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Abstract

This paper proposes an analytic representation of sequence-space Jacobians in hetero-
geneous agent models with aggregate shocks in continuous time. Our approach is based on
a pen-and-paper perturbation of individual policy functions with respect to price changes,
rather than numerical or automatic differentiation. We obtain linear partial differential
equations that can be solved efficiently. Our continuous time algorithm speeds up compu-
tation of Jacobians and impulse responses threefold relative to discrete time. Continuous
time is key to take the analytic perturbation in the presence of binding borrowing con-
straints. We illustrate our approach in leading heterogeneous agent models with and
without nominal rigidities.
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Introduction

Heterogeneous agent macroeconomics has tremendously progressed in the last decade along
multiple directions. Continuous time methods have made it possible to solve large-scale models
with multiple assets and non-convexities (Kaplan et al., 2018; Achdou et al., 2021). Perturbation
methods in discrete time have remarkably accelerated the computation of first-order impulse
response functions. Seminal work by Auclert et al. (2021) proposes a highly efficient algorithm
that relies on sequence-space Jacobians. In this paper, we ask whether it is possible to design
sequence-space Jacobians in continuous time and, if so, whether there are any additional benefits
to doing so.

This paper constructs sequence-space Jacobians in continuous time heterogeneous agent
economies and demonstrates that doing so leads to substantial speed gains relative to discrete
time approaches. Our innovation is to analytically differentiate policy functions with respect to
prices rather than relying on numerical or automatic differentiation. We obtain linear backward
partial differential equations that characterize how policy functions respond to prices and use
their solution to construct sequence-space Jacobians. These observations deliver an algorithm
that improves speed threefold relative to discrete time sequence-space Jacobian methods in
standard heterogeneous agent models. A code repository accompanies this paper, in which we
provide specific examples and general-purpose routines.’

For concreteness, consider first a version of the Aiyagari (1994) economy with aggregate
shocks, as in Krusell and Smith (1998). We refer to this economy as the Heterogeneous Agent
economy, or HA for short. Households face uninsurable idiosyncratic labor productivity risk,
and may borrow and save in a risk-free asset. They face an occasionally binding borrowing
constraint. A representative firm rents capital and hires labor. Households’ consumption and
savings forward-looking decisions are fully determined by the sequence of future interest and
wage rates. These prices in turn depend on the underlying distribution of asset holdings and
idiosyncratic productivity through the firms’ decisions and market clearing. The distribution of
assets and productivity evolves over time according to the optimal savings decisions of individ-
uals.

The classic difficulty is that individual decisions are forward-looking in time, while the

evolution of the infinite-dimensional distribution is backward-looking in time. Prices are the

1See https://github.com/ShlokG/CT-SSJ/ or https://sites.google.com/site/adrienbilal/ for routines in Mat-
lab and Python.
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fixed point of this forward-backward system that clear the capital and labor market. In this
paper, we follow the logic from Auclert et al. (2021) and seek a linearized version of this fixed
point problem for moderate aggregate shocks. The key objects in this approach are sequence-
space Jacobians: the derivative of aggregate capital and labor with respect to past and expected
future price deviations, which depend on individual policy functions through the law of motion
of the distribution.

The first step to obtain analytic sequence-space Jacobians is to differentiate individual policy
functions with respect to price paths. In continuous time, we show that the response of the
consumption function to future interest and wage rate shocks satisfies a simple Bellman equation
that involves only steady-state transition probabilities and a component that encodes the steady-
state substitution effect. The solution to these partial differential equations can be calculated
with a single time iteration. This result mirrors the numerical derivative in Auclert et al. (2021).
Crucially however, we obtain an analytic expressions inside the model rather than relying first
on discretization and second on numerical differentiation.

Continuous time facilitates the analytic perturbation. It allows seamlessly handling bind-
ing credit constraints. In continuous time, the first-order optimality condition for consumption
always holds with equality, sidestepping the need to carry Lagrange multipliers in the differen-
tiation. Continuous time also eases the differentiation with respect to the infinite-dimensional
distribution, because the distribution has a well-behaved density. We make these notions pre-
cise in our heterogeneous agent economy by building on the weak derivative and base measure
formalism introduced in Bilal (2023).

The second step is to differentiate the law of motion of the distribution with respect to price
sequences and construct market clearing conditions. This step closely follows Auclert et al.
(2021) and relies on three substeps: differentiating the law of motion of the distribution with
respect to savings rates; expressing savings rates by substituting in individual policy functions;
and constructing market clearing conditions. We obtain the sequence-space Jacobians that
determine the equilibrium of the economy by mapping expected price paths into realized price
paths.

Of course, the logic underpinning the analytic sequence-space Jacobians is more general than
the HA example. For illustration, we also develop our approach for a Heterogeneous Agent New
Keynesian model as in Auclert et al. (2024b), which we refer to as HANK for brevity. Finally,
in the Online Appendix we show how to use analytic sequence-space Jacobians in continuous

time in a generic economy that encompasses a large class of continuous-time dynamic general



equilibrium frameworks.

We implement our analytic sequence-space Jacobian approach in the HA and HANK economies
in continuous time. In both economies, we compare sequence-space Jacobians in the continu-
ous and discrete time cases. Reassuringly but not surprisingly, they coincide. Therefore, the
associated impulse response functions also coincide.

We illustrate the computational gains of our analytic construction of sequence-space Jaco-
bians. We report computation times for both economies with 2,000 to 250,000 gridpoints for the
individual state space. Across all cases, steady-state computation times are comparable. How-
ever, computation for Jacobians and impulse responses is three times faster in the continuous
time case. We show that these speed gains are entirely driven by the computation of individ-
ual policy functions: by leveraging linear partial differential equations in continuous time, we

sidestep the need for numerically or automatically differentiating a nonlinear Euler equation.

Literature. Our paper adds to the literature proposing computational methods for first-order
perturbations in heterogeneous agent economies in sequence space in discrete time (Boppart et
al., 2018, Auclert et al., 2021). These methods first discretize, then linearize to first order,
an economy with heterogeneity. They treat the resulting finite but high-dimensional system
as a standard linear system. By reversing the order—linearizing first, discretizing next—this
paper proposes a foundation for this computational approach and obtains substantial speed
improvements.

Our paper complements contemporaneous work by Glawion (2023) that implements Auclert
et al. (2021)’s method in a continuous time setting. Glawion (2023) also discretizes the economy
first and uses numerical differentiation for individual policy functions, leading to an algorithm
that exactly mirrors Auclert et al. (2021). By contrast, we differentiate entirely within the
continuous time model, which delivers additional speed gains.

Our paper relates to the literature that leverages continuous time techniques for heteroge-
neous agent economies (Kaplan et al., 2018; Achdou et al., 2021). We build on this literature
for the steady-state of our models and contribute to it by proposing an analytic sequence-space
Jacobian method to solve for impulse response functions to aggregate shocks.

Finally, our paper connects to the emerging literature on perturbation methods in continuous
time. Bilal (2023) develops state-space perturbations to first and second order. Alvarez et al.
(2016) fully characterize a version of the sequence-space Jacobian in a model that admits closed

form solutions. We complement these papers by proposing a flexible approach to sequence-space



Jacobians that applies to a wide class of economies.”

The remainder of this paper is organized as follows. Section 1 sets up the HA framework
in continuous time. Section 2 constructs sequence-space Jacobians in this economy. Section 3
constructs sequence-space Jacobians in the HANK economy. Section 4 implements our approach
for both economies. The last section concludes. Proofs, our general formulation and additional

details are in the Appendix and Online Appendix.

1 A workhorse heterogeneous agent model

The setup follows closely the continuous-time version of the Krusell and Smith (1998) economy
in Achdou et al. (2021). We refer to this economy as HA, for Heterogeneous Agent. Time ¢ > 0
is continuous and runs forever. We consider perfect foresight transitions as in Auclert et al.
(2021). The exposition of the weak derivative and base measure formalism directly follows Bilal

(2023).

1.1 Household decisions

There is a unit continuum of households. Households are endowed with idiosyncratic time-
varying productivity y; which follows a stationary stochastic process. This process is indepen-
dent across individuals and is defined by its generator A. The generator is a functional operator
that encodes conditional expectations under the income process. For instance, if productiv-
ity follows a multivariate Poisson process with income states {yi,...,ys} and transition rates
A = {\ij}i; from states y; to y;, then A[V] =32, Ai;(V; — Vi). A;[V] corresponds to the condi-
tional expectation E;[dV (y;)|y: = v;] as the income process evolves. The operator A corresponds
to the matrix with entries A\;; — 1,—; >, Aix. For simplicity of exposition, we will focus on this
multivariate Poisson process, but none of our results rely on it as we show in Appendix F.?
When unambiguous, we use interchangeably y; for the income state at time ¢, and y; or y; for
the value of the income in state i or j.

Households have a strictly increasing and concave flow utility function v and time-separable
preferences with rate of time preference p. They solve a standard income fluctuation problem

by deciding how much to consume and save every period in a single risk-free asset. Households

2See also Bhandari et al. (2023) for a discrete time approach to state space analytic perturbations.
3If productivity follows a diffusion process dy; = u(y:)dt + o(y;)dW;, then the generator is the functional

operator A(y)[V] = u(y)V'(y) + %“’)ZV”(y)-



are endowed with initial asset holdings ag, and assets a; > a must remain above a borrowing
constraint a. The value function V;;(a) of households with income state y; and assets a satisfies

the Hamilton-Jacobi-Bellman equation:*

Vi) = maxu(e) + Lo, i) + 2 )

Lit(a,0)[Vi] = (ria + wy; — ¢)Vii(a) + Ai[Vi(a)]
Vii(a) > ' (ria + wyy:)

The Bellman equation (1) states that the flow value of households is the sum of three terms.
The first is simply the flow utility from consumption u(c).

The second term Ly (a,c)[V;] encodes the continuation value from endogenous changes in
assets a; that evolve according to the budget constraint da; = (ria; +wyy; — ¢;)dt, and exogenous
changes in productivity ;. The operator L;(a,c) is the generator of the stochastic process for
the pair of idiosyncratic states of households (a4, y;), and encodes expected changes in values.
Vi (a) denotes the partial derivative with respect to a: V},(a) = Wé—z(a).

Together, the first two terms lead to the first-order optimality for consumption u'(cy(a)) =
V. (a). In continuous time, it holds for all assets a > a.

The third term 8Vg—tt(a) encodes the continuation value due to changes in prices r; and w; over
time. We denote by ¢;(a) the optimal consumption decision of households.

The Bellman equation (1) also includes a boundary condition V},(a) > u'(ra + wy;) at the
borrowing constraint a. This condition states that savings Sy (a) = rya + wyy; — ¢y(a) must
be weakly positive at the constraint a« = a. Applying u’ to the condition cy(a) < ra + wyy;
and using that the first-order optimality condition always holds with equality u'(c;(a)) = Vi,(a)
delivers the boundary condition.

To obtain the Euler equation, we differentiate the Bellman equation (1) with respect to
assets for all a > a, use the envelope condition and obtain:
av;é/tt(a), a>a. (2)

To see why equation (2) encodes the Euler equation, we use the first-order optimality condition

(p = r)Vi(a) = La(a, ci(a))[Vii] +

for consumption V}(a) = u'(¢y(a)) and recognize that the right-hand-side of (2) represents

E;[du'(c;)] by Ito’s lemma. We then obtain the familiar Euler equation in continuous time which

holds with equality away from the borrowing constraint: E, [%} =(p—r)u(¢;), a; > a.

4The value function is restricted to have at most linear growth as assets and income approach infinity. This
restriction is the recursive analogue to the No-Ponzi condition in the sequential formulation of problem (1).



1.2 Distribution of households

The savings decisions and labor market shocks that households experience lead to the emergence
of a distribution of households over asset and productivity states (a,y;). For all a > a, denote
by git(a) the density of households at productivity state y; and assets a. The evolution of the

density follows its law of motion, the Kolmogorov Forward equation:

WD) D (Sufa)gala)) + Ailar(@)] = Lo cula)lad, o> 3)

where S;;(a) = ria+wpy; — cir(a) denotes the equilibrium savings rate. A* is the transpose of the

matrix A, so that A7[g] = >, Ajig; — (32, Aij)gi- The operator L* is the adjoint of the operator
L, which generalizes the transpose property to infinite-dimensional operators. Ultimately, once
we discretize the operators L, L* into matrices for computation, their discretized counterparts
are transposes of each other.

The first component in the law of motion encodes how savings move households in the state
space over time. The second component encodes how labor market productivity shocks lead
households to switch across labor market states.

The occasionally binding borrowing constraint a > a leads to potential mass points in the
distribution at @ = a (Achdou et al., 2021). Denote by g;(a) the mass of households at a.
Denote by g,, the total measure of households in income state y;, that satisfies g“ = Afg, since
it only depends on the productivity process. Integrating the law of motion (3) over assets a,
from a + € to +o00, taking € | 0 and subtracting = g” = A’g, from each side leads to the law of
motion for the mass of constrained households:

ot

The economy starts at a given distribution g;o(a).

=— 1(52 Sit(a)git(a) + Af[gi(a)]. (4)

To construct sequence-space Jacobians, we need to differentiate the law of motion of the
distribution (3)-(4) with respect to savings rates. To make that differentiation precise, we
introduce a formalism that jointly summarizes the evolution of the distribution (3)-(4) on the
interior of the domain (@, +00) and at the mass point a. We do so by following Bilal (2023).
This formalism allows our sequence-space Jacobian method to seamlessly generalize to a wide
class of models instead of having to work through the specificities of each state variable process.

We define the base measure dn(a) such that we can define well-posed densities with respect

to this base measure for the entire domain [a, +00). Namely, we define n(A) = 1{a € A} + [, da



for any measurable set A. Equivalently, dn(a) = d,(a) 4+ da is the sum of a Dirac mass point
at a and the usual Lebesgue measure over (a,+o00). We define the density of households in
productivity state y; and with assets around a as g;;(a). The total measure of these households
is then gy (a)dn(a).

The advantage of this formalism is that the Kolmogorov equation (3) now holds on the entire
domain [a, +00) as long as we interpret the derivative % as a weak derivative (Evans, 2010).
That is, we consider derivatives in a space that contains functions but also includes Dirac mass
points. For instance, the weak derivative of a function with a jump at a is a Dirac mass point
at a times the size of the jump. We provide details in Online Appendix D.1.

To gain intuition, consider the savings component in the law of motion (3). si(a)gi(a) is
discontinuous as a function of a from just below a where it is normalized to zero, and just above a
where it takes the value lim,, si(a)git(a). Its weak derivative is therefore (lima 1a Sit(@) git(a)) X
da(a), which corresponds to the savings component in the evolution of the mass point (4).
Thus, we obtain that densities with respect to the base measure satisfy the Kolmogorov Forward
equation with weak derivatives on the full domain a > a (Bogachev et al., 2015):5

dgi(a)
ot

= Li(a,cala)lg), a>a (5)

1.3 Firms and market clearing

A representative firm operates a production technology Y;(K, N) = ¢* K*N'~% and rents capital
and labor from households at the interest and wage rates r;, w;. Capital depreciates at rate A
and firms cover the cost of depreciation. z; denotes aggregate productivity and follows a perfectly

foreseen path. The firm solves:

max KON — (r 4+ A)K; — w Ny,

and the capital and labor markets clear:

K=Y / agin(a)dn(a) N=Y / yiga(a)dn(a)

®Equivalently, the adjoint of L on the space of continuously differentiable functions on [a, +00) is L* on the
space of densities with respect to the base measure 7. We provide details in Online Appendix D.2.




The optimality conditions of the firm together with market clearing imply that the real interest
rate r; and the wage rate w; clear the capital and labor markets:

o (S pgad@N Y [ ag(a)dn(@)\°
oA (zifagixa)dn(a)) v=(1-a) (zifyigimdn(a))' ©)

1.4 Equilibrium definition

A steady-state equilibrium of the economy is a collection of a time-invariant value function
V#5(a), a consumption function ¢{*(a), a distribution ¢*(a) and prices r°*, w** that satisfy
(1,5,6) when z; = 0 and gy = ¢°°. For the sequel, we define £;(a) = L*(a, ¢{*(a)) the steady-state
generator, that encodes expectations under the steady-state evolution of assets and productivity
155 (q) = 0ci®(a)

i ——— the steady-state marginal propensity to consume

process. We also denote by ¢ = -

out of a windfall transfer.

A dynamic equilibrium of the economy is a time-varying collection of value functions V(a),
consumption functions c¢;(a), distributions g;;(a) and prices ry, w; that satisfy (1,5,6) for any
sequence z; and initial distribution gy.

As with all perturbation methods, we take a locally isolated steady-state as given and seek
a dynamic equilibrium when |z;| and |g; — ¢°°| are small enough that we can consider first-order
perturbations. The next section shows how to efficiently construct sequence-space Jacobians to

solve for dynamic equilibria to first order.

2 Sequence-space Jacobians

2.1 Policy functions

We consider small deviations of values, policy functions, distributions and prices from steady-
state when |z;| and |g; — ¢°°| are small. We denote deviations from steady-state with hats. We
start with the main innovation in this paper: obtain a simple equation for the ‘policy function
Jacobians’, that is, the response of consumption to expected price changes. A useful intermedi-
ate step is to characterize how the marginal utility of consumption responds to expected price
changes. We denote by v(a) = v'(cu(a)) = Viy(a).

Consider a small deviation in the sequence of prices 7y, Wy around steady-state. We posit

that, to first order, the marginal value of assets is a present discounted valuation of these price



changes:

Bin(a) = vir(a) — v3(a) = /0 h e—ps{go;(a)ms + ¢;g<a>@t+s}ds. (7)

Our goal is to characterize the functions ¢, ¢ that translate future price changes into marginal
utility today. These functions correspond to the sequence-space partial derivatives e ?*¢! (a) =
WS%@, and similarly for wages. Auclert et al. (2021) compute these derivatives ¢ by di-
rectly numerically differentiating the nonlinear Euler equation after discretizing it. Instead, we
leverage continuous time to make this differentiation fully analytic within the model.

Our strategy is simple: substitute the definition (7) into the Euler equation (2) which we
then linearize with respect to expected price sequences 7, 5, Wy4s. Finally, we recognize that the
resulting equality must hold for all such expected price sequences, which allows us to ‘identify
coefficients’ and obtain restrictions on the functions ¢!, (a), p¥(a). That the first-order optimal-
ity condition holds for all assets a > a and the Euler equation holds for all assets a > a greatly

facilitates this calculation. Otherwise, and as in discrete time, we would need to carry Lagrange

multipliers through the derivation. These derivations prove the following result.

Proposition 1. (Marginal utility Jacobians)
The functions k. (a), o (a) satisfy the following partial differential equations. For all pairs

(a,y;) for which the borrowing constraint does not bind in steady-state—in particular for a > a:

Pila) = 5 (an (5" (@) QO] _ (e () 1) + i) )
o) = (@) P e a) pia) + L))

For all pairs (a,y;) for which the borrowing constraint binds in steady-state:

pi(a) = u"(ci*(a))a do(t) i (a) = u"(c;*(a))yi do(t),

where do(t) denotes a Dirac mass function with respect to time.
Proof. See Appendix A.1. O

Proposition 1 reveals that a standard, time-dependent Bellman equation determines the
first-order response of the marginal utility to interest rate changes. These Bellman equations
depend only on steady-state objects. The initial conditions ¢y, ¢y depend on the disposable
income gain from a contemporaneous price change, converted to utils using the marginal utility

of steady-state consumption. To obtain the impact on marginal utility, we apply a derivative

10



with respect to assets. Theorem 1 in Online Appendix F.3 generalizes these results to a generic
dynamic economy.

Typically, Bellman equations feature a terminal condition and time runs backwards. Here,
we specified the marginal value (7) such that the resulting Bellman equations for ¢", ¢* have an
initial condition instead of a terminal condition. Time then runs forward instead of backward in
the partial differential equations of Proposition 1. We have essentially reversed the direction of
time to leverage a fundamental property of marginal utility Jacobians. The response of marginal
utility at time ¢ to a price change at time s only depends on the difference s — ¢, not separately
on calendar times ¢,s. By running time from time t to time s, we can leverage this property
and minimize computation similarly to the numerical differentiation in Auclert et al. (2021).

The partial differential equations of Proposition 1 also only depend on steady-state objects.
The time evolution of the marginal utility Jacobians depends on two components. The first
component encodes the steady-state substitution effect. To see this, consider a special case
without idiosyncratic risk, without binding borrowing constraints, and with a Constant Relative
Risk Aversion (CRRA) utility function with elasticity of intertemporal substitution o. In that
special case, permanent income logic implies that consumption satisfies ¢i*(a) = (r* + o(p —
%)) (a4 [;° € P ypss) with g = y;, and 75 — W = o(p — r*%): the substitution effect.

The second component in the time evolution of marginal utility Jacobians depends on ex-
pectations under steady-state decisions. Households expect to keep consuming and saving as
the economy experiences price changes, and thus expect that their marginal utility may respond
differently to these price changes going forward. The second component encodes this force, and
Proposition 1 ensures that it suffices to evaluate it at steady-state decisions to first order.

Proposition 1 also highlights the effects of the borrowing constraint on marginal utility. The
partial differential equations hold at pairs (a,y;) where the borrowing constraint does not bind
in steady-state. When the borrowing constraint binds in steady-state at some pair (a,y;), then
consumption is simply disposable income r;a + w;y;. The marginal utility of consumption then
responds accordingly to price changes: it only depends on contemporaneous price changes, not
any future price changes. This feature materializes as a boundary condition on ", " that
follows a Dirac delta function.

Proposition 1 immediately characterizes how policy functions—consumption—respond to
price changes. We leverage that the first-order optimality condition always holds with equality,
so that ¢ (a) = vy(a)/u" (% (a)).

11



Corollary 1. (Policy function Jacobians)

1 > —ps r -~ w o~
(a)) / e’ {@is(a)rﬂrs + Sois(a)wt+s}d87
0

() =
(2

where ©", " satisfy the conditions in Proposition 1.

Proof. See Appendix A.2 n

Corollary 1 determines how consumption responds to future price changes. Corollary 4 in
Online Appendix F.3 generalizes this result to a generic dynamic economy.
Corollary 1 reveals an important feature of the consumption function in continuous time

that may at first seem surprising. In continuous time, as the interest rate change becomes close

to contemporaneous, the response of consumption to the interest rate change is limg g %C#(ra) =
S

/SS

#S(a)a + 2l (@) where we have used the expression for ¢( from Proposition 1. This formula

: (e (@)

may seem surprising because an unanticipated interest rate shock 7; at time ¢ is isomorphic to

a cash transfer of size ar;. Under this logic, the reaction of consumption should be ¢/**(a)a, not

i
i (a)a + % The second component in this expression captures an anticipation effect:

households respond to the interest rate increase by saving more to boost the resulting interest
income gain.

Why is there an anticipation effect in response to a seemingly unanticipated interest rate
shock? The answer is that all interest rate shocks 73, for any s > 0 are, in fact, anticipated. In

continuous time, households learn about the future sequence {7;;s}s>0 at time ¢ and are thus

surprised only in the initial instant but not at any later instants. Thus, the limit limg %ﬁl)

always contains the anticipation effect.

/SS
K3

Why does the surprise response of consumption ¢;**(a)a to the contemporaneous interest

rate shock not appear in Corollary 17 In fact, this consumption response still occurs: cg—f,“) =
13

Ocit(a

58 6”+) is discontinuous at s = 0. However, since
S

'*5(a)a, and the policy function Jacobian

c
the discontinuity occurs only for a vanishingly small instant [¢,¢ + dt), it does not contribute
materially to household decisions as highlighted in the integral in Corollary 1.

In Online Appendix E, we formalize these arguments by deriving the discrete time counter-
part of Corollary 1 for small time steps € > 0. Our arguments are meant to be illustrative only
because this discrete time derivation imposes that that the borrowing constraint never binds—a
feature that is not needed for the proof of Corollary 1. Online Appendix E indicates that the
relevant limit expression for Corollary 1 is:

tula) =t { e @i + s [T (@ + @ s
u(¢;*(a)) J.

el0 y

12



This expression highlights that the surprise only affects consumption proportionally to the
length of the time period €. In continuous time, this effect vanishes.

In discrete time, the surprise effect 8‘3;7&“) = ¢**(a)a does not vanish because it occurs for
a full period. Discrete time features information aggregation: households can only make a
single choice per period, and thus act as if surprised for this entire period. In continuous
time, households can re-optimize rapidly once information is revealed, and thus act as if most
shocks are anticipated. Of course, as the period length in discrete time shrinks, we recover the
continuous time formula.

Ultimately, the choice of the time period in discrete time, and time discretization in numerical
implementations in continuous time, should reflect the frequency at which households are likely
to adjust their consumption and savings in practice. In Section 2.4, we provide two variants of
our algorithm: one with information aggregation that matches exactly discrete time; and one
without information aggregation which thus slightly differs from discrete time.

Equipped with these results, we construct sequence-space Jacobians that characterize the

general equilibrium of our economy.

2.2 Distribution

We now connect changes in consumption to the evolution of the distribution and, ultimately,
market clearing conditions. We denote by S;(a,y) = 7a + @y — &(a,y) the first-order change

in savings rates. To first order, the law of motion of the distribution (5) becomes:

B _ L)) — o (Sula)ai” (@), ®)

where L} is the transition operator of the distribution, again evaluated at steady-state decisions.
The first order law of motion (8) is linear, and therefore admits a simple solution with a
similar structure to a scalar linear ordinary differential equation. Solving forward and using

functional notation g; = {Git(a) }i=1..sa>4, We obtain:

t
9 /~

G=T5 - | T —(SSSS> ds. 9

9t 7 190] /0 t—s {aa 9 ] & (9)

In equation (9), T} is the analogue of the t-th power of the transition operator in discrete

time, and the ¢-th power of the transition matrix if the state space was discretized. T} is the

continuous time steady-state transition operator that propagates the distribution forward by ¢

13



time periods. T} satisfies the following evolution equation:
L= LT, Tyglad) = 1{i = j) 6(a— o) (10)

Hence, the transition operator T} is the integrated counterpart of the local transition operator
,C*.G
The solution (9) highlights that the distribution at time ¢ is the sum of two components.

The first component is the natural mean-reversion back to steady-state of any initial condition
that deviated from steady-state. The steady-state transition operator 7} governs that mean-
reversion.

The second component is the accumulated effect of past savings rates. If savings rates

deviate from steady-state at time s, the distribution changes between times s and s + ds by

%)

—%a <§s gss) as per the law of motion (8). This deviation in the distribution then mean-reverts

back to steady-state once more according to the steady-state transition operator 77" ..
Of course, we still need to relate savings rates §S to the consumption Jacobians that we
obtained in Corollary 1. Doing so lets us express the distribution at any time as a function of

the marginal utility Jacobians ", p®.

Proposition 2. (Distributional Jacobians)

oo  prmin{t,T}
=T+ [ [ {Tlon R T D), fsdr,
0 0

where:

SN e "yi(a) N e Ppii(a)
Dji(a) = " 9a <9i (a) <a50(3) - W))a Dii(a) = —%< 7 (a) (yi50(5) - W))
Proof. See Appendix A.3. n

Proposition 2 starts from the solution (9) and expresses the deviation in savings rates S, as
a function of consumption deviations ¢;, themselves a function of the marginal utility Jacobians
©", ", Theorem 2 in Online Appendix F.4 generalizes this result to a generic dynamic economy.
Proposition 2 indicates that savings rates influence the evolution of the distribution at time
t through a specific structure. The integral over all times 7 reveals that past and future price
changes matter. Future price changes at 7 > t influence consumption and savings decisions at

all times s < 7. Past price changes at 7 < t have already affected savings rates at times s < 7.

STy is also called the semigroup associated with £* and is sometimes denoted T} = e'L” by analogy with
the finite-dimensional case.
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Therefore, the integral over the time of savings rate changes s runs to the minimum of time ¢
and time 7.
The effect of an expected price change at time 7 results in a deviation in the distribution at

time s given by DI

T—S)

DY, that only depends on the relative time 7 — s, as with the marginal
utility Jacobians. These deviations in the distribution D", D" in turn depend on the direct
effect on disposable income that occurs only if the price change occurs immediately. This
effect materializes in the components ady(s) and y;d9(s). The deviations D", D also depend
on the response of consumption to future price changes, which materializes in the components
containing ¢", p* following Corollary 1.

Finally, as in equation (9), the deviations in the distribution at time s propagate to time ¢

according to the steady-state transition operator 17",

2.3 Market clearing

Having related price deviations to the distribution, we turn to market clearing. To first order,

the market clearing conditions (6) become:

a:wa+§;/$mmmwmm> W—W)%+§:/ @)Gu(a)dn(a),

for functions &£/ (a) = a(1 — ) (%)l_a {Yy’ — KSS} and £¥(a) = a(l — a) (5—)a {KL — & }
We re-write these relations more compactly as:
T =12+ E7G Wy = w2z + gy, (11)

where £g = Y, [ &i(a)gi(a)dn(a) denotes the inner product for any function £. Combining the

market clearing conditions (11) with Proposition 2, we obtain the following result.

Corollary 2. (Sequence-space Jacobians)

a:rssz+5[,*jq\0+/ {JTT’I“T‘FerwT}dT wt—w Zt—{-g g / { ;UTT?T+ thwﬁ}T}d
0 0

where the expectation functions &, &} satisfy:

T T agr T w w 86w w
& =¢ - = L] =g Sr = iy,

and for all pairs (p,q) such that p € {r,w},q € {r,w}, the fake news operators F and the

Jacobians J are:
min{¢,7}
P9 __ Dy* q pq __
’Ft,’r_gt DT Jt,T_/ ‘Ft S, T— sd
0
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Proof. See Appendix A .4. n

The proof of Corollary 2 follows the logic in Auclert et al. (2021). By integrating the
solution for the distribution in Proposition 2 against the market clearing functions in (11), we
summarize the underlying market clearing prices through the Jacobians J™", J™* J*", JW*.
These Jacobians J; ; encode how a price change at time 7 feeds back to the equilibrium price
at time ¢ through changes in household decisions and the subsequent law of motion of the
distribution. Theorem 3 in Online Appendix F.4 generalizes this result to a generic dynamic
economy.

The main content of Corollary 2 is to relate these Jacobians to the ‘fake news’ operators
Frr, Fres Fer  Fev These scalar operators F; ; encode how a price change 7 periods in the
future, announced at time 0 and retracted at time 0 + ds affects equilibrium prices at ¢ periods
in the future.

Consistently with this interpretation, the inner product of two objects parsimoniously sum-
marizes these fake news operators. The first object is the initial deviation in the distribution in
response to the price announcement, D,, from Proposition 2. The second object is the expec-
tation function &. The expectation function starts from the market clearing functions (11) and
then evolves according to the steady-state policy functions summarized in the operator L. It
allows us to evaluate the expected value of the market clearing condition at all times given any
starting distribution and given the subsequent evolution of the distribution under steady-state
policy functions.

Corollary 2 defines a linear fixed point equation in the space of price paths. By stacking the

equations and the operators, we define:

. Jr,r Jr,w - R ’/f’\ R 7453/2:\ +8T7*A
J = J=1d—-J p=1_ 4 = A tgAO )
Jw,r Jw,w w wsszt + Etlu’*g()

where Id denotes the identity operator. With this notation, we obtain:
Jp=12. (12)

When the combined Jacobians define an invertible operator [J, there exists a unique dynamic
equilibrium and the sequence of equilibrium prices satisfies p = J -17Z. Armed with these

results, we describe how to construct impulse response functions in practice.
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2.4 Computation of impulse response functions

The structure of the Jacobians in Corollary 2 delivers a constructive recursive algorithm.

Corollary 3. (Computation of sequence-space Jacobians)
For all pairs (p, q) such thatp € {r,w},q € {r,w}, the Jacobians satisfy the ordinary differential

equation:

P,q
th+s,T+s — FPa JPe — 51%*2_)‘1 JPe — 0
ds — Y t+s,7+s t,0 — “t 0,7 —

where D; (a) = — £ (9:°(a)a) and D; (a) = —£ (95*(a)ys)-
Proof. See Appendix A.5. O

Corollary 3 indicates that the ‘first column’ of the Jacobians J; is the change in the dis-
tribution that follows from the contemporaneous disposable income effect of price changes,
propagated t time periods forward using the expectation function. At horizon 7 = 0, only
this disposable income effect affects the distribution because it leads to an immediate jump in
individual wealth. Of course, at any subsequent horizon 7 > 0, the response of consumption
to this disposable income change affects equilibrium prices through the ordinary differential
equation % = Fiysrts. oimilarly, the ‘first row’ of the Jacobians Jy . is zero because
there is no immediate shift in the distribution at time 0 in response to a price change at time
7. From a practical perspective, Corollary 3 implies that we can obtain Jacobians by specifying
initial conditions for (¢,0) and (0, 7) and then solve an ordinary differential equation diagonally,
by changing both times ¢ and 7 by the same amount s. Theorem 3 in Online Appendix F.4
generalizes this result to a generic dynamic economy.

We can now leverage Corollaries 1, 2 and 3 to obtain an algorithm that computes counter-

factuals in our economy.

1. Time step. Choose a numerical time step dt

2. Policy functions. Compute ¢}, ¢}’ in a single time iteration using the partial differential

equations in Proposition 1. Compute a?%v ag—fi using Corollary 1.
Under information aggregation, additionally set Bcé;r(ta) = ac®(a) ex-post.

3. Distribution deviations. Compute Dj, D}’ in Proposition 2.
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4. Ezpectation functions. Compute &/, & in a single time iteration using the partial differ-

ential equations in Corollary 2.

T W w,T

5. Fake news operators. Compute F; -, F, -y F ',

Fi7* through the inner products in Corol-

lary 2.

6. Jacobians. Compute Ji,J;", Jo" FioY

sT

using the ordinary differential equations in

Corollary 3.

7. Impulse response functions. Solve the scalar linear system (12).

The discretization imposes constant choices during time steps [t, ¢+ dt). Thus, when impos-
ing the information aggregation adjustment 8%5@ = ac®(a) ex-post in step 2, the algorithm
imposes that households act as if constantly surprised throughout the first numerical period
[t,t+dt). This adjustment allows the algorithm to exactly reproduce the information structure
inherent to discrete time. Of course, it is also possible to omit this adjustment and calculate
Jacobians with rapid diffusion of information in continuous time. We compare both cases in
Section 4.

Step 2 of our algorithm solves a Bellman equation. As in Achdou et al. (2021), we can choose
whether to use an implicit or an explicit method to discretize the associated linear partial
differential equation. The explicit method is faster but, if applied naively, can be unstable.
Appendix C.2 describes how to amend the explicit method—by adjusting the discretization of
the transition operator £L—to obtain an explicit method that is always stable and thus maximize
speed relative to an implicit method.

Our algorithm delivers the only possible impulse response functions if the equilibrium exists
and is unique. This is the case if and only if the Jacobian [J is invertible when seen as an
operator that maps price paths to market clearing conditions. Because our Jacobians share the
same structure as the discrete-time ones, the determinacy criterion in Auclert et al. (2024a)
applies after discretization.

This section developed sequence-space Jacobians in a heterogeneous agent economy without
nominal rigidities. The next section shows how to construct them in a HANK economy. Online

Appendix F' generalizes the approach to a wide class of heterogeneous agent economies.
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3 Sequence-space Jacobians in a HANK economy

We modify the economy from Section 1 to illustrate our sequence-space Jacobian approach in
the presence of nominal rigidities. Unions set wages subject to nominal rigidity. A central
bank sets monetary policy, and the government sets fiscal policies. There is no capital, only
bonds in zero net supply. These modifications let us develop a continuous time equivalent of

the framework in Auclert et al. (2024b), which we refer to as HANK.

3.1 Setup
Household decisions. Households now solve:
pVila) = maxu(e) — vina(@) + Lula, V] + 2o (13)
Li(a,0)[V] = (ria + m(wyima(a))' =% — ¢) Z—Z(a:) + A[V]

Wt(@) > (TtQ + Tt<wtyinit(a))l_0) .

Flow utility u(c) — v(ny) now includes disutility v(n;(a)) from labor n;(a). Households supply

the amount of labor n;(a) that is demanded from them. r; is the real interest rate. Real post-tax

labor income Tt(wtym)l_e depends on the overall level of taxes 7; set by the government and on

the progressivity of the tax schedule encoded in #.” To construct sequence-space Jacobians, it is

useful to relate individual post-tax labor income to aggregate post-tax income Y; — T; through
vir °

the identity: 7 (wying(a))=? = (Y, — Tp) et This identity guarantees that individual
it

decisions only depend on the path of aggregate post-tax income X; = Y, — T} rather than on

the sequence of wages w; and tax rates 7; separately.

Distribution. The distribution g;;(a) evolves as in (5).

Final goods firms. There is a perfectly competitive representative final goods firm with
production function Y; = e* N;, where N, is a an aggregator of intermediate labor varieties that

sells at price W;. Goods prices P, are flexible, so that W, /P, = e*.

Unions. There is a unit continuum of unions indexed by k that hire a representative sam-

ple of workers. Each union produces a variety k of labor services N;. A competitive la-

"We use the Bénabou-Hornstein-Storesletten-Violante tax schedule 7¢(I) = 1 — 7' =?.
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bor aggregator packages the union-produced labor with a constant elasticity of substitution:
N; = ( Ik N,:t%l dk:)ﬁ. Unions pay all workers the same wage per efficiency unit and require
them to work the same number of hours n;(a) = n;.

In equilibrium, all unions choose the same wage and hours: Wy, = W, and Ny = Ny,
implying that real wages are equal to productivity w, = W;/P, = e*. Thus, nominal rigidity
affects post-tax income only through the equilibrium number of hours chosen by the union—
itself a function of nominal wages. In Appendix B, we show that the unions’ decisions lead to

a wage Phillips curve:

0
oy = kit (Cr) Xy + kot! (Ny) Ny + %, (14)
_ oWy

where 7, = 5t /W, denotes nominal wage inflation, k1 = (1 —¢)(1 — 0) /v and Ky = /.

Monetary policy. The central bank sets the nominal interest rate 7; according to the Taylor
rule o, = 7% + ¢, 4+ €4, where €; is a monetary policy shock. The Fisher equation is r; = 1, — 7y,

so that the real interest rate satisfies ry = 7% + (¢ — 1)m; + €.

Fiscal policy. The government exogenously sets spending GG;. We consider a monetary dom-
inant regime in which taxes T; always adjust to match the present discounted value of spending
along any transition. The government finances deficits by issuing bonds to satisfy its budget
constraint: dB;/0t = r;B; + Gy — T;.® The initial level of real government debt By is equal to
household assets. We linearize the budget constraint as 8§t /ot = rssét + B, + @t — YA} We
solve the linearized equation forward: B, = "By + fot e =9 (BT, + G, — ﬁ)ds.

3.2 Sequence-space Jacobians

Household policy functions. We construct policy functions similarly to the real economy
from Section 1. Inspecting the household decision problem (13) reveals that only two aggregates
matter for decisions: the real interest rate r; and post-tax aggregate income X;—provided we
start from the steady-state distribution of productivity— similarly to the wage w; in Section 1.
Thus, we write ¢ = [ e 5 (piFi4s + @5 )/(\'Hs)ds, where the sequence-space derivatives ", X

satisfy nearly identical partial differential equations to those in Corollary 1.

8These choices are not required by our approach but, as in Auclert et al. (2024h), keep the exposition simple
by abstracting from considerations related to the Fiscal Theory of the Price Level. We normalize the initial
nominal wage level so that initial real government debt By is equal to aggregate household assets A%5.
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Union, central bank and government policy functions. Given consumption policy
functions, we obtain the response of nominal wages, interest rates and government bonds
as in a standard representative agent economy. For instance, the Phillips curve (14) im-

plies that the sequence-space partial derivative of inflation with respect to post-tax income

Bm

X, = ke Pu/(C*%), holding the path of consumption and hours constant. To solve for

1s
counterfactuals in general equilibrium, we also derive the sequence-space partial derivatives with

respect to the path of consumption and hours. Appendix B provides more details.

Similarly, the sequence-space partial derivative of the real interest rate to inflation is af:# =
t+s

(¢ —1)dp(s). The sequence-space partial derivative of government debt to government spending

0By
0Gs

equilibrium counterfactuals in Appendix B.

is = ¢ (=5)1{s < t}. We combine these sequence-space derivatives to solve for general

Distribution. The evolution of the distribution satisfies a law of motion virtually identical

to (5). Therefore, we obtain a similar result to Proposition 2 after replacing w, with X..

Market clearing. We use the aggregate resource constraint Y; = C;+G, to close our economy:

Z:N; — Gy = Z/Cit<a)git(a)d77(a)'

To first order around steady-state:
N3, + Nt N @t _ 0587*:(]\1: _|_/C~:<gss_ (15)

We recognize a market clearing equation of the form of (11). The left-hand-side of (15) only
features aggregate objects. The first component on the right-hand-side ¢**g; is the inner
product between the steady-state consumption function and the deviation in the distribution.
Its structure is similar to the right-hand-side of the market clearing condition (11). Hence, we
construct this component as in Corollary 2.

The second component ¢;¢** on the right-hand-side of the market clearing condition (15) is
the inner product between the deviation in the consumption function ¢; and the steady-state
distribution ¢**. We directly construct this component by leveraging our characterization of

policy functions, so that ¢;g* = [ e [(¢h" " )Tpss + (gof’*gss))?tﬂ]ds.
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4 Implementation

We now illustrate our continuous time sequence-space Jacobian approach in the context of the
HA economy of Section 1 and the HANK economy of Section 3. We compare our approach
with the discrete time sequence-space Jacobian approach in Auclert et al. (2021). Appendix
(.1 describes our choice of parameters and the value of moments in our continuous time and
discrete time economies.

For comparability of results and runtimes to discrete time, we discretize the continuous time
economy with the same time step. We compute continuous-time Jacobians following Proposi-

tions 1 and 3. We compute discrete time Jacobians using the method in Auclert et al. (2021).

4.1 The HA economy

We display the general equilibrium Jacobians of aggregate capital with respect to interest rates
and wages in Figure 1. These Jacobians correspond to the component of the expectation function
in Corollary 2 that summarizes the evolution of the capital stock. We plot three ‘columns’ of

the capital Jacobian with respect to an interest rate and wage shock at specific times. That

0K OK:
ors 7 Owg

is, we plot { } § for fixed s = 0,100, 200. Of course, once we have discretized time for
computation, these J aéa(])oians become matrices and we display the corresponding actual column
of that matrix.

When the interest rate and wages increase at time 0, households are wealthier and immedi-
ately save a fraction of this increase. They then gradually consume this saved capital over time.
When we discretize the continuous-time economy to feature information aggregation as in dis-
crete time, the capital Jacobians virtually overlap. When we turn off information aggregation,
households in the continuous time economy save more: they have nearly a full period in which
they anticipate future elevated interest rates that they can take advantage of. In that case, the
capital Jacobian in continuous time displays larger responses, although the difference is small.

When the interest rate increases in the future, households preemptively save to benefit from
the interest rate hike when it takes place. Thus, the capital stock peaks at a higher value than
when the shock is entirely anticipated at time 0. After the interest rate rise, households draw
down these additional savings as in the time 0 case. The role of information aggregation is
similar for future interest rate changes than it is for contemporaneous interest rate changes.

The response to an anticipated future wage increase is different. There is no reason to
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Figure 1: Capital Jacobians in the HA economy

(a) Capital Jacobian w.r.t. interest rates (b) Capital Jacobian w.r.t. wages
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Note: Columns of the capital Jacobian with respect to interest rates {0K:/0rs}, (left) and wages {OK¢/Ows},~ (right), for
values of s = 0, 100, 200, in the HA economy. Solid blue: continuous time with a discretization that imposes information aggregation

as in discrete time. Dotted blue: continuous time with a discretization that does not impose information aggregation. Dashed
orange: discrete time. 50 income states and 5,000 asset gridpoints.

preemptively save because wage increases do not raise the value of assets when they take place.
On the contrary, households preemptively dissave and consume more, anticipating that this
decline in their assets will be compensated by higher wages in the future. After the wage
increase has taken place, this behavior reverses and households save and gradually consume
part of the excess income. There is no role for information aggregation in response to a wage
change because there is no additional incentive to save to take advantage of a higher wage.

With information aggregation, our continuous time capital Jacobians are almost indistin-

guishable from their discrete time counterparts. Of course, we do not expect them to exactly
coincide: even when discretized with the same time period, a continuous time economy is slightly
different from its discrete time counterpart with the same parameters. That the continuous time
and discrete time Jacobians are extremely similar indicates that the continuous time calculation
captures the same economic forces as in discrete time. Even without information aggregation,
the difference is small.

Figure 2 depicts the general equilibrium impulse responses of interest rates, wages, the
capital stock and aggregate consumption to a 1% aggregate productivity shock on impact,
that subsequently follows an AR(1) path with annual autocorrelation 0.8. As for the capital
Jacobians, the continuous and discrete time impulse response functions closely track each other,

with a more noticeable discrepancy without information aggregation in continuous time for the
initial response of consumption, as expected.
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Figure 2: Impulse response functions to a productivity shock in the HA economy
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aggregation as in discrete time. Dotted blue: continuous time with a discretization that does not impose information aggregation.
Dashed orange: discrete time. 50 income states and 5,000 asset gridpoints.

A positive aggregate productivity shock initially increases the marginal product of capital
and labor, thus increasing both interest rates and capital. As households save in response to
higher interest rates, capital accumulates and the marginal product of capital drops, putting
downward pressure on the interest rate. Labor supply is set to unity so that wages largely track
the path of the productivity shock.

As higher productivity raises output, consumption jumps on impact. Capital accumulates,
raising output and consumption. After a few years however, productivity has largely mean-
reverted and hence capital and consumption gradually return to their steady-state values.

Jacobians and impulse response functions in continuous and discrete time are virtually iden-
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Figure 3: Computation times in the HA economy
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Note: Runtimes for calculation of Jacobians and impulse response functions in discrete time (panel (a)) and in continuous time
(panel (b)) in the HA economy. ‘Policy functions’: computation of response of marginal utility and consumption to price changes.
‘Expectation vector’: computation of &. ‘Fake news matrix’: computation of the F; s. ‘Jacobian’: computation of 7. ‘Inversion’
inversion of 7 and computation of impulse responses. Steady-state computation time in Figure 6, Appendix C.3. Exact computation
times in Tables 5 and 6, Appendix C.3.

tical, but does continuous time confer additional benefits? Figure 3 reveals that the calculation
of Jacobians and of impulse response functions is three times faster with our continuous time
algorithm, relative to the discrete time algorithm. To understand this improvement, we break
down the calculation into five steps.

The first step is to calculate policy functions: the response of marginal utility and consump-
tion to price changes, encoded in ¢", . In continuous time, we do so using Proposition 1
and Corollary 1. In discrete time, we apply the algorithm in Auclert et al. (2021) that solves
the nonlinear Euler equation backwards for a small price perturbation, and uses numerical or
automatic differentiation. This is the only step that markedly differs between continuous and
discrete time.

The second step computes the expectation vector &. The third step constructs the fake
news matrices F; 5. The fourth step constructs the Jacobians J. The fifth step inverts the
Jacobian to obtain impulse response functions. These last four steps are similar in continuous
and discrete time.

Panel 3(a) indicates that the policy function step is by far the most computationally expen-
sive in discrete time. Panel 3(b) reveals that our continuous algorithm cuts this computation
time threefold by leveraging the closed-form partial differential equations from Proposition 1.
Virtually all the speed gains occur in this step. All the subsequent steps mirror Auclert et al.
(2021) and there is thus no reason to expect an improvement there.

Why does our continuous time approach speed up the calculation of policy functions? The
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Figure 4: Consumption Jacobian and impulse response functions in the HANK economy
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Note: Panel 4(a): partial-equilibrium aggregate consumption Jacobian to aggregate income {OC: /Y45 }i>0 for s = 0,100,200, in
the HANK economy. Panel 4(b): impulse response of output to a government spending shock of 1% of output that fades away at
rate 8é’t/8t = —Xat where e X = 0.8. Government debt follows: aét/at = —,Bgt + ét with e=# = 0.5. Taxes adjust to satisfy
the government budget constraint: Ty = Gy + 755 By + 74 B — aEt/at. Panel 4(c): impulse response of output to a 100 basis point
monetary shock, that follows an AR(1) with autocorrelation 0.8. Solid blue: continuous time with a discretization that imposes
information aggregation as in discrete time. Dotted blue: continuous time with a discretization that does not impose information
aggregation. Dashed orange: discrete time. 50 income states and 5,000 asset gridpoints.

discrete time algorithm relies on solving the Euler equation nonlinearly with the endogenous
gridpoint method, therefore requiring to calculate expectations and interpolate at each time
step. Our continuous time algorithm requires only one sparse matrix multiplication per time

step, bypassing the need to evaluate nonlinear functions and interpolate.

4.2 The HANK economy

We now turn to our HANK economy. We start by depicting the relevant Jacobians that de-
termine counterfactuals. As there is no capital in the HANK framework, we plot instead the
columns of the aggregate consumption Jacobian with respect to aggregate income changes in
partial equilibrium, g—%. Figure 4(a) shows that the continuous and discrete time Jacobians are
close. In both cases, consumption progressively rises in anticipation of an income increase, and
gradually declines after it.

Figure 4(b) shows the impulse response of output to a government spending shock of 1% of
output that fades away at rate: 8@,5 JOt = —X@t where e™X = (0.8. Government debt follows:
OB, Jot = —ﬁ@t + G, with e=# = 0.5. Taxes adjust to satisfy the government budget constraint:
ﬁ = @t—kr“ﬁt +7,B% — 8§t /Ot. In our calibration, there are not many constrained households,
and thus the multiplier is just slightly above 1. Figure 4(c) displays the response of output to a

100 basis point monetary shock. As expected, output contracts. In both cases, the continuous

and discrete time impulse response functions are virtually identical with information aggrega-
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Figure 5: Computation times in the HANK economy
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‘Expectation vector’: computation of &. ‘Fake news matrix’: computation of the F; s. ‘Jacobian’: computation of J. ‘Inversion’
inversion of 7 and computation of impulse responses. Steady-state computation time in Figure 6, Appendix C.3. Exact computation
times in Tables 5 and 6, Appendix C.3.

tion. Without information aggregation, output responds slightly more strongly to a monetary
shock because interest rate changes have an additional anticipation effect on consumption.
The computational gains associated with continuous time also materialize in the HANK
economy. Figure 5 compares runtimes in discrete and continuous time. Comparing panels (a)
and (b) reveals that the continuous time implementation of policy functions again leads to a

threefold speed gain.

Conclusion

This paper proposes an analytic derivation of sequence-space Jacobians in heterogeneous agent
models with aggregate shocks in continuous time. This analytic derivation leads to efficient and
easy-to-implement algorithms that do not rely on numerical differentiation. These algorithms

confer substantial speed gains relative to their discrete time counterparts.
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APPENDIX

A Proofs for Section 1

A.1 Proof of Proposition 1

We start by evaluating the Euler equation (2) for a small marginal value deviation v;(a). We
obtain:
0v;t(a)

ot

(p = 7" Yu(a) = Fv*(a) + L(@)[0] + (Fea+ By — Cala) )i (a) +

Using the first-order optimality for consumption, we express:

u’ (¢} (a))cu(a) = i(a) v (a) = u" (¢} (a)) ¢ (a).
Substituting these conditions back into the linearized FEuler equation:

vy (a)
ot

We can re-write the linearized Euler equation more compactly by recognizing derivatives with

(,0 — 7%+ cfs(a)ﬁit(a) =7 <Ufs(a) + Cw;ss(a)) + Weyiv; ™ (a) + Li(a)[0r] +

respect to assets:

. _9(av*(a)) . O(ywvi(a)) O (a)
Ss /8s : _ 1 1
(,0 TG (a))vlt(a) — da + e Oa ot

We are now almost ready to substitute (7) into the linearized Euler equation. In order to simplify

the calculation, we use the equivalent formula after changing variables in the time integration:

() = [ el (@R el ).}
t

Substituting into the linearized Euler equation wherever the constraint does not bind, we obtain:

(p —r* 4 Céss(a)) / e_p(s_t){SOZSft(a)?s + @Zs—t(a)@s}ds (16)
t

pllal@) | 52 @)
da

ik da

_|_/ e_p(s_t){ﬁi(a)[gog_t]?s +£i(a)[501sﬂ—t]w5}d8
t

A
at ), ©

[ e {enan+ et s
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where in the third line, we pull the operator £;(a) inside the integral. The same component on

the third line further writes as:

g [~ ~ .
5 [ e e an et . s
ot J,

> Fpie—i(a)\ dpisi(a)\
— _p(s_t) r o 7,8—1 fu) o 1,8—1
/t € { <p()02,st(a’) aS > Ts + (pgpl,st<a) 88 ) ’UJS} ds

- ‘PZo(a)?t - 90;1,)0(@)@

Substituting back into (16) and re-arranging, we obtain:

0= {_8(@1185;(&)) — gogvo(a)} T+ {—8(%?;(&)) - @Zo(a)} Wy (17)
(et ws sss . , ;s (a) |
+ /t e {(T — (@) Phila) + Lil@) i = T} s

w [Tero Lo - @)t + L) - e g,
t

Equation (17) must hold for all price paths {75, Ws }s>;. Therefore, we may ‘identify coefficients’

and we obtain:

avi(a ayl (a
rola) = 2 @) Pl _ (por — @) g fa) + L))
ivl'ss a 8 ;US a /ss w w
etn(a) = 2 @) PLl) _ (oo - (@) (o) + L@l

at all points where the credit constraint does not bind. These points include pairs (a,y;) for
which a > a.

We now turn to the borrowing constraint. The borrowing constraint is encoded in the state
constraint inequality: vy (a) > o' (ra+wyy;). Taking a first-order perturbation and substituting

in (7), we obtain to first order:

vi¥(a) + /00 e_p(s_t){gof’sft(a)?s + @fs,t(a)@s}ds >/ (r*a + w*y;) + U (r*a + w*y;) (gﬁ -+ yiﬁ?t>,
t
(18)

with equality if and only if the borrowing constraint binds.

For all (a,y;) where the constraint does not bind in steady-state, the inequality v?*(a) >
' (r**a + w*®y;) is strict. The borrowing constraint can only bind when a = a even outside of
steady-state, in which case s;(a) < 0 as a approaches a.

In steady-state, the borrowing constraint binds at (a,y;) if and only if s7*(a) < 0 as a ap-

proaches a. Hence, given our discrete income process, the set of income states y; for which
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sit(a) < 0 as a approaches a does not generically change for small perturbations of the con-
sumption function. We consider continuous income processes in Online Appendix F.

Our claim is ‘generic’ in the sense that it holds for all parameters up to a set of Lebesgue
measure zero. It could be that for a knife-edge combination of parameters, in steady-state we
have s*(a) = 0 for a in a neighborhood of a and a particular income state y;. In that case,
small perturbations in prices may change whether households are constrained at (a,y;) outside
of steady-state. We focus on parameter combinations in which this situation does not arise,
which are almost all parameter combinations. Accordingly, in simulations this case never arises.

These arguments imply that, in our first-order perturbation, the borrowing constraint binds
outside of steady-state at (a,y;) if and only if it binds in steady-state at (a,y;). In that case,
(18) holds with equality at (a,y;), and we also have v{*(a) = v/(r**a + w**y;). Combining both,

we obtain:
/Oo e_p(s_t){goas_t(a)?s + goffs_t(a)@s}ds =u"(r**a + w*y;) (gﬂ + yi@t>
t
for all price paths. Therefore, we identify coefficients once more and obtain that:
pir(a) = u"(c;*(a))a do(t) wir(a) = u"(c°(a))ys do(t),

where 0y (t) denotes a Dirac mass function with respect to time.

A.2 Proof of Corollary 1

We start by stating the full first-order optimality condition in continuous time:

wleu(a)) = lime™ “vip(a) = vie(a).

To see how to obtain the expression with the limit € | 0, consider the associated discrete time
problem with a small time step e, omitting binding constraints in discrete time (see Online

Appendix E for details):
Vit(a) = maxeu(c) + e PEVj4e (e”ga + (y; — c)e),

where the j index denotes next period’s income state, and we used the budget constraint a;,,. =

e"a + (y; — ¢¢)e. The first-order optimality condition and the envelope condition lead to:
u’(cit) = eipEEt‘/j/:FFE(at‘FE) Wt(a) = G(Tﬁp)eEth/,He(aws)a

implying that u/(c;(a)) = e "V}, (a).
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In most cases, the limit € | 0 is innocuous. However, when we consider shocks to the time-t
interest rate, this limit is not innocuous because it does not commute with the limit associated
with the perturbation with respect to the interest rate sequence.

For all s > 0, the expression in Corollary 1 immediately follows from the standard first-order
optimality condition u'(¢y(a)) = vi(a), because the limit € | 0 only involves r;, not r,.s, s > 0.

For s = 0, an additional term appears due to the two limits. We must take limits jointly
in the size of the time step and in the change in the interest rate. This occurs because the
partial derivative with respect to r, involves a limit over an interest rate change specified over
the same small time step €. As the time step £ vanishes, we must also rescale the derivative by

e. Formally:

[«3_(”’%)8 (vit(a) + Vin(a)) — e_”fvit(a)]

O[u'(cu(a))]

= lim lim —
ory €10 70 Ery
Jvy(a)
N aTt B /UZt(a/)

This expression is analogous to the one we obtain in the discrete time formula: u”(c;(a))ci(a) =
e " Vi(a) — u/(cip(a))e e Te.
Hence, we obtain in continuous time around steady-state:

neosss woci(a) s OJvy(a
e () A - 2l

From Proposition 1, %Tia)rs = pjo(a) = w

Ss

—v%(a).

. Therefore:

e 22

leading to:

SS

= av;”*(a) + v;* —v{*(a) = av;**(a) = au"(c*(a))c(a),

Ocit(a) |ss
8Tt

An unanticipated change in the interest rate 7; at time ¢ only is equivalent to a pure transfer or

= ac®(a).

size ary. Thereafter, the interest rate reverts to steady-state and so decisions also revert back

to steady-state policy functions. Thus, the consumption response is given by the steady-state

/SS
7

marginal propensity to consume out of wealth, ¢/**(a), times the size of the transfer.

Without the adjustment associated with the limit € | 0, we would have erroneously obtained

ac{;;r(t“) * = ad®*(a)+u'(c3*(a)), which is at odds with the argument of an unanticipated transfer.
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A.3 Proof of Proposition 2

We start by expressing savings rate compactly:

~ 1

Sis(a) = Tsa + Wsy; — W /0 qu{‘ﬂfq(a)?sﬂ + @%(a)@ﬁq}dq

= [ {d@en + (@), b
0
where:

u’(cj* (@) w'(cg*(a))

Then substitute this expression for the savings rate into (9) and obtain:

311000 = [ 1 [ (@) [ {00 + i@ )| a5

Change variables to 7 = s + ¢:

a1 = - [ 15[ (0@ [ {ute @+ ot @} ) avds

Change the order of integration:

;q(a) = ado(q) — wl’;(a) = y;00(q) —

il = - [ [ 1o (s < i+ ] astr
0o pmin{t,r} 9
— [ g (@ @] )] dsar

where in the first line we integrate 7 from 0 to 400 provided we include the indicator 1{s < 7},
and in the second line we subsume this indicator in the upper bound of the domain of integration

for s, from 0 to min{¢, 7} instead of ¢. This last equation concludes the proof.

A.4 Proof of Corollary 2

We treat only the case for the interest rate, as the one for wages is entirely symmetric. Inte-

grating the expression in Proposition 2 against £", we obtain:

0o min{¢,7}
?t = TSS/Z\t + gT’,*Tt* [.60] + / {/ (gn*Ttts[D:fs]?T + ST’*T;;S [D:'Ufs]{‘@') dS} dT' (19)
0 0

Because £ and £* are adjoints (the generalization of the matrix transpose) for our inner product,

T, and T} are also adjoints for our inner product, where 7} satisfies:

T,

Toij(a,a’) =1{i=j} 6(a — a) B

= L[Ty).
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This observation is the exact analogue of a similar result in finite dimensions. Using this

observation and the definition of the inner product, we obtain that:

£ (T7[g0]) = (TiE™) Go.
We define the expectation function & = T;[E7]. It satisfies the partial differential equation:

O6F _ Oy gr _ porior — prr
oL = SE = LT = £1E7)

with initial condition &5 = £".
Next, we define the fake news operators F/; = £"D; and F;," = £ DY. Substituting

these results into (19), we obtain:

oo min{¢,7}
a:wa+$ﬁw/’{/ (ﬁipﬁ+ﬁxﬁﬁgw}h (20)
0 0

Finally, we define the Jacobians J; = fomin{t’T} Fi'+_sds and similarly for J°. Substituting

these definitions into (20), we obtain:

oo
~ ~ Tk W T A
’]”t frg ,r.sszt —|— gt go + / {Jt,‘l‘ T’T + Jt,T U)T} dT
0

A.5 Proof of Corollary 3

For brevity, we omit the superscripts (r, ), (r, w), etc. of the Jacobians and fake news operators.

Using the definition of any of the Jacobians J; ,, we obtain for any ¢ such that 0 < ¢ < min{¢, 7}:

min{t+q,7+q} q min{t+q,7+q}
Jt+q,7‘+q = / ft+qfs,7'+qfsd3 = / -FtJrqfs,TJrqfst +/ ft+qfs,7'+qfsd3-
0 0 q

Changing variables s’ = s — ¢ in the second integral, we obtain:

q min{¢,7}
/
Jt+q,r+q = / «/T_‘t+qfs,~r+qfsd5 + / ‘/T"tfs’,rfs’ds )
0 0

and so:

q
Jt+q,7’+q - Jt,T = / «E«#qfs,‘rJrqfst-
0

Taking ¢ | 0, we obtain:

1. Jt+q,7+q - Jt,T - f-
m-———= t+q,7+q-
ql0 q

To determine the initial conditions J; o and Jy -, we must take into account that F contains
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Dirac mass functions. We obtain:

T T
Jo=limJ,, =lim | Fi_s,—sds=1lm [ F,.ds=E&D,
70 70 Jo 70 Jo

where for the interest rate D, (a) = —2 (g#*(a)a) and for wages D, (a) = —2 (gz*(a)y;).
For Jy -, the Dirac mass point does not affect the calculation, and we obtain:

t

t
Jor=limJ,; = hm/ Fiosqr—sds =lim [ F, . ds = 0.
£0 to J,

to J,

B Details for the HANK economy

This provides additional details for our HANK economy in continuous time.

B.1 Wage Phillips Curve

Given constant elasticity of substitution demand for labor, union k faces labor demand:

Workers allocate uniformly to unions, and unions set wages to maximize the utility of their

members. They solve:

00 1
Ji (W) = max Et/ e {/ |:u(cj,t+8) - U(nj,t+s)i| dj — ﬁﬂi,tﬂ} ds
{ﬂ'ks}s 0 0 2
OWps _
s.t. 95 TrsWhs, Wie = Wy, and household and labor aggregator behavior,
S

where j indexes households (not income states) employed by the union. ¢ is the initial time
and Wy, is the initial condition for the wage. In principle, the distribution of assets of these
households employed by the union should be a state variable of the union problem, but we
subsume it in the time subscript t.

We can rewrite this problem as:

Ji(Wy) = max /Vijtt(ajt)dj - %/ 6_”37T2,t+sd8
0

{ﬂ'ks }s
aWks
ds

We will need a simple lemma that builds on the envelope theorem. We define net income as

s.t. = TpsWhrs, Wi = Wy, labor aggregator behavior,

i = Te(weying ) 0.

36



Lemma 1. (Envelope theorem)

For any small change in wages Wiy, holding employment n;, fized:
Vie(a) = Et/ e U (Crys)Trysds.
0

Proof. We start from the Bellman equation:

OVi(a)
ot '

where, importantly, there is no optimization over n because the households do not choose hours:

pVit(a) = max u(c) —v(ng) + (rea + i — o)Vi(a) + Liy(a, ¢)|ws] +

the union does. The first-order optimality condition for consumption is u'(¢;(a)) = V;j(a). Now

differentiate the value function to obtain:

_ o _on N oo
p%@—%@%+%@MH-QM—MMW%+M@%H QQ

where we have used the envelope theorem with respect to ¢. Going back to the sequential

formulation concludes the proof. O

We form the Lagrangian associated with the union’s sequential problem, use ¢ = 0 without

loss of generality for expositional simplicity, and omit time ¢ indices when unambiguous:

Lo = /Vi,o(aj)dj — g/ e Prids —|—/ e P\, (wsﬂs — %> ds
g 2 Jo 0 0s

o0 A
= /Vivo(aj)dj + / e P? {wsws)\s — ﬂr? — (p)\s - %) ws} ds + Agwy.
! 0 2 Os

by integration by parts. The first-order condition with respect to 7 leads to:
UTs = WeAs.

The first-order condition with respect to wy is:

AV;.o(a; As
0= ﬂdj + e PPN — pAs + 0 )
Ow, 0s
Applying Lemma 1, we have:
8‘/2']-0(&) s aJ%’S s 8”'3
aws ! =e P ul<cj3) auj)s - P U/(njs) aujs )

because now the union chooses n simultaneously and internalizes the demand curve. Substitut-

ing into the previous equation we obtain:

_ _ 0 oo N0y Ongs |
(p 71-s))‘s Os —/{U (C]s)a_ws U<njs>a_ws dj‘
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Substituting in the first-order condition ¥m, = wsAs, we obtain:

oNs YT 1 Omg 1 Ows
(p_ﬂ-s))\s_ 83 _(p_ﬂ-s) _)\S(ﬂ_s as _ws 83)

o YT B 1 Omg
=(p=m) W, As (77'5 os ¢

Hence, we obtain:

833'jt , anjt . aﬂ't
D2kt gy O
Py = ¢ /{ jt awt U(njt) awt} ]‘l‘ ot

Using the expression for the demand curve and net income in a symmetric equilibrium, we

obtain:

% o Oz 1 1 ony

S = (1-0)zy, (—

8wt Wt 8wt Wt ng 8wt

) —(1-0)(1—e)=L.
Substituting in for a symmetric equilibrium n; = Ny, we obtain:

e (1—¢ , on
Py = ” ( . (1-10) /u’(cjt)xjtdj + v’(Nt)N) + (?_tt
Define C; such that u/'(C;)(Y; — Ty) = [ «/(¢je)zj:dj. Then we obtain the Phillips curve:
Omy
ot

Note that this Phillips curve does not involve directly the marginal utility of aggregate con-

e (l—-¢ .
= = (F2E - e - T + o) +

sumption, but instead a weighted average of individual marginal utilities of consumption.
Auclert et al. (2024b) impose C; = C} ex post in the union’s problem. Instead, we micro-

found this assumption by setting set up a modified union problem to obtain u/(C}) in the wage

Ct) fy]t di
u’ (CJt) yjlt Tyt

household j and takes this weight as given, then repeating the steps above delivers the wage

Phillips curve. Define the weights w;; = . Then if the union places weight w;; on

Phillips curve:

(1 “C1 oY~ T + v'(NoNt) 4 om

€ ot

P =

<
P
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B.2 Linearized Wage Phillips Curve

it
1+€°

We specify functional forms for u(c) and v(n). Let u(c) = 01:;1 and v(n) =

Let

Xy =Y, — T, denote aggregate post-tax income. We obtain:

_efl-e . A 1] | Om
o= o[- 00X N+

We then linearize around the zero inflation steady state. To ease notation, letters without time

subscripts denote steady-state quantities. We obtain:

~ (1+£)€N”5%+<1_€)<1_6)C*"X (_Uct Xt>+8ﬁt

Y v o x| T

Using that at steady-state, 0 = %[5(1 —0)C~°X + NHﬁ}, we obtain:

[

N, C X,| o=
(1+§)W+U———]+E-

g
o~ _N1+§
P " c X

B.3 General Equilibrium Jacobians to Aggregate Shocks

In what follows, we always denote by Id the identity operator.

We obtain the Jacobians of output, Y, and the real interest rate, r, to all aggregate shocks
using the market clearing condition, Y; = C; + G;, and the Taylor rule, which combined with
the Fisher equation is 7, = (¢ — 1)1 + €.

As interest rates change, the government balances its budget by adjusting taxes. We denote
by T this endogenous component of taxes. We thus need, in sequence notation: Te = g7
where we define the Jacobian J7" such that ¢*J7" = Bq* as in Auclert et al. (2024b), where
q; = e " and B is the government debt level. There are thus many possible choices, and in the
implementation, we will set 77" = BId so that taxes rise contemporaneously to counteract the

increase in the debt value.

B.3.1 G shock

Differentiating the Taylor rule and market-clearing equations with respect to G yields:
76— <¢ _ 1) <j7rrer L JTY JYG | ij>

= (W= (p-1)7™) - (0-1) |77+ 77

[\

~~
=JrY.G
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jYG — jCYjYG + erer + jCTjTrer’ +Id
— (Id . jCY . jC’r JrY,Gjﬂ'Y —FJCYJTTJTY) -1 |:Id + jCTJrY,GjﬂG . jCYjTrJTY,GjWG
—_———
EJTY
Above, we plugged in J¢T = —JY since the household only cares about Y — T so the
response to 7' is just the negative of the response to Y. The expression above is the same as
JYY = (Id — J°Y)~1 in Auclert et al. (2024b) but accounting for the case when monetary

policy is active (¢ > 1). Importantly, 7" and J¢Y are calculated using:

C, = Z/C’t a)dn(a +Z/ (@) git(a)dn(a).

Finally, the wage Phillips curve implies that J™" = 0, and so J"V'% = (¢ — 1) so we can simplify

the earlier expressions further:
er — <¢ o 1) [ijjYG 4 ij]
-1
jYG — <Id . jCY o jC’erY(¢ o 1) + jCYjTTjTY) [Id + (¢ o 1) [jCT o jCYjTT] jﬂ'G:|

In continuous time, the equation is r, = 4, — m;, but corresponds to r, = 7 — lim o T ye.
In discrete time, this distinction is directly visible because the Fisher equation is r, = 7, —
1. Once we discretize the continuous-time economy, as for information aggregation, we can
decide which timing to use. To align the results between the two methods, we use a version
of discretization that mirrors the the discrete-time Fisher equation. We make this distinction
explicit by introducing a notation for a lead operator F (with the understanding that this lead
operator collapses to the identity operator in the truly continuous time case). The expression

for J'¢ becomes:

G _ (QZ)Id o F)(jﬂ'rer + jﬂYjYG + ij)
— EId o (ngId . F)jwr)—l(qﬂd . F)(ijjYG 4 ij)

~~
=JrY.G

- (o))

Above, F is the lead operator. Now, J™ = (Id—(¢ld—F)J™) 1 (¢ld—F)J™ = (¢ld—F)J™.

As in Auclert et al. (2024h), the operator J¥¢ is not invertible. Thus, instead of defining
JYE through its first component (Id — 7Y — 77 7Y + 7Y T 77Y)~, weuse J¥¢ = A7'K
where A = K(Id — 7Y — J g™ + 7YT"T™Y) and K = — [~ e "'F,, and F, is the t™

iterate of the forward operator.

40



To see why, start from the aggregate household budget constraint discretized with small

time intervals € > 0:

0B
L =1+7re)Bic+ Y~ T, —C,
ot ——
Xt
GBt 8Bt_a 87"15 (9Ct aCt 87“5/
— (1 ss Bss 1 e
= ax, - UTTO%x, tax Pt =Ty, T 2o, X,

TP = (1 +re) LT + TV B¥e +1d - g - g g
(Id _ (1 + TSSE)L)jBY _ [Id - erer _ jCY + jTYBSSE]
K(Id — (]. + Tss€>L) jBY = K[Id — jCTJTY _ jCY + jTYBssE]

=Id

jBY — K[Id . jCT‘jTY o jCY + jTYBSSEf]

Above, L is the lag operator such that FL = Id. Lemma 3 in the Online Appendix of Auclert
et al. (2024b) proves that K(Id — (1 + r**¢)L) = Id. Note that J"* B*¢ captures the effect
of the change in interest rates on debt. Since we assume that the government adjusts taxes to
ensure that there is no effect on debt, this term can be replaced by the effect on consumption

of the change in taxes induced by the change in interest rates: JY 77" J"Y yielding
jBY — K[Id o jCT‘jTY o jCY + jCYjTrer]
— jYG — (jBY')flK(Id 4 jCTJTY,GJﬂG . jCYjTTJTY,GJﬂ'G)
Let A™'K = (J5Y)7'K to be consistent with the notation in Auclert et al. (2024b), which we
will use later.

B.3.2 7T Shock

The setup is similar for the T shock. We again account for the feedback effect of r on T" through
debt:

er — <¢ . 1)<j7rrer + jerjYT 4 jﬂ'T)
= (= (0= 1)T™) o= )TV T+ T

J/

E(?Tq/vT
— <¢ o 1)[jﬁYjYT + ij]
jYT _ erer + jC,Y*TjY*T,T o jC’Y7T‘_7TTjTT
— jC’rJT’T + jCY(jYT —Id — jTT’j?"T)
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— (Id — O YT gn¥ _ gCY 4 gCY gTr yi¥.T qu¥\=1[ 7Cr yi¥.T qul _ qCY _ qCY gTr iY.T 7T
— AK[JOT YT gm T gOY . gCY gTr YT wT)
The first line follows from the goods market clearing condition, Y; = C; + G and noting that
T does not affect GG, but affects C' in by changing r and X. The effect on X is both direct (by
changing Y and 7T') and indirect (7" responds to balance the government budget as r changes).
The term being inverted in the second-to-last line is identical to what we had for J Y& which
yields the last line.
If we use the version of the Fisher equation that is discretized to mirror the discrete time

case, J'T becomes:

VARSI RS DIVARVARE SVARIVARR VD
= [ld = (¢Id = F)J™] " (¢ld = F)(T™ T + T™)
(Pld—F) (T T+ T
(Id - (¢Id — F)J™) " (¢Id — F)
= (¢ld - F)

and JVT =

B.3.3 Z Shock
Next, we consider an aggregate productivity shock:

j?"Z — (¢_ 1)(jwrjrz+erjYZ+ij _I_ijjTrer)
— Eld o (¢ - 1)(j7ﬂ" + jWTjTT))_I((ﬁ o ]_)[jﬂ'YjYZ + ij]

~~
=JjrY.Z

gYZ _ 7072 4 76z
_ JOY gYZ 4 gCr qrZ _ gOY gTr grZ
— (Id — JCY — gCr Y2 gn¥ | gCY gTr prY.Z gu¥\=1( gCr Y2 gnZ _ gCY gTr jr¥.Z qnZy
_ A—IK[(er _ jCYjTr)JrY,Zjﬂ-Z

If we use the discrete-time version of the Fisher equation, J"# becomes:

er — (¢Id o F) (jm"er 4 jﬂYjYZ + jﬂ'Z + jTrTjTrer)
_ [Id _ (Qﬂd _ F)(jwr + jT(TjTT)]—l(gbId _ F)(ijjYZ + jﬂ'Z)
and J"7 = (Id — (pld = F)(J™ + T T")) "' (¢ld — F)
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B.3.4 ¢ Shock
Finally, we consider a real interest rate shock, e:
jre — (Qb o 1)(jWTjTE + jﬂYte + jﬂTjT’/‘jre) + 1d
-1
— [Id_(¢_1)(jfrr+j7rTjTr):| |:<¢_1)j7rYte+Id]

[

~~
EJ’V‘Y,E

te — erjre 4 jCYte _ jCYjTT‘jTE
— <Id + (jCYjTr . jC’r)JrY,e(¢ . 1)ij . jCY) -1 |:jCTJ’I’Y,€ . jC’YjTrJTY,e

J/

%
— AflK [jCTJ'rY,e o jCYjT'rJ'rY,e]
If we use the discrete-time version of the Fisher equation, J"¢ becomes:
jre — (Qﬂd . F)(jﬂ"rj're + jﬂ'YjYE + ijjT'rj're>
— [Id . (¢Id o F)(jﬂr + jﬂTjTr)]fl((Zﬂd o F)jﬂ*Yte
and J™¢ = (Id — (¢Id — F)(J™ + 7™ 77 )~

C Numerical appendix

C.1 Parameters and steady-state

This section reports our choice of parameters and compares the steady-state values between the
discrete-time and continuous-time economies. The parameters and numerical approximations
are chosen to match exactly, with § = exp (—p). The resulting steady-state values are quite

close.

C.2 Implementation details for Proposition 1
Proposition 1 implies that, for a small time interval 7:

Pror =T(r” = *)pr + (Id+ 7L) 1. (21)
When we set 7 = 1 to align with discrete time, iterating numerically on this equation can lead

to explosive dynamics. The reason is that households might save or dissave enough to move
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Table 1: HA Parameters

Parameter Description Value
o v inu(c) = $= 2
p Continuous Time Discount Rate 0.05
16 Discrete Time Discount Rate 0.95
) Depreciation Rate 0.1
« Capital Share 0.33
Z Aggregate Productivity 1
Lhe Idiosyncratic Productivity Persistence 0.91
Oe Idiosyncratic Productivity Cross-Sectional Standard Deviation 0.5
a Min. Asset 0
Table 2: HA Steady State
SS Object Description Cont Time Value Discrete Time Value
r Real Interest Rate 0.025 0.025
w Wage 1.087 1.087
K Aggregate Capital 4.337 4.337
Y Aggregate Output 1.631 1.631
C Aggregate Consumption 1.197 1.197
Share Constrained Share Constrained 0.046 0.046
Table 3: HANK Parameters
Parameter Description Value
) ¥ in u(c) = = 2
p Continuous Time Discount Rate 0.063
6] Discrete-Time Discount Rate 0.939
Z Aggregate Productivity 1
o Wage Markup 1.1
0] Taylor Rule Coefficient on 7 1
K Wage Flexibility 0.03
0 Tax Parameter 0.181
¢ Labor Supply Elasticity 1
N** Steady State Labor 1
Yy #s Steady State Output 1
% Government Share 0.2
% Transfer Share 0.529
Pe Idiosyncratic Productivity Persistence 0.91
Oc Idiosyncratic Productivity Cross-Sectional Standard Deviation 0.753
Minimum Asset Constraint 0
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Table 4: HANK Steady State

SS Object Description Cont Time Value Discrete Time Value
r Real Interest Rate 0.048 0.048
K Aggregate Capital 6.855 6.855
C Aggregate Consumption 0.800 0.800
Share Constrained Share Constrained 0.005 0.005

more than one gridpoint in the asset space in a time interval [¢,t + 7).

Standard continuous time discretization formulas assume that 7 is small enough that house-
holds only move by at most one gridpoint. When savings rates imply that households would
move by multiple gridpoints, standard continuous time discretization formulas compensate by
imposing that a larger mass of households moves by one gridpoint. For example, if the house-
hold at idiosyncratic state (a,y;) saves 2d, where d, is the distance between asset gridpoints
and the mass of households at (a,y;) is g;(a)d,, then standard discretization formulas impose
that 2¢;(a)d, agents move to a + d, instead of g;(a)d, agents move to a + 2d,.

Since there are only g¢;(a)d, agents at (a,y;), this calculation leaves —g;(a)d, agents at
(a,y;). The fact that negative mass of households appears leads to instability and results in
an explosive solution over multiple iterations. This explosivity at larger 7 is well-understood
in finite difference methods, and arises because the time iteration scheme we proposed is an
explicit scheme (Achdou et al., 2021).

There are three possible solutions to avoid instability. The first solution is to use a smaller
time step 7 in (21), that implies smaller savings from each time period to the next. However,
this choice results in a larger Jacobian to ultimately invert and slows down the calculation of
impulse response functions.

The second solution is to use an implicit scheme when iterating on (21), according to:

(Id — 7L)pryr = T(r* — **) oy + 4. (22)

Iterating on (22) requires solving a linear system involving (Id — 7L£) each period. While this
implicit scheme is relatively fast because L is sparse, it is still slower than using the explicit
scheme (21).

The third solution is to mimic the transition matrix in discrete time. We construct a version
of the transition matrix £ in which we allow agents to move more than by one gridpoint.

Returning to our example, we impose that d, agents move to a+2d, after applying the transition
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operator. This approach is our preferred one and results in fast and stable dynamics when

iterating on (21).

C.3 Computation times

We use three different methods to solve for the steady-state. “Discrete” uses a discrete time for-
mulation and the endogenous gridpoints method. “Continuous Time, EGM” and “Continuous
Time, Implicit” use the continuous-time method. “Continuous Time EGM” uses the endoge-
nous gridpoints method in continuous time, similarly to the discrete time case. “Continuous
Time, Implicit” uses the implicit method in Achdou et al. (2021) for the steady state.

When we use the endogenous gridpoints method to calculate the steady-state, we compute

AV, (a)

L~ = u/(cj*(a)) with a backward iteration. In this calculation, we leverage a (well-known)

trick to reduce the dimensionality of the state space: we note that the idiosyncratic productivity
process is independent of the household’s asset level. This allows us to use the endogenous
gridpoints method for the savings decision separately from evaluating the expectation of future
idiosyncratic productivity.

We calculate the steady-state distribution with a forward iteration given policy functions.
This iteration has comparable computational performance to inverting the linear system asso-
ciated with the steady-state equation Lg** = 0. A root-finding algorithm on r then returns the
steady state.

We find that the endogenous gridpoints method generally slightly outperforms the implicit
method for a large number of gridpoints. For smaller numbers of gridpoints, the implicit method
dominates. In fact, in other models or when the dimensionality of the productivity process is
smaller, the implicit method outlined in Achdou et al. (2021) can be substantially superior.
When the transition matrix is general—for instance, if the idiosyncratic productivity process
was not independent from current assets—the discrete time calculation is significantly slower
because we cannot leverage this separability anymore in the endogenous gridpoints method. In
that case, the implicit method, which involves inverting a sparse N, x N, matrix (where N, is
the number of gridpoints) tends to be faster than the backward iteration.

Figure 6 displays steady-state calculation times for continuous and discrete time for multiple
computation methods. Tables 5 and 6 report exact steady-state and transitional dynamics
runtimes. The steady-state computation takes approximately the same amount of time under

discrete time and continuous time with the endogenous gridpoint method. The implicit method
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Figure 6: Steady-state computation times
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green); and minimum of both methods (solid blue). Exact computation times in Tables 5 and 6.

is faster when the number of idiosyncratic productivity gridpoints is low but slower when it

is high. The Jacobian calculation is consistently around three times faster in continuous time

because of the faster calculation of policy functions.

Table 5: Runtime Data for HA (in seconds)

200

Discrete time: with Endogenous Gridpoint Method (EGM, dash-dot orange).
Continuous time: with Implicit scheme as in Achdou et al., 2021 (dotted red); with Endogenous Gridpoint Method (EGM, dashed

Steady  Policy  Expectation Fake news
Type Gridpoints Jacobian Inversion
State  functions vector matrix
Discrete 200 0.046 0.012 0.001 0.002 0.001 0.006
Continuous, EGM 200  0.046 0.005 0.001 0.004 0.001 0.006
Continuous, Implicit 200  0.035 0.005 0.001 0.002 0.001 0.006
Discrete 500  0.068 0.017 0.001 0.005 0.001 0.006
Continuous, EGM 500  0.065 0.007 0.002 0.007 0.001 0.006
Continuous, Implicit 500  0.049 0.007 0.002 0.003 0.001 0.006
Discrete 3,500  0.276 0.066 0.007 0.017 0.001 0.006
Continuous, EGM 3,500  0.275 0.033 0.007 0.018 0.001 0.005
Continuous, Implicit 3,500  0.205 0.033 0.007 0.010 0.001 0.006

Continued on next page
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Table 5: Runtime Data for HA (in seconds)

Steady  Policy  Expectation Fake news
Type Gridpoints Jacobian Inversion
State  functions vector matrix

Discrete 22500  1.663 0.571 0.041 0.066 0.001 0.006
Continuous, EGM 22500  1.696 0.182 0.045 0.068 0.001 0.005
Continuous, Implicit 22,500  2.337 0.182 0.045 0.068 0.001 0.006
Discrete 62,500  6.686 1.508 0.130 0.197 0.001 0.006
Continuous, EGM 62,500  6.833 0.631 0.146 0.198 0.001 0.006
Continuous, Implicit 62,500 10.738 0.626 0.146 0.197 0.001 0.006
Discrete 90,000  9.721 2.152 0.182 0.288 0.001 0.006
Continuous, EGM 90,000  10.050 0.879 0.208 0.288 0.001 0.006
Continuous, Implicit 90,000 18.504 0.876 0.208 0.289 0.001 0.006
Discrete 122,500 13.035 3.221 0.231 0.394 0.001 0.006
Continuous, EGM 122,500 13.404 1.186 0.264 0.399 0.001 0.006
Continuous, Implicit 122,500  29.120 1.187 0.263 0.395 0.001 0.006
Discrete 160,000 31.919 6.452 0.762 0.518 0.001 0.005
Continuous, EGM 160,000  33.680 1.896 0.765 0.520 0.001 0.006
Continuous, Implicit 160,000  43.989 1.824 0.790 0.520 0.001 0.006
Discrete 202,500 43.427 7.840 0.856 0.661 0.001 0.006
Continuous, EGM 202,500 42.364 2.307 0.883 0.662 0.001 0.006
Continuous, Implicit 202,500 67.128 2.301 0.838 0.660 0.001 0.008
Discrete 250,000 45.881 10.507 0.992 0.854 0.001 0.019
Continuous, EGM 250,000 48.684 2.948 1.013 0.820 0.001 0.006
Continuous, Implicit 250,000 91.452 2.990 0.969 0.834 0.001 0.009

48



Table 6: Runtime Data for HANK (in seconds)

Type Gridpoints Steady Policy  Expectation ~ Fake news Jacobian Inversion
State  functions vector matrix

Discrete 200 0.159 0.015 0.003 0.004 0.001 0.008
Continuous, EGM 200 0.113 0.005 0.001 0.004 0.001 0.013
Continuous, Implicit 200 0.061 0.005 0.001 0.002 0.001 0.009
Discrete 500 0.222 0.020 0.004 0.010 0.001 0.005
Continuous, EGM 500 0.180 0.007 0.002 0.010 0.001 0.008
Continuous, Implicit 500 0.086 0.007 0.002 0.003 0.001 0.010
Discrete 2,200 0.545 0.054 0.007 0.028 0.001 0.007
Continuous, EGM 2,200 0.372 0.019 0.005 0.029 0.001 0.009
Continuous, Implicit 2,200 0.264 0.019 0.005 0.009 0.001 0.025
Discrete 22,500 2.706 0.583 0.047 0.116 0.001 0.007
Continuous, EGM 22,500 3.026 0.204 0.045 0.116 0.001 0.010
Continuous, Implicit 22,500 3.073 0.200 0.045 0.075 0.001 0.010
Discrete 62,500  13.986 2.335 0.269 0.207 0.002 0.007
Continuous, EGM 62,500  14.039 0.585 0.206 0.205 0.001 0.009
Continuous, Implicit 62,500  16.588 0.782 0.206 0.205 0.001 0.010
Discrete 90,000  17.635 3.698 0.358 0.297 0.002 0.007
Continuous, EGM 90,000  17.960 1.124 0.268 0.298 0.001 0.009
Continuous, Implicit 90,000  28.929 1.131 0.269 0.298 0.002 0.011
Discrete 122,500  19.772 4.241 0.459 0.409 0.001 0.008
Continuous, EGM 122,500  20.409 1.363 0.252 0.415 0.001 0.007
Continuous, Implicit 122,500  43.429 1.204 0.256 0.418 0.001 0.009
Discrete 160,000  60.915 6.004 1.226 0.532 0.001 0.005
Continuous, EGM 160,000  61.736 1.932 0.763 0.542 0.001 0.009
Continuous, Implicit 160,000  79.113 1.940 0.752 0.535 0.001 0.009
Discrete 202,500  77.391 7.721 1.274 0.655 0.001 0.005
Continuous, EGM 202,500  78.673 2474 0.856 0.660 0.001 0.007
Continuous, Implicit 202,500 129.377 2.461 0.882 0.658 0.001 0.007

Continued on next page
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Table 6: Runtime Data for HANK (in seconds)

Steady Policy = Expectation Fake news

Type Gridpoints Jacobian Inversion

State  functions vector matrix
Discrete 250,000  89.462 9.212 1.476 0.811 0.001 0.005
Continuous, EGM 250,000  88.350 3.059 0.996 0.831 0.001 0.007
Continuous, Implicit 250,000 147.122 2.970 0.993 0.842 0.001 0.008
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ONLINE APPENDIX

D Weak derivatives and duality

D.1 Weak derivatives

Let f be a nm-measurable function on some n-measurable space X that is a subset of a finite-

dimensional Euclidian space. Its weak derivative g—f

£

is, when it exists, defined by duality.

Suppose that there exists a n-measurable function w; such that

[ @52 @inte) =~ [ wtz)e@in

for all continuously differentiable functions ¢ that vanish on the boundary 0X. In that case,

define its weak derivative % to be w;.

D.2 Borrowing constraints and adjoint property

Note: This section is a modified version of the corresponding section in Bilal (2023) and shows

that the duality property holds more generally when using weak derivatives.

For concreteness, consider the Aiyagari (1994) economy with a borrowing constraint a > a.
The asset domain is [a,a]. For simplicity, focus only on the asset dimension. Consider the
operators associated with the asset drift L = S(a)d, and L* = —39,5(a), where S denotes the
savings rate. Consider the base measure dn(a) = d,(a) + da. A distribution is given by a
density {g(a);g(a),a > a}, so that the probability measure that represents the distribution of
individuals is g(a)d,.(a) + g(a)da. For any function f, we denote by f(a™) = lim,, f(a).

A mass point arises at @ if s(a) < 0 in a neighborhood of a. The borrowing constraint imposes
s(a) = 0. The presence of a mass point requires that g(a™) = +o0 so that the (asset-induced)
inflow into the mass point, (sg)(a™), is finite and non-zero. Integration by parts implies that

the weak derivative of sg at a (with respect to the base measure 7) is:

(sg)(a™) if a=a

the classical derivative 0,(s(a)g(a)) if a>a

0a(s(a)g(a)) =

Thus, for any smooth test function ¢ that vanishes at a« = @ and any density g with respect to
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the base measure:

/ " p(@) L (@)gdn(a) = —p(a)(sg)(a®) - / (a)0u(5(a)g(a))da

_ / L(a)[plg(a)dn(a),

where the first line uses the definition of dn(a) and the expression for the weak derivative of
sg. The second line integrates the second term by parts. The third line cancels out terms and
uses that g(@) = 0. The fourth lines substracts the a terms to make the integral over the closed
interval appear. The fifth line recognizes that the extra term is equal to zero.

This derivation proves that L and L* are adjoints on the domain [a, @], when L is defined on
the space of smooth functions that vanish at @, and L* is defined on the space of densities with
respect to the base measure 1. This conclusion extends immediately to including an income

process in the operators L, L*.

E Information aggregation

We provide context for information aggregation by repeating our derivations in discrete time,
but assuming that the borrowing constraint never binds. This is not an innocuous restriction,
because of the well-known result that an occasionally binding constraint is necessary for a

non-degenerate steady-state to exist. Thus, our discrete time derivations are illustrative only.

E.1 Setup

We start with the discrete time problem with a time step €. We sometimes omit the dependence
on income and write X;(a) instead of X;(a,y). When we write V/(a,y) we always mean the
derivative with respect to assets, and we sometimes write V/(a).

The Bellman equation is:

Vi(a,y) = maxeu(c) + e K, [VtJrs (61%@ + (y — ¢)e, yt+s)

Clt:a,yt:y],
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where we used the budget constraint a,,. = €"*“a;+ (y; — ¢;)e and there is a borrowing constraint

arre > a. The first-order and envelope conditions are:
EUI<Ct) = geipg]Et‘/tlJrs (at+€7 yt+€) - ’U/(Ct) = eipsEtV;/Jrs (at+57 yt+5)
Vi(a,y) = e(rtfp)EEtVt/JrE (at+57 Z/t+e>-
Combining both, we obtain:

u'(cr) = eV (a,y) =210 Vi(a,y) u'(cr) = e P Eyfe"+u (cry)].

E.2 A first derivation of the contemporaneous consumption response

Consider a perturbation of the interest rate sequence such that r; only changes in period ¢ by
a small 7, and then goes back to baseline. Denote with tildes values and assets under the
alternative path, and with hats the difference between original and new variables. We consider
what happens from ¢ onward.

Consumption ¢;(a) is the implicit solution to:
U (ci(a)) = e EV/,, <e”5a + yie — ¢ia)e, yt+€>.
For a change in the interest rate by 7;, we obtain:
(G (a)) = e EV/,, (e”Ea + " Tea + yie — a(a)€> :

where importantly the value V.. is the same because from t 4+ ¢ onward we revert back to the
original interest rate sequence. We re-arrange to express the second condition in terms of a

different level of initial assets a:
W (@(a)) = e RV, (e’“tfa + oy — a(a)e>, a=a(l+7e).
Thus, we obtain ¢ (a) = ¢;(a), and so to first order in 7:

(a) = ¢i(a)(@ — a) = ci(a)rae.

E.3 Perturbation of values and consumption

We now characterize the perturbation of marginal values in discrete time for a general change

in the interest rate sequence, abstracting from binding constraints. We start from:

~

‘/t(a7 y) = e_pEEtV;t—l—a(at—i-m yt-i—s) + U/(Ct)eersse?ta‘
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Differentiating w.r.t. a and evaluating around steady-state, we obtain:

1 —pe (1% ss T rSSg 3 (IUI c*®
V;t’(aay) =e (6 —ed (a’y))EtVi/-}g(at+sayt+g) + e, [ ( )]

da
We now posit:
Tay) =3 P epulan)e Fpe,
s=0
We calculate:
€—p€‘/}t/+€(al7 y) = f: 6_p5(5+1)5¢sa(a, Y)e eI L (g 1)e = i e e s_ne(a, y)e" T T e
5=0 s=1
Substituting into the Euler equation, we obtain:
i e ehse(a,y)e Trise = (em —ec*(a, y)) i e PR [P(s-1)e (Atte Yere)]e™ Trpee + 56Tsssaa[mg2685)] |

s=0 s=1

Dividing through by ¢ and identifying coefficients:

(b(](a’a y) = W

¢55(a? y) = (erssa - Ec/ss<a7 y))E |:¢(sfl)s(at+a> yt+5) ar = 4, Yy = y] :

These equations mirror those in Proposition 1 when the borrowing constraint never binds in

discrete time.

E.4 Consumption

We now characterize consumption. Recall that from the first-order condition: u/(ci(a,y)) =

e "*V/(a,y). The adjustment by e "¢ is key. To first order:

u'(c*(a))aa) = e ={ T (a) = V' (a)Fie }
For an interest rate shock only at time ¢, we have:
u(c*(@))a(a) = e Ouee Fran (¢ (a)) — ¢ u (¢ (a) Fie }
— e { /(e (@) + au' (¢ (@) (@) — (¢ (a) }
= ey x au (¢®(a))**(a),

where in the second equality we used V'*%(a) = " “u/(c*(a)).

The discontinuity in the Jacobian az—f: at s = 0 also arises in discrete time because the
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interest rate r; enters the first-order condition u'(¢;(a,y)) = e7"¢V/(a) separately, while all the

other interest rates 1,4, s > 1 only enter through the marginal value V/(a).

F General framework

F.1 Setup

We now describe a general economy that encompasses many applications of interest. The
setup follows closely Bilal (2023). Time ¢ > 0 is continuous and runs forever. The economy
is populated by a unit measure of agents. Agents are characterized by their individual state
vector z € Xo C RPX, where Xo = (21,71) X ... X (zp,Tpy) is a Dx-dimensional hypercube.”’
Let X, denote its closure in the Euclidean norm. X is endowed with the Borel o—algebra, and
a base probability measure 7. Individuals may choose a control variable ¢ € T' € R”¢, where T
is open.'’

The base probability measure 7 plays a key role in the sequel. It encodes a priori information
about where the distribution is absolutely continuous, and where it may develop mass points. If
the example of Section 1 was enriched with an occasionally binding borrowing constraint a > a,
one would define dn(a,y) = (da + 6¢4)(da)) ® dy, where é;4) denotes the Dirac measure at a,
and ® denotes the tensor product of measures. This definition then allows for the possibility of
a mass point at the borrowing constraint a.

The base measure allows to handle only densities with respect to that base measure, and
thus treats mass points and smooth densities symmetrically.'’ In the sequel, we always impose
that the base measure is a product measure of marginal measures. The marginal measure along
dimension 7 in turn consists of the Lebesgue measure together with a countable set of possible
mass points. These possible mass points are located on a Dx — 1-dimensional manifold B that
may include parts of the boundary of Xy—for instance when there are credit constraints—and

may also include points in the interior of Xo—for instance when there are kinks in the interest

9Working with a hypercube is not strictly necessary for most of the results below. However, it makes the
notation much lighter—in a relative sense—to handle mass points. Without mass points, virtually all the results
below go through for a general open domain X without additional notation.

10T keep the exposition as concise as possible, discussion of filtrations and adaptedness are omitted. See
Carmona and Delarue (2018) for an in-depth exposition.

1Tn principle, it is possible to work without a base measure. In that case, the law of motion of the distribution
is set in the space of measures. Consequently, one needs to develop the formalism of derivatives with respect to
general measures in the Wasserstein space. See Cardaliaguet et al. (2019) for details. Introducing this formalism
is beyond the scope of this paper, and is also irrelevant for many economic applications of interest in which a
priori knowledge of where mass points may develop is often available.
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rate. We assume that this manifold intersects any direction ¢ at a countable number of points
{zi,} only. We denote by X = Xy U B the domain of the state = as the union of the open

domain X together with the set of possible mass points B.

Assumption 1. (Base measure)
dn(z) = dm(z1) ® ... ® dnpy (zpy ), where, for all i = 1...Dx and all Borel-measurable subset
Z Clxy, i), ni(Z) = U Zi) + 3 pen, Hzin € Z}, where £(Z) denotes the Lebesgue measure of Z.

The relevant state variables of the economy are a vector of aggregate shocks z, € R, and
the current distribution of agents over the state space X, denoted by g,(z)dn(z). Crucially, we
consider only densities with respect to the base measure 7.

Agents’ state x; evolves over time according to a controlled jump-diffusion process

dxy = b(xt; Ctapt)dt + U(ﬂ% Ctapt> ~dW; + /(?J - xt)f(xt, Ct, Pt, y)dn(y)N(dt)‘ (23)

b is the RPX-valued drift of the process. It may depend directly on the current state z;, the
control ¢; and prices p;.'? Similarly, o is the RPx*Pw_yalued function volatility of the process.
W is independent across agents. The Poisson jump measure N encodes the frequency of jump
increments. The density f captures the density of increments and their frequency over the base
measures 1, N. Jumps are also independent across agents.

The state x; may include discrete indicators for different types of agents, for instance em-
ployed workers and unemployed workers, workers and firms, regions or countries. The process
1z, is assumed to remain within X, either through reflection at the boundary of X, or through an
appropriate combination of drift and volatility at the boundary. Without further restrictions,
equation (23) encompasses a large class of stochastic processes in continuous time, and nests
the vast majority of those commonly used in macroeconomic applications.

We use the notion of weak derivatives to handle mass points in the distribution.'® When a
n-measurable function f is continuously differentiable, the weak derivative coincides with the
classical derivative. When f has a jump in direction ¢ at some zy € X, then the weak derivative
in the sense of generalized functions is a measure: it is a Dirac mass point multiplied by the
size of the jump: g—i(xg)da: = <lima¢0 flzo +em) — lim. o f(zo — 67‘i)>5$0(d$), where 7; is the
unit vector pointing in direction ¢. In that case, f admits a weak derivative only if xq € M;,

the set of mass points. Then, the weak derivative as a n-measurable function simply the size of

12That it does not depend on calendar time ¢ is without loss of generality: one can always redefine one entry
of z; to be time ¢, and one entry of p; time.
13Gee Online Appendix D.1 for details
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the jump at zo: lim. o f(xo + e7;) — limejo f(xo — 7). Thus, we can work only with densities
with respect to the base measure.
Two functional spaces are useful in the sequel. The first is the space of square-integrable

functions with respect to the base measure 7. The second is the second Sobolev space:

L*= {f : X — R is n-measurable ‘ /f(x)an(x) < oo} , {f € L? ) 6 LQ} (24)

The notation L? should not be confused with the notation for the generator of the process,
L. The second Sobolev space H? consists of all square-integrable functions that have square-
integrable first and second weak derivatives.

We now define three functional operators related to the state process x;. The first operator

L is the generator of the state process and encodes conditional expectations of functions of z;.
For any V € H?, define:'*
LiaeplV) = Zb r e @)+ 13 2o o))
O0x;0x;

’Ljf

n / f.ep.)(V(y) - v<x>)dn<y>, (25)

where ¥ = o007, and recall that the T superscript denotes the matrix transpose.
The second operator is the formal adjoint operator L*.'” It encodes how the cross-sectional

probability distribution of the process x; evolves over time. For any g € H?, define:

L, eplal = _Za@( (¢ p) DZ axzaxj( v C’p)g(x))

’]_

4 / F(se.p. 2, )g(y)dn(y) — g(x) / £, ¢y, v)dn(y). (26)

Aggregate shocks are denoted z;. They follow a stationary Feller process with generator A(z)
that admits a unique invariant distribution.

Finally, we posit the existence of a price functional p(z,g) that maps aggregate shocks z;
and the distribution g; into the vector of prices p;. This price functional typically arises from
market clearing conditions. However, the vector p; can also represent any alterative moment of

the distribution that is relevant for individual decisions.

4For points on the boundary of X, 2 € X, it is understood that derivatives are taken with respect to the
interior directions to X, and all functions are extended by 0 outside of X.
15Gee Appendix D.2 for the case with mass points in the distribution.
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F.2 Individual decision problem and distribution

Armed with the notation above, we define agents’ decision problem. They solve the following

time-dependent Bellman equation with possible constraints on the state variable:

oV, oV,
th<5U> = m@(u<$ac7 Zty Pt ‘/t) + L(.T,C,p)[‘/t] + Et [_t<x>‘| s.t. C (:C7p> ‘/t(x)a 8_:1:

nax 5 (x)) >0, x € B(27)
In equation (27), the flow payoff u may depend on the current state, but also the value function

V' directly. This formulation embeds recursive preferences such as Epstein-Zin. The flow payoff

also depends on aggregate shocks z directly, to allow for aggregate demand shocks.'® We assume

that the problem is concave: . + Le.[V] < 0 for all z,¢, V.

The function C' captures constraints on the state z;,.!” For instance, if there was a credit
constraint a; > a in the economy of Section 1, consumption ¢ must be such that r,a+w—c > 0,
i.e. ¢ < ra+ w. This constraint on the control may equivalently be re-stated on the value
function by % > u/(ra+wy). Therefore, C' (a, y,r, Vi, %) = % — ' (ria+wy) for a = a. The
state constraint inequality holds for all x in a set B that we assume without loss of generality
to be included in the set of possible mass points as well as the boundary of the domain: B C
MNoX.

It is useful to define the evolution of the distribution in terms of the density g;(z) with

respect to the base measure 7 in order to accommodate the presence of possible mass points.
g; satisfies the law of motion:
Wi (2) = (0. 20(2). ) o] (23)
where ¢ (x) denotes the optimal control. The notion of weak derivative with respect to the base
measure 7 is key to systematically handle mass points in the evolution of the distribution. As
long as mass points develop only where 7 allows them to, the weak derivative is well-defined in
the space H%: for all g € H?, L*(x,¢(z),ps)]g] € L?.

When the economy is stationary, the Bellman equation (27) becomes

pV(z) = maxu(z,c, z,p,V)+ Lz, c,p)[V] st. C (x,p,V(x), g—g(@) >0, x € B(29)
ceC

where p = p(0, g), and the law of motion of the distribution (28) becomes

0= L*(z,c(x), p)lg] (30)

16Tt is also possible to include idiosyncratic demand shocks with additional notation.
17See Fleming and Soner (2006) for more details.

29



F.3 Policy functions

We can now generalize the results from Section 1. We consider again only perfect foresight
transitional dynamics. We start with the sequence-space Jacobian of the value function. Denote

by B the set of points in which the state constraint binds in the steady-state.

Theorem 1. (Value function sequence-space Jacobians)

To first order in p,z, Vi(z) = V5 (x) + YA/t(x), where:

ita) = [ e Froe) + o) s

and where py(z), ¢(x) € RY satisfy, for all x € X\B:

0

% = Ly , gpozup—irﬁpvss
0

% £¢t 5 ¢0:u27

and for all x € B:

Cv () pi(r) + Cov (7) Opips(z) =0 fort>0
Cv(z)" du(x) + Coy () 0ppe(x) =0 for allt > 0.
Proof. To first order, let:
Vi) = V¥(2) + Vi(w). (31)

Substitute (31) into the HJB (27) and using the envelope condition, we obtain to first order:

) = {upla) + L@V} Bt unle) 2ot LT+ P2 )
Now posit:
Vi(z) = /too e Pt {sosft(:c) s+ dsi() - Es}dS-
Substituting into (32) and rearranging, we obtain:
o~ [ e—ﬂ<8-t>{ (c@iond = 257 ) Bt (Lo - 25 A}d
+{u@) + L@V = po(e)} - B+ {0 @) — @)} -5 (33)

Equation (33) must hold for all sequences py, z;. Identifying coefficients, we obtain the restric-
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tions:

aofe) = o)+ L@ 2D g
o) = o) 2D i)

Finally, consider the state constraint boundary condition. As shown in Bilal (2023), in the
first-order perturbation it is sufficient to consider that it binds at the same points as in the

steady-state. Linearizing the state constraint condition, for all z € B:
O:Cp'@—i-CV"Z-i-CaV'ax‘Z.
Substituting in the expression for \A/t, we obtain
0= Cp : ﬁt + / e—p(s—t) [CV : <9057t : ﬁs + ¢87t ' /Z\s> + CBV ' (axﬁpsft : ﬁs + 5x¢37t : 25)] ds.
t

Assuming that the Jacobian of the state constraint function is invertible, and identifying coef-

ficients, we obtain for x € B:

0=Cy(x) - ps—i(z) + Cov(z) - Opips—i() if s>t
0=Cp(x) +Cy(x) - ps—i(x) + Cov(z) - Opps—i(x) if s=t
0=Cy(x) - ps—t(x) + Coy () - Optps—t(T) for all s >t.

Re-indexing, we obtain:

0=_Cv(2) - ¢i(z) + Cov () - Dupr(2) if t>0
0=Cp(x) + Cv(x) - po(x) + Cov (@) - Oupo(x)
0=Cy(2) ¢u(x) + Cov(z) - Our() for t>0.
Q.E.D. 0

An immediate implication of Theorem 1 is a similar linearization of individual policy func-
tions. To keep the exposition simple, we further assume that L. = —) ., 0,,. While this
assumption is purely expositional and is not necessary for the results to go through, it simplifies

the formulas.

Corollary 4. (Policy functions sequence-space Jacobians)

Define U = ue. + Le[VS®). To first order in p,Z, Go-
Glx) = U@) ™ {ue (@) + Lo@)[t] + ve(2)' 5 .
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Proof. Start from the first-order optimality condition:
0 = uc(x, ¢, 2, p¢) + Le(x, 6, p0) [V
Totally differentiating:
0= Uee " G + Ugp * Dt + U - 2+ (Lee[V]) - Clx) + (Lep[V)) - Di + Lo() [1hr).
Let U(z) = tee(x) + Leo(x)[V5]. Re-arranging:
a(w) = ~U@) ™ {uey P + ttes - % A Lop(@)[VZ] - P+ Le(@) 1]} -
Imposing L. = —0, and so L., = 0 concludes the proof. Q.E.D. n

Corollary 4 leads to useful definitions for the sequel. Similarly to Section 1, we define the

change in the distribution that results from a price change ¢ periods in the future as

DY =e " Mo, —8(t)P,

where M = —L*(¢°SU~1L.) translates changes in values to changes in decisions. P = L’;gSS —

LU u,, represents the direct impact of price changes on decisions. §(¢) denotes a Dirac delta
mass function at time 0. Similarly, we define the change in the distribution that results from

an aggregate shock t periods in the future as
D =e " M¢p,—68(t)Z,

where Z = —L}(z)U 'u.,. The specific structure of how controls respond to price shocks

delivers crucial structure that we summarize in the following result.

Corollary 5. (Control operator)
The operator M is self-adjoint and non-positive definite.

Proof. Direct application of the definition of M and concavity of the maximization problem. []

F.4 Distribution and prices

With the linearized policy functions at hand, we provide an analytic linearization of the law of

motion of the distribution ¢ = ¢°° + .

Theorem 2. (Distribution sequence-space Jacobians)
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To first order in p,z, go-

BT+ | URB+ JiE)ds
0
where the Jacobians Jﬁs,Jf’s only depend on ¢, ¢ and steady-state objects, and are given in

equations (35)-(36) in the proof.

Proof. Start from the law of motion:

dg: _

dt L*(x,2(x), pe)[9:]-

Totally differentiating it and using Corollary 4:

%(iﬂ) = E*(Jf)[:q\t]‘|‘£Z(aj,/c\t(:v))[gss]—|—£;(x)[955].ﬁt‘

Using L. = — >, 0,, we obtain:
Lifw (@)l = Y0 (6% @)eul@)) = Li@) @)

where with a slight abuse of notation we also denote by L(z) the operator that acts on the

consumption deviation holding the distribution fixed at steady-state. Then, using Corollary 4:

W = L@E+ L@ B L)
= L@ G+ {£5(@)1g%) - Li@U@) uplw)]} B
— Li@)U(@) " L(@) V] = Li@)U(@)  ues]
= M(@)[7 =Z(@)
= £'@)G]+P@) B+ Z(@) 5+ M)l (34)

Let T} be the semigroup associated with the generator £*(z), so that
ELEY — L@y Ti(ey) =6 )

For all h, we denote by T, (z)[h] = [ T} (z,y)h(y)v(dy) = T;h. The solution to equation (34) is
then given by:

t
G= T+ [ T7.(PB.+ 25+ MT)ds
0
Substituting in the formula for XA/S from Theorem 1:

t 00
/ T MVds = // e_p(T_S)Tt*_SM (907_5@ + ng_S/Z'\T)ﬂ{s <t,s <7}drds
0 0
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() min{¢,7}

B / 1/)\7' / e_p(T_S)T;f*—sMSDT—st dr
0 0
() min{t,7}

+ /‘2;-‘/ e PTITE M, ds | dr
0 0

Define:

and:
min{¢,7}
D =e T IMp,  +8(1—5)Z Ji, = / 17 D:_ds.
0
Armed with this notation, we obtain:
Gi=Tihot [ (LB JiE)ds.
0

Q.E.D.

O

Having linearized the law of motion, the linearization of the price function delivers the

equilibrium fixed point. To that end, denote £(z) = 3—5(0, g%, ) the Fréchet derivative of the

price functional with respect to the distribution, and denote { = %(O, g°%) the gradient of the

price functional with respect to aggregate shocks.

Theorem 3. (Price sequence-space Jacobians)

To first order in z, go:
pi- [ Tp=hat | i
0 0

where the the expectation vector & satisfies

o€
ggzﬁa & =&,

and the Jacobians J',, for n € {p, z}, satisfy

T

. t+1,5+

lim ——2 = D! = FJ,,
70 T ’

and boundary conditions fort > 0,s > 0: jfo =&P, jéjs =0 and J7 = EZ, Jos=0.

Proof. Linearizing the price functional and using Theorem 2:

o= G+ E
:<z+9ﬁ%+/(9ﬁ@+9ﬁgms
0
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= (B +Eho+ / (TEDs + T7%) ds,
0

where:
Tis
Similarly:
ViR
It is straightforward to check that:
d tﬂ—s,r—l—s
ds
d\7tis,7—+s
ds

In addition, for t,s > 0
«73,)0 =&P

Q.E.D.

min{t,s} min{t,s}
= S*Jgsz/ E*Tt*TDf_TdT:/ & DY__dr.
0 0

min{t,s}
/ &L D:__dr.
0

_ * P — P
- €t+sDT+s - ft—i—s,'r-‘,—s

_ * z — 2
- gt+SDT+S - ‘Ft+s,7+s'

P __
0,3_0
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