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Abstract

We study the transmission mechanisms of monetary policy in a general equilib-
rium model featuring heterogeneous households, nominal rigidities, and limits
to arbitrage. The interaction of bond market segmentation and household het-
erogeneity introduces novel rebalancing transmission mechanisms of monetary
policy, rationalizing a number of empirical puzzles regarding the reactions of
term premia to short-term interest rates. We show that the induced fluctua-
tions in term premia may be suboptimal due to imperfect risk sharing across
households. Reducing the volatility of short-rate fluctuations can improve wel-
fare, but necessarily comes at the cost of increased macroeconomic volatility.
With balance sheet tools, we derive a separation principle for optimal policy:
conventional policy stabilizes aggregate fluctuations, while unconventional pol-
icy stabilizes term premia. Balance sheets are necessary but imperfect tools
for macroeconomic stabilization when short rates are constrained. Our model
provides a justification and implementation details for a central bank “triple
mandate” which seeks to stabilize output, inflation, and long-term rates.
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1 Introduction

Central banks responded aggressively to worsening financial conditions and growing
recessionary pressure during the global financial crisis of 2007-8. In addition to steep
cuts in policy rates, central banks undertook various unconventional policy actions;
the most salient of these were the quantitative easing (QE) programs carried out
by the Federal Reserve. With a binding lower bound on the federal funds rate, the
purpose of these policies was to reduce long-term rates for households and firms in
order to stimulate the economy. The Fed continued to utilize QE programs during the
onset of COVID-19, and further began implementing quantitative tightening (QT) in
response to growing inflationary pressure starting in 2022.

The purpose of this paper is to study the welfare consequences of unconventional
monetary policy, and how the design of balance sheet policies interacts with the
conduct of more conventional interest rate policies. We develop a tractable general
equilibrium model with market segmentation, financial frictions, nominal frictions,
and household heterogeneity. We start with a conventional New Keynesian model,
where firms produce using differentiated labor but face nominal rigidities when setting
prices. However, we relax the assumption of frictionless financial markets: households
and firms face imperfect bond market access.

We explicitly model bond markets and the determination of the entire term struc-
ture; in particular, we embed in our dynamic general equilibrium model a segmented
bond market which builds on the seminal paper of Vayanos and Vila (2021). House-
holds and firms have differentiated access to financial assets of different maturities.
The positions these agents take in bond markets induce “preferred habitat” market
segmentation forces across the term structure. However, specialized bond arbitrageurs
(hedge funds, fixed income broker-dealers) re-integrate markets; but when arbitrageur
risk-bearing capacity is imperfect, this integration is only partial.

Our setup introduces the possibility of imperfect risk-sharing and consumption dis-
persion across households. Household consumption and savings decisions now take
place across the entire term structure of bond returns. If bond arbitrageurs have
perfect risk-bearing capacity, this friction is immaterial in equilibrium; but when-
ever risk-bearing capacity is imperfect, borrowing rates differ across differentiated
households, and therefore optimal decisions do as well.

Bond market frictions have important implications for how monetary policy trans-



mits to households and the aggregate economy. First, consider the key mechanisms
of conventional monetary policy. Changes in the policy (short-term) interest rate are
transmitted to households only via segmented bond markets. In particular, house-
hold and firm demand for long-term bonds implies portfolio rebalancing on the part of
bond arbitrageurs; the risk exposure of arbitrageurs therefore changes in response to
short rate movements. With imperfect risk-bearing capacity, this implies fluctuations
in term premia. Thus, a change in the policy rate is not transmitted one-for-one to
households; moreover, the transmission differs across the term structure and therefore
across differentiated households.

Next, consider unconventional (QE or QT) policies. Central bank asset purchases
and sales directly induce portfolio rebalancing among bond market investors. Once
again, when risk-bearing capacity of bond markets is imperfect, such rebalancing
implies changes in term premia, even when the policy rate is unchanged. Because
households borrow across the term structure, these policies also affect household
consumption decisions.

Our general equilibrium model uncovers novel transmission mechanisms of mone-
tary policy. Through market clearing, the bond market positions across heterogeneous
households are crucial for understanding movements in term premia. But movements
in term premia themselves induce relative changes in bond market positions across
the entire distribution of households. Nevertheless, we characterize the dynamics of
the model as a function of a small number of “sufficient statistics” of the household
asset distribution. Intuitively, term premia are a function of the equilibrium exposure
of bond arbitrageurs to the sources of aggregate risk in the economy. Market clearing
implies that the entire distribution of bond positions across firms and households is
necessary to pin down arbitrageur bond holdings; however, it is only the risk-weighted
distribution across the term structure which is relevant for the pricing of risk in equi-
librium. Because there are only a small number of aggregate risk factors, we show
that the dynamics of the risk-weighted distribution itself is summarized by a small
number of factors. We hope that our solution methods have wider applicability for
heterogeneous agent models with financial frictions.

We show that our model makes clear predictions for the reaction of term premia
to movements in short-term interest rates over different time horizons, and as a func-
tion of the conduct of monetary policy. First, consider a recessionary shock which

induces the central bank to cut the short-term rate. We show that if firm borrowing



demand falls substantially (which occurs under reasonable parameterizations), then
the rebalancing mechanism described above implies a large reduction of term pre-
mia on impact. However, this induces additional borrowing motives for households
exposed to long-duration assets. In particular, slow-moving portfolio rebalancing of
households implies that intermediaries become more exposed to long-duration assets.
Thus, over longer horizons, the reaction of term premia becomes small or even posi-
tive. We further show that when the short rate is constrained and monetary policy
is conducted using balance sheet tools, the reaction of term premia is larger.

Now suppose instead that the initial fall in the short rate was due to a monetary
policy shock (rather than an endogenous reaction to aggregate conditions). Such a
shock is modestly expansionary and so (under the same conditions described above)
implies modest increases in firm borrowing demand. Thus, while our model predicts
large reductions in term premia following declines in short-term rates uncondition-
ally, the conditional reaction of term premia to monetary policy shocks is smaller,
or may even reverse sign. Following the empirical methodology of Hanson et al.
(2021), we find strong support for our model predictions in US Treasury markets: (i)
unconditionally, increases in short-term rates are associated with large increases in
long-dated forward rates over short-horizons; (ii) this reaction is substantially larger
during the QE period; (iii) but over longer horizons, increases in short-term rates are
associated with small increases or even decreases in long-dated forward rates; (iv) the
conditional reaction of long-dated forward rates to high-frequency-identified monetary
policy shocks are substantially smaller or negative (and typically insignificant).

Next we turn to the welfare implications of our model. From the perspective of an
“aggregate Euler equation” channel of monetary policy, our model thus implies that
conventional and unconventional policies are somewhat substitutable: either policy
can be used to target borrowing rates faced by households. In fact, we show that
to a first order, the aggregate dynamics of output and inflation in our model are the
same as a model in which a representative household borrows at a weighted average
of bond returns across the term structure. This implies that if the central bank loss
function only depends on the volatility of output and inflation, both conventional
and unconventional policies can achieve identical outcomes. In particular, if “divine
coincidence” holds, then either policy tool can achieve first-best.

However, we show that such a policy loss function is suboptimal from a social

welfare perspective. Both policies lead to variation in term premia, and excess fluc-



tuations in term premia implies excess dispersion in borrowing rates. Fluctuations
across the term structure imply differentiated consumption and savings decisions
across households. This dispersion results in utility losses relative to the first-best
because of imperfect risk-sharing. Even when “divine coincidence” holds, we show
that neither tool alone can achieve first-best.

We therefore derive the optimal mix of policy rules when the central bank is max-
imizing social welfare. When short-rate and balance policy tools are unconstrained,
we derive an optimal separation result: conventional policy targets the stability of
inflation and the output gap, while unconventional policy targets stability of term
premia. When divine coincidence holds, this policy achieves first-best.

However, when policy constraints bind, policy must balance tradeoffs. First, if the
central bank faces balance sheet constraints, we show that optimal policy implies that
the short rate must be less reactive to aggregate shocks in order to minimize financial
disruptions. However, this necessarily comes at the cost of increased macroeconomic
instability. Second, if the central bank faces constraints on short-rate policy, then QE
must be used to offset macroeconomic shocks. However, this policy has welfare conse-
quences: term premia are more volatile than in the first-best, and thus consumption
dispersion causes social welfare losses.

Thus, policy constraints imply tradeoffs between macroeconomic stabilization mo-
tives and risk-sharing motives. Our findings apply when the central bank pursues
simple time-consistent policy rules (where policy tools are functions of the natural
state variables only). We also derive optimal policy results when the central bank
has full commitment and can choose policy tools freely as a function of current and
past realizations of the economy. Such policies are welfare-improving over simple
policy rules. For instance, when the central bank can only utilize conventional pol-
icy, optimal policy under full commitment implies interest rate changes are smoothed
out relative to the optimal time-consistent short rate rule. The ability to commit to
further smoothing of interest rate changes implies a reduction in short rate volatility;
in equilibrium, term premia are smaller and less volatile. Relative to simple time-
consistent policy rules, the entire expected path of short rates can be utilized to keep
output gaps small. However, such policies still cannot achieve first-best (unless both
short rate and balance sheet policies can be utilized without frictions). Moreover,
such optimal policies are complicated, and from a practical perspective the imple-

mentation of the simpler optimal policy rules discussed above may be preferred by



policymakers.

A general message of our model is that implementation matters for welfare. Con-
sumption dispersion depends directly on the entire term structure of bond premia,
which in turn are intimately related to the expected path and volatility of the short-
term interest rate. Thus, it is not possible to characterize optimal policy purely as a
function of the path of aggregate variables like the output gap and inflation, as these
variables alone are not sufficient to characterize the term structure of interest rates.

Finally, our model implies that the goal of optimal policy is characterized by a
“triple mandate” of stable inflation, output, and long-term bond returns. This seems
to conflict with the commonly understood “dual mandate” of the Federal Reserve.
However, the Congressional mandate of the Federal Reserve is to “promote effectively
the goals of maximum employment, stable prices, and moderate long-term interest
rates.” Standard interpretations of both academics, practitioners, and policymakers of
this legal mandate is in terms only of the first two objectives; the theoretical reasoning
is that stabilizing the macroeconomy necessarily implies moderate long-term yields.!
Our model shows that, while macroeconomic stabilization is of course a key policy
objective of the central bank, macroeconomic stability is not always sufficient for
stabilizing long-term rates. Thus, our paper provides a theoretical justification for
why the triple mandate of the Federal Reserve is optimal,? and provides guidance for
the implementation of a policy which three distinct mandates

Our paper builds on the seminal preferred habitat model of Vayanos and Vila
(2021), which formalizes the original concept as described in Modigliani and Sutch
(1966).> The main insight of preferred habitat models is that the interaction of clien-
tele investors implies important departures from the expectations hypothesis in the
determination of the term structure of interest rates. More concretely, demand and
supply shocks in these markets induce changing risk exposure on the part of marginal
bond investors; when risk-bearing capacity is imperfect, this implies fluctuations in

risk premia.* These models are typically partial equilibrium models. One exception

IFor further discussion, see Mishkin (2007), “Monetary Policy and the Dual Mandate.”

2This is true under the interpretation that “moderate long-term rates” implies stabilizing exces-
sive fluctuations in term premia. An alternative view of the third mandate is that the central bank
should seek to keep long-term borrowing rates “low” for reasons related to the sustainability of fiscal
debt. Such an interpretation is not valid in our model, and indeed would be suboptimal.

30ther important theoretical contributions to preferred habitat models are Greenwood and
Vayanos (2014), Greenwood et al. (2016), King (2019b), King (2019a), Kekre et al. (2024).

4Empirically, there is strong evidence of the existence of demand and supply “preferred habitat”



is Ray et al. (2024), which uses a quantitative version of the model in this paper to
study the positive implications of QE policies. That paper considers a richer risk fac-
tor structure and a wider set of assets (both riskless and risky bonds), but households
are representative; hence, the dynamics induced by household heterogeneity are not
present, and the normative implications explored in this paper are absent.

Our work more generally contributes to a large literature studying the effects of
QE in general equilibrium models. These models feature various forms of financial
frictions such as bank balance sheet constraints which break the textbook “QE neu-
trality” results (e.g. see Gertler and Karadi 2011, Gertler and Karadi 2013, Curdia
and Woodford 2011, Chen et al. 2012, Sims and Wu 2020, Karadi and Nakov 2020,
lovino and Sergeyev 2023, Carlstrom et al. 2017, Ippolito et al. 2018.) Our paper
also relates to models of market segmentation which study various forms of macroe-
conomic stabilization or macro-prudential policy (e.g. see Andrés et al. 2004, Cui and
Sterk 2021, Auclert 2019, Angeletos et al. 2023, Debortoli and Gali 2017).

Finally, our model overlaps with similar work in an international setting. Most
closely related to our optimal policy results is Itskhoki and Mukhin (2023), who study
the optimal mix of conventional policy and FX interventions in an open economy
setting. Theoretically more closely linked to our framework, Gourinchas et al. (2022)
and Greenwood et al. (2023) also study the determination of bond yields and exchange
rates in a similar preferred habitat model, though these papers do not study general
equilibrium effects.

Our paper is structured as follows. Section 2 describes the private agents in the
model, characterizes general equilibrium, and derives the social loss function which the
policymaker seeks to minimize. Section 3 studies the aggregate dynamics of the model
under ad-hoc policy rules. Section 4 empirically tests the key predictions of the model
regarding the dynamics of short-term rates and term premia. Section 5 characterizes
optimal policy as a function of different assumptions regarding constraints on balance
sheet tools and short-term rates, while Section 6 extends these results to the case of
full commitment. Section 7 discusses additional extensions and tests of our model,

and Section 8 concludes.

frictions considered in this paper, and that these frictions are important for understanding the
transmission of large-scale asset purchases (e.g. see Krishnamurthy and Vissing-Jorgensen 2011,
D’Amico and King 2013, Li and Wei 2013, Krishnamurthy and Vissing-Jorgensen 2012, Cahill et al.
2013, King 2019b Fieldhouse et al. 2018, Di Maggio et al. 2020, Debortoli et al. 2020).



2 Model

Time is continuous and denoted by ¢ € (0, 00). The model is made up of the following
set of agents. A household sector is formally comprised of differentiated households
making labor and consumption decisions. Intermediate goods are produced by mo-
nopolistically competitive firms using labor; these firms set prices but face nominal
rigidities in the form of Rotemberg pricing frictions. Differentiated goods are aggre-
gated by a perfectly competitive final goods retail sector.

There are a continuum of zero-coupon bonds with maturity 7 € (0,7): a 7-

) at time ¢ and pays one dollar at maturity date ¢ + 7.

maturity bond has price P
Both firms and households face financial frictions when trading bonds. Each house-
hold makes borrowing and savings decisions, but must trade with a bond fund which
has fixed portfolio weights across bonds. This friction captures a number of realis-
tic features of household portfolio decisions. The different portfolio weights across
households represent a type of preferred habitat for households (for instance, due to
demographics such as age) which we summarize parsimoniously as heterogeneity in
duration exposure. In reality, this reflects for example some households who own
property which is financed with long-duration mortgage securities; while for others,
saving decisions are predominantly in short-duration securities (such as money mar-
ket mutual funds or simple bank deposits). Further, our assumption also reflects the
fac that households typically do not directly buy and sell financial assets but instead
interact with pension funds and mutual funds, which tend to allocate their portfolio
using fixed weights and rebalance sluggishly (e.g., Koijen and Yogo (2019), Koijen
and Yogo (2022), Bretscher et al. (2022), Peng and Wang (2022)). In the spirit of
the “preferred habitat” literature, we capture these frictions with the parsimonious
but stark assumption that each household borrows and saves using bonds of a spe-
cific maturity. Firms also face a financial friction in the form of a “working capital”
constraint: each firm must borrow a portion of its wage bill in advance of production.
Analogous to the household portfolio problem, we also assume that the financing
costs for firms depend on a portfolio of bonds with fixed portfolio weights.

Because neither households nor firms can freely trade bonds of different maturities,
specialized bond traders intermediate bond markets. Bond arbitrageurs trade bonds
across the entire term structure, but have limited risk-bearing capacity: formally,

these agents solve a mean-variance portfolio problem. These agents are owned by the



household sector, but due to financial frictions do not price bonds using the household
stochastic discount factor (SDF). We represent the arbitrageur portfolio problem as
a function of risk aversion (formally, preferences of the arbitrageurs); however, we
treat this risk aversion parameter as a proxy for risk-bearing capacity of financial
intermediaries. This is a friction which hinders arbitrageurs’ ability to trade assets
perfectly on behalf of households as a whole.

The monetary authority sets the short-term nominal interest rate i;, and conducts
balance sheet policies. A fiscal authority provides optimal production subsidies but
is otherwise passive and balances the budget period by period via lump-sum taxes.

We study versions of the model where the monetary authority chooses policy
according to an ad-hoc Taylor rule, and compare this to policy rules which are chosen
to maximize social welfare (possibly subject to implementation frictions). We focus
on a linearized equilibrium and second-order welfare approximations. Our linear-
quadratic approximation is around a deterministic first-best steady state, where our
approximation method still allows for non-zero bond term premia which affect first-

order macroeconomic dynamics.

2.1 Households

Denote the households sector by H and let ¢ € H represent an individual household.
Each period, household ¢ chooses a consumption bundle Cy(i) and supplies labor
Ni(i). The per-period flow utility (which is identical across households) is

Ci(i)'= =1 Ny(i)tt?

(), Nili)) = = = (1

where ¢ is the inverse intertemporal elasticity of substitution and ¢ is the inverse
Frisch labor elasticity.

As discussed above, households face financial frictions and so cannot trade all
bonds freely. Instead, they save and borrow through a bond fund which has fixed
portfolio weights. We make a stark assumption that each household can only access

bond markets of a specific maturity.® A household i who trades 7 bonds faces the

5In the Appendix, we relax this assumption and instead assume that households may trade
bonds of different maturities, but face rebalancing costs. Our model is the limit when such “sluggish
rebalancing” costs grow, and initial portfolio positions take the form discussed in the baseline model.



following budget constraint

(1)

AB, (i) = DViNi(i) — PuCy(i)] dt + Bt(z)% +dF. 2)

where W; is the nominal wage and P; is the price index of consumption bundle
(both of which are taken as given and identical across households). Household i
has nominal wealth B,(i), with By(i) given. The term dF; represents nominal flow
transfers (described below).

Households have a time discount factor of p, so the resulting value function of

household ¢ at time ¢t = 0 is

(i) = max E e~y (Cy(i), Ny(i)) dt . ;
o) (CL@) N (D)} 0/0 (Ci(i), Ne(i)) (3)

The household problem is to maximize (3) subject to (2).
Define real wealth b;(i) = CB(ZS% (relative to steady state consumption C(i), defined
below). Let V;.(i) represent the gradient of the value function with respect to real

wealth. Then the optimality conditions (see the Appendix for details) are relatively

standard. The intratemporal conditions

Vi
R R0k ()
C(9)

characterize the consumption/labor decision as a function of the real wage W; = %.

Combined with the following intertemporal condition
E¢dVi(i) = Vie(i) [0 + 7 — pa(T) + &(2)] dt (5)

dpy”
E; PTtT) = () dt, (6)
t

we see that the consumption/saving decision is a function of expected real borrow-
ing rates u(7) — m (and where &(i) represents higher order terms, defined in the
Appendix). However, unlike a textbook model, in equilibrium the borrowing rate of
different households will not necessarily be fully characterized by the monetary policy
rate i;. Thus, the dynamics of aggregate consumption will depend on the equilibrium

determination of all borrowing rate across the term structure.
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Importantly, when borrowing rates differ across households, then in equilibrium
consumption, labor, and wealth will also differ across households (that is, Cy(i) #
Cy(i"), Ny(i) # Ni(i'), By(i) # By(i') for some 1,7 € H), which implies that marginal
utility is also not equalized. We show below that this dispersion across households

has implications for social welfare.

2.2 Intermediate Firms

A continuum of intermediate goods producers index by j € [0, 1] produce differenti-

ated goods Y;(j) and set prices P;(j). Final output Y; is produced by a competitive

e—1 e—

= dj]

ticity of substitution between goods is €. This implies the follow demand and price

retail sector, which aggregates according to Y; = [ fol Yi(4) 1, where the elas-

index for differentiated goods

1

v = (20) "y = [ [ el @

Each firm j faces the same production function Y;(j) = Z;L(j), where Z; is

aggregate technology and L;(j) represents the labor inputs of firm j.

The per-period flow nominal profit of firm j is given by
diLe(j) = [(1 + 7)Pe(5)Ye(d) — WeLe(5) — T'1 dt — dOy(5) , (8)

where 7¢ is a production subsidy, financed by lump-sum transfers 7,” (discussed be-
low). In addition to the wage bill W;L,(j), firms face the following flow costs of

production:

T (1)
40,(4) = 2 (m(j) — w)* P, dt + WeLi(j) < / etm%w). ©)

The first term captures nominal rigidities. Firms choose m;(j), the rate of change of
their prices (dP;(j) = P(j)m:(7) dt). Whenever ¥ > 0, firms face Rotemberg costs of
choosing m;(j) which differs from some exogenous target u,. The second term captures
a “working capital” financing friction. When 6,(7) > 0 for some 7, firms must finance

a fraction of their wage bill by borrowing in bond markets.

SFor simplicity, we assume that portfolio weights are the same across each firm. Allowing for

11



The firm problem at time ¢ = 0 is therefore

dIT ()
P

Us(j) = max EO/ e’QtQZ{
0

{me ()30

(10)

Firms transfer profits to households; we assume that profits are discounted by Q7 =
J; ey Vo,t(7) di, the average stochastic discount factor across households.

The firm optimality conditions are given by

DQIY, (m(j) — we) = Up(5) Pi(j) (11)
Er dUp(4) = [(0 — (m(j) — ) Up(5)
—Q?YQ ((1 + Ty)(l - 5) + €Pt(]')71Mt) + ft(j)} dt (12)

where & (j) represents higher order terms (defined in the Appendix) and M, =
% (1 + fOT O (T) p1e(T) dT) are the real marginal costs of the firm (which are iden-

tical across firms and taken as given).

2.3 Arbitrageurs

In addition to the demand for bonds arising from households and firms, bonds are
also traded by arbitrageurs. Arbitrageurs actively choose holdings of short- and long-
maturity bonds. The representative arbitrageur has wealth AX; and solves the following

mean-variance problem:

ay
E;dX;, — — Var, dX] 13
e A T 1)
T dP(T)
s.t. d.)(t = Xtit dt + / Xt (T) PT:_) - 7;,5 dt | dr. (14)
0 t

That is, they choose nominal bond holdings X;(7) across all maturities 7. Arbitrageurs
choose to engage in carry trades across the term structure in order to optimally satisfy
the tradeoff between higher expected returns and the volatility on their balance sheet.
The risk-return tradeoff is governed by parameter a;. Formally this is a risk aversion

parameter, but more generally this is a proxy for capital constraints, Value-at-Risk

heterogeneity across firm portfolios as in the household sector would imply additional price disper-
sion; this would not affect the first-order aggregate dynamics but would have implications for social
welfare.
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constraints, or any frictions which imply that bond returns are not determined as in a
model with a representative household with perfect access to financial securities. We
return to this point in the discussion of our linear-quadratic approximation method.

The arbitrageur optimality conditions are given by

dP(T) T dP(T) dP(T/)
Et —_t Z.t dt = ay Xt(’rl) COVt — s —t, dT, (15)
G ™ pr)

P! 0 pop

t t

() dt. (16)

Hence, arbitrageurs ensure that no risk-free arbitrage opportunities exist. Equation
(16) shows that the expected excess return of any 7-maturity bond is a function of
the covariance of bond returns across the entire term structure, scaled by arbitrageur
risk aversion a; and weighted by equilibrium holdings X;(7) (which in equilibrium will
be determined by market clearing).

a_ .

We assume that a; = that is, risk aversion is constant relative to prices (scaled

Py
by steady state output, defined below). Analogous to household wealth, define real
arbitrageur bond positions as (1) = %.

2.4 Government

The fiscal authority sets the production subsidy 7Y, which is self-financed through
lump-sum taxes on firms. The central bank sets the nominal interest rate i;, and the
fiscal authority pays this interest i, on short-term bonds (reserves). Besides the pro-
duction subsidy, the fiscal authority is passive: it levies lump-sum taxes or transfers
‘PiT; on households in order to balance the budget each period, so that P, T; = —Sfit
where S? is the aggregate demand for short-term bonds (reserves). The central bank
may also conduct balance sheet operations by taking non-zero positions in bonds
s(T) = %(;-} Any proceeds from the central bank bond holdings are renumerated
lump-sum to the households.

In our baseline model, we assume that the central bank can utilize balance sheet
tools and the short rate without any constraints. However, we also consider cases

where bond holdings are subject to real deadweight holding costs (measured in terms
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of output) which take the form:

T (1)
Y08 = Y, /0 ¢2 (s:(r) — 5(r))% dr . (17)

Thus, whenever /(™) > 0, non-zero central bank holdings will imply deadweight losses.
These costs represent holding costs which the central bank is subject to (but which
do not impact private bond arbitrageurs). These costs can also be thought of as
capturing in reduced-form the fiscal costs associated with gains and losses of the
central bank balance sheet.”

Additionally, the central bank may also face real convex costs of adjustment when
setting the short-term interest rate:

i

VA y;% (i — 1), (18)

where #; represents a potentially time-varying (exogenous) policy target. We inter-
pret (18) as capturing in reduced-form constraints such as the effective lower bound;
however, to maintain our linear-quadratic approximations, we assume a symmetric
loss function. Thus, whenever 1° > 0, changes in the short-term interest rate away
from 7, will imply deadweight losses.

The government levies taxes
AP ATES A (19)

which are paid lump sum by households. These taxes fund the costs associated with

policy frictions arising from holding costs or short-rate targeting.

2.5 Aggregation and Market Clearing

We study a symmetric equilibrium in which all firms make the same decisions and so
Yi(5) = Ye, Pu(j) = Pe, m(j) = e, La(j) = La-

Assume a mass 7(7) (in measure dr) of i € H who access 7 bond markets; and
fOTn(T) dr = 1. Since any household 7,7 € H with access to 7-bonds is otherwise
identical (assuming initial wealth By(i) = By(i')), we have Ci(i) = Cy(7), Ni(i) =

"We assume the fiscal authority has access to lump-sum taxation, but if taxes are distortionary,
then central bank balance sheets induce fiscal costs. See d’Avernas et al. (2024).
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Ny(1), and B;(i) = By(7). Aggregate household consumption is therefore
T
C, = / Co(i) di = / n(1)Cy(r) dr (20)
ieM 0
Labor market clearing implies that aggregate labor demand L; equals aggregate labor

supply N; = Le% Ny (i) di = fOT’r](T)Nt(T) dr.
Market clearing in production and consumption is given by

Yy = Zy Ny, (21)

C, =Y, (1 — gwf — qft) : (22)

where aggregate consumption differs from aggregate output due to deadweight loss
from price changes when ¢ > 0, as well as losses from policy frictions when ¢(7) > 0
or ¥* > 0 in equations (17) or (18).

Bond market clearing implies
Xi(7) — O(T)WiNy + n(7)By(7) + Si(1) = 0 (23)

for all maturities 7 > 0 (and the fiscal authority ensures that the short-term reserve

clears).

2.6 First-Best and Approximations

Our model will always include at least one source of aggregate uncertainty: aggregate

technology Z; = Ze* evolves according to
dzy = =K.z dt +0,dB, (24)

where B, is a standard Brownian motion and o, governs the volatility of innovations
to (log) technology.

We also consider a generic set of additional exogenous risk factors: z; is an N, x 1
vector, where z; € z;; and associated vector of Brownian motions B; and an N, x NV,

diffusion matrix o; that is,

Var,dz, = oo ' dt. (25)
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Given this set of risk factors, the instantaneous return of a 7 bond is given by

ap!”

5:Gl = p(7)dt + o4(7) dBy, (26)
t

where p,(7) represents the expected short-horizon return of a 7 bond, and o ()
represents how shocks to risk factors lead to fluctuations in realized returns.

Rewriting the arbitrageur optimality condition (16) gives
T
,Ut<7_) — it = CltO't(T)At, where A;r = / Xt(T)O't<T) dr.
0

We see that the expected excess return of any 7-maturity bond is a function of bond-
specific risk loadings o(7) (the diffusion terms from (26)) and a global set of risk
prices A;. The market price of risk depends on arbitrageur risk aversion a; as well
as equilibrium holdings X;(7) (which in equilibrium will be determined by market
clearing).

We study the dynamics of the model around a riskless limiting case, formalized
as follows. Parameterize the diffusion matrix from (25) as o(£) and the arbitrageur
risk aversion coefficient a(€§) such that o(§) — 0 but a(§)o () — o as £ — 0. That
is, the product of risk aversion and physical risk remains non-zero and bounded even
in the limit as risk disappears. This assumption captures explicitly that arbitrageur
risk aversion is a measure of imperfect arbitrage. Our approximation method allows
for tractable first- and second-order approximations of the model, while still allowing
for time-variation in risk premia.

The following Proposition characterizes the first-best allocation in the riskless

limit.

Proposition 1 (First-best allocation). Consider the limiting case where & — 0 and
suppose that wealth is initially equalized across households (By(i) = By). Then with
perfect arbitrage (a = 0), the model is equivalent to a representative agent model. With
the optimal production subsidy TV given by (A1), the first-best allocation is obtained
with flexible prices (0 =0).

Prop. 1 shows that, so long as the production subsidy is chosen optimally to remove
steady-state distortions from imperfect competition and the working capital frictions,

there is no room for policy improvement in the flexible price, perfect arbitrage model.
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Further, in the proof of Prop. 1, we show that the deterministic steady state of the
model features zero inflation (7 = 0) and zero arbitrageur positions (z(7) = 0),
which implies that consumption and labor supply across households is also equalized
(C(i) = C, N(i) = N). Thus, the steady state in the first-best equilibrium and in the
sticky price, imperfect arbitrage equilibrium coincide.
Denote aggregate output in the first-best equilibrium by Y,”, and define the output
Y

gap X; = v Aggregating (5) across households, the dynamics of the (log) output

gap x; are governed by a modified aggregate Euler equation:

Et dl’t = Cil (,ELt — T — /Ut) dt . (27)

The term v, = —gﬁzi—gzt is the “natural” rate, which is the real borrowing rate in

the first-best allocation from Prop. 1. The “effective borrowing rate” ji; is given by

s — / n(r) (u(7) — 0)) dr (25)

which is the average borrowing rate faced by the household, weighted by the household
member weights n(7).
Re-writing the firm optimality condition in terms of output gaps gives a New

Keynesian Phillips curve:
Et dﬂ't = <p7Tt — KTy — (5(/175 — QBt) — (Q + Hu)Ut) dt, (29)
where k measures the aggregate degree of price rigidity and where
T
ji= [ 6()ou(r) - o) dr (30)
0
the firm effective borrowing rate and
. T
b= [ @r)~ ot ar (31)
0

captures firm financing shocks. In general, the Phillips curve features exogenous cost-
push shocks (arising from w;) as well as endogenous financing shocks arising from the

financial frictions faced by firms.
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Market clearing for bonds is given by

xWO=—@Wﬁ—dﬂ%FgWUXW+n0+WW?—WﬂH—Mﬂ@ﬁﬁ—&

and the household budget constraint is

db(1) = {— <1 + %g) e(T) 4 b(fie (1) — ) + oby(7) | dt + be (1) dBy (32)

where the terms

Qﬁ)zqﬁf—l (D)) dr = a(r) — &,
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represent deviations from the averages across households (or maturity).

2.7 Social Welfare

The dynamics of the output gap x; and inflation 7 in (27) and (29) imply that, to
a first-order, our model is similar to the representative agent case considered in Ray
et al. (2024). However, even to a first-order, our model will feature more complicated
dynamics due to the endogenous time-variation in demand for bonds which arises
from heterogeneous households.

More importantly, the welfare consequences differ due to the inefficiencies de-
scribed above. A second-order expansion of social welfare relative to the first-best

allocation gives the per-period social loss

Ly = (s + @)z} + 0n} (33)
+ % (¢ + ) Var, ¢,(7) (34)
T 2
™ (s _ 5 d (i, —3) 35
+A/¢ (557 = 5(r)) " dr + v (o — i) (35)

The first two terms in line (33) capture the welfare losses associated with the nomi-
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nal rigidities in the model; these terms arise in representative agent New Keynesian
(RANK) models. Compared to a standard RANK model, line (34) shows that social

welfare loss also depends on the term

2

Varer) = [ o) et ar= | [ et ar

Thus, increased consumption dispersion across households implies welfare losses, due
to imperfect risk-sharing.
The final terms in line (35) represent losses associated with the central bank

balance sheet and short rate policies from equations (17) and (18).

2.8 Equilibrium

Intuitively, what does general equilibrium look like in this model? From the perspec-
tive of households, the key factor is how sensitive their borrowing rates are to the
short rate (and balance sheet policies). The model reduces to a benchmark New Key-
nesian model when these rates move one-for-one, but in general ,(7) # ;. Suppose
that long-term borrowing rates are highly responsive to the policy rate. Then house-
hold borrowing is also highly sensitive to the policy rate, and therefore the growth
rate of consumption will also react strongly to the policy rate. On the other hand,
when long-term rates are insensitive to the policy rate, the pass-through of changes
in the policy rate to households is weakened. Through the borrowing decisions of the
household, the growth rate of consumption is less responsive to the policy rate.

However, the sensitivity of the effective borrowing rate to the policy rate is an
equilibrium object, which also depends on financial markets. Bond prices will adjust
in order to achieve equilibrium in bond markets, such that arbitrageurs’ portfolio al-
location satisfies their mean-variance tradeoff while also clearing the market given the
demand from households and firms. In this model, arbitrage is imperfect and the term
structure will not be characterized by the expectations hypothesis except under spe-
cial circumstances. Therefore, it is the risk-adjusted dynamics of the macroeconomy
which determine bond prices in financial markets, rather than the actual dynamics
of the short rate only.

In general, the term structure will be determined by complicated interactions

between the different classes of investors in bond markets (arbitrageurs, firms, and
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households). Because differentiated households also make consumption and savings
decisions as a function of different borrowing rates, the general equilibrium dynamics
of the macroeconomy will also depend on these interactions. General equilibrium is
obtained when these two forces balance. Thus, characterizing equilibrium involves two
key steps: first, understanding the differences between the actual and risk-adjusted
dynamics of the economy; and second, linking household savings and consumption
choices with the bond prices determined in imperfect financial markets.

We first characterize the first-order dynamics and second-order social welfare func-
tion for a general set of risk factors and dynamics, and then apply these results to
specific versions of our model. The key difficulty is to appropriately define the relevant
set of state variables which summarize the dynamics of the model. In principle, the
entire wealth distribution {b;(7)}7_, across households may matter for term premia
(through the arbitrageur optimality conditions and market clearing).

We first make use of the following Proposition to characterizing the behavior of
asset prices, conditional on some arbitrary set of state variables. All proofs are in

Appendix A.

Proposition 2 (Asset prices). Suppose that (log) bond prices are affine functions of

a set of state variables x;, given by (endogenous) coefficient functions:
—log P\ = A(7)Tx, + C(7), (36)
where x; evolves according to
dy, = -Ty,dt + o, dB;. (37)
Then the affine coefficients in equation (36) are given by
Afr)=[I-e™M]|M e (38)

where e; is a vector such that €] x; = i;. The matriz M solves the fized point problem:

M=T"- /T O(T)A(T)"dr X, (39)

T

where ¥ = a - 0,0, and z,(1) = O(1)Tx, maps the state variables into arbitrageur

bond positions.
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The matrix M can be thought of as the risk-adjusted dynamics of the state. In
the first-best, arbitrageurs are perfectly risk-neutral (a =0 = X = 0), so we have
M =TI'". However, when > # 0, M appears on both sides of equation (39) through
the affine coefficients A(7).

Note the similarity with Vayanos and Vila (2021). Conditional on the equilibrium
dynamics of the model, the only difference for bond pricing comes from the more
general formulation of the dynamics of the short-term interest rate and from the
market clearing conditions in bond markets.

Next, in order to define the set of aggregate state variables which summarize the
dynamics of the model, define the risk-weighted household wealth distribution and

consumption dispersion

BtE/O U(T)Tn(T)Et(T)dT (40)
étE/O o (1) n(T)é () dr, (41)

which are both vectors with the same dimension as the number of aggregate risk

factors z;. Household optimality conditions and aggregate transfers imply that
. cW\ . - - .
dbt = |:— (]_ + —7> C; + bpl,t + th:| dt + bX dBt s
¥
Et dét = C_li]At dt s

where A; are the risk prices from the arbitrageur optimality conditions and

S /OTU(T>T77(T)(;—(T) dr
_ /0 (e o) dr — 676

represents the dispersion of bond risk across the distribution of households. From
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market clearing, we have

A== [ o) =) dr+ ) [ om0 ar
+ g o) ()~ 80 dr By &7 (b~ ).

The following Proposition shows that, conditional on a finite set of endogenous

risk terms, these objects are sufficient to characterize the dynamics of the model.

Proposition 3 (Aggregate dynamics). Collect all risk factors z; as well as b, defined
in (40) into the vector x;. Collect the output gap xy, inflation m;, and &; defined in
(41) into the vectory,. Assume that the short rate i, and balance sheet tools s,(T) are
functions of these objects.

Then given the following risk objects

&E/O n(t)o(r)dr (42)
;= /0 o(r)or(r)dr, (43)

the linear rational expectations equilibrium is given by
dyt = _FYt dt + o dBt, Xy = Q}’t, (44)

where the matrices T', 2 are a function of the eigendecomposition of the linearized

dynamics of the model.

With the results in Propositions 2 and 3, we can characterize the equilibrium of
the model.

Theorem 1 (Existence and uniqueness). An affine equilibrium is one in which the
state and jump variables evolve according to equations (44), and asset prices are

determined by the solution to the expressions (38) and (39). In this case, the risk

22



objects in (42) and (43) are given by

The per-period loss function can be written
£t = X;F\Ijxt

In a neighborhood of risk-neutrality (a ~ 0), the equilibrium exists and is (locally)

unique.

Note that the dynamics matrix of the state I' depends on the affine coefficients
A (1) through the effective borrowing rates of the households, which itself is a function
of the risk-adjusted dynamics matrix M. Thus, equilibrium is determined as a fixed
point that produces asset price dynamics consistent with equilibrium dynamics of the
macroeconomy and vice versa. In general, an affine equilibrium of this type may not
exist, or there may be multiple solutions to this fixed point problem. However, when
a = 0, the model reduces to a standard New Keynesian model. The result in Theorem
1 shows that this equilibrium persists and is locally unique as we depart from risk
neutrality.

Although Theorem 1 characterizes the first-order dynamics and second-order wel-
fare properties of the model, in general it provides little guidance on how either differ
from textbook models. In the next section, we focus on simplified versions of the

model and to derive clear predictions regarding dynamics.

3 Aggregate Dynamics: Analytical Results

Before studying welfare consequences, we explore the first-order dynamics of the
model. To do so, we consider versions of the model where the central bank follows
ad-hoc policy rules.

We focus on a version of the model with only one source of aggregate uncertainty:
technology shocks. We simplify further for most of this section and study the case

of fully rigid prices (J — o0). In this case, the dynamics are summarized by the
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dynamics of technology (24) and the following system of equations:

b, — {— (1 v 5) & — gi)t} dt
'
Et dl‘t = —§_1 [Zt + 5'>\t — Ut] dt
Et dét = —§_IZ~]5/\t dt

where risk prices are given by

—+ ~
gO,Z't) — bt'
S

1
M=61+c+p)x +
¢ 0(( S+ p)xy =

Note that in this version of the model, the financing frictions which firms face does
not impact their pricing decision (as by assumption, prices are fully rigid). However,
through market clearing, firm demand for bonds implies that aggregate fluctuations
lead to fluctuations in risk premia through market clearing.

Assume that the central bank follows Taylor-type of rules for its policy rules:

Z-t = ¢xxt7

St (T) = ¢ (T)xt-

Proposition 4 (Rigid price dynamics). Suppose that & > 0. If 0 < ¢, < ¢, for
some upper bound ¢, then following a technology shock which decreases the output
gap, both the short-term rate iy and term premia X\, decline on impact. However, for
some t > t, term premia \; eventually turn positive while the short rate remains below
steady state.

These effects are larger when the central bank also utilizes balance sheet tools

(¢2(1) > 0).

The intuition for the results of Prop. 4 can be seen when thinking about the dy-
namics of the model near risk neutrality. Under risk neutrality, we have that the
output gap is a linear function of technology only: z; = w*.z,. When ¢, < ¢,, the
reaction of firm borrowing in a technology-driven recession is to reduce borrowing.
When ¢ > 0, this implies that )\; declines. However, the decline in term premia
induces households with long-duration investments to reduce savings (or increase

borrowing). This must be funded by arbitrageurs, and eventually implies that arbi-
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trageurs are taking long positions in the bond carry trade, and that these positions
are larger for longer maturities.

Thus, our model predicts that unconditionally, decreases in the short-term interest
rate are associated with decreases in term premia over short-horizons; but over longer
horizons, the reaction of term premia becomes insubstantial or even negative. More-
over, when the central bank utilizes balance sheet tools, the unconditional reaction
of term premia over short horizons is larger.

It is important to the note, however, that this prediction is an unconditional
one: aggregate shocks which induce the central bank to ease policy are associated
with initial declines in term premia, but over longer horizons this effect flips. But
our model makes different predictions for the conditional reaction of term premia to

monetary policy shocks, as shown in the following Corollary.

Corollary 4.1 (Monetary shock dynamics). Following an unexpected decrease in the
policy rate i,, the output gap x; increases. If 0 < ¢y < ¢ for some upper bound ¢,

then term premia \; increase on impact.

We test these predictions in the next section.

4 Empirical Evidence

In order to test our predictions from Section 3, we utilize a similar empirical method-

ology to Hanson et al. (2021). We run rolling regressions of the form

fin = 100 = ol7) + B(T) Dy + (7).
where f7) are r-year ahead forward rates, and so ft(Bl — 1) is the h-day horizon
change in forward rates on date t. We explore different choices of left-hand variable
D;.

Our first set of unconditional regressions sets
1 1
Dy = |:yt( )~ yg—)l}

as the right-hand-side variable. This is the one-day change in short-term (one-year)

yields.
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The second set of conditional regressions uses high-frequency measures of mone-
tary policy shocks in place of D;. Our baseline uses the shock series from Nakamura
and Steinsson (2018), but results are similar for other choices.

We compare the estimate for h = 0 and h > 0 (our baseline uses 90-day-ahead
regressions, but results are very similar for other longer horizon choices). We use
the daily nominal forward and spot yields from Giirkaynak et al. (2007) in all our

regressions. We conduct rolling regressions using 5-year windows.

T T T T T T T T
1985 1990 1995 2000 2005 2010 2015 2020

Figure 1: 10-year Forward Rates and Short Rates, 1-day Horizon

Figure 1 shows that over short horizons, unconditionally forward rates move in
the same direction as short-term yields, and the co-movement between the two is
strong. In all periods, the point estimate is positive and statistically significant.
Under the assumption that market participants expect the daily changes in short-
term rates to revert closer to steady state after 10 years, the movement in forward
rates largely reflect fluctuations in term premia. Thus, Figure 1 confirms the first
of our model predictions: over short horizons, term premia and short rates move
together unconditionally.

The time-variation in our estimates observed in Figure 1 also confirms another
one of our predictions. During periods when the central bank utilizes balance sheet
tools more than the short rate, the unconditional relationship between term premia
and short rates becomes stronger. This can be seen clearly in the Figure, as our point
estimates jump sharply and even become greater than one during the QE period.

Next, Figure 2 shows that instead, long horizon movements in forward rates are
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Figure 2: 10-year Forward Rates and Short Rates, 90-day Horizon

much less tied to short-horizon movements in short rates. This is despite the fact
that unconditionally, one-day changes in short-term yields predict the level of short
rates well over 90 days. Besides the QE period in the end of the sample, the point
estimates are small; insignificant, and frequently turn negative as well. This confirms
the second prediction of our model: term premia movements over longer horizons
are less reactive to short-horizon movements in short rates unconditionally, and the

reaction may turn negative.

© 4
T
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Figure 3: 10-year Forward Rates and Monetary Shocks, 1-day Horizon

Finally, Figure 3 shows that the conditional reaction of forward rates to monetary

shocks is weak. Note that unlike our results in the previous figures, because we
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condition on monetary shocks, we have significantly fewer observations in each rolling
window. Thus, standard errors are significantly larger. Nevertheless, point estimates
are small and if anything are if anything typically negative. This is consistent with the
third prediction of our model: the conditional reaction of term premia to monetary

shocks is small and may be negative.

5 Welfare Effects: Simple Policy Rules

Using the results of the previous section, we explore the welfare consequences and
optimal design of simple policy rules. For now, we assume that the only aggregate
source of uncertainty is natural rate shocks v,.

We first study simple policy rules which (in equilibrium) are only a function of
natural rate shocks. Thus, we study a conventional policy rule which which imple-

ments
iy = XVt (45)

for some choice of policy parameter y;. We assume that such a policy is imple-
mentable; determinacy conditions can be satisfied through a Taylor rule like those

considered in Section 3. Balance sheet policies implement
si(7) = X5 v, (46)

for choices of policy parameters Xg)- We also consider ad-hoc QE or QT policies
(that is, unexpected balance sheet operations conducted by the central bank).
The policymaker chooses policy parameters in order to minimize unconditional

social loss
1 [~ _,
WwW=-E e L, dt,
2 Jo

where per-period social welfare loss £; is derived in (33)-(35). Thus, we consider a
policymaker who is able to commit to simple policy rules, which are functions of the
natural state variables of the economy. In the next section, we explore optimal policy

for a policymaker who conducts (history-dependent) policy under full commitment.
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5.1 Optimal Policy: Short Rate Only

First, consider the benchmark case of a risk neutral arbitrageurs: a = 0. Then the
expectations hypothesis holds, so regardless of preferred habitat demand (or cen-
tral bank balance sheet policies), borrowing rates are equalized: u:(7) = @ = x;v;.
This implies that the model collapses to the standard RANK case. In particular,

consumption dispersion disappears:
Var, ¢, (1) = 0.

Because divine coincidence holds, the conventional policy rule with yx; = 1 which
implements i, = v; achieves first-best: z; = m, = 0 for all periods t. We further
recover the standard QE neutrality result: balance sheet policies do not affect bond
prices (and therefore have no aggregate effects).

Under risk-neutrality, so long as the central bank faces no costs to setting the
policy rate, first-best is achievable with only conventional policy. The next Proposi-
tion shows that these results fail whenever arbitrage is imperfect (a > 0). We derive
optimal short-rate policy when the central bank does not have access to balance sheet

tools (formally, when balance sheet costs ¥(7) — o0).

Proposition 5 (Optimal short rate policy rule). Assume risk aversion a > 0 and
o > 0. Suppose further that the bond risk dispersion across households Y =0. Then
some X! < 1 such that (45) guarantees x; = 0 and inflation 7, = 0 each period. The
sign of x; — 1 is determined by the endogenous reaction of firm borrowing to natural
rate shocks.

With ¥ = 0, the optimal short rate policy rule is given by i, = Xiie, where
Ixi — 1| < |x! — 1|. The optimal short rate policy implies:

1. Bond carry trade returns p,(7) — i; move in the same direction as i, iff firm

borrowing declines in response to natural rate shocks.
2. Output gaps x; and inflation m are not identically zero.
3. Consumption dispersion is non-zero: Var, c,(1) # 0.

Finally, if bond risk dispersion across households ¥ > 0, then the optimal short

rate policy also responds to fluctuations in risk-weighted household wealth b;.
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We can understand this result using the intuition derived in the previous section.
Consider a fall in the natural rate inducing a cut in the policy rate. If firm borrow-
ing declines, then arbitrageurs reduce their position in the bond carry trade, which
requires a smaller bond carry trade return. On the other hand, if instead firm bor-
rowing increase, through market clearing, bond arbitrageurs increase their position
in the bond carry trade, which requires a larger bond carry trade return.

Because of this, risk premia vary over time. Thus, a simple short rate policy is
unable to equalize all borrowing rates. If the risk-weighted dynamics of household
wealth b, are negligible, then the central bank can choose i, = x}v;, which implies
that fi; = v, (and therefore closes output gaps and keeps inflation at steady state).
However, fluctuations in the natural rate induce volatile fluctuations in the policy

rate. Ito’s lemma implies
dl.t = —Kzit dt + XiOr deﬂg s

hence the volatility of short rate changes is increasing in the responsiveness of con-
ventional policy to natural rates. More volatile short rates implies greater variation
in term premia. Individual Euler equations differ, which implies that consumption
choices across the 7 households ¢;(7) # ¢; (7). Therefore, consumption dispersion
Var, ¢, (1) # 0. Thus, choosing a policy rule which is less reactive to natural rate
fluctuations is welfare-improving.

As the short rate becomes less responsive to natural rates, output gap and inflation
volatility increase. For very small choices of y;, consumption dispersion becomes
negligible. However, inflation and output gap volatility increases substantially. The
optimal choice of x; balances these forces. At the optimum, shocks to the natural rate
do not fully pass through to the effective borrowing rate: [i; # v;. Thus, aggregate
borrowing demand changes, and hence the output gap x; # 0. Whenever prices are
not fully rigid, this induces fluctuations in inflation through the Phillips curve, and
so my # 0 as well.

Finally, when the risk-weighted dynamics of household wealth b, are non-negligible,
it is not possible for the central bank to choose any 7, = xJ'v;, which implies that
iy = v;. Because fluctuations in l~)t affect term premia, then even conditional on the
level of the natural rate, term premia will fluctuate through the endogenous move-

ments in household wealth. Thus, the optimal policy in this case must place some
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weight on risk-weighted household wealth.

5.2 Optimal Short Rate and Balance Sheet Policy

The failure of conventional policy to achieve first-best is driven by three frictions.
First, because of imperfect pass-through of the policy rate to household borrowing
rates, natural rate shocks are not fully accommodated, implying excessive volatility
of output and inflation. Second, borrowing rates across households differ, implying
sub-optimal consumption dispersion. Third, the dispersion in consumption decisions
induces additional equilibrium movements in relative bond positions of households,
leading to further fluctuations in . Simple conventional policy rules cannot overcome
all frictions simultaneously. However, when the central bank has access to frictionless

balance sheet policies, we obtain the following result:

Proposition 6 (Optimal policy separation principle). Assume risk aversion a > 0
and ¢ > 0. Suppose the central bank implements short rate and balance sheet policy

according to
=, s =50 (1)
t =V, S = 00(T).

If short rate policy is frictionless (" = 0) and the central bank does not face holding
costs (Y7 =0), then first-best is achicved:

1. Macroeconomic stabilization: x; = m = 0 Vi.
2. Term premia stabilization: (1) = iy V.
3. Consumption equalization: c¢;(1) = ¢(7") Vr, 7.

The results follow naturally from our findings regarding ad-hoc policy. The bal-
ance sheet policy in Prop. 6 stabilizes shocks to bond markets by offsetting all firm
borrowing shocks. The policy implies that risk premia are zero and thus equalizes
borrowing rates across households: (1) = fiz. When this is the case, the model
collapses to a standard RANK model. The elimination of risk premia implies that
policy shocks are transmitted one-to-one to borrowing rates, so ji; = i;. Thus, the
policy 7; = v; implies output gaps x; = 0; and because divine coincidence holds, this

policy is optimal.
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Thus, we derive an optimal separation principle for optimal policy: optimal bal-
ance sheet policy stabilizes long-term rates while optimal short rate policy stabilizes

macroeconomic aggregates.

5.3 Optimal Policy: Balance Sheet Only

We now derive the optimal use of balance sheet tools when the central bank faces
constraints on the short rate.® To capture the essence of short rate constraints in a
simple way, we assume that i)' — oo and that i} = Y;v; where 0 < y; < 1 in (18).
The next Proposition shows that balance sheet tools alone are not enough to achieve
first-best.

Proposition 7 (Optimal balance sheet rule). Assume risk aversion a > 0 and & > 0.

Suppose the short rate in equilibrium evolves according to
i =Xiv, 0 <x; < 1L

Then the balance sheet policy which implements s;(T7) = &0,(7) still equalies borrowing
rates (uy(7) = i V7). Consumption dispersion is zero; however, output gaps x, and
inflation m; are not identically zero.

There exists some balance sheet policy parameters {Xg)} such that iy = vy and
therefore satisfies macroeconomic stabilization (xy = 0,7, = OVt). However, long-term
bond return stabilization fails (uy(7) # [ V1), and therefore consumption dispersion

is non-zero. The optimal balance sheet rule implies:

1. Output gaps x; and inflation m; are not identically zero. Relative to no balance

sheet policies, output gap and inflation volatility are lower.

2. Consumption dispersion is non-zero: Var, ¢, (1) # 0. Relative to no balance

sheet policies, consumption dispersion is lower.

Prop. 7 shows that when the short rate is constrained, the optimal balance sheet
policy must sacrifice term premia stabilization in order to (partially) stabilize macroe-

conomic volatility. While balance sheet tools can continue to equalize borrowing

8Recall that we do not model an explicit ZLB in order to utilize our linear-quadratic approxima-
tion techniques.
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rates, sub-optimal short rate policy implies that the effective household borrow-
ing rate iy # v;. Thus, this policy does not achieve macroeconomic stabilization:
xy #0,m # 0.

On the other hand, balance sheet policies alone can close the output gap (and
stabilize inflation), but this is also sub-optimal because borrowing rates are no longer
equalized.

The intuition is that balance sheet policy works by affecting term premia through
changes in the market price of risk. Although arbitrage is imperfect in this model,
arbitrageurs still enforce tight restrictions between between the market price of risk
and term premia across maturities. Hence, while in principle the central bank has a
continuum of policy tools {s,(7)}, in practice it can only manipulate \,.

This is related to the localization results in Vayanos and Vila (2021) and Ray et al.
(2024). In the one-factor model considered here, the effects of QE are fully global.
However, even with more complicated risk structure, localization is not strong enough

to allow balance sheet policy rules alone to achieve first-best.

6 Welfare Effects: Full Commitment

We now study the case of full commitment, where the policymaker can choose short
rate and balance sheet policies as a function of the entire history of shocks. The

policymaker seeks to minimize the conditional social loss function
0 q B
Wt = ]Et/ §€ p8£8 dS, (47)
t

where per-period social welfare loss L is derived in (33)-(35). Our optimal separate
result in Prop. 6 show that simple policy rules can achieve first-best when the policy-
maker faces no short rate or balance sheet frictions. However, when policy frictions

are non-negligible, full commitment policies can improve on simple policy rules.

Theorem 2 (Optimal policy under full commitment). Collect the state variables y;
and jump variables x; into a vector Y, and policy tools into the vector u;, so that

social loss is given by

1 o0
e o [T, o s
0
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The policymaker chooses v, = FYy, which induce equilibrium dynamics
dY; =-YY,;dt + SdB;, (49)

where the feedback matric X = Y(F) either explicitly or implicitly depends on the
policymaker reaction function. Necessary conditions for optimal choice of F* are

given by
Yo (@‘Pn — 0;P15P5; Poy — P1oP5,) 0, Poy + Py (P2_218iP22P2_21> P21) yo=0

where P solves the Lyapunov equation pP = R +F QF — PY — Y'P, and 0,
represents the derivative of partitioned elements of P with respect to the © element of

F*, which solve the Lyapunov equation
pOP =QIOF+0F'Q—-0PY Y0P -POY -9, XY"P.

The equilibrium dynamics of the model are

I © I
dqt = — -1 1 q¢ dt + S dBt
P21 P22 _P22 P21 P22 21 22
= -T'q,dt + o dBy, (50)

.
where qp = [yo 0} .

Full commitment allows for potential improvements in social welfare because the
induced dynamics of the economy in (50) are richer than when the central bank follows
simple policy rules. This allows the central bank to reduce volatility of interest rate
changes, while keeping stronger control over the entire path of the policy rate. Note
that

1 0
di; = —eiTI‘qt dt + eZ-TO' dB;, e; = elT . . F*
—PyPa Py

)

where i; = e/ u;. The term e/ o can be made smaller (inducing smaller term premia
in equilibrium), while still allowing for sufficiently rich expected movements of the

short rate fg isds = e/ f; qs ds.
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In general, the necessary conditions in 2 are complicated. Ongoing work ex-
plores the implications in more detail with numerical simulations. However, we can
still derive some qualitative predictions between simple policy rules and full commit-
ment. Intuitively, the tradeoff for monetary policy is that greater pass-through to
households (through more aggressive policy reactions to shocks) comes at the cost of
larger and more volatile term premia. Full commitment partially relaxes this link.
Household decisions depend on entire expected path of borrowing rates fooo py(7) dr,
whereas arbitrageur risk compensation depends on volatility of short-run fluctuations
diy,dsi(7). The optimal policy under full commitment exploits this in equilibrium
by conditioning policy not only the set of natural state variables, but also on past

promises which allows for smoother policy reactions.

7 Extensions and Tests

We consider extensions of the baseline model studied in the previous section.

7.1 Demand Risk and Financial Shocks

First, we obtain identical results when allowing for shocks to firm bond demand: @m

is now an additional stochastic demand factor. The optimal separation principle still
holds with ¥ (7) = 0, but QE must be more reactive. So long as the optimal balance
sheet policy is implemented, the optimal short rate policy still implements i; = ;.
In this case however, we have an additional result: if noise demand dynamics
are such that demand falls in response to increases in the natural rate (that is, Btm
increases in response to an increase in v;), then it is optimal to expand the balance
sheet s;(7) while simultaneously hiking short rates i;. Intuitively, suppose during a
tightening cycle, in the absence of QE we expect to observe an increase in term premia.
Then the optimal balance sheet policy is to conduct additional QE purchases in order
to offset the spike in term premia. This suggests that at times, optimal conventional

and unconventional policy seem to be at odds with one another.
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7.2 Exogenous Cost-Push Shocks

Next, we consider the model which exogenous cost-push shocks, which implies that

divine coincidence does not hold:
E;dm = (pmy — kry — wy) dt.

For now, we abstract from endogenous cost-push shocks induced by firm borrowing.
For simple time-consistent policies considered in Section 5, our separation princi-
ple still holds when policy frictions are absent. Unfortunately, this implies that the
first-best is not achievable. Optimal balance sheet policy still stabilizes term premia,
which implies that short rate policy must contend with the output gap and infla-
tion tradeoffs as is standard. The reason is that despite multiple policy instruments,
(un)conventional policy only affects aggregate outcomes through changes in the ef-
fective borrowing rate fi,. Formally, taking any feasible path {z;,m, fi;}, from an
implementation implying policies {gt, S't(T)} , this can also be achieved with a policy
which equalizes borrowing rates. This gualfantees Var, ¢;(1) = 0 and hence strictly
dominates.

However, when firms face financing frictions, under the assumption that 6(7) #
n(7), a combination of short rate and balance sheet tools can be used to simultane-

ously offset cost-push shocks and natural rate shocks. However, this policy leads to

large and volatile term premia, and so is suboptimal from a welfare perspective.

7.3 Non-Zero Term Premia in the First-Best

Our approximation approach thus far implies that in the first-best, expected carry
trade returns are zero. This arises endogenously in our model but is based on our
riskless approximation method. While this simplifies our analytical results, it is never-
theless a strong assumption. Suppose instead that first-best bond carry trade returns
are given by some (exogenous) (") # 0. We find that our separation principle still
holds when »(7) is achievable, but optimal short rate policy is a function of v(7).
The intuition is a combination of previous results. Aggregate outcomes arise through
changes in the effective borrowing rate fi; (as before). Optimal balance sheet policy
guarantees i;(7) —i; = (7 and hence fi, = it—l—fOT n(7)v") dr = i, + . Thus, optimal

short rate policy implements 7, = v; — v.
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7.4 Measuring Policy Objectives: Return Predictability

We now consider simple observable tests related to the optimality of balance sheet
policies. We consider the bond return predictability regressions of Fama and Bliss
(1987) (FB):

1 PR (A7) _ (1) (1) [ pr-Brr) (A7)
Elog ? — Y :aFB+bFB<t P >+€t+m-

These regression coefficients measure how the slope of the term structure predicts
excess returns. Figure 4 shows the well-known result that (in the full sample), Fama-

Bliss coefficients are positive, and an increasing function of maturity.

Maturity

Figure 4: Fama-Bliss Coefficients: Treasuries, Full Sample
In our model, when the central bank does not use balance sheet policies:
B\ > 0.

However, if balance sheet policy is successfully pursuing term premia stabilization,

then

Bol > ) 5 0.
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But instead if balance sheet policy is pursuing macroeconomic stabilization, we have

by > b

We examine these stylized predictions by studying how FB regression coefficients vary

as a function of different monetary policy regimes.

o
IS
' T T T T T T T T
Jan 1990 Jan 1995 Jan 2000 Jan 2005 Jan 2010 Jan 2015 Jan 2020 Jan 202

Figure 5: Fama-Bliss Coeflicients: 10-year Treasuries, Rolling Sample

Figure 5 estimates rolling Fama-Bliss coefficients (fixing 7 = 10 as a baseline
maturity). We see that Fama-Bliss coefficients increased substantially during the
initial QE regime, but have fallen and even become negative in recent years. This is
consistent with the predictions of the model if QE was initially undertaken for purely
macroeconomic stabilization purposes, but has shifted in part to deliver long-term

bond return stabilization.

8 Concluding Remarks

This paper develops a tractable general equilibrium model with market segmenta-
tion, nominal frictions, and household heterogeneity. We first derive results for how
monetary policy (conventional and unconventional) affects aggregate dynamics. We
next show that welfare losses arise from excessive volatility in inflation, output, and
excess consumption dispersion across households. The frictions associated with con-

sumption dispersion arise due to market segmentation and excessive volatility of term
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premia. Optimal short rate and balance sheet policies are characterized by a sharp
separation result: conventional policy targets macroeconomic stability, while uncon-
ventional policy stabilizes bond returns. Optimal policy removes excess volatility of
term premia and hence improves risk-sharing across households, while reducing ex-
cess macroeconomic volatility. Policy constraints on either the short rate or balance

sheets imply tradeoffs between these two policy objectives.
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A  Proofs

Proof of Proposition 1. With £ — 0, for any 7 we have o.(7) — 0, and with

(r)
perfect arbitrage we have p,(7) = 4;. Thus dPP<—t = 4, dt and so each household faces

o
the identical budget constraint. Thus, if 15’0(%) = By Vi € H, each household solves
the same problem and chooses Cy(i) = C; and N(i) = N;. With flexible prices we

have

ZiM,
C, =Y, =Z;N,, W, = :
t t ti VvVt t 1 I Z't
Suppose the production subsidy is given by
=" (140 -1 (A1)
e—1 ’

and in the flexible price, perfect arbitrage equilibrium the central bank imple{nents a
nominal interest rate peg: i; = o. Then it follows that W, = Z;, and Y; = Zf%‘i, the
first-best level of production.

Further, note that in steady state, if 7 = 0 and Z(7) = 0 (and there are no policy

frictions in steady state, so that ¥ = 0), then we have

ir)=i=o0, Y=C, W=2Z, b(t)=0bvr,, 5(r)=0(r)—n(r)b.
These steady state values are equivalent under the first-best or with sticky prices and
imperfect arbitrage. [

Proof of Proposition 2. Since asset prices are affine functions of the state, which
dp{

)
evolves according to (44), Ito’s Lemma implies that —o = (1) dt + o dB,, with
oM =—-A(r)"o and
1
pe(r) = A'(7) 'y + C'(71) + A7) T (% = ¥) + S A(7) ' ZA(7), (A2)

where ¥ = oo . Differentiating the arbitrageur budget constraint with respect to

holdings X.” gives the optimality conditions

(7)== a [ /0 A dT} " sam).
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Substitute market clearing conditions for zzng) and collect terms that are linear in

the state x; to get:
A'(T) + MA(7) —e; =0, (A3)

where M is given by equation (39). Taking M as given, this is a linear system of
differential equations. To derive initial conditions, note that at maturity, the riskless
bonds pay $1 so the 7 = 0 prices are given by Pt(o) = 1. Hence, we have A(0) = 0.
Then assuming M is diagonalizable and invertible, the solution is given by equation
(38). O

Proof of Proposition 3. Collect all state and jump variables in a vector Y; =
[xtT v } . The interest rate process i; and habitat demand factor processes Btm are
all affine functions of Y;. Moreover, the (linearized) Phillips curve and IS equation
are also affine functions of Yy, since [i; and ji; are also affine in the state variables.

Aggregate dynamics can thus be written

d . ,
ol o (Y, - Y)dt+ | 77| dB,. (A4)
E; dy:

Note that Y depends on A, but which we currently take as given. Then the rational
expectations equilibrium is found immediately from Buiter (1984). Partition the

eigenvalues and eigenvectors as follows:

A O

YT =QAQ!, A=
QAQ 0 A,

Q21 Q22

Q= [Qu Q12] 7

where the partitions correspond to the state x; and jump y; variables. If the number
of “stable” eigenvalues (non-negative real parts) equals the number of state variables,

then the rational expectations equilibrium dynamics are given by (44), where

I'=QuAQ;, 2=0QuQ. (A5)

]

Proof of Theorem 1. In an affine equilibrium we have that f; = fOTn(T),ut(T) dr.

Substituting equations (A2) and (A3) into this expression and collecting terms which
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are linear in the state x; gives the diffusion vectors defined in the statement of the
theorem. Equilibrium is the solution of the fixed point problem implicitly defined by
equations (39) and these diffusion vectors. Rewrite these conditions in the following

function:

) e + (r(A)T - M) v(M) — A

f(A;M;a) = . , (AG)
vec {1"(A)T —a-AM) — M}

where A(M) and v(M) are the integral terms from equations (39) and the diffusion
terms. In both cases, dependence on M comes through the affine coefficients A (7).
We have also made explicit the dependence of I' on A, which can be seen in the proof
of Lemma 3. If J = dimx;, then dimM = J x J and dim A = J and the function
f i RIVHDHL s RIGHD  For any value of a, equilibrium is defined by f(A; M;a) = 0.

We now analyze the solution in a neighborhood around a = 0. For a = 0, clearly
A=¢ and M = I'(e;)". The partial derivatives evaluated at this point are given
by:

af [5FT/3A1] v(M) —e; of lekelTu(M)]
OA,; B vec [@FT/aAj] ’ OMy | —vecere/ |’

where e}, e, €; are standard normal basis vectors. The matrix oI’ / 8Aj is the deriva-

tive of the state dynamics matrix I' with respect to the j-element of A; because this
depends on derivatives of the eigendecomposion defined in the proof of Lemma 3,
even in the case of a = 0 this is a complicated expression. Nevertheless, from this we
can show that the Jacobian of f with respect to A, M evaluated at the a = 0 solution

has full rank. In fact, writing this Jacobian in block form, we have

D D
Df=|_" TR (A7)
D21 —IJQ
and Dyp = |I;-v, ... I;- yJ], where v; is the j-element of ¥(M). Because the

elementary row operations which transform D1, into the zero matrix simultaneously
transform Dy, into —1I;, det Df = 1 and the result follows from the implicit function

theorem. O
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B Model Detalils

B.1 Household and Firm Problem Details

Households. Ito’s lemma implies that real household wealth b;(7) evolves according

to

| Ni(i)  Cild) (dP” dF; 2
db (i) = [Wt a0 C‘(@')} dt + b:(7) (W — dt) + COP, +0(&)dt  (B1)
= (i) dt + (i) dBy, (B2)

where O(£?) represents higher-order terms.

) =  max u 1 1 DNl 1) h(x; 9,
Vili) = | max | w(Culi), Nu(0) + Vi (Diil0) + Ve Dh(x0) + O, (B3)

Differentiating (B3) with respect to Cy() and N;(7) and equating gives (4). Differen-

tiating with respect to b,(7) and applying the envelope theorem gives
Vo (1) = Vit (1)1 (1) + Vit (1)) 0(x0) + Vi (0) (e(7) = 7m0) + O(E7).
Ito’s Lemma implies
By Vi (i) = [Vine(i)p (1) + Vi (0(x,) + O(€7)] dt.
Combining gives

Er AV (i) = Vo (i) [0+ m — pf (i) + O(£7)] dt .

Firms. Define the relative price of firm j as P(j) = P;D(tj). Define

W T
M, = =L (1 —|—/ 0 (7) e (7) dT)

Zy 0

We have

dIL (4 . . 9 .
B, S y,5) [+ 70)Pi) ~ M d — 3 (m(G) — w)? Vel
t
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Under flexible prices, per-period maximization and symmetry yields

M, = 6; L4,
Firm HJB
oU(j) = gii(?f@t% Yi(7) (L4 7Y)P(f) — My) — g (me(j) — Ut)2 Y; (B4)
+ Up () P(5)(me(§) — ) + Uxehi(xe) + O(E7). (B5)

Optimality conditions
QY (m(§) — wi) = Upi(§) Pu(j)
Envelope theorem:

0Upi(7) = QI [=YeeP(j) (L + ) Ri(j) — My) + (1 + 7%)Yi(j)]
+ Up,t(j)(ﬂ-t(j) — ) + Upp,t(j)]%(j)(ﬂt(j) —m) + UpX,th(Xt) + 0(52)

Ito’s Lemma
By dUp(3) = [Uppt(5)Pe(3)(me(5) — ) + Upeeh(xe) + O(€7)] dt
Combining
E, U, (j) = [(0 = (m(j) = 1) Upe(7) = Q7Y (L + 7)(1 — €) + eP(j) 7' M,) + O(€)] dt
Evaluated at a symmetric equilibrium we have

0@2{3@ (7Tt - Ut) = Up,t
EdUp; = [0Ups — QF'Y: (14 79)(1 — €) + eMy) + O(£2)] dt

Aggregate Transfers. The short-term bond market clearing condition is

T
Sf:/ Xi(T)dr.
0
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Note: this assumes that HH and firm demand for 7 = 0 bonds is in measure dr.

there is a mass point in 1(0) or §(0), we instead have
T
S = / X, (1) dr — n(0)B,(0) — H(0)W,N,.
0

Transfers from aggregate firm profits:

9 T dP(T)
dll; = [(1 - _7Tt2> PiY; — WtNt:| dt — Wi N / 0() Sdr
2 0 Pt(T)

Transfers from government

T, dpP"
/ St(T)PTj) dr + 8, dt — P,Y, ¥, dt
0 t

Transfers from arbitrageurs

T P(T)
Xt(T) d—t — it dt dT
()
0 P,

Combining and imposing market clearing

apr”
P(T)

t

T
CLE - [Ptct — WtNt] dt — / U(T)Bt(T) dr
0

B.2 Linearization Details

For any variable a;(7), define
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where

T
o= / o(t)n(t)dr
0
Log-linearized intratemporal optimality conditions imply
. S .
wy = ey (T) + oy (1) = (1) = _;Ct(T)

Approximation of the budget constraint, using aggregate transfers and a symmet-

ric steady state

Abr) = | ) = adr) 4 W) = m) + o) e + () B

Note

— dby(7) = {— (1 + ——) () + by (1) + gét(r)} dt + be (1) dB,

From the arbitrageur optimality conditions:

w(r) =i+ o(1)Ay = u(r) =0(1)Ay = [, = SA,

T
ﬂt:/ n(7) (T T—@t+</ )Atziri‘&!\t
0

where

M
Il
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From the household intertemporal optimality conditions:

Et dCt<7') = Cil [(,ut(T) - Q) — 7Tt] dt —= Et dét(T) = §71/1t(7') dt —= Et dét = Cilljllt dt
Et det = gil [(ﬂt - Q) — Ty — (_HZZt)] dt

Then

by = / o (7) n(r)b(r) dr

b, — {_ <1+

Firm demand for 7 bonds:

N[ =

) ¢; + b, + z’Btl dt 4+ b3 dB,

€ [n

_gewt+nt0t(7> ~ —

w [0(7) + 0(7) (we + 1) + (Be(7) — 6(7))]

From market clearing, we have (steady state)

and over time

2i(1) = =(s:(7) = 8(7)) +

Thus, risk prices are

A= /0 " o (r) () dr

—/0 o (1) (si(1) — s(7))d7 + (w + nt)g/o o(r)'0(r)dr
+ % i () (0,(1) — 0(r))dr — /0 o (1) n(T)(by(7) — b)dr
=5+ AT% ((1+<+go)xt+ gizz,) + gét —b,— 6" (b —b)
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B.3 Second-Order Approximations

Log-quadratic approximation of functions of the form:

zfszATmTw«Xwﬂwh]=g{ATmfv(Xﬁ*ndf
We have

F|  =g(f(X))

oF _

O4(7') | g5

O*F _ ,
0x(77)0x(T") | 45
O*F
0x4(7")? | 55

Thus, the second order approximation is

1 1
Fa~Ag+ A1E z(7) + EAQ[ET,Tt(T)]2 + §A3ET [2,(7)?]

1 1
= AO + AlE‘,-ZEt(T) + E(AQ + Ag)[ETxt(T)]z + §A3Va7’7xt(T)

where

Ao = g(f( _))

Ay = Xg'(f(X))f(X)

Ay = ¢"(F(X))NXF(X))?

Az =g (F(X))X(F(X) + X (X))
and

EWMWEAHWMMWM
v%mmmﬂalmwmmww—awmmﬁ

The second-order approximation follows from taking the limit of the finite second-
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order approximation at grid points i = 1,..., N with A; steps:

F=g|> n@)f (Xem@) A,
_ X[ oF 1 en & O2F ,
Frbel, FXGIMECRE 2.2 53T ) 70

and note that the second derivative in the double summation has the additional terms
when ¢ = j.

B.3.1 Examples

Simple mean: f(z) =g(z) =z

T —_
n(T)Xezt(T) dr

S—

~ X {1 + Eray(T) + %[Erﬂﬁt(T)]Z + %Vc”"rxt(ﬂ}

Mean of function: ¢(z) = z

/0 n(r)f ()_(6“(7)) dr

~ 1)+ X {10 Ba(r) + (00 + X1 CO)Vareandr) + [l ) |

Function of mean: f(z) =z

g {/0 77(7))?6’“(7) d7':|
~ 48 + X { (D) Bnlr) + 5/ (W arn(r) + 56/ + X COVE )
Thus

f { /0 C () Xen®) dT] _ /0 " nm)f (Xe) dr

1 - _
~ —§X2f”(X)VCLTT:L"t(T)
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Inverse: g = f~!

= [ /0 ") (Ko )df]

~ X {1 + En(r)+ 5 [1 + J;g)) ] Var.z, () + %[ETxt(T)P}
CES:
{ / ") (Rem ) 7 dT] o
< xfue B+ 5 [ Vo) + Yo
Thus

€
e—1

/OTn(T)Xext(r)dT_ {/OTU( ) (Xen )T dT:|

11
~ EXEVCLTT:Q(T)

CRRA utility difference from RANK:

1 T R B ;
T [/ 77(7'))?6”“(7) dT:| - — n(T) (X'e“t(T)) Cdr
—< 1/

1 -
~ = X' Var,a(T)

\)

B.4 Social Welfare: Aggregate Relationships

Equilibrium equations. Consumption:

T
C, = / n()Cy(7) dr (B6)
0
Ct = |: eﬂ't - —w Zt — Zt — / w St 7':| (B?)
Production:
Y, = Z;L, (B8)
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Aggregate labor/wage index:

Cw

L = [/OT n(r) Ny (1) dr} "

1—eyw

T
W, = {/ n(T)Wt(T)lfew dT:|

0

Labor demand and labor clearing:

Ny(r) = (WtT(j)) L = W) = <%ﬁ7)>_w W,

Intratemporal wage/consumption/labor:

w — 1
(1+7%) (E . ) Wi(r) = Ci(7)*Ny(7)?
Cw — 1 L +-L
— (1 + Tw) . Ltew Wt = Ot(T)cNt(T)w cw
Output gap:
Yy
X, — — b
t }/;n

B.4.1 Social Welfare Approximation

(B11)

(B12)

(B13)

(B14)

The log-quadratic approximation of deviations of social welfare from the first-best are

given by
WOE/ e PL, dt
’ T
Lo=U(CND) = [ U () M) dr
0

1 1
= §(§ + QO)JI? + 5971'152

1 1 11
+ §§Va7"fct(7) + §@Var7nt(7) + §—Var7nt(7)
€w
1 il T\2 1 g (7) 2
¥l —i) 5 [ T (si(7))"dr
0

o4



We have

1
Varze,() + oVar.n (r) + —Var.n(r) = | ¢ + ———= | Var;c.(7) + e, Var-w(r)
€w ( 1
w T %0>

and

S
1+ ewp

Var,w,(r) = ( >2Vanct(f)

The loss associated with Var,c,(7) comes from imperfect risk-sharing. The loss as-

sociated with Var,w;(7) comes from labor market inefficiencies.

B.4.2 Equilibrium Approximations: Details

Throughout we make use of big-O properties:
f=0(h),g=0(k) = f+9g=0(h+k),f g=0(h-k)

— f(r) = O(h(r)) = E.f(r)= / n(r)f(r)dr = O ( / n(r)h(r) dr) = O(E.h(r))

We use the variable & to denote the generic expansion point around the steady state

for any variable, so that

flxe) = 0(&), 9(ye) = O(&) = f(xe) +9(ye) = O(&), f(we) - 9(ye) = O(ftz)

Aggregate and HH member consumption from (B6)
~ _c ~ 1 2 3
Cy=Ce*=C 1+Ct+§ct +0(&))
_ _ 1
Cy(r) = Cet™) = ¢ {1 + (7)) + §ct(7)2} +0(€)

= ot 5 +OE) = Balr) + 3B [a(r) + 3Var-a(r) + O(€)

Also, aggregate labor supply N; = fOT n(7)N(7) d7 (which is not equivalent to aggre-
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gate labor index L;):

- - 1
N, = Ne™ = N{1+nt+ §nf} +0(&)

Ny(t) = Ne™™) = N {1 + (1) + %nt(r)2} +0(£)

1 1 1
= Ny + 5”? +O0(&) = Erny(7) + 5o [ (7)) + 5 Varsm(r) + O(&)
From consumption goods market clearing (B7)

Cet = Ye¥te™

where d; is the log of the deadweight loss terms in (B7) (which in levels is equal to

one in SS). Since C' =Y, we have

1 1
¢t + §Ct2 +0(&)) = (e + di) + 5(% +di)* +O(&)

Additionally, a second-order expansion of deadweight loss d; gives
_ 1 2 Ry g (r) 2 3
dt = —5 97Tt + w (’lt — Zt) + 1/1 (St(T)) dr| + O(ft)
0
1 -~
= _idt +0(&)

and also

dyvy = O (5? )

for any variable v; (in terms of deviations from steady state).
Thus

1 1 1-
e+ 56 +0(E) =y + 5y — 5di+ O(&)
Production from (B8)

Y = 2 +
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Labor and wage indices from (B9)

1 1 ley, — 1
b+ 56+ O() = Bon(r) + 5 B ln(r)F + 5

wy + %wf +0(&)) = Bawy(7) + %Ef[wxﬂ]? + %(1 — ew)Var-wy(r) + O(&)

Var.ny(r) + O(&})

€w

Combining with aggregate labor supply

1 1 11
l + 55? + O(g?) =ny + §nf - Ee—varrnt(T) + O(f?)

Labor demand from (B11)

ny(T) = —€p(wi (1) —wy) + 44
= En(7) = —€(Erw (1) — wy) + 4

Var,n(7) = & Var,w(7)
Intratemporal HH conditions from (B12)

wi(7) = o () + ony(7)
= Fw(1) = cErc(7) + oEny(T)
Var,w, (1) = Var.c, (1) + ©*Var,n,(t) + 2Cov,(c,(7),ny(1))

Output gap from (B14)
Ty =Y —Yp
Utility

U(CUT). Ni(r) = 0 = 2 {alr) + 50 = el = m(r) + 51+ D) + O(€)
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where U = U(C, N) and x = %. Thus social welfare

= [ an)UCr). i) ar
ZNU— 0) = Erealr) + 51— <) (Bole(r)] + Var,e(r)

1
= Eony(r) = 5(1+ ) (Er[nu(7)]* + Varmn(r)) + O(&))
Second-order approximations of C1~/(1 —¢) and L; T /(1 4 ) give

oot (1= ) +0(&) = Brelr) + 51—~ B fer)]? + 3 Varsa(r) + O(E))

2
0+ %(1 + )2+ 0(&3) = Erny(7) + %(1 + @) Erfng(1)]? + %Ewe_ 1Vannt(7> +0(&)

Thus social welfare

_ _ 1 1 1
Z_X(Ut - U) =c + 5(1 - g)cf - §Va7“rCt(T) — b — 5(1 + 90)63 - (90 + €—> Vm’rnt(T) + O(ff)

Combining with the second-order approximations of consumption and production:

1 1
o+ -1-9 =W +d)+=(1—=5¢)(y +d)*

2 2
1. 1 2 3
=Yt — §dt+ 5(1 —S)y; +O(&)
1 1
b4 S+ Q)0 = —2) + 51+ ) (n — 2)°
In the first-best, we have
n_1+s0z
Yy §+90t
— Tk O
=T o — Z.
Yt t t t t 11— t
1o + X
5 =a Z = z
Yt t t t t 11 t
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Thus

(14 ¢) (e — 2)°

N | —

1
Yt + 5(1 — Qi — (ye — =) —

1 X 2 X ?
=z + =(1 — + ——(1+ +
“ 2< g) (xt 1 —gzt) 2( 80) (xt 1—|—<pzt>

1 1
=2+ §th2 - §(§ + )z}

And note social welfare at the first-best is

_ 1
27Uy~ 0) = 2+ 5xad + OED)

Combining, we have that social welfare differences from the first-best are

1 1- 1
ZXU = Us) = 5[ + @)ai + 5di + Var-a(r) + (so + —) Var:ni(r) + 0(&)

€w

The variance terms are related as follows:

1\?
(cp + —) Varn(t) = ¢*Varc,(r)

€w

Var,w,(r) = <i) Varm(r)

€w

Thus

1 1
sVar.c,(t) + (tp + e_) Var,n(t) = ((p j L) (g +o+ —) Var,c,(r)

w €w w

We can also decompose these terms as follows:

2
S Yew
T T - - - T
Varyc(r) + pVar.nr) p ((p+< [1+<pew] ) Var-c,(7)

—Var,nr) = €,Var,w,(r)
€w
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