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This paper explores local projections (LPs) and vector autoregressions (VARs),
two important time series models in economics. I prove that LPs can be repre-
sented as combinations of equal and higher-order VARs, while VARs themselves
are combinations of equal and lower-order LPs. This finding advances our under-
standing of LPs and VARs and leads to enhanced efficiency and model selection.
Key contributions include: (i) enhancing model selection by comparing LPs and
VARs that are equally parsimonious; (ii) improving the efficiency of LP estima-
tion by leveraging the underlying VAR structure; and (iii) introducing the VAR
sequence (VAR-S), a new empirical model that unifies LPs and VARs, thereby

stimulating new avenues for research and advancements in the field.

KEYWORDS: Impulse Response Function, Multistep Forecasting, Local Pro-

jection, Vector Autoregression, VAR Sequence.

1. INTRODUCTION

Understanding the dynamic relationships among economic variables and their responses
to various shocks is a fundamental goal in macroeconomic analysis. Central to this en-
deavor are methods for accurately modeling and forecasting these interactions. Vector au-
toregressions (VARSs), popularized by Sims (1980), Bernanke (1986), and Blanchard and
Watson (1986), have long been a cornerstone in capturing such dynamics. More recently,
local projections (LPs), pioneered by Jorda (2005), have emerged as a direct approach
for estimating impulse response functions (IRFs) and forecasts.! Despite their widespread
application, the relationship between VARs and LPs has remained ambiguous, leading to

ongoing debates in empirical research regarding model selection.? This paper aims to rec-

Julian F. Ludwig: Julian.Ludwig @ttu.edu

For a comprehensive overview of the diverse applications of VAR and LP, see Ramey (2016), Nakamura and
Steinsson (2018), and Plagborg-Mgller and Wolf (2021a).

2For a debate between LP and VAR in IRF estimation, see Kilian and Kim (2011), Brugnolini (2018), Choi
and Chudik (2019), Austin (2020), Bruns and Liitkepohl (2022), Plagborg-Mgller and Wolf (2021a), and Li et al.
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VAR(p +h— 1)
VAR(p + 2)
= LP(p) at Horizon h
VAR(p + 1)
| VAR(p)
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FIGURE 1.—Local Projections Are VAR Predictions of Increasing Order (Theorem 1)

Note: This diagram visualizes Theorem 1. It distinguishes between vector autoregressions and local projections, denoted as
VAR(p) and LP(p), where p is the lag order of the model. Theorem 1 asserts that h-step ahead predictions made by LP(p) are
equivalent to predictions generated by a sequence of h one-step ahead predictions made by VARSs of increasing order. Specifically,
a VAR(p) generates the first one-step ahead predictions, then a VAR(p + 1) advances the predictions by one period to two-step
ahead predictions, then a VAR(p + 2) shifts the two-step ahead to three-step ahead predictions, and so on, until a VAR(p + h — 1)
shifts the (h — 1)-step ahead predictions to h-step ahead predictions, which, as stated by Theorem 1, are identical to the h-step
ahead predictions made by an LP(p).

tify this gap in the literature by establishing a formal equivalence between LPs and VARs,
thereby providing new insights and improving the efficiency and accuracy of macroeco-
nomic modeling and forecasting.

The main finding of this paper is that local projections (LPs) and vector autoregressions
(VARSs) can be represented by each other. This equivalence is formalized as Theorem 1,
which states that LPs are VAR predictions of increasing order, as depicted in Figure 1.
The figure illustrates that an LP consists of a series of one-step-ahead predictions made by
VAREs, represented by arrows, with the number of lags increasing at each step. Conversely,
the theorem also states that VARs are made up of LPs of decreasing order. This equivalence
holds for both types of LPs: those estimated for a system of equations (Jorda, 2005), and
the single-equation LPs that control for contemporaneous variables (Auerbach and Gorod-
nichenko, 2013a). Remarkably, Theorem 1 applies not only in population but also in sample

when models are estimated with finite data. Therefore, Theorem 1 essentially introduces an

(2023); for a debate between direct forecasting (analogous to LP) and iterated forecasting (analogous to VAR) per-
formance, see Schorfheide (2005), Chevillon (2007), Marcellino et al. (2006), Pesaran et al. (2011), and McElroy
(2015).
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 3

alternative way to compute the exact same estimates, ensuring that any implications drawn
from this theorem also apply in small sample settings.

This mathematical link between LPs and VARs brings a wealth of benefits for estimation,
inference, identification, and selection of models when forecasting and computing impulse
response functions (IRFs). This paper explores two immediate implications: Corollary 1
and 2, and three important applications of Theorem 1.

Corollary 1 states that since LPs consist of equal- and higher-order VARs, they are a
generalization of an equal-order VAR. This is surprising, as they estimate the same number
of parameters and thus appear to be equally restrictive. However, Theorem 1 reveals that
by transforming LP parameters into VAR parameters, LPs implicitly estimate more VAR
parameters than equal-order VARs. This explains the bias-variance tradeoff reported in the
literature comparing LPs and VARs of equal order: more general models (LPs) are less
biased but produce a larger sample variance than their special cases (equal-order VARS).

Corollary 2 shows that despite LPs being larger and more general than VARs, LP fore-
casts and IRFs still include equal-order VAR parameters at all horizons. Thus, an LP model
can only be unbiased if the VAR of equal order is unbiased as well. However, since the
VAR of equal order is more parsimonious, it becomes a better choice than an unbiased LP,
making it illogical to estimate an unbiased LP. Therefore, the literature may benefit from
moving away from the assumption of unbiasedness when estimating LPs. Since asymptotic
theory often relies on models being unbiased, one way to address this is by assuming that
the lag order increases with the sample size, thereby allowing the LP to be biased in finite
samples but unbiased asymptotically (e.g., see Lewis and Reinsel, 1985, for an autoregres-
sive model with an increasing lag order consistently estimating an infinite autoregression).

Now we can turn our attention to the three applications of Theorem 1. The first applica-
tion fundamentally changes how we compare and select between LP and VAR models. By
expressing LPs as VARs of increasing order, Theorem 1 allows for an “apples to apples”
comparison of VAR to VAR parameters, rather than an “apples to oranges” comparison
of VAR to LP parameters. With this in mind, I introduce the notion of model “size” as
the number of VAR parameters used in a prediction. Comparing models of equal “size”
ensures a fair comparison of equally parsimonious models, whereas comparing models of
equal “order” pits a more general LP against a smaller VAR. The tradition of comparing

LPs and VARs of equal “order” rather than “size” has led to a misleading bias-variance
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4

tradeoff. While a bias-variance tradeoff might exist between smaller and larger models,
there is no evidence of such a tradeoff between VARs and LPs once size is controlled for.
Consequently, the literature may have incorrectly concluded that it is necessary to switch
from a VAR to an LP if bias is prioritized, rather than switching from a smaller to a larger
VAR. This highlights the need for updated research using size as the fixed measure rather
than order.

The second application employs Theorem 1 to improve LP estimation. According to the
theorem, the VARSs that constitute an LP must be estimated using only a subset of the avail-
able data for the equivalence to hold. This unlocks the potential to increase the sample size.
Specifically, when estimating forecasts or IRFs at horizon h, the new LP estimation method
increases the average sample size by %(h — 1) periods, leading to improved performance in
forecasting and IRF estimation, especially for large horizons.

The third application is the introduction of the VAR sequence (VAR-S), a novel empir-
ical model that integrates LPs and VARs into a unified framework. While LPs and VARs
restrict themselves to using either VARs of increasing or constant order for IRF and fore-
cast estimation, the VAR-S offers more flexibility by allowing the choice of any sequence
of VAR orders. This versatility opens up avenues for more accurate impulse response and
forecast estimation, offering a promising new direction for the field. The VAR-S also en-
ables the application of VAR tools to LPs, including the incorporation of error correction
terms to capture cointegrating relationships (Engle and Granger, 1987), and the identifica-
tion of IRFs using long-run restrictions (Blanchard and Quah, 1989). Additionally, because
the VAR-S is more general, any new estimation, inference, or identification techniques de-
veloped for the VAR sequence will seamlessly apply to LPs and VARs, eliminating the
need to explore these topics separately for each model.

In summary, this paper establishes a mathematical link between LPs and VARs, pro-
viding a deeper understanding of these models and paving the way for substantial break-
throughs in the field.

Literature

This study is situated within the literature on forecast and impulse response estimation. It
contributes not only to the literature comparing models and improving model selection but

also to the separate areas of research on local projections (or direct multistep forecasting)

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 5

and vector autoregressions (or iterated multistep forecasting).? That’s because the new link
between LPs and VARs not only allows for a better comparison but also enables the transfer
of tools and insights from one model to the other, enhancing estimation, inference, and
identification in both areas.

This paper addresses six specific findings in the literature, which are worth highlight-
ing. First, Plagborg-Mgller and Wolf (2021a) show that under certain assumptions, LPs
and VARs of equal order produce the same impulse responses in population if either the
lag order goes to infinity or if the IRF horizon does not exceed the lag order. Theorem 1
advances this research by deriving a precise link between LPs and VARSs, not only in pop-
ulation but also in sample, and without imposing any restrictions on the data generating
process. Essentially, the exact same results can be produced by either estimating an LP or
its underlying VARs of equal and higher order.

Second, both the literature on model selection for impulse response estimation and the
literature on multistep forecasting consistently observe a bias-variance tradeoff between
LPs and VARs (see, for example, Pesaran et al., 2011, p. 174). This tradeoff suggests that
LPs are more robust to misspecification, while VARs are more efficient. However, the un-
derlying reason for this tradeoff has remained unclear.* Theorem 1 and its corollaries pro-
vide a clear explanation, revealing that LPs are more general and larger than they appear.
This means that the observed bias-variance tradeoff may be an artifact of comparing larger

LPs to smaller VARs, rather than an inherent property of the models themselves. >

3For an overview of comparisons between LP and VAR impulse response estimation, see Ramey (2016), Kilian
and Liutkepohl (2017), Nakamura and Steinsson (2018), Stock and Watson (2018), and Plagborg-Mgller and Wolf
(2021a). For an overview of the literature comparing direct multistep forecasting (analogous to LP) with iterated
multistep forecasting (analogous to VAR), see Bhansali (1999), Schorfheide (2005), Chevillon (2007), Marcellino
et al. (2006), Pesaran et al. (2011), and McElroy (2015), with the debate tracing back to Cox (1961), who posits
that direct methods could offer efficiency gains over the iterated approach.

4Svetunkov et al. (2023) observe that, even though there is a general understanding that direct multistep esti-
mators lead to more conservative and robust models than iterated ones, as reported in studies like Cox (1961),
Gersch and Kitagawa (1983), Tiao and Xu (1993), Marcellino et al. (2006), and McElroy (2015), these studies
often fail to provide a clear explanation for this phenomenon.

3Since Plagborg-Mgller and Wolf (2021a) find that LPs and VARs estimate the same thing as lag length goes to
infinity, they reach the same conclusion that the bias-variance tradeoff is not inherent to the models. However, their
findings do not apply to finite sample settings. Therefore, despite their asymptotic findings, the authors reaffirm
that in finite samples and with finite lag lengths, researchers must navigate a bias-variance tradeoff between LPs
and VARs (see Plagborg-Mgller and Wolf, 2021a, p. 975). In contrast, Theorem 1 reveals that even in finite
sample settings, the bias-variance tradeoff is an artifact of comparing larger LPs to smaller VARs. Consequently,
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Third, the same literature often provides guidelines for applied researchers, such as rec-
ommending the choice of an LP over a VAR if unbiasedness is preferred over efficiency, or
suggesting direct over iterated forecasting if the process is close to a unit root (Weiss, 1991,
Liu, 1996), contains structural breaks (Tiao and Tsay, 1994), has a deterministic misspec-
ification (Chevillon and Hendry, 2005), or has a misspecified moving average component
(Schorfheide, 2005).° Moreover, specific characteristics of each model are noted, such as
IRFs being more erratic and spiky when estimated with an LP than with a VAR (Ramey,
2016, Barnichon and Brownlees, 2019), or LPs underestimating IRFs in small sample set-
tings (Gorodnichenko and Lee, 2020). However, most of these findings are derived by
comparing LPs and VARs of the same order, thereby comparing a more general model
to a smaller one, according to Theorem 1, and thus likely reflect differences in model size
rather than model type. This paper converts LP parameters to VAR parameters via Theo-
rem 1 to define model size as the number of VAR parameters, allowing for a comparison of
equally parsimonious models. This approach avoids conflating model size and type, helping
researchers select the right model for their research.

Fourth, the multistep forecasting literature highlights a major drawback of direct fore-
casting methods, such as local projection: the reduction in sample size resulting from in-
cluding the forecast period in the estimation. In contrast, iterated forecasts maintain a larger
sample size by limiting the gap between the dependent and explanatory variables to a sin-
gle period (see, for example, Pesaran et al., 2011, p. 173). This issue is particularly rel-
evant when the forecast horizon is large, consuming a substantial portion of the sample.
Theorem 1 solves this problem by reinterpreting direct forecasts as iterated ones. Specifi-

cally, for LPs, this involves estimating the underlying iterated models—VARs of increasing

researchers may need to navigate a bias-variance tradeoff between larger and smaller models but not necessarily
between LPs and VARs.

®For instance, a typical paper in this field investigates the models and derives practical conclusions by either
performing and evaluating out-of-sample forecasts or by simulating data using various data generating processes
(DGPs), then evaluating the accuracy of estimated IRFs or forecasts against the true ones generated by these
DGPs. Through this lens, studies like Jorda (2005), Kilian and Kim (2011), Brugnolini (2018), Choi and Chudik
(2019), Austin (2020), Bruns and Liitkepohl (2022), and Li et al. (2023) investigate the performance of LPs and
VARs with respect to computing impulse responses. Similarly, Findley (1983), Findley (1985), Liu (1996), Kang
(2003), Ang et al. (2006), Marcellino et al. (2006), and Pesaran et al. (2011) analyze the forecasting performance
of direct and iterated multistep forecasting.
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 7

order—thereby making direct and iterated forecasting models equally efficient in their use
of sample periods.

Fifth, since LPs and VARs are often used for similar purposes, several studies focus on
adapting methods developed for VARSs to local projections and vice versa. For instance,
Nusbaum (2020) imposes long-run restrictions to identify IRFs in a local projection set-
ting by assuming the IRFs eventually level out, while Gorodnichenko and Lee (2020)
and Plagborg-Mgller and Wolf (2022) introduce forecast error variance decompositions
(FEVDs) to local projections, tools originally exclusive to VARs. The VAR sequence pro-
posed here generalizes both LPs and VARs. Thus, any method developed for this new em-
pirical model simultaneously applies to its special cases, LPs and VARs. Hence, the VAR
sequence serves as an attractive baseline for introducing new methods and facilitates the
transfer of tools between LPs and VARs. I demonstrate this by using a VAR sequence to
estimate LP IRFs while still allowing for the identification of IRFs via long-run restrictions
(Shapiro and Watson, 1988, Blanchard and Quah, 1989, King et al., 1991), as well as ac-
commodating cointegrating relationships and trends (Engle and Granger, 1987, Johansen,
1991), tools commonly used in VARs but new to LPs.

Finally, Chang and Sakata (2007) and Plagborg-Mgller and Wolf (2021a) establish
equivalence in population between impulse responses estimated using vector LPs (with
IRFs identified via a structural VAR) and single-equation LPs (with IRFs identified as re-
gression coefficients or via instrument). I demonstrate that this connection also extends to
sample estimates, provided that the VAR used for identifying the impulse has one fewer lag
than the LP used to estimate the response. This lag order difference enables the two mod-
els to produce identical IRFs in both population and sample. This equivalence is formally
stated in Lemma 1, a crucial step in applying Theorem 1 to all types of LPs, connecting
them to VARs of equal and higher order. Moreover, Lemma 1 is significant in its own right,
unifying the two modeling approaches so that all estimation and inference techniques de-
veloped for vector LPs are directly applicable to single-equation LPs, eliminating the need

for separate methodologies.

Overview

The paper is structured as follows: Section 2 presents Theorem 1, demonstrating that

LPs are composed of VARs of increasing order, and VARs are composed of LPs of de-
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8

creasing order. The subsequent sections explore three applications: Section 3 introduces a
new approach to selecting between LP and VAR models, Section 4 improves the efficiency
of LP estimation, and Section 5 introduces the VAR sequence, a new empirical model that
generalizes LPs and VARs. The paper concludes with Section 6. Some content is relegated
to the appendix, including a generalized version of Theorem 1 to incorporate deterministic
and stochastic trends in Appendix A. Additional details on the empirical exercises are pre-
sented in Appendix B, and while short versions of the proofs are included in the main text,

more detailed proofs can be found in Appendix C.

2. LPS ARE VAR PREDICTIONS OF INCREASING ORDER

In this section, I present Theorem 1, which demonstrates that local projections (LPs) are
composed of equal and higher-order vector autoregressions (VARSs), leading to the conclu-
sion that VARs are made up of equal and lower-order LPs. However, before presenting the
theorem, it’s important to establish the equivalence between the different types of LPs.

Section 2.1 defines the vector and single-equation local projection, along with the VAR.
Section 2.2 outlines the assumptions required for estimation. Section 2.3 demonstrates the
equivalence between vector and single-equation LP as Lemma 1. Section 2.4 introduces the
concepts of VAR-based LPs and LP-based VARs. Section 2.5 establishes the equivalence
between the models discussed in Section 2.1 and 2.4 as Theorem 1. Finally, Sections 2.6
and 2.7 present corollaries revealing that LPs generalize VARSs of the same order (Corollary

1) and that LP estimation only makes sense when the model is biased (Corollary 2).

2.1. Definition of LP, SELP, and VAR
Local Projection (LP)

The local projection method of order p is denoted as LP(p) and projects future variables

onto the linear space generated by current and past variables:’

"Local projection (LP) models utilize a technique in which endogenous variables, shifted several steps into the
future, are regressed directly on explanatory variables. This method is employed for generating impulse response
functions (IRFs) and for forecasting. The term "local projection” and its use for IRF estimation as an alternative to
the vector autoregression (VAR) were introduced by Jorda (2005). Within the forecasting literature, LPs represent
a linear approach to direct multi-step forecasting, also known as adaptive forecasting or dynamic estimation. The
foundation of direct forecasting was set forth by Cox (1961), and Weiss (1991) established the consistency and
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 9

Yion =00 () + BY0)Yi -+ BP0+ ) h=1,.. H (1)

where {Y; }+c7z is an unknown stochastic process of N variables, AL (p) isan N x 1 vec-
tor of constants, and Bl(h) (p) is an N x N matrix of coefficients for each lag | and hori-

glr)h (p) have a mean of zero and
(h

are not correlated with regressors, i.e. F {rt(?h(p)} =0, and £ [rH)h(p) tl—f—l—l} =0, for

zon h. By definition of a linear projection, the residuals r

l=1,...,p.

The multistep forecast of a local projection follows directly from (1):

h h
Yoonp =0 ) + BO @)Y+ + B p)Yip1 h=1,... H @)
which then implies the following impulse response functions (IRFs):

IRF(h,d)=B"™(p)d h=0,... H 3)
with normalization Bio) (p) = In, where Iy isan NV x N identity matrix, and disan N x 1
vector that contains the contemporaneous effects of a shock of interest.

The impulse vector d in (3) is assumed to be known, but it can be estimated under ad-
ditional assumptions. It is common to estimate d with a VAR, regardless of whether the
IRFs are estimated with a local projection or a VAR (Jorda, 2005, 2009, Chang and Sakata,
2007, see). Thus, the estimation of d does not cause differences in the IRFs between the
two models. An exception occurs when d is identified using restrictions on the estimated
IRFs at h > 0. However, in such cases, if the model coefficients were the same, the IRFs
and therefore d would also be the same. Hence, since Theorem 1 establishes an equivalence
between model coefficients, the result does not hinge on whether the impulse vector d is

known or estimated.

asymptotic normality of such forecasts under general conditions. The model termed local projection in this paper
had been used as a direct forecasting method before it was termed local projection by Jorda (2005); for examples,
see Tsay (1993), Lin and Tsay (1996), Bhansali (1996, 1997), Ing (2003). Although LP methods are linear in
their parameters, they can model nonlinear relationships. This is achieved through a Taylor series expansion by
including powers of the variables as regressors, as detailed by Jorda (2005, p. 167-168), or by employing regime-
switching parameters, as explored by Auerbach and Gorodnichenko 2013a, 2013b, 2016.
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10

Single-Equation Local Projection (SELP)

The single-equation local projection method of order p, denoted as SELP(p), differs from
the system LP approach (1) by its inclusion of contemporaneous controls. Specifically, it

projects future scalar variables onto the linear space spanned by current and past variables:

Yern = M (p) + M (p)ay + 6™ (p)'V,

“4)
APVt + A O Yy + v () =0, H

where y; is the dependent scalar variable, z; is the explanatory scalar variable, V; is a
/

(K — 1) x 1 vector of instant-effect control variables, and Y; = [V}’ xy yr W } isan N x 1

vector that includes all variables, along with an (N — K — 1) x 1 vector of delayed-effect

control variables W;. The parameters o™ (p) and 8" (p) are scalars, 6(")(p) is a (K —
(h)

1) x 1 vector of constants, and \;’(p) are N x 1 vectors of constants for each lag [ > 1

(h)

and horizon h > 0. The residuals v, (p), by definition of a linear projection, have a mean

t+h
of zero and are uncorrelated with the regressors, i.e., £ [z/t(f_)h(p)} =0, E [Vt(jb_)h(p)xt} =
0, £ [Vt(i)h(p)%} =0,and F [l/t(_}f_)h(pﬂ/t_l} =0forl=1,...,p. It is noteworthy that the

regressor x; may be obtained from a first-stage regression using an instrumental variable,
or it could be a shock identified in a separate model.

The SELP impulse response functions (IRFs) are derived from equation (4):°

8Focusing solely on a single equation in (1) simplifies the representation, estimation, and interpretation of lo-
cal projections, as extensively practiced following the analyses of fiscal shocks by Auerbach and Gorodnichenko
2013a,2013b, 2016 and the examination of oil shocks by Hamilton (2011). This simplicity has spurred various ex-
tensions, including the incorporation of contemporaneous regressors (Auerbach and Gorodnichenko, 2013a, Jorda
et al., 2013, Favara and Imbs, 2015), the use of panel data (Auerbach and Gorodnichenko, 2013b, Owyang et al.,
2013, Jorda et al., 2015, Jorda and Taylor, 2016), regime-switching parameters (Auerbach and Gorodnichenko,
2013a,b, 2016, Hamilton, 2011, Tenreyro and Thwaites, 2016), the inclusion of an exogenous shock identified
in a separate model (Chang and Sakata, 2007, Ramey and Zubairy, 2018), and instrumental variable (IV) local
projections (Jorda et al., 2015, 2020, Leduc and Wilson, 2017, Ramey and Zubairy, 2018, Stock and Watson,
2018). For comprehensive reviews on local projections’ diverse applications, see Ramey (2016), Nakamura and
Steinsson (2018), Adammer (2019), Plagborg-Mgller and Wolf (2021a).

“When the dependent variable is differenced, the cumulated impulse response function (CIRF) is typically
obtained by summing the IRF parameters as outlined in equation (refeq:selpirf). However, within the SELP
literature, it is a common practice to cumulate the dependent variable first and then directly estimate the cu-
mulated IRF (Favara and Imbs, 2015, Auerbach and Gorodnichenko, 2016, Jorda and Taylor, 2016, e.g., see).
This approach streamlines the inference process. However, due to the linear properties of the covariance, i.e.
Cov (Z?:o Ytts th) = Z};:o Cov(yt+s,zt) , the resulting CIRFs are identical to summing up the IRF param-
eters in (5).
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 11

IRF(h) =M (p) h=0,....H (5)

where 3(") (p) is the scalar coefficient associated with the explanatory variable x; in (4). It’s
important to note that SELP restricts some of the contemporaneous relationships. Specif-
ically, the effects of x; and V; are controlled for, while changes in y; and W, are not.
Therefore, the estimated coefficient (") (p) measures the impact of x; on y;.,, holding V;
constant, but allowing W; to react to x;. The SELP IRF thus reflects the response to an

impulse affecting all variables except W;.

Vector Autoregression (VAR)

The vector autoregression (VAR) of order p is denoted as VAR(p) and projects current

variables onto the linear space generated by past variables: '°

Vi=~(p) +T1(p)Yi-1+ -+ Tp(p)Yip + &(p) (6)

where v(p) is an NV x 1 vector of constants, and I';(p) is an N x N matrix of coefficients
for each lag [. By definition of a regression, the VAR residuals & (p) have a mean of zero and
are not correlated with regressors, i.e. E[¢(p)] =0, and E[&(p)Y] ;] =0, forl=1,...,p.
It is common to assume that VAR residuals are not correlated over time, however, VAR
estimation does not enforce this assumption. As a result, the residuals may actually be
correlated in practice, meaning that E[¢;(p)&;_(p)'] # 0 is possible for some k # 0.

In contrast to local projections, VARs are not capable of directly estimating IRFs and

forecasts. Instead, they require an iterative process. The derivation of IRFs and forecasts is

10Before local projection methods were introduced, the primary approach for multivariate IRF and forecast
estimation was the vector autoregression (VAR), a framework established by Sims (1980). The VAR relates each
variable to its own lagged values and those of other variables within the system. To produce forecasts and IRFs,
VARSs iteratively apply the estimated relationships from one time period to the next. Thus, VARs represent a
linear approach to iterated multi-step forecasting, in contrast to the direct multi-step forecasting approach of local
projections. For a comprehensive overview on VAR’s diverse applications, see Hendry (1995), Johansen (1995),
Hamilton (1994), Banerjee et al. (1993), Pfaft (2008), Ramey (2016), Nakamura and Steinsson (2018), Plagborg-
Mgller and Wolf (2021a). A related method is the autoregressive distributed lag (ADL) model, which is a restricted
form of the VAR and serves as a single-equation alternative for estimating IRFs. Romer and Romer (2004, 2010)
use this approach by including an exogenous shock as one of the variables, ensuring it does not appear on the
left-hand side. For an overview of ADLs, see Back and Lee (2022).
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achieved in three steps, which are outlined below. Although these steps may be obvious to

some readers, I still outline them because in Section 2.4, I demonstrate how to modify these

steps to develop a VAR equivalent of a local projection. The first step involves duplicating

the same VAR h times, while shifting the time index incrementally:

Yir1 =) +T1(p)Ye + -+ Tp(0)Yir1—p + &a1(p)

Yivo =) + T1(p)Yig1 + - + Tp(p)Yigo—p + &42(p)

Yien=790) +T1(p)Yign—1 + -+ Tp(0)Yign—p +&4nlp) h=1,...

JH

(7

The second step entails combining the duplicated VARSs to substitute all regressors corre-

sponding to time periods later than ¢:

Yien =7 (@) + T )Y+ -+ 1 (0)Yipr + () h=1,...

where coefficients and forecast errors are the following functions of the VARSs in (7):

p
1" (p) = Y ru() ™ (p) I=1,...
k=1
min{h—1,p}
ME)=vp)+ > Tulp)r P (p)
k=1
min{h—1,p}

M@=+ Y T Bm) h=1...

k=1

(1—k) (1-k)

H

Y

H

with normalization II;” ™/ (p) = Iy forall =%k > 1, and I, " (p) = O otherwise.

®)

(€))

The third and final step involves computing the multistep forecast by removing the fore-

cast errors in equation (8):

Yienp = 7M@) + T @)Y 4 -+ T (0) Vi pn h=1,...

JH

(10)
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 13

which then implies the following impulse response functions (IRFs):
IRF(h,d)=11"(p)d h=0,... H (11)

with normalization Hgo) (p) = In, where h is the IRF horizon, d is the impact of the shock,
and p is the lag order.

Typically, the impulse vector d in (11) is obtained by decomposing the VAR residuals
into uncorrelated shocks in what is known as a structural vector autoregression (SVAR), as
pioneered by Bernanke (1986), Blanchard and Watson (1986), Blanchard and Quah (1989),
Sims and Zha (1998), Uhlig (2005). Nonetheless, as discussed earlier, Theorem 1 applies
regardless of whether d is assumed to be known or estimated, because, for a given iden-
tification strategy, identical model coefficients lead to the estimation of identical impulse
vectors.

To summarize, local projections estimate forecasts and impulse responses directly, while
VARSs require an iterative process to derive them. Another difference is that the forecast
errors of a local projection are not correlated with the variables used in the forecast, while
the forecast errors of a VAR prediction in (8) may be correlated with some of the right-
hand side variables, i.e. £ [Ct(i)h(p) t/+1—l} #0, for some h>2, and [ >p— (h—2), is
possible. This is because LP forecast errors and LP residuals are the same thing, which by

construction, are uncorrelated with the regressors.

2.2. Estimation

The models are estimated with a time series sample {y; };c (1,...,7} generated by an un-
known stochastic process {Y; };c7, by replacing the orthogonality conditions in the models
with sample estimates, as detailed in Appendix C.!! Lemma 1 and Theorem 1 do not im-
pose any restrictions on the stationarity or ergodicity of the stochastic process. The only
requirement is that the time series has finite second moments, in order to ensure that all

models are well-defined. Hence, the estimates don’t need to be unique, unbiased, or con-

Since Lemma 1 and Theorem 1 show equivalence not only in population but also in sample, the sample
periods included in the estimation need to match as well. Thus, the detailed versions of the proofs of Lemma 1
and Theorem 1 in Appendix C refine the definitions of the models by stating the sample used for estimation and
the respective OLS formulas.
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sistent, as the aim is not to connect them to population parameters, but to relate the sample

estimates of one model to another.

2.3. Lemma 1: Vector LPs Replicate Single-Equation LPs

To make the comparison between LPs and VARs easier, I show that the impulse response
functions (IRFs) from a single equation local projection (SELP) in (5) are the same as those
from a vector local projection (LP) in (3) for a certain impulse vector d. This way, the rest
of the paper can just focus on vector LPs, knowing that they give the same results as SELPs.

The comparison between the LP in (1) and the SELP in (4) reveals that LP regressors
cover p periods, whereas SELP regressors cover p + 1 periods. This necessitates the use
of an LP(p + 1) model to replicate the SELP(p) model. In addition, the impulse vector d
of the LP IRFs in (3) must be zero for the variables that are controlled for in the SELP,
particularly for the first X' — 1 elements in Y; that correspond to the instant-effect control
variables V;. The remaining components of d are determined using the residuals from a
VAR(p) model. Notably, the VAR model has one lag less than the LP(p + 1) model because
the VAR(p) residuals, influenced by both dependent and explanatory variables, span p + 1
periods, which aligns with the p + 1 periods covered by the SELP(p) regressors.

The impulse vector d for replicating the IRF of an SELP(p) with an LP(p 4 1) is derived

by decomposing the covariance matrix of the VAR(p) residuals & (p) in (1) as follows:

d— AeK

- A = Chol(Cov(& (1)) ) (12)

Here, ex is an N-dimensional vector consisting of all zeros except for a one in the Kth
position. This vector is used to select the K'th column from the preceding matrix or the
Kth row from the succeeding matrix. Cov (-) computes the covariance matrix, either for
the sample or the population, and Chol () performs Cholesky decomposition to produce
a lower-triangular matrix. The numerator of the impulse vector d is a vector with its first
(K — 1) elements being zero due to the lower-triangular nature of A. This aligns with the
SELP(p)’s inclusion of V; as control variables, implying that the first X' — 1 elements of
Y; cannot respond on impact. The denominator of d normalizes the vector so that its /K'th

element equals one, representing a one-unit increase in the K'th variable x4 of the LP(p+ 1)
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 15

model. This is consistent with SELP(p)’s IRF measuring the impact of a one-unit increase
n x;.

The Frisch-Waugh-Lovell (FWL) Theorem transforms the SELP into a combination of
LP and VAR coefficients, thereby showing that SELP(p) and LP(p + 1) produce the same
IRFs when the impulse vector is derived with a VAR(p):

LEMMA 1—Vector LPs Replicate Single-Equation LPs: The SELP(p) IRFs in (5) are
equivalent to those from the LP(p + 1) for the (K + 1)th variable. This equivalence holds
when generating LP(p + 1) IRFs in (3) using the VAR(p) impulse vector from (A.14). This
holds true in both population and sample, implying that the IRFs remain identical even

when the model parameters and residuals are replaced by their sample estimates.

PROOF: This equivalence is derived by applying the FWL Theorem, stated as Lemma
B.1 in Appendix C.1, to transform the SELP(p) in (4) into a combination of LP(p + 1) and
VAR(p) in (1) and (6). See Appendix C.2 for a detailed proof. O.E.D.

Lemma 1 demonstrates that vector local projections (LPs) can precisely emulate single-
equation local projections (SELPs). This extends the work of Chang and Sakata (2007)
and Plagborg-Mgller and Wolf (2021a,b), who showed such equivalence in population un-
der certain assumptions. Lemma 1 achieves equivalence not just in population but also in
sample by removing one of the lags of the structural VAR. This finding is significant be-
cause it unifies two different modeling methods into one approach. Thus, the focus can be
on vector LPs, recognizing that SELPs are special cases within this broader framework.
Consequently, all estimation and inference techniques used for LPs are also applicable to
SELPs, eliminating the need for separate methodologies. Additionally, it is straightforward
to demonstrate that instrumental-variable SELPs can be replicated using vector LPs by
scaling the impulse vector d accordingly. Therefore, this type of model is also encompassed

within the LP framework of expressions (1) and (3).

2.4. Definition of VAR-Based LP and LP-Based VAR

The goal is to represent local projections as combinations of VARs and vice versa. This is
achieved by increasing the lag order of the duplicated VARSs in equation (7) incrementally,

such that the forecast errors remain uncorrelated with the variables used in the forecast,
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mimicking the characteristics of a local projection. Theorem 1 confirms that the VAR pre-
dictions produced in this manner are equivalent to local projections. This, in turn, implies

that VARs can be expressed as LPs of decreasing order.

VAR Version of a Local Projection

To obtain a VAR version of a local projection, I follow the same three steps for deriving
VAR forecasts outlined in Section 2.1. However, in the first step, instead of duplicating the

same VAR £/ times, I increase the number of lags by one at every iteration:

YVier=7(0) +T1 (@) Y+ +Tp (p) Yig1-p + &41 ()
Yijo=7@+1)+T1(p+ 1) Y1+ +Tp1(p+ 1) Yigi—p + &2 (p+ 1)
(13)
Yieh=7p+h=1)+T1(p+h—1)Yip
+o At D Pt =) Y p + &GP+ h = 1) h=1,....H
where vy (p+h—1), T (p+h—1),and &k (p+ h — 1) are VAR(p + h — 1) coefficients
and residuals in (6). Because of the increasing lag order, none of the VAR residuals are

correlated with LP(p) regressors, i.e. F [§t+h (p+h—1) YtQLH] =0,forl=1,...,p.

In the second step, the VARs are combined to replace future with past variables:
h h h
Yien =0 )+ 0 @)Y+ + 0 0) Vi1 x4}, () h=1.. H (14)

where coefficients and forecast errors are the following functions of the VARs in (13):

h+1—1
v )= 3 Thp+h—-1)u" (p) I=1,....p+h—1
k=1
h—1
YW )=y p+h-1)+> Telp+h—1)o" P (p) (15)
k=1
h—1

X 0) = En 0+ h =1+ Tr(p+h—1)xi1 0 (0) h=1... .H

k=1
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 17

with normalization \Ill(lfk) (p)=1Iy for all I=Fk>1, and \I!l(lfk) (p) =0 otherwise.

Since the VAR residuals in (13) are uncorrelated with LP(p) regressors, so are the residuals
in(14),i.e. £ [Xz(fi)h (p) Y,;/Jrl_l] =0,for/=1,...,p. Therefore, the VAR-based predictions
in (14) meet the same orthogonality conditions as a local projection in (1).

The final step is to obtain multistep forecasts by removing the forecast errors in (14):
h h
Yoo =0 ® )+ 0" ) vi4 -+ 9 ) Vi h=1,.. H  (16)
which then implies the following impulse response functions (IRFs):

IRF (h,d)=U" (p)d h=0,... H (17)
with normalization \I’&O) (p) = Iy, where h is the IRF horizon, d is the impact of the shock,
and p is the lag order of the initial VAR.

To summarize, by increasing the number of lags by one at every itaration, the VAR
predictions in (14) have the same form and properties as a local projection (1), and it is
therefore not surprising that they are equivalent, which is the first statement of Theorem 1.
Before presenting the theorem, let’s switch perspective and write a VAR in terms of local

projections.

Local Projection Version of a VAR

To derive a local projection version of a VAR, we must ensure that the LPs only depend
on variables that are considered in the VAR. This is achieved by combining all LPs that
include as many variables as possible but no more than the VAR(p) itself, which consists
of {Vy,....Yip}:

Vi =00 () + B (0) Yier + -+ B () Vi + 11 ()

Y =0@ (- 1)+ B (p- 1Yo+ + B (p—1)Yipy+r (p—1)

(18)
Yi=b™ (p—h+1)+B" (p—h+1)Y,_,

+---+B§)’i)h+1(p—h+1)}@_p+rt(h)(p—h+1) h=1,...,p+1
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where b (p—h+1), B" (p—h+1), and v (p— h+ 1) are LP(p — h+ 1) coeffi-
cients and residuals at horizon h, as defined in expression (1). Note that the number of
LP lags does not exceed p in order to prevent dependence on variables outside the VAR(p).
For example, the local projection of Y; on {Y;_p,...,Y;—,} only has p — (h — 1) lags so
that all regressors beyond lag p are excluded.

The conversion of (19) to an LP-based VAR model occurs in two steps. In the first step,
the VAR predictions (8) are substituted with LPs of decreasing order (18). In the second
step, the predictions of the first step are combined according to (9) to form an LP-based
VAR model:

Vi=ap)+A(p)Yie1+ -+ Ap(p)Yiep + ve(p) (19)

where the coefficients and residuals are determined by the LPs in (18):

h—1
A =B p—h+1) =Y T B (0 h+1) I=h,...p
k=1
h—1
a(p)=b" (p—h+1) =Y Tp(p)b" k) (p—h+1) (20)
k=1
h = h—k
Ut(p):rg)(p—h—i-l)— Fk(p)ri_;)(p—h—kl) h=1,...,p+1
k=1

Note that the LP-based VAR model in (19) does not depend on forecast horizon h. As a re-
sult, the coefficients and residuals in (20) can be obtained for any valueof h=1,... ,p+ 1,
providing multiple ways to derive the same solution. Nevertheless, regardless of the choice
of h, the coefficients and residuals will always be derived from LPs of at most order p.

To summarize, by decreasing the number of lags when increasing the local projection
horizon, the LP-based VAR model (19) depends on the same variables as the VAR(p).
Hence, it is not surprising that they are equivalent, which is the second statement of Theo-

rem 1.
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LOCAL PROJECTIONS ARE VAR PREDICTIONS OF INCREASING ORDER 19
2.5. Theorem 1: LPs Are Combinations of VARs and Vice Versa

The FWL Theorem is used to transform the LP and VAR models of Section 2.1 into their

respective VAR and LP counterparts of Section 2.4, thereby establishing equivalence:

THEOREM 1—Local Projections Are Combinations of VARs and Vice Versa: The fol-
lowing holds true in both population and sample:
(a) A local projection is a combination of equal and higher-order VARs, and
(b) a VAR is a combination of equal and lower-order local projections.
Specifically, (a) expressions (1) and (14) are equivalent, and (b) expressions (6) and (19)

are equivalent, even when parameters and residuals are replaced by their sample estimates.

PROOF: Statements (a) and (b) are derived by applying the FWL Theorem to transform
the LP and VAR models in (1) and (6) into their respective VAR and LP counterparts in
(14) and (19). See Appendix C.3 for a detailed proof. O.E.D.

Theorem 1 connects LPs and VARs by showing they can be represented by each other.
This breakthrough enhances our understanding of both models, resulting in advancements
in model selection, efficiency, and inference. The remainder of the paper harnesses Theo-
rem 1 to improve the model selection process (Section 2.6, 2.7, and 3), enhance the effi-
ciency of LP estimation (Section 4), and introduce the VAR sequence (VAR-S), a model
that generalizes LPs and VARs (Section 5). However, before delving into these applications,
let’s illustrate Theorem 1 with an example and relate it to the findings of Plagborg-Mgller
and Wolf (2021a).

Example

The purpose of this example is to show that Theorem 1 is not just a theoretical result but
holds in practice when the models are estimated with finite data. The data and underlying
theory for this example can be found in Appendix B.

Figure 2 plots IRFs and forecasts of LPs and VARs (1) and (6) and their VAR- and LP-
counterparts (14) and (19), estimated with U.S. macro indicators. As Theorem 1 (a) states,
LP-IRFs and forecasts are equal to the ones produced by VARSs of increasing order. This is
evident as the bright dashed lines of the VAR-based LP model (14) match the dark thick
lines of the LP model (1). Additionally, in accordance with Theorem 1 (b), VAR-IRFs and
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FIGURE 2.—Estimated LPs as Combinations of VARs and Vice Versa (Theorem 1)

Note: All variables are in annual percentage rates. The figure illustrates Theorem 1, which states that LPs are combinations of
equal and higher-order VARs, and VARs are combinations of equal and lower-order LPs. The example uses U.S. macro indicators
from 1955 Q1 to 2021 Q1, as plotted in Figure B.2. Panel A displays the impulse response functions (IRFs) to a one percentage
point increase in the federal funds rate (FFR), while holding current and past variables constant. Panel B shows the forecasts for
the next sixteen quarters. Four models are used: (i) VAR(4) as defined in (8), (ii) LP(4) as defined in (1), (iii) an iteration over
VAR(4), then VAR(5), etc., until VAR(19) as defined in (14), and (iv) a VAR derived from LP(0), LP(1), LP(2), LP(3), and LP(4)
models as defined in (19). As stated in Theorem 1, the IRFs and forecasts of (i) and (iv) are identical, as are those of (ii) and (iii).
The estimation of the models is done by OLS, and can be found in Appendix C. The data and underlying theory for this example,
a replication of Jorda (2005) with updated data, are described in Appendix B.

forecasts are equivalent to the ones produced by LPs of decreasing order. This is shown
as the dark dashed lines of the LP-based VAR model (19) overlap the bright thick lines of
the VAR model (6). Thus, Figure 2 illustrates that Theorem 1 remains valid even when the

models are estimated using finite data.

Generalization of Plagborg-Mgller and Wolf (2021)

In a recent paper, Plagborg-Mgller and Wolf (2021a) show that LP(p) and VAR(p) mod-
els produce the same IRFs in population when lag length goes to infinity, i.e. p — co
(Proposition 1), or as long as the IRF horizon h does not exceed lag length, i.e. h <p

(Proposition 2). Theorem 1 allows to summarize these claims in a single expression; specif-
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ically, Plagborg-Mgller and Wolf (2021a) claim the following:

h k
B (p)d — 1 (p)d =SS (p) [Lu(p+ k= 1) = Tu(p)] B (p)d
k=1 s=1 ~ - (21)

—

where B%h) (p)d and H(lh) (p)d are the LP- and VAR-IRFs of (3) and (11), I's(r) are the
VAR(r) coefficients defined in (6), and therefore, the terms in brackets are VAR lag order
selection biases. The normalizations are Hgo) (p) = B&O) (p) = In, ngs) (p) =0for s> 1,
and I's(r) =0 for s > r. This expression reveals that Proposition 1 requires VARSs to be
convergent so that the terms inside the brackets go to zero as p — oo, and Proposition 2
requires the VAR(p) coefficients to remain unchanged when adding up to p — 1 lags to the
model.

Theorem 1 broadens the two propositions in Plagborg-Mgller and Wolf (2021a) in five
dimensions. Firstly, the assumptions needed for the propositions to be true are disclosed
in an analytical expression relating the two models, rather than being imposed in advance.
Secondly, expression (21) is applicable not only in population but also in sample, allowing
for analysis in small sample settings. Thirdly, Theorem 1 allows for comparisons of not
only IRFs but also forecasts. Fourthly, Theorem 1 enables comparisons between LPs and
VARs of distinct orders, not just those of equal order. This becomes important in Section
3, where I argue that instead of comparing LPs and VARs of the same order, a more mean-
ingful comparison can be made by comparing LPs and VARSs of the same size, as measured
by the number of underlying VAR parameters. Lastly, the equivalence in Theorem 1 also
holds when incorporating deterministic trends and cointegrating relationships, as shown
in Theorem A.1 of Appendix A, thereby generalizing the two propositions to vector error
correction models (VECMs).

2.6. Corollary 1: LPs Generalize VARs and Vice Versa

Theorem 1 states that a local projection is composed of VARs of equal and higher order,

making it both a generalization and a special case of a VAR:
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COROLLARY 1—LPs Generalize VARs and Vice Versa:
(a) LP(p) generalize VAR(p) predictions, and
(b) VAR(p+ H — 1) generalize LP(p) predictions, at horizon h=1,... H.

PROOF: Theorem 1 demonstrates that LP(p) is constructed from VARs of equal and
higher order, making it a generalization of VAR(p), thus proving (a). Expression (13) and
Theorem 1 show that VAR(p + H — 1) encompasses all the VARs that form LP(p) at hori-
zons h=1,..., H, thereby generalizing LP(p), thus proving (b). Q.E.D.

Corollary 1 reveals that LPs and VARSs can be both special cases and generalizations of
each other for certain model orders. Hence, they estimate the same data generating process
and cannot capture any aspects of the process that the other model cannot.

Interestingly, statement (a) of Corollary 1 reveals that comparing LPs with VARs of
equal order, a common practice in the literature, effectively pits a more general model
against a more specific one. This is akin to comparing a VAR with more lags against a
VAR with fewer lags. This explains the bias-variance tradeoff observed in the literature,
where LPs exhibit lower bias at the expense of higher estimation variance compared to
VARs. Corollary 1 shows that this bias-variance tradeoff happens not because LPs handle
bias better, but because the comparisons are made between LPs and VARs of the same
order, making the LP a generalization of the VAR.!?

As a result, if the results from an LP contradict those from a VAR of the same order,
the VAR results can be dismissed in favor of the LP results. This makes model selection
quite simple and uninteresting. Therefore, instead of comparing LPs and VARs of equal
order, Section 3 introduces the concept of comparing LPs and VARSs of equal size, defined
as models using the same number of VAR parameters after transforming the LP into VAR
parameters via Theorem 1. This way, if one model is better at reducing bias, it’s because of

its inherent structure, and not because it is a generalization of the other.

12The insight that the bias-variance tradeoff is not intrinsic to LPs and VARs was first made by Plagborg-Mgller
and Wolf (2021a), who show that LPs and VARs estimate the same thing in an asymptotic environment where
sample size and model size go to infinity. They conclude that VAR impulse response estimators are not generally
more efficient than local projection estimators, nor are local projections generally more robust to misspecification
than VARs. However, their finding does not translate to finite sample settings, and consequently, they acknowledge
that in finite samples and with finite lag lengths, researchers must navigate a bias-variance tradeoff between LPs
and VARs (see Plagborg-Mgller and Wolf, 2021a, p. 975).
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2.7. Corollary 2: LPs Have to Be Biased

Theorem 1 and Corollary 1 imply that it only makes sense to estimate a local projection

if the model is biased:

COROLLARY 2—Unbiased LPs Are Inefficient: An unbiased LP(p) is always inferior
to a VAR(p).

PROOF: Theorem 1 and Corollary 1 imply that the LP(p) model is biased if and only
if the VAR(p) model is biased. The "if" portion stems from Theorem 1, which states that
LP(p) is a combination of equal and higher-order VARs. This means that LP(p) forecasts
and IRFs always incorporate VAR(p) parameters, allowing any bias in the VAR(p) to trans-
fer to the LP(p). Conversely, the "only if" portion is derived from Corollary 1, which shows
that the LP(p) model is a generalization of the VAR(p) model. This implies that if the LP(p)
model is biased, then so are its special cases, including the VAR(p). Furthermore, Theorem
1 reveals that an LP(p) model consists of equal and higher-order VAR(q) models, where
q > p. This means it estimates more coefficients than a VAR(p), making it less efficient if
the VAR(p) is unbiased. Hence, when the LP(p) model is unbiased, both models are well-
specified, but the VAR(p) is more efficient and thus superior to the LP(p). Because Theorem
1 holds both in sample and population, the statement is always true, even in small sample
settings. Q.E.D.

Corollary 2 reveals that when the LP(p) model is unbiased, it is better to estimate a
VAR(p). Therefore, when estimating a local projection, one cannot impose the convenient
assumption of unbiasedness, as this would make the VAR a better choice. Instead, one
should assume that IRFs and forecasts are biased regardless of the model, and therefore, the
goal is to minimize the bias, not eliminate it. Bhansali (1996, 1999) describe this approach
as a non-parametric procedure, approximating an unknown data generating process (DGP)

instead of establishing what the true DGP is.!3

13By allowing the DGP to differ from the model, it is common to let the model that approximates the DGP,

often referred to as the forecast-generating process (FGP), have its number of parameters increase with sample
size, thereby getting larger and potentially closer to the DGP as the sample size increases (see Bhansali, 1999, for
further details).
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Allowing LPs to be biased presents a challenge for estimation, inference, and identifica-
tion methods that rely on correctly specified models. For instance, it is common practice
to identify the impulse of an IRF by decomposing VAR residuals into economic shocks.
But this leads to a dilemma: allowing a biased model means that the shocks are no longer
identified, while claiming the shocks are identified contradicts the estimation of a local pro-
jection instead of a VAR. A possible solution is to assume that the lag order increases with
the sample size, allowing LPs to be biased in finite samples but unbiased asymptotically.
This approach aligns with the work of Lewis and Reinsel (1985) on the consistency of
models with increasing lag orders and Inoue and Kilian (2002) on the asymptotic validity
of the bootstrap method when the underlying process is an infinite autoregression.

Corollary 2 confirms a finding consistently observed in the literature on direct multistep
forecasting (analogous to LP) versus iterated multistep forecasting (analogous to VAR):
direct forecasting is inefficient for well-specified models (see Chevillon, 2007, Section 3).
Theorem 1 enriches the understanding of this issue in two key ways. First, it provides a
clear reason for this inefficiency: a local projection is less efficient than a VAR of the same
order because it uses a larger number of estimated VAR parameters. Second, while John-
ston (1974) and Kabaila (1981) show that a well-specified direct forecasting model is less
efficient than the iterated counterpart, they derive this result only asymptotically. Because
they restrict themselves to an asymptotic setting, they conclude that gains of direct fore-
casting may still be found in small samples, even if the model is well-specified. Theorem
1, which applies to both asymptotic settings and sample estimates, allows Corollary 2 to
contradict this by stating that unbiased LPs are always inferior to VARs, even in small

samples.

3. APPLICATION I: A NEW MEASURE OF MODEL SIZE

In this section, I use Theorem 1 to argue against comparing LPs and VARs of the same
order, suggesting instead to compare them based on size. Section 3.1 defines models of
equal size as those using the same number of VAR parameters for predictions, while Section
3.2 highlights how comparing LPs and VARs of the same order (rather than size) has led to

misconceptions about a bias-variance tradeoff in the literature.
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3.1. Definition of Model Size

Although LPs and VARs of equal order have an equal number of parameters, Theorem 1
shows that LPs are larger as they consist of higher-order VARs. The theorem further reveals
that LPs and VARs share a common denominator in VAR parameters, which calls for the

following apples to apples measure of model size:

DEFINITION 1—Model Size: The size of a model is the average number of VAR pa-
rameters used per iteration and equation to forecast a single variable.
(i) A VAR forecast employs the same VAR for every iteration (7), hence, the size of an
h-step ahead VAR(q) prediction with N variables and a constant is

N(1+Ng)+---+N(1+ Nq)
hN

size {VAR(q),h} = =1+ Ng.

(i1) According to Theorem 1, an LP uses VARSs of increasing order (13), therefore, the size

of an h-step ahead LP(p) prediction with /N variables and a constant is

N(1+Np)+---+N({1+N(p+h-1))
hN

size {LP(p),h} = 5

In summary, the size of a model refers to the average number of estimated coefficients
per regression used to iterate a variable h steps forward. Therefore, a smaller model is more
parsimonious than a larger one.'*

Inspection of Definition 1 reveals the following:

COROLLARY 3—LPs and VARs of the Same Order vs. Size: For any horizon
h=1,2,3,...and N variables,

(a) LPs are 50 (h_} ) % larger than VARs of the same order p, and
(r+x)
N

(b) LPs and VARs are of the same size if the VAR model has %(h — 1) more lags.

“While LPs and VARS of equal size are equally parsimonious, LPs implicitly estimate VAR parameters less
efficiently due to losing more observations than VARs. To address this data loss issue, Section 4 introduces a
new LP estimation method that explicitly estimates VARs before aggregating them into LPs via Theorem 1. This
approach ensures that models of equal size are not only equally parsimonious but also equally efficient in terms
of sample utilization.
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PROOF: (a) An LP(p) at horizon h is X % larger than a VAR(p) if

size {LP(p), h} — size {VAR(p), h}) _0 (h—1)
size {VAR(p), h} < 1 )

X:100< h=1,2,3,...

P+ N
where model size is defined in Definition 1. (b) LP(p) and VAR(q) models are of the same
size if
size {VAR(q), h} = size {LP(p), h}
1
1+Nq: 1+N(p+§(h—1)>

1
q:p—i—§(h—1) h=1,3,5,...

and therefore, the VAR lag order ¢ needs to be %(h — 1) periods larger to match the LP lag
order p. O.E.D.

An example of Corollary 3 (a) is that an LP(4) is at least 50% larger than a VAR(4) at
horizon h = 6, which means that the LP model uses 50% more VAR parameters to make
a six-step ahead prediction. Moreover, an LP(15) is at least 15% larger than a VAR(15) at
horizon h = 6, and an LP(4) is at least 140% larger than a VAR(4) at horizon h = 15. An
example of Corollary 3 (b) is that an LP(4) is as large as a VAR(11) at horizon h = 15.

Corollary 3 along with Corollary 1 provide a straightforward explanation for the well-
established result that local projections are more robust and less efficient than VARs of the
same order: the tradeoff between bias and variance occurs simply because LPs are larger!
Even though they estimate the same number of LP or VAR parameters, LPs implicitly
estimate more VAR parameters than VARs, making them less parsimonious. Since the size
of an LP model increases with forecast horizon h, while the size of a VAR remains constant,
this tradeoff becomes more pronounced for larger horizons.

Note that Corollaries 1 and 3 suggest that adding %(h — 1) lags to either an LP or a VAR
of the same size at horizon h =1, 3,5,... makes that model a generalization of the other.
Conversely, removing that amount of lags makes that model a special case of the other.
Hence, LPs and VARSs of equal size are not only equally parsimonious but also equally

restrictive.
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3.2. Dispelling the Myth of a Bias-Variance Tradeoff

LPs and VARs of equal order may seem equally parsimonious as they estimate the same
number of LP and VAR parameters. However, Corollary 3 reveals that this is a result of
an “apples to oranges” comparison. Once the LP parameters are transformed to VAR pa-
rameters via Theorem 1, an “apples to apples” comparison reveals that LPs are larger than
VARs of equal order. Therefore, a fairer comparison is between LPs and VARs of equal
size, which keeps the number of VAR parameters fixed. For example, if an LP is less bi-
ased than a VAR of the same size in a specific scenario, it can be concluded that the LP
uses its parameters more efficiently under those conditions. Such conclusion would not be
valid if the models were of the same order, as it would not be clear whether the reduction
in bias was due to the model structure or simply the result of the LP estimating more VAR
parameters.

Comparing LPs and VARs of equal order rather than size may have led much of the liter-
ature astray. While a bias-variance tradeoff exists between smaller and larger models, there
is no evidence that such a tradeoff exists between LPs and VARs once size is controlled
for. The purported bias-variance tradeoff may have misled researchers who prioritize un-
biasedness over efficiency to switch from a VAR to an LP, when the bias reduction might
have been greater by switching to a lager VAR. Hence, research that finds such a tradeoff
may need to be revisited, investigating whether the tradeoff stems from comparing larger
to smaller models or if the bias reduction is indeed an inherent property of local projec-
tions within the specific context of the comparison. This reevaluation will provide a more
accurate understanding of the comparative advantages of these models, thereby improving
model selection.

To summarize, I dispel the “myth” that LPs are generally more robust to misspecifica-
tion and VARs are more efficient. While Plagborg-Mgller and Wolf (2021a) have already
dispelled this myth in an asymptotic context, their findings do not apply to finite sample
settings. Therefore, despite their asymptotic findings, the authors end up reaffirming the
claim that in finite samples and with finite lag lengths, researchers must navigate a bias-
variance tradeoff between LPs and VARs (see Plagborg-Mgller and Wolf, 2021a, p. 975).

However, Theorem 1, together with Corollaries 1 and 3, reveals that this tradeoff may be
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an artifact of comparing a more general LP to a smaller VAR in the literature, rather than

an inherent property of the models in finite samples.

4. APPLICATION II: A NEW LP ESTIMATION METHOD

This section utilizes Theorem 1, which reveals that LPs are composed of VARs of in-
creasing order, to enhance the efficiency of local projection estimation. The approach in-
volves estimating and assembling the underlying VARSs rather than directly estimating the
LP, thereby increasing the sample size. While it is already established that estimating a
local projection by horizon h =1, ..., H results in a gain of H — h observations compared
to joint estimation, the new method gains an additional %(h — 1) observations, improving
the efficiency of local projections particularly for long horizons.

Section 4.1 explains LP estimation, introduces the new VAR-based estimation method,
and demonstrates that the new method increases sample size. Section 4.2 exemplifies the

improved performance of the new method in predicting key macroeconomic indicators.

4.1. Sample Size for Different LP Estimation Methods

Estimation is based on a time series sample {y;}yc(y,.. 7y With 1" periods drawn from
a stochastic process {Y;}scz. The regressors are required to have full rank and all second
moments must be finite in sample. As in Section 2, the goal is not to connect the estimates
to population parameters but to compare sample sizes across estimation methods, and thus

do not need to be unbiased or consistent.

Traditional LP Estimation Method
Traditionally, the local projection of order p, as defined in (1), is estimated using the
following method,

-1

[z}(h)(p) fgih)(p) A]gh)(p)} = Z Yernre(p) Z i (p)ai(p)’ 22)
)

teSh teS(h)

h=1,...,H, SMcC{p, ... .T—h}
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/ ~
where x4(p) = [1 Yt Y +J are sample regressors for the LP(p) model, 5 (p) and

él(h) (p) are the sample estimates of the LP parameters in (1), and S (h) is the time series

sample used for estimation.

There are two common ways to estimate LPs, (i) estimation by maximum horizon, also

known as joint estimation, where the sample stays the same for all horizons, i.e. S (h) =

{p,...,T — H}, for all h, and (ii) estimation by horizon, where the sample size increases

for shorter horizons, i.e. S = {p,...,T — h}. The third method, which I propose, is (iii)

estimation by VAR, which increases the sample size even more.

New VAR-Based LP Estimation Method

The parameters of the VAR-based LP model (14) of order p at horizon / are estimated in

two steps. In the first step, the underlying VARs (13) of increasing order: VAR(p + 5 — 1),

for j =1,...,h, are estimated as follows:

-1

A(s) Ta(sy) - T (s) | = D wemea(sy) | D mia(sy)aa(s;y)

te€Th te€Th

(23)

/
where z;_1(s;) = {1 Yp_q e 3/2—53} are sample regressors for the VAR(p + j — 1), 4(s;)

and fl(sj) are the sample estimates of the VAR parameters in (6), and 7; is the time series

sample used for VAR(p + j — 1) estimation.

In the second step, the VAR parameters estimated in (23) are assembled into LP coeffi-

cients according to expression (24):

h—1
YW p)=4p+h—1)+ > Tplp+h— 1" P (p)
k=1
h+l—1 . A (24)
3 Dup+h -1 P () I=1,....p+h—1
k=1
(1-F) - (1-k)

with normalization \ill (p) =1Iy for all =k, and ¥, "/(p) =0 otherwise, where

’l[}(h) (p) and U

(h)
l

(p) are the sample estimates of the VAR-based LP parameters in (14).
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Theorem 1 states that the LP coefficients in (22) are equal to the VAR-based LP coef-
ficients in (24), both in population and sample, when using a specific time series sample
of Tj={p+j,...,T — H+ j}. However, the sets of periods 7; used for VAR estimation
in Theorem 1 allow for the possibility of including more time periods. In particular, the
VAR(p + j — 1) in equation (23) can be estimated using a maximum of 7' — (p+ j — 1)
time periods if the sample used for estimation is 7; = {p+ j,...,7'}. The new VAR-based
LP estimation method is defined as estimating (24) using this largest possible sample. It is
referred to as LP estimation “by VAR” because the same VAR coefficients are used to cal-
culate LPs at all horizons, unlike traditional estimation methods which use different VAR

samples for each horizon, as shown in Corollary 4 below.

Sample Size Comparison

To show that the new VAR-based LP estimation method increases sample size, Corollary
4 lists the VAR samples that mimic traditional LP estimation methods, then compares the

sample sizes between these and the new estimation method:

COROLLARY 4—VAR Samples by LP Estimation Method:
Theorem 1 applies if the time periods used for LP estimation S (") in (22) match the follow-
ing time periods used for VAR estimation {Ty,..., Ty} in (23):

LP(p) at Horizon h ~ |VAR(p+j—1), forj=1,....h
(i)ByMaxHorizonS(h):{p,...,T—H}7}:{p—|—j,...,T—H+j}
(12) By Horizon Sh ={p,...., T —h} Ti={p+j,.... T —h+j}
ii1) By VAR not possible Ti={p+y4,....T

j

h=1,...,H

where method (iii) is a new way of estimating an LP(p) using all available periods. The
last column reveals that the new method (iii) uses more data for VAR estimation than the

traditional methods (i) and (ii).

PROOF: The proof of Theorem 1 in Appendix C.3 shows that (i) is true. Note that (i)
implies (ii) for an LP(p) at horizon h = H; and therefore, by setting the maximum horizon
to H=1, H=2,etc., (i) derives (ii) for all horizons. O.E.D.
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This corollary provides a more precise formulation of Theorem 1, as it shows exactly
how the VARs need to be estimated so that the VAR-based LP (14) is equivalent to an LP
(1) in sample. Moreover, Corollary 4 reveals that the traditional LP estimation methods
remove more periods than necessary at the VAR-level; and therefore, LP estimation can be
improved by including these periods.

Method (iii) in Corollary 4 makes two significant contributions. First, it improves effi-
ciency in estimating IRFs and forecasts using LPs, contributing to the existing literature on
local projection estimation. Second, it addresses the sample size problem that has been a
concern in the literature on multistep forecasting (see, for example, Pesaran et al., 2011,
p. 173). Direct forecasting methods, like LPs, include the forecasted period in the estima-
tion, which reduces the sample size by h periods when estimating h-step ahead forecasts.
In contrast, iterated forecasting methods, like VARs, maintain a larger sample size by hav-
ing only a one-period gap between dependent and explanatory variables. This sample size
problem worsens with longer forecast horizons, effectively shrinking to zero as the horizon
increases. The new VAR-based LP estimation method solves this problem by estimating
one-step models, using the same sample size as iterated models. This approach can also
benefit other direct forecasting models by converting them into a series of one-step predic-
tions before estimation.

Table I compares the VAR sample sizes for the three LP(p) estimation methods outlined
in Corollary 4. The columns represent VAR models of increasing order, while the rows rep-
resent forecast horizons. Method (i) estimates an LP with the same sample for all horizons;
and therefore, the sample sizes are identical across all VARs. Method (ii) employs different
samples for different LP horizons, causing the sample size for each VAR to vary based on
the horizon; thus, the VAR sample sizes are the same within rows, but differ across rows.
Method (iii) utilizes the largest available sample for each VAR model, resulting in the same
sample size within each column, but differing from column to column.

Moreover, Table I lists the average sample size for a VAR-based LP of order p both
at horizon h and until horizon H. The former calculates the average size for a specific
horizon h, while the latter calculates it for the entire IRF or forecast path until horizon
H. At horizon h, Table I shows that estimation (ii) by horizon instead of (i) by maximum
horizon increases the sample size by H — h periods, and estimation (iii) by VAR instead of

(i1) by horizon increases the sample again by %(h — 1) periods. While the gain in sample
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TABLE I
SAMPLE SIZE BY LP ESTIMATION METHOD (COROLLARY 4)

LP Estimation Method VAR Sample Size Average
Horizon \ VAR VAR(p) VAR(p+1) .-+ VAR(p+H-1)
1 At Horizon h
(i) By Max Horizon 2 T—-p—(H-1) T=p-(H-1)
: Until Horizon H
H T—-p—(H-1)
1 T—-p At Horizon h
(i1) By Horizon 2 T=p-1 T=p=(h=1)
: : Until Horizon H
H —T-p—-(H-1)——— T—p—%(H—l)
1 ‘ ’ ‘ At Horizon h
2 T—p—3(h—1)
Gii) By VAR L T-p T-p-1 7 T-p—(m-1
: Until Horizon H
H ‘ ’ T-p—3(H-1)

Note: This table compares sample sizes for the three LP estimation methods of Corollary 4 with 7" time periods and p lags in
the local projection. The columns depict VAR models of increasing order, VAR(p + 5 — 1), j =1, ..., H, while the rows depict
forecast horizons, h =1,..., H. The number in row "h" and column "VAR(k)" is the sample size of the VAR(k) used for the
VAR-based LP at horizon h that replicates estimation (i) by maximum horizon, (ii) by horizon, or (iii) by VAR. Method (i) uses
the same sample for all LPs, resulting in identical sample sizes for all VARs and horizons. Method (ii) uses different samples
for different horizons, leading to varying sample sizes across rows, but with the same sample size within each row. Method (iii)
maximizes the sample size for each VAR and then uses the same VAR for all horizons, causing sample sizes to vary across columns
but remain the same within columns. The last column provides the average sample sizes for each of the three estimation methods.
The average sample size at horizon A is the average across all columns of the hth row, and the average sample size until horizon H

is the average across all columns and all rows. Formally, the former is defined as uj, = % 2?21 #7Tj, where #7T; is the number

of elements in the VAR sample 7; of Corollary 4, and the latter is calculated as % 22:1 Hi-

size of (i) is large for short horizons, (ii1) also increases the sample size for long horizons;
hence, the new method is particularly useful for estimating long-term IRFs and forecasts.
For the entire IRF or forecast up to horizon H, Table I shows that method (ii) cuts the
lost periods by half at the end of the sample compared to (i), and method (iii) cuts the lost
periods by half again, on average, compared to (ii).

Let’s explore the implications of increasing the sample size with an example.

4.2. Improved Performance of New LP Estimation Method

To compare performance, I calculate the out-of-sample mean squared errors (MSEs) of
LP(4) forecasts when estimated (i) by maximum horizon, (i) by horizon, and (iii) by VAR,

as defined in Corollary 4. I compare the methods in their ability to forecast three U.S.
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FFR | Inflation | Output Gap |

Mean Squared Error

4 8 12 16 1 8 12
Forecast Horizon

mmmm—= P(4) by Maximum Horizon
""" LP(4) by Horizon
= =— LP(4) by VAR = VAR-5(4,5,6,...)

FIGURE 3.—Out-Of-Sample Performance by LP Estimation Method (Corollary 4)

Note: This figure plots the out-of-sample mean squared errors (MSEs) across forecast horizons for LP(4) forecasts estimated
using three methods: estimation (i) by maximum horizon, (ii) by horizon, and (iii) by VAR, as defined in Corollary 4. The LP
forecast estimated by VAR has the lowest MSE and thus the best out-of-sample performance, as the underlying VARs are estimated
using all available periods, not just a subset, as seen in Corollary 4 and Table I. The MSE is calculated as the average of the squared
forecast errors of 140 LP forecasts estimated using a rolling forecasting scheme. The scheme involves splitting 67 years of US
macroeconomic indicators from 1955 Q1 to 2022 Q2 into 140 samples of 30 years (120 quarters) each, then using these samples
to estimate the model and generate 140 out-of-sample forecasts. More details on the rolling forecasting scheme and data can be
found in Appendix B.

macroeconomic indicators: federal funds rate (FFR), inflation, and output gap, which are
the same variables used in Jorda (2005) to compare local projections to VARs. The MSE
is calculated using a rolling forecasting scheme, where the quarterly data from 1955 QI to
2022 Q2 is split into 140 separate samples of 30 years. For each sample, an out-of-sample
forecast is made, and the mean squared error (MSE) is determined by taking the average
of the squared errors of those 140 forecasts. More details on the rolling forecasting scheme
and data can be found in Appendix B.

Figure 3 displays the performance of the three LP estimation methods from Corollary
4. The plot shows that the LPs estimated (iii) by VAR have the lowest MSE across all
horizons and thus perform better than LPs estimated (i) by maximum horizon and (ii) by
horizon. This is because the VARs are estimated using all available periods, not just a
subset, as demonstrated in Corollary 4 and Table I. Method (ii) outperforms method (i), but
the advantage decreases with forecast horizon and eventually becomes negligible, while
method (iii) consistently outperforms the other methods, especially at larger horizons.

To summarize, a new method of estimating local projections (LPs) has been developed

that makes use of the insight that LPs are vector autoregressions (VARs) of increasing order
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(Theorem 1). By estimating the underlying VARs, fewer time periods need to be removed
from the sample, resulting in a larger sample size. This method increases forecasting per-

formance, as demonstrated in a comparison of out-of-sample mean squared errors.

5. APPLICATION III: VAR SEQUENCE - A GENERALIZATION

In this section, a novel empirical model called VAR sequence (VAR-S) is introduced,
which unifies local projections (LPs) and vector autoregressions (VARs). Theorem 1 high-
lights that LPs can be interpreted as a combination of VARs of increasing order, whereas
VAR predictions are made up of VARs of constant order. By exploiting this observation,
the VAR sequence enables the selection of an arbitrary sequence of VAR orders, rather than
being restricted to an increasing or constant order.

This generalization offers three main benefits: First, it broadens the range of lag order
options, potentially improving IRF and forecast estimation. Second, the VAR sequence
can be designed to incorporate features from both LP and VAR methods, leveraging the
strengths of each. This allows for the application of VAR tools to LPs, such as including
error correction terms to capture cointegrating relationships as in Engle and Granger (1987)
or identifying IRFs using long-run restrictions as in Blanchard and Quah (1989). Third,
future research can apply new estimation, inference, or identification techniques to the
VAR sequence, thereby improving both LP and VAR methods simultaneously, eliminating
the need to explore these topics separately for each model.

Section 5.1 provides a detailed definition of the VAR sequence. Section 5.2 elaborates on
how both LPs and VARs fit into the framework of VAR sequences and introduces additional
hybrid types. Finally, Section 5.3 explores the use of the VAR sequence to apply VAR tools
to LPs.

5.1. Definition of VAR Sequence (VAR-S)

A VAR sequence (VAR-S) is a method that estimates IRFs and forecasts based on a
series of VARs. The VAR-S(s), defined by a particular lag sequence s = {s1,...,sg} or
denoted as VAR-S(s1,...,sp), operates by estimating a VAR at each lag order sy € s.
These individual VARs are then combined to produce IRFs and forecasts through a three-

step procedure, akin to the procedure used to compute the VAR-based LP in Section 2.4.
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In the first step, the VARs of order s, for j =1,..., h, are listed in order, while shifting

the time index incrementally:

Yir1 =7(s1) + Ti(s1)Ye+ -+ Ty (81)Yir1-s, + &r1(51)

Yita =7(s2) + T1(s2)Yir1 + -+ + Ty (52)Yigo—s, + Ee2(s2)

Yien =7(sn) + Ti(sp)Yepn—1+ -+ s, (5n)Yern—s, +&4nlsn) h=1,....H

where v(s,), I'1(sp), and &(sp,) are the VAR(sy,) coefficients and residuals in (6).

In the second step, the VARs are combined to replace future regressors with current and

past variables:

Yien = 9™(s) + G ()Y 4+ G (s)Yi 11 + 0 (5)

h=1,2,..., )\S:mﬁx{sh—i—l—h}

where coefficients and forecast errors are the following functions of the VARs in (25):

Sh
aM(s) = ka(Sh)Gl(h_k)(S) I=1,..., )\
=1
min{h—1,s5}
g () =vsn)+ D Talsn)g" " (s)
=1

min{h—1,s}
vﬁ_)h(s) =&anl(sn) + Z Fk(sh)vgi;ﬁ)k(s) h=1,2,...
k=1

with normalizations Gl(lfk)(s) = Iy foralll=k>1, and Gl(lfk)(s) = 0 otherwise.

(25)

(26)

27)

The final step is to obtain multistep forecasts by removing the forecast errors in (26):

Yonp = 9™ (s) + G (s)Yi 4 + G&z)(S)Yt—ASH h=1,....H

(28)

10

11

12

13

15

16

17

18

19

20

21

22

23

24

25

26

27

28

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

36

which then implies the following impulse response functions (IRFs):
IRF(h,d)=G"(s)d h=0,... H (29)

with normalization G go) (s) = In, where h is the IRF horizon, d is the impact of the shock,

and s = {s1,...,sg} is the lag sequence.

5.2. Types of VAR Sequences

Since LPs are combinations of VARs of increasing order and VAR predictions are com-
binations of VARs of the same order, it follows that both LP and VAR predictions are types
of VAR sequences:

COROLLARY 5—LPs and VARs Are VAR Sequences:
(a) A VAR(q) produces the same IRF's and forecasts as a VAR-S(q,q,q, . ..), and
(b) an LP(p) produces the same IRFs and forecasts as a VAR-S(p,p+ 1,p+2...).

This is true in both, population and sample.

PROOF: As per definition of a VAR sequence, the VAR-S(q, q,q,...) is a VAR(q) pre-
diction model, as defined in equation (8), and the VAR-S(p,p+ 1,p+ 2...) is a VAR-based
LP model, as defined in equation (14), which corresponds to a local projection (1), accord-
ing to Theorem 1. Because Theorem 1 is true in both, population and sample, Corollary 5

is true in both, too. O.E.D.

Corollary 5 shows that LPs and VARs are both instances of VAR sequences, where the
lag sequence increases linearly for LPs and remains constant for VARs. However, it should
be noted that the lag sequence does not need to adhere to either of these two patterns, and
it is possible that superior patterns exist that have yet to be discovered.

VAR sequences allow for arbitrary combinations of LPs and VARs. For instance, since
the lag sequence of an LP has a slope of one: s = {p,p+ 1,p+ 2,... }, and the lag sequence
of a VAR has a slope of zero: s = {p,p,p, ... }, a combination with an average slope of one
half: s = {p,p,p+ 1,p+1,p+2,...} is possible. Alternatively, a VAR sequence with an

average slope of 1/4 moves it closer to a VAR, and an average slope of 3/4 brings it closer
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to an LP. Thus, the VAR-S framework allows for model selection on a spectrum, rather than
a binary choice between LPs and VARs.
While more research needs to be done to uncover the best VAR sequences, I will describe

three new types below that incorporate useful features of LPs and VARs.

DEFINITION 2—LP-VARs, VAR-LPs, and VAR-LP-VARs:

Define the following types of VAR-S(s) with lag sequence s = {sp, } hen:

(i) LP(p) = VAR-S(p,p+1,...),1.e.sp,=p+h—1,

(ii) VAR(q) = VAR-S(q,q,...),1.e. s, =q,
(iii) LP-VAR(p,q) = VAR-S(p,p+1,...,q,q,...),i.e. s =min{p+ h — 1,4},
(iv) VAR-LP(m, p) = VAR-S(m,...,m,m+1,...),i.e. s = max{m,p+ h — 1}, and
(v) VAR-LP-VAR(m,p,q) = VAR-S(m,...,mm+1,...,q,q,...), i.e.

sp = min{max{m,p+ h — 1},q}.

The LP-VAR(p, ¢) mimics an LP(p) but limits the VAR order to a maximum of ¢ periods
instead of letting it increase indefinitely. This enables predictions at long horizons, which a
standard LP(p) cannot achieve as the model becomes too large for those horizons. To keep it
similar to an LP, ¢ should be chosen as large as possible but small enough for efficient VAR
estimation. For instance, when ¢ = p + H — 1, the LP-VAR(p, ¢) matches the predictions
of an LP(p) up to horizon H, while still being able to make long-run predictions.

The LP-VAR(p, g) can also be viewed as mimicking VAR(q) predictions, but with the
forecast depending only on p lags instead of g. Specifically, the forecast of Y;,; will be a
function of {Y%,...,Y;_,11}. This is useful, for instance, when there is a need to exclude
recent events like the COVID-19 crisis from the forecast, even if the event occurred less
than ¢ periods ago.

The VAR-LP(m, p) acts like a VAR(m) but maintains the local projection property where
forecast errors are orthogonal to regressors {Y7,...,Y;—,4+1} across all horizons. This en-
sures there is no omitted variable bias caused by excluding those regressors in the IRFs
and forecasts across all horizons. Therefore, estimating a VAR-LP(m, p) mitigates poten-
tial bias if the assumption that the data generating process (DGP) follows a VAR(m) is
violated.

The VAR-LP-VAR(m, p,q) combines the strengths of all four models in Definition 2.

When p < m < ¢, this model first uses VARs of order m for predictions, then incorporates
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VARSs of increasing order similar to an LP(p), and finally switches to VARs of order ¢
once the horizon exceeds ¢ — p. This flexibility allows VAR-LP-VAR models to compute
long-run IRFs and forecasts while ensuring that forecast errors remain orthogonal to re-
gressors {Y7,...,Y;_,11} up to horizon 1 + ¢ — p. Finally, it generalizes the VAR(m) and
thus produces unbiased estimates if the DGP is indeed a VAR(m).

These are just a few examples. The full range of what the VAR sequence can achieve has

yet to be discovered.

5.3. Trends and Permanent Effects

One advantage of generalizing both LPs and VARs as VAR sequences is that it can be
designed to match the characteristics of one model while leveraging tools from another.
This is particularly beneficial for local projections, given that the VAR toolbox is much
larger compared to LPs, which have gained popularity only recently. Below, I explore two
VAR tools that can be integrated into VAR sequences, with additional details provided in
Appendix A.

Firstly, a common extension of VARs is the inclusion of trends through cointegrating
relationships, known as vector error correction models (VECMs), as developed by Granger
(1981), Engle and Granger (1987), and Johansen (1991). In Appendix A, I define the VEC
sequence as a series of VECMs, analogous to the VAR sequence. Theorem A.1 shows that
a VEC sequence of increasing order replicates a local projection that incorporates the same
error correction terms, thereby extending the capability of cointegration into the realm of
local projections.

Secondly, while stable VARs show diminishing effects of Y; on Y, as h increases,
VECMs or cumulated VARs can exhibit non-zero effects at the infinite horizon. These
permanent effects are instrumental in identifying IRFs through long-run restrictions, as
proposed by Blanchard and Quah (1989). Theorem A.2 outlines how to compute such per-
manent effects using a VEC sequence (or cumulated VAR sequence), under the condition
that the lag order eventually stabilizes, a characteristic of VARs but not LPs. Notably, the
LP-VAR(p,p + H — 1) model from Definition 2 preserves the same LP-IRFs up to horizon
H, but unlike an LP, Theorem A.2 is applicable because its lag order stabilizes after hori-

zon f. This allows for the identification of IRFs via long-run restrictions within a local
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projection framework, similar to how Blanchard and Quah (1989) applied it to VARs. Con-
sequently, the VAR sequence extends this important tool for identifying IRFs via long-run

restrictions from VARs to LPs.

6. CONCLUSION

This paper establishes a formal equivalence between local projections (LPs) and vector
autoregressions (VARs), demonstrating that LPs can be represented as combinations of
equal and higher-order VARs, while VARs are composed of equal and lower-order LPs
(Theorem 1). Consequently, LPs are more general than VARs of the same order, explaining
the bias-variance tradeoff observed in the literature (Corollary 1). However, LPs, despite
their generality, cannot eliminate VAR bias and are therefore less efficient than VARs under
the assumption of unbiasedness (Corollary 2).

Three key applications of Theorem 1 are explored. First, it improves model selection
by enabling an “apples to apples” comparison by converting LP parameters to VAR pa-
rameters before comparing LPs to VARs. By defining model size as the number of VAR
parameters, it becomes clear that while there is a bias-variance tradeoff between smaller
and larger models, there is no evidence of such a tradeoff between LPs and VARs once size
is controlled for. Second, Theorem 1 improves LP estimation by utilizing the underlying
VARs. Third, the VAR sequence (VAR-S) is introduced as a new empirical model that gen-
eralizes LPs and VARs, allowing LPs to utilize VAR tools such as modeling cointegrating
relationships or identifying impulse response functions (IRFs) via long-run restrictions.

Each of the three applications suggests several promising areas for future research. For
the first application, while the literature has identified scenarios where LPs outperform
VARSs and vice versa, these findings may stem from comparing LPs to VARs of equal
order, making the former a generalization of the latter. Therefore, a comparison of LPs and
VARs of equal size rather than order is needed to verify or reject these claims and uncover
new scenarios that favor one model over the other.

The second application shows that efficiency can be improved by decomposing LPs into
one-step VAR predictions and then estimating those predictions rather than LPs directly.
Future research could explore whether such decomposition is also possible for other, po-
tentially non-linear, direct forecasting models, potentially leading to efficiency gains for

those models as well.

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

40

The third application suggests three areas for further exploration. First, while LPs and
VARs are VAR sequences with increasing and constant lag orders respectively, alternative
lag orders should be explored to identify the best VAR sequences for different situations.
Second, while this paper demonstrates how to use the VAR sequence to transfer some of the
VAR tools to LPs, future research could explore transferring other tools, such as forecast
error variance decomposition (FEVD) and inference techniques. Third, by reformulating
research on estimation, inference, or identification techniques in terms of the more general
VAR sequence, it is possible to advance LP and VAR methods simultaneously, eliminating

the need to explore these topics separately for each model.
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Supplement to ''Local Projections Are VAR Predictions of
Increasing Order"'

Julian F. Ludwig

This online appendix provides supplementary material for the article “Local Projections
Are VAR Predictions of Increasing Order.” Any references to sections, tables, figures, and

equations without the prefixes “A.”, “B.”, or “C.” correspond to the main article.

APPENDIX A: VEC SEQUENCE - THE INCLUSION OF TRENDS

Incorporating trends—both deterministic and stochastic—is essential for modeling and
forecasting. This section extends the framework of LPs, VARs, and VAR sequences to in-
clude these trends, building on the vector error correction model (VECM), a critical model
introduced by Engle and Granger (1987) and further developed by Johansen (1991), for
modeling non-stationary time series and estimating long-term effects. The main contribu-
tions are developing an error correction version of both, a local projection and the new
model introduced in Section 5, called VAR sequence.

Sections A.l and A.2 introduce deterministic and stochastic trends, respectively. Sec-
tion A.3 defines the VECM, the VEC local projection, and the VEC sequence as a trend-
augmented VAR, LP, and VAR sequence. Section A.4 demonstrates that the VEC sequence
is a generalization and extends Theorem 1 by showing that VECLPs are VECM predic-
tions of increasing order. Section A.5 shows how to compute permanent effects using VEC
sequences and applies those insights to identifying IRFs via long-run restrictions 4 la Blan-
chard and Quah (1989), not only when estimated with VARs but also for LPs, something

that has not previously been possible.

A.1. Deterministic Trend

I consider two types of trends in the N-dimensional stochastic process {Y;}: determin-

istic and stochastic trends. The deterministic trend is a polynomial of degree M in time ¢,
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following the process:

. (i —1)!
oM = DpoM,, M= | [Dumlij = 7 (A.1)
By (=G =Dt

where D)y is an invertible (M +1) x (M + 1) matrix, with [D];; representing the element
in row ¢ and column 7, and ! denoting the factorial operator. Note that differencing the trend
reduces the degree by one; hence, the deterministic trend of the differenced process { AY; }
is of degree M — 1.

If the trend in {Y};} is solely deterministic of degree M, the VAR in (6) can account
for this by replacing the N-dimensional vector of intercepts (p) with ~vs(p)d}, where
oM is the deterministic variable defined in (A.1) and ~5(p) is an N x (M -+ 1) matrix
of coefficients to be estimated. This implies that the intercepts m(h) (p) of the prediction
version of the VAR in (8) are replaced with F((Sh) (p)6M, given the following N x (M + 1)

(h)

matrix of coefficients 75 (p):

min{h—1,p}
) =D+ Y Ty M) h=1...H (A.2)
k=1

where I';(p) are the N x N slope coefficients in (6) after replacing ~(p) with ~v5(p)d;.
Similarly, replacing 5" (p) with b((;h) (p)oM in the local projection in (1) accounts for the
deterministic trend in that model. It is straightforward to show that Theorem 1 still holds

when such a trend is included.

A.2. Stochastic Trend and Cointegration

Suppose the N-dimensional stochastic process {Y;} contains N — R stochastic trends,
meaning both AY; =Y; —Y;_; as well as R linear combinations of Y; are (trend-
)stationary. Those linear combinations are called cointegrating relationships, denoted as
B'Y;, where (3 is an N x R matrix with rank R € {0, ..., N}. The remaining combinations

become (trend-)stationary only after differencing the time series.
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If there are as many cointegrating relationships as variables (R = N), then all linear
combinations are trend-stationary, including 5 = Iy, and a standard VAR, LP, or VAR-S
can be used with the inclusion of a deterministic trend of degree M. If none of the linear
combinations of Y; are trend-stationary, the models can be estimated for the differenced
series AY; with the inclusion of a deterministic trend of degree M — 1.

More generally, regardless of the number of cointegrating relationships, the models can
be estimated using the differenced series with the inclusion of a deterministic trend of
degree M — 1 as well as the following cointegrating relationships that are trend-stationary
of degree M — 1:

Y

M (A.3)

Zi=|p'p]

where J is an NV X R matrix and p is an R-dimensional vector of coefficients captur-
ing the cointegrating relationships. Here, R = 0 results in Z; = 0 and R= N results
in Z; = [Yt’ tM }/. The inclusion of tM in the cointegrating relationships means that the
stochastic process {Y;} may include as many independent deterministic trends of degree
M as variables. The models that incorporate such cointegrating relationships are referred

to as models with a vector error correction (VEC) term, as introduced in the next section.

A.3. Definition of VECM, VECLP, and VEC Sequence
Vector Error Correction Model (VECM)

The vector error correction model of order p, denoted as VECM(p), extends the VAR in
(6) to account for the N deterministic and /N — R stochastic trends of Section A.1 and A.2

as follows:

AY; = ¢s(p)dM 7+ a(p)Zi_p + P1(P)AYi 1 + -+ Dp_1 (P)AYi_pr1 + (D)
(A.4)

(51{\4 ~1is an M-dimensional vector of deterministic trends as per equation (A.1),

where
Z;—, are the cointegration relationships defined in (A.3), ¢5(p) is an N x M vector of
constants, and ®;(p) is an N x N matrix of coefficients for each lag [. By definition of
a regression, the VECM residuals 7;(p) have a mean of zero and are not correlated with

regressors. Replacing Z; ,, with Z; 1 gives the same predictions and is a common practice
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in these models. Note that the processes of differencing and cointegration ensure that all
components of the regression are trend-stationary, resulting in consistent estimates.

The VECM(p) can be converted to a VAR(p) with a deterministic trend of degree M
by using the definitions of AY; and Z;_,. After this conversion, the VECM(p) forecasts
and IRFs are obtained by iterating the VAR(p) forward as in Section 2.1, with a trend
component as per equation (A.2). Note that these VECM predictions generalize both the
VAR(p — 1) predictions with differenced variables when R = 0 and the standard VAR(p)

predictions with level variables when R = N (see Theorem A.1).

VEC Local Projection (VECLP)

A deterministic trend and a vector error correction (VEC) term can also be included
in the local projection of (1) with differenced time series, similar to the VECM in (A.4).
However, in the spirit of local projections, which estimate coefficients directly, the follow-
ing model, denoted as VECLP(p), is the most direct approach to estimating LP coefficients

while keeping all variables trend-stationary:

Yien —Yipt1 = Of;h) )6+ M (p) Zp—pir + C{h) (P)(Y: = Yi—pt1)

h h
oot O () (Yiepia — Yiepit) + 40y () h=12,...
(A.5)
where ogh) (p) is an N x M vector of constants, and Cl(h) (p) is an N x N matrix of coef-
ficients for each lag [. By definition of a regression, the VECLP residuals ui@h (p) have a

mean of zero and are not correlated with regressors.

The estimated local projection in (A.5) converts to the following prediction model:
h h h h
Vien = 08" + OV @)Ye -+ G0 H ) h=12.. (AO)

where cgh) (p) = [ogh) (p) O} + [0 ah) (p)p] Djlw_p, and C[(,h) (p)=In +aM(p)p' — Zfz_ll
Cl(h) (p). The VECLP(p) forecasts and IRFs are then obtained as in (2) and (3).

Note that all coefficients of the prediction model except c((;h) (p) and C’Z(Jh) (p) are esti-

mated directly, including the coefficients used for IRF estimation Cl(h) (p). Alternatively,
one could replace the dependent variables Y35, — Y;—p41 with AY;yy, or Yy, — Y3, which

results in the same prediction model in (A.6), due to the linear properties of covariance. For
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example, it is common to use Yy, — Y; as the dependent variable to directly estimate the
IRF coefficients C’{h) (p); however, with this specification, the coefficients at lag [ > 1 need
to be derived indirectly.

Theorem A.1, introduced later in this section, shows that the VECLP model in (A.6) is
identical to cumulating VECM predictions of increasing order, thus extending Theorem 1

to time series with stochastic trends.

VEC Sequence (VEC-S)

Analogous to the VAR sequence (VAR-S) for stationary processes, the VEC sequence
(VEC-S) is a new method that estimates impulse response functions (IRFs) and forecasts
for processes with stochastic trends, based on a series of vector error correction models
(VECMs). The VEC-S(s), defined by a particular lag sequence s = {s1, ..., sy} or denoted
as VEC-S(s1,...,sp), operates by estimating a VECM at each lag order s;, € s. These
individual VECMs are then combined to produce IRFs and forecasts through a four-step
procedure, similar to the procedure used to compute the VAR-S in Section 5.1.

In the first step, the VECMs of order s, for j = 1,..., h, are listed in order, while shifting

the time index incrementally:

AYyrj = 05500 ' +alsj) Zerjs,
+ @1 (sj)AY i1+ 4+ o1 (85) AV (5,-1) i (s5)  T=1,..h
(A.7)
where ¢5(s;), a(sj), ®;(s;), and n;(s;) are VECM(s;) coefficients and residuals (A.4).
In the second step, the VECMs are combined to replace future regressors with current

and past variables:

AV =0 ()M + M (8)Zy_y 11 h=1,2,...
" Qgh)(s)AYt NI Qg\lz)_l(s)AYt_AﬁQ + Xﬁﬁ)h(*S) As = m}?x{sh +1—h}

(A.8)

where the coefficients and forecast errors are functions of the VECMs in (A.7). To simplify

notation, define ®y (sy,) = a(sp,) 3’ for k > s, and ps(sp,) = ps(sp) Dy | + [O a(sh)p] (DM32
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— Djlw_/\s> [ Y; ()}/ so that the components of (A.8) are as follows:

h—k
B (s)

,H
(A.9)

htAe—2 -
o)=Y Bl () w0 (5) = asp) + 3 @p(sn)n® M) ()
k=1 —
, h—1 - ) -
w((; )(5) = @s(sn) + Z d)k(Sh)wg R () X§+)h(s) = men(sn) + Z Dy (sp)
=1 —
[=1,.. A =1 h=1,...
(1-k) (1-k)

with normalization ;" "/(s) = Iy forall =k >1,and ;" "/(s) = 0 otherwise.

In the third step, the prediction model for AY;j in (A.8) is cumulated across horizon h

and Y; is added on both sides to derive the following expression for the level variables:

h h h h
Vien =3 ()30 + F{V(8)Ye -+ By (8)Yioa 1 +wip(s)  h=1.2,...
(A.10)
where coefficients and forecast errors are the following functions of the model in (A.8):
In + Q) (s) ifl=1
(h) & (k) (k) (h) d (k)
FVs)=>"3aP ) —o® sy ifl<i<h,  win(s)= D xi(s)
k=1 k=1
k) () — Qg\]z)_l(s) if =M\
h) i
k — s
£7() =" ([P (s) 0] + [0 £ (s)p] DY) h=1,2,...
k=1
(A.11)
. o (1—k) (1-F) :
with normalizations F) (s)=1Iy,foralll>k>1,and F, (s) = 0 otherwise.
The final step is to obtain multistep forecasts by removing the forecast errors in (A.10):
Vi =130 + F )i+ + RV )i h=1...H (A2
which then implies the following impulse response functions (IRFs):
IRF(h,d)=F"(s)d h=0,... H (A.13)
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with normalization Fl(o) (s) = Iy, where h is the IRF horizon, d is the impact of the shock,

and s = {s1,...,spg} is the lag sequence. Note that if there are no cointegrating relation-
ships, i.e., R =0 and Z; = 0, then the IRFs are identical to the cumulated IRFs of a VAR-
S(r) for the differenced time series, where r;, = s;, — 1 for all h (see Theorem A.1). Since
the VEC sequence accommodates stochastic trends, the IRFs may converge to non-zero
values as the horizon goes to infinity. This feature is commonly exploited in identifying the
impact vector d using long-run restrictions, as shown by Blanchard and Quah (1989) and

explored in Section A.S.

A.4. Theorem A.1: VECM, VECLP, and VAR-S Are VEC Sequences

The following theorem shows that the VEC sequence is a generalization:

THEOREM A.1—VECM, VECLP, and VAR-S Are VEC Sequences: Consider a VAR-
S(s), VECM(q), VECLP(p), and a VEC-S(s) as per (26), (A.4), (A.6), and (A.10), with
R €{0,..., N} representing the number of cointegrating relationships defined in (A.3).
Then the following holds true in both population and sample:

(a) A VEC-5(q,q,q,...) produces the same IRFs and forecasts as a VECM(q),

(b) a VEC-S(p,p+ 1,p+2...) produces the same IRFs and forecasts as a VECLP(p),

(c) a VEC-S(s) with R = N produces the same IRF's and forecasts as a VAR-S(s), and

(d) a VEC-S(s)with R = 0 produces the same IRF's and forecasts as those obtained by first
estimating a VAR-S(r) for differenced time series and then cumulating the coefficients

to obtain level predictions, where ry, = sy — 1 for all h.

PROOF: Statement (a) follows directly from the definition of a VEC-S(q,q,q,...) as a
sequence of VECM(q) predictions. The proof of (b) parallels the proof of Theorem 1 but
using VECMs instead of VARs and VECLPs instead of LPs. To prove (c), note that R = N
implies Z; = [Yt’ tM } /, so the regressors of a VECM(sy,) are an invertible linear transfor-
mation of the regressors of the VAR(sj,). Therefore, they estimate the same predictions.
This holds even though the dependent variables of the VECM(sy,) are differenced AY;.
That’s because the subtracted variables Y;_1 are controlled for and the linear properties of
covariance apply, i.e., Cov(Y;, Y;—1) = Cov(AY;, Y—1) +Var(Y;—1). Statement (d) follows
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from the fact that R = 0 implies Z; = 0, which turns the VECM(sy,) into a VAR(sy, — 1)
for differenced variables. Q.E.D.

Statements (c) and (d) show that VEC sequences with no meaningful cointegrating re-
lationships (i.e., when R = N or R = 0) reduce to VAR sequences. Meanwhile, statements
(a) and (b) show that VECLPs and VECMs are both instances of VEC sequences, with the
lag sequence increasing linearly for VECLPs and remaining constant for VECMs. How-
ever, as with a VAR-S(s), the lag sequence of a VEC-S(s) does not need to adhere to either
of these two patterns, and it is possible that superior patterns exist that have yet to be dis-
covered. Examples include the VEC versions of the VAR sequences outlined in Definition
2, such as the VEC:LP-VAR(p, ¢), which corresponds to a VEC-S(p,p+1,...,q,q,...).

Note that Theorem A.1 applies as long as the models can be estimated. Therefore, the
VECM assumptions that AY; and Z; are trend-stationary and that the deterministic trend
in {Y};} is a polynomial of degree M do not need to hold for Theorem A.1 to be valid. This
is because Theorem A.1 compares the predictions of different empirical models rather than

comparing the predictions to the truth.

A.5. Theorem A.2: ldentification of Permanent Effects

As the process contains N — R stochastic trends, the effects of Y;_; on Y;,; may be
non-zero as the horizon goes to infinity. The following theorem derives those permanent
effects for a VEC sequence under the condition that the lag sequence eventually stabilizes

at a constant value, i.e., sp, = ¢ for h > H:
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THEOREM A.2—Identification of Permanent Effects: Ler A(q)[z] = In(1 — 2) — a(q) 3 2%¢

— Zlq;ll D(q) (zl — zl+1) be the lag polynomial of a stable VECM(q) in (A.4) with the lag
operator replaced by z € C, and let R € {0, ..., N} represent the number of cointegrating
relationships defined in (A.3). Stability of VECM(q) implies that (i) there are N — R unit
roots in the characteristic polynomial det(A(p)[z]), with the remaining R roots lying out-
side the unit circle, and (ii) the matrix o(p)3’ has rank R, with a(p) and 3 being N x R

matrices of full column rank R. Then the following is true:
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(a) The VECM(q) with R < N produces the following effects of Y; on Yy as h — oo:

-1

(@) =81 [al) | Iv =) _®i(q) | BL| ola))

[1]

whereas R = N implies Z(q) =0. Here, o(p), and [ are the orthogonal comple-
ments of a(p) and B for R > 0, and $, = a(p) | = Iy for R=0.
(b) The VEC-S(s1,...,5H, q,q,...) defined in (A.10) produces the following effects of

Yir1-10n Yy as h — oo:

q—1
B (s) = 2(q) (FZ(H)@) -3 %(qmw‘“(s)) [=1,. A
3:{517---73H7Q7q7"'}

Here, F; l(h) (s) are the coefficients of the VEC-S(s) in (A.10), where the normalizations
are given by Fl(l_k)(s) =Iyforalll>k>1, and Fl(l_k)(s) = 0 otherwise. The ma-
trix =(q) and, consequently, F; l(oo)(s) have rank N — R.

PROOF: Note that (a) is a special case of (b) when H =0 and [ =1, so it suffices to
prove (b). According to Theorem 1 in Hansen (2005), assumptions (i) and (ii), combined
with the condition that all elements of the deterministic trend satisfy 55\{[ <a-+ |t|b for
some constants a, b € R, ensure that Granger’s representation theorem applies to the stable
VECM(gq). This theorem expresses the predictions Y;,; as a function of a deterministic
trend, initial values Y;_; for [ > 0, and two terms depending on VECM residuals—one rep-
resenting permanent effects and the other representing temporary effects. By definition, a
VEC-S(s1,...,5H, q,q,...) allows predictions to be decomposed into h-step predictions
for h < H and VECM(q) predictions that iterate those predictions forward. Thus, the ex-
pression in Theorem A.2 is derived by converting those h-step predictions into correspond-
ing predictions of the initial values and residuals, applying Granger’s representation theo-
rem to those values, and rewriting the predictions of the initial values and residuals back as
functions of the VEC-S(s) regressors. O.E.D.
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Theorem A.2 reveals that when the lag sequence stabilizes at a constant after a finite
horizon, it enables the estimation of permanent effects, making VEC sequences with this
property particularly attractive. A common application of estimating permanent effects is
the identification of impulse response functions using long-run restrictions, as illustrated in
the example at the end of this section.

Theorem A.1 reveals that the lag sequence of a local projection increases continually;
therefore, Theorem A.2 does not apply to VECLPs, and their permanent effects cannot be
estimated. This is a significant drawback of local projections compared to VARs. Previous
literature has attempted to address this issue by setting Fl(oo) (s) =F Z(H) (s) for some finite
H (Nusbaum, 2020, e.g., see). However, Theorem A.l1 and Theorem A.2 offer a more el-
egant solution: a VEC sequence can be used to match the predictions of a VECLP(p) in
(A.6) for all horizons h < H but then stabilize the lag sequence beyond horizon H, al-
lowing for the estimation of permanent effects. This approach corresponds to the VEC:LP-
VAR(p,p + H — 1) model of Definition 2. The following example demonstrates how this

model can be used to identify IRFs via long-run restrictions.

Example

Blanchard and Quah (1989) distinguish between supply and demand shocks using long-
run restrictions. They assume that only supply shocks have a permanent effect on output,
while demand shocks only affect output in the short run. To estimate these effects, they
use a VAR in differences, which corresponds to a VEC sequence with no cointegrating
relationships (i.e., R = 0). To identify the two shocks, they include two variables in the
system: output, measured as the log of GNP, and the unemployment rate. Specifically, their
variables are defined as AY; = [A In(GNPy) Unemploymentt} 15

The IRF impulse vectors d; for supply shocks and ds for demand shocks are computed

by decomposing the residual covariance matrix of the VECM(p) as follows:

d; = Aej, A= Fl(oo)(s)_1Chol (Fl(oo)(S)Cov(nt(p))Fl(oo)(s)/) j=1,2
(A.14)

15To compute IRFs for unemployment rather than its cumulative version, use [ F1(h) (s) — Fl(h'fl) (s)} d;. Al-

ternatively, one could estimate a VEC sequence with R =1 and Y; = [ln(GNPt) Unemploymentt}, where

B = [O 1]/ in (A.3), ensuring that unemployment does not have a stochastic trend.
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where ¢, is an N-dimensional vector with zeros except for a one in the jth position, extract-
ing the jth column. Cov(-) computes the covariance matrix, and Chol(-) performs Cholesky
decomposition to produce a lower-triangular matrix. Fl(oo) (s) represents the effect of Y; on
Yi+n as h — oo, as defined in Theorem A.2, and is invertible when R = 0.

Blanchard and Quah (1989) use the same VAR to estimate both the impulse vectors and
the IRFs. This corresponds to a VEC-S(p, p, . . .) with no cointegrating relationships. Thus,
Fl(oo) (s) becomes a special case of Theorem A.2 for H =0,/ =1, and R =0:

-1

F{™)(s) = In—=> 2(p) s={p,p,...} (A.15)

where ®;(p) are the VECM coefficients from (A.4), which are identical to the VAR(p — 1)
coefficients I'j(p — 1) from (6) estimated for the differenced process {AY;}.

How can this method be applied to local projections? The IRF horizon of a local projec-
tion is bounded as the horizon cannot exceed the sample size. However, Theorem A.1 shows
that local projections are VECM predictions of increasing order, and it is thus reasonable
to simply stop the sequence from increasing beyond a certain horizon for estimating such
permanent effects. This corresponds to a VEC:LP-VAR(p,p + H — 1) with R = 0, yielding

the following permanent effects according to Theorem A.2:

-1

q—1
®;(q) <F5H><s>—2<bk<q>FfH’“<s>> a6

k=1

qg—1

F ()= | In -

7=1
S:{p7p+17"'7q7q7"'}7 q:p+H_1

Here, Fl(h)(s) are the coefficients of the VEC-S(p,p+1,...,q,q,...) in (A.10) for
g=p+ H — 1, which are identical to the coefficients th) (p) of the VECLP(p) in (A.6)
for h < H. When R = 0, these coefficients are also identical to the cumulated coefficients
ZZ:1 B%k) (p—1) of the LP(p — 1) in (1) estimated for {AY;}. Using this expression for
Fl(oo)(s) in (A.14) provides a local projection version of identifying shocks via long-run

restrictions, allowing LPs to utilize a powerful tool previously only available to VARs.
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To summarize, Theorem A.2 reveals that a VEC sequence that stabilizes over time is
capable of making long-term predictions. Together with Theorem A.1, which shows that
local projections are VEC sequences, this can be used to generate a VEC sequence that not
only replicates the predictions of a local projection but also allows for the computation of
permanent effects necessary for identifying shocks via long-run restrictions. This method
provides a seamless progression from the estimated IRFs to the IRFs at the infinite horizon,
improving upon approaches like Nusbaum (2020) that assume IRFs of differenced variables
become zero beyond the maximum horizon where LP estimation is still possible. Further-
more, this section introduces an error correction version of a local projection, enabling it to

utilize all the tools previously available only to vector error correction models.

APPENDIX B: EMPIRICAL EXAMPLE

An empirical example is used to achieve two objectives. The first is to demonstrate that
Theorem 1 holds not just in theory but also in practice with finite data, as shown in Figure
2. The second is to demonstrate the superiority of the new LP estimation method detailed
in Section 4, as presented in Figure 3. Section B.1 details the model specifications, Section
B.2 explains the rolling forecasting scheme for assessing forecast performance, and Section

B.3 describes the data.

B.1. Model Specification

This paper replicates the model specifications from Jorda’s (2005) study, which were
used to compare VARs with local projection impulse response functions (IRFs), using U.S.
macro indicators (see Jorda, 2005, Figure 5). The replication extends the original data set
to include observations from the first quarter of 1955 up to the first quarter of 2021, thereby
incorporating more recent data.

Jorda’s (2005) example follows the analysis of Rudebusch and Svensson (1999), who
estimates monetary policy rules with a VAR. Jorda (2005) uses the three variables of a
simple, new-Keynesian, closed economy model (Gali, 1992, Fuhrer and Moore, 1995a,b,
Taylor, 1999, see): output gap, inflation, and interest rate, and then estimates a VAR and

a local projection model, as well as a cubic projection model, which I don’t include here.
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The variables of the models are structured as follows:

FFR;
Y, = Inflation; t=1,...,T (B.1)
Output Gap,

where t = 1 refers to 1955 1, t =T refers to 2021 ()1, and the difference between ¢ and
t — 1 is one quarter. The measurement of these variables are detailed in Section B.3. Fol-
lowing Jorda (2005), the benchmark LP(p) and VAR(p) models of expressions (1) and (6)
are estimated with a lag length of four quarters, i.e. p = 4.

These model specifications are used to generate the forecasts displayed in Figure 2, pre-
dicting the sixteen quarters following the first quarter of 2021. Moreover, the impulse re-
sponse functions (IRFs) shown in the same figure are calculated with an impulse vector
of d= [1 0 O} /, which simulates a one percentage point increase in the federal funds rate
(FFR), while holding current and past variables fixed. This impulse vector identifies the
same relative IRFs as Jorda’s (2005) Fed Funds shock, which is based on an estimated

impulse vector of dr~ [0,8 0 ()} /.

B.2. Out-Of-Sample Performance

To evaluate the out-of-sample performance of the three LP estimation methods detailed
in Section 4, a rolling forecasting scheme is employed. This involves dividing 67 years of
quarterly data, from 1955 Q1 to 2022 Q2, into 140 overlapping segments, each spanning
30 years (120 quarters). The breakdown of this data into 140 30-year samples is visualized
in Figure B.1. Each segment is used to estimate the model and generate out-of-sample
forecasts. The mean squared error (MSE) for these forecasts is calculated by averaging the
squared forecast errors across all segments at each forecast horizon. The results, showing
the average out-of-sample MSEs across various forecast horizons, are presented in Figure
3.

B.3. Data

Figure B.2 displays the quarterly data used in this study, obtained and modified as fol-

lows, with percentage changes and gaps calculated using the log-difference method:
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140

70

Sample

Use of Sample
— Estimation (Training)
— Forecast (Test)

»

c

o
~
=)

1955 Q1

1957 Q3
1960 Q1
1977 Q3
1980 Q1
1982 Q3
1985 Q1
1987 Q3
1990 Q1
1997 Q3
2000 Q1
2007 Q3
2010 Q1

2012 Q
2017 Q3

1975 Q1
1992 Q3
1995 Q1
2002 Q3
2005 Q1
2015 Q1

154
°
£

1962 Q3
1965 Q1

FIGURE B.1.—Sample

Note: This figure illustrates the division of data into estimation and forecasting periods for evaluating the out-of-sample per-
formance of three local projection (LP) estimation methods, as illustrated in Figure 3 of Section 4. The quarterly data spans 67
years of U.S. macro indicators from 1955 Q1 to 2022 Q2, segmented into 140 overlapping samples. Each sample contains 30
years (120 quarters) of data. The y-axis represents the 140 distinct samples, chronologically ordered, and the x-axis shows the
sample periods. The black lines indicate the estimation (training) periods, while the red lines denote the subsequent periods used
for forecasting (testing).

FFR

Inflation

Output Gap

Q3
1

P R R R R R i R R R o R R R ™ =
coocoocococococoocoocococoocococoeco c o
g =S BT ST Y SR TR T S - B TR S S BT S B BRI S
W D DYoLk BN DN DD DD DD ==
R R R R S SIS @
B S T B T T T B B TR B TR B B B R B

FIGURE B.2.—Data

Note: All variables are in annual percentage rates. The shaded areas represent recessions as dated by the National Bureau of
Economic Research (NBER). Output gap is the annualized percentage gap between real and potential GDP of the United States,
inflation is the annualized quarterly percentage change in the U.S. GDP chain-weighted price index, and FFR is the annualized
quarterly average of the federal funds rate in percent. Percentage changes and gaps are calculated using the log-difference method.

1. Output Gap: This is the annualized percentage difference between real GDP and po-
tential GDP. The real GDP data is provided by the U.S. Bureau of Economic Analysis
(BEA) and accessed from the Federal Reserve Bank of St. Louis’ FRED database us-
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ing the ticker “GDPCI1.” Potential GDP data, sourced using the “GDPPOT” ticker, is
provided by the U.S. Congressional Budget Office.

2. Inflation: This is calculated using the GDP chain-weighted price index, with data
sourced from the BEA and obtained from FRED using ticker “GDPDEFE.” It is com-
puted as the annualized quarterly percentage change in this price index.

3. FFR: The Federal Funds Rate, obtained form FRED using ticker “FEDFUNDS,” is
provided by the Board of Governors of the Federal Reserve System. This data reflects
the annualized quarterly average of the federal funds rate, which is the interest rate at

which depository institutions lend reserve balances to each other overnight.

APPENDIX C: PROOFS

This section provides proofs for Lemma 1 and Theorem 1. But first, the Frisch-Waugh-

Lovell (FWL) Theorem B.1 is introduced, which is essential for these proofs.

C.1. Frisch-Waugh-Lovell (FWL) Theorem for LPs and VARs

Frisch and Waugh (1933) demonstrate that in a linear regression of a dependent variable
on a trend and a set of explanatory variables, one can obtain the same coefficients by first
regressing all variables on a trend, and then regressing the residuals of the dependent vari-
able on the residuals of the explanatory variabes. Lovell (1963) generalizes this result by
showing that this works for an arbitrary set of variables, not only for a trend. This general-
ized result is known as Frisch-Waugh-Lovell (FWL) Theorem. In this section, I state and
prove the FWL Theorem for multivariate time series regressions so that it applies to local
projections and vector autoregressions.

Consider the following multivariate time series regression:

Yien = PlYinlL,Ye, o Yipra] +wgn
C.1)
= AXt + Ut+p

/
with X; = [1 Y/ Y] » +J , where {Y; };c7 is a stochastic process of N-dimensional ran-
dom vectors Y;, P is the linear projection operator, A is an N x (1 4+ Np) matrix of coef-

ficients, and u;p, is an N x 1 vector of orthogonal residuals, i.e. E[u;;,X/] = 0, which is
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well-defined under finite second moments. Note that for h =1, ..., H, expression (C.1) is
a local projection (1), and for h = 1, it is a vector autoregression (6).

Consider the sample version of (C.1) for a time series sample of T" periods:

Yeen = Plyenll,ye, .. S Yt—pt1) F Uggp

. (C.2)
= Axy + gy, teT C{p,....,T —h}
/ A~

with z; = [1 Yy yé_m_l] , where {yt};c(1,... 7y is a time series sample, P is the sample

projection operator, A is the sample estimate of A, sy is the sample residual, which

sample correlation to x; is zero, i.e. ZteTﬁHth =0, and T is the set of time periods used
for estimation.

The orthogonality conditions of (C.1) and (C.2) derive the following expression for pop-

ulation and sample parameters in terms of a stochastic process {Y; };c7 and a time series

sample {yt }re1,... 7}

BluppXi]=0 = ABE[XiX{]= B[V, X]]

C3
ZﬂtJrhx; -0 = A (Z ché) = Zthx; ©
teT teT teT

and therefore; the parameters are unique if the matrices: E[X;X}] and ¥;c7 22} are non-
singular. Expression (C.3) estimates the LP in (1) for h=1,..., H, as well as the VAR in
(6) for h =1, where T is the set of time periods used for estimation. Note that minimizing
the sum of squared residuals would derive the same parameters, which method is known as

ordinary least squares (OLS).

LEMMA B.1—FWL Theorem for LPs and VARs: Let W} be a subset of X; in (C.1),
/
e.g. Xy = [Vt’ Wt/} . Then under finite second moments, i.e. E||Y;||* < co, it is possible to

partial out Wy as follows, in both, population and sample:

Yign — PYipn|[Wi] = A(Xy — PIXWA]) + uegn

Yerh — Plyernlwi] = Alwe — Plag|w]) + g
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where P (Y1 n|wy), and P [z p|wy] are estimated with the same sample T as Ain (C.3).

PROOF: First, partial out 1 with the following multivariate regressions:

Yiin = PV Wil + 0y = FWe + )y,

(C4)
Xt = P[Xy|Wi] + ), = GWy + i,
where E [uﬁrhW{} =0,and F [uftht’] = 0. Second, substitute (C.1) into (C.4):
Yy X
Uy, = (AG — F)Wy 4 Auiyy, + wpyn, (C.5)

where W} is orthogonal to utijr > ufi 5> and ugy p; and therefore, AG — F' = 0, which proves
Lemma B.1 in population. Third, estimate (C.4) with the same set of periods 7 as used to
estimate A in (C.3), and substitute (C.2) into the sample version of (C.4):

A A

Wy = (AG — Fywg + A, +iyn t€T={p,....,T—h} (C.6)

where w; doesn’t correlate with any of the remaining variables, i.e. Y7y pw) =0,
ztgaﬁhwg =0, and Etefrﬂfihwg — 0; hence, AG — F' =0, which proves Lemma B.1 for

sample estimates, where all three regressions are estimated with the same sample 7. Q.E.D.

C.2. Proof of Lemma 1

This section provides the proof for Lemma 1, demonstrating that IRFs from single-
equation local projections (SELPs) can be equivalently derived as IRFs from vector lo-
cal projections (LPs). The proof employs the Frisch-Waugh-Lovell (FWL) Theorem B.1,
which is applicable to both population and sample estimates. However, the FWL Theorem
B.1 only applies to sample estimates when the parameters are estimated over the same set
of time periods. To ensure consistency in the estimation process, the set of time periods 7

used for estimation is explicitly mentioned throughout the proof.

PROOF: Begin by expressing the SELP(p) model in (4) using the variable vector Y; =
!/ 1/ . .
. s 11 — - ) 5
(VY xt yr W' Here, Y1, (1), denotes the first (K — 1) elements in Y3, representing V;
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Y+ represents x4, and Y1 44, corresponds to y;:

h
Yir14+h = PlYri14n|L Y10 Yot Yiet, - Yiep] + l/t(Jr)h(p)

" (p) + M (p)Yic s + 6" () Vaie 1) t+ZA p) Yot + 1% (p)
=1

h=0,....H, T={p+1,....T—H}
(C.7)

where P is the linear projection operator, 7 is the set of time periods used for estimation
(C.3), T is the number of available time periods, and H is the maximum forecast horizon.

Applying the FWL Theorem B.1, the effects of contemporaneous variables in the SELP
are isolated in (C.7):

Yii104n = PYk1040]1, Yie1, ..., Y]
+ 8™ () (Vi — PIYga|1, Y1, ..., Yip)) (C.8)

—|—5(h)(p)/<Y1;(K_1)7t_P[Yl K1), |1 }/t 17"'7}/%*P])+Vt(jl—)h(p)

Next, consider a vector LP(p) model as in (1) but lagged by one period:

p
Fon =800 + 5BV
=1 (C.9)

h=0,...,H,  T={p+1,...T—H}

The three linear projections in (C.8) use the same lag order and sample periods 7 as the

(K + 1)th equation of the linear projection in (C.9), allowing for substitution:

p
YE 41440 = €x 11 (b(hﬂ) (p) + Z Bz(hﬂ) (p)Yt—l>
(C.10)

+ B p)rig) () + 6™ (p)’rf() K1) (P)+ v ()

(1)

where 7,/ (p) and LP(p) parameters are estimated in (C.9), and e’K 41 1s an N-dimensional

vector with zeros except for a one in the (K + 1)th position, extracting the K th row. Note
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that the one-step ahead LP(p) residuals correspond to the VAR(p) residuals in (6), i.e.,
rﬁl)(p) = &(p), provided the VAR(p) is estimated using the same sample 7 defined in
(C.9).

Perform a Cholesky decomposition of the VAR(p) residuals in (C.10):

rV ) =&(p) = Aer(p), AA =Cov(&(p)), €Ae; =0, Vj>i (C.11)

where A is a lower-triangular matrix that transforms & (p) into uncorrelated shocks €;(p).
Given that A is lower-triangular, the residuals rlgl) (p) in (C.10) can be replaced with the
first ' shocks €1.x +(p) from (C.11):

p
(h+1
Yi1,t4n = €/K+1 ( h+1 p)+ ZB ' ) )
I=
11 (C.12)
h
+ 8" (p)efc Aeker(p) + Z ot M(p) 0] Acicia(p) + vy, (p)
=1
Next, consider an LP(p + 1) model as defined in (1) with an additional lag:
p+1
Yien = b®(p+1) +ZB (p+1)Ypu1g + 7 (p+1)
(C.13)

h=1,....H, T={p+1,....,T—H}

Using the FWL Theorem B.1, the effects of contemporaneous variables in the LP are iso-
lated, and the resulting LP(p) residuals are substituted with their recursive decomposition
in (C.11):
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_ ( D (p) + ZB h“ p)Y;_ l) + th) (p+1Ae(p) + Tii)h(p +1)

(C.14)
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Comparing (C.12) with (C.14) reveals:

o BM(p 1A
B (p) = KT wHDAck oy (C.15)

e Aeg

where the numerator is the response of Y 11 1, to the shock ex ;(p), and the denominator
is the response of Yy ; to the same shock. Thus, 3 (h) (p) represents an IRF to a shock
normalized to have a unit impact on Y ;.

Comparing (C.15) with the definition of an LP IRF in (3) shows that the SELP(p) IRF in
(5) 1s equivalent to the LP(p + 1) response to the VAR(p)-based impulse in (A.14), which
proves Lemma 1. Q.E.D.

C.3. Proof of Theorem 1

This section proves Theorem 1, which states that LP and VAR models (1) and (6) are
equivalent to their VAR and LP counterparts (14) and (19). The proof uses the FWL The-
orem B.1, which applies to both, population and sample regressions; hence, the theorem
applies to both, too. The FWL Theorem B.1 however only applies to sample estimates
when the parameters are estimated with the same set of periods. Hence, in order to keep
track of the set of periods used for estimation, I declare the set of time periods 7 used for
estimation next to every equation. I first prove statement (a) that LPs are combinations of
VARSs and then statement (b) that VARs are combinations of LPs.

(a) LPs are Combinations of VARs

PROOF: Recall, a local projection (1) has the following form:

h
}/;f-‘rh:PD/t-l-hHa}/t?”'?Yt—p-‘rl]+T§+)h(p) h:]-aaH

b SN ) (C.16)
= )(P)+ZBS (P)Yi-st1+r, 0 T=A{p,....T-H}

s=1
where P is the linear projection operator, 7 is the set of time periods used for estimation
(C.3), T" is the number of available time periods, and H is the maximum forecast horizon.
Note that one could improve efficiency by maximizing the sample periods for every horizon

h separately; that way, the sample ends at 7" — h instead of 7' — H. I prove Theorem 1 for
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samples that end at 7" —

H, without loss of generality, because one could always change

the maximum horizon to H =1, then H = 2, etc.

In order to express a local projection as a combination of VARs, the LP(p) model (C.16)
needs to fit inside a VAR model (6); hence, the lag length of the VAR has to increase with

forecast horizon, as in (7):

p+h—1

Yien=7p+h—=1)+ Y Tilp+h =Yt +&nlp+h—1)

=1 (C.17)

h=1,....p+1, T={p,...,T—H}

which are VAR(p + h — 1) models shifted forward by h periods, while the sample periods

7 remain fixed; hence, each VAR is estimated with a slightly different sample.
The FWL Theorem B.1 is used to partial out the LP(p) regressors in the VARs (C.17):

Yien = P[Yisnll Vi, ..

Y pt]

h-1
+> Telp+h—1) <Yt+h—k — PlYiin—ik1Ye, 7Yt—p—|—1]> +&n(p+h—1)
k=1

(C.18)
The linear projections in (C.18) use the same lag order and sample periods 7 as the local
projections in (C.16), and thus can be substituted:
N
Yeen =0 () + > B (0)Yi o1
s=1
h—1 P k
+> Trlp+h—1) <Yt+h—k—bh ") ZB‘E’ p)Yi- s+1> +&np+h—1)
k=1 s=1
(C.19)
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Rearrange (C.19) so that it mirrors a VAR:

h—1 h—1
Yiun = (b“” (p) = S Ti(p+h—1)p" <p>> + 3 Tp+h— 1) Y
k=1 =1

p+h—1 h—1
+ > <Bl(h)h+1(p) —> Tulp+h- 1)31(32?1 (p)> Yiehot+&np+h—1)
l=h k=1

(C.20)
Since (C.20) has the same form, residuals, and sample periods 7 as the VAR(p + h — 1)

models in (C.17), the following is true:

h—1
Li(p+h—1)= Bl(f)hﬂ(p) —) Tilp+h- 1)31(521)1(1?) l=h,....p+h—1
k=1
h—1
Yp+h—1)=b"(p) = Tr(p+h— 1" (p)
k=1
h da h—k
Eonp+h—1) =1 () =S Th(p+h—1)r" 5, () h=1,... H
k=1
(C.21)
which can be rearranged to match expression (15):
p+h—1
h h—k
BMp)= > Twlp+n—1)B""(p) [=1,...p
k=1
h—1
0 (p)=y(p+h—1)+ > Trlp+h—1p"H(p) (C.22)
k=1
h =, h—k
i 0) = Enp+h— 1)+ > Thlp+h— Dl ) h=1,... . H
k=1

with normalization Bl(l_k) (p)=1Iy foralll=Fk>1, and Bl(l_k) (p) = 0 otherwise.
Comparison of (C.22) with (15) reveals that B{" (p) = U\")(p), 5™ (p) = ") (p), and

Tii)h (p) = Xi(ffl&-)h (p), which proves statement (a) of Theorem 1. Since the FWL Theorem B.1

applies to both, population regression and sample estimates, expression (C.22) also holds

when the population parameters and residuals are replaced with sample estimates. Q.E.D.
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(b) VARs are Combinations of LPs

PROOF: Recall, a vector autoregression (6) has the following form:

Yy =PV, Yi1,..., Yip] + &(p)
p (C.23)
=)+ Y Te@Yik +&(p)  T={p+1,....T}
k=1

where P is the linear projection operator, 7 is the set of time periods used for estimation
(C.3), and T is the number of available time periods. Note that the only difference between
an estimated VAR(p) and an estimated LP(p) at horizon h =1 is that the latter does not
include the last A periods.

In order to express a VAR as a combination of local projections, we need to fit LPs (1)
inside the VAR (C.23). This can be done by partialling out some of the regressors in the
VAR (C.23) by FWL Theorem B.1:

}/t = P{}Q'l?n—h? c 73/15*17]

h—1

+ S Tkp) (Yiok = Pl Yin o Yiey]) + 60() (C24)
k=1

h=1,....p+1, T={p+1,....T}

where PY;_j|1,Y;_p,...,Y;—p] are LP(p — h + 1) predictions at horizon h — k. Since a
VAR(p) consists of p+ 1 periods only: {Y7,...,Y;—,}, the local projection at horizon A
cannot have more than p — h 4+ 1 < p lags (C.23); hence, a VAR is a combination of equal-
and lower-order LPs. Note that the set of time periods 7 used for estimation remains con-
stant, while the time periods of the variables vary across projections; hence, the LPs are
estimated with different sets of time periods.

It is necessary to add a second superscript when replacing the projection operators in

(C.24) with LPs, because LPs of the same horizon h — k are estimated with different sets
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of time periods across different k:

Y = b0 (p — h+1+§:BlM4p h+ 1Y,

I=h
“ & (h— kk

+Zr (p )(Yt k_b(h kk p h+1)— ZBZ il h+1)Yt_l>+§t(p)
k=1 I=h

(C.25)
where the second superscript is redundant in population, i.e. b7 (s) = b"F)(s), Bl(i’j ) (s)
= Bl(i’k)(s), and rﬁi’j )(s) = T§i7k)(8), for all k, but the sample estimates differ slightly be-
cause of distinct sample periods.

Rearrange (C.25) so that it mirrors a VAR:

h—1 h—1
Yi = (b“”“)(p —h+1) = T " (p—h+ 1)) + " Tup) Vi

p h—1
+§j( "9 (v h+U—§jnﬁﬁ%ﬁﬁP@—h+w>n4+&@>

l=h k=1

h=1,....p+1, T={p+1,....T}
(C.26)
Since (C.26) has the same form, residuals, and sample periods 7 as the VAR(p) model in

(C.23), the following is true:

h—1

FZ(P):BZ(E?L —h+1) =) Ti(p) lhhf—lk( —h+1) I=h,....p
k=1

h—1

v(p) = b (p—h+1) = Trp)p" PR (p—h+1) (C.27)
k=1

1.0 = h—k

@) = —h+1) =N T o -1 =1, p+1

k=1

where the second index in the superscript is redundant in population, and therefore,
I'i(p) = Ai(p), v(p) = a(p), and & (p) = v¢(p), in (6) and (19), which proves statement (b)

of Theorem 1. Since the FWL Theorem B.1 applies to both, population regression and sam-
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ple estimates, expression (C.27) also holds when the population parameters and residuals

are replaced with sample estimates. Q.E.D.
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