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Abstract

We derive a default probability formula for non-constant default barriers. Relative
to the widely-used (constant default barrier) formula, our formula addresses the mis-
specification problem stemming from not considering debt dynamics. We take our
analytical result to the data in two ways. First, we compare our solution to the
conventional one in a calibrated example. Second, we use a panel data set of U.S.
firms from the 1951-2023 period to compare the implications of our formula to those
of the conventional one. Our estimation results reveal that our new formula can fit
the term structure of default probabilities much better than the conventional one.
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1 Introduction

Since Black and Scholes (1973) and Merton (1973), economists and practitioners have devoted
much effort to understanding corporate default probabilities and, in particular, default probability
predictions. Over the past decades, structural models of credit risk models have been developed
and extended to a variety of realistic settings (Duffie and Singleton, 2004; Lando, 2004). Yet, ex-
isting formulas for default probability predictions assert debt leves are constant over time, either
explicitly, or implicitly through the assumption of a constant default boundary. Perhaps the most
widely used one is still the Black and Cox (1976) formula, which allows the amount of debt to grow

as if firms operate in a world without uncertainty.!

In practice, however, firms change outstanding debt levels in response to changes in profitability.
As a result, another class of structural models has emerged, in which a firm infrequently but op-
timally revises its capital structure (see, e.g., Goldstein, Ju, and Leland (2001), Strebulaev (2007),
and Chen (2010)), because debt issuance costs deter a firm from continuously optimizing its capital
structure. Given that the model simulated leverage patterns match those observed in practice well,
these models have increased our economic understanding of firm risks and their implications for
default risk and credit spreads. Notably, they help explain observed mean-reversion patterns in

leverage ratios and hence can improve default predictions (Collin-Dufresne and Goldstein, 2001).

More recently, Feldhiitter and Schaefer (2018) acknowledge that an important misspecification
problem remains unresolved: “The fact that, on average, the face value of a firm’s debt increases
over time suggests that the Black-Cox model as we implement it is misspecified, because the model
assumes that the default boundary is constant.” While Feldhiitter and Schaefer (2023) make more
progress towards relaxing the key assumption of the Black-Cox model and its successors, their
observation suggests a number of questions remain to be answered: How do we account for optimal
(and hence uncertain) debt restructuring policies analytically when computing default probabilities?
How important are dynamic restructuring policies quantitively for default probability predictions?
What can we infer from the term structure of default probabilities when we fit the correct (dynamic)

default probability formula to the data?

! Additional earlier examples of constant default boundary models are Merton (1974), Leland (1994), and
Longstaff and Schwartz (1995), and a few more recent examples are Chen, Cui, He, and Milbradt (2017), Du,
Elkamhi, and Ericsson (2019), Bai, Goldstein, and Yang (2020).



This paper bridges the gap between these two heretofore disparate literatures and makes three
contributions when the firms default boundary is not deterministic but depends on the realized
sample path of the firm’s asset value process (a geometric Brownian motion). First, we derive an
explicit formula for the default probability of a firm that increases the amount of its debt after
sufficiently high realizations of the state variable. Our first proposition relies on techniques from
the double barrier option pricing theory (see, e.g., Jeanblanc, Yor, and Chesney (2006) and Pelsser
(2000)). The expression is almost analytical in the sense that it has known numerical solutions.
Specifically, we can either approximate the integral equation term by a quadrature scheme and

evaluate it recursively or apply standard numerical Laplace transform inversion methods.?

The analytic expression for the dynamic default probability formula over a fixed time horizon
is based on two terms. The first term corresponds to default probability prior to restructuring the
first time (i.e., stage 1). The second term represents default probability in subsequent stages. In the
latter scenario, conditional on time ¢ of debt restructuring prior to the default prediction horizon T',
we face the same problem as at time 0 (i.e., same leverage and distance to default), but we have a
shorter remaining time horizon T'—t. This leads to a linear integral equation of Volterra type, which
can be easily solved numerically. Our second proposition extends our solution to allow the firm to

return to time 0 leverage with a certain probability at the default barrier (downward restructuring).?

Second, the dynamic formula aids better calibration of structural models, which represent our
paper’s second main contribution. To compare our new solution to the conventional one, we employ
static and dynamic capital structure models to ‘discipline’ the inputs for analyzing the effects of
changing default barriers on default probability predictions. In our calibrated example, we can
isolate the effect of future refinancing on default probability. We plug the dynamic model’s default
threshold into our new (correct) formula and conventional (single-barrier) one. As expected, the
default probability is higher when accounting for debt dynamics. For example, the conventional
solution’s underestimation varies between 5-25% of the correct default probability depending on the
time horizon. Overall, we observe that the effect of changing default barriers on default probability

predictions is quantitively significant.

2For example, Volterra-type nonlinear integral equations have been used to characterize the optimal exercise
boundary for finite maturity American options (Carr, Jarrow, and Myneni, 1992; Detemple, 2006).

3An earlier version also considers the default probability for a firm that relevers only a finite number of times and
provides a simple recursive algorithm to compute default probabilities in this case.



Third, our solution allows more detailed empirical tests of structural models, which represent
our paper’s third contribution. We use a panel of U.S. firms over the years 1951-2023 to compare
the implications of our formula to those of the conventional one. Following Feldhiitter and Schaefer
(2018), we estimate the default and refinancing parameters of the dynamic model and the Black-Cox
model by matching model-implied default rates to historical ones. The model with restructuring
fits the data significantly better than the Black-Cox model: sums of weighted absolute errors are,

on average, more than thirteen times higher in the Black-Cox model.

The rest of the paper is organized as follows. Section 2 outlines how a firm’s debt evolves over
time for two common leverage policies. In Section 3, we present the widely-used single-barrier
solution along with a new double-barrier solution for computing default probabilities. Moreover,
we provide a numerical scheme and a calibrated example for our comparing solutions. Section
Section 4 examines our solution’s empirical implications for fitting the term structure of default

probabilities. Finally, Section 5 concludes.

2 Debt Dynamics

To connect the literatures on leverage policies and default probabilities, we consider a simple setting
for a firm’s debt dynamics that assumes the firm’s leverage policy follows from a commonly-used,
continuous-time capital structure model with an initital (static) or a dynamic leverage target. Given
that this setting has been used widely in recent research for both dynamic and static models of
capital structure, we do not reproduce the solutions—see, e.g., Leland (1994), Goldstein, Ju, and
Leland (2001), Hackbarth, Miao, and Morellec (2006), Strebulaev (2007), and many others. Impor-
tantly, we only need the models to ‘discipline’ inputs for default boundary values when comparing
default probabilities in a calibrated example (see Subsection 3.5) and note that the inputs are also

consistent with the data (see Section 4).

We consider a partial equilibrium model of corporate financing, in which time ¢ is continuous
and uncertainty is modeled by a complete probability space (€2, F,P). Under the actual probability
measure P, firm’s asset value, V(¢), given a constant growth rate u, a constant volatility o, and
an initial value V(0) > 0, evolves according to dV (t)/V (t) = pdt + o dW; for t > 0. There is a

constant, risk-free rate r, a constant tax rate 7, and the economy’s pricing kernel, A, follows a



geometric Brownian motion with volatility oy and correlation p < 0 with V(¢), characterizing the
economy’s risk-reward trade-off. Hence the risk-neutral drift is given by 4 = p + po oy and we
assume /i < r. That is, under the physical measure P, asset value V (t) have a risk premium of
m = —poop > 0. The default probability requires the physical measure P, but at the same time,

all of the firm’s optimal decisions are based on valuations under the risk-neutral measure Q.

In the static version, the firm chooses an optimal capital structure of equity and perpetual,
risky debt that balances tax benefits against bankruptcy and debt issuance costs. We consider debt
contracts that are characterized by a perpetual flow of coupon payments c¢. The optimal time to
default on coupon payments is endogenously determined (i.e. maximizes equity value). In the event
of default, equityholders receive nothing and debtholders assume ownership of the firm’s assets net of

bankruptcy costs. Bankruptcy triggers a loss of interest tax shields and a fractional loss « of assets.

In the dynamic version, the firm can, for example, balance tax benefits against bankruptcy
and debt issuance costs at the initial date and at future restructuring dates. To stay in a simple
time-homogeneous setting, debt is callable and issued at par. The proceeds from the debt issue
are distributed on a pro rata basis to shareholders at the time of flotation. The firm can adjust
their capital structure upwards at any point in time by incurring a proportional cost ¢, but they
can reduce their indebtedness only in default. Under this assumption, the firm’s initial debt level
remains fixed until either the firm goes into default or the firm calls its debt and restructures with
newly issued debt.That is, the firm selects a target leverage and infrequently returns to its target

leverage unless default occurs.

This setting enables us to compare asset value paths over time for the different leverage policies
and, in turn, show what they imply for computations of default probablities. To begin, Figure
1 illustrates the static model by plotting time ¢ on the horizontal axis and asset value V on the
vertical axis. The firm’s initial asset value is denoted by V'(0). In this version, the default barrier
does not change and hence Vg is constant forever. In addition, there is no upper boundary in the
static version (or rather the upper barrier is infinitely large, i.e. Vg = 00), so the firm’s default
probability satisfies the conventional single barrier solution. The firm only resides in one stage
(stage 1), because the default barrier does not change over time. Moreover, if the firm does not

default and its asset value grows over time, as in the data, leverage would tend to zero.



[Insert Figure 1 here.]

By contrast, the dynamic model evolves over time as the firm moves through different restruc-
utring stages. Figure 2 summarizes this case graphically. In stage 1, the firm begins at V1(0) and
either reaches the lower barrier Vé, at which point the firm declares bankruptcy, or the firm reaches
VPll, at which point the debt is recalled at par value P and the firm again chooses an optimal capital
structure, which will always be the same optimal (target) leverage ratio, because the firm is scaled
by factor 7 (to be specified endogenously) at each refinancing point. The asset value at the begin-
ning of stage 2 is V2(0) = V4 = 4 V1(0). Similarly, the default barrier scales up from stage 1 to
stage 2 by the scaling factor v, that is, VB? = Vé. This scaling process continues forever unless the
firm defaults. In contrast to the static model, if the firm does not default and its asset value grows

over time, as in the data, leverage would remain within an optimal range of non-trivial values.
[Insert Figure 2 here.]

For our sample from 1951 to 2023, we examine how future debt evolves relative to current debt.
Figure 3 shows how the average ratio of a firm’s nominal debt, scaled by the first observation in
the first year when the firm has leverage greater or equal to 5%. This ratio is tracked over the next
ten consecutive years on a logarithmic scale for firms with non-missing data. The figure reveals a
consistent and significant increase in debt ratios over time. While firms’ asset values generally grow
as well, this should not be surprising. However, without corresponding increases in nominal debt,
a firm’s financial leverage would naturally decline toward zero (as discussed in the static model).

Despite this, much of the credit risk literature often assumes constant debt levels.
[Insert Figure 3 here.]

To summarize, the graphs reveal that the assumption of a constant default boundary is an
unrealistic simplificaiton for firms that reoptimize their capital structures over time. However, an-
alytical complexity of computing default probabilities for the dynamic case has heretofore hindered
academics and practitioners to rely on more precise estimates. Against this backdrop, our paper
makes three contributions. First, the next section derives a simple integral equation for the default

probability over a finite time horizon of a company that makes coupon payments on its debt and



infrequently returns to its leverage target by increasing its debt unless it defaults on its debt. Sec-
ond, we examine the quantitive significance of our new solution in a calibrated example. Third,
the subsequent section takes the equation to the data to exaime its empirical relevance, which, for

example, unconvers novel ‘level’ and ‘slope’ effects in the term structure of default probabilities.
3 Default Probabilities

This section presents our main result. First, we revisit the conventional default probability for-
mula for a static model of capital structure (Black-Cox formula) and then characterize the default
probability for the dynamic model of capital structure. We assume here that the default (and

restructuring) boundaries are given.
3.1 Static Case Without Restructuring

We start with the base case in which the firm has a static debt policy and hence only an option
to default on its debt, which it may find optimal to exercise in a low asset value state. Let us
first recall the Merton (1974) model, in which default cannot occur before the zero-coupon bond
matures at time 7. The default barrier is denoted by Vp. It is straightforward to show that the

default probability under the physical measure P at time ¢ = 0 is given by
DPy(T) := P(V(T) <Vp) = (d) (1)

for V(0) > Vg > 0, where ®(-) is the standard normal distribution function and d is the “distance

to default”

g — Ellog(V(T))] —log(Vi) _ log(Ve/V(0)) — (1 — 30°)T @)
B oVT B oT

where E is the expectation under P. To derive (1) one can simply transform the event of default

in terms of the standard normal variable.

Now we assume that the default can happen before T', in particular, when the asset value process

V reaches the constant level Vp from above. This can be the case if there are safety covenants or

it is optimal for equity holders to do so. Let us define the default time T as the first time the
process V hits the level Vp

Tp:=inf{t >0:V(t) < Vp} (3)



and the cumulative default probability in the base case is defined as
DPpc(T) =PI <T)=P ( min V(t) < VB> (4)

for a T-year horizon under the physical measure where we notice that the default event is equivalent
to the event that the minimum of V' on [0,7] is smaller or equal than Vp. Black and Cox (1976)
show the cumulative default probability under the physical measure P at time ¢ = 0 is given by
V(0 1—2u/02 )
DPac(r) = o@) + () e )

for V(0) > Vp > 0 where
log(Vis/V(0)) + (1 — 50*)T
oVT '

Notice that the first term in (5) corresponds to Merton’s probability (1) for one-time default at

d=

(6)

time ¢t = T and the second term takes into the account the possibility of early default at times
time 0 <t < T.* To obtain the base case formula (5), the well-known results on first-passage time
problems (or distribution of running maximum/minimum) for Brownian motion with drift can be

employed (see e.g. Harrison (1985)).
3.2 Dynamic Case With Restructuring

We present now the main result of this paper allowing for debt dynamics. In addition to the option
to default on its debt, which the firm may find optimal to exercise in a low asset value state, the
firm also possess a refinancing right that may be optimal to trigger when asset values increase
sufficiently. In the dynamic case, the default boundary is not anymore constant over time and,
in fact, the evolution of the default boundary is contingent on a particular sample path of the
asset value process in (see Figure 2). Thus, a company’s cumulative default probability depends on
the distribution of possible realizations of changes in default boundaries over time, which in turn,

depend on the distribution of the asset value process.

To derive the probability of default up to some time 7', we employ the scaling feature of the

lognormal distribution that allows for a stationary leverage target (refinancing) policy, and certain

“Even though Black and Cox (1976) assume a boundary that deterministically increases over time (e.g., due to a
covenant), academics and practitioners typically use a constant boundary given by the firm’s amount of book debt.



results on the double-barrier passage time distributions (see Lin (1998) on the pricing of double-
barrier options). We then invoke an induction argument and obtain an integral equation for a

company’s cumulative default probability.

Let us consider the initial default level V5(0) = Vg < V(0). The capital structure is leveraged
up for the first time when V reaches Vi > V. We suppose that the leverage ratio becomes the
same as at t = 0. For this, we denote v = Vi/V(0). Let us then define the sequence of stopping
times

Trp=inf{t > Try1:V(t)=Vg-7""'} (7)
for stage n > 1 with Trg = 0. Time Tg, represents the end of stage n for n > 1, i.e., when the
company switches back to its optimal (target) leverage ratio. We then define the default boundary
(contingent on the realization of V) as

Va(t) = > Ve iry, <<ty (8)

n=1

for t > 0 where 1,4 is an indicator function

1 for wed
1A_{0 for w¢A 9)

of some event A € F. We note that for fixed ¢ only one indicator will be distinct from zero and
hence we pick up the corresponding number n (contingent on path of X) of current stage. The

default time is then given by
Tp=inf{t >0:V(t) =Vg(t)} (10)

which differs from (3) in that Vz(¢) depends on time ¢. Given these definitions, we can express the

cumulative default probability over a fixed time horizon [0, 7] for the dynamic case (DC)
DPpe(T) :=P(Tg <T) (11)

where T' > 0. The main difficulty here is that the default boundary is not constant over time and,

in fact, stochastic. To tackle this problem, let us adopt the following definition:

Definition 1. For the dynamic model’s default probability, there are three mutually exclusive events:

1. Ai(T) = {w € Q : Tri(w) < min(T,Tg(w))}, which is that the first hitting time of Vg

precedes the default probability’s horizon T and the bankruptcy time Tp;



2. Ay(T) = {w € Q: Tp(w) < min(T,Tr1(w))}, which is that the bankruptcy time Tp precedes

the default probability’s horizon T' and the first restructuring time T 1;

3. A3(T) = {w € Q : T < min(Tr1(w),Tp(w))}, which is that the time T occurs before V

reaches Vg or Vp.

We define the probabilities of corresponding events as P(A;(T)), P(A2(T")), P(A3(T)). We now

summarize our main result for computing default probability in the dynamic case.

Proposition 1. The default probability DPpc(T) solves the linear Volterra integral equation
T
DPpe(T) =P(Ax(D) + [ g™(O)DPoo(T ) de (12)
0

for T > 0 with the initial condition DPpc(0) = 0 where
2
Vg njoi=1/2
Pa(1) = (25 ) 13

x {i [ —an(p/o—0/2) \y <(u/0—c://;)T—an>

n=0
—0/2)T+a
L otnl/o—0/2) < (n/o—oa/ n>:|
‘ h VT

_ Z [ (wlo—o/2) \y ((M/U—U\//E)T—Fan)
n=—c0 T
teman(u/o—a/2) (_ (p/o—0/2)T - an>] }

VT
p/o?—=1/2
70 = () exp{ =5 (/o — o2t} Z 7 (t:b) (14)
f(tia) = \/;?e—““’/%, t>0, a>0 (15)
2n
an ilogw, n ez (16)
1 (VR)2n+1
by, ;logm, n ez (17)

and N (-) is cdf of the standard normal distribution N(0,1).

Proof. As the sets A1(T"), A2(T") and As(T) are mutually exclusive and 2 = A;(T)U A2(T)UAs(T),



we use the formula of total probability to obtain

P(Tp <T))=> P(Tp <T,A(T)) (18)
= P(Tp < T, A1(T)) + P(A2(T))P(Tp < T|As(T)) + P(A3(T))P(Tp < T|A3(T))

=P(Tp < T, A (T)) + P(4A(T))

where we use the facts that P(Tp < T|A2(T")) =1 and P(Ts < T|A3(T)) = 0. Both statements are
obvious as under the event Ay(T") the default time occurs before T' and under the event A3(T") the
default time did not happen before T'.

Now we need to calculate probabilities P(Tp < T, A1(T)) and P(A3(T)). As they contain double
barrier passage times, unlike in the simple, single barrier case, there are no trivial expressions and
one has to rely, for instance, on series representation expressions. To this end, we employ formula
for P(A2(T)) derived Lin (1998) (see equations (28)—(29) in the paper) and provided in (13) above.

It remains now to calculate the probability P(Ts < T, A;(T')). For this, we condition on the

random time Tg; of hitting Vi given that it happens before bankruptcy time T’z and obtain that
T T
P(T < T, Ay(T)) = / G (O)P(Ty < T|Thy = t)dt = / GRODPo(T —tdt  (19)
0 0

where g®(t) the conditional probability density of time Tk;. Using again the results from Lin
(1998), the expression for g% is given in (14) above. Given the scaling property, the probability
P(Tp < T|Tr; = t) becomes simply the original probability function DPpc (T —t) but with shorter

remaining time 7' — ¢. Plugging the expression (19) into (18), we get that
T
DPpe(T) = P(Ax(T) + [ ™O)DPpo(T . (20)
0
|

The intuition behind the result in equation (12) is the following. The default probability consists
of two terms. The first term in (12) corresponds to the probability of default in stage 1. The second
term represents the case when the default occurs in subsequent stages; in particular, conditional
on the time Tx 1 = t of the first restructuring (given that it happens before 7" and default time Tz)

we face the same problem as at time 0 (due to the scaling feature) but with shorter maturity 7" —¢.

10



This leads to an integral term in equation (12). As we discuss below, this integral equation can be

easily solved numerically for the unknown function DPpc ().

3.3 Numerical Scheme

The equations (12) and (20) are linear integral equations of Volterra type with initial condition
DPpc(0) = 0. This type of equation is well known in the integral equation theory from both
theoretical and numerical points of view. In the finance literature, Volterra type integral equa-
tions (though nonlinear) are used to determine the optimal exercise boundary for finite maturity
American call/put options (see e.g. Carr, Jarrow, and Myneni (1992) for derivation and Chapter 8
in Detemple (2006) for a detailed description of numerical scheme). More precisely, the American
option’s exercise boundary (as the function of time t) is the solution to a nonlinear integral equa-
tion of Volterra type. In our case, the integral equation is simpler, because the kernel is linear in
DPpc(-).

As the equation (20) is more general, we show how to solve it numerically to calculate the
default probability DPpc(T). The numerical scheme we use is straightforward: let us fix 7' > 0
and discretize interval [0,7] with grid size h = T/N for large N. Therefore we have the grid
0=ty <ty <...<ty=T. We approximate the integral term in (20) by the following quadrature

scheme
t; J
/ (g"() + (1 —pa) g°(t)) DPpc(T — t)dt = h Y (9" (t:) + (1 — pa) g% (t:)) DPpo(t; —t;) (22)
0 i=1
for j=1,...,N. We then define recursively the sequence m; := DPpc(t;) according to (12)
J
m =P(Aa(t;) +h Y (9% (t:) + (1= pa) " (t:)) DPpel(t; — 1) (23)
i=1

for j =1,..., N with initial condition 7y = 0. We note that we use the time ¢; instead of 7" in (12)

as it holds for all T' > 0.

At the end, we will obtain approximation mx of DPpc(T) and, in fact, we have the con-

vergence of my to the true probability DPpc(T) as N goes to +oo. We also note that by the

®We note that simple change of variables in the integral term allows us to rewrite (12) as

DPpc(T) = P(A2(T)) + /T g™ (T —t) DPpc(t) dt. (21)

11



nature of algorithm above we recover along the way the whole term structure of default proba-
bilities {DPpc(t;),0 < i < N}. This numerical scheme is easy to implement and provides fast

computations for {DPpc(t;),0 < i < N} as it requires only recursive calculations in equation (23).
3.4 Laplace Transform

In this section, we present an alternative way to solve the equations (12) and (20). We will apply
Laplace transform techniques. Again as the equation (12) is the special case of (20), we will focus
on the latter one.
Now let us recall that the Laplace transform of some function f(7') is the function L[f](s),
which is a unilateral transform defined by
o0
F(s) = £1f1(s) = | e p(myar (24)

for complex numbers s and the inverse Laplace transform is given by

f(T) =L 'F|T) = % Jim_ iﬂ e*TF(s)ds. (25)
We now apply it to both sides of (20)
L[DPpc)(s) = pal[P(A2)](s) + (Lg"](s) + (1 — pa) L[g"1(5)) LIDPpc(s) (26)

where we use the fact that Laplace transform of the convolution is the product of Laplace trans-

forms. We then have that

) paLlP(42)](5)
L[DPpcl(s) = 1— E[gR](i) — (12— pa)L[gB](s) 0

Using definitions of P(A(T)), ¢®(T) and ¢®(T), we can easily derive corresponding Laplace

transforms

1 \%:] ulot=1/2 > —any/2s+(p/c—0c/2)? . an/2s+(pu/o—0/2)?
n=0

n=—oo

woP =12 28 o=V 2s((w/o—0/2)+B7)
el = (i) bue (29)
V(O) n=—o0 \/(IU,/O' - 0/2)2 + 6721
u/o?=1/2 o ~V25((n/0~0/2)*+a3)
e = () . (30)
V(O) n=—00 \/(/”L/U - 0/2)2 + CL%
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Finally, we compute DPpc(T') by applying standard numerical inversion methods to the equa-

tion (27)
p2L[P(A2)]
1 —L[g"] = (1 — pa)L]g"]

for T' > 0, where the inverse Laplace transform was defined in (25).

DPpe(T) = L1 (T) (31)

To summarize, we can calculate DPpc(T') by applying numerical inverse Laplace transform to

the known functions and without solving the integral equation (20).
3.5 Calibrated Example

In this section, we rely on standard solutions of two versions of commonly used capital structure
models (i.e., static and dynamic). Given reasonable parameter values, we only use these different
model outputs of an otherwise identical baseline firm to consider the quantitative implications of

allowing for debt restructuring for the term structure of default probabilites.

The numerical results are based on a basic parameterization of the dynamic and static models to
study commonalities and differences quantitatively as they apply to a company’s default probability.
The baseline parameters in Table 1 assume realistic values that are consistent with earlier studies,
such as Huang and Huang (2012) or Feldhiitter and Schaefer (2018). We note that we use the
risk-neutral drift & to solve the capital structure problems and the physical drift u for calculating

the default probabilities. Finally, we normalize the initial unlevered asset value at t = 0 to V) = 1.
[Insert Table 1 here.]

For this baseline environment, Table 2 provides leverage policy values of the static and dynamic
capital structure model solutions (details available upon request). In particular, it displays coupon
rate (c), restructuring barrier (Vg), default barrier (Vgz), and market leverage (D/F') for the static

model in Panel A, and the dynamic model with firm value-maximizing refinancing in Panel B.
[Insert Table 2 here.]

It is well known that the option to restructure debt in the future (financial flexibility) lowers

the firm’s initially optimal leverage ratio substantially (see, e.g., Goldstein, Ju, and Leland (2001)).

SWe only rely on dyanmic capital structure models to ‘discipline’ inputs for default barriers for default probabilities
and note that ‘model-free’ leverage policy values could alternatively be taken from the empirical data of Section 4.

13



For example, leverage drops from 44% to 37% when moving from Panel A to Panel B in Table
2. However, it is perhaps less well-known that financial flexibility also reduces the endogenous (or
equity value-maximizing) default barrier, not only because of lower leverage but also because of
higher equity value attributable to refinancing option value. The default barrier declines from 0.24
to 0.20 when moving from Panel A to Panel B in Table 2. Panel B reports results for the case
when the debt dynamics (i.e., Vi) are set once and for all at time 0 to maximize initial firm value,

F(Vy), i.e., first-best refinancing.

Figure 4 displays the results for the dynamic model and the static model using the correct
default probability formulas. The dotted black line plots the static model’s default probability term
structure using the single-barrier solution from Section 3.1 (DPp¢). The solid blue line plots the

dynamic model’s default probability term structure using our new formula from Section 3.2 (D Ppc¢).
[Insert Figure 4 here.]

For the set of plausible input parameter values in Table 1 and the horizons up to 25 years,
the default probabilities for the dynamic model are lower than the default probabilities from the
static model (i.e., a ‘level’ effect). The reason is that the effect of initially lower leverage on default
probability dominates the effect of eventually higher leverage (in case of refinancing) on default
probability. Put another way, the option to issue more debt in the future, which our new solution
explicitly recognizes, attenuates but does not overturn an initially lower default probability due to

initially lower leverage at time 0 when upward restructuring options are available too.

Interestingly, for horizons longer than 25 years, the default probability for the dynamic model is
larger than the default probability for the static case. Hence, Figure 4 reveals that the curves for the
different default probability formulas can cross. This is intuitive in that our new solution takes into
account the possibility of positive jumps in the default threshold at optimal restructuring times.
If the asset value quickly rises so that the default threshold Vp(t) jumps up sooner and becomes

higher than the default level for the static model.

In another set of numerical simulations, we aim at isolating the effect of future refinancing on
default probability. For this, we plug the dynamic model’s default threshold Vg = 0.20 in Panel B
of Table 2) into both DPpc and DPpc. Figure 5 depicts corresponding default probabilities and

reveals that the term structure is steeper for the dynamic case (i.e., a ‘slope’ effect). As expected,
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we see that the default probability is higher when accounting for debt dynamics. Therefore, issuing
more debt in the future introduces an underestimation bias in conventional (Black-Cox) default
probability predictions. More importantly, however, Figure 5 isolates the effect of future refinancing

on default probability by comparing directly D Pgc to DPpc for the same default barrier.

[Insert Figure 5 here.]
4 Empirical Results

In this section we use a panel data set of U.S. firms for the period 1951-2023 to provide a large-scale
examination of our default probability formula’s ability to capture the term structure of default

rates and compare its implications with those from the Black-Cox model.
4.1 Data

In our empirical analysis, we use firm-level variables (for example, leverage and equity volatility)
along with aggregate historical default rates and risk-free rates. We focus on the U.S. market, and
our main data sources are Compustat for firm fundamentals, CRSP for stock returns and market
capitalization, Standard & Poor’s for entity credit ratings, Moody’s for historical default rates, and

the Federal Reserve Economic Data (FRED) database for Treasury yields.

The data sources are well known and used in a large number of studies. Below we provide a

brief description of each.
Firm variables

For a given firm and calendar year, we obtain interest payments (INTPN), dividend payments
(DVT), net stock repurchases (PRSTKC), debt in current liabilities (DLC), total long-term debt
(DLTT) as well as industry classification from the CRSP/Compustat Merged Database. We as-
sign annual firm fundamentals to the calendar with the most overlap (i.e., fiscal years ending in
January to May are assigned to the prior calendar year) and use the last annual filing of a firm in
a calendar year. We employ historical 4-digit standard industry classification codes (SICH) where
available and otherwise current industry codes (SIC). The sample is limited to industrial firms and
thus excludes utilities (SIC codes 4900-5000) and financials (SIC codes 6000-6999). The nominal

amount of debt is calculated as the sum of debt in current liabilities and total long-term debt.
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We obtain firm-level entity credit ratings for U.S. firms from Standard & Poor’s. Ratings
are long-term issuer credit ratings (RatingTypeCode = “STDLONG” and OrgDebtTypeCode =
“ICR”). We aggregate the available 33 rating levels into 7 broader rating categories, i.e., A (A,
A+, +/A-1, A—, A/A, A/A-1), AA (AA, AA+, AA+/A-1+, AA-, AA-/A-1+), AAA (AAA,
AAA/A-1+), B (B, B+, B+/B, B-), BB (BB, BB+, BB-), BBB (BBB, BBB+, BBB+/A-2,
BBB-, BBB-/A-3, BBB/A-2), and C (C, CC, CCC, CCC+, CCC-). For each firm and rating

date, we use the last available rating and carry it forward until the next rating update.

To calculate the financial leverage ratio of firm j at time ¢, we first compute the quasi-leverage
ratio at time ¢ as Lg’t:(nominal amount of debt)/(market value of equity + nominal amount
of debt), where the market value of equity is calculated as the number of shares outstanding
(SHROUT) times the (absolute value of the) closing share price at the fiscal year end date (PRC),
summed across all common stocks of an issuer (share codes 10 and 11) traded on NYSE, Nasdaq
and Amex (exchange codes 1, 2, and 3). Due to limited data on market values of debt, this is
the measure of leverage commonly used in the literature, but theoretically it is correct to use the
market leverage ratio, Lf‘mt:(nominal amount of debt)/(market value of equity + market value of
debt) (see, for example, Merton (1974)). Bretscher, Feldhiitter, Kane, and Schmid (2021) (BFKS)
show that there are significant differences between quasi-leverage and market leverage. Given that
we do not have complete data on market values of debt (we have corporate bond data but do

not have market values for bank debt), we use BFKS’s suggested approximation and calculate
market-leverage as Lin,t = 0.871 x Lg,t +0.311 x (Lg7t)2.

Equity volatility ai;’t is computed using daily stock returns (RET) from CRSP for the period
between two fiscal year-end dates. We limit observations to common stock (share codes 10 and 11)
traded on NYSE, Nasdaq and Amex (exchange codes 1, 2, and 3). For firms with several share
classes, we use prior day market capitalization (calculated as the product of the absolute value of
share price (PRC) and shares outstanding (SHROUT)) of each share class as weights to obtain a
single daily return series for the issuer. The calculation of equity volatility requires at least 180

observations during the fiscal year; it is annualized by multiplying with the square root of 255.

We use the approximation in BFKS and calculate asset volatility 074 , at time ¢ as O'A ¢ =

1 —1.129 x Lit + 0.354 x (Lgvt)Q]oiﬁt. For each firm, we calculate a constant asset volatility
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parameter by computing the average asset volatility for the years the firm is in the sample.

The payout rate is the total outflow to stakeholders divided by firm value. This is computed
as the sum of the previous year’s interest payments, dividend payments, and net stock repurchases
divided by the sum of market value of equity and book value of debt (as implied by Lf;%t). The

payout ratio is winsorized at 0.13 as in Feldhiitter and Schaefer (2018) and lagged one year.

For a given firm and year, we use the leverage ratio, asset volatility, and rating at the end of the
fiscal year, as well as the payout ratio at the end of the prior fiscal year. We restrict our attention to
firm-years with available credit rating and positive values for leverage, equity volatility, prior-year
payout ratio as well as (constant) asset volatility. We winsorize the left tail of leverage and asset
volatility at 0.01. The number of firm-year observations for which we can calculate all firm values

is 29,495, and the number of firms is 2,234. Firm summary statistics are in Table 3.
[Insert Table 3 here.]

Default data

We use historical default rates for the period 1920-2017 reported for horizons 1, ..., 20 years
and for different ratings by Moody’s (2023).
Riskfree Rate

We use the market yield on U.S. Treasury securities at 10-year constant maturity (not seasonally-
adjusted) quoted on an investment basis (GS10) from the FRED database as risk-free rate. We use
the value for the month of the fiscal year-end date. The swap rate is commonly used as risk-free

rate, but we do not have swap rates in the first years.
4.2 Estimation of refinancing parameter

We estimate the default and refinancing parameters of the dynamic model and the Black-Cox model
by matching model-implied default rates to historical ones. We do so by using the approach in
Feldhiitter and Schaefer (2018). The default probability in the Black-Cox model is given in equation
(5), while the default probability in the dynamic model is given in equation (20).

In the Black-Cox model there is the lower default boundary Vp as the single parameter to

estimate. In the standard Merton model, the default boundary is given as the nominal amount
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of outstanding debt D. However, Davydenko (2013) shows that firms typically default when firm
value is below the face value of debt and we therefore follow Feldhiitter and Schaefer (2018) and
estimate the fraction d of the nominal amount of debt at which the firm defaults when firm value
reaches this point. That is, the firm defaults when firm value hits d x D and we estimate d such

that the model gives the best fit to historical default rates.

In the dynamic model there is one additional parameter compared to the Black-Cox model:
the upper refinancing boundary Vg. In the estimation, we make the simplifying assumption that
the firm has just refinanced such that the ratio between the upper refinancing boundary and cur-
rent firm value, va, is the same for all ¢. In this case we rewrite the upper default boundary as
Vr = u x V; and u has the intuitive interpretation that u — 1 is the percentage increase of current

firm value at which the firm refinances.

For each default probability model, we estimate the parameters © (where © = d in the Black-Cox
model, and ©® = (d, ) in the model with restructuring) separately for different rating categories.
While the parameters in theory should be the same for all ratings, we find significant differences
and we therefore allow them to be different across ratings to shed light on the cross-sectional het-
erogeneity of parameters across different levels of credit risk. For a given © we compute average
model default probabilities for a given rating a in a manner similar to the way in which Moody’s
calculates historical default rates. More specifically, in each year we find all firms for which we
have data and that have rating a, and for those firms we calculate the term structure of default
probabilities, i.e. default probabilities for horizons of 1, 2,..., 20 years. We then calculate the av-
erage term structure of default probabilities for each year 1951, ... , 2023 and, finally, we compute
the average term structure across years. This procedure leaves us with the average model-implied
default probabilities 72 (©),75,(0), ..., 75 (©), where t = 1, ..., 20 is the horizon in years.

We denote by #L, the corresponding historical default frequency. We find the parameters ©
that minimize the sum of absolute differences between the annualized historical and model-implied

default rates by solving
20
min -
eyt
separately for ratings a = AAA, AA, A,BBB, BB, B, and C.

7l (@) — =L (32)

at

To calculate the drift in firm value in for firm j in year ¢, uj;, we assume a constant asset Sharpe
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ratio 6, and so pj; = 90% +rf — 8;t, where Uil is the (constant) asset volatility of firm j, 6 is the
payout rate for firm j in year ¢, and r{° is the 10-year riskfree rate in year ¢. As is common in the

literature we use a Sharpe ratio of 0.22.
4.3 Results

The estimated parameters are reporeted in Table 4 along with the sum of weighted absolute errors
(SWAE) that are minimized in (32). Across ratings and models, the average default boundary is
between 0.77-0.84 times the face of debt and thus of similar magnitude as the estimate of 0.89 in
Feldhiitter and Schaefer (2018). For a given model, there is some variation of the default bound-
ary estimate across individual rating categories, but it is unclear if the differences are statistically
significant as Feldhiitter and Schaefer (2018) show that there is significant statistical uncertainty

when estimating the default boundary, particularly when using only investment grade default rates.
[Insert Table 4 here.]

In the model with restructuring, the parameter u determining when the firm upward restruc-
tures is on average estimated to be 2.02, and it is typically larger than 1 across ratings. Thus, firms
are estimated to take on more debt on a frequent basis. The improvement on fit when allowing for
restructuring is dramatic: on average SWAEs are more than thirteen times higher in the Black-Cox
model. Figure 6 (and Table 5) shows that the slope of the term structure is too low in the Black-
Cox model relative to the actual slope, and since the effect of upward restructuring is to increase

the slope, it is estimated to be insignificant.

[Insert Figure 6 and Table 5 here.]
5 Conclusion

This paper is the first to derive a default probability formula over a fixed time horizon consistent
with the fact of life that firms are not precluded from altering their capital structures over the default
prediction horizon. In other words, the firm does not only make debt payments until it defaults but
also infrequently returns to its leverage target by increasing its debt. Compared to the conventional

(constant default barrier) Black and Cox (1976) formula, our characterization allows the bankruptcy
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barrier to change dynamically, i.e., increase over time when the firm optimally refinances to return
to its long-run (target) leverage ratio. Notably, our formula addresses the misspecification problem
stemming from not considering debt dynamics (Feldhiitter and Schaefer, 2018). Moreover, our
solution accounts for mean-reversion in leverage ratios that is observed in practice and that is also

important for better understanding credit spreads (Collin-Dufresne and Goldstein, 2001).

Our paper also has methodological results. Barrier options are studied widely in the derivative
pricing literature. While ‘single barrier’ option valuation equations have been known since Black
and Scholes (1973) and Merton (1973), more recently expressions for the value of ‘double barrier’
options and related quantities have been derived (Lin, 1998). Using probabilistic arguments, we
derive a linear integral equation that characterizes the probability of default explicitly for upward
restructuring (and for both upward and downward restructuring), that is easy to solve numerically,

and that is amenable to economic interpretation.

Furthermore, we confront our analytical results with default probabilities in the data in two
ways. First, to compare our new solution to the conventional one, we employ static and dynamic
capital structure models to ‘discipline’ the inputs for analyzing effects of changing default barriers
on default probability predictions. In our calibrated example, we can isolate the effect of future
refinancing on default probability and uncover the quantitative relevance of the above-mentioned
misspecification problem. Intuitively, while the possibility of future restructuring lowers initially op-
timal leverage and hence default probability, optimal refinancing at future dates increases leverage
and hence default probability over time. Second, we use a large panel of U.S. firms over the period
1951-2023 to compare the implications of our formula to those of the conventional one. When we
consider dynamic restructuring, our estimation results can substantially improve the model fit over

the Black-Cox’s default probability term structure.
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Figure 1. Asset Value Path and Default Barrier in Base Case of Static Capital Struc-
ture

The figure plots a hypothetical trajectory of firm value V(¢) and the default threshold Vp in the
base case of static capital structure. Default happens when firm value drops to Vg at time Tp.

%
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Figure 2. Asset Value Path and Barriers for Default and Restructuring in Case of
Dynamic Capital Structure

The figure plots a hypothetical trajectory of firm value V(¢) and the evolution of the restructuring
boundary Vg and default threshold Vg in the case of dynamic capital structure. When firm value
increases to the restructuring boundary, the firm can issue additional debt, and the restructuring
boundary and default threshold increase. Default happens when firm value drops to Vp at time
Tg.

%
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Figure 3. Future Debt Relative to Current Debt

The figure plots the average ratio of nominal debt of a firm scaled by the first observation in the
first year where the firm has leverage greater or equal to 5% for our sample from 1951 to 2023.
The graph plots the average nominal debt ratio for all firms with non-missing data for the first 10
consecutive years on a logarithmic scale.
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Figure 4. Term Structure of Default Probability

The figure plots constant-barrier default probability D Pgc for the model with static capital struc-
ture (black dashed line) and changing-barrier default probability D Pp¢ for the model with dynamic
capital structure (blue solid line).
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Figure 5. Effect of Refinancing on the Term Structure of Default Probability

The figure shows the constant-barrier default probability DPgc (black dashed line) using the
dynamic model’s default barrier versus the changing-barrier default probability DPpc (blue solid
line), which isolates the effect of future refinancing on default probability.
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Figure 6. Average Cumulative Actual and Model-Implied Default Rates

The figure shows average cumulative actual and model-implied default rates by rating category for
horizons of 1 to 20 years. In particular, for each rating category from AAA to C, it reports the av-
erage actual historical default rates from Moody’s for the period 1920-2022 (‘Actual’). In addition,
it shows average model-implied default probabilities separately for the Black-Cox model (where the
growth rate of debt is zero) (‘Black-Cox Model’) and the model allowing firms to issue more debt if
leverage falls below a threshold and to restructure debt in case of default (‘Restructuring Model’).
Model-implied default probabilities are calculated for a sample of 29,495 firm-years over the period
1951-2023.
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Table 1. Parameter Values

This table provides the parameter values used for the calibrated example in Section 3.5.

Quantity Symbol Value
Initial asset value Vo 1
Growth rate of V' (physical) 1 0.05
Volatility of V o 0.25
Volatility of A oA 0.64
Correlation of A and V p -0.25
Market price of risk s 0.04
Risk-free interest rate r 0.05
Growth rate of V' (risk-neutral) f 0.01
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Table 2. Leverage Policy Value

The table provides outputs of the static and dynamic capital structure model solutions. It displays
the coupon rate (c), restructuring barrier (Vg), default barrier (Vg), and market leverage (D/F).

Coupon Rate Vi Vg  Leverage (D/F)
Static Model (No Refinancing) 0.61 oo 0.24 44.4%
Dynamic Model 0.51 2.45 0.20 37.1%
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Table 3. Summary Statistics of Firm Variables

The table shows summary statistics for the firm-level variables Market Leverage Ratio (Panel A),
Equity Volatility (Panel B), Asset Volatility (Panel C), and Payout Ratio (Panel D). In particular,
it shows the number of unique sample firms, the mean, 10th percentile, 25th percentile, median,
75th percentile, and 90th percentile for each variable. The summary statistics are reported by
rating class as well as for all firms.

Credit Rating Number of Firms Mean 10th 25th Median 75th  90th
Panel A: Market Leverage ratio

AAA 38 0.12  0.02 0.04 0.07 0.16 0.29
AA 135 0.16 0.04 0.07 0.13 0.21  0.33
A 384 0.20 0.05 0.09 0.16 0.27  0.40
BBB 700 0.27 0.07 0.13 0.22 0.36  0.54
BB 1,169 0.36  0.09 0.17 0.30 0.51  0.73
B 1,217 053  0.12  0.27 0.49 0.77  0.99
C 272 0.57 0.04 0.20 0.58 0.93 1.09
All firms 2,234 034 0.06 0.13 0.26 0.48 0.75
Panel B: Equity volatility
AAA 38 0.23 0.16 0.18 0.22 0.27 0.34
AA 135 0.27 0.17 0.21 0.25 0.31 0.38
A 384 030 0.19 0.22 0.27 0.34 0.44
BBB 700 0.34 020 0.25 0.31 0.40 0.51
BB 1,169 045 0.25 0.31 0.40 0.53 0.71
B 1,217 0.63 033 0.40 0.53 0.73 1.04
C 272 0.81 0.39 0.51 0.68 0.95 1.36
All firms 2,234 043 021  0.27 0.36 0.51  0.72
Panel C: Asset volatility
AAA 38 020 0.17 0.17 0.20 0.22 0.23
AA 135 0.22 0.17 0.19 0.21 0.24 0.28
A 384 024 0.18 0.20 0.23 0.26  0.32
BBB 700 0.26 0.19 0.21 0.24 0.29 0.35
BB 1,169 0.30 0.20 0.24 0.28 0.35 0.43
B 1,217 034 021  0.25 0.31 0.41 0.51
C 272 037  0.22 0.27 0.35 0.44  0.57
All firms 2,234  0.28 0.19 0.22 0.26 0.32  0.43
Panel D: Payout ratio
AAA 38 0.034 0.016 0.022 0.032 0.042 0.056
AA 135 0.034 0.012 0.020 0.030 0.042 0.058
A 384 0.038 0.010 0.020 0.032 0.049 0.072
BBB 700 0.040 0.009 0.018 0.032 0.053 0.082
BB 1,169 0.038 0.006 0.014 0.029 0.053 0.084
B 1,217 0.045 0.005 0.015 0.037 0.066 0.099
C 272 0.055 0.007 0.022 0.049 0.083 0.124
All firms 2,234 0.040 0.007 0.017 0.032 0.054 0.085

31



LVEl €700°0 ¢0¢ LLO 2260°0 780 ofereAy

2991 €6000  LLT 890 Wero  oL0 0
261 £8000 65T €90 PRSI0 L0 q
arve 61000  0LT 0L0 86000 LL0 ad
082 25000 68 6L0 29000 080  ddd
6eg 92000 $EE €60 19000 1670 v
60°¢ 5000 60T F60 6,000  OI'T vV
g £8000  €I'T ¥L0 19000 180 VVV
s STFYMS  n P OTIYMS P

uostredwo)) [9pPO [PPOIN SULIM3ONIISN [PPOIN X0D)-3oe[g

"SOL10809)eD JUIJRI SSOIOR SoBRIOAR SMOUS MOI )se] oY, "SHYF MG 03 QI A1S JO O13Rl o) SMOYs uwnjod jsef oy, "(STYFyMS)
SIOLIG] 9N[OSqY POYSIOA\ JO WING oY) Se [[oM Se ‘n pue p siojowrered IO S9)RWIISO O} SMOUS 1 ‘SULINIONIISOI YIIM [OpOW oY} IOq
(D8 AS) SIOLIY 9IN[0SqY POYSIOA\ JO WING ) Sk [[om sk p Iojoureled o) SMOTS d[qR) 9} ‘[PpouW X0)-Yor[g oY) 10] ‘Temorjred uy

0

Py —(e)x m ﬂwm 09 Tenba st (SI0LI 9IN[0SqY PeIYSIOAN JO NG) HYAMS 7 o (00‘T Jo punoq toddn ue ynd om ‘uoryezrurydo o) 10

‘Aouenbaiy jnejop (80110981 SurpuodsorIod oY) St Wk pue 7 1eoA pue p Surjel 10j Aiqeqold ymejop odeiose porjdwI-[opow oY} S A®vmk
oroym ‘| Py — (@) x m HMMHW {€}uru woryeziuuurm o1y wr s1ojeurered o) ‘A1089180 SUIIRI [PRS 0] ‘9)RUITISO oM ‘S[OPOUI T[)0q 10 "A103078D

Surjer Aq pejeuIse ‘SULINIONIISOI Y)IM [POW 9} PUR [9POUT X0))-YIR[{ 9} I0J 1j [9POU PUR SIojomrelIed [9POUT PIJRUIIISO SMOT[S 9]} o1 T,

Mg [PPOJA PuUe sojewnl)sy Jajowrered ‘§ 9[qel,

32



090 890 990 €90 0S0 90 ¥r0 T1I¥V0 8EO GEO0 <¢€0 Lc0 ¢c0 910 600
v0 S0 P00 <¢r0 OF0 8¢0 9€0 G€0 €€0 T€0 80 960 ¢¢0 8I'0 110
19°0 690 990 €50 050 9v0 ¥wO0 TI¥0 8E0 G€0 <¢€0 L20 ¢¢0 910 600
90 ¥r0 T¥F0 6€0 9€0 ¢€0 0€0 80 G0 <¢c0 6T'0 90 <¢I'0 800 €00
1€°0 0€0 620 80 920 ¢S¢0 ¥v¢0 ¢c0 T1¢0 0¢0 8IT'0 910 €TI0 010 900
v0 GP0 ¢r0 6€0 9€0 ¢€0 0€0 80 G20 ©c0 610 910 <I'0 L00 €00
8¢'0 9¢0 v¢0 ¢¢0 610 910 SI0 €10 <¢r'o 0ro 800 900 600 €00 T00
0c0 610 810 910 Sro €ro €ro <¢ro TI1ro oro 800 200 S0 ¥00 <00
8¢0 9¢0 v¢0 ¢¢0 610 910 G100 €10 ¢ro 010 800 200 GO0 €00 T00
1770 01T°0 600 800 900 600 ¢S00 %00 €00 €00 ¢<¢00 <00 T00 TOO 000
010 600 &0 100 900 G0 ¢S00 %00 €00 €00 <00 <¢o0 TO0 T00 000
010 0ro 600 8OO0 900 G600 SO0 %00 €00 €00 <00 ¢o0 TO0 T00 000
900 €00 G0 ¥00 €00 €00 ¢o0 ¢o0 ¢o0 T00 100 TOO 000 000 000
900 <00 %00 ¥00 €00 ¢00 ¢00 <0 <¢o0 T00 100 TOO TOO 000 000
90'0 600 <00 %00 €00 €00 ¢00 <¢o0 ¢00 100 TOO TOO TO0 000 000
600 ¥0°0 €00 €00 ¢o0 <0 <¢o0 100 100 100 TOO 100 000 000 000
¥0'0 €00 €00 ¢o0 <¢00 <00 T0O0 TOO TOO T00 TOO TOO TO0 000 000
¥00 ¥0°0 €00 €00 <00 ¢00 <¢o0 7100 TOO TOO TO0 000 000 000 000
10°0 1000 TOO 7100 TOO TOO 000G 00O 000 000 000 000 000 000 000
10°0 10°0 TOO 100 000 000 000 000 000 000 000 000 000 000 000
10°0 100 100 100 TOO TO0O 100 000 000 000 000 000 000 000 o000
0¢ 8T 91 4! ¢l 0T 6 8 L 9 g ¥ € 4 !

(s1eax ) suozLIog

[PPON SULINJONIFSOY
[PPOIN XOD)—¥oR[d
sorey INeo(] NPy
[OPOA SULINJONI}SY
[PPOIN XOD)—¥oe[d
so1RY Nee( [eNPYy
[OPON SULINIONIISOY
[PPOIN XOD)-3o®[d
sorey MNee(] [Ny
[OPOIN SULINIONIISIY
[PPOIN X0 —¥oe[d
so1RY NeR(] [eNIOY
[OPOIA SULINGONIISY
[PPOIN XOD)—3I®[d
soyRY nee( [enPy
[PPON SULINIONIFSOY
[PPOIN XOD)-3o®[d
sorey INee(] NPy
[PPOJA SULINJONIFSY
[PPOIN X0 —¥oe[d
so1RY nee(] [eNnPy

dd

dadd

LAY

\AA

"€202-1961 potad o1y
I9A0 sIeaA-uLIg GEF'6g Jo o[dures ' 10] pajemores are senIfiqeqold jmejop poriduwi-epoly *(,[oPOJN SULMIONIISY],) JNeJop JO 9SeD Ul }qop
9IN)ONIISAI 0] PUR POYSOIY) B MO[O(| S[[R] 9FRISAS] JT 1(OP 9IOUW SNSSI 0 SULIY SUIMO[[R [oPOW ® oY) Pue ( [oPOJN X0)-¥oe[(,) (0I9Z ST 1qop
JO 91RI )MOI3 9T} IoYM ) [9POUL XO))-Xov[{ o1[) 10] A[oreredss soniyiqreqold jmejop pardul-opout 98eIoA® SMOT[S J1 ‘UOTIIPPeR U] *(,[enjoy,)
2%0%-026T potrad oy) 10J s, APOOJN WOIJ S9jRI JNeJOP [BILIO)SIY [enjor afeiose oY) sriodel 91 ‘) 01 Yy WOl A10307ed SUljel [Yors 10
‘remorjred uy -s1ead ()g 09 T JO SUOZLIOY 10} A£10809R0 Surjel AQ sojel jnejop Por[dull-[opotl pueR [RNJIR SAIJR[NUIND 9SRIOAR SMOYS 9[(qR) o T,

sajey nejoq pardwI-[oPOJA PUe [eN}dY 2Alreinuun)) 98eIdAY ‘G d[qe],

33



	Introduction
	Debt Dynamics
	Default Probabilities
	Static Case Without Restructuring
	Dynamic Case With Restructuring
	Numerical Scheme
	Laplace Transform
	Calibrated Example

	Empirical Results
	Data
	Estimation of refinancing parameter
	Results

	Conclusion

