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Abstract

I study the macroeconomic impact of belief errors in production networks when
firms choose labor quantities before uncertainty about sectoral TFP disturbances is
resolved. Belief errors influence firms’ labor demand through two channels: the cycli-
cality of labor demand and asymmetric exposure to sectoral TFPs. The impact on
aggregate output varies with the structure of the production network, the income ef-
fect on labor supply, the degree of belief disagreement between sectors, and the extent
of labor reallocation. I discuss the implication of these results for ambiguity aversion
in production networks.
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1 Introduction

Novel and complex shocks have precipitated many economic crises. The opacity of the
balance sheets of shadow banks triggered the 2007-2008 financial crisis while the onset of
COVID-19 entailed numerous unknowable uncertainties. When a shock is novel and complex,
economic agents will likely form belief errors about the shock. These errors may further
amplify the shock through two channels. First, agents may have asymmetric exposure to
the shock. If agents can form belief errors, then all agents may worry that they will suffer
disproportionately more than others. Even if agents initially anticipate a mild recession,
they may have substantial concerns about asymmetric exposure, which amplifies the shock.
Second, belief errors may induce disagreement between two sets of agents, which affects
aggregate outcomes because of spillovers. The reaction of the first set of agents may be
perfectly reasonable under their beliefs but a significant mistake under the beliefs of the
second set of agents. If there are spillovers, then the reaction of the first set of agents can
pose a significant problem to the second set.

This paper theoretically investigates these ideas within the environment of a production
network in which firms potentially have errors in their beliefs about sectoral disturbances.
In the model, firms choose their labor inputs and commit to pay the market-clearing wage
before they learn sectoral TFP disturbances. I take firms’ beliefs about TFPs as given
but assume that beliefs are common knowledge, firms agree to disagree, and firms are not
misspecified about the economy’s structural relations. The model is an otherwise standard
production network with elastic labor supply from a representative household.

Fluctuations in firms’ belief errors can change GDP. The magnitude of the change
depends on two channels: the cyclicality of labor demand and asymmetric exposure to
sectoral TFPs. The first channel arises because belief errors about TFPs lead to belief

errors about GDP. If labor demand is cyclical, then these belief errors about GDP can



cause labor allocations to fluctuate. However, the cyclicality of labor demand depends on
household preferences and the structure of the production network. Even if a firm anticipates
a decline in sales due to low GDP, the firm does not need to reduce hiring if the firm also
anticipates wages to fall because the household’s labor supply expands. The second channel
arises because expenditure switching across the production network generates asymmetric
exposure to sectoral TFPs, holding GDP constant. For example, sales may fluctuate because
the household or downstream customers switch expenditures to other sectors. These two
channel determine how belief errors propagate throughout the production network.

The model has two “stages”: in the “morning,” firms choose beliefs and labor, and “in
the afternoon,” all other decisions and prices are determined in the “afternoon.” 1 charac-
terize equilibrium in three steps. First, I characterize agents’ optimality conditions in an
arbitrary temporary equilibrium. Second, I solve GDP, sales, and prices in the afternoon as
a function of firms’ morning labor choices and the realized TFP disturbances. Third, I show
that belief errors induce labor wedges and use restrictions on firms’ beliefs to characterize
the wedges as functions of sectoral belief errors. These wedges then determine morning labor
choices. T apply this general solution to several example economies to study the determinants
of the aggregate response to belief errors.

I establish a neutrality result and thus show that belief errors about TFP do not neces-
sarily generate aggregate fluctuations. GDP is neutral to belief errors when the income effect
on labor supply equals one and the production network is Cobb-Douglas. This neutrality
result pinpoints the two channels through which belief errors may affect outcomes.

I first relax the assumption that the income effect equals one in a Cobb-Douglas net-
work. This case shows that the impact of belief errors on GDP depends on the cyclicality of
labor demand. In Cobb-Douglas economies, the relative cyclicality of sales to wages deter-
mines the cyclicality of labor demand. The cyclicality of a firm’s sales is always one, so if

wages match that cyclicality, then belief errors are irrelevant. Away from this benchmark,



the aggregate impact of belief errors depends on how cyclical sales are relative to wages.
When the income effect is low, pessimism about TFP causes GDP to fall. However, if the
income effect is high, then pessimism about TFP actually causes GDP to rise. In either
case, belief errors about TFP only affect outcomes by causing firms to form incorrect beliefs
about GDP and thus the ratio of sales to wages.

Next, I consider a horizontal economy in which the final demand aggregator is CES
instead of Cobb-Douglas. Because of this change in the demand aggregator, a firm’s sales
are not only exposed to GDP but also asymmetrically exposed to its own sector’s TFP. The
reason is that, holding GDP constant, the household switches expenditures across sectors in
response to TFP disturbances. If there are constraints on the total errors that firms can make
about sectoral TFPs, then belief disagreement becomes necessary to generate fluctuations
from belief errors.

Returning to a Cobb-Douglas demand aggregator, I show that belief errors also matter
when the supply chain is CES. When the elasticities of substitution between labor and inter-
mediate inputs are not all one, belief errors about the TFPs of upstream sectors affect firms’
labor demand. The reason is that belief errors about upstream TFPs shift their beliefs about
the relative distribution of sales in the afternoon between downstream and upstream sec-
tors. If downstream sectors have complementary demand for inputs from upstream sectors,
then pessimism about upstream TFP by downstream sectors causes their hiring to fall, but
pessimism by upstream sectors causes their hiring to rise. In this case, belief disagreement
directly affects GDP, even without constraints on the total errors firms can make. Without
disagreement, a downturn in some sectors is offset by an expansion in others.

The sensitivity of GDP to belief errors depends on the extent of labor reallocation across
sectors. The less willing the representative household is to reallocate labor, the smaller the
impact that belief errors have on GDP. This result holds for arbitrary networks and income

effects on labor supply. The reason is that a low willingness to reallocate labor implies a high



willingness to accept wage reductions. If firms can count on large wage changes to offset the
effects of TFP disturbances, then they do not worry about their labor decision.

A novel application of these results is the study of ambiguity aversion in production
networks. I model ambiguity aversion using max-min expected utility, as in Gilboa and
Schmeidler (1989), and show that a spike in ambiguity causes a recession through sectoral
belief errors. The magnitude of the recession depends on the structure of the production
network. Expenditure switching generates asymmetric and disproportionate exposure to
sectoral TFP disturbances, so firms disagree about worst-case TFPs. Disagreement aggre-
gates to a larger recession because each sector’s labor decision has spillover effects onto other

sectors’ decisions.

Related Literature. Information frictions are a common way to introduce errors in equi-
librium beliefs into production networks. Pellet and Tahbaz-Salehi (2023) and Bui et al.
(2024) focus on the noisy exogenous information case. Nikolakoudis (2024) considers learn-
ing from prices, Jamilov et al. (2024) studies endogenous attention about exogenous states,
and Chahrour et al. (2021) examines the role of news media in belief formation. These pa-
pers show that specific information frictions alter the propagation of sectoral disturbances
and cause noise shocks to be sources of aggregate fluctuations. In contrast to these papers,
I abstract from a specific model of belief formation, which enables me to characterize what
types of beliefs in general are needed to generate aggregate downturns. I do restrict attention
to beliefs which satisfy a form of rationality that I clarify below.

My paper also relates to the broader production networks literature. Baqaee and
Farhi (2019) and Dew-Becker (2023) show that nonlinear production networks matter for
the aggregate effects of sectoral disturbances. When there are nonlinearities, sectoral dis-
turbances change Domar weights and input-output multipliers. My paper shows that these

same mechanisms have first-order effects when firms choose inputs subject to uncertainty.



Kopytov et al. (2024) has a similar result but obtains it using endogenous input-output link-
ages in a Cobb-Douglas network instead of an exogenous nested-CES network. Bigio and
La’0O (2020) and Baqaee and Farhi (2020b) study the impact of fluctuations in exogenous
distortions in production networks. Labor wedges in my paper endogenously emerge from

input choice under uncertainty and depend on the network structure.

2 Model

There is a representative household and n production sectors, indexed by i € N = {1,...,n}.
A representative firm in each sector exists and sells output either to the household for
consumption or for use as an intermediate input. The household owns all firms. The economy
is static, but it will be convenient to divide firms’ actions into two stages, the “morning”
and the “afternoon.” In the morning, firms choose labor in the morning. In the afternoon,
the household supplies labor, and the product and intermediate goods markets clear. Wages

and goods prices are both state-contingent.

2.1 Household

The representative household has preferences

Yl—'y -1 (h$)1+77i
UY. i) = -t = S
W lithe) = - Sy

where Y denotes GDP and hj denotes the quantity of labor supplied to sector ¢ by the
household. This specification of labor disutility is taken from Bui et al. (2024) and implies
that each sector faces a labor supply curve which is isoelastic in the real wage with sector-
specific inverse Frisch elasticity n;. These preferences keep the model tractable while limiting

the degree of labor reallocation across sectors through the parameters n;. Labor is perfectly



substitutable across sectors when 7; = 0 for all i.

GDP is a CES aggregate over sectoral goods

Y=Y
ieEN

C; 9067:1 95731

where the barred variables are normalizing constants, ¢; is consumption of good 7, and p; is

the price of good i.! Let GDP be the numeraire. Then the budget constraint is
Y = Zpici = Zwihf + Zﬂ'ia
ieN ieN ieN

where w; are sector-specific wages and ; are profits from sector i. Wages are sector-specific

because labor is not perfectly substitutable across sectors unless n; = 0 for all 4.

2.2 Firms

Technology. The representative firm in sector ¢ chooses labor h; and intermediate inputs

{zj}jen to produce the sectoral good according to

qi
0g;i—1 Ogi—

i—1
_ hi'\ ai ZTii\ Cai
[ JEN 1]

LCES aggregators are not unitless. I choose this normalization so that 3; can be interpreted as good i’s
steady-state budget share.
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where z; is a sectoral TFP disturbance, «;,a;; € [0,1], and «o; + Zje/\/ ajj = 1.2 Nominal

profits are given by

n
T = piYi — wih; — ijl‘ij-
JEN
Production under Uncertainty. In the morning, firms choose their labor inputs subject
to uncertainty about the vector of TFP disturbances z = (21,. .., 2,) . Formally, firms solve

the problem

max F; Y m] (2)

(3

where Y77 is the household’s stochastic discount factor (SDF). The subjective expectation

operator F;[-] denotes sector i’s belief about a variable.

3 Equilibrium Definition and Characterization

Unless stated in the text, proofs are deferred to Appendix A. Bolded variables usually denote
vectors or matrices, and the log of a vector means logx = (log x1,log z, ... ,logz,)". Also,
diag(x) takes a vector as an input and returns a matrix with the vector along the diagonal.

In the remainder of the paper, z should be interpreted as the realized values of TFP
in the afternoon. I denote firms’ beliefs about these values using either hats or a subjective

expectation operator.

2My model allows for a different elasticity of substitution between intermediate inputs from the elasticity of
substitution between labor and intermediate inputs by assuming sector ¢ purchases a composite intermediate
from sector j, which uses no labor and simply aggregates intermediates from other sectors with elasticity of
substitution 0,; # 04;.



3.1 Equilibrium Definition

I formally define the equilibrium concept as follows.

Definition 1. A sequentially rational temporary equilibrium with heterogeneous priors is
a vector of exogenous TFP disturbances z as well as a collection of endogenous variables
{Y, {wi, ci,pi, hi, yi, {2ij}jinn, hitien} and a collection of beliefs about those exogenous

disturbances and endogenous variables for each sector such that

1. (Household Optimality) The representative household chooses consumption and labor

supply in the afternoon to maximize utility subject to its budget constraint;

2. (Intermediate Inputs Optimality) Conditional on having chosen {h; };cx in the morning
and after learning z in the afternoon, firms choose intermediate inputs to maximize

their profits;

3. (Market Clearing) Sectoral goods prices and wages {p;, w; }iear adjust in the afternoon

to ensure all sectoral goods and labor markets clear.® Specifically,

JEN

B =h; Vi (4)

4. (Sequential Rationality) Firms’ beliefs about endogenous variables are consistent with

conditions 1-3;
5. (Heterogeneous Priors) Sectoral labor choices are common knowledge.

6. (Labor Input Optimality) In the morning, firms choose their labor inputs to solve (2),

taking as given their beliefs about exogenous disturbances.

3By Walras’ law, the market for the aggregate consumption good will also clear.



The sequential rationality restriction can be interpreted as a subgame perfection re-
finement. The afternoon is a “proper subgame” of the whole model in which the economy
becomes a static production network with fixed sectoral labor endowments. I require firms
in the morning to understand this fact about the afternoon. Backward induction pins down
firms’ beliefs about endogenous variables in the afternoon as a function of the labor inputs
chosen in the morning and the exogenous disturbances.

The sequential rationality condition is restrictive because it rules out some classes of
beliefs. However, many popular classes of beliefs make some version of this assumption. For
example, models of information frictions typically assume that all agents have the correct
model of the economy but face uncertainty about exogenous disturbances and potentially
each others’ beliefs.

I further restrict attention to models in which higher-order beliefs are irrelevant. There
is a representative firm in every sector, so higher-order uncertainty within a sector is not
relevant. The heterogeneous priors restriction shuts down higher-order uncertainty across
sectors because firms know each others’ sectoral labor choices in the morning.

An equilibrium exists because the model is isomorphic to one in which labor wedges
distort firms’ labor choice. See Bigio and La’O (2020) for a proof of existence. Hereafter,
whenever [ write the “temporary equilibrium,” 1 am referring to my equilibrium concept,

unless stated otherwise.

3.2 Log-Linearized Solution

This section characterizes the log-linearized solution to the temporary equilibrium around
the deterministic and efficient steady state in which all firms have no uncertainty about TFP
disturbances. In the special case where the network is Cobb-Douglas, the log-linear solution
is global. I use bars over variables to denote their steady-state values. I also choose ¥; so

that z = 1.
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Input-Output Objects. Define the steady-state input-output matrix and Leontief inverse

matrix as

-
Q= 2
biy;

, U=(I-Q)"

The Domar weights and input-output multiplier are given by
A= B% £=> A
ieN ieN
The Domar weights and labor cost shares satisfy
Z AiOéi =1
ieN

because A;a; denotes the labor share earned by sector 1.

Equilibrium Conditions. I first state the log-linearized morning and afternoon equilib-

rium conditions derived from agents’ optimality conditions and market-clearing.

Proposition 1. To a first-order approximation of the temporary equilibrium around the
deterministic steady state, changes in prices and allocations are characterized by the following

system of equations

dlogp; + dlogc; = dlogY — (0. — 1)dlog p;, (5)
dlog w; = vdlogY + n;dlog h;, (6)
dlogp; + dlogx;; = (8, — 1)(dlog z; + dlogp; — dlogp;) + dlog s, (7)

1— 0y i

(1 + ; g ) dlog p; = Zﬂijdlogpj + %(dlogsi — dlogh;)
L JEN qt (8)
1—0.
— <1+ai 9qz) dlog z;,
0,

11



dlog h; = dlog s; — 04dlog w;
+ (04 — 1)(dlog 2z; + dlogp;) — dlog T;,

dlog; = ((dlog s; — dlogw;) — (E;[dlog s;| — E;[dlog w;]))
+ (04 — 1)(dlog z; + dlogp; — dlog w;) (10)
— (04 — 1)(Ei]dlog 2] + E;[dlog p;| — E;[dlogw;]),

Aidlog s; = Bi(dlogp; + dlog¢;) + Z QA (dlogp; + dlogz;;), (11)
JEN

Solution for the Afternoon.

Proposition 2. To a first-order approximation of the temporary equilibrium around the
deterministic steady state, aggregate output, sales, and prices in the afternoon fluctuate ac-

cording to

dlogY =Y Ndlogz + > Naidlogh, (12)
ieN ieN

dlogs = S.dlogz + Spdlogh + SydlogY, (13)

dlogp = P.dlogz + Pjdlogh + PydlogY. (14)

where the formulas for the matrices S,, Sy, P, Py, and vectors Sy, Py are provided in the

appendix.

Equation (12) is simply Hulten’s Theorem when factor supplies are not fixed. Plugging
(12) into (13) and (14) delivers expressions for sales and prices as functions of TFPs and
labor demands. However, for characterizing the labor wedges, it is convenient to keep dlog Y.
Proposition 2 holds in any temporary equilibrium, not just my equilibrium concept, since

beliefs only affect the choice of h in the morning.
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Solution for the Morning. To keep notation compact, define &;[dlogx] = E;[dlog x] —

dlogxz. The following proposition characterizes firms’ morning labor demands in terms of

labor wedges and provides the general formula for those wedges.

Proposition 3. Consider a first-order approximation of the temporary equilibrium around

the deterministic steady state. Equilibrium labor allocations depend on sectoral TFPs, GDP,

and sectoral labor wedges according to

dlogh; = H.;dlogz + Hydlogy — Y H, ;dlog ;.
JEN JEN

If there are no errors in beliefs, then changes in GDP are given by

1
dlog YO = X+ MNaH., ;| dlogz.
g 1= jen AiaiHy; ; ( g e &

If there are errors in beliefs, then changes in GDP are given by

1

dlogY = dlogY(® — i Y H,dlogT;,

where changes in sector i’s labor wedge satisfy the equations

dlogt; = — Z T, ;;E[dlog 2] — Ty;&[dlog Y],
JEN

E[dlogY] = A& [dlogz).

Formulas for the matrices H,, H,, T and vector Hy are in the appendiz.

(15)

(16)

(17)

(18)

(19)

The optimality condition for a sector’s labor demand (9) suggests that a sector is

affected only by its own TFP and labor wedge. However, expenditure switching throughout

the production network causes a firm’s labor demand (15) to potentially depends on the

13



TFPs and labor wedges of all sectors. The reason is that both the ratio of a sector’s sales to
its wage and the ratio of a sector’s price to its wage depend directly on the vector of morning
labor demands. By contrast, in the Cobb-Douglas case, the first ratio only depends on GDP,

and the second ratio is irrelevant for a firm’s labor demand.

Belief Spillovers Through the Network. In Proposition 3, while equation (15) shows
that a sector’s labor choice does potentially depend on other sectors’ labor wedges, equations
(18) and (19) show that a sector’s labor wedge depends only on its own beliefs. This result
simplifies the analysis, but it is a consequence of two modeling choices, not a necessary
result.?

The first choice is the structure of the labor market. I assume that the firm pays
a state-contingent wage to the household, which supplies labor in the afternoon, and that
the labor supply to one sector is not affected by the labor supplied to other sectors. If
a firm needed to pay a non-contingent wage, then the household’s beliefs in the morning
shift its labor supply to the firm, regardless of what the firm believes.® Similarly, if a firm’s
labor supply was affected by labor supplied to other sectors, then its labor supply would
be shifted by other sectors’ beliefs. I shut down this possibility through my specification of

labor disutility. An alternative specification like

6y, 1+n
Op+1 0p+1

HY o1 | hi\ o

would generate belief spillovers through the labor market because a sector’s labor supply

4Removing the heterogeneous prior assumption does not necessarily cause a sector’s labor wedge to depend
on other sectors’ beliefs. Bui et al. (2024) considers a production network with dispersed information and
shows that a sector’s total labor choice only depend on other sectors’ beliefs when there are noise shocks
that do not aggregate away (e.g. sectoral noise shocks).

°The wage is determined in the morning in Bui et al. (2024). However, the household’s beliefs are not
part of the solution because the household takes on a family structure in which workers are sent to each
information island in a sector and the workers inherit the beliefs of the island.
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now depends on an aggregate of sectoral labor supplies.®

The second choice is the structure of the market for the intermediate inputs. I assume
that firms flexibly choose any intermediate inputs in the afternoon and thus all goods prices
are also determined in the afternoon. There are a number of ways to change this assumption
and thereby make a firm’s decisions depend on other sectors’ beliefs. For example, suppose
a downstream sector is the only customer of an upstream supplier, and the market for this
input must clear in the morning. The downstream sector’s input choice depends on the
market-clearing price, which is determined not only by the downstream sector’s demand
curve but also the upstream sector’s supply curve. If the upstream sector has to choose
some of its inputs in the morning, then its supply curve depends on the upstream sector’s
beliefs. Then the market-clearing price would depend on both the downstream sector’s and

the upstream sector’s beliefs.

4 The Macroeconomic Impact of Belief Errors

While Proposition 3 gives the general solution to my model, its equations do not provide
too much insight about the precise channels which determine the impact of ambiguity on
aggregate output. To explain what these channels are and how they shape the response of

GDP to belief errors, I study special cases of the general model in the following subsections.

4.1 A Neutrality Result

I first study an economy in which belief errors have zero impact on GDP. This neutrality

result clarifies the necessary ingredients for belief errors to affect aggregate output.

Proposition 4. If v = 1 so that the income effect on labor supply equals one and the

production network is Cobb-Douglas (0. = 1 and 0, = 1 for all i € N), then dlogy =

6This specification of labor disutility is used by Horvath (2000).
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dlogY©.

This result holds not only locally but also globally. For intuition, plug the household’s

optimal labor supply equation into sector ¢’s labor demand equation to obtain

Labor demand may fluctuate through two channels. First, labor demand can be cyclical
in equilibrium.” Second, sales and prices may have asymmetric exposure to sectoral TFP
disturbances due to expenditure switching.

A Cobb-Douglas production network shuts down the second channel because it implies

that dlog s, = dlogY and 6, = 1, hence

(14 n;)dlogh; = (1 — v)E;[dlog Y].

In other words, sectoral sales comove perfectly with GDP and movements in a sector’s own
prices or TFP become irrelevant for labor demand.®

Labor demand may still deviate from steady state if labor demand is cyclical. In a
Cobb-Douglas network, labor demand is cyclical if the cyclicality of sales does not match
the cyclicality of wages. Intuitively, an economic downturn implies not only lower sales but
also lower wage costs, which insures firms against the downturn and mitigates the decline in

labor demand. When v = 1, this insurance is perfect.

"The parameter v controls the income effect on the household’s labor supply and thus the cyclicality of
wages to GDP. Because I log-linearize around a deterministic steady state, v does not represent risk aversion
in this paper.

8This neutrality result may not hold if firms have belief errors about other disturbances, such as changes
in monopoly distortions.
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4.2 Cyclicality of Labor Demand

In this example, I show that the income effect on labor supply influences the impact of belief
errors on GDP. Consider a purely horizontal economy in which all sectors hire only labor,
the household’s demand is Cobb-Douglas, and v # 1. Also set n; = 0 for all ¢ to simplify

expressions. By Proposition 3, sector i’s belief error about GDP is

Eildlog Y] =" X;&ldlog 2],
JEN

and sector i’s log labor wedge is

dlogr; = —(1=)&[dlog Y] = —(1—7) Y A;&ildlog z;].

TV .
cyclicality of labor demand jeN

Set dlogz = 0 to simplify expressions. Then the labor wedges aggregate to

=¢&;[dlog Y]
1 _ 7 7\ Y
dlogY = Z A - Z A;&ildlog 2] . (20)
ieN JEN
—dlogh;

Changes in GDP result from changes in labor demand since the realized TFPs are fixed to
steady state. Further, each sector’s change in labor only depends on its own beliefs about
dlog Y, holding labor allocations fixed.” One sector’s labor choice does not affect another
sector’s choice at all, including through wage expectations. The reason is that dlogh is
common knowledge. Uncertainty about future wages results only from uncertainty about
GDP, holding labor allocations constant.

To build further intuition, suppose only sector ¢ has incorrect beliefs about TFPs.

9By Hulten’s Theorem, the change in GDP, holding labor allocations fixed, equals the Domar-weighted
sum of changes in sectoral TFPs.
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Then (20) simplifies to

dlogy = 2=, > XjEvldlog z).
JEN

GDP moves only because sector i’ changes its labor demand relative to steady state. The
fact that other sectors are correct about sectoral TFPs does not matter for sector i’. The
impact on GDP is proportional to the size of the sector and depends on which TFPs that
sector i’ has incorrect beliefs. It is common in the literature to assume that a sector is more
informed about its own TFP than the TFPs of other sectors. A stark version is setting
Eildlog zy] = 0. Then

Aj
1— Ay

1 —
dlogy = T”Ai,a -y Evldlog 2.

i
Changes in GDP are the largest when sector ¢’ is intermediate in size and thus Ay (1 — Ay)
is large.’® With Ay &~ 1/2, not only is sector 7’s labor demand significant, but errors in 7’’s
beliefs about the TFPs of other sectors also lead to errors about GDP changes.

The sign of 1 — v determines whether pessimisim or optimism induces a recession.
Consider 7 < 1 so that sales are more cyclical than wages. Then pessimistic belief errors
are recessionary, and the downturn is more severe when large sectors (by Domar weight) are
more pessimistic about the TFPs of large sectors. Conversely, suppose v > 1 so that sales
are less cyclical than wages. Then a firm receives so much insurance from wage declines that
broad pessimism about TFP disturbances actually increases GDP.

Belief heterogenity matters only to the extent that it determines the magnitude of the
double sum in (20). It is not required for the double sum to be nonzero. The key force is

whether sectors are on average pessimistic/optimistic (depending on the sign of 1 —+) about

10The normalized weights {%}j#/ sum to one, so the weighted average of belief errors by sector ¢’
about other sectors is invariant to \;/, the Domar sector of 7’.
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the economy. Belief errors generate larger changes in GDP when the errors are about TFPs

of large sectors.

4.3 CES Final Demand

Continue to consider a purely horizontal economy, but not suppose the household’s demand
aggregator is CES. Continue to set n = 0 and dlogz = 0 to simplify. I start with the case
in which all sectors still only use labor, which implies an input-output multiplier of £ = 1,
and then consider when sectors use their own output as an intermediate input to assess the

role of the input-output multiplier.

Purely Horizontal Economy. With a CES demand aggregator, sector i’s log labor wedge

becomes

1 0. —1
dlogT; = — (0— - 7) EildlogY] — &ildlog z;]
cyclicality obeor demand asymmetgg exposure

The equation for the labor wedge changes relative to the Cobb-Douglas case in two ways.
First, the cyclicality term becomes 6! — ~. The reason is that the price of good i changes
with dlog Y because demand aggregation is no longer Cobb-Douglas. The elasticity of d log s;
to dlogY changes from 1 to 6;'.!'' Since labor is the only input, each sector’s production
technology is still Cobb-Douglas.

Second, sales do not perfectly comove with GDP, which gives rise to an “expenditure-

switching” channel. The firm’s labor demand equation remains the same because they still

HMore flexible homothetic demand aggregators, explored in Matsuyama and Ushchev (2017), would gen-
erate sector-specific sales elasticities to GDP.
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only hire labor, but the market-clearing equation for sales becomes

dlogs; = dlogY — (0. — 1)dlog p;.

The second term emerges because the household responds to price changes by switching
expenditure shares. If the price of a good rises and the aggregator features gross comple-
mentarity (6. < 1), then the household switches expenditures toward that good and causes
dlog s; to rise, holding dlogY constant. If the price of good ¢ does not perfectly comove
with GDP, then sales of good i also does not perfectly comove with GDP. In equilibrium, a
disturbance in sector i’s TFP affects p;.

Perhaps surprisingly, in the gross complementarity case, optimism by sector ¢ about
its own TFP increases its labor wedge and causes sector ¢ to reduce hiring. The reason is
that when sector i’s TFP rises, the household’s demand for sector ¢’s good falls because the
effective supply of good i has increased. This expenditure switching lowers sector i’s sales.

Now consider the aggregate implications of 6, # 1. First set v = 6. so that labor

demand is acyclical. Then the impact of belief errors on GDP is

dlogY =Y " X; (0. — 1)&[dlog 2] . (21)
ieEN :dTO’th_

Changes in GDP equal the Domar-weighted average of sectors’ belief errors about their own
TFPs. If sectors are pessimistic on average, then GDP falls if and only if the final demand
aggregator exhibits gross substitutability (6. > 1).

To build further intuition, again suppose that only sector i has incorrect beliefs. Then

the aggregate impact of beliefs errors is

dlogY = Xy(0. — 1)Ey[d]og zir].
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Since labor demand is acyclical, the only reason why GDP changes is an error by sector
7" about its own TFP. If sector ¢’ is well-informed about its own TFP, then GDP does not

deviate from steady state.

Input-Output Multiplier. Now suppose each sector uses their own input as an interme-
diate good, and the elasticity between labor and intermediates is 8,. Sector 7’s input-output

multiplier is o; ', and its log labor wedge becomes

1 040, — 1
dlogTi = by <__ )5i[d10gy]~_ﬂ 60 &ildlog z]

90 N &3] ¢
Vv

TV
cyclicality of labor demand asymmetric exposure

J/

The input-output multiplier amplifies the asymmetric exposure channel but does not adjust
the cyclicality channel. The elasticity of substitution between labor and intermediate inputs
adjusts the magnitude of both channels. The more complementary that intermediate inputs
and labor are, the more spending that the firm switches from intermediate inputs toward
labor.

In the aggregate, the formula for GDP when v = 6! becomes

dlogY => " Xi(f. — 1)&[dlog z]. (22)
1EN
This formula is qualitatively the same as (21), but the presence of an input-output multiplier
amplifies belief errors because the sum of the Domar weights exceeds one. If sectors are well-
informed about their own TFPs, however, then GDP changes will be small.
CES demand for inputs does not affect GDP, despite the effect on labor wedges. With

n; =0 and v = 0!, labor demand by sector i is

dlog h; = Ej[dlog s;] 4 (04 — 1)(E;j|dlog 2] + Ej|dlog p;]) — %Ez[d logY].

c
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By Proposition 2 and common knowledge of morning labor allocations,

Ei [d log Si} = Z Shﬂ‘jd lOg hj + Z Sz,ijEi [d IOg Zj] + SYzEz [d 10g Y],

JEN JEN
Eildlogp:]) = Y Phidlogh; + Y P.;Eildlog 2] + Py;Ei[dlog Y].
JEN JEN

Since firms do not make errors about morning labor allocations, they recognize that there
is feedback between the labor they hire and the afternoon’s sales and prices. This feedback

offsets the impact of CES demand on labor wedges.

Adding Back the Cyclicality Channel. Now remove the restriction v # 6! so that
labor wedges depend on the cyclicality of labor demand. Belief errors affect GDP according

to

dlogy = ZAGC Z)\a] dlong+Z)\

ieEN JEN ieN

Eildlog z;]. (23)

GDP is proportional to the weighted average log labor wedge. The first term is the cycli-
cality channel while the second term is the asymmetric exposure channel. This equation is
essentially the sum of (20) and (22). There are some differences because the cyclicality of
labor demand is different with CES production, and 7 is not restricted to equal 6.

It is perhaps surprising that (23) does not have interactions between the asymmetric
exposure channels of each sector’s labor wedge. The reason is these interactions only arise
when a sector’s sales, wages, or prices depend on other sectors’ labor demands. With only
CES final demand and no other input-output linkages between sectors, there are still no such

spillovers.'? As a result, a sector’s labor demand depends only on its own labor wedge.

12 A different specification of labor disutility could introduce interactions.
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Belief Disagreement. In this example, I argue that belief disagreement between sectors
matters for aggregate outcomes. First consider (22), which is the GDP equation when labor
demand is acyclical. Assuming the household has complementary demand for goods (6. < 1),
optimism by each sector about their own TFP reduces GDP. Belief errors about the economy
in general are not particularly relevant. If belief errors about the vector of TFPs are subject
to some constraints on how large the errors might be, then relative optimism about one’s own
sector requires relative pessimism about other TEFPs. In this sense, disagreement generates
larger fluctuations in GDP. I discuss in Section 5 that ambiguity aversion can introduce such

a constraint.

4.4 CES Supply Chains

Return to the case where the household’s demand aggregator is Cobb-Douglas, but now
suppose that each of the economy’s sectors is composed of a downstream industry and an
upstream industry. Figure 1 illustrates this network. The downstream industry sells to the
household while the upstream industry sells output only to the downstream industry. To
improve readability, I make an abuse of notation and redefine N = {1d, 1u, ..., nd,nu} so
that ¢d and iu denote, respectively, the downstream and upstream industries of sector 7. To
keep expressions interpretable, I assume that the upstream industries only use labor and
the downstream industry only uses the output of its own sector’s upstream industry as an
intermediate. I also maintain dlogz = 1 = 0. Then the Domar weights and input-output

multiplier are given by

T
A= ((1—0&1(1)51, ﬁla T (1_and)6na 671) ) g: 1+Z<1_a2d)ﬁl

i=1
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Labor

GDP

Figure 1: CES Supply Chain

The log labor wedges in the upstream and downstream industries are

0...—1
dlog T, = (1 —7)&w[dlog Y] — ozz-dq’gl—&-u [d1og 2,
q,id

dlog Tia = 0g.ia(1 — 7)Eia[dlog Y] + (1 — aa)(0gia — 1)Eiald log 24,

The log labor wedge in this case only depends on beliefs about upstream TFP. Downstream
TFP is irrelevant for labor allocations because it does not shift sales or prices except through
movements in GDP. Fixing the belief error about upstream TFP, the signs are opposite for
the two labor wedges. When 0,,; < 1, optimism by upstream causes the labor wedge to
increase while optimism by downstream causes the labor wedge to decrease. The intuition
is that, when downstream has complementarity over its inputs, high upstream TFP causes
the downstream industry to switch expenditures from intermediate inputs toward labor.
This expenditure switching reduces sales for upstream, holding GDP constant, so upstream

wants to reduce labor. In contrast, intermediate inputs are relatively cheap for downstream,
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so downstream can expand hiring. Thus, if upstream and downstream have common belief
errors, then the two labor wedges move in opposite directions.

Set v = 1 to shut down the cyclicality channel. Then GDP fluctuates according to

0gia — 1

dlogY = Z Aia(1 — ayq) g "
q,v

i=1

(Eiuldlog zi| — Eialdlog zi])- (24)

Changes in GDP occur if and only if downstream and upstream disagree about upstream’s
TFP. The intuition for this result is the same intuition for the behavior of labor wedges.
When both industries agree about upstream’s TFP, the labor wedges move in opposite
directions, so a shift in upstream’s labor demand is offset by the shift in downstream’s labor
demand. It is only when the industries disagree about upstream’s TFP that the labor wedges
move in the same direction and thereby fail to offset each other.

This result differs from the CES final demand case. In the latter case, disagreement
matters for GDP fluctuations only when there is a constraint on belief errors. With a CES
supply chain, disagreement always matters. The reason for this difference is that expenditure
switches caused by upstream’s TFP are zero-sum between the upstream and downstream
industries. In contrast, while CES final demand causes asymmetric exposure to sectoral TFP

disturbances, it does not induce zero-sum expenditure switches horizontally across sectors.

Inspecting the Result. To clarify why disagreement directly matters for GDP fluctua-
tions, I discuss some of the calculations which lead to (24). A key property of the CES supply
chain economy is that, within each sector, labor choices have spillovers between industries.
Figure 2 illustrates these spillovers in sector ¢ when downstream has complementary input
demand. Suppose dlogT;; initially increases. By Figure 2, downstream’s labor demand
dlog h;q falls in response. Then the scale of downstream’s operation falls, which decreases
demand for intermediate inputs. Upstream responds by reducing its labor demand d log h;,,

hence the negative spillover from downstream’s labor demand to upstream’s labor demand
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Figure 2: Labor Spillovers (6,4 < 1)

in Figure 2. The price of upstream’s output rises, which generates a negative spillover back
to downstream. The reason is that downstream anticipates spending more on intermediate
inputs and thus switches expenditures away from labor. There is also a feedback loop within
each industry because changes in labor allocations directly affect goods prices.

I solve the matrix system of equations underlying Figure 2 to obtain expressions for

labor demand in each industry as a function of the labor wedges.

d IOg hw _ -1 - Oéid(eq,id — 1) Qg Hqéii_;l d lOg Tiu
dlog h;q (1 —ia)(lgia—1) —14 aid% dlog Tig

With complementary input demand, both industries redduce their labor demand when up-
stream’s labor wedge increases, although the decline in upstream’s demand is partially mit-
igated by the change in the price of its output.

The impact on GDP equals the sum of labor changes, weighted by each industry’s labor
share of GDP. For keep notation compact, define disagreement in belief errors within sector

i by D; = & ldlog ziy] — Eialdlog z;,]. Also, suppose only sector i makes a belief error. Then
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the change in GDP is

legY = Ai’d(l — ai’d) (a7 729 leg hi’u —+ /\i/dai/dd IOg hi’d
N

=X\ =1

eq,i’d -1

= Avgaia(l —apq) 7
q,i'd

(Di/ -+ qui/d&-/d[d log Zi/u] + ayd(Qqﬂyd — 1>Dz/>

(.

~~

=(1—ayg)dlogh;,

0,iqa—1
+ Aig (1 — ai’d)qbd—( — Oy.iralialdlog zin) — ira(0y.a — 1) D)
q,i'd
:ai/dﬁog hirg

The second equality shows the intuition described previously. When the downstream indus-
try has a belief error about upstream TFP (&;4[log zi,] # 0), both industries adjust their
labor in exactly the correct amounts such that GDP is unchanged. When the two industries
disagree, upstream and downstream further adjust their labor responses. GDP ultimately
changes because the upstream industry reacts to disagreement more than the downstream

industry.

Three Industry Supply Chain. Are changes in GDP more or less sensitive to belief
errors when the supply chain is longer? It turns out that the answer is more sensitive.
Suppose the supply chain now has three industries: downstream, midstream, and upstream.

Maintaining v = 1, the labor wedges become

1 N 1
dlog 1y, = _%Laidgiu [d log sz] - (az‘meqL + aid(l - Oéz'm)eqL) Ein [d log Zzu]
eq,id eq,im eq,id
1 N 1
dlog Ty = _eq,imeqLaidgim [d log Zim]eq,im(l - aim) (%L - OM%) Eim [d log Zzu]
Hq,id Hq,im eq,id

dlog Tid = (1 — aid)(ewd — 1)8Zd[d log Zim] + (quid — 1)(1 — Oliym, — Oéid(l — Oézm))gld[d log Zw]

Belief errors about midstream’s and upstream’s TFP disturbances generate labor wedges,

and there is asymmetric exposure across industries, which is determined by whether the
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disturbance affects an industry as a customer or a supplier. For example, downstream’s
exposure to dlog z;, is the opposite of the other industries because midstream’s TFP affects
downstream as a customer and the other industries as suppliers.

Changes in GDP are given by

- Oyia — 1
legY = Z )\zd(l — Oé,'d) {QZdL((l — Oélm)DZJn(i + OéZmDZZ;i>

: 04,
i=1 q,id (25)
9(1 im — 1 um 911 id — 1 um md
+ (1 — aim) | Qim— D5, + aia— (1 = aim) D3 + D)
e%im eq,id
where Db = &yldlog zi,] — Eic[dlog 2;,). For example, D¥™ is the disagreement between

upstream and midstream about dlog z;,, midstream’s TFP disturbance. Suppose upstream
and midstream have the same beliefs about dlog z;,, but disagree with downstream so that
D = pmd -£ (). Then the first line of (25) coincides with (24). Thus, the addition of a
third industry does not significantly change the impact of disagreement about the TFP of
downstream’s immediate supplier, dlog z;,,. The only difference is that there are now two
supplier industries exposed to dlog z;,, instead of one, and their disagreement is weighted by
their labor share of sales from downstream.

The second line of (25) shows that the impact of disagreement about upstream’s TFP
adds to the impact from disagreement about dlog z;,,. Suppose input demand is comple-
mentary throughout the network (0,,s < 1 and 6, < 1). Then positive disagreement
about upstream’s TFP does not offset the response of GDP to positive disagreement about
midstream’s TFP, and vice-versa. Positive disagreement about either industry’s TFP re-
duces GDP. Thus, when a production network features complementary demand throughout
the supply chain, recessions are larger if downstream industries are more pessimistic than

upstream industries.
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4.5 Frictions in Labor Reallocation

I model frictions in labor reallocation across sectors using the sector specific inverse Frisch
elasticities. Let = min;ep ;. A high 7 implies a relatively inelastic labor supply to every
sector. For example, consider a two-sector economy in which the household supplies h; and
hs. The household would accept a significant wage reduction from sector 1 and would require
a significant wage increase from sector 2 before reallocating labor from sector 1 to sector 2.

The impact of 7 on outcomes is summarized in the following Proposition.

Proposition 5. Fix firms’ belief errors, and assume x changes to ensure that the steady
state remains the same as 1 changes. Then changes in belief errors have a vanishing effect

on changes in GDP as n — oo.

When labor is not mobile across sectors, firms can count on wages dropping significantly
if they ever have a reason to reducing hiring. Absent wage rigidities, firms know that in the
limit as n — oo wages will adjust to offset whatever occurs in the afternoon, so they do
not need to reduce hiring. High 7 also reduces the importance of spillovers between sectors
through wages. Each sector’s wage depends more and more on the sector’s own demand as

7 increases and relatively less on GDP and thus labor demand in other sectors.

5 Ambiguity Aversion and Uncertainty Shocks

Fluctuations in ambiguity have been proposed as an exogenous driver of business cycles by
Bidder and Smith (2012), Ilut and Schneider (2014), Bhandari et al. (2024), and (Pei, 2024)
or as an endogenous propagation mechanism for other business cycle shocks by Ilut and
Saijo (2021). Michelacci and Paciello (2020) and Ilut et al. (2024) also show that ambiguity
aversion can change aggregate outcomes by generating belief disagreement between borrowers

and savers. I make conjectures about the macroeconomic impact of shocks to ambiguity in
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production networks and emphasize the role of belief disagreement.

Setup. Suppose I model ambiguity aversion using max-min expected utility, as in Gilboa
and Schmeidler (1989). Each sector in the morning faces ambiguity about the sectoral TFPs
and solves

max ECTm) = max %1611Ari C ;. (26)
The object A; is some potentially sector-specific set of priors and defines the “plausible”
values of the TFP disturbances. When choosing their perceived disturbances, each firm
takes as given the (hiring) strategies and beliefs of all other firms. I maintain the sequential
rationality and heterogeneous priors restrictions.

Because I still log-linearize around the deterministic steady state, my setup ignores
the role of statistical risk in the formation of beliefs.'® Firms have multiple Dirac priors
z in the sense that the prior distributions in A; are all concentrated at individual vectors.
This assumption isolates variation in firms’ (mean) perceptions of z as the source of my
results rather than other moments of their joint distribution. A numerical global analysis is
also tractable because, without risk, the subjective expectation operator satisfies F;[xy| =
E;i[x]|E;[y] and f(E;[x]) = Eu[f(x)] for arbitrary vectors x,y and function f(-).

To define the set A;, I generalize the approach in Ilut and Schneider (2014) to a

multivariate setting.

A ={zZeRM : (logz — logz) = (logZ — logz) < Q?}, (27)

where the matrix 3; encodes the relative ambiguity among the exogenous disturbances and

13Technically, this log-linearization is accurate in only one direction. Alternatively, one could imagine that
when @; becomes negative, firms become ambiguity loving and have “max-max” expected utility.

30



the scalar (); parameterizes the overall level of ambiguity.'* I interpret a change in the value
of @); as a shock to sector i’s ambiguity, and a change in @); for every sector as an aggregate
ambiguity shock. I center firms’ ambiguity around the realized disturbances so that firms

are not biased in the limit as Q); — 0.

Implications. As I mentioned in the CES final demand example, ambiguity aversion im-
poses a constraint on the total errors a firm can make about the vector of sectoral TFPs. In
my specific setup, a weighted sum of the squared errors cannot exceed Q?. Recall that GDP

changes according to

dlogY = (6, — 1) Z Aiaiéi& [dlog 2],
ieN

assuming the labor demand cyclicality channel is shut off. Given the constraint on belief
errors in A;, GDP changes the most when each sector only makes an error about its own
TFP and thus disagrees with every other sector about the overall vector dlogz. Further, the
optimal beliefs in this example are &;[dlog z;] = —sgn(f. — 1)dQ;. Intuitively, each sector
is disproportionately exposed to its own TFP disturbance, so the worst-case outcome for
each sector is a large change in its own TFP. Ambiguity aversion endogenously generates
belief disagreement that maximally decreases GDP, given the sets {A;};cn. This result
broadly applies to nested CES production networks because these networks induce expendi-
ture switching, which creates disproportionate and asymmetric exposure of firms to sectoral
TFP disturbances.

Since ambiguity shocks operate through a precautionary mechanism in my model, I
conjecture that risk shocks behave similarly to ambiguity shocks in nested CES networks.
However, the analysis is far more tractable in my case because ambiguity shocks have first-

order effects whereas risk shocks would require at least a second-order approximation. My

14Remember that each vector in A; represents a Dirac prior.
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analysis thus complements Kopytov et al. (2024), which can study risk shocks in production
networks by modeling endogenous input-output linkages in a Cobb-Douglas network. I take

a different approach and change how the uncertainty shock is modeled.

6 Conclusion

How does the aggregate impact of a novel and complex shock depend on the degree of
heterogeneity in the shock’s effects and belief disagreement between agents when there are
spillovers? This paper investigates this question by modeling such a shock as a fluctuation
in ambiguity and studying the consequences for firms in a production network. A spike
in ambiguity can trigger a recession, and the magnitude of the recession depends on two
channels, which are shaped by the production network. The first channel is the exposure
of a sector’s relative Domar weight to sectoral demand reallocation. The second channel
is imperfect correlation between aggregate consumption and the wages that the firm pays,
holding relative Domar weights constant. The importance of these two channels varies with
the income effect on labor supply, the structure of the production network, and the extent
of labor reallocation.

I have focused on the case in which agents perfectly know the model but face un-
certainty about exogenous states. In a sense, this approach is a minimal departure from
complete information rational expectations because I alter agents’ beliefs about exogenous
disturbances and not the structural relations of the model. I defer analysis of the interaction

between beliefs with model misspecification and production networks to future research.
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Appendices

A  Proofs

A.1 Proposition 1
A.1.1 Nonlinear Optimality Conditions

Household Problem. The household’s Lagrangian takes the form

z@(?) ] oy (z (s + ) zpzc,),

ieN G ieN ieN ieN

where u(Y) = 3;:7 and M is the multiplier on the household’s budget constraint. The

household’s controls are {c;, h$}ien-

The FOC w.r.t. ¢; is

J— Oc—1 1

Y\ = (V)%
o (1) ()" =

C; C;

Since a CES aggregator is homogeneous of degree one, and GDP is the numeraire, it can be

shown that'®

which implies M = «/(Y") and re-arranges to

-1

-\ 0
Y\ ° _

15See the proof of Lemma 1 in the supplementary appendix of Rubbo (2023).
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To obtain a formula for the consumption expenditure share 3;, divide both sides by Y

and evaluate at the steady state to obtain

3

-
ol

A

fi =

~l

The FOC w.r.t. h] is
wi = xi (k7)Y (29)

Firm Problem in the Afternoon. In the afternoon, sector i chooses intermediate inputs
to minimize its costs, given some required output y;, and then determines its optimal scale.

The cost minimization problem for firms is

min E DiTij

{Zij}jen Py

subject to the production function

0

0, 0,
— 7 qi qi
Vi = 2Y; | anih; + E :aijmij
JEN

qi71 qufl 0 .—1

The FOC w.r.t. z;; then is

6,;—1
1/9qi o

0= p; — ame; ™ () "y,

gy 0

]
Re-arrange to

04i—1 Oqi

Tij = pj_l(zi?ji) Pas (amciyi)l/eqiaij
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Plug this expression for x;; into the production function.

6,,—1 0 . —
fqi ame;y; i 1
_ [ j : 9 ._1 Oqi 1Yi
J— q
Yi = 2iY; ahz + afzg Zzyz o Z] Oqi
JEN J
To get an expression for amc;y;, re-arrange to
?
9 .
0., _g*
N — . 17 7 qr 0,
mea = () (S g ) | () e
Gen D iY;

This expression concludes the inner minimization problem.

Now consider the firm’s optimal scale. Write expenditures on intermediate inputs as

TqiT " 0, —1 | 9gi—1

,99%
qi 0 . qe
= i () (@) e
keN Pk v

Using this expression and some algebra, profits become

Oqi
0gi—1 0. 6,,—1

1
by \ g1 gi=t | fai
a. Ui Oqi 0
k ? i
T = piyi — wih; — ( —9;1> ((z-_ )> — apih;
keN Pk iYi

The FOC of profits w.r.t. y; yields a relationship between the firm’s price and its marginal

cost

qr - 0,,—1 qi
Y; Oqi 5 _ %71 —rl.
) qi — - qi

= — apih; (Zlyz) Pai
(Zi?/z‘>

_ 1
a/eqi qu —1
L ik
pz o Z eqz -1

keN Pk
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This expression can be re-arranged to write

04 0 .1 5 qil
0 . —7.—1 qi 0g;—1 qi—
( ) )T et =G
qu—l a7 L I
2.
keN Pk (27:)

Then expenditures on intermediate goods takes the simpler form

D b=l
piig = ()" (—z) ;i DiYi-
Dj

Firm Problem in the Morning. The firm solves

max F;

hi

Yy <piyi —wih;

£

JEN

i_lpz‘ Y.

i (31)

Since firms are sequentially rational, they know their optimality conditions in the afternoon,

and they also know that those conditions hold for every value of z. As a result, they know

-1 0,;—1
Oqs 0gi—1 —4— 0gi—1
a’i y’L av 0qi
Sres= () (o) e
JEN ken i (2:9;)
hence the firm’s FOC w.r.t. h; is
Oy
ol o ) | Y Pt bqi—1
- ik i ai 80
keN pk, Yi (Zzyz)
_ 1 B 0, —1
Oqi Ogi—1 4 0gi—1
_ a, 0 Yi Oi -
—E YT > ks , 7 —anh; "
wen' Pr oh; (2:Y;)
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The sum of the first and third terms equals zero because they compose the firm’s FOC w.r.t.

y; in the afternoon. Using (31), the remaining two terms become

i Oqi _‘9qi1*1 8%i_1 0gi—1 _ﬁ
keN Pk iYi
[ T; —1/04i
= E; |Y ' (27;) ‘o piy; " awhy :
Since sector 7 knows its own labor choice,
04i—1 1
%ai EY 7 (zipiys) " (pii) ]

h (33)

i — Qng

Ei [Y_'YU}Z']
A.1.2 Log-Linearization

Household Problem. Households’ optimality conditions are log-linear, so it is straight-

forward to obtain (5) and (6).

Firm Problem in the Afternoon The two optimality conditions are firms’ expenditures
on intermediate inputs (32) and the relationship between sectoral prices and marginal costs
(30). The first condition is log-linear, so its log-linearization is straightforward. After using

properties of CES aggregators and some algebra, the second condition log-linearizes to

1 .
(dlogy; — dlog h;) — (1 poo

Hqi 1— 4

1 1 o

dlog z;
ZjGN eqil_ai )

Multiply both sides by 1 — a; and re-arrange to get

1-6,
<1 + —qzozi> d log p;
O
1-46

JEN q

1 i
= Z Q;;dlogp; + g—ai(dlog s; — dlogh;) — (1 + 1 ozl-) dlog z;

qi
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Firm Problem in the Morning. The firm’s labor demand condition (33) is log-linear.
Equation (9) is obtained after some algebra and using the definition of the log-lineaized labor

wedge (10).

Market-Clearing for Sectoral Expenditures. Using the fact that p,z;; = (2;p;q; and
dividing both sides by Y, the market-clearing equation for sectoral expenditures log-linearizes

to
Aidlog s; = fi(dlog p; + dlogc;) + Y QA (dlog p; + dlog a),
JEN

which is (11).

A.2 Proposition 2

Hulten’s Theorem for GDP holds because sectoral labor choices are determined in the morn-
ing. When the afternoon arrives, the economy is isomorphic to a static production network
model in which there are multiple factors with endogenous supply. See Baqaee and Farhi
(2020a) or Rojas-Bernal and Karimirad (2023) for the proof of Hulten’s Theorem in such a

setting.

Matrix Equation for Sectoral Sales. Take the market-clearing equation for sectoral
sales (11) and plug in expenditures demand on consumption (5) and intermediate inputs to

get
Aidlog s; = Bi(dlogY + (1 — 6.)dlog p;)

+ Z Qji\;(dlogs; + (0, — 1)(dlog z; + dlog p; — dlogp;)).
JEN
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In matrix form,

(I - Q7)diag(A)dlogs
= BdlogY + Q' diag(\) diag(8, — 1)dlog z

+ (27 diag(A © (8, — 1)) — diag(2T(A ® (8, — 1)) + (1 — 8,) diag(8))d log p.

nDefine the matrices

A, =0"Q" diagA® (0, — 1))

A,=A, - ¥ diag(Q" A ® (0, — 1)) + ¥ (1 —0,)diag(3).

Then the sectoral sales equation becomes

diag(A)dlogs = W' BdlogY + A.dlogz + A,dlogp. (34)

Matrix Equation for Prices. Now consider the relationship between prices and marginal

costs (8) in matrix form:

(diagl+ae(1-6,) @0, —Q)dlogp

= diag(ax @ 0,)(dlogs — dlogh) — diag(1+ a ® (1 — 0,) © 0,)dlog z.

Define the matrix

¥y = (diag(l+a® (1 - Bq) © eq) - Q)ila

41



which resembles the Leontief inverse matrix but adjusts for the fact that labor allocations

are decided before wages are paid. Then prices solve

dlogp = ¥y diag(a © 0,)(dlogs — dlogh) (35)

—WPydiagl+ae(1-6,) ©0,)dlogz

Remainder of Proof. Plug (35) into (34).

diag(A)dlogs = W' BdlogY + A.dlogz + A, ¥, diag(a © 0,)(dlogs — dlogh)

—A,¥ydiag(l+a® (1 -0, ©0,)dlogz.

Re-arrange to get

(I-A,¥,diag(a© (6, ® X)) diag(A)dlogs
=W BdlogY — A, ¥ydiag(a @ 0,)dlogh

+ (A, —A¥ydiagl+a®(1-6,) ©6,))dlogz

Solving for dlogs delivers (13) and plugging the result into the matrix equation for prices
(35) obtains (14).

For reference, the formulas for the matrices are as follows.

Uy = (diag(l+a®(1-6,)20,) — Q)"

A, =0"Q" diag\® (0, — 1))

A,=A, — U diag(QT(Ao (0, — 1)) + ¥ (1 - 0,)diag(B)

S. = diag(A) /(I — A, ¥y diag(a @ (0, ® X)) (A, — A, ¥ydiag(l+a e (1-6,) ©6,))

S), = —diag(A\) "I — A, ¥y diag(a @ (6, ® X)) 1A, ¥, diag(a © 0,)
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Sy = diag(A\)"HI — A, ¥y diag(a @ (6, ®© )W’
P, =Y,diag(a©6,)S, — ¥ypdiag(l+a© (1 -6, ©0,)
Ph = ‘I’g dlag(a @ Oq)(Sh - I)

Py = ‘I’g dlag(a (%) eq)Sy.

A.3 Proposition 3

Labor Wedges. Plug (6), (13), and (14) into (10) to get

dlogr, = —e; (S, + diag(8, — 1)(1+ P.))&[dlog 2]
— ¢/ ((Sy + diag(, — 1)Py)8 — 0,7)&[dlog Y]

— e, (S, + diag(8, — 1)(Sy, + diag(8, — 1)P;, — diag(8, ® n))&i[dlogh]

This calculation is valid because of the sequential rationality assumption.

Define

T, =S8, +diag(0, —1)I+P,),

Ty = Sy + dlag(Gq — 1)Py),@ — Oq’y

Under the heterogeneous priors assumption, &[dlogh] = 0 for all i. Then sector i’s log labor

wedge can be written as

dlogt; = =T, ;.&[dlogz] — Ty;&[dlog Y],

where the notation T, ;. means the ith row of T,.
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By Hulten’s theorem,

dlogY = A'dlogz + A" diag(a)dlogh.

Take expectations of both sides to get

EildlogY] = X" E;[dlogz] + A" diag(c) E;[dlog h].

Then the expectation error is simply

EldlogY] = A& [dlogz] + A" diag(a)&;[dlog h]

Under the heterogeneous prior assumption, &[dlogh] = 0, hence

dlogTi = —(T.;. + Ty A")&[dlogz).

Labor Demand in Terms of Labor Wedges. Plug (13), (14), and (6) into (9) to get

(I+ diag(0, ©n) — S, — diag(6, — 1)Pp)dlogh

= (S, + diag(6, — 1)P,)dlogz + ((Sy + diag(8, — 1)Py )3 —10,)dlogY — dlog T.

Define the matrices H,, H,, and Hy

H, = (I + diag(8, © 1) — S;, — diag(6, — 1)P,) ™"
H, =H.(S, + diag(6, —1)(I+P,))

Hy = H,((Sy + diag(8, — 1)Py)8 — 16,)
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so that

dlogh =H.dlogz + HydlogY — H.dlog .

Aggregation. Plug the expression for labor demand in terms of labor wedges into dlog Y

from Hulten’s Theorem and re-arrange to

(1 — diag(a)Hy)dlogY = A" (I + diag(a)H.)dlogz — A" diag(a)H,dlog 7.

Define

1

dlog Y© AT(I+ di H.,)dlog z.
8V = T (), (I + diag(a)H.)dlog z
Then, writing the matrix algebra into sums,
dlogY = dlog YO — dlag Z Ajo; Y H, jidlog
ieN
— dlogY® + dlag Z A o ZHW (T... + TyiX")&i[dlog 2]
1EN
1
= dlogY” + : Z(Tz,i: + TYi)‘T)gi [dlog z] Z AjoHy i
1 — diag(a)Hy = oy’
1
= dlog V¥ + —— > (Z Ajame> (T.i. + Ty:XT)E [dlog ).
1 — diag(a)Hy =\
=AT dia‘gr(a)H-rei
A.4 Proposition 4
Consider a Cobb-Douglas network with v = 1. Plugging in intermediates expenditure

demand (7) into the sales market-clearing equation (11) from Proposition 1 implies that

dlog s; = dlogY. Then the sales to wage ratio is dlog s; —d log w; = —n;dlog h;. Because be-
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liefs are common knowledge, E;[d log h;] = dlog h;, hence dlog7; = 0 and dlogY = dlog Y ©.

A.5 Proposition 5

By Appendix A.3, which proves Proposition 3,

dlogh =H,dlogz + HydlogY — H,dlog .

All the matrices on the RHS depend on H,, which in thecase of a uniform inverse Frisch

elasticity is given by

H, = (I + diag(n) diag(8,) — S, — diag(6, — 1)P;,) "

Since 1 = min;en 7;,

I + diag(n) diag(0,) — S, — diag(0, — 1)P;, > I + diag(n,) — S;, — diag(6, — 1)P; — oo

as 7 — 00, hence H, — 0 and thus dlogh — 0. Note that dlogY # 0 because sectoral

TFPs can still deviate from steady state.
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