function.

Thus, the distribution does not only depend on time, but also on its argument x ∈
RNx

. Compared to the state at which is a stochastic process with the standard

time index set t ∈ [0,∞), the distribution Mt(x) and, similarly, the density mt(x)

are generalized stochastic processes with the larger index set (t, x) ∈ [0,∞) × RNx
.7

7Generalized stochastic processes are called random fields which have been introduced in eco-
nomics by Proehl (2024) in the context of the discrete-time heterogeneous-agent RBC model as in
Krusell and Smith (1998).
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With this extended index set, the standard Itô formula is no longer sufficient to

derive the dynamics of a real-valued function of time and the distribution process

f(t,Mt). A suitable expansion requires well-defined distributional derivatives of the

function f . First, note that we can define f in terms of a function of the density

f̃(t,mt) = f̃(t, dMt/dx) =: f(t,Mt).

Definition 7 (Distributional Derivatives (see Cardaliaguet et al., 2019, Definitions

2.2.1, 2.2.2 and Section 2.2.2)). Let mt(x) = [mt(x1), . . . ,mt(xNx)] denote the vector

of marginal densities mt(xn) =
∫
mt(xn, x−n)dx−n. Then, the derivative of f̃ w.r.t.

the density is defined by the Riesz representation given by

lim
s→0

f̃(t,mt + s(m′
t −mt))− f̃(t,mt)

s
=

∫
RNx

f̃m(t,mt(x))
T (m′

t(x)−mt(x)) dx,

where f̃m(t,mt(x)) ∈ RNx
. The derivative w.r.t. the c.d.f. fM is then defined by

fMn(t,Mt(x)) :=
d

dxn
f̃mn(t,mt(x)).

The second-order derivatives are similarly defined by

lim
s→0

f̃m(t, (mt + s(m′
t −mt))(x))− f̃m(t,mt(x))

s
=∫

RNx
f̃mm(t,mt(x, x

′))T (m′
t(x

′)−mt(x
′)) dx′,

where f̃mm(t,mt(x, x
′)) ∈ RNx×Nx

such that

fMnMn′
(t,Mt(x, x

′)) :=
d2

dxndx′n′
f̃mnmn′ (t,mt(x, x

′)).

The first-order derivative may differ for various arguments x of the distribution,

i.e., it evaluates how f̃ changes when the density only changes at the argument x and

nowhere else. Similarly, the second-order derivative evaluates how f̃ changes when

the density changes at xn and x′n′ but nowhere else.

Given f̃m and f̃mm, the definition of the derivatives w.r.t. the c.d.f. are judiciously

chosen to ensure that the second-order Taylor expansions of f̃(t,mt) =: f(t,Mt)

coincide. The second-order Taylor expansion of f̃ follows from the definition of the
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derivative w.r.t. the density which implies

f̃(t,m′
t)− f̃(t,mt) =

∫ 1

0

Nx∑
n=1

∫
R
f̃mn(t,mt,s(x))(m

′
t(xn)−mt(xn))dxnds

+
1

2

∫ 1

0

Nx∑
n,n′=1

∫
R2

f̃mnmn′ (t,mt,s(x, x
′))(m′

t(x
′
n′)−mt(x

′
n′))

+
1

2

∫ 1

0

Nx∑
n,n′=1

∫
R2

(m′
t(xn)−mt(xn))dx

′
n′dxnds

with mt,s = mt+ s(m′
t−mt). Integrating by parts once in the first term and twice in

the second term yields

f̃(t,m′
t)− f̃(t,mt) = (17)

−
∫ 1

0

Nx∑
n=1

∫
R
fMn(t,Mt,s(x))(M

′
t(xn)−Mt(xn))dxnds

+
1

2

∫ 1

0

Nx∑
n,n′=1

∫
R2

fMnMn′
(t,Mt,s(x, x

′))(M ′
t(x

′
n′)−Mt(x

′
n′))

+
1

2

∫ 1

0

Nx∑
n,n′=1

∫
R2

(M ′
t(xn)−Mt(xn))dx

′
n′dxnds

=: f(t,M ′
t)− f(t,Mt)

with d/dxMt,s(x) = mt,s(x). Heuristically, adding a change in the time argument

∆t = t′ − t to this second-order Taylor expansion and setting M ′
t = Mt′ such that

(M ′
t(xn) −Mt(xn)) = (Mt′(xn) −Mt(xn)) = ∆Mt(xn) rationalizes the Itô expansion

of a function f(t,Mt). Note that ∆Mt(xn) becomes dMt(xn) following (11) when

the time change is infinitesimal. If Mt is the cross-sectional c.d.f. consistent with

the idiosyncratic state following (3), the appropriate expansion of a function f(t,Mt)
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reads8

df(t,Mt) = (18){
ft(t,Mt) +

Nx∑
n=1

∫
RNx

fMn(t,Mt(x))µn
(
t, yi,∗(t, x, at, rt), x, at, rt

)
mt(x)dx

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

∫
RNx

fMnxn′
(t,Mt(x))Σ

o,∗
nn′(t, x, x)mt(x)dx

+
1

2

Nx∑
n,n′=1

∫
R2Nx

fMnMn′
(t,Mt(x, x

′))Σag,∗
nn′ (t, x, x

′)mt(x)mt(x
′)dxdx′

}
dt

+
Nx∑
n=1

{∫
RNx

fMn(t,Mt(x))σ
ag
n

(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)dx

}
dBag

t

with fMx(t,Mt(x)) ∈ RNx×Nx
and the optimally controlled covariance function

Σo,∗(t, x, x′) = σag
(
yi,∗(t, x, at, rt), x, at, rt

)
σag
(
yi,∗(t, x′, at, rt), x

′, at, rt
)T

(19)

with o ∈ {id, ag}. Note that the term containing fMx results from combining the

first-order term in the Taylor expansion in (17) with the second term of the marginal

c.d.f. dynamics in (11) and applying integration by parts once more. This term mea-

sures the cross-variation stemming from changes to the distribution and changes to

the realization of the current draw of this distribution.

Lastly, let us give some practical examples of the derivations of this section. The

following example illustrates how the distributional derivatives can be computed for

a concrete example function.

Example 8 (Distributional Derivatives of a Production Function). Consider the

model in Krusell and Smith (1998) where we have xit = [lit, k
i
t], i.e, N

x = 2. Denote the

Cobb-Douglas production function with elasticity α ∈ (0, 1) by F (Lt, Kt) = L1−α
t Kα

t .

Define the aggregates by

Lt =

∫
R2

lmt(l, k)dldk =

∫
R2

ldMt(l, k)

8This follows from Theorem 4.14 in Carmona and Delarue (2018b) and Theorem A.1 in
Cardaliaguet et al. (2019).
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and

Kt =

∫
R2

kmt(l, k)dldk =

∫
R2

kdMt(l, k).

Note that they can be written as functions of either mt or Mt, i.e., f̃(t,mt) =

f(t,Mt) = F (Lt, Kt). Then, the derivative of the production function reads

lim
s→0

f̃(t,mt + s(m′
t −mt))− f̃(t,mt)

s
=

∫
R2

[
FL(Lt, Kt)l

FK(Lt, Kt)k

]T
︸ ︷︷ ︸

=f̃m(t,mt(l,k))T

(m′
t(l, k)−mt(l, k))dldk

such that

fM(t,Mt(l, k)) =

[
FL(Lt, Kt)

FK(Lt, Kt)

]
.

It follows that fMx(t,Mt(k, l)) = 0 and

f̃mx(t,mt(l, k)) =

[
FL(Lt, Kt) 0

0 FK(Lt, Kt)

]
.

The second-order derivatives are given by

f̃mm(t,mt(l, k, l
′, k′)) =

[
FLL(Lt, Kt)ll

′ FLK(Lt, Kt)lk
′

FKL(Lt, Kt)kl
′ FKK(Lt, Kt)kk

′

]

and

fMM(t,Mt(l, k, l
′, k′)) =

[
FLL(Lt, Kt) FLK(Lt, Kt)

FKL(Lt, Kt) FKK(Lt, Kt)

]
.

Existing work on the master equation in economics utilizes f̃m (Schaab, 2020;

Bilal, 2023; Gu et al., 2024). Contrary to that, we work with fM and equation (18).

Both are equivalent and can be easily translated. We illustrate this translation with

the model with indirect aggregate risk featured in Bilal (2023).

Example 9 (Case Without Direct Aggregate Risk in Bilal (2023)). In this model,

Nx = dag = 1, ζ > 0 and σag = 0. In the case without direct aggregate risk (σag = 0),
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the stochastic integral in (18) is obsolete such that

df(t,Mt)

=

{
ft(t,Mt) +

∫
R
fM(t,Mt(x))µ

(
t, yi,∗(t, x, at, rt), x, at, rt

)
mt(x)dx

+
1

2

∫
R
fMx(t,Mt(x))Σ

id,∗(t, x, x)mt(x)dx

}
dt

=

{
f̃t(t,mt(x)) +

∫
R

d

dx
f̃m(t,mt(x))µ

(
t, yi,∗(t, x, at, rt), x, at, rt

)
mt(x)dx

+
1

2

∫
R

d2

dx2
f̃m(t,mt(x))Σ

id,∗(t, x, x)mt(x)dx

}
dt

=

f̃t(t,mt(x)) +

∫
R
f̃m(t,mt(x))

d

dx

[
−µ
(
t, yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]
︸ ︷︷ ︸

=:αmt (x)

dx

+
1

2

∫
R
f̃m(t,mt(x))

d2

dx2
[
Σid,∗(t, x, x)mt(x)

]
︸ ︷︷ ︸

=:ςmt (x)

dx

 dt

where the second equality follows from Definition 7 and the third equality results from

integration by parts. It follows that

d

dt
f̃t(t,mt(x)) = f̃t(t,mt(x)) +

∫
R
f̃m(t,mt(x))

[
αmt (x) +

1

2
ςmt (x)

]
dx

where the Kolmogorov forward equation reads d
dt
mt(x) = αmt (x)+

1
2
ςmt (x). Bilal (2023)

uses this equation and sets f̃ equal to the value function to derive the master equation.

Apart from illustrating their equivalence, this example demonstrates the advan-

tages of working with fM rather than f̃m to derive the master equation. The former

is simply multiplied by the drift and covariance terms of the state dynamics, whereas,

the latter requires the computation of derivatives which can be numerically cumber-

some.

20



3.2 Derivation of the Master Equation

The master equation results from rewriting the HJB equation in (13) in terms of

J . Akin to the HJB operator in (6), we define the master operator to subtract the

time-derivative of the value function in (5), which equals ρJ (t,Mt, x
i
t, at)− u(yit, x

i
t),

from the drift of the stochastic process J (t,Mt, x
i
t, at). We have seen in the pre-

vious subsection that Itô’s formula does not apply to functions of the random field

{Mt(x)}t≥0,x∈RNx but appropriate extensions have been derived in Carmona and De-

larue (2018b) and Cardaliaguet et al. (2019). Since J (t,Mt, x
i
t, at) is a function of

time, the distribution with marginals following (11) and the states as in (2), the

expansion in equation (18) needs to be extended to9

dJ
(
t,Mt, x

i
t, at
)
= dAtX

(
t,Mt, x

i
t, at
)
+ dAM

(
t,Mt, x

i
t, at
)
+ dAMX

(
t,Mt, x

i
t, at
)
.

The first term summarizes the variation stemming from t and the state processes

{xit, at}t≥0. It follows from the standard Itô formula, i.e.,

dAtX

(
t,Mt, x

i
t, at
)
={

Jt
(
t,Mt, x

i
t, at
)
+

Nx∑
n=1

Jxin
(
t,Mt, x

i
t, at
)
µn
(
t, yi,∗t , x

i
t, at, r

∗
t

)
+

1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′
(
t,Mt, x

i
t, at
)
Σo,∗
nn′

(
t, xit, x

i
t

)
+

Na∑
n=1

Jan
(
t,Mt, x

i
t, at
)
ηn (at, r

∗
t ) +

1

2

Na∑
n,n′=1

Janan′
(
t,Mt, x

i
t, at
)
Σa
nn′ (at, r

∗
t )

+
1

2

Nx∑
n=1

Na∑
n′=1

Jxinan′
(
t,Mt, x

i
t, at
)
Σxa
nn′

(
yi,∗t , x

i
t, at, r

∗
t

)}
dt

+

{
Nx∑
n=1

Jxin
(
t,Mt, x

i
t, at
)
σidn
(
yi,∗t , x

i
t, at, r

∗
t

)}
dBi

t

+

{
Nx∑
n=1

Jxin
(
t,Mt, x

i
t, at
)
σagn
(
yi,∗t , x

i
t, at, r

∗
t

)
+

Na∑
n=1

Jan
(
t,Mt, x

i
t, at
)
ζn (at, r

∗
t )

}
dBag

t

9This follows from Theorem 4.17 in Carmona and Delarue (2018b).
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with the covariance matrices Σ. as in (4) and Σ.,∗ as in (19). The other two terms,

on the other hand, account for the dependence on the random field {Mt(x)}t≥0,x∈RNx .

Thus, dAM (t,Mt, x
i
t, at) results from the expansion in (18) such that

dAM

(
t,Mt, x

i
t, at
)
={

Nx∑
n=1

∫
RNx

JMn

(
t,Mt(x), x

i
t, at
)
µn
(
t, yi,∗t , x, at, r

∗
t

)
mt(x)dx

+
1

2

Nx∑
n,n′=1

∫
R2Nx

JMnMn′

(
t,Mt(x, x

′), xit, at
)
Σag,∗
nn′ (t, x, x

′)mt(x)mt(x
′)dxdx′

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

∫
RNx

JMnxn′

(
t,Mt(x), x

i
t, at
)
Σo,∗
nn′(t, x, x)mt(x)dx

 dt

+
Nx∑
n=1

{∫
RNx

JMn

(
t,Mt(x), x

i
t, at
)
σagn
(
yi,∗t , x, at, r

∗
t

)
mt(x)dx

}
dBag

t ,

whereas, the last term dAMX (t,Mt, x
i
t, at) takes the interaction of the distribution

{Mt(x)}t≥0,x∈RNx with the state processes {xit, at}t≥0 into account, i.e,

dAMX

(
t,Mt, x

i
t, at
)
={

1

2

Nx∑
n,n′=1

∫
RNx

JxinMn′

(
t,Mt(x), x

i
t, at
)
Σag,∗
nn′

(
t, xit, x

)
mt(x)dx

+
1

2

Nx∑
n=1

Na∑
n′=1

∫
RNx

JMnan′

(
t,Mt(x), x

i
t, at
)
Σxa
nn′

(
yi,∗t , x, at, r

∗
t

)
mt(x)dx

}
dt.

Subtract the time-derivative of the value function in (5) and collecting the drift terms

of this expansion yields the master operator. We define it by HM [J , yi, r](t,M, xi, a)
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mapping the functions [J , yi, r] into a function of (t,M, xi, a) such that

HM [J , yi, r](t,M, xi, a) = (20)

− ρJ + u
(
yi, xi

)
+ Jt +

Nx∑
n=1

∫
RNx

JMn

(
t,M(x), xi, a

)
µn
(
t, yi, x, a, r

)
m(x)dx

+
1

2

Nx∑
n,n′=1

∫
R2Nx

JMnMn′

(
t,M(x, x′), xi, a

)
Σag,∗
nn′ (t, x, x

′)m(x)m(x′)dxdx′

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

∫
RNx

JMnxn′

(
t,M(x), xi, a

)
Σo,∗
nn′(t, x, x)m(x)dx

+
1

2

Nx∑
n=1

Na∑
n′=1

∫
RNx

JMnan′

(
t,Mt(x), x

i, a
)
Σxa
nn′

(
yi, x, a, r

)
m(x)dx

+
1

2

Nx∑
n,n′=1

∫
RNx

JxinMn′

(
t,M(x), xi, a

)
Σag,∗
nn′

(
t, xi, x

)
m(x)dx

+
Na∑
n=1

Janηn (a, r) +
1

2

Na∑
n,n′=1

Janan′Σ
a
nn′ (a, r) +

Nx∑
n=1

Jxinµn
(
t, yi, xi, a, r

)
+

1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Jxinxin′Σ
o,∗
nn′

(
t, xi, xi

)
+

1

2

Nx∑
n=1

Na∑
n′=1

Jxinan′Σ
xa
nn′

(
yi, xi, a, r

)
with the covariance matrices Σ. as in (4) and Σ.,∗ as in (19). When inserting the

optimal controls yi,∗ that solve the first-order conditions in (12), the master equation

sets the master operator to zero. Note that Jo = Jo, o ∈ {xi, a, xixi, aa, xia}, such
that the first two terms and the last two lines of the master operator equal the terms

in the HJB operator in (6). The additional terms are due to introducing the consistent

law of motion of the distribution into the equation, i.e, splitting the time derivative

Jt into the variation stemming from the exogenous Brownian innovations given by

Jt and the variation stemming from changes in the distribution summarized by the

distributional derivatives. Note that in models solely featuring indirect aggregate

risk (ζ > 0, σag = 0) as in, e.g., Bilal (2023); Gu et al. (2024), it holds that Jt = 0

because exogenous aggregate Brownian innovations only affect the agents-specific

state indirectly through the aggregate state. In our more general setting that includes

direct aggregate risk (σag > 0), however, the time derivative Jt is non-negligible as the
agent-specific state variable is directly affected by exogenous Brownian innovations.
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Overall, the master equation allows us to characterize the equilibrium as follows.

Proposition 10 (Characterization of the Recursive Equilibrium). For any trajectory

of consistent cross-sectional distributions {Mt}t≥0, the recursive equilibrium of Defi-

nition 6 consists of a set of controls {yi,∗t }t≥0,i∈[0,1] and returns {r∗t }t≥0 such that the

following conditions hold.

(i) Given the returns {r∗t }t≥0, households choose their controls y
i,∗
t = yi,∗(t,M, xi, a)

to optimize their value function J (t,M, xi, a) such that

0 =
∂

∂yin
HHJB[J , yi,∗, r∗](t,M, xi, a), n ∈ {1, . . . , Ny}, (21)

0 =HM [J , yi,∗, r∗](t,M, xi, a) (22)

0 =HTBC [J ](M,xi, a) (23)

0 =HSBC [J , yi,∗, r∗](t,M, x̃i,uc, a), (24)

with HHJB as in (6), HM as in (20), HTBC as in (7) and HSBC as in (8).

(ii) Given the controls {yi,∗t }t≥0,i∈[0,1], the returns r
∗
t = r∗(t,M, a) clear markets such

that

0 = HMC [r∗, yi,∗](t,M, a). (25)

4 Approximating the Equilibrium Conditions

The master equation in (22) is a non-standard PDE due to the distributional deriva-

tives. Thus, to solve the equilibrium conditions (21)-(25), we first propose an approx-

imation of the distributional derivatives. Importantly, this approximation allows us

to approximate the master equation with a standard PDE.

4.1 Approximating the Distributional Derivatives

It is useful to note that the distribution function Mt(.) = P(xit ≤ .) = p[xit](.) is a

function of the random variable xit. In this context, however, xit does not denote a

specific outcome for one particular agent i but rather all possible outcomes that agent

i could have at time t. To emphasize this difference between realized and hypothetical

state, we keep xit to denote the realization of agent i’s state variable at time t and
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denote the collection of possible outcomes at time t by χit. Thus, we substitute

Mt(.) = p[χit](.). Therefore, the value function J (t,Mt, x
i
t, at) = J (t, p[χit], x

i
t, at) =

J̃ (t, χit, x
i
t, at) can be rewritten in terms of the state random variable χit.

10 As an

Itô process, the agent-specific state in (3) is a square-integrable stochastic process

implying that χit for a fixed time point t is a square-integrable random variable, i.e.,

χit ∈ L2(Ω,Ft,P;RNx
). Since the state random variable lives on a Hilbert space,

the derivative of a function of that random variable f̃(t, χit) is given by the standard

Fréchet derivative f̃χi .

Definition 11 (Distributional Derivatives II (see Carmona and Delarue, 2018a, Def-

inition 5.22)). The derivative w.r.t. a square-integrable random variable is defined by

the Fréchet derivative f̃χi given by11

lim
s→0

f̃(t, χit + s(χi
′
t − χit))− f̃(t, χit)

s
=∫

RNx
f̃χi(t, χ

i
t, x)

T (x′ − x)dP
(
{χit ≤ x} ∩ {χi′t ≤ x′}

)
for any χit, χ

i′
t ∈ L2(Ω,Ft,P;RNx

). The second-order derivative is similarly defined

by

lim
s→0

f̃χi(t, χ
i
t + s(χi

′
t − χit), x)− f̃χi(t, χ

i
t, x)

s
=∫

RNx
f̃χiχi(t, χ

i
t, x, x

′)(x′′ − x′)dP
(
{χit ≤ x′} ∩ {χi′t ≤ x′′}

)
.

As for the other distributional derivatives, we have that f̃χi(t, χ
i
t, x) ∈ RNx

and

f̃χiχi(t, χ
i
t, x, x

′) ∈ RNx×Nx
. Moreover, there is a direct link between derivatives w.r.t.

the c.d.f. and derivatives w.r.t. the corresponding random variable.

Proposition 12 (Cardaliaguet et al. (2019, Proposition A.1.2)). If a function of the

distribution f(t,Mt) = f̃(t, χit) is differentiable w.r.t. the c.d.f., then it is differen-

tiable w.r.t. the corresponding random variable and fM(t,Mt(x)) = f̃χi(t, χ
i
t, x). Sim-

ilarly, the second-order derivatives agree, i.e., fMM(t,Mt(x, x
′)) = f̃χiχi(t, χ

i
t, x, x

′).

10The fact that functions of distributions can be rewritten as functions of random variables has
also been exploited in Proehl (2024) in a discrete-time context. As that paper provides a detailed
account of this correspondence, we only give a high-level summary here.

11The equation to define f̃χi is equivalent to Cardaliaguet et al. (2019, Equation (A.5)).
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The advantage of working with f̃(t, χit) and its derivatives lies in the fact that one

can approximate the random variable χit with polynomial chaos, a stochastic variant

of orthogonal polynomial projection. Importantly, this approximation converges when

the order of the polynomial approximation increases. This discretization technique

has first been proposed for heterogeneous agent models by Proehl (2019) in a discrete-

time framework. At a fixed time point t, any element of the multivariate state random

variable (χit)n ∈ L2(Ω,Σ,P;R) can be written as

(χit)n =
∞∑
v=0

φvt,nϕ
v(ξ) (26)

where ξ ∈ L∞(Ω,Σ,P;RNξ
) is an N ξ-dimensional vector of independent random

variables for which all moments are finite. The corresponding family of orthogonal

polynomials {ϕv}∞v=0 satisfies

1{v=u}b
v =

∫
RNξ

ϕv(ξ)ϕu(ξ)mξ(ξ)dξ (27)

such that bv > 0, v ∈ {0, 1, . . .}. The projection coefficients {φvt,n}∞v=0 are defined by

φvt,n =
1

bv

∫
R

∫
RNξ

xnϕ
v(e)dP

(
{(χit)n ≤ xn} ∩ {ξ ≤ e}

)
. (28)

The seed random variables ξ in the Polynomial Chaos representation (26) are fixed

exogenously. There is a trade-off to be considered for that choice. On the one hand,

one can choose ξ to equal a standard random variable, e.g., normal or uniform. In

that case, the truncation error in (26) will become small only for higher-order poly-

nomials. However, the family of polynomials is then standard and does not need to

be constructed. On the other hand, one can tailor ξ to a distribution close to the

one expected in the model. In that case, truncating (26) at lower-order will already

achieve a good approximation but the family of polynomials needs to be constructed

separately. The latter is what is done in Proehl (2019) as this paper relies on a

tensor-grid discretization of the state space. In contrast, we choose the former be-

cause our numerical method relies on neural nets and therefore, suffers less from the

curse of dimensionality. In (26), we fix ξ ∼ N (0, 1). Furthermore, we assume this

standard univariate distribution to be i.i.d. for all states n ∈ {1, . . . , Nx}. The cor-

responding family of orthogonal polynomials are the Hermite polynomials (see e.g.
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Ernst et al., 2012; Xiu and Karniadakis, 2002). This implies that bv =
√
2π v! in (27)

and ϕ0(ξ) = 1 such that φ0
t,n in (28) yields the mean of the state random variable

(χit)n, i.e., φ
0
t,n = E[(χit)n].

Using this polynomial projection technique, the multivariate random variable χit

can be represented by a set of projection coefficient series ({φv1,t}∞v=0, . . . , {φvNx,t}∞v=0).

Therefore, we can rewrite any function f̃(t, χit) = f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0).

Given (28), each projection coefficient in {φvn,t}∞v=0 is a function of the corresponding

element (χit)n of the multivariate state random variable. Hence, the distributional

derivative can be computed using the chain rule.

Proposition 13. When the multivariate state random variable is represented by

Polynomial Chaos as in (26), the distributional derivative of a function defined as

f̃(t, χit) = f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0) is given by

f̃χin(t, χ
i
t, x(e)) =

∞∑
v=0

∂

∂φvn
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

ϕv(e)

bv
,

where bv as in (27) and xn(e) =
∑∞

v=0 φ
v
t,nϕ

v(e). The second-order derivatives are

given by

f̃χinχin′
(t, χit, x(e), x(e

′)) =
∞∑

v,v′=0

∂2

∂φvn∂φ
v′
n′
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

ϕv(e)

bv
ϕv

′
(e′)

bv′

f̃χinxn′ (t, χ
i
t, x(e)) =

∞∑
v=0

∂
∂φvn

f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)
∂
∂e
ϕv(e)

bv
∑∞

v′=0 φ
v′
n′,t

∂
∂e
ϕv′(e)

.

Remark. The distributional derivative f̃χin is a random variable itself with projection

coefficients {f̂φvn/bv}∞v=0.

Numerically, the series in (26) will be truncated at Vn meaning that we set

{φvt,n}v>Vn = 0. Proehl (2019) showed in a discrete-time framework that, when in-

creasing the truncation order Vn of the polynomial projection, the policy function

of the truncated representation converges to the true policy function exponentially.

This convergence result likely carries over to the framework at hand which we will

check numerically for our example model.
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4.2 Approximated Equilibrium Conditions

Overall, we can rewrite the value function by

J
(
t,Mt, x

i
t, at
)
=J̃

(
t, χit, x

i
t, at
)
= Ĵ

(
t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0, x

i
t, at
)

≈Ĵ
(
t, {φv1,t}

V1
v=0, . . . , {φvNx,t}

VNx
v=0 , x

i
t, at

)
.

Note that the derivatives of J and Ĵ w.r.t. {t, xi, a, xixi, aa, xia} coincide. Com-

bining Propositions 12 and 13 allows us to approximate the master operator in (20)

with a standard PDE for the function Ĵ (t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a). Define the

approximated master operator HaM [Ĵ , yi, r](t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a) mapping

functions [Ĵ , yi, r] into a function of (t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a) by

HaM [Ĵ , yi, r](t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a) = (29)

− ρĴ + u
(
yi, xi

)
+ Ĵt +

Nx∑
n=1

Vn∑
v=0

Ĵφvn
bv

∫
RNξ

µn
(
t, yi, x(e), a, r

)
ϕv(e)mξ(e)de

+
1

2

Nx∑
n,n′=1

Vn∑
v=0

Vn′∑
v′=0

Ĵφvnφv′n′
bvbv′

∫
R2Nξ

Σag,∗
nn′ (t, x(e), x(e

′))ϕv(e)mξ(e)deϕv
′
(e′)mξ(e′)de′

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Vn∑
v=0

Ĵφvn
bv

∫
RNξ

Σo,∗
nn′(t, x(e), x(e))

∂
∂e
ϕv(e)∑Vn′

v′=0 φ
v′
n′

∂
∂e
ϕv′(e)

mξ(e)de

+
1

2

Nx∑
n=1

Na∑
n′=1

Vn∑
v=0

Ĵφvnan′
bv

∫
RNξ

Σxa
nn′

(
yi, x(e), a, r

)
ϕv(e)mξ(e)de

+
1

2

Nx∑
n,n′=1

Vn∑
v=0

Ĵφvnxin′
bv

∫
RNξ

Σag,∗
nn′

(
t, xi, x(e)

)
ϕv(e)mξ(e)de

+
Na∑
n=1

Ĵanηn (a, r) +
1

2

Na∑
n,n′=1

Ĵanan′Σ
a
nn′ (a, r) +

Nx∑
n=1

Ĵxinµn
(
t, yi, xi, a, r

)
+

1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

Ĵxinxin′Σ
o,∗
nn′

(
t, xi, xi

)
+

1

2

Nx∑
n=1

Na∑
n′=1

Ĵxinan′Σ
xa
nn′

(
yi, xi, a, r

)
where bv as in (27), xn(e) =

∑Vn
v=0 φ

v
nϕ

v(e), the covariance matrices Σ. as in (4) and

Σ.,∗ as in (19). We can now define the approximated equilibrium.

Definition 14 (Approximated Recursive Equilibrium). Suppose that the agent-specific
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state random variable is approximated by polynomial chaos as in (26). Then, for any

trajectory of consistent cross-sectional distributions {Mt}t≥0, the approximated recur-

sive equilibrium consists of a set of controls {yi,∗t }t≥0,i∈[0,1] and returns {r∗t }t≥0 such

that the following conditions hold.

(i) Given the returns {r∗t }t≥0, households optimize their approximated value func-

tion Ĵ (t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a) by choosing their optimal control func-

tions yi,∗t = yi,∗(t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a) such that for any n ∈ {1, . . . , Ny}

0 =
∂

∂yin
HHJB[Ĵ , yi,∗, r∗]

(
t, {φv1}

V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a
)

(30)

0 =HaM [Ĵ , yi,∗, r∗]
(
t, {φv1}

V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a
)

(31)

0 =HTBC [Ĵ ]
(
{φv1}

V1
v=0, . . . , {φvNx}VNxv=0 , x

i, a
)

(32)

0 =HSBC [Ĵ , yi,∗, r∗]
(
t, {φv1}

V1
v=0, . . . , {φvNx}VNxv=0 , x̃

i,uc, a
)
, (33)

where HHJB as in (6), HaM as in (29), HTBC as in (7) and HSBC as in (8).

(ii) Given the controls {yi,∗t }t≥0,i∈[0,1], the returns that clear markets are given by

functions r∗t = r∗(t, {φv1}
V1
v=0, . . . , {φvNx}VNxv=0 , a) such that

0 = HMC [r∗, yi,∗]
(
t, {φv1}

V1
v=0, . . . , {φvNx}VNxv=0 , a

)
. (34)

Note that this set of equations simplifies for some example models. For instance,

whenever (30) and (34) yield closed-form solutions for y∗ and r∗, respectively, we

can insert this directly into the approximated master equation and the boundary

equations.

Example 15. The returns in Krusell and Smith (1998) are explicitly given by

rt =

[
∂
∂L
F (zt, Lt, Kt)

∂
∂K
F (zt, Lt, Kt)

]
=

[
∂
∂L
F (zt,E [lit] ,E [kit])

∂
∂K
F (zt,E [lit] ,E [kit])

]
=

[
∂
∂L
F
(
zt, φ

0
t,l, φ

0
t,k

)
∂
∂K
F
(
zt, φ

0
t,l, φ

0
t,k

)]

such that the market clearing condition (34) can be inserted directly into equations

(30)-(33). In contrast, the bond return in Huggett (1993) is implicitly given by the

market clearing condition

0 = E
[
bit
]
= E

[
φ0
t,b

]
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and thus, cannot be inserted.

5 Solving for the Approximated Equilibrium

Next, we outline a numerical method to compute global, grid-free approximations of

the equilibrium functions (DxiĴ , D2Ĵ , r∗) in Definition 14, where Dxi denotes the

spatial gradient operator with regards to idiosyncratic states xi and D2 denotes the

full spatial Hessian operator. We recover the equilibrium policy function yi,∗ through

the optimality condition (9) from (DxiĴ , D2Ĵ ) by assuming sufficient regularity of

the state dynamics in (3) such that a unique, closed-form control map C exists.

Assumption 16 (Hamiltonian Regularity).

The drift and dispersion functions µ, σo with o ∈ {id, ag}, and ζ are such that

(i) the HJB-operator HHJB in (6) is convex in yi;

(ii) (30) has a unique, closed-form solution in terms of the partial gradient DxiĴ :

[0,∞) × RN → RNx
and the full Hessian D2Ĵ : [0,∞) × RN → RN×N , where

N := Nx + Na +
∑Nx

n=1 Vn is the number of spatial dimensions, i.e., there ex-

ists a unique closed-form operator C[DxiĴ , D2Ĵ ](t, xi, a, φ, r) ∈ RNy
such that

C[DxiĴ , D2Ĵ ] = yi,∗, where φ :=
(
{φv1}

V1
v=0, . . . , {φvNx}VNxv=0

)
.12

Remark. The operator C defines a function ỹi,∗ :
(
[0,∞)× RN × RNr) × RNx ×

RN×N → RNy
which maps values in the image im(DxiĴ , D2Ĵ ) ∈ RNx × RN×N into

the optimal control yi,∗ ∈ RNy
, for every (t, xi, a, φ, r) ∈ [0,∞)× RN × RNr

.

We outline our solution method in two steps. First, we derive a probabilistic rep-

resentation of recursive equilibrium. Second, we use this probablistic representation

to deploy methods from the applied mathematics literature to jointly approximate

(DxiĴ , D2Ĵ , r∗) such that Ĵ satisfies (30)-(33) and r∗ satisfies market clearing (34).

12Note that yi,∗ only depends on the parts of the Hessian w.r.t. xi or a, since the cross-sectional
dynamics do not matter for optimality. We omit denoting this explicitly since it does not matter for
the design of our algorithm.

30



5.1 Probablistic Representation of the Approximated Recur-

sive Equilibrium

Following the Deep BSDE method (E et al., 2017; Han et al., 2018), we reformulate

the analytical task of finding (the gradient and Hessian of) Ĵ as a probabilistic task

of solving backward stochastic differential equations (BDSEs). Since we allow for

controlled direct volatility, the PDE solved by Ĵ is fully nonlinear and the associated

BSDEs are of second -order. Such a nonlinear setting is considered in the Deep 2BSDE

method further developed by Beck et al. (2019), which forms the building block of

the algorithm developed herein.

To outline the reformulation of the solution Ĵ to (30)-(33), assume that some price

function r∗(t, φ, a) exists such that (34) is satisfied ∀t ∈ [0,∞). Then the functions

C[DxiĴ , D2Ĵ ] and r∗ can be substituted into the approximated master equation (31)

such that it constitutes a fully-nonlinear, yet, standard PDE of dimension 1 + N .13

The Deep BSDE method formulates such PDEs equivalently as BSDEs through a

generalization of the famous Feynman-Kac formula (see, e.g., Pardoux and Peng,

1992). Loosely speaking, this corresponds to applying Pontryagin’s maximum prin-

ciple yielding a probabilistic rather than analytical representation of optimal control

problems (Yong and Zhou, 1999).14 However, since the optimality condition (30) does

not take into account the dynamics of the cross-sectional distribution, we cannot view

the master equation (31) as the HJB equation of a standard stochastic control prob-

lem. Consequently, we cannot directly employ variations of the Deep BSDE method

which are based on the stochastic maximum principle (e.g., Ji et al., 2022; Huang

et al., 2025). Rather, we treat (31) as a generic fully-nonlinear PDE. Through the

nonlinear Feynman-Kac formula in Cheridito et al. (2007, Theorem 4.10), it is re-

lated to the following system of strongly coupled forward and second-order backward

13The PDE is fully-nonlinear whenever yi,∗ depends on D2Ĵ , that is, whenever agent-specific
volatility is controlled, i.e., ∃m ∈ {id, ag, xa} such that ∂Σm/∂yi ̸= 0.

14We refer to Huang (2024) for an illustration in the context of economic models. Furthermore,
note that under Assumption 16.i the second-order adjoint equation in the more general case treated
by Yong and Zhou (1999) becomes irrelevant (see p. 141 and Proof of Ch.3 Theorem 5.4).
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stochastic differential equations (FBDSE),15

xi,∗n,t =x
i
n,0 +

∫ t

0
µn(y

i,∗
s , xi,∗s , as, r

∗
s)ds+

did∑
j=1

∫ t

0
σidnj(y

i,∗
s , xi,∗s , as, r

∗
s)dB

i
j,s (35)

+
dag∑
j=1

∫ s

0
σagnj(y

i,∗
s , xi,∗s , as, r

∗
s)dB

ag
j,s,

an,t =an,0 +

∫ t

0
ηn (as, r

∗
s) ds+

dag∑
j=1

∫ t

0
ζnj (as, r

∗
s) dB

ag
j,s, (36)

φvn,t =φ
v
n,0 +

∫ t

0

{∫
RNξ

ϕv(e)

bv
µn
(
yi,∗(s, φs, x(e), as), x(e), as, r

∗
s

)
mξ(e)de (37)

+
1

2

∑
o∈{id,ag}

Nx∑
n′=1

∫
RNξ

∂
∂eϕ

v(e)

bv
∑Vn′

v′=1 φ
v′
s,n′

∂
∂eϕ

v′(e)
Σo,∗nn′(s, x(e), x(e))m

ξ(e)de

}
ds

+
dag∑
j=1

∫ t

0

{∫
RNξ

ϕv(e)

bv
σag,∗nj

(
yi,∗(s, φs, x(e), as), x(e), as, r

∗
s

)
mξ(e)de

}
dBag

j,s,

Yt =−
∫ ∞

t

{
ρYs − u(yi,∗s , xi,∗s )

}
ds−

did∑
j=1

Nx∑
n′=1

∫ ∞

t
Zn′,sσ

id
n′j(y

i,∗
s , xi,∗s , as, r

∗
s)dB

i
j,s (38)

−
dag∑
j=1

∫ ∞

t

{ Nx∑
n′=1

Zn′,sσ
ag
n′j(y

i,∗
s , xi,∗s , as, r

∗
s) +

Na∑
n′=1

ZNx+n′,sζn′j (as, r
∗
s)

+

Nx∑
n′=1

Vn′∑
v′=0

Z(n′,v′),s

∫
RNξ

ϕv
′
(e)

bv′
σag,∗n′j

(
yi,∗(s, φs, x(e), as), x(e), as, r

∗
s

)
mξ(e)de

}
dBag

j,s,

Zm,t =−
∫ ∞

t
Am,sds−

Nx∑
n′=1

∫ ∞

t
Γmn′,sdx

i,∗
n′,s −

Na∑
n′=1

∫ ∞

t
Γm(Na+n′),sdan′,s (39)

−
Nx∑
n′=1

Vn′∑
v′=0

∫ ∞

t
Γm(n′,v′),sdφ

v′
n′,s,

where n ∈ {1, . . . Nx}, v ∈ {0, . . . , Vn}, m ∈ {1, . . . , N}, r∗t = r∗(t, φt, at), and y
i,∗
t =

ỹi,∗(t, xi,∗t , at, φt, r
∗
t , Z1:Nx,t,Γt) is the optimal control of a specific household as defined

in the Remark to Assumption 16. The dependence on Zt and Γt foreshadows the

equivalence result below and implies the strong coupling of the FBSDEs. Specifically,

the forward SDEs (36)-(37) encode the aggregate dynamics of a specific economy

with initial state (a0, φ0) and shock history {Bag
t }t≥0. The forward SDE (35) in turn

15Here, we index over the
∑Nx

n=1 Vn projection coefficients by (n, v) denoting φv
n’s position.
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encodes the idiosyncratic state dynamics of a specific household with initial state

xi0 and shock history {Bi
t}t≥0, which populates this economy. These forward SDEs

depend on the backward SDEs (38)-(39) encoding the dynamics of the current value

Yt and the vector of spatial marginal values Zt of this specific household. That is,

Y : [0,∞)×Ω → R as well as Z,A : [0,∞)×Ω → RN and Γ : [0,∞]×Ω → RN×N are

household-specific F -adapted stochastic processes. Defining the approximated value

function Ĵ as in (5), one can verify, using Itô’s lemma twice, that indeed16

Yt = Ĵ (t, φt, x
i,∗
t , at), Zt = DĴ (t, φt, x

i,∗
t , at), (40)

At = B[DĴ ](t, φt, x
i,∗
t , at), Γt = D2Ĵ (t, φt, x

i,∗
t , at), (41)

where DĴ : [0,∞) × RN → RN denotes the full spatial gradient of Ĵ and the

functional operator B is defined in Appendix B.1. In what follows, it is important to

differentiate between the functions defined on the entire state space [0,∞) × RN on

the right-hand side of equations (40)-(41), and their values at (t, φt, x
i,∗
t , at), which

are random variables.

It remains to impose additional conditions on the processes {Yt, Zt, At,Γt}t≥0 in

(35)-(39) such that they also satisfy the transversality and state boundary condi-

tions. In light of (40), the transversality condition (32) is equivalent to the terminal

condition limT→∞[YT , ZT ]
T = 0. The state boundary condition (33), which ensures

by smooth pasting that the unconstrained HJB equation (13) converges to the con-

strained HJB equation at the boundary, is imposed by reflecting the dynamics dẽit

at ẽi = 0. Specifically, the last N e elements of dxit are rewritten such that, at the

boundary, the drift is nonnegative and the dispersion terms vanish, i.e.,

dẽit =1ẽit>0ψ(t, y
i
t, x̃

i
t, at, rt)dt+ 1ẽit=0max

(
ψ(t, yit, x̃

i
t, at, rt), 0

)
dt (42)

+ 1ẽit>0

{
υid
(
yit, x̃

i
t, at, rt

)
dBi

t + υag
(
yit, x̃

i
t, at, rt

)
dBag

t

}
.

Given a function r∗ satisfying (34) ∀t ∈ [0,∞), the processes {Yt, Zt, At,Γt}t≥0

which solve the FBSDEs with the terminal condition limT→∞[YT , ZT ]
T = 0, therefore,

equivalently represent recursive equilibrium. E et al. (2017) were first to view the task

of computing approximations of the functions in (40)-(41) as a deep reinforcement

learning (RL) problem.

16For the necessary regularity assumptions underlying this result we refer to Cheridito et al. (2007).
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5.2 Baseline Algorithm

A host of methods employs this insight to solve high-dimensional PDEs with varying

properties (see E et al., 2021, for a review). Broadly speaking, these methods vary

along 4 important dimensions: (i) how the RL problem is defined; (ii) whether the

FBSDEs are temporally discretized in time as a backward or forward system; (iii)

which subset of the functions in (40)-(41) is approximated with neural nets; (iv)

how the RL problem is numerically implemented. Ideally, these algorithmic choices

must not only be consistent with each other, but also be suitable to properties of the

FBSDEs at hand, as well as retain convergence results established in the literature.

Here, our numerical algorithm must accommodate five critical properties. First,

the FBSDEs are of second order since (31) is fully nonlinear. Second, the FBSDEs

are strongly coupled because the drift and volatility term of dxi
,∗
t depend on Yt and Zt

through the individual choices yi,∗t . Both properties are due to controlled volatility as

a natural feature of macro-finance models. To accomodate them we modify the Deep

2BSDE method by Beck et al. (2019) according to insights by Nüsken and Richter

(2021); Huang et al. (2025). Third, the initial state (xi0, a0, φ0) is a RN -valued random

variable distributed according to a calibrated empirical distribution M̃0(x, a, φ).
17 We

adopt an appropriate modification of the Deep BSDE method, that is already pro-

posed in the original paper by Han et al. (2018). Fourth, the cross-sectional dynamics

(37) and market-clearing condition (34) depend on the policy function C[DxiĴ , D2Ĵ ]

with subdomain RNx
– not on a single realized policy yi,∗t . Fifth, the FBSDEs are only

well-defined given a price function r∗, which is, however, not known in closed form

under Assumption 3.ii. The last two properties manifest the culprit of solving HACT

models with aggregate risk and implicit market clearing conditions. To accommodate

both features we augment the 2BSDE method by Beck et al. (2019) as detailed below.

(i) Reinforcement Learning Problem. Intuitively, one can think of the RL

problem introduced by Beck et al. (2019) as finding suitably defined functions for the

initial (marginal) values ϑY0(xi0, a0, φ0) = Y0 and ϑZ0(xi0, a0, φ0) = Z0, as well as for

their drift and volatility functions ϑA(t, xi,∗t , at, φt) = At and ϑΓ(t, xi,∗t , at, φt) = Γt,

∀t ∈ [0,∞). These functions must imply paths of {Yt, Zt}t≥0 that minimize some

17This c.d.f. follows from a calibrated distribution ˜̃M0(x, a) ∼ (x′, a′) implying a jointly random

vector of projection coefficients φ discretizing ˜̃M0(x, a
′) ∼ x′ for every realization of a′.

34



”loss” functional relative to an exogenous target quantity. Although this functional

needs to be chosen such that the optimum coincides with the solution of the FBS-

DEs, its specification leaves many degrees of freedom. For decoupled FBSDEs, Beck

et al. (2019) employ the mean squared error of the terminal condition on YT as the

exogenous target quantity. For coupled FBSDEs, recent findings (Andersson et al.,

2023; Huang et al., 2025) show that solely relying on the terminal condition on YT

leads to convergence issues. Therefore, we follow Huang et al. (2025), who develop

a robust adaption for strongly coupled second-order FBSDEs, by augmenting the

objective functional in (43) with the mean squared error of the terminal condition

limT→∞ ZT = 0. Furthermore, we follow Nüsken and Richter (2021), who show that

using the error variance rather than the mean squared error of terminal conditions

leads to more robust finite-sample approximations.

Because we need to track distributional dynamics and accommodate implicit mar-

ket clearing, we augment the RL problem of Beck et al. (2019) along two dimensions.

First, distributional dynamics depend on all household choices yi,∗ = C[DxiĴ , D2Ĵ ],

i.e., on the gradient and Hessian functions with subdomain RNx
. By the equivalence

relation in (41), D2Ĵ (t, xi,∗t , at, φt) = ϑΓ(t, xi,∗t , at, φt) is part of the RL problem’s

controlled functions. The gradient DĴ (t, xi,∗t , at, φt), however, is not a control in

the RL problem of Beck et al. (2019); Huang et al. (2025), as its realized evolution

{Zt}t≥0 serves as the predicted output. To evaluate the distributional dynamics (37),

we therefore add the function ϑZx(t, xi,∗t , at, φt) = DxiĴ (t, xi,∗t , at, φt) as an additional

function control and use its evaluated mean squared deviation from the realized pro-

cesses {Z1:Nx,t}t≥0 over the time interval [0,∞) as the corresponding objective.

Second, implicit market clearing (Assumption 3.ii) introduces the unknown re-

turn function ϑr(t, at, φt) = r∗t as an additional control of the RL problem (43).

Specifically, household choices yi,∗ = C[DxiĴ , D2Ĵ ](r∗t ), which take returns as given,

must clear markets at all times, i.e., Mim
n [r∗, yi,∗](t, at, φt) = 0, ∀t ∈ [0,∞),∀n ∈

{1, . . . , N r}.18 We employ the mean squared error for this market-clearing condi-

tion over the time interval [0,∞) as the corresponding objective. That is, opti-

mal household behavior and the return function, which depend on the controlled

functions ϑ := (ϑY0 , ϑZ0 , ϑZx , ϑA, ϑΓ, ϑr), must jointly determine a path {at, φt}∞t=0

through (37), which is consistent with market clearing. Meanwhile, explicit mar-

18In the Huggett (1993) economy (Example 4 and 15) the bond market clearing condition is simply
Mim

b [yi,∗](t, at, φt) = φ0
t,b = 0 as it does not depend on household choices directly.
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ket clearing (Assumption 3.i) significantly simplifies the RL problem because then

r∗ = ϑr(t, a, φ) = Mex(t, a, φ) is known a priori. Therefore, we only outline our

algorithm for the more general implicit case.

minϑ limT→∞

{
Var

[
YT (ϑ)

]
+
∑N

n=1Var
[
Zn,T (ϑ)

]}
+E

[∫∞
0

∥∥Z1:Nx,t(ϑ)− ϑZx(t, xi,∗t , at, φt)
∥∥2 dt]

+E
[∫∞

0

∥∥∥Mim
[
r∗t (ϑ), C[DxiĴ , D2Ĵ ](r∗t (ϑ))

]
(t, at(ϑ), φt(ϑ))

∥∥∥2 dt] ,
subject to (35)-(39),(42) with

Y0 = ϑY0(xi0, a0, φ0), Z0 = ϑZ0(xi0, a0, φ0), for a given (xi0, a0, φ0) ∼ M̃0

At = ϑA(t, xi,∗t , at, φt),Γt = ϑΓ(t, xi,∗t , at, φt), r
∗
t = ϑr(t, at, φt), ∀t ∈ [0,∞)

DxiĴ (t, ·, at, φt) = ϑZx(t, ·, at, φt), D2Ĵ (t, ·, at, φt) = ϑΓ(t, ·, at, φt)

(43)

The terms in the objective of the RL problem (43) operationalize the three recur-

sive equilibrium conditions of Definition 6 within its probabilistic representation de-

rived above. The first two terms ensure (i) individual household optimality, the third

term (ii) its consistency with the law of motion of the cross-sectional distribution, and

the last term (iii) market clearing. Furthermore, it is important to note that (43) is a

global problem in the sense that limT→∞{YT (ϑ), ZT (ϑ)} and {Zt(ϑ), at(ϑ), φt(ϑ)}t≥0

depend on the system’s entire dynamics as controlled by ϑ. Hence, although one

may think about this method as a sort of shooting algorithm, all loss terms can

be reformulated into divergences in (controlled) probability measures over the entire

time path, rather than just at terminal time (Nüsken and Richter, 2021). In light of

this, the RL problem may be viewed as an importance sampling task. Its aim is to

minimize variation in the terminal value of sampled households, deviations between

their optimal behavior and that consistent with the distributional dynamics, as well

as from market clearing – i.e., to minimize violations of equilibrium.

(ii) Temporal Discretization. Since the FBSDEs are coupled, we discretize the

FBSDEs into a forward Euler-Murayame scheme (Andersson et al., 2023; Huang et al.,

2025). This also allows us to initialize simulated paths under a calibrated empirical

distribution M̃0(x, a, φ). In order to handle the time domain [0,∞), we follow Friedl

et al. (2023) and adopt the transformation of Traeger (2014) mapping unbounded

physical time t ∈ [0,∞) into transformed time τ(t) = 1 − exp(−νt) ∈ [0, 1), ν > 0,
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such that the inverse map t(τk) := τ−1(τk) exists. The unit interval is then partitioned

into K intervals ∪Kk=0[τk, τk+1) = [0, 1) of equal length 1/K, where τ0 := 0 and

τK := 1. Time is, hence, discretized into K intervals of increasing physical length

∆tk := t(τk)− t(τk−1) =
1
ν
ln
(
1 + 1/K

1−τk

)
. Under this discretization the FBSDEs turn

into a forward Euler-Murayama scheme in transformed time, i.e., for X0 ∼ M̄0Xτk′

Yτk′

Zτk′

 =

X0

Y0

Z0

+
k′−1∑
k=0

FEM

τk,
Xτk

Yτk

Zτk

 ,
AτkΓτk

r∗τk

 ; C

[
DxiĴ (t(τk), Ẋτk),

D2Ĵ (t(τk), Ẋτk)

]
(r∗τk),

[
∆tk

∆Bτk

] ,

(44)

whereXτk := [xi,∗τk , aτk , φτk ]
T , Ẋτk := [·, aτk , φτk ]T , ∆Bτk := {{∆Bi

j,τk
}didj=1, {∆B

ag
j,τk

}dagj=1}
with ∆B

o∈{i,ag}
j,τk

i.i.d.∼ N (0,∆tk), and the function FEM is defined in Appendix B.2.

(iii) Neural Network Approximation. Numerical implementation of the RL

problem relies on deep learning, i.e., on parametrizing ϑ by neural nets.19 Specifically,

we closely follow Beck et al. (2019) and approximate the functions ϑA and ϑΓ at

different time increments τk ∈ [0, 1) with separate multilayer (deep) neural networks

NθA

τk
: RN → RN and NθΓ

τk
: RN → RN×N . Analogously, the gradient ϑZx and return

functions ϑr are parametrized by separate nets NθZx
τk

: RN → RNx
and Nθr

τk
: RN−Nx →

RNr
. Lastly, the neural nets NθY0

0 : RN → R and NθZ0

0 : RN → RN parametrize

the initial (marginal) values ϑY0 and ϑZ0 . Given a network hyper parametrization

Θ ∋ θ :=
[
θY0 , θZ0 , θZx , θA, θΓ, θr

]T
, the discretized RL problem is

minθ∈ΘVar
[
Y1(θ)

]
+
∑N

n=1Var
[
Zn,1(θ)

]
+E

[∑K
k=1

∥∥∥Z1:Nx,τk(θ)− NθZ

τk
(Xτk)

∥∥∥2]
+E

[∑K
k=1

∥∥∥Mim
[
r∗τk(θ), C[DxiĴ , D2Ĵ ](r∗τk(θ))

]
(t(τk), Ẋτk(θ))

∥∥∥2] ,
s.t. (44) with Y0 = NθY0 (X0), Z0 = NθZ0

(X0), for a given X0 ∼ M̃0

Aτk = NθA

τk
(Xτk),Γτk = NθΓ

τk
(Xτk), r

∗
τk

= Nθr

τk
(Xτk), ∀k ∈ {0, . . . , K − 1}

DxiĴ (t(τk), Ẋτk) = NθZ

τk
(Ẋt), D

2Ĵ (t(τk), Ẋτk) = NθΓ

τk
(Ẋt)

. (45)

(iv) Iterative Scheme. The Deep (2)BSDE method implements the RL prob-

19For introductions to neural networks we refer to, e.g., Maliar et al. (2021); Azinovic et al. (2022).
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lem in (45) through mini-batch stochastic gradient descent. In the present context,

Nüsken and Richter (2021) call such schemes – perhaps more instructively – ”iter-

ative diffusion optimization”. It involves iteratively 1.) estimating all expectations

and variances given a parametrization θe,i through batch Monte Carlo simulation of

the diffusion process (44); and 2.) updating θe,i by the ”Adam”-variant of gradient

descent optimization (Kinga et al., 2015; E et al., 2017, Appendix A). To speed up

training, Beck et al. (2019) also apply batch normalization (Ioffe and Szegedy, 2015)

and a decaying learning rate schedule {λi}Kbatch
i=1 (e.g., Glorot and Bengio, 2010). Our

adaption of their method is summarized by the pseudo-code in Algorithm 1. Appendix

C provides further details on the network architecture and the Adam optimizer.

Algorithm 1 Approximation of (DxiĴ , D2Ĵ , r∗)

1: Input: Hyper parametrization Mbatch,Mtrain,Mepochs,K, ν, {λi}Kbatch
i=1 ,Θ;

Calibration M̃0 ∈ P(RN )
2: Output: Neural network approximations

{Nθ
Zx
∗
τk

,N
θΓ∗
τk ,N

θr∗
τk}K−1

k=0 ≈ {DxiĴ (t(τk), X), D2Ĵ (t(τk), X), r∗(t(τk), X)}K−1
k=0

3: Initialize a network parametrization: θ0,Kbatch+1 ∈ Θ

4: Draw Mbatch states X0 ∼ M̃0 and Mtrain ×K Brownian increments ∆Bτk
5: for e = 1, . . . ,Mepochs (sequentially) do
6: Initialize network parameters from previous epoch: θe,1 = θe−1,Mbatch+1

7: for i = 1, . . . ,Kbatch :=Mtrain/Mbatch ∈ N (sequentially) do
8: for 1 ≤ m ≤Mbatch (in parallel) do
9: Initialize Xm

0 from mth of the Mbatch draws of X0 and set

Y m
0 = N

θ
Y0
e,i

0 (Xm
0 ), Z0 = N

θ
Z0
e,i

0 (Xm
0 )

10: for k = 0, . . . ,K − 1 (sequentially) do
11: Set network approximation:

AmτkΓmτk
r∗τk

 =

N
θAe,i
τk (Xm

τk
)

N
θΓe,i
τk (Xm

τk
)

N
θre,i
τk (Xm

τk
)

 , [
DxiĴ (t(τk), Ẋ

m
τk
)

D2Ĵ (t(τk), Ẋ
m
τk
)

]
=

NθZxe,iτk (Ẋm
τk
)

N
θΓe,i
τk (Ẋm

τk
)


12: Compute next values according to Euler-Murayama scheme (44):20Xm

τk+1

Y m
τk+1

Zmτk+1

 =

Xm
τk

Y m
τk
Zmτk

+ FEM

τk,
Xm

τk
Y m
τk
Zmτk

 ,
AmτkΓmτk
r∗τk

 ; C
[
DxiĴ (t(τk), Ẋ

m
τk
),

D2Ĵ (t(τk), Ẋ
m
τk
)

]
(r∗τk),

[
∆tk
∆Bτk

]
20In the application to the example model, we furthermore ”enforce” market clearing by setting

φ0,m
b,τk

= 0 ∀k,m (see Example 15) in order to avoid convergence issues associated with training
samples that violate market clearing (Azinovic et al., 2022). The deviation from this condition
enters the last term of the loss function.
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13: end for
14: end for
15: Compute an estimation of the objective (loss) function in (45):

Φ(θe,i) :=

∑Mbatch
m=1

Mbatch − 1

(
Y m
1 −

Mbatch∑
m′=1

Y m′
1

)2

+

∑N
n=1

∑Mbatch
m=1

Mbatch − 1

(
Zmn,1 −

Mbatch∑
m′=1

Zm
′

n,1

)2

+
1

Mbatch

Mbatch∑
m=1

K∑
k=1

Nx∑
n=1

(
Zmn,τk −N

θZxe,i
n,τk(X

m
τk
)

)2

(46)

+
1

Mbatch

Mbatch∑
m=1

K∑
k=1

Nr∑
n=1

(
Mim

n

[
N
θre,i
τk , C

[
N
θZxe,i
τk ,N

θΓe,i
τk

]
(N

θre,i
τk )

]
(t(τk), Ẋ

m
τk
)

)2

16: Update θe,i = [θY0e,i, θ
Z0
e,i , θ

Zx
e,i , θ

A
e,i, θ

Γ
e,i, θ

r
e,i]

T by ”Adam” with learning rate λi > 0

θe,i+1 = θe,i − λiAdam
(
Dθe,iΦ(θe,i)

)
(47)

17: end for
18: end for
19: Return θ∗ = θMepochs,Mbatch+1

Remark. The Kbatch mini-batches sample over the initial distribution M̃0 ∈ P(RN )
and trajectories of {X,Y, Z} to estimate the objective (loss) function Φ(θe,i) in step 15.

The algorithm has some desirable properties for solving HACT models with ag-

gregate risk. First, the simulation step ensures a global, grid-free approximation since

each optimization step is based on sampled data rather than a pre-determined grid.

As pointed out by Azinovic et al. (2022), this approximates the ergodic set of the re-

cursive equilibrium under θe,i. This avoids computation in regions of the state space,

which are not visited in equilibrium. The method, therefore, caters to equilibrium

state spaces with irregularly shaped (non-hypercubic) geometries (see e.g., Maliar

et al., 2011). Second, the algorithm can be augmented with a parallelization scheme

to speed up its numerical execution (see e.g., Azinovic et al., 2022, Appendix A.9).

Third, the algorithm benefits from the well-known computational efficiency of

neural nets. Since they represent a sequence of matrix operations, the computational

complexity in their evaluation and automatic differentiation is of a similar magnitude

(Azinovic et al., 2022). The Deep BSDE method exploits this regularity in sampling

many batches and in evaluating the gradient Dθe,i in (47) to handle high-dimensional

PDEs. Here, the high dimensionality is due to the
∑Nx

n=1 Vn projection coefficients

discretizing the household distribution. These projection coefficients track the cross-

sectional evolution of the economy – the methodological roadblock in HACT models
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with aggregate risk. Since Polynomial Chaos expansions can capture the (tail of)

distributions particularly well if
∑Nx

n=1 Vn is large, we view its combination with deep

PDE solvers as a natural strategy to solve such models.

6 A Macro-Finance Example

Using this solution method, we study the interaction between uninsurable income risk,

borrowing constraints, and asset illiquidity in a macro-finance model with aggregate

risk. Although this interaction has gained much attention since the influential work by

Kaplan et al. (2018), it has not yet been extensively investigated under aggregate risk.

Therefore, the effect of variations in households’ self-insurance and hedging motives

against risk are not fully understood. We first inspect a canonical model with inelastic

labor supply in which self-insurance and hedging can only be achieved through saving-

investment decisions. In an extension, we study the effects of endogenous household-

specific labor choice and of a collateral rather than absolute borrowing constraint.

6.1 Environment

We consider the two-asset economy in Krusell and Smith (1997) – an extension of

Examples 1 and 8 – with illiqudity in productive capital as in Kaplan et al. (2018).

Specifically, individual worker-households hold illiquid capital and rent it to a per-

fectly competitive representative firm producing F (Lt, Kt)−δKt units of a single good,

δ > 0.21 Furthermore, we consider direct aggregate risk shocking household’s individ-

ual capital rather than an aggregate variable, e.g., TFP. We have that did = dag = 1,

Nx = 3, and Na = 0. Therefore, we drop any dependence on at.

Household Problem. Each household is characterized by its labor productivity

ez
i
t earning the wage rate wt, liquid bond holdings bit paying risk-free rate rbt , and illiq-

uid capital holdings kit paying the risky return rkt , i.e., x
i
t = [zit, b

i
t, k

i
t], rt = [wt, r

b
t , r

k
t ].

Log-labor productivity zit follows an idiosyncratic Ornstein-Uhlenbeck process which

is correlated with aggregate shocks by ω ∈ [−1, 1]. Illiquid capital is subject to kit-

proportional aggregate shocks and convex adjustment costs Ψ(ιit) = ψ0|ιit| + ψ1|ιit|ψ2

per ιit invested (divested) units (ψ0, ψ1 > 0; ψ2 > 1). Households have CRRA-

preferences over consumption, u(cit) = (cit)
1−γ/(1− γ), inelastically supply labor, and

21Therefore, there are no firm profits to be distributed.
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choose controls yit = [cit, ι
i
t] subject to a borrowing and short-selling constraint, i.e.,

e(t, xit) = [bit − b, kit]. Hence, the household problem is

max
{yit}t≥0

E0

[∫ ∞

0

e−ρt(cit)
1−γ/(1− γ)dt

]
(48)

s.t. dzit = κz(z̄ − zit)dt+
√
1− ω2σzdB

i
t + ωσzdB

ag
t ,

dbit =
{
wte

zit + bitr
b
t + kit(r

k
t − ιit −Ψ(ιit))− cit

}
dt,

dkit = ιitk
i
tdt+ kitσKdB

ag
t ,

[bit − b, kit] ≥ 0.

Optimal Controls. The optimal controls yi,∗t satisfy the first-order condition

[ci,∗t , 0] = [(Jb)−
1
γ , −kit(1 + Ψι(ι

i,∗
t ))Jb + kitJk], (49)

such that households’ optimal investment policies feature an inaction region, i.e., 0 ∈
im(ιi,∗), due to the proportional component of adjustment costs (ψ0 > 0): Households

only adjust their holdings of illiquid capital if the absolute difference between their

marginal rate of substitution between both assets and the cost of capital, which here

is normalized to one, is higher than the minimum marginal cost ψ0 of doing so.22

Proposition 17 (Optimal Investment Policy). For kit > 0 a.s., if (49) holds, then

ιi,∗t =



(
Jk−(1+ψ0)Jb

ψ1ψ2Jb

) 1
ψ2−1

if Jk
Jb

− 1 > ψ0

0 if
∣∣∣JkJb − 1

∣∣∣ ≤ ψ0

−
(

(1−ψ0)Jb−Jk
ψ1ψ2Jb

) 1
ψ2−1

if 1− Jk
Jb
> ψ0.

Furthermore, it holds then that the set of optimal wealth allocations without adjust-

ment costs is in the inaction region, i.e., assuming kit + bit ̸= 0 a.s.,

kit
kit + bit

= − Vk
Vkk(kit + bit)

rkt − rbt
σ2
K︸ ︷︷ ︸

(i) Myopic diversification demand

− Vzk
Vkk(kit + bit)

ωσz
σK︸ ︷︷ ︸

(ii) Hedging demand

⇒ ιi,∗t = 0, (50)

22This is a well-established result, see e.g., Constantinides (1986) or Davis and Norman (1990).
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where V denotes households’ value function in an equivalent economy with Ψ(ιit) = 0.

Therefore, the inaction region increases in the minimummarginal cost ψ0. Further-

more, Davis and Norman (1990) prove that, without convex costs and labor income

(risk; z̄, ψ1, σz = 0), the optimally controlled illiquid wealth share {kit/(kit + bit)}t≥0

follows a reflected diffusion inside a ψ0-dependent wedge around the unconstrained

optimum in (50). We conjecture and will numerically verify that this property ex-

tends to the present model:23 Households’ illiquid capital demand comprises of (i)

their myopic diversification demand, (ii) their hedging demand due to labor income

risk, and (iii) a tolerated deviation from their sum due to adjustment costs Ψ(·).
Market Clearing. To ease notation, the market-clearing operator HMC encodes

optimal factor inputs as well as clearing of the labor, bond, and capital market,

HMC [yi,∗t , r
∗
t ](t,Mt) =

 FL
(∫

R3 e
zdMt(x),

∫
R3 kdMt(x)

)
− w∗

t∫
R3 bdMt(x)

FK
(∫

R3 e
zdMt(x),

∫
R3 kdMt(x)

)
− δ − rk,∗t

 , (51)

such that the condition (25) yields explicit expressions of w∗
t and rk,∗t , which can

be substituted into the master operator HM in (20), and defines the risk-free rate

rb,∗t as a fixed point. The sequence of fixed points {rb,∗t }t≥0 and household controls

{yi,∗t }t≥0,i∈[0,1] jointly constitute recursive equilibrium as specified in Proposition 10.

Extension. In an extension, we consider a collateral rather than absolute bor-

rowing constraint [bit + πkit, k
i
t] ≥ 0, where π ∈ (0, 1] is the pledgeability parameter.

Furthermore, we assume that households no longer supply labor inelastically. They

choose individually optimal working hours li,∗(t, xit,Mt) ∈ yi,∗t maximizing expected

discounted flow utility u(cit, l
i
t) = u(cit)− ε1(l

i
t)

1−ε2/(1− ε2), where ε1 > 0 is a prefer-

ence shifter and 1/ε2 ≥ 0 is the Frisch elasticity.

6.2 Calibration and Results

Work in progress.

23Isaenko (2005) considers the same convex adjustment costs, as we do here, for a finite-horizon,
complete-market case without intermediate consumption concluding that the shape of the inaction
region is independent of the degree of convexity ψ2 − 1 > 0.
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7 Conclusions

This paper addresses a longstanding computational challenge in solving heterogeneous

agent models with aggregate risk by introducing a novel global solution method.

While existing approaches either rely on local approximations or focus on quasi-

stationary settings with deterministic KFEs, our method extends to fully stochastic

environments, accommodating richer aggregate nonlinearities. This setting is, for

instance, also applicable to fully non-stationary models crucial in environmental eco-

nomics, e.g. Friedl et al. (2023). By leveraging insights from applied mathematics –

particularly the master equation and polynomial chaos expansion – we transform an

inherently infinite-dimensional problem into a high-dimensional yet tractable PDE.

Our approach not only expands the computational feasibility of rational expecta-

tions models but also provides a scalable and flexible framework for studying macroe-

conomic dynamics under aggregate uncertainty. By adapting the Deep BSDE method,

we demonstrate how neural networks can effectively approximate agents’ optimal con-

trols, offering a reinforcement learning-based solution to forward-backward stochastic

differential equations.

To illustrate the power of our method, we applied it to a two-asset HACT model

with aggregate risk, showing how collateral constraints and endogenous labor choices

impact the wealth distribution and hedging motives. This framework lays the foun-

dation for future research into nonlinear heterogeneous agent models, enabling new

insights in macroeconomics, macro-finance, and environmental economics. By over-

coming key computational hurdles, our work contributes to a more precise and com-

prehensive understanding of macroeconomic risk and policy design.
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Appendix A Proofs

A.1 Proof of Proposition 5

Proof. The dynamics of the c.d.f. {Mt(x)}t≥0,x∈RNx withMt(x) =
∫
z≤xmt(z)dz follow

from integrating (10) over z ≤ x ∈ RNx
,

dMt(x) =

∫
z≤x

dmt(z)dz

=
Nx∑
n=1

{
−
∫
z≤x

∂

∂xn

[
µn
(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]∣∣
zn=xn

dz

+
1

2

∑
o∈{id,ag}

∫
z≤x

∂2

∂x2n

[
Σonn′

(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]∣∣
zn=xn

dz

+

n−1∑
n′=1

∑
o∈{id,ag}

∫
z≤x

∂2

∂xn∂xn′

[
Σonn′

(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]∣∣
zn,n′=xn,n′

dz

 dt

−
Nx∑
n=1

{∫
z≤x

∂

∂xn

[
σagn

(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)

]∣∣
zn=xn

dz

}
dBag

t

=

Nx∑
n=1

{
−
∫
z−n≤x−n

[
µn
(
yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣
zn=xn

dz−n

+
1

2

∑
o∈{id,ag}

∫
z−n≤x−n

∂

∂xn

[
Σonn

(
yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣
zn=xn

dz−n

+
n−1∑
n′=1

∑
o∈{id,ag}

∫
z−n,n′≤x−n,n′

[
Σonn′

(
yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣
zn,n′=xn,n′

dz−n,n′

 dt

−
Nx∑
n=1

{∫
z−n≤x−n

[
σagn

(
yi,∗(t, z, at, rt), z, at, rt

)
mt(z)

]∣∣
zn=xn

dz−n

}
dBag

t .

where the second equality exploits symmetry of the Hessian of Σo
nn′mt(x), o ∈ {id, ag}

and the third equality follow from partial integration in dimensions n and n′. The

dynamics of the marginal c.d.f.s {Mt(xn)}t≥0,xn∈R in (11) follow from Mt(xn) =

limx−n→∞Mt(x), i.e., from marginalizing out x−n under the differential operator.

A.2 Proof of Proposition 13

Proof. The distributional derivatives of f̃(t, χit) = f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0) fol-

low from the chain rule and applying Definition 7 to each projection coefficient in
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{φvn,t}∞v=0, 1 ≤ n ≤ Nx, as a function of the corresponding element (χit)n of the

multivariate state random variable in the RHS of (28),

f̃χin(t, χ
i
t, x(e)) =

∞∑
v=0

∂

∂φvn
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

∂φvn,t
∂χin

=
∞∑
v=0

∂

∂φvn
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

ϕv(e)

bv
,

f̃χinχin′
(t, χit, x(e), x(e

′)) =
∞∑

v,v′=0

∂

∂φv
′
n′

{
∂

∂φvn
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

ϕv(e)

bv

}
∂φvn′,t

∂χin
′

=
∞∑

v,v′=0

∂2

∂φvn∂φ
v′
n′
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

ϕv(e)

bv
ϕv

′
(e′)

bv′
,

f̃χinxn′ (t, χ
i
t, x(e)) =

∞∑
v=0

d

dxn′(e)

{
∂

∂φvn
f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

ϕv(e)

bv

}

=
∞∑
v=0

∂
∂φvn

f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

bv
dϕv(e)

dxn′(e)

=
∞∑
v=0

∂
∂φvn

f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)

bv
dxn′ (e)
de

∂

∂e
ϕv(e)

=
∞∑
v=0

∂
∂φvn

f̂(t, {φv1,t}∞v=0, . . . , {φvNx,t}∞v=0)
∂
∂e
ϕv(e)

bv
∑∞

v′=0 φ
v′
n′,t

∂
∂e
ϕv′(e)

.

A.3 Proof of Proposition 17

Proof. The proof follows the same steps as Isaenko (2005). If kit > 0,

(49) ⇒ −Jb
(
1 + ψ0 sgn(ι

i,∗
t ) + ψ1ψ2|ιi,∗t |ψ2−1 sgn(ιi,∗t )

)
+ Jk = 0,

ιi,∗t ̸=0⇒ ψ0 + ψ1ψ2|ιi,∗t |ψ2−1 = |Jk/Jb − 1| ,

which has the solution

|ιi,∗t | =
(
|Jk/Jb − 1| − ψ0

ψ1ψ2

) 1
ψ2−1

,
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as long as ψ0 < |Jk/Jb − 1|. Otherwise, the first-order condition is satisfied by

ιi,∗t = 0. The first expression in Proposition 17 follows from collecting cases.

The implication in equation (50) follows from V ≥ J due to (the absence of) ad-

justment costs. That is, if the wealth allocation under adjustment costs equals the

optimal wealth allocation in the frictionless case, no additional utility can be gained

by deviating from it. The optimal wealth allocation in the frictionless case follows

from the first-order condition in the associated HJB equation with control variable

θit ≡
kit

kit+b
i
t
, which can be freely chosen if Ψ(ιit) = 0 such that Vk = Vb, i.e., from

ρV = max
cit,θ

i
t

{
Vt + u(cit) + [wte

lit + (kit + bit)r
b
t + θit(k

i
t + bit)(r

k
t − rb)− cit]Vb

+
σ2
K

2

(
θit
)2

(kit + bit)
2Vkk + πl(l̄ − lit)Vl +

σ2
l

2
Vll + θit(k

i
t + bit)ωσlσKVlk

}
.

A.4 Alternative Derivation of HaM in (29)

Let each set of projection coefficients {φvt,n}Vnv=0 be defined by the set of time-invariant

functions {φvn(χit)}Vnv=0 in the RHS of (28). Equivalently, they are defined by functions

{φ̃vn(Mt)}Vnv=0 of the corresponding c.d.f. Mt ∼ χit. By Proposition 12 and the Proof

of Proposition 13 each coefficient’s distributional derivatives are, therefore, defined as

∂

∂Mm

φ̃vn(Mt(x)) =
∂

∂χim
φvn(χ

i
t, x(e)) =


ϕv(e)
bv

, if m = n

0, if m ̸= n

d

dxn′

∂

∂Mm

φ̃vn(Mt(x)) =
d

dxn′

∂

∂χim
φvn(χ

i
t, x(e)) =


∂
∂e
ϕv(e)

bv
∑Vn′
v′=1

φv
′
t,n′

∂
∂e
ϕv′ (e)

, if m = n

0, if m ̸= n

∂2

∂Mm∂Mm′
φ̃vn(Mt(x, x

′)) =
∂2

∂χim∂χ
i
m′
φvn(χ

i
t, x(e), x(e

′)) = 0.
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Applying the generalized Itô’s formula in (18), each project coefficient follows

dφ̃vn(Mt) =

{∫
RNx

∂

∂Mn

φ̃vn(Mt(x))µn
(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)dx

+
1

2

∑
o∈{id,ag}

Nx∑
n′=1

∫
RNx

d

dxn′

∂

∂Mn

φ̃vn(Mt(x))Σ
o,∗
nn′(t, x, x)mt(x)dx)

}
dt

+

{∫
RNx

∂

∂Mn

φ̃vn(Mt(x))σ
ag
n

(
yi,∗(t, x, at, rt), x, at, rt

)
mt(x)dx

}
dBag

t

=

{∫
RNξ

ϕv(e)

bv
µn
(
yi,∗(t, x(e), at, rt), x(e), at, rt

)
mξ(e)de

+
1

2

∑
o∈{id,ag}

Nx∑
n′=1

∫
RNξ

∂
∂e
ϕv(e)

bv
∑Vn′

v′=1 φ
v′
t,n′

∂
∂e
ϕv′(e)

Σo,∗
nn′(t, x(e), x(e))m

ξ(e)de

}
dt

+

{∫
RNξ

ϕv(e)

bv
σag,∗n

(
yi,∗(t, x(e), at, rt), x(e), at, rt

)
mξ(e)de

}
dBag

t .

The approximated master operator HaM in (29) subtracts ρĴ −u(yi,∗t , x
i
t) from

E[dĴ ]
dt

,

which follows from applying Itô’s lemma to Ĵ
(
t, {φv1,t}

V1
v=0, . . . , {φvNx,t}

VNx
v=0 , x

i
t, at

)
for

dφvn,t = dφ̃vn(Mt). To arrive at the third line of (29), note that if σag,∗n (t, x)ϕv(e) ∈
L1(Ω,Ft,P,RNξ

) ∀v ≤ Vn,∀n ≤ Nx, where σag,∗n (t, x) ≡ σagn (yi,∗(t, x, at, rt), x, at, rt),

it holds that∫
RNξ

σag,∗n (t, x(e))ϕv(e)mξ(e)de <∞, ∀v ≤ Vn,∀n ≤ Nx

⇒
(∫

RNξ
σag,∗n (t, x(e))ϕv(e)mξ(e)de

)(∫
RNξ

σag,∗n′ (t, x(e′))ϕv
′
(e′)mξ(e′)de′

)
=

∫
RNξ

∫
RNξ

σag,∗n (t, x(e))σag,∗n′ (t, x(e′))ϕv(e)mξ(e)deϕv
′
(e′)mξ(e′)de′

=

∫
R2Nξ

Σag,∗
nn′ (t, x(e), x(e

′))ϕv(e)mξ(e)deϕv
′
(e′)mξ(e′)de′.
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Appendix B Expressions

B.1 Expressions in Section 5.1

B [f ](t, φt, x
i
t, at) =

∂f

∂t
(t, φt, x

i
t, at) +

1

2

Na∑
n,n′=1

fanan′Σ
a
nn′ (a, r) (52)

+
1

2

Nx∑
n,n′=1

Vn∑
v=0

Vn′∑
v′=0

fφvnφv
′
n′

bvbv′

∫
R2Nξ

Σag,∗
nn′ (t, x(e), x(e

′))ϕv(e)mξ(e)deϕv
′
(e′)mξ(e′)de′

+
1

2

Nx∑
n=1

Na∑
n′=1

Vn∑
v=0

fφvnan′
bv

∫
RNξ

Σxa
nn′

(
yi, x(e), a, r

)
ϕv(e)mξ(e)de

+
1

2

Nx∑
n,n′=1

Vn∑
v=0

fφvnxin′
bv

∫
RNξ

Σag,∗
nn′

(
t, xi, x(e)

)
ϕv(e)mξ(e)de

+
1

2

Nx∑
n,n′=1

∑
o∈{id,ag}

fxinxin′
Σo,∗
nn′

(
t, xi, xi

)
+

1

2

Nx∑
n=1

Na∑
n′=1

fxinan′Σ
xa
nn′

(
yi, xi, a, r

)
.

48



B.2 Expressions in Section 5.2

The function FEM in equation (44) is defined such that

xi,∗n,τk′ =x
i
n,0 +

k′−1∑
k=0

F x,ucn

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk ; ∆tk,∆Bτk

)
,

xi,∗n′,τk′
=xin′,0 +

k′−1∑
k=0

F x,cn′′
(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk ; ∆t

′
k,∆Bτk

)
,

where n ∈ {1, . . . , Nx −N e}, n′ = Nx −N e + n′′, n′′ ∈ {1, . . . , N e},

an,τk′ =an,0 +
k′−1∑
k=0

F an

(
τk, aτk , φτk ; ∆tk, {∆B

ag
j,τk

}dagj=1

)

φvn,τk′ =φ
v
n,0 +

k′−1∑
k=0

Fφ,vn

(
τk, aτk , φτk , DxiĴ , D2Ĵ ; ∆tk, {∆Bag

j,τk
}dagj=1

)

Yτk′ =Y0 +
k′−1∑
k=0

F Y
(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk , DxiĴ , D2Ĵ ; ∆tk,∆Bτk

)

Zm,τk′ =Zm,0 +
k′−1∑
k=0

{
Am,τk∆tk +

Nx∑
n′=1

Γmn′,t∆x
i,∗
n′,τk

+
Na∑
n′=1

Γm(Na+n′),τk∆an′,τk

+

Nx∑
n′=1

Vn′∑
v′=0

Γm(n′v′),τk∆φ
v′
n′,τk

}
,
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where

F x,ucn (·) =Gx,ucn

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
∆tk+1 +

did∑
j=1

Hx,id,uc
nj

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
∆Bi

j,τk+1
,

+

dag∑
j=1

Hx,ag,uc
nj

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
∆Bag

j,τk+1
, n ∈ {1, . . . , Nx −N e}

F x,cn′ (·) =Gx,cn′′

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk ,∆tk+1, {∆Bi

j,τk+1
}didj=1, {∆B

ag
j,τk+1

}dagj=1

)
∆tk+1

+
did∑
j=1

Hx,id,c
n′′j

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk ,∆tk+1, {∆Bi

j,τk+1
}didj=1, {∆B

ag
j,τk+1

}dagj=1

)
∆Bi

j,τk+1

+
dag∑
j=1

Hx,ag,c
n′′j

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk ,∆tk+1, {∆Bi

j,τk+1
}didj=1, {∆B

ag
j,τk+1

}dagj=1

)
∆Bag

j,τk+1
,

n′ = Nx −N e + n′′, n′′ ∈ {1, . . . , N e}

F an (·) =Gan (τk, aτk , φτk)∆tk+1 +

dag∑
j=1

Ha
nj (τk, aτk , φτk)∆B

ag
j,τk+1

Fφn (·) =Gφ,vn
(
τk, aτk , φτk , DxiĴ , D2Ĵ

)
∆tk+1 +

dag∑
j=1

Hφ,v
nj

(
τk, aτk , φτk , DxiĴ , D2Ĵ

)
∆Bag

j,τk+1

F Yn (·) =GY
(
τk, x

i,∗
τk
, Yτk , Zτk ,Γτk

)
∆tk+1 +

did∑
j=1

HY,id
j

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
∆Bi

j,τk+1

+
dag∑
j=1

HY,ag
j

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk , DxiĴ , D2Ĵ

)
∆Bag

j,τk+1

and in turn the drift and diffusion functions G and H are defined with t(τk) := τ−1(τk) as

Gx,ucn (·) = µ̃ucn
(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk
, aτk , r

∗(t(τk), φτk , aτk)
)
,

Hx,o,uc
nj (·) = σ̃o,ucnj

(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk
, aτk , r

∗(t(τk), φτk , aτk)
)
,

n ∈ {1, . . . , Nx −N e}
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Gx,cn′ (·) =1xi,∗
n′ =0

max

{
ψn′
(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)),

xi,∗τk , aτk , r
∗(t(τk), φτk , aτk), 0

}
+ 1

xi,∗n >0

{
1En′≥0ψn′

(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)),

xi,∗τk , aτk , r
∗(t(τk), φτk , aτk)

)
− 1En′<0

xi,∗n,τk
∆tk+1

}
Hx,o,c
n′ (·) =1

xi,∗
n′′>0

1En′≥0υ
o
n′
(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk
, aτk , r

∗(t(τk), φτk , aτk)
)

where En′ = En′

(
t(τk), x

i,∗
τk
, aτk , φτk , Zτk ,Γτk ,∆tk+1, {∆Bi

j,τk+1
}didj=1, {∆B

ag
j,τk+1

}dagj=1

)
with

En′(·) =xi,∗n′′,τk
+ ψn′

(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk
, aτk , r

∗(t(τk), φτk , aτk)
)
∆tk+1

+
did∑
j=1

υidn′j

(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk
, aτk , r

∗(t(τk), φτk , aτk)
)
∆Bi

j,τk+1

+
dag∑
j=1

υagn′j

(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk
, aτk , r

∗(t(τk), φτk , aτk)
)
∆Bag

j,τk+1

n′′ = Nx −N e + n′, n′ ∈ {1, . . . , N e}

Gan(·) =ηn (aτk , r
∗(t(τk), φτk , aτk)) , Ha

nj(·) = ζnj (aτk , r
∗(t(τk), φτk , aτk))

Gφ,vn (·) =
{∫

RNξ
ϕv(e)

bv
Gx,ucn

(
τk, x(e), aτk , φτk , DxiĴ (t(τk), x(e), ·), D2Ĵ (t(τk), x(e), ·)

)
mξ(e)de

+
1

2

∑
o∈{id,ag}

Nx∑
n′=1

∫
RNξ

∂
∂eϕ

v(e)

bv
∑Vn′

v′=1 φ
v′
t,n′

∂
∂eϕ

v′(e)
Σo,∗nn′(t(τk), x(e), x(e);DxiĴ , D2Ĵ )mξ(e)de

}
,

n ∈ {1, . . . , Nx −N e}

Gφ,vn′ (·) =
{∫

RNξ
ϕv(e)

bv
Gx,cn′′

(
τk, x(e), aτk , φτk , DxiĴ (t(τk), x(e), ·), D2Ĵ (t(τk), x(e), ·)

)
mξ(e)de

+
1

2

∑
o∈{id,ag}

Nx∑
n′′′=1

∫
RNξ

∂
∂eϕ

v(e)

bv
∑Vn′′′

v′′′=1 φ
v′′′
t,n′′′

∂
∂eϕ

v′′′(e)
Σo,∗n′n′′′(t(τk), x(e), x(e);DxiĴ , D2Ĵ )mξ(e)de

}
,

n′ = Nx −N e + n′′, n′′ ∈ {1, . . . , N e}

Hφ,v
nj (·) =

∫
RNξ

ϕv(e)

bv
Hx,ag,uc
nj

(
τk, x(e), aτk , φτk , DxiĴ (t(τk), x(e), ·), D2Ĵ (t(τk), x(e), ·)

)
mξ(e)de,

n ∈ {1, . . . , Nx −N e}

Hφ,v
n′j (·) =

∫
RNξ

ϕv(e)

bv
Hx,ag,c
n′′j

(
τk, x(e), aτk , φτk , DxiĴ (t(τk), x(e), ·), D2Ĵ (t(τk), x(e), ·)

)
mξ(e)de,

n′ = Nx −N e + n′′, n′′ ∈ {1, . . . , N e}
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GY (·) =ρYτk − u
(
yi,∗(t(τk), φτk , x

i,∗
τk
, aτk ;Zτk ,Γτk , r

∗(t(τk), φτk , aτk)), x
i,∗
τk

)
,

HY,id
j (·) =

Nx−Ne∑
n=1

Zn,τkH
x,id,uc
nj

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
+

Ne∑
n=1

Zn,τkH
x,id,c
nj

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
,

HY,ag
j (·) =

Nx∑
n′=1

Vn∑
v′=0

ZNx+Na+(n′,v′),τjH
φ,v′

n′j

(
τk, aτk , φτk , DxiĴ , D2Ĵ

)
+

Na∑
n′=1

ZNx+n′,τkH
a
n′j (τk, aτk , φτk) +

Nx−Ne∑
n′=1

Zn′,τkH
x,ag,uc
n′j

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)
+

Ne∑
n′=1

Zn′,τkH
x,ag,c
n′j

(
τk, x

i,∗
τk
, aτk , φτk , Zτk ,Γτk

)

Appendix C Details on Algorithm 1

The goal of this section is to describe details of the baseline algorithm developed

in section 5, which are not necessary to follow its main idea, but important for its

practical application – specifically, the network architecture with batch normalization

and the Adam-optimizer with decaying learning rates. We try to offer a concise yet

self-contained description without assuming more than a basic knowledge of deep

learning. Although this comes at the expense of the generality and mathematical

rigor of the formulation in Beck et al. (2019, Framework 3.2), we adopt some of their

notation and, thus, deviate somewhat from the simplified notation in the main text.

C.1 Network Architecture with Batch Normalization

The network architecture follows Beck et al. (2019, Fig. 5). Specially, all intermediate-

time neural networks Nθj

τk
, j ∈ {Zx, A,Γ, r} and intial-time neural networks Nθj

0 ,

j ∈ {Y0, Z0} are fully connected with two hidden layers with respectively Nj
1 ∈ N and

Nj
2 ∈ N neurons. Input and output layer dimensions are determined by the respective

domain and range. Moreover, we also adopt rectifier activation functions at the

input and hidden layers Ro∈N(x ∈ Ro) := [max{x1, 0}, . . . ,max{xo, 0}]T as a common

choice for deep neural networks (see e.g., Glorot et al., 2011). Furthermore, these

neural networks are trained using batch normalization (Ioffe and Szegedy, 2015) before

activation. The basic idea is to normalize inputs (here, the idiosyncratic or aggregate
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state variables) Xm
τk

and neurons Ll,j,mτk
, l ∈ {1, 2}, using data from observation m’s

mini-batch i ∈ {1, . . . , Kbatch} at time increment τk, to regularize optimization; i.e.,

BNθj ,i(Xm
τk
) = γγγj,iτk ⊙

Xm
τk
− µ̂µµiτk
σ̂σσiτk

+ βββj,iτk , BNθj ,l,i(Ll,mτk ) = γγγj,l,iτk
⊙
Xm
τk
− µ̂µµj,l,iτk

σ̂σσj,l,iτk

+ βββj,l,iτk
,

where operations are element-wise, µ̂µµiτk , σ̂σσ
i
τk

∈ RN (RN−Nx
for j = r) are the mean

and standard deviation vectors of the inputs, and µ̂µµl,j,iτk
, σ̂σσl,j,iτk

∈ RNjl , l ∈ {1, 2} those of

the neurons of net j across the mini-batch at iteration i and time increment τk. The

vectors γγγj,iτk ,βββ
j,i
τk

∈ RN (RN−Nx
for j = r) and γγγj,l,iτk

,βββj,l,iτk
∈ RNjl , l ∈ {1, 2} are trainable

parameters at iteration i. In training, each deep neural net, therefore, depends on

an iteration’s parameter vector θji ∈ Rνj , and on its mini-batch data – which we

donote by the additional superscript i. Defining the affine linear transformation

M θj ,v
p,q : Rq → Rp, v, p, q ∈ N, which applies network weights and biases, as

M θj ,v
p,q (x ∈ Rq) =

[(
q∑
i=1

θjv+ixi

)
+ θjv+pq+1, . . . ,

(
q∑
i=1

θjv+(p−1)q+ixi

)
+ θjv+pq+p

]T
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the neural nets can, hence, for k ∈ {0, . . . , K − 1} with τ0 = 0, be defined as

Nθ
Y0 ,i

0 =M
θY0 ,2N+N

Y0
1 (N+3)+N

Y0
2 (N

Y0
1 +3)

1,N
Y0
2

◦ R
N
Y0
2

◦ BNθY0 ,2,i ◦M θY0 ,2N+N
Y0
1 (N+3)

N
Y0
2 ,N

Y0
1

◦ R
N
Y0
1

◦ BNθY0 ,1,i ◦M θY0 ,2N

N
Y0
1 ,N

◦ BNθY0 ,i(Xm
τk
),

νY0 = 2N +NY0
1 (N + 3) +NY0

2 (NY0
1 + 4) + 1;

Nθ
Z0 ,i

0 =M
θZ0 ,2N+N

Z0
1 (N+3)+N

Z0
2 (N

Z0
1 +3)

N,N
Z0
2

◦ R
N
Z0
2

◦ BNθZ0 ,2,i ◦M θZ0 ,2N+N
Z0
1 (N+3)

N
Z0
2 ,N

Z0
1

◦ R
N
Z0
1

◦ BNθZ0 ,1,i ◦M θZ0 ,2N

N
Z0
1 ,N

◦ BNθZ0 ,i(Xm
τk
),

νZ0 = N(NY0
2 + 3) +NZ0

1 (N + 3) +NZ0
2 (NZ0

1 + 3);

Nθ
Zx ,i
τk

=M
θZx ,(k+1)(2N+NZx1 (N+3)+NZx2 (NZx1 +3))
Nx,NZx2

◦ R
NZx2

◦ BNθZx ,2,i ◦M θZx ,kNZx2 (NZx1 +3)+(k+1)(2N+NZx1 (N+3))
NZx2 ,NZx1

◦ R
NZx1

◦ BNθZx ,1,i ◦M θZx ,k(NZx1 (N+3)+NZx2 (NZx1 +3))+(k+1)2N

NZx1 ,N
◦ BNθZx ,i(Xm

τk
),

νZx = K
(
2N +NZx

1 (N + 3) +NZx
2 (NZx

1 + 3) +Nx(NZx
2 + 1)

)
;

Nθ
A,i
τk

=M
θA,(k+1)(2N+NA1 (N+3)+NA2 (NA1 +3))
N,NA2

◦ RNA2
◦ BNθA,2,i ◦M θA,kNA2 (NA1 +3)+(k+1)(2N+NA1 (N+3))

NA2 ,N
A
1

◦ RNA1
◦ BNθA,1,i ◦M θA,k(NA1 (N+3)+NA2 (NA1 +3))+(k+1)2N

NA1 ,N
◦ BNθA,i(Xm

τk
),

νA = K
(
N(NA

2 + 3) +NA
1 (N + 3) +NA

2 (N
A
1 + 3)

)
;

Nθ
Γ,i
τk

=M
θΓ,(k+1)(2N+NΓ

1 (N+3)+NΓ
2 (N

Γ
1+3))

N2,NΓ
2

◦ RNΓ
2
◦ BNθΓ,2,i ◦M θΓ,kNΓ

2 (N
Γ
1+3)+(k+1)(2N+NΓ

1 (N+3))
NΓ

2 ,N
Γ
1

◦ RNΓ
1
◦ BNθΓ,1,i ◦M θΓ,k(NΓ

1 (N+3)+NΓ
2 (N

Γ
1+3))+(k+1)2N

NΓ
1 ,N

◦ BNθΓ,i(Xm
τk
),

νΓ = K
(
N(2 +N(NΓ

2 + 1)) +NΓ
1 (N + 3) +NΓ

2 (N
Γ
1 + 3)

)
;

Nθ
r,i
τk

=M
θr,(k+1)(2(N−Nx)+Nr1((N−Nx)+3)+Nr2(N

r
1+3))

Nr,Nr2
◦ RNr2

◦ BNθΓ,2,i ◦M θr,kNr2(N
r
1+3)+(k+1)(2(N−Nx)+Nr1((N−Nx)+3))

Nr2,N
r
1

◦ RNr1
◦ BNθΓ,1,i ◦M θr,k(Nr1((N−Nx)+3)+Nr2(N

r
1+3))+(k+1)2(N−Nx)

Nr1,N−Nx ◦ BNθΓ,i(Xm
τk
),

νr = K (2(N −Nx) +Nr
1((N −Nx) + 3) +Nr

2(N
r
1 + 3) +N r(Nr

2 + 1)) .

In evaluation, when no mini-batch moments µ̂µµ, σ̂σσ are available, these are replaced with

their exponentially weighted averages across iterations i ∈ {1, . . . , Kbatch} defined as

ˆ̂µµµ(j,l)
τk

=

Kbatch∑
i=1

µ̂µµ(j,l,)i
τk

(
β̃1

)Kbatch+1−i
, ˆ̂σσσ(j,l)

τk
=

Kbatch∑
i=1

σ̂σσ(j,l,)i
τk

(
β̃2

)Kbatch+1−i
,
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where the decay rates β̃1, β̃2 ∈ (0, 1) are non-trainable hyper-parameters. The train-

able parameter vector is θ := [θY0 , θZ0 , θZx , θA, θΓ, θr]T ∈ Θ = Rν , ν :=
∑

j νj for

j ∈ {Y0, Z0, Zx, A,Γ, r} as specified above.

C.2 Adam optimizer with Learning rate schedule

The Adam (adaptive moment estimation) algorithm (Kinga et al., 2015) has become

popular to make optimization faster, more stable, and better suited for deep learning.

It is an adaption of gradient descent and combines momentum, i.e., descending by an

exponentially weighted moving (leaky) average of the gradient gggi := DθiΦ(θi) ∈ Rν ,

and adaptive learning, i.e., scaling individual parameters’ learning rate by a leaky

average of its variance ggg2i ∈ Rν as a proxy for the scale of the corresponding element

of the Hessian (Duchi et al., 2011). Specifically, given a hyperparametric initialization

vvv0, sss0, the leaky averages of the gradient and its variance are recursively defined for

i ∈ {1, . . . , Kbatch} as

vvvi =
˜̃β1vvvi−1 + (1− ˜̃β1)gggi; sssi =

˜̃β2sssi−1 + (1− ˜̃β2)ggg
2
i

such that the (rescaled) gradient update in equation (47) reads as

θi+1 = θi − λi


√√√√ sssi

1−
(
˜̃β2

)i + ε


−1

vvvi

1−
(
˜̃β1

)i ,
where the decay rates ˜̃β1,

˜̃β2 ∈ (0, 1) are again non-trainable hyper-parameters and

the small number ε = 10−6 (by custom) avoids division by zero. In addition to

the adaptivity of the Adam optimizer, Beck et al. (2019) employ an exponentially

discretely decaying learning rate (staircase) schedule such that

λi = λ0

[
λ̃
]⌊ i

Kstep

⌋
,

where the initial learning and decay rates λ0, λ̃ ∈ (0, 1) as well as the decay step size

Kstep ≤ Kbatch are non-trainable hyper-parameters.
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