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Abstract

There is a “zoo” of factors that capture systematic risk premia and a large number of economic
variables that explain their time variation, which poses a doubly high-dimensional challenge to un-
derstanding how economic fundamentals relate to the time-varying dynamics of risk premia. I pro-
pose a method to regularize this problem by identifying low-frequency risk factors, whose risk premia
are driven by latent low-frequency state variables. Empirically, one below-business-cycle-frequency
factor and one business-cycle-frequency factor, whose variation concentrates on cycles longer than
eight years and between 1.5 and eight years, explain the expected returns of individual stocks and
characteristic-managed portfolios. The below-business-cycle-frequency factor has a high Sharpe ra-
tio, and stocks whose current size is small compared to their long-term average load on it. Moreover,
selected macroeconomic and financial variables have statistically and economically significant out-of-
sample predictive power for the returns of the two low-frequency factors.
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1 Introduction

Research in the last few decades has identified more than 300 candidate risk factors that have explana-

tory power for the cross-section of expected returns, leading to a “zoo” of factors that capture risk

premia information (Cochrane, 2011; Harvey, Liu, and Zhu, 2016). Moreover, prominent asset-pricing

models imply that the systematic risk premia fluctuate over time. Examples of state variables that

drive the time-varying risk premia in these models include the sensitivity function of the surplus con-

sumption ratio (Campbell and Cochrane, 1999), conditional volatility of consumption growth (Bansal

and Yaron, 2004), and squared intermediary leverage ratio (He and Krishnamurthy, 2012; He, Kelly,

and Manela, 2017). In addition, the time variation of systematic risk premia is also supported by the

empirical evidence of return predictability for conventional asset-pricing factors such as the market

(e.g., Nelson, 1976; Shiller, 1981; Campbell, 1987; Fama and French, 1988, 1989). Understanding the

time-varying dynamics of systematic risk premia and their relation to the economic fundamentals is

important because it sets the stage for constructing conditional asset-pricing models. However, it is

a doubly high-dimensional problem, with the systematic risk premia captured by the aforementioned

high-dimensional “factor zoo” and their time variation explained by a large number of potential predic-

tors of asset returns (see, for example, Dong, Li, Rapach, and Zhou, 2022). This manuscript proposes an

innovative approach to regularize this important high-dimensional challenge by identifying low-frequency

risk factors whose risk premia are driven by latent low-frequency state variables.

The motivation for my approach stems from the observation that many variables that drive the

variation of risk premia in theoretical asset-pricing models and those conventionally used for empirical

return prediction are persistent. For example, Figure 1 illustrates a simulated time series of the sensitiv-

ity function of the surplus consumption ratio, which drives the risk premia variation in the habit model

of Campbell and Cochrane (1999). I calibrate the parameters of the series following the original paper

and simulate the series for 5,400 months (450 years). This figure shows that the state variable that

drives the risk premia variation in the habit model is far from independent and identically distributed

(iid). Instead, it exhibits very persistent variation and thus manifests slow-moving fluctuations. In other

words, a large fraction of the total variation of this variable is low-frequency associated with long cycles.

In contrast, the innovations of asset-pricing factors (sources of risk) are conditionally uncorrelated and

thus are not persistent. In a model where risk factors are the sum of the factor innovations and the

state variable component that drives the factor risk premia, the difference between the persistency of the

state variables and factor innovations motivates and enables me to identify low-frequency risk factors,

of which a large fraction of the total variation is low-frequency, from a panel of candidate risk factors.

I propose a simple method to identify general frequency-specific risk factors from a panel of

candidate risk factors, and I focus on using this method to identify those that are low-frequency. Specif-

ically, I first use the Fourier transform to decompose the covariance matrix of candidate risk factors into

different frequency-specific components (e.g., a low-frequency component and a high-frequency compo-

nent). In this case, each component represents the covariance matrix of the candidate risk factors in a

specific frequency interval. To identify a low-frequency factor, I use these frequency-specific covariance

matrices to solve for a linear combination of the candidate factors that maximizes the ratio of the

variation in the low-frequency interval to that in other frequency intervals. As a result, such a linear

combination of the candidate factors, by construction, can be interpreted as a low-frequency risk factor

because its variation is concentrated in the low-frequency interval.



Figure 1: Simulated series of the sensitivity function of the surplus consumption ratio

This figure illustrates a simulated time series of the sensitivity function of the surplus consumption ratio, which is the
state variable that drives the time-varying systematic risk premia in the habit model of Campbell and Cochrane (1999).
The series is simulated for 5,400 months (450 years) and its parameters are calibrated following the original paper.
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How does identifying low-frequency risk factors regularize the high-dimensional challenge of

understanding the time-varying dynamics of systematic risk premia? Note that the innovation of a

risk factor is conditionally uncorrelated and thus is not persistent. Thus, intuitively, a low-frequency

factor having a higher variation in the low-frequency interval than in other frequency intervals suggests

that it loads on a state variable whose variation concentrates on the low-frequency interval. In other

words, the low-frequency risk factor reflects the economically important low-frequency dynamics of

systematic risk premia. I provide a formal argument to support this intuition. Specifically, I show

that the solved linear combination of the candidate risk factors, which identifies the low-frequency

factor, is the loadings of all candidate risk factors on a latent low-frequency state variable. Thus, this

latent low-frequency state variable drives the risk premium variation of the low-frequency risk factor.

Moreover, the low-frequency factor fully captures the latent state variable’s explanatory power for the

systematic risk premia because this latent state variable does not drive the risk premia of other factors

that are cross-sectionally orthogonal to the low-frequency factor. Therefore, identifying low-frequency

factors regularizes the first high-dimensional challenge associated with understanding the time-varying

dynamics of systematic risk premia –“which factors’ risk premia are time-varying?”– by reducing the

number of factors with time-varying risk premia and thus predictable returns. In particular, a low-

frequency factor aggregates a latent low-frequency state variable’s explanatory power for the risk premia

of all candidate risk factors in the cross-section.

Moreover, identifying low-frequency risk factors also economically regularizes the second high-

dimensional challenge associated with understanding the time-varying dynamics of systematic risk pre-

mia: “Which economic variables explain the time-varying risk premia?” Intuitively, an economic variable

whose variation concentrates on the high-frequency interval should not have high explanatory power

for the risk premium of a low-frequency risk factor, which is driven by a low-frequency latent state

variable. Thus, compared to explaining the risk premium of a conventional asset-pricing factor such as

the market, the number of potential variables that explain the risk premium of a low-frequency factor is

smaller. Therefore, my approach sheds light on how popular economic variables in the literature (e.g.,
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variables related to the economic fundamentals) relate to the systematic risk premia. Specifically, it

incorporates economic structure in the frequency domain into the state variables that drive the risk pre-

mia of low-frequency factors. Consequently, one should expect that economic variables whose variation

concentrates on the low-frequency interval explain the risk premia of low-frequency risk factors.

Furthermore, identifying low-frequency risk factors also alleviates the signal-to-noise problem in

return prediction. Specifically, asset/factor returns are notoriously hard to predict because the state

variables that drive the risk premia only contribute to a small fraction of the total variation of returns,

implying a low population R-squared for return prediction.1 One conventional approach to address this

problem is to study the long-term return predictability (e.g., the predictability of annual returns). In

this case, the time aggregation of returns diversifies the noise originating from the uncorrelated inno-

vations while preserving the signal of the persistent state variables. Instead of time-series aggregation,

identifying low-frequency risk factors addresses the signal-to-noise problem via cross-sectional aggre-

gation. In particular, identifying a low-frequency factor via a linear combination of the candidate risk

factors diversifies the innovations of all candidate factors cross-sectionally and preserves the informa-

tive component of the state variables from every candidate factor. The benefit of such cross-sectional

aggregation is twofold. First, it allows me to study the variation of risk premia using short-term returns

rather than long-term returns, which usually involve data overlap and thus result in a cumbersome

empirical analysis. Second, it allows me to study the variation of the risk premia of a cross-section of

risk factors, while the time-series aggregation can only be used to study one specific factor.

Empirically, I use the Instrumented Principal Component Analysis (IPCA) of Kelly, Pruitt, and

Su (2019) to obtain the candidate risk factors from which I identify the low-frequency risk factors.

IPCA uses firm-specific characteristics to instrument the loadings of stocks on systematic risks and

uses alternating least squares to estimate the systematic risk factors. The main reason for using IPCA

to obtain the candidate risk factors is that it explicitly considers the time variation of factor loadings

(instrumented by time-varying firm characteristics). Therefore, rather than the time-varying loadings

on the true systematic risks, it is expected that the predictable components of the IPCA factors mainly

capture the risk premia of systematic risks, whose variation is the main focus of this manuscript. More-

over, ? show that portfolios sorted based on the past values of firm characteristics capture risk premia

unexplained by those based on the present values of characteristics, implying that the persistent and

transitory components of characteristics are associated with different components of risk compensation.

Thus, in addition to the Basic-IPCA framework, in which only the present values of characteristics

instrument the loadings of stocks on systematic risks, I also consider a frequency-specific IPCA (Freq-

IPCA) framework, in which the low- and high-frequency components of the firm characteristics are

used as different instruments for the factor loadings. As a result, Freq-IPCA ensures that the candi-

date IPCA factors better capture the systematic risk premia and also provides flexibility in that the

persistent and transitory components of characteristics give different measures of the stocks’ quantity

of systematic risks. Additionally, the frequency decomposition of the firm characteristics, together with

the identification of frequency-specific factors, allows me to establish an economically important link

between an individual stock’s frequency-specific risk compensation and the frequency-specific variation

in its characteristics.

1For example, Ross (2005) provides an upper bound for the population R-squared of a predictive regression for asset
returns. In addition, Zhou (2010) finds that the R-squared is less than 1% when predicting the excess return of the S&P 500
index using ten popular variables from the literature.
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In the majority of the empirical analysis, I estimate two low-frequency factors: one below-

business-cycle-frequency (B-BCF) factor whose variation concentrates on cycles longer than eight years

and one business-cycle-frequency (BCF) factor whose variation concentrates on cycles between 1.5 and

eight years. My empirical findings are summarized as follows. First, the returns of both factors ex-

hibit slow-moving fluctuations, suggesting that they successfully reflect the low-frequency dynamics of

systematic risk premia. Nonetheless, the average returns of the two factors are substantially different.

Specifically, the in-sample unconditional Sharpe ratio of the below-business-cycle-frequency factor es-

timated from 37 Basic-IPCA factors is 1.193, only 23.8% lower than that of the optimal portfolio of

37 Basic-IPCA factors, 1.569. Thus, the Sharpe ratio of the below-business-cycle-frequency factor is

surprisingly high, especially considering that the estimation of this factor does not use any informa-

tion about the average returns of candidate risk factors. This suggests that a large fraction of the

unconditional systematic risk premia is associated with time-series variation driven by a latent below-

business-cycle-frequency state variable, and implies that the performance of most candidate risk factors

with positive risk premia can be improved via timing their expected returns (by a below-business-cycle-

frequency state variable). Moreover, the conditional risk premia of most candidate risk factors move

in the same direction as the below-business-cycle-frequency state variable, suggesting that this latent

variable can be interpreted as a fundamental “level” state variable for the risk premia variation. The

business-cycle-frequency factor, on the other hand, delivers an unconditional Sharpe ratio close to zero.

Correspondingly, the latent business-cycle-frequency state variable can be interpreted as a “long-short”

state variable that affect the risk premia of different candidate factors from different directions. More-

over, the two low-frequency factors have low and negative correlations with a factor that mimics the

market factor, implying that the market factor cannot explain the risk premia captured by these factors.

Moreover, the market factor having a negative correlation to the highly-compensated below-business-

cycle-frequency factor suggests that the state variable that drives up the risk premia of a large number

of candidate factors simultaneously drives down the market premium. This poses a challenge to many

structural asset-pricing models.

Second, parsimonious factor models that include the two low-frequency factors outperform

higher-dimensional IPCA models in explaining the average returns of individual stocks and characteristic-

managed portfolios. This implies that the proposed method to identify low-frequency factors can be

viewed as a empirically satisfactory method to address the “factor zoo” problem by identifying a par-

simonious model that prices the cross-section. In particular, although the two low-frequency factors do

not explain the time-series variation of the returns of individual stocks and managed portfolios as much

as the higher-dimensional IPCA models, they deliver a higher predictive R-squared for explaining the

returns of these two panels of assets than the IPCA models. For instance, the predictive R-squared

of the nine-factor Basic-IPCA model for explaining the monthly returns of 36 characteristic-managed

portfolios is 3.23%, while that of a model that only includes the two low-frequency factors estimated

from the nine Basic-IPCA factors is 3.79%. Moreover, using the Freq-IPCA framework consistently im-

proves the performance of the IPCA and low-frequency factors. For instance, the predictive R-squared

of the nine-factor Freq-IPCA model for explaining the monthly returns of 36 characteristic-managed

portfolios is 3.58%, while that of a model that only includes the two low-frequency factors estimated

from the nine Freq-IPCA factors is 4.54%. Thus, the Freq-IPCA framework helps the IPCA and low-

frequency factors better capture the risk premia of the cross-section. Moreover, I also find that the low-

and high-frequency components of firm characteristics measure the stocks’ quantity of risks differently.

5



Specifically, compared to stocks that are persistently small, stocks whose current size is small compared

to their long-term average have high loadings on the highly-compensated below-business-cycle-frequency

factor. The driving force of the superior performance of the low-frequency factors is that a large fraction

of the unconditional risk premia of the cross-section is associated with time-series variation empirically,

and thus the low-frequency factors, which focus on capturing factors with time-varying risk premia,

capture well the unconditional risk premia of the cross-section. In general, the method to identify

low-frequency factors provides no guarantee to perfectly tame the “factor zoo,” especially when most

candidate risk factors have constant risk premia. However, it can be used jointly with other popular

methods that focus on unconditional factor risk premia to construct an asset-pricing model that prices

expected returns conditionally.

Third, using the three-pass regression filter of Kelly and Pruitt (2015), which is a generalization

of the partial least squares (PLS; Wold, 1966) regression, I find that 19 macroeconomic variables and 24

financial variables robustly predict the one-month-ahead returns of the two low-frequency factors in- and

out-of-sample, implying that these selected economic variables explain the variation of the risk premia

of the two factors. Based on a set of observable predictors, PLS is a simple regression-based procedure

to identify a parsimonious number of latent factors of the predictors relevant to predicting a specific

time series. Therefore, it is an appropriate method to estimate the latent state variables that drive

the risk premia of the two low-frequency factors. Using the one-factor PLS prediction model, the 43

economic variables yield a statistically significant out-of-sample R-squared of 6.17% for predicting the

monthly returns of the below-business-cycle-frequency factor estimated from 37 Basic-IPCA factors. The

significant out-of-sample R-squared further increases to 13.04% when using the Bayesian Information

Criterion (BIC) to select the number of PLS factors. These figures are substantially higher than the

out-of-sample prediction R-squared usually reported in the literature for a conventional asset-pricing

factor, such as the market.

The business-cycle-frequency factor is less predictable, especially for that estimated from a small

number of IPCA factors. However, the selected economic variables still significantly predict the monthly

returns of the business-cycle-frequency factor estimated from a large number of IPCA factors, with the

out-of-sample predictive R-squared being 4.24% when using the one-factor PLS prediction model and

4.32% when using the BIC criterion to select the number of PLS factors. In addition, the statistically

significant predictability of the low-frequency risk factors also generates significant economic value for

an investor. Specifically, the unconditional mean-variance-efficient portfolio of the two low-frequency

factors based on the PLS prediction model has a statistically significant and economically sizable alpha

with respect to that based on the historical-mean prediction model. In summary, my empirical results

show that low-frequency state variables can time a large fraction of the unconditional systematic risk

premia. Moreover, the selected economic variables have high predictive power for the low-frequency

factor returns and thus explain the important low-frequency fluctuations of systematic risk premia.

As my work studies the time variation of systematic risk premia, it is thus related to the litera-

ture on the time-series predictability of asset returns.2 The early literature focuses on the predictability

of the market index (e.g., Shiller, 1981; Fama and French, 1988) and then extends to the predictabil-

ity of anomaly portfolios such as value (Asness, Friedman, Krail, and Liew, 2000; Cohen, Polk, and

Vuolteenaho, 2003) and momentum (Cooper, Gutierrez Jr, and Hameed, 2004). The objective of this

2Extensive surveys of this literature can be found in, for example, Koijen and Van Nieuwerburgh (2011) and, more
recently, in Rapach and Zhou (2022).
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paper is more general, focusing on the time variation of the risk premia of the cross-section of systematic

risks. Thus, I highlight the predictable components of the entire cross-section of returns instead of the

returns of a specific anomaly portfolio. With a similar objective, many papers study the predictability

of a large cross-section of anomaly portfolios. For example, Stambaugh, Yu, and Yuan (2012) show that

the anomaly portfolio returns are predictable by investor sentiment. Ehsani and Linnainmaa (2022)

show that the returns of most factors are positively autocorrelated, and thus are predictable by their

own past returns. More recently, Neuhierl, Randl, Reschenhofer, and Zechner (2023) study the pre-

dictability of over 300 candidate risk factors using a high-dimensional set of predictors, and find that the

performance of most types of factors can be improved via factor timing.3 Instead of studying the return

predictability of each anomaly portfolio in the factor zoo, the approach proposed in this manuscript

reduces the dimension of predictable factors, thus allowing me to systematically study the variation

of the risk premia of a large cross-section of candidate risk factors through the lens of low-frequency

risk factors, which aggregate low-frequency state variables’ predictability for the entire cross-section of

returns.

One closely related paper is Haddad, Kozak, and Santosh (2020), who regularize the return pre-

diction problem by identifying the predictable components of the cross-section of returns. In particular,

by imposing the constraint that the implied stochastic discount factor (SDF) is not too volatile, they

find that the lower-order principal components (PCs) of returns should capture most of the predictabil-

ity of the cross-section. Empirically, they find that the lower-order PCs of returns can be significantly

predicted, with an out-of-sample R-squared of around 4%.4

However, there are three main differences between this manuscript and the work by Haddad et al.

(2020). First, instead of imposing the restriction that the SDF is not too volatile and thus focusing on

the predictability of the lower-order PCs, I let the data speak and identify factors that fully capture

low-frequency state variables’ predictive power for returns. In this case, I implicitly allow candidate risk

factors that do not explain a substantial amount of the time-series variation of returns to have time-

varying risk premia. Second, the predictability of the lower-order PCs of returns could potentially come

from the predictability of the time-varying loadings of the PCs on the true systematic risks. By using

the IPCA factors as the candidate risk factors, whose predictable components are expected to mainly

capture risk premia, the approach in this manuscript is better suited for studying the time variation

of systematic risk premia. Third, Haddad et al. (2020) use the book-to-market ratio of each PC as its

own return predictor. Instead, the approach in this manuscript incorporates economic structure in the

frequency domain into the state variables that drive risk premia, and thus sheds light on how popular

economic variables in the literature explain the systematic risk premia.

This work also relates to the literature that uses frequency-domain techniques in asset pricing.

Bandi, Perron, Tamoni, and Tebaldi (2019) apply the extended Wold representation of covariance-

stationary processes and find that the component of market returns with cycles between eight and 16

years is predictable by the component of uncertainty measures with the same frequency. This im-

3This is consistent with my findings that the below-business-cycle-frequency factor has a high Sharpe ratio, and thus
a large fraction of the unconditional systematic risk premia is associated with time-series variation driven by a latent
below-business-cycle-frequency state variable.

4This result, combined with the insight of Kozak, Nagel, and Santosh (2018), who show that the higher-order PCs
should not earn high risk premia, suggests that a large fraction of the unconditional risk premia of the cross-section is
predictable. This is consistent with my finding that the highly-compensated below-business-cycle-frequency factor is also
highly predictable.
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plies that the long-run future market returns are predictable by the long-run past uncertainties. This

manuscript shifts the focus from the predictability of a particular factor, such as the market, to the

time-varying risk premia of a cross-section of candidate risk factors. Moreover, the approach in this

manuscript enables me to study the variation of risk premia using the short-term one-month-ahead

returns. Another application of the frequency-domain techniques in asset pricing examines how risks

of different frequencies are priced. For example, Bandi, Chaudhuri, Lo, and Tamoni (2021) find that

the CAPM beta within the frequency interval between 32 and 64 months can explain the expected

returns of various cross-sections. Dew-Becker and Giglio (2016) study frequency-dependent risks in

consumption-based models and find that risks of frequencies lower than the business-cycle frequencies

are significantly priced. This manuscript studies a different asset-pricing object. In particular, instead

of studying which frequency components of the market or consumption risks are priced, this manuscript

takes a relatively simple stance on the priced risks. Specifically, I use a panel of candidate risk factors

to span the priced risks and focus on the frequency-specific variation of the risk compensation.

Huang (2021) identifies frequency-specific risk factors by applying principal component analysis

(PCA) to the frequency-specific components of the covariance matrix of asset returns. In essence,

the objective of Huang (2021) is to identify a parsimonious (unconditional) factor model, focusing on

identifying weak factors that have high loadings on frequency-specific state variables. For example,

factors that do not explain a sufficient amount of the time-series variation of asset returns but have

high loadings on a low-frequency state variable cannot be identified by the conventional PCA, but can

be detected by applying PCA to the low-frequency covariance matrix of asset returns. Although I also

use the information contained in the frequency-specific covariance matrices of the returns, there are

important differences between the two manuscripts. Methodologically, instead of applying PCA to the

low-frequency covariance matrix, I identify low-frequency factors by solving for a linear combination

of the candidate factors that maximizes the ratio of the variation in the low-frequency interval to that

in other frequency intervals. More importantly, the objective of this manuscript is different from that

of Huang (2021). Specifically, instead of summarizing asset returns in a parsimonious unconditional

factor model, my objective is to understand the time-varying dynamics of systematic risk premia in

different frequencies and establish the relation between risk premia and state variables characterizing

the economic fundamentals, which sheds light on the construction of conditional asset-pricing models.

More broadly speaking, this work also relates to studies that predict stock returns when the

predictors are high-dimensional (e.g., Chinco, Clark-Joseph, and Ye, 2019; Gu, Kelly, and Xiu, 2020;

Dong et al., 2022). I apply the PLS regression of Kelly and Pruitt (2013, 2015) to predict the returns of

the low-frequency factors using a relatively high-dimensional set of variables. In general, the performance

for predicting the returns of these two factors could potentially be improved further by applying a more

flexible prediction method or using a more comprehensive set of predictors. However, this manuscript

does not focus on selecting the “best” return prediction method or the most comprehensive set of return

predictors. Instead, the returns of the two low-frequency factors being highly predicted by a relatively

simple model further justifies that identifying low-frequency factors successfully regularizes the high-

dimensional challenge of understanding how the time-varying dynamics of systematic risk premia relate

to the economic fundamentals.

The remainder of the manuscript is organized as follows. Section 2 illustrates the motivation and

method to estimate low-frequency factors from a panel of candidate risk factors and describes the set-up
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of the empirical analysis. Section 3 presents the empirical results, and Section 4 concludes. Appendix A

includes the proofs of all the main results.

2 Method

I first describe the notation used in the remainder of the manuscript. E[·], Var(·), and Cov(·) denote

the unconditional expectation, variance, and covariance, respectively, and those with the subscript t

denote their conditional counterparts. For illustrative purposes, Σm also denotes the unconditional

covariance matrix of a random vector mt, and Σm(h) = E[mt+hm
>
t ]−E[mt+h]E[m>t ] is the unconditional

autocovariance matrix of mt with lag h. σ2
e is the unconditional variance of a random variable et. IN

is the N -dimensional identity matrix, and 0 is a vector or matrix of zeros. By default, all vectors are

column vectors.

2.1 Data-generating process

I assume that the excess stock returns follow a K-factor model:

rt+1︸︷︷︸
N×1

= βt︸︷︷︸
N×K

ft+1︸︷︷︸
K×1

+ εt+1︸︷︷︸
N×1

, (1)

where rt+1 contains the excess returns of the N stocks at time t+ 1, ft+1 contains the returns of K risk

factors at time t + 1, βt contains the conditional loadings of the stocks on the risk factors at time t,

and εt+1 contains the idiosyncratic noises of the stock returns orthogonal to the risk factors. To model

time-varying risk premia, I assume that the risk factors load on J < K unobservable state variables:

ft+1︸︷︷︸
K×1

= µf︸︷︷︸
K×1

+ φ︸︷︷︸
K×J

xt︸︷︷︸
J×1

+ ξt+1︸︷︷︸
K×1

, (2)

where xt contains the J state variables that affect the conditional mean of the risk factors, φ contains the

loadings of the factors on the state variables, and ξt+1 contains the factor innovations, which span the

sources of risk and are orthogonal to xt and εt+1. The factor innovations are conditionally uncorrelated,

that is, E[ξt+1] = Et[ξt+1] = 0. Without loss of generality, I assume E[xt] = 0, and thus µf is the

unconditional mean of the factors.

Assuming that the risk factors load on the state variables as in (2) implies that the risk premia

are time-varying, which is consistent with a vast literature on theoretical and empirical asset pricing.

In particular, both the habit model of Campbell and Cochrane (1999) and the long-run risk model

of Bansal and Yaron (2004) predict that the systematic risk premia are time-varying, driven by some

(persistent) state variables. In addition, the empirical literature shows that aggregate stock returns

are predictable by numerous economic variables, such as the dividend-price and earnings-price ratios.5

Moreover, Chernov, Lochstoer, and Lundeby (2022) show that notable (unconditional) factor models fail

to price the multi-horizon returns of the factors included in the models, precisely because these models

do not consider the conditional dynamics of asset returns. Assuming that the factors load on the state

5An incomplete list includes Campbell (1987); Campbell and Shiller (1988a,b); Breen, Glosten, and Jagannathan (1989);
Fama and French (1988, 1989); Kothari and Shanken (1997); Lettau and Ludvigson (2001b); Campbell and Vuolteenaho
(2004); Ang and Bekaert (2007); Campbell and Diebold (2009); Cochrane (2008); Kelly and Pruitt (2013).
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variables accommodates these findings because it equips the asset-pricing model with the flexibility of

time-varying risk premia. Specifically, the conditional expected returns of the N stocks at time t are

Et [rt+1] = βt (µf + φxt) , (3)

suggesting that the factor loadings βt and state variables xt drive the time variation of the quantity of

risk and risk compensation of the stocks, respectively.

Moreover, in the presence of time-varying risk premia, the candidate risk factors identified based

on popular empirical methods, such as portfolio sorts or PCA, capture not only the sources of risk but

also the sources of risk premia variation, consistent with the data-generating process (DGP) of the

factors in equation (2). To see this, suppose that the stock returns are generated by the conditional

CAPM of Lettau and Ludvigson (2001a). For simplicity, I assume that the stocks have constant loadings

on the market risk. In this case, the data-generating process of the stock returns is

rt+1 = βµm,t + βξm,t+1 + εt+1,

where the risk premium of the market risk ξm,t+1 is µm,t, which is time-varying and is driven by the

state variable cay. Importantly, if one applies PCA to the stock returns in this world, the risk factor she

identifies is proportional to µm,t + ξm,t+1, the sum of the source of market risk and the component that

reflects the time-varying market risk premium. As a result, the DGP of the factors in (2) is consistent

with the candidate risk factors identified by popular empirical methods in the literature. In particular,

these factors capture the information of the dynamics of systematic risk premia.

Understanding the time-varying dynamics of systematic risk premia empirically, however, is a

high-dimensional challenge. On the one hand, systematic risks that carry risk premia are unobservable.

To capture the systematic risks, researchers have proposed a “zoo” of factors that capture risk premia

information and also various statistical methods, such as PCA and its modifications, to efficiently

aggregate the information of the “factor zoo.” On the other hand, state variables that determine the

conditional mean of the risk factors are also unobservable. To capture these unobservable drivers of risk

premia, various theoretical asset-pricing models and research in return prediction have proposed a large

number of candidate variables to explain the risk premia variation.6 As a result, understanding the time

variation of systematic risk premia and how it relates to the economic fundamentals is an important

yet difficult doubly high-dimensional challenge. The objective of this manuscript is to regularize this

high-dimensional challenge.

2.2 Risk factors with time-varying risk premia

In this section, I show that identifying the loadings of the risk factors on the state variables, that is, φ

in equation (2), regularizes the aforementioned high-dimensional challenge. In particular, identifying φ

reduces the dimension of factors with time-varying risk premia. Section 2.3 illustrates my approach to

identifying (a subspace of) φ.

For illustrative purposes, I assume J = 1 throughout this section, that is, there exists only one

latent state variable driving the time-series variation of the risk premia of all candidate risk factors.7 In

6Importantly, a large number of observable economic variables could have non-zero covariances with the J unobservable
state variables, and thus the data-generating process of the risk factors in (2) encompasses the findings in the empirical
literature that a high-dimensional set of economic variables have predictive power to factor/anomaly returns.

7The results and intuition of this section are unaltered when there is more than one state variable driving the risk
premia variation of the risk factors.
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this case, the loadings of the risk factors on the state variable are contained a K-dimensional vector φ.

Without loss of generality, I normalize the covariance matrix of the risk factors to be an identity matrix

and normalize φ to have unit length. In other words, I have Σf = IK and φ>φ = 1.8 Let Λ be

a K × (K − 1)-dimensional matrix whose columns are orthonormal and orthogonal to φ, and thus

Λ>Λ = IK−1 and Λ>φ = 0. By rotating the risk factors by [φ,Λ]>, I obtain

φ>ft+1 = φ>µf + xt + φ>ξt+1, (4)

Λ>ft+1 = Λ>µf + 0 + Λ>ξt+1. (5)

Equations (4) and (5) show that, after the rotation, within the space spanned by the K risk factors,

φ>ft+1 is the only risk factor with time-varying risk premium driven by the state variable, while Λ>ft+1

contains the K − 1 risk factors with constant risk premia.9 Thus, identifying φ reduces the number of

factors with time-varying risk premia from K to one. In particular, the only factor with time-varying

risk premium aggregates the state variable’s explanatory power for the risk premia of all candidate

factors, and this dimension-reduction effect facilitates linking the risk premia variation of the entire

cross-section to economic fundamentals.

Moreover, identifying the only factor with time-varying risk premia φ>ft+1 in (4) also alleviates

the signal-to-noise problem in linking risk premia variation to economic fundamentals. Conventionally,

asset/factor returns are notoriously hard to predict because the state variables that drive the risk premia

variation only contribute to a small fraction of the total variation of returns. For instance, Zhou (2010)

finds that the R-squared is less than 1% when predicting the excess return of the S&P 500 index using

ten popular variables from the literature. By identifying φ, the signal of the state variable is cross-

sectionally aggregated in the only factor with time-varying risk premia, and the noise originating from

the innovations of the K− 1 factors with constant risk premia is diversified away. To see this, note that

trace
(
φφ>σ2

x

)

trace (Σf )
=
σ2
x

K
<

σ2
x

Var (φ>ft+1)
= σ2

x,

where the left- and right-hand sides of this inequality measure the fraction of the variation driven by the

state variable in the total variation of all candidate risk factors ft+1 and in that of the only factor with

time-varying risk premium φ>ft+1, respectively. Thus, this inequality shows that the signal strength of

the state variable in the only factor with time-varying risk premia is higher than that in the original

panel of risk factors, suggesting that identifying the only factor with time-varying risk premia alleviates

the signal-to-noise problem. In addition, such cross-sectional aggregation of all candidate factors enables

me to study how popular economic variables explain the risk premia of the cross-section of risk factors.

In contrast, the conventional time-series aggregation, which studies long-term return predictability, only

allows me to study how the economic variables explain the risk premium of one specific candidate factor,

such as the market.

Furthermore, identifying φ also sheds light on how much of the unconditional systematic risk

premia is associated with time-series variation. To see this, consider a special case where µf is propor-

tional to φ, that is, the candidate factors’ unconditional risk premia are proportional to their loadings

on the only state variable. In this case, Λ>µf = 0 and thus the K− 1 factors with constant risk premia

8These assumptions are without loss of generality because standardizing the factors to have an identity covariance
matrix does not change the space spanned by the factors and the state variables are latent.

9It is easy to show that Cov(Λ>ξt+1, φ
>ξt+1) = 0, and thus the two sets of factors capture different sources of risk.
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in equation (5) earn zero risk premia, while the only factor with time-varying risk premium captures

all risk premia of the cross-section and thus is highly compensated. Thus, if µf is proportional to φ,

then all unconditional risk premia of the cross-section are associated with time-series variation. As a

result, the “scope” of factor timing is universal: for any risk factor that earns positive unconditional

risk premium, its performance can be improved via factor timing.10

In general, the relative magnitude of the unconditional Sharpe ratio of the factors with time-

varying risk premia to that of all candidate factors quantifies how much of the unconditional risk premia

of the cross-section is associated with time-series variation. Specifically, the unconditional Sharpe ratio

of all candidate risk factors and that of the factors with time-varying risk premia are

SRf =
(
µ>f Σ−1

ξ µf

)1/2
, and

SRφ>f =

[(
φ>µf

)> (
φ>Σξφ

)−1 (
φ>µf

)]1/2

,

respectively, with SRφ>f ≤ SRf . Suppose these two values are close to each other. In that case, a large

fraction of the unconditional risk premia of the cross-section is associated with time-series variation,

implying that the scope of factor timing is large: the factors with constant risk premia earn limited

risk premia, and the performance of most risk factors with positive unconditional risk premia can be

improved via timing their conditional expected returns. Although a direct comparison of these two

Sharpe ratios is infeasible because Σξ is unobservable, the following proposition provides a feasible

comparison criterion.

Proposition 1 Assume that Σf = IK and φ>φ = IJ . Then:

SRφ>f

SRf
≥ ‖φ

>µf‖2
‖µf‖2

. (6)

In particular, when µf ∈ span(φ), the equality holds and both sides of (6) equal to one.

The proof is in Appendix A.1. In particular, ‖φ>µf‖2 is the “observable” version of the unconditional

Sharpe ratio (average return over standard deviation) of the factors with time-varying risk premia, and

‖µf‖2 is that of all candidate risk factors. This proposition suggests that the ratio of ‖φ>µf‖2 to ‖µf‖2
provides a lower bound to the ratio of the unconditional Sharpe ratio of the factors with time-varying

risk premia to that of all candidate risk factors.

In summary, identifying the loadings of the factors on the state variables φ reduces the number

of factors with time-varying risk premia and alleviates the signal-to-noise problem in linking risk premia

variation to the economic fundamentals. Moreover, it enables me to study how the state variables drive

the risk premia of the entire cross-section of risk factors and also sheds light on how much of the

unconditional systematic risk premia is associated with time-series variation. Furthermore, Appendix B

discusses how identifying the loadings of the factors on the state variables complements conventional

unconditional methods to address the “factor zoo” problem when constructing a conditional asset-

pricing model. In the next section, I propose a method that identifies (a subspace of) φ and incorporates

frequency-specific economic structure into the latent state variables that drive risk premia variation.

10More precisely, this statement holds under the assumption that the factor innovations are homoskedastic. In this
manuscript, I focus on the time-varying conditional expected returns of factors and do not explicitly model the conditional
volatility of factors. Examples that study the conditional volatility include, for example, Moreira and Muir (2017).
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2.3 Frequency-specific risk factors

Identifying the loadings of the risk factors on the state variables φ is nontrivial. In particular, system (2)

is not a conventional factor model because the factor innovations ξt+1 can be cross-sectionally correlated,

and thus standard methods (e.g., the methods in Section 6.4 of Campbell, Lo, and MacKinlay, 1997)

cannot be applied. Moreover, the number of state variables J is unobservable, and the state variables xt

are latent and do not have any economic structure. Thus, even if the factors with time-varying risk

premia in (4) are identified, without any economic restrictions, their risk premia are potentially explained

by a large number of candidate economic variables, posing a high-dimensional challenge for researchers

to understand which economic variables drive the systematic risk premia.

In this section, I propose a nonparametric method that identifies the loadings of the risk factors

on the state variables. Moreover, this method also economically regularizes the aforementioned high-

dimensional challenge by incorporating frequency-specific economic structure into the state variables

that drive risk premia. Specifically, note that equation (2) is equivalent to

ft+1 = µf + φGG>xt + ξt+1, (7)

where G is a J × J-dimensional rotation matrix that satisfies GG> = G>G = IJ . In this equation, φG,

which satisfies (φG)>(φG) = IJ , contains the loadings of the factors on the latent state variables G>xt.

Following equation (4), the J factors with time-varying risk premia are

G>φ>ft+1 = G>φ>µf +G>xt +G>φ>ξt+1. (8)

The method proposed in this section identifies (a subspace of) φG, and the state variables G>xt that

drive the systematic risk premia are equipped with frequency-specific economic structure, that is, the

variation of each of these state variables concentrates on a particular frequency interval.

The motivation for my method is that the factor innovations ξt+1 and state variables xt that drive

the systematic risk premia have different properties in the frequency domain. Specifically, unlike the

conditionally uncorrelated factor innovations, many economic variables proposed in the literature that

drive risk premia in theoretical asset-pricing models or predict asset returns empirically are persistent.

In the frequency domain, this suggests that the factor innovations have equal low- and high-frequency

variation, while the variation of the state variables concentrates on the low-frequency domain. Such

difference between the factor innovations and state variables enables me to identify the loadings of the

risk factors on the state variables.

To set the stage, I first revisit some basics of time-series analysis in the frequency domain. For

illustrative purposes, in the remainder of this section, I assume that the risk factors have zero mean,

that is, µf = 0. All results in this section hold without this assumption. The spectral density matrix of

the risk factors at frequency ω is the Fourier transform of the auto-covariance matrices of the factors:11

gf (ω) =
∞∑

k=−∞
Σf (k) e−iωk, (9)

11For illustrative purposes, I implicitly assume that the auto-covariance matrices of ft+1 are absolutely summable, that
is,

∑∞
k=−∞ |Σf (k)| < ∞, and thus the spectral density matrices of ft+1 exist. The results in this section are unaltered

without this assumption.
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where i =
√
−1, and ω ∈ [−π, π] denotes the frequency. Intuitively, a frequency characterizes the length

of a cycle. For example, ω = 2π/12 corresponds to a cycle of 2π/ω = 12 periods.12 The inverse Fourier

transform of the spectral density matrices recovers the auto-covariance matrices of the factors:

Σf (k) =
1

2π

∫ π

−π
gf (ω) eiωkdω. (10)

Therefore, the covariance matrix of the factors can be written as

Σf = Σf (0) =
1

2π

∫ π

−π
gf (ω) dω. (11)

According to the Spectral Representation Theorem (see, for instance, Brockwell and Davis,

2009), any covariance-stationary time series Xt with zero mean can be represented as

Xt =

∫ π

−π
eiωtdZ (ω) =

∫ π

−π
[cos (ωt) + i sin (ωt)] dZ (ω) , (12)

where Z(ω) is a complex-valued stochastic process defined on [−π, π] with zero mean and orthogonal

increments. Furthermore, Z(ω) satisfies

Var [Z (ω2)− Z (ω1)] =
1

2π

∫ ω2

ω1

gX (ω) dω, (13)

where gX (ω) is the spectral density function of Xt at frequency ω. Therefore, equations (12) and (13)

suggest that sine and cosine waves of frequency ω contribute to the total variation of Xt, with magnitude

Var[dZ(ω)] = gX(ω)/2π. Since the Spectral Representation Theorem also applies to multivariate cases,

I can rewrite equation (11) to decompose the covariance matrix of the factors into a low-frequency

component ΣLF
f and a high-frequency component ΣHF

f :

Σf =
1

2π

∫

[−ω,ω]
gf (λ) dλ

︸ ︷︷ ︸
ΣLF
f

+
1

2π

∫

[−π,−ω)∪(ω,π]
gf (λ) dλ

︸ ︷︷ ︸
ΣHF
f

, (14)

where the first and second terms on the right-hand side correspond to the variation of the factors con-

tributed by waves with frequencies that lie in the low-frequency interval [−ω, ω] and the high-frequency

interval [−π,−ω) ∪ (ω, π], respectively. In other words, they are the frequency-specific covariance ma-

trices of the factors. In general, such a frequency decomposition of the covariance matrix of the factors

can be generalized to multiple frequency intervals.

The spectral density matrices of the factors defined in (9) are related to those of the state

variables and factor innovations. Specifically, note that the factor innovations are conditionally uncor-

related. Therefore, their auto-covariance matrices satisfy Σξ(k) = 0 for k 6= 0. As a result, the spectral

density matrix of the factor innovations at frequency ω is

gξ (ω) =

∞∑

k=−∞
Σξ (k) e−iωk = Σξ, (15)

12The absolute value of the frequency is less or equal to π because one cannot identify cycles shorter than two periods
of a time series.
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which is constant across different frequencies. Moreover, since Σf = φΣxφ
> + Σξ, by letting gx(ω) be

the spectral density matrix of the state variables at frequency ω, the covariance matrix of the factors

can be written as

Σf =
1

2π

∫ π

−π
φgx (ω)φ>dω + Σξ =

1

2π

∫ π

−π

[
φgx (ω)φ> + Σξ

]
dω. (16)

This equation, together with equation (11), suggests the spectral density matrix of the factors at fre-

quency ω satisfies

gf (ω) = φgx (ω)φ> + Σξ. (17)

Therefore, the low- and high-frequency covariance matrices of the factors defined in equation (14) can

be written as

ΣLF
f = φ

(
1

2π

∫

[−ω,ω]
gx (λ) dλ

)

︸ ︷︷ ︸
ΣLF
x

φ> +
ω

π
Σξ, and (18)

ΣHF
f = φ

(
1

2π

∫

[−π,−ω)∪(ω,π]
gx (λ) dλ

)

︸ ︷︷ ︸
ΣHF
x

φ> +
π − ω
π

Σξ, (19)

respectively, where ΣLF
x and ΣHF

x correspond to the low- and high-frequency covariance matrices of the

state variables.

The low- and high-frequency covariance matrices of the risk factors in equations (18) and (19)

are informative in identifying the loadings of the factors on the state variables. In particular, the spectral

density matrix of the factor innovations is constant across different frequencies, which implies that the

factor innovations have equal variation in each frequency. If the spectral density matrix of the state

variables is also constant across frequencies, then for any linear combination θ ∈ RK of the risk factors,

the ratio of its low-frequency to high-frequency variation is

θ>ΣLF
f θ

θ>ΣHF
f θ

=
θ>φ

(
1

2π

∫
[−ω,ω] gx (λ) dλ

)
φ>θ + ω

π θ
>Σξθ

θ>φ
(

1
2π

∫
[−π,−ω)∪(ω,π] gx (λ) dλ

)
φ>θ + π−ω

π θ>Σξθ
=

ω

π − ω ,

which is the same as the ratio of the length of the low-frequency to that of the high-frequency interval.

However, the findings in the literature suggest that the spectral density matrix of the state

variables that drive systematic risk premia is different across frequencies. For example, the habit model

of Campbell and Cochrane (1999) suggests that the only state variable that drives the systematic risk

premia is the sensitivity function of the surplus consumption ratio, which, as illustrated in Figure 1

of the introduction, is highly persistent. This suggests that the spectral density function of this state

variable is higher in the low-frequency interval. Thus, compared to the factor innovations, the variation

of this state variable is concentrated on the low-frequency interval, satisfying

(
σ2
x

)LF

(σ2
x)HF

>
ω

π − ω . (20)
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Suppose the sensitivity function of the surplus consumption ratio is the only state variable that drives

the systematic risk premia. In this case, it can be shown that, among all linear combinations θ ∈ RK

of the risk factors, the optimal θ∗ that maximizes (θ>ΣLF
f θ)/(θ>ΣHF

f θ) satisfies θ∗ ∝ φ. In other

words, if the only state variable that drives the systematic risk premia is “low-frequency,” that is, it

satisfies inequality (20), then I can identify the loadings of the factors on this variable by maximizing

(θ>ΣLF
f θ)/(θ>ΣHF

f θ).

I now formalize and generalize the previous argument. Specifically, to identify the loadings of

the risk factors on a low-frequency state variable, I solve the following problem:

max
c,θ

c, (21)

s.t. θ>
(
ΣLF
f − cΣHF

f

)
θ ≥ 0. (22)

I make two remarks on this problem. First, the frequency-specific covariance matrices of the risk factors

in constraint (22) can be flexibly specified for other frequency intervals. In this section, I let [−ω, ω] be

the low-frequency interval and [−π,−ω)∪(ω, π] be the high-frequency interval. Generally, the frequency

intervals can be flexibly specified depending on the application, and their union does not need to cover

the entire interval [−π, π]. For example, I can specify the low-frequency interval as [−ω2,−ω1]∪ [ω1, ω2]

and the high-frequency interval as [−ω4,−ω3]∪ [ω3, ω4], where 0 < ω1 < ω2 < ω3 < ω4 < π, and use the

frequency-specific covariance matrices corresponding to these two intervals in (22). Moreover, solving

problem (21) can identify the loadings of the factors on a general frequency-specific state variable. For

instance, I can also switch ΣLF
f and ΣHF

f in (22) to identify the loadings of the factors on a high-frequency

state variable. The main results in this section are unaltered with the aforementioned modifications.

Second, numerically solving this problem is straightforward. In particular, it is easy to show that

constraint (22) is binding at the optimum, and thus c is the ratio of the low- to high-frequency variation

of θ>ft+1. The optimal c∗ is the maximum c that drives the highest eigenvalue of ΣLF
f − cΣHF

f to zero,

and the optimal θ∗ is the eigenvector that corresponds to the highest eigenvalue of ΣLF
f − c∗ΣHF

f .13

The following lemma sets the stage for the solution to problem (21).

Lemma 1 The highest eigenvalue of

W =

(
IJ − Σx +

π

π − ωΣHF
x

)−1/2 (
IJ − Σx +

π

ω
ΣLF
x

)(
IJ − Σx +

π

π − ωΣHF
x

)−1/2

(23)

is greater than one if and only if there exists η ∈ RJ such that

η>ΣLF
x η

η>ΣHF
x η

>
ω

π − ω . (24)

The proof is in Appendix A.2. Similar to inequality (20), the interpretation of inequality (24) is that the

linear combination η of the state variables has higher low-frequency than high-frequency variation, and

thus η>xt is a low-frequency state variable. If the panel of latent state variables xt guarantees the exis-

tence of a low-frequency state variable, then the following proposition shows that solving problem (21)

identifies the loadings of the risk factors on a low-frequency state variable.

13Note that θ is not uniquely identified in problem (21). In particular, if θ∗ is a solution to problem (21), then aθ∗ is
also a solution for any a 6= 0.
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Proposition 2 Assume that Σf = IK and φ>φ = IJ . If there exists η ∈ RJ such that η>xt is a

low-frequency state variable, that is, inequality (24) holds, then the solution to problem (21) is

c∗ =
ω

π − ωλ
W
1 , and (25)

θ∗ ∝ φ
(

IJ − Σx +
π

π − ωΣHF
x

)−1/2

H1 ≡ φG1, (26)

where λW1 > 1 and H1 are the highest eigenvalue of W in (23) and the corresponding eigenvector,

respectively; otherwise, the solution to problem (21) is

c∗ =
ω

π − ω , and (27)

θ∗ ∝ Λy, (28)

where Λ is a K× (K−J)-dimensional matrix whose columns are orthogonal to the columns of φ, and y

is an arbitrary nonzero (K − J)-dimensional vector.

The proof is in Appendix A.3. Proposition 2 shows that, if the panel of latent state variables guarantees

the existence of a low-frequency state variable, then solving problem (21) identifies the loadings of the

factors on the state variable

x1
t =

1

‖G1‖2
G>1 xt. (29)

It is straightforward to show that x1
t is a low-frequency state variable, and the ratio of its low-frequency

to high-frequency variation is higher than c∗ in (27). By normalizing (θ∗)>θ∗ = 1, the risk factor (with

time-varying risk premium) I identify by solving problem (21) is

(θ∗)> ft+1 = x1
t +

G>1 φ
>ξt+1

‖G1‖2
, (30)

which is a low-frequency risk factor because its ratio of low-frequency to high-frequency variation is

c∗ > ω/(π − ω), and its time-varying risk premium is driven by the low-frequency state variable x1
t .

14

Thus, the approach proposed in this section not only identifies the loadings of the factors on the state

variables, but also incorporates the latent state variables with frequency-specific economic structure. In

this case, one does not expect a high-frequency economic variable to highly explain the risk premium of

(θ∗)> ft+1 because it is driven by a low-frequency state variable. Thus, compared to explaining the risk

premium of a risk factor that loads on a state variable without the frequency-specific economic structure,

the number of potential variables explaining the risk premium of the low-frequency factor (θ∗)> ft+1

is reduced. As a result, the approach proposed in this section imposes economic regularization on the

high-dimensional challenge of “which economic variables explain the time-varying risk premia of the

cross section?”

Moreover, problem (21) can be solved recursively to identify the loadings of the factors on other

low-frequency state variables (or, in general, other state variables whose variation concentrates on other

frequency intervals). For completeness, I summarize this result in the following proposition.

14The signal of the low-frequency state variable x1t is maximized in (θ∗)> ft+1 because θ∗ is orthogonal to Λ. Specif-
ically, the variation of (θ∗)>ft+1 driven by the state variable x1t is Var(x1t ), and that driven by factor innovations is
G>1 φ

>ΣξφG1/‖G1‖22. It can be shown that for any θ′ ∝ aφG1 + bΛy with a, b 6= 0 and y ∈ RK−J , the signal-to-noise ratio
of (θ′)>ft+1 is lower than Var(x1t )/(G>1 φ>ΣξφG1/‖G1‖22).
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Proposition 3 Suppose that there exists η ∈ RJ such that η>xt is a low-frequency state variable, and

one solves problem (21) to identify θ∗ ∝ φG1 as in (26). Let f⊥t+1 be the residuals of regressing ft+1 on

(θ∗)>ft+1. The following results hold:

(a) The regression residuals f⊥t+1 do not load on the low-frequency state variable x1
t defined in (29).

(b) Let x⊥t = V >xt, where V is a J×(J−1) matrix whose columns are orthonormal and orthogonal to

G1. Suppose there exists η′ ∈ RJ−1 such that (η′)>x⊥t is a low-frequency state variable. Moreover,

suppose one obtains the low- and high-frequency covariance matrices of U>f⊥t+1, where U is a

K × (K − 1) matrix whose columns are orthonormal and orthogonal to φG1, and then solves

problem (21) based on these matrices. Then, the solution identifies the loadings of the risk factors

on a low-frequency state variable spanned by x⊥t .

The proof is in Appendix A.4. Part (a) suggests that (θ∗)>ft+1 fully captures the explanatory power of

the state variable x1
t for the risk premia of the cross-section of risk factors. In particular, by regressing

(θ∗)>ft+1 out of the risk factors, x1
t does not drive the risk premia of the regression residuals. Part (b)

implies that I can solve problem (21) recursively to identify the loadings of the risk factors on other

low-frequency state variables, provided that the remaining J − 1 latent state variables guarantee the

existence of a low-frequency state variable.

In summary, solving problem (21) identifies (a subspace of) the loadings of the factors on the

state variables, and thus identifies the factors with time-varying risk premia. Moreover, the latent

state variables that drive the risk premia of these factors are equipped with frequency-specific economic

structure, which regularizes the high-dimensional challenge to understand which economic variables

explain the systematic risk premia.

2.4 Empirical set-up

In this section, I introduce the empirical set-up of this manuscript. Specifically, Section 2.4.1 intro-

duces the candidate risk factors from which I identify the low-frequency factors. Section 2.4.2 specifies

the frequency intervals I consider in the empirical analysis and introduces the method to estimate

the frequency-specific covariance matrices of the risk factors. Section 2.4.3 describes the method and

observable variables for predicting the returns of the low-frequency factors.

2.4.1 Candidate risk factors

I use the restricted version of the Instrumented Principal Component Analysis (IPCA) of Kelly et al.

(2019) to identify the candidate risk factors of asset returns, from which I estimate the low-frequency

risk factors.15 Specifically, IPCA models the loadings of the stocks on the risk factors as a linear function

of firm-specific characteristics:

βt = ZtΓβ, (31)

15My approach of first selecting a set of candidate risk factors and then obtaining predictable factors from these factors
is not unique to the literature. For example, Haddad et al. (2020) start from a set of pricing factors, and then use PCA
to reduce this set of factors to a few dominant components, which they find highly predictable.
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where Zt is a N×L matrix that contains the L firm-specific characteristics of the N stocks at time t, and

Γβ ∈ RL×K is the mapping matrix that transforms the observable characteristics of the stocks to their

loadings on the risk factors. The IPCA risk factors can be estimated jointly with the mapping matrix

via alternating least squares.16 Moreover, once I obtain the estimates of the low-frequency factors by

solving problem (21), the mapping matrix that transforms the observable characteristics of individual

stocks to their loadings on these low-frequency factors can be estimated by regressing the stock returns

on the interaction of the low-frequency factors and characteristics.

One of the main reasons for using the IPCA factors as the candidate risk factors is that IPCA

explicitly considers the time variation of factor loadings (because the characteristics are time-varying).

Thus, it is expected that the predictable components of the IPCA factors mainly capture risk premia,

whose variation is the main focus of this manuscript, rather than the predictable time-varying loadings

on the true systematic risks. In general, other candidate factors of asset returns, such as returns of

a comprehensive set of anomaly portfolios, the factors extracted from a cross-section of returns using

PCA, or the risk-premium PCA factors of Lettau and Pelger (2020), can also be used as input to identify

the low-frequency factors. However, compared to the IPCA factors, these candidate factors may have

time-varying loadings on the true systematic risks. Thus, an economic variable’s predictability of the

returns of these factors might stem from that this variable drives the variation of the loadings of these

factors on the true systematic risks or the interaction between the time-varying loadings and risk premia.

This introduces noises in understanding how the time-varying dynamics of the systematic risk premia

relate to the economic fundamentals.

Moreover, ? show that portfolios sorted based on the past values of firm characteristics capture

risk premia unexplained by those based on the present values of characteristics. This implies that the

persistent and transitory components of characteristics are associated with different components of risk

compensation. Thus, to ensure that the candidate risk factors obtained from IPCA capture well the

systematic risk premia, in addition to the Basic-IPCA framework, in which only the present values of

characteristics instrument the loadings of stocks on systematic risks, I also consider a frequency-specific

IPCA (Freq-IPCA) framework, in which the low- and high-frequency components of characteristics are

different instruments for the factor loadings. Specifically, the frequency-specific IPCA framework models

the loadings of the stocks on the risk factors as:

βt = ZLF
t ΓLF

β + ZHF
t ΓHF

β , (32)

where ZLF
t and ZHF

t that satisfy ZLF
t + ZHF

t = Zt are the low- and high-frequency components of

the L characteristics of the N stocks at time t, respectively, and ΓLF
β ,ΓHF

β ∈ RL×K are the mapping

matrices that transform the low- and high-frequency components of the characteristics to the loadings

of the stocks on the risk factors. Thus, the Freq-IPCA framework effectively uses 2L characteristics to

instrument the factor loadings of stocks.

The frequency decomposition of the stock characteristics in the Freq-IPCA framework provides

two additional benefits. First, the low- and high-frequency components of the characteristics may instru-

ment the covariances between the stock returns and aggregate risks differently. In this case, modeling

factor loadings as a linear function of the present values of characteristics in the Basic-IPCA frame-

work is misspecified, and the extra flexibility of the Freq-IPCA framework provides a better description

16I refer to Kelly et al. (2019) and Kelly, Pruitt, and Su (2020) for a more detailed discussion of the IPCA framework.
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of how stocks expose to systematic risks. Second, together with the identification of the frequency-

specific factors, the Freq-IPCA model enables me to establish an economically important link between

an individual stock’s frequency-specific risk compensation and the frequency-specific variation in its

characteristics. For example, suppose only the low-frequency component of a characteristic contributes

to the loadings of the stocks on a low-frequency factor. In this case, this implies that the compensation

of individual stocks originating from this low-frequency factor does not vary substantially during a short

period. Thus, identifying frequency-specific factors from the Freq-IPCA factors is a general framework

for understanding the frequency-specific properties of the compensation of individual stocks.

I use the same data as Kelly et al. (2019) to estimate the IPCA model. In particular, the dataset

is from Freyberger, Neuhierl, and Weber (2020) and includes monthly stock returns and characteristics

from July 1964 to May 2014.17 Each firm is associated with 36 characteristics in categories such as

past returns (e.g., momentum and reversal) and value-related characteristics (e.g., book-to-market and

earnings-to-price ratios). Table 14 in Appendix F provides a more detailed overview of the considered

characteristics. In addition, I include a constant on top of the 36 characteristics so that the total number

of characteristics is 37. The estimation of the IPCA model requires each stock-month observation to

have non-missing return and characteristics, restricting the dataset to end up with 1,403,544 stock-

month observations for 12,813 unique stocks. Following Kelly et al. (2019), I cross-sectionally transform

the characteristics period-by-period. Specifically, I calculate the stocks’ ranks for each characteristic,

then divide the ranks by the number of non-missing observations and subtract 0.5. In this case, each

characteristic is in the [−0.5, 0.5] interval, and thus I focus on the ordering instead of the magnitude of

the characteristics. In the estimation of the IPCA model, I normalize Γβ such that Γ>β Γβ = IK and let

the in-sample average return of the estimated IPCA factors be positive.

To estimate the Freq-IPCA model, I let the low-frequency component of the characteristics at

time t be the time-series average of the characteristics available in the past 36 months, and let the

high-frequency component of the characteristics at time t be the difference between the present value

of the characteristics and the low-frequency component of the characteristics at time t. By including a

constant, the total number of characteristics used in the Freq-IPCA framework is 36 + 36 + 1 = 73.

2.4.2 Estimating frequency-specific risk factors

I specify three frequency intervals to estimate different low-frequency risk factors. Specifically, I consider

a typical business-cycle-frequency (BCF) interval that captures cycles between 1.5 and eight years (18

and 96 months). Moreover, as illustrated in the introduction, theoretical asset-pricing models such as the

habit model of Campbell and Cochrane (1999) imply that state variables whose variation concentrates

on extremely low frequencies drives the variation of systematic risk premia, and Dew-Becker and Giglio

(2016) show that cycles longer than the business cycle are significantly priced in the equity market.

Thus, I also consider a below-business-cycle-frequency (B-BCF) interval that captures cycles longer

than eight years (96 months). In addition, I consider a high-frequency interval that captures cycles

shorter than six months. Correspondingly, the frequency-specific covariance matrices of the risk factors

in these frequency intervals are:

ΣB-BCF
f =

1

2π

∫

[− 2π
96
, 2π
96

]
gf (ω) dω, (33)

17Similar to Kelly et al. (2019), I only focus on months with at least 100 cross-sectional observations.
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ΣBCF
f =

1

2π

∫

[− 2π
18
,− 2π

96
)∪( 2π

96
, 2π
18

]
gf (ω) dω, and (34)

ΣHF
f =

1

2π

∫

[−π,− 2π
6

]∪[ 2π
6
,π]

gf (ω) dω, (35)

respectively. The empirical estimation of these frequency-specific covariance matrices is via discrete

Fourier transform and is explained in detail in Appendix C. In the main body of this manuscript, I

focus on identifying the below-business-cycle- and business-cycle-frequency factors, both of which reflect

the economically important low-frequency dynamics of risk premia.

One potential concern is whether using the estimated frequency covariance matrices to identify

the low-frequency factors generates substantial estimation error. In Appendix D, I design a simple

simulation to illustrate that, under the empirical setup of this manuscript, using the estimated frequency

covariance matrices in place of their population counterparts does not generates substantial estimation

error to the low-frequency factors in simulated samples that mimic the real-world data. In particular, by

assuming that there is one below-business-cycle-frequency state variable driving the risk premia variation

of all candidate factors, the simulation shows that the time-series correlation between the estimated and

population below-business-cycle-frequency factors is higher than 0.84 in half of the simulated samples.

This validates that the empirical findings of this manuscript are not driven by estimation error.

2.4.3 Method and variables to predict low-frequency factor returns

Note that an unobservable low-frequency state variable drives the variation of the risk premium of a

low-frequency factor. By assuming that this latent state variable is a factor of a panel of observable

economic variables, I apply the generalization of the partial least squares (PLS) regression of Kelly and

Pruitt (2015) to predict the returns of the low-frequency factors using the panel of observable economic

variables, thus understanding how these observable variables explain the systematic risk premia.

Specifically, I consider M observable economic variables and assume that these variables have

the following factor structure:

zt = b0 + bx1
t + et, (36)

where zt contains the M observable economic variables, b0 captures the level of the observable variables,

b ∈ RM contains the loadings of observable variables on x1
t , the latent state variable that drives the risk

premium of the low-frequency factor (θ∗)>ft+1 in (30), and et captures the variation of the observable

variables uncaptured by the latent state variable x1
t .

18 The three-pass regression filter of Kelly and

Pruitt (2015) that generalizes PLS to predict the returns of the low-frequency factor consists of the

following three stages. In the first stage, I regress the observable economic variables on the returns of

the low-frequency factor:

zt = κ̂0 + κ̂
[
(θ∗)> ft+1

]
+ ut, (37)

where κ̂ captures the sensitivity of each observable economic variable to the latent state variable x1
t

because the observable economic variables are uncorrelated with future innovations of the low-frequency

18In general, et is also allowed to have a factor structure. For illustrative purposes, I highlight the factor that drives
the risk premium of the low-frequency factor.
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factor. In the second stage, at each time t, I run a cross-sectional regression of the observable economic

variables on their loadings on the low-frequency factor estimated in the first stage:

zt = ĉt + κ̂ĝt + wt, (38)

where the regression coefficient ĝt, a linear combination of the observable economic variables, is the

estimated PLS factor that predicts the returns of the low-frequency factor. In the third stage, I run

the standard predictive regression of the low-frequency factor on the PLS factor ĝt estimated from the

second stage, and the R-squared obtained from this regression summarizes the predictive power of the

observable economic variables for the returns of the low-frequency risk factor.

The three-pass regression filter combines the informative component of every observable eco-

nomic variable into the PLS factor, which predicts the returns and thus explains the risk premium of

the low-frequency factor. I refer to Kelly and Pruitt (2015) for a detailed discussion of the econometric

development and proofs of the three-pass regression filter. Importantly, the authors show that this

procedure is consistent when the number of observable economic variables and time-series observations

becomes large, even when the observable economic variables load on other factors that do not drive the

risk premium of the low-frequency factor. In addition, they provide the asymptotic distribution theory

for the third-stage predictive coefficient under weak conditions. Moreover, the above procedure can

be repeated to generate multiple PLS factors, which may deliver better performance for predicting the

returns of the low-frequency factor. In the empirical analysis, to balance between goodness-of-fit and

parsimony, I estimate at most two PLS factors from a panel of observable economic variables to predict

the returns of the below-business-cycle- and business-cycle-frequency factors.

I use two sets of observable economic variables to predict the returns of the two low-frequency

factors. The first set of variables comprises 19 macroeconomic time series including, for instance,

inflation, NBER-dated recessions, and the uncertainty measures of Jurado, Ludvigson, and Ng (2015)

and Ludvigson, Ma, and Ng (2021). The second set of variables comprises 24 financial indicators

including, for instance, aggregate liquidity (Pastor and Stambaugh, 2003), investor sentiment (Baker

and Wurgler, 2006; Huang, Jiang, Tu, and Zhou, 2015), and the variables considered by Welch and

Goyal (2008) such as the dividend-price ratio and Treasury bill rate. Table 15 in Appendix F provides a

more detailed description of these macroeconomic and financial variables. The macroeconomic variables

span from June 1964 to April 2014, while the financial variables span from January 1970 to April 2014.

3 Empirical results

In this section, I discuss the empirical performance of the low-frequency risk factors estimated from the

IPCA factors.

3.1 Return and composition of low-frequency factors

Note that the maximum number of IPCA factors that can be identified is the same as the number of

characteristics. Thus, using the dataset described in Section 2.4.1, the maximum number of Basic-IPCA

factors I identify is 37, and the maximum number of Freq-IPCA factors I identify is 73. By letting all 37

Basic-IPCA factors be the candidate risk factors, I estimate one below-business-cycle-frequency factor
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Figure 2: Low-frequency risk factors estimated from 37 Basic-IPCA factors

Panels A and B illustrate the in-sample estimates of a below-business-cycle-frequency factor and a business-cycle-frequency
factor estimated from all 37 Basic-IPCA risk factors, respectively. Both factors are normalized to have positive average
returns and unit standard deviation. In each panel, the blue line gives the monthly factor returns, and the orange line is
the projection of the factor returns on sine and cosine waves whose frequencies lie within the corresponding low-frequency
interval.

(A) Below-business-cycle-frequency factor

1970 1980 1990 2000 2010

Year

−1

0

1

2

3

4

5 B-BCF factor

Projection on B-BCF sine and cosine waves

(B) Business-cycle-frequency factor

1970 1980 1990 2000 2010

Year

−4

−2

0

2

4
BCF factor

Projection on BCF sine and cosine waves

and one business-cycle-frequency factor.19 Panels A and B of Figure 2 illustrate the in-sample estimates

of these two factors, respectively. Both factors are normalized to have positive average returns and unit

standard deviation. In each panel, the blue line gives the monthly factor returns, and the orange

line is the projection of the factor returns on sine and cosine waves whose frequencies lie within the

corresponding low-frequency interval.

In the empirical identification of the two low-frequency factors, I find that the optimal c∗ (the

ratio of low-frequency to high-frequency variation of the identified low-frequency factor) that solves

problem (21) follows equation (25). This suggests that the risk premia of the cross-section of IPCA

factors are associated with time-series variation, driven by below-business-cycle-frequency and business-

cycle-frequency state variables. In addition, an unreported simulation study shows that this conclusion is

statistically significant with a p-value lower than 0.001. Figure 2 shows that the two factors successfully

reflect the low-frequency dynamics of systematic risk premia. For instance, the projection of the returns

of the below-business-cycle-frequency factor on sine and cosine waves with cycles longer than eight years

shows that a large fraction of the total variation of this factor is low-frequency, suggesting that a low-

frequency state variable drives the conditional mean of this factor.20 In particular, the returns of

this factor gradually increased before the mid-1970s and then decreased until 1980. The returns then

fluctuated mildly until the mid-1990s, reached a high level in 2000, and then decreased sharply until the

19Note that the identification of the low-frequency factors depends on which frequency interval is considered first. In
other words, factors obtained from first estimating the below-business-cycle-frequency factors and then the business-cycle-
frequency factors are different from those obtained from first estimating the business-cycle-frequency factors and then
the below-business-cycle-frequency factors. In the remainder of this manuscript, I proceed with the former approach by
first estimating the below-business-cycle-frequency factors and then the business-cycle-frequency factors. The results are
qualitatively unchanged with the latter approach.

20To avoid potential ambiguity, I highlight that the state variable that drives the risk premium of the below-business-
cycle-frequency factor, in general, is not the projection of the factor returns on sine and cosine waves with cycles longer
than eight years (the orange line in Panel A of Figure 2).
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Table 1: Sharpe ratio of low-frequency factors estimated from 37 Basic-IPCA factors

This table reports the in-sample (unconditional) monthly Sharpe ratio of the low-frequency factors estimated from all
37 Basic-IPCA factors. The first two columns report the Sharpe ratio of the below-business-cycle- and business-cycle-
frequency factors, the third column that of the optimal portfolio of the two low-frequency factors, and the last column
that of the optimal portfolio of all 37 Basic-IPCA factors.

B-BCF factor BCF factor B-BCF+BCF factors 37 Basic-IPCA factors

Sharpe ratio 1.193 0.081 1.196 1.569

financial crisis. Similarly, the returns of the business-cycle-frequency factor also exhibit low-frequency

fluctuations, which is illustrated by their projection on the business-cycle-frequency sine and cosine

waves. Specifically, the return of this factor reached a low level in the dot-com bubble and a high level

during the financial crisis.

Table 1 reports the in-sample (unconditional) monthly Sharpe ratio of the low-frequency risk

factors estimated from all 37 Basic-IPCA factors. The Sharpe ratio of the below-business-cycle-frequency

factor is 1.193, only 23.8% lower than that of the optimal portfolio of the 37 Basic-IPCA factors, 1.569.

The Sharpe ratio of the below-business-cycle-frequency factor is surprisingly high, considering that the

estimation of the low-frequency factors only exploits the covariance and autocovariance but not the

average return information of the Basic-IPCA factors. Thus, Proposition 1 suggests that at least 76.2%

of the unconditional risk premia of the cross-section is associated with time-series variation driven by

a below-business-cycle-frequency state variable. Thus, the performance of most candidate risk factors

with positive risk premia can be improved via timing their expected returns (by a below-business-cycle-

frequency state variable).

In contrast, the Sharpe ratio of the business-cycle-frequency factor is only 0.081, and thus that

of the optimal portfolio of the two low-frequency factors is 1.196, only 0.23% higher than that of the

below-business-cycle-frequency factor. Thus, the state variable that drives the risk premium of the

business-cycle-frequency factor does not capture a large fraction of the unconditional risk premia of the

cross-section. However, the business-cycle-frequency factor delivering a low unconditional Sharpe ratio

does not imply that it is uninformative for pricing the cross-section. Instead, it captures the information

of candidate factors that are important for the construction of a conditional asset-pricing model, but

may be overlooked by conventional methods that focus on capturing factors with positive unconditional

risk premia.21 Specifically, the business-cycle-frequency factor captures the information of candidate

factors whose conditional risk premia have business-cycle-frequency variation, even if these factors could

possibly earn zero unconditional risk premia. Thus, the conditional risk premia of the business-cycle-

frequency factor, by construction, is driven by a business-cycle-frequency state variable. Suppose one

successfully identifies this state variable, then the business-cycle-frequency factor, in general, can be

exploited to enter the conditional SDF, and one can get closer to conditional mean-variance efficiency

by timing the average return of this factor.

Importantly, a level factor that mimics the market does not explain the risk premia of the

two low-frequency factors. Specifically, in unreported results, I find that the below-business-cycle- and

business-cycle-frequency factors have low and negative correlations with the market factor (with the

21Appendix B provides a more detailed explanation of how the low-frequency factors capture risk factors that are
informative for conditional asset-pricing.
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Figure 3: Composition of the low-frequency factors

Panels A and B illustrate the composition of the below-business-cycle- and business-cycle-frequency factors estimated from
all 37 Basic-IPCA factors, respectively. Each Basic-IPCA factor is normalized to have a positive mean and unit standard
deviation.
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correlation coefficients being -0.103 and -0.194, respectively).22 In addition, the alpha of the market

factor with respect to the below-business-cycle-frequency factor is 1.03% per month with a significant

t-statistic 3.69, and that with respect to the business-cycle-frequency factor is 0.58% per month with

a significant t-statistic 3.07. Thus, the two low-frequency factors, especially the below-business-cycle-

frequency factor, capture risk premia orthogonal to the market. Moreover, the limited correlation

between the low-frequency factors and the market factor suggests that, similar to that the market factor

is inadequate to fully capture the cross-sectional difference in asset average returns, “market timing”

is inadequate to fully characterize the time-series variation of the risk premia of the cross-section. The

risk premia of the sources of risk that are orthogonal to the market also have time-series variation.

To understand how the Basic-IPCA factors load on the latent low-frequency state variables that

drive the risk premia of the low-frequency factors, Panels A and B of Figure 3 illustrate the weight

of the linear combination of the 37 Basic-IPCA factors that result in the below-business-cycle- and

business-cycle-frequency factors, respectively. Each Basic-IPCA factor is normalized to have a positive

average return and unit standard deviation. Since the Basic-IPCA factors are approximately orthogonal,

Proposition 2 implies that each panel of Figure 3 can be approximately viewed as the loadings of Basic-

IPCA risk factors on the low-frequency state variables.

Panel A shows that most Basic-IPCA factors have positive loadings on the latent below-business-

cycle-frequency state variable: only seven out of the 37 Basic-IPCA factors have negative loadings on

this state variable, and the magnitude of these negative loadings is low. Since all Basic-IPCA factors are

normalized to have positive average returns, this justifies the high Sharpe ratio of the below-business-

cycle-frequency factor. In particular, the 11th, 12th, and 13th Basic-IPCA factors have the highest

loadings on the below-business-cycle-frequency state variable, while at the same time, they also have

the highest Sharpe ratio.23 As a result, the latent below-business-cycle-frequency state variable can

be approximately interpreted as a fundamental “level” state variable that moves the conditional risk

premia of a cross-section of candidate risk factors from the same direction. In particular, when the

22I find the low-frequency factors estimated from a small number of IPCA factors also have low correlations with the
market factor.

23In unreported results, I find the Sharpe ratio of these three factors is 0.559, 0.417, and 0.270, respectively, which are
higher than all other Basic-IPCA factors.
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below-business-cycle-frequency state variable reaches a high level, the conditional risk premia of most

candidate risk factors with positive unconditional risk premia reach a high level.

In contrast, Panel B shows that over half of the 37 Basic-IPCA factors have negative loadings

on the business-cycle-frequency state variable, which justifies the low Sharpe ratio of the business-cycle-

frequency risk factor. As a result, the latent business-cycle-frequency state variable can be interpreted

as a “long-short” state variable that moves the risk premia of different candidate factors from different

directions. For example, suppose that the candidate risk factors are industry-specific factors. In this

case, when the business-cycle-frequency state variable reaches a high level, the conditional risk premia of

the stocks in one industry could become higher, while those of the stocks in another competing industry

could become lower.24

Importantly, both panels of Figure 3 show that the loadings of the higher-order IPCA factors on

the low-frequency state variables are non-negligible. For instance, Panel B shows that the loadings on

the business-cycle-frequency state variable of many higher-order IPCA factors are as high (in absolute

value) as those of the lower-order IPCA factors. This suggests that the risk premia of the higher-order

IPCA factors, though close to zero unconditionally, are nonzero conditionally. Thus, the higher-order

IPCA factors enter the conditional SDF, and a parsimonious model that only includes the lower-order

IPCA factors is inadequate to fully capture risks that are priced conditionally.25

The performance of low-frequency factors is qualitatively unchanged if I estimate these factors

from a small number of IPCA factors. Table 2 reports the in-sample (unconditional) monthly Sharpe

ratio of the optimal portfolio of a small number of IPCA factors and that of the low-frequency factors

estimated from a small number of IPCA factors. Panels A and B correspond to the Basic-IPCA

and Freq-IPCA frameworks, respectively. In each panel, the first row reports the Sharpe ratio of the

optimal portfolio of K IPCA factors, with K ranging between three and twelve. The remaining four

rows report the Sharpe ratio of the optimal portfolio of (i) one below-business-cycle-frequency factor,

(ii) one below-business-cycle-frequency factor and one business-cycle-frequency factor, (iii) one below-

business-cycle-frequency factor and two business-cycle-frequency factors, and (iv) two below-business-

cycle-frequency factors and one business-cycle-frequency factor, respectively. In each of these four rows,

the low-frequency factors are estimated from the corresponding K IPCA factors.

There are two main discoveries from this table. First, under either the Basic-IPCA or Freq-

IPCA framework, starting from five IPCA factors, the below-business-cycle-frequency factor delivers a

high Sharpe ratio comparable to that of the optimal portfolio of the K IPCA factors. For instance,

the Sharpe ratio of the optimal portfolio of nine Freq-IPCA factors is 1.455. In comparison, one

below-business-cycle-frequency factor estimated from the nine Freq-IPCA factors has a Sharpe ratio

24In general, the two panels of Figure 3 reflect some of the fundamental insights of macro-finance models, while also
poses additional challenges to these models. For instance, in the long-run risk model of Bansal and Yaron (2004), the
risk premia of both the short-run and long-run consumption risk increase when the conditional volatility of consumption
growth is high, suggesting that the conditional volatility of consumption growth is a “level” state variable that drives the
comovement of the risk premia of the two different sources of risk in the same direction. However, few structural models
consider that the risk premia of different sources of risk could react to a state variable from different directions. Moreover,
the negative correlation between the below-business-cycle-frequency factor and the market factor implies that the market
factor has a negative loading on the latent “level” state variable. Thus, when the state variable drives up the conditional
risk premia of most candidate risk factors, it drives down the conditional market premium. This poses a challenge to most
structural asset-pricing models.

25By imposing the restriction that the SDF is not too volatile, Haddad et al. (2020) show that factors that do not
explain a substantial amount of time-series variation of the returns are not highly predictable. However, my results show
that, empirically, some low-frequency state variables drive the risk premia of these factors.
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Table 2: Sharpe ratio of IPCA factors and low-frequency factors

This table reports the in-sample (unconditional) monthly Sharpe ratio of the optimal portfolio of a small number of IPCA
factors and that of the low-frequency factors estimated from a small number of IPCA factors. Panels A and B correspond
to the Basic-IPCA and Freq-IPCA frameworks, respectively. In each panel, the first row reports the Sharpe ratio of the
optimal portfolio of K IPCA factors with K ranging between three and twelve. The remaining four rows report the Sharpe
ratio of the optimal portfolio of (i) one below-business-cycle-frequency factor, (ii) one below-business-cycle-frequency factor
and one business-cycle-frequency factor, (iii) one below-business-cycle-frequency factor and two business-cycle-frequency
factors, and (iv) two below-business-cycle-frequency factors and one business-cycle-frequency factor, respectively. In each
of these four rows, the low-frequency factors are estimated from the corresponding K IPCA factors.

Factor type
Number of IPCA factors

3 4 5 6 7 8 9 10 11 12

Panel A: Basic-IPCA

IPCA factors 0.315 0.354 1.263 1.277 1.274 1.379 1.419 1.431 1.447 1.447
B-BCF1 0.199 0.244 1.190 1.203 1.175 1.278 1.312 1.297 1.302 1.310
B-BCF1+BCF1 0.298 0.302 1.195 1.210 1.177 1.288 1.334 1.316 1.315 1.322
B-BCF1+BCF2 0.315 0.344 1.253 1.249 1.187 1.291 1.340 1.324 1.315 1.322
B-BCF2+BCF1 0.315 0.349 1.255 1.220 1.183 1.290 1.339 1.329 1.319 1.325

Panel B: Freq-IPCA

IPCA factors 0.380 0.417 1.310 1.315 1.305 1.427 1.455 1.461 1.465 1.481
B-BCF1 0.283 0.277 1.216 1.210 1.177 1.301 1.328 1.326 1.319 1.324
B-BCF1+BCF1 0.372 0.381 1.235 1.213 1.179 1.322 1.345 1.348 1.338 1.341
B-BCF1+BCF2 0.380 0.404 1.297 1.227 1.201 1.323 1.346 1.360 1.349 1.344
B-BCF2+BCF1 0.380 0.407 1.297 1.225 1.198 1.324 1.347 1.357 1.350 1.343

of 1.328, which is only 8.76% lower. Thus, from an investment perspective, the performance of the

below-business-cycle-frequency factor is close to that of the optimal portfolio of the IPCA factors.

Including additional business-cycle-frequency factors or below-business-cycle-frequency factors on top

of the first below-business-cycle-frequency factor only increases the Sharpe ratio marginally. Therefore,

the conclusion that a large fraction of the risk premia of the cross-section is associated with the time-

series variation driven by a below-business-cycle-frequency state variable still holds, even when I restrict

the cross-section to include only the lower-order IPCA factors.

Second, in almost all cases, the IPCA and low-frequency factors estimated in the Freq-IPCA

framework deliver higher Sharpe ratios than those estimated in the Basic-IPCA framework. In partic-

ular, although the Freq-IPCA framework estimates more parameters than the Basic-IPCA framework,

and its performance improvement relative to the Basic-IPCA framework looks modest, it is important

to note that the Freq-IPCA framework does not mechanically output models with higher Sharpe ra-

tios than the Basic-IPCA models. Moreover, unreported GRS test results suggest that the Freq-IPCA

factors capture risk premia unexplained by the Basic-IPCA factors.26 Therefore, consistent with the

findings of ?, allowing the low- and high-frequency components of characteristics to instrument the stock

factor loadings differently helps the IPCA factors to better capture the systematic risk premia, which

are also captured by the below-business-cycle-frequency factor identified from the Freq-IPCA factors.

26Specifically, in unreported results, I regress the K Freq-IPCA factors on the K Basic-IPCA factors with K ranging
between three and twelve. For these regressions, the GRS test strongly rejects the null hypothesis with a p-value lower than
0.001 for every K. In addition, I regress the K Basic-IPCA factors on the K Freq-IPCA factors. For these regressions,
the GRS test yields a p-value greater than 0.025 for K ≥ 8. Specifically, for K = 8, 9, and 12, the corresponding p-values
are 0.073, 0.116, and 0.176, respectively.
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3.2 Explaining returns of individual stocks and characteristic-managed portfolios

In this section, I discuss how the low-frequency factors explain the returns of individual stocks and

managed portfolios of firm-specific characteristics. In particular, the previous subsection shows that

a large fraction of the unconditional risk premia of the cross-section is associated with the time-series

variation driven by a below-business-cycle-frequency state variable. Thus, the low-frequency factors,

which, in this case, capture the large fraction of the risk premia, should have a satisfactory explanatory

power to the expected returns of various cross-sections, such as individual stocks and characteristic-

managed portfolios. In other words, the approached proposed in this manuscript to identify low-

frequency risk factors should be viewed as a satisfactory method to address the “factor zoo” and identify

a parsimonious model that prices the cross-section, if most of the risk premia of the cross-section are

truly associated with low-frequency time-series variation.

Similar to Kelly et al. (2019), I use two R-squared statistics to measure the performance of a

factor model.27 The first one is the total R-squared:

Total R2 = 1−
∑

i,t

(
ri,t+1 − z>i,tΓβft+1

)2

∑
i,t r

2
i,t+1

, (39)

where ri,t+1 is the return of stock i at month t+ 1, ft+1 contains the returns of the risk factors (either

IPCA or low-frequency factors) at month t+1, zi,t contains the characteristics of stock i at month t (the

ith row of Zt defined in (31)), and Γβ is the mapping matrix that transforms the characteristics to the

factor loadings of stocks. In particular, as explained in Section 2.4.1, the mapping matrix of a model that

includes the low-frequency factors and/or other pre-specified factors is obtained via regressing the stock

returns on the interaction of the factors included in the model and characteristics. The total R-squared

measures the fraction of return variation explained by a model’s factor realizations and time-varying

factor loadings (instrumented by characteristics), aggregated over all stocks and all months.

The second R-squared statistic is the predictive R-squared with constant factor risk premia:

Predictive R2 with constant factor RP = 1−
∑

i,t

(
ri,t+1 − z>i,tΓβλ

)2

∑
i,t r

2
i,t+1

, (40)

where λ contains the unconditional premia (average returns) of the risk factors. The predictive R-

squared measures the return variation explained by a model’s description of the risk premia of stocks,

assuming that the risk premia of the factors are constant. Thus, the predictive R-squared measures

how well the model explains the stock expected returns.

Table 3 reports the total R-squared (in percent) for explaining the monthly individual stock

returns of the IPCA models and models that include the low-frequency factors. Panels A and B report

the results for the Basic-IPCA and Freq-IPCA frameworks, respectively. In each panel, the first row

reports the total R-squared of the K-factor IPCA model with K ranging between three and twelve, and

the second row of the model that includes one below-business-cycle-frequency factor and one business-

cycle-frequency factor estimated from K IPCA factors. The last row reports the total R-squared of

the model that includes the two low-frequency factors estimated from K IPCA factors and one factor

27To simplify the exposition, I define the two R-squared statistics for explaining individual stock returns. The two
statistics can be defined similarly for explaining the returns of managed portfolios of firm characteristics.
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Table 3: Total R-squared for explaining monthly individual stock returns

This table reports the total R-squared (in percent) for explaining the monthly individual stock returns of the IPCA models
and models that include the low-frequency factors. Panels A and B report the results for the Basic-IPCA and Freq-IPCA
frameworks, respectively. In each panel, the first row reports the R-squared of the K-factor IPCA model with K ranging
between three and twelve, and the second row of the model that includes one below-business-cycle-frequency factor and
one business-cycle-frequency factor estimated from K IPCA factors. The last row reports the R-squared of the model that
includes the two low-frequency factors estimated from K IPCA factors and one factor that mimics the equally-weighted
market factor. In the second to last column, the low-frequency factors are estimated from all available IPCA factors, that
is, from all 37 Basic-IPCA factors or all 73 Freq-IPCA factors. The last column reports the R-squared of the model that
only includes a factor that mimics the equally-weighted market factor.

Factor type
Number of IPCA factors

Market
3 4 5 6 7 8 9 10 11 12 All

Panel A: Basic-IPCA

IPCA factors 17.42 18.05 18.56 18.88 19.12 19.32 19.45 19.57 19.69 19.79 -
14.59B-BCF1+BCF1 14.91 5.26 3.89 3.73 1.89 3.86 3.06 3.18 2.82 2.84 1.95

B-BCF1+BCF1+Market 17.38 16.55 16.54 16.53 15.79 16.19 16.18 16.19 16.02 16.02 15.63

Panel B: Freq-IPCA

IPCA factors 17.66 18.27 18.82 19.15 19.42 19.63 19.79 19.93 20.05 20.17 -
14.66B-BCF1+BCF1 14.71 5.24 3.40 3.38 1.85 3.64 3.03 2.99 2.84 2.91 1.76

B-BCF1+BCF1+Market 17.62 16.67 16.74 16.48 16.03 16.35 16.29 16.30 16.27 16.22 15.67

that mimics the equally-weighted market factor.28 In the second to last column, the low-frequency

factors are estimated from all available IPCA factors, that is, from all 37 Basic-IPCA factors or all 73

Freq-IPCA factors. The last column reports the R-squared of the model that only includes a factor that

mimics the equally-weighted market factor.

Table 3 shows that the IPCA models explain a large amount of the total variation of individual

stock returns. Specifically, the Basic-IPCA models explain 17.42% to 19.79% of the total variation

of individual stock returns when the number of IPCA factors ranges between three and twelve. The

corresponding numbers for the Freq-IPCA models are even higher and range between 17.66% to 20.17%.

As a comparison, Kelly et al. (2019, Table 2) show that when firm characteristics are used as the

instruments for stock factor loadings, the total R-squared of the three-factor model of Fama and French

(1993, FF3) that includes the market, size, and value factors is 14.2%, and it is 15.3% for the four-factor

model of Carhart (1997, FFC4) that adds the momentum factor on top of FF3. For the five-factor model

of Fama and French (2015, FF5) that adds the investment and profitability factors on top of FF3, the

total R-squared is 14.7%, and it is 15.6% for the six-factor model of Fama and French (2018, FF6) that

adds the momentum factor on top of FF5. All of these are lower than those of the Basic-IPCA and

Freq-IPCA models.

The below-business-cycle- and business-cycle-frequency factors do not explain a large amount

of the total variation of individual stock returns. Specifically, starting from five Basic-IPCA factors,

the two low-frequency factors estimated from the Basic-IPCA factors explain less than 4% of the total

variation of individual stock returns, and the two low-frequency factors estimated from all 37 Basic-

28The factor that mimics the equally-weighted portfolio is constructed by going long one unit of every available stock.
Thus, the return of this factor at month t+ 1 is

XM
t+1 =

1

Nt+1
1>rt+1,

where Nt+1 is the number of non-missing observations of the assets at month t+ 1.
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Table 4: Predictive R-squared with constant factor risk premia for explaining individual stock returns

This table reports the predictive R-squared with constant factor risk premia (in percent) for explaining the monthly
individual stock returns of the IPCA models and models that include the low-frequency factors. Panels A and B report
the results for the Basic-IPCA and Freq-IPCA frameworks, respectively. In each panel, the first row reports the R-squared
of the K-factor IPCA model with K ranging between three and twelve, and the second row of the model that includes one
below-business-cycle-frequency factor and one business-cycle-frequency factor estimated from K IPCA factors. The last
row reports the R-squared of the model that includes the two low-frequency factors estimated from K IPCA factors and
one factor that mimics the equally-weighted market factor. In the second to last column, the low-frequency factors are
estimated from all available IPCA factors, that is, from all 37 Basic-IPCA factors or all 73 Freq-IPCA factors. The last
column reports the R-squared of the model that only includes a factor that mimics the equally-weighted market factor.

Factor type
Number of IPCA factors

Market
3 4 5 6 7 8 9 10 11 12 All

Panel A: Basic-IPCA

IPCA factors 0.41 0.42 0.69 0.68 0.68 0.70 0.70 0.71 0.70 0.70 -
0.35B-BCF1+BCF1 0.40 0.15 0.53 0.53 0.58 0.57 0.55 0.55 0.59 0.58 0.60

B-BCF1+BCF1+Market 0.42 0.37 0.69 0.69 0.68 0.71 0.72 0.72 0.71 0.72 0.71

Panel B: Freq-IPCA

IPCA factors 0.46 0.45 0.76 0.76 0.75 0.78 0.78 0.78 0.78 0.78 -
0.35B-BCF1+BCF1 0.45 0.21 0.62 0.63 0.70 0.62 0.65 0.66 0.67 0.68 0.75

B-BCF1+BCF1+Market 0.46 0.39 0.78 0.77 0.76 0.80 0.80 0.80 0.81 0.80 0.79

IPCA factors only explain 1.95% of the total variation. The low-frequency factors estimated from the

Freq-IPCA factors yield similar results, and the total R-squared of models that include these factors is,

in most cases, slightly lower than that of models that include the low-frequency factors estimated from

the Basic-IPCA factors. Thus, two low-frequency factors cannot explain the time-series variation of

individual stock returns as much as the IPCA factors. This is not surprising because the low-frequency

factors have low and negative correlations with the market factor, which is one of the most important

asset-pricing factors that explains a substantial amount of the time variation of stock returns: the

equally-weighted market factor explains 14.59% and 14.66% of the total variation of individual stock

returns under the Basic-IPCA and Freq-IPCA frameworks, respectively.

By augmenting the low-frequency factors with the market factor, Table 3 shows that the total

R-squared of the three-factor models is comparable to that of the higher-dimensional IPCA models. For

instance, a three-factor model that includes the market factor and two low-frequency factors estimated

from nine Basic-IPCA factors delivers a total R-squared of 16.18%, which is comparable with that of

the nine-factor Basic-IPCA model (19.45%), and is higher than that of the prominent FF3, FFC4, FF5,

and FF6 models. In summary, the low-frequency factors do not explain a substantial amount of the

total variation of individual stock returns, mainly because they have low correlations with the market

factor. By augmenting the low-frequency factors with the market factor, the total R-squared of the

three-factor models is comparable to that of the IPCA models.

Importantly, although the low-frequency factors do not explain a substantial amount of the total

variation of individual stock returns, they successfully capture the risk premia of individual stocks.

Table 4 reports the predictive R-squared with constant factor risk premia (in percent) for explaining

the monthly individual stock returns of the IPCA models and models that include the low-frequency

factors. Panels A and B report the results for the Basic-IPCA and Freq-IPCA frameworks, respectively.

There are two main findings from this table. First, the predictive R-squared of models that include

two low-frequency factors is positive in all cases and is comparable to that of the higher-dimensional
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Table 5: Total R-squared for explaining monthly returns of 36 characteristic-managed portfolios

This table reports the total R-squared (in percent) for explaining the monthly returns of portfolios managed by the 36
considered characteristics of the IPCA models and models that include the low-frequency factors. Panels A and B report
the results for the Basic-IPCA and Freq-IPCA frameworks, respectively. In each panel, the first row reports the R-squared
of the K-factor IPCA model with K ranging between three and twelve, and the second row of the model that includes one
below-business-cycle-frequency factor and one business-cycle-frequency factor estimated from K IPCA factors. The last
row reports the R-squared of the model that includes the two low-frequency factors estimated from K IPCA factors and
one factor that mimics the equally-weighted market factor. In the second to last column, the low-frequency factors are
estimated from all available IPCA factors, that is, from all 37 Basic-IPCA factors or all 73 Freq-IPCA factors. The last
column reports the R-squared of the model that only includes a factor that mimics the equally-weighted market factor.

Factor type
Number of IPCA factors

Market
3 4 5 6 7 8 9 10 11 12 All

Panel A: Basic-IPCA

IPCA factors 81.06 86.78 89.25 91.69 94.17 95.16 95.84 96.41 96.84 97.11 -
34.62B-BCF1+BCF1 62.58 34.02 35.86 34.81 19.76 31.84 28.20 28.90 25.56 25.69 16.25

B-BCF1+BCF1+Market 79.66 58.04 56.49 55.90 46.73 51.99 50.92 51.15 49.17 49.23 43.26

Panel B: Freq-IPCA

IPCA factors 80.99 86.95 89.33 92.39 94.17 94.90 95.83 96.33 96.52 96.79 -
35.13B-BCF1+BCF1 64.23 32.06 33.94 30.60 21.35 30.54 26.66 26.41 25.68 25.21 14.07

B-BCF1+BCF1+Market 79.61 58.00 56.85 52.99 48.42 51.76 50.44 50.74 50.45 49.87 43.02

IPCA models. For instance, the predictive R-squared of the nine-factor Basic-IPCA model is 0.70%,

while that of the model that includes the two low-frequency factors estimated from the nine Basic-IPCA

factors is 0.55%. By augmenting these two low-frequency factors with a market factor, whose predictive

R-squared is 0.35%, the predictive R-squared of the three-factor model becomes 0.72%, which is even

higher than that of the higher-dimensional nine-factor Basic-IPCA model. Thus, a three-factor model

that includes the market factor and two low-frequency risk factors subsumes a higher-dimensional IPCA

model’s explanatory power for the average return of individual stocks, and the low-frequency factors

explain the risk premia of individual stocks uncaptured by the market factor.

Second, models with factors estimated based on the Freq-IPCA framework consistently deliver

a higher predictive R-squared than those with factors estimated based on the Basic-IPCA framework.

For instance, the predictive R-squared of the nine-factor Basic-IPCA model is 0.70%, while that of the

nine-factor Freq-IPCA model is 0.78%. Similarly, the predictive R-squared of the model that includes

the two low-frequency factors estimated from nine Basic-IPCA factors is 0.55%, while that of the model

that includes the low-frequency factors estimated from nine Freq-IPCA factors is 0.65%. Considering

that the variation of risk premia only constitutes a small fraction of the total variation of individual

stock returns, such improvement in the predictive R-squared with a magnitude of around 0.1% is

non-negligible, especially when the Freq-IPCA framework does not mechanically guarantee a higher

predictive R-squared.29 Thus, this suggests that the Freq-IPCA framework produces a better measure

of the conditional loadings of individual stocks on systematic risks, and the low- and high-frequency

components of firm characteristics measure the stocks’ quantity of risks differently.

Table 5 reports the total R-squared for explaining the monthly returns of portfolios managed

by the 36 considered characteristics of the IPCA models and models that include the low-frequency

29The objective of the IPCA model is to explain the total variation of asset returns (see equation (5) of Kelly et al.,
2019). Thus, the Freq-IPCA model mechanically explains a higher fraction of the total variation of asset returns than the
Basic-IPCA model. However, this does not guarantee that the Freq-IPCA model delivers a higher predictive R-squared
than the Basic-IPCA model.
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factors.30 Similarly, Table 6 reports the predictive R-squared with constant factor risk premia for

explaining these managed portfolio returns. In each table, Panels A and B report the results for the

Basic-IPCA and Freq-IPCA frameworks, respectively, and the number of IPCA factors ranges between

three and twelve. Since the long-short portfolios of the considered characteristics are known as asset-

pricing “anomalies” that capture risk premia unexplained by benchmark factor models such as CAPM,

examining whether the models that include low-frequency factors explain the returns of these anomaly

portfolios sheds light on whether the low-frequency factors capture well the risk premia of the cross-

section that benchmark models find hard to explain.

The results in Tables 5 and 6 are consistent with the previous findings in explaining monthly

individual stock returns. Specifically, Table 5 shows that the IPCA models explain a large amount

of the total variation of managed portfolio returns, while the below-business-cycle- and business-cycle-

frequency factors have limited explanatory power for the total variation of managed portfolio returns.

For instance, the total R-squared of the nine-factor Basic-IPCA model is 95.84%, while that of the two

low-frequency factors estimated from the nine Basic-IPCA factors is only 28.20%. Augmenting the two

low-frequency factors with the equally-weighted market factor increases the total R-squared to 50.92%,

which is still substantially lower than the nine-factor Basic-IPCA model. This is unsurprising because

models that include the low-frequency factors are parsimonious two- or three-factor models (depending

on whether the low-frequency factors are augmented with a market factor), while the IPCA models are

higher-dimensional. Moreover, IPCA can be approximately viewed as applying PCA to the managed

portfolios of characteristics, suggesting that the IPCA factors are approximately designed to explain

the total variation of managed portfolio returns. In contrast, the low-frequency factors are constructed

as those whose risk premia are driven by low-frequency state variables, and the market factor is cross-

sectionally orthogonal to the long-short managed portfolios. This justifies the low-frequency and market

factors not explaining the total variation of managed portfolio returns as well as the IPCA factors.

However, the low-frequency factors capture well the risk premia of the managed portfolios.

Specifically, Table 6 shows that the predictive R-squared of models that include the two low-frequency

factors is even higher than that of the higher-dimensional IPCA models. For instance, the predictive

R-squared of the nine-factor Basic-IPCA model is 3.23%, while that of the two low-frequency factors

estimated from the nine Basic-IPCA factors is 3.79%. Such performance improvement holds for five or

more IPCA factors and for both the Basic-IPCA and Freq-IPCA frameworks. Thus, a low-dimensional

model that includes two low-frequency factors explains the risk premia of the managed portfolios better

than a higher-dimensional IPCA model.

Moreover, models with factors estimated based on the Freq-IPCA framework consistently deliver

a higher predictive R-squared for explaining the returns of managed portfolios than those with factors

estimated based on the Basic-IPCA framework. For instance, the predictive R-squared of the nine-factor

Freq-IPCA model is 3.58%, which is higher than that of its Basic-IPCA counterpart (3.23%). Similarly,

the predictive R-squared of the model that includes the two low-frequency factors estimated from nine

Freq-IPCA factors is 4.54%, which is also higher than that of its Basic-IPCA counterpart (3.79%). Thus,

the Freq-IPCA framework empowers the two low-frequency factors with a 0.75% improvement in the

30At month t+ 1, the returns of the characteristic-managed portfolios are calculated as

XC
t+1 =

1

Nt+1
Z>t rt+1,

where Nt+1 is the number of non-missing stocks at month t+ 1.
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Table 6: Predictive R-squared with constant factor risk premia for explaining managed portfolio returns

This table reports the predictive R-squared with constant factor risk premia (in percent) for explaining the monthly returns
of portfolios managed by the 36 considered characteristics of the IPCA models and models that include the low-frequency
factors. Panels A and B report the results for the Basic-IPCA and Freq-IPCA frameworks, respectively. In each panel,
the first row reports the R-squared of the K-factor IPCA model with K ranging between three and twelve, and the
second row of the model that includes one below-business-cycle-frequency factor and one business-cycle-frequency factor
estimated from K IPCA factors. The last row reports the R-squared of the model that includes the two low-frequency
factors estimated from K IPCA factors and one factor that mimics the equally-weighted market factor. In the second to
last column, the low-frequency factors are estimated from all available IPCA factors, that is, from all 37 Basic-IPCA or
all 73 Freq-IPCA factors. The last column reports the R-squared of the model that only includes a factor that mimics the
equally-weighted market factor.

Factor type
Number of IPCA factors

Market
3 4 5 6 7 8 9 10 11 12 All

Panel A: Basic-IPCA

IPCA factors 1.04 1.21 3.10 2.97 2.94 3.25 3.23 3.24 3.19 3.18 -
0.44B-BCF1+BCF1 1.03 < 0 3.32 3.30 3.52 3.81 3.79 3.80 3.90 3.88 3.91

B-BCF1+BCF1+Market 1.03 0.79 3.19 3.17 3.13 3.57 3.62 3.63 3.59 3.59 3.51

Panel B: Freq-IPCA

IPCA factors 1.30 1.41 3.56 3.43 3.36 3.66 3.58 3.61 3.59 3.54 -
0.41B-BCF1+BCF1 1.35 0.11 4.02 3.96 4.39 4.49 4.54 4.50 4.56 4.56 4.79

B-BCF1+BCF1+Market 1.30 0.99 3.97 3.85 3.92 4.30 4.29 4.27 4.29 4.25 4.27

predictive R-squared for explaining the managed portfolio returns. Consistent with the previous findings

in explaining individual stock returns, this suggests that the low- and high-frequency components of firm

characteristics measure the stocks’ quantity of risks differently, and the Freq-IPCA framework produces

a better measure of the conditional loadings on systematic risks.

To further investigate how the low- and high-frequency components of firm characteristics in-

strument stock factor loadings, Figure 4 illustrates the IPCA mapping matrices that transform the

characteristics to the stock loadings on the two low-frequency factors estimated from all 37 Basic-IPCA

factors.31 Panels A and B illustrate the elements of the matrices that map the characteristics to the

loadings on the below-business-cycle- and business-cycle-frequency factors, respectively. In each panel,

the blue bars graph the contributions of the present values of characteristics to factor loadings in the

Basic-IPCA framework, and the orange and green bars graph the contributions of the low- and high-

frequency components of characteristics to factor loadings in the Freq-IPCA framework, respectively.

Panel A shows that, in the Basic-IPCA framework, size (lme) is negatively correlated with the loadings

on the below-business-cycle-frequency factor. This justifies the size effect because the below-business-

cycle-frequency factor earns a high unconditional risk premium. Specifically, small firms have higher

loadings on the highly-compensated below-business-cycle-frequency factor, and thus, on average, they

have higher expected returns than big firms.

However, both Panels A and B show that the low- and high-frequency components of character-

istics have different contributions to the loadings on the low-frequency factors. For instance, Panel A

shows that the low- and high-frequency components of size have substantially different contributions to

the loadings on the below-business-cycle-frequency factor. Specifically, the high-frequency component

of size has a much stronger negative correlation with the loadings on the below-business-cycle-frequency

31The results are qualitatively unchanged when the two low-frequency factors are estimated from other choices of
candidate risk factors estimated based on the IPCA framework.
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Figure 4: Mapping from characteristics to factor loadings on low-frequency factors

This figure illustrates the IPCA mapping matrices that transform the characteristics to the stock loadings on the two
low-frequency factors estimated from the 37 Basic-IPCA factors. Panels A and B illustrate the elements of the matrices
that map the characteristics to the loadings on the below-business-cycle- and business-cycle-frequency factors, respectively.
In each panel, the blue bars graph the contributions of the present values of characteristics to factor loadings in the Basic-
IPCA framework, and the orange and green bars graph the contributions of the low- and high-frequency components of
characteristics to factor loadings in the Freq-IPCA framework, respectively.
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(B) Business-cycle-frequency factor
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factor, and thus it is mainly the firms whose current size is small compared to their three-year average

that have high loadings on this highly-compensated factor. In contrast, the low-frequency component of

the book-to-market ratio (beme) contributes more to the loadings on the below-business-cycle-frequency

factor than the high-frequency component, suggesting that firms with a persistently high book-to-market

ratio capture a higher return than firms for which the same book-to-market ratio is more transitory.32 In

summary, Figure 4 confirms that the low- and high-frequency components of characteristics instrument

the stock loadings on the low-frequency factors differently.

In this section, I show that models that include the two low-frequency factors outperform higher-

dimensional IPCA models in explaining the average returns of the individual stocks and characteristic-

managed portfolios. As a result, the method proposed in this paper serves as a method to address the

well-known “factor-zoo” problem to identify a parsimonious factor model that explains the cross-section

32This is consistent with the findings of ?.
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of expected returns. However, I highlight that the fundamental reason of the satisfactory performance

of the low-frequency factors is that a large fraction of the unconditional risk premia of the cross-section

is associated with low-frequency time-series variation empirically. By construction, the method cannot

capture the information of factors with positive and constant risk premia.33 In particular, if all candidate

risk factors have constant risk premia, then the method proposed does not guarantee to identify factors

that earn high risk premia. Therefore, in general, my method can be used jointly with other popular

methods that focus on unconditional factor risk premia to address the “factor zoo” problem, which is

explained in more detail in Appendix B.

3.3 Predicting low-frequency factors

Section 2.3 shows that latent low-frequency state variables drive the time variation of the risk premia

of low-frequency factors, and the low-frequency factors aggregate the explanatory power of these state

variables for systematic risk premia. In this section, I validate this conclusion empirically by showing

that the one-month-ahead returns of the low-frequency factors are highly predictable by the 19 macroe-

conomic variables and 24 financial indicators described in Section 2.4.3 via the partial least squares

(PLS) regression.

I start by presenting the in-sample prediction results to understand the predictability of the

low-frequency factors economically. I then present the results from a pseudo-out-of-sample analysis, in

which I estimate the low-frequency factors from the candidate IPCA factors using all available return

data but predict the returns of the low-frequency factors at month t+ 1 recursively (via an expanding-

window estimation) using the information of the economic predictor variables only up to month t.

The advantage of using the full sample of return data to estimate the low-frequency factors is that

it provides smoothed and efficient estimates of the low-frequency factors. In particular, to show that

the low-frequency factors are predictable because they successfully aggregate the latent low-frequency

state variables’ explanatory power for systematic risk premia, such an advantage is important because

the variation of risk premia that the low-frequency factors capture has long cycles. Estimating the

low-frequency factors using the full sample of return data enables me to efficiently identify the slow-

moving fluctuations in risk premia, thus facilitating the investigation of whether the economic predictor

variables drive the low-frequency variation of systematic risk premia.34 Lastly, to understand whether

the returns of the low-frequency factors can be predicted in real-time, I present the results from an

out-of-sample analysis, in which I use an expanding-window procedure where both the estimation and

prediction of the low-frequency factors are formed without look-ahead bias.

3.3.1 In-sample prediction

Table 7 reports the in-sample prediction results for the monthly returns of the two low-frequency

risk factors estimated from all 37 Basic-IPCA factors. Panels A and B present the results for the

below-business-cycle- and business-cycle-frequency factors, respectively. In each panel, the first column

reports the predictive coefficient of the PLS factor(s) and R-squared obtained from the third-stage PLS

33The existence of such factors is supported by the negative correlations between the low-frequency factors and the
market factor, which earns positive risk premia.

34In essence, the pseudo-out-of-sample analysis addresses the question: If the data-generating process of the low-
frequency factors is known, do the selected economic predictor variables predict the returns of these factors in real time?
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Table 7: In-sample prediction results for low-frequency factors

This table reports the in-sample prediction results for the monthly returns of the two low-frequency risk factors estimated
from all 37 Basic-IPCA factors. Panels A and B present the results for the below-business-cycle- and business-cycle-
frequency factors, respectively. In each panel, the first column reports the predictive coefficient of the PLS factor(s) and
R-squared obtained from the third-stage PLS regression, and the second column the statistics of the predictive coefficient
of the PLS factor(s). The remaining six columns report the prediction results when using the one- and two-factor PLS
prediction models and when using the 19 macroeconomic variables, 24 financial variables, and all 43 variables as predictors.
For each PLS factor’s predictive coefficient, the first row reports its estimated value, the second row its Newey and West
(1987) t-statistic, and the third row its p-value of the t-statistic based on the asymptotic distribution of Kelly and Pruitt
(2015). The fourth and fifth rows report the bias and p-value of the coefficient obtained from a parametric bootstrap
procedure.

(A) Below-business-cycle-frequency factor

Parameter
Macro Financial Macro+financial

PLS1 PLS2 PLS1 PLS2 PLS1 PLS2

φ̂PLS1 Coeff. 0.36 0.36 0.41 0.41 0.52 0.52
(3.82) (4.65) (6.33) (6.03) (8.47) (11.14)

p-value (KP) .00 .00 .00 .00 .00 .00

Bias (bootstrap) 0.01 0.01 0.02 0.05 0.02 0.02
p-value (bootstrap) .00 .00 .00 .00 .00 .00

φ̂PLS2 Coeff. - 0.30 - 0.22 - 0.28
(4.52) (2.77) (5.97)

p-value (KP) - .00 - .00 - .00

Bias (bootstrap) - -0.00 - 0.05 - 0.00
p-value (bootstrap) - .00 - .02 - .00

R2 (%) 12.76 21.67 17.55 22.40 27.53 35.42

(B) Business-cycle-frequency factor

Parameter
Macro Financial Macro+financial

PLS1 PLS2 PLS1 PLS2 PLS1 PLS2

φ̂PLS1 Coeff. 0.22 0.22 0.42 0.42 0.32 0.32
(2.34) (2.78) (7.56) (7.08) (3.77) (4.92)

p-value (KP) .00 .00 .00 .00 .00 .00

Bias (bootstrap) 0.00 0.00 0.02 0.02 -0.00 -0.00
p-value (bootstrap) .00 .00 .00 .00 .00 .00

φ̂PLS2 Coeff. - 0.16 - 0.09 - 0.23
(2.26) (1.33) (4.10)

p-value (KP) - .00 - .05 - .00

Bias (bootstrap) - 0.00 - 0.01 - -0.01
p-value (bootstrap) - .00 - .13 - .00

R2 (%) 4.86 7.45 17.14 17.89 9.93 15.05

regression, and the second column the statistics of the predictive coefficient of the PLS factor(s). The

remaining six columns report the prediction results when using the one- and two-factor PLS prediction

models and when using the 19 macroeconomic variables, 24 financial variables, and all 43 variables as

predictors. For each PLS factor’s predictive coefficient, the first row reports its estimated value, the

second row its Newey and West (1987) t-statistic, and the third row its p-value of the t-statistic based

on the asymptotic distribution of Kelly and Pruitt (2015).35

The fourth and fifth rows report the bias and p-value of the coefficient obtained from a parametric

bootstrap procedure. Specifically, I follow Haddad et al. (2020) and estimate a restricted VAR(1) system

for the low-frequency factor and PLS factor(s) under the null of no predictability. I then simulate 10,000

histories with the same length as my sample from the VAR system with errors drawn with replacement

from the empirical distribution. For each simulated history, I regress the low-frequency factor on the

PLS factor(s). By aggregating the regression results from the 10,000 histories, I obtain the empirical bias

and distribution of the coefficient of the PLS factor(s) under the null of no predictability, which enables

me to construct the bootstrap p-values. In particular, this bootstrap procedure takes the persistence

of the low-frequency risk factors and PLS prediction factors into account, and it also considers the

correlation between the innovation of the low-frequency factors and that of the PLS factors. Thus,

this procedure alleviates the issue of the potential small-sample bias of the predictive coefficient of the

PLS factors (Stambaugh, 1999) and the spurious-regression issue related to the standard error of the

predictive coefficient (Ferson, Sarkissian, and Simin, 2003).

35The Newey and West (1987) t-statistic is constructed using a 12-month window with the Bartlett kernel. The
conclusion is unaltered with other band-width choices.
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Table 7 shows that both the below-business-cycle- and business-cycle-frequency factors estimated

from all 37 Basic-IPCA factors are highly predictable by the selected economic variables. Specifically, the

R-squared of the third stage PLS regression is 12.76%, 17.55%, and 27.53% for predicting the below-

business-cycle-frequency factor returns using one PLS factor of the 19 macroeconomic variables, 24

financial variables, and all 43 variables, respectively. Moreover, the tests based on the Newey and West

(1987) t-statistic, the asymptotic distribution of Kelly and Pruitt (2015), and the bootstrap procedure

suggest that the predictive power of each set of these economic variables is statistically significant. The

aforementioned R-squared further increases to 21.67%, 22.40%, and 35.42% when I include two PLS

factors in the prediction model, and the additional PLS factor is also statistically significant at the 5%

level based on all considered tests. Considering that the prediction objective is the one-month-ahead

return of a risk factor, the R-squared for predicting the below-business-cycle-frequency factor returns

is large and is substantially higher than that for predicting the returns of a conventional asset-pricing

factor, such as the market.36

The business-cycle-frequency factor is less predictable. Specifically, compared to the below-

business-cycle-frequency factor, the macroeconomic variables have lower predictive power for the business-

cycle-frequency factor, with the R-squared of the one- and two-factor PLS prediction models being

4.86% and 7.45%, respectively. However, these values are still economically sizable, and the predictive

coefficients of both PLS factors are statistically significant based on all considered tests. By contrast,

the financial variables have a strong predictive power for the business-cycle-frequency factor returns.

Specifically, the R-squared of the one-factor PLS prediction model is 17.14%, and all considered tests

suggest statistical significance. For the two-factor PLS prediction model, the R-squared further in-

creases to 17.89%, but the predictive coefficient of the second PLS factor is only marginally significant

based on the test of Kelly and Pruitt (2015) and is insignificant based on the bootstrap p-value. In

general, although the business-cycle-frequency factor appears less predictable than the below-business-

cycle-frequency factor, the R-squared for predicting the business-cycle-frequency factor returns is still

substantially higher than that for predicting the returns of popular asset-pricing factors as reported in

the literature.

Figure 5 illustrates the returns of the two low-frequency factors estimated from all 37 Basic-IPCA

factors and their in-sample predictions based on all 43 economic variables. Panels A and B correspond to

the below-business-cycle- and business-cycle-frequency factors, respectively. In each panel, the blue line

graphs the returns of the low-frequency factor, and the red and black lines graph the predictions of the

low-frequency factor returns when using the one- and two-factor PLS prediction models, respectively.

Note that the economic variables successfully capture the slow-moving fluctuations, especially of the

below-business-cycle-frequency factor returns. For instance, the economic variables identify the increase

of the returns of the below-business-cycle-frequency factor from 1995 to 2000, and the decrease of the

returns from 2000 to 2006. For the business-cycle-frequency factor, the economic variables also identify

the sharp increase of the returns before the financial crisis. Thus, the reason why the economic variables

36Motivated by that the PLS prediction model delivers a high predictive R-squared for the returns of the below-business-
cycle-frequency factor, I also use the PLS factors of this prediction model to predict the market returns. Specifically, I
find that the one PLS factor estimated from all 43 economic variables, which is constructed to predict the returns of
the below-business-cycle-frequency factor, predicts the monthly returns of the market factor with an in-sample R-squared
of 2.58%. This figure is quantitatively similar to that reported by Kelly and Pruitt (2013), who use a cross-section of
portfolio-level book-to-market ratios and the PLS model to predict the market returns. The predictive coefficient of this
PLS factor is significantly negative. This supports the finding that the state variable that drives up the risk premia of a
large number of candidate factors simultaneously drives down the market premium.
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Figure 5: Low-frequency factor returns and their predictions based on all 43 economic variables

This figure illustrates the monthly returns of the two low-frequency factors estimated from all 37 Basic-IPCA factors and
their in-sample predictions based on all 43 economic variables. Panels A and B correspond to the below-business-cycle- and
business-cycle-frequency factors, respectively. In each panel, the blue line graphs the returns of the low-frequency factor,
and the red and black lines graph the predictions of the low-frequency factor returns when using the one- and two-factor
PLS prediction models, respectively.
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have high predictive power for the low-frequency factor returns is that they successfully capture the

slow-moving fluctuations of the low-frequency factor returns.

Note that a PLS factor is a linear combination of the economic variables. Thus, from every

PLS prediction model, I can back out the contribution of each individual economic variable to the

prediction of the returns of a low-frequency factor. Table 8 reports the contributions of the most

important economic variables to the prediction of the low-frequency factor returns in a one-factor PLS

prediction model, and Panels A and B report the results for the below-business-cycle- and business-cycle-

frequency factors, respectively. Each panel reports the contributions of the most important economic

variables among the 19 macroeconomic variables, 24 financial variables, and all 43 economic variables.

Panel A suggests that the financial uncertainty measures of Jurado et al. (2015) and Ludvigson et al.

(2021) provide substantial contributions to the prediction of the below-business-cycle-frequency factor

returns, with the 12-month uncertainty measure being the most important predictor. In particular,

the uncertainty measures positively predict the below-business-cycle-frequency factor returns, which is

consistent with the intuition that higher uncertainties are associated with higher risk premia in the

financial market.37 As a result, I can interpret the below-business-cycle-frequency state variable as a

37The literature has documented mixed findings on the relation between the risk and return (especially for the market).
For example, French, Schwert, and Stambaugh (1987); Harvey (1989); Campbell and Hentschel (1992); Ludvigson and
Ng (2007) find a positive relation between market risk and return, while Campbell (1987); Breen et al. (1989); Glosten,
Jagannathan, and Runkle (1993); Brandt and Kang (2004) find a negative relation. In particular, Moreira and Muir (2017)
find that changes in volatility are not associated with proportional changes in expected returns. In this case, the risk price
is lower when the volatility is higher, posing a challenge to macro-finance models. In contrast, the uncertainty measures
positively predicting the returns of the low-frequency factors is more consistent with the prediction of these theoretical
models. Two possible explanations for the difference between my results and those of Moreira and Muir (2017) are (i)
the uncertainty measures and realized market volatility have different dynamics, and (ii) the low-frequency factors capture
components of the cross-section different from the market. In addition, the different results may also originate from the
different versions of the observed candidate factors. In particular, different types of conditional scaling of the risk factors
mechanically generate different conclusions for the relation between risk and return. Specifically, suppose there exists only
one systematic risk and its risk price is constant. In this case, the risk factor is

ft+1 = µσ2
t + σtξt+1,
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Table 8: Most important predictors for the two low-frequency factors

This table reports the contributions of the most important economic variables to the prediction of the low-frequency
factor returns in a one-factor PLS prediction model. Panels A and B report the results for the below-business-cycle-
and business-cycle-frequency factors, respectively. Each panel reports the contributions of the most important economic
variables among the 19 macroeconomic variables, 24 financial variables, and all 43 economic variables. A more detailed
description of the economic variables is in Table 15 in Appendix F.

(A) Below-business-cycle-frequency factor

Macro Financial Macro+financial

Predictor Coefficient Predictor Coefficient Predictor Coefficient

FIN UNC 12month 0.0908 AggLiq -0.1186 FIN UNC 12month 0.1093
FIN UNC 3month 0.0876 intermed lev ratio squared -0.0788 FIN UNC 3month 0.1072
FIN UNC 1month 0.0871 TMS -0.0726 FIN UNC 1month 0.1071
BCI -0.0531 intermed capital ratio 0.0696 AggLiq -0.0973
CLI -0.0512 DFR -0.0694 intermed lev ratio squared -0.0663
gConsnon -0.0334 SVAR 0.0691 TMS -0.0606
RECESS 0.0296 DISAG 0.0647 DFR -0.0590
gIndprod -0.0275 EP -0.0628 CLI -0.0556
REAL UNC 1month -0.0254 PLS SENT 0.0622 EP -0.0522
REAL UNC 12month -0.0243 Real FedFundsRate 0.0612 DFY -0.0512

(B) Business-cycle-frequency factor

Macro Financial Macro+financial

Predictor Coefficient Predictor Coefficient Predictor Coefficient

CLI -0.0251 AggLiq -0.1455 AggLiq -0.0335
gConsdur -0.0232 SVAR 0.0965 CLI -0.0292
gConsnon -0.0221 PLS SENT 0.0927 gConsnon -0.0271
FIN UNC 1month 0.0209 DE 0.0871 gConsdur -0.0259
FIN UNC 3month 0.0205 PLS SENTorthogonalized 0.0800 SVAR 0.0240
RECESS 0.0197 NTIS -0.0766 PLS SENT 0.0232
FIN UNC 12month 0.0191 DFY 0.0724 FIN UNC 1month 0.0228
gIndprod -0.0175 EP -0.0683 gIndprod -0.0227
BCI -0.0169 intermed capital ratio -0.0672 FIN UNC 3month 0.0224
MACRO UNC 1month 0.0166 BW SENT 0.0464 BCI -0.0223

fundamental “aggregate uncertainty” variable that moves the risk premia of a large number of candidate

factors simultaneously from the same direction.

Panel B shows that the U.S. composite leading indicator, durable consumption growth, and non-

durable consumption growth have a relatively strong predictive power to the business-cycle-frequency

factor returns. The financial uncertainty measures of Jurado et al. (2015) and Ludvigson et al. (2021)

also predict the business-cycle-frequency factor returns, while different from predicting the below-

business-cycle-frequency factor returns, the one-month uncertainty measure is the most important pre-

dictor. However, the predictive power of these variables that reflect the fundamentals for the business-

where ξt+1 is the source of risk with unit standard deviation, σt is the conditional volatility of the systematic risk and thus
measures the quantity of risk, and µ is the price of risk. If one observes ft+1, then she could conclude that the risk price
is constant. However, if one observe a conditionally-scaled version of this risk factor

1

σ2
t

ft+1 = µ+
1

σt
ξt+1,

then her conclusion is that the risk price decreases when the volatility of the scaled factor increases. The two versions of
the factor span the same component in the conditional SDF and thus deliver the same asset-pricing implication, but they
generate different conclusions on the risk-return tradeoff. Empirically, it is hard to distinguish which version of the risk
factor is observed (the researchers might even observe different versions at different times), which possibly explains the
mixed findings in the literature on the relation between risk and return.
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cycle-frequency factor returns is quantitatively lower than for the below-business-cycle-frequency factor

returns. Therefore, compared to the business-cycle-frequency state variable, the below-business-cycle-

frequency state variable better reflects the fundamental variation of the risk premia.

Among the financial variables, Panel A shows that the aggregate liquidity measure of Pastor

and Stambaugh (2003), the squared intermediary leverage ratio of He et al. (2017), and the term

spread between the long-term yield and Treasury bill strongly predict the below-business-cycle-frequency

factor returns. For the business-cycle-frequency factor, the aggregate liquidity measure of Pastor and

Stambaugh (2003), the variance of the S&P 500 index, and the investment sentiment measures of

Huang et al. (2015) appear as the most important predictors. On average, the financial indicators,

which mainly reflect the market friction, investor sentiment, and stock-market short-term behaviors,

are quantitatively more important for predicting the business-cycle-frequency factor returns. These

variables capture the dynamics of the business-cycle-frequency state variable, which affect the risk

premia of different candidate factors from different directions. Moreover, when predicting the returns

of the below-business-cycle- and business-cycle frequency factors using all economic variables, only four

variables (one-month financial uncertainty, three-month financial uncertainty, aggregate liquidity, and

U.S. composite leading indicator) appear as the top-ten predictors for predicting the returns of both

low-frequency factors, confirming that the latent state variables that drive the risk premia of the two

low-frequency factors have different time-series dynamics.

Note that the predictive sign of some variables seems inconsistent with the existing findings in

the literature. For instance, the term spread is found to positively predict the market return in the

literature (e.g., Fama and French, 1989), while it negatively predicts the below-business-cycle-frequency

factor returns. As explained in Section 3.1, the two low-frequency factors have negative correlations

with the market factor, and thus the market factor has negative loadings on the two latent low-frequency

state variables. Correspondingly, a variable that positively predicts the market return may negatively

predict the below-business-cycle-frequency factor returns.

3.3.2 Pseudo-out-of-sample prediction

In this section, I use a pseudo-out-of-sample analysis to investigate whether the macroeconomic and

financial variables predict the returns of the low-frequency factors and how the predictability (if it

exists) affects the low-frequency factors’ explanatory power for the returns of individual stocks and

characteristic-managed portfolios. Specifically, in the pseudo-out-of-sample analysis, I estimate the

IPCA and low-frequency factors using the full sample of return data but predict their returns at

month t + 1 recursively using the information of the economic predictor variables only up to month t.

In particular, I set the length of the initial prediction window as M = 240 months, and then add data

of the next month as the prediction moves forward through time. Therefore, the out-of-sample periods

of prediction models that use the macroeconomic variables span from July 1984 to May 2014, and those

that use the financial variables (and both sets of variables) span from February 1990 to May 2014.

To evaluate whether the prediction of the low-frequency factor returns based on the PLS predic-

tion model outperforms the historical-mean benchmark, I use the out-of-sample R-squared of Campbell
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and Thompson (2008):

R2
OOS = 1−

∑T
t=M+1

(
ft − f̂t

)2

∑T
t=M+1

(
ft − f̄t

)2 , (41)

where t = M + 1, . . . , T spans the out-of-sample periods, ft contains the return of a factor at month t,

and f̂t and f̄t contain the out-of-sample predictions of the factor return based on the PLS prediction

model and historical mean, respectively. Note that the numerator and denominator of the second term

on the right-hand side of (41) give the mean squared forecast error (MSFE) for the factor returns of the

PLS prediction model and the historical-mean benchmark, respectively. Therefore, if the PLS model

outperforms the historical-mean benchmark, it delivers a lower mean squared forecast error than the

historical-mean benchmark, and thus the out-of-sample R-squared is positive. Hence, my null hypothesis

is R2
OOS ≤ 0, and my alternative hypothesis is R2

OOS > 0. I test this hypothesis using the MSFE-adjusted

statistic of Clark and West (2007), which is conveniently implemented via a simple regression:

(
ft − f̄t

)2 −
(
ft − f̂t

)2
+
(
f̄t − f̂t

)2
= u+ vt, (42)

where u is the intercept and vt is the error term. The t-statistic corresponding to the OLS estimate of

the intercept u is used to test my hypothesis.38 Specifically, if the intercept u is significantly greater

than zero, then the test rejects the null hypothesis of R2
OOS ≤ 0.

Table 9 reports the out-of-sample R-squared in the pseudo-out-of-sample analysis for predicting

the monthly returns of the low-frequency factors estimated from the Basic-IPCA factors. Panels A

and B report the results for the below-business-cycle- and business-cycle-frequency factors, respectively.

Each panel includes the prediction results when using the one- and two-factor PLS prediction models

and when using the 19 macroeconomic variables, 24 financial variables, and all 43 economic variables as

predictors. In each panel, the first column gives the category of the predictor variables. The following

ten columns give the R-squared for predicting the returns of the low-frequency factor estimated from K

Basic-IPCA factors with K ranging between three and twelve, and the last column for predicting the

returns of the low-frequency factor estimated from all 37 Basic-IPCA factors.

Panel A of Table 9 shows that, starting from five Basic-IPCA factors and using the one-factor

PLS prediction model, the returns of the below-business-cycle-frequency factor estimated from the

Basic-IPCA factors are highly predicted by every set of economic variables. Specifically, the out-of-

sample R-squared exceeds 10% for predicting the returns of the below-business-cycle-frequency factor

estimated from more than eight Basic-IPCA factors, and the out-of-sample R-squared is statistically

significant at the 1% level in most cases. The highest R-squared, 18.49%, appears when one uses all 43

economic variables to predict the returns of the below-business-cycle-frequency factor estimated from

all 37 Basic-IPCA factors.

When using the two-factor PLS model to predict the below-business-cycle-frequency factor re-

turns, the R-squared becomes even higher and remains statistically significant. For instance, when

using the macroeconomic variables to predict the returns of the below-business-cycle-frequency factor

estimated from all 37 Basic-IPCA factors, the R-squared increases from 10.36% for the one-factor PLS

prediction model to 19.89% for the two-factor PLS prediction model. Moreover, when using all 43

38I calculate the t-statistic of u using the Newey and West (1987) standard error with a 12-month window.
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Table 9: Out-of-sample R-squared in pseudo-out-of-sample analysis for predicting low-frequency factors

This table reports the out-of-sample R-squared (in percent) in the pseudo-out-of-sample analysis for predicting the monthly
returns of the low-frequency factors estimated from the Basic-IPCA factors. Panels A and B report the results for the
below-business-cycle- and business-cycle-frequency factors, respectively. Each panel includes the prediction results when
using the one- and two-factor PLS prediction models and when using the 19 macroeconomic variables, 24 financial variables,
and all 43 economic variables as predictors. In each panel, the first column gives the category of the predictor variables.
The following ten columns give the R-squared for predicting the returns of the low-frequency factor estimated from K
Basic-IPCA factors with K ranging between three and twelve, and the last column for predicting the returns of the low-
frequency factor estimated from all 37 Basic-IPCA factors. ***, **, and * indicate significance at the 1%, 5%, and 10%
levels, respectively, based on the MSFE-adjusted test of Clark and West (2007).

(A) Below-business-cycle-frequency factor

Predictor type
Number of IPCA factors to estimate low-frequency factors

3 4 5 6 7 8 9 10 11 12 All

One PLS factor

Macro < 0 < 0 4.79∗∗∗ 6.00∗∗∗ 5.14∗∗ 13.44∗∗∗ 17.77∗∗∗ 16.66∗∗∗ 14.86∗∗∗ 15.29∗∗∗ 10.36∗∗∗

Financial < 0 < 0 3.99∗∗∗ 5.57∗∗∗ 6.17∗∗∗ 11.70∗∗ 14.00∗∗∗ 14.06∗∗∗ 14.41∗∗∗ 13.98∗∗∗ 15.01∗∗∗

Macro+financial < 0 < 0 6.43∗∗∗ 7.49∗∗∗ 6.45∗∗∗ 14.29∗∗∗ 17.08∗∗∗ 16.65∗∗∗ 16.32∗∗∗ 16.27∗∗∗ 18.49∗∗∗

Two PLS factors

Macro < 0 < 0 13.49∗∗∗ 14.17∗∗∗ 12.31∗∗∗ 19.86∗∗∗ 22.26∗∗∗ 21.66∗∗∗ 20.51∗∗∗ 20.73∗∗∗ 19.89∗∗∗

Financial < 0 1.93 6.85∗∗∗ 8.89∗∗∗ 7.38∗∗∗ 16.30∗∗∗ 22.00∗∗∗ 21.46∗∗∗ 21.54∗∗∗ 21.32∗∗∗ 23.33∗∗∗

Macro+financial < 0 < 0 13.88∗∗∗ 14.94∗∗∗ 15.01∗∗∗ 25.14∗∗∗ 29.09∗∗∗ 28.35∗∗∗ 28.17∗∗∗ 27.97∗∗∗ 32.51∗∗∗

(B) Business-cycle-frequency factor

Predictor type
Number of IPCA factors to estimate low-frequency factors

3 4 5 6 7 8 9 10 11 12 All

One PLS factor

Macro < 0 9.73∗∗∗ < 0 < 0 10.58∗ 3.65∗ < 0 < 0 0.35 0.18 6.22∗

Financial < 0 < 0 < 0 < 0 10.78 8.01∗∗ 5.40∗∗ 5.45∗∗ 1.02 1.03 12.51∗∗

Macro+financial < 0 1.50∗∗ < 0 < 0 15.85∗ 8.24∗ 3.36∗∗ 4.05∗∗ 2.60 2.15 13.18∗∗

Two PLS factors

Macro 0.01 5.86∗∗∗ < 0 < 0 11.56∗ 3.51∗ < 0 < 0 < 0 < 0 4.99∗

Financial < 0 3.09∗ 1.05 0.93 11.49 11.30∗ 7.32∗∗ 7.69∗∗ 3.62∗ 3.78∗ 17.51∗∗

Macro+financial < 0 2.56∗∗∗ < 0 < 0 16.43∗ 8.97∗ 2.76∗ 3.36∗ 1.43 1.40 15.49∗∗

economic variables, the R-squared is 32.51% for the two-factor PLS model and thus is substantially

higher than its one-PLS-factor counterpart, 18.49%. Therefore, I conclude that the returns of the

below-business-cycle-frequency factor are highly predictable by the economic variables in the pseudo-

out-of-sample analysis.

Consistent with the in-sample analysis, the business-cycle-frequency factor returns are less pre-

dictable. In particular, most business-cycle-frequency factors estimated from a small number of Basic-

IPCA factors cannot be significantly predicted by the selected economic variables. For instance, even

though predicting the returns of the business-cycle-frequency factor estimated from seven Basic-IPCA

factors yields an R-squared greater than 10% when using any set of predictor variables and when using

either the one- or two-factor PLS model, the high R-squared is not statistically significant at the 5%

level. In contrast, the returns of the business-cycle-frequency factor estimated from all 37 Basic-IPCA

factors can be predicted more robustly. Specifically, when using the one- and two-factor PLS models,

its prediction based on the financial variables yields a significant (at the 5% level) R-squared of 12.51%

and 17.51%, respectively, and its prediction based on all 43 economic variables yields a significant (at
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the 5% level) R-squared of 13.18% and 15.49%, respectively. One explanation of the difference between

the business-cycle-frequency factor estimated from a small number of Basic-IPCA factors and that es-

timated from all 37 Basic-IPCA factors is the findings in Figure 3, which shows that the higher-order

IPCA factors capture the information of the latent business-cycle-frequency state variable. Thus, ex-

ploiting these higher-order IPCA factors to identify the business-cycle-frequency factor increases the

signal of the latent state variable that drives the risk premium of the business-cycle-frequency factor,

and thus makes the factor more predictable.

Thus far, I find that the selected macroeconomic and financial variables highly predict the returns

of the low-frequency factors. Consequently, it is of interest to know whether the returns of the IPCA

factors are as predictable as those of the low-frequency factors. One approach to systematically compare

the predictability of these two sets of factors is to compare how the predictions of the returns of these

factors explain the returns of individual stocks and characteristic-managed portfolios. In particular,

I evaluate the predictability of a set of factors via the predictive R-squared with varying risk premia,

which is defined as

Predictive R2 with varying factor RP = 1−
∑

i,t

(
ri,t+1 − z>i,tΓβ f̂t+1

)2

∑
i,t r

2
i,t+1

(43)

for the returns of individual stocks, where f̂t+1 contains the prediction of the factor returns.39 To

simplify the exposition, I only report the results where the factor returns are predicted by a one-factor

PLS model.40

Panels A and B of Table 10 report the predictive R-squared with varying factor risk premia

for explaining the monthly returns of individual stocks and portfolios managed by the 36 considered

characteristics, respectively. Each panel reports the results for both the Basic-IPCA and Freq-IPCA

frameworks. For each set of economic variables (macroeconomic variables, financial variables, and

their combination), the first row reports the predictive R-squared of the K-factor IPCA model with K

ranging between three and twelve, and the second row of the model that includes one below-business-

cycle-frequency factor and one business-cycle-frequency factor estimated from K IPCA factors.

There are two main discoveries based on this table. First, both panels of Table 10 show that the

prediction of the low-frequency factor returns explains the returns of individual stocks and managed

portfolios better than that of the IPCA factor returns. For instance, Panel A shows that the predictive

R-squared for explaining the individual stock returns of models that include two low-frequency factors

estimated from no less than five IPCA factors is always positive and higher than that of their IPCA

counterparts. In particular, when using the financial variables to predict the factor returns, no Basic-

IPCA model delivers a positive predictive R-squared for explaining individual stock returns, and only

the nine-, ten-, and twelve-factor Freq-IPCA models deliver a positive predictive R-squared. Thus, the

IPCA factors cannot be robustly predicted by the selected economic variables to explain the returns

of individual stocks. In contrast, the economic variables successfully predict the returns of the low-

frequency factors such that these factors explain well the risk premia of individual stocks.

Panel B shows that the prediction of the IPCA factor returns explains the returns of managed

portfolios better than individual stocks. In particular, both the Basic-IPCA and Freq-IPCA models

39This R-squared statistic can also be defined similarly for the returns of managed portfolios of characteristics.
40In unreported results, I find that the results where a two-factor PLS model predicts the factor returns are qualitatively

the same as those reported in this section.
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Table 10: Predictive R-squared with varying factor risk premia

Panels A and B report the predictive R-squared with varying factor risk premia (in percent) for explaining the monthly
returns of individual stocks and portfolios managed by the 36 considered characteristics, respectively. Each panel reports
the results for both the Basic-IPCA and Freq-IPCA frameworks. All factor returns are predicted by a one-factor PLS
model. For each set of economic predictors (macroeconomic variables, financial variables, and their combination), the first
row reports the R-squared of the K-factor IPCA model with K ranging between three and twelve, and the second row of
the model that includes one below-business-cycle-frequency factor and one business-cycle-frequency factor estimated from
K IPCA factors.

(A) Individual stocks

Predictor type Factor type
Number of IPCA factors

3 4 5 6 7 8 9 10 11 12 All

Basic-IPCA

Macro IPCA 0.11 0.08 0.37 0.20 0.40 0.33 0.19 0.13 0.36 0.24 -
B-BCF1+BCF1 0.23 < 0 0.52 0.52 0.59 0.71 0.50 0.51 0.53 0.52 0.56

Financial IPCA < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 -
B-BCF1+BCF1 < 0 < 0 0.58 0.57 0.60 0.79 0.73 0.73 0.65 0.66 0.54

Macro+financial IPCA < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 -
B-BCF1+BCF1 < 0 < 0 0.58 0.57 0.59 0.80 0.70 0.73 0.56 0.56 0.59

Freq-IPCA

Macro IPCA 0.21 0.03 0.54 0.53 0.59 0.52 0.59 0.66 0.30 0.57 -
B-BCF1+BCF1 0.32 0.03 0.66 0.64 0.75 0.66 0.61 0.65 0.66 0.67 0.74

Financial IPCA < 0 < 0 < 0 < 0 < 0 < 0 0.14 0.18 < 0 0.33 -
B-BCF1+BCF1 0.04 < 0 0.74 0.75 0.79 0.88 0.84 0.85 0.85 0.78 0.78

Macro+financial IPCA < 0 < 0 < 0 < 0 0.15 0.22 0.32 0.58 < 0 0.34 -
B-BCF1+BCF1 < 0 < 0 0.66 0.58 0.79 0.92 0.80 0.81 0.81 0.73 0.74

(B) Managed portfolios

Predictor type Factor type
Number of IPCA factors

3 4 5 6 7 8 9 10 11 12 All

Basic-IPCA

Macro IPCA 0.51 0.65 1.94 1.50 2.47 2.48 2.37 2.36 2.70 2.16 -
B-BCF1+BCF1 1.20 < 0 2.27 2.25 3.27 3.40 2.47 2.61 2.88 2.84 3.09

Financial IPCA 1.43 1.22 1.69 1.73 1.27 2.41 1.95 1.91 1.90 2.34 -
B-BCF1+BCF1 0.05 < 0 2.49 2.48 3.13 4.12 3.86 3.93 3.13 3.22 3.15

Macro+financial IPCA 1.30 1.51 2.26 1.84 2.25 2.69 2.72 2.53 2.73 3.07 -
B-BCF1+BCF1 1.03 < 0 2.70 2.63 3.29 4.04 3.24 3.47 2.35 2.41 2.86

Freq-IPCA

Macro IPCA 0.28 0.39 2.42 2.86 2.58 2.31 2.78 3.16 1.73 2.31 -
B-BCF1+BCF1 1.44 < 0 3.40 3.34 4.17 3.57 3.25 3.48 3.55 3.68 4.48

Financial IPCA 1.73 1.61 2.11 1.98 1.94 3.16 2.81 2.70 1.83 2.96 -
B-BCF1+BCF1 0.56 < 0 3.67 3.65 4.11 4.61 4.37 4.43 4.43 3.96 5.57

Macro+financial IPCA 1.55 1.75 3.12 2.67 2.55 2.98 3.10 3.38 2.13 2.43 -
B-BCF1+BCF1 1.06 < 0 3.57 2.89 4.34 4.53 3.73 3.85 3.92 3.46 4.74

consistently deliver a positive predictive R-squared for explaining the returns of managed portfolios.

However, the predictive R-squared of the higher-dimensional IPCA models is, in most cases, lower than

that of the models that only include the two low-frequency factors. For instance, when the factors

are predicted by the macroeconomic variables, the predictive R-squared of the nine-factor Basic-IPCA

model is 1.95%, while that of the model that includes the two low-frequency factors estimated from
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the nine Basic-IPCA factors is 3.86%. Thus, the prediction of the low-frequency factor returns also

outperforms that of the IPCA factor returns in explaining the risk premia of managed portfolios.

Second, the prediction of the returns of factors estimated from the Freq-IPCA framework ex-

plains the returns of individual stocks and managed portfolios better than that of factors estimated

from the Basic-IPCA framework. For instance, when using all 43 economic variables to predict the

factor returns, no Basic-IPCA model delivers a positive predictive R-squared for explaining individual

stock returns. In contrast, the seven-, eight-, nine-, ten- and twelve-factor Freq-IPCA models deliver

a positive predictive R-squared. When using the financial variables to predict the factor returns, the

model that includes the two low-frequency factors estimated from all 37 Basic-IPCA factors delivers a

predictive R-squared of 0.54% for explaining individual stock returns and 3.15% for explaining managed

portfolio returns. As a comparison, the two corresponding predictive R-squared values of the model

that includes the two low-frequency factors estimated from all 73 Freq-IPCA factors are 0.78% and

5.57%, respectively. Thus, the Freq-IPCA framework facilitates identifying the predictable components

of asset returns.

In summary, the pseudo-out-of-sample results in this section show that the selected economic

variables highly predict the returns of the low-frequency factors. Moreover, the IPCA factors are not

as predictable as the low-frequency factors because the prediction of the latter outperforms that of the

IPCA factors in explaining the returns of individual stocks and managed portfolios.

3.3.3 Real-time out-of-sample prediction

In this section, I use an out-of-sample analysis to investigate whether the selected economic variables

can predict the low-frequency factor returns in real-time and whether the predictability (if it exists)

generates economic value for an investor.

The out-of-sample analysis proceeds as follows. I use the first M = 240 months of return data

to estimate the IPCA factors and then estimate the low-frequency factors from the estimated IPCA

factors. Each low-frequency factor is normalized to have a positive average return and unit standard

deviation. I then exploit the first 240 months of economic predictor data to estimate a prediction

model for the factor returns. The parameters for estimating the IPCA and low-frequency factors are

used to construct the out-of-sample one-month-ahead realization of these factors, and the parameters of

the prediction model are used to construct the out-of-sample one-month-ahead prediction of the factor

returns. I repeat the above procedure with added data as the factor estimation and prediction move

forward through time. Importantly, this procedure guarantees that the estimation and prediction of

the factors at month t + 1 use no information beyond month t. Similar to the pseudo-out-of-sample

procedure, the out-of-sample periods of prediction models that use the macroeconomic variables span

from July 1984 to May 2014, and those that use the financial variables (and both sets of variables) span

from February 1990 to May 2014. To simplify the exposition, I only report results for factors estimated

from the Basic-IPCA framework in this section.

The analysis in the previous sections shows that using two PLS factors in the prediction model

provides additional predictability for the low-frequency factor returns on top of the one-factor PLS

model. However, using an extra PLS factor requires me to estimate more parameters in the predic-

tion model, which could cause an overfitting issue in the out-of-sample analysis. Thus, to balance
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Table 11: Out-of-sample R-squared for predicting low-frequency factors

This table reports the out-of-sample R-squared (in percent) for predicting the monthly returns of the low-frequency factors
estimated from the Basic-IPCA factors. Panels A and B report the results for the below-business-cycle- and business-
cycle-frequency factors, respectively. Each panel includes the prediction results when using the one-factor PLS prediction
model and the PLS model with the number of factors selected by BIC and when using the 19 macroeconomic variables, 24
financial variables, and all 43 economic variables as predictors. In each panel, the first column gives the category of the
predictor variables. The following ten columns give the R-squared for predicting the returns of the low-frequency factor
estimated from K Basic-IPCA factors with K ranging between three and twelve, and the last column for predicting the
low-frequency factor estimated from all 37 Basic-IPCA factors. ***, **, and * indicate significance at the 1%, 5%, and
10% levels, respectively, based on the MSFE-adjusted test of Clark and West (2007).

(A) Below-business-cycle-frequency factor

Predictor type
Number of IPCA factors to estimate low-frequency factors

3 4 5 6 7 8 9 10 11 12 All

One PLS factor

Macro < 0 0.69∗∗ 3.71∗∗∗ 4.81∗∗∗ 5.32∗∗∗ 9.49∗∗∗ 9.99∗∗∗ 8.76∗∗∗ 9.20∗∗∗ 7.66∗∗∗ 7.56∗∗∗

Financial < 0 2.90∗∗ 4.24∗∗∗ 4.10∗∗∗ 2.22∗∗ 2.09∗∗ 2.70∗ 2.74∗∗ 3.96∗∗ 1.42∗∗ 3.34∗∗

Macro+financial < 0 < 0 3.22∗∗∗ 2.39∗∗∗ < 0 2.29∗∗ 3.74∗∗ 2.73∗∗∗ 4.27∗∗∗ 0.79∗∗ 6.17∗∗∗

Number of PLS factors selected by BIC

Macro < 0 4.15∗∗∗ 7.86∗∗∗ 8.54∗∗∗ 8.44∗∗∗ 10.04∗∗∗ 11.06∗∗∗ 9.59∗∗∗ 9.14∗∗∗ 7.48∗∗∗ 11.48∗∗∗

Financial < 0 3.28∗∗∗ 5.14∗∗∗ 5.36∗∗∗ 2.12∗∗ 5.15∗∗∗ 9.24∗∗∗ 7.37∗∗∗ 8.79∗∗∗ 6.03∗∗∗ 7.57∗∗∗

Macro+financial < 0 2.13∗∗∗ 7.58∗∗∗ 7.08∗∗∗ 8.96∗∗∗ 8.36∗∗∗ 10.66∗∗∗ 9.21∗∗∗ 8.76∗∗∗ 5.04∗∗∗ 13.04∗∗∗

(B) Business-cycle-frequency factor

Predictor type
Number of IPCA factors to estimate low-frequency factors

3 4 5 6 7 8 9 10 11 12 All

One PLS factor

Macro < 0 2.18 < 0 0.62 3.03∗∗ 0.91∗ < 0 3.84∗∗∗ 4.98∗∗ 3.19∗∗ 2.04∗∗

Financial < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 2.39∗ 1.19∗∗

Macro+financial < 0 < 0 < 0 < 0 1.24∗∗ < 0 < 0 0.40∗ 7.03∗ 4.51∗∗ 4.24∗∗∗

Number of PLS factors selected by BIC

Macro < 0 3.82∗ 1.83 2.63∗ 3.53∗∗ 2.40∗∗ 2.14∗∗ 6.22∗∗∗ 6.42∗∗ 5.13∗∗ 2.09∗∗

Financial < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 < 0 4.12∗∗ 0.97∗∗

Macro+financial < 0 0.24 < 0 < 0 0.19 < 0 < 0 2.63∗ 9.08∗ 4.67∗ 4.32∗∗∗

between goodness-of-fit and parsimony in the prediction model, in addition to estimating a one-factor

PLS prediction model, I also estimate a prediction model in which the number of PLS factors is selected

based on the Bayesian Information Criterion (BIC) of Kelly and Pruitt (2015).

Table 11 reports the out-of-sample R-squared for predicting the monthly returns of the low-

frequency factors estimated from the Basic-IPCA factors. Panels A and B report the results for the

below-business-cycle- and business-cycle-frequency factors, respectively. Each panel includes the pre-

diction results when using the one-factor PLS prediction model and the PLS model with the number

of factors selected by the BIC criterion and when using the 19 macroeconomic variables, 24 financial

variables, and all 43 economic variables as predictors. In each panel, the first column gives the category

of the predictor variables. The following ten columns give the R-squared for predicting the returns

of the low-frequency factor estimated from K Basic-IPCA factors with K ranging between three and

twelve, and the last column for predicting the returns of the low-frequency factor estimated from all 37

Basic-IPCA factors.
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Consistent with the findings of the pseudo-out-of-sample analysis, Panel A of Table 11 shows

that starting from five Basic-IPCA factors, the returns of the below-business-cycle-frequency factor

estimated from the Basic-IPCA factors are highly predicted by the selected economic variables using

the one-factor PLS model.41 For instance, the macroeconomic variables deliver an economically sizable

out-of-sample R-squared ranging between 4.81% to 9.99% for predicting the returns of the below-

business-cycle-frequency factor, and the R-squared is statistically significant at the 1% level in all cases.

In particular, the R-squared for predicting the returns of the below-business-cycle-frequency factor

estimated from all 37 Basic-IPCA factors is 7.56%. The financial variables, in general, deliver a lower

out-of-sample R-squared. For instance, using the financial variables to predict the returns of the below-

business-cycle-frequency factor estimated from all 37 Basic-IPCA factors yields an R-squared of 3.34%,

which is still sizable and statistically significant at the 5% level. When using all 43 economic variables

to predict the returns of the below-business-cycle-frequency factor estimated from all 37 Basic-IPCA

factors, the R-squared becomes 6.17% and is significant at the 1% level.

When using the PLS prediction model with the number of factors selected by the BIC criterion

in place of the one-factor PLS model, the out-of-sample R-squared for predicting the returns of the

below-business-cycle-frequency factor further increases in most cases. For instance, when using the

macroeconomic variables to predict the returns of the below-business-cycle-frequency factor estimated

from all 37 Basic-IPCA factors, the R-squared increases from 7.56% for the one-factor PLS model to

11.48% for the model with the number of PLS factors selected by the BIC criterion. Moreover, using all

43 economic variables to predict the returns of the below-business-cycle-frequency factor estimated from

all 37 Basic-IPCA factors yields an R-squared of 13.04%, substantially higher than the one-PLS-factor

counterpart, 6.17%.

The business-cycle-frequency factor returns are less predictable by the selected economic vari-

ables compared to the below-business-cycle-frequency factor returns. In particular, when using the one-

factor PLS model to predict the business-cycle-frequency factor returns, the out-of-sample R-squared is

negative when a small number of IPCA factors are used to estimate the business-cycle-frequency factor.

Nonetheless, the business-cycle-frequency factor estimated from all 37 Basic-IPCA factors is still signifi-

cantly predictable by the selected economic variables. Specifically, when using all 43 economic variables

to predict the returns of this factor, the R-squared is 4.24% for the one-factor PLS model and 4.32% for

the PLS prediction model with the number of factors selected by the BIC criterion. In both cases, the

R-squared is significant at the 1% level. As explained in the previous section, one explanation of the

difference between the business-cycle-frequency factor estimated from a small number of Basic-IPCA

factors and that estimated from all 37 Basic-IPCA factors is that the higher-order IPCA factors capture

the information of the latent business-cycle-frequency state variable. Exploiting the higher-order IPCA

factors to estimate the business-cycle-frequency factor increases the signal of this latent state variable,

and thus makes the factor more predictable.

To provide better intuition about how the selected economic variables predict the below-business-

cycle-frequency factor returns, Figure 6 illustrates the out-of-sample realizations of the monthly returns

of this factor estimated from all 37 Basic-IPCA factors and their out-of-sample predictions based on

41In unreported results, I find that the out-of-sample Sharpe ratio of the below-business-cycle-frequency factor estimated
from K Basic-IPCA factors ranges between 0.759 and 0.918 when K ranges between five and twelve. Moreover, the out-of-
sample Sharpe ratio of the below-business-cycle-frequency factor estimated from all 37 Basic-IPCA factors is 0.774. Thus,
consistent with the in-sample findings, the below-business-cycle-frequency factor earns a high Sharpe ratio out-of-sample.
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Figure 6: Out-of-sample below-business-cycle-frequency factor and its predictions

This figure illustrates the out-of-sample realizations of the monthly returns of the below-business-cycle-frequency factor
estimated from all 37 Basic-IPCA factors and their predictions based on all 43 economic variables. The blue line graphs
the out-of-sample realizations of the factor returns. The orange, green, and red lines graph the predictions of the factor
returns based on the historical mean, the one-factor PLS prediction model, and the PLS model with the number of factors
selected by the BIC criterion, respectively.
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all 43 economic variables. The blue line graphs the out-of-sample realizations of the factor returns.

The orange, green, and red lines graph the predictions of the factor returns based on the historical

mean, the one-factor PLS prediction model, and the PLS model with the number of factors selected by

the BIC criterion, respectively. This figure shows that the out-of-sample below-business-cycle-frequency

factor has slow-moving fluctuations (though less salient than its in-sample counterpart). Specifically, the

returns of this factor gradually increased from 1996 to 1999, then decreased until the start of the financial

crisis. The returns then sharply increased during the financial crisis and then decreased afterward. The

43 economic variables successfully capture the slow-moving fluctuations of the below-business-cycle-

frequency factor returns, which are uncaptured by the historical-mean prediction. This explains the

economically sizable out-of-sample R-squared for predicting the returns of the below-business-cycle-

frequency factors.

Next, I study whether the statistically significant predictability of the two low-frequency factors

is associated with significantly improved economic value for an investor.42 Specifically, one conventional

approach to evaluate the economic value a prediction model generates for the low-frequency factors is

42Even if a prediction model delivers a negative out-of-sample R-squared for predicting the returns of a factor, this
does not imply that the prediction model has no predictability for the factor returns. In particular, Clark and West
(2007) show that the difference between the MSPE of a parsimonious model (historical mean) and that of a larger model
(PLS prediction model) has a negative center in a finite sample. Thus, the out-of-sample R-squared can be negative in
a finite sample even if the larger PLS prediction model has additional predictive power for the factor returns than the
parsimonious historical-mean model, and such additional predictability can potentially generates economic value for an
investor. Therefore, examining whether a larger prediction model generates economic value is not only of economic interest
but could also unveil the larger model’s predictability masked by the negative out-of-sample R-squared.
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to evaluate the performance of the following conditional mean-variance-efficient (CMVE) portfolio of

the low-frequency factors (see, for example, Moreira and Muir, 2017):

cÊt
[
fLF
t+1

]> [V̂art
(
fLF
t+1

)]−1
fLF
t+1, (44)

where c is a constant that governs the leverage of the portfolio, fLF
t+1 = (fB-BCF

t+1 , fBCF
t+1 ) stacks the

returns of the below-business-cycle- and business-cycle-frequency factors, and Êt[·] and V̂art(·) denote

the conditional mean and variance at month t implied by the prediction model.43 To examine whether

the PLS prediction model generates additional economic value for the low-frequency factors on top of the

historical-mean benchmark, one first constructs the CMVE portfolios of the low-frequency factors based

on the PLS prediction model and historical-mean model, and then regresses the returns of the former

portfolio on those of the latter. If the regression intercept is positive, then it can be concluded that the

PLS prediction model generates additional economic value for an investor on top of the historical-mean

benchmark.

However, in Appendix E, I design a simple simulation to show that the aforementioned approach

could generate misleading results, particularly when the factors have high unconditional risk premia.

Specifically, the simulation results show that the returns of the CMVE portfolio based on the true

prediction model could have a negative alpha with respect to those based on a model without predictive

power. To alleviate this issue, I evaluate the economic value a prediction model generates for the

low-frequency factors by exploiting the unconditional mean-variance-efficient (UMVE) portfolio of the

low-frequency factors (see, for example, Ferson and Siegel, 2001; Chernov et al., 2022):

cÊt
[
fLF
t+1

]> [V̂art
(
fLF
t+1

)]−1

1 + Êt
[
fLF
t+1

]> [V̂art
(
fLF
t+1

)]−1
Êt
[
fLF
t+1

]f
LF
t+1. (45)

Note that the UMVE portfolio is both unconditionally efficient and conditionally efficient for every

month t. To examine whether the PLS prediction model generates additional economic value for the

low-frequency factors on top of the historical-mean benchmark, I first construct the UMVE portfolios

of the low-frequency factors based on the PLS prediction model and historical-mean model, and then

regress the returns of the former portfolio on those of the latter. I conclude that the PLS prediction

model generates additional economic value for an investor on top of the historical-mean benchmark if

the regression intercept is positive.44

Table 12 reports the intercept of these regressions. For ease of interpretation, I adjust the

magnitude of c such that the UMVE portfolio of the two low-frequency factors based on the PLS

prediction model (the left-hand side of the regression) is normalized to have the same unconditional

standard deviation as the market. The first column gives the category of the predictor variables used

in the PLS prediction model. The following ten columns give the intercept of the regression in which

the low-frequency factors are estimated from K Basic-IPCA factors with K ranging between three and

twelve. The last column gives the intercept of the regression in which the low-frequency factors are

43I compute the conditional variance of the low-frequency factors as the estimated variance of the residuals of a return-
prediction model. In other words, I assume that the innovations of low-frequency factors are homoskedastic. I leave the
volatility timing of the low-frequency factors to further work.

44The simulation results in Appendix E also show that this approach alleviates the issue associated with the approach
that exploits the CMVE portfolios.
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Table 12: Regression intercept: returns of UMVE portfolio of low-frequency factors based on PLS
prediction with respect to those based on historical mean

This table reports the intercept (in percent) of regressing the monthly returns of the UMVE portfolio of the low-frequency
factors based on the PLS prediction model on those based on the historical-mean model. The first column gives the
category of the predictor variables used in the PLS prediction model. The following ten columns give the intercept of the
regression in which the low-frequency factors are estimated from K Basic-IPCA factors with K ranging between three and
twelve. The last column gives the intercept of the regression in which the low-frequency factors are estimated from all 37
Basic-IPCA factors. ***, **, and * indicate significance at the 1%, 5%, and 10% levels, respectively.

Predictor type
Number of IPCA factors to estimate low-frequency factors

3 4 5 6 7 8 9 10 11 12 All

One PLS factor

Macro 0.08 0.41∗∗∗ 0.26∗∗∗ 0.21∗∗∗ 0.33∗∗∗ 0.24∗∗∗ 0.22∗∗∗ 0.49∗∗∗ 0.45∗∗∗ 0.37∗∗∗ 0.11∗

Financial 0.57∗∗ 0.60∗∗∗ 0.53∗∗∗ 0.25∗∗ 0.43∗∗∗ 0.27∗∗ 0.37∗∗∗ 0.63∗∗∗ 0.75∗∗∗ 0.75∗∗∗ 0.15
Macro+financial 0.46∗∗ 0.62∗∗∗ 0.59∗∗∗ 0.27∗∗∗ 0.53∗∗∗ 0.42∗∗∗ 0.35∗∗∗ 0.57∗∗∗ 0.60∗∗∗ 0.55∗∗∗ 0.26∗∗

Number of PLS factors selected by BIC criterion

Macro 0.12 0.54∗∗∗ 0.75∗∗∗ 0.50∗∗∗ 0.49∗∗∗ 0.44∗∗∗ 0.47∗∗∗ 0.58∗∗∗ 0.51∗∗∗ 0.50∗∗∗ 0.29∗∗∗

Financial 0.74∗∗∗ 0.82∗∗∗ 0.50∗∗∗ 0.25∗∗∗ 0.45∗∗∗ 0.36∗∗∗ 0.48∗∗∗ 0.68∗∗∗ 0.86∗∗∗ 0.82∗∗∗ 0.14
Macro+financial 0.54∗∗ 0.65∗∗∗ 0.72∗∗∗ 0.31∗∗∗ 0.50∗∗∗ 0.49∗∗∗ 0.53∗∗∗ 0.66∗∗∗ 0.63∗∗∗ 0.56∗∗∗ 0.29∗∗

estimated from all 37 Basic-IPCA factors. The table shows that the regression intercept is positive

and economically sizable in all cases. For instance, by predicting the returns of the two low-frequency

factors based on one PLS factor of all 43 economic variables, the UMVE portfolio achieves a monthly

alpha of 0.26% with respect to its historical-mean counterpart. Moreover, the regression intercept is

statistically significant at the 1% level in most cases. Therefore, I conclude that the PLS prediction

model generates sizable and significant additional economic value for the low-frequency factors on top

of the historical-mean benchmark.

In summary, I show strong evidence that the returns of the below-business-cycle- and business-

cycle-frequency factors are highly predictable by the selected macroeconomic and financial variables.

Moreover, I also find that the statistically significant predictability of the low-frequency factors is

associated with sizable improved economic value for an investor. In particular, the unconditional mean-

variance-efficient portfolio of the low-frequency factors based on the PLS prediction model has a signif-

icant alpha with respect to that based on the historical-mean prediction model.

4 Conclusion

Multiple sources of risks in addition to the aggregate market earn positive risk premia. In addition,

prominent asset-pricing models imply that the systematic risk premia fluctuate over time, which is

also supported by the empirical evidence of stock-return predictability. Thus, understanding the time-

varying dynamics of systematic risk premia and how they relate to economic fundamentals is a doubly

high-dimensional problem, with the systematic risk premia captured by a high-dimensional “factor zoo”

and their time variation explained by a large number of potential predictors of asset returns.

This manuscript proposes an innovative approach to regularize this high-dimensional challenge

by identifying low-frequency risk factors whose risk premia are driven by latent low-frequency state

variables. On the one hand, identifying low-frequency factors regularizes the high-dimensional problem

–“which factors’ risk premia are time-varying?”– by reducing the dimension of factors whose risk premia
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are driven by time-varying state variables. In particular, a low-frequency factor aggregates a latent low-

frequency state variable’s explanatory power for the risk premia of all candidate risk factors in the cross-

section. On the other hand, identifying low-frequency risk factors also incorporates economic structure

in the frequency domain into the state variables that drive systematic risk premia, and thus economically

regularizes the second high-dimensional problem –“which economic variables explain the time-varying

risk premia?”– because one expects that the economic variables whose variation concentrates on the

low-frequency interval explain the risk premia of the low-frequency risk factors.

Empirically, I use the Instrumented Principal Component Analysis (IPCA) of Kelly et al. (2019)

to obtain the candidate risk factors, from which I estimate two low-frequency risk factors: one below-

business-cycle-frequency factor whose variation concentrates on cycles longer than eight years and one

business-cycle-frequency factor whose variation concentrates on cycles between 1.5 and eight years.

Both factors exhibit slow-moving fluctuations, suggesting that the risk premia of the cross-section have

common sources of low-frequency time-series variation, and the two factors successfully reflect such low-

frequency dynamics of systematic risk premia. The Sharpe ratio of the below-business-cycle-frequency

factor is surprisingly high, which implies that a large fraction of the unconditional systematic risk

premia of the cross-section is associated with time-series variation driven by a below-business-cycle-

frequency state variable. Moreover, parsimonious models that include the two low-frequency factors

outperform higher-dimensional IPCA models in explaining the average returns of individual stocks and

characteristic-managed portfolios, suggesting that identifying low-frequency factors is a satisfactory

method to empirically address the “factor zoo” problem. In addition, using the three-pass regression

filter of Kelly and Pruitt (2015), a generalization of the partial least squares (PLS) regression, I find

that 19 selected macroeconomic variables and 24 selected financial variables robustly predict the one-

month-ahead returns of the two low-frequency factors in- and out-of-sample, implying that the selected

economic variables highly explain the variation of the risk premia of the two factors. Moreover, the

statistically significant predictability of the low-frequency risk factors also generates significant economic

value for an investor. In particular, the unconditional mean-variance-efficient portfolio of the low-

frequency factors based on the PLS prediction model has a statistically significant and economically

sizable alpha with respect to that based on the benchmark historical-mean prediction model.

Identifying low-frequency factors regularizes the high-dimensional challenge of understanding

the time-varying dynamics of systematic risk premia and how they relate to economic fundamentals.

Thus, it sets the stage for constructing conditional asset-pricing models. Although this manuscript does

not focus on constructing an SDF that prices stock returns conditionally, one can exploit the insight

of this manuscript to achieve this objective in future research. For instance, this manuscript shows

that the low-frequency factors mainly capture risk premia that are uncaptured by the market factor,

which is perhaps the most important factor in asset pricing. Therefore, to construct a factor model

with the objective of pricing stock returns conditionally, one can augment the low-frequency factors

with more factors that capture additional information (such as the market factor) and then exploit the

predictability of the low-frequency factors to approach conditional mean-variance efficiency. Moreover,

this manuscript focuses on the time variation of risk premia instead of risk prices. Thus, to construct

the conditional SDF, one could also apply different approaches of volatility timing on the low-frequency

factors to obtain the dynamics of the risk prices that enter the SDF.

Moreover, this manuscript focuses on the performance of a few low-frequency factors whose

variation concentrates on the below-business-cycle and business-cycle frequencies. To further explore the

51



time-varying dynamics of systematic risk premia, one can use the method proposed in this manuscript

to identify additional low-frequency factors or factors whose variation concentrates on other frequency

intervals. Furthermore, one can also exploit other prediction methods and/or a more comprehensive

set of observable economic variables to obtain potentially better estimates of the risk premia of the

low-frequency factors. In general, this manuscript provides a method to systematically study the time

variation of systematic risk premia through the lens of frequency-specific factors, and thus sheds light

on the construction of conditional asset-pricing models. I leave the further study of conditional factor

models for future research.
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A Proofs of all results

A.1 Proof of Proposition 1

Since xt and ξt+1 are orthogonal, I have IK = Σf = φΣxφ
>+Σξ, and thus Σξ = IK−φΣxφ

>. Therefore,

µ>f Σ−1
ξ µf = µ>f

(
IK − φΣxφ

>
)−1

µf

= µ>f

[
IK − φ

(
IJ − Σ−1

x

)−1
φ>
]
µf

= µ>f µf − µ>f φ
(
IJ − Σ−1

x

)−1
φ>µf ,

where the second equality is derived from the Woodbury identity and φ>φ = IJ . Similarly,

µ>f φ
[
φ>Σξφ

]−1
φ>µf = µ>f φ (IJ − Σx)−1 φ>µf

= µ>f φ
[
IJ −

(
IJ − Σ−1

x

)−1
]
φ>µf

= µ>f φφ
>µf − µ>f φ

(
IJ − Σ−1

x

)−1
φ>µf .

Let c = −µ>f φ
(
IJ − Σ−1

x

)−1
φ>µf > 0 because IJ − Σ−1

x is negative definite, I have

µ>f φ
[
φ>Σξφ

]−1
φ>µf

µ>f Σ−1
ξ µf

=
µ>f φφ

>µf + c

µ>f µf + c
≥
µ>f φφ

>µf

µ>f µf
, (46)

where the last inequality holds because µ>f φφ
>µf ≤ µ>f µf . In particular, when µf ∈ span(φ), I have

µ>f φφ
>µf = µ>f µf , and thus (46) holds with equality, and each side of (46) is equal to one. This

completes the proof.

A.2 Proof of Lemma 1

Note that

η>ΣLF
x η

η>ΣHF
x η

>
ω

π − ω ⇔
η> πωΣLF

x η

η> π
π−ωΣHF

x η
> 1 ⇔ η>

(
π
ωΣLF

x + IJ − Σx

)
η

η>
(

π
π−ωΣHF

x + IJ − Σx

)
η
> 1, (47)

where the second equivalence holds because

IJ − Σx = Var(φ>ft+1)− Σx = φ>Σξφ (48)

is positive definite, and thus η>(IJ − Σx)η > 0. Furthermore, by letting

v =

(
π

π − ωΣHF
x + IJ − Σx

)1/2

η, and

W =

(
π

π − ωΣHF
x + IJ − Σx

)−1/2 (π
ω

ΣLF
x + IJ − Σx

)( π

π − ωΣHF
x + IJ − Σx

)−1/2

,

I can write (47) as

η>ΣLF
x η

η>ΣHF
x η

>
ω

π − ω ⇔
v>Wv

v>v
> 1, (49)

which completes the proof.
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A.3 Proof of Proposition 2

Since constraint (22) is binding at the optimum, I have

θ>
[ω
π

Σξ + φΣLF
x φ>

]
θ − cθ>

[
π − ω
π

Σξ + φΣHF
x φ>

]
θ = 0

⇒ c =
ω

π − ω
θ>
(
IK − φΣxφ

> + π
ωφΣLF

x φ>
)
θ

θ>
(
IK − φΣxφ> + π

π−ωφΣHF
x φ>

)
θ
, (50)

where I exploit

ΣLF
f = φΣLF

x φ> +
ω

π
Σξ and

ΣHF
f = φΣHF

x φ> +
π − ω
π

Σξ

in equations (18) and (19) and the equation Σf = IK = φΣxφ
> + Σξ. Therefore, solving problem (21)

is equivalent to solving for θ that maximizes c. Since the columns of φ ∈ RK×J are orthonormal, we

can write

IK = ΛΛ> + φφ>,

where the columns of Λ ∈ RK×(K−J) are orthonormal and orthogonal to φ. As a result, equation (50)

can be written as

c =
ω

π − ω

θ>
[
φ, Λ

] [IJ − Σx + π
ωΣLF

x 0
0 IK−J

] [
φ>

Λ>

]
θ

θ>
[
φ, Λ

] [IJ − Σx + π
π−ωΣHF

x 0

0 IK−J

] [
φ>

Λ>

]
θ

. (51)

Let

z =
[
φ, Λ

]
[(

IJ − Σx + π
π−ωΣHF

x

)1/2
0

0 IK−J

] [
φ>

Λ>

]
θ,

and thus

θ =
[
φ, Λ

]
[(

IJ − Σx + π
π−ωΣHF

x

)−1/2
0

0 IK−J

][
φ>

Λ>

]
z.

In this case, equation (51) can be written as

c =
ω

π − ω

z>
[
φ, Λ

] [W 0
0 IK−J

] [
φ>

Λ>

]
z

z>z
, (52)

where

W =

(
IJ − Σx +

π

π − ωΣHF
x

)−1/2 (
IJ − Σx +

π

ω
ΣLF
x

)(
IJ − Σx +

π

π − ωΣHF
x

)−1/2

.
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Apply eigenvalue decomposition to W :

W = HDWH
>,

where DW ∈ RJ×J is a diagonal matrix whose main diagonal contains the eigenvalues of W in descending

order, and H ∈ RJ×J contains the orthonormal eigenvectors of the corresponding eigenvalues. In this

case, equation (52) can be written as

c =
ω

π − ω

z>
[
φH, Λ

] [DW 0
0 IK−J

] [
H>φ>

Λ>

]
z

z>z
. (53)

If the maximum eigenvalue of W , λW1 , is greater than one, then z that maximizes c is (pro-

portional to) φH1, where H1 is the first eigenvector of W , that is, the first column of H. Therefore, I

have

c∗ =
ω

π − ωλ
W
1 ,

θ∗ ∝
[
φ, Λ

]
[(

IJ − Σx + π
π−ωΣHF

x

)−1/2
0

0 IK−J

] [
φ>

Λ>

]
φH1

= φ

(
IJ − Σx +

π

π − ωΣHF
x

)−1/2

H1.

If λW1 is lower than one, then z that maximizes c is (proportional to) Λx, where x ∈ RK−J is an arbitrary

vector. In this case, we have

c∗ =
ω

π − ω ,

θ∗ ∝
[
φ, Λ

]
[(

IJ − Σx + π
π−ωΣHF

x

)−1/2
0

0 IK−J

] [
φ>

Λ>

]
Λx = Λx.

A.4 Proof of Proposition 3

I first prove Part (a) of the proposition. Note that

f⊥t+1 =

(
IK −

φG1G
>
1 φ
>

G>1 G1

)
ft+1. (54)

Therefore, the state-variable component of f⊥t+1 is

(
IK −

φG1G
>
1 φ
>

G>1 G1

)
φxt = φ

(
IJ −

G1G
>
1

G>1 G1

)
xt

= φV V >xt ≡ φ⊥x⊥t , (55)

where V is a J × (J − 1) matrix whose columns are orthonormal and are orthogonal to G1, x⊥t = V >xt,

and φ⊥ = φV . To see that f⊥t+1 has zero loading on x1
t , note that equation (55) can be written as

φV V >
[
G1
‖G1‖ V

] [ G>1
‖G>1 ‖
V >

]
xt
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=
1

‖G1‖2
φV V >G1︸ ︷︷ ︸

=0J−1

G>1 xt + φV V >xt,

which illustrates that f⊥t+1 does not load on x1
t .

I now prove Part (b) of the proposition. Let U be a K × (K − 1) matrix whose columns are

orthonormal and are orthogonal to φG1. In this case, equation (54) can be written as

f⊥t+1 = UU>ft+1.

Note that the loadings of U>f⊥t+1 on x⊥t is U>φ⊥ = U>φV . I first show that the normalizations

Var(U>f⊥t+1) = IK−1 and
(
U>φ⊥

)>
U>φ⊥ = IJ−1

hold. Specifically, since U>f⊥t+1 = U>ft+1, and thus Var(U>ft+1) = U>U = IK−1 holds. In addition,

(
U>φ⊥

)>
U>φ⊥ = V >φ>UU>φV

= V >φ>
(

IK −
φG1G

>
1 φ
>

G>1 G1

)
φV

= V >V +
V >G1G

>
1 V

G>1 G1

= V >V = IJ−1,

where the fourth equality holds because the columns of V are orthogonal to G1. Therefore, the solution

to problem (21) by letting the risk factors be U>f⊥t+1 follows Proposition 2. If there exists η′ such

that (η′)>x⊥t is a low-frequency state variable, Proposition 2 implies that the optimal θ in this case is

U>φV G2, where G2 ∈ RJ−1. In this case, I have

UU>φV G2 = φ

(
IJ −

G1G
>
1

G>1 G1

)
V G2 = φV G2, (56)

which is spanned by the columns of φ and is orthogonal to φG1. This completes the proof.

B Complement popular methods to address the “factor zoo” problem

In this section, I describe how identifying the loadings of the candidate risk factors on the state variables,

that is, φ in equation (2), complements popular methods that focus on the unconditional factor risk

premia to address the “factor zoo” problem and identify a parsimonious factor model that explains the

cross-section of expected returns.

To see this, I first conceptually classify the candidate factors in the “factor zoo” into four

categories, as illustrated in Figure 7. Type I factors earn positive unconditional risk premia, and their

risk premia are also associated with time-series variation. Type II factors earn positive unconditional

risk premia, but their risk premia are constant over time. Type III factors have zero unconditional risk

premia, but their risk premia have time-series variation, suggesting that their conditional risk premia

are, in general, non-zero. Type IV factors have zero unconditional and conditional risk premia. It is
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Figure 7: Classification of candidate risk factors

This figure illustrates a conceptual classification of the “zoo” of candidate factors. Type I factors earn positive unconditional
risk premia, and their risk premia also have time-series variation. Type II factors earn positive unconditional risk premia,
but their risk premia are constant over time. Type III factors have zero unconditional risk premia, but their risk premia
have time-series variation, suggesting that their conditional risk premia are, in general, non-zero. Type IV factors have
zero unconditional and conditional risk premia.

Type II factors

Positive µf
Zero φ

Type I factors

Positive µf
Nonzero φ

Type III factors

Zero µf
Nonzero φ

Type IV factors

Zero µf
Zero φ

easy to find that if the four types of factors have orthogonal factor innovations, an asset-pricing model

that prices asset returns conditionally needs to include factors in types I, II, and III.

Popular methods that aim to address the “factor zoo” problem focus on capturing factors with

positive unconditional risk premia. In other words, these methods focus on capturing factors in types I

and II. For example, Kozak, Nagel, and Santosh (2020) consider a panel of characteristic-managed port-

folios as the candidate risk factors, and shrink the contributions of the higher-order principal components

of candidate factors to the SDF using an elastic-net estimator. The economic insight of this approach

is based on the tenet of the arbitrage pricing theory (APT) of Ross (1976), in which the systematic risk

factors that drive the time-series variation of the returns (lower-order principal components) should also

capture the unconditional risk premia information to explain the cross-section of expected returns. The

instrumented PCA (IPCA) of Kelly et al. (2019) exploits a similar insight, and their IPCA factors are

exactly the principal components of characteristic-managed portfolios if the cross-sectional correlation

matrix of stock characteristics is constant. Lettau and Pelger (2020) exploit the insight of APT more

explicitly. In particular, their risk-premium-PCA (RP-PCA) approach generalizes PCA and explicitly

increases the “signal strength” of candidate risk factors with positive unconditional risk premia. In

summary, one common insight of these approaches to address the “factor zoo” problem is capturing

the components of candidate risk factors with positive unconditional risk premia. Correspondingly,

these methods do not aim to capture the type III factors that are informative to price asset returns

conditionally.

By identifying the loadings of the candidate risk factors on the state variables, one recovers the

factors with time-varying risk premia in equation (4), and thus captures the information of factors in

types I and III. Therefore, identifying φ complements the popular methods to address the “factor zoo”
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problem because it identifies the type III factors, which are hard-to-capture for the popular methods that

aim to capture factors with positive unconditional risk premia. Specifically, to construct an asset-pricing

model from the “zoo” of candidate factors, one method that uses the two complementing approaches

simultaneously includes the following three steps:

1. Identify φ to obtain the type-I and type-III factors of the candidate factors;

2. Regress the factors with time-varying risk premia (identified in Step 1) out of all candidate factors

and obtain the regression residuals;

3. Apply methods that focus on capturing factors with positive unconditional risk premia, such as

PCA or RP-PCA, to the regression residuals to capture the type II factors.

C Estimation of frequency-specific components of covariance matrix

Given a series of factor returns f1, . . . , fT ,45 the discrete Fourier transform (DFT) of the factor returns

at frequency ωl = 2πl/T (for l = bT/2c − T + 1, . . . , bT/2c) is

df (ωl) =
1√
T

T∑

t=1

fte
−iωlt. (57)

Note that each ωl lies in the entire frequency interval [−π, π]. The inverse discrete Fourier transform

(IDFT) allows me to represent the sample of factor returns in their DFTs:

ft =
1√
T

bT/2c∑

l=bT/2c−T+1

df (ωl) e
iωlt. (58)

Two important properties of the DFTs when T approaches infinity are that (i) they are uncorrelated

across frequencies, and (ii) the variance of each DFT is the spectral density matrix of the factors. In

other words, I have

lim
T→∞

Cov (df (ωl) ,df (ωj)) = 0, if l 6= j, and

lim
T→∞

Var (df (ωl)) = gf (ωl) .

Therefore, equation (58) suggests that the DFTs decompose the factor returns into orthogonal frequency-

specific components.

Moreover, note that

df (ωl) d∗f (ωl) =

T−1∑

k=−(T−1)

Σ̂f (k) e−iωlk, (59)

where Σ̂f (k) = T−1
∑T−k

t=1 ft+kf
>
t for k ≥ 0 and Σ̂f (k) = T−1

∑T−k
t=1 ftf

>
t−k for k < 0, and d∗f (ωl) is

the conjugate transpose of df (ωl). Therefore, equation (59) shows that df (ωl) d∗f (ωl) is an estimator

45Without loss of generality, in this section, I assume that the factor returns have zero mean. This assumption is only
made for illustrative purposes and can be easily relaxed with more cumbersome notations.
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Figure 8: Simulation: loading vector and factor with time-varying risk premia

Panels A and B illustrate the loadings of the factors on the state variable and the returns of the factor with time-varying risk
premia defined in equation (30), respectively. In each panel, the blue line depicts the object associated with the population
loadings of the factors on the state variable, and the orange line depicts the object associated with the estimated loadings
of the factors on the state variable, which are obtained by solving problem (21) using the frequency-specific covariance
matrices estimated based on the simulated data.
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of the spectral density matrix gf (ωl) of the factor returns defined in (9). Empirically, I exploit this

estimator of the spectral density matrix to estimate the frequency-specific components of the covariance

matrix of factor returns. Specifically, given T observations of the factor returns, I first estimate their

DFTs d̂f (ωl) using equation (57), and then estimate the low-frequency, business-cycle-frequency, and

high-frequency components of the covariance matrix as

Σ̂LF
f =

1

T

∑
ωl∈[− 2π

96
, 2π
96

]d̂f (ωl)d̂
∗
f (ωl),

Σ̂BCF
f =

1

T

∑
ωl∈[− 2π

18
,− 2π

96
)∪( 2π

96
, 2π
18

]d̂f (ωl)d̂
∗
f (ωl), and

Σ̂HF
f =

1

T

∑
ωl∈[−π,− 2π

6
]∪[ 2π

6
,π]d̂f (ωl)d̂

∗
f (ωl),

which are sample counterparts of equations (33), (34), and (35), respectively.

D Simulation of Proposition 2

In this section, I design a simple simulation to illustrate the performance of my approach in Section 2.3.

Specifically, this simulation illustrates that, under the empirical setup of this manuscript, the solution

to problem (21) (given in Proposition 2) does not suffer from substantial estimation error in a finite

sample that mimics the real-world data.

I assume that there are K = 70 candidate risk factors and there is J = 1 state variable that

drives the risk premia variation of all factors. The state variable follows an AR(1) process with variance

σ2
x = 0.7 and autoregressive parameter 0.9. The loadings of the 70 risk factors on the state variables φ

has a linear structure centered at zero. In other words, the loading of the first factor on the state

variable is d, the loading of the 70th factor is −d, and the loadings of the remaining 68 factors follow a

monotonic linear pattern between d and −d. Following the main body of the manuscript, I normalize
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Table 13: Correlation between population and estimated values in simulation

The first row of this table reports the quantiles of the cross-sectional correlation between the estimated and population
loadings of the factors on the state variable. The second row reports the quantiles of the correlation between the factor
with time-varying risk premia based on the estimated loading vector and its population counterpart. Each row reports the
0.05, 0.25, 0.50, 0.75, and 0.95 quantiles of the correlation in 1,000 simulation runs.

Quantiles 0.05 0.25 0.50 0.75 0.95

Corr
(
φ, φ̂

)
68.9% 79.0% 83.5% 87.0% 90.7%

Corr
(
φ>ft+1, φ̂

>ft+1

)
68.7% 79.3% 84.3% 88.2% 91.7%

the covariance matrix of the factors as an identity matrix and the loading vector φ to have norm one.

Thus, the state variable explains trace(σ2
xφφ

>)/trace(I70) = 1% of the total variation of the factors. I

simulate the system for T = 700 periods.

Following the same procedure as the empirical analysis of the main body of the manuscript,

I focus on the low-frequency interval [−2π/96, 2π/96] in the simulation, and solve problem (21) using

the frequency-specific covariance matrices estimated from the simulated data.46 Since the only state

variable in the simulation is persistent and thus is a low-frequency state variable, Proposition 2 suggests

that the solution to problem (21) should identify the loadings of the factors on this state variable.

Panels A and B of Figure 8 illustrate the loadings of the factors on the state variable and the

returns of the factor with time-varying risk premium defined in equation (30), respectively. In each

panel, the blue line depicts the object associated with the population loadings of the factors on the

state variable, and the orange line depicts the object associated with the estimated loadings of the

factors on the state variable, which are obtained by solving problem (21) using the frequency-specific

covariance matrices estimated based on the simulated data. Panel A shows that solving problem (21)

using the estimated frequency-specific covariance matrices accurately identifies the loadings of the factors

on the state variable. In particular, the estimated loadings capture well the monotonic pattern of the

population loadings, and the cross-sectional correlation between the population loadings and estimated

loadings is 85.7%. As a result, Panel B shows that I can accurately estimate the factor with time-varying

risk premia. Specifically, the correlation between the factor with time-varying risk premia based on the

estimated loading vector and its population counterpart is 88.1%.

To further investigate the performance of my approach in finite sample, I repeat this simulation

for 1,000 times. The first row Table 13 reports the quantiles of the cross-sectional correlation between the

estimated and population loadings of the factors on the state variable in the 1,000 simulated systems.

I find that the solving problem (21) based on the estimated frequency-specific covariance matrices

accurately recovers the loadings of the factors on the state variable. In particular, the cross-sectional

correlation between the estimated loadings and their population counterparts is higher than 68.9%

in 95% of the simulated systems. In half of the simulated systems, the cross-sectional correlation is

higher than 83.5%. The high cross-sectional correlation between the estimated and population loadings

translate to the high time-series correlation between the estimated and population factor with time-

varying risk premium, whose quantiles are reported in the second row of Table 13. Specifically, the

time-series correlation between the estimated and population factor is higher than 68.7% in 95% of

the simulated systems, and is higher than 84.3% in half of the simulated systems. In summary, the

46Appendix C discusses the method to estimate the frequency-specific covariance matrices.
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simulation in this section illustrates that the low-frequency factors estimated from a finite sample have

high correlation with their population counterparts, and thus the empirical findings of this manuscript

are not driven by estimation error.

E Simulation of conditional mean-variance-efficient portfolio

In this section, I design a simple simulation to illustrate that the conditional mean-variance-efficient

(CMVE) portfolio based on a true prediction model could have a negative alpha with respect to that

based on a model without predictive power, particularly when the average returns of the factors are

high and time-varying. The simulation also shows that evaluating the performance of the unconditional

mean-variance-efficient (UMVE) portfolio alleviates this issue.

To simplify the exposition, in this section, I consider one factor with time-varying average return

and constant volatility. Specifically, I assume that the data-generating process of the factor is

ft+1 = µt + ξt+1,

where µt is the time-varying average return and ξt+1 ∼ N(0, σ2) is the innovation of the factor. The

CMVE portfolio of this factor is then

fCMVE
t+1 = c

µt
σ2
ft+1,

where c is a constant that governs the leverage of the portfolio. To evaluate whether predicting the

average return of the factor generates economic value, one conventional approach is to run the following

regression:

fCMVE
t+1 = αCMVE + βCMVEft+1 + et+1, (60)

and conclude that predicting the factor returns generates additional economic value if the regression

intercept is positive. Intuitively, compared to the CMVE portfolio of the factor, the buy-and-hold

strategy does not exploit the predictability of the factor returns and thus is less favorable to an investor.

Therefore, based on this evaluation approach, one should expect that αCMVE > 0.

I use a simulation procedure to investigate whether αCMVE > 0 holds empirically. Specifically,

I simulate the factor returns for T = 300 months, and I assume that µt = 2 in the first 60 months and

µt = 0.8 in the remaining 240 months. I assume that σ = 1, and thus the conditional Sharpe ratio of

the factor is two in the first 60 months and 0.8 in the remaining 240 months. Using these parameters,

I generate 10,000 simulated samples of the factor returns, and record the estimation of αCMVE in each

simulated sample.

Panel A of Figure 9 illustrates the empirical distribution of the estimation of αCMVE in the

10,000 simulated samples. I find that αCMVE is negative in 99.13% of the simulated samples. Thus,

evaluating whether a prediction model of the factor returns generates economic value via examining

whether αCMVE is positive could deliver misleading results. In particular, even if one knows the true

data-generating process and forms the true CMVE portfolio of the factor, the simulation results show

that the true CMVE portfolio could have a negative alpha with respect to the simple buy-and-hold

strategy of the factor, which does not exploit the return predictability.
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Figure 9: Empirical distribution of αCMVE and αUMVE in 10,000 simulated samples

Panels A and B illustrate the empirical distribution of the estimation of αCMVE and αUMVE, which are defined in equa-
tions (60) and (61), respectively, in 10,000 simulated samples.
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In the main body of the manuscript, I exploit the unconditional mean-variance-efficient (UMVE)

portfolio of the factor:

fUMVE
t+1 = c

µt/σ
2

1 + µ2
t /σ

2
ft+1.

To evaluate whether predicting the average return of the factor generates economic value, I run the

following regression:

fUMVE
t+1 = αUMVE + βUMVEft+1 + et+1, (61)

and conclude that predicting the factor returns generates additional economic value if αUMVE is positive.

Panel B of Figure 9 illustrates the empirical distribution of the estimation of αUMVE in the 10,000

simulated samples, and I find that αUMVE is positive in 99.13% of the simulated samples. In fact, the

87 samples that yield a negative estimation for αUMVE are also those that yield a positive estimation

for αCMVE. Thus, compared to examining whether αCMVE is positive, evaluating whether a prediction

model of the factor returns generates economic value via examining whether αUMVE is positive delivers

less misleading results.

F Additional tables
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Table 14: List of considered characteristics

This table lists the characteristics considered in the empirical analysis. The second and third columns report the acronym
and definition of the variables, respectively. Section A.1 of the Online Appendix of Freyberger et al. (2020) reports the
detailed definition and calculation of these characteristics.

# Acronym Definition

1 beta Market beta
2 e2p Earnings-to-price ratio: income before extraordinary items to market capitalization
3 cum return 36 13 Cumulative return from 36 months to 13 months before
4 beme Book-to-market ratio: book value of equity to market value of equity
5 q Tobin’s Q
6 a2me Total assets to market capitalization
7 cum return 1 0 Lagged one-month return
8 lme Total market capitalization
9 cum return 12 2 Cumulative return from 12 months to two months before
10 cto Capital turnover: net sales to lagged total assets
11 roe Return on equity: income before extraordinary items to lagged book value of equity
12 oa Operating accruals: change in non-cash working capital minus depreciation scaled by

lagged total assets
13 lturnover Last month’s volume over shares outstanding
14 rel to high price Price to 52 week high price
15 noa Net operating assets: difference between operating assets and operating liabilities to

lagged total assets
16 idio vol Idiosyncratic volatility with respect to the Fama-French three-factor model
17 investment Percentage year-on-year growth rate in total assets
18 ato Net sales to lagged net operating assets
19 dpi2a Change in property, plants, and equipment and inventory to lagged total assets
20 pm Profit margin: operating income after depreciation to sales
21 rna Return on net operating assets: operating income after depreciation to lagged net

operating assets
22 suv Standard unexplained volume: standardized difference between actual volume and

predicted volume
23 roa Return on assets: income before extraordinary items to lagged total assets
24 ol Operating leverage: sum of cost of goods sold and selling, general, and administrative

expenses to total assets
25 free cf Free cash flow to book-value of equity
26 c Cash and short-term investments to total assets
27 cum return 12 7 Cumulative return from 12 months to seven months before
28 spread mean Average daily bid-ask spread in the previous months
29 prof Gross profitability divided by the book value of equity
30 lev Leverage: sum of long-term debt and debt in current liabilities to the sum of long-

term debt, debt in current liabilities, and stockholders’ equity
31 at Total assets
32 s2p Sale-to-price ratio: net sales to the market capitalization
33 sga2s Selling, general and administrative expenses to net sales
34 fc2y Fixed costs to net sales
35 d2a Capital intensity: depreciation and amortization over total assets
36 pcm Price-to-cost margin: difference between net sales and costs of goods sold divided by

net sales
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Table 15: List of macroeconomic and financial indicators

Panels A and B list the macroeconomic and financial indicators considered in the empirical analysis for predicting the
returns of the low-frequency factors, respectively. In each panel, the second and third columns report the acronym and
definition of the variables, respectively.

# Acronym Definition

Panel A: macroeconomic indicators

1 INFL Inflation: consumer price index for all urban consumers
2 BCI U.S. Business confidence index from the OECD library
3 CCI U.S. Consumer confidence index from the OECD library
4 CLI U.S. Composite leading indicator from the OECD library
5 FIN UNC 1month Measure of one-month financial uncertainty (Jurado et al., 2015; Ludvigson

et al., 2021)
6 FIN UNC 3month Measure of three-month financial uncertainty (Jurado et al., 2015; Ludvig-

son et al., 2021)
7 FIN UNC 12month Measure of 12-month financial uncertainty (Jurado et al., 2015; Ludvigson

et al., 2021)
8 MACRO UNC 1month Measure of one-month macroeconomic uncertainty (Jurado et al., 2015;

Ludvigson et al., 2021)
9 MACRO UNC 3month Measure of three-month macroeconomic uncertainty (Jurado et al., 2015;

Ludvigson et al., 2021)
10 MACRO UNC 12month Measure of 12-month macroeconomic uncertainty (Jurado et al., 2015; Lud-

vigson et al., 2021)
11 REAL UNC 1month Measure of one-month real uncertainty (Jurado et al., 2015; Ludvigson

et al., 2021)
12 REAL UNC 3month Measure of three-month real uncertainty (Jurado et al., 2015; Ludvigson

et al., 2021)
13 REAL UNC 12month Measure of 12-month real uncertainty (Jurado et al., 2015; Ludvigson et al.,

2021)
14 gIndprod Growth of industrial production
15 gEmploy Growth of employment
16 gConsdur Growth of durable consumption
17 gConsnon Growth of nondurable consumption
18 gConsserv Growth of services consumption
19 RECESS NBER-dated recessions

Panel B: financial indicators

1 DP Dividend-price ratio: log of a 12-month moving sum of dividends paid on
the S&P 500 index minus the log of stock prices (S&P 500 index)

2 DY Dividend yield: log of a 12-month moving sum of dividends paid on the
S&P 500 index minus the log of lagged stock prices (S&P 500 index)

3 EP Earnings-price ratio: log of a 12-month moving sum of earnings on the
S&P 500 index minus the log of stock prices (S&P 500 index)

4 DE Dividend-payout ratio: log of a 12-month moving sum of dividends paid
on the S&P 500 index minus the log of a 12-month moving sum of earnings
on the S&P 500 index

5 SVAR Stock variance: sum of squared daily returns on the S&P 500 index
6 BM Book-to-market ratio: ratio of book value to market value for the Dow

Jones Industrial Average
7 NTIS Net equity expansion: ratio of 12-month moving sums of net issues by

NYSE stocks divided by the total end-of-year market capitalization of
NYSE stocks

8 TBL Treasury bill rate: interest rate on a three-month Treasury bill
9 LTY Long-term yield: long-term government bond yield
10 LTR Long-term return: return on long-term government bonds
11 TMS Term spread: difference between the long-term yield and Treasury bill rate
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Table 15 continued

# Acronym Definition

12 DFY Default yield spread: difference between BAA- and AAA-rated
corporate bond yields

13 DFR Default return spread: difference between long-term corporate
bond and long-term government bond returns

14 DISAG Investor disagreement (Huang, Li, and Wang, 2021)
15 FedFundsRate Federal funds effective rate
16 Real FedFundsRate Real Federal funds rate
17 AggLiq Levels of aggregated liquidity (Pastor and Stambaugh, 2003)
18 BW SENT Investor sentiment index of Baker and Wurgler (2006)
19 BW SENTorthogonalized Investor sentiment index of Baker and Wurgler (2006), orthog-

onalized version
20 PLS SENT Aligned investor sentiment index of Huang et al. (2015)
21 PLS SENTorthogonalized Aligned investor sentiment index of Huang et al. (2015), orthog-

onalized version
22 intermediary capital ratio Intermediary capital ratio of He et al. (2017)
23 intermediary lev ratio squared Squared reciprocal of the intermediary capital ratio
24 cay Consumption-wealth ratio of Lettau and Ludvigson (2001b)
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