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Abstract : It is common in retail settings to observe the joint purchasing of goods—bundling - as
well as a vast number of products available for purchase. In this paper I show how ignoring bundling,
a deviation from standard decision theory, may result in oversupply, mis-pricing, and inaccurate
predictions of stock-out risks. I demonstrate that linear demand and quasi-linear quadratic utility
models remain robust in this context, enabling a comprehensive theoretical characterisation of
consumer choice over shopping bundles. The model is then empirically applied to estimate demand
across several Portuguese supermarkets, illustrating how frequency of joint purchase may serve
simultaneously as an effective proxy for approximating cross-price effects between goods.

1 Introduction

In economics, cross-price effects capture how the price change of one good influences

the demand for another, reflecting the interconnected nature of consumer preferences across

products. Capturing these cross-price effects accurately is essential for reliably modeling con-

sumer choice, forecasting market outcomes, and guiding firm strategy. Retailers, particularly

in markets characterised by extensive product offerings, face unique challenges in predict-

ing these relationships, especially when managing inventory risks associated with product

stock-outs; while existing demand models often excel in scenarios with a limited number of

choices, they frequently encounter challenges when applied to the vast product portfolios

typical of modern retail environments. This limitation becomes more acute in retail environ-

ments where joint purchasing of multiple goods — known as bundling — is commonplace,
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leading to further inter-dependencies among goods across categories.

In this paper, I show how quasi-linear quadratic utility (QQUM), and linear demand can

be leveraged to provide unique insights on consumer choice over large choice sets, in markets

where joint purchase of goods, bundling, is the norm.

Consumers may choose over small numbers of bundles, or be influenced by only a few

latent factors (like common needs, seasonality, or promotions), rather than evaluating each

product independently. I reveal how these deviations from standard decision theory may

cause dependency in joint consideration frequency across goods, and establish an equiva-

lence between consumer choice over bundles and that over goods given a dimensionality

constraint. To verify the impact of model mis-specification, first, I conduct comparative

statics over a Monte Carlo simulation with both imperfectly complementary and substitute

goods. Mis-specification of consumer choice is found to on average lead to oversupply of

goods. For a differentiated market of single-product firms, mis-pricing leads to on average

59.4% higher production levels than the profit-maximising level; 37% higher consumer sur-

plus; but, surprisingly, a 16.4% aggregate profit gain. For a single monopolist retailer in the

same scenario, the effects are more muted. Pricing over incorrect forecasts matches one of

the profit-maximising equilibria, meaning that only the forecasts themselves raise concerns;

these are on average off by 5%. Notably, production is highest in the correctly-specified

monopolist multi-product retailer, followed by that amongst the single-product firms in the

incorrect specification, and only then that amongst those in the correct specification. This

result is key in demonstrating that the effects of bundling are qualitatively different from

those of product complementarity. Complementary goods, when sold by the same firm, are

sold more cheaply and at a higher rate. Where goods’ purchases are linearly dependent,

however, the incentive is to sell more expensive and in lower quantities. This result holds

across all simulations. Whether mis-pricing in fact raises aggregate profits depends on the
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product mix.

Second, I analyse the implications of forecasting errors for measuring the impact of prod-

uct stock-outs. In general, these errors lead to (i) overstatement of consumer surplus and

aggregate profit losses, (ii) compounding risks due to mis-pricing, and (iii) over-demand rel-

ative to forecasts for a significant number of goods, despite average oversupply. Firm size

heterogeneity is somewhat less apparent. For single-product firms (supermarkets), the im-

pact of product stock-outs on consumer surplus is roughly 73.7% (83.9%) less than forecast,

though this rises to 81.6% (83.7%) when looking at aggregate profits specifically. Single-

product firm mis-pricing raises these negative effects up to 93.3% of forecast losses, a sig-

nificant jump suggesting compounding effects, not followed however by aggregate profits,

which result in similar losses - 81.5% - to the optimal. In both cases, however, up to 45%

of all goods are under-supplied when mis-pricing relative to the forecasted at those prices.

In general, greater numbers of products and considered bundles tend to diminish the gaps

between forecasts and optimal outcomes, whereas linear dependence widens them.

To demonstrate the flexibility and parsimony of linear demand over large choice sets,

I then proceed to estimate a parsimonious structural model under the same specification,

addressing four common concerns regarding linear demand estimation: a curse of dimension-

ality often found from quadratic growth in the number of parameters relative to the number

of goods; failure to address individual choice and consumer heterogeneity distributions; and

the proportionality between the number of instrumental variables necessary to address price

endogeneity and the number of prices to account for (Gandhi and Nevo, 2021). To address

these, I pursue an approach close to that of Pinkse and Slade (2004), estimating the matrix of

cross-price elasticities semi-parametrically. To do so, I use point-of-sale data from 5 locations

within a Portuguese supermarket chain from 2020 to 2023 to calculate the frequency of joint

consideration – i.e. how many unique bundles were observed to include a given pair of goods
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– across the product assortment. Point-of-sale data provides a repeated cross-section of the

purchases of anonymised consumers, and is used to demonstrate the ability of the model

to provide useful insights using less granular but more accessible data than is common in

empirical Industrial Organisation.

The approach combines several advanced techniques to address challenges of nonlinear-

ity, measurement error, and consumer heterogeneity. Frequency of joint consideration is

converted into a product-by-product matrix to proxy for cross-price effects, an approach

closest to that in Atalay, Frost, Sorensen, Sullivan, and Zhu (2023) and with roots in the

stochastic choice literature (e.g. Manzini, Mariotti, and Ülkü, 2018). I consider two mea-

sures in the conversion process - cosine similarity a la Pellegrino (2025), and correlation a la

Atalay et al. (2023) – and test each against my structural model specification. This provides

a unique test in which to test different distance-based measures of product differentiation. To

capture the idea that proxy values further from zero are more reliable (and those near zero

are more likely to be noisy), I approximate the way in which the proxy enters the demand

model via a Chebyshev polynomial series expansion. The polynomials form an orthogonal

basis, reducing multicollinearity and improving the robustness and interpretability of the

transformation, putting more weight on the more reliable, extreme values of the proxy. In

addition, to better reflect real-world heterogeneity in consumer behavior, our strategy ex-

tends the model to include random coefficients, leading to a better overall fit and more

accurate predictions when analysing demand elasticity. The estimation framework itself is

implemented within a nonlinear least squares environment that is embedded in a Generalised

Method of Moments (GMM) setting. Prices are instrumented using product category and

supermarket fixed effects, time-varying local demographics (Fan, 2013), the average price of

a given product’s competitors across other supermarkets (Hausman, 1996), and the lagged

number of competitors available within four increasingly narrowly defined product categories

(Blundell and Bond, 1998). I form moment conditions by using these instrumental variables
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and take advantage of analytical gradients to efficiently navigate the nonlinear parameter

space. In doing so, I successfully recover price sensitivity parameters, which are used to

measure markups across the product assortment under different ownership structures.

This paper offers significant insights for practical applications. On one hand, retailers

may adjust their inventory policies by adopting models that account for joint purchase be-

havior. This helps balance stock levels—reducing excess inventory that ties up capital and

minimises the risk of stock-outs that can lead to lost sales. On the other hand, an empirical

model is introduced which can help firms deal well with consumer preference shifts over time

across a large product assortment, as well as with the introduction of new goods. Pricing

can be calibrated in real time with every new unique bundle observed, minimising the risk

of mis-pricing.

The paper is structured as follows. Section 2 reviews the literature. Section 3 introduces

the notation and definitions. Section 4 presents the theoretical framework for consumer

choice over shopping bundles. Section 5 introduces the data for the demand estimation

exercise and the identification strategy for the empirical specification. Section 6 concludes.

2 Literature Review

Models of demand over bundles are not new. While the Marketing literature on “shop-

ping basket models” can be traced back to the 1990s (see Manchanda, Ansari, and Gupta

(1999) for a comprehensive review), research in the context of Industrial Organisation is

much more recent. From the seminal Gentzkow (2007), the topic has been picked up in by

others (see e.g. Fox and Lazzati, 2017; Allen and Rehbeck, 2022; and Ershov, Laliberté,

Marcoux, and Orr, 2024), with bundles invariably treated as the options in a multinomial

discrete-choice model. Discrete-choice models hold substantial advantages in modelling in-
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dividual choice under consumer heterogeneity and allowing for correlations in unobserved

factors, while capturing realistic substitution patterns among competing products (Berry,

Levinsohn, and Pakes, 1995). However, their fit for applications over large choice sets is

limited due to a curse of dimensionality, where the number of parameters to be estimated

is always more than proportional to number of goods, and therefore far too large to be

manageable for a large number of products. Compounded by computational difficulties, this

remains a work in progress, especially in consumer choice over bundles where these problems

are particularly acute (see e.g. Iaria and Wang, 2019; and Lanier, Large, and Quah, 2022).

Lastly, it is generally unclear what the inclusion of bundles adds to the intuition behind

demand estimation. The present paper makes both a theoretical and an empirical contri-

bution on this front. In modelling consumer choice over shopping bundles via quasi-linear

quadratic utility and linear demand, I introduce an alternative to discrete choice models in

this space, obtaining novel theoretical insights. “The unique fit of QQUMs to this particular

setting is further made clear in the ease with which it accounts for large choice sets. On the

empirical side, this paper offers a standard for incorporating frequency of joint purchases to

approximate cross-price effects. and thus facilitate demand estimation.

Linear demand has long been seen with skepticism (Choné and Linnemer, 2020). Gandhi

and Nevo (2021) provides a detailed reasoning behind the limited use linear demand has

seen in empirical Industrial Organisation. In their baseline conceptualisation of the problem

of demand estimation for a number of differentiated goods in a given market, they express

quantity demanded of a given product as a function of own and competitors’ prices, observ-

able demand shifters, and unobserved demand shocks. The authors’ substantive criticism

(echoed in Berry et al. 2014) comes down to four points: the estimation of own- and cross-

price effects, which the authors see as causing a curse of dimensionality; that the model fails

to address individual choice and consumer heterogeneity distributions; that it cannot predict

demand for new goods, even if accounting for product characteristics; and that, similar to
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the quadratic increase in the number of parameters to estimate relative to the number of

products, so too does the number of instrumental variables necessary to address price endo-

geneity increase for a greater number of prices.

This paper contributes to the applied literature which attempts to tackle these issues.

Pinkse and Slade (2004) is an important contribution to this research - it tackles dimension-

ality concerns head on, estimating the matrix of cross-price elasticities semiparametrically,

with these said to be a function of a given distance-based measure of product differentiation.

While the distance measure is determined by the researcher, equal to one if a product pair is

of the same type - type may be defined by product category or over a certain characteristic

given a particular product space - and zero otherwise, the function is approximated via a

series expansion. To instrument prices for every expansion term, both Hausman, Leonard,

and Zona (1994)- and Berry, Levinsohn, and Pakes (1995)-type instruments are pursued,

the number of which no longer scales with the number of goods. Pinkse and Slade (2004),

however, start from a demand function based on a "normalised-quadratic indirect utility

function" which is never specified by a well-defined utility maximisation problem (Gandhi

and Nevo, 2022)1. One contribution of the present paper is, then, precisely to highlight

the qualities of the QQUM to fill in that gap, in its ability to micro-found linear demand

(Amir, Erickson, and Jin, 2017; for a larger discussion on this, see the Appendix). In this

same vein, Dubois, Griffith, and Nevo (2014) measures product substitution via a distance-

based measure on the products’ characteristics directly. Pellegrino (2025) uses, as a proxy

for cross-price effects, the product cosine similarities derived from textual cues identified via

natural language processing (NLP) of 10-K filings of the universe of public corporations in

the United States. Magnolfi, McClure, and Sorensen (2025) obtains, via an online survey,

product comparisons of the kind "product A is closer to B than it is to C", which are then run

through an algorithm to compute a distance-based measure of product similarity. For these
1According to Berry et al. (2014), this is a problem which the literature reviewed by Manchanda et al.

(1999) similarly faces.
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papers, the main issue is not the curse of dimensionality, but rather the data required to pro-

duce the cross-price effects matrix - Dubois et al. (2014) relies on characteristics data, which

requires the researcher to determine both which characteristics matter and how the measure

them; Pellegrino (2025)’s approach only works for publicly-listed, (near) single-product firms;

and Magnolfi et al. (2025) presents methodological difficulties in survey scaling. Another

contribution of this paper is therefore the usage of shopping bundles, rather than product

characteristics, to produce the proxy for cross-price effects.

This is not to say this paper constitutes the first time that shopping bundle data is used

to approach cross-price effects2. However, despite the QQUM specification being an obvious

beneficiary of cross-price effect proxies, I have found no structural paper that has combined

the two together or provided an economic test to assess their performance.

3 Model Preliminaries

In quasi-linear quadratic utility (QQUM) models, a representative consumer3’s utility

maximisation problem is given by:

maxq U(q) = q′δ − 1

2
q′Mq + q0 s.t. q′p+ q0 ≤ M (1)

K is the set of all differentiated goods k = 1, . . . , K said consumer optimises its consump-

tion over, with q the K × 1 vector of consumption per good. δ is a strictly positive K × 1

vector of marginal product utilities. The representative consumer draws utility from each

product both directly and via interaction effects across those it purchases. These interaction

effects between products are defined by a K ×K sparse matrix M . The off-diagonal entries

of the matrix may have any sign. q0 is the numeraire4.
2For recent developments in Machine Learning and Statistics see Ruiz, Athey, and Blei (2020), Tian,

Lautz, Wallis, and Lambiotte (2021), and Atalay, Frost, Sorensen, Sullivan, and Zhu (2023).
3For a discussion of the representative consumer assumption, see the Appendix.
4The model satisfies local non-satiation and free disposal. Local non-satiation requires that, for any
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The properties of the QQUM are well-understood5. M must be positive definite, as to

satisfy strict concavity, downward-sloping demand, and dominant own-price effects. The

model assumes no income effects6. The representative consumer objective function can be

re-written as follows:

L(q) = q′(δ + ϕp)− 1

2
q′Mq + q0 (2)

The (negative) term ϕ maps price sensitivity/marginal utility of income. Initial marginal

utilities are assumed to be positive, i.e., δ + ϕp > 0.

One of the most appealing features of QQUM is its ability to generate linear demand

systems that remain tractable even when a market consists of a very large number of differ-

entiated goods. Quasi-linearity allows the derived demands to depend solely on the vector

of prices (without assumptions about market size or income effects) and the interactions

among goods, as captured by an interaction matrix. In effect, the QQUM yields linear

demand functions of the following form:

q = M−1(δ + ϕp) (3)

with price elasticity proportional to the inverse of the interactions matrix:

∂log(qa)

∂log(pb)
= ϕ{M−1}ab, ∀a, b ∈ K (4)

combination of goods consumption, there is always another combination arbitrarily close by that provides a
strictly higher utility. The linear term in q0 guarantees that for any given combination one can always obtain
a higher utility by increasing q0 by an arbitrarily small positive amount. q0 also enables free disposal as it
acts as a flexible numeraire that absorbs any surplus of other goods, ensuring the consumption set remains
downward closed.

5See Amir, Erickson, and Jin (2017) and Choné and Linnemer (2020) for an exhaustive treatment.
6This may be restrictive in some scenarios. The reader is directed to Tirole (Introduction, p.11, 1988)

and Vives (1987) for the relevant conditions.
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This linear structure can be particularly useful when desirable to solve for closed-form

equilibrium outcomes (e.g. due to computational efficiency gains), and scales well as the

number of goods becomes large. The inversion of the matrix M is the only nontrivial com-

putational step, and standard linear algebra techniques and software can efficiently handle

high-dimensional product spaces and sparse matrices. When M is known, the model au-

tomatically “normalises” the aggregate demand without artificial boundaries between goods

or via imposing, extraneous market size assumptions. This is in contrast to alternative

specifications where the aggregation over many goods may require additional restrictive

normalisations which may lack microeconomic justification. The M matrix can also accom-

modate rich patterns of substitution and complementarity among a large number of products.

4 A Theory of Consumer Choice with Bundle Choice Sets

4.1 Setup

A less well-known property of the QQUM is its ability to handle deviations from stan-

dard consumer choice. An example of this - which additionally includes issues such as a large

product assortment and difficulties with defining market boundaries - is the supermarket in-

dustry. In supermarkets, consumers are understood to make consumption choices based on

only a few latent factors, which drive joint purchases of goods. We may call these joint

purchases bundles, in the spirit of Gentzkow (2007). There are many latent factors which

may drive bundle purchases, such as: needs or preferences, in that some bundles may tend to

include products that “go together” because they serve a common need, say, a breakfast bun-

dle versus a dinner bundle; seasonality or promotions, where a bundle might reflect seasonal

trends (holiday specials, summer outdoor items) or be influenced by a particular promotion;

or category or style, where purchases might cluster by category (electronics, clothing, gro-

ceries) or even by style (premium vs. budget items).
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Assume then that representative consumer restricts its purchase decisions to bundles,

and that these are themselves restricted to a choice set . A choice set is the subset of a

full set of available alternatives that a consumer actually pays attention to and evaluates

when making a decision. Although a consumer might face a very large number of options

in theory, in practice they may form a much smaller, subjective set — often due to limited

information, attention, or search costs. Let J be the discrete set of bundles j = 1, . . . , J

considered by a representative consumer, and A the K×J sparse matrix of product presence

per unique bundle considered, each element akj constituting the number of units of a given

good k in a given bundle j considered. z is the J × 1 vector of the consumer’s consumption

per bundle (divisible for simplicity). We may express q as a function of z:

q = Az (5)

This identity is evocative of Lancasterian product characteristics models, with the partic-

ularity of q being on the LHS and the choice variable on the RHS. These differences evolve

into an entirely different set of mathematical calculations as a result, and have different

implications.

Vectors q and z have different dimensions. If a consumer makes purchase decisions over

bundles of goods, the set of all possible goods consumption vectors will span the column

space of matrix A, codifying the set of bundles considered by said consumer. Both the

rows and columns of matrix A are unique and non-zero, but are generally not presumed

linearly independent. In fact, if matrix A has more rows than columns, that is to say, if the

representative consumer considers more products across bundles than the total number of

bundles it considers, then linear dependency is assured (Hurewicz and Wallman, 1941). If

instead there are more columns than rows, it can be shown that, if the purchase patterns
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are driven by a limited number r of latent factors (the “common needs” that cause certain

products to be bought together) and if r is smaller than the number of products, then

the rows of A will lie in an r–dimensional subspace, and we will once again have linear

dependency. Suppose there are four products—milk, bacon, eggs, and pasta—and two latent

factors corresponding to the purposes “breakfast” and “dinner.” Assume that for breakfast

only milk and eggs are typically purchased, whereas for dinner pasta is essential, and bacon

may be purchased in either context with similar frequency. We can map these preferences

with a latent loading matrix C, where the rows correspond to the products (ordered top to

bottom as milk, bacon, eggs, and pasta), and the columns correspond to the latent factors

(breakfast and dinner, left to right):

C =


1 0

1 1

2 0

0 1

 (6)

Each matrix element, the related product’s score on the associated latent factor, quantifies

how strongly that product is characterised by the latent need. Next, assume that this

individual’s shopping trips (bundles) also reflect these purposes. For instance, suppose there

are six bundles characterised by the following latent factor scores (with rows for breakfast

and dinner, and columns for bundles):

B =

(
3 1 2 4 2 3

0 2 1 1 2 0

)
(7)

From this particular combination of weights, we can define the product-bundle matrix A:

A = C ·B =


3 1 2 4 2 3

3 3 3 5 4 3

6 2 4 8 4 6

0 2 1 1 2 0

 , rank(A) = 2 (8)

In this example, the structure of C forces all purchase profiles (the rows of A) to be

linear combinations of only two latent factors. For example, observe that the third row is
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exactly twice the first row, and the fourth row can be expressed as a linear combination of

the first two rows. Even though there are four products, their purchase patterns are fully

explained by only two underlying needs. Thus, when bundle purchase patterns are driven

by a few latent factors, the effective dimensionality of the A matrix is reduced. If the num-

ber of latent factors r is less than the number of products, the rows of A will lie (exactly

or approximately) in an r–dimensional subspace. This will thereby create nontrivial linear

dependencies even where there are more bundles considered than products within them7.

Proposition 1: If rank(A) < K, the vector of product consumption q = Az is confined

to the column space of A.

In other words, q may not take arbitrary values in R; utility maximisation over bundles

limits the range of product quantities demanded which we may observe. As shown below,

this may have significant implications for equilibrium outcomes. Let us now return to (2).

Through the identity (5), we can re-write the representative consumer objective function

as:

L(z) = z′A′(δ + ϕp)− 1

2
z′A′MAz + z0 (9)

Optimising in z we obtain the following FOC:

(A′MA)z = A′(δ + ϕp) (10)
7The likelihood of observing linear dependency will also depend on the level of aggregation the data is

submitted to. At an individual level, if a single person’s bundle choices are strongly influenced by just a few
factors, then the purchase patterns will exhibit clear low–dimensional structure, i.e. a high degree of linear
dependence. However, if data is aggregated across many individuals, each individual might be influenced
by a similar set of factors but with different weights. This heterogeneity may blur the low–rank structure:
the aggregated A matrix can have contributions from many individuals with differing factor loadings, which
increases the effective diversity (or rank) of the aggregated data. In other words, while each individual’s
bundle might be low rank, averaging over many individuals could add enough independent variation that
the aggregate no longer possesses said dependencies.
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Expressing (10) in terms of z introduces the first problem derived from our dimension-

ality constraint. Unlike M ,

Lemma 1: A′MA is positive semi-definite, and therefore not generally invertible.8

To proceed, I multiply both sides of the FOC by (A′MA)+, for (·)+ the Moore-Penrose

pseudoinverse (Moore, 1920; Penrose, 1955). However, on the LHS, (A′MA)+(A′MA) ̸= I

does not hold in general. A general form of (10) relative to z must account for the so-called

homogenous part of differential equations:

z = (A′MA)+A′(δ + ϕp) + (I − (A′MA)+(A′MA))y (11)

for y ∈ R a random vector; there are thus a multiplicity of mappings of p, as the strict

concavity condition we had imposed on M no longer holds for A′MA.

For profit-maximising firms, however, the dimensionality constraint comes to our aid.

Following a re-statement of z as q = Az, the following holds.

Proposition 2: While the mapping from prices to the bundle-level decision z is non-

unique, the resulting product demand q = Az is unique:

q = A(A′MA)+A′(δ + ϕp) (12)

Proof : If q = Az, A(I − (A′MA)+(A′MA))y = 0, as I − (A′MA)+(A′MA) is in the null

space of A′MA, which itself matches the null space of A: x′A′MAx = (Ax)′M(Ax) = 0 if

A′MAx = 0. Since our M matrix is assumed positive definite, the only way for us to have

(Ax)′M(Ax) = 0 is if Ax = 0. □

8Proofs of all Lemmas may be found in the Appendix.
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The identity breaks the strict concavity assumption generally required for the well-

behavedness of the utility function. Despite this, its ensuing use - following the pseudoinverse

and resulting non-unique z - ultimately isolates the single unique mapping from p to z of

use for obtaining q.

The sparsity of the A and M matrices minimises individual product demand’s reliance on

the price vector of the entire product assortment (and vice-versa). Calculating the cross-price

elasticities of demand, the remaining effects are held to be proportional to the expression

A(A′MA)−1A′:
∂log(qa)

∂log(pb)
= ϕ

pb
qa
aa

′(A′MA)+ab ⋚ 0, ∀a, b ∈ K (13)

Diagonal dominance is a convenient, albeit stringent, mathematical property often used

to simplify theoretical arguments such as proving uniqueness of equilibrium or establishing

helpful properties for matrix inverses. A(A′MA)+A′ will generally not be diagonal dominant

even where M is. In general:

Lemma 2: A(A′MA)+A′ is symmetric and positive semi-definite.

Under the dimensionality constraint, the demand system (12) still satisfies the Law of

Demand 9 and features equilibrium-dependent heterogeneous elasticities of substitution. As

such, it enables heterogenous markups. This is a result of those firms with higher output

qi facing less elastic (residual) demand (Pellegrino, 2025). Regardless of whether goods are

complements or substitutes, the total cross-price effect will be determined both by direct

interaction effects between products, but also how the remaining products across the assort-
9Under the usual smoothness assumptions, if the Jacobian of the demand function is negative semi–definite

then the function is locally monotone non–increasing with respect to prices—that is, it satisfies the law of
demand. For a positive semi-definite A′(A′MA)+A′, ∇q = ϕA(A′MA)+A′, which is negative semi-definite
for ϕ < 0.
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ment interact with these in bundles.

4.2 Equilibrium

Assume first that all K differentiated products in the assortment are sold by K different

single-product firms. Firms compete toward the Bertrand (Nash) equilibrium. For simplicity

of exposition, marginal costs are set to ci = 0,∀i ∈ K. The representative consumer takes

prices as given.

Proposition 3: When each of the K differentiated products is sold by a separate firm

engaging in Bertrand (Nash) competition, with the representative consumer’s demand given

by

q = A(A′MA)+A′(δ + ϕp)

and with the diagonal matrix

Ω = diag(a1
′(A′MA)+a1, . . . ,aK

′(A′MA)+aK) (14)

the unique equilibrium price vector is

p∗ = −1

ϕ
[Ω + A(A′MA)+A′]−1A(A′MA)+A′δ (15)

Proof : Consider a given firm i’s objective function:

πi(p) = piqi(p) = pi
[∑

j

aij(A
′MA)+(

∑
k

akjδk + ϕaijpi + ϕ
∑
k ̸=i

akjpk)
]

(16)

The set of first-order conditions for this problem across all firms may therefore be defined
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as

0 = A(A′MA)+A′δ + 2ϕΩp+ ϕ(A(A′MA)+A′ − Ω)p̂ (17)

To find the Bertrand (Nash) equilibrium, we look for the fixed point p∗ such that

p = p̂ = p∗ - i.e. that point which defines the best response as a function of all com-

peting firms’ strategies. □

Uniqueness is enabled by the following property:

Lemma 3: Ω + A(A′MA)+A′ is invertible.

What if all K differentiated products in the assortment are sold by a single multi-product

monopolist retailer?

Proposition 4: If a single multi-product firm sells all goods, the dimensionality con-

straint leads to a multiplicity of price equilibria expressed as

p∗ = − 1

2ϕ

[
W
]+

A(A′MA)+A′δ + (I −W+W )y (18)

for

W = Ω+ A(A′MA)+A′ + A(A′MA)+A′ ◦G (19)

where y ∈ R is arbitrary and G is a symmetric hollow K×K matrix where each element

Gab = 1 if a, b ∈ S, 0 otherwise.

Proof : A multi-product firm determines a vector of prices for its goods by maximising
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the following profit function:

πS(p) =
∑
i∈S

pi[
∑
j

aij(A
′MA)+(

∑
k

akjδk + ϕaijpi + ϕ
∑
k ̸=i

akjpk)] (20)

for S the subset of products i = 1, . . . , K sold by said firm. The FOC can be expressed

in matrix form as

0 = A(A′MA)+A′δ + ϕ(2Ω + (A(A′MA)+A′ − Ω))p+ ϕ(G ◦ A(A′MA)+A′)p̂ (21)

To find the Bertrand (Nash) equilibrium, we operate in a manner identical to that pur-

sued to fined the equilibrium price in the single-product firms case. □

The inclusion of an ownership matrix is problematic for the identification of a unique

price equilibrium, as we cannot say anything ex-ante about the definiteness of G. However,

for the monopoly case in particular, the multiplicity of price equilibria are payoff-equivalent.

Gmonopolist = A(A′MA)−1A′ −Ω for a single multi-product firm selling all goods besides the

outside option, so Wmonopolist = 2A(A′MA)+A′. Given A′(I − W+W )y = 0, as discussed

above, we have:

Proposition 5: In the monopoly setting, optimal demand is given by the unique mapping

q(p∗) =
1

2
A(A′MA)+A′δ (22)

while the aggregate profit and consumer surplus take on the following unique close-form

expressions:

Π =
N∑
i

πi = q′(p∗)p∗ = − 1

4ϕ
δ′A(A′MA)+A′δ (23)

18



CS = q′(p∗)δ − 1

2
q′(p∗)∗Mq(p∗) =

3

8
δ′A(A′MA)+A′δ (24)

Key to the model above is the degree of linear dependency amongst the rows of A.

Lemma 4 :If A is full row rank, then A(A′MA)+A′ = M−1.

In such a case, our results would match those of consumer choice over products. As this

is the standard way in which the discrete-choice models common in Industrial Organisation

approach consumer choice in differentiated product markets, failing to satisfy the stringent

conditions in which this may apply will lead to mis-specification of equilibrium outcomes.

We return to this below.

Expressions derived from this consumer choice model can be particularly useful to un-

derstand the impact on retail settings where a given products goes out of stock.

Lemma 5: Following a product stock-out, the resulting changes in optimal demand,

aggregate profits, and consumer surplus have the following closed-form expression:

∆q∗ = −1

4

σiiδi + σ′
iδ−i

σiδi

 (25)

∆Π =
1

4ϕ

[
σiiδ

2
i + 2δi(σ

′
iδ−i)

]
(26)

∆CS = −3

8

[
σiiδ

2 + 2δi(σ
′
iδ−i)

]
(27)

for Σ = A(A′MA)+A′.
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Even where M is symmetric and diagonally dominant (common assumptions, sufficient

for positive definiteness), consumer surplus and aggregate profits may or may not decrease

as a result of product exit, and the ways in which they do so will depend on the structure of

the representative consumer’s choice set. The QQUM specification aids us in allowing the

expressions above to be written in closed form. This may not be the whole story however;

a product whose removal raises aggregate profit may nonetheless be kept within the assort-

ment if it can minimise the impact of other products’ removal. As can be seen above, the

removal of any given product is exacerbated or dampened by its interaction with others; the

importance of a correct understanding of what interaction matrix to consider for appropri-

ately addressing stock-outs is thus clear. Addressing the dimensionality constraint reveals

itself fundamental for product assortment considerations.

4.3 Comparative statics

Of particular interest is the difference between model outcomes depending on the extent

of dimensionality concerns raised by (5). Via regression-based comparative statics, we can

quantify the relative impact of the number of linearly dependent rows, accounting for a num-

ber of factors, for the different outputs of the model.

I run a Monte Carlo simulation of product–bundle data that builds a network structure

from latent factors and controls for six predictors. The dimensions of the A and M matrices

were allowed to vary; each simulation generated K × J and K ×K matrices with nonnega-

tive entries, with K and J varying every simulation. Each time, the density in each matrix

was also separately considered. Lastly, price sensitivity ϕ was allowed to vary. Throughout,

elements of δ were drawn from a Normal distribution with mean 10 and variance 1. A binary

matrix A with r linearly-dependent rows and predetermined density is created via the latent

factor approach described above. Any rows or columns that are either repeated or contain
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only zeros are removed.

Under this structure I computed optimal demand, prices, consumer surplus, and aggre-

gate profits, to explore how variations in the simulation’s primitives affect these outcomes

via regression analysis. Outputs were considered for both the K single-product firms and

monopoly multi-product firm cases. Each time, bundle model equilibrium outcomes were

compared to two alternative equilibria: (i) one elicited by a forecast where identity (5) is

not accounted for; and (ii) a misguided equilibrium where prices are set to optimise over the

forecast, but outcomes are considered over the correct demand responses to said mis-pricing.

These are equivalent to (i) the use of M−1 instead of A(A′MA)+A′ throughout, and (ii) M−1

for optimal pricing, followed by A(A′MA)+A′ for the remaining computations, respectively.

The regression analysis is performed with standardised coefficients to determine (i) how

the outcome variables shift in equilibrium, in terms of standard deviations, for each stan-

dard deviation increase in each predictor variable, and (ii) which predictor variables exert

a stronger influence on said outcomes. The emphasis throughout is on ensuring that the

simulated outcomes satisfied realistic conditions. The simulation only accepts an iteration

if all computed demand vectors and prices are non-negative, have no NaN values, and the

binary matrix A is non-degenerate, i.e. its smallest dimension exceeds its rank.

In the K single-product firms case, the results suggest the average optimal supply is 67%

greater when forecasted without accounting for dimensionality issues. Mis-pricing as a re-

sult of such incorrect forecasts leads to similar oversupply, 59.4% higher on average than the

actual optimal supply level. On welfare, consumer surplus is forecast as 32.7% higher than

is found to be the case at the optimal supply level. Mis-pricing does deliver higher consumer

surplus however, roughly 26.9% higher than at the profit-maximising optimum. Aggregate

profits are forecast as 22.4% higher than at the optimum. Most surprisingly, perhaps is that
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mis-pricing by individual firms nonetheless leads to a 16.4% gain in aggregate profit relative

to the optimal price equilibrium.

In the multi-product retailer/supermarket case, effects are more subdued. The average

optimal supply is only 6.35% greater when forecasted without accounting for dimensionality

issues. No mis-pricing occurs as a result of such incorrect forecasts, as the unique price

equilibrium in that case belongs to the subset of price equilibria found when accounting for

dimensionality issues. On welfare, consumer surplus is forecast as 5% higher than is found

to be the case at the optimal supply level. Mis-pricing once again delivers the same surplus

level as the optimal supply case. Aggregate profits are forecast at 5% greater than at the

optimum, though none is lost as a result of mis-pricing.

Whether mis-pricing in fact raises aggregate profits depends on the simulated market

structure, but what drives this when it does occur? Notably, production is highest in the

correctly-specified monopolist multi-product retailer, followed by that amongst the single-

product firms in the incorrect specification, and only then that amongst those in the correct

specification. Price magnitudes go the opposite way. The finding that mis-pricing leads

on average to oversupply and under-pricing is stable across all simulations, including in

cases where we restrict products to being either independent or imperfect substitutes. This

pattern provides important insight into how bundling influences outcomes differently from

product complementarity. When complementary goods are offered together by a single firm,

prices tend to be lower and sales volumes higher. In contrast, when the purchase of goods

is linearly dependent, firms are inclined to set higher prices while reducing output. In other

words, consumer choice over bundles appears to lessen competitive pressures.

The analysis is further extended to consider how linear dependency impacts predictions

about the impact of product stock-outs. In the K single-product firms case, only 73.7%
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of the forecasted consumer surplus loss following a stock-out effectively takes place. This

number goes up to 93.3% under mis-pricing. This is a clear sign of compounding effects, with

mis-pricing exacerbating the effects of product exit. Regarding aggregate profits, a greater

percentage - 81.6% - of forecasted aggregate profit loss following a stock-out effectively takes

place, while mis-pricing roughly guarantees similar losses - 81.5 %. In the multi-product

retailer/supermarket case, and similarly to the firms case, only 83.7-83.9% of the forecasted

consumer surplus and aggregate profit loss following a stock-out effectively takes place, re-

spectively.

Mis-specification of consumer choice can thus generally be said to on average lead to (i)

oversupply of goods and (ii) exacerbation of negative effects as a result of product stock-outs.

Despite discounting dimensionality on average leading to oversupply, we ought not to dismiss

the chances of the opposite taking place for at least some products. Indeed, this turns out

to be a pretty significant percentage of all goods. In the firms case, when mis-pricing, an

average of 45.8% of all goods are over-demanded relative to the forecasted at those prices,

with the number leveled at 45.1% in the supermarket case. These numbers are significant,

and reveal the extent of the exposure misdiagnosing dimensionality can have on stock-out

risks.

How do model primitives affect these findings? Across most models, the number of lin-

early dependent rows in the A matrix is consistently highly significant with large standardised

coefficients. Its positive effect suggests that increases in linear dependence are associated

with higher forecast errors in demand, profit, and even supplier outcomes, and greater gen-

eral over-production in demand. The size of the bundle choice set, J , is also significant in

many regressions, usually with a negative coefficient, indicating an inverse relationship with

the outcome measures. Model inputs generally appear to be less relevant for supermarkets,

which also suffer less from mis-pricing, even if forecast error remains very high. Where it
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comes to stock-outs, the results are similar. In general, greater numbers of products and con-

sidered bundles tend to diminish the gap between forecasts and optimal outcomes, whereas

linear dependence widens it. Where it comes to stock-out risk, however, the signs flip, and

M density comes to prominence as key to minimise the percentage of products which are

underproduced.

5 Demand Estimation in Supermarkets

The QQUM is uniquely capable of providing theoretical foundations for the implications

of consumer decision-making over shopping bundles. Retaining the example of the super-

market industry, I now demonstrate how such a model may be estimated over a large choice

set. In doing so, I make use of the capabilities of linear demand while demonstrating how

we may minimise potential concerns raised by previous research. I also explore the impact

of linear dependence and our dimensionality constraint on real aggregated data.

5.1 Data

Empirical Industrial Organisation today relies substantially on scanner data10. In keeping

with the twin goals of tractability and parsimony made possible by the QQUM specifica-

tion, I instead make use of detailed point-of-sale data. Unlike conventional scanner data,

all consumers are anonymised, so the dataset is a repeated cross-section, with no details

on the customers themselves. Using point-of-sale as opposed to detailed scanner data of-

fers distinct advantages in terms of data storage and privacy. Point-of-sale data records the

final transaction summary rather than every individual barcode scan. This aggregation re-

duces data volume considerably, which eases storage and processing demands. Additionally,

scanner data often contains highly granular, item-level information that — when combined
10See Dubois, Griffith, and O’Connell (2022) for a primer on scanner data usage in economics research.
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with other data — can lead to inadvertent disclosure of sensitive consumer behavior and

reveal individual customer patterns that could be exploited. Point-of-sale data, being more

aggregated, is inherently less detailed, making it simpler to anonymise and secure. This also

aligns better with current privacy regulations that emphasise minimal collection of person-

ally identifiable information.

The point-of-sale data was obtained from SONAE MC, a leading supermarket chain in

the Portuguese food retail market. SONAE MC is a subsidiary of SONAE, a multinational

business group. The data set represents roughly 5% of all transactions conducted across 5

supermarkets between February 2020 to February 2023. It covers date and location of each

transaction; the set of products purchased per transaction both at the product level and

across 4 different product category layers; and units purchased, gross sales value, and dis-

counts issued per product per transaction. All data is collected through the stores’ scanners

in the moment of the sale. The five supermarkets were selected prior to data analisys out of a

list of 353 shops given their geographical distribution, perceived degree of monopolisation in

its local market, and size heterogeneity. The selection along these lines was made to match

the model’s assumptions while including sufficient heterogeneity to briefly consider the inter-

nal validity of the model’s outcomes under different conditions. The shops are differentiated

by size and approach to the local communities.

We observe 343 321 unique bundles across the entire sample down to the number of

units purchased per product. Store types have distinct bundle size and product statistics.

Hypermarkets enable larger bundle sizes over a wider distribution, hold substantially more

staple and unique products, and have a disproportional revenue share.

There are 88 835 total products across 49 major categories, 200 sub-categories, and 887

sub-sub-categories. Each product is observed an average of 382 times across the three years
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Figure 1: Shop locations - hypermarket (red), supermarket (green), concept store (yellow). Hy-
permarkets are major retail hubs, meant to attract consumers to a distinct location within the
urban fabric. Supermarkets are mid-sized stores targeting proximity to consumers. Concept stores
are experimental, cashier-less stores equipped with an array of cameras and shelf sensors meant to
track a shopper’s purchasing experience.
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Products Categories
A: Bundle size (number of items)
Mean 60.75 5.16
Standard deviation 68.94 3.78
B: Percentile bundle size
25th 16 2
Median 36 4
75th 78 7
C: Transaction share by bundle size class
≤ 20 unique items / ≤ 2 groups 33.22% 30.92%
21-80 unique items / 3-8 groups 42.31% 48.80%
81-140 unique items / 9-14 groups 13.73% 16.85%
>140 unique items / >14 groups 10.73% 3.43%
D: Revenue share by bundle size class
≤ 20 unique items / ≤ 2 groups 8.84% 9.19%
21-80 unique items / 3-8 groups 30.38% 39.79%
81-140 unique items / 9-14 groups 22.67% 41.03%
>140 unique items / >14 groups 38.11% 9.99%

Table 2: Bundle statistics per across products and categories

Shops by Type Mean bundle size SD bundle size
A: Hypermarket
Évora 71.41 79.21
Mafra 53.95 59.78
Portimão 61.00 69.26
B: Supermarket
Maia 49.71 52.15
C: Concept
Filipa de Vilhena 2.78 2.77

Table 3: Shop statistics

Products Avg Revenue Categories Avg Revenue
At only 1 store 43% e89.7 4% e13,880.8
At 2 stores 15% e268.8 4% e16,521.4
At 3 stores 16% e711.8 16% e39,737.9
At 4 stores 24% e3,188.3 33% e434,698.5
At all stores 2% e8,493.6 43% e4,381,690.7

Table 4: Product availability in stores and the average revenue brought by products at each level
of availability
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# % Unique % Revenue % Unique Revenue
A: Hypermarket
Évora 49794 11.59% 31.53% 3.12%
Mafra 67603 33.79% 14.92% 6.91%
Portimão 55217 15.20% 43.57% 2.89%
B: Supermarket
Maia 27685 3.75% 9.98% 1.62%
C: Concept store
F Vilhena 1853 4.05% 0.02% 8.05%

Table 5: Shop statistics - note that all stores share 1671 products

of the sample, with 6, 18, and 131 observations at the 25%, median, and 75% quartiles. In

other words, a substantial proportion of our sample observations come from the top 25% of

all products. Sales across our sample total e99 554 423, with discounts a marginal percent-

age of this.

Demographic data is obtained from PORDATA - Contemporary Portugal Database, a

free-to-use dataset developed by the Portuguese Francisco Manuel dos Santos Foundation

which aggregates data provided by official sources, such as the Instituto Nacional de Estatís-

tica (National Statistics Institute) and Eurostat. PORDATA provides extensive detail in the

following topics: Population, Health, Education, Social Protection, Employment and Labour

Market, Enterprises and Personnel, Family Income and Expenditure, Housing and Comfort,

Justice, Culture, National Accounts, Government Accounts, Science and Technology and

Environment, Energy and Territory.

The average number of observations (i.e. purchases for consumption) per bundle is

µz = 1.096, with 5.75% of all bundles observed more than once.

The following procedures were applied to filter outliers and products for which insufficient

data was made available. Any products with (1) fewer than 100 transactions, (2) sold at zero

price, and/or (3) without any price variation were removed. Furthermore, for each prod-
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Categories Products Store presence Sales share
Groceries (Salty) 2676 5 4.64%
Groceries (Sweet) 3726 5 4.43%
Soft Drinks 1764 5 6.34%
Hygiene 2800 5 4.06%
Home Cleaning 3089 5 6.75%
Frozen goods 1035 5 2.99%
Dairy 2023 5 7.27%
Beauty 4805 5 3.42%
Essential goods 972 5 3.01%
Butchery 640 5 5.83%
Fishmonger 956 5 5.96%
Charcuterie and Cheese 1765 5 6.31%
Breakfast 2441 5 5.19%
Fruits and Vegetables 1506 5 9.30%
Bakery 1593 5 4.00%
Wine and Spirits 2330 5 4.84%
Take Away 727 5 2.09%
Luggage and Sport 1173 4 0.22%
Bio and Healthy 52 4 0.01%
Culture 14592 4 3.35%
DIY 3577 5 1.61%
Petfood and Care 1563 5 2.14%
Home Goods 10891 5 3.44%
Baby and Kids Apparel 7121 4 0.20%
Women Apparel 2890 3 0.10%
Men Apparel 2361 3 0.09%
Adult Non-Apparel 4943 4 0.21%
Nursery 558 4 0.11%
Large Domestic Products 5 3 0.01%
Small Domestic Products 197 4 0.14%
IT/Image/Sound/Photo 32 3 0.01%
TOTAL 89027

Table 6: Product category statistics
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Category Maia Mafra Portimão Lisboa Évora
Resident population (’000,2023) 135.5 86.7 59.8 545.8 53.7
Population density (2023) 1,645.8 300.2 330.6 5,467.4 41.2
Under 15 (%, 2023) 13.9 16.6 14.7 13.4 13.5
Working age population (%, 2023) 66.8 65.6 63 63.2 63
Over 65 (%, 2023) 19.3 17.8 22.3 23.4 23.5
Foreign population (%, 2023) 2.8 7.1 20.1 19.9 4.3
Avg monthly wage (% nat. avg., 2011) 106 82 86 145 92
Unemployment (%, 2023) 5 4 11 7 5

Table 7: City statistics

uct, observations pertaining to a given month where no close competitor was found across

supermarkets other than that product’s are also discarded. Lastly, any products which go

unobserved across a given time period in a given supermarket are assumed to not have been

available for purchase, and are therefore removed. While a somewhat strong assumption,

the size of our sample appear sufficiently large as to minimise potential concerns.

5.2 Empirical Strategy

From our original demand function, we estimate a nonlinear demand-model equation in

which product demand q is generated by a structural function that depends on a set of

observables, a nonlinear transformation of a proxy for cross-price effects, and an error term.

The empirical estimation approach follows Pinkse and Slade (2004) somewhat, with some

significant changes: the usage of point-of-sale bundle data instead of product types; and

the use of a non-linear least-squares regression specifications to account for the implications

of the QQUM functional form. I also follow Wales and Woodward (1983) in the inclusion

random coefficients into a quadratic utility specification.

qt = At(A
′
tM̂tAt + λI)−1A′

t ·
1

S

S∑
s=1

(
δ + σδϵ

(s) + (ϕ+ σϕη
(s))pt

)
+ u (28)

for M̂t = g(Wt), with W a proxy for the real off diagonal interaction matrix; and g(·)
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a nonlinear function to be approximated. I allow marginal utility and price sensitivity

parameters to be random, to account for consumer heterogeneity:

δi = δ + σδϵi, ϕi = ϕ+ σϕηi (29)

ϵi and ηi are drawn from a standard Normal distribution. λ is a regularisation parameter

- it is well-understood that

lim
λ→0

(X + λI)−1 = (X)+ (30)

Despite the fact we operate in the column space of A, there may be numeric instability

in practice due to the pseudoinverse. It is thus common to use some form of regularisation

in practical implementations.

To proxy for M , I take advantage of the frequency with which products are considered

for joint purchase - an approach closest to that in Atalay et al. (2023) and with roots in

the stochastic choice literature (e.g. Manzini, Mariotti, and Ülkü, 2019). I consider two

measures of product similarity - cosine similarity (see e.g. Pellegrino, 2025), and correlation

(Atalay et al., 2023)11.

One of the crucial assumptions of linear regression when performing standard estimation

is that the regression error u is exogenous i.e. orthogonal to, which is to say uncorrelated

with, the set of explanatory variables X: E(Xu) = 0 and E(u|X) = 0. When this is not

the case, the parameters associated with those explanatory variables are neither consistent

nor unbiased, respectively. A common concern in demand estimation is that of price endo-

geneity due to omitted characteristics in product-level data - i.e. E(p · u) ̸= 0. Since it

is to be expected that prices and product characteristics are choices made simultaneously

by sellers during the production stage and ahead of a sale, the two may be correlated. As
11These measures are selected for their recent appearance in the Economics literature and straightforward

implementation, though consideration of a broader number of measures may be justified.
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a result, if one wishes to still use a least-squares estimator unchanged, either one assumes

that the effect of those omitted characteristics is mean zero and independent across agents,

or that said characteristics are orthogonal to (i.e. linearly independent from) the included

characteristics. The latter assumption is rather tough to make in an environment where

likely all product characteristics were chosen (close to) simultaneously but the first is rather

commonplace. In such cases, sampling error tends to be unusually large, suggesting a model

with low external validity and overfitting at best.

As such, this problem is usually tackled via instruments for price, which may isolate

exogenous variation in the endogenous variable and therefore determine our unobserved pa-

rameters. Berry, Levinsohn, and Pakes (1995) suggest using characteristics or cost shifters

of either products themselves or their competitors. Noting these are often not available,

Hausman (1996) proposes using prices of the same product in geographically distinct super-

markets. In the same vein, Nevo (2001) also explores price heterogeneity, as well as market

characteristics, such as geographic heterogeneity more broadly defined (e.g. local labour

markets). Blundell and Bond (1998) extend this to panel data, offering the option of lagged

characteristics as less impacted by potential endogeneity concerns with national pricing, cen-

tralised inventories, or chain-wide discounts and promotions. Lastly, Fan (2013) instruments

on aggregate consumer or market attributes, such as education or average income, amongst

others.

I take advantage of the stream of observations on product purchases across five geograph-

ically distinct supermarkets each quarter of each year in our database, as well as the repeated

cross-sectional nature of our data, to define matrix Z of price instruments. I compute the

average price of a given product’s competitors across other supermarkets as a preliminary

instrument. The (lagged) number of competitors available within 4 increasingly narrowly-

defined product categories, and the (lagged) mean income across the geographical locations
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of these supermarkets are additional options. These are potentially informative instruments

as one may expect prices to be decreasing in the number of similarly categorised products

available, and be affected by local economic dynamics. Brand fixed-effects may also be in-

cluded, though for computational simplicity we use product category fixed-effects instead.

Lagged average prices of competitors by product category in the same supermarket are con-

sidered. Supermarket fixed effects are similarly included as variables. The requirement that

these be informative - which is to say E(pitrit) ̸= 0 even after controlling for other explana-

tory variables present in the model is considered for all of the above. Let these be defined

by a matrix Z.

The estimation procedure is carried out via a nonlinear least squares algorithm that—in

our implementation—is wrapped within a Generalised Method of Moments framework. We

identify the model by minimising moment conditions:

min
θ

||m(θ)||2 = ||Z ′ · [q − A(A′M̂A+ λI)−1A′(δ + ϕp)]||2 (31)

where the parameter vector is θ = [δ λ ϕ γ]′. Here, γ represents the coefficients in a

Chebyshev series expansion, which we use to approximate the abovementioned g(·):

g(x) =
n−1∑
r=0

γrTr(x) (32)

where Tr(x) denotes the r-th Chebyshev polynomial. The advantage of using Chebyshev

polynomials is twofold. First, as an orthogonal basis on [−1, 1] (or after appropriate rescal-

ing), they allow for an efficient series expansion that minimises the maximum approximation

error. Second, the orthogonality helps ensure that coefficients corresponding to different

orders do not suffer from multicollinearity. This is particularly useful in cases where it is

believed that elements of W further away from zero are more reliable proxies for the true

cross-price effects (those closer to zero are more likely to be stochastic); allows the estima-
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tion procedure to cleanly capture those differences without being affected by interdependent,

collinear basis functions.

Closed-form expressions are identified for the Jacobian of the objective function relative

to the parameters to improve computational efficiency and accelerate convergence. I employ

multiple starting values to mitigate the risk of convergence to local minima and to enhance

the global robustness of our estimates. After obtaining the solution, I perform diagnostic

checks on the Jacobian—by verifying its rank and condition number—to ensure that our

moment conditions are locally identified.

5.3 Results

Under review.

6 Conclusion

This paper develops a structural model based on quasi-linear quadratic utility and linear

demand that captures how consumers make joint purchase decisions. In recognising that

buyers often consider only a limited number of bundles or latent factors rather than eval-

uating each good independently, it offers a more realistic overview of shopping behavior in

retail settings with thousands of products. By means of Monte Carlo simulations, the paper

demonstrates how mis-specified consumer choice can lead to significant deviations in equi-

librium outcomes; overproduction; inflated consumer surplus; and in some cases substantial

aggregate profit losses. By converting frequency counts of joint product purchases into a

proxy for cross-price elasticities, the paper offers a practical method for demand estimation.

The reliance of this approach on accessible point-of-sale data from Portuguese supermarkets

makes it a valuable tool for researchers and practitioners who might lack access to more
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granular consumer data.
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8 Appendix

8.1 Proofs
Lemma 1. By construction, x′Mx > 0 for all non-zero x. y′A′MAy ≥ 0 because, where

Ay ̸= 0, y′A′MAy = x′Mx > 0 for non-zero x. If Ay = 0, x′Mx = 0 because x = Ay = 0. □

Lemma 2. Regarding symmetry: for M positive definite and symmetric (by construction), A′MA
is symmetric - (A′MA)′ = A′M ′A = A′MA. By eigenvalue decomposition, A′MA = UΛU ′, and
(A′MA)+ = UΛ+U ′, where Λ+ is formed by replacing each non-zero λ,∀i with 1/λi, and leaving ze-
ros intact. Since Λ+ is diagonal, it is symmetric, and therefore (A′MA)+ is also symmetric. Lastly,
if (A′MA)+ is symmetric, A(A′MA)+A′ is also symmetric - (A′(A′MA)+A′)′ = A′((A′MA)+)′A′ =
A(A′MA)+A′. Regarding positive semi-definiteness: If A′MA is positive semi-definite, (A′MA)+

is also positive semi-definite. As shown above, A′MA is symmetric and can be diagonalised via
eigenvalue decomposition, and the pseudoinverse inverts the non-zero eigenvalues while leaving the
zero eigenvalues at zero. The inversion does not change the signs of the eigenvalues, so ∀λ ≥ 0 still
holds. If (A′MA)+ is positive semi-definite, x′(A′MA)+x ≥ 0. This is the case for x = A′y ̸= 0.
For x = A′y = 0, x′(A′MA)+x = 0. Therefore, x′(A′MA)+x′ = y′A(A′MA)+A′y ≥ 0 for all
non-zero (and zero) y. □

Lemma 3. The sum of a positive definite with a positive semi-definite matrix is not always
invertible. By theorem, however, the sum of a positive definite Ω with a positive semi-definite
matrix A′(A′MA)+A′, where the positive definite matrix is diagonal with strictly positive diago-
nal elements, is itself positive definite, and therefore invertible: x′Ω + A(A′MA)+A′x = x′Ωx +
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x′A(A′MA)+A′x = positive+non-negative > 0. We can show that Ωis strictly positive in its diago-
nal. Express the diagonal matrix whose diagonal matches that of A(A′MA)+A′ as Ω. To guarantee
strictly positive elements in the diagonal of Ω, two requirements must be satisfied. Firstly, vi ̸= 0,∀i,
for vi = A′ei, where ei is the standard basis vector, and Ωii = e′iA(A′MA)+A′ei = v′

i(A
′MA)+vi,

where ei “picks out” the ith diagonal of Ω. This is the case as long as row i of A has at least one
non-zero term, which is true of every row in A by definition, as otherwise said row would describe a
product we have not observed in the data. Secondly, v′

i(A
′MA)+vi > 0,∀i. Now, as we mentioned

earlier, (A′MA)+ is positive semi-definite. However, vi is restricted to the column space of A by
construction, the same column space of (A′MA)+. On the subspace where A′MA is “active” (its
column space), the pseudoinverse (A′MA)+ behaves like a true inverse and is positive definite on
that subspace. This ensures that whenever is vi is nonzero (i.e., when it lies in the column space
of A), we have v′

i(A
′MA)+vi > 0, ∀i. Given our proof of strictly positive diagonal elements in Ω,

Ω+A(A′MA)+A′ is invertible. □

Lemma 4. If A is full row rank, it can be shown that A(A′MA)+A′ = M−1. Its singular value
decomposition could be written as A = UΣV ′, for U a K × K orthogonal matrix; Σ = [Σr0] a
K × J matrix, with Σr a K × K diagonal matrix containing the nonzero singular values of A,
and 0 a K × (J − K) zero block; and V = [V1V2] is a J × J orthogonal matrix where V1 is a
J × K matrix whose columns form the orthonormal basis for the row space of A, while V2 is a
J × (J −K) matrix spanning the null space of A. A can then be re-written as A = UΣrV

′
1 . From

here, A(A′MA)+A′ = UΣrV
′
1(V1ΣrU

′MUΣrV
′
1)

+V1ΣrU
′ = UΣrV

′
1V1(ΣrU

′MUΣr)
−1V ′

1V1ΣrU
′ =

UΣr(ΣrU
′MUΣr)

−1ΣrU
′ = U(U ′MU)−1U ′ = M−1 by the properties of orthogonal and diagonal

matrices. □

Lemma 5. All model outputs are in one of the following forms: y1 = αx′Σx or y2 = αΣx for α
a strictly positive scalar, x a strictly positive vector, and Σ a positive semi-definite matrix. Suppose
we wish to consider the impacts derived from the removal of the i-th component of x and Σ. These
terms can be expressed as such:

x =

(
xi
x−i

)
and

Σ =

(
σii σ′

i

σi Σ−i

)
The notation for σi excludes the element corresponding to σii. Starting with y1, we may restate

it as:
y1 = σiix

2
i + 2xi(σ

′
ix−i) + x−iΣ−ix−i

of which the first two terms are the contribution from the i-th dimension of both x and Σ. If
we remove the i-th product, i.e. the i-th dimension of x and Σ, the difference between the original
and reduced term is:

∆1 = −α
[
σiix

2
i + 2xi(σ

′
ix−i)

]
We can similarly re-write y2:

y2 = α

(
σiixi + σ′

ix−i

σixi +Σ−ix−i

)
If the i-th component is dropped, the first (upper) block drops out, and the lower block’s reduced
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version is αΣ−ix−i. □

8.2 Robustness of the Representative Consumer Assumption
Quadratic utility models offer a compelling combination of analytical tractability and interpre-

tation, yet they have long been criticised for their aggregation properties when consumers exhibit
heterogeneous preferences. In the section that follows, we extend the representative consumer frame-
work to incorporate such heterogeneity, addressing both the technical and conceptual concerns that
arise when individual demand functions are aggregated. The key insight is that when each con-
sumer’s preferences are cast in quadratic form—specifically, when every consumer considers every
available good—the model naturally aligns with Gorman polar form. This structure guarantees
that, even with individual variations, the average demand preserves the same functional form as in
the homogeneous case.

Assuming qk > 0, ∀k ∈ K for each consumer n = 1, . . . , N , individual demand across goods is:

q∗(p, n) = An(A
′
nMnAn)

+A′
n(δ + ϕp) (33)

and total demand is

q∗(p) =
N∑

n=1

q∗(p, n) (34)

Because QQUM is in Gorman polar form, the aggregation is exact and total demand can be
restated as

q∗(p) = N ·A(A′MA)+A′(δ + ϕp) (35)

for
A(A′MA)+A′ =

1

N

∑
n∈N

An(A
′
nMnAn)

+A′
n (36)

We have assumed homogenous δ + ϕp for simplicity. For heterogenous δ(n)+ ϕ(n)p > 0, ∀n,
true by construction, this marginal utility term also averages out. The representative consumer
model described throughout this paper thus approximates average bundle demand across heteroge-
nous consumers, due to Gorman-aggregability.

Implicit in the assumption that qk > 0,∀k ∈ K across all consumers is the idea that every
consumer’s choice set includes every available good. But suppose instead that the goods present
across consumers’ choice sets differ. For example, let K − N be the number of goods that all
consumers (the “common” goods) have in their choice set, and let N be the number of “special”
goods that only a subset of consumers consider. We can still maintain a QQUM specification for
each consumer by collapsing the N special goods into a single composite good S, for which

qS =
∑
j∈N

ωjqj (37)

with positive weights ωj . Now, rather than keeping separate quantities for each of the K goods,
we represent the full consumer bundle as (q−S , qS). Because QQUM is already in Gorman polar
form, the heterogeneity that might arise (including differences in substitution patterns among the
special goods) is entirely captured in the quadratic term. In other words, all complementarity
and substitution patterns appear in the M matrix. When we collapse the special goods, we must
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aggregate the corresponding elements of M as follows. Suppose we partition the original M as:

M =

(
M−S,−S MS,−S

M−S,S MS,S

)
(38)

where M−S,−S pertains to the common goods, MS,S to the special goods, and MS,−S = M ′
−S,S

to the cross-terms. By collapsing the special goods into S, utility becomes:

U(q) = q′−Sδ−S + δSqS − 1

2

(
q−S qS

)
M∗

(
q−S

qS

)
+ q0 (39)

with δ−S the weighted average of the corresponding elements in δ for the special goods, and M∗

defined as:

M∗ =

(
M−S,−S MS,−S · ω

(MS,−S · ω)′ ω′ ·MS,S · ω

)
(40)

i.e. each common good’s cross-effect with the composite is a weighted sum of its effects on the
special goods. In other words, by “collapsing” the K special goods into one composite good through
a weighted sum, we are effectively aggregating their quadratic interactions. The implication for the
M matrix is that its entries related to the special goods get averaged (via the weights ω) into a single
scalar (for the composite good) and into cross terms with the common goods. If every consumer
is modeled this way, and if the weights (or the heterogeneity in preferences over the special goods)
average out appropriately, the aggregate demand function will retain the same structural form as
in the fully common case.

This may however not be convincing for the more discrete-choice-inclined IO economist. I there-
fore reproduce here the Choné and Linnemer (2020) generalisation of the Armstrong and Vickers
(2015) result on the consistency of linear demand with a discrete-choice model where valuations are
support-restricted. Let δii be the mass of consumers interested uniquely in brand i, i = 1, . . . , n,
and δij be the mass of consumers potentially interested in both good i and j ̸= i with δij = δji.
Demand q has the form:

qii = xii − τiipi and qij =

{
xij + τij(pj − pi) if hij < 0

xij + τij(pj + pi) if hij > 0
(41)

where τii > 0 (own-price effect must be negative) and τij = τji is a function of the strength of the
interaction effect between the two goods, positive where hij < 0 and that interaction is substitution,
negative when hij > 0 and the goods are complements. In the former case, 0 < xij < 1 is the demand
for good i when pi = pj , with xji = 1 − xij ; in the latter, 0 < xij = xji are the demand for both
good i and j when pi = pj = 0. In this case, we can therefore express total demand for a given
product i as:

qi =
∑
j

δijqij = (
∑
j

δijxij)− (
∑
j

δijτij)pi +
∑
j ̸=i

δijτijpj (42)

which can alternatively be defined as qi = di − hiipi −
∑

j ̸=i hijpj for appropriate restrictions
on H. What are these and how do they limit the model? By construction, we have implicitly set
hij = −δijτij and hii =

∑
j δijτij . Combining the two, we have that hii = δiiτii −

∑
j ̸=i hij . Since

it must be that δiiτii > 0, this results in a requirement that hii +
∑

j ̸=i hij > 0, i.e. if the prices
of all goods are increased by the same amount then the demands of all goods decrease. For as
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long as this condition, a weaker assumption than diagonal dominance but stronger than the Law
of Demand, is satisfied, then the QQUM for a representative consumer can be microfounded by
a set of heterogenous consumers distributed along a Chen and Riordan (2007)-like radial network
representation of the consumer preference space with Hotelling-like utility functions for each pair
of products12.

8.3 Comparative statics under minor linear dependence
We may wish to consider what happens if we restrict our simulation to the instances where only

a single row is linearly dependent. Turns out, even a small deviation in dimensionality is sufficient
to spark wide deviations in competitive outcomes. In the K single-product firms case, only 89.4% of
the forecasted consumer surplus loss following a stock-out effectively takes place. This number goes
up to 98.6% under mis-pricing. Regarding aggregate profits, 91.5% of forecasted aggregate profit
loss following a stock-out effectively takes place, but compounding effects mean 97.6% results from
mis-pricing. The losses from mis-pricing instead of pursuing accurate adjustments after a stock-out
are thus still significant, from roughly 6.7% to 10.3% greater losses relative to the optimal response,
for aggregate profits and consumer surplus respectively. In other words, more than half of the effect
on aggregate profit and more than a sixth of effects on consumer surplus come from the presence of
linear dependency rather than its extent. In the multi-product retailer/supermarket case, a higher
percentage - 96% - of the forecasted consumer surplus and aggregate profit loss following a stock-out
effectively takes place. In almost all cases, a greater K is associated with a lower deviation from
forecasts, with M making a marginal contribution to increase said deviations.

In the firms case, when mis-pricing, an average of 44.28% of all goods are over-demanded relative
to the forecasted at those prices, with the number rising to 47.32% - higher still than in the general
simulation - in the supermarket case. Primitives are generally uninformative.

12For a further discussion of this approach, see Bos and Vermeulen (2022).
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