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1 Introduction

Following the Great Recession, a large macro literature has attributed fluctuations

in real economic activity at least in part to variation in uncertainty, risk, or risk pre-

mia (e.g., Bloom, 2009; Fernández-Villaverde, Guerrón-Quintana, Rubio-Ramírez and

Uribe, 2011; Bloom, Floetotto, Jaimovich, Saporta-Eksten and Terry, 2018).1 An im-

portant strand of that literature emphasizes the role played by New Keynesian price-

setting frictions in transmitting uncertainty shocks to the real economy by creating

aggregate demand recessions (e.g., Christiano, Motto and Rostagno, 2014; Basu and

Bundick, 2017; Caballero and Simsek, 2020).2 However, the literature has typically ab-

stracted from the presence of safe assets in the form of government debt. This is a

relevant omission for two reasons. First, outstanding stocks of government bonds in

advanced economies are large and fluctuations in risk premia are typically associated

with a flight to safety in financial markets, a rise in demand for these assets. Second,

these assets take the form of nominal bonds so that their real value is tightly linked to

nominal goods prices and possibly interacts with nominal price-setting frictions. The

key point of this paper is that flight to safety is at the core of the transmission of un-

certainty shocks to the real economy. Recognizing its role matters for a range of model

predictions and, in particular, for conclusions about the power and optimal conduct of

monetary policy.

Specifically, we provide a theoretical analysis of the link between flight to safety

and aggregate demand recessions to shed light on the role played by safe asset de-

mand for the transmission of uncertainty shocks. To this end, we build a model that

augments the safe asset framework of Brunnermeier, Merkel and Sannikov (2024) with

a standard New Keynesian supply side with sticky goods prices. Our model is analyt-

ically tractable, allowing us to prove all major results without resorting to numerical

model analysis. The model nests, up to isomorphisms, the textbook New Keynesian

1The terminology in the literature is not uniform, and all three terms have been used to express
similar economic ideas. For the present paper, the words uncertainty and risk are synonymous. What
ultimately matters for this paper is time variation in risk premia, but the underlying exogenous variation
that generates time-varying risk premia will be variation in uncertainty.

2One issue with flexible price models of uncertainty shocks is that they typically fail to generate
business cycle comovement (Basu and Bundick, 2017). A notable exception is Di Tella and Hall (2022).
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model (Galí, 2008, Chapter 3), a popular tractable extension with uncertainty shocks

but without safe assets (Caballero and Simsek, 2020), and the flexible price model of

Brunnermeier et al. (2024). In this sense, it represents the simplest framework to study

the interaction of flight to safety and New Keynesian demand recessions.

The model features a competitive sector of household-entrepreneurs who manage

productive capital subject to idiosyncratic return risk à la Angeletos (2007). They face a

portfolio choice between risky capital and safe nominal government bonds. As uncer-

tainty about the return on capital increases, households increase the fraction of wealth

they hold in government bonds, a flight to safety.

Flight to safety spills over into the goods market because the real value of nominal

government bonds is directly linked to the price level. Under flexible goods prices, a

downward adjustment in nominal goods prices expands the real bond supply to ac-

commodate the increased portfolio demand for safe assets. Nominal price adjustment

frictions block this revaluation mechanism in the short run. With the real bond sup-

ply unable to expand, flight to safety instead results in a steep drop in the value of

capital assets and overall household wealth, which depresses aggregate consumption

demand. When short-term output is demand-determined, a decline in consumption

demand initiates a general decline in economic activity.

After an uncertainty shock, the recessionary forces induced by flight to safety gradu-

ally ease over time, even if portfolios do not revert to their pre-shock positions. Specifi-

cally, the demand recession is accompanied by a period of disinflation, which gradually

expands the safe asset supply to bring it closer to its “natural” level that would be ob-

tained under flexible prices. This adjustment is analogous to the classic Pigou effect

(Pigou, 1943; Patinkin, 1956) but applies to all nominal government liabilities, not just

money balances. From a technical perspective, the real safe asset supply emerges as

a state variable that adjusts only sluggishly to portfolio demand for safe assets and,

together with the latter, is the key determinant of short-run aggregate demand.

One conclusion from our analysis concerns the relative roles of portfolio choice and

intertemporal substitution in generating demand recessions in response to uncertainty

shocks. The traditional literature without safe assets typically emphasizes intertempo-

ral substitution by highlighting the effects of uncertainty on the precautionary motive
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(e.g., Basu and Bundick, 2017). But a portfolio choice view is also possible (e.g., Ca-

ballero and Simsek, 2020). Both views are equivalent because intertemporal substitu-

tion and portfolio choice are not separate decision margins when the latter is only with

regard to a virtual safe asset in zero net supply, while all wealth is transferred over time

in the form of risky capital.3 In contrast, in our framework, intertemporal substitution

and portfolio choice correspond to separate decision margins, and we find that it is the

latter that is relevant for aggregate demand. Not households’ desire to save per se but

their desire to increase savings in nominal safe assets generates a shortfall in aggregate

demand. In Section 4, we compare our model to an environment where government

bonds are in zero net supply. We show that this distinction matters, both for the base-

line prediction that uncertainty shocks lead to demand recessions and for a range of

comparative statics exercises.

Most importantly, the transmission mechanism emphasized in this paper suggests

a diminished role of monetary policy in managing aggregate demand in response to

uncertainty shocks, as it has limited effects on both the demand for and supply of safe

assets. With regard to safe asset demand, manipulating nominal interest rates affects

the level of asset returns, but the latter is not directly relevant to portfolio choice be-

tween safe and risky assets. It is instead the excess return of risky over safe assets that

affects portfolio choice. Indeed, we show that, under certain assumptions on fiscal pol-

icy, portfolio choice is separated from both interest rate policy and aggregate economic

activity, so that the central bank’s interest rate policy has no effect on flight to safety dy-

namics. On the safe asset supply side, interest rate policy has limited effects via a debt

revaluation and a debt growth channel. A reduction in nominal interest rates raises the

market value of outstanding long-term debt (debt revaluation channel) but also reduces

the nominal growth rate of government liabilities (debt growth channel). These effects

give the monetary authority some influence but not perfect control over the dynamics

of the safe asset supply. Indeed, we show that interest rate policy is generically unable

to prevent aggregate demand recessions in response to uncertainty shocks.

The limited power of monetary policy is in stark contrast to the conventional analy-

3The same also applies more broadly if government bonds are in positive supply in an environment
that features Ricardian equivalence under a fiscal rule that ensures debt sustainability. These are common
assumptions in the wider DSGE literature.
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sis in frameworks without safe assets. In these frameworks, the safe asset supply state

is absent and interest rate policy affects aggregate demand directly via purely forward-

looking intertemporal substitution considerations. The primary task of policy in these

models is expectations management. Interest rate policy is perfectly able to accomplish

this task so long as it is unconstrained. A common conclusion from the conventional

analysis is therefore that uncertainty shocks are a concern for aggregate economic ac-

tivity only if monetary policy is either suboptimal or constrained, e.g., by a zero lower

bound (ZLB) on nominal interest rates. Our analysis, in contrast, suggests that this un-

derstates the potential for adverse effects from uncertainty shocks on economic activity.

In our model, even a perfectly executed interest rate policy that is always unconstrained

is generically unable to fully stabilize aggregate demand.

The ineffectiveness of interest rate policy in stabilizing aggregate demand raises two

follow-up questions: (i) whether other tools, such as fiscal policy, have a role to play in

aggregate demand management and (ii) how interest rate policy should be optimally

deployed to at least mitigate the effects of flight to safety on aggregate demand. We

study both questions in the final section of this paper.

With regard to the first question, distortionary capital taxation directly affects the

portfolio choice between capital and safe assets and can mitigate flight to safety dy-

namics. However, this is not necessarily optimal from a welfare perspective because

an increase in the fraction of wealth held in safe assets improves risk sharing, which

is desirable in the face of higher uncertainty. Lump-sum taxes, in turn, represent an

implicit safe asset whose real value is not linked to nominal goods prices. If lump-sum

taxes are available, joint monetary-fiscal policy can implement the constrained efficient

allocation, and demand recessions can be avoided.

Finally, we study the second question about optimal monetary policy when lump-

sum taxes are unavailable and distortionary capital taxes are not deployed to prevent

flight to safety. In this case, it is optimal for the monetary authority to under-react

to shocks on impact relative to perfect demand stabilization. This allows disinflation

pressures to build up and the Pigou effect to play out, which optimally smooths out the

unavoidable distortions arising from flight to safety.
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Related Literature. Our paper belongs to the recent literature on the transmission of

uncertainty shocks in New Keynesian models.4 Most of this work is based on the tra-

ditional Representative Agent New Keynesian (RANK) model (Christiano et al., 2014;

Ilut and Schneider, 2014; Leduc and Liu, 2016; Basu and Bundick, 2017; Caballero and

Simsek, 2020). Methodologically closest to our paper is Caballero and Simsek (2020),

which is also based on a tractable continuous-time framework and emphasizes theoret-

ical points. Common to these papers is that they analyze environments without gov-

ernment bonds or other safe assets in positive net supply.5 While such models are also

able to generate demand recessions following high uncertainty, they feature a different

transmission mechanism of uncertainty shocks and lead to different policy conclusions,

which we discuss in detail in Section 4.

Due to the presence of uninsurable idiosyncratic risk, our framework belongs to

the class of Heterogeneous Agent New Keynesian (HANK) models that have been the

primary focus of the literature in recent years. A quantitative strand of the HANK

literature has revisited many classic questions in the New Keynesian literature in the

context of rich numerically solved models,6 but so far, uncertainty shocks have received

relatively little attention. Notable exceptions are Bayer et al. (2019) and Schaab (2020).

The former paper is most closely related to ours.7 In that paper, a shock to the quantity

of idiosyncratic income risk leads to a flight to liquidity that shares many similarities

with the flight to safety in our paper. Our analysis is complementary to their quanti-

tative work in that we provide tight theoretical results in a much simpler framework.

More importantly, the focus of our work is on the aggregate implications of uncer-

tainty shocks over and above their distributional implications. To isolate this aggregate

4In addition to the New Keynesian models, the literature on uncertainty shocks has investigated
the “wait-and-see” effect (Bloom, 2009; Bloom et al., 2018) and various types of interactions between
uncertainty and financial frictions (Gilchrist et al., 2014; Di Tella, 2017; Bianchi et al., 2018; Arellano et al.,
2019; Elenev et al., 2021; Alfaro et al., 2024).

5Born and Pfeifer (2014) and Fernández-Villaverde et al. (2015) study the impact of policy uncertainty
in environments with government bonds. However, due to Ricardian equivalence and their assumptions
on lump-sum taxes, these frameworks are equivalent to a setting with bonds in zero net supply.

6Examples include Oh and Reis (2012), McKay, Nakamura and Steinsson (2016), Challe, Matheron,
Ragot and Rubio-Ramirez (2017), Guerrieri and Lorenzoni (2017), Kaplan, Moll and Violante (2018),
Bayer, Lütticke, Pham-Dao and Tjaden (2019), Auclert, Rognlie and Straub (2020), and Schaab (2020).

7In Schaab (2020) government bonds are real, and lump-sum taxes serve as an implicit safe asset
similar to Section 6.2.
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channel, our framework abstracts from heterogeneity in marginal propensities to con-

sume (MPCs), so that the wealth distribution becomes irrelevant for macro aggregates.

This difference in emphasis sets our paper apart from most of the HANK literature,

including Bayer et al. (2019), which has primarily studied the interaction between the

macroeconomy and the cross-sectional distribution of wealth and income.

Our paper also connects to a theoretical strand of the HANK literature that has, like

us, sought to provide tight analytical characterizations in more stylized HANK models.

Most of this literature has abstracted from asset holdings altogether by considering en-

vironments with vanishing liquidity (e.g., Werning, 2015; Ravn and Sterk, 2020; Bilbiie,

2020, 2024). An exception is Acharya and Dogra (2020), which also abstracts from MPC

heterogeneity. But their model does not feature portfolio choice and flight to safety

dynamics. We make a technical contribution to this literature by providing another

tractable framework with idiosyncratic risk in returns instead of labor income.

Our paper is also related to the literature on safe assets. We refer the reader to

Brunnermeier et al. (2024) for a review of that literature, which is the most closely re-

lated paper. Our paper extends their flexible price framework and studies interactions

between flight to safety and demand recessions as well as optimal monetary policy.

Moreover, as we discuss in Section 3.5, sticky prices generate overshooting in capital

values, which corrects a major shortcoming in the asset pricing predictions of their

model. Other closely related papers study safe asset shortage in New Keynesian mod-

els with a ZLB constraint. Caballero and Farhi (2018) distinguish safety and liquidity

traps and emphasize the importance of the former, which arises when an excess de-

mand for safe assets creates a shortfall in aggregate demand. In their model, a safety

trap can only arise at the ZLB because changes in the risk-free interest rate directly af-

fect demand for safe assets in zero net supply. In contrast, our analysis suggests that if

safe assets are in positive net supply, safe asset demand does not depend directly on the

risk-free rate, and safety traps are not limited to ZLB episodes.8 In Acharya and Dogra

(2022), safe government bonds are also in positive supply but that paper is concerned

8There are also several other differences regarding the details of the equilibrating mechanism in our
paper and theirs. Most importantly, their paper emphasizes the evolution of the wealth distribution
across risk-tolerant and risk-averse agents, whereas we isolate aggregate effects in a framework in which
the wealth distribution is irrelevant.
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with a different question, the normative implications of using safe asset creation to lift

the economy out of a stagnant steady state.

In our model, demand for nominal government debt serves as a nominal anchor,

which connects our paper to the literature on the Fiscal Theory of the Price Level

(FTPL)9and related work in which Ricardian non-equivalence leads to a well-defined

demand for nominal government bonds.10 In line with this latter strand of the litera-

ture, Ricardian non-equivalence in our model provides a nominal anchor even under

the conventional assumption that fiscal policy remains concerned with long-term debt

sustainability. What distinguishes this paper is our emphasis on flight to safety dynam-

ics, which affect the demand for nominal bonds relative to other assets.

Our welfare analysis in Section 6.1 connects to the burgeoning literature on opti-

mal monetary policy in incomplete market models (e.g., Bhandari et al., 2021; Acharya,

Challe and Dogra, 2023; Dávila and Schaab, 2023; McKay and Wolf, 2023; Yang, 2024),

but differs with regard to the precise policy trade-off. The focus in the existing liter-

ature has been on environments in which achieving the traditional objective of joint

output gap and price stabilization remains feasible but may be suboptimal due to dis-

tributional considerations. Here, in contrast, the traditional stabilization goals remain

most desirable but may not be achievable if fiscal instruments are limited. The policy

problem is how to optimally smooth unavoidable distortions from price-setting fric-

tions over time.

2 Model

In this section, we outline our baseline model. The model is based on the safe as-

set model of Brunnermeier, Merkel and Sannikov (2024) in which households solve a

portfolio choice problem between idiosyncratically risky capital and safe nominal gov-

9This literature is too vast to review here. Early contributions are Leeper (1991), Sims (1994), and
Woodford (1995), a recent textbook by Cochrane (2023) summarizes the state of knowledge. This lit-
erature has also pointed out the fiscal requirements for monetary stabilization, including in situations
in which government debt does not provide a nominal anchor (e.g., Woodford, 2001; Cochrane, 2017;
Caramp and Silva, 2021).

10For example, see Bénassy (2000, 2005), Leith and von Thadden (2008), Hagedorn (2021), Angeletos,
Lian and Wolf (2024). While these do not necessarily associate themselves with the FTPL, there are many
similarities in the underlying mechanism, see Brunnermeier, Merkel and Sannikov (2020).
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ernment bonds. The amount of idiosyncratic risk that agents face is time-varying. In

times of high risk, households’ demand for safe assets increases, which generates de-

flation pressures. We augment this model by introducing nominal rigidities in the form

of price adjustment costs as in Rotemberg (1982). Nominal rigidities prevent the im-

mediate revaluation of nominal safe assets so that deflationary pressures from flight to

safety create a demand shortage.

2.1 Setup

Overview. We study a continuous-time, infinite-horizon economy. The economy is

populated by a continuum of households that own (risky) physical capital and (safe)

government bonds. There exists another continuum of intermediate goods firms that

rent capital from households to produce differentiated intermediate goods and sell

them to a competitive sector of final goods firms. Final goods firms combine inter-

mediate goods to produce the final goods using a constant elasticity of substitution

(CES) production technology. We use the final good as a numeraire.

The model features two key frictions: (1) incomplete markets limit idiosyncratic risk

sharing by households, and (2) intermediate goods firms face nominal price adjustment

frictions.

Households. There is a continuum of households indexed by i ∈ [0, 1]. Each house-

hold i has preferences over streams of consumption {ci
t}∞

t=0 and capital utilization

{ui
t}∞

t=0 that are described by the utility function

Vi
0 = E

∫ ∞

0
e−ρt

(
log ci

t −
(ui

t)
1+ϕ

1 + ϕ

)
dt

 . (1)

The disutility derived from capital utilization ui
t can be interpreted as disutility from

entrepreneurial effort in production.

Each household manages physical capital that produces a flow of capital services

ui
tk

i
tdt, which the household rents out to intermediate goods firms at rental price pR

t

(per unit of capital services). Here, ki
t is the quantity of capital managed by household i

at time t, and ui
t is the utilization rate chosen by the household. In addition to providing
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capital services, capital holdings may be subject to taxation by the government and they

entitle households to profit distributions from intermediate goods firms to be specified

below. Capital of household i evolves according to

dki
t =

(
Φ(ιit)− δ

)
︸ ︷︷ ︸

:=g(ιit)

ki
tdt + σ̃tki

tdZ̃i
t + d∆K,i

t , (2)

where d∆K,i
t represents agent i’s market transactions in physical capital, ιitk

i
tdt are the

agent’s physical investment expenditures (in final output goods), Φ(·) is an increas-

ing and concave function that captures adjustment costs in capital accumulation, δ is

the rate of capital depreciation, and Z̃i is an agent-specific Brownian motion that is

i.i.d. across households i and represents idiosyncratic risk. σ̃t is an exogenous process

that governs the magnitude of idiosyncratic risk faced by agents. We assume that σ̃t

is driven by some (aggregate) Brownian motion Z that is independent of all the id-

iosyncratic Z̃i processes. To obtain simple closed-form expressions for capital prices,

we choose the functional form Φ (ι) = 1
φ log

(
1 + φι

)
with adjustment cost parameter

φ ≥ 0 for the investment technology.

One of the two key frictions in the model is that households are unable to share

idiosyncratic risk due to market incompleteness. While they are allowed to trade phys-

ical capital and government bonds, they cannot write financial contracts contingent on

individual Z̃i histories. As a consequence, all households have to bear the idiosyncratic

risk inherent in their physical capital holdings.

We formulate the decision problem of household i as a standard consumption-

portfolio choice problem that does not make explicit reference to the capital trading

process d∆K,i
t as a choice variable and instead works with the shares of net worth in-

vested in capital and bonds, respectively.11 Let ni
t be the net worth of household i and

let θi
t be the share of net worth invested in bonds. Then household i’s net worth evolves

according to

dni
t = ni

t

(
θi

tdRB
t + (1− θi

t)dRK,i
t (ui

t, ιit)
)
− ci

tdt, (3)

where dRB
t and dRK,i

t (·, ·) are the infinitesimal return processes for bonds and capital,

respectively. We provide explicit expressions for these returns below in equations (11)

11The trading process d∆K,i
t can be backed out ex-post from the solution to this portfolio problem.
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and (12) after we have introduced the remaining model elements.

The problem of household i is to choose consumption {ct}∞
t=0, capital utilization

{ut}∞
t=0, physical investment {ιt}∞

t=0, and the bond portfolio share {θt}∞
t=0 in order to

maximize utility (1) subject to the net worth evolution (3) and a solvency constraint

ni
t ≥ 0 that rules out Ponzi schemes. When making decisions, the household takes

initial net worth ni
0 and the return processes dRB

t , dRK,i
t (·, ·) as given.12

Final Goods Firms. There is a competitive sector of firms that produce the final out-

put goods, which are used for household consumption and investment. The represen-

tative final goods firm operates a CES technology

Yt =

(∫ 1

0

(
yj

t

) ε−1
ε dj

) ε
ε−1

,

where yj
t is the input quantity of intermediate good variety j and ε is the elasticity of

substitution across varieties. CES cost minimization implies that final goods producers’

demand functions take the standard form:

yj
t =

P j
t
Pt

−ε

Yt, Pt =

(∫ 1

0

(
P j

t

)1−ε
dj

) 1
1−ε

, (4)

where P j
t is the nominal price of intermediate good j and Pt is the nominal price index.

Intermediate Goods Firms. There is a continuum of monopolistically competitive in-

termediate goods firms indexed by j ∈ [0, 1]. Each intermediate goods firm operates a

linear production technology

yj
t = ak̂j

t

for a differentiated good of variety j. Here, a denotes the level of productivity, and k̂j
t

are effective capital input services rented from households at (unit) rental price pR
t .

Intermediate goods firms choose nominal output prices P j
t . The second key friction

in the model is that price changes are subject to adjustment costs à la Rotemberg (1982).

12For the capital return process, the household takes the function dRK,i
t (·, ·) as given but internalizes

how the choices of ui
t and ιit affect the ultimate return dRK,i

t (ui
t, ιit).
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Specifically, the nominal price P j
t of firm j evolves according to

dP j
t = π

j
tP

j
t dt

and the firm incurs a flow adjustment cost κ
2

(
π

j
t

)2
Ytdt when choosing the price infla-

tion rate π
j
t, where ψ > 0 is a parameter and Yt is aggregate output.

In total, the profit flow of firm j is given by

v
j
tdt :=

P j
t
Pt

ak̂j
t − pR

t k̂j
t −

ψ

2

(
π

j
t

)2
Yt

dt. (5)

The firm chooses price inflation rates {π j
t}∞

t=0 and capital inputs {k̂j
t}∞

t=0 to maximize

the present value of flow profits

E

[∫ ∞

0
ξtv

j
tdt
]

subject to equation (4), the demand for intermediate good variety j. Future profits are

discounted by the stochastic discount factor ξt = e−ρt 1
Ct

where Ct =
∫ 1

0 ci
tdi is the

aggregate household consumption.13

We assume that both the profit flow v
j
t of intermediate goods firms and the price

adjustment costs ψ
2

(
π

j
t

)2
Yt are rebated to households proportionally to their capital

holdings.14 The transfer received by households per unit of capital is

ωt =

∫ 1

0

[
v

j
t +

ψ

2

(
π

j
t

)2
Yt

]
dj

Kt
, (6)

where Kt :=
∫ 1

0 ki
tdi is the aggregate capital stock.

We also assume that the initial price distribution is degenerate, P j
0 = P0 for all j and

focus on a symmetric solution in which all firms choose identical price paths, such that

P j
t = Pt, π

j
t = πt for all j and all t.

13While different from any individual household’s SDF, the use of this SDF maximizes the value of
the profit share claims for any agent. This is the case because we distribute profits proportional to capital
holdings which are idiosyncratically risky. See Brunnermeier, Merkel and Sannikov (2024) for an in-
depth discussion of this weighted-average SDF.

14This is consistent with the redistribution strategy according to factor input shares as suggested
by Kaplan, Moll and Violante (2018). Note that we include price adjustment costs in the transfers for
simplicity. At the expense of additional notation, we could also make price adjustment cost a resource
cost without significantly altering any of our results.
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Government. There is a government that issues nominal government bonds and im-

poses proportional capital taxes on households. For simplicity and analytical clarity,

our baseline assumption in this paper is that government bonds pay a floating nominal

interest rate it and, therefore, have an infinitesimal duration. In Section 5, we relax this

assumption and explain how our results are affected by introducing long-term bonds

with arbitrary duration. We denote by Bt the total nominal quantity of outstanding

government bonds and by τt the capital tax rate. The (nominal) flow budget constraint

of the government is

dBt = (itBt −PtτtKt)dt, (7)

that is, new bond issuance dBt must absorb the difference between total nominal inter-

est expenditure itBtdt and nominal tax revenues PtτtKtdt.

Note, in particular, that nominal government debt Bt evolves locally deterministi-

cally. That is, dBt only has a drift term (dt-term) but no diffusion term (dZt-term). This

is the case because the cash flows from both interest payments and tax revenues do

not directly load on the Brownian innovations dZt.15 We can therefore summarize the

evolution of nominal bonds by the instantaneous growth rate µBt := dBt/(Btdt).

Henceforth, we denote by

s̆t :=
PtτtKt

Bt
(8)

the ratio of the primary surplus to outstanding government debt. With this notation,

the budget constraint (7) simplifies to

it = µBt + s̆t. (9)

In what follows, we assume that the government sets the nominal rate it and the surplus-

debt ratio s̆t according to some policy rules

it = i (At) , s̆t = s̆ (At) (10)

and adjusts taxes τt and bond issuance µBt to satisfy the budget constraint (9) and the

defining equation of s̆t. Here, At is a vector of aggregate variables (e.g., πt, σ̃t) chosen
15For interest payments, this is dictated by the characteristics of a standard nominal debt contract.

For tax revenues, a dZt-loading would require a shock-contingent tax-transfer scheme that continuously
alternates between positive and negative transfer payments. Such contingent tax-transfer schemes are
highly counterfactual. Note that the interest and tax rates (it and τt) may be fully state-contingent.
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by the government. In our language, we will loosely identify it with “monetary policy”

and s̆t with “fiscal policy”.

Asset Prices and Returns. Let qK
t denote the market price of capital and let qB

t := Bt
Pt

1
Kt

be the real value of the total bond stock in the economy per unit of aggregate capital.

We postulate that qB
t and qK

t follow a generic Ito evolution

dqB
t = µ

q,B
t qB

t dt + σ
q,B
t qB

t dZt, dqK
t = µ

q,K
t qK

t dt + σ
q,K
t qK

t dZt

with drifts µ
q,B
t , µ

q,K
t and (aggregate) volatility loadings σ

q,B
t , σ

q,K
t that are determined

in equilibrium. The real return on bonds equals nominal interest net of inflation,

dRB
t = itdt +

d (1/Pt)

1/Pt

=
(

it − µBt + gt + µ
q,B
t

)
dt + σ

q,B
t dZt, (11)

where the second equality uses the identity 1/Pt = qB
t Kt/Bt by definition of qB

t .16

Importantly, the return on bonds is not subject to idiosyncratic risk.

The return on capital for household i is

dRK,i
t (ui

t, ιit) =

dividend yield︷ ︸︸ ︷
pR

t ui
t − ιit + ωt − τt

qK
t

dt+

capital gain︷ ︸︸ ︷
d
(

qK
t

(
ki

t − ∆K,i
t

))
qK

t

(
ki

t − ∆K,i
t

)
=

(
pR

t ui
t − ιit + ωt − τt

qK
t

+ g(ιit) + µ
q,K
t

)
dt + σ̃tdZ̃i

t + σ
q,K
t dZt. (12)

The dividends per unit of capital consist of four parts: revenues from renting out capital

to intermediate goods firms, pR
t ui

t, physical reinvestment in the capital stock,−ιit, profit

transfers from intermediate goods firms, ωt, and taxes levied by the government, −τt.

The second term in the first line corresponds to the capital gains, which are the result of

both changes in the capital price qK
t and changes in the quantity of capital before market

transactions (ki
t − ∆K,i

t ) due to investment, depreciation, and idiosyncratic shocks.

16We also use here dKt = gtKtdt with gt :=
∫ 1

0 g(ιit)k
i
tdi/Kt, which follows readily from aggregating

the individual capital evolutions (2).
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Market Clearing. The market for final goods clears when total output equals the sum

of consumption and investment:∫ 1

0
ci

tdi +
∫ 1

0
ιitk

i
tdi = Yt. (13)

Bond market clearing requires that bonds held by households must equal bonds sup-

plied by the government ∫ 1

0
θi

tn
i
tdi =

Bt

Pt
. (14)

Clearing of all remaining markets (for capital services, intermediate goods, and capital)

is either implicit in our notation or follows from Walras’ law.

Comparison with Related Models. Before moving on to the equilibrium definition,

we offer a brief remark on the relation between our model and existing models in the

literature. First, if we remove the price setting frictions, our model reduces to the safe

asset model of Brunnermeier, Merkel and Sannikov (2024). Second, if we turn off id-

iosyncratic risk by setting σ̃t ≡ 0 and capital investments by taking the limit φ → ∞,

our model becomes isomorphic to a standard textbook representative agent New Key-

nesian model (e.g., Galí, 2008, Chapter 3).17 In this sense, our framework represents the

simplest possible combination of the two classes of models. Another notable special

case is to keep idiosyncratic risk but remove safe assets by setting the bond supply to

zero, Bt ≡ 0. That version of our model is very similar to the common belief variant

of the Caballero and Simsek (2020) model.18 We discuss the case without safe assets in

detail in Section 4.1.

2.2 Equilibrium

Equilibrium Definition. Natural state variables in our model are σ̃t, Bt, Kt, and Pt. It

is possible to reduce the state space dimension from four to two. First, because of the

AK nature of the production technology, the capital stock Kt only matters for the scale of

17For this isomorphism, one simply re-interprets utilization ui
t as labor supply and capital (which

evolves exogenously for φ→ ∞) as labor productivity.
18Caballero and Simsek (2020) have aggregate instead of idiosyncratic capital shocks. However, this

difference is not central to their conclusions.
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the economy. We can eliminate it by considering descaled quantities. Second, the states

Bt and Pt only matter through their impact on the real value of government bonds,

Bt/Pt. We can equivalently use the normalized value of the bond stock qB
t = Bt

PtKt
as

our second state variable. The dynamics of qB
t follow by Ito’s lemma from the dynamics

of bond supply Bt, the price level Pt, and aggregate capital Kt:

dqB
t =

(
µBt − πt − gt

)
qB

t dt. (15)

Importantly, the value of nominal bonds is directly linked to the price level. In the

presence of price stickiness, qB
t is locally deterministic (σq,B

t = 0), i.e., it becomes a

slow-moving state. In contrast, it represents an instantaneously adjusting equilibrium

price under flexible nominal prices.

Definition 1 (Markov equilibrium). An equilibrium consists of laws of motion for the state

variables {σ̃t, qB
t } and of equilibrium mappings{

qK(σ̃t, qB
t ), θ(σ̃t, qB

t ), u(σ̃t, qB
t ), ι(σ̃t, qB

t ), π(σ̃t, qB
t ), i(σ̃t, qB

t ), s̆(σ̃t, qB
t )
}

that satisfy (i) household and firm optimality, (ii) the policy rule (10),19 (iii) market clearing

conditions (13) and (14), and (iv) the consistency requirement (15).

Equilibrium Selection. In the context of a flexible price variant of our model, Brun-

nermeier, Merkel and Sannikov (2024) show that there is at most one Markov equilib-

rium that is “monetary” in the sense that qB
t > 0 in all states. Intuitively, the demand

for (nominal) safe government bonds in this economy provides a nominal anchor that

overcomes price level indeterminacy.20 A similar uniqueness result also holds in our

sticky price economy (see Appendix B.2 for details). In the following, we always focus

on this unique monetary Markov equilibrium.

19The government budget constraint (9) and the definition of s̆t can then be used to back out the tax
rate τt and the bond growth rate µB

t .
20Once non-stationary equilibria are taken into account, the equilibrium may be only “locally unique.”

However, the off-equilibrium fiscal arrangements discussed in Brunnermeier, Merkel and Sannikov
(2020) can also render it globally unique.
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2.3 Model Solution

2.3.1 Solving the Household Problem

As detailed in Appendix A, our setup leads to a tight analytical characterization of

the solution to the household problem.

Proposition 1 (Household Choices). The optimal choices ci
t, ιit, ui

t, and θi
t of household i are

characterized by

ci
t : ci

t = ρni
t (16)

ιit : ιit =
qK

t − 1
φ

(17)

ui
t :

(
ui

t

)ϕ
=

pR
t ki

t

ci
t

(18)

θi
t :

Et

[
dRK

t − dRB
t

]
dt

= (1− θi
t)
[
(σ

q,K
t )2 + σ̃2

t

]
(19)

These conditions have intuitive economic interpretations. First, with logarithmic

utility, households always consume a constant fraction ρ of their net worth. Second,

the investment rate is positively associated with the price of capital, which is a stan-

dard Tobin’s q relationship. Third, the optimal utilization rate equalizes the marginal

disutility from utilization (ui
t)

ϕ with the marginal revenue product of utilization (pR
t ki

t)

weighted by marginal consumption utility (1/ci
t). In particular, there is an increasing

relationship between capital utilization and the rental price of capital pR
t . Fourth, cap-

ital earns a risk premium on both aggregate risk and idiosyncratic risk. This premium

depends on the households’ risk exposure (1− θi
t), the amount of aggregate risk σ

q,K
t ,

and the amount of idiosyncratic risk σ̃t.

The first-order conditions (17) – (19) also imply that the household’s decisions on

investment ιt, utilization ut, and portfolio weight θt are independent of their own net

worth or capital stock. Therefore, the households in this economy are homogeneous up

to scale, as they all choose the same investment and utilization rates and hold the same

portfolio regardless of their net worth.21 While agents are heterogeneous with regard

to their net worth ni
t, the net worth distribution does not affect macro aggregates. It is

21Henceforth, we omit the i superscript since all decision variables are identical across households.
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in this sense that our analysis abstracts from distributional aspects that have been the

focus of much of the recent HANK literature.

2.3.2 Solving the Problem of Intermediate Goods Firms

Intermediate goods firms face a standard price-setting problem with price adjust-

ment costs. Under our symmetry assumption, the optimal choices of firms can be sum-

marized by a single equation for inflation dynamics:

Proposition 2 (Phillips Curve). The optimal firm choices π
j
t = πt for all intermediate goods

firms j are characterized by

Et

[
d
(

πt
Yt

Ct

)]
=

ρπt − κ

(
pR

t − pR, f lex

a

) Yt

Ct
dt, (20)

where pR, f lex := a ε−1
ε is the equilibrium capital rental price under flexible goods prices and

κ := ε
ψ is the Phillips curve slope.

Equation (20) plays the role of the New Keynesian Phillips Curve in our model. It

is a forward-looking equation22 that encodes the standard price setting logic in New

Keynesian models: firms’ price setting is trading off a desire to minimize deviations of

marginal unit costs pR
t /a from their flexible price value pR, f lex/a to achieve the stati-

cally optimal markup and a desire to smooth inflation in order to minimize price ad-

justment costs.

The New Keynesian Phillips Curve takes the familiar textbook form if we consider

the special case without physical investment, i.e., the limit φ→ ∞. In this case, Yt = Ct,

so that the scaling factor Yt/Ct cancels. More generally, this scaling factor appears

because firm revenues are proportional to output, but discounting in the firm SDF ξt is

inversely proportional to consumption.

22By “forward-looking equation” we mean, intuitively, a condition that relates some variable, here
inflation πt, to the expected future path of other variables. Mathematically, this means the equation is
a “backward stochastic differential equation”: it has no initial condition but is solved backward in time
from a terminal or transversality condition.
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2.3.3 Equilibrium Dynamics of Relative Asset Valuations

Total wealth in the economy consists of bond wealth, Bt/Pt = qB
t Kt, and capital

wealth, qK
t Kt. We denote by ϑt the fraction of total wealth that is due to the former

component, i.e.,

ϑt :=
Bt/Pt

Bt/Pt + qK
t Kt

=
qB

t
qB

t + qK
t

. (21)

This variable is a measure of relative asset valuations that will play a key role in the

subsequent analysis. Due to homogeneity of portfolio choice, bond market clearing (14)

implies ϑt = θt, that is ϑt also equals the common portfolio weight θt on bonds chosen

by all households. We can characterize the equilibrium dynamics of ϑt by combin-

ing the household portfolio choice condition (19) with the asset return expressions (11)

and (12), the government budget constraint (9), and market clearing conditions (details

are provided in Appendix A):

Proposition 3 (Bond Valuation Equation). The law of motion of ϑt satisfies

Et[dϑt] =
[
ρ− (1− ϑt)

2 σ̃2
t − s̆t

]
ϑtdt. (22)

Like the Phillips curve, the bond valuation equation (22) is a forward-looking equa-

tion that determines the expected rate of change in ϑt. We defer the discussion of the

factors that affect portfolio choice and relative asset valuations to Section 3.2.1.

2.3.4 Other Equilibrium Conditions

Using the optimal consumption condition (16) and aggregating over all households

yields
ct

kt
=

Ct

Kt
=

ρ
∫ 1

0 ni
tdi

Kt
= ρ(qB

t + qK
t ), (23)

where the final equality follows from the fact that total net worth in the economy con-

sists of bond wealth, qB
t Kt, and capital wealth, qK

t Kt.

Using the aggregate consumption-capital ratio Ct/Kt from equation (23), the fact

that all agents choose identical investment rates ιit = ιt, and that, in equilibrium, ag-

gregate final goods production is Yt = autKt, we can rewrite the goods market clearing
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condition (13) as follows:

ρ(qB
t + qK

t ) + ιt = aut. (24)

Substituting the individual consumption-capital ratio ct/kt from equation (23) into

the optimal utilization choice condition (18) allows us to express the equilibrium capital

rental price pR
t in terms of asset prices and capital utilization:

pR
t = ρuϕ

t (q
B
t + qK

t ). (25)

Together with the law of motion for the endogenous state variable qB
t , equation (15), a

(yet-to-be-specified) law of motion for the exogenous state variable σ̃t, and policy rules

for interest rate it and primary surplus s̆t, the previous equations represent a complete

characterization of equilibrium.

3 Flight to Safety and Sticky Prices

In this section, we analyze how uncertainty shocks are transmitted through our

model economy and discuss several economic implications arising from that analysis.

We start with a numerical illustration in Section 3.1 and defer an in-depth discussion of

the mechanism to Section 3.2.

3.1 The Effects of Uncertainty Shocks: A Numerical Illustration

We illustrate the dynamics of our model economy by plotting impulse response

functions (IRFs) to an uncertainty shock for a numerical example. Our choice of model

parameters closely follows the prior literature. In particular, we follow the strategy

in Brunnermeier et al. (2024) to parameterize the household side and the idiosyncratic

volatility process and Kaplan et al. (2018) to parameterize the New Keynesian supply

side. The exogenous process for the idiosyncratic volatility process is

dσ̃2
t = b(σ̄2 − σ̃2

t )dt− νσ̃tdZt.

Additional details are provided in Appendix G. As we explain in Section 3.2, the qual-

itative dynamics discussed here are a general feature of our model and do not depend

on the parameter choices.
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Figure 1 depicts IRFs following a positive uncertainty shock, both under flexible

(red) and sticky prices (blue). Specifically, we consider an economy that is initially

(before t = 0) in its stochastic steady state where σ̃2
0 = σ̄2 and, at t = 0, is hit by a single

positive uncertainty shock.23 The figure plots the transition paths back to the stochastic

steady state when no further shocks are realized thereafter. To clearly isolate the effects

of the shock itself, as opposed to the effects of any government policy reaction to it, we

assume that the policy variables it and s̆t are kept constant throughout. The following

subsection will clarify how the transmission mechanism is affected by policy reactions.
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Figure 1: Impulse response functions to an uncertainty shock at t = 0 under sticky (blue solid
lines) and flexible (red dotted lines) prices. Before t < 0, the economy is in its stochastic steady
state without realized shocks and, for t ≥ 0, the exogenous path for σ̃t depicted at the top left
panel is fed into the model. Variables qB

t , qK
t , ut, ιt, pR

t are in percentage deviations and variables
ϑt, πt, and Et[dRK

t − dRB
t ]/dt in absolute deviations from the stochastic steady state.

A rise in present and future uncertainty triggers flight to safety, a reallocation in

household portfolios from capital to bonds. The resulting increases in the portfolio

23We calibrate the size of the shock to generate a 3% recession in output.
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weight ϑt and the required risk premium on capital are identical under flexible and

sticky prices.

Under flexible prices, the portfolio reallocation results in an upward jump in bond

valuations qB
t and a downward jump in capital valuations qK

t . The latter leads to a drop

in both investment and utilization.24 The drop in bond valuations is brought about by

a downward jump in the price level Pt (shown as πt = −∞ on impact) that is followed

by gradual inflation thereafter as the economy returns back to the steady state.

When prices are sticky, the value of nominal bonds can no longer adjust to clear asset

markets. Instead, the heightened demand for bonds leads to overshooting in the capital

price adjustment relative to the flexible price case. qK
t drops sharply when the shock hits

and then slowly converges back to the steady state as uncertainty subsides. In contrast,

bond valuations qB
t react only gradually over time in a hump-shaped fashion.

The sharp drop in the price of capital depresses aggregate demand under sticky

prices. Both investment and aggregate output fall. The recession in demand reduces

the marginal cost of intermediate goods producers. Since the current price level is too

high, the firms optimally lower their prices, resulting in a period of disinflation.

In summary, our sticky price model implies that uncertainty leads to portfolio rebal-

ancing towards safe bonds, disinflation, and a recession in consumption, investment,

and output.

3.2 Transmission Mechanism

3.2.1 Understanding Household Portfolio Decisions

The portfolio choice between risky capital and safe nominal bonds is key for the dy-

namics just described. To understand how household portfolios respond to fluctuations

in economic uncertainty, we analyze the bond valuation equation (22) for ϑt.

To gain intuition, it is helpful to write this equation in integral form,

ϑt = Et

[∫ ∞

t
e−ρ(t′−t)ϑt′

(
(1− ϑt′)

2σ̃2
t′ + s̆t′

)
dt′
]

. (26)

24Utilization decreases (slightly) even under flexible prices because lower investment raises the
consumption-capital ratio. For a given rental price, equation (18) requires a reduction in ut.
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Households’ portfolio choice depends on two processes: the path of future uncertainty

{σ̃t′}t′≥t and the path of future surplus-debt ratios {s̆t′}t′≥t. Households demand more

government bonds when they are valuable as insurance (higher σ̃t) or when they are

subsidized by government policy (higher s̆t).25

Importantly, household portfolio choice does not directly depend on output or capi-

tal utilization (ut), inflation (πt), the nominal interest rate (it), and any parameters gov-

erning the price-setting behavior of firms (ε, ψ). These variables and parameters only

affect household portfolio choice between capital and bonds if (fiscal) policy adjusts s̆

in response to them. This leads to the following separation result.

Proposition 4 (Separation of Portfolio Choice). Suppose that the fiscal policy rule chooses s̆

as a function of (σ̃t, ϑt) only. Then, under technical conditions stated in Appendix B.2,

ϑt = ϑ(σ̃t)

is a function of the exogenous uncertainty state σ̃t only, and this function does not depend on

the intermediate goods demand elasticity ε and the price adjustment cost ψ.

In particular, portfolio choice is unaffected by inflation πt, capital utilization ut, nominal

interest rates it, and the degree of price stickiness.

This proposition has two important corollaries. First, monetary policy is portfolio-

neutral: the nominal interest rate path it set by the monetary authority does not distort

the portfolio choice between bonds and capital unless it induces changes in the fis-

cal policy instrument s̆t.26 Second, regardless of how sluggish nominal prices adjust,

portfolio choice between capital and bonds is always “fast” in the sense that portfo-

lios adjust precisely the same as under flexible prices. This second corollary plays an

important role in the overshooting of capital values discussed below.

Having established that portfolio choice is driven by fluctuations in uncertainty σ̃t

and the fiscal policy reaction to it, an immediate question is how uncertainty affects

25A higher surplus-debt ratio effectively subsidizes bonds relative to capital holdings because it im-
plies that the government taxes capital at a larger rate to make payouts to bondholders.

26Note that even if s̆t is unresponsive to changes in the nominal interest rate, a positive s̆t still implies
that primary surpluses rise in response to the larger debt issuance triggered by an increase in nominal
rates. However, it is not surpluses but the surplus-debt ratio s̆t that matters for the return on bonds
because this is the “dividend yield” paid by the government.
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portfolios. Equation (26) suggests that an increase in σ̃t leads to an increase in the bond

wealth share ϑt, which we interpret as flight to safety. However, equation (26) is not

a closed-form solution because future portfolio decisions ϑt′ appear on the right-hand

side. The next proposition establishes that we nevertheless reach correct qualitative

conclusions if we read the equation as if ϑt′ was exogenous:

Proposition 5 (Flight to Safety). Suppose the conditions of Proposition 4 are satisfied, bonds

have a positive value in equilibrium, and for any given ϑ ∈ (0, 1), the function σ̃ 7→ (1−
ϑ)2σ̃2 + s̆(σ̃, ϑ) is strictly increasing. Then ϑ′(σ̃) > 0.

In other words, unless s̆-policy is sufficiently accommodative, an increase in σ̃ leads to flight

to safety.

In the following, we assume that the assumptions of Proposition 4 and 5 are satis-

fied, so that the bond wealth share ϑt = ϑ(σ̃t) is essentially exogenous for the behavior

of macro aggregates and an increase in uncertainty leads to flight to safety. We make

two remarks in defense of this choice of presentation. First, the requirements on s̆t

that lead to separation of portfolio choice are not overly restrictive relative to common

specifications of fiscal policy rules in the literature. Specifically, they permit policy rules

that incorporate a concern for debt sustainability in the form of feedback from debt to

taxes. For example, a constant and positive s̆ corresponds to a rule that adjusts pri-

mary surpluses proportionally to the value of outstanding liabilities. Second, even if

the conditions for separation are not satisfied, the following discussion of the dynamics

of macro aggregates and asset prices is still informative. It then needs to be interpreted

as a characterization of those dynamics conditional on a given equilibrium path for ϑt.

3.2.2 The Transmission of Uncertainty Shocks

To understand how uncertainty affects output, we can rewrite the market clearing

condition (24) as

ut =
1
a

[
ρ(qK

t + qB
t )︸ ︷︷ ︸

consumption
demand

+ ιt︸︷︷︸
investment

demand

]
. (27)

The demand for final goods can be decomposed as demand for consumption and in-

vestment. The consumption demand is tied to the households’ net worth through
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wealth effects. Net worth depends on the value of both bonds and capital. The invest-

ment demand ιt depends on qK
t through the Tobin’s q relationship (17). To determine

the short-run output ut, it is thus important to understand the behavior of the levels of

asset valuations, qK
t and qB

t .

The solution of the household portfolio problem (equation (26)) determines relative

asset valuations. Households invest more in nominal bonds as future uncertainty in-

creases. Formally, the nominal wealth share ϑt rises. Recall that ϑt = (1 + qK
t /qB

t )
−1.

An increase in ϑt mechanically implies a drop in the price of capital relative to the value

of bonds. However, the absolute movements in qK
t and qB

t hinge on the presence of price

stickiness.

Equilibrium under Flexible Prices. When prices are flexible, intermediate goods firms’

problem collapses to a static profit-maximization problem at each time, and firms en-

gage in constant markup pricing. Price setting determines the capital rental price,

pR
t = pR, f lex, while the nominal price level Pt remains free to adjust in order to clear

the goods market, i.e. make equation (27) hold. In that equation, Pt enters through the

scaled bond value qB
t = Bt/(PtKt), which it is inversely proportional to.

We can solve for the flexible price asset values qB, f lex
t and qK, f lex

t as a function of

ϑt by combining equation (25) for the rental price with pR
t = pR, f lex and the goods

market clearing condition (27). In some special cases, the resulting price expressions

are available in closed form, e.g., for ϕ = 0:

qB, f lex
t = ϑt

ε− 1
ε

a
ρ

, qK, f lex
t = (1− ϑt)

ε− 1
ε

a
ρ

.

From these formulas, we observe the following qualitative conclusions, which also ap-

ply more generally for all ϕ ≥ 0:

Proposition 6 (Flexible Price Equilibrium). Under flexible prices, an increase in σ̃t leads to

an increase in the government bond value qB
t and a drop in both the capital price qK

t and the

nominal price level Pt.

Economically, an increase in ϑt induced by heightened uncertainty means that agents

desire more bond savings and fewer capital savings. As a result, both the capital price
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qK
t and the physical investment rate ιt fall, implying lower consumption demand due

to capital wealth and investment demand on the right-hand side of equation (27). For

fixed utilization ut and bond values qB
t , aggregate demand thus falls short of supply.

However, the individual desire to save additional wealth in bonds does not translate

into aggregate saving because bonds cannot be used to transfer real resources over

time.27 As households collectively demand more nominal bonds and fewer goods,

the price level falls, and the real value of bonds qB
t appreciates. A wealth effect from

increased bond wealth generates additional consumption demand that eliminates the

shortfall in aggregate demand without any reduction in supply.28

Equilibrium under Sticky Prices: Impact Effect. When the price level Pt is sticky, it

can no longer drop immediately in response to an uncertainty shock. There is no (im-

mediate) deflationary revaluation of nominal wealth that raises consumption demand

as under flexible prices. Instead, supply must adjust to the shortfall in demand to clear

the goods market.

In fact, in our continuous-time model, the state variable qB
t for bond wealth is per-

fectly rigid over short time periods and thus cannot adjust at all on shock impact.29 As

a consequence, when higher uncertainty raises ϑt, both total wealth qK
t + qB

t = qB
t /ϑt

and capital valuations qK
t = (1− ϑt)/ϑt · qB

t fall. The former implies a reduction in con-

sumption demand, the latter a reduction in investment demand through the Tobin’s q

relationship (17). Importantly, both components of aggregate demand in equation (27)

are fully predetermined by the (separated) portfolio choice ϑt and the (rigid) state vari-

able qB
t . The only free variable to adjust on impact is ut. A recession is inevitable.

Proposition 7 (Demand Recessions under Sticky Prices). Under sticky prices, an increase

in σ̃t leads to an aggregate demand recession on impact. Formally, utilization ut = u(σ̃t, qB
t ) is

decreasing in σ̃t for any fixed qB
t . For qB

t ≈ qB, f lex
t , the utilization gap ut/u f lex

t = u(σ̃t, qB
t )/u f lex(σ̃t)

27In contrast, capital can serve as a device for aggregate saving to the extent that demand for capital
leads to additional real investment into the capital stock.

28To be fully precise, supply and utilization only remain unaffected when the capital supply is per-
fectly inelastic (φ → ∞). Otherwise, supply still falls due to a reduced willingness to put utilization
effort when the consumption-capital ratio rises, compare footnote 24. This is a supply-side effect that
has nothing to do with a shortfall in aggregate demand.

29Formally, this is apparent in the lack of a dZt-term in equation (15).
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is also decreasing in σ̃t.30

We remark that the previous conclusion does not necessarily hold in models without

safe assets. We discuss this in more detail in Section 4.1.

Furthermore, the capital price and investment demand always fall by more than

under flexible prices. The reason is that when qB
t is unable to adjust, a higher portfolio

weight ϑt can only be achieved through a more substantial drop in the capital price qK
t .

That is, since the value of government bonds cannot adjust quickly to match fluctua-

tions in the demand for bonds, uncertainty shocks depress the demand for capital even

further.

The cleanest way to see this formally is to consider the effect of an unanticipated

upward jump in uncertainty σ̃t at time t. Using qK
t = (1/ϑt − 1)qB

t , we can write the

jump in the capital price in response to the shock as

qK
t

qK
t−

=
1/ϑt− − 1
1/ϑt − 1︸ ︷︷ ︸

portfolio
adjustment

qB
t

qB
t−︸︷︷︸

bond value
adjustment

,

where a subscript “t−” denotes the value of a variable just before the jump. In a flight

to safety, the portfolio adjustment term is smaller than 1, generating downward pres-

sure on the capital price. Under flexible prices, this is partially alleviated by an upward

adjustment in bond values, qB
t /qB

t− > 1 (Proposition 6). Under sticky prices, the value

of bonds remains stuck at the pre-shock level, qB
t /qB

t− = 1. Thus, the price of capi-

tal overshoots relative to the flexible price response following uncertainty shocks when

nominal prices are sticky.

The same logic applies to our model, which features Brownian shocks instead of

jump shocks. But to make it precise, we have to reformulate it in terms of the shock

sensitivity σ
q,K
t of qK

t :

Proposition 8 (Capital Price Overshooting). The capital price qK
t is more sensitive to uncer-

tainty shocks dZt under sticky prices than under flexible prices. Formally, for all t and after all

30Here, u f lex
t = u f lex(σ̃t) is the equilibrium utilization rate in the flexible price economy (which de-

pends only on the state variable σ̃t). The utilization gap can be interpreted as a form of output gap. In
our nonlinear model, it cannot be excluded that the denominator falls faster than the numerator for qB

t

far away from qB, f lex
t , so that the restriction qB

t ≈ qB, f lex
t cannot be dispensed with.
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shock histories, sgn σ
q,K
t = sgn σ

q,K, f lex
t and |σq,K

t | > |σ
q,K, f lex
t |.

This result is reminiscent of the classic overshooting model by Dornbusch (1976).

There, stickiness in domestic prices results in overshooting in exchange rates. Here, the

effective stickiness in bond valuations leads to overshooting in the capital price.

Equilibrium under Sticky Prices: Adjustment Dynamics. We have established so far

that an uncertainty shock and the ensuing flight to safety create a shortfall in demand

on impact. This demand shortfall generates disinflation pressures that are gradually

realized after the shock: the price level Pt decreases over time to bring it closer to

its natural (flexible price) level, leading to a period of disinflation. This adjustment

follows the classic logic of the Pigou effect (e.g., Pigou, 1943; Patinkin, 1956). Because

the demand shortfall is driven by the value of nominal safe assets qB
t being too low

and disinflation raises qB
t , disinflation pressures ease over time as the safe asset value

expands.

Formally, adjustment dynamics are guided by the Phillips curve (20) and by the

state equation (15), restated here for the reader’s convenience:

Et

[
d
(

πt
Y
C (q

B
t , ϑt)

)]
=

ρπt − κ

(
pR(qB

t , ϑt)− pR, f lex

a

) Y
C (q

B
t , ϑt)dt, (28)

dqB
t =

[
it − πt − s̆t − g(qB

t , ϑt)
]

qB
t dt, (29)

where we have made explicit that pR
t , Yt/Ct, and gt are functions of qB

t and ϑt in equilib-

rium. These functions are all increasing in their first argument and decreasing in their

second and in the case of pR
t strictly so.

After an increase in uncertainty, a lack of demand for capital inputs drives the cap-

ital rental price pR
t below its flexible price value pR, f lex. According to equation (28),

inflation must gradually increase over time. As this is a (forward-looking) backward

equation, the gradual increase in inflation is achieved by an immediate drop of πt, po-

tentially into deflationary territory.

Low and potentially negative πt increases the rate of appreciation of the state vari-

able qB
t in equation (29), so that qB

t gradually approaches its natural level qB, f lex
t over
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time. As qB
t becomes closer to qB, f lex

t , the marginal cost gap pR
t − pR, f lex in the Phillips

curve (28) starts to shrink, thereby dampening further adjustments in inflation.31

3.3 The Roles of Intertemporal Substitution and Portfolio Choice for
Aggregate Demand

Our presentation in the previous subsection clarifies that the portfolio demand for

nominal safe assets is the key force behind the aggregate demand effects of uncertainty

shocks. Uncertainty shocks lead to a portfolio reallocation from capital assets to safe as-

sets because they raise the risk premium that agents require to hold capital. In contrast,

any economic force that affects the level of interest rates on all assets symmetrically

but leaves required risk premia unaffected has no effect on the equilibrium portfolio

weight ϑt. As we have explained, such a force is irrelevant to the impact effect of an

uncertainty shock on aggregate demand.

This description contrasts with the emphasis on intertemporal substitution as the

main driver of aggregate demand in the traditional textbook treatment of New Keyne-

sian models. The key equation in that traditional analysis is the IS equation for con-

sumption demand, a combination of the consumption Euler equation and the Fisher

equation. In our setting with a growth trend in capital, it is most transparent to express

the IS equation in terms of the consumption-capital ratio, C/K:

Et[d(Ct/Kt)]

Ct/Kt
=

[
it − πt −

(
ρ + gt − (σϑ

t )
2 − (1− ϑt)

2σ̃2
t

)]
dt. (30)

According to this equation, the expected growth rate in the consumption-capital ratio

is the difference between the actual real interest rate it − πt and a “neutral” rate (here,

ρ + gt − (σϑ
t )

2 − (1− ϑt)2σ̃2
t ), at which the expected growth rate in the consumption-

capital ratio desired by households is zero. This is a forward-looking equation that

encodes intertemporal substitution considerations.

Because of its forward-looking nature, equation (30) is typically interpreted as fol-

lows: an expectation CT/KT far in the future is fixed (“anchored”) as a terminal con-

dition and therefore any positive deviation of actual interest rates from neutral rates

31Whether qB
t asymptotically reaches qB, f lex

t depends on the long-run behavior of nominal rates as the
Phillips curve is only consistent with a zero long-run output gap if inflation settles down at zero.
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between t = 0 and t = T must depress consumption demand at date t = 0. This

reasoning suggests that it is the level of interest rates, not the required risk premium

between capital and bonds, that should matter for aggregate demand. However, while

equation (30) of course holds in any equilibrium, this reasoning can be misleading: both

the “terminal condition” at any finite date t = T and the path of future inflation rates

are not truly fixed but endogenously adjust to economic conditions.

In our model, the IS equation plays no particular role which is why we have chosen

to keep it in the background in the previous discussion. In fact, once portfolio choice

has determined the path for ϑt, the IS equation (30) is more appropriately interpreted

as a backward-looking equation that tells us the (expected) future evolution of Ct/Kt

given interest rates and an initial condition C0/K0 that is determined by the impact

effect of the shock. Indeed, in equilibrium Ct/Kt = ρ
qB

t
ϑt

is the ratio of a backward-

looking object, the state variable qB
t , and a forward-looking object, the portfolio weight

ϑt. Once we have determined the latter by the portfolio choice considerations discussed

in Section 3.2.1, the evolution of Ct/Kt follows “mechanically” by combining ϑt with

the backward-looking law of motion for the state variable, equation (29). Only through

the latter does the level of asset returns enter the equation.

3.4 Interest Rate Policy Ineffectiveness

A corollary from the previous discussion concerns the effectiveness of monetary

policy. If forces that affect the level of interest rates leave the impact effect of uncertainty

shocks unchanged, interest rate policy is unable to undo the effects of price stickiness

on aggregate demand, unlike in standard models without safe assets.

Indeed, the nominal interest rate it enters only in the state equation (29). This means

that interest rate policy only acts on the state evolution but not on forward-looking

choice conditions, so it can affect the recovery dynamics after the shock but cannot

prevent the initial reduction in aggregate demand on shock impact. Specifically, by

raising the nominal rate, the government expands nominal bonds at a faster rate µBt

(for given s̆t), so that the price level has to adjust by less in order to expand the real

quantity of safe assets qB
t .
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Proposition 9 (Interest Rate Ineffectiveness). Suppose the assumptions of Propositions 4

and 5 hold so that uncertainty shocks lead to flight to safety. Then, interest rate policy can-

not eliminate output gap fluctuations. Formally, there is no policy rule i(At) such that, in

equilibrium, the utilization gap ut/u f lex
t is constant. In particular, no interest rate policy can

implement the flexible price allocation.

The significance of the previous result lies primarily in its stark contrast to the con-

ventional wisdom derived from New Keynesian models that do not feature safe assets.

In the conventional analysis, it is never in question that interest rate policy, unless con-

strained, has the power to stabilize economic activity. We discuss this issue further in

Section 4.1, where we compare our model to a variant without safe assets.

Our argument leading to Proposition 9 has used the fact that interest rate policy

cannot affect the safe asset value qB
t on the impact of a shock. A reader may be worried

that this argument relies on our assumption of floating-rate government bonds so that

the nominal price of bonds, which is not sticky per se, must always be one. However,

as we will show in Section 5, where we discuss a model extension with long-duration

government bonds, the essence of Proposition 9 carries over to that case as well.

3.5 Capital Price Overshooting and Flight-to-Safety Volatility

Our model also has asset pricing implications. As emphasized by Brunnermeier et

al. (2024), flight to safety from risky capital to safe bonds generates considerable vari-

ation in relative valuations between capital and bonds compared to a standard frame-

work with bonds in zero net supply. They call this “flight-to-safety volatility” and ar-

gue that it can explain a substantial part of the large empirically observed equity price

volatility. However, the flexible price model of Brunnermeier et al. (2024) has a ma-

jor defect: it counterfactually implies that flight-to-safety volatility leads symmetrically

also to large (countercyclical) fluctuations in safe asset valuations.

The overshooting mechanism in our sticky price model corrects this feature. By

separated portfolio choice (Proposition 4), relative price volatility between capital and

bonds is as large under sticky as under flexible prices. But importantly, sticky prices

break the symmetry between capital and bond valuations. By making bond valuations
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Figure 2: Simulated capital price paths under sticky and flexible prices. All lines depict simu-
lated equilibrium paths for qK

t based on the same sequence of exogenous shocks. The blue and
red lines are from the sticky-price economy with Phillips curve slopes κ = 0.1 and κ = 100,
respectively, and the black solid line is from the flexible price economy. Values on the vertical
axis are relative to the stochastic steady-state value for qK under flexible prices.

qB a slow-moving state, sticky prices move all relative price volatility between capital

and bonds into capital price fluctuations, more in line with empirical observations.

We emphasize that this point holds for any, arbitrarily small, degree of price stick-

iness. Figure 2 illustrates this by plotting simulated equilibrium paths for the capital

price qK
t from our model. The black line depicts dynamics under flexible prices and the

blue and red lines show simulations for the same exogenous shocks under different de-

grees of price stickiness. While the blue line uses our baseline parameters, the red line

has been generated with a very steep Phillips curve, κ = 100. The striking takeaway

is that both sticky price versions generate substantially elevated capital price volatility

relative to the flexible price equilibrium. As the proof of Proposition 8 reveals, this is

no coincidence but a general feature: capital price volatility σ
q,K
t does not converge to

its flexible price counterpart in the limit κ → ∞.
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4 Comparison to Other Models

4.1 No Safe Assets

The previous literature has studied the impact of uncertainty shocks in New Keyne-

sian models where safe bonds are in zero net supply (e.g., Basu and Bundick, 2017; Ca-

ballero and Farhi, 2018; Caballero and Simsek, 2020). In this section, we contrast models

without safe bonds to our baseline model and further highlight the importance of port-

folio adjustment in shaping macroeconomic dynamics following uncertainty shocks in

the presence of safe asset demand.

The model without a safe asset corresponds to a special case of our model where the

supply of bonds is zero (Bt ≡ 0). In this case, households choose a portfolio entirely in

capital (ϑt = 0).32

Characterizing Aggregate Demand. When Bt ≡ 0, there is no sluggishly adjusting

safe asset state qB
t that serves as a nominal anchor. Instead, aggregate demand follows

the conventional IS equation logic. Specifically, short-term output is given by

ut =
1
a

[
ρqK

t︸︷︷︸
consumption

demand

+ ιt︸︷︷︸
investment

demand

]
, (31)

which is strictly increasing in the capital price qK
t . To understand the determinants of

the latter, it is useful to revisit the household portfolio choice condition (19), which now

becomes

ρ + gt + µ
q,K
t︸ ︷︷ ︸

Et[dRK
t ]/dt

− (it − πt)︸ ︷︷ ︸
Et[dRB

t ]/dt

= (σ
q,K
t )2 + σ̃2

t . (32)

We observe that this is a purely forward-looking equation that does not contain any en-

dogenous state variables. Furthermore, because bonds are here in zero net supply, only

the single asset price drift µ
q,K
t enters the excess return on the left-hand side, whereas

a difference of two asset price drifts, µ
q,K
t − µ

q,B
t , enters in the safe asset model. Con-

sequently, equation (32) determines the level of the capital price, qK
t . This is unlike

32Specifically, in line with conventional New Keynesian models, we assume that agents can still trade
nominal bonds and so still face a portfolio choice, but these bonds are in zero net supply.
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the valuation equation (22) in the safe asset model, which determines the relative asset

price (the nominal wealth share ϑt).

In sum, equations (31) and (32) form a purely forward-looking system of equations

that directly determine the level of aggregate demand. The structure of (32) is akin to

an IS equation: it relates the change in qK
t , a sufficient statistic for aggregate demand,

to the difference between the actual real interest rate, it − πt, and a neutral rate ρ +

gt − (σ
q,K
t )2 − σ̃2

t that would obtain in an economy in which consumption grows at the

capital growth rate gt, i.e. for constant ut.

The Effects of an Uncertainty Shock. When uncertainty increases, households de-

mand a higher risk premium on capital; the right-hand side of equation (32) increases.

For households to remain willing to operate the economy’s capital stock, the expected

excess return on capital over the risk-free rate must increase, either via a reduction in

the capital price qK
t , which is accompanied by a demand recession, or by a reduction in

the risk-free rate it − πt. Which outcome materializes depends on the monetary policy

reaction and on equilibrium selection.

In Figure 3, we illustrate the effects of an uncertainty shock on resource utilization

ut under assumptions that generate the conventionally presented dynamics in the lit-

erature. For clarity of exposition, we consider a simple example without aggregate

shocks with the following features. Before date t = 0, σ̃ = σ̄ and the economy is at

its steady state, which coincides with the flexible price allocation. At t = 0, there is an

unanticipated shock that alters the future path of σ̃t as follows:

σ̃t =

{
σ̄ + ∆, t ∈ [0, T)
σ̄, t ≥ T

,

i.e., uncertainty unexpectedly rises for T time units and then returns back to its steady-

state level. We consider the equilibrium of the model with B = 0 for which, when

uncertainty recedes at t = T, resource utilization returns to its steady-state level imme-

diately.33

33This equilibrium selection aligns with the standard one. It would obtain, for example, as the unique
bounded equilibrium if, from some future date T̄ ≥ T onward, monetary policy followed a standard
Taylor rule consistent with zero inflation at the steady state.
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Figure 3: Effects of an uncertainty shock without (solid lines) and with (dashed-dotted lines)
safe assets. The top left panel plots the impulse response function of utilization ut in an economy
without aggregate risk in response to the news at t = 0 that uncertainty assumes temporarily a
larger value σ̄ + ∆ for T = 3 periods and thereafter reverts back to its steady state value σ̄. The
remaining panels depict comparative statics of the same experiment with respect to the Phillips
curve slope κ (bottom left), the length of the period of heightened uncertainty, T (bottom right),
and the nominal interest rate response i before time T (top right).

The solid line in the top-left panel of Figure 3 depicts the effects of the aforemen-

tioned shock on utilization ut under our baseline assumption that nominal interest rates

are kept constant throughout. The dashed-dotted line plots the response in our safe as-

set model for comparison. To facilitate the comparison, we have adjusted the shock

size ∆ for the latter model so as to generate the same impact response to the shock. We

observe that, in this specific example, the predictions of the two models closely align.

In particular, a demand recession also occurs in the absence of flight to safety.

In the remaining panels of Figure 3, we illustrate that the two models generate di-

verging predictions with regard to several parameter changes. The bottom-left panel

depicts comparative statics with respect to the slope of the Phillips curve, κ. More flex-

ible prices (higher κ) lead to a deeper recession but do not affect its length in the model

without safe assets. In contrast, they have no impact on the initial size of the recession
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and generate faster recoveries in the safe asset model.34 The bottom-right panel depicts

comparative statics with respect to the length T of the period of elevated uncertainty.

In both models, a higher T leads to deeper recessions, but the effects are much more

pronounced without safe assets. Finally, the top-right panel illustrates the effects of a

reduction in the nominal interest rate before time T. Without safe assets, interest rate

changes have a direct effect on the size of the recession and, as the red line in the figure

shows, can even prevent the recession altogether. In contrast, as we have previously

observed, the initial recession in the safe asset model is unaffected by interest rates,

while lower interest rates slow down government debt growth and thereby the speed

of the recovery.

The aforementioned differences are explained by the differences in how shocks are

transmitted in the two model economies. The model without safe assets follows a

purely forward-looking IS equation logic with a fixed terminal condition at the time

of recovery T. Increasing T mechanically increases the length of the recession and, be-

cause output must rise throughout the period, generates a deeper recession on impact.

Similarly, more flexible prices speed up dynamics so that, for the same T, the initial

jump in ut must be larger to reach the same terminal condition at t = T. Finally, nomi-

nal interest rates directly affect aggregate demand, as evident in equation (32).

Dynamics in the safe asset model, in contrast, are guided by the interaction of two

components. The first is forward-looking portfolio choice, which governs flight to

safety and aggregate demand on shock impact. The second is the backward-looking

evolution of the safe asset state, which is primarily driven by the Pigou effect. The for-

mer only depends on the expected future risk dynamics. A longer period of elevated

risk (higher T) leads to a more pronounced portfolio adjustment, whereas changes in

κ or i have no effect on portfolio choice at all. The latter depends on inflation dynam-

ics and nominal government debt growth. Increasing either inflation or debt growth

speeds up the recovery, which explains the comparative statics with respect to κ and i.

In addition to these differences, we remark that even the basic conclusion that un-

certainty shocks lead to demand recessions is not robust in models without safe assets.

34This difference becomes starkest towards the flexible price limit, κ → ∞. While output dynamics in
the safe asset model continuously approach the flexible price dynamics, resource utilization in the model
without safe assets approaches zero, a well-known pathology of standard New Keynesian analysis.
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For one, the recession can be escaped with a sufficient monetary policy reaction, as

illustrated by the red line in the top-right panel of Figure 3. But more importantly,

changes in the assumptions about the mean-reversion dynamics of σ̃t may affect even

the baseline prediction that a demand recession must occur in the absence of a policy

reaction. In Appendix D.1, we discuss two such examples. In the first, we replace the

deterministic return to steady state at T with a stochastic return that happens at a Pois-

son event. This is akin to the setting studied by Caballero and Simsek (2020). In the

second, we study gradual deterministic mean reversion in a linearized model, similar

to the analysis in Basu and Bundick (2017). In both cases, we show that uncertainty

shocks only lead to demand recessions under standard equilibrium selection assump-

tions if the Phillips curve is sufficiently flat, i.e., if prices are sufficiently sticky. This

finding contrasts with our finding in Proposition 7 that uncertainty shocks are robustly

associated with aggregate demand recessions in the presence of flight to safety.

Interest Rate Policy and the Zero Lower Bound. As just observed, how uncertainty

shocks affect aggregate economic activity in models without safe assets hinges on the

assumptions about the monetary policy reaction. Indeed, in typical model environ-

ments in the literature such as Basu and Bundick (2017) and Caballero and Simsek

(2020), the flexible price allocation can be implemented by a monetary policy that sets

the nominal interest rate in all states to the natural rate, that is the equilibrium real

interest rate in the flexible price model. An analogous result also holds in our model

environment in the absence of safe assets:

Proposition 10 (Interest Rate Effectiveness without Safe Assets). If bonds are in zero net

supply, Bt ≡ 0, the flexible price equilibrium with zero inflation can be implemented by setting

the nominal interest rate to the natural rate in all periods, i.e., with the policy

it = rn
t := ρ + g f lex

t − σ̃2
t ,

where g f lex
t denotes the capital growth rate process under the flexible price allocation.35

35More precisely, there are many equilibria consistent with this interest rate process, and the asser-
tion is that the flexible price allocation is one of them. It is well known that then this equilibrium can
also be uniquely implemented (among bounded equilibria) with a feedback rule that satisfies the Taylor
principle, e.g., it = rn

t + φππt with arbitrary φπ > 1.
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To see why the previous proposition is correct, note that equation (32) is satisfied

with zero inflation, πt = 0, and a constant capital price at the flexible-price level, qK
t =

qK, f lex,36 if and only if it = rn
t . If this is the case, then also the Phillips curve equation (20)

is satisfied, so we have found a valid equilibrium in the sticky price economy.

Proposition 10, which is in stark contrast to Proposition 9 for the safe asset model,

has important implications for the power of monetary policy and the relevance of un-

certainty shocks for aggregate fluctuations. In a world without safe assets in positive

net supply, interest rate policy alone can fully stabilize the economy in response to

uncertainty shocks. As a consequence, such shocks should only affect aggregate fluc-

tuations if monetary policy is unable (or unwilling) to react appropriately, e.g., due to

a binding lower bound on nominal interest rates such as a zero lower bound (ZLB)

constraint. For this reason, the predominant conclusion from the previous literature is

that uncertainty shocks are a concern only if they lead to a binding ZLB. Our safe as-

set framework suggests a different conclusion (compare Proposition 9). If uncertainty

shocks induce a flight to safety into nominal safe assets in positive net supply, then

they are always a concern for aggregate economic activity, regardless of the constraints

faced by monetary policymakers.

Why is a natural rate policy successful in standard models but not in ours? As

we have observed, equilibrium dynamics in models without safe assets are guided by

purely forward-looking conditions — the IS equation and the Phillips curve.37 When

nominal rates equal natural rates, zero inflation and output gaps constitute one pos-

sible solution to these equations. While this is typically not the only possibility, the

forward-looking nature of the system means that whether this solution is selected only

depends on expectations. The only task of policy is, therefore, to manage expectations.

By adjusting nominal interest rates, a flow quantity that affects future returns, mone-

tary policy is perfectly able to accomplish this task.

The key difference in our model is that merely managing expectations is insufficient

to stabilize aggregate demand due to the presence of the safe asset value qB
t , which

36Unlike in the model with safe assets, the flexible-price capital price is constant in the model without
safe assets because ϑt ≡ 0 is constant.

37In richer models, there may be additional equations, including ones for endogenous state variables.
However, these two typically determine how interest rate policy and sticky prices affect equilibrium
dynamics.
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follows a backward-looking evolution and serves as a nominal anchor in our model

economy. The monetary authority could still follow a natural rate policy, and then zero

inflation and output gaps would continue to constitute a valid solution to the IS equa-

tion and Phillips curve in isolation. But these are just two equilibrium conditions that

have many different solutions. For a solution to be a valid equilibrium, it must also

be consistent with the remaining equilibrium conditions, including the portfolio choice

between capital and safe assets. In a flight to safety, the specific solution with zero in-

flation and output gaps could be made consistent with portfolio choice only if the safe

asset state qB
t was to react on shock impact. But, as we have discussed in Section 3.2.2,

this is not the case. Instead, changes in safe asset demand generate adjustment pres-

sures in qB
t that result in transition periods of inflation or disinflation. Interest rate

policy can manage these transitions but not eliminate them.

4.2 Safe Asset Denominated in Non-sticky Unit of Account

The model in the previous subsection without safe assets is a natural benchmark.

However, removing safe assets from the model altogether alters the model’s properties

even in the absence of sticky prices. What really matters for the difference between our

model and standard New Keynesian models is that the nominal unit of account plays a

dual role: (i) as a unit of measurement for sticky goods prices and (ii) as a unit of value

for the nominal safe asset.

To make this point as clearly as possible, we present in Appendix D.2 a thought

experiment that separates these two roles into two distinct units of account: a “goods

dollar” in which intermediate goods firms quote their prices and a “bond dollar” in

which government bonds are denominated. In the model of Section 2, both units of

account coincide, whereas here, there is a (flexible) exchange rate between them.

The main takeaway is that once the “bond dollar” is no longer linked to sticky goods

prices and, hence, free to adjust in response to portfolio shifts, model dynamics largely

resemble those observed in the model without safe assets. In response to an uncertainty

shock, there is still flight to safety, but it does not necessarily generate an aggregate

demand recession. Instead, for suitable interest rate policy such as it = rn
t (and suitable

equilibrium selection), flight to safety merely leads to an appreciation of the “bond
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dollar” relative to the “goods dollar” without aggregate demand effects. It is therefore

not the existence of safe assets per se but the fact that they are denominated in the sticky

unit of account that generates demand recessions in flight-to-safety episodes.

4.3 Models with Monetary Frictions

As the previous subsections highlight, the mechanism emphasized in this paper crit-

ically depends on two features of government bonds: (i) households’ portfolio demand

for bonds varies systematically with the exogenous state (σ̃t) and (ii) bonds are nominal

claims denominated in the same unit of account as the sticky goods price. In more tra-

ditional macro models that combine sticky prices and monetary frictions, money can

also have both features. In Appendix D.3, we revisit a model of this type and show

that its analysis can lead to similar conclusions as ours. In particular, a money demand

shock causes a “flight to money,” which may generate a demand recession. However,

unlike in our model, monetary policy can easily avert the recession by managing the

quantity of the money stock with open market operations. In contrast, an open mar-

ket exchange of one government liability (bonds) for another (money/reserves) leaves

the quantity of safe assets unaffected and can therefore not cure demand recessions in

response to flight to safety episodes.

5 Long-term Bonds

So far, we have considered an arrangement with nominal government bonds of in-

finitesimally short duration so that the nominal price of these bonds must always be

one. Consequently, when the price level is sticky, then so must be the real value of

government bonds – and thus safe assets – in the economy. This raises the question of

whether our results critically depend on this assumption. In this section, we introduce

a generalized setup with long-duration government bonds and conclude that they do

not. Long-duration government debt breaks the tight link between the price level and

the market value of safe assets, yet our conclusions are not radically altered: the de-

terminants of portfolio choice and the nominal wealth share ϑt are unaltered, almost

all of our conclusions about the transmission mechanism of uncertainty shocks remain
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valid, and interest rate policy is still not sufficiently powerful to eliminate sticky price

distortions. In fact, even most of the model equations remain the same.

The setup of our generalized model is as before, except that we replace the as-

sumptions on government bonds: instead of floating-rate bonds, the government issues

bonds with a geometric maturity structure with duration 1/λ where λ > 0 is a model

parameter. Specifically, each bond has a face value bt that decays over time at rate λ,

and the bond makes continuous payments 1/Pt · λbtdt of final goods to its holder. We

denote by Bt the aggregate face value of the total bond stock and by PB
t the nominal

bond price per unit of face value. As before, we denote by qB
t := (PB

t Bt)/(PtKt) the real

value of all outstanding bonds per unit of capital in the economy and by s̆t := τt/qB
t the

surplus-to-debt ratio. Furthermore, let it := λ( 1
PB

t
− 1) be the nominal yield to maturity

of a long-term bond purchased at time t.38 We distinguish the safe asset value qB
t from

the portion that depends on sluggishly adjusting state variables, qB,0
t := Bt/(PtKt),

and the long-term nominal interest rate it from the nominal short rate on a hypothetical

zero-maturity bond, denoted by i0
t .

With these definitions, almost all equations from our baseline model continue to

hold in the long-term debt model. The following proposition summarizes the simi-

larities and differences between the two models. We relegate detailed derivations to

Appendix C.

Proposition 11 (Long-term Bond Model). In the long-term bond model with inverse dura-

tion parameter λ, the following hold true:

(i) All model equations characterizing equilibrium except for the state evolution equation (15)

continue to hold (specifically, all numbered equations and all propositions stated in Sec-

tion 2.3 remain valid). The safe asset value is given by

qB
t =

λ

λ + it
qB,0

t , (33)

and the state variable qB,0
t follows an evolution akin to equation (15),

dqB,0
t =

(
µBt − πt − gt

)
qB,0

t dt.
38A single face value unit of the bond purchased at time t costs PB

t nominal units and generates a cash
flow stream of λe−λ(t′−t)dt nominal units at each date t′ ≥ t. It is straightforward to determine that it is
indeed the internal rate of return for this investment.
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(ii) Conclusions from the short-term debt model on separation of portfolio choice (Proposi-

tion 4) and flight to safety (Proposition 5) continue to hold. Propositions 6, 7, and 8

on the transmission of uncertainty shocks and capital price overshooting also continue

to hold, if it does not load on the shock dZt (or, more generally, if it does not react “too

strongly” in a sense made precise in Appendix C.3).

(iii) Controlling the nominal short rate i0
t is sufficient for controlling the long-term bond in-

terest rate it in the following sense: for any given Ito process {ît}t≥0 with bounded (arith-

metic) drift and volatility for which ît + λ is positive, bounded, and bounded away from

zero, there is a bounded stochastic process {i0
t }t≥0 for the nominal short rate such that, in

equilibrium, it = ît for all t.39

(iv) In the limit λ→ ∞, the model collapses to the model with floating-rate debt presented in

Section 2.

Part (i) establishes a link between the long-term bond model and our baseline model,

allowing us to transfer and possibly adapt most of the insights derived previously. Part

(ii) formalizes some of this transfer by establishing that most of our formal propositions

continue to hold, possibly up to some qualification. Part (iii) provides a justification for

considering the long-term rate it as the policy instrument for interest rate policy in place

of the more conventional nominal short rate i0
t . This result follows from no-arbitrage re-

lationships that hold across the nominally risk-free term structure. Controlling the path

of the nominal rate for a single given duration is sufficient to determine the full term

structure dynamics. Finally, part (iv) establishes that the generalized model considered

here indeed nests our baseline model with infinitesimal duration.

The key difference in the long-term bond model is therefore in equation (33), which

says that the safe asset value is the product of a slow-moving state variable (qB,0
t ) that

evolves as before and a “jump variable” PB
t = λ

λ+it that is effectively controlled by

interest rate policy. All our conclusions from the baseline model therefore remain true

if it does not load on the shock dZt. More generally, however, our previous conclusion

that interest rate policy has no effect on the economy on the impact of an uncertainty

39The additional technical conditions on ît + λ are required to ensure that the nominal bond price PB
t

remains economically meaningful, i.e., positive and bounded.
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shock needs to be qualified. Specifically, lowering the nominal interest rate it raises the

nominal bond price, PB
t , which expands the real quantity of safe assets immediately.

In sum, the policy instrument it affects the economy with long-term bonds in two

ways. First, as just explained, it affects the real quantity of safe assets through changes

in the nominal bond price PB
t . A higher it lowers the nominal bond price and creates

disinflationary pressures immediately. Second, like in our baseline model, it affects the

growth rate of nominal government liabilities. A higher it raises µBt , which raises the

real quantity of safe assets gradually over time via its effect on the state variable qB,0
t .

This tends to reduce disinflationary pressures in the future and shorten the recession.

These two effects are associated with two policy objectives that can be in conflict

with each other: (i) to stabilize aggregate demand in the short run in response to un-

certainty shocks and (ii) to make the growth rate of nominal government liabilities

consistent with a given inflation target in the long run, e.g., πt = 0. Generically, the sin-

gle instrument it is insufficient to achieve both policy objectives simultaneously. The

following static example serves to illustrate this point: suppose we start the economy

in a steady state with constant σ̃ and consider an unanticipated shock that permanently

raises σ̃ at t = 0, which leads to a (one-time) permanent increase in ϑ and the flexible-

price safe asset value qB, f lex. We are interested in a one-time adjustment in the nominal

rate i to a new permanent level. Policy objective (i) requires setting i to the level re-

quired to produce an immediate jump in qB
0 to qB, f lex, i.e., i = λ(qB,0/qB, f lex − 1), which

depends on λ. In contrast, policy objective (ii) requires setting i to the natural rate so

that qB
t converges to qB, f lex in the long run, i.e., i = in, which does not depend on λ.

Clearly, the same i achieves both objectives at most for a single value of λ. Generically,

it is therefore impossible to achieve them both. The lessons from this static example

apply more generally and lead to the following conclusion:

Corollary 1. Proposition 9 (“Interest Rate Ineffectiveness”) holds generically also in the long-

term bond model.

Beyond our model and the scope of this paper, we remark that the previous result

may be overturned in a setting in which the central bank has a richer set of instruments

at its disposal. Particularly, suppose the central bank can control both the nominal

interest rate and the maturity structure of government bonds (a time-varying λt), e.g.,
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by open market purchases or sales of long-term bonds for reserves. Then, it is possible

to adjust λt dynamically to always stay in the non-generic case, in which interest rate

policy can undo sticky price distortions for the next shock. This suggests that altering

the maturity structure of government debt through asset purchases primarily serves

the purpose of recalibrating the impact of future interest rate changes on bond prices.40

6 Welfare and Optimal Monetary Policy

In previous sections, we have demonstrated how flight to safety in the presence

of price stickiness leads to aggregate demand recessions and how interest rate policy

alone is inadequate for perfect price stabilization. In this section, we examine norma-

tive implications. We first discuss the determinants of welfare in our model and derive

a constrained efficient benchmark allocation. We conclude that a certain degree of flight

to safety is socially desirable and, consequently, it is generally undesirable to use fiscal

policy to completely eliminate it. One implication is that the constrained efficient allo-

cation is generically not within reach under the set of policy instruments available in

our baseline model. We next discuss that enlarging the set of policy tools with lump-

sum taxes and transfers can overcome the limitation on policy and put the constrained

efficient allocation within reach. This is precisely because the present value of lump-

sum transfers represents an implicit safe asset to the private sector whose value can

be flexibly adjusted in response to shocks. While of theoretical interest, it is not very

plausible that a lump-sum instrument can be utilized in practice to stabilize safe as-

set demand. We therefore conclude this section with some brief remarks on optimal

monetary policy in the absence of lump-sum taxes. The key takeaway is that policy

under-reacts relative to perfect demand stabilization on shock impact in order to let the

Pigou effect play out and smooth out the unavoidable distortions that arise from our

policy ineffectiveness propositions. Throughout this section, we consider the extended

model with long-term government bonds and inverse duration parameter λ ∈ (0, ∞).

40In follow-up work that builds on our paper, Alexandrov and Brunnermeier (2024) explore this idea
further in the context of a richer model.
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6.1 Welfare and Constrained Efficiency

We start by deriving a useful expansion for welfare in our model economy. Note

that the consumption of each individual household is given by

ci
t = (aut − ιt)Kt︸ ︷︷ ︸

aggregate consumption

· ni
t∫

nj
tdj︸ ︷︷ ︸

wealth share

. (34)

Since the households are homogeneous up to scale, the wealth share of each household

follows a martingale that is only subject to idiosyncratic shocks with homogeneous

geometric volatility loading (1− ϑt)σ̃t. The value function of the household can be ob-

tained by taking logarithms on both sides of equation (34), integrating over time, and

using equilibrium relationships from Section 2.3 to simplify the resulting expressions.

In addition, due to logarithmic preferences and homogeneity up to scale, individual

value functions differ across households only in an additively separated term that cap-

tures the effects of the initial cross-sectional wealth distribution. Therefore, for any pol-

icy that affects only aggregates but not the initial wealth distribution, all households

agree on the optimal allocation:

Proposition 12 (Welfare Representation and Constrained Efficient Allocation). For any

social welfare function that is strictly increasing in individual expected utilities {Vi
0}i∈[0,1],

maximizing the welfare function is equivalent to maximizing the objective

E

[∫ ∞

0

(
Wϑ,t(ϑt) +Wu(ut)

)
dt
]

with respect to {ut, ϑt}∞
t=0, where

Wϑ,t(ϑ) =
1 + φρ

φρ
log

(
1 + φρ

1− ϑt + φρ

)
+

1
φρ

log (1− ϑt)−
(1− ϑt)

2 σ̃2
t

2ρ
,

Wu(u) =
1 + φρ

φρ
log

(
1 + φau
1 + φρ

)
− u1+ϕ

1 + ϕ
.

A constrained planner that can control portfolios and capital utilization directly but is un-

able to provide direct idiosyncratic risk insurance optimally chooses a σ̃t-dependent nominal

wealth share ϑt = ϑ∗(σ̃t) that satisfies ϑ∗′ > 0 and a time-invariant utilization rate ut = u∗.
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The previous proposition implies a separation of normative considerations concern-

ing the composition of wealth into safe assets and capital assets, captured by ϑt, and

the utilization of capital resources, captured by ut. The termWϑ,t(ϑ) appears in a simi-

lar form also in Brunnermeier et al. (2020), where it is extensively discussed, including

the pecuniary externalities that may lead to inefficient private sector behavior. We refer

the reader to that paper for additional details and merely discuss the meaning of the

three terms in Wϑ,t(ϑ). The first and second terms capture a standard consumption-

investment trade-off. For given aggregate output (given ut), increasing the share of

wealth held in safe assets raises current consumption, represented by the first term,

and lowers investment and thereby consumption growth, represented by the second

term. The third term captures the utility costs of idiosyncratic risk exposures. A greater

allocation to safe assets improves risk sharing and lowers this cost. Importantly, this

last term is sensitive to the amount of idiosyncratic risk currently present in the econ-

omy, so that, if ϑt can be controlled separately from ut, a constrained planner finds it

optimal to improve idiosyncratic risk sharing when σ̃t rises by expanding the share of

wealth allocated to safe assets. In other words, flight to safety is a feature of the constrained

optimal allocation.

The term Wu(u) concerns the short-term utilization of available resources, which

captures a purely intertemporal trade-off between raising output and reducing disutil-

ity from utilization effort. This trade-off is independent of σ̃t because utilization does

not affect idiosyncratic risk exposures in our model. The constrained efficient allocation

therefore calls for a constant rate of capital utilization.

6.2 Implementation of the Constrained Efficient Allocation

Generic Impossibility of Implementation. Now suppose, instead of being able to

control portfolios and utilization decisions directly, a policy maker is constrained to

choose the paths for the policy instruments s̆t and it by adjusting the capital tax rate τt

and the nominal short rate i0
t . In analogy to our interest rate ineffectiveness proposi-

tions, Proposition 9 and Corollary 1, it is generically impossible to implement the con-

strained efficient allocation. To gain intuition, note that the constrained optimal safe

asset wealth share ϑt = ϑ∗(σ̃t) has the properties that we have discussed in the context
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of separation of portfolio choice and flight to safety in Section 3.2.1: the portfolio allo-

cation only depends on the exogenous risk state and features flight to safety. Achieving

this portfolio allocation fully constrains the fiscal instrument s̆t and precludes its use

for aggregate demand stabilization.

This leaves the instrument it in charge of implementing ut = u∗. However, we have

already seen that interest rate policy can, at best, imperfectly control aggregate demand

and, therefore, resource utilization when there is a flight to safety in equilibrium. While,

in general, u∗ differs from the capital utilization under flexible prices, precisely the

same arguments that led to Proposition 9 and Corollary 1 also imply that achieving

ut = u∗ is generically out of reach for interest rate policy.

Corollary 2. The policy instruments s̆t and it are generically insufficient to implement the

constrained optimal allocation characterized in Proposition 12.

Implementation with Lump-sum Taxes. The previous conclusion raises the question

of which additional instruments would be required to bring the constrained efficient

allocation within reach. From Proposition 4, we know that the fiscal instrument s̆t is

sufficient to perfectly control portfolios ϑt. The issue is that it interferes with aggregate

demand management because flight to safety drives the desired real value of total safe

assets away from the currently outstanding stock of safe assets, whose real value cannot

flexibly adjust.

On a conceptual level, a simple idea to resolve this issue is to introduce “helicopter

drops” of bonds to allow the government to flexibly adjust the outstanding nominal

stock of safe assets, Bt, instead. Such a policy instrument gives the policymaker the

power to adjust the state variable qB,0
t directly in response to uncertainty shocks. The

instrument it then remains free to track whichever nominal rate is required to achieve

the optimal resource utilization in the long run.41 To implement such helicopter drops

(and reverse drops), a state-contingent tax-transfer scheme of lump-sum taxes would

be required that transfers new bonds to agents whenever σ̃t rises and requires agents to

give up some of their bonds whenever σ̃t falls. Such a scheme of alternating taxes and

41This is generally different from tracking the natural rate because the optimal allocation differs from
the flexible price allocation.
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transfers on a high frequency is certainly unlike anything observed in reality (see also

Footnote 15).

A more plausible implementation of the helicopter drop idea can be achieved by rec-

ognizing that Ricardian equivalence holds in our model with regard to lump-sum taxes,

provided that cash flows from individual tax liabilities are in the asset span so that

agents can effectively trade claims to their tax liabilities. This is the case, for example,

if we assume that, in addition to bonds and capital, agents can trade state-contingent

claims on aggregate shocks dZt in zero net supply.42 Due to Ricardian equivalence with

respect to this tax instrument, a government does not need to engage in an oscillating

pattern of taxes and transfers to implement something like helicopter drops of bonds.

Instead, it can smooth out the actual changes to taxes or transfers by merely adjusting

the present value of future lump-sum taxes in response to uncertainty shocks.

Intuitively, the present value of future lump-sum taxes represents an implicit neg-

ative safe asset that reduces the overall supply of safe assets available to households.

Importantly, this safe asset can be flexibly adjusted in response to uncertainty shocks

without requiring a change in the level of nominal prices. Adjusting the amount of safe

assets implicitly provided through lump-sum taxes and transfers can therefore insulate

the aggregate goods demand from variation in safe asset demand. We provide a formal

analysis of this idea in Appendix E and summarize here the conclusion:

Proposition 13 (Optimal Policy with Lump-sum Taxes). If lump-sum taxes are available

and aggregate risk is tradeable, the constrained optimal allocation characterized in Proposi-

tion 12 can be implemented. Specifically, optimal policy sets capital taxes τt to implement the

safe asset wealth share ϑ∗t and jointly uses nominal interest rates and adjustments in future

lump-sum taxes in response to dZt-shocks to implement the optimal safe asset value qB∗
t =

ϑ∗t
1+φau∗

1−ϑ∗t +φρ . The nominal short rate is set to match the drift dynamics of qB∗
t , which requires

i0
t = r∗t + π∗t ,

where r∗t is real interest rate in the constrained optimal allocation and π∗t is an inflation target

that makes ut = u∗ consistent with the Phillips curve. Adjustments in future lump-sum taxes

42Allowing for these additional assets does not affect our model economy in the absence of lump-sum
taxes so the previous analysis remains unaffected by this change.
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in response to shocks are required to match the volatility dynamics of qB∗
t . The initial level and

time drift of lump-sum taxes τLS
t may take arbitrary values.

6.3 Optimal Monetary Policy without Lump-sum Taxes

We conclude this section by briefly discussing aspects of optimal monetary policy

when lump-sum taxes are not available. Because this question is technically more in-

volved, we abstract here from aggregate risk and restrict attention to managing the

deterministic transition back to the steady state after a single unanticipated uncertainty

shock. We also abstract from physical capital investment by taking the limit φ → ∞.

Specifically, suppose that the initial state qB,0
0 is given and that, at time 0, a new deter-

ministic path for idiosyncratic volatility {σ̃t}∞
t=0 announced. We assume that tax policy

reacts by following some time path {s̆t}∞
t=0, so that, by Proposition 4, also the nominal

wealth share {ϑt}∞
t=0 follows a, from the perspective of the monetary authority, exoge-

nously given time path. We further assume that the paths for s̆t and ϑt are bounded

and ϑt remains bounded away from zero.

We study the Ramsey problem of a monetary authority that chooses the time path

for interest rates, {it}∞
t=0, satisfying the technical requirements stated in Proposition 11,

Part (iii), to maximize the welfare objective stated in Proposition 12 subject to the con-

straints imposed by competitive equilibrium. The solution to this problem represents

the optimal interest rate policy under commitment. We also study a variant of this prob-

lem under discretion. We provide a formal statement of both problems in Appendix F.

In this policy problem, the monetary authority is exclusively concerned with man-

aging resource utilization ut to maximize the Wu-portion of the welfare objective be-

cause portfolios are separately determined. As we have explained in Section 5, a higher

interest rate lowers aggregate demand on impact by revaluing long-term bonds, but it

raises the growth rate of the nominal bond supply, which tends to increase aggregate

demand in the future. The optimal policy problem is therefore to distribute the shortfall

or excess of aggregate demand optimally over time, recognizing that it can, generically,

not be avoided entirely. The following lemma, which slightly sharpens our earlier re-

sult from Corollary 2, formalizes what this means.
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Lemma 1. In the context of the policy problem described above, there is, for given model pa-

rameters and time paths {σ̃t, s̆t, ϑt}∞
t=0 precisely one initial condition qB,0

0 = qB,0∗ for which

ut = u∗ can be implemented with some interest rate policy. If qB,0
0 < qB,0∗, then, for any ad-

missible interest rate policy, there is a t such that ut < u∗. Symmetrically, if qB,0
0 > qB,0∗, then,

for any admissible interest rate policy, there is a t such that ut > u∗.

Let us focus, for concreteness, on the case that qB,0
0 < qB,0∗ so that the quantity of

safe assets is too small relative to what would be required to implement the optimal

utilization rate at all times. This is the situation that arises, for example, if we start

the economy in the constrained efficient steady state and consider an unanticipated

rise in uncertainty and a fiscal policy that does not fully offset the ensuing flight to

safety. In this case, the previous lemma tells us that a shortfall in aggregate demand is

unavoidable at some point in the future. Intuitively, the real safe asset supply is too low,

and, at least eventually, disinflation is required to raise it. By the Phillips curve (20),

disinflation requires some pain in the form of under-utilization of resources in some

period.

Our key result is that it is optimal to spread this pain gradually over time. To do so,

optimal monetary policy under-reacts on shock impact relative to a policy that attempts

full output stabilization and returns the economy back to optimal utilization at most in

the long run. More specifically, returning economic activity back to its optimal level

in the long run is optimal only under discretion. With commitment, it is preferable to

under-utilize resources even in the long run to generate additional disinflation in the

short run, so as to expand the real value of safe assets more rapidly.

Proposition 14 (Optimal Monetary Policy). Suppose that qB,0
0 < qB,0∗ in the context of

Lemma 1. Under the optimal interest rate policy, both under discretion and commitment, ut <

u∗ for all t ≥ 0. In addition, if λ is sufficiently large, ut converges in the long run and

lim
t→∞

ut

{
= u∗, discretion
< u∗, commitment

.

The proof of this proposition analyzes the first-order conditions of the Ramsey plan-

ner. It is technical and not very insightful. However, the result itself makes intuitive

sense and is in the tradition of optimal smoothing results in economics, such as classic

tax smoothing in simple models of distortionary taxation.
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Beyond Proposition 14, the features of the optimal policy depend on parameter val-

ues. In Appendix F.2, we provide numerical examples to discuss certain aspects of the

optimal policy further. Most importantly, the optimal behavior of interest rates depends

crucially on the duration of government bonds 1/λ. Specifically, for long bond dura-

tions, monetary policy optimally reduces interest rates to raise nominal bond prices and

engineer a shallow but drawn-out recession. In contrast, for sufficiently short bond du-

ration, it is optimal to hike interest rates to raise nominal bond growth, which generates

a deeper recession followed by a fast recovery.

7 Conclusions

In this paper, we present a New Keynesian model with idiosyncratic risk and nom-

inal government bonds to highlight a tight link between flight to safety and aggregate

demand recessions in response to uncertainty shocks. Conclusions from our model dif-

fer from existing studies that do not account for the presence of nominal safe assets in

positive net supply. Most importantly, our paper suggests that monetary policy plays a

diminished role in managing aggregate demand in response to flight-to-safety episodes

and that uncertainty shocks potentially play an important role even away from the ZLB

constraint on nominal rates.

Our analysis has been purely theoretical. Potential directions for future research in-

clude a quantitative exploration of the channel we have emphasized, both with regard

to business cycles and asset pricing predictions. On the methodological side, this paper

develops a new tractable HANK framework, which may prove fruitful in answering

other questions in the burgeoning HANK literature.
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Appendix

A Model Solution [Online Appendix]

Household Decision Problem. We derive optimal choice conditions for the house-

hold problem in a general form that includes all model variants in this paper, the sticky

price and flexible price versions of our baseline model, the model without safe assets,

and the model extension with long-term bonds. In all cases, households face a decision

problem as outlined in Section 2.1 with a bond return dRB
t as in equation (11), whose

volatility loading σ
q,B
t may be different from zero.

We solve dynamic decision problems using the stochastic maximum principle. The

Hamiltonian of household i is

Hi
t =e−ρt

(
log ci

t −
(ui

t)
1+ϕ

1 + ϕ

)
+ ξ i

t

−ci
t + ni

t

(
θi

t
Et[dRB

t ]

dt
+ (1− θi

t)
Et[dRK,i

t (ιit, ui
t)]

dt

)
− ςi

tξ
i
tnt

(
θi

tσ
q,B
t + (1− θi

t)σ
q,K
t

)
− ς̃i

tξ
i
tnt

(
1− θi

t

)
σ̃t,
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where ξ i
t denotes the costate associated with household net worth ni

t and −ςi
t, −ς̃i

t

are the geometric volatility loadings of ξ i
t on the aggregate and idiosyncratic shock,

respectively. We remind the reader that, by equation (12),

Et[dRK,i
t (ui

t, ιit)]

dt
=

pR
t ui

t − ιit + ωt − τt

qK
t

+ Φ(ιit)− δ + µ
q,K
t .

According to the stochastic maximum principle, the optimal choices must maximize

the Hamiltonian Hi
t. The first-order conditions (FOCs) with respect to the four choice

variables ci
t, ιit, ui

t, and θi
t are

ci
t : ξ i

t = e−ρt 1
ci

t
,

ιit : Φ′(ιit) =
1

qK
t

,

ui
t : e−ρt(ui

t)
ϕ = ξ i

t
ni

t(1− θi
t)

qK
t

pR
t ,

θi
t :

Et[dRK,i
t (ιit, ui

t)]

dt
− Et[dRB

t ]

dt
= ςi

t

(
σ

q,K
t − σ

q,B
t

)
+ ς̃i

tσ̃t.

Using the functional form Φ(ι) = log(1 + φι)/φ and rearranging the FOC for ιit, we

obtain a linear equation that links qK
t and ιit. Solving for ιit yields the optimal investment

condition

ιit =
qK

t − 1
φ

. (35)

Next, combining the FOCs for ci
t and ui

t and using that ni
t(1−θi

t)

qK
t

= ki
t are the capital

holdings of household i, we obtain the optimal utilization condition

(ui
t)

ϕ =
pR

t ki
t

ci
t

. (36)

Following Brunnermeier et al. (2024), we guess that ξ i
t = e−ρt/(ρni

t). This guess

can be verified using a standard verification argument based on the costate equation,

which we omit here. Substituting this guess into the FOC for ci
t and rearranging yields

the optimal consumption condition

ci
t = ρni

t. (37)
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Finally, this guess for ξ i
t also implies (by Ito’s lemma and the net worth equation (3))

ςi
t = θi

tσ
q,B
t + (1− θi

t)σ
q,K
t , ς̃i

t =
(

1− θi
t

)
σ̃t,

and substituting these expressions into the FOC for θi
t yields the optimal portfolio

choice condition

Et[dRK,i
t (ιit, ui

t)]

dt
− Et[dRB

t ]

dt
=
(

θi
tσ

q,B
t + (1− θi

t)σ
q,K
t

) (
σ

q,K
t − σ

q,B
t

)
+
(

1− θi
t

)
σ̃2

t .

(38)

Decision Problem of Intermediate Goods Firms. Under sticky prices, the Hamilto-

nian of intermediate goods firm j is

H j
t = ξt

P j
t
Pt

ak̂j
t − pR

t k̂j
t −

ψ

2

(
π

j
t

)2
Yt

+ λ
j
tπ

j
tP

j
t ,

where λ
j
t is the costate on the price evolution for P j

t . By the stochastic maximum prin-

ciple, the firm maximiyes H j
t subject to the demand equation

ak̂j
t =

P j
t
Pt

−ε

Yt.

Using this equation to substitute out the choice k̂j
t, we can write the Hamiltonian as

follows:

H j
t = ξtYt︸︷︷︸

=:Xt


P j

t
Pt
− pR

t
a

P j
t
Pt

−ε

− ψ

2

(
π

j
t

)2

+ λ
j
tπ

j
tP

j
t .

The optimal choice condition for π
j
t is

ψXtπ
j
t = λ

j
tP

j
t .

In addition, λ
j
t must satisfy the co-state equation

Et[dλ
j
t] = −

∂H j
t

∂P j
t

dt = −

Xt

Pt

P j
t
Pt

−ε

ε

a

1− ε

ε
a + pR

t
Pt

P j
t

+ λ
j
tπ

j
t

dt.
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Under our assumption that P j
0 = P0, there is a solution for which P j

t , π
j
t, and λ

j
t are

independent of j, so that, in particular, P j
t = Pt for all t by the definition of the price

index. Substituting this into the costate equation yields:

Et[dλt] = −
(

Xt

Pt

ε

a

(
pR

t −
ε− 1

ε
a
)
+ λtπt

)
dt.

By the optimal choice condition, Xtπt =
1
ψ λtPt, so by Ito’s product rule and the fact

that Pt is locally deterministic,

Et
[
d (Xtπt)

]
=

1
ψ

λtdPt +
1
ψ
PtEt[dλt]

=
1
ψ

λtPtπtdt− 1
ψ
Pt

(
Xt

Pt

ε

a

(
pR

t −
ε− 1

ε
a
)
+ λtπt

)
dt

=
1
ψ

λtPtπtdt− Xt
ε

ψ

(
pR

t
a
− ε− 1

ε

)
dt− 1

ψ
λtPtπtdt

= −Xt
ε

ψ

(
pR

t
a
− ε− 1

ε

)
dt.

Next, use that by our assumption on the firm stochastic discount factor,

Xt = ξtYt = e−ρt Yt

Ct
,

and rewrite the previous equation as follows:

Et

[
d
(

πt
Yt

Ct

)]
= Et

[
d
(

eρtXtπt

)]
= ρeρtXtπtdt + eρtEt

[
d (Xtπt)

]
=

ρπt −
ε

ψ

(
pR

t
a
− ε− 1

ε

) Yt

Ct
dt. (39)

Under flexible prices, two aspects of the firm decision problems change. First, there

are no price adjustment costs, ψ = 0. Second, P j
t is not necessarily locally deterministic

but may directly load on shocks, so that we can treat it as a choice variable instead of

a state. The resulting optimal choice condition is formally identical to taking the limit

ψ→ 0 in equation (39) and given by

pR, f lex
t =

ε− 1
ε

a. (40)
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We also note that, under the optimal price setting choice, regardless of price setting

frictions, all firms face identical demands and therefore produce the same amount of

output yj
t = ak̂j

t = Yt. Imposing market clearing in the market for capital services, we

obtain Yt = autKt. Firm profits are therefore (compare equation (5))

vt =

((
1− ψ

2
π2

t

)
aut − pR

t

)
Kt.

Consequently, the profit transfer to households per unit of capital is (compare equa-

tion (6))

ωt = aut − pR
t . (41)

Equilibrium and the Bond Valuation Equation. The expected excess return of capital

over bonds is, by equations (11) and (12):

Et[dRK
t (ut, ιt)]

dt
− Et[dRB

t ]

dt
=

(
pR

t ut − ιt + ωt − τt

qK
t

+ gt + µ
q,K
t

)
−
(

it − µBt + gt + µ
q,B
t

)
=

pR
t ut − ιt + ωt

qK
t︸ ︷︷ ︸

A

+ µBt − it −
τt

qK
t︸ ︷︷ ︸

B

+ µ
q,K
t − µ

q,B
t︸ ︷︷ ︸

C

We discuss the terms A, B, and C separately:

A Using equation (41), the definition of ϑt (equation (21)), and the goods market

clearing condition (equation (24)), we obtain:

pR
t ut − ιt + ωt

qK
t

=
aut − ιt

qK
t

=
aut − ιt

qB
t + qK

t

1
1− ϑt

=
ρ

1− ϑt
.

B Using the definition of s̆t (equation (8)), the government budget constraint (equa-

tion (9)), and the definition of ϑt (equation (21)), we obtain:

µBt − it −
τt

qK
t
= −s̆t −

τt

qB
t

qB
t

qK
t
= −s̆t − s̆t

ϑt

1− ϑt
= − s̆t

1− ϑt

C Applying Ito’s lemma to the definition of ϑt (equation (21)), we obtain

µϑ
t = (1− ϑt)(µ

q,B
t − µ

q,K
t )− σ

q
t σϑ

t ,
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where σ
q
t is the volatility loading of qt := qB

t + qK
t . Solving for µ

q,K
t − µ

q,B
t yields

µ
q,K
t − µ

q,B
t = −µϑ

t + σ
q
t σϑ

t
1− ϑt

.

Putting the terms together, we obtain

Et[dRK
t (ut, ιt)]

dt
− Et[dRB

t ]

dt
=

ρ− s̆t − µϑ
t − σ

q
t σϑ

t
1− ϑt

. (42)

Asset market clearing and homogeneity of individual portfolio choices implies θi
t =

θt = ϑt, so that the right-hand side of the portfolio choice condition (38) can be written

as (
θi

tσ
q,B
t + (1− θi

t)σ
q,K
t

) (
σ

q,K
t − σ

q,B
t

)
+
(

1− θi
t

)
σ̃2

t

=
(

ϑtσ
q,B
t + (1− ϑt)σ

q,K
t

)
︸ ︷︷ ︸

=σ
q
t

(
σ

q,K
t − σ

q,B
t

)
︸ ︷︷ ︸

=− σϑ
t

1−ϑt

+ (1− ϑt) σ̃2
t .

Substituting this expression and equation (42) into the portfolio choice condition (38)

and multiplying by 1− ϑt yields

ρ− s̆t − µϑ
t − σ

q
t σϑ

t = −σ
q
t σϑ

t + (1− ϑt)
2 σ̃2

t ,

and, after canceling terms and solving for µϑ
t ,

µϑ
t = ρ− s̆t − (1− ϑt)

2 σ̃2
t .

The bond valuation equation (22) stated in the main text follows by multiplying the

previous equation by ϑt.

We make two remarks. First, while the previous derivation assumes ϑt, qB
t 6= 0

(otherwise, the geometric drift and volatility loadings are not well-defined), the ulti-

mate equation (22) holds trivially also if ϑt = 0. Therefore, this equation must hold

in equilibrium even if bonds are worthless (i.e., Pt = ∞) or in zero net supply (i.e.,

Bt = 0). Second, the previous derivation is valid not just for our baseline model with

sticky prices but also for the flexible price version (and even for the extended model

with long-term bonds) because we have kept the volatility σ
q,B
t of qB

t flexible.
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B Proofs [Online Appendix]

B.1 Propositions 1–3

The proofs of Propositions 1–3 follow almost directly from the model solution pro-

cedure outlined in Appendix A:

Proof of Proposition 1. Equations (16), (17), and (18) are identical to equations (37), (35),

and (36), respectively. The remaining equation (19) follows from equation (38) by using

that σ
q,B
t = 0 in the sticky price economy.

Proof of Proposition 2. Equation (20) follows equation (39) derived in Appendix A if we

substitute in κ = ε/ψ and pR, f lex = a ε−1
ε . The claim that the latter expression describes

the equilibrium capital rental rate under flexible prices follows immediately from the

optimal firm choice condition under flexible prices, equation (40).

Proof of Proposition 3. Equation (22) has been derived at the end of Appendix A.

B.2 Propositions 4 and 5

The proof of Propositions 4 and 5 builds on the BSDE arguments developed in Brun-

nermeier et al. (2024, Appendix B.1) to show that there is at most one nondegenerate

stationary solution to the bond valuation equation (22). To apply their arguments, we

make the following technical assumptions:

(A1) σ̃t follows a Markov diffusion process

dσ̃t = µσ̃(σ̃t)dt + σσ̃(σ̃t)dZt

and it is ergodic with compact and positive support Σ;

(A2) s̆ : Σ× [0, 1]→ R is continuous and the function

f : Σ× [0, 1]→ R, f (σ̃, ϑ) := (1− ϑ)2σ̃2 − ρ + s̆(σ̃, ϑ)

is strictly decreasing in ϑ for all σ̃ ∈ Σ;

(A3) s̆(σ̃, ϑ) < ρ for all (σ̃, ϑ) ∈ Σ× [0, 1].
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We remark that the monotonicity portion in (A2) is automatically satisfied if s̆ is a func-

tion of σ̃ only, the situation considered in Brunnermeier et al. (2024). To allow for state

variables other than σ̃t to matter, we will also assume that Xt = (σ̃t, X̂t) is an ergodic

Markov process with compact support X. We refer to this modification of Assump-

tion (A1) as Assumption (A1*).

Brunnermeier et al. (2024) first establish a number of properties of the finite-horizon

BSDE

ϑt = Et

[
ϑT +

∫ T

t

(
(1− ϑt′)

2σ̃2
t′ − ρ + s̆(σ̃t′ , ϑt′)

)
︸ ︷︷ ︸

= f (σ̃t′ ,ϑt′ )

ϑt′dt′
]

, (43)

with a fixed terminal condition ϑT, which can be any [0, 1]-valued random variable that

is measurable with respect to the σ-field of information available at time T. Under

our (and their) assumptions, this equation is sufficiently well-behaved that standard

BSDE results are applicable. In particular, there is a unique solution for any terminal

condition ϑT. Brunnermeier et al. (2024) then show that, in the limit T → ∞, the solution

does not depend on the terminal condition so long as the latter is strictly positive, and

that the limit is the unique stationary non-degenerate solution to the bond valuation

equation (22), if such a solution exists at all (see Proposition 15 below for a precise

statement).

Unfortunately, the formal results in Brunnermeier et al. (2024) are not directly appli-

cable here because they assume that s̆ only depends on σ̃t, while we allow for feedback

from the endogenous variable ϑt to s̆t. However, an inspection of the arguments in that

paper reveals that none of the proofs rely on the absence of feedback except in a single

place in the proof of Lemma 3 of that paper. There, it is used that f (σ̃, ϑ) is strictly de-

creasing in ϑ for all σ̃ ∈ Σ, which is trivially satisfied in their setting without feedback.

Therefore, if we impose assumption (A2) as an additional technical requirement, then

all arguments in Brunnermeier et al. (2024, Appendix B.1) go through. We can therefore

conclude that the following proposition holds.

Proposition 15. Suppose Assumptions (A1*), (A2), and (A3) are satisfied. Then, equation (22)

has at most one stationary non-degenerate solution, that is a solution ϑt that can be represented

in the form ϑt = ϑ(Xt) with a continuous function ϑ : X → [0, 1] that is not identically zero.

If this solution exists, ϑt = ϑ∗(Xt), then ϑ∗(X) > 0 for all X ∈ X.
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Furthermore, let ϑ̂ : X → (0, 1) be any other function and consider the unique solution

ϑX,T
t of the finite-horizon problem (43) with initial state X0 = X and terminal condition ϑT =

ϑ̂(XT). Then the solution converges as the horizon is made large and

lim
T→∞

ϑX,T
0 =

{
ϑ∗(X), a non-degenerate stationary solution exists
0, otherwise

.

Proof. See Brunnermeier et al. (2024, Proposition 8).43

With the help of the previous result, we can prove the two propositions stated in the

main text:

Proof of Proposition 4. Our equilibrium definition restricts attention to Markov equilib-

ria, so that we do not need to consider non-stationary solutions for ϑt. Now, consider

any stationary solution, that is ϑt = ϑ̂(Xt) for some continuous function ϑ and some

ergodic Markov process Xt with compact support. We show that then we can also write

ϑt as ϑt = ϑ(σ̃t) as a function of σ̃t only.

For a proof, assume without loss of generality (w.l.o.g.) that Xt includes σ̃t as its

first component. By Proposition 15, the solution ϑt = ϑ̂(Xt) is then either degenerate,

i.e., identically zero, or the unique non-degenerate solution. In the former case, we

can define ϑ(σ̃) = 0 and are done. So let us suppose we are in the latter case and let

ϑ∗(X) = ϑ∗(σ̃, X̂) be the unique non-degenerate stationary solution.

By Proposition 15, ϑ∗(X) = limT→∞ ϑX,T
0 , where ϑX,T

t = ϑσ̃,X̂,T
t denotes the unique

solution to the finite-horizon BSDE (43) with initial condition σ̃0 = σ̃, X̂0 = X̂ and

terminal condition ϑT = 1/2. This finite-horizon solution ϑσ̃,X̂,T
t must, in fact, be inde-

pendent of X̂ because the driver of the BSDE only depends on σ̃t, the evolution of σ̃t is

fully determined by the initial condition σ̃0 = σ̃, and the terminal condition 1/2 does

not depend on the state. Therefore,

ϑ∗(σ̃, X̂) = lim
T→∞

ϑσ̃,X̂,T
0

43As remarked previously, the monotonicity condition on f does not appear in that paper and has
been added, so that Lemma 3 in Brunnermeier et al. (2024) remains valid even when s̆t depends on ϑt.
Instead, the first sentence of the proposition in that paper contains additional assumptions that follow
immediately from our assumptions on Xt and s̆(σ̃, ϑ) made above. Beyond these differences, the previ-
ous proposition is precisely Proposition 8 in Brunnermeier et al. (2024).

61



must also be constant in the X̂-dimension, so that we can define without ambiguity

ϑ(σ̃) := ϑ∗(σ̃, X̂).

For the remaining claims made in Proposition 4, note that the model parameters

ε and ψ as well as the model variables πt, ut, and it do not enter the finite-horizon

BSDE (43). The previous argument therefore also implies that ϑ(σ̃) must be indepen-

dent of these variables.

Proof of Proposition 5. We first prove an auxiliary result for the comparison of solutions

to certain finite-horizon BSDEs. Specifically, suppose we have two stochastic paths σ̃1
t ,

σ̃2
t over [0, T] with the property that σ̃1

t < σ̃2
t for all t ∈ [0, T] and that 0 < ϑ1

T ≤ ϑ2
T < 1

are two terminal conditions. Consider the following two BSDEs:

Et[dϑt] = −

=:g1
t (ϑt)︷ ︸︸ ︷

f (σ̃1
t , ϑt)ϑt dt ϑT, = ϑ1

T

Et[dϑt] = − f (σ̃2
t , ϑt)ϑt︸ ︷︷ ︸

=:g2
t (ϑt)

dt ϑT = ϑ2
T.

Let ϑ1
t , ϑ2

t be the unique solutions to these BSDEs. By Brunnermeier et al. (2024, Lemma 2),

these solutions are contained in the interval (0, 1). Under the assumptions of the propo-

sition, f is strictly increasing in σ̃ and therefore g1
t (ϑ

1
t ) < g2

t (ϑ
1
t ) for all t ∈ [0, 1]. Because

ϑ1
T ≤ ϑ2

T by assumption, the comparison theorem for BSDEs implies that ϑ1
0 < ϑ2

0.

Let us now apply this result to the finite-horizon BSDE (43). Denote by ϑσ̃,T
t the

unique solution to that BSDE with initial condition σ̃0 = σ̃ and terminal condition

ϑT = 1/2. By the previous result, if σ̃1 < σ̃2, then ϑσ̃1,T
0 < ϑσ̃2,T

0 . Using the limit result

from Proposition 15, then

ϑ(σ̃1) = lim
T→∞

ϑσ̃1,T
0 ≤ lim

T→∞
ϑσ̃2,T

0 = ϑ(σ̃2),

which proves that ϑ(σ̃) is weakly increasing.

To see that it is, in fact, even strictly increasing, use the previous finite-horizon result

once more, but now fix T < ∞ and consider, for each initial condition σ̃0 = σ̃, the

unique solution ϑσ̃
t to the finite-horizon BSDE with terminal condition ϑT = ϑ(σ̃T). We

note that, by assumption of the proposition, bonds are valued so that ϑT ∈ (0, 1) (the
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upper bound follows from Proposition 15). We can therefore apply our auxiliary result

once again and conclude that ϑσ̃1

0 < ϑσ̃2

0 with strict inequality for any σ̃1 < σ̃2. But, of

course, ϑσ̃
0 = ϑ(σ̃), which completes the proof.

B.3 Propositions in Section 3.2.2

Proof of Proposition 6. Combining equation (25) with the condition pR
t = pR, f lex under

flexible prices and solving for qt := qB
t + qK

t yields

qt =
pR, f lex

ρuϕ
t

.

From the optimal investment condition of households, equation (17), the investment

rate is

ιt =
qK

t − 1
φ

=
(1− ϑt)qt

φ
− 1

φ
=

1− ϑt

φ

pR, f lex

ρuϕ
t
− 1

φ
,

where the last equality follows from the previous equation. Substituting both equations

into goods market clearing (24) yields

ρ
pR, f lex

ρuϕ
t

+
1− ϑt

φ

pR, f lex

ρuϕ
t
− 1

φ
= aut ⇔

(
1 +

1− ϑt

φρ

)
pR, f lex = au1+ϕ

t +
uϕ

t
φ

.

The left-hand side of this equation does not depend on ut, and the right-hand side is

strictly increasing in ut, so that there is at most one solution. It is evident that there

is also at least one and that the unique solution is nonincreasing in ϑt. It follows then

immediately that qt = pR, f lex/(ρuϕ
t ) is nondecreasing in ϑt and therefore qB

t = ϑtqt is

strictly increasing in ϑt.

We next show that qK
t is strictly decreasing in ϑt. To see this, note that the previous

equations also imply that

qt =
1 + φaut

1− ϑt + φρ
.

Hence, qK
t = (1− ϑt)qt can be written as

qK
t =

1− ϑt

1− ϑt + φρ
· (1 + φaut).

This is a product of two positive factors, the first is strictly decreasing in ϑt, and the

second is nonincreasing because ut is. Hence, qK
t must be strictly decreasing in ϑt.
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The claim in the proposition regarding qB
t and qK

t follows now from the standing

assumption that the conditions of Propositions 4 and 5 are satisfied, so that ϑt is in-

creasing in σ̃t, compare Proposition 5. Finally, the claim about the price level Pt follows

from the definition qB
t = Bt

PtKt
and the fact that Bt and Kt do not load on the shock dZt

that drives σ̃t.

Proof of Proposition 7. Use

qt =
1
ϑt

qB
t , qK

t =
1− ϑt

ϑt
qB

t , ιt =
qK

t − 1
φ

=
(1− ϑt)qB

t − ϑt

φϑt

and substitute these expressions into equation (27), which holds under both sticky and

flexible prices:

ut =
1
a

(
ρ

ϑt
qB

t +
(1− ϑt)qB

t − ϑt

φϑt

)
.

Clearly, the right-hand side is strictly decreasing in ϑt for fixed qB
t . Applying Propo-

sitions 4 and 5 implies that then ut is also strictly decreasing in σ̃t for fixed qB
t . This

proves the first part of the proposition.

For the second part, take the ratio of the previous formula under sticky and flexible

prices (using that, by Proposition 4, ϑt = ϑ
f lex
t ):

ut

u f lex
t

=
(1− ϑt + φρ)qB

t − ϑt

(1− ϑt + φρ)qB, f lex
t − ϑt

.

The derivative with respect to σ̃t is

d
dσ̃t

 ut

u f lex
t

 =− 1 + qB
t

(1− ϑt + φρ)qB, f lex
t − ϑt

1− 1 + qB, f lex
t

1 + qB
t

(1− ϑt + φρ)qB
t − ϑt

(1− ϑt + φρ)qB, f lex
t − ϑt

 dϑt

dσ̃t

− 1− ϑt − φρ

(1− ϑt + φρ)qB, f lex
t − ϑt

(1− ϑt + φρ)qB
t − ϑt

(1− ϑt − φρ)qB, f lex
t − ϑt

dqB, f lex
t
dσ̃t

=− 1 + qB
t

(1− ϑt + φρ)qB, f lex
t − ϑt

1− 1 + qB, f lex
t

1 + qB
t

ut

u f lex
t

 dϑt

dσ̃t

− 1− ϑt + φρ

(1− ϑt + φρ)qB, f lex
t − ϑt

ut

u f lex
t

dqB, f lex
t
dσ̃t

.
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By Proposition 5, dϑt
dσ̃t

> 0, and, by Proposition 6, dqB, f lex
t
dσ̃t

> 0. Hence, the second term

is always strictly negative, and the first term is at least nonpositive if 1+qB, f lex
t

1+qB
t

ut

u f lex
t
≤ 1.

For qB
t ≈ qB, f lex

t , the derivative is therefore strictly negative.

Proof of Proposition 8. By definition of ϑt and Ito’s formula,

σϑ
t = (1− ϑt)(σ

q,B
t − σ

q,K
t )⇒ σ

q,K
t = σ

q,B
t − σϑ

t
1− ϑt

.

This formula holds under both flexible and sticky prices. Furthermore, by separation

of portfolio choice (Proposition 4), the process σϑ
t

1−ϑt
is independent of the degree of

price stickiness. Under flexible prices, we have also established that qB
t and ϑt move

in the same direction after a dZt-shock whereas qK
t moves in the opposite direction

(Propositions 5 and 6). Hence, we must have

sgn(σq,K, f lex
t ) = − sgn(σϑ

t )

and

|σq,K, f lex
t | < |σϑ

t |
1− ϑt

.

The assertion follows from the fact that, under sticky prices, σ
q,B
t = 0, so that σ

q,K
t =

− σϑ
t

1−ϑt
.

We remark that the previous proof also shows that the instantaneous volatility σ
q,K
t

is independent of the degree of price stickiness but takes on a strictly lower value under

flexible prices. Therefore, σ
q,K
t is discontinuously in the limit ψ→ 0 (or κ → ∞).

B.4 Proposition 9 and Corollary 1

We remark that the formulation of Proposition 9 includes the implicit assumption

that uncertainty shocks also exist, i.e., that there is a state σ̃ ∈ Σ such that σσ̃(σ̃) 6= 0.

We will make use of this property in the proof of the following lemma:44

44The proof of the following lemma is technically involved. But note that this is only required to
encompass the case α > 1. For α ≤ 1, it is easy to show that (qB)′(σ̃t) > 0 by applying Proposition 6.
Then, Ito’s lemma and the previous remark immediately imply the assertion.
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Lemma 2. Suppose the assumptions of Proposition 9 hold. For any equilibrium that features a

constant utilization gap ut/u f lex
t , it is necessarily the case that σ

q,B
t 6= 0 with positive proba-

bility.

Proof. Suppose that, in equilibrium, ut = αu f lex
t with some constant α > 0. Then,

qB
t = ϑt

1 + φaut

1− ϑt + φρ
= ϑt

1 + φaαu f lex
t

1− ϑt + φρ
. (44)

Recall from the proof of Proposition 6 that u f lex
t solves the equation

1− ϑt + φρ

ρ
pR, f lex = φa(u f lex

t )1+ϕ + (u f lex
t )ϕ.

Consider two cases separately.

First, if φ→ ∞, so that there is no physical investment in the model, then the previ-

ous equation implies that u f lex
t = u f lex is constant over time. In this case, equation (44)

represents a strictly increasing relationship between ϑt and qB
t , so we can conclude that

qB
t = qB(σ̃t) with a strictly increasing function qB (because ϑt = ϑ(σ̃t) with ϑ′ > 0 by

Propositions 4 and 5). By Ito’s lemma,

σ
q,B
t =

(qB)′(σ̃t)

qB(σ̃t)
σσ̃(σ̃t).

We have just established that the first factor on the right-hand side is strictly positive.

In addition, by the remark made prior to this proof, there must be some state σ̃t in the

ergodic set for which σσ̃(σ̃t) 6= 0. So with positive probability, σ
q,B
t 6= 0.

Second, consider the case φ < ∞. Then, the equation that characterizes u f lex
t repre-

sents a strictly decreasing relationship between u f lex
t and ϑt. Solving for ϑt yields

ϑt = 1 + φρ−
(

φa(u f lex
t )1+ϕ + (u f lex

t )ϕ
) ρ

pR, f lex .

Substituting this into equation (44) yields

qB
t =

(
1 + φρ−

(
φa(u f lex

t )1+ϕ + (u f lex
t )ϕ

) ρ

pR, f lex

)
1 + φαau f lex

t

φa(u f lex
t )1+ϕ + (u f lex

t )ϕ

pR, f lex

ρ

=
1 + φρ

(u f lex
t )ϕ

1 + φαau f lex
t

1 + φau f lex
t

pR, f lex

ρ
−
(

1 + φαau f lex
t

)

=

(
1 + φρ

)
pR, f lex − (u f lex

t )ϕ
(

1 + φau f lex
t

)
ρ

(u f lex
t )ϕ

(
1 + φau f lex

t

)
ρ

(
1 + φαau f lex

t

)
.
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Both the numerator and denominator of the last expression are non-constant linear

combinations of powers of u f lex
t . It has therefore nonzero derivative with respect to

u f lex
t almost everywhere. But then the first three factors on the right-hand side of the

following expression are all nonzero for almost all exogenous states σ̃t:

σ
q,B
t qB

t =
∂qB

t

∂u f lex
t

∂u f lex
t

∂ϑt

∂ϑt

∂σ̃t
σσ̃(σ̃t).

Because there is a state σ̃t for which σσ̃(σ̃t) 6= 0 – and then this must be the case on a

whole neighborhood around σ̃t – we can find a positive measure subset of Σ on which

both the first three factors are all nonzero and σσ̃(σ̃t) 6= 0. Therefore, σB
t 6= 0 with

positive probability.

With the help of the previous lemma, the proof of Proposition 9 is straightforward.

We remark that it only uses that σ
q,B
t 6= 0 with positive probability and, therefore, any

other allocation that requires this can also not be implemented with interest rate policy.

Proof of Proposition 9. Suppose otherwise and consider an equilibrium in the sticky price

economy for which ut/u f lex
t is constant. By Lemma 2, there must then be states that oc-

cur with positive probability in which σ
q,B
t 6= 0. This contradicts equation (15).

Proof of Corollary 1. We first remark that it is not possible to implement an equilibrium

for which both ut/u f lex
t is constant and PB

t = 1 throughout. This follows directly from

Proposition 9 because, if PB
t = 1 throughout, the long-term bond model collapses to

the baseline model with short-term bonds covered by that proposition. From now on,

we can therefore assume that PB
t 6= 1 with positive probability.

The proof follows the intuition from the main text that using the bond price PB
t to

match the level of qB
t is inconsistent with the requirements on the nominal interest rate

to achieve a constant output gap, except for at most a single value of λ.

Suppose that there is an interest rate policy that implements ut = αu f lex
t for a given

α. We first establish two necessary requirements on the bond price PB
t for this to be

possible.
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First, it must then be that

qB
t =

1 + φaut

1− ϑt + φρ
=

1 + φaαu f lex
t

1− ϑt + φρ
=: q̄B(σ̃t),

where the last expression only depends on σ̃t but not on qB,0
t because this is true for

both u f lex
t and ϑt (for the latter by Proposition 4). Combining this condition with equa-

tion (33) and solving for PB
t = λ

λ+it implies

PB(σ̃, qB,0) =
q̄B(σ̃t)

qB,0 . (45)

Second, if qB
t = q̄B(σ̃t) and ut are functions of σ̃t only, then so are qK

t = 1−ϑt
ϑt

qB
t , ιt =

qK
t −1
φ , gt = Φ(ιt)− δ, qt = qB

t + qK
t , pR

t = ρuϕ
t qt, and Yt

Ct
= aut

ρqt
. Then, by equation (11),

rB
t :=

Et[dRB
t ]

dt
= s̆t + gt + µ

q,B
t = r̄B(σ̃t) (46)

is a also function of σ̃t only. Furthermore, integrating the Phillips curve (equation (20))

forward yields

Πt := πt
Yt

Ct
= Et

[∫ ∞

t
e−ρt′κ

(pR
t′ − pR, f lex)ut′

ρqt′
dt′
]

and the conditional expectation on the right is a function of σ̃t only. Therefore, also

inflation must be a function of σ̃t only,

πt = π̄(σ̃t). (47)

We now show that equation (46) and (47) imply also PB
t cannot depend on qB,0

t . To see

this, note that, by equation (49) (under sticky prices)

rB
t = µP ,B

t − πt + it.

Using it = λ

(
1
PB

t
− 1
)

and solving for Et[dPB
t ] yields the BSDE

Et[dPB
t ] =

((
rB

t + πt + λ
)
PB

t − λ

)
dt.

Solving this forward in time and using equations (46) and (47) yields

PB
t = λEt

∫ ∞

t
exp

(
−
∫ t′

t

(
r̄B(σ̃t′′) + π̄(σ̃t′′) + λ

)
dt′′
)

dt′

 .
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If the expression on the right does not converge to a finite value in some positive prob-

ability state, then it is impossible to implement the desired allocation with any interest

rate policy, and there is nothing more to show. We can therefore assume that the ex-

pression does converge in all states. In this case, we can conclude that

PB
t = P̄B(σ̃t) (48)

for some function P̄B because information about qB,0
t is redundant for forecasting the

expression inside the conditional expectations operator.

The two properties (45) and (48) can only be satisfied simultaneously for all states

(σ̃t, qB,0
t ) that occur in equilibrium if qB,0

t is constant over time. By the law of motion for

qB,0
t , this requires

0 = it − s̆t − πt − gt = λ

(
1
PB

t
− 1

)
− s̆t − πt − gt ⇒ λ

(
1
PB

t
− 1

)
= s̆t + πt + gt.

In any state in which PB
t 6= 1, we obtain the requirement

λ = λ̄t :=

(
1
PB

t
− 1

)−1 (
s̆t + πt + gt

)
.

Note that none of the expressions on the right-hand side depend on λ (for PB
t , this

follows from property (45), for all other variables, this is clear). Therefore, this condition

is satisfied for only a single value of λ. We conclude that, if there is a state in which

PB
t 6= 1, interest rate policy can implement ut = αu f lex

t at most for a single value of λ.

That PB
t = 1 throughout is impossible has already been argued at the beginning of this

proof.

We close this section with a remark on the non-generic values for λ for which im-

plementation is possible. Note that, at least for the case that PB
t = 1 never occurs, the

previous argument shows that implementation can be possible for some value of λ if

λ̄t is constant in equilibrium. Typically, this will not be the case, so that, under addi-

tional parameter restrictions, we could strengthen our conclusion by striking the word

“generically” in Corollary 1. For example, if φ → ∞, so that there is no investment,

then one can show that πt and gt are constant. If we assume, in addition, that s̆t is con-

stant, then it is easy to show that λ̄t cannot be time-invariant. One can find many other
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special cases in which a time-invariant λ̄t can be ruled out. However, we have not been

able to rule this out in general.

B.5 Proposition 10

The proposition asserts that for it = rn
t there is an equilibrium in the sticky price

economy in which πt = 0 and all real variables are at their flexible price values. It does

not assert that this is the only equilibrium consistent with this policy rule, compare the

clarifying footnote in the main text.

To prove the proposition, we only need to show that the Phillips curve equation (20)

is satisfied and that rt = rn
t is indeed the real interest rate in the flexible price allocations,

which can be verified by checking that the capital pricing condition (32) is satisfied for

it = rn
t and πt = 0. Because all other equilibrium conditions are the same under flexible

and sticky prices, and do not involve either πt or it, these conditions are automatically

satisfied if all real variables are at their flexible price values.

For the Phillips curve, substitute pR
t = pR, f lex, πt = 0, into the equation. Then,

Et

[
d
(

πt
Yt

Ct

)]
= Et

[
d
(

0 · Yt

Ct

)]
= 0

=

(
ρ · 0− κ

pR, f lex − pR, f lex

a

)
Yt

Ct
dt

=

(
ρπt − κ

pR
t − pR, f lex

a

)
Yt

Ct
dt,

so equation (20) indeed holds.

Regarding equation (32), note first that qK
t = qK, f lex is constant over time because

ϑt = 0 is.45 This fact implies µ
q,K
t = σ

q,K
t = 0. Substituting these expressions and

gt = g f lex
t into equation (32) and solving for rt = it − πt yields

rt = it − πt = ρ + g f lex
t − σ̃2

t = rn
t .

For it = rn
t , πt = 0, this equation is indeed satisfied.

45Recall from the proof of Proposition 6 that, under flexible prices, there is a functional relationship
between ut and ϑt and therefore constant ϑt implies constant ut. The goods market clearing equation (31)
then implies that also qK

t must be constant.
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B.6 Proposition 11

See Appendix C, where we provide formal details on the long-term bond model

and explain how the model solution changes and how results from the baseline model

can be transferred to the long-term bond model. In the context of this appendix, we

provide a proof of all statements made in Proposition 11.

B.7 Formal Results in Section 6

Proof of Proposition 12. We first compute the expected utility Vi
0 of an individual agent.

To do so, let us first justify the following mathematical result: for any Ito process Xt

satisfying dXt/Xt = µX
t dt + σX

t dZt + σ̃X
t dZ̃t,

E0

[∫ ∞

0
e−ρt log Xtdt

]
=

1
ρ

log X0 +
1
ρ

E0

[∫ ∞

0
e−ρt

(
µX

t −
1
2
(σX

t )2 − 1
2
(σ̃X

t )2
)

dt

]
.

To show this, apply Ito’s lemma to log Xt, which implies

d log Xt =

[
µX

t −
1
2
(σX

t )2 − 1
2
(σ̃X

t )2
]

dt + σX
t dZt + σ̃X

t dZ̃t.

Writing this in integral form and taking expectations,

E0[log Xt] = log X0 +
∫ t

0
E0

[
µX

s −
1
2
(σX

s )2 − 1
2
(σ̃X

s )2
]

ds+E0

[∫ t

0
σX

s dZs

]
+ E0

[∫ t

0
σ̃X

s dZ̃s

]
︸ ︷︷ ︸

=0

.

Hence,

E0

[∫ ∞

0
e−ρt log Xtdt

]
=
∫ ∞

0
e−ρsE0

[
log Xt

]
ds

=
∫ ∞

0
e−ρs log X0ds +

∫ ∞

0
e−ρs

∫ s

0
E0

[
µX

t −
1
2
(σX

t )2 − 1
2
(σ̃X

t )2
]

dtds

=
1
ρ

log X0 +
∫ ∞

0

∫ ∞

t
e−ρsdsE0

[
µX

t −
1
2
(σX

t )2 − 1
2
(σ̃X

t )2
]

dt

=
1
ρ

log X0 +
1
ρ

E0

[∫ ∞

0
e−ρt

(
µX

t −
1
2
(σX

t )2 − 1
2
(σ̃X

t )2
)

dt

]

We now use log ci
t = log (aut − ιt) + log Kt + log ηi

t, where ηi
t := ni

t/(
∫

nj
tdj) is the

wealth share of household i, compare equation (34) in the main text. Applying the
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previous result for both Xt = Kt and Xt = ηi
t and using that Kt has zero risk terms

whereas ηi
t has zero drift and aggregate risk, we obtain for individual expected utility

Vi
0 = E0

∫ ∞

0
e−ρt

log ci
t −

u1+ϕ
t

1 + ϕ

dt


=

log K0 + log ηi
0

ρ
+ E0

∫ ∞

0
e−ρt

log (aut − ιt) +
µK

t
ρ
− (σ̃

η,i
t )2

2ρ
− u1+ϕ

t
1 + ϕ

dt

 .

Next, plug in aut− ιt = ρqt = ρ
1+φaut

1−ϑt+φρ , µK
t = Φ(ιt)− δ = 1

φ log
(
(1− ϑt)

1+φaut
1−ϑt+φρ

)
−

δ, σ̃
η,i
t = (1− ϑt)σ̃t and rearrange,

Vi
0 =

log K0 + log ηi
0 + log ρ

ρ
− δ

ρ2

+ E0

∫ ∞

0
e−ρt

log

(
1 + φaut

1− ϑt + φρ

)
+

1
φρ

log

(
(1− ϑt)

1 + φaut

1− ϑt + φρ

)
− (1− ϑt)2σ̃2

t
2ρ

− u1+ϕ
t

1 + ϕ

dt


=

log K0 + log ηi
0 + log ρ

ρ
− δ

ρ2

+ E0

∫ ∞

0
e−ρt

1 + φρ

φρ
log

(
1 + φρ

1− ϑt + φρ

)
+

1
φρ

log (1− ϑt)−
(1− ϑt)2σ̃2

t
2ρ

dt


+ E0

∫ ∞

0
e−ρt

1 + φρ

φρ
log

(
1 + φaut

1 + φρ

)
− u1+ϕ

t
1 + ϕ

dt


=

log K0 + log ηi
0 + log ρ

ρ
− δ

ρ2︸ ︷︷ ︸
=:V(0),i

0

+E0

[∫ ∞

0
e−ρt (Wϑ,t(ϑt) +Wu(ut)

)
dt
]

.

The term V(0),i
0 captures initial conditions which are independent of policy choices.

This term is therefore irrelevant to welfare assessments of different policies. The re-

maining term, Vi
0 − V(0),i

0 is identical for all households and corresponds to the objec-

tive stated in the proposition. Hence, so long as the social welfare function is strictly

increasing in individual welfare, maximizing the welfare function is equivalent to max-

imizing the objective stated in the proposition.

Now consider a constrained planner who can directly control ut and ϑt but has to

respect the competitive equilibrium relationships implicit in the functionsWϑ,t andWu.
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This planner finds it optimal to choose ut and ϑt each period in a way that maximizes

Wu(ut) andWϑ,t(ϑt), respectively.

MaximizingWu(ut) leads to a time-invariant optimal choice:

0 =W ′u(ut) =
1 + φρ

1 + φaut

a
ρ
− uϕ

t ⇔
a
ρ
= uϕ

t
1 + φaut

1 + φρ
.

While this has in general no closed-form solution, except in the limit φ → ∞, it is easy

to see that there is a unique solution and that it is time-invariant.

MaximizingWϑ,t(ϑt) leads to the first-order condition

0 =W ′ϑ,t(ϑt) =
1 + φρ

φρ

1
1− ϑt + φρ

− 1
φρ

1
1− ϑt

+
(1− ϑt)σ̃2

t
ρ

⇔ 0 = (1− ϑt)
3 σ̃2

t + φρ (1− ϑt)
2 σ̃2

t + ρ (1− ϑt)− ρ

The right-hand side of the last equation is a third-order polynomial in 1− ϑt, which

means the equation has, in principle, up to three real solutions. However, because all

coefficients on terms of positive order are positive and the coefficient on the zero order

term is negative, well-known results on polynomial roots imply that there is a unique

positive solution 1− ϑ∗t > 0. It is easy to see that this solution must also satisfy ϑ∗t > 0

and that it is indeed the maximizer of Wϑ,t(ϑt) (because Wϑ,t(ϑ) is quasiconcave on

the interval [0, 1]). Finally, observe that ϑ∗t is a function of σ̃t only, ϑ∗t = ϑ∗(σ̃t), and a

straightforward application of the implicit function theorem yields ϑ∗′ > 0.

Proof of Proposition 13. The details of the model extension with lump-sum taxes are pre-

sented in Appendix E. The last part of that appendix provides an explicit construction

of how to implement the constrained optimal allocation. That construction also implies

the additional statements made in the proposition.

Proof of Lemma 1. The lemma follows almost immediately from the analysis in Appendix F.1.

Specifically, uniqueness of qB,0∗ and the conclusions about initial conditions qB,0
0 6= qB,0∗

follows from the monotonicity result established in Lemma 4. Existence of qB,0∗ follows

from the explicit construction in Appendix F that is presented after that lemma.

Proof of Proposition 14. We refer the reader to the analysis in Appendix F.1. All asser-

tions made in the proposition follow from the analysis of the planner’s first-order con-

ditions under commitment and discretion at the end of that appendix.
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C Additional Details on Model Extension with Long-term
Bonds [Online Appendix]

C.1 Augmented Model Setup

The model is the same as in the one presented in Section 2 in the main text, except

for a change in the payoff characteristics of long-term bond. This change can affect

the equations of the model setup in at most three places, (i) the return on bonds dRB
t

faced by households, equation (11) in the baseline model, (ii) the government budget

constraint, equation (9), as the government is short the bonds in the baseline model, and

(iii) the endogenous state evolution, equation (15), as the backward-looking portion of

bond values, qB,0
t , is now different from the market value (per unit of capital), qB

t . We

discuss each of these three aspects in turn:

Bond Return. We show that equation (11) from the baseline model continues to hold,

so that, with the notation introduced in the main text, the household problem is for-

mally identical to the one solved in Appendix A.46

Suppose the nominal bond price PB
t follows a generic Ito process of the form

dPB
t

PB
t

= µP ,B
t dt + σP ,B

t dZt.

Then the return on bonds is (in general, permitting flexible prices)

dRB
t =

d
(
PB

t
Pt

)
+ λ

(
1
Pt
− P

B
t
Pt

)
dt

PB
t
Pt

=

(
µP ,B

t − µPt − σPt

(
σP ,B

t − σPt

))
dt +

(
σP ,B

t − σPt

)
dZt + λ

(
1
PB

t
− 1

)
︸ ︷︷ ︸

=it

dt.

(49)

Recall the definition qB
t =

PB
t Bt
PtKt

, so that P
B
t
Pt

=
qB

t Kt
Bt

and thus

µP ,B
t − µPt − σPt

(
σP ,B

t − σPt

)
= µ

q,B
t + gt − µBt , σP ,B

t − σPt = σ
q,B
t .

46To be precise, we show that the equality between the left-most and right-most expression in equa-
tion (11) still obtains. The intermediate equalities are no longer true, but these are not used in Ap-
pendix A to solve the model.
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Substituting these equations into the previous return expression implies

dRB
t =

(
µ

q,B
t + gt + it − µBt

)
dt + σ

q,B
t dZt,

which is the same expression as in equation (11) in the baseline model.

Government Budget Constraint. We show next that also the government budget con-

straint (9) continues to hold in this model. To see this, start from the government flow

budget constraint written in a form analogous to equation (7) as an equation for the

evolution of the face value of nominal bonds. With long-term bonds, this equation

takes the form

dBt = −λBtdt +
λ

PB
t
Btdt− Pt

PB
t

τtKtdt.

The first term captures decay from maturing bonds. The remaining two terms capture

net issuance of new bonds to cover coupon payments on outstanding bonds in excess

of tax receipts. Using it = λ

(
1
PB

t
− 1
)

and s̆t =
τtKt

PB
t Bt/Pt

, we can rewrite this equation

as

µBt = it − s̆t,

which is identical to equation (9) for the baseline model.

Endogenous State Evolution and Real Value of Safe Assets. By definition of the state

variable qB,0
t := Bt/(PtKt), this follows an equation akin to equation (15) in the baseline

model

dqB,0
t =

(
µBt − πt − gt

)
qB,0

t dt =
(
it − s̆t − πt − gt

)
qB,0

t dt,

where the second equality uses the government budget constraint. In contrast, the

market value of bonds per unit of capital is qB
t =

PB
t Bt
PtKt

, which is different from qB,0
t

unless PB
t = 1 at all times. By definition of it, we have

PB
t =

λ

λ + it
,

so that the real value of bonds per unit of capital, qB
t , must be

qB
t =

λ

λ + it
qB,0

t ,
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as claimed in equation (33).

Note that, with the notation introduced in the main text and assuming that a policy

is set directly for it (not i0
t ), this is the only change in the equations of the model setup

relative to the baseline model. In the limit λ → ∞, we observe that PB
t → 1 and

qB
t = qB,0

t . Then, all equations in the model setup are identical to the ones in the baseline

model. In this sense, the model extension here collapses then to the baseline model as

claimed in part (iv) of Proposition 11.

C.2 Effects on the Model Solution

Now consider the general case, including λ < ∞. Then, the model setup is different

from the baseline model. We now argue that still all equations from the baseline model

characterizing equilibrium except for the state evolution for qB,0
t and the equation for

qB
t just stated remain valid.

First, consider the household problem. Because the return on bonds dRB
t is un-

changed, households face a formally identical decision problem. All solution steps in

Appendix A relating to the household problem remain valid word by word, and so

does Proposition 1.

Second, consider the problem of intermediate goods firms. These firms are not af-

fected by the characteristics of government bonds. Therefore, also their decision prob-

lem remains unchanged, and the relevant parts of Appendix A as well as Proposition 2

remain valid.

Third, consider the determination of the bond wealth share ϑt, Proposition 3. Re-

viewing the derivation steps of this result in Appendix A, we observe that the bond

state evolution, equation (15), or the fact that qB
t = qB,0

t in the baseline model have not

been used anywhere in the derivation. Therefore, also these derivations remain valid

word by word, and Proposition 3 continues to hold.

Finally, consider the other equilibrium conditions derived in Section 2.3.4. Review-

ing this section, we observe that also there the bond state evolution and the condition

qB
t = qB,0

t have not been used, only conditions for which we have already established

that they continue to hold. Therefore, also this part of the model solution remains valid.

In sum, the previous arguments establish part (i) of Proposition 11.
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C.3 Transferring Results from the Baseline Analysis

For a reader looking for the precise formal meaning of the assumption made in part

(ii) of Proposition 11 that interest rate policy does not react “too strongly” to uncertainty

shocks, let us state the relevant inequality upfront. The main idea is that qB
t varies by

less under sticky prices than it does under flexible prices. Because σ
q,B
t = σP ,B

t − σPt

and σPt = 0 under sticky prices, this translates into the condition

|σP ,B
t | < |σq,B, f lex

t | ⇔
∣∣σi,t

∣∣ < (λ + it)|σq,B, f lex
t |,

where σi,t denotes the arithmetic dZt-loading of it. The equivalence easily follows from

PB
t = λ

λ+it and Ito’s lemma. This condition rules out the possibility that interest rate

policy uses variation in PB
t to “overstabilize” the safe asset supply. In fact, we only

need to constrain the size of the response to shocks that move in the same direction as

qB, f lex
t (or, equivalently, that moves the interest rate in the opposite direction). We will

therefore only require the weaker, but formally slightly less intuitive assumption that

sgn (σ
q,B, f lex
t )σP ,B

t < |σq,B, f lex
t | ⇔ − sgn (σ

q,B, f lex
t )σi,t < (λ + it)|σq,B, f lex

t | (50)

for all t ≥ 0. We make this additional assumption in the following only if explicitly

mentioned.

We now transfer results from the baseline analysis in Section 3, maintaining the as-

sumption that policy directly controls it (instead of i0
t ). We discuss our implementation

result that justifies this assumption in the following section.

First, consider Propositions 4 and 5 on the separation of portfolio choice and flight to

safety, respectively. These propositions only rely on the bond valuation equation (22),

which is the content of Proposition 3. We have already shown that this proposition still

holds in the augmented model, so Propositions 4 and 5 hold as well.

Second, consider the first part of Proposition 6 concerning the properties of qK, f lex
t

and qB, f lex
t after an uncertainty shock. Because these values under flexible prices do not

depend on the bond duration, this part of the proposition remains valid.

Third, consider the remaining part of Proposition 6 about the behavior of the price

level Pt under flexible prices. Recall Pt =
PB

t Bt
qB

t Kt
. Under flexible prices, this implies

σPt = σP ,B
t − σ

q,B
t ,
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which has the opposite sign of σ
q,B
t if and only if condition (50) holds. Therefore, under

condition (50) (for all t) also this result can be transferred to the long-term bond model.

Fourth, consider Proposition 7, which establishes that uncertainty shocks lead to

demand recessions. We assume, once again, that condition (50) holds for all t. To show

that ut decreases in σ̃t for fixed qB,0
t , we show that σu

t has the opposite sign of σϑ
t . Recall

the formula

ut =
1
a

(
ρ

ϑt
qB

t +
(1− ϑt)qB

t − ϑt

φϑt

)
=

1
a

(
ρ

ϑt
PB

t qB,0
t +

(1− ϑt)PB
t qB,0

t
φϑt

− 1
φ

)
.

This implies for the arithmetic volatility of ut, σu,t,

σu,t =
1
a

ρ

ϑt
PB

t qB,0
t

(
σP ,B

t − σϑ
t

)
+

1
a
(1− ϑt)PB

t qB,0
t

φϑt

(
− 1

1− ϑt
σϑ

t + σP ,B
t

)
=

1
φa

(1− ϑt + φρ)
qB

t
ϑt

σP ,B
t − 1

φa
(1 + φρ)

qB
t

ϑt
σϑ

t

Next, applying Ito’s lemma to qB, f lex
t = ϑt

1+φau f lex
t

1−ϑt+φρ yields

σ
q,B, f lex
t = σϑ

t +
φau f lex

t

1 + φau f lex
t

σ
u, f lex
t +

ϑt

1− ϑt + φρ
σϑ

t

=
φau f lex

t

1 + φau f lex
t

σ
u, f lex
t +

1 + φρ

1− ϑt + φρ
σϑ

t .

Define s := sgn σ
q,B, f lex
t for ease of notation. Combining the previous two equations

with condition (50) leads to the inequality

sσu
t = s

σu,t

ut
< s

1
φaut

(1− ϑt + φρ)
qB

t
ϑt

σ
q,B, f lex
t − s

1
φaut

(1 + φρ)
qB

t
ϑt

σϑ
t

= s
1

φaut
(1− ϑt + φρ)

qB
t

ϑt

φau f lex
t

1 + φau f lex
t

σ
u, f lex
t + s

1
φaut

qB
t

ϑt

(
(1 + φρ)− (1 + φρ)

)
σϑ

t

=
1

φaut
(1− ϑt + φρ)

qB
t

ϑt

φau f lex
t

1 + φau f lex
t︸ ︷︷ ︸

>0

sσ
u, f lex
t︸ ︷︷ ︸
≤0

≤ 0,

where sσ
u, f lex
t ≤ 0 follows from the argument in the proof of Proposition 6 (which holds

identically also in this model): u f lex
t is nonincreasing in ϑt and ϑt and qB, f lex

t move in
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the same direction in response to an uncertainty shock. This means, if s > 0, then

σ
u, f lex
t ≤ 0 and if s < 0, then σ

u, f lex
t ≥ 0, so that in both cases sσ

u, f lex
t ≤ 0.

So we conclude that sσu
t < 0, which means ut (strictly) falls after an uncertainty

shock that raises σ̃t (and, hence, ϑt and qB, f lex
t ). This is the first part of Proposition 7.

For the second part of Proposition 7, note that the volatility loading of the utilization

gap, ut/u f lex
t , is σu

t − σ
u, f lex
t . Multiplying again by s and using the previous inequality

yields

s(σu
t − σ

u, f lex
t ) <

 1
φaut

(1− ϑt + φρ)
qB

t
ϑt

φau f lex
t

1 + φau f lex
t

− 1

 sσ
u, f lex
t

If qB
t = qB, f lex

t , then the first factor on the right-hand side vanishes (this is the case

because qB
t = ϑt

1+φaut
1−ϑt+φρ and ut = u f lex

t ), so that s(σu
t − σ

u, f lex
t ) must be strictly negative.

Therefore, this expression remains strictly negative for qB
t ≈ qB, f lex

t . A negative s(σu
t −

σ
u, f lex
t ) means that ut/u f lex

t falls in response to an uncertainty shock that raises σ̃t. This

concludes the proof of Proposition 7 for the long-term debt model.

Fifth, consider Proposition 8 on capital price overshooting. Once again, let us as-

sume that condition (50) holds for all t. The proof of the baseline model remains then

valid with minor adjustments. Specifically, the formula

σ
q,K
t = σ

q,B
t − σϑ

t
1− ϑt

still holds under both flexible and sticky prices and, by Proposition 4, σϑ
t

1−ϑt
is the same

in both cases. We also know that

σ
q,B
t = σP ,B

t − σPt

under both flexible and sticky prices. Therefore,

σ
q,K, f lex
t = σP ,B

t − σ
P , f lex
t − σϑ

t
1− ϑt

= σ
q,K
t − σ

P , f lex
t ,

where σ
q,K
t denotes the volatility of qK

t under sticky prices. Hence,

σ
q,K
t = σ

q,K, f lex
t + σ

P , f lex
t .
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By Proposition 6, which we have already established for the long-term bond model,

σ
q,K, f lex
t and σ

P , f lex
t must have the same sign (and σ

P , f lex
t 6= 0). This implies |σq,K

t | <
|σq,K, f lex

t |.
Note, in particular, that the previous discussion implies that all the claims made in

part (ii) of Proposition 11 hold.

C.4 Using the Nominal Short Rate i0
t to Implement it-Policy

Suppose the monetary authority controls the nominal short rate process {i0
t }∞

t=0. The

following lemma, whose proof we defer to the end of this section, contains equilibrium

restrictions on the process of long-term nominal rates {it}∞
t=0.

Lemma 3. Suppose policy is specified in terms of a bounded process or policy rule for the

nominal short rate i0
t . Then, in any equilibrium in which the ergodic set for the state variables

(σ̃t, qB,0
t ) is compact, it follows an Ito process with bounded arithmetic drift and volatility, for

which λ + it is positive, bounded, and bounded away from zero. Furthermore, it satisfies the

BSDE

Et [dit] =

(
(λ + it)

(
it − i0

t

)
− σϑ

t σi,t

)
dt. (51)

The previous lemma represents a mapping from short rates to long-term interest

rates. We first show how to invert this mapping. Let us state precisely what we mean

by this. We start by considering a specific equilibrium that results from specifying a

policy rule directly for it. Our goal is to find a policy specification for i0
t along the equi-

librium path that implements this specific equilibrium. We are not concerned with the

more demanding goal of finding a policy rule for i0
t that generates the exact same set of

equilibria as the original policy rule for it. This would require additional technical con-

siderations with little gain because, in the context of this paper, we only study policies

that generate a unique equilibrium prediction.

In any given equilibrium that has been generated with a policy rule for the long-

term rate it, it is of course true that it = i(σ̃t, qB,0
t ). Applying Ito’s lemma to this equation

implies that it must follow an Ito process in equilibrium, i.e.,

dit = µi,tdt + σi,tdZt
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for some drift µi,t and volatility σi,t. Let us assume that both µi,t and σi,t are bounded in

line with the assumptions in Proposition 11. Also, we assume without loss of generality,

that the separation assumptions of Proposition 4 are satisfied, so that ϑt and, in particu-

lar, σϑ
t are determined independently of interest rates.47 Under our usual compactness

assumption on exogenous fundamentals, σϑ
t will then also be bounded.

To obtain the required value for i0
t that implements it in equilibrium, we equate

µi,tdt with Et [dit] in the BSDE (51) and solve for i0
t :

i0
t = it −

µi,t + σϑ
t σi,t

λ + it
.

Under the assumption inft≥0 (it + λ) > 0, the denominator in the second term is bounded

away from zero. Because, by assumption, also it, µi,t, and σi,t are bounded, so is the

interest rate process i0
t required to implement it. This establishes part (iii) of Proposi-

tion 11.

Proof of Lemma 3. In a Markov equilibrium, it = i(σ̃t, qB,0
t ). If the state variables are con-

tained in a compact set, then it must be bounded. Furthermore, applying Ito’s lemma

immediately implies that it is also an Ito process whose arithmetic drift and volatility

are (continuous) functions of the state variables, hence also bounded.

Recall that the long-term bond price is PB
t = λ

λ+it , which cannot be negative in

equilibrium, as otherwise agents would be able to engage in the following arbitrage

strategy: “purchase” more bonds, receive the cash flows resulting from the negative

price, and hold the bonds forever, so that never any negative cash flow realizes. This

implies λ + it ≥ 0. To see that λ + it is even bounded away from zero, note that,

otherwise PB
t would become arbitrarily large. However, by assumption, the ergodic

set for qB,0
t is compact, so qB,0

t ≥ qB,0 > 0.48 Therefore, qB
t = PB

t qB,0
t ≥ PB

t qB,0, so

arbitrarily large PB
t implies arbitrarily large qB

t . The demand equation (27) then implies

47This is without loss of generality because we are only interested in implementing a specific equi-
librium. In the desired equilibrium, it is always true that ϑt is a function of exogenous shock histories.
While it may not be possible to represent this as a function of σ̃t only, we can expand the exogenous state
space to a larger Markov state Xt that includes sufficient information to compute the policy variable s̆t
in equilibrium. The arguments in Appendix B.2 immediately imply that a result akin to Proposition 4
applies to this larger state space as well.

48The state evolution implies qB,0
t > 0, so qB,0 ≥ 0. By compactness, the lower bound must be as-

sumed, which implies the strict inequality.
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arbitrarily large values for utilization ut, contradicting the fact that ut = u(σ̃t, qB,0
t ) must

also be bounded in equilibrium.

It is left to derive the BSDE (51). To do so, consider the portfolio choice between

(long-term) government bonds and a zero-net-supply nominal bond with infinitesimal

duration. Call the latter M (for money), its return is

dRM
t = itdt +

d (1/Pt)

1/Pt
=
(

i0
t − µPt + (σPt )2

)
dt− σPt .

Using the return representation (49) for bonds, the portfolio choice condition between

bonds and money becomes

it + µP ,B
t − σPt σP ,B

t − i0
t = σn

t σP ,B
t .

Now, σn
t = σ

q
t = σ

q,B
t − σϑ

t = σP ,B
t − σPt − σϑ

t , so the previous equation becomes, after

rearranging,

µP ,B
t −

(
σP ,B

t

)2
= i0

t − it − σϑ
t σP ,B

t .

Recall it = λ
(

1/PB
t − 1

)
, so

dit = λd
(

1/PB
t

)
= −λ

1
PB

t

(
µP ,B

t −
(

σP ,B
t

)2
)

dt− λ
1
PB

t
σP ,B

t dZt

= λ
1
PB

t

((
it − i0

t

)
+ σϑ

t σP ,B
t

)
dt− λ

1
PB

t
σP ,B

t dZt

which immediately implies the BSDE (51) stated above.

D Additional Details on Models for Comparisons in Sec-
tion 4 [Supplemental Materials]

D.1 No Safe Assets

The model without safe assets is as described in the main text: Bt = 0, qB
t = ϑt =

0, and households face in their portfolio choice a bond return process dRB
t = (it −

πt)dt. For this model, all equilibrium conditions derived in Section 2.3 continue to

hold, but some of them, like the bond valuation equation (22), become uninformative.
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As described in the main text, instead, equation (32) for the capital price becomes the

relevant determinant for aggregate demand, which can be written equivalently as

Et[d log qK
t ]

dt
= it − πt − (ρ + gt − σ̃2

t ). (52)

In this appendix, we provide details on the claims made in the main text that un-

certainty shocks do not necessarily lead to demand recessions in this model under al-

ternative assumptions about mean-reversion dynamics of σ̃t, even in the absence of

a monetary policy reaction and if we stick to the conventional equilibrium selection.

We first analyze gradual deterministic mean reversion in a linearized model, as this is

based on the same model equations as presented in the main text (up to a linear pertur-

bation). We then discuss stochastic mean reversion as in Caballero and Simsek (2020),

which requires a modification to the model to allow for jump shocks. In both cases,

we abstract from physical investment by taking the limit of infinite capital adjustment

costs φ → ∞. Then capital grows at a constant rate gt = g, which we take as a model

parameter. The insights derived here apply more generally, but exogenous capital sig-

nificantly simplifies the model equations because then Ct = Yt, so that the additional

scaling term in the Phillips curve (equation (20)) disappears.

D.1.1 Gradual Deterministic Mean Reversion

Suppose σ̃t satisfies the equation

d σ̃2
t︸︷︷︸

=:xt

= b( σ̄2︸︷︷︸
=:x̄

− σ̃t︸︷︷︸
=xt

)dt,

which implies that the idiosyncratic variance xt = σ̃2
t follows a linear law of motion.

Define x̂t := xt − x̄ as the deviation of xt from steady state, then the above simplifies

further to

dx̂t = −bx̂tdt, (53)

which implies the closed-form solution x̂t = x̂0e−bt.

Let q̂t := log qK
t − log q̄K, where q̄K is the steady-state value of qK

t . Substituting

gt = g and the constant interest rate policy it = i into the demand equation (52) yields
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(π̄ is the steady-state value of πt)

Et[dq̂t]

dt
= i− π̄ − (ρ + g− x̄)︸ ︷︷ ︸

=:r̄

−π̂t + x̂t.

As this equation has to hold in steady state as well, it must be that π̄ = i− r̄, so that the

equation simplifies to
Et[dq̂t]

dt
= −π̂t + x̂t. (54)

The equations so far are linear in (x̂t, q̂t, π̂t). The only nonlinear equation in this

model is the Phillips curve, which here takes the form (due to Ct = Yt in the absence of

physical investment)

Et [dπt]

dt
= ρπt − κ

pR
t − pR, f lex

a
= ρπt − κ

(
u1+ϕ

t − ε− 1
ε

)

= ρπt − κ

(ρqK
t

a

)1+ϕ

− ε− 1
ε

 ,

where the first line uses pR
t = au1+ϕ

t (follows from equations (24) and (25) if ι = 0) and

the second line uses goods market clearing (equation (24)) to express ut in terms of qt.

As this equation also has to hold in steady state, we can write it in terms of deviations

as

Et [dπ̂t]

dt
= ρπ̂t − κ

(ρqK
t

a

)1+ϕ

−
(

ρq̄K

a

)1+ϕ
 = ρπ̂t − κū1+ϕ

(
e(1+ϕ)q̂t − 1

)
.

To be able to solve the model analytically, we take a linear approximation to the right-

hand side of this equation, so that, up to an approximation error,

Et [dπ̂t]

dt
= ρπ̂t − κū1+ϕ(1 + ϕ)︸ ︷︷ ︸

=:κ̃

q̂t. (55)

We solve the linear forward-backward system of equations (53), (54), and (55) with

the method of undetermined coefficients. We look for an equilibrium that is Markovian

and linear in the state variable x̂t, i.e.,

q̂t = Ax̂t π̂t = Bx̂t.
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We remark that there is an implicit element of equilibrium selection in this parametric

form as we restrict attention to the so-called minimum state variable equilibrium. This

is the conventional equilibrium selection in the New Keynesian literature.49 Using the

state evolution (53), these guesses imply that

dq̂t

dt
= −bAx̂t

dπ̂t

dt
= −bBπ̂t.

Substituting these equations and the guesses into equations (54) and (55) yields

−bAx̂t = −Bx̂t + x̂t,

−bBx̂t = ρBx̂t − κ̃Ax̂t.

As these equations have to hold for all states x̂t, we obtain a linear equation system

for the coefficients A and B. Solving the first equation for B yields B = 1 + bA and

substituting this into the second,

−b− b2A = ρ + ρbA− κ̃A ⇔
(
κ̃ − b(ρ + b)

)
A = ρ + b

Assuming that κ̃ 6= b(ρ + b), this equation can be solved for A. The equilibrium solu-

tion is

q̂t =
ρ + b

κ̃ − b(ρ + b)
x̂t π̂t =

κ̃

κ̃ − b(ρ + b)
x̂t.

We observe that the sign of the reaction of asset prices q̂t = log qK
t

q̄K and inflation

π̂t = πt − π̄ to an increase in uncertainty (recall x̂t = σ̃2
t − σ̄2) depends on the sign

of the denominator. Because qK
t is proportional to aggregate demand (and output) in

equilibrium, the sign of the reaction of aggregate economic activity to an increase in

49The conventional procedure in the literature is to select an equilibrium implicitly by specifying inter-
est rate policy as a Taylor rule with an intercept term that is a function of fundamental state variables only
and a feedback term that satisfies the Taylor principle. This procedure does two things simultaneously:
(i) it selects a unique (bounded) equilibrium, and (ii) it renders the nominal interest rate endogenous. It
is well known that the selected equilibrium always depends only on the fundamental state variables. It
is somewhat less well-known but equally true that the same equilibrium would be found if one were to
specify an exogenous interest rate rule without feedback that coincides with the equilibrium process for
it in the Taylor rule equilibrium and then select the minimum state variable equilibrium. This alternative
procedure has the advantage that it achieves goal (i) without requiring (ii) an endogenous interest rate.
This is important here as we wish to keep the interest rate constant in equilibrium to isolate the effects of
the shock in the absence of a monetary policy reaction.
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uncertainty is then the same. Specifically, if prices are sufficiently sticky relative to the

mean reversion speed of the aggregate state such that κ̃ < b(ρ + b),50 we obtain the

same prediction as in the experiment discussed in the main text: a rise in uncertainty

leads to a demand recession. However, if the Phillips curve is too steep (prices are fairly

flexible) such that the opposite inequality holds, the sign switches. A rise in uncertainty

leads then to an increase in aggregate demand and a positive output gap. We conclude

that the prediction that uncertainty shocks lead to demand recessions is not a robust

one in this model but requires sufficiently rigid prices.

D.1.2 Stochastic Recovery

Suppose that σ̃t follows a two-state Markov chain, σ̃t ∈ {σ̃l, σ̃h}, σ̃l < σ̃h with transi-

tion rates λl, λh ≥ 0 (λs denotes the transition rate for exiting state s). This arrangement

is precisely as in Caballero and Simsek (2020) except that, in their paper, capital shocks

are aggregate instead of idiosyncratic shocks. However, this difference does not matter

for the economic predictions of the model in the absence of government bonds.

In this model, the aggregate risk does not arise from a Brownian dZt-shock but

from state transitions. While this does not affect the economic insights from our model,

it does change the portfolio choice conditions slightly. Formally, the demand equa-

tion (52) needs to be replaced with

Et[dqK
t ]

qK
t dt

= it − πt − (ρ + g− σ̃2
t ) + λt

(qK+
t − qK

t )
2

qK+
t qK

t
,

where qK+
t denotes the jump target for qK

t conditional on a jump happening at time t. In

the interest of space, we omit the derivation of this equation but note that its derivation

follows precisely the same steps as the derivation of equation (52). We remark that

the last term captures a risk premium for aggregate (jump) risk in the capital price. In

contrast, the Phillips curve, equation (20), remains unaffected by the presence of jump

risk.

We assume, in line with both the main text and the analysis in Caballero and Simsek

(2020), that it = i(σ̃t) only depends on the exogenous risk state and is set in the low-risk

50Note that κ̃ ∝ κ depends primarily on the degree of price stickiness.
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state σ̃t = σ̃l in a way that implements the flexible price allocation.51 This assumption

ensures that qK
t = qK, f lex

t and pR
t = pR, f lex whenever the economy is in state σ̃l. We

denote by it = ih the nominal interest rate in state σ̃h and look for an equilibrium that is

Markovian in the fundamental state σ̃t, which means πt = πh and qK
t = qK

h are constant

in state σ̃h and must satisfy the two equations52

λh
qK

l − qK
h

qK
h

= ih − πh − (ρ + g− σ̃2
h) + λh

(qK
l − qK

h )
2

qK
l qK

h

λh (πl − πh) = ρπh − κ

(ρqK
h

a

)1+ϕ

− ε− 1
ε


Rearranging and simplifying the first equation yields

πh = ih − rn
h − λh

(
1−

qK
h

qK, f lex

)
, (56)

where rn
h := ρ + g − σ̃2

h denotes the natural rate in state σ̃h. This equation represents

a linear and increasing relationship between the inflation rate πh and the “asset price

gap” qK
h /qK, f lex in the high-risk state.

For the second equation, note first that the Phillips curve in the low-risk state im-

plies λlπh = (ρ + λl)πl, which allows us to express inflation in the low-risk state in

terms of inflation in the high-risk state, πl =
λl

ρ+λl
πh.53 In addition, pR

l = pR, f lex means(
ρqK

l
a

)1+ϕ

= ε−1
ε . Using these expressions to simplify the second equation and solving

for πh yields

πh =
ρ + λl

ρ + λl + λh

κ

ρ

ε− 1
ε

( qK
h

qK, f lex

)1+ϕ

− 1

 . (57)

51Again, this is not just an assumption about monetary policy but also contains an element of equi-
librium selection. A suitable Taylor rule, followed only in the low-risk state, can ensure that this is the
unique equilibrium prediction.

52These equations follow from the dynamic equations stated earlier. Note that for a variable xt that
remains constant for a given exogenous state but jumps to x+t upon a state transition, the expected change
is Et[dxt] = λt(x+t − xt)dt.

53Implementing the flexible price allocation in the low-risk state generally requires an inflation rate
different from zero unless the low-risk state is absorbing, λl = 0. This is because price-setting firms take
into account the change in inflation rates in a future state transition to the high-risk state and, in their
desire to smooth inflation to economize on price adjustment costs, adjust inflation already in the low-risk
state even if their current markup is statically optimal.
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This equation represents an increasing and strictly convex (for ϕ > 0) relationship

between inflation πh and the asset price gap qK
h /qK, f lex.

The previous observations imply that there are at most two pairs (πh, qK
h /qK, f lex) of

values that satisfy both equations (56) and (57). Furthermore, for large qK
h /qK, f lex, the

superlinear growth of the right-hand side of equation (57) ensures that it is larger than

the right-hand side of equation (56) – except for the limit case of a flat Phillips curve,

κ = 0, in which case the qK
h /qK, f lex-dependent term disappears. Therefore, a solution

exists if and only if there is some positive value of qK
h /qK, f lex at which the right-hand

side of equation (56) is no smaller than that of equation (57). A sufficient condition for

that is ih ≥ rn
h as then this certainly happens for the special case qK

h /qK, f lex = 1. In the

literature, it is typically assumed that the nominal rate tracks the natural rate except if

it is unable to adjust downward due to a ZLB constraint. Under such assumptions, the

sufficient condition ih ≥ rn
h is naturally satisfied.

In any case, a solution always exists if ih = il is not adjusted downward in response

to an uncertainty shock, the policy choice we are interested in here to isolate the effects

of the shock itself. To see this, note that il = rn
l + πl = rn

l + λl
ρ+λl

πh and that, for

qK
h /qK, f lex = 1, equation (56), then implies πl, πh ≥ 0 and hence ih ≥ rn

l > rn
h , so

that the right-hand side of equation (56) is strictly larger than that of equation (57) at

the point qK
h /qK, f lex = 1. We conclude that, under this policy specification, there must

always be at least one solution that satisfies qK
h > qK, f lex. In addition, there may be

another solution that satisfies qK
h < qK, f lex if there is a point qK

h /qK, f lex ∈ (0, 1) at which

the right-hand side of equation (57) exceeds the one of equation (56). Such a point exists

if and only if this is the case at the boundary qK
h /qK, f lex = 0, i.e., if

⇔ − ρ + λl
ρ + λl + λh

κ

ρ

ε− 1
ε

>
ρ + λl

ρ

(
rn

l − rn
h − λh

)
⇔ κ

ρ + λl + λh
<

ε

ε− 1

(
λh −

(
σ̃2

h − σ̃2
n

))
.

In particular, this solution only exists if the expected time to recovery is sufficiently

short such that λh > σ̃2
h − σ̃2

n (sufficiently fast mean reversion) and the Phillips curve is

sufficiently flat, i.e., κ is small (sufficiently rigid prices).

Note that the economic predictions of these two possible equilibria are quite distinct.

The always existing solution with the property qK
h > qK, f lex has output and inflation
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increasing in uncertainty σ̃t. If we were to consider ih 6= il, this equilibrium solution

would also have the property that inflation πh is increasing in ih. For this reason, we

call this the “Fisherian” solution to the model because its economic predictions follow

a Fisher equation intuition, just as in flexible price models. As we have shown, this

solution always exists, except in the limit case κ = 0, and is the unique solution if prices

are sufficiently flexible. The other possible solution with the property qK
h < qK, f lex may

be called the “Keynesian” solution to the model. This solution has the conventional

predictions that output and inflation are decreasing in uncertainty σ̃t and that, if ih was

adjusted, inflation πh would be decreasing in ih. If we select this Keynesian solution,

we therefore arrive at the conventional conclusion that uncertainty shocks generate

demand recessions, just as in our example with a deterministic recovery time in the

main text. However, as we have shown, this solution only exists if the Phillips curve is

sufficiently flat.

These results further corroborate our conclusions from the previous subsection that

the prediction of a demand recession in response to an increase in uncertainty is not

a robust feature of models without safe assets. In fact, in a certain sense the Fisherian

solution appears to be the more robust one because it exists for any degree of price

stickiness so long as the Phillips curve is not flat, so that prices are fully rigid forever. It

is this limit case that is the focus in Caballero and Simsek (2020), so that, in their paper,

this issue becomes never apparent.

D.2 Two Units of Account

Model Setup. The model is as in Section 2 with the following modification. There are

two nominal price levels: a price level in terms of “goods dollars”, P g
t , and a price level

in terms of “bond dollars”, P b
t . Goods dollars are a pure unit of account that does not

exist in positive supply. Intermediate goods firms quote their prices in goods dollars

subject to price adjustment costs, so that the Phillips curve, equation (20), continues

to hold if inflation is defined as goods price inflation, πt := µP
g

t =
dP g

t
P g

t dt
(due to price

stickiness, the paths of P g
t are absolutely continuous, so that the last equality makes

sense). Bond dollars, in contrast, are the unit of reference for nominal government

bonds. That is, the quantityBt is quoted in units of bond dollars, so that the real value of
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bonds is qB
t = Bt

Pb
t Kt

. With this definition of qB
t , the return on bonds faced by households

is as defined in the main text.

Goods dollars and bond dollars are, in principle, entirely unrelated units of account.

In particular, the exchange rate between the two, Et := P g
t /P b

t , can freely adjust in

equilibrium. However, we assume that the nominal interest rate on bonds (in bond

dollar units), ib
t , and the shadow nominal interest rate on a hypothetical goods dollar

bond, ig
t , are the same, that is ig

t = ib
t = it. Introducing a goods dollar interest rate ig

t

(set by policy) is necessary to discipline the equilibrium behavior of the goods dollar

at all despite their role as a pure unit of account, whose equilibrium behavior faces no

restrictions unless there is a Fisher equation for goods dollar inflation in the model.54

This is analogous to the conventional New Keynesian analysis with nominal assets in

zero net supply, which also requires the presence of a Fisher equation. While we could

in principle assume that the policy maker sets two separate nominal rates ig
t and ib

t ,

there is little gain from this additional level of generality for the conceptual point we

seek to make here.55

Model Solution. With our definition of qB
t from above, the household side of the

model is as in the baseline model and also the government budget constraint can still

be represented as in equation (9). Therefore, the optimal household choice conditions

in Proposition 1 and the bond valuation equation in Proposition 3 remain valid here as

well. As already stated, the optimal price setting of firms yields a Phillips curve as in

Proposition 2, provided πt is interpreted as goods dollar inflation. It is also easy to see

that all equations stated in Section 2.3.4 remain valid in this augmented model.

Because the bond valuation equation remains valid, all conclusions derived from

it remain valid as well, in particular, Propositions 4 and 5. Under the conditions of

these propositions, portfolio choice is separated from the determination of aggregate

54The Phillips curve restricts the joint dynamics of goods dollar inflation and capital rental prices.
However, in the absence of a Fisher equation for goods dollars, any (absolutely continuous) path for P g

t
is consistent with an equilibrium: simply solve the Phillips curve for the rental price pR

t consistent with
that path. The resulting rental price path is always consistent with market clearing in all markets.

55Effectively, having ig
t 6= ib

t changes the expected drift of the exchange rate Et, akin to a type of
uncovered interest parity condition (although such a condition does not exactly hold because there is a
risk premium on bond dollars).
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economic activity, and there is flight to safety in equilibrium.

The (only) difference in this model is how the bond value qB
t is determined. Unlike

in our baseline model, qB
t is no longer a purely backward-looking object. Instead, the

hypothetical object qBg

t := Bt
P g

t Kt
(the value of bonds if they were denominated in goods

instead of bond dollars) follows a state evolution akin to equation (15),

dqBg

t =
(

µBt − πt − gt

)
qBg

t dt, (58)

whereas the actual bond value satisfies

qB
t = EtqBg

t ,

where Et is an additional free variable that is absent in the model from the main text,

which features P b
t = P g

t (and hence Et ≡ 1).

The equilibrium evolution of Et is constrained by only a single condition, a portfolio

choice condition of households between actual bonds denominated in bond dollars and

hypothetical (zero net supply) bonds denominated in goods dollars. In analogy to the

portfolio choice condition between capital and bonds stated in Appendix A, this choice

condition takes the form

Et[dRB
t ]

dt
− (it − πt) = ςtσ

q,B
t . (59)

In equilibrium, σ
q,B
t = σEt and we know from the baseline model solution that (recall

qt := qB
t + qK

t )

ςt = ϑtσ
q,B
t + (1− ϑt)σ

q,K
t = σ

q
t = σ

q,B
t − σϑ

t .

Combining the two equations implies ςt = σEt − σϑ
t . In addition, the return on (bond

dollar) bonds is

Et[dRB
t ]

dt
= it − µBt + gt + µ

q,B
t = it − µBt + gt − µEt + µq,Bg

= it − µBt + gt − µEt + µBt − gt − πt = it − πt + µEt ,

where the second line uses the state evolution (58). Substituting both this expression

and the one for ςt into equation (59) and canceling terms yields

µEt = (σEt − σϑ
t )σ

E
t , (60)
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which is a BSDE for Et that only depends on σϑ
t (which is determined separately from

aggregate economic activity) and the evolution for Et itself, but not on any variable re-

lated to the debt state qBg

t . Therefore, the latter does not directly constrain the evolution

of Et and, hence, the goods dollar price level.

Indeed, for any given path for ϑt, there are many possible solutions to equation (60)

indicating equilibrium multiplicity in this augmented model, just like in the baseline

New Keynesian model without safe assets. For example, Et ≡ 1 is always a valid

solution. This solution yields the same equilibrium dynamics as in our baseline model

with a single unit of account. Another simple example is the following continuum

of solutions: let E0 > 0 be arbitrary and suppose that Et follows a martingale with

dEt = σϑ
t EtdZt (due to separation of portfolio choice, ϑt does not depend on Et and this

is an explicit definition). Clearly, any process in this class solves equation (60) and is

therefore a possibility in equilibrium.

Comparison to the Model without Safe Assets. The previous discussion clarifies that

qB
t and, hence, aggregate demand, is not tightly linked to relative safe asset demand ϑt

because the exchange rate Et can adjust flexibly in response to shocks. However, this

discussion is insufficient to justify our claims in the main text that “model dynamics

largely resemble those observed in the model without safe assets” and that a result

akin to Proposition 10 holds, i.e., setting the nominal interest rate to the natural rate

can implement the flexible price allocation. Here, we justify these claims by providing

a tighter link between the exchange rate equation (60) in this model and the (IS-type)

aggregate demand equation (52) for the capital price qK
t that holds in the model without

safe assets.

We first remark that, without safe assets, qK
t = qt equals total private-sector wealth

per unit of capital. In the model considered here, it is conceptually more appropriate

to derive an equation for qt = qB
t + qK

t , as this directly guides consumption demand

(which is ρqtKt). Investment demand still depends on qK
t only, but the latter can be

recovered easily from qK
t = (1− ϑt)qt.

To derive an equation for the evolution of qt from equation (60), note that

qt = qB
t /ϑt = Et

qBg

t
ϑt

.
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In this multiplicative decomposition, the second factor, qBg

t /ϑt depends only on a state

variable and separately determined portfolio choice, which is therefore effectively ex-

ogenous for the determination of qt. Therefore, Et represents the forward-looking com-

ponent in qt that is independent of portfolio choice. Applying Ito’s lemma to the previ-

ous equation yields

Et[dqt]

qtdt
= µEt + µ

q,Bg

t − µϑ
t − (σEt − σϑ

t )σ
ϑ
t

= (σEt − σϑ
t )σ

E
t +

(
it − s̆t − πt − gt

)
−
(

ρ− s̆t − (1− ϑt)
2 σ̃2

t

)
− (σEt − σϑ

t )σ
ϑ
t

= (σEt − σϑ
t )

2 + (it − πt)−
(

ρ + gt − (1− ϑt)
2 σ̃2

t

)
,

where the replacements in the second line follow from equations (22), (58), and (60).

Now note that σEt − σϑ
t = σ

q
t and Et[d log qt]

dt = Et[dqt]
qtdt − (σ

q
t )

2. Therefore, the previous

equation is equivalent to

Et[d log qt]

dt
= it − πt −

(
ρ + gt − (1− ϑt)

2 σ̃2
t

)
.

Structurally, this equation is identical to equation (52) in the model without safe as-

sets. The only difference is that the precautionary motive in the comparison interest

rate contains an additional term (1− ϑt)2 reflecting that, due to self-insurance, resid-

ual idiosyncratic risk per unit of wealth is lower here than in the model without safe

assets. But because portfolio choice is separately determined, this is a minor detail. If

we adjust the exogenous idiosyncratic risk process across the two models, so that, in

both models, the residual risk (1− ϑt)σ̃t is identical, then we should expect equilibrium

dynamics that are (almost) identical.56

Importantly, interest rate policy enters, once again, the key aggregate demand equa-

tion of the model. If, for example, the nominal rate is set to

it = rn
t := ρ + gt + µ

q, f lex
t − (σ

q, f lex
t )2 − (1− ϑt)

2σ̃2
t ,

then the previous equation becomes Et[d log qt]
dt =

Et[d log q f lex
t ]

dt − πt, which is solved by

πt = 0 and qt = q f lex
t . It is easy to verify that this solution is also consistent with the

56Equilibrium dynamics are exactly identical under this adjustment if we consider the limit φ → ∞
without physical investment. In the model with physical investment, this is not fully true because also
the effective capital growth rate gt changes. To obtain an exact isomorphism between the two models
more generally, we also would have to make the capital depreciation rate δ time-varying in one of the
two, in order to ensure the same capital growth rates gt in both model variants.
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Phillips curve (equation (20)). Hence, once again, a variant of Proposition 10 holds in

this economy.

D.3 Monetary Frictions

Model Setup. We make the following three modifications to the model from Section 2.

First, we shut down safe asset demand by removing idiosyncratic risk, formally σ̃t =

0. Then, the model collapses to a representative agent economy. Second, we relabel

nominal government bonds and call them “money”. We denote the nominal quantity

of money outstanding by Mt (instead of Bt) and the nominal interest rate paid on

money (e.g., interest on reserves) by iMt . If money is associated with cash holdings,

then iMt ≡ 0 for technological reasons. We reserve the symbol it for the market-clearing

shadow nominal interest rate on a hypothetical nominal bond that does not provide

transaction services. Third, we add monetary frictions in the form of a cash-in-advance

constraint in production as in Merkel (2020). In all states in which the constraint binds,

this modification effectively adds a quantity equation to the model:

Mt

Pt
=

Yt

vt
,

where velocity vt follows an exogenous process. We assume that the process vt, which

captures the tightness of the constraint, is such that the constraint is always binding in

equilibrium.

The previous paragraph is sufficient to understand how the model works. Nev-

ertheless, let us, for the sake of completeness, provide some additional details on the

monetary frictions. Specifically, we introduce monetary frictions in a very stylized form

by assuming that, in order to produce, capital owners must hold sufficient money bal-

ances mi
t such that

Ptaui
tk

i
t ≤ vtm

i
t.

This form of specifying money demand is analytically convenient because it does not

distort the intertemporal consumption decision but only the portfolio choice between

money and capital. Compared to more conventional specifications, this arrangement

leads to greater tractability yet preserves the qualitative features of money demand
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(see Merkel, 2020 for details). Note that a reduction in maximum velocity vt corre-

sponds to a tightening of the constraint as more money is required for the same quan-

tity of output goods.

Adding this additional constraint to the household problem leaves most model

equations unaffected, with the exception of two household choice conditions, the op-

timal utilization choice (18) and the optimal portfolio choice (19). When the constraint

is binding, it introduces an additional wedge into both equations that depresses ui
t and

increases the excess return of capital over money.

Linking Money Demand to Aggregate Goods Demand. In this augmented model,

there is no portfolio choice condition that generates a safe asset demand as in Propo-

sition 3. However, money demand can play a role with economically similar effects

as safe asset demand. Let qM
t := Mt

PtKt
be the real value of money per unit of capital

in the economy. If the money stockMt follows similar dynamics as the nominal bond

stock Bt in our baseline model, then qM
t is effectively a state variable of the model under

sticky prices, just like qB
t in our baseline model.

Then, a shock that increases money demand, i.e., a fall in velocity vt, has aggregate

demand implications that are qualitatively identical to the aggregate demand implica-

tions of flight to safety in our safe asset model. To see this, note that, in equilibrium, the

quantity equation can be written as

qM
t =

a
vt

ut. (61)

When a fall in velocity vt raises money demand and qM
t is not free to adjust on impact,

then the resulting shortage of money generates a reduction in aggregate goods demand

that must be matched by an equal reduction in utilization ut. As in our baseline model,

an output gap opens up that generates deflation through the Phillips curve (which is

still represented by equation (20)). The evolution of the state variable qM
t is57

dqM
t =

(
µMt − πt − gt

)
dt,

such that deflation gradually raises qM
t over time and eases the downward pressure on

57µMt denotes the money growth rate. All other variables are as in our baseline model.
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aggregate demand, the Pigou effect. These dynamics exactly mirror the dynamics of

our safe asset model described in Section 3.

Contrasting Monetary Policy in the Safe Asset and Money Models. While this sim-

ple monetary model behaves similarly to our safe asset model, the following two con-

siderations highlight important economic differences. These differences lead to a con-

clusion for the ability of monetary policy to cure demand recessions in the money

model that differs radically from the one we have drawn in the main text for the safe

asset model.

First, when monetary policy is defined as controlling nominal interest rates, then

there are really two possible rates in the money model that could serve as the policy

instrument: the money rate iMt and the (zero net supply) bond rate it. In the safe as-

set model, there is just a single rate. Controlling the nominal interest rate in the latter

model is logically equivalent to controlling the money rate iMt in this model. If this was

the monetary policy instrument, conclusions would be similar: raising iMt does not

affect money demand, and hence aggregate demand, on impact but leads to a faster

growth rate of nominal money balances, thereby speeding up the recovery after a neg-

ative money demand shock. A variant of Proposition 9 then also holds in this model.

However, controlling iMt is different from the traditional analysis of interest rate pol-

icy in monetary models, which is concerned with controlling it, the “illiquid” bond

rate, while keeping iMt fixed, e.g., at iMt = 0 if money takes the form of cash. In that

traditional analysis, to adjust it, a policy institution must vary the quantity of money

Mt. Varying it for fixed iMt is thus simply not possible without making the quantity

of money endogenous. Any arrangement that allows the monetary authority to control

it will automatically also give it the power to adjustMt flexibly in response to shocks.

But once the monetary authority has the power to adjustMt flexibly, it can also control

qM
t = Mt

PtKt
, which, by equation (61), is sufficient to control aggregate economic activity.

Second, it is in fact plausible to assume that central banks can control the money

supplyMt. Central banks can employ open market operations to exchange money for

non-monetary assets such as government bonds or bonds issued by private agents. If

there are sufficient assets the central bank can buy (and the central bank has a sufficient
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asset stock to back the initially outstanding quantity of money), then the (base) money

supply is entirely under the control of the central bank for any given path of fiscal

policy.58 In contrast, in our safe asset model, it is the net supply of safe assets that

matters for equilibrium dynamics. By exchanging one asset for another, the central

bank cannot affect the total safe asset supply. Instead, only a change in fiscal policy can

achieve this.

Formally, this second point relates to Wallace neutrality (Wallace, 1981). Money as

a medium of exchange earns a convenience yield and is thus not priced according to

arbitrage-free asset pricing. An exchange of money for some asset with identical risk

characteristics can therefore alter the properties of the total private sector portfolio as

it relaxes or tightens the cash-in-advance constraint. In our safe asset framework, in

contrast, there are no convenience yields on any assets, so that increasing the supply of

government bonds in exchange for, say, privately issued safe bonds (in zero net supply)

is completely neutral.59

E Additional Details on Model Extension with Lump-sum
Taxes [Supplemental Materials]

Setup. The model is exactly as the model extension with long-term government bonds

as described in Section 5 and Appendix C with two modifications: (i) households have

access to a zero net supply asset with return

dRZ
t = (rt + ςt)dt + dZt,

where rt is the real risk-free rate and ςt is the price of risk determined in equilibrium;

(ii) the government levies lump-sum taxes τLS
t Ktdt in units of final goods from each

agent over the time interval [t, t + dt]. These modifications imply that the household

58One caveat is that if there is private money creation, then the broad money supply relevant to
aggregate demand may not be directly controlled by the central bank. However, so long as increasing
the quantity of base money has some (positive) effect on broader monetary aggregates, the broad money
supply can be effectively controlled as well.

59See Section VI in Brunnermeier et al. (2024) for a formal analysis of privately issued safe assets in
zero net supply. Similar conclusions carry over to our sticky price economy.
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net worth evolution now takes the form

dni
t = ni

t

(
θB,i

t dRB
t + θZ,i

t dRZ
t + (1− θB,i

t − θZ,i
t )dRK,i

t (ui
t, ιit)

)
− ci

tdt− τLS
t Ktdt

and the government budget constraint becomes

dBt =
(

itBt −Pt(τt + τLS
t )Kt

)
dt. (62)

Model Solution. Modification (i) by itself is inconsequential as aggregate risk in our

baseline model is perfectly shared. Formally, note that adding the asset with return

dRZ
t to the household decision problem and following the solution procedure in Ap-

pendix A will add an additional first-order condition

ςi
t = ςt,

where, as before, −ςi
tξ

i
t denotes the dZt-loading of the costate ξ i

t. Because, in our base-

line model (as well as the long-term bond extension), the ultimate expression for ςi
t

turns out to be independent of i, all households find it optimal to hold a zero position

in the dRZ
t -asset, θZ,i

t = 0, so that the equilibrium allocation is unaffected.

However, in combination with modification (ii), modification (i) allows us to keep

the portfolio choice formulation of the household decision problem and introduce a

claim to lump-sum taxes as an additional asset. The government is long in the tax

claims, while households are collectively short.60 Denote by qT
t Kt be the present value

of current and future lump-sum taxes at time t. The return on the lump-sum tax claims

is

dRT
t =

τLS
t
qT

t
dt +

d(qT
t Kt)

qT
t Kt

=

(
τLS

t
qT

t
+ gt + µ

q,T
t

)
dt + σ

q,T
t dZt,

where, in analogy to previous notation, µ
q,T
t and σ

q,T
t denote the geometric drift and

aggregate volatility loading of qT
t .

Before discussing how qT
t is determined, we first consider, in analogy to before, a

household portfolio choice problem between capital and the portfolio of safe assets

60This means, relative to the net worth evolution stated above, we change the definition of net worth
and include the implicit (negative) wealth due to the present value of future lump-sum taxes in the
measurement of nt. While, in principle, the lump-sum tax liability is not tradeable, the asset market is
sufficiently complete so that it spans the return process on the lump-sum tax claim. We can therefore
proceed as if the tax claim was tradeable directly.
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available to the private sector, which consists of all government liabilities net of lump-

sum taxes. Specifically, denote now by q̂B
t := PB

t Bt
PtKt

the gross value of government debt

per unit of capital and by qB
t := q̂B

t − qT
t the net value once we remove the present value

of lump-sum taxes. Perfect aggregate risk sharing (due to modification (i)) dictates that

all households hold government bonds and the tax claim in equal proportions in their

safe asset portfolios. The return on this joint safe asset portfolio is therefore (dRB̂
t is the

return on gross debt, which follows an equation analogous to equation (11))

dRB
t =

qB̂
t

qB
t

dRB̂
t −

qT
t

qB
t

dRT
t

=

(
qB̂

t (it − µBt )− τLS
t

qB
t

+ gt + µ
q,B
t

)
dt + σ

q,B
t dZt

Now, by the government budget constraint, equation (62),

qB̂
t (it − µBt )− τLS

t = τt,

so that if we define s̆t := τt
qB

t
as the ratio of capital taxes relative to the net value of

government liabilities, we obtain precisely the same equation as before (compare equa-

tion (11) and note that both in the baseline model and the long-term bond extension,

the government budget constraint can be written as in equation (9)):

dRB
t =

(
s̆t + gt + µ

q,B
t

)
dt + σ

q,B
t dZt.

Hence, the optimal portfolio choice conditions as derived in Appendix A remain valid.

In addition, if we define ϑt := qB
t

qB
t +qK

t
as the share of net government liabilities (or safe

assets) in total household wealth, then the same valuation equation (22) continues to

hold (the proof is identical).

Clearly, also the price-setting problem of intermediate goods firms and any aggre-

gate clearing conditions remain unaffected by the modifications made here. There-

fore, like for the long-term bond extension, all other model equations from the baseline

model remain valid as well, with the exception of the state evolution (15). Let us, once

again, define q̂B,0
t := Bt

PtKt
as the hypothetical (gross) value of government debt if all

debt was due at its face value immediately. This is the economy’s state variable, which
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follows the equation

dq̂B,0
t =

(
it −

s̆t(q̂B
t − qT

t ) + τLS
t

q̂B
t

− gt − πt

)
q̂B,0

t dt

and, as before,

q̂B
t =

λ

λ + it
q̂B,0

t .

However, neither q̂B,0
t nor q̂B

t are directly relevant for aggregate demand. Instead, qB
t =

q̂B
t − qT

t is.

To fully characterize the equilibrium, we therefore need to determine the evolution

of qT
t . To do so, note that the return dRT

t on the tax claim can be replicated by a portfolio

of investments into a risk-free asset, whose return is (i0
t −πt)dt, and an investment into

the dZt-asset, whose return is dRZ
t stated above. By no arbitrage, the portfolio weights

for the replicating portfolio must add to one, which leads to the condition

τLS
t
qT

t
+ gt + µ

q,T
t = rt + ςtσ

q,T
t .

This equation represents a BSDE that characterizes qT
t in equilibrium. For our imple-

mentation result below, it makes sense to solve this for the lump-sum taxes required to

generate a desired qT
t -process. Specifically, suppose qT

t follows some Ito evolution

dqT
t = µqT ,tdt + σqT ,tdZt (63)

with arithmetic drift and volatility µqT ,t and σqT ,t, respectively. Substituting this into the

previous equation and solving for τLS
t yields

τLS
t = (rt − gt)qT

t + ςtσqT ,t − µqT ,t. (64)

While not necessary to characterize the equilibrium, let us use the previous equa-

tions to derive the equilibrium evolution of the safe asset value qB
t . Recall that qB

t =
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q̂B
t − qT

t . Hence,

dqB
t = dq̂B

t − dqT
t = PB

t dq̂B,0
t + q̂B,0

t dPB
t − dqT

t

=
(
it − gt − πt

)
q̂B

t dt− s̆tqB
t dt− τLS

t dt− µqT ,tdt− σqT ,tdZt + q̂B,0
t dPB

t

=
(
it − gt − πt

)
q̂B

t dt− (rt − gt)qT
t dt− s̆tqB

t dt− ςtσqT ,tdt− σqT ,tdZt + q̂B,0
t dPB

t

=

((
it − i0

t + µP ,B
t

)
q̂B

t +
(

i0
t − πt − gt − s̆t

)
qB

t − ςtσqT ,t

)
dt +

(
σP ,B

t q̂B
t − σqT ,t

)
dZt

=

((
i0
t − πt − gt − s̆t + ςtσ

q,B
t

))
qB

t dt +
(

σP ,B
t q̂B

t − σqT ,t

)
dZt, (65)

where the last equality uses equation (49) under sticky prices (σPt = 0) and the fact that

difference between the expected returns of the long-term bond and the short-term bond

must be the risk premium ςtσ
P ,B
t arising from price risk of the long-term bond.

The previous equation clarifies the role of interest rates and lump-sum taxes in the

evolution of qB
t . We observe that lump-sum taxes do not directly affect the drift of qB

t . In

this sense, a form of Ricardian equivalence holds in this model with regard to changes

in the expected timing of lump-sum taxes that do not load on Brownian shocks. Instead,

nominal interest rates i0
t affect the drift of qB

t , just like in our baseline model. However,

lump-sum taxes matter for how qB
t changes in response to aggregate shocks: the risk

loading of the value of the tax claim, qT
t , enters the volatility of qB

t . It is in this sense

that controlling lump-sum taxes allows the government to flexibly adjust the safe asset

value in response to shocks.

Implementation of the Constrained Efficient Allocation. We now explain how the

constrained efficient allocation can be implemented in this model.

First determine ϑ∗t = ϑ∗(σ̃t) > 0 as in Proposition 12. Due to our assumption that σ̃t

follows an Ito process driven by Brownian shocks dZt, Ito’s lemma implies that

dϑ∗t
ϑ∗t

= µϑ∗
t dt + σϑ∗

t dZt

with processes µϑ∗
t and σϑ∗

t that only depend on the fundamentals of the economy and

the derivatives of the function ϑ∗. Substituting the drift µϑ∗
t ϑ∗t into the safe asset valua-

tion equation (22) yields

µϑ∗
t = ρ−

(
1− ϑ∗t

)2
σ̃2

t − s̆t ⇔ s̆t = ρ−
(
1− ϑ∗t

)2
σ̃2

t − µϑ∗
t =: s̆∗t ,
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which fully pins down the path of s̆t.

Next, combining goods market clearing (24) with the optimal investment choice

condition (17) and the definition of ϑt allows us to express qB
t , qK

t , and ιt in terms of ϑt

and ut

qB
t = ϑt

1 + φaut

1− ϑt + φρ
, qB

t = (1− ϑt)
1 + φaut

1− ϑt + φρ
, ιt =

(1− ϑt)aut − ρ

1− ϑt + φρ
. (66)

Plugging in ϑt = ϑ∗t and ut = u∗ yields the values for these three variables in the

constrained optimal equilibrium. We argue next that then also s̆t, πt, and gt are fully

determined by the requirement that the constrained optimum is implemented.

For s̆t, recall that, in this model, s̆t =
τt
qB

t
is the ratio of capital taxes to the net value

of government liabilities, we obtain for the optimal capital tax rate

τ∗t = s̆∗t qB∗
t = s̆∗t ϑ∗t

1 + φau∗

1− ϑ∗t + φρ
,

where s̆∗t is as defined above.

For πt, let us first determine the variables that enter the Phillips curve. By equa-

tion (25), the equilibrium capital rental price must be

pR∗
t = pR

t = ρ(u∗)ϕ(qB∗
t + qK∗

t ) = ρ(u∗)ϕ 1 + φau∗

1− ϑ∗t + φρ
.

In addition, the output-consumption ratio is

Y∗t
C∗t

=
au∗

ρ(qB∗
t + qK∗

t )
=

au∗

ρ

1− ϑ∗t + φρ

1 + φau∗
.

Substituting both expressions into the Phillips curve (20) yields a BSDE for Π∗t := π∗t
Y∗t
C∗t

,

Et
[
dΠ∗t

]
=

ρΠ∗t − κ

(
(u∗)1+ϕ − ε− 1

ε

au∗

ρ

1− ϑ∗t + φρ

1 + φau∗

)dt,

which can be solved forward in time to determine Π∗t :

Π∗t = κEt

∫ ∞

t
e−ρ(t′−t)

(
(u∗)1+ϕ − ε− 1

ε

au∗

ρ

1− ϑ∗t′ + φρ

1 + φau∗

)
dt′

 .

The implied inflation rate is then

π∗t = Π∗t
au∗

ρ

1− ϑ∗t + φρ

1 + φau∗
.
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Finally, for gt, by definition (compare equation (12)) and equation (66),

gt = Φ(ιt)− δ = Φ

(
(1− ϑt)au∗ − ρ

1− ϑ∗t + φρ

)
− δ =: g∗t .

Let us now discuss how to implement qB
t = qB∗

t . We start by discussing dynamics.

qB
t = qB∗

t requires

dqB
t = µ

q,B∗
t qB∗

t dt + σ
q,B∗
t qB∗

t dZt,

where µ
q,B∗
t and σ

q,B∗
t can be obtained by applying Ito’s lemma to qB∗

t = qB∗(σ̃t) and

only depend on the fundamentals of the economy and the function ϑ∗. Combining the

previous equation with equation (65) and yields the two conditions

i0
t − πt − gt − s̆t + ςtσ

q,B
t = µ

q,B∗
t ,

σP ,B
t q̂B

t − σqT ,t = σ
q,B∗
t qB∗

t .

The first condition, together with πt = π∗t , gt = g∗t , s̆t = s̆∗t , ςt = ς∗t , and σ
q,B
t = σ

q,B∗
t ,

implies a condition for the nominal short rate in terms of exogenous objects,

i0
t = i0∗

t := µ
q,B∗
t + g∗t + s̆∗t − ς∗t σ

q,B∗
t︸ ︷︷ ︸

=:r∗t

+π∗t .

Once the nominal short rate is set in this way, this fully determines the long-term inter-

est rate it and the bond price PB
t in terms of exogenous variables (compare Lemma 3),

denote the latter by PB∗
t and its volatility loading by σP ,B∗

t . Plugging this expression in

the second condition above and solving for σqT ,t yields

σqT ,t = σP ,B∗
t q̂B

t − σ
q,B∗
t qB∗

t = σP ,B∗
t PB∗

t q̂B,0
t − σ

q,B∗
t qB∗

t . (67)

This expresses the required value for σqT ,t to implement σ
q,B
t = σ

q,B∗
t as a function of

exogenous objects (the ∗-variables) and the endogenous state variable q̂B,0
t .

To complete the description of the implementation, we note that the initial value of

the lump-sum tax claim must be set such that qT
0 = qB∗

0 −PB∗
0 q̂B,0

0 . The evolution of qT
t

then follows equation (63) with σqT ,t as in equation (67) and free drift µqT ,t. Given such

a drift, the required tax rate τLS
t can be backed out from equation (64). The implied
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evolution of the endogenous state variable is61

dq̂B,0
t =

µ
q,B∗
t qB∗

t

PB∗
t

− µP ,B∗
t q̂B,0

t

dt +
µqT ,t

PB∗
t

dt.

In particular, it is always possible to choose µqT ,t, which is otherwise free, suitably to

ensure that q̂B,0
t remains strictly positive. While not required from a mathematical per-

spective, this is desirable because the link between government debt and aggregate

demand ceases to be economically meaningful for a nonpositive bond supply.

F Additional Details on Optimal Policy without Lump-
sum Taxes [Supplemental Materials]

F.1 Theoretical Analysis

The Ramsey Problem. Recall from the main text that we are restricting attention to

the case without investment, φ → ∞, and to deterministic dynamics with given (ex-

ogenous) bounded paths for σ̃t, s̆t, and ϑt, such that ϑt is bounded away from zero.

Restricting attention to deterministic dynamics is necessary to apply the deterministic

optimal control and differential equation arguments below. While it may be possible

to extend our results to a stochastic setting, this would be a significant extension that

requires different methods. In contrast, the assumption φ → ∞ is made primarily to

make our algebraic derivations more transparent and tractable. It should, in princi-

ple, be possible to extend the following analysis to the case with physical investment

without additional conceptual difficulties.

The monetary authority seeks to maximize the objective function∫ ∞

0
e−ρtWu(ut)dt, Wu(u) := log (u)− u1+ϕ

1 + ϕ
, (68)

which is justified by Proposition 12. ut satisfies the demand equation (27). Using ιt = 0

(due to φ→ ∞), we can write this equation as

ut =
ρ

a
qB,0

t
ϑt
PB

t . (69)

61Note that dq̂B
t = dqB

t + dqB
t , the first term has been computed in equation (65), and dq̂B,0

t =

q̂B,0
t (µ

q̂,B
t − µP ,B

t + σP ,B
t (σP ,B

t − σ
q̂,B
t ))dt (Ito’s ratio rule).
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We consider PB
t = λ

λ+it as the policy instrument. Due to the one-to-one relationship

between PB
t and it, this is equivalent to making it the policy instrument. The monetary

authority takes the path for ϑt as given and has to respect the state evolution

dqB,0
t

dt
=

λ

(
1
PB

t
− 1

)
− πt − s̆t − g

 qB,0
t , qB,0

0 given (70)

as a constraint. Here, s̆t is, like ϑt, exogenously given, and the capital growth rate g is

simply a constant parameter. The remaining variable, πt, is endogenous and follows

from the Phillips curve, which simplifies here to (this follows from equation (20) by

using Ct = Yt and imposing deterministic dynamics)

dπt

dt
= ρπt − κ

(
u1+ϕ

t − ε− 1
ε

)
, lim

T→∞
e−ρTπT = 0. (71)

Here, we have explicitly added the terminal condition that discounted terminal infla-

tion must vanish in the long run. This follows from the optimal price setting problem

of intermediate goods firms analyzed in Appendix A.62

Under commitment, the problem of the monetary authority is to choose a path for

PB
t to maximize (68) subject to conditions (69), (70), and (71). In addition, we impose as

a requirement on admissible policies that PB
t and the implied path for qB,0

t are bounded

and bounded away from zero. The assumption on PB
t is equivalent to the require-

ments on long-term interest rates it in Proposition 11. The additional assumption on

the state variable qB,0
t is without loss of generality because it only excludes policies that

are clearly suboptimal. Specifically, by equation (69), it excludes policies that lead to un-

bounded log ut, but these can never be optimal becauseWu(u)→ −∞ for log u→ ±∞.

For the problem under discretion, we first define an auxiliary problem with imper-

fect commitment along the lines of Brunnermeier et al. (2020). Specifically, we consider

a sequence of planners, indexed by j = 1, 2, . . . , each of which seeks to maximize objec-

tive (68) subject to the same constraints as for the Ramsey planner under commitment.

However, planner j only controls the path of PB
t over the time interval [(j − 1)∆, j∆],

where ∆ > 0 is the commitment horizon. An optimal policy under commitment with

62Specifically, in the notation from that appendix, we have derived the condition ψXtπ
j
t = λ

j
tP

j
t and

the right-hand side of this equation must converge to zero by a standard transversality condition. We
show later in that appendix that Xt = e−ρt Yt

Ct
, which here simplifies to Xt = e−ρt.
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horizon ∆ is defined as an equilibrium in the game played by the sequence of planners.

Following the usual assumptions in the literature on optimal monetary policy under

discretion, we are interested in a specific form of equilibrium in this game in which

each planner j’s reaction to previous planners’ choices depends only on the initial state

qB,0
(j−1)∆ faced by planner j but not on any other details of previous policy actions.63 We

define the optimal policy under discretion as the limit outcome for vanishing commit-

ment horizon, ∆→ 0.

A Monotonicity Lemma. Before analyzing the two policy problems further, we show

that feasible outcomes for utilization ut are monotonic in the initial state qB,0
0 in the

following (weak) sense:

Lemma 4. Consider two initial conditions, qB,0
0 = qB,0,(1)

0 , qB,0,(2)
0 with qB,0,(1)

0 < qB,0,(2)
0 and

two feasible policies PB,(1)
t , PB,(2)

t . Denote by u(i)
t the path for utilization under policy PB,(j)

t

for j = 1, 2. Then, there is a t ≥ 0 such that u(1)
t < u(2)

t .

Proof. Suppose otherwise. Then u(1)
t ≥ u(2)

t for all t. Integrating the Phillips curve (71)

forward in time yields

πt = κ
∫ ∞

t
e−ρ(t′−t)

(
u1+ϕ

t′ − ε− 1
ε

)
dt′,

which is strictly increasing in {ut′}t≥t′ , so that necessarily π
(1)
t ≥ π

(2)
t . Next, note that

d(qB,0,(1)
t /qB,0,(2)

t )

qB,0,(1)
t /qB,0,(2)

t dt
= i(1)t − i(2)t − π

(1)
t + π

(2)
t ≤ i(1)t − i(2)t ,

where, for any variable xt, x(j)
t denotes its path under policy PB,(j)

t for initial condition

qB,0,(j)
t . Furthermore, the difference in interest rates satisfies

i(1)t − i(2)t = λ

 1

PB,(1)
t

− 1

PB,(2)
t

 = λ
ρ

aϑt

qB,0,(1)
t

u(1)
t

− qB,0,(2)
t

u(2)
t


≤ λ

ρ

aϑt

qB,0,(2)
t

u(2)
t

qB,0,(1)
t

qB,0,(2)
t

− 1


63If the remaining fundamentals of the economy (σ̃t and s̆t) follow an autonomous law of motion, this

essentially means that we are looking for a Markov-perfect equilibrium of the game.
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Combining this with the previous inequality yields

d(qB,0,(1)
t /qB,0,(2)

t )

qB,0,(1)
t /qB,0,(2)

t dt
≤ λ

ρ

aϑt

qB,0,(2)
t

u(2)
t

qB,0,(1)
t

qB,0,(2)
t

− 1

 .

Note that the right-hand side is strictly negative whenever qB,0,(1)
t /qB,0,(2)

t < 1. Because

this is true, by assumption, for t = 0, the comparison theorem implies that it must be

true for all t ≥ 0. In particular, qB,0,(1)
t /qB,0,(2)

t must decay over time.

Now, consider the limit x := limt→∞ (qB,0,(1)
t /qB,0,(2)

t ) ∈ [0, 1). Distinguish two

cases:

(i) If x = 0, then qB,0,(1)
t and qB,0,(2)

t cannot both be bounded and bounded away from

zero. Either PB,(1)
t or PB,(2)

t must therefore be an inadmissible policy.

(ii) If x > 0, then necessarily λ
ρ

aϑt

qB,0,(2)
t

u(2)
t

→ 0 as t → ∞. Because ϑt is bounded,

this is inconsistent with both qB,0,(2)
t and u(2)

t = ρ
a

qB,0,(2)
t

ϑt
PB,(2)

t being bounded and

bounded away from zero. Therefore, PB,(2) cannot be an admissible policy.

In either case, we have established a contradiction. Hence, admissible policies such that

u(1)
t ≥ u(2)

t for all t do not exist.

Existence of qB,0∗. We next show that there must be some initial condition qB,0 =

qB,0∗ for which the constrained optimal utilization rate ut = u∗ can be implemented.

The proof is constructive and follows the same arguments as the implementation with

lump-sum taxes in Appendix E.

Specifically, ut = u∗ pins down inflation dynamics, so that, to match the drift dy-

namics of qB∗
t (qB

t = qB∗
t is a necessary condition for ut = u∗), we need one, and only

one, path for the nominal short rate i0
t that is independent of the initial condition. The

argument is precisely the same as in Appendix E, so that we omit the details here. This

unique path for the nominal short rate fully pins down the path for the nominal bond

price, PB
t = PB∗

t . Clearly, there is then precisely one initial condition qB,0
0 for which also

the initial level of qB
t is consistent with the constrained optimum, namely

qB,0
0 =

qB∗
0

PB∗
0

.
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For this initial condition, following the policy PB
t = PB∗

t then ensures qB
t = qB∗

t , and

hence ut = u∗, by construction because there are no further shocks.

Analyzing First-order Conditions of the Planner under Commitment. We solve the

problem of the planner with the maximum principle. Unlike in other appendices,

which have expressed Hamiltonians as present value Hamiltonians (in units of time-

zero utility), it is here notationally simpler to work with the current value Hamiltonian

(in units of time-t utility). We point this out here to clarify why the equations for the

multiplier look seemingly different than in other parts of this paper. The current value

Hamiltonian for the planner’s problem is

Ht =Wu(ut)+ νt


λ

(
1
PB

t
− 1

)
− πt − s̆t − g

 qB,0
t

+ ηt

(
ρπt − κ

(
u1+ϕ

t − ε− 1
ε

))
,

where νt is the multiplier on the backward-looking constraint and ηt is the multiplier

on the forward-looking constraint. Optimality necessarily requires the following three

first-order conditions. First, the optimal choice condition with respect to the policy

variable PB
t is

0 =
∂Ht

∂ut

∂ut

∂PB
t
− νtλ

qB,0
t

(PB
t )

2
. (72)

Second, the costate equation for the multiplier on the backward-looking constraint is

dνt

dt
= ρνt −

∂Ht

∂ut

∂ut

∂qB,0
t

− νt

λ

(
1
PB

t
− 1

)
− πt − s̆t − g

 . (73)

Third, the state equation for the multiplier on the forward-looking constraint is

dηt

dt
= ρηt −

∂Ht

∂ut

∂ut

∂πt
+ νtqB,0

t − ηtρ. (74)

We can solve the first first-order condition for ∂Ht
∂ut

, which appears in all three condi-

tions,
∂Ht

∂ut
= νtλ

qB,0
t
PB

t

1
∂ut
∂PB

t
PB

t

= νtλ
qB,0

t
PB

t

1
ut

= νtλ
1

(PB
t )

2
ϑt

a
ρ︸︷︷︸

=qB∗
t

.
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Plugging this previous expression into equation (73) yields

dνt

dt
= −

−ρ + λ
qB∗

t
(PB

t )
2

∂ut

∂qB,0
t

+ λ

(
1
PB

t
− 1

)
− πt − s̆t − g

 νt

= −

λ
1
PB

t
− ρ + λ

(
1
PB

t
− 1

)
− πt − s̆t − g

 νt.

This equation is useful for two reasons. First, it tells us that νt must have the same

sign for all t (by our assumptions, the first factor is bounded, so decay to zero cannot

happen in finite time). Second, we see that νt must decay at a rate λ 1
PB

t
− ρ + µ

q,B,0
t , so

νtqB,0
t decays at rate λ 1

PB
t
− ρ = λ + it − ρ. We will use this fact below.

Next, consider condition (74). Because ∂ut
∂πt

= 0, this simplifies to

dηt

dt
= νtqB,0

t

with the semi-closed-form solution

ηt = η0 +
∫ t

0
νt′q

B,0
t′ dt′ =

∫ t

0
νt′q

B,0
t′ dt′

where the second equality follows from the initial condition η0 = 0 that must hold

because this is the multiplier on a controlled backward equation. This implies that, for

any t > 0, also ηt has the same sign as νt. Furthermore, |ηt| is strictly increasing over

time, so that η∞ := limt→∞ ηt exists (though it could be infinite). η∞ is certainly finite if

νtqB,0
t decays asymptotically at a positive exponential rate.

Let us next compute ∂Ht
∂ut

. We have

λ
qB∗

t
(PB

t )
2

νt =
∂Ht

∂ut
=W ′u(ut)− ρκ(1 + ϕ)uϕ

t ηt.

Hence,

W ′u(ut) = λ
qB∗

t
(PB

t )
2

νt + ρκ(1 + ϕ)uϕ
t ηt

and the sign of the right-hand side is always the same as the sign of νt (which is constant

over time). We observe thatW ′u(ut) > 0 ⇔ ut < u∗ if and only if νt > 0, and that the

sign of ut − u∗ is constant over time. From Lemma 4, we can conclude that ut < u∗ if
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and only if qB,0
0 < qB,0∗

0 and that ut > u∗ if and only if qB,0
0 > qB,0,∗

0 . These conclusions

establish the first part of Proposition 14.

Let us conclude this section by analyzing the convergence behavior of ut as t → ∞.

Convergence of ut requires convergence of W ′u(ut). From the previous equation, we

observe that

W ′u(ut) = (λ + it)
u∗t
ut

νtqB,0
t + ρκ(1 + ϕ)uϕ

t ηt.

Note that, because ut is required to be bounded away from zero, the last term can only

converge if η∞ remains finite. This, in turn, requires necessarily νtqB,0
t → 0. If this

necessary condition is satisfied, then, because also (λ + it)
u∗t
ut

must be bounded, we

obtain in the limit

W ′u(u∞) =
1

u∞
− uϕ

∞ = ρκ(1 + ϕ)uϕ
∞η∞,

where ut := limt→∞ ut. It is easy to see that this equation has a unique solution that is

positive and finite if

η∞ ∈
(
− 1

ρκ(1 + ϕ)
, ∞

)
.

We are here interested in the recession case qB,0
0 < qB,0∗

0 , in which ηt ≥ 0, so all that is

required is η∞ < ∞.

As discussed previously, this is certainly satisfied if νtqB,0
t decays asymptotically

exponentially with a positive decay rate. We also know that the decay rate of νtqB,0
t is

λ + it − ρ. We show next that this is strictly positive for sufficiently large λ.

For a proof, note that

d(νt(qB,0
t )2)

νt(qB,0
t )2dt

= −(λ + it − ρ) + it − πt − s̆t − g

= ρ− λ− πt − s̆t − g ≤ ρ− (λ + g + s̆ + π),

where s̆ := inft≥0 s̆t > −∞ and π > −∞ is some lower bound on inflation for the

optimal policy for arbitrarily large λ (which may be lower than inft≥0 πt). Such a lower

bound always exists. E.g., a crude one is π = − κ
ρ

ε−1
ε , which follows immediately from

the Phillips curve (71) and the fact that ut ≥ 0. With the above,

νtqB,0
t =

1

qB,0
t

νt(qB,0
t )2 ≤

ν0(q
B,0
0 )2

qB,0
t

e(ρ−λ−g−s̆−π)t.
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Because qB,0
t is bounded and bounded away from zero, this converges to zero as t→ ∞

if and only if the exponential converges. This is the case for

λ > ρ− g− s̆− π,

which is certainly satisfied for sufficiently large λ.64

Finally, we remark that, unless qB,0
0 = qB,0∗, νt 6= 0, which implies ηt 6= 0 and,

because |ηt| is strictly increasing over time, also η∞ 6= 0. Therefore, W ′(u∞) 6= 0,

so that ut does not converge to u∗. In the recession case, qB,0
0 < qB,0∗, the previous

arguments imply further that u∞ < u∗.

Analyzing First-order Conditions of the Planner under Discretion. For the active

planner at time t in the sequence of planners (for finite commitment horizon ∆), the

Hamiltonian is again Ht as defined above. Similarly, the first-order conditions (72), (71),

and (70) remain valid. However, the initial and terminal conditions change. Planner j

faces an additional terminal condition ν
(j)
j∆ = ν

(j+1)
j∆ , where ν

(j)
t denotes the time-t value

of the costate faced by planner j for t ∈ [(j − 1)∆, j∆]. Furthermore, because planner

j reoptimizes and is not bound by past commitments, the initial condition for η
(j)
t at

t = (j − 1)∆ is η
j
(j−1)∆ = 0. If we define νt := ν

(dt/∆e)
t and ηt := η

(dt/∆e)
t , then νt

follows the same equation (71) as under commitment regardless of the value of ∆. The

multiplier ηt follows, in principle, also the same equation (70) as under commitment,

except that ηt is periodically reset to zero at dates t ∈ {0, ∆, 2∆, . . . }. Therefore, in the

limit ∆ → ∞, ηt ≡ 0. Hence, the optimal solution satisfies the same conditions as the

optimal policy under commitment, except that the state equation (70) for the multiplier

ηt is replaced with the condition ηt ≡ 0. Many of the previous arguments therefore

remain valid.

First, the argument that νt never changes sign does not rely on any condition for ηt

and therefore remains valid. Similarly, the decay rate of νt is still the same, so that we

obtain convergence eρtνt → 0 under the same conditions as above.

64The bound here is very crude due to the crude lower bound on π. We make two remarks here.
First, any argument that leads to a larger lower bound for inflation improves on the set of λ-values for
which we can predict long-run convergence to u∗. For example, if qB,0

t > qB,0∗ (the boom case), we know
ut > u∗ and therefore π = π∗ > 0. Second, a refinement of the previous argument also works if π is not
a lower bound for inflation but merely an eventual lower bound for all t ≥ t0 and some t0.

111



Second, the discussion of the limit behavior ofW ′u(ut) remains valid as well, except

that now ηt = 0, so that eρtνt → 0 implies W ′u(ut) → 0 with the consequence that

ut → u∗.

F.2 Numerical Examples

In this section, we illustrate the optimal policy for a numerical example. Specifically,

we start the economy in the constrained efficient steady state of the model without ag-

gregate shocks using the same parameters as in Section 3, except for the debt duration

parameter which we set to λ = 0.2, which corresponds to a debt duration of 5 years,

approximately consistent with the average duration of U.S. government debt. We con-

sider an unanticipated permanent increase in σ̃ at t = 0 to a new level without a change

in s̆, so that ϑt also jumps upward at t = 0 and thereafter remains constant that higher

level.65 Importantly, this setup implies that qB
0 < qB∗

0 , so that Proposition 14 implies

permanent under-utilization relative to the constrained efficient level.

Figure 4 depicts the dynamics of the (long-term) nominal interest rate it, the bond

price PB
t , the capital utilization rate ut, and the inflation rate πt under the optimal

interest rate policy. In all panels, we plot the (percentage or percentage point) devia-

tions from the constrained efficient equilibrium that would be attainable if lump-sum

taxes were available. The blue lines show the optimal policy under discretion, and

the red lines under commitment. For comparison, we also plot dynamics under the

(non-optimal) policy of setting the nominal interest rate to its value in the constrained

efficient equilibrium, it = i∗, depicted by the dashed black lines. In this example, the

interest rate under optimal policy is lowered initially, both under discretion and com-

mitment, to raise PB
t . This mitigates the initial depth of the recession considerably

compared to the benchmark policy it = i∗. The reduction in interest rates is more ag-

gressive and persistent than under discretion. Most importantly, the discretion and

commitment solutions differ with respect to their long-run behavior. For the former, all

variables return to the (new) constrained optimal steady state in the long run. In con-

trast, interest rates are kept permanently lower under commitment. Doing so depresses

65It is not important to assume that s̆ does not change. It could also change to a new constant level.
So long as ϑt still jumps upward and remains constant thereafter, the qualitative takeaways from the
numerical example would be the same.
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Figure 4: Optimal policy under discretion (blue) and commitment (red) in response to a per-
manent increase in σ̃ at t = 0. Panels for PB

t and ut depict percentage deviations, and panels
for it and πt depict percentage point differences from the values of these variables in the con-
strained efficient equilibrium (that would be attainable with lump-sum taxes). Black dashed
lines depict dynamics under the (non-optimal) policy it = i∗ that sets the nominal interest rate
to its constrained efficient value.

inflation and resource utilization in the long run, which helps the monetary authority to

achieve almost the same initial inflation reduction at t = 0 as under discretion despite

a much milder initial recession. In other words, the promise to never return economic

activity back to its (constrained) optimal level allows the monetary authority to create

more disinflation with less pain in the form of reduced output. Note that disinflation by

itself is not costly but beneficial as it expands the real value of safe assets more rapidly.

Figures 5 and 6 show how the conclusions about optimal monetary policy depend

on government debt duration 1/λ. Figure 5 depicts comparative statics of the opti-

mal interest rate policy under discretion (measured by the long-term nominal rate it

for the respective duration 1/λ) and the implied output response (measured by ut)
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Figure 5: Optimal policy under discretion for different government debt duration (1/λ). Vari-
ables definitions and scales are as in Figure 4. The lines for λ = 0.2 correspond to the blue lines
in that figure.

Figure 6: Optimal policy under commitment for different government debt duration (1/λ).
Variables definitions and scales are as in Figure 4. The lines for λ = 0.2 corresponds to the red
lines in that figure.
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with respect to λ. The main takeaway is that the optimal interest rate policy depends

crucially on debt duration, in contrast to the standard analysis in RANK models. For

sufficiently long-term debt, i.e., low λ, interest rates are reduced and more persistently

so the longer is the duration. However, if the debt duration is sufficiently short, then

the optimal policy looks very different. It is then optimal to raise the interest rate be-

cause the debt growth channel is much more potent than the revaluation channel. This

difference in optimal interest rate policy is reflected in the shape of the output response

depicted in the right panel of Figure 5. With long-duration debt, it is optimal to engi-

neer shallow but drawn-out recessions, whereas with short-duration debt, the optimal

policy features deep recessions with fast recoveries.

Figure 6 shows the same comparative statics for the optimal policy under commit-

ment. We observe that the same general takeaway applies: lower debt duration is as-

sociated with higher nominal interest rates in the short run and deeper recessions with

faster recoveries. The main difference compared to the discretion case is that, under

commitment, the economy is not returned to the constrained efficient level of economic

activity, which allows the monetary authority to generate additional deflation despite a

higher level of economic activity initially. The extent of the long-run under-utilization

is non-monotonic in debt duration but has an inverted U-shape. It is highest for inter-

mediate values of λ and lower for both very high and very low values. This is because,

both for very high and very low debt duration, there is little conflict between the two

channels through which interest rates affect economic activity: for very low-duration

debt, the debt growth channel clearly dominates (because bond prices are almost insen-

sitive to interest rates) and for very high-duration debt, the revaluation channel dom-

inates (because then even minor changes in the interest rate have large effects on the

real value of safe assets). In both cases, disinflation is less important as a mechanism to

bring the safe asset supply closer to its efficient level. In the former case, it grows very

fast on its own. In the latter, the nominal bond price does most of the work. Benefits

from distorting long-run outcomes to generate additional disinflation in the short run

are therefore small. For intermediate debt duration, in contrast, the two channels are

in conflict with each other, and the Pigou effect has a greater role to play. In this case,

generating additional disinflation at the cost of long-run distortions is most beneficial.
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G Calibration and Numerical Solution [Supplemental Ma-
terials]

Calibration. Table 1 summarizes the model parameters for the numerical illustrations

provided in the main text. We take the technology parameters a, φ directly from Brun-

nermeier et al. (2024). We also base our calibration of the parameters b, σ̄, and ν on

that paper but adjust the values reported there such that the implied dynamics of the

exogenous component of the idiosyncratic capital risk premium are identical to their

quantitative model, which features more general preferences and partial sharing of ag-

gregate risk.66 We also follow their strategy to calibrate the depreciation rate δ to match

a steady state growth rate of 2.1% and the time discount rate ρ to match a household

portfolio share in safe assets of ϑss = 15% in the stochastic steady state. While not di-

rectly comparable, this value for ϑss is also inside the range of numbers for the share

of liquid wealth reported by Bayer et al. (2023).67 For the New Keynesian block, we

follow Kaplan et al. (2018) in targeting a Phillips curve slope of κ = 0.1. Note that

κ = ε/ψ, so that the price adjustment cost parameter ψ is determined by that target for

κ and a choice of the substitution elasticity ε of goods demand across varieties. Because

markups and monopolistic competition per se play no particular role in this paper, we

choose the limit ε → ∞, so that there is no monopoly distortion in the flexible price

economy.68 For the curvature of the disutility of utilization effort, we choose a value of

ϕ = 1.5. While the literature does not provide any direct guidance on this parameter,

this choice is in the range of common values for the inverse Frisch elasticity parameter

66Specifically, the idiosyncratic capital risk premium in their model is (1− ϑt)γχ̄2σ̃2
t , where γ is the

coefficient of relative risk aversion and χ̄ is the fraction of undiversifiable idiosyncratic risk. In contrast,
in our model, the idiosyncratic capital risk premium is (1− ϑt)σ̃2

t . By “exogenous component” we mean
the factors γχ̄2σ̃2

t and σ̃2
t , respectively, as these only depend on parameters and exogenous processes. In

Brunnermeier et al. (2024), γχ̄2 = 0.54, so we need to scale their mean reversion level σ̄2 by 0.54 and
their volatility ν by

√
0.54 to generate identical dynamics.

67Specifically, their Figure 1 shows that the ratio of (aggregate) liquid to illiquid assets based on the
flow of funds fluctuates between 0.14 and 0.3 over their sample, which translates into liquid wealth
shares between 12% and 23%. In Table III, they report a lower estimate of the same ratio of 0.09 based on
the Survey of Consumer Finances, which translates into a liquid wealth share of 8%.

68Once the Phillips curve slope is fixed, the parameter ε only matters for the flexible price rental price
pR, f lex = a ε−1

ε , which appears in the Phillips curve (20) as the target level for marginal costs. Effects
on dynamics from changes in ε (for fixed κ) are therefore minimal and, hence, this parameter is fairly
unimportant. Indeed, all our figures look very similar for the choices in Kaplan et al. (2018), ε = 10 and
ψ = 100.
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in the disutility of labor in preference specifications that have an identical functional

form.

As explained in Section 3.1, for the sake of a transparent discussion of the effects of

an uncertainty shock, our baseline assumption is the admittedly unrealistic special case

that government policy variables i and s̆ are kept constant throughout. This allows us

to isolate the effects of the shock itself as opposed to the effects that arise from the policy

reaction to the shock. We set the nominal interest rate i such that the inflation rate in the

stochastic steady state is zero. For s̆, we set a value that strikes a balance between two

goals: (i) to obtain a steady-state value of the ratio of primary surpluses to GDP that

is empirically plausible (the postwar average of this ratio is close to zero but slightly

negative in US data) and (ii) to keep s̆ positive in order to have a standard fiscal rule

that stabilizes government debt in the long run and to prevent the possibility of rational

bubbles in government debt (on the latter point, see Brunnermeier et al., 2020). While

our analysis also works for nonpositive s̆, we require (ii) so as to emphasize that none

of our results hinge on either a policy specification that makes surpluses unresponsive

to outstanding government debt or public debt bubbles. To strike a balance between

goals (i) and (ii), we target a steady-state primary surplus of 0.1% of GDP.

Numerical Solution Algorithm. In Section 2.3, we have characterized equilibrium up

to the two dynamic equations (3) and (20) for the equilibrium portfolio weight on bonds

ϑt and the transformed inflation rate Πt := πt
Yt
Ct

, respectively. Mathematically, these

represent backward stochastic differential equations (BSDEs). To solve them, we first

use a standard procedure to transform them into partial differential equations (PDEs).

Specifically, we impose a Markovian structure ϑt = ϑ(σ̃t, qB
t ), Πt = Π(σ̃t, qB

t ) and apply

Itô’s lemma, which allows us to express the drifts of ϑt and Πt in terms of derivatives

of the unknown functions Π and ϑ. We then equate these drifts with the ones required

by equations (20) and (3) to obtain PDEs for the functions ϑ and Π. We solve these

equations with an iterative finite difference method as described, for example, in Brun-

nermeier and Sannikov (2016). This procedure determines a global (nonlinear) solution

of the model.69

69Solving the model in this way can be computationally involved and potentially unstable. In special
cases in which the conditions of Proposition 4 are satisfied, we improve the efficiency and stability of
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Parameter Description Value

Preferences
ρ time preference 0.1192
ϕ utilization disutility 1.5

Production
a productivity 0.625
δ depreciation rate 0.126
φ capital adjustment cost 8.1

New Keynesian Block
ε elasticity of substitution → ∞
ψ price adjustment cost 10ε

Uncertainty
b mean reversion speed 0.67

σ̄2 mean level 0.158
ν volatility 0.294

Monetary-Fiscal Policy
i interest rate 2.3%
s̆ fiscal policy 0.13%

Table 1: Model Parameters

the algorithm by first pre-solving for the function ϑt = ϑ(σ̃t) that only depends on the exogenous state
variable σ̃t and then holding this solution for ϑ fixed while applying the described algorithm to determine
Π.
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