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Abstract

Generative AI has recently emerged as a pivotal technological driver of economic growth, leading to
a substantial surge in AI-generated content. However, the widespread adoption of this technology
raises concerns regarding potential risks, particularly those stemming from excessive dependence on
AI. This paper investigates both the benefits and drawbacks of Generative AI from the perspective of
data quality. Specifically, we develop a semi-endogenous growth model in which production relies
on two types of data: AI-generated data and producer data, with the latter representing real-world
information. Although AI-generated data are significantly cheaper to produce, their use entails a
trade-off in the form of lower data quality, resulting in higher error rates in production. Our analysis
demonstrates that firms, operating under competitive equilibrium, tend to overutilize AI-generated
data relative to the optimal allocation. This finding suggests that AI-generated data should serve as a
complement to, rather than a substitute for, real-world data in practical applications.
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1. Introduction

In recent years, the significance of data has been widely acknowledged by both academia and industry.
As newly emerging industries that leverage data as a key factor of production and innovation—such as
robot manufacturing, drones, and self-driving vehicles—continue to develop, another transformative
technology, represented by Generative AI, primarily in the form of large language models (LLMs),
is reshaping various aspects of our lives by producing an increasing volume of content. Trained on
human-written texts and other real-world information, Generative AI derive their understanding of
language structure and meaning. They appear to possess their own judgment and can respond to
(seemingly) any input provided. Since the introduction of ChatGPT, Generative AI have been regarded
as one of the most significant drivers of economic growth in the coming decades. Meanwhile, as
documented by Bail (2024), this technology is reshaping the social sciences by streamlining routine
research tasks such as writing, data cleaning, and software programming.

The integration of AI into economic systems has transformed industries by enabling data-driven
decision-making and predictive analytics. However, the performance and reliability of AI systems
critically depend on the quality of the data they utilize. Poor data quality—characterized by inaccura-
cies, biases, or incompleteness—poses significant risks to the integrity of AI applications, potentially
leading to flawed economic outcomes and systemic vulnerabilities. The rapid adoption of Generative
AI has driven an unprecedented surge in AI-generated content. The European Union Law Enforce-
ment Agency projects that AI-generated content could constitute up to 90% of online material in the
long term.1 del Rio-Chanona et al. (2023) show that the introduction of large language models like
ChatGPT has reduced human-generated contributions on platforms such as Stack Overflow, while
Brooks et al. (2024) document an increasing presence of AI-generated content on Wikipedia, often
of inferior quality. Despite the growing reliance on AI, the implications of data quality deficiencies
remain underexplored, particularly regarding their broader economic and societal impacts.

In light of this prevailing trend, we propose a semi-endogenous growth model incorporating two
types of data, each representing different levels of real-world information, and analyze the model’s
behavior with an emphasis on data quality. Specifically, we begin with a simple framework featuring
only exogenous growth and AI-generated data. This new type of data is derived from existing
datasets, with labor introduced as the sole marginal input in the generation process. We model AI-
generated data as significantly cheaper to produce than conventional data types and as a key input in
production. However, its usage increases error rates in production, thereby reducing total economic
output through an additional channel. Our model thus captures a trade-off between enhancing
production efficiency and elevating the likelihood of production errors.

Furthermore, we extend our framework to a semi-endogenous growth model in which AI-
generated data and producer data jointly contribute to the production process. The latter type of
data originates from real-world production activities and enhances overall dataset quality, although
its associated costs are higher due to the absence of the multiplier effects present in AI-generated

1For more information, see the report titled Facing Reality? Law Enforcement and the Challenge of Deepfakes: An Observatory
Report from the Europol Innovation Lab.
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data. We emphasize a key concept, data quality, which is determined by the ratio of the two types
of data used and directly influences the error rate in production. We compare the outcomes under
two settings—competitive equilibrium and optimal allocation—and find that production firms tend
to overutilize AI-generated data while underutilizing producer data, even at the risk of losing their
monopoly power due to excessively high error rates. Consequently, we conclude that governments
should implement policies to mitigate potential negative effects, such as imposing an upper limit
on AI-generated data usage or mandating its combination with real-world data by adjusting labor
allocations through taxes and subsidies.

More specifically, our results can be categorized into three regimes: AI-generated data dominance,
producer data dominance, and balanced growth of both data types. In the first regime, beyond the
main conclusion that firms consistently overutilize AI-generated data, we identify a crucial distinction:
under optimal allocation, the social planner still allocates a fraction of labor to the producer data sector,
whereas under competitive equilibrium, the labor share in this sector shrinks to nearly zero, with a
large fraction of labor employed in the AI-generated data sector. This result underscores the necessity
of regulating the usage of different data types as the AI sector experiences sustained explosive growth.
Meanwhile, in the second regime, although some differences in labor allocations persist, AI-generated
data become negligible across different settings, leading to labor concentration in the producer data
sector. Finally, in the third regime, while only numerical solutions can be derived, the results remain
consistent with our main conclusion, demonstrating that the model exhibits stable behavior across a
wide range of parameter values.

The potential risks of Generative AI have emerged as a prominent topic in recent years. Inspired by
Acemoglu and Lensman (2024) and Jones (2024), which provide only concise models to illustrate key
features in this field, we extend their approach by developing a more integrated framework. These
studies highlight the potential risks associated with the widespread application of AI technologies,
arguing that such technologies may negatively impact production or even pose existential threats to
human lives. Other research in computer science, such as Shumailov et al. (2024) and Wenger (2024),
also emphasizes that AI models can collapse and start generating meaningless content if real-world
data are not continuously incorporated. On a broader scale, the economics of Generative AI has gained
increasing attention in recent years. For example, Acemoglu (2024) estimate the potential effect of
AI on total factor productivity growth, and Korinek and Vipra (2024) analyze the concentration of
AI firms from the perspective of cost structures, and Brynjolfsson et al. (2025) examine the potential
impact of AI on employment and find that AI can assist new workers.

We link the economics of AI with recent studies on the data economy and offer a new perspective
for evaluating the advantages and disadvantages of these emerging technologies. Our framework
on the data economy builds upon the foundational work of Jones and Tonetti (2020), Farboodi and
Veldkamp (2023), and Cong et al. (2021). These studies all trace their origins to the seminal endogenous
growth models introduced by Romer (1990) and Jones (1995), and our paper further contributes to
the extensive literature on economic growth. Beyond these studies on the long-run effects of data,
research on the data economy also explores micro-level aspects, such as information and privacy. For
example, recent studies analyze the nonrival nature of data and highlight the competitive dynamics
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among digital platforms and intermediaries (Ichihashi, 2021; Yang, 2022; Bergemann and Bonatti,
2024). Our research approaches this topic from the perspective of data quality and calls for further
investigation into the micro-foundations of this emerging concept.

The remainder of the paper is organized as follows. Section 2 introduces a simple model that
considers only the effect of AI-generated data and derives preliminary results on their economic
impact. Section 3 extends this model into a general framework by incorporating both AI-generated
data and producer data. Section 4 examines the optimal allocation and provides an initial discussion
of the model’s implications. Section 5 then analyzes the competitive equilibrium and presents the
corresponding solutions. Building on the findings from the previous two sections, Section 6 conducts
comparative statics across various dimensions and explores the policy implications of this study.
Finally, Section 7 concludes.

2. A Simple Model with AI-Generated Data

We begin with a simple model that features only the key type of data analyzed in this paper—
AI-generated data. Suppose the economy consists of 𝑁 varieties of intermediate goods, which
are combined to produce final goods for consumption. The population consists of homogeneous
consumers, denoted as 𝐿𝑡 at time 𝑡, growing at a constant rate 𝑛, with an initial population of 𝐿0. The
production of intermediate goods relies not only on labor, as is conventional in related models, but
also on data. In this simplified setting, firms exclusively use AI-generated data rather than other types
of data (e.g., consumer data or producer data), with these AI-generated data acting as a productivity-
enhancing factor in production. We assume that a single Generative AI firm operates in the economy,
producing data for all intermediate firms in a nonrival manner. That is, each intermediate firm has
access to the entire set of AI-generated data for the production of its specific variety of intermediate
goods.

Denote the usage of AI-generated data at time 𝑡 as 𝐷𝐴,𝑡 . The generation process of this type of
data is given by:

¤𝐷𝐴,𝑡 = 𝜓𝐷𝜁
𝐴,𝑡

𝐿𝐴,𝑡 − 𝛿𝐴𝐷𝐴,𝑡 , (1)

where 𝐿𝐴,𝑡 represents the labor employed in the Generative AI firm at time 𝑡. The parameters 𝜓, 𝜁,
and 0 < 𝛿𝐴 < 1 correspond to the efficiency term, the contribution of existing AI-generated data to
the generation of new data (or the spillover effect), and the depreciation rate of AI-generated data,
respectively. Typically, we assume 0 < 𝜁 < 1, as AI-generated data are expected to exhibit diminishing
returns in the generation process. In other words, the production of new AI-generated data becomes
increasingly difficult or inefficient as the existing stock of such data accumulates. If 𝐷𝐴,𝑡 grows at a
constant rate 𝑔𝐷𝐴

in the long run—corresponding to the balanced growth path analyzed in subsequent
sections—then from equation (1), we obtain:

¤𝐷𝐴,𝑡

𝐷𝐴,𝑡
= 𝜓𝐷𝜁−1

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴 = 𝑔𝐷𝐴

.
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Thus, along the balanced growth path, the term 𝐷𝜁−1
𝐴,𝑡

𝐿𝐴,𝑡 must remain constant, implying:

(𝜁 − 1)𝑔𝐷𝐴
+ 𝑛 = 0 ⇒ 𝑔𝐷𝐴

=
1

1 − 𝜁
𝑛. (2)

We then derive the steady-state level of AI-generated data as:

𝐷∗
𝐴,𝑡 =

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 1
1−𝜁

(𝐿∗𝐴,𝑡)
1

1−𝜁 . (3)

This result shows that 𝐷𝐴,𝑡 is directly related to 𝐿𝐴,𝑡 with a proportionality factor in the long run.
Moreover, the elasticity of 𝐷𝐴,𝑡 with respect to 𝐿𝐴,𝑡 is given by 1/(1 − 𝜁), which exceeds 1 under
standard parameter values of 𝜁. This reflects the low cost of AI-generated data, a key feature in the
subsequent analysis.

Next, we examine the usage of AI-generated data. Following the framework of Jones and Tonetti
(2020), the production function for variety 𝑖 of the intermediate good at time 𝑡, denoted as𝑌𝑖 ,𝑡 , is given
by:

𝑌𝑖 ,𝑡 = 𝐷
𝜂
𝐴,𝑡

𝐿𝑖 ,𝑡 , (4)

where 𝐿𝑖 ,𝑡 represents the labor employed in production, and the parameter 𝜂 captures the importance
of data in this process. Due to the nonrival nature of data, 𝐷𝐴,𝑡 can be utilized not only in its own
generation process but also in the production of intermediate goods. However, unlike other types of
data studied in previous literature, AI-generated data are inherently prone to errors, as highlighted
by Shumailov et al. (2024) and Wenger (2024). That is, firms relying on these data in production
may encounter errors, which, rather than enhancing productivity, may lead to efficiency losses. For
simplicity, we assume that the probability of errors occurring is an exogenous parameter, denoted
as 0 < 𝑒 < 1, and focus on the variation of this parameter in subsequent sections. When an error
occurs, the production of the corresponding variety of intermediate goods falls to zero for that period.
Thus, the parameter 𝑒 can also be interpreted as the error rate associated with AI-generated data.
Aggregating over all varieties of intermediate goods affected by AI errors, i.e., within the range [0, 𝑒𝑁],
the total consumption of the final good 𝑌𝑡 is given by the combination of the remaining (𝑁 − 𝑒𝑁)
varieties of intermediate goods:

𝑌𝑡 =

(∫ 𝑁

𝑒𝑁

𝑌
𝜎−1
𝜎

𝑖 ,𝑡
d𝑖

) 𝜎
𝜎−1

, (5)

where 𝜎 represents the elasticity of substitution among different varieties of intermediate goods.
Since we do not assume heterogeneity among these varieties, substituting (4) into (5) and considering
the balanced growth path, we obtain:

𝑌∗
𝑡 = [(1 − 𝑒)𝑁] 𝜎

𝜎−1𝑌∗
𝑖 ,𝑡

= (1 − 𝑒) 𝜎
𝜎−1 𝑁

1
𝜎−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

(𝑙∗𝐴)
𝜂

1−𝜁 (1 − 𝑙∗𝐴)𝐿
1+ 𝜂

1−𝜁
𝑡 . (6)

4



The second line follows from the labor market clearing condition, given by 𝐿𝐴,𝑡 +
∫ 𝑁

0 𝐿𝑖 ,𝑡d𝑖 ≤ 𝐿𝑡 .
From (6), we derive the growth path of the economy’s output level, 𝑌∗

𝑡 , which depends on three
main driving forces: population growth 𝐿𝑡 , the nonrival nature of data 𝑁

1
𝜎−1 , and the error rate of AI-

generated data 𝑒. The first force, population growth, is ubiquitous in growth models and represents
the scale of the economy. The second force, the nonrival nature of data, is also present in models of
the data economy, such as Jones and Tonetti (2020), Cong et al. (2021), and Cong et al. (2022). This
property introduces a multiplier effect of 𝑁𝜂 in our simplified framework.2 The third force, the error
rate of AI-generated data, is the primary focus of our study, as it introduces a negative relationship
between AI errors and economic growth. This leads to a fundamental insight of this paper: since
AI-generated data are prone to errors, their application should be carefully managed, and measures
should be implemented to mitigate their negative effects.

The richer model developed in the remainder of this paper builds upon this simple framework.
We endogenize the variety of intermediate goods by introducing an innovation sector, leading to a
semi-endogenous growth model. Additionally, we endogenize the error rate by incorporating the
substitution effect arising from the use of an alternative data type—producer data—as well as other
potential costs associated with mitigating the negative effects of AI-generated data.

3. The General Model

In this section, we introduce a general model with data generated from multiple sources. In addition
to the AI-generated data discussed in the simple model, we also consider data derived from the
production process, referred to as “producer data.” The properties of producer data have been
explored in emerging literature such as Farboodi and Veldkamp (2023) and Xie and Zhang (2023), and
the combination of these two data types provides a more comprehensive framework for understanding
the data economy.3 We contribute to the literature by introducing the concept of data quality, which
influences the overall error rate in production. Data quality is endogenously determined by firms’
choices regarding the composition of different data types. We first outline the economic environment
and discuss in detail the distinctive properties of AI-generated data. We then derive results under
both the optimal allocation and the competitive equilibrium.

2Note that if data were rivalrous, then (4) would take the form 𝑌𝑖 ,𝑡 = 𝑁−𝜂𝐷𝜂
𝐴,𝑡

𝐿𝑖 ,𝑡 . Following similar derivations, the
output level along a balanced growth path would be:

(𝑌∗
𝑡 )rival = (1 − 𝑒) 𝜎

𝜎−1 𝑁
1

𝜎−1−𝜂
[

𝜓(1 − 𝜁)
𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

(𝑙∗
𝐴
)

𝜂
1−𝜁 (1 − 𝑙∗

𝐴
)𝐿1+ 𝜂

1−𝜁
𝑡

.

Thus, the multiplier effect arising from the nonrival nature of data is given by 𝑌∗
𝑡
/(𝑌∗

𝑡
)rival = 𝑁𝜂.

3Some previous studies, such as Jones and Tonetti (2020) and Cong et al. (2021), focus on data generated from consumers,
referred to as “consumer data,” which may introduce privacy costs. In this paper, we do not examine consumer data and
instead focus on the interaction between producer data and AI-generated data for the following reason: producer data and
AI-generated data share greater similarities, as neither contains personal information and thus does not pose privacy risks.
For tractability, this similarity allows us to better highlight the unique characteristics of AI-generated data and the trade-offs
involved in its application.
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3.1 Economic Environment

The economic environment of the general model is summarized in Table 1. Similar to the simple
model, the economy consists of representative consumers, a final goods producer, intermediate
goods producers, and a Generative AI firm. In addition, we introduce an innovation sector to ensure
endogenous growth and incorporate various data intermediaries to facilitate data transactions in the
competitive equilibrium. Some notations are reused or redefined in this section to enhance the clarity
of the model.

Table 1: Economic Environment

Meanings Equations

Utility 𝑈 =
∫ ∞

0 𝑒−(𝜌−𝑛)𝑡
(
ln 𝑐𝑡 +

𝜅
𝑁𝑡

∫ 𝑁𝑡

0 ln𝑄𝑖 ,𝑡d𝑖
)

d𝑡

Final good production 𝑌𝑡 =
(∫ 𝑁𝑡

0 𝑌
𝜎−1
𝜎

𝑖 ,𝑡
d𝑖

) 𝜎
𝜎−1

, with 𝜎 > 1

Producer data generation 𝐷𝑃,𝑡 = 𝑦𝜃𝑡 𝐿𝑃,𝑡 , with 𝜃 ∈ (0, 1)
AI-generated data accumulation ¤𝐷𝐴,𝑡 = 𝜓𝐷𝜁

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴𝐷𝐴,𝑡 , with 𝜁 ∈ (0, 1) and 𝜓 > 0

Formation of overall dataset 𝐷𝑖 ,𝑡 =

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑖,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑖,𝑡

] 𝜀
𝜀−1

, with 𝜀 > 1

Intermediate good production 𝑌𝑖 ,𝑡 = (1 − 𝑒𝑖 ,𝑡)𝐷𝜂
𝑖 ,𝑡
𝐿𝑖 ,𝑡 , with 𝜂 ∈ (0, 1)

Error rate 𝑒𝑖 ,𝑡 = 𝑒0 · exp(−𝜉𝑄𝑖 ,𝑡), with 𝑒0 ∈ [0, 1] and 𝜉 > 0

Quality of data 𝑄𝑖 ,𝑡 =

(
𝐷𝑃,𝑖,𝑡

𝐷𝐴,𝑖,𝑡

)𝜏
, with 𝜏 ∈ (0, 1)

Innovation (new varieties) ¤𝑁𝑡 =
1
𝜒
𝐿𝑅,𝑡

Labor resource constraint 𝐿𝑃,𝑡 + 𝐿𝐴,𝑡 +
∫ 𝑁𝑡

0 𝐿𝑖 ,𝑡d𝑖 + 𝐿𝑅,𝑡 = 𝐿𝑡

Nonrivalry of data 𝐷𝑃,𝑖,𝑡 ≤ 𝐷𝑃,𝑡 and 𝐷𝐴,𝑖,𝑡 ≤ 𝐷𝐴,𝑡

Population growth (exogenous) 𝐿𝑡 = 𝐿0𝑒
𝑛𝑡

Aggregate output 𝑌𝑡 = 𝑐𝑡𝐿𝑡

Per capita output 𝑦𝑡 = 𝑌𝑡/𝐿𝑡
Loss of business due to errors 𝛿(𝑒𝑖 ,𝑡) = 𝛿0𝑒

2
𝑖 ,𝑡

Representative consumer. The population of the representative consumer, denoted as 𝐿𝑡 , grows
at a constant rate 𝑛, and utility is derived from the consumption of the final good. Additionally,
consumers care about the quality of the goods they consume. To capture this concern, we introduce
an additional term related to data quality.4 Moreover, each consumer supplies one unit of labor
inelastically and allocates it across four sectors: intermediate goods production, innovation, and

4If firms excessively rely on AI-generated data, leading to a high probability of errors, consumers may become dissat-
isfied with the goods produced and even lose confidence in AI-related industries as a whole.
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data generation (which includes both producer data and AI-generated data). The utility function of
consumers is specified as follows:

𝑈 =

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡

(
ln 𝑐𝑡 +

𝜅
𝑁𝑡

∫ 𝑁𝑡

0
ln𝑄𝑖 ,𝑡d𝑖

)
d𝑡 , (7)

where 𝑐𝑡 represents per capita consumption, 𝑄𝑖 ,𝑡 denotes data quality (introduced in detail later), and
𝑁𝑡 is the number of varieties. The parameters 𝜌 and 𝜅 correspond to the consumers’ discount rate
and the relative weight placed on data quality versus consumption, respectively.

Final good producer. There is a single final goods producer that assembles intermediate goods to
produce the final good for consumption. The production function is given by:

𝑌𝑡 =

(∫ 𝑁𝑡

0
𝑌

𝜎−1
𝜎

𝑖 ,𝑡
d𝑖

) 𝜎
𝜎−1

. (8)

Other variables are defined analogously to those in the simple model.
In addition to production, the final goods producer also generates data as a byproduct, referred

to as producer data. Following the framework of Farboodi and Veldkamp (2023) and Xie and Zhang
(2023), the producer employs labor for data collection and cleaning, and the volume of producer data
generated increases with the scale of production. Consequently, we specify the generation function
of producer data as:

𝐷𝑃,𝑡 = 𝑦𝜃𝑡 𝐿𝑃,𝑡 , (9)

where 𝑦𝑡 = 𝑌𝑡/𝐿𝑡 represents per capita output, 𝐿𝑃,𝑡 denotes the labor allocated to this process, and the
parameter 𝜃 captures the importance of output in data generation. Notably, we use per capita output
𝑦𝑡 instead of total output 𝑌𝑡 in this function, as the former eliminates the scale effect of the economy,
making it a more suitable reference variable rather than a direct input in the data generation process.

Generative AI firm. There is a single Generative AI firm in the economy that provides AI-generated
data. For simplicity, we assume that this firm must make a substantial upfront investment before it can
begin supplying AI-generated data to other firms, denoted as a fixed cost 𝒢 .5 Once this investment is
made, AI-generated data are produced and accumulated according to the following function:

¤𝐷𝐴,𝑡 = 𝜓𝐷𝜁
𝐴,𝑡

𝐿𝐴,𝑡 − 𝛿𝐴𝐷𝐴,𝑡 ,

which is identical to the expression in (1). At any time 𝑡, intermediate goods producers rent these
AI-generated data in a nonrival manner. As we will observe in the calibration analysis in Section 6.1,
the depreciation rate of AI-generated data, 𝛿𝐴, is typically very high (approaching 1). Consequently,

5This fixed cost can be interpreted as the emergent capabilities in AI, which refer to the phenomenon where an AI
system, typically a large-scale model, unexpectedly exhibits new abilities or behaviors once it surpasses a certain scale in
terms of parameters, training data, or computational resources. These capabilities are not explicitly programmed into the
model and may not be observable at smaller scales. In light of this, we set the constant 𝒢 as the threshold at which AI
models become operational and start generating new data.
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the primary driver of AI-generated data growth stems from labor input and the recursive utilization
of existing data to generate new data.

Intermediate good producer. There are 𝑁𝑡 intermediate good producers, each specializing in a
distinct variety of intermediate goods at any time 𝑡. In addition to employing labor in the production
process, these producers utilize a combination of data sourced from both the final goods producer
and the Generative AI firm. Formally, the overall dataset available to an intermediate goods producer
is given by:

𝐷𝑖 ,𝑡 =

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑖,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑖,𝑡

] 𝜀
𝜀−1

, (10)

where 𝐷𝑖 ,𝑡 represents the overall dataset, 𝐷𝑃,𝑖,𝑡 denotes producer data, and 𝐷𝐴,𝑖,𝑡 corresponds to
AI-generated data for variety 𝑖. The parameter 𝜀 captures the elasticity of substitution between the
two types of data.

From (1), we observe that AI-generated data accumulate by using themselves as one of the inputs,
which results in a multiplier effect and lower costs compared to producer data in the data generation
process. However, as discussed in the simple model, concerns regarding the quality of AI-generated
data remain significant. Formally, there exists a probability 𝑒𝑖 ,𝑡 that the output of an intermediate
goods producer specializing in variety 𝑖 falls to zero due to errors arising from the use of AI-generated
data. This probability is given by:

𝑒𝑖 ,𝑡 = 𝑒0 · exp(−𝜉𝑄𝑖 ,𝑡), (11)

where 𝑄𝑖 ,𝑡 ≥ 0 denotes the quality of the overall dataset for variety 𝑖 at time 𝑡, 𝜉 represents the
sensitivity of quality to the error rate, and 𝑒0 is the basic error rate, capturing the probability of
errors when data quality is at its lowest level, i.e., when 𝑄𝑖 ,𝑡 → 0.6 Furthermore, data quality 𝑄𝑖 ,𝑡 is
determined by the ratio of producer data to AI-generated data used in forming the overall dataset, as
specified by:

𝑄𝑖 ,𝑡 =

(
𝐷𝑃,𝑖,𝑡

𝐷𝐴,𝑖,𝑡

)𝜏
, (12)

where 𝜏 > 0 denotes the elasticity of quality with respect to this ratio. When the proportion of
AI-generated data in the overall dataset increases, quality 𝑄𝑖 ,𝑡 declines, whereas a higher share of
producer data leads to an improvement in quality. This is the key variable we focus on in this paper,
and we will provide further discussion in Section 3.2.

Based on the evolution of data quality discussed above, the allocations of producer data and AI-
generated data are determined to optimize intermediate goods production, which inherently involves
a certain risk of zero output. Formally, the production function for an intermediate goods producer
specializing in variety 𝑖 is given by:

𝑌𝑖 ,𝑡 = (1 − 𝑒𝑖 ,𝑡)𝐷𝜂
𝑖 ,𝑡
𝐿𝑖 ,𝑡 , (13)

6Alternatively, we could assume that the output of an intermediate goods producer falls to a level below that of a
scenario without data usage. However, for simplicity and tractability, we assume zero output in the event of an error.
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which is analogous to (4) in the simple model, except that the overall dataset 𝐷𝑖 ,𝑡 is used instead of
relying solely on AI-generated data.

Innovation sector. We follow the framework of Romer (1990) to model the innovation sector, distin-
guishing between data and ideas. In this paper, an idea is defined as the blueprint for creating a new
variety of intermediate goods, denoted as 𝑁𝑡 , and each blueprint is developed by employing 𝜒 units
of labor. Formally, the innovation process is specified as follows:

¤𝑁𝑡 =
1
𝜒
𝐿𝑅,𝑡 , (14)

where 𝐿𝑅,𝑡 represents the labor allocated to innovation, and 𝜒 > 0 is a constant reflecting entry
costs. As the number of intermediate goods varieties increases, the output level grows in a sustained
manner, ensuring that the model follows a balanced growth path in the long run.

Loss of business. Finally, we consider the possibility that when an incumbent firm excessively relies
on AI-generated data in production, leading to a high probability of errors, potential intermediate
goods producers may have an opportunity to displace it. Formally, we assume that ownership of
variety 𝑖 changes according to a Poisson process with an arrival rate 𝛿(𝑒𝑖 ,𝑡), which is specified in
quadratic form for simplicity:

𝛿(𝑒𝑖 ,𝑡) = 𝛿0𝑒
2
𝑖 ,𝑡 , (15)

where 𝛿0 parameterizes the arrival rate when 𝑒𝑖 ,𝑡 reaches its maximum value, 𝑒0. Importantly, Equation
(15) is not an explicit component of the economic environment. That is, while the social planner does
not account for this process in decision-making, it plays a crucial role when analyzing the competitive
equilibrium.

3.2 Discussions

Several important issues should be clarified before we proceed to solve the model. We summarize
them in the following three points. First, we clarify the selection of producer data. In our framework,
in addition to AI-generated data, which serve as the primary focus of our discussion, we introduce
another type of data that represent real-world information. Although producer data emerge from the
production process and enhance productivity, this type of data possesses distinct properties compared
to the “learning by doing” concept developed in Arrow (1962). In our setting, the generation of
producer data requires labor as an input and can be traded among firms, unlike the “learning by
doing” effect, which remains an internalized knowledge accumulation process within a firm. Given
that producer data are directly linked to the production process, we select this type of data to interact
with AI-generated data in our analysis.

Secondly, the assumptions regarding Generative AI firms need to be specified. This new type of
firm leverages data and computing power to develop automated solutions such as text generation, im-
age synthesis, and code creation, significantly reducing production costs and enhancing productivity.
These firms operate with high fixed costs and low marginal costs, benefiting from economies of scale
and network effects. Since AI models require substantial investment in training but can be deployed
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at near-zero marginal cost, market dynamics often lead to oligopolistic competition, where leading
firms establish dominance through data access and advanced algorithms. As a result, although we
introduce a fixed cost 𝒢 in this section, it has no effect in the long run. Furthermore, we do not use
real-world data (represented as producer data) as an input for generating new AI-generated data but
instead consider labor as the sole input. This assumption is made because the overall dataset applied
in production already consists of a combination of different types of data.

Third, we should further elaborate on the microfoundation of data quality. As documented in
Acemoglu and Lensman (2024) and Jones (2024), the use of transformative technologies such as
generative AI may increase risk, despite their potential to enhance productivity. We argue that the
key underlying reason is that AI cannot generate genuinely new information about reality, nor can
it make decisions based on new events occurring in the real world. As a result, AI-generated data
merely replicate and reformulate past information, gradually deviating from optimal production
decisions, which ultimately leads to a decline in overall data quality. To mitigate this negative effect,
new information must be continuously updated by incorporating real-world data—represented as
producer data in our model. This motivates our definition of data quality, which is simply expressed
as the ratio of the two types of data.

Finally, two types of inefficiencies in our framework should be clarified. The first type arises from
the monopoly power of intermediate goods producers, a common feature in endogenous growth
models. Since monopolistic firms determine both their output and the corresponding prices, the
production of intermediate goods in the competitive equilibrium is lower than in the optimal alloca-
tion. Meanwhile, although we assume the existence of a single monopolistic Generative AI firm in
the economy, we treat this firm as a price taker of AI-generated data in the competitive equilibrium
to simplify the derivations. The second type of inefficiency stems from the role of data quality in
the utility function. Consumers cannot independently determine the usage of different types of data,
while intermediate goods producers do not internalize the effects of data quality on consumer utility
in their decision-making. This asymmetry serves as one of the key reasons for the overutilization of
AI-generated data in our framework. Although we introduce a “loss of business” effect for potential
entrants to curb excessive reliance on AI-generated data, this distortion remains a crucial factor in our
conclusions.

4. Optimal Allocation

We first define and characterize the optimal allocation in our environment. Since we do not introduce
heterogeneity among different varieties of intermediate goods and given the nonrival nature of
data (including both producer data and AI-generated data), the structure of the economy can be
significantly simplified. Specifically, all subscripts 𝑖 in Equations (10), (11), and (12) can be omitted,
and Equation (13) is then rewritten as:

𝑌𝑖 ,𝑡 = (1 − 𝑒𝑡)𝐷𝜂
𝑡 𝐿𝑖 ,𝑡 ,
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indicating that each intermediate goods producer utilizes the entire dataset available in the economy.
Consequently, the flow utility function simplifies to:

𝑢𝑡 = ln 𝑐𝑡 + 𝜅 ln𝑄𝑡 .

Moreover, by combining the formation of the overall dataset (10), the definition of the error rate (11),
the intermediate goods production function (13), and the labor market clearing condition, the final
goods production function is derived as:

𝑌𝑡 = 𝑁
𝜎

𝜎−1
𝑡 𝑌𝑖 ,𝑡

=
[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) . (16)

Based on the above analysis, we now formally state the social planner’s problem. The key allo-
cations to be determined are the labor shares across the four different sectors, given the parameter
values. The optimal allocation solves:

max
𝐿𝑃,𝑡 ,𝐿𝐴,𝑡 ,𝐿𝑅,𝑡

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡 (ln 𝑐𝑡 + 𝜅 ln𝑄𝑡)d𝑡 ,

subject to:

𝑐𝑡 = 𝑦𝑡 =
𝑌𝑡

𝐿𝑡
, (17)

𝐿𝑡 = 𝐿0𝑒
𝑛𝑡 ,

and the constraints given by equations (1), (9), (12), (14), and (16). To simplify the presentation of
results, we introduce the following parameter:

𝒜 ≡
(1 − 𝜁)

[
𝜌 + (1 − 𝜁)𝛿𝐴

]
𝑛 + 𝛿𝐴(1 − 𝜁) , when 𝑔𝐷𝐴

> 𝑔𝐷𝑃
, (18)

which is always positive given the definitions of the related parameters. We define 𝒜 only for the
case where 𝑔𝐷𝐴

> 𝑔𝐷𝑃
since this parameter is relevant only in this regime. Additionally, we define:

ℬ = 𝒜[𝑛 + 𝜅𝑛𝜃 + 𝜌(𝜎 − 1)(1 + 𝜅𝜏 + 𝜅𝜏𝜃)] + 𝜌(𝜎 − 1)(𝜂 − 𝜅𝜏 + 𝜂𝜅𝜏𝜃). (19)

The planner seeks to allocate labor across the four sectors, with particular emphasis on the labor
employed in the generation processes of the two types of data, as this allocation directly influences
the error rate. The planner prefers to utilize more AI-generated data rather than producer data if
the former grows at a higher rate. However, given the additional utility derived from higher data
quality—which, in turn, results from a greater reliance on producer data—the planner must balance
the benefits and costs associated with the use of AI-generated data. Conversely, if producer data grows
at a higher rate, AI-generated data becomes negligible. As a result, the comparison of the growth
rates between the two types of data plays a central role in our analysis. Accordingly, the optimal
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allocations under different regimes are presented in the following two propositions: Proposition 1
provides the results for the case where the two types of data grow at different rates, while Proposition
2 presents the results for the case where they grow at the same rate. In the following propositions,
we use the superscript “𝑠𝑝” to denote variables derived in the optimal allocation.

Proposition 1. (The Optimal Allocation When Producer Data and AI-Generated Data Grow at Different
Rates) Along a balanced growth path, as the population 𝐿𝑡 grows large, the optimal allocation converges to the
following results.

The growth rates of producer data and AI-generated data are given by:

𝑔
𝑠𝑝

𝐷𝑃
=


[
1 + 𝜃

(
1

𝜎 − 1 + 𝜂

1 − 𝜁

)]
𝑛, if 𝜃

𝜎 − 1 + 1 ≤ 1 − 𝜃𝜂

1 − 𝜁
,[

1 + 𝜃
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛, if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
.

and

𝑔
𝑠𝑝

𝐷𝐴
=


𝜏 − 𝜂

𝜏

[
1 + 𝜃

1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛, if

𝜏 − 𝜂

𝜏

(
𝜃

𝜎 − 1 + 1
)
<

1 − 𝜃𝜂

1 − 𝜁
<

𝜃
𝜎 − 1 + 1,

1
1 − 𝜁

𝑛, otherwise.

The growth rates of labor shares allocated to producer data and AI-generated data are given by:

𝑔
𝑠𝑝

𝑙𝑃
= 0,

and

𝑔
𝑠𝑝

𝑙𝐴
=


[ (𝜏 − 𝜂)(1 − 𝜁)

𝜏(1 − 𝜃𝜂)

(
𝜃

𝜎 − 1 + 1
)
− 1

]
𝑛, if

𝜏 − 𝜂

𝜏

(
𝜃

𝜎 − 1 + 1
)
<

1 − 𝜃𝜂

1 − 𝜁
<

𝜃
𝜎 − 1 + 1,

0, otherwise.

The labor shares allocated to different sectors are given by:

𝑙
𝑠𝑝

𝑃
→


𝒜𝜅𝜌𝜏(𝜎 − 1)

ℬ , if 𝜃
𝜎 − 1 + 1 <

1 − 𝜃𝜂

1 − 𝜁
,

𝜂𝜌(𝜎 − 1)
𝑛 + 𝜌(1 + 𝜂)(𝜎 − 1) , if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
,

𝑙
𝑠𝑝

𝐴
→


𝜌(𝜎 − 1)(𝜂 − 𝜅𝜏 + 𝜂𝜅𝜏𝜃)

ℬ , if 𝜃
𝜎 − 1 + 1 <

1 − 𝜃𝜂

1 − 𝜁
,

0, if 𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
,

(20)
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and

𝑙
𝑠𝑝

𝑅
→


𝒜𝑛(1 + 𝜅𝜏𝜃)

ℬ , if 𝜃
𝜎 − 1 + 1 <

1 − 𝜃𝜂

1 − 𝜁
,

𝑛

𝑛 + 𝜌(1 + 𝜂)(𝜎 − 1) , if 𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
,

where 𝒜 and ℬ are constants defined in Equations (18) and (19), respectively.
Given the labor shares derived above (𝑙𝑠𝑝

𝑃
, 𝑙𝑠𝑝

𝐴
, and 𝑙

𝑠𝑝

𝑅
), other variables are determined as follows:

𝑐
𝑠𝑝

𝑡 = 𝑦
𝑠𝑝

𝑡

=



1 − 𝑒0

(𝑛𝜒) 1
𝜎−1

(1 − 𝛽)
𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁 (

𝑙
𝑠𝑝

𝐴

) 𝜂
1−𝜁 ...(

𝑙
𝑠𝑝

𝑅

) 1
𝜎−1

(
1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

)
𝐿

1
𝜎−1+

𝜂
1−𝜁

𝑡 , if 𝜃
𝜎 − 1 + 1 <

1 − 𝜃𝜂

1 − 𝜁
,[

𝛽
𝜂𝜀
𝜀−1

(𝑛𝜒) 1
𝜎−1

(
𝑙
𝑠𝑝

𝑃

)𝜂 (
𝑙
𝑠𝑝

𝑅

) 1
𝜎−1

(
1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝑅

) ] 1
1−𝜃𝜂

𝐿
1

1−𝜃𝜂 (𝜂+ 1
𝜎−1 )

𝑡 , if 𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
.

(21)

𝐷
𝑠𝑝

𝐴,𝑡
=

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 1
1−𝜁 (

𝑙
𝑠𝑝

𝐴

) 1
1−𝜁 𝐿

1
1−𝜁
𝑡 ,

𝐷
𝑠𝑝

𝑃,𝑡
=

(
𝑐
𝑠𝑝

𝑡

)𝜃
𝑙
𝑠𝑝

𝑃
𝐿𝑡 ,

𝑁
𝑠𝑝

𝑡 =
1
𝑛𝜒

𝑙
𝑠𝑝

𝑅
𝐿𝑡 , (22)

and

𝑔
𝑠𝑝
𝑐 = 𝑔

𝑠𝑝
𝑦 =


(

1
𝜎 − 1 + 𝜂

1 − 𝜁

)
𝑛, if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
𝑛, otherwise.

(23)

Proof. See online Appendix A. □

The most important result in the proposition is the solution for per capita output when the two
types of data grow at different rates, as shown in equation (21). Since the labor shares allocated
across different sectors converge to constant values along a balanced growth path, these equations
indicate that per capita output is proportional to the scale of the economy (or, equivalently, the
population) raised to some power. From (23), we observe that the growth rates of per capita output
and consumption are divided into two regimes, with the threshold determining which type of data
grows at a higher rate. In both regimes, the growth rates reflect the degree of increasing returns to
population growth and consist of two additive components. The first term, 1/(𝜎 − 1), corresponds
to the well-documented “love of variety” effect, which diminishes as the elasticity of substitution
among different varieties of intermediate goods increases. The second term is novel and captures the
differential effects of the two types of data, which are linked to their respective generation processes.
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Beyond the common parameter 𝜂 appearing in both regimes, which signifies the importance of
data to the economy, each regime incorporates an additional distinct parameter representing the
characteristics of its respective data type. In the first regime, 𝜁 enters the solution, denoting the
spillover effect of AI-generated data in generating new data of the same type. Conversely, in the
second regime, 𝜃 appears instead of 𝜁, reflecting the reference effect of per capita output in the
generation of producer data. Notably, in the second regime, the “love of variety” effect is further
amplified by the producer data generation process through the term 1/(1 − 𝜃𝜂), highlighting the
stronger link between the production process and this type of data.

The remaining results in the optimal allocation also yield several important implications. First,
the labor shares allocated across different sectors, 𝑙𝑠𝑝

𝑃
, 𝑙𝑠𝑝

𝐴
, and 𝑙

𝑠𝑝

𝑅
, all converge to nonzero constants

along a balanced growth path when producer data dominate the economy. In contrast, in the other
regime, 𝑙

𝑠𝑝

𝐴
shrinks to zero due to the negative impact of AI-generated data on data quality, and

consequently, on utility. Although the reference effect of output in producer data generation, 𝜃,
introduces complexity in labor share allocation, the spillover effect of AI-generated data, 𝜁, exhibits
a more direct relationship: an increase in 𝜁 reduces 𝒜, which in turn raises 𝑙

𝑠𝑝

𝐴
. Notably, even in

the regime where AI-generated data dominate in the long run, the planner still allocates some labor
to the generation of producer data. This outcome stems from the additional utility term related to
data quality, as shown in (7). The allocation decision reflects a trade-off between the positive and
stronger effect of AI-generated data on production and its negative impact on welfare. To mitigate the
latter effect, the economy must continue generating a fraction of producer data.7 Finally, from (20), we
observe that the labor share allocated to the AI firm remains nonnegative only when 𝜂−𝜅𝜏+𝜂𝜅𝜏𝜃 ≥ 0;
otherwise, the economy reaches a corner solution where 𝑙

𝑠𝑝

𝐴
= 0. This condition implies that the ratio

of producer data to AI-generated data should not be overly significant in the utility function, meaning
that the effect of data quality should not be excessively large. Since the use of AI-generated data
reduces utility, the social planner permits its contribution to the economy only when its adverse
effects remain sufficiently small.

Next, equation (22) indicates that the optimal level of variety, 𝑁 𝑠𝑝

𝑡 , is proportional to the population
in the economy. This proportionality factor depends on the population growth rate 𝑛, the entry cost
𝜒, and the labor share allocated to the innovation sector, 𝑙𝑠𝑝

𝑅
. Although a larger population leads to

a higher level of variety, a higher population growth rate slows down the growth of variety. This
outcome reflects the trade-off between economic scale and population growth in determining variety:
while a larger economy allows more labor to be allocated to the innovation sector, thereby fostering
greater variety creation, a higher population growth rate introduces a dilution effect that crowds out
resources allocated to the innovation process.

In Proposition 1, we analyze only the regimes in which the growth rates of the two types of data
differ and derive explicit results that establish clear relationships between the endogenous variables

7This argument becomes clearer when setting 𝜅 = 0. In this case, 𝑙𝑠𝑝
𝑃

becomes zero when 𝑔
𝑠𝑝

𝐷𝐴
> 𝑔

𝑠𝑝

𝐷𝑃
, that is, when

1 + 𝜃/(𝜎 − 1) < (1 − 𝜃𝜂)/(1 − 𝜁). Thus, the data quality term in the utility function serves as a crucial “control” mechanism
for balancing the use of the two types of data in this model. In Section 5, we analyze the competitive equilibrium, where
firms disregard the impact of data quality on utility, while consumers cannot independently determine this variable.
Consequently, we anticipate significant differences between the optimal allocation and the competitive equilibrium.
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and the parameters. However, when considering the regime where these growth rates are equal,
we can only obtain solutions numerically. The key distinction in this case is that data quality, 𝑄𝑡 ,
converges to a constant, 𝑄̄𝑠𝑝 , which complicates the corresponding equations. The solutions for this
regime are presented in Proposition 2 as follows.

Proposition 2. (The Optimal Allocation When Producer Data and AI-Generated Data Grow at the Same Rate)
Along a balanced growth path, as the population 𝐿𝑡 grows large, when the growth rate of 𝐷𝐴,𝑡 equals that of
𝐷𝑃,𝑡 , i.e., 𝜃/(𝜎−1) = (1−𝜂𝜃)/(1− 𝜁)−1, the optimal allocation can be determined by the following equations.

Given the optimal allocations of the labor shares 𝑙𝑠𝑝
𝑃

, 𝑙𝑠𝑝
𝐴

, and 𝑙
𝑠𝑝

𝑅
, the data quality 𝑄𝑡 converges to a constant,

denoted as 𝑄̄𝑠𝑝
(
𝑙
𝑠𝑝

𝑃
, 𝑙

𝑠𝑝

𝐴
, 𝑙

𝑠𝑝

𝑅

)
. This constant is obtained by solving the following equation:

(𝑄̄𝑠𝑝) 1
𝜏 =

{[
1 − 𝑒0 · exp

(
−𝜉𝑄̄𝑠𝑝

) ]
(𝑛𝜒)

1
1−𝜎

[
𝛽(𝑄̄𝑠𝑝) 𝜀−1

𝜏𝜀 + 1 − 𝛽
] 𝜂𝜀

𝜀−1 (
1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

)}𝜃
...[

𝜓(1 − 𝜁)
𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂−1
1−𝜁

𝑙
𝑠𝑝

𝑃

(
𝑙
𝑠𝑝

𝑅

) 𝜃
𝜎−1

(
𝑙
𝑠𝑝

𝐴

) 𝜃𝜂−1
1−𝜁 . (24)

On the other hand, given the data quality 𝑄̄𝑠𝑝
(
𝑙
𝑠𝑝

𝑃
, 𝑙

𝑠𝑝

𝐴
, 𝑙

𝑠𝑝

𝑅

)
, the labor shares allocated across different sectors

are determined by solving the following equations:

(1 + 𝜂)𝑙𝑠𝑝
𝑃

+ (𝜂 +𝒜)𝑙𝑠𝑝
𝐴

+ 𝜂𝑙
𝑠𝑝

𝑅
− 𝜂 = 0, (25)

𝑙
𝑠𝑝

𝑃
+ 𝑙

𝑠𝑝

𝐴
+

[
1 + 𝜌(𝜎 − 1)

𝑛

]
𝑙
𝑠𝑝

𝑅
− 1 = 0, (26)

and

𝜅

𝑄̄𝑠𝑝
+ 𝜉

𝑒0 exp
(
−𝜉𝑄̄𝑠𝑝

)
1 − 𝑒0 exp

(
−𝜉𝑄̄𝑠𝑝

) 1 − 𝑙
𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

1 − (1 + 𝜃)𝑙𝑠𝑝
𝑃

− 𝑙
𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

− 1
𝜏𝑄̄𝑠𝑝

1
1 − (1 + 𝜃)𝑙𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

...{
𝑙𝑃,𝑡 − 𝛽𝜂

[
𝛽(𝑄̄𝑠𝑝) 𝜀−1

𝜏𝜀 + 1 − 𝛽
]−1 (

𝑄̄𝑠𝑝
) 𝜀−1

𝜏𝜀
(
1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

)}
= 0. (27)

Moreover, per capita output 𝑦𝑠𝑝𝑡 converges to:

𝑦
𝑠𝑝

𝑡 =
1 − 𝑒0 · exp

(
−𝜉𝑄̄𝑠𝑝

)
(𝑛𝜒) 1

𝜎−1

[
𝛽
(
𝑄̄𝑠𝑝

) 𝜀−1
𝜏𝜀 + 1 − 𝛽

] 𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁 (

𝑙
𝑠𝑝

𝐴

) 𝜂
1−𝜁 (

𝑙
𝑠𝑝

𝑅

) 1
𝜎−1 ...(

1 − 𝑙
𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅

)
𝐿

1
𝜎−1+

𝜂
1−𝜁

𝑡 .

Other variables such as 𝐷𝑠𝑝

𝐴,𝑡
, 𝐷𝑠𝑝

𝑃,𝑡
, 𝑐𝑠𝑝𝑡 , and 𝑁

𝑠𝑝

𝑡 can be derived similarly to those in Proposition 1, given the
corresponding solutions for labor shares and data quality in this proposition.

Proof. See online Appendix A. □
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Although the solution cannot be derived explicitly in this regime, it is crucial to analyze this propo-
sition numerically. Data quality is a central concept in this paper; however, in the regimes presented
in Proposition 1, this variable converges to either zero or infinity in the long run. While this simplifies
the solutions, it also results in the loss of important information, particularly when comparing the
outcomes of the optimal allocation with those of the competitive equilibrium. Moreover, the regime
outlined in Proposition 2 is likely to be more relevant in the long run, as both types of data play
significant roles in production. A key consideration is the trade-off between leveraging AI-generated
data efficiently and maintaining an adequate level of producer data usage. AI-generated data benefit
from a strong multiplier effect in their generation process, substantially amplifying their impact on
production. In contrast, producer data provide true real-world information and serve as a critical
determinant of data quality, which in turn ensures the quality of the goods produced.

We will revisit these results after analyzing the allocations in the competitive equilibrium within
this environment. The labor shares allocated across different sectors and the resulting data quality
under various allocations will play a crucial role in the comparison.

5. Competitive Equilibrium

We now consider an allocation in which consumers own the generative AI firm. From (3), it is evident
that the generative AI firm exhibits increasing returns to scale, as the exponent on its sole input, 𝐿𝐴,𝑡 ,
is greater than one. In other words, the firm’s profit will be positive if it possesses some degree of
monopolistic power that prevents potential competitors from entering the market. In this section, we
assume that there is only one generative AI firm operating in the economy and that its profits are fully
distributed to consumers. Throughout the paper, both sellers and buyers are assumed to be price
takers in the data market.

5.1 Decision Problems

Household Problem. Households supply one unit of labor inelastically at a wage rate 𝑤𝑡 . They hold
assets 𝑎𝑡 , which earn a return at rate 𝑟𝑡 . These assets can also be interpreted as the profits redistributed
to households due to the monopolistic power of firms. The representative household then solves the
following optimization problem:

𝑈0 = max
{𝑐𝑡}

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡𝐿0

(
ln 𝑐𝑡 +

𝜅
𝑁𝑡

∫ 𝑁𝑡

0
ln𝑄𝑖 ,𝑡d𝑖

)
d𝑡 (28)

subject to
¤𝑎𝑡 = (𝑟𝑡 − 𝑛)𝑎𝑡 + 𝑤𝑡 − 𝑐𝑡 . (29)

Here, we normalize the price of the final consumption good to 1. Additionally, it is important to note
that households cannot directly determine the quality of data, 𝑄𝑖 ,𝑡 .

Final Good Producer Problem. The final good producer must determine two inputs: the interme-
diate goods used in final good production and the labor employed in generating producer data. Since
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producer data are typically considered a byproduct of production, these two decisions should be
treated jointly. Thus, the final good producer solves the following optimization problem:

max
{𝑌𝑖 ,𝑡 ,𝐿𝑃,𝑡}

𝑌𝑡 + 𝑝𝐷𝑃 ,𝑡

(
𝑌𝑡

𝐿𝑡

)𝜃
𝐿𝑃,𝑡 −

∫ 𝑁𝑡

0
𝑝𝑖 ,𝑡𝑌𝑖 ,𝑡d𝑖 − 𝑤𝑡𝐿𝑃,𝑡 , (30)

subject to (8). In the above equation, 𝑝𝐷𝑃 ,𝑡 and 𝑝𝑖 ,𝑡 represent the prices of producer data and interme-
diate goods of variety 𝑖, respectively. Taking the first-order condition with respect to 𝑌𝑖 ,𝑡 , we obtain
the demand function for intermediate goods:(

𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
= 𝑝𝑖 ,𝑡 . (31)

Generative AI Firm Problem. Due to the nonrival nature of data, the Generative AI firm can
continue using AI-generated data to produce new data even after selling it to other firms. Meanwhile,
it must also determine the amount of labor employed in each period. Since the firm engages in
intertemporal decision-making, its optimization problem is formulated as follows:

max
{𝐷𝐴,𝑡 ,𝐿𝐴,𝑡}

∫ ∞

0
exp

(
−

∫ 𝑡

0
𝑟𝜏d𝜏

) (
𝑝𝐷𝐴 ,𝑡𝐷𝐴,𝑡 − 𝑤𝑡𝐿𝐴,𝑡

)
d𝑡 , (32)

subject to the evolution equation of 𝐷𝐴,𝑡 given in (1). Here, 𝑝𝐷𝐴 ,𝑡 represents the price of AI-generated
data, which the firm takes as given.

Intermediate Good Producer Problem. Given the demand function for intermediate goods in (31),
each intermediate good producer across different varieties must determine the optimal usage of the
two types of data and the employment of labor. Letting 𝑉𝑖 ,𝑡 denote the market value of variety 𝑖 at
time 𝑡, the firm’s optimization problem is formulated as follows:

𝑟𝑡𝑉𝑖 ,𝑡 = max
{𝐿𝑖 ,𝑡 ,𝐷𝑃,𝑖,𝑡 ,𝐷𝐴,𝑖,𝑡}

𝑌
1
𝜎
𝑡

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝑌

1− 1
𝜎

𝑖 ,𝑡
− 𝑤𝑡𝐿𝑖 ,𝑡 − 𝑝𝑑𝐷𝑃 ,𝑡

𝐷𝑃,𝑖,𝑡 − 𝑝𝑑𝐷𝐴 ,𝑡
𝐷𝐴,𝑖,𝑡+

¤𝑉𝑖 ,𝑡 − 𝛿(𝑒𝑖 ,𝑡)𝑉𝑖 ,𝑡 , (33)

where 𝑝𝑑
𝐷𝑃 ,𝑡

and 𝑝𝑑
𝐷𝐴 ,𝑡

represent the demand-side prices of producer data and AI-generated data,
respectively. These prices differ from those faced by the supply side of data, an issue that will be
further examined after introducing the role of data intermediaries. Similar to the optimal allocation,
while the joint usage of both types of data enhances firm production, their relative proportions may
have counteracting effects. Specifically, a higher reliance on AI-generated data increases the error rate
in production, raising the likelihood of output disruptions. Additionally, firms must account for the
“loss of business” effect induced by an increasing error rate— a consideration absent in the optimal
allocation framework.
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Data Intermediary Problem. We follow the framework established in Jones and Tonetti (2020) to
model data intermediaries. In this setting, we introduce two types of data intermediaries: one
that handles producer data and another that handles AI-generated data. We assume that both
intermediaries operate as monopolists in their respective data markets but are constrained by free entry
into data intermediation. As a result, the optimization problem for the producer data intermediary
is formulated as follows:

max
𝑝𝑑
𝐷𝑃 ,𝑡

,𝐷𝑃,𝑡

𝑝𝑑𝐷𝑃 ,𝑡

∫ 𝑁𝑡

0
𝐷𝑃,𝑖,𝑡d𝑖 − 𝑝𝐷𝑃 ,𝑡𝐷𝑃,𝑡 , (34)

subject to
𝐷𝑃,𝑖,𝑡 ≤ 𝐷𝑃,𝑡 . (35)

Due to the nonrival nature of data, the data intermediary earns zero profit in equilibrium. Similarly,
the optimization problem for the AI-generated data intermediary follows the same structure and is
omitted here for brevity.

Innovation Problem. Potential firms must employ labor 𝐿𝑅,𝑡 before entering the economy as an
intermediate good producer. Additionally, incumbent firms are subject to the “loss of business” effect
if their error rates are excessively high. The free entry condition is given by:

𝜒𝑤𝑡 = 𝑉𝑖 ,𝑡 +
∫ 𝑁𝑡

0 𝛿(𝑒𝑖 ,𝑡)𝑉𝑖 ,𝑡d𝑖
¤𝑁𝑡

. (36)

The left-hand side represents the entry cost. The right-hand side consists of two components: the
first term corresponds to the value of a new variety, while the second term captures the additional
value arising from the “loss of business” effect, which benefits each potential entrant upon entering
the economy. This condition follows a similar structure to that in Jones and Tonetti (2020), but
the interpretation of the second term on the right-hand side differs, leading to distinct analytical
implications.

5.2 Equilibrium Definition

The equilibrium in which the generative AI firm operates as a monopolist is an allocation where
all households choose {𝑐𝑡 , 𝑎𝑡} to maximize their discounted utility. The final good producer op-
timizes over {𝑌𝑖 ,𝑡 , 𝐿𝑃,𝑡}, the generative AI firm selects {𝐿𝐴,𝑡}, and intermediate goods producers
determine {𝐿𝑖 ,𝑡 , 𝐷𝑃,𝑖,𝑡 , 𝐷𝐴,𝑖,𝑡} to maximize their respective profits. The two types of data intermedi-
aries set {𝑝𝑑

𝐷𝑃 ,𝑡
, 𝐷𝑃,𝑡} and {𝑝𝑑

𝐷𝐴 ,𝑡
, 𝐷𝐴,𝑡}, respectively, but both operate under zero-profit conditions.

The evolution of {𝑤𝑡 , 𝑟𝑡 , 𝑝𝑖 ,𝑡 , 𝑝𝐷𝑃 ,𝑡 , 𝑝𝐷𝐴 ,𝑡} is governed by market-clearing conditions for labor, assets,
intermediate goods, producer data, and AI-generated data. The number of varieties {𝑁𝑡} evolves
according to the innovation possibility frontier given in (14). Finally, the resource constraint 𝑌𝑡 = 𝑐𝑡𝐿𝑡

holds at all times, and population 𝐿𝑡 grows exogenously at rate 𝑛.
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5.3 Solving the Model

Unlike the optimal allocation, intermediate good producers do not account for the additional utility
derived from higher data quality, while households cannot directly influence the usage of different
types of data. Consequently, we expect labor to be concentrated in one of the data-generating sectors
when one type of data exhibits a higher growth rate. Specifically, at least the labor share allocated to
the dominated data sector shrinks to zero along the balanced growth path. We use the superscript
“𝑑𝑐” to denote the results derived in the competitive equilibrium and define the following constant:

𝒞 ≡


𝑛𝜒(𝜎 − 1)(𝜌 + 𝛿0𝑒

2
0)(

𝑛 + 𝛿0𝑒
2
0
) (

1 + 𝜂 − 𝜎𝜂
) , if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

𝜒𝜌(𝜎 − 1)
1 + 𝜂 − 𝜎𝜂

, if 𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
.

(37)

We do not provide the definition of 𝒞 for the case 1 + 𝜃/(𝜎 − 1) = (1 − 𝜃𝜂)/(1 − 𝜁), as this parameter
does not influence the economy in that regime. We then state the following proposition.

Proposition 3. (The Competitive Equilibrium) When (1−𝜏)𝜀 > 1, which is usually the case given the standard
values of parameters, along a balanced growth path, as the population 𝐿𝑡 grows large, the competitive equilibrium
converges to the following results.

The growth rates of producer data and AI-generated data are given by:

𝑔𝑑𝑐𝐷𝑃
=


≤ 1

1 − 𝜏

(
𝜃𝜂 − 𝜏

1 − 𝜁
+ 𝜃

𝜎 − 1 + 1
)
𝑛, if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

=

[
1 + 𝜃

1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛, if 𝜃

𝜎 − 1 + 1 ≥ 1 − 𝜃𝜂

1 − 𝜁

and

𝑔𝑑𝑐𝐷𝐴
=


1

𝜁𝜀 − 1

[
𝜀 − 1

1 − 𝜃𝜂

(
𝜃

𝜎 − 1 + 1
)
− 𝜀

]
𝑛, if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
and 𝜁𝜀 < 1,

1
1 − 𝜁

𝑛, otherwise .
(38)

The growth rates of the labor shares allocated to generating producer data and AI-generated data are:

𝑔𝑑𝑐
𝑙𝑃

=


𝜏

1 − 𝜏

(
𝜃

𝜎 − 1 − 1 − 𝜃
1 − 𝜁

+ 1
)
𝑛 < 0, if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

0, if 𝜃
𝜎 − 1 + 1 ≥ 1 − 𝜃𝜂

1 − 𝜁

and

𝑔𝑑𝑐
𝑙𝐴

=


𝜀 − 1
𝜁𝜀 − 1

[
1 − 𝜁

1 − 𝜃𝜂

(
𝜃

𝜎 − 1 + 1
)
− 1

]
𝑛 < 0, if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
and 𝜁𝜀 < 1,

0, otherwise .
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The labor shares allocated to different sectors converge to:

𝑙𝑑𝑐𝑃 →


0, if 𝜃
𝜎 − 1 + 1 <

1 − 𝜃𝜂

1 − 𝜁
,

𝒞𝜂
𝒞(1 + 𝜂) + 𝑛𝜒

, if 𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
,

𝑙𝑑𝑐𝐴 →


𝒞𝜂
𝒞(𝒜 + 𝜂) + 𝑛𝜒𝒜 , if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

0, if 𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
,

and

𝑙𝑑𝑐𝑅 →


𝑛𝜒𝒜

𝒞(𝒜 + 𝜂) + 𝑛𝜒𝒜 , if 𝜃
𝜎 − 1 + 1 <

1 − 𝜃𝜂

1 − 𝜁
,

𝑛𝜒

𝒞(1 + 𝜂) + 𝑛𝜒
, if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
.

Here, 𝒞 is a constant defined in Equation (37). The labor employed by a single intermediate goods producer
converges to a constant:

𝐿𝑑𝑐
𝑖 = 𝑛𝜒

1 − 𝑙𝑑𝑐
𝑃

− 𝑙𝑑𝑐
𝐴

− 𝑙𝑑𝑐
𝑅

𝑙𝑑𝑐
𝑅

= 𝒞 .

For the labor shares when 𝑔𝑑𝑐
𝐷𝐴

= 𝑔𝑑𝑐
𝐷𝑃

, we can only obtain numerical solutions, which are provided in Appendix
B.2.

Finally, given the labor shares derived in this proposition, other key variables such as 𝐷𝑑𝑐
𝐴,𝑡

, 𝐷𝑑𝑐
𝑃,𝑡

, 𝑐𝑑𝑐𝑡 ,
𝑦𝑑𝑐𝑡 , and 𝑁𝑑𝑐

𝑡 can be determined analogously to Proposition 1, with the growth rate of the economy remaining
identical to that in (23).

Proof. See online Appendix Section B. □

In addition to the labor shares and the growth rates of key variables presented in Proposition 3,
the competitive equilibrium also determines the prices of various types of goods. We now state the
following proposition. For brevity, we present only the growth rates of prices in this proposition, as
they play a crucial role in the subsequent analysis. Since these variables exist solely in the competitive
equilibrium, we omit the superscript “𝑑𝑐” for clarity.

Proposition 4. (Prices in the Competitive Equilibrium) Along a balanced growth path, as the population 𝐿𝑡

grows large and given the labor shares presented in Proposition 3, the prices of various types of goods in the
competitive equilibrium converge to the following results.

The price of intermediate goods is given by:

𝑝𝑖 ,𝑡 =
(𝑙𝑑𝑐
𝑅
) 1
𝜎−1

(𝑛𝜒) 1
𝜎−1

[
1 − 𝜃

(
1 − 1

𝜎

) 𝑙𝑑𝑐
𝑃

1 − 𝑙𝑑𝑐
𝑃

− 𝑙𝑑𝑐
𝐴

− 𝑙𝑑𝑐
𝑅

] 𝐿 1
𝜎−1
𝑡 .
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The growth rates of wages, the market value of intermediate goods, and the prices of producer data and
AI-generated data are as follows:

𝑔𝑤 = 𝑔𝑉 =


(

1
𝜎 − 1 + 𝜂

1 − 𝜁

)
𝑛, if 𝜃

𝜎 − 1 + 1 ≤ 1 − 𝜃𝜂

1 − 𝜁
,

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
𝑛, if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
,

𝑔𝑝𝐷𝑃
=


(1 − 𝜃)

(
1

𝜎 − 1 + 𝜂

1 − 𝜁

)
𝑛, if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

1 − 𝜃
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
𝑛, if 𝜃

𝜎 − 1 + 1 ≥ 1 − 𝜃𝜂

1 − 𝜁
,

and

𝑔𝑝𝐷𝐴
=



{[
1 − 𝜁𝜃(𝜀 − 1)

𝜁𝜀 − 1

]
1

1 − 𝜃𝜂
1

𝜎 − 1 + ...

1
𝜁𝜀 − 1 + 1

1 − 𝜃𝜂

(
𝜂 − 𝜃𝜂 − 1 − 𝜁

𝜁𝜀 − 1

)}
𝑛, if 𝜃

𝜎 − 1 + 1 >
1 − 𝜃𝜂

1 − 𝜁
and 𝜁𝜀 < 1,(

1
𝜎 − 1 + 𝜂 − 1

1 − 𝜁
+ 1

)
𝑛, otherwise .

Proof. See online Appendix Section B. □

The most significant distinction between the optimal allocation and the competitive equilibrium
is that, in the latter setting, the balanced growth path also becomes asymptotic with 𝑙𝑑𝑐

𝑃
→ 0 when

AI-generated data dominate, which is similar to the case where producer data dominate. The under-
lying reason is that intermediate goods producers do not internalize the externality arising from the
dynamics of data quality, specifically the ratio of producer data to AI-generated data usage. Although
we introduce the “loss of business” effect, 𝛿(𝑒𝑖 ,𝑡)𝑉𝑖 ,𝑡 , to constrain excessive reliance on AI-generated
data in the decision-making process of intermediate good producers, this effect proves to be relatively
insignificant in the long run.

To illustrate this effect, we derive the first-order conditions for the problem defined by (33) with
respect to 𝐷𝑃,𝑖,𝑡 and 𝐷𝐴,𝑖,𝑡 as follows:(

1 − 1
𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝜕𝑌𝑖 ,𝑡
𝜕𝐷𝑃,𝑖,𝑡

=
𝑝𝐷𝑃 ,𝑡

𝑁𝑡
− 2𝜉𝜏𝛿0𝑒

2
𝑖 ,𝑡𝐷

𝜏−1
𝑃,𝑖,𝑡𝐷

−𝜏
𝐴,𝑖,𝑡𝑉𝑖 ,𝑡︸                                   ︷︷                                   ︸

𝑔𝑝𝐷𝑃
−𝑔𝑁≤𝑔𝑉+(𝜏−1)𝑔𝑑𝑐

𝐷𝑃
−𝜏𝑔𝑑𝑐

𝐷𝐴

, (39)

and (
1 − 1

𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝜕𝑌𝑖 ,𝑡

𝜕𝐷𝐴,𝑖,𝑡
=

𝑝𝐷𝐴 ,𝑡

𝑁𝑡
+ 2𝜉𝜏𝛿0𝑒

2
𝑖 ,𝑡𝐷

𝜏
𝑃,𝑖,𝑡𝐷

−𝜏−1
𝐴,𝑖,𝑡 𝑉𝑖 ,𝑡︸                                    ︷︷                                    ︸

𝑔𝑝𝐷𝐴
−𝑔𝑁>𝑔𝑉+𝜏𝑔𝑑𝑐𝐷𝑃

−(1+𝜏)𝑔𝑑𝑐
𝐷𝐴

. (40)
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The right-hand sides of (39) and (40) can be interpreted as the effective prices of producer data and
AI-generated data, respectively. The second terms in these expressions capture the marginal effects
of 𝐷𝐴,𝑖,𝑡 and 𝐷𝑃,𝑖,𝑡 embedded in the “loss of business” effect, which reduces the effective price of
producer data while increasing that of AI-generated data. This mechanism also reflects the incentive
for intermediate goods producers to enhance data quality.

When 𝑔𝑑𝑐
𝐷𝐴

< 𝑔𝑑𝑐
𝐷𝑃

, indicating that producer data dominate the economy, the “loss of business”
effect becomes negligible since 𝑒𝑖 ,𝑡 → 0 in this regime. When 𝑔𝑑𝑐

𝐷𝐴
= 𝑔𝑑𝑐

𝐷𝑃
, numerical results in Section

6.2 show that the “loss of business” effect become trivial compared with other externalities, which is
consistent with the findings presented here. However, when 𝑔𝑑𝑐

𝐷𝐴
> 𝑔𝑑𝑐

𝐷𝑃
, implying that AI-generated

data dominate the economy, the analysis becomes more complex. From (40), we know that the “loss
of business” effect term can be omitted since the growth rate of the AI-generated data price term is
higher. Meanwhile, Proposition 4 states that the condition (1 − 𝜏)𝜀 > 1 implies that the sensitivity
of data quality should not be excessively large and that the elasticity of substitution between the two
types of data should not be too low. This also suggests that intermediate goods producers will not face
a rapidly increasing risk of replacement as they adopt more AI-generated data, while this type of data
can substitute for producer data at a relatively high level. Under this assumption, considering (39), we
determine that the growth rate of 𝑙𝑃,𝑡 is negative in this regime, leading to 𝑙𝑃,𝑡 → 0.8 Consequently,
although the “loss of business” effect plays a significant role in determining the effective price of
producer data, the declining labor share in generated producer data, 𝑙𝑃,𝑡 , remains irreversible.

Another key insight from the competitive equilibrium is that the growth rates of the two types of
data differ from those derived in the optimal allocation. This result is notable, as semi-endogenous
growth models typically exhibit equal growth rates along the balanced growth path in both settings.
This deviation also leads to differing growth rates of data quality between the two settings, which are
given by:

𝑄̄
𝑠𝑝

𝑡 ∝



𝐿
𝜏
(
1+ 𝜃

𝜎−1−
1−𝜃𝜂
1−𝜁

)
𝑡 , if 𝜃

𝜎 − 1 + 1 ≤ 1 − 𝜃𝜂

1 − 𝜁
,

𝐿
𝜂
[
1+ 𝜃

1−𝜃𝜂 ( 1
𝜎−1+𝜂)

]
𝑡 , if

𝜏 − 𝜂

𝜏

(
𝜃

𝜎 − 1 + 1
)
<

1 − 𝜃𝜂

1 − 𝜁
<

𝜃
𝜎 − 1 + 1,

𝐿
𝜏
[

1
1−𝜃𝜂 ( 𝜃

𝜎−1+1)− 1
1−𝜁

]
𝑡 , if

𝜏 − 𝜂

𝜏

(
𝜃

𝜎 − 1 + 1
)
≥ 1 − 𝜃𝜂

1 − 𝜁

and

𝑄̄𝑑𝑐 ∝



𝐿
𝜏

1−𝜏

(
𝜃

𝜎−1−
1−𝜃𝜂
1−𝜁 +1

)
𝑡 , if 𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
,

𝐿
𝜏

𝜁𝜀−1

[
𝜀(𝜁−1)
1−𝜃𝜂 ( 𝜃

𝜎−1+1)+𝜀
]

𝑡 , if 𝜃
𝜎 − 1 + 1 ≥ 1 − 𝜃𝜂

1 − 𝜁
and 𝜁𝜀 < 1,

𝐿
𝜏
[

1
1−𝜃𝜂 ( 𝜃

𝜎−1+1)− 1
1−𝜁

]
𝑡 , if 𝜃

𝜎 − 1 + 1 ≥ 1 − 𝜃𝜂

1 − 𝜁
and 𝜁𝜀 ≥ 1.

It can be shown that the growth rate of 𝑄̄𝑠𝑝 is always greater than that of 𝑄̄𝑑𝑐 . Further numerical
results are provided in Section 6. This discrepancy arises due to the asymptotic balanced growth

8For details on the derivation, please refer to Appendix B.1.
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path, where the growth rates of the two types of data diverge. As labor shares in the dominated data
sector shrink to zero, the negative growth rates of these labor shares reduce the growth rates of the
corresponding type of data. For example, when 𝐷𝐴,𝑡 is dominated by 𝐷𝑃,𝑡 , the growth rate 𝑔𝑑𝑐

𝐷𝐴
is

lower than when 𝐷𝐴,𝑡 is the dominant data type. However, since the usage of the dominated data
type is significantly lower than that of the dominant type (due to their differing growth rates), we
consider only the effect of the dominant type in the long run.

6. Numerical Examples and Further Discussions

In this section, we present several numerical examples to support our further discussion of the
model, including comparative statics on key parameters and comparisons between the competitive
equilibrium and the optimal allocation. Due to the lack of precise estimates for some of the relevant
parameters, our results should not be interpreted as a formal simulation of real-world dynamics.
Instead, they serve as a useful exercise to illustrate how the various forces in the model interact.

6.1 Calibration

Table 2 presents the estimated parameter values, selected to align the model more closely with real-
world conditions. Most parameters either adopt standard values from the literature or are estimated
based on reasonable projections. For parameters that are novel and lack reliable estimates, we conduct
extensive robustness checks over a wide range of values. In all subsequent analyses, we set the initial
population as 𝐿0 = 100, where one unit of labor corresponds to one million people.

First, we assign standard parameter values that are widely used in related studies. For example,
the subjective discount rate 𝜌, also referred to as the rate of time preference, is set to 0.03, which is
higher than the population growth rate 𝑛 = 0.02. Furthermore, the elasticity of substitution 𝜎 among
different varieties of intermediate goods is set to 4, ensuring that these goods are substitutes and that
the degree of increasing returns in the absence of data is approximately 1/(𝜎−1) = 0.33. For the labor
cost of entry 𝜒, we set it to 0.01, implying that the invention of a new patent requires approximately
100 researchers.

Second, we refer to empirical evidence to determine the values of certain parameters. Following
the estimation in Jones and Tonetti (2020), we set the importance of data in production, 𝜂, to 0.06. In
that paper, the authors reference studies in computer science to derive a rough estimate and conduct
robustness checks, concluding that 0.06 is the most suitable value for analysis. On the other hand,
the depreciation rate of AI-generated data, 𝛿𝐴, is estimated at 0.2, consistent with the widely used
depreciation rate of intangible capital. Data are typically regarded as a special form of intangible
capital for firms, which generally exhibits a much higher depreciation rate than physical capital.
We choose this value under the assumption that data will be fully depreciated in approximately
five years. For the contribution of existing AI-generated data to new data generation, 𝜁, we take
an unconventional approach by directly consulting ChatGPT on how many existing data it uses
when generating new content. After verifying multiple responses, we estimate this proportion to be
between 25% and 40%, depending on the type of content being generated. Given that, in our model,
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Table 2: Parameters Values

Parameters Meaning Value Comment

𝜌 Subjective discount rate 0.03 Standard

𝑛 Population growth rate 0.02 Standard

𝜎 Elasticity of substitution (goods) 4 Standard

𝜒 Labor cost of entry 0.01 Standard

𝜂 Importance of data in production 0.06 Jones and Tonetti (2020)

𝛿𝐴 Depreciation rate of AI-generated data 0.2 Estimated

𝜁 Contribution of existing AI-generated data 0.25 Estimated

𝜃 Importance of output in producer data generation 0.81 Calculated from model

𝜓 Efficiency term in AI-generated data generation 1 Normalized

𝜀 Elasticity of substitution (data) 50 Discretionary

𝑒0 Basic error rate 0.95 Discretionary

𝛽 Share of producer data in overall dataset 0.5 Normalized

𝜉 Sensitivity of data quality to error rate 1 Normalized

𝜏 Elasticity of data ratio to data quality 0.5 To be discussed

𝜅 Weight on data quality versus consumption 0.10 To be discussed

𝛿0 “Loss of business” effect 0.4 To be discussed

Note: Baseline parameter values for the numerical examples. When 𝑔𝐷𝐴 = 𝑔𝐷𝑃 , parameters 𝜁 and 𝜃 are set
simultaneously. We also discuss other values of these two parameters when 𝑔𝐷𝐴 ≠ 𝑔𝐷𝑃 .

data are used to enhance production—a process more creative than routine tasks—we adopt the most
conservative estimate of 0.25 for 𝜁. Once the values of 𝜎, 𝜂, and 𝜁 are determined, we compute the
importance of output in producer data generation, 𝜃, to ensure that the growth rates of the two types
of data are equal. This yields a value of 0.81. In the subsequent analysis, we also conduct robustness
checks by varying 𝜁 between 0.02 and 0.99 while keeping 𝜃 fixed at this value, allowing us to examine
allocations when the growth rates of the two types of data differ.

Third, two parameters are selected to simplify our analysis. For the elasticity of substitution
between the two types of data, 𝜀, we choose a large value of 50 to ensure that the two data types
can substitute each other nearly perfectly. Additionally, the basic error rate, 𝑒0, which represents the
maximum error rate when AI-generated data dominate the economy, is set to 0.95, slightly below 1.
Meanwhile, three parameters are chosen to avoid introducing additional heterogeneity. We set the
share of producer data in the overall dataset, 𝛽, to 0.5, and the sensitivity parameter related to data
quality, 𝜉, is fixed at 1.

Last, there are three parameters that cannot be precisely determined: the elasticity of the data
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ratio with respect to data quality, 𝜏, the weight on data quality, 𝜅, and the “loss of business” effect,
𝛿0. While we can reference the estimations discussed in Jones and Tonetti (2020) for the latter two
parameters, their interpretations in that paper differ from those in our model. These three parameters
represent two key channels in our framework: 𝜏 and 𝜅 influence utility, which is crucial in the optimal
allocation, while 𝛿0 affects the decisions of intermediate good producers, playing a central role in the
competitive equilibrium. Given these considerations, we set 𝜏 = 0.5, 𝜅 = 0.10, and 𝛿0 = 0.4 as baseline
values to ensure well-behaved results, and we further explore the impact of these parameters on the
economy through sensitivity analyses.

6.2 Quantitative Analysis When 𝑔𝐷𝐴 = 𝑔𝐷𝑃

We now present numerical results for the case where the two types of data grow at the same rate, as
explicit solutions could not be derived in Sections 4 and 5. First, we outline the process for determining
labor shares and data quality in this regime. Then, we conduct comparative statics on the three key
parameters: 𝜏, 𝜅, and 𝛿0.

The process of solving the model numerically. We take the solution of the optimal allocation as
an example. Considering Proposition 2, the three labor shares, 𝑙

𝑠𝑝

𝑃
, 𝑙

𝑠𝑝

𝐴
, and 𝑙

𝑠𝑝

𝑅
, along with data

quality, 𝑄̄𝑠𝑝 , are derived from the four equations (24) to (27). Since equations (25) and (26) are
linear, we can easily express 𝑙

𝑠𝑝

𝐴
and 𝑙

𝑠𝑝

𝑅
as functions of 𝑙𝑠𝑝

𝑃
, and substitute these into the remaining

two equations, (24) and (27), to obtain two functions, 𝑄̄𝑠𝑝

1
(
𝑙
𝑠𝑝

𝑃

)
and 𝑄̄

𝑠𝑝

2
(
𝑙
𝑠𝑝

𝑃

)
.9 The derivations are

detailed in Appendix C. The solution in the competitive equilibrium is derived similarly, yielding two
corresponding functions, 𝑄̄𝑑𝑐

1
(
𝑙𝑑𝑐
𝑃

)
and 𝑄̄𝑑𝑐

2
(
𝑙𝑑𝑐
𝑃

)
.

Implicit functions for solving 𝑙𝑃 and 𝑄̄. When 𝜏, 𝜅, and 𝛿0 all take their baseline parameter values,
the two functions in both the optimal allocation and the competitive equilibrium are shown in Figure
1. To simplify notation, we omit superscripts when representing variables in both settings. From
the figure, we determine the solutions for 𝑙𝑃 and 𝑄̄ in the corresponding regime by identifying the
intersections of these functions. Additionally, we observe that both equations, 𝑄̄1(𝑙𝑃) and 𝑄̄2(𝑙𝑃),
in the two settings are monotonic within the feasible range of relevant variables, and that 𝑄̄𝑑𝑐

2
(
𝑙𝑑𝑐
𝑃

)
always grows faster than 𝑄̄𝑑𝑐

1
(
𝑙𝑑𝑐
𝑃

)
. This ensures that the solutions in both settings are unique, and

that when parameters take alternative values, the equations can still be solved without the concern of
multiple solutions. Finally, in this particular regime, we find that data quality in the optimal allocation
is significantly higher than in the competitive equilibrium. This finding reinforces our main argument
that firms do not internalize the externality associated with excessive reliance on AI-generated data.

Quantitative analysis of welfare. We then compare welfare outcomes between the competitive
equilibrium and the optimal allocation. The parameters with the highest degree of uncertainty are 𝜏,
𝜅, and 𝛿0, so we examine the model’s behavior across a wide range of values for these three parameters

9We also determine the feasible range of 𝑙𝑠𝑝
𝑃

by ensuring that 0 ≤ 𝑙
𝑠𝑝

𝐴

(
𝑙
𝑠𝑝

𝑃

)
≤ 1 and 0 ≤ 𝑙

𝑠𝑝

𝑅

(
𝑙
𝑠𝑝

𝑃

)
≤ 1, thereby narrowing

the range of this variable.
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(a) Optimal allocation

(b) Competitive equilibrium

Figure 1: Implicit functions determining 𝑙𝑃 and 𝑄̄

Note. These figures display the implicit functions 𝑄̄1(𝑙𝑃) (solid line) and 𝑄̄2(𝑙𝑃) (dashed line) in both the optimal
allocation and the competitive equilibrium. We utilize the equations 𝑙𝐴(𝑙𝑃) and 𝑙𝑅(𝑙𝑃) to refine the feasible range
of 𝑙𝑃 .
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while holding all other parameters at their calibrated values.10 We compute the ratio of welfare in the
two settings, denoted as 𝜆 = 𝑊 𝑑𝑐/𝑊 𝑠𝑝 . Welfare in both settings is given by:

𝑊 =
𝑔𝑐

(𝜌 − 𝑛)2 + ln 𝑐 + 𝜅 ln 𝑄̄

𝜌 − 𝑛
, (41)

where 𝑐 represents the constant term in 𝑐
𝑠𝑝

𝑡 and 𝑐𝑑𝑐𝑡 in each setting. In other words, per capita
consumption can be expressed as 𝑐𝑡 = 𝑐𝐿

𝑔𝑐 𝑡

𝑡 . The derivation is detailed in Appendix C. By holding
one of the three parameters fixed, we compute 𝜆 while varying the other two, with results presented
in Figure 2. Overall, we find that this ratio remains relatively stable across parameter variations,
supporting the robustness of our calibration.

Figure 2: Quantitative analysis of welfare

Note. These figures present the quantitative analysis of welfare across a wide range of values for 𝜏, 𝜅, and 𝛿0.
The yellow and light-colored regions correspond to regimes where the welfare ratio 𝜆 is close to 1, while the
blue and dark-colored regions indicate the opposite extreme.

From the model presented in this paper, we observe that 𝛿0 does not influence the competitive
equilibrium significantly compared with the other two parameters 𝜅 and 𝜏. Although this parameter
is necessary in the competitive equilibrium, its impact in welfare calculation is negligible, which is
consistent with the analysis when the two types of data grow differently. From Figure 2(a), we find
that 𝜅 has a much stronger impact on the welfare ratio 𝜆 than 𝛿0, and 𝑊 𝑑𝑐 converges to 𝑊 𝑠𝑝 as 𝜅

decreases. However, 𝛿0 still influences welfare, albeit to a lesser extent, as indicated in the figure.
Likewise, from Figure 2(b), we observe that the effect of 𝜏 is significantly greater than that of 𝛿0.

10Specifically, we vary 𝜅 and 𝛿0 from 0.01 to 0.99, and 𝜏 from 0.2 to 0.99, as smaller values of 𝜏 lead to irregular solutions.
The model remains well-behaved within the studied parameter range.
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Furthermore, Figure 2(c) reveals that the effect of 𝜅 diminishes as 𝜏 increases, and the welfare ratio
𝜆 increases when 𝜅 decreases and 𝜏 increases. As 𝜅 increases, the additional utility coming from
data quality becomes more important, thereby amplifying the externality present in the competitive
equilibrium.

To summarize, the sensitivity analysis presented above confirms that our model remains well-
behaved even when the two types of data grow at the same rate, complementing the solutions derived
in Propositions 1 and 3. In this regime, data quality is consistently greater than 1, indicating that
the use of producer data is economically advantageous. In the competitive equilibrium, the weak
influence of 𝛿0 on welfare demonstrates that the “loss of business” effect is trivial compared with other
externalities. Firms lack the intension of allocating more producer data to mitigate this potential loss,
thus lead to lower data quality in the competitive equilibrium.

6.3 Further Discussions When 𝑔𝐷𝐴 ≠ 𝑔𝐷𝑃

Having examined the robustness of the parameters, we now turn to analyzing the general regimes
where the two types of data grow at different rates. The key parameter in this subsection is the
contribution of existing AI-generated data to their own generation process, 𝜁, which determines the
growth rate of 𝐷𝐴,𝑡 . As 𝜁 increases from 0.02 to 0.99, the economy transitions from a regime where
producer data dominate to one where AI-generated data become the primary data source.11 We first
examine the labor allocations across the four different sectors and then analyze the growth rates of
consumption and data quality to illustrate the model’s behavior.

Labor allocations. Given the values of other parameters, labor allocations across different sectors
in both settings with respect to 𝜁 are shown in Figure 3. From the figures, we first observe that labor
allocated to the intermediate good production sector constitutes the largest share in both settings.
This result is intuitive, as we expect that most labor should be dedicated to production to enhance
consumption and, consequently, welfare. On the other hand, we find that in the competitive equi-
librium, labor employed in the producer data sector shifts entirely to the AI-generated data sector
once 𝜁 crosses a certain threshold, whereas in the optimal allocation, labor in the producer data sector
decreases only gradually. The reallocation of labor exhibits a sudden shift when 𝜁 transitions between
different regimes, reflecting the significant structural changes induced by variations in the growth
rates of the two types of data. Finally, we observe that labor in the innovation sector declines while
labor in the AI-generated data sector increases. This suggests that AI-generated data become more
influential and, in some cases, even substitute for the effects of innovation as their multiplier effect
strengthens. However, in the optimal allocation, the majority of labor remains in the production sec-
tor, whereas in the competitive equilibrium, an excessive amount of labor shifts to the AI-generated
data sector. This misallocation leads to lower data quality and a higher error rate in production.

Growth rates. The differences between the competitive equilibrium and the optimal allocation can
be further illustrated by examining the growth rates of per capita consumption and data quality, as

11Referring to Equation (38), we start our analysis of 𝜁 from 0.02 since 𝑔𝑑𝑐
𝐷𝐴

becomes negative when 𝜁 < 0.02, which is
inconsistent with the assumptions of our model.
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Figure 3: Labor allocations in the four different sectors

Note. These figures illustrate labor allocation in both the competitive equilibrium and the optimal allocation. The
purple area represents the intermediate good production sector, the yellow area corresponds to the innovation
sector, the blue area denotes the producer data generation sector, and the red area indicates labor employed
in the AI-generated data sector. A black dashed line separates the regimes where 𝑔𝐷𝐴 < 𝑔𝐷𝑃 (left region) and
where 𝑔𝐷𝐴 > 𝑔𝐷𝑃 (right region).

shown in Figure 4. From the figure, we first observe that per capita consumption grows at a higher
rate as 𝜁 increases, reflecting the positive impact of AI-generated data on the economy. However,
when considering data quality, the welfare analysis becomes more complex—both consumption and
data quality must be accounted for in calculating welfare. Generally, data quality in the optimal
allocation always grows at a rate no lower than that in the competitive equilibrium, indicating a
tendency to overuse AI-generated data in the absence of regulation, particularly when AI-generated
data dominate the economy. As shown in the figure, the growth rate of data quality declines sharply
as 𝜁 increases, while the increase in consumption is relatively modest and fails to offset this negative
effect. In this regime, the potential risks associated with AI-generated data become a significant
concern for the economy, underscoring the need for regulatory intervention in this sector.

Policy implications. Several issues related to the development of generative AI and the mitigation
of potential risks are highlighted by this framework. First, although AI-generated data serve as
a powerful substitute for conventional data in many fields of production, we must remain cautious
about the dystopian aspects of their widespread use. The potential risks associated with this new type
of data may be more severe than those posed by other data types, as AI-generated data often contain
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Figure 4: Growth rates of consumption per capita and data quality

Note. These figures illustrate the growth rates of consumption and data quality. While the growth rates of
per capita consumption remain the same across different settings, the growth rates of data quality vary. The
blue solid line represents per capita consumption, the orange dashed line indicates data quality in the optimal
allocation, and the yellow dotted line denotes data quality in the competitive equilibrium. A black vertical
dashed line separates the two regimes: 𝑔𝐷𝐴 < 𝑔𝐷𝑃 (left region) and 𝑔𝐷𝐴 > 𝑔𝐷𝑃 (right region). It is important to
note that in the competitive equilibrium, when 𝑔𝑑𝑐

𝐷𝐴
> 𝑔𝑑𝑐

𝐷𝑃
, we derive only an upper bound for the growth rate

of producer data. Consequently, the actual growth rate of data quality in this setting may be even lower than
the dotted line depicted in the figure.

limited or even inaccurate information about the real world.12 As a result, AI-generated data should
always complement, rather than replace, other types of data collected from consumers or production
processes. This is crucial for ensuring sustainable economic growth, as our model demonstrates that
firms in the competitive equilibrium tend to neglect the usage of real-world data, such as producer
data. Given this, governments should introduce policies to impose an upper limit on the use of AI-
generated data to mitigate potential risks, including the existential threats associated with AI overuse,
as discussed in Jones (2024). Alternative policies could include taxing AI-generated data transactions
while providing subsidies for producer data (or other real-world data) sales. Additionally, since
labor shares are key determinants of welfare (see Propositions 1 and 3), and given the inefficiencies
arising from the monopoly power of intermediate good producers, innovation subsidies should also
be considered.

12We acknowledge that other types of data, such as consumer data, contain personal information about individuals, but
privacy risks associated with these data can be mitigated through technologies like desensitization. Moreover, producer
data, which are more commonly used in production, pose significantly fewer risks compared to the concerns surrounding
AI-generated data discussed in this paper.
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7. Conclusion

We develop an endogenous growth model that incorporates AI-generated data from the perspective
of data quality to highlight the potential risks of production errors arising from the widespread use
of Generative AI. Additionally, we emphasize the importance of integrating real-world data, such as
the producer data considered in our model. The conclusions of our model are categorized into three
regimes based on the relative growth rates of different types of data, with each regime exhibiting
distinct properties in both the optimal allocation and the competitive equilibrium. In general, we
find that firms consistently overuse AI-generated data due to its low cost and the multiplier effect of
existing data in the generation process, relative to producer data. This finding raises important policy
considerations regarding whether governments should regulate the use of AI-generated data and the
broader development of the AI industry.

In addition to the two recently published papers that examine the risks of AI technologies, Jones
(2024) and Acemoglu and Lensman (2024), we develop an integrated model that incorporates pro-
duction, innovation, and the selection between different types of data. Our study contributes to the
literature by advancing growth theory on risks associated with AI technologies and data as a factor
of production. For the sake of tractability and focus, we have, by necessity, omitted several important
aspects, such as discussions on property rights of AI-generated data, the optimal quantity and scale
of Generative AI firms, and the integration of AI-generated data with other data types beyond the
producer data analyzed in this paper. Thus, our study should be viewed as an initial attempt to
comprehensively examine AI-related risks rather than as a precise representation of current reality.
We hope future research will extend our framework to explore these issues further.
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Online Appendix

A. Optimal Allocation

The social planner’s problem is formulated as:

max
𝐿𝑃,𝑡 ,𝐿𝐴,𝑡 ,𝐿𝑅,𝑡

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡 (ln 𝑐𝑡 + 𝜅 ln𝑄𝑡)d𝑡 ,

subject to
¤𝐷𝐴,𝑡 = 𝜓𝐷𝜁

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴𝐷𝐴,𝑡 ,

𝐷𝑃,𝑡 = 𝑐𝜃𝑡 𝐿𝑃,𝑡 , (A.1)

¤𝑁𝑡 =
1
𝜒
𝐿𝑅,𝑡 ,

𝑐𝑡𝐿𝑡 =
[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) , (A.2)

𝑄𝑡 =

(
𝐷𝑃,𝑡

𝐷𝐴,𝑡

)𝜏
. (A.3)

Here, equations (A.1) and (A.2) follow from the resource constraint (17).
Next, we define the current-value Hamiltonian with state variables 𝐷𝐴,𝑡 and 𝑁𝑡 , control variables

{𝐿𝑃,𝑡 , 𝐿𝐴,𝑡 , 𝐿𝑅,𝑡}, co-state variables 𝜆𝑡 and 𝜇𝑡 , and shadow prices 𝜋𝐷,𝑡 , 𝜋𝑐,𝑡 , and 𝜋𝑄,𝑡 :

ℋ = ln 𝑐𝑡 + 𝜅 ln𝑄𝑡 + 𝜆𝑡

(
𝜓𝐷𝜁

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴𝐷𝐴,𝑡

)
+ 𝜇𝑡

𝜒
𝐿𝑅,𝑡 + 𝜋𝐷,𝑡

(
𝑐𝜃𝑡 𝐿𝑃,𝑡 − 𝐷𝑃,𝑡

)
+ 𝜋𝑐,𝑡

{[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) − 𝑐𝑡𝐿𝑡

}
+ 𝜋𝑄,𝑡

[(
𝐷𝑃,𝑡

𝐷𝐴,𝑡

)𝜏
−𝑄𝑡

]
.

The FOCs with respect to 𝑐𝑡 , 𝑄𝑡 , 𝐷𝐴,𝑡 , 𝐿𝐴,𝑡 , 𝐷𝑃,𝑡 , 𝐿𝑃,𝑡 , 𝑁𝑡 , 𝐿𝑅,𝑡 are shown as follows:

𝜕ℋ
𝜕𝑐𝑡

=
1
𝑐𝑡

+ 𝜃𝜋𝐷,𝑡𝑐
𝜃−1
𝑡 𝐿𝑃,𝑡 − 𝜋𝑐,𝑡𝐿𝑡 = 0, (A.4)

𝜕ℋ
𝜕𝑄𝑡

=
𝜅
𝑄𝑡

+ 𝜋𝑐,𝑡 𝑒0𝜉 exp{−𝜉𝑄𝑡}𝑁
1

𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)

− 𝜋𝑄,𝑡 = 0, (A.5)
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𝜕ℋ
𝜕𝐷𝐴,𝑡

=𝜆𝑡

(
𝜓𝜁𝐷𝜁−1

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴

)
+ (1 − 𝛽)𝜂𝜋𝑐,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜀(𝜂−1)+1
𝜀−1

𝐷
− 1

𝜀
𝐴,𝑡

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) − 𝜋𝑄,𝑡𝜏𝐷
𝜏
𝑃,𝑡𝐷

−𝜏−1
𝐴,𝑡 = −¤𝜆𝑡 + (𝜌 − 𝑛)𝜆𝑡 , (A.6)

𝜕ℋ
𝜕𝐿𝐴,𝑡

= 𝜆𝑡𝜓𝐷
𝜁
𝐴,𝑡

− 𝜋𝑐,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

= 0, (A.7)

𝜕ℋ
𝜕𝐷𝑃,𝑡

= − 𝜋𝐷,𝑡 + 𝛽𝜂𝜋𝑐,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜀(𝜂−1)+1
𝜀−1

𝐷
− 1

𝜀
𝑃,𝑡

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) + 𝜋𝑄,𝑡𝜏𝐷
𝜏−1
𝑃,𝑡 𝐷

−𝜏
𝐴,𝑡 = 0, (A.8)

𝜕ℋ
𝜕𝐿𝑃,𝑡

= 𝜋𝐷,𝑡𝑐
𝜃
𝑡 − 𝜋𝑐,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

= 0, (A.9)

𝜕ℋ
𝜕𝑁𝑡

=
1

𝜎 − 1𝜋𝑐,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) = − ¤𝜇𝑡 + (𝜌 − 𝑛)𝜇𝑡 , (A.10)

𝜕ℋ
𝜕𝐿𝑅,𝑡

=
𝜇𝑡

𝜒
− 𝜋𝑐,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

= 0. (A.11)

A.1 Growth Rates Along the Balanced Growth Path

First, observe that from the innovation possibility frontier (14), we obtain

¤𝑁𝑡

𝑁𝑡
=

1
𝜒
· 𝐿𝑅,𝑡
𝑁𝑡

.

Along a balanced growth path, the labor share 𝐿𝑅,𝑡 grows at the same rate as the total population,
while 𝑁𝑡 expands at a constant rate. Hence, the growth rate of 𝑁𝑡 is given by 𝑔𝑁 = 𝑛. Consequently,
we derive

𝐿𝑅,𝑡

𝑁𝑡
= 𝑛𝜒. (A.12)

Next, we determine the growth rate of the overall dataset 𝐷𝑡 . From the definition (10), it follows
that

𝑔𝐷 =


𝑔𝐷𝐴

, if 𝑔𝐷𝐴
≥ 𝑔𝐷𝑃

,

𝑔𝐷𝑃
, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

(A.13)

In the simple model, we derive the growth rate of 𝐷𝐴,𝑡 as given in (2). However, this rate may change

A-2



when 𝑔𝐷𝐴
< 𝑔𝐷𝑃

since 𝑙𝐴,𝑡 may shrink to zero. Therefore, we define the growth rate of 𝐷𝐴,𝑡 as

𝑔𝐷𝐴
=


1

1 − 𝜁
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

𝑛 + 𝑔𝑙𝐴
1 − 𝜁

, if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

.

Meanwhile, from (A.1), we obtain 𝑔𝐷𝑃
= 𝜃𝑔𝑐 + 𝑛, where 𝑔𝑐 denotes the growth rate of consumption.

Substituting this into (A.13), we further derive

𝑔𝐷 =


1

1 − 𝜁
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

𝜃𝑔𝑐 + 𝑛, if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

.
(A.14)

Next, from Equation (12), we observe that along a balanced growth path, data quality 𝑄𝑡 follows
one of the following patterns: 𝑄𝑡 → ∞ if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
, 𝑄𝑡 → 0 if 𝑔𝐷𝐴

> 𝑔𝐷𝑃
, or 𝑄𝑡 converges to a

constant if 𝑔𝐷𝐴
= 𝑔𝐷𝑃

. Since 𝑄𝑡 determines the long-run trajectory of the error rate 𝑒𝑡 , we obtain

𝑒𝑡 =


𝑒0 , if 𝑔𝐷𝐴

> 𝑔𝐷𝑃
,

𝑒0 exp
(
−𝜉𝑄̄

)
, if 𝑔𝐷𝐴

= 𝑔𝐷𝑃
,

0, if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

,

(A.15)

where 𝑄̄ is determined by the values of 𝐷𝐴,𝑡 and 𝐷𝑃,𝑡 when their growth rates are equal. From the
resource constraint (A.2), the growth rate of consumption is derived as:

𝑔𝑐 =
1

𝜎 − 1 𝑔𝑁 + 𝜂𝑔𝐷 =


(

1
𝜎 − 1 + 𝜂

1 − 𝜁

)
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
𝑛, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

Here, the threshold is obtained by substituting the growth rates of 𝐷𝐴,𝑡 and 𝐷𝑃,𝑡 . Specifically, we
require

1 − 𝜃𝜂

1 − 𝜁
<

𝜃
𝜎 − 1 + 1

when 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, with the inequality sign reversing when 𝑔𝐷𝐴
> 𝑔𝐷𝑃

. Consequently, the growth
rate of producer data is given by

𝑔𝐷𝑃
= 𝜃𝑔𝑐 + 𝑛 =


[
1 + 𝜃

(
1

𝜎 − 1 + 𝜂

1 − 𝜁

)]
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,[

1 + 𝜃
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

(A.16)

We now derive the growth rate of 𝑙𝐴,𝑡 when 𝑔𝐷𝐴
< 𝑔𝐷𝑃

. From (A.5), we obtain

𝑔𝜋𝑐 +
1

𝜎 − 1 𝑔𝑁 + 𝜂𝑔𝐷 + 𝑛 = 𝑔𝜋𝑄
. (A.17)
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Meanwhile, from (A.9) and (A.2), we have

𝜋𝐷,𝑡𝑐
𝜃
𝑡 =

𝜋𝑐,𝑡𝑐𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
. (A.18)

Furthermore, from (A.4), it follows that

1 + 𝜃𝜋𝐷,𝑡𝑐
𝜃
𝑡 𝐿𝑃,𝑡 = 𝜋𝑐,𝑡𝑐𝑡𝐿𝑡 ,

⇒ 1 + 𝜃𝜋𝑐,𝑡𝑐𝑡𝐿𝑡
𝑙𝑃,𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
= 𝜋𝑐,𝑡𝑐𝑡𝐿𝑡 ,

⇒ 𝜋𝑐,𝑡𝑐𝑡𝐿𝑡 =
1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

1 − (1 + 𝜃)𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
. (A.19)

Thus, we obtain
𝑔𝜋𝑐 + 𝑔𝑐 + 𝑛 = 0. (A.20)

Additionally, from (A.9), we have
𝑔𝜋𝐷

+ 𝜃𝑔𝑐 = 𝑔𝜋𝑐 + 𝑔𝑐 . (A.21)

Substituting (A.17), (A.20), and (A.21) into (A.8), we find that the growth rate of the second term
exceeds that of the first term. Consequently, we obtain

𝑔𝜋𝑐 + (𝜂 − 1)𝑔𝐷𝑃
+ 𝑔𝑐 + 𝑛 = 𝑔𝜋𝑄

+ (𝜏 − 1)𝑔𝐷𝑃
− 𝜏𝑔𝐷𝐴

,

⇒ (𝜂 − 1)𝑔𝐷𝑃
+ 𝑔𝑐 + 𝑛 =

1
𝜎 − 1𝑛 + 𝜂𝑔𝐷𝑃

+ 𝑛 + (𝜏 − 1)𝑔𝐷𝑃
− 𝜏𝑔𝐷𝐴

,

⇒ 𝑔𝐷𝐴
=

𝜏 − 𝜂

𝜏
𝑔𝐷𝑃

.

Then, we derive

𝑛 + 𝑔𝑙𝐴
1 − 𝜁

=
𝜏 − 𝜂

𝜏

[
1 + 𝜃

1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛,

⇒ 𝑔𝑙𝐴 |𝑔𝐷𝐴
<𝑔𝐷𝑃

=

[ (𝜏 − 𝜂)(1 − 𝜁)
𝜏(1 − 𝜃𝜂)

(
𝜃

𝜎 − 1 + 1
)
− 1

]
𝑛,

and
𝑔𝐷𝐴

|𝑔𝐷𝐴
<𝑔𝐷𝑃

=
𝜏 − 𝜂

𝜏

[
1 + 𝜃

1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛.

Since the growth rate of the labor share 𝑙𝐴,𝑡 must be negative, we require

(𝜏 − 𝜂)
(

𝜃
𝜎 − 1 + 1

)
<

𝜏(1 − 𝜃𝜂)
1 − 𝜁

.

Otherwise, we obtain the corner solution: 𝑔𝑙𝐴 = 0, 𝑙𝐴,𝑡 = 0, and 𝐷𝐴,𝑡 → 0.
By now, we derive the growth rates of all the variables.
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A.2 Labor Shares Allocated in Different Sectors

First, we derive the relationship between the co-state variables and the shadow prices. From (A.9),
the relationship between the two shadow prices, 𝜋𝐷,𝑡 and 𝜋𝑐,𝑡 , is given by

𝜋𝐷,𝑡

𝜋𝑐,𝑡
= 𝑐−𝜃𝑡

[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

. (A.22)

Similarly, from (A.7), we obtain the relationship between the co-state variable 𝜆𝑡 and the shadow
price 𝜋𝑐,𝑡 :

𝜆𝑡

𝜋𝑐,𝑡
=

1
𝜓
𝐷−𝜁

𝐴,𝑡

[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

. (A.23)

By combining (A.22) and (A.23), we derive the relationship between the co-state variable 𝜆𝑡 and the
shadow price 𝜋𝐷,𝑡 as

𝜆𝑡

𝜋𝐷,𝑡
=

1
𝜓
𝐷−𝜁

𝐴,𝑡
𝑐𝜃𝑡 . (A.24)

Substituting (A.23) and (A.24) into (A.8), we obtain the relationship between the co-state variable 𝜆𝑡

and the shadow price 𝜋𝑄,𝑡 :

𝜋𝑄,𝑡

𝜆𝑡
=
𝜓

𝜏
𝐷𝜁+𝜏

𝐴,𝑡
𝐷1−𝜏

𝑃,𝑡

{
𝑐−𝜃𝑡 − 𝛽𝜂

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]−1
𝐷

− 1
𝜀

𝑃,𝑡
(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)

}
. (A.25)

From (A.23) and (A.25), we derive the relationship between the two shadow prices, 𝜋𝑄,𝑡 and 𝜋𝑐,𝑡 :

𝜋𝑄,𝑡

𝜋𝑐,𝑡
=
𝜋𝑄,𝑡

𝜆𝑡
· 𝜆𝑡

𝜋𝑐,𝑡
=

1
𝜏
𝐷𝜏

𝐴,𝑡𝐷
1−𝜏
𝑃,𝑡

(
1 − 𝑒0 · exp{−𝜉𝑄𝑡}

)
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

...{
𝑐−𝜃𝑡 − 𝛽𝜂

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]−1
𝐷

− 1
𝜀

𝑃,𝑡
(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)

}
. (A.26)

Finally, from (A.11), the relationship between the shadow price 𝜋𝑐,𝑡 and the co-state variable 𝜇𝑡 is
given by

𝜋𝑐,𝑡

𝜇𝑡
=

1
𝜒

[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]−1
𝑁

− 1
𝜎−1

𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]− 𝜂𝜀
𝜀−1

=
1
𝜒
· 1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

𝑐𝑡
. (A.27)

Next, we proceed to derive the labor share and the levels of the variables. Substituting (A.23)
and (A.25) into (A.6), we obtain

𝜆𝑡

(
𝜓𝜁𝐷𝜁−1

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴

)
+ 𝜆𝑡(1 − 𝛽)𝜂𝜓𝐷𝜁− 1

𝜀
𝐴,𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]−1
...

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) − 𝜆𝑡𝜓𝐷
𝜁−1
𝐴,𝑡

𝐷𝑃,𝑡

{
𝑐−𝜃𝑡 − 𝛽𝜂

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]−1
...

𝐷
− 1

𝜀
𝑃,𝑡

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)
}
= −¤𝜆𝑡 + (𝜌 − 𝑛)𝜆𝑡

⇒ 𝜆𝑡

(
𝜓𝜁𝐷𝜁−1

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴

)
− 𝜆𝑡𝜓𝐷

𝜁−1
𝐴,𝑡

𝑐−𝜃𝑡 𝐷𝑃,𝑡 + 𝜆𝑡𝜓𝜂𝐷
𝜁−1
𝐴,𝑡

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)
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= −¤𝜆𝑡 + (𝜌 − 𝑛)𝜆𝑡

⇒ 𝜓𝐷𝜁−1
𝐴,𝑡

[
𝜁𝐿𝐴,𝑡 − 𝑐−𝜃𝑡 𝐷𝑃,𝑡 + 𝜂(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)

]
= −

¤𝜆𝑡

𝜆𝑡
+ 𝜌 − 𝑛 + 𝛿𝐴

⇒ 𝜓𝐷𝜁−1
𝐴,𝑡

[
𝜁𝐿𝐴,𝑡 − 𝐿𝑃,𝑡 + 𝜂(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)

]
= −

¤𝜆𝑡

𝜆𝑡
+ 𝜌 − 𝑛 + 𝛿𝐴

⇒ 𝜓𝐷𝜁−1
𝐴,𝑡

[
𝜂𝐿𝑡 − (1 + 𝜂)𝐿𝑃,𝑡 − (𝜂 − 𝜁)𝐿𝐴,𝑡 − 𝜂𝐿𝑅,𝑡

]
= −

¤𝜆𝑡

𝜆𝑡
+ 𝜌 − 𝑛 + 𝛿𝐴

⇒
( ¤𝐷𝐴,𝑡

𝐷𝐴,𝑡
+ 𝛿𝐴

) [
𝜂 − (1 + 𝜂)𝑙𝑃,𝑡 − (𝜂 − 𝜁)𝑙𝐴,𝑡 − 𝜂𝑙𝑅,𝑡

𝑙𝐴,𝑡

]
= −

¤𝜆𝑡

𝜆𝑡
+ 𝜌 − 𝑛 + 𝛿𝐴 (A.28)

Here, the fourth equation follows from the market clearing condition for producer data (A.1), while
the final equation is derived from the law of motion of 𝐷𝐴,𝑡 in (1). The variables 𝑙𝑃,𝑡 , 𝑙𝑅,𝑡 , and 𝑙𝐴,𝑡

represent the labor shares employed in their respective sectors, all of which remain constant along
a balanced growth path.

Next, substituting (A.23) and (A.24) into (A.4), we obtain

1
𝑐𝑡

+ 𝜆𝑡𝜃𝜓𝐷
𝜁
𝐴,𝑡

𝑐−1
𝑡 𝐿𝑃,𝑡 − 𝜆𝑡𝜓𝐷

𝜁
𝐴,𝑡

(
1 − 𝑒0 exp{−𝜉𝑄𝑡}

)−1
𝑁

− 1
𝜎−1

𝑡 ...[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]− 𝜂𝜀
𝜀−1

𝐿𝑡 = 0

⇒ 1
𝑐𝑡

+ 𝜆𝑡𝜓𝐷
𝜁
𝐴,𝑡

𝑐−1
𝑡 [𝜃𝐿𝑃,𝑡 − (𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)] = 0

⇒
¤𝜆𝑡

𝜆𝑡
+ 𝜁

¤𝐷𝐴,𝑡

𝐷𝐴,𝑡
+ 𝑛 = 0 (A.29)

⇒
( ¤𝐷𝐴,𝑡

𝐷𝐴,𝑡
+ 𝛿𝐴

) [
𝜁 − 𝜂 − (1 + 𝜂)𝑙𝑃,𝑡 − (𝜂 − 𝜁)𝑙𝐴,𝑡 − 𝜂𝑙𝑅,𝑡

𝑙𝐴,𝑡

]
+ 𝜌 + (1 − 𝜁)𝛿𝐴 = 0

⇒
(
𝑔𝐷𝐴

+ 𝛿𝐴
) [

𝜁 − 𝜂 − (1 + 𝜂)𝑙𝑃,𝑡 − (𝜂 − 𝜁)𝑙𝐴,𝑡 − 𝜂𝑙𝑅,𝑡
𝑙𝐴,𝑡

]
+ 𝜌 + (1 − 𝜁)𝛿𝐴 = 0

⇒ (1 + 𝜂)𝑙𝑃,𝑡 +
[
𝜂 + 𝜌 + (1 − 𝜁)𝛿𝐴

𝑔𝐷𝐴
+ 𝛿𝐴

]
𝑙𝐴,𝑡 + 𝜂𝑙𝑅,𝑡 − 𝜂 = 0. (A.30)

Here, the third equation is obtained by expressing variables in terms of growth rates, noting that the
labor shares employed in all four sectors grow at the same rate 𝑛, which matches the growth rate
of the total population. The fourth equation follows from substituting the result derived in (A.28).
Since we have established the growth rates of 𝑐𝑡 and 𝐷𝐴,𝑡 along a balanced growth path, (A.30)
serves as the first key equation for the allocation of labor shares across different sectors.

Next, we derive the second key equation for the labor shares. From (A.29), we obtain

¤𝜆𝑡

𝜆𝑡
= −𝜁

¤𝐷𝐴,𝑡

𝐷𝐴,𝑡
− 𝑛 = − 1

1 − 𝜁
𝑛.

Then, combining the law of motion of 𝐷𝐴,𝑡 from (1) with the resource constraint (A.2), and using
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(A.23), we derive

𝜆𝑡

𝜋𝑐,𝑡
=

𝐿𝐴,𝑡

(𝑔𝐷𝐴
+ 𝛿𝐴)𝐷𝐴,𝑡

· 𝑐𝑡

(1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)

⇒ ¤𝜋𝑐,𝑡

𝜋𝑐,𝑡
=

¤𝜆𝑡

𝜆𝑡
− 𝑛 +

¤𝐷𝐴,𝑡

𝐷𝐴,𝑡
− ¤𝑐𝑡

𝑐𝑡

⇒ ¤𝜋𝑐,𝑡

𝜋𝑐,𝑡
=


−

[
1

𝜎 − 1 + 𝜂

1 − 𝜁
+ 1

]
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

−
[

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
+ 1

]
𝑛, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

From (A.27), it follows that
¤𝜇𝑡

𝜇𝑡
=

¤𝜋𝑐,𝑡

𝜋𝑐,𝑡
+ ¤𝑐𝑡

𝑐𝑡
= −𝑛. (A.31)

Substituting (A.27) into (A.10), we obtain

1
𝜒(𝜎 − 1)𝑁

−1
𝑡 (𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) = −

¤𝜇𝑡

𝜇𝑡
+ 𝜌 − 𝑛,

⇒ 𝑛

𝜎 − 1

(
1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

𝑙𝑅,𝑡

)
= −

¤𝜇𝑡

𝜇𝑡
+ 𝜌 − 𝑛,

⇒ 𝑛

𝜎 − 1

(
1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

𝑙𝑅,𝑡

)
=𝜌,

⇒ 𝑙𝑃,𝑡 + 𝑙𝐴,𝑡 +
[
1 + 𝜌(𝜎 − 1)

𝑛

]
𝑙𝑅,𝑡 − 1 =0. (A.32)

The second equation follows from (A.12), while the third equation results from substituting the
growth rate of 𝜇𝑡 from (A.31). We thus obtain the second key equation that determines the allocation
of labor shares.

Finally, we derive the third key equation for the labor shares. Substituting (A.26) into (A.5), we
obtain

𝜅
𝑄𝑡

+ 𝜋𝑐,𝑡 𝑒0𝜉 exp(−𝜉𝑄𝑡)𝑁
1

𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡) − ...

1
𝜏
𝜋𝑐,𝑡𝐷

𝜏
𝐴,𝑡𝐷

1−𝜏
𝑃,𝑡

[
1 − 𝑒0 · exp(−𝜉𝑄𝑡)

]
𝑁

1
𝜎−1
𝑡

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜂𝜀
𝜀−1

...{
𝑐−𝜃𝑡 − 𝛽𝜂

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]−1
𝐷

− 1
𝜀

𝑃,𝑡
(𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡)

}
= 0

⇒ 𝜅
𝑄𝑡

+ 𝜋𝑐,𝑡𝜉
𝑒0 exp(−𝜉𝑄𝑡)

1 − 𝑒0 exp(−𝜉𝑄𝑡)
𝑐𝑡𝐿𝑡 −

1
𝜏𝑄𝑡

𝜋𝑐,𝑡
𝑐𝑡𝐿𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
...{

𝑙𝑃,𝑡 − 𝛽𝜂
[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

]−1
𝐷

1− 1
𝜀

𝑃,𝑡
(1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)

}
= 0. (A.33)
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When 𝑔𝐷𝐴
> 𝑔𝐷𝑃

, (A.33) simplifies to

𝜅
𝑄𝑡

+ 𝜋𝑐,𝑡𝜉
𝑒0 exp(−𝜉𝑄𝑡)

1 − 𝑒0 exp(−𝜉𝑄𝑡)
𝑐𝑡𝐿𝑡 −

1
𝜏𝑄𝑡

𝜋𝑐,𝑡
𝑐𝑡𝐿𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
...𝑙𝑃,𝑡 − 𝛽𝜂

[
𝛽

(
𝐷𝑃,𝑡

𝐷𝐴,𝑡

) 𝜀−1
𝜀

+ 1 − 𝛽

]−1 (
𝐷𝑃,𝑡

𝐷𝐴,𝑡

)1− 1
𝜀

(1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)
 = 0

⇒ 𝜅
𝑄𝑡

+ 𝜋𝑐,𝑡𝜉
𝑒0

1 − 𝑒0
𝑐𝑡𝐿𝑡 − 𝜋𝑐,𝑡

1
𝜏𝑄𝑡

𝑐𝑡𝐿𝑃,𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
= 0

⇒ 𝜅 − 𝜋𝑐,𝑡

𝜏

𝑐𝑡𝐿𝑃,𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
= 0. (A.34)

The second equation follows from the fact that 𝑄𝑡 → 0 when 𝑔𝐷𝐴
> 𝑔𝐷𝑃

, while the third equation
follows from the observation that the growth rate of 𝜋𝑐,𝑡𝑐𝑡𝐿𝑡 is zero, given that

¤𝜋𝑐,𝑡

𝜋𝑐,𝑡
+ ¤𝑐𝑡

𝑐𝑡
+ 𝑛 = 0.

Thus, (A.34) further simplifies to

𝑙𝑃,𝑡

1 − (1 + 𝜃)𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
=𝜏𝜅,

⇒ [1 + 𝜏𝜅(1 + 𝜃)] 𝑙𝑃,𝑡 + 𝜏𝜅𝑙𝐴,𝑡 + 𝜏𝜅𝑙𝑅,𝑡 − 𝜏𝜅 =0, (A.35)

which constitutes the third key equation for determining the labor shares.
When 𝑔𝐷𝐴

< 𝑔𝐷𝑃
, i.e., as 𝑄𝑡 → ∞, the first and last terms on the left-hand side of (A.33) converge

to zero in the long run, while the second term remains constant. Consequently, (A.33) simplifies to

𝜋𝑐,𝑡𝜉
𝑒0 exp(−𝜉𝑄𝑡)

1 − 𝑒0 exp(−𝜉𝑄𝑡)
𝑐𝑡𝐿𝑡 = 0,

which trivially holds but cannot serve as a key equation for determining the labor shares.
When 𝑔𝐷𝐴

= 𝑔𝐷𝑃
, we have (𝐷𝑃,𝑡/𝐷𝐴,𝑡)𝜏 = 𝑄̄ ∈ (0,+∞). Consequently, (A.33) simplifies to

𝜅

𝑄̄
+ 𝜋𝑐,𝑡𝜉

𝑒0 exp
(
−𝜉𝑄̄

)
1 − 𝑒0 exp

(
−𝜉𝑄̄

) 𝑐𝑡𝐿𝑡 − 𝜋𝑐,𝑡
1
𝜏𝑄̄

𝑐𝑡𝐿𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
...{

𝑙𝑃,𝑡 − 𝛽𝜂
(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

)−1
𝑄̄

𝜀−1
𝜏𝜀 (1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)

}
= 0

⇒ 𝜅

𝑄̄
+ 𝜉

𝑒0 exp
(
−𝜉𝑄̄

)
1 − 𝑒0 exp

(
−𝜉𝑄̄

) 1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

1 − (1 + 𝜃)𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡
− 1

𝜏𝑄̄

1
1 − (1 + 𝜃)𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

...[
𝑙𝑃,𝑡 − 𝛽𝜂

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

)−1
𝑄̄

𝜀−1
𝜏𝜀 (1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)

]
= 0, (A.36)

where the second equation follows from substituting (A.19) into the expression. Substituting (3), 𝑄̄
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can be derived as

𝑄̄ =

(
𝐷𝑃,𝑡

𝐷𝐴,𝑡

)𝜏
=


𝑐𝜃𝑡 𝐿𝑃,𝑡[

𝜓(1 − 𝜁)
𝑛 + 𝛿𝐴(1 − 𝜁)

] 1
1−𝜁

(𝐿𝐴,𝑡)
1

1−𝜁



𝜏

.

In the above equation, consumption 𝑐𝑡 is given by

𝑐𝑡 =
[
1 − 𝑒0 · exp

(
−𝜉𝑄̄

) ]
𝑁

1
𝜎−1
𝑡

[
𝛽

(
𝐷𝑃,𝑡

𝐷𝐴,𝑡

) 𝜀−1
𝜀

+ 1 − 𝛽

] 𝜂𝜀
𝜀−1

𝐷
𝜂
𝐴,𝑡

(1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)

=
[
1 − 𝑒0 · exp

(
−𝜉𝑄̄

) ] (
𝑙𝑅,𝑡

𝑛𝜒

) 1
𝜎−1 (

𝛽𝑄̄
𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

𝑙
𝜂

1−𝜁
𝐴,𝑡

...

(1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)𝐿
1

𝜎−1+
𝜂

1−𝜁
𝑡 .

Thus, we obtain

𝑄̄
1
𝜏 =

{[
1 − 𝑒0 · exp

(
−𝜉𝑄̄

) ] (
1
𝑛𝜒

) 1
𝜎−1 (

𝛽𝑄̄
𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜀
𝜀−1 (1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡)

}𝜃

...[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂−1
1−𝜁

𝑙𝑃,𝑡 𝑙
𝜃

𝜎−1
𝑅,𝑡

𝑙
𝜃𝜂−1
1−𝜁
𝐴,𝑡

. (A.37)

Then, 𝑄̄ can be determined from the above equation, given the solutions for labor shares across differ-
ent sectors. Given 𝑄̄(𝑙𝑃,𝑡 , 𝑙𝐴,𝑡 , 𝑙𝑅,𝑡), equation (A.36) serves as the third key equation for determining
labor shares in this regime.

Let

𝒜 ≡𝜌 + (1 − 𝜁)𝛿𝐴
𝑔𝐷𝐴

+ 𝛿𝐴

=


(1 − 𝜁)

[
𝜌 + (1 − 𝜁)𝛿𝐴

]
𝑛 + 𝛿𝐴(1 − 𝜁) , if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

𝜌 + (1 − 𝜁)𝛿𝐴
𝜏 − 𝜂

𝜏(1 − 𝜃𝜂)

(
𝜃

𝜎 − 1 − 1
)
𝑛 + 𝛿𝐴

, if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

.

We now solve for the labor shares. When 𝑔𝐷𝐴
> 𝑔𝐷𝑃

, using (A.30), (A.32), and (A.35), we obtain

𝑙
𝑠𝑝

𝑃
|𝑔𝐷𝐴

>𝑔𝐷𝑃
=

𝒜𝜅𝜌𝜏(𝜎 − 1)
𝒜[𝑛 + 𝜅𝑛𝜏𝜃 + 𝜌(𝜎 − 1)(1 + 𝜅𝜏 + 𝜅𝜏𝜃)] + 𝜌(𝜎 − 1)(𝜂 − 𝜅𝜏 + 𝜂𝜅𝜏𝜃) ,

𝑙
𝑠𝑝

𝐴
|𝑔𝐷𝐴

>𝑔𝐷𝑃
=

𝜌(𝜎 − 1)(𝜂 − 𝜅𝜏 + 𝜂𝜅𝜏𝜃)
𝒜[𝑛 + 𝜅𝑛𝜏𝜃 + 𝜌(𝜎 − 1)(1 + 𝜅𝜏 + 𝜅𝜏𝜃)] + 𝜌(𝜎 − 1)(𝜂 − 𝜅𝜏 + 𝜂𝜅𝜏𝜃) ,
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and
𝑙
𝑠𝑝

𝑅
|𝑔𝐷𝐴

>𝑔𝐷𝑃
=

𝒜𝑛(1 + 𝜅𝜏𝜃)
𝒜[𝑛 + 𝜅𝑛𝜏𝜃 + 𝜌(𝜎 − 1)(1 + 𝜅𝜏 + 𝜅𝜏𝜃)] + 𝜌(𝜎 − 1)(𝜂 − 𝜅𝜏 + 𝜂𝜅𝜏𝜃) .

When 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, we have 𝑙
𝑠𝑝

𝐴
→ 0. Then, using (A.30) and (A.32), we obtain

𝑙
𝑠𝑝

𝑃
|𝑔𝐷𝐴

<𝑔𝐷𝑃
=

𝜂𝜌(𝜎 − 1)
𝑛 + 𝜌(1 + 𝜂)(𝜎 − 1)

and
𝑙
𝑠𝑝

𝑅
|𝑔𝐷𝐴

<𝑔𝐷𝑃
=

𝑛

𝑛 + 𝜌(1 + 𝜂)(𝜎 − 1) .

When 𝑔𝐷𝐴
= 𝑔𝐷𝑃

, the labor shares can be derived from (A.30), (A.32), (A.36), and (A.37). However,
due to the complexity of these equations, the labor shares in this regime can only be analyzed
numerically.

A.3 Levels of the Key Variables

Given the labor shares 𝑙𝑠𝑝
𝑃

, 𝑙𝑠𝑝
𝐴

, and 𝑙
𝑠𝑝

𝑅
derived in the previous subsection, we can further determine

the levels of some key variables.
First, from (A.12), we obtain

𝑁
𝑠𝑝

𝑡 =
1
𝑛𝜒

𝑙
𝑠𝑝

𝑅
𝐿𝑡 .

Similarly, from (3), we derive

𝐷
𝑠𝑝

𝐴,𝑡
=

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 1
1−𝜁

(𝑙𝑠𝑝
𝐴
) 1

1−𝜁 𝐿
1

1−𝜁
𝑡 .

Next, the level of consumption 𝑐𝑡 must be analyzed under different regimes. When 𝑔𝐷𝐴
> 𝑔𝐷𝑃

,
using (A.2), we obtain

𝑐
𝑠𝑝

𝑡 |𝑔𝐷𝐴
>𝑔𝐷𝑃

= (1 − 𝑒0)(𝑁 𝑠𝑝

𝑡 ) 1
𝜎−1

𝛽
(
𝐷𝑃,𝑡

𝐷
𝑠𝑝

𝐴,𝑡

) 𝜀−1
𝜀

+ 1 − 𝛽


𝜂𝜀
𝜀−1

𝐷
𝜂
𝐴,𝑡

(1 − 𝑙
𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅
)

=
1 − 𝑒0

(𝑛𝜒) 1
𝜎−1

(1 − 𝛽)
𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

(𝑙𝑠𝑝
𝐴
)

𝜂
1−𝜁 (𝑙𝑠𝑝

𝑅
) 1
𝜎−1 (1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅
)𝐿

1
𝜎−1+

𝜂
1−𝜁

𝑡 .

When 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, we have

𝑐
𝑠𝑝

𝑡 |𝑔𝐷𝐴
<𝑔𝐷𝑃

=(𝑁 𝑠𝑝

𝑡 ) 1
𝜎−1

𝛽 + (1 − 𝛽)
(
𝐷

𝑠𝑝

𝐴,𝑡

𝐷
𝑠𝑝

𝑃,𝑡

) 𝜀−1
𝜀 

𝜂𝜀
𝜀−1

(𝐷𝑠𝑝

𝑃,𝑡
)𝜂(1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅
)

=
𝛽

𝜂𝜀
𝜀−1

(𝑛𝜒) 1
𝜎−1

(𝑐𝑠𝑝𝑡 )𝜃𝜂(𝑙𝑠𝑝
𝑃
)𝜂(𝑙𝑠𝑝

𝑅
) 1
𝜎−1 (1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅
)𝐿𝜂+

1
𝜎−1

𝑡

A-10



=

[
𝛽

𝜂𝜀
𝜀−1

(𝑛𝜒) 1
𝜎−1

(𝑙𝑠𝑝
𝑃
)𝜂(𝑙𝑠𝑝

𝑅
) 1
𝜎−1 (1 − 𝑙

𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅
)
] 1

1−𝜃𝜂

𝐿
1

1−𝜃𝜂 (𝜂+ 1
𝜎−1 )

𝑡 .

When 𝑔𝐷𝐴
= 𝑔𝐷𝑃

, consumption is given by

𝑐𝑡 =
1 − 𝑒0 · exp

(
−𝜉𝑄̄

)
(𝑛𝜒) 1

𝜎−1

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

(𝑙𝑠𝑝
𝐴
)

𝜂
1−𝜁 (𝑙𝑠𝑝

𝑅
) 1
𝜎−1 ...

(1 − 𝑙
𝑠𝑝

𝑃
− 𝑙

𝑠𝑝

𝐴
− 𝑙

𝑠𝑝

𝑅
)𝐿

1
𝜎−1+

𝜂
1−𝜁

𝑡 .

Finally, the usage of producer data can be determined from (A.1) as

𝐷
𝑠𝑝

𝑃,𝑡
= (𝑐𝑠𝑝𝑡 )𝜃 𝑙𝑠𝑝

𝑃
𝐿𝑡 .

Thus, we have derived the levels of all key variables.

B. Competitive Equilibrium

In this section, the co-state variables and shadow prices are redefined to simplify the notation. From
the household problem defined by (28) and (29), and considering the homogeneity among different
varieties of intermediate goods, we define the current-value Hamiltonian equation as:

ℋ(𝑐𝑡 , 𝑎𝑡 ,𝜆𝑡) = ln 𝑐𝑡 + 𝜅 ln𝑄𝑡 + 𝜆𝑡 [(𝑟𝑡 − 𝑛)𝑎𝑡 + 𝑤𝑡 − 𝑐𝑡] .

Notably, in this problem, the household does not control data generation and therefore takes data
quality 𝑄𝑡 as given. The first-order conditions with respect to 𝑐𝑡 and 𝑎𝑡 are:

𝜕ℋ
𝜕𝑐𝑡

=
1
𝑐𝑡

− 𝜆𝑡 = 0 (B.1)

and
𝜕ℋ
𝜕𝑎𝑡

= 𝜆𝑡(𝑟𝑡 − 𝑛) = −¤𝜆𝑡 + (𝜌 − 𝑛)𝜆𝑡 . (B.2)

From (B.1) and (B.2), we obtain
¤𝑐𝑡
𝑐𝑡

= 𝑟𝑡 − 𝜌. (B.3)

From the final good producer problem defined by (30), the first-order conditions with respect to
𝑌𝑖 ,𝑡 and 𝐿𝑃,𝑡 are given by (

𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
= 𝑝𝑖 ,𝑡 (B.4)

and

𝑝𝐷𝑃 ,𝑡

(
𝑌𝑡

𝐿𝑡

)𝜃
= 𝑤𝑡 . (B.5)
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From the Generative AI firm problem defined by (32), the current-value Hamiltonian equation
is given by

ℋ(𝐷𝐴,𝑡 , 𝐿𝐴,𝑡 , 𝜇𝑡) = 𝑝𝐷𝐴 ,𝑡𝐷𝐴,𝑡 − 𝑤𝑡𝐿𝐴,𝑡 + 𝜇𝑡

(
𝜓𝐷𝜁

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴𝐷𝐴,𝑡

)
,

where 𝜇𝑡 is the co-state variable. The first-order conditions with respect to 𝐷𝐴,𝑡 and 𝐿𝐴,𝑡 are

𝜕ℋ
𝜕𝐷𝐴,𝑡

= 𝑝𝐷𝐴 ,𝑡 + 𝜇𝑡

(
𝜓𝜁𝐷𝜁−1

𝐴,𝑡
𝐿𝐴,𝑡 − 𝛿𝐴

)
= − ¤𝜇𝑡 + 𝑟𝑡𝜇𝑡 (B.6)

and
𝜕ℋ
𝜕𝐿𝐴,𝑡

= −𝑤𝑡 + 𝜇𝑡𝜓𝐷
𝜁
𝐴,𝑡

= 0. (B.7)

Combining (B.6) and (B.7), we obtain

𝜓𝐷𝜁−1
𝐴,𝑡

𝐿𝐴,𝑡

(
𝑝𝐷𝐴 ,𝑡𝐷𝐴,𝑡

𝑤𝑡𝐿𝐴,𝑡
+ 𝜁

)
− 𝛿𝐴 = −

¤𝜇𝑡

𝜇𝑡
+ 𝑟𝑡 . (B.8)

From the intermediate good producer problem defined by (33) and (B.4), the firm’s optimization
problem can be rewritten as

𝑟𝑡𝑉𝑖 ,𝑡 = max
{𝐿𝑖 ,𝑡 ,𝐷𝑃,𝑖,𝑡 ,𝐷𝐴,𝑖,𝑡}

(
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝑌𝑖 ,𝑡 − 𝑤𝑡𝐿𝑖 ,𝑡 − 𝑝𝑑𝐷𝑃 ,𝑡

𝐷𝑃,𝑖,𝑡 − 𝑝𝑑𝐷𝐴 ,𝑡
𝐷𝐴,𝑖,𝑡+

¤𝑉𝑖 ,𝑡 − 𝛿(𝑒𝑖 ,𝑡)𝑉𝑖 ,𝑡 . (B.9)

The following partial derivatives hold:

𝜕𝑌𝑖 ,𝑡
𝜕𝐿𝑖 ,𝑡

= (1 − 𝑒𝑖 ,𝑡)𝐷𝜂
𝑖 ,𝑡

=
𝑌𝑖 ,𝑡

𝐿𝑖 ,𝑡
,

𝜕𝑌𝑖 ,𝑡
𝜕𝐷𝑃,𝑖,𝑡

= 𝜉𝜏𝑒𝑖 ,𝑡𝐷
𝜂
𝑖 ,𝑡
𝐿𝑖 ,𝑡𝐷

𝜏−1
𝑃,𝑖,𝑡𝐷

−𝜏
𝐴,𝑖,𝑡 + (1 − 𝑒𝑖 ,𝑡)𝛽𝜂𝐷

𝜂−1+ 1
𝜀

𝑖 ,𝑡
𝐷

− 1
𝜀

𝑃,𝑖,𝑡
𝐿𝑖 ,𝑡 ,

and
𝜕𝑌𝑖 ,𝑡

𝜕𝐷𝐴,𝑖,𝑡
= −𝜉𝜏𝑒𝑖 ,𝑡𝐷𝜂

𝑖 ,𝑡
𝐿𝑖 ,𝑡𝐷

𝜏
𝑃,𝑖,𝑡𝐷

−𝜏−1
𝐴,𝑖,𝑡 + (1 − 𝑒𝑖 ,𝑡)(1 − 𝛽)𝜂𝐷𝜂−1+ 1

𝜀
𝑖 ,𝑡

𝐷
− 1

𝜀
𝐴,𝑖,𝑡

𝐿𝑖 ,𝑡 .

The first-order conditions with respect to 𝐿𝑖 ,𝑡 , 𝐷𝑃,𝑖,𝑡 , and 𝐷𝐴,𝑖,𝑡 are given by(
1 − 1

𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝑌𝑖 ,𝑡

𝐿𝑖 ,𝑡
= 𝑤𝑡 , (B.10)

(
1 − 1

𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝜕𝑌𝑖 ,𝑡
𝜕𝐷𝑃,𝑖,𝑡

= 𝑝𝑑𝐷𝑃 ,𝑡
− 2𝜉𝜏𝛿0𝑒

2
𝑖 ,𝑡𝐷

𝜏−1
𝑃,𝑖,𝑡𝐷

−𝜏
𝐴,𝑖,𝑡𝑉𝑖 ,𝑡 , (B.11)
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and (
1 − 1

𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝜕𝑌𝑖 ,𝑡

𝜕𝐷𝐴,𝑖,𝑡
= 𝑝𝑑𝐷𝐴 ,𝑡

+ 2𝜉𝜏𝛿0𝑒
2
𝑖 ,𝑡𝐷

𝜏
𝑃,𝑖,𝑡𝐷

−𝜏−1
𝐴,𝑖,𝑡 𝑉𝑖 ,𝑡 . (B.12)

Combining (B.11) and (B.12), we obtain(
1 − 1

𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝜂(1 − 𝑒𝑖 ,𝑡)𝐷𝜂

𝑖 ,𝑡
𝐿𝑖 ,𝑡 = 𝐷𝑃,𝑖,𝑡𝑝

𝑑
𝐷𝑃 ,𝑡

+ 𝐷𝐴,𝑖,𝑡𝑝
𝑑
𝐷𝐴 ,𝑡

⇒ 𝜂

(
1 − 1

𝜎

) (
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝑌𝑖 ,𝑡 = 𝐷𝑃,𝑖,𝑡𝑝

𝑑
𝐷𝑃 ,𝑡

+ 𝐷𝐴,𝑖,𝑡𝑝
𝑑
𝐷𝐴 ,𝑡

.

Substituting (B.10) into the above equation, we obtain

𝜂𝑤𝑡𝐿𝑖 ,𝑡 = 𝐷𝑃,𝑖,𝑡𝑝
𝑑
𝐷𝑃 ,𝑡

+ 𝐷𝐴,𝑖,𝑡𝑝
𝑑
𝐷𝐴 ,𝑡

. (B.13)

From the data intermediary problem defined by (34) and (35), and considering the symmetry
among different varieties of intermediate goods, the prices of data can be readily derived as:

𝑝𝑑𝐷𝑃 ,𝑡
=

𝑝𝐷𝑃 ,𝑡

𝑁𝑡
(B.14)

and
𝑝𝑑𝐷𝐴 ,𝑡

=
𝑝𝐷𝐴 ,𝑡

𝑁𝑡
. (B.15)

These two equations ensure the non-zero profit condition for the data intermediary. For further
derivations, please refer to the appendix in Jones and Tonetti (2020).

Finally, from the free entry condition of the innovation sector defined by (36), and by symmetry,
we obtain

𝜒𝑤𝑡 = 𝑉𝑖 ,𝑡 +
𝑁𝑡𝛿0𝑒

2
𝑖 ,𝑡
𝑉𝑖 ,𝑡

1
𝜒𝐿𝑅,𝑡

⇒ 𝜒𝑤𝑡 = 𝑉𝑖 ,𝑡

(
1 +

𝛿0𝑒
2
𝑖 ,𝑡

𝑛

)
. (B.16)

Here, the second equation follows from the result derived in (A.12) along the balanced growth path.

B.1 Growth Rates Along the Balanced Growth Path

Obviously, most of the growth rates of key variables are identical to those derived in the optimal
allocation, which can be found in Appendix A.1. However, in the competitive equilibrium, since
households cannot determine the usage of the two types of data and intermediate good producers
do not account for household utility, we expect that the labor share allocated to AI-generated data
production, 𝑙𝐴,𝑡 , may shrink when 𝑔𝐷𝑃

> 𝑔𝐷𝐴
, and the labor share allocated to producer data
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generation, 𝑙𝑃,𝑡 , may also shrink when 𝑔𝐷𝑃
< 𝑔𝐷𝐴

. Denoting 𝑔𝑙𝐴 and 𝑔𝑙𝑃 as the respective growth
rates when these two labor shares are no longer constant, the growth rates of the two types of data
are now given by

𝑔𝐷𝐴
=


𝑛

1 − 𝜁
, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

𝑔𝑙𝐴 + 𝑛

1 − 𝜁
, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

(B.17)

and

𝑔𝐷𝑃
=


[
1 + 𝜃

(
1

𝜎 − 1 + 𝜂

1 − 𝜁

)]
𝑛 + 𝑔𝑙𝑃 , if 𝑔𝐷𝐴

> 𝑔𝐷𝑃
,[

1 + 𝜃
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
𝑛, if 𝑔𝐷𝐴

≤ 𝑔𝐷𝑃
.

Additionally, in this subsection, we derive the growth rates of prices along the balanced growth
path.

First, combining (B.4) and (B.5) and considering symmetry, we obtain

𝑁
1

𝜎−1
𝑡

[
1 + 𝜃𝑤𝑡

(
𝐿𝑡

𝑌𝑡

)𝜃
𝑌𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

]
= 𝑝𝑖 ,𝑡

⇒ 𝑁
1

𝜎−1
𝑡

(
1 + 𝜃𝑤𝑡

𝐿𝑃,𝑡

𝑌𝑡

)
= 𝑝𝑖 ,𝑡

⇒ 𝑁
1

𝜎−1
𝑡

[
1 + 𝜃

(
1 − 1

𝜎

)
𝑝𝑖 ,𝑡

𝑌𝑖 ,𝑡

𝐿𝑖 ,𝑡

𝐿𝑃,𝑡

𝑌𝑡

]
= 𝑝𝑖 ,𝑡

⇒ 𝑁
1

𝜎−1
𝑡 + 𝜃

(
1 − 1

𝜎

)
𝑝𝑖 ,𝑡

𝐿𝑃,𝑡

𝑁𝑡𝐿𝑖 ,𝑡
= 𝑝𝑖 ,𝑡

⇒ 𝑝𝑖 ,𝑡 =
𝑁

1
𝜎−1
𝑡

1 − 𝜃
(
1 − 1

𝜎

) 𝐿𝑃,𝑡

𝑁𝑡𝐿𝑖 ,𝑡

⇒ 𝑝𝑖 ,𝑡 =
𝐿

1
𝜎−1
𝑅,𝑡

(𝑛𝜒) 1
𝜎−1

[
1 − 𝜃

(
1 − 1

𝜎

)
𝑙𝑃,𝑡

1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

] . (B.18)

Here, the third equation follows from substituting (B.10) into the expression. From the labor market
clearing condition shown in Table 1, it is evident that 𝐿𝑃,𝑡 , 𝐿𝐴,𝑡 , 𝐿𝑅,𝑡 , and the integral

∫ 𝑁𝑡

0 𝐿𝑖 ,𝑡d𝑖 all
grow at the same rate as the total population 𝐿𝑡 along the balanced growth path, which is 𝑛. By
symmetry, the growth rate of 𝑁𝑡𝐿𝑖 ,𝑡 is also 𝑛. Additionally, since the growth rate of 𝑁𝑡 is 𝑛, it follows
that 𝐿𝑖 ,𝑡 remains constant along the balanced growth path. Thus, the denominator of (B.18) remains
constant, and the growth rate of 𝑝𝑖 ,𝑡 is given by

𝑔𝑝𝑖 =
1

𝜎 − 1𝑛.

Next, noting that 𝑒𝑖 ,𝑡 remains constant along the balanced growth path (see (A.15)), from (B.10)
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we obtain

𝑔𝑤 = 𝑔𝑝𝑖 + 𝜂𝑔𝐷

⇒ 𝑔𝑤 =


(

1
𝜎 − 1 + 𝜂

1 − 𝜁

)
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
𝑛, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

Meanwhile, considering (B.11), when 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, this equation can be rewritten as(
1 − 1

𝜎

)
𝜂𝛽𝑝𝑖 ,𝑡𝐿𝑖 ,𝑡𝐷

1
𝜀+𝜂−1
𝑖 ,𝑡

𝐷
− 1

𝜀
𝑃,𝑖,𝑡

= 𝑝𝑑𝐷𝑃 ,𝑡
.

Rewriting the equation in terms of growth rates, we obtain

𝑔𝑝𝑖 +
(
1
𝜀
+ 𝜂 − 1

)
𝑔𝐷 − 1

𝜀
𝑔𝐷𝑃

= 𝑔𝑝𝐷𝑃
− 𝑔𝑁

⇒ 𝑔𝑝𝐷𝑃
= 𝑔𝑝𝑖 + (𝜂 − 1)𝑔𝐷𝑃

+ 𝑛

⇒ 𝑔𝑝𝐷𝑃
=

1 − 𝜃
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
𝑛. (B.19)

Similarly, when 𝑔𝐷𝐴
≥ 𝑔𝐷𝑃

, (B.11) can be rewritten as(
1 − 1

𝜎

)
𝑝𝑖 ,𝑡

[
𝜉𝜏𝑒0𝐷

𝜂
𝑖 ,𝑡
𝐿𝑖 ,𝑡𝐷

𝜏−1
𝑃,𝑖,𝑡𝐷

−𝜏
𝐴,𝑖,𝑡 + (1 − 𝑒0)𝛽𝜂𝐷

𝜂−1+ 1
𝜀

𝑖 ,𝑡
𝐷

− 1
𝜀

𝑃,𝑖,𝑡
𝐿𝑖 ,𝑡

]
= 𝑝𝑑𝐷𝑃 ,𝑡

− 2𝜉𝜏𝛿0𝑒
2
0𝐷

𝜏−1
𝑃,𝑖,𝑡𝐷

−𝜏
𝐴,𝑖,𝑡𝑉𝑖 ,𝑡 .

(B.20)
On the left-hand side of (B.20), the growth rate of the first term, 𝑝𝑖 ,𝑡𝐷

𝜂
𝑖 ,𝑡
𝐿𝑖 ,𝑡𝐷

𝜏−1
𝑃,𝑖,𝑡

𝐷−𝜏
𝐴,𝑖,𝑡

, is given by

𝑛

𝜎 − 1 + 𝜂𝑔𝐷 + (𝜏 − 1)𝑔𝐷𝑃
− 𝜏𝑔𝐷𝐴

=
𝑛

𝜎 − 1 + (𝜂 − 1)𝑔𝐷𝐴
+ (1 − 𝜏)(𝑔𝐷𝐴

− 𝑔𝐷𝑃
).

Similarly, the growth rate of the second term, 𝑝𝑖 ,𝑡𝐷
𝜂−1+ 1

𝜀
𝑖 ,𝑡

𝐷
− 1

𝜀
𝑃,𝑖,𝑡

𝐿𝑖 ,𝑡 , is given by

𝑛

𝜎 − 1 +
(
𝜂 − 1 + 1

𝜀

)
𝑔𝐷 − 1

𝜀
𝑔𝐷𝑃

=
𝑛

𝜎 − 1 + (𝜂 − 1)𝑔𝐷𝐴
+ 1

𝜀
(𝑔𝐷𝐴

− 𝑔𝐷𝑃
).

Thus, the growth rate of the left-hand side depends on whether (1 − 𝜏)𝜀 is greater than 1. On the
right-hand side, it is straightforward to see that the growth rate of the second term is given by
𝑔𝑉 + (𝜏 − 1)𝑔𝐷𝑃

− 𝜏𝑔𝐷𝐴
. From (B.16), we know that 𝑔𝑉 = 𝑔𝑤 = 𝑔𝑐 = 𝜂𝑔𝐷𝐴

+ 𝑛/(𝜎 − 1), so this growth
rate matches that of the first term on the left-hand side.

Since we assume the elasticity of substitution between the two types of data, 𝜀, to be large, it is
typically expected that (1 − 𝜏)𝜀 > 1. Consequently, the growth rate of the left-hand side depends
primarily on the first term. Furthermore, we have

𝑔𝑝𝐷𝑃
− 𝑔𝑁 ≤ 𝑔𝑝𝑖 + (𝜂 − 1)𝑔𝐷𝐴

+ (1 − 𝜏)(𝑔𝐷𝐴
− 𝑔𝐷𝑃

)
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⇒ 𝑔𝑝𝐷𝑃
≤ 1

𝜎 − 1𝑛 + (𝜂 − 1) 1
1 − 𝜁

𝑛 + (1 − 𝜏)
[

1
1 − 𝜁

− 1 − 𝜃

(
1

𝜎 − 1 + 𝜂

1 − 𝜁

)]
𝑛 + 𝑛 − (1 − 𝜏)𝑔𝑙𝑃

⇒ 𝑔𝑝𝐷𝑃
≤

[
𝜂 − 1 + (1 − 𝜃𝜂)(1 − 𝜏)

1 − 𝜁
+ 1 − (1 − 𝜏)𝜃

𝜎 − 1 + 𝜏

]
𝑛 − (1 − 𝜏)𝑔𝑙𝑃 . (B.21)

Meanwhile, from (B.5), we can also express 𝑔𝑝𝐷𝑃
as

𝑔𝑝𝐷𝑃
= 𝑔𝑤 − 𝜃𝑔𝑐 = (1 − 𝜃)

(
1

𝜎 − 1 + 𝜂

1 − 𝜁

)
𝑛. (B.22)

Combining (B.21) and (B.22), we derive the growth rate of 𝑙𝑃,𝑡 as

(1 − 𝜏)𝑔𝑙𝑃 ≤
[
𝜂 − 1 + (1 − 𝜃𝜂)(1 − 𝜏)

1 − 𝜁
+ 1 − (1 − 𝜏)𝜃

𝜎 − 1 + 𝜏 − (1 − 𝜃)
(

1
𝜎 − 1 + 𝜂

1 − 𝜁

)]
𝑛

⇒ (1 − 𝜏)𝑔𝑙𝑃 ≤
[

𝜏𝜃
𝜎 − 1 − 𝜏(1 − 𝜃𝜂)

1 − 𝜁
+ 𝜏

]
𝑛

⇒ 𝑔𝑙𝑃 |𝑔𝐷𝐴
>𝑔𝐷𝑃

≤ 𝜏
1 − 𝜏

(
𝜃

𝜎 − 1 − 1 − 𝜃𝜂

1 − 𝜁
+ 1

)
𝑛. (B.23)

Thus, the growth rate of 𝐷𝑃,𝑡 in this regime is given by

𝑔𝐷𝑃
|𝑔𝐷𝐴

>𝑔𝐷𝑃
≤ 1

1 − 𝜏

(
𝜃𝜂 − 𝜏

1 − 𝜁
+ 𝜃

𝜎 − 1 + 1
)
𝑛.

Notably, in this case, we require 𝑔𝑙𝑃 < 0, implying that

1 − 𝜃𝜂

1 − 𝜁
>

𝜃
𝜎 − 1 + 1,

which always holds when 𝑔𝐷𝐴
> 𝑔𝐷𝑃

.
Last, we determine the growth rate of the price of AI-generated data. From (B.3), we derive that

the interest rate 𝑟𝑡 remains constant along the balanced growth path, given by

𝑟𝑡 = 𝑔𝑐 + 𝜌. (B.24)

From (B.7), we derive the growth rate of the shadow price 𝜇𝑡 as

𝜇𝑡 =
𝑤𝑡

𝜓𝐷𝜁
𝐴,𝑡

⇒
¤𝜇𝑡

𝜇𝑡
=

¤𝑤𝑡

𝑤𝑡
− 𝜁

¤𝐷𝐴,𝑡

𝐷𝐴,𝑡

⇒ 𝑔𝜇 =


(

1
𝜎 − 1 + 𝜂 − 𝜁

1 − 𝜁

)
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,[

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
− 𝜁

1 − 𝜁

]
𝑛 − 𝜁

1 − 𝜁
𝑔𝑙𝐴 , if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

(B.25)
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Substituting (B.24), (B.25), and the dynamic equation of AI-generated data (1) into (B.8), we obtain

(
𝑔𝐷𝐴

+ 𝛿𝐴
) (

𝑝𝐷𝐴 ,𝑡𝐷𝐴,𝑡

𝑤𝑡𝐿𝐴,𝑡
+ 𝜁

)
− 𝛿𝐴 = −

¤𝜇𝑡

𝜇𝑡
+ 𝑔𝑐 + 𝜌. (B.26)

Given the constancy of the terms in the above equation, we derive

𝑔𝑝𝐷𝐴
= 𝑔𝑤 + 𝑔𝑙𝐴 + 𝑛 − 𝑔𝐷𝐴

⇒ 𝑔𝑝𝐷𝐴
=


(

1
𝜎 − 1 + 𝜂 − 1

1 − 𝜁
+ 1

)
𝑛, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,[

1
1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
+ 1 − 1

1 − 𝜁

]
𝑛 − 𝜁

1 − 𝜁
𝑔𝑙𝐴 , if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

(B.27)

When 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, (B.12) simplifies to(
1 − 1

𝜎

)
𝛽𝜂−1+ 1

𝜀 (1 − 𝛽)𝜂𝑝𝑖 ,𝑡𝐷
𝜂−1+ 1

𝜀
𝑃,𝑡

𝐷
− 1

𝜀
𝐴,𝑡

𝐿𝑖 ,𝑡 =
𝑝𝐷𝐴 ,𝑡

𝑁𝑡

⇒ 𝑔𝑝𝐷𝐴
= 𝑔𝑝𝑖 + 𝑔𝑁 +

(
𝜂 − 1 + 1

𝜀

)
𝑔𝐷𝑃

− 1
𝜀
𝑔𝐷𝐴

⇒ 𝑔𝑝𝐷𝐴
=

{
1

𝜎 − 1 + 1 +
(
𝜂 − 1 + 1

𝜀

) [
1 + 𝜃

1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)]
− 1

𝜀
1

1 − 𝜁

}
𝑛 − 1

𝜀

𝑔𝑙𝐴
1 − 𝜁

⇒ 𝑔𝑝𝐷𝐴
=

{[
1 +

(
𝜂 − 1 + 1

𝜀

)
𝜃

1 − 𝜃𝜂

]
1

𝜎 − 1 − 1
𝜀

1
1 − 𝜁

+
(
𝜂 − 𝜃𝜂 + 1

𝜀

)
1

1 − 𝜃𝜂

}
− 1

𝜀

𝑔𝑙𝐴
1 − 𝜁

. (B.28)

Combining (B.27) and (B.28), we derive the growth rate of the labor share 𝑙𝐴 as[
1

1 − 𝜃𝜂

(
1

𝜎 − 1 + 𝜂

)
+ 1 − 1

1 − 𝜁

]
𝑛 − 𝜁

1 − 𝜁
𝑔𝑙𝐴 =

{[
1 +

(
𝜂 − 1 + 1

𝜀

)
𝜃

1 − 𝜃𝜂

]
1

𝜎 − 1−

1
𝜀

1
1 − 𝜁

+
(
𝜂 − 𝜃𝜂 + 1

𝜀

)
1

1 − 𝜃𝜂

}
𝑛 − 1

𝜀

𝑔𝑙𝐴
1 − 𝜁

⇒
(
𝜁 − 1

𝜀

)
𝑔𝑙𝐴

1 − 𝜁
=

[(
1 − 1

𝜀

)
𝜃

1 − 𝜃𝜂
1

𝜎 − 1 −
(
1 − 1

𝜀

)
1

1 − 𝜁
+

(
1 − 1

𝜀

)
1

1 − 𝜃𝜂

]
𝑛

⇒ 𝑔𝑙𝐴 =
𝜀 − 1
𝜁𝜀 − 1

[
1 − 𝜁

1 − 𝜃𝜂

(
𝜃

𝜎 − 1 + 1
)
− 1

]
𝑛. (B.29)

Substituting (B.29) into (B.17), (B.25), and (B.27), respectively, we obtain the growth rates of 𝐷𝐴,𝑡 , 𝜇𝑡 ,
and 𝑝𝐷𝐴

as

𝑔𝐷𝐴
|𝑔𝐷𝐴

<𝑔𝐷𝑃
=

1
𝜁𝜀 − 1

[
𝜀 − 1

1 − 𝜃𝜂

(
𝜃

𝜎 − 1 + 1
)
− 𝜀

]
𝑛,

𝑔𝜇|𝑔𝐷𝐴
<𝑔𝐷𝑃

=

[
1

1 − 𝜃𝜂

(
1 − 𝜁𝜃(𝜀 − 1)

𝜁𝜀 − 1

)
1

𝜎 − 1 + 𝜀𝜁 + 1
1 − 𝜃𝜂

(
𝜂 − 𝜁(𝜀 − 1)

𝜁𝜀 − 1

)]
𝑛,
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and

𝑔𝑝𝐷𝐴
|𝑔𝐷𝐴

<𝑔𝐷𝑃
=

{[
1 − 𝜁𝜃(𝜀 − 1)

𝜁𝜀 − 1

]
1

1 − 𝜃𝜂
1

𝜎 − 1 + 1
𝜁𝜀 − 1 + 1

1 − 𝜃𝜂

(
𝜂 − 𝜃𝜂 − 1 − 𝜁

𝜁𝜀 − 1

)}
𝑛.

Since we require 𝑔𝑙𝐴 < 0, this implies the following condition:
𝜃

𝜎 − 1 + 1 <
1 − 𝜃𝜂

1 − 𝜁
, if 𝜁𝜀 > 1,

𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
, if 𝜁𝜀 < 1.

However, considering that when 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, we have

𝜃
𝜎 − 1 + 1 >

1 − 𝜃𝜂

1 − 𝜁
.

Thus, 𝑔𝑙𝐴 is negative only when 𝜁𝜀 < 1. Otherwise, we obtain the corner solution: 𝑔𝑙𝐴 = 0, 𝑙𝐴,𝑡 = 0,
and 𝐷𝐴,𝑡 → 0.

By now, we derive all the growth rates of the variables.

B.2 Labors Employed in Different Sectors

First, from the labor market clearing condition shown in Table 1, we have∫ 𝑁𝑡

0
𝐿𝑖 ,𝑡d𝑖 = 𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡

⇒ 𝑁𝑡𝐿𝑖 ,𝑡 = 𝐿𝑡 − 𝐿𝑃,𝑡 − 𝐿𝐴,𝑡 − 𝐿𝑅,𝑡

⇒ 𝑁𝑡

𝐿𝑡
𝐿𝑖 ,𝑡 = 1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

⇒ 𝐿𝑖 ,𝑡 = 𝑛𝜒
1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡

𝑙𝑅,𝑡
. (B.30)

Here, the last line follows from substituting the result derived in (A.12). Meanwhile, we further
refine (B.26) as

𝑝𝐷𝐴 ,𝑡𝐷𝐴,𝑡

𝑤𝑡𝐿𝐴,𝑡
=

−𝑔𝜇 + 𝑔𝑐 + 𝜌 + 𝛿𝐴

𝑔𝐷𝐴
+ 𝛿𝐴

− 𝜁

⇒ 𝑝𝐷𝐴 ,𝑡𝐷𝐴,𝑡

𝑤𝑡𝐿𝐴,𝑡
=



𝜁𝑛 + (𝜌 + 𝛿𝐴)(1 − 𝜁)
𝑛 + 𝛿𝐴(1 − 𝜁) − 𝜁, if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,[

𝜁(𝜀 − 1)
𝜁𝜀 − 1

1
1 − 𝜃𝜂

(
𝜃

𝜎 − 1 + 1
)
− 𝜀𝜁

]
𝑛 + 𝜌 + 𝛿𝐴

1
𝜁𝜀 − 1

[
𝜀 − 1

1 − 𝜃𝜂

(
𝜃

𝜎 − 1 + 1
)
− 𝜀

]
𝑛 + 𝛿𝐴

− 𝜁, if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

.

≡ 𝒟 . (B.31)
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Next, combining (B.5) and (B.31) with (B.13), we obtain

𝜂𝑤𝑡𝑁𝑡𝐿𝑖 ,𝑡 = 𝐷𝑃,𝑡𝑝𝐷𝑃 ,𝑡 + 𝐷𝐴,𝑡𝑝𝐷𝐴 ,𝑡

⇒ 𝜂𝑤𝑡𝑁𝑡𝐿𝑖 ,𝑡 = 𝑤𝑡𝐿𝑃,𝑡 +𝒟𝑤𝑡𝐿𝐴,𝑡

⇒ 𝜂𝐿𝑖 ,𝑡
𝑁𝑡

𝐿𝑡
= 𝑙𝑃,𝑡 +𝒟 𝑙𝐴,𝑡

⇒ 𝜂𝐿𝑖 ,𝑡

𝑙𝑅,𝑡

𝑛𝜒
= 𝑙𝑃,𝑡 +𝒟 𝑙𝐴,𝑡

⇒ 𝜂(1 − 𝑙𝑃,𝑡 − 𝑙𝐴,𝑡 − 𝑙𝑅,𝑡) = 𝑙𝑃,𝑡 +𝒟 𝑙𝐴,𝑡

⇒ (1 + 𝜂)𝑙𝑃,𝑡 + (𝒟 + 𝜂)𝑙𝐴,𝑡 + 𝜂𝑙𝑅,𝑡 − 𝜂 = 0. (B.32)

Here, the fourth line follows from the result derived in (A.12). Thus, we obtain the first key equation
for determining the labor shares.

Next, from the intermediate good producer problem defined by (B.9), we obtain

𝑉𝑖 ,𝑡 =

(
𝑌𝑡

𝑌𝑖 ,𝑡

) 1
𝜎

(
1 + 𝜃𝑝𝐷𝑃 ,𝑡𝑌

𝜃−1
𝑡

𝐿𝑃,𝑡

𝐿𝜃𝑡

)
𝑌𝑖 ,𝑡 − 𝑤𝑡𝐿𝑖 ,𝑡 − 𝑝𝑑

𝐷𝑃 ,𝑡
𝐷𝑃,𝑖,𝑡 − 𝑝𝑑

𝐷𝐴 ,𝑡
𝐷𝐴,𝑖,𝑡

𝑟𝑡 + 𝛿(𝑒𝑖 ,𝑡) −
¤𝑉𝑡

𝑉𝑡

=
𝑝𝑖 ,𝑡𝑌𝑖 ,𝑡 − (1 + 𝜂)𝑤𝑡𝐿𝑖 ,𝑡

𝑔𝑐 + 𝜌 + 𝛿0𝑒
2
𝑖 ,𝑡

− 𝑔𝑉

=

( 𝜎
𝜎 − 1 − 1 − 𝜂

)
𝑤𝑡𝐿𝑖 ,𝑡

𝑔𝑐 + 𝜌 + 𝛿0𝑒
2
𝑖 ,𝑡

− 𝑔𝑤

=

( 𝜎
𝜎 − 1 − 1 − 𝜂

)
𝑤𝑡𝐿𝑖 ,𝑡

𝜌 + 𝛿0𝑒
2
𝑖 ,𝑡

.

Then, combining the above equation with (B.16), we obtain

𝐿𝑖 ,𝑡 =
𝜒(𝜌 + 𝛿0𝑒

2
𝑖 ,𝑡
)(

1 +
𝛿0𝑒

2
𝑖 ,𝑡

𝑛

) ( 𝜎
𝜎 − 1 − 1 − 𝜂

)

=



𝜒(𝜌 + 𝛿0𝑒
2
0)(

1 +
𝛿0𝑒

2
0

𝑛

) ( 𝜎
𝜎 − 1 − 1 − 𝜂

) , if 𝑔𝐷𝐴
> 𝑔𝐷𝑃

,

𝜒𝜌
𝜎

𝜎 − 1 − 1 − 𝜂
, if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

≡ 𝒞 .
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Substituting into (B.30), we obtain the second key equation for determining the labor shares:

𝑛𝜒𝑙𝑃,𝑡 + 𝑛𝜒𝑙𝐴,𝑡 + (𝑛𝜒 + 𝒞)𝑙𝑅,𝑡 − 𝑛𝜒 = 0. (B.33)

Combining (B.32) and (B.33), we derive the labor shares across different sectors. When 𝑔𝐷𝐴
> 𝑔𝐷𝑃

,
we have 𝑙𝑑𝑐

𝑃
|𝑔𝐷𝐴

>𝑔𝐷𝑃
→ 0, while the other labor shares are given by

𝑙𝑑𝑐𝐴 |𝑔𝐷𝐴
>𝑔𝐷𝑃

=
𝒞𝜂

𝒞(𝒜 + 𝜂) + 𝑛𝜒𝒜

and
𝑙𝑑𝑐𝑅 |𝑔𝐷𝐴

>𝑔𝐷𝑃
=

𝑛𝜒𝒜
𝒞(𝒜 + 𝜂) + 𝑛𝜒𝒜 .

Conversely, when 𝑔𝐷𝐴
< 𝑔𝐷𝑃

, we have 𝑙𝑑𝑐
𝐴
|𝑔𝐷𝐴

<𝑔𝐷𝑃
→ 0, while the remaining labor shares are given

by

𝑙𝑑𝑐𝑃 |𝑔𝐷𝐴
<𝑔𝐷𝑃

=
𝒞𝜂

𝒞(1 + 𝜂) + 𝑛𝜒

and
𝑙𝑑𝑐𝑅 |𝑔𝐷𝐴

<𝑔𝐷𝑃
=

𝑛𝜒

𝒞(1 + 𝜂) + 𝑛𝜒
.

Notably, 𝒟 appears in the equations only when 𝑔𝐷𝐴
> 𝑔𝐷𝑃

, in which case it is equivalent to 𝒜.
Hence, we substitute 𝒜 for 𝒟 throughout this derivation.

Finally, we derive the labor shares when 𝑔𝐷𝐴
= 𝑔𝐷𝑃

, which corresponds to the condition (1 −
𝜂𝜃)/(1 − 𝜁) = 1 + 𝜃/(𝜎 − 1). In this regime, the ratio of the two types of data converges to a nonzero
and finite constant. Denoting the data quality in this regime as 𝑄̄, we obtain

𝑄̄
1
𝜏 =

𝐷𝑃,𝑡

𝐷𝐴,𝑡
=

(
𝑌𝑡

𝐿𝑡

)𝜃
𝐿𝑃,𝑡

𝐷𝐴,𝑡

=

(
𝐿𝑅,𝑡

𝑛𝜒

) 𝜎𝜃
𝜎−1

𝐿−𝜃𝑡 𝐿𝑃,𝑡
[ [

1 − 𝑒0 exp
(
−𝜉𝑄̄

) ]
𝐷

𝜂
𝑡 𝐿𝑖 ,𝑡

]𝜃
𝐷𝐴,𝑡

=

[
1 − 𝑒0 exp

(
−𝜉𝑄̄

) ]𝜃 (
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜃𝜀
𝜀−1 (𝑛𝜒) 𝜎𝜃

1−𝜎 𝐿𝑃,𝑡𝐷
𝜂𝜃
𝐴,𝑡

𝐿
𝜎𝜃
𝜎−1
𝑅,𝑡

𝐿𝜃
𝑖 ,𝑡
𝐿−𝜃𝑡

𝐷𝐴,𝑡

=
[
1 − 𝑒0 exp

(
−𝜉𝑄̄

) ]𝜃 (
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜃𝜀
𝜀−1 (𝑛𝜒) 𝜎𝜃

1−𝜎

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂𝜃−1
1−𝜁

𝑙𝑃,𝑡 𝑙
𝜂𝜃−1
1−𝜁
𝐴,𝑡

𝑙
𝜎𝜃
𝜎−1
𝑅,𝑡

𝐿𝜃𝑖 ,𝑡 . (B.34)
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Here, the third line follows from the fact that in this regime, we have

𝐷𝑖 ,𝑡 = 𝐷𝑡 =

[
𝛽𝐷

𝜀−1
𝜀

𝑃,𝑡
+ (1 − 𝛽)𝐷

𝜀−1
𝜀

𝐴,𝑡

] 𝜀−1
𝜀

=

[
𝛽

(
𝐷𝑃,𝑡

𝐷𝐴,𝑡

) 𝜀−1
𝜀

+ 1 − 𝛽

] 𝜀
𝜀−1

𝐷𝐴,𝑡

=

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜀
𝜀−1

𝐷𝐴,𝑡 ,

and the last line follows from the result derived in (3). Given 𝑙𝑃,𝑡 , 𝑙𝐴,𝑡 , 𝑙𝑅,𝑡 , and 𝐿𝑖 ,𝑡 , we can determine
𝑄̄ using the equation above. Furthermore, from (B.11), we obtain

𝑤𝑡𝐿𝑖 ,𝑡

𝑌𝑖 ,𝑡

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜀
𝜀−1

𝐷
𝜂−1
𝐴,𝑡

𝐿𝑖 ,𝑡

{
𝜉𝜏𝑒0 exp

(
−𝜉𝑄̄

)
𝑄̄

𝜏−1
𝜏 + 𝛽𝜂

[
1 − 𝑒0 exp

(
−𝜉𝑄̄

) ]
(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

)−1
𝑄̄− 1

𝜏𝜀

}
= 𝑤𝑡

(
𝐿𝑡

𝑌𝑡

)𝜃 1
𝑁𝑡

−
2𝜉𝜏𝛿0𝑛𝜒

[
𝑒0 exp

(
−𝜉𝑄̄

) ]2

𝑛 + 𝛿0
[
𝑒0 exp

(
−𝜉𝑄̄

) ]2
𝑤𝑡

𝐷𝐴,𝑡
𝑄̄

𝜏−1
𝜏

⇒
[
𝜉𝜏𝑒0 exp

(
−𝜉𝑄̄

)
1 − 𝑒0 exp

(
−𝜉𝑄̄

) 𝑄̄ 𝜏−1
𝜏 + 𝛽𝜂

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

)−1
𝑄̄− 1

𝜏𝜀

]
𝐿𝑖 ,𝑡 =

(
𝐿𝑡

𝑌𝑡

)𝜃
𝐷𝐴,𝑡

𝑁𝑡
−

2𝜉𝜏𝛿0𝑛𝜒
[
𝑒0 exp

(
−𝜉𝑄̄

) ]2

𝑛 + 𝛿0
[
𝑒0 exp

(
−𝜉𝑄̄

) ]2 𝑄̄
𝜏−1
𝜏

⇒
[
𝜉𝜏𝑒0 exp

(
−𝜉𝑄̄

)
1 − 𝑒0 exp

(
−𝜉𝑄̄

) 𝑄̄ 𝜏−1
𝜏 + 𝛽𝜂

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

)−1
𝑄̄− 1

𝜏𝜀

]
𝐿𝑖 ,𝑡 =

[
1 − 𝑒0 exp

(
−𝜉𝑄̄

) ]−𝜃
(𝑛𝜒)1+ 𝜎𝜃

𝜎−1

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

)− 𝜀𝜂𝜃
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 1−𝜂𝜃
1−𝜁

𝑙
1−𝜂𝜃
1−𝜁
𝐴,𝑡

𝑙
−1− 𝜎𝜃

𝜎−1
𝑅,𝑡

𝐿−𝜃𝑖 ,𝑡 −

2𝜉𝜏𝛿0𝑛𝜒
[
𝑒0 exp

(
−𝜉𝑄̄

) ]2

𝑛 + 𝛿0
[
𝑒0 exp

(
−𝜉𝑄̄

) ]2 𝑄̄
𝜏−1
𝜏 . (B.35)

Given 𝑄̄, the labor shares can be determined using (B.30), (B.32), (B.33), and the equation above.

B.3 Levels of the Key Variables

Given the labor shares 𝑙𝑑𝑐
𝑃

, 𝑙𝑑𝑐
𝐴

, and 𝑙𝑑𝑐
𝑅

derived in the previous subsection, we now turn to determine
the levels of other key variables. Similar to the optimal allocation results presented in Appendix A.3,
the variety of intermediate goods 𝑁𝑡 , per capita consumption 𝑐𝑡 , per capita output 𝑦𝑡 , AI-generated
data 𝐷𝐴,𝑡 , and producer data 𝐷𝑃,𝑡 can be expressed as follows:

𝑁𝑑𝑐
𝑡 =

1
𝑛𝜒

𝑙𝑑𝑐𝑅 𝐿𝑡 .
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The per capita consumption and output are given by:

𝑐𝑑𝑐𝑡 = 𝑦𝑑𝑐𝑡 =



1 − 𝑒0

(𝑛𝜒) 1
𝜎−1

(1 − 𝛽)
𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

(𝑙𝑑𝑐
𝐴
)

𝜂
1−𝜁 (𝑙𝑑𝑐

𝑅
) 1
𝜎−1 ...

(1 − 𝑙𝑑𝑐
𝑃

− 𝑙𝑑𝑐
𝐴

− 𝑙𝑑𝑐
𝑅
)𝐿

1
𝜎−1+

𝜂
1−𝜁

𝑡 , if 𝑔𝐷𝐴
> 𝑔𝐷𝑃

,

1 − 𝑒0 · exp
(
−𝜉𝑄̄

)
(𝑛𝜒) 1

𝜎−1

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜀
𝜀−1

[
𝜓(1 − 𝜁)

𝑛 + 𝛿𝐴(1 − 𝜁)

] 𝜂
1−𝜁

...

(𝑙𝑑𝑐
𝐴
)

𝜂
1−𝜁 (𝑙𝑑𝑐

𝑅
) 1
𝜎−1 (1 − 𝑙𝑑𝑐

𝑃
− 𝑙𝑑𝑐

𝐴
− 𝑙𝑑𝑐

𝑅
)𝐿

1
𝜎−1+

𝜂
1−𝜁

𝑡 , if 𝑔𝐷𝐴
= 𝑔𝐷𝑃

,[
𝛽

𝜂𝜀
𝜀−1

(𝑛𝜒) 1
𝜎−1

(𝑙𝑑𝑐
𝑃
)𝜂(𝑙𝑑𝑐

𝑅
) 1
𝜎−1 (1 − 𝑙𝑑𝑐

𝑃
− 𝑙𝑑𝑐

𝐴
− 𝑙𝑑𝑐

𝑅
)
] 1

1−𝜃𝜂

𝐿
1

1−𝜃𝜂 (𝜂+ 1
𝜎−1 )

𝑡 , if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

.

The levels of AI-generated data and producer data are determined as follows:

𝐷𝑑𝑐
𝐴,𝑡 =


[

𝜓(1 − 𝜁)
𝑛 + 𝛿𝐴(1 − 𝜁)

] 1
1−𝜁

(𝑙𝑑𝑐
𝐴
) 1

1−𝜁 𝐿
1

1−𝜁
𝑡 , if 𝑔𝐷𝐴

≥ 𝑔𝐷𝑃
,

≪ 𝐷𝑑𝑐
𝑃,𝑡

, if 𝑔𝐷𝐴
< 𝑔𝐷𝑃

,

and

𝐷𝑑𝑐
𝑃,𝑡 =


≪ 𝐷𝑑𝑐

𝐴,𝑡
, if 𝑔𝐷𝐴

> 𝑔𝐷𝑃
,

= (𝑦𝑑𝑐𝑡 )𝜃 𝑙𝑑𝑐
𝑃
𝐿𝑡 , if 𝑔𝐷𝐴

≤ 𝑔𝐷𝑃
.

The above derivations provide a comprehensive characterization of key economic variables in equi-
librium, depending on the relative growth dynamics of AI-generated data and producer data.

Besides, from (B.10), we can derive the wage as follows:

𝑤𝑡 =

(
1 − 1

𝜎

)
𝑝𝑖 ,𝑡(1 − 𝑒𝑖 ,𝑡)𝐷𝜂

𝑖 ,𝑡

=


(
1 − 1

𝜎

)
(1 − 𝛽)𝜂𝑝𝑖 ,𝑡(1 − 𝑒0)(𝐷𝑑𝑐

𝐴,𝑡
)𝜂 , if 𝑔𝐷𝐴

> 𝑔𝐷𝑃
,(

1 − 1
𝜎

)
𝑝𝑖 ,𝑡(1 − 𝑒𝑖 ,𝑡)

(
𝛽𝑄̄

𝜀−1
𝜏𝜀 + 1 − 𝛽

) 𝜂𝜀
𝜀−1 (𝐷𝑑𝑐

𝐴,𝑡
)𝜂 , if 𝑔𝐷𝐴

= 𝑔𝐷𝑃
,(

1 − 1
𝜎

)
𝛽𝜂𝑝𝑖 ,𝑡(𝐷𝑑𝑐

𝑃,𝑡
)𝜂 , if 𝑔𝐷𝐴

< 𝑔𝐷𝑃
.

Furthermore, from (B.31), the price of AI-generated data is given by:

𝑝𝐷𝐴 ,𝑡 = 𝒜𝑤𝑡 𝑙
𝑑𝑐
𝐴 (𝐷𝑑𝑐

𝐴,𝑡)−1𝐿𝑡 .

Similarly, from (B.5), the price of producer data can be expressed as:

𝑝𝐷𝑃 ,𝑡 = 𝑤𝑡(𝑐𝑑𝑐𝑡 )−𝜃 .

At this point, we have successfully derived all the key variables in the competitive equilibrium.
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C. Quantitative Analysis

We begin by analyzing the optimal allocation. From equations (25) and (26), given the value of 𝑙𝑠𝑝
𝑃

,
the values of 𝑙𝑠𝑝

𝑅
and 𝑙

𝑠𝑝

𝐴
can be derived as follows:

𝑙
𝑠𝑝

𝑅
=

(1 −𝒜)𝑙𝑠𝑝
𝑃

+𝒜

(𝜂 +𝒜)
[
1 + 𝜌(𝜎−1)

𝑛

]
− 𝜂

(C.1)

and

𝑙
𝑠𝑝

𝐴
=1 − 𝑙

𝑠𝑝

𝑃
−

(
1 + 𝜌(𝜎 − 1)

𝑛

)
𝑙
𝑠𝑝

𝑅

= −
(1 + 𝜂)

[
1 + 𝜌(𝜎 − 1)

𝑛

]
− 𝜂

(𝜂 +𝒜)
[
1 + 𝜌(𝜎 − 1)

𝑛

]
− 𝜂

𝑙
𝑠𝑝

𝑃
+

𝜂
𝜌(𝜎 − 1)

𝑛

(𝜂 +𝒜)
[
1 + 𝜌(𝜎 − 1)

𝑛

]
− 𝜂

. (C.2)

To ensure that the labor shares satisfy 0 ≤ 𝑙
𝑠𝑝

𝑅
≤ 1 and 0 ≤ 𝑙

𝑠𝑝

𝐴
≤ 1, the feasible range of 𝑙𝑠𝑝

𝑃
must

satisfy:

− 𝒜
1 −𝒜 ≤ 𝑙

𝑠𝑝

𝑃
≤ 𝜌(𝜎 − 1)(𝜂 +𝒜)

𝑛(1 −𝒜)
and

−
𝒜

[
𝑛 + 𝜌(𝜎 − 1)

]
𝜌(1 + 𝜂)(𝜎 − 1) + 𝑛

≤ 𝑙
𝑠𝑝

𝑃
≤ 𝜂𝜌(𝜎 − 1)

𝜌(1 + 𝜂)(𝜎 − 1) + 𝑛
.

By combining the above two conditions, we obtain the final range for 𝑙𝑠𝑝
𝑃

:

0 ≤ 𝑙
𝑠𝑝

𝑃
≤ min

{
𝜌(𝜎 − 1)(𝜂 +𝒜)

𝑛(1 −𝒜) ,
𝜂𝜌(𝜎 − 1)

𝜌(1 + 𝜂)(𝜎 − 1) + 𝑛

}
. (C.3)

Finally, substituting (C.1) and (C.2) into (24) and (27), respectively, and considering the feasible range
of 𝑙𝑠𝑝

𝑃
derived in (C.3), we numerically solve for 𝑙𝑠𝑝

𝑃
and 𝑄̄𝑠𝑝 .

Similarly, we now turn to the analysis of the competitive equilibrium. From equations (B.32) and
(B.33), given the value of 𝑙𝑑𝑐

𝑃
, the values of 𝑙𝑑𝑐

𝑅
and 𝑙𝑑𝑐

𝐴
can be derived as follows:

𝑙𝑑𝑐𝑅 =
(1 −𝒜)𝑙𝑑𝑐

𝑃
+𝒜

(𝜂 +𝒜)
(
1 + 𝒞

𝑛𝜒

)
− 𝜂

and

𝑙𝑑𝑐𝐴 =1 − 𝑙𝑑𝑐𝑃 −
(
1 + 𝒞

𝑛𝜒

)
𝑙𝑑𝑐𝑅
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= −
(1 + 𝜂)

(
1 + 𝒞

𝑛𝜒

)
− 𝜂

(𝜂 +𝒜)
(
1 + 𝒞

𝑛𝜒

)
− 𝜂

𝑙𝑑𝑐𝑃 +
𝜂
𝒞
𝑛𝜒

(𝜂 +𝒜)
(
1 + 𝒞

𝑛𝜒

)
− 𝜂

.

To ensure that the labor shares remain within valid bounds, the feasible range of 𝑙𝑑𝑐
𝑃

is derived from
(B.32) and (B.33) as follows:

0 ≤ 𝑙𝑑𝑐𝑃 ≤ min
{ (𝒜 + 𝜂)𝒞
𝑛𝜒(1 −𝒜) ,

𝒞𝜂
(1 + 𝜂)𝒞 + 𝑛𝜒

}
.

Finally, substituting the above results into equations (B.34) and (B.35), we numerically solve for 𝑙𝑑𝑐
𝑃

and 𝑄̄𝑑𝑐 .
The overall welfare of the economy is given by the integral:∫ ∞

0
𝑒−(𝜌−𝑛)𝑡 (ln 𝑐𝑡 + 𝜅 ln𝑄𝑡)d𝑡

=

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡

[
ln

(
𝑐𝑒 𝑔𝑐 𝑡

)
+ 𝜅 ln 𝑄̄

]
d𝑡

=𝑔𝑐

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡𝑡d𝑡 +

(
ln 𝑐 + 𝜅 ln 𝑄̄

) ∫ ∞

0
𝑒−(𝜌−𝑛)𝑡d𝑡

= − 𝑔𝑐

𝜌 − 𝑛

∫ ∞

0
𝑡d𝑒−(𝜌−𝑛)𝑡 + ln 𝑐 + 𝜅 ln 𝑄̄

𝜌 − 𝑛

= − 𝑔𝑐

𝜌 − 𝑛

(
𝑡𝑒−(𝜌−𝑛)𝑡

��∞
0 −

∫ ∞

0
𝑒−(𝜌−𝑛)𝑡d𝑡

)
+ ln 𝑐 + 𝜅 ln 𝑄̄

𝜌 − 𝑛

=
𝑔𝑐

(𝜌 − 𝑛)2 + ln 𝑐 + 𝜅 ln 𝑄̄

𝜌 − 𝑛
.

In this expression, 𝑐 represents the constant component of 𝑐𝑠𝑝𝑡 and 𝑐𝑑𝑐𝑡 under the respective settings.
By computing the welfare levels under both the optimal allocation and the competitive equilibrium,
we can derive the welfare ratio between the two settings.
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