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“I believe that the ongoing discussion about privatizing Social Security would ben-
efit from paying more attention to fundamentals, rather than dwelling simply on
nuts and bolts of privatization.”

— Milton Friedman, Social Security Chimeras, New York Times, January 11, 1999

1 Introduction

Over the past forty years, demographic shifts, medical advances, and declining long-term
interest rates have placed significant strain on tax-funded social insurance programs, such
as Social Security in the United States. This strain threatens both the sustainability of the
system and the welfare of low-income individuals who rely on public pensions and Social
Security income during retirement. In response, many policy proposals seek to increase
retirees’ reliance on their own savings and private-market solutions—essentially reducing
public social insurance while encouraging self-insurance.

Proposals to cutback or eliminate Social Security in the U.S., such as President George
W. Bush’s 2005 plan to privatize the system with individual investment accounts or Paul
Ryan’s Roadmap for America’s Future, which phases out benefits by raising the retirement
age and means-testing, illustrate this shift towards increased self-insurance. However, these
proposals, like much of the existing research, assume financial markets can efficiently supply
the necessary private insurance, such as annuities or other forms of longevity coverage. In
practice, private insurance markets face frictions—e.g., adverse selection and interest rate
risk—that may limit the effectiveness of policies that rely heavily on self-insurance. Under-
standing the welfare implications of reducing public annuities, therefore, requires modeling
these market imperfections explicitly.

Rather than focusing on the transition from pay-as-you-go systems to fully-funded ac-
counts, as much of the Social Security reforms literature does, this paper examines an envi-
ronment that is already fully funded. In doing so, we isolate the role of financial frictions—
specifically, the challenges private insurers face when offering long-term annuities. We show
that these frictions, which have been largely overlooked in the literature, are critical for

evaluating the welfare implications of market-based retirement systems. When these fric-



tions are present, market-based solutions like private annuities require careful government
intervention. In this context, public annuities such as Social Security continue to play a
significant role in the optimal retirement system.

To formalize our analysis, we examine a life-cycle model with sequential, multidimen-
sional private information and aggregate risk. In our model, individuals privately learn their
productivity during their working years, followed by their longevity and level of altruism
upon retiring. The economy faces an uninsurable aggregate interest rate shock after agents
retire, creating incomplete markets. This shock is the source of our financial friction and
demonstrates how interest rate risk increases the inefficiency of private annuities.

To derive the optimal private-annuity-based retirement policy, we develop a novel adap-
tation of the Mirrlees framework. In standard Mirrlees analysis, one first finds an abstract
optimum and then determines an implementation. By contrast, we look for the optimum un-
der a particular implementation. Specifically, we consider a retirement system that features
three sources of income: private savings, Social Security, and private annuities, which we
call the three-legged stool.! We show that this specific decentralization fails to implement
the constrained-efficient optimum when life insurers face costly interest rate risk manage-
ment. Thus, our three-legged-stool implementation can modify the classic Mirrlees planning
problem by introducing new constraints or altering existing ones. Our approach resembles
the literature on Mirrlees settings with exogenous policy restrictions, such as Heathcote and
Tsujiyama (2021), who impose different parametric income tax functions. This paper, how-
ever, focuses on a specific implementation strategy rather than exogenous tax policies. In
other words, although we restrict attention to a particular set of retirement income sources,
we impose no restrictions on tax policy (i.e., income, savings, or bequest taxes). This flexi-
bility allows us to formulate the optimal taxes and compute the maximal welfare achievable
under the three-legged stool framework.

In the first part of our analysis, we abstract from interest rate risk to highlight the role
of private annuities in screening for longevity risk and altruism types. In contrast to the ex-

isting literature, income-contingent Social Security and private savings alone are insufficient

!This implementation reflects the long-standing principle of balancing these three income sources, often
referred to as the three-legged stool of retirement income (DeWitt, 1996).



to separate longevity and altruism types in our environment with multidimensional private
information.? Intuitively, annuitization demand rises with longevity risk and falls with al-
truism levels. Consequently, policies that are contingent on both income and annuitization
can achieve the optimum in this setting. Thus, our framework naturally supports reliance
on private markets and does not disadvantage privatization in any way. Indeed, without
the interest rate shock, only private savings and private annuities are required to implement
the optimum; Social Security is not necessary, providing a theoretical justification for full
privatization. Intuitively, despite the presence of adverse selection in the private annuity
market, the government does not possess more information on longevity risk than private
insurers, so public annuities such as Social Security offer no efficiency benefits. This result
does not hold when private annuity insurers face interest rate risk.

Before formulating the optimal policy with interest rate risk, the second part of our
analysis builds a realistic model of annuity insurers that encompasses adverse selecton and
the cost of managing interest rate risk. We adopt the framework of Verani and Yu (2024),
where competitive life insurers manage both interest rate risk and adverse selection. Life
insurers manage interest rate risk by investing the proceeds from their annuity sales in an
optimal portfolio of bonds with different maturities and choosing an optimal annuity price
and capital structure—i.e., a level of net worth or equity. If the returns on long-term bonds
are low due to frictions in the bond market, the duration of life insurers’ assets is lower than
the duration of their insurance liabilities. Consequently, a low realization of the interest
rate shock during retirement increases the present value of an insurer’s annuity liabilities
more than the present value of its bond holdings, risking insolvency. To mitigate this,
insurers optimally balance bond portfolios and capital structures to manage risk, holding
precautionary net worth buffers and setting annuity prices above the actuarially fair value.
This dynamic leads to an adverse feedback loop, where higher prices attract annuitants with
longer life expectancies that increase the annuity interest rate risk.

We then explore how a government can mitigate financial frictions in the private annuity

market with its debt maturity management. Intuitively, higher long-term government bond

2Lockwood (2018) showed that large observed savings can reflect either high longevity risk or a strong
desire to leave a bequest.



issuance reduces interest rate risk for insurers, enabling them to offer annuities at lower
prices. This is because long-term government bonds with high yields help life insurers hedge
the interest rate risk associated with annuities. Lower annuity prices, in turn, decrease the
cost of using private annuity demand to screen longevity and altruism types. However, long-
term bond issuance exposes the government to interest rate risk. We show that, to absorb
the interest rate risk in a fully-funded system, the government can back its long-term debt
with interest rate-dependent lump-sum taxes on the retirees—i.e., agents are exposed to
volatile post-retirement taxes.

In the third and main part of our analysis, we examine the optimal retirement policy that
is decentralized through a private annuity market facing costly interest rate risk manage-
ment. We start by formulating the social cost of private annuities, which encompasses both
the insurers’ risk management strategies and the government’s debt maturity management.
Then, taking inspiration from the Ramsey taxation approach, we adopt a novel approach
to derive optimal policies that are decentralized through a private annuity market. Due to
the financial frictions inherent in the private market, we find that the optimal approach is
for the government to rely entirely on public annuities, redesigning them to be contingent
on longevity risk and altruism types. However, given the challenges of reforming public
insurance, our focus is on a setting where private annuity demand still plays a significant
role in screening longevity and altruism types. In this third-best environment, the optimal
retirement policy depends on private annuity demand. At the optimum, to minimize the
social cost of managing interest rate risk, the annuity market is kept small, with policies
incentivizing lower longevity types to purchase more annuities than higher longevity types—
opposite to what would occur in a laissez-faire market. Additionally, standard results, such
as the inverse Euler equation, no longer apply.

[Insert results from quantitative analysis here.]

1.1 Relation to the literature

The largely unexplored question we tackle in this paper concerns optimal retirement
policies seeking to promote self-insurance over social insurance when financial market are

not frictionless. In particular, we focus on the impact of financial frictions on the supply of



private annuities when designing optimal retirement policies—a gap in the existing literature
on optimal retirement policies. Previous studies that demonstrated the welfare-enhancing
role of Social Security, such as Hong and Rios-Rull (2007) and Hosseini (2015), have generally
ignored supply-side frictions, assuming frictionless financial markets where life insurers hedge
interest rate risk at no cost and capital structure is irrelevant. Consequently, government
debt management does not affect the supply of private annuities. Other related works, such
as Hubbard and Judd (1987) and Imrohoroglu et al. (1995), have focused on the insurance
properties of Social Security when private annuity markets are absent for exogenous reasons.
In contrast, our analysis emphasizes how financial frictions influence retirement policy
reforms through their effect on the supply of private annuities. Recent studies have identified
inefficiencies in the supply of private annuities (Koijen and Yogo, 2015; Verani and Yu,
2024). In particular, Verani and Yu (2024) show that supply-side inefficiencies exacerbate
well-known market distortions from adverse selection (Friedman and Warshawsky, 1990;
Finkelstein and Poterba, 2004). Our key contribution in this paper is the integration of a
realistic model of life annuity insurers into an optimal policy framework. These insurers
confront adverse selection and internalize the costs of managing interest rate risk associated
with annuities. Given that long-term fixed coupon bonds beyond a two-year maturity are
largely non-existent (Gajek and Ostaszewski, 2004) and private annuity markets are small
(Mitchell et al., 1999), we show that government involvement in supplying debt facilitates
idiosyncratic and aggregate risk sharing by aiding insurers in hedging interest rate risk.
This paper is also related to the extensive literature on Social Security reforms. A sig-
nificant body of work has examined the transition from the current pay-as-you-go system to
investment-based retirement accounts.® A key concern in this literature is the distribution of
welfare gains across generations: Future generations typically benefit from the more efficient
fully-funded system, often at the expense of current generations (Auerbach and Kotlikoff,
1987; Conesa and Krueger, 1999; Nishiyama and Smetters, 2007; McGrattan and Prescott,
2017). Our paper departs from this literature in two important ways. First, rather than

focusing on transition dynamics, we analyze an environment that is already fully funded.

3Feldstein (2005a) and Feldstein (2005b) provide an overview of the arguments and concerns surrounding
such transitions.



Thus, our work is not concerned with reforming the current system but instead examines
the financial frictions—Ilargely overlooked in the reforms literature—that could reduce the
potential welfare gains of future policy changes. Second, our paper formulates the optimal
policy, while much of the reforms literature—with the notable exception of Conesa and Gar-
riga (2008) and Hosseini and Shourideh (2019)—has centered on the welfare implications of
specific policy changes.

Among the optimal retirement policy design literature, the papers closest to ours are
Hosseini and Shourideh (2019), Park (2021), and Bellofatto (2023). These papers, instead of
conducting quantitative policy experiments on different proposals (like the aforementioned
papers on Social Security reforms), adopt the Mirrleesian approach and focus on formulating
the optimal policy without any constraints on the instruments. Hosseini and Shourideh
(2019) explores Pareto improving retirement reforms that maintain at least status quo welfare
for each agent, finding that savings taxes enhance production efficiency when productivity
correlates with longevity risk, while a savings subsidy mitigates the absence of annuity
markets. Park (2021) and Bellofatto (2023) also characterize optimal Mirrlees policies in
the presence of longevity risk and bequest motives. However, in all three papers, agents’
productivity is perfectly correlated with their longevity risk, rendering private annuities
non-essential. In contrast, our sequential-multidimensional screening environment highlights
the unique role of private annuities in the decentralization process, emphasizing supply-side
frictions in annuity markets and its connection to the government’s debt maturity structure.

Our paper is also related to the literature on optimal public debt maturity, including
Angeletos (2002) and Buera and Nicolini (2004), which utilizes the Ramsey approach to
characterize optimal debt maturity structures in incomplete markets with government ex-
penditure shocks. Aparisi de Lannoy et al. (2022) emphasizes interest rate risk as a determi-
nant of optimal government debt maturity structure, suggesting that the U.S. government
should increase the duration of its debt to minimize rollover risk. In contrast, we focus on
the issuance of long-term government bonds to mitigate inefficiencies in the private annuity
market stemming from costly interest rate risk management, rather than raising government
revenue. Additionally, while previous literature has concentrated on infinite horizon models,

we restrict our attention to a single generation of finitely lived agents to formulate an opti-



mal fully-funded retirement system. Consequently, the government’s balance sheet becomes
crucial: the government must invest the proceeds from long-term bond sales in short-term
assets to avoid intergenerational transfers.

Lastly, our paper relates to the literature studying the low annuitization rate in the
U.S. This literature attributes low annuitization rate to bequest motives (Lockwood, 2018),
behavioral biases (Brown et al., 2017; Gottlieb, 2018), and high annuity prices due to adverse
selection (Eichenbaum and Peled, 1987; Friedman and Warshawsky, 1990; Finkelstein and
Poterba, 2004) and other costs (Mitchell et al., 1999). Recent findings by Illanes and Padi
(2021) indicate that high annuitization rates in Chile are a consequence of the absence of
social insurance, such as Social Security. In contrast, our normative approach emphasizes
the crucial role of both private and public annuities in enabling the government to better
screen individuals and improve the efficiency-equity trade-off of a retirement system. In our
policy framework, private savings and annuities are not meant to replace Social Security but

to work alongside it.

2 Economic environment

We formulate a fully-funded retirement system centered around a single generation of
agents. We consider a life-cycle model where agents are alive for at most four periods:
t =0,1,2,3, and die with certainty at the end of the fourth period. Agents work in ¢t = 0
and retire at ¢ = 1. It is important to note that the final three periods—each period after
retirement—is of the same length, but t = 0—the employment phase—is considerably longer.

At t = 0, agents privately learn their productivity 6 € [Q, @] C R, and proceed to enter
the labor force. Productivity 6 is drawn from a differentiable distribution F' (#) with density
f(0). An agent with productivity # who provides work effort n produces output y = n at
t = 0. The government observes output y, but not productivity # nor labor supply n. We
refer to 0 as the ex-ante private information.

Upon retirement at ¢ = 1, agents privately learn their longevity risk p € [H’ ﬁ] C R.
S; (1) denotes the probability that agents survive to t > 1 at t = 0. We assume that
1 =81 (u) > Sa(p) > S5(u) > Sq(p) = 0 for all . In other words, all agents survive till



the end of ¢ = 1 and all of them die at the end of ¢ = 3 with mortality risk in between.
Furthermore, agents with higher longevity p expect to live longer: S; () is strictly increasing
in p for t = 2,3. Since productivity and longevity are correlated, we follow the sequential
screening setup of Courty and Li (2000): g is drawn from a distribution conditional on
productivity G (p|@) with density g (u|f) . Agents who are more productive are also likely to
live longer: % < 0 (Kitagawa and Hauser, 1973; Cristia, 2009).

At t = 1, agents also privately learn their altruism type « € {0,1} with probability
p € (0,1) that « = 1. Therefore, agents possess multidimensional private information at
t = 1. Notice that altruism « is independent of productivity 6 and longevity risk p. This
implies that longevity risk p is more informative of productivity # than altruism type, raising
the importance of screening the two different motivations for post-retirement savings. Upon
death at the end of ¢, agents receive a warm glow of aw (x;) from leaving a bequest of z; > 0.
The function v satisfies: v', —v” > 0, with lim, v (x) = —o0 and lim, o v’ (z) = co. We
refer to agents with a = 1 as altruistic, and those with o = 0 as non-altruistic. Since the
government does not observe longevity risk g and altruism type «, we will refer to them as
the ez-post private information.

Utility is additively separable across time and between consumption and leisure. Specif-
ically, f-agents at ¢ = 0 have a flow utility of u (co) — h (%) , and agents continue to enjoy
utility u (¢;) from consumption as long as they live. Utility from consumption wu is twice
differentiable, strictly increasing and strictly concave (u/, —u” > 0), and w (0) = 0. Disutility
from working h is twice differentiable, strictly increasing and strictly convex (h/,h” > 0),
and h (0) = 0.

The length of period ¢ = 0 is longer than the other periods, so the discount factor at
t = 0 for future periods would also be different. Let §; € (0,1) denote the discount factor
at t =0 and 3 € (0,1) denotes the discount factor in other periods, while 5y normalizes the
utility in ¢ = 0. All discount factors are determined by the annual discount factor and the

number of years in each period.

We focus on an economy with exogenous (one-period) interest rates.” The return on

4The exogenous interest rates can be micro-founded by the existence of a one-period storage technology
whose supply is perfectly elastic.



savings made after retirement at ¢ is denoted as R;;1. The return R3 € R = [1, R} realized
in ¢t = 2 is a one-time aggregate shock drawn from distribution II (R3) with density 7 (R3)
and has an expected return of E (R3) . State-contingent debt is unavailable, so the economy is
unable to insure against the interest rate shock. For simplicity, the other returns are known
with Ry = (1 — w) E (R3) + wR3 where w € [0, 1] is the persistence of the interest rate shock.
In the next section, we examine a model without the aggregate interest rate shock in ¢ = 2,
so IT (Rs) is degenerate.
The discounted lifetime utility of f-agents at t = 0 is

pUr ({Ct7$t}tz1 M, = 1)

m
Us (co,y50) = Bo [U(Co) —h(%ﬂ +51/ dG (pl0) ,
v |+ (1—=p) Uy ({ct,xt}t21 D, = O)
where s
Ui ({Ct, 17t}t21 » Oé) = / [Z BLS, (1) w (ce, s p, o) | dIL(R3)
R [t=1
and
St (1)
; = 1—-—= .
w (Ct7 xt? :u7 Oé) Uu (Ct) _'_ 5 |: St (,LL) av (xt)
Note that 1 — 2210 g the probability of dying at the beginning of ¢ + 1 conditional on

St ()

surviving till ¢ for agents with longevity type pu.

The remainder of this section presents the incentive compatibility constraints and the
planning problem. While we largely follow the Mirrlees framework, our focus on an im-
plementation that relies on an inefficient annuity market introduces modifications to both
the direct mechanism and the planning problem when insurers face costly interest rate risk
management. Although we do not present these modifications in full detail here, we will
indicate the components that are affected. A complete discussion of how costly interest rate

risk management alters the government’s problem is deferred to Section 6.

2.1 Incentive compatible direct mechanism

To characterize the constrained efficient allocation, we first formulate a direct truth-telling

mechanism, which we use as a blueprint to decentralize the optimum in an economy with a
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competitive private annuity market. The government has full commitment and designs the

direct mechanism P defined as

[co (8) .y (0)],
P = [Cl (Q,M,a) , Co (‘9,,111, a,R3)7C3 (97/117057R3>] )

[1'1 (67 M, Q, R3) y L2 (67 M, Q& R3) , L3 (07 M, R3)]

0€(0.0];ue|p);ae{0,1};R3€R

In Section 6, we show that when life insurers face costly interest rate risk management, there
exists an optimal balance between public and private annuities. Consequently, in a private-
annuity-based implementation, the government also assigns both Social Security benefits and
life annuities to agents in a direct mechanism. However, this is not relevant for the purposes
of introducing the incentive compatibility constraints.

To simplify notation, we will express the utilities Uy and U; as functions of an agent’s
reports and type. Let the utility of a (6, u, @)-agent who reports ' € M, i) and o/ € {0,1}

in t = 1 be denoted as

3

Up (i, 050, 1, o) = / [Z B8y () wye (1, @50, i, o, Ry) | dIL(Rg),
R Li=1

where wy (¢/,a/;0, p, o, R3) = w (¢ (0,1, , Rs),x (0, 1/, &', R3) ; i, ) . Furthermore, de-

note the utility from truth-telling at ¢t = 1 as Uy (¢, u, ) = Uy (p, ;&' i, ) . Note that

at t = 1, consumption ¢; is not a function of R3, but bequest ;1 may depend on Rs3. Denote

the utility in ¢ = 0 of #-agents who reported productivity 6 as

Us (050) = G [u (o (6)) — h (y (j'))] o [ " UL 1.1) + (1= p) Ur (6, 1, 0)] G (1]6)

Since agents learn their private information sequentially, it is without loss in requiring
P to be incentive compatible for each period. There are two sets of incentive compatibility
constraints. The first set of incentive constraints are the ez-post incentive compatibility

constraints, which ensure the agents report their longevity risk x4 and altruism « truthfully:

11



for any 6 € [0,0], pu, i € [, 7], a,a’ € {0,1},
U (0, pp,0) > Uy (1,050, p, ) . (1)

The ex-post incentive compatibility constraints (1) characterize the multidimensional screen-
ing problem in ¢ = 1. By the dynamic revelation principle, the ex-post incentive constraints
(1) only require truth-telling in ¢t = 1 after truth-telling in ¢ = 0 (Myerson, 1986).

At the optimum, the bequest for non-altruistic agents (o = 0) is zero, i.e., z; (0, u, 0, R3) =
0 for all ¢. Since non-altruistic agents do not receive a warm glow from bequests, there is no
gain in having them leave a strictly positive bequest. Also, by specifying the lowest possible
bequest for non-altruistic agents, the ex-post incentive constraints (1) are relaxed.

The second set of incentive constraints are the ez-ante incentive compatibility constraints.

They ensure that the agents report productivity € truthfully at ¢ = 0 : for any 6,6 € [Q, ﬂ ,

We say that the set of allocations P is incentive compatible if it satisfies both ex-ante and
ex-post incentive compatibility constraints.

Appendix A shows how standard mechanism design tools can simplify the set of compli-
cated ex-ante and ex-post incentive constraints by reducing them to their necessary condi-

tions. It also shows how to simplify the post-retirement multidimensional screening problem.

2.2 Planning problem

Given our focus on implementations involving private annuity markets, the planning
problem in our setting must account for the government’s policy toward these markets. In
contrast to most planning problems in the literature, ours maximizes welfare subject to the
usual constraints while also choosing the policy towards the private annuity market.

The utilitarian government chooses the set of allocations P to maximize |, f Up (0) dF (0)

subject to the ex-post incentive constraints (1), the ex-ante incentive constraints (2), and
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the resource constraints: for any R3 € R,

7 _
0) —co (0 2 K@,u 1, R U
/ y (0) Co()_/ pK (0, 1 3) 4G (ulo) b ar () > 2(R3)

v RO ® +(1 _p>K(‘9’:ua 07R3) Hs:l RS
where Ry normalizes the allocations in ¢ = 0 and R;;; denotes the gross rate of return

on savings made in t. Also, K (0, u,a, R3) denotes the total discounted consumption for

(0, i, a)-type agents after retirement and interest rate shock Ry :

3

St (1) [ 1 < Sti1 (N)) }
K (0, p,a, Rs) E ¢ (O, p,a,R3) + —— (1 — ———= | 2 (0, u,a, R3) | .
( 2 3 - Hi ; Rs t ( 2 3) Rt+l St (,u) t ( H 3)

Recall that R3 is an aggregate uninsurable shock, so we require the resource constraint to
hold for each realization of the interest rate shock Rs.

As part of the government’s policy towards annuity markets, W (R3) contains the lump-
sum tax the government uses to finance the issuance of long-term debt, thereby lowering the
cost of interest rate risk management for insurers, and the positive net worth the insurers
use to manage its interest rate risk. In Section 6, we show that W (R3) can be interpreted as
a measure of welfare deviation from the constrained efficient optimum. In essence, it reflects
the welfare cost associated with enhancing the efficiency of private annuity markets caused
by financial frictions. Crucially, ¥ (R3) depends on the size of the annuity market, which is
endogenously determined by our policy decentralization. Our implementation with private
annuities is presented in Section 4 in a setting without interest rate shock Rj3, serving as a
benchmark since government debt policies cannot improve annuity market efficiency in the
absence of aggregate shocks. Section 6 examines the setting with the shock Rj.

Furthermore, since we focus on an implementation that relies on an inefficient annuity
market, the planning problem can include additional constraints that reflects the market
frictions. Specifically, since ¥ (R3) is a function of annuity demand when insurers face costly
interest rate risk management, the set of annuities that the planner can assign to agents may
be restricted. By contrast, if the optimum is implemented through policies that do not rely
on private annuities, then these additional constraints could potentially be avoided. This

situation closely parallels the appearance of implementability constraints in classic Ramsey
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taxation, which likewise arise when policy instruments are restricted to linear taxes; if tax
instruments were unrestricted, those constraints would cease to bind. Section 6 derives the
additional constraints that augment the planning problem.

To simplify the problem, we follow the literature and examine the relaxed planning
problem by replacing the incentive constraints (1) and (2) with (16), (18), and(19), which are
detailed in Appendix A. Given that the envelope conditions (18) and (19) are only necessary,
we numerically verify the incentive compatibility of the optimum under the relaxed problem

in Section 7.

2.3 Wedges

The optimum is characterized by the intertemporal and labor wedges, which provide the

foundations for our optimal taxes. For the intertemporal wedges, we can define the savings
wedges ¥ and bequest wedges T
u' (c)

Bip1 R By 1 (ci41)]

v’ (cr)

B Req By [V ()]

w=1- and 78 =1
If 75 > 0 (7¥ < 0), then savings in ¢ is inefficiently low (high). Similarly, if ¢ > 0 (78 < 0),
then bequests in ¢ is inefficiently low (high). The savings and bequest wedges provide us with
the implicit taxes on savings and bequests conditional on surviving and dying respectively.®
We refer to the savings wedges 77 after ¢t = 1 as the retirement savings wedges.

The labor wedge in ¢ = 0 characterizes the optimal distortions in the marginal rate of

substitution between consumption and leisure, and it is defined as

(2
TG g <e)>>'

Since the equilibrium wage is equal to productivity 8 in a competitive labor market, if 7% > 0
(7 < 0), then there is an under-supply (over-supply) of labor given the market wage. The

labor wedge also provides us with the implicit tax on income.

50ur definitions of the savings and bequest wedges follow from the ex-post intertemporal wedges of Park
(2021) and Bellofatto (2023). Note that our definition is different from the savings wedge in Hosseini and
Shourideh (2019), where it is not conditional on survival outcomes.
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3 The three-legged stool retirement system

This section presents an implementation of a version of the three-legged stool: private
annuities, private savings, and Social Security. The rest of the paper focuses on an opti-
mum that can be decentralized using these three sources of retirement income. Section 4
characterizes the optimum in a setting without the interest rate shock Rj3, while Section 6
examines the environment with the interest rate shock R3. Our model of annuity insurers
depends on whether the interest rate shock is present. We therefore defer its presentation
until later, introducing one model for the case without the shock and another model, with
explicit interest rate risk management, for the case with the shock in Section 5.

The fully-funded Social Security benefits only depend on lifetime income y and is pri-
marily used as a post-retirement redistribution tool. Meanwhile, private annuities combined
with private savings in the form of bonds help the government screen longevity risk p and
altruism type «. For our implementation, altruistic agents (o = 1) only save through bonds
while non-altruistic agents (o = 0) purchase annuities. Our implementation highlights the
unique role of each leg in the three-legged stool.

Upon retirement at ¢ = 1, agents start receiving tax-funded income-contingent Social
Security benefits z (y) > 0 in every period as long as they are alive. For simplicity, we focus
on an implementation where agents only purchase one-period government bonds. This is
analogous to an implementation with a sufficiently large tax on the returns to multi-period
bonds held by agents.® In each period, agents can purchase one-period bonds denoted as b.
One unit of the one-period bond returns R; > 1 in t. Another financial asset available to
the agents is annuities. Agents can also purchase private annuities at t = 1.7 An annuity
contract pays one unit of pre-tax consumption in each subsequent period the contract holder
is alive in exchange for a lump-sum payment of ¢ in ¢t = 1.

Let b1 denote an agent’s bond purchases or private savings in t. Social Security benefits,
returns from private savings, and annuity payments at ¢ > 2 are subject to a non-linear

post-retirement income tax rate of 7% (y, a, {bs, }222 , Rg) , which depends on pre-retirement

In Section 5, we introduce two-period bonds and demonstrate their crucial role in helping life insur-
ers manage interest rate risk. We also show that this allows the government to reduce annuity market
inefficiencies through strategic debt management.

"We assume agents are restricted to purchasing annuities at ¢ = 1.

15



income g, annuity holding a, the history of post-retirement private savings {bs}iz2 , and the
interest rate shock Rs if t > 2. If agents are dead at t, their private savings are treated
as bequests and are subject to a non-linear bequest tax rate of 77 (y,a, {bs}ﬁ,:2 , Rg) . To

summarize, the retirement policy at ¢t =1 is

P = {z (W), [T (y,a,{bs}y Rs) 78 (v, a, {bs}isy s R?’)]tZQ,RgER} :

Let 7{€ (y) denote the tax rate on the returns to pre-retirement savings. Then, given
income y and P, an agent with ex-post type (u,a) at t = 1 and [1 -7 (y)] Rib; in the

retirement savings account takes interest rates and annuity price ¢ as given and solves

max /R 23: 818, (1) {u (c) + 8 (1 _ M) o (xt)} d(Ry),  (P1)

{etae )iy {be}i—osa t=1 % (Iu)

subject to

1+ by +ga < [1 =7 (y)] [Rabs + 2 (y)],
¢+ by < [1 — 7K (y, a, {bs}iz2 , Rg)} [Riby + a+ z(y)], for t > 2 and any R3 € R,
Ty = [1 — 7'3_1 (y, a, {bs}tsil2 , Rg)] Rii1biyq, fort > 1 and any R3 € R,
a > 0.

Agents are not allowed to sell annuities, i.e., annuity demand is positive. The value function
of the decentralized problem at t = 1 is denoted as V} (y, b1, Pl; 14, a> , which also depends
on prices (R, q) but is omitted to streamline notation.

Savings b; at ¢ = 0 are placed in a retirement savings account. Retirement account
contributions come from pretax income (similar to a traditional 401(k)) and are only taxed
upon withdrawal at a rate of 7% in ¢ = 1. Prior to retirement, agents face a non-linear labor
income tax of TT (y — b;). Let P, denote the set of policies agents face while working in

t=0:P = [T (y — b1), 7 (y,a,b1)] . Therefore, at t = 0, agents with productivity 6 solve

3 Vily,b ,]5; ,1
CIOleaii Bo [u (co) —h (%)} + b1 /: N (1]?1]))(?‘//1 E% ;:;’1;)/1, 0) dG (pl9), (P0)
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subject to

Co+b1§y—TL(y—bl).

Let P = <]50, ]51> denote the set of tax policies on agents.

An important observation is that although we focus on the three-legged stool imple-
mentation, our tax policies remain very general. In essence, for any optimal allocation of
consumption, output, and bequests, we can construct a corresponding tax system that im-
plements it. This generality allows us to isolate the effects of the interest rate shock on the
optimum and understand how frictions in the annuity market—specifically, insurers’ costly
interest rate risk management—shape the equity-efficiency tradeoff and influence the struc-
ture of optimal taxes. Crucially, it also provides an upper bound on the welfare attainable
under our three-legged stool retirement system.

Finally, as noted earlier, the supply of private annuities depends on the presence of the
interest rate shock. Therefore, we introduce a separate model of annuity insurers for each
setting: one with the interest rate shock and one without. The next section presents the

optimum in an environment without the interest rate shock.

4 Optimal policy without interest rate shocks

To focus on how the sequential and multidimensional private information affects the opti-
mum, this section examines a setting without aggregate shocks, where II (R3) is degenerate.
We focus on the implementation with private annuities introduced in Section 3. By abstract-
ing from the interest rate shock, we can cleanly demonstrate how policies that depend on
annuity demand help with the multidimensional screening problem. We can also demon-
strate that a fully-funded retirement system relying exclusively on the private market can
achieve the optimum in this specialized environment. For notational simplicity, we drop the
dependence on Rj for allocations in ¢ > 2. Furthermore, in this section, ¥ (R3) = 0 for all

Rs € R.
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4.1 Theoretical characterization

This subsection outlines the properties of the optimum in an environment without aggre-
gate shocks. The results here serve as a benchmark for the main results in Section 6, where
we examine the setting with interest rate shocks. While we do not provide a full charac-
terization of the wedges here, we relate the optimum to established results in the literature
while highlighting our unique features. See Appendix C for a complete characterization and

detailed analysis of the wedges.

4.1.1 Pre-retirement optimum

In our model, agents work for a single period, and their productivity is not dependent on
any other private information. Consequently, the qualitative properties of the labor wedge
mirror those in static Mirrlees models, where productivity is the only private information
held by agents (Mirrlees, 1971; Diamond, 1998; Saez, 2001).

The optimal intertemporal distortions at ¢ = 0 are governed by the inverse Euler equation
(Golosov et al., 2003, 2006), which is a standard feature in models with dynamic private
information. The inverse Euler equation implies that all agents’ savings in ¢ = 0 are taxed
to reduce the cost of screening future private information, i.e., 7§ > 0.

In Section 6, we examine the optimum when the government decentralizes through private
annuity insurers with costly interest rate risk management. We argue that while the theo-
retical characterization of the labor wedges remains unchanged, the inverse Euler equation

no longer holds in this environment.

4.1.2 Post-retirement optimum

Before discussing the bequest and retirement savings wedges, first consider two bench-
marks: when only ex-post private information (u, ) is observable, and when only ex-ante
private information 6 is observable.

If ex-post private information (u, «) is observable, the uniform-taxation result of Atkinson

and Stiglitz (1976) holds. The government does not need to introduce any distortions in the
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intertemporal wedges after retirement, i.e., 77 = 7¢ = 0 for all agents at any ¢t > 1.°

If ex-ante private information 6 is observable, the full-information efficient optimum is
implementable despite the fact that p and « are unobservable. The full-information efficient
optimal allocation fully insures all agents against differences in longevity and altruism: All
agents share the same consumption and bequest in any ¢. Similar to Harris and Raviv (1978),
retirement savings and bequests are undistorted when only productivity is publicly known.
These two benchmarks imply that post-retirement intertemporal distortions are caused by
the presence of dynamic private information.

Part of the distortions to retirement savings at the optimum are driven by ex-ante incen-
tive constraints (2). Recent studies have demonstrated how distortions in retirement savings
can reduce the cost of screening productivity 6 (Hosseini and Shourideh, 2019; Park, 2021;
Bellofatto, 2023).° Specifically, since more productive agents are expected to live longer,
they prefer a more back-loaded consumption stream. As a result, it is optimal to front-load
the retirement consumption of less-productive agents in order to discourage productive types
from under-reporting their productivity in ¢ = 0.

While recent studies have examined similar environments, the literature generally as-
sumes a simpler framework where productivity 6, longevity u, and altruism « are perfectly
correlated. By contrast, our model diverges from this assumption by exploring a sequential
screening setting in which longevity is positively, but not perfectly, correlated with pro-
ductivity. As a result, retirement consumption varies due to differences in ex-post private
information (u, o) among agents with the same productivity . Since agents are risk averse,
these differences tighten the ex-ante incentive constraints (2), which introduces an additional
economic force that works to reduce consumption differences after retirement.

Another source of distortion in retirement savings arises from the post-retirement multidi-
mensional screening—a distinct feature of our model. In other words, the retirement savings

wedges are also shaped by ex-post incentive constraints on altruism (16), which are meant to

8The absence of intertemporal distortions after retirement does not imply insurance against longevity
differences. Consumption and bequest differ across longevity types, since longevity is correlated with pro-
ductivity. However, consumption is the same across altruism types for fixed productivity and longevity,
because altruism is independent of productivity.

°In a related paternalistic setting, Paluszynski and Yu (2023) showed that distortions in savings dur-
ing the employment phase can incentivize present-biased agents to invest in education before entering the
workforce.
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prevent non-altruistic agents from misreporting as altruistic. Consequently, for a fixed pair
of productivity and longevity types, the retirement savings wedges for non-altruistic agents
are smaller than the ones for altruistic agents.

The same logic that applies to retirement savings wedges extends to the bequest wedges
of altruistic agents. As Park (2021) and Bellofatto (2023) show, bequests are also distorted
to lower the cost of incentivizing pre-retirement labor supply. Specifically, more productive
agents, who tend to live longer, assign less value to bequests. Therefore, optimal bequest
wedges complement the retirement savings wedges: When retirement savings are taxed (77 >
0), bequests are subsidized (78 < 0). Furthermore, due to multidimensional screening,
bequests may be further subsidized to discourage non-altruistic agents—who place no value
on bequests—from pretending to be altruistic.

In our model, the planner assigns zero weight to future generations of agents, so the
distortions in bequests are not driven by the planner’s welfare criterion. This contrasts with
other works that abstract from longevity risk and attribute bequest taxes or subsidies to

variations in generational-Pareto weights or differing welfare criteria (Farhi and Werning,

2010, 2013; Piketty and Saez, 2013).1°

4.2 Decentralization

This subsection continues the three-legged-stool implementation presented in Section 3.
First, we present a model of the annuity insurers in a setting without interest rate risk. Then,
we define the tax-distorted competitive equilibrium for our implementation and show that
it can decentralize the optimum. Finally, we explain why public annuities or Social Security

can be eliminated without any welfare loss in the setting without interest rate shock.

4.2.1 Supply of life annuities

Consider a model with multiple identical life insurers supplying annuities. The annuity
market is competitive and life insurers compete over annuity prices, i.e., Bertrand com-

petition. Let a (6, i, «,q) denote the endogenously determined demand for annuities of

YPavoni and Yazici (2017) is a notable exception. They showed that bequests are taxed in cases when
parents are more patient than their offspring.
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type (6, u, ) agents at ¢ = 1 when annuity price is ¢, and a(0,p,q) = pa(6,u,1,q9) +
(1—p)a(0,u,0,q). Also, let L; (q fe f“ Sy (p)a (0, 1, q) dG (u|0) dF (0) denote the annu-
ity liability in ¢ for a given annuity price of q.

Without the interest rate shock Rj, life insurers do not face any uncertainty. Therefore,
similar to Einav and Finkelstein (2011) and Hosseini (2015), the competitive annuity price

q is characterized by

// (0.0.0) 46 G0 AF ) - - |12+ Z5 D | <o 3)

From (3), the annuity price ¢ is equal to the average cost of issuing an annuity contract.
Importantly, note that the price ¢ includes the cost of adverse selection.

In Section 5, we introduce the interest rate shock R3 and present a model of life insurers
managing the aggregate risk in an incomplete market by choosing the appropriate capital

structure and portfolio of bonds.

4.2.2 Competitive equilibrium

The following definition of the competitive equilibrium for our environment is standard.

Definition 1 The annuity market competitive equilibrium without interest rate risk is a set
of allocations {y, [Ctlis0 5 [Ttls1 5 @5 [bt]tzl} . a set of tazes P, and a set of prices {[Rt]tzl ,q}
such that: (i) given policies and prices, agents choose allocations to solve (P0) and (P1),
(ii) given policies and prices, life insurers choose a competitive annuity price q according to

(3), and (iii) the goods, labor, and annuity markets clear.

By Walras’ law, the government budget constraint holds when all markets clear, so it
is omitted from Definition 1. The next proposition shows that the constrained efficient
optimum without interest rate shock can be decentralized in a competitive equilibrium with

retirement policy P.

Proposition 1 Tazx policy P implements the constrained efficient optimum without interest

rate shock in a competitive equilibrium.
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4.2.3 Optimality of full privatization

A closer inspection of (P1) reveals that adjustments to the post-retirement savings taxes
e (y,a, {bs}iﬁ) for t > 2 can ensure that the tax policy P continues to implement the
constrained efficient optimum in a competitive equilibrium under a fully privatized retirement
system. Intuitively, Social Security benefits z (y) crowd out private savings b; for altruistic
agents and reduce the purchase of private annuities a by non-altruistic agents. Consequently,
when benefits z (y) are removed, agents reoptimize their choices for private savings and
private annuities. Post-retirement savings taxes can be adjusted simultaneously to account

for these changes, ensuring that the optimum is still implemented.

Corollary 1 Tax policy P with = (y) = 0 for all income y implements the constrained effi-

cient optimum without interest rate shock in a competitive equilibrium.

Corollary 1 demonstrates that in an environment free from interest rate risk or financial
frictions, reforms that eliminate Social Security can implement the constrained efficient op-
timum in the long run. In essence, a carefully designed set of retirement policies can achieve
the optimum within a fully-funded system that relies entirely on private markets. Impor-
tantly, it shows that the presence of adverse selection in the annuity market does not prevent
full privatization. The reason is that the government does not have better information on
the agents’ longevity risk than the insurers. Hence, as long as the annuity markup is zero,
the optimum can be decentralized without relying on public annuities. However, this result

breaks down when we introduce an incomplete market environment with interest rate shocks.

4.3 Importance of observing annuity demand

This subsection illustrates how post-retirement multidimensional private information nat-
urally justifies focusing on implementations that use private annuities as a source of retire-
ment income. This implies that our model does not disadvantage policy reforms aimed at
increasing self-reliance in any way. In fact, it identifies an economic role for private annuities,
rather than relying on ideological reasons for favoring market-based implementations.

To illustrate the importance of annuity demand in the design of optimal retirement

policies, consider an implementation with only private savings. In this scenario, agents

22



differing in longevity and altruism types may choose to save the same amount. Therefore,
the government is unable to screen longevity types by only observing retirement savings.

Consider agents who earned the same income, so they have the same amount of after-
tax wealth (including Social Security) in ¢ = 1, which is denoted by Y. The only savings
instrument available is the one-period bond b,. Let the tax rates on savings be denoted as
e ({63}222) and bequests as 7 ({bS}ZZQ) . The taxes are general and are only required to
be differentiable.

Let (cf,b%) denote the optimal consumption-savings decision for non-altruistic agents

with longevity risk ¢ in ¢ = 1, which satisfies the Euler equation

u' (c1) = B () W, (b3) ,

where W), (b3) is the value function of non-altruistic agents with longevity risk p in t = 2.

Now, we will show that (¢}, b%) also solves the utility maximization problem of altruistic
agents with longevity risk i # p. If (¢f, b3) is the optimal consumption-savings decision, then
it must satisfy the altruistic agents’ Euler equation

o (65) = B2 () 1 05) + 811 = o (0] e {55720 — (1= )] o' ),

where 27 = [1 — 77 (b3)] Rob3 and W, (b%) is the value function of altruistic agents with
longevity risk i in t = 2. As a result, from the non-altruistic and altruistic agents’ Euler
equations, there may exist altruistic agents (if i € M, ﬁ}) who share the same amount of
retirement savings as non-altruistic agents with a different longevity risk.

As shown by Dynan et al. (2002, 2004) and Lockwood (2018), savings through bonds or
other assets that do not depend on survival outcomes can serve both as a bequest and as
precautionary savings for longevity. Consequently, agents with low longevity risk but a high
preference for altruism may have the same savings as agents with high longevity risk and a
low preference for altruism. Since productivity is correlated with longevity, the government
can enhance production efficiencies by screening agents’ longevity types through properly

designed longevity-dependent retirement policies. This follows from the well-known principle
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that, to incentivize highly productive agents to work, a distortion should be introduced on
goods preferred by them but consumed by less productive agents (Golosov et al., 2013)."!

On the other hand, if a private annuity market was present, then agents with high
longevity risk and a low preference for altruism would prefer to buy more annuities than
bonds. Meanwhile, agents with low longevity risk and a high preference for altruism would
prefer bonds over annuities. Therefore, by observing the demand for private annuities and
bonds, the government can identify the motives for saving and screen the longevity and
altruism types to provide better work incentives.

More generally, the government needs to observe the demand of at least two distinct sav-
ings instruments to implement the constrained-efficient optimum. Even if none of the savings
instruments are survival contingent, following Kopczuk (2003), the government can design
the estate taxes in such a way that one of the assets effectively becomes survival-contingent.
However, the choice of which asset to make survival-contingent would be arbitrary, especially
since a market for life annuities already exists. Alternatively, a reform to the public pension
system to allow for a choice in the annuitization amount could also achieve the optimum, an
option we explore in Section F.1.

A potential concern with a decentralization that relies on private annuities is the inef-
ficiency of the annuity market, which likely contributes to its small size. The next section
examines a life annuity model with interest rate risk, where the annuity markup includes
the costs of adverse selection and insurers’ interest rate risk management. We will show how

government debt policies can mitigate the costs associated with managing interest rate risk.

5 Private life annuity market with interest rate risk

In this section, we turn to the environment with the interest rate shock R3 and examine
how it affects the annuity market. We first present a model of private annuities which features

life insurers using non-contingent bonds of different maturities to manage interest rate risk.

"Hosseini and Shourideh (2019), Park (2021), and Bellofatto (2023) have used this principle to charac-
terize the optimal retirement policies. In these models, the longevity risk and preference for bequests are
perfectly correlated with productivity. As a result, by solely observing the bond investments, the government
can clearly distinguish the agents’ motives for saving.
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Next, we show how the issuance of long-term government bonds determines the interest rate
risk sharing scheme between the government and private annuity insurers, providing a novel
theory of government debt maturity management.

While the results of the previous section highlighted the importance of private annuity
markets, this section will demonstrate that decentralizing through these markets is costly
due to the burden of managing interest rate risk. Our novel insights on the private annuity

market form the foundation for our main analysis in Section 6.

5.1 Supply of life annuities and insurer’s balance sheet

Following Verani and Yu (2024), we extend the setup of 4.2.1 and present a portable
annuity model with interest rate risk management.

Life insurers use bonds to transfer wealth across periods. The bonds available are one-
period bonds b;, and zero-coupon two-period bonds l3. For simplicity, we abstract from
corporate bonds and focus on an economy where the government is the sole supplier of
bonds. Life insurers do not short-sell or issue bonds, so b; > 0 and I3 > 0. Recall that
the short rates R; are exogenously determined while the long rate R; is endogenous, but we

restrict attention to the case where R; > Rs.'> The bond market is considered constrained

1
R3

1 1 1

when R% > RLQIE < ) , i.e., the return from the two-period bond is low, and unconstrained

Life insurers are protected by limited liability, which means that the owners of a life
insurer are not liable for corporate losses in excess of the value of the insurer’s assets. This
friction implies that insurers may fail to honor their annuity payments if they become insol-
vent. Specifically, if the two-period bond market is constrained, then the duration of annuity
liabilities may exceed the duration of insurers’ assets. This duration mismatch can lead to
insolvency when interest rate shock Rj is sufficiently low. Verani and Yu (2024) showed how
life insurers manage this interest rate risk by financing a positive net worth, which acts as a
buffer, with the annuity markup.

For simplicity, our analysis will focus on a representative life insurer. At ¢ = 1, the

12Note that if the long-term bond returns are too low, R; < Ry, then the insurers would never purchase
long-term bonds to manage interest rate risk.
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representative insurer invests its annuity considerations in a portfolio of bonds:

hti=a | | " (6.1,4) dG (u]0) dF (). ()

The insurer’s balance sheet at t = 1 is given by

by + 1y — Ri2 {LQ () +E (Ri3) Ly (q)] + N, (5)

where the first two terms on the right-hand side of (5) are the present value of expected
annuity liabilities and NW; denotes the net worth at ¢t. At ¢ = 2, the aggregate shock Rj is

realized, and the insurer’s balance sheet becomes:

by (Rs) = L?’R—@ + NW, (Rs), (6)

3

where

Ryl
bs (R3) = Raoby + % — Ly (q). (7)
3

Note that the insurer’s demand for one-period bonds and its net worth in ¢ = 2 depend
on the realization of the interest rate Rs. Equation (7) shows that the insurer finances the
purchase of one-period bonds b3 (R3) using the proceeds from the returns of the initial bond
holdings net of the annuity payments made to the surviving individuals in ¢ = 2.

Note how (6) and (7) show that the insurer risks becoming insolvent in ¢ = 2 if the present
value of its liabilities exceeds the present value of its assets for certain realizations of R3. We
assume that an insurance regulator or a credit rating agency requires the insurer to remain
solvent for all possible future interest rates. Therefore, the representative limited-liability
life insurer has an incentive to manage interest rate risk by choosing an asset portfolio, an

annuity price, and a capital structure, such that NW; (R3) > 0 for all Rs.

5.1.1 Interest rate risk management

This section shows how the representative life insurer constructs asset portfolios and

capital structure to manage interest rate risk. The following definition defines the insurer’s
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optimal interest rate risk management strategy in a competitive annuity market.

Definition 2 A competitive interest rate risk management strateqy provides a set of asset
allocation {by,l3,b3 (R3)} and capital structure {NWy, NWy (R3)} for all Ry such that (i)

insurers remain solvent: NWy >0, and (i1) NWy is minimized.

By Definition 2, an interest rate risk management strategy specifies the asset allocation
and capital structure. The first part of Definition 2 ensures that the interest rate risk
management strategy keeps the insurer solvent. Alternatively, NW, > 0 can be interpreted
as a limited liability constraint. The second part of Definition 2 ensures that the insurer
remains competitive in a Bertrand environment. From (4) and (5), the insurer can lower the
annuity price when it decreases NW;. The following proposition characterizes the unique

competitive interest rate risk management strategy.

Proposition 2 For a given annuity price q, the unique competitive interest rate risk man-

agement strateqy satisfies:

i. Asset portfolio:

L3 (q) _ Ly(q) ~ Ls(q)
I3 = R, , by = R and bs (Rg) = Rs
it. Capital structure:
NW L lE L Ls(q) and NW5 (R3) =0
=|=——-—=—E(— a = 0.
"SRR \Ry )|V 210

In particular, NW; = 0 for all t when the bond market is unconstrained and NW; > 0

otherwise.

Proposition 2 provides us with two important lessons on interest rate risk management.
The first lesson of Proposition 2 is that the insurer prefers to use more net worth to manage
interest rate risk when the long-term bond yield R; is low. In essence, the insurer requires
higher net worth in a more constrained bond market. The second lesson is that, when the
bond market is constrained, the insurer maintains a strictly positive level of net worth to

decrease the duration of its total liabilities (because net worth has a lower duration than the
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insurance liabilities) and eliminate its duration gap. Furthermore, Proposition 2 shows that

the competitive interest rate risk management strategy is unique.

5.1.2 Annuity pricing

Life insurers engage in Bertrand competition. Therefore, by (4) and (5) and Proposi-
tion 2, the competitive equilibrium annuity price with interest rate risk management ¢* is

characterized by

¢ = — Ro R, ' (8)
Jo 1, @0, 1.q7) dG (n]0) dF (6)

The annuity price ¢* differs from the price ¢ in a standard adverse selection model without

La(q¥) + Ls(q*)

financial frictions, as shown in (3). However, when the bond market is unconstrained, the
optimal net worth is zero. This implies that the cost of interest rate risk management is
also zero, making the annuity price ¢* equivalent to that in a standard adverse selection
model without financial frictions. In essence, similar to Einav and Finkelstein (2011) and
Hosseini (2015), the annuity price ¢* = ¢ : The competitive equilibrium annuity price equals
the average cost of issuing an annuity contract in an unconstrained bond market.

In contrast, in a constrained bond market, the annuity price ¢* differs from ¢ because
insurers must cover the average cost in the form of expected annuity liability per policyholder
plus the strictly positive average net worth, which is absent in traditional annuity pricing
models. In the next section, we will show how the government can issue more long-term

debt to lower the cost of interest rate risk management for insurers.

5.2 Government debt maturity management

This section presents a novel theory for government debt maturity management based
on the interaction between government debt and frictional markets. Specifically, we show
how the government can alleviate the private annuity insurers’ interest rate risk through
the supply of long-term bonds. However, the management of interest rate risk is costly for
the government as well. This implies that there exists an efficient interest rate risk sharing

scheme between the government and the insurers, which is summarized by the long-term
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bond yield. We will theoretically analyze the impact of the government’s debt maturity
management in the next section, and its effects on welfare in the quantitative section.

We adopt the term structure model of Vayanos and Vila (2021). Recall that the short
rates (one-period bond returns R;) are exogenous, and the long rate (two-period bond return
R;) is endogenously determined. For simplicity, we assume that there are only two types of
long-term bond investors: preferred-habitat investors and foreign arbitrageurs.'® Preferred-
habitat investors have preferences for specific maturities. The annuity life insurers are the
only preferred-habitat investors in our economy. Their total two-period bond demand, given
by Proposition 2, is R%Lg (%) .

A set of risk-averse foreign arbitrageurs with mass €2 reside outside of the economy, so they
are not, considered in the welfare calculations. The foreign arbitrageurs invest in both long-
and short-term bonds. We assume that, given the long and short rates, the arbitrageurs have
long-term bond demand H (R;), which is differentiable and strictly increasing: H' (R;) > 0.
Arbitrageurs can buy or short sell long-term bonds, i.e., H can be positive or negative.
Specifically, if we assume that R; is higher (lower) than the expected return of rolling over
short-term bonds, then arbitrageurs purchase (short) long-term bonds: H (R;) > 0 when
R, > RE(R3) and H (R;) < 0 when R, < RoE (R3) .

Note that the government does not face a limited liability constraint, so it has an advan-
tage over the representative life insurer in managing interest rate risk. Instead, we assume
the government can immunize itself against interest rate risk through an interest-rate depen-
dent lump-sum tax T (R3) at t = 2.! Specifically, immediately after the interest rate shock
is realized, the government levies a tax T (R3) on agents and invests the proceeds to pay off
the long-term debt in ¢ = 3. Therefore, the government’s bond revenue constraint at ¢t = 3

satisfies the following: for all Ry € R,
R3T (R3) + A(ReR3 — R;) > 0, (9)

where A is the supply of long-term government bond. Note that if A > 0, the government

13 As in Section 3, we restrict attention to an implementation where retired agents only purchase annuities
or short-term bonds.

14 Although the government can fulfill its debt obligation by selling more long-term bonds, we restrict
attention to taxes since our implementation focuses on a fully-funded retirement system.
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issues long-term bonds, while the government purchases long-term bonds when A < 0.
Finally, in equilibrium, the long-term bond return R; is determined by a standard bond
market clearing condition at t =1 :

L3 (q)
=A
R, ’

QH (R)) + (10)
where the equilibrium annuity price ¢* is defined by (8).

As a demonstration, Appendix D follows Greenwood et al. (2010) and Vayanos and Vila
(2021) to derive the equilibrium long-term bond return R; when the supply A is exogenous
and arbitrageurs have mean-variance preferences. Also, Appendix E shows how the gov-
ernment’s debt policy can help reduce the insurers’ interest rate risk management cost in
a simplified setting without considering the agents’ welfare. The next section explores how

the government’s debt maturity structure and its welfare optimization problem interact.

6 Retirement policy with interest rate shock

This section revisits the planning problem with interest rate risk. We aim to characterize
the additional welfare loss that arises from the costly interest rate risk management by

private life insurers.

6.1 Social cost of insurers’ interest rate risk management

This section presents the deadweight loss associated with decentralizing through private
annuity markets, i.e., the social cost of managing interest rate risk. From Section 5, the
deadweight loss from managing interest rate risk in an incomplete market setting consists of
the life insurers’ net worth NWj, and the lump-sum taxes T' (Rj3) raised by the government
in t = 2 to finance long-term bonds. Using notation from Section 2, this is expressed as
U (R3) = ReNW1 + T (R3) .

The optimal net worth is given by Proposition 2. Meanwhile, by (9) and the long-
term bond market clearing condition (10), the lump-sum tax can be rewritten as T (R3) =

<% — Rg) [QH (R;) + %‘ZI*)] , where the equilibrium annuity price ¢* is given by (8). Note
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that since only non-altruistic agents buy annuities in our implementation, the annuity liabil-
ity int =3 is Lz (¢*) = (1 — p) f: ffsg (u)a (0, p1,0,q*) dG (u|0) dF () . To understand the
tax T (R3) , recall that the total demand for long-term government bonds comprises the de-

Ls(q* : 1
—3}%1 ), while }% — Ry measures the relative

mand from arbitrageurs QH (R;) and life insurers
attractiveness of long-term bonds compared to short-term bonds given Rj.

As a result, the social cost of insurers’ interest rate risk management is

(& - R 0 (R) + | ~E ()] Ls (@) %ZE(%)

U (R3) =
(f - Re) 0l (R)+ (& - ) L@ % <E(%)

(11)

Theoretically characterizing the optimum is challenging since the social cost ¥ (Rj3) is non-
differentiable in long-term bond return R;. The next lemma simplifies ¥ (R3) by focusing on

the case when the population of arbitrageurs € is sufficiently small.

Lemma 1 If Q is sufficiently small, then at the optimum: (i % > E (R%), and (ii)
U (Ry) = (£ = Ry) QH () + [ — B ()] La (a7).

To understand Lemma 2, note that increasing R; beyond Ry /E <RL3> does not reduce the
financial distortions caused by private annuity insurers. This is because, by Proposition 2,
the equilibrium annuity price ¢* remains at the actuarially fair level ¢, and annuity liability
L3 (¢*) stays unchanged as R; increases. Instead, such an increase primarily raises the lump-
sum taxes needed to cover the larger long-term debt. While higher R; could provide some
benefits through arbitrageurs, these gains are outweighed by the costs imposed by insurers

when the population €2 of arbitrageurs is small.

6.2 Competitive equilibrium and implementability

Since the social cost of interest rate risk depends on the size of the annuity market, the
optimum is sensitive to the government’s annuity policy. To illustrate the impact of costly
interest rate risk management on the optimum, we choose to characterize the optimum under
an extension of the decentralization presented in Section 3. In particular, it is important to

recall that only non-altruistic agents purchase private annuities in our decentralization.
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As in our previous theoretical analysis, this section employs a direct truth-telling mecha-
nism to characterize the optimum. The social cost W (R3) creates a natural trade-off between
public and private annuities within our three-legged stool implementation. Thus, we need to
augment the direct mechanism P to include private annuity demand of non-altruistic agents
a (0, 1) and the income-contingent Social Security benefit z (6).'* In other words, the costly
interest rate risk management faced by insurers imposes constraints on the amount of private
annuities and Social Security benefits the government can assign to each type of agent.'®

Specifically, the choice of a (@, 1) is constrained by the competitive market. Thus, be-
fore examining the direct mechanism, we present the following definition of the competitive

equilibrium based on the implementation in Section 3, which incorporates the interest rate

risk management strategy chosen by competitive life insurers from Section 5.

Definition 3 The annuity market competitive equilibrium with interest rate risk is a set of
allocations {y, [t 505 [Ttls1 5 @, [bt]t21} , the insurers’ interest rate risk management strateqy
{ba, 13, NW1, [bs (R3) , NWa (Rs)| p,er | » @ set of tax and long-term government bond policies
{P,A, [T(Rg)]RgeR}, and a set of prices {[Rt]tZI ,Ri,q} such that: (i) given policies and
prices, agents choose allocations to mazximize their utility in t = 0 and t = 1, (ii) given
policies and prices, life insurers choose a competitive interest rate risk management strategy

and set price q according to (8), and (iii) the goods, labor, annuity, and bond markets clear.

From Definition 3, in an annuity market competitive equilibrium, the annuity demand of

non-altruistic agents satisfy the following constraints: for all 6 € [Q,m and p € [H’ ﬁ] ,

qu’ (c1 (0, 11,0)) [a (0, 1) + = (0)]

:5/1 S 8728, () o (co (8, 11,0, Rs)) ¢4 (8, 1,0, Rs) dIL (Ry) . (12)

Simple manipulations of the first-order conditions from the non-altruistic agents’ utility

15We drop the dependence of annuity demand on price ¢ in the direct mechanism.

16Unlike Golosov and Tsyvinski (2007), the government observes annuity purchases. Consequently, in our
direct mechanism, the government can determine the amount annuitized through the private market based
on the reported types. Indeed, recall that the rationale for adopting an implementation that incorporates
private annuities is precisely because, by observing private annuity demand, the government can effectively
screen for longevity and altruism types.
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maximization problem, combined with the sequential budget constraints, yield (12), where
annuity price ¢ satisfies (8).

We refer to (12) as the implementability constraint, since it is similar in spirit to the
well-known constraint in Ramsey taxation.!” The implementability constraint in Ramsey
taxation places a restriction on the set of allocations that can be implemented in a com-
petitive equilibrium taxes are linear. Here, the implementability constraints limit the set
of allocations that can be decentralized through the private annuity market, not only due
to the social cost U (Rj3) from private annuities but also, as we will see, because Social Se-
curity benefits are independent of longevity risk p. Also, since private and public annuities
are both subject to the same taxes, the implementability constraint contains the income- or
productivity-dependent Social Security benefit z () .

A crucial aspect of the implementation with private annuities, which is not captured
by the implementability constraints (12), is that the non-linear retirement savings taxes
{TtK } >, depend on annuity demand. Annuity demand reflects the underlying longevity
type p. Therefore, in addition to the implementability constraints, the optimum must also

satisfy a set of separation constraints: for all 6 € [Q,ﬂ and p, ' € M, ,17} ,

a(0,pu) #a(du). (13)

These separation constraints (13) require non-altruistic agents with the same productivity
but different longevity types to have distinct demands for private annuities. However, the
constraints are weak in the sense that they do not restrict the annuity demand a (0, 1) to
be strictly increasing or decreasing with respect to longevity risk p. The next lemma shows
that the solution to the planning problem with the new constraints can be decentralized in

an annuity market competitive equilibrium with interest rate risk.

Lemma 2 Given allocations that satisfy the incentive compatibility constraints, (1) and (2),
the implementability constraints (12), the separation constraints (13), and the resource con-

straints, we can construct policies and prices, which together with the given allocations,

ITn contrast to the standard implementability constraint, where the taxes and prices in the consumer
budget constraint are substituted out by using the marginal rate of substitutions, (12) uses the sequential
budget constraint to substitute out the taxes in the first-order conditions.
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constitute an annuity market competitive equilibrium with interest rate risk.

Lemma 2 follows directly from the taxation principle. It demonstrates that the optimal
solution under our three-legged stool retirement system can be obtained by analyzing the
original planning problem with an augmented direct mechanism that incorporates private
annuities for non-altruistic agents a (0, ) and income-contingent Social Security benefits
z(#). Our new planning problem also includes the implementability constraints (12), the
separation constraints (13), and the new resource constraints. The lemma further confirms
that reliance on the private annuity market introduces additional distortions stemming from
the new constraints and the social cost W (R3), which reflects the insurers’ costly interest
rate risk management.

The separation constraints are challenging to handle analytically, so we will proceed with-
out explicitly incorporating them in our theoretical analysis. However, in our quantitative
exercise, we will verify that these constraints are automatically satisfied.

In Appendix F, we consider two alternative implementations that avoid the cost of in-
terest rate risk management by private annuity insurers. In the first, the interest rate risk
management cost is avoided by relying entirely on a reformed public annuity that depends
on both income and longevity risk. In the second, insurers transfer the interest rate risk
to consumers by offering variable life benefits, i.e., annuity benefits that adjust with the
interest rate shock. Appendix F shows that both implementations lead to non-binding im-
plementability constraints and zero social cost (U (R3) = 0), thereby achieving higher welfare
than our three-legged stool retirement system. However, both implementations have draw-

backs, which we discuss in the appendix.

6.3 Theoretical characterization

This section characterizes the optimal demand for private annuities, the long-term gov-
ernment bond yield, and the optimal savings wedges. Let the shadow price on the resource
constraint be an interest rate-dependent multiplier ¢ (R3) 7 (Rj3), reflecting market incom-

pleteness, with ® = E [¢ (R3)] .
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6.3.1 Optimal private annuity demand

When decentralizing through private annuities, there is an optimal degree of private
annuitization. To understand how the optimal annuity demand is determined, it is useful to

define the following objects:

G (u) = SQRZ” 4 53}%(5)1@ (Ri3> and A (Rs) = IO

Note that ¢ (1) is the efficient annuity price, i.e, the price that competitive life insurers charge
when longevity type p is observable and when the bond market is unconstrained. Finally,

A (R3) is the percentage change in the interest rate from its mean.

Theorem 1 For any productivity 0 and longevity risk p, if a (6, 1) > 0, the optimal demand

for private annuities of non-altruistic agents satisfies

gBr Ryt (c1 (0,11,0)) ¢ (6, 1) + 1 (1 —p) [G (1) —q) =

where q satisfies (8),

_BRER (1) (e (0,10,0) a (¢, 1))
(L=p) J; [} a(0', 1) dG (0) dF ()

and (6, 1) satisfies E[u' (1 (0, 1/,0)) ¢ (0, 1) |0] = 0.

Theorem 1 shows that the optimal annuity demand for non-altruistic (€, ) agents is
shaped by two key factors: the marginal effect of private annuities on the social cost ¥ (R3)
and the binding implementability constraints. Both factors are driven by the interest rate
shock and the absence of longevity-dependent benefits z.'®

To see how social cost W (R3) affects annuity demand, by Lemma 1, the right-hand side of
(14) represents the rise in expected social cost from a marginal increase in the annuity demand

of non-altruistic (0, 1) types. Since the aggregate interest rate shock Rj is uninsurable, the

18From Theorem 1, in the absence of an interest rate shock (A (R3) = 0), the implementability constraint
becomes non-binding (¢ (6, 1) = 0). Consequently, Theorem 1 reduces to the results presented in Section 4.
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marginal social cost is weighted by the interest rate-dependent shadow price of the resource
constraint ¢ (R3) . Crucially, since a fall in Rj3 raises both social cost ¥ (R3) and the present
value of consumption, the resource constraint is tighter for low interest rate realizations:
¢ (R3) is decreasing in R3. This implies that E [@A (Rg)] is strictly positive. As a result,
an increase in annuity demand from any type of agents would raise the expected social cost
of interest rate risk management. However, note that the marginal social cost is lower for
low-longevity types, so the next corollary shows that the optimal annuity demand is not

monotonically increasing in longevity risk .
Corollary 2 For some productivity 0 and longevity types p > 1/, a (p,0) < a (', 0).

In standard models of private annuity insurance with adverse selection, agents with
higher longevity risk (higher p) purchase more annuities than those with lower longevity
risk (Eichenbaum and Peled, 1987; Finkelstein and Poterba, 2004; Hosseini, 2015). Verani
and Yu (2024) demonstrated that adverse selection increases insurers’ interest rate risk man-
agement costs. Specifically, as adverse selection raises the expected survival probability of
the annuitant pool, the duration of annuity liabilities lengthens, leading to higher costs in
managing interest rate risk. Since the government is absorbing some of the risk manage-
ment cost on behalf of the insurers through issuing long-term government bonds, Corollary 2
indicates that the government reduces the social cost of interest rate risk management by
incentivizing some low-longevity types to buy more annuities than the high-longevity types.
Despite the surprising result in Corollary 2, it is important to recall that as long as annuity
demands differ across longevity types, the separation constraints (13) are satisfied.

The left-hand side of (14) represents the effect of the implementability constraint (12) on
annuity demand. The Lagrange multiplier on (12) is ¢ (6, i) , which captures the utility cost
for non-altruistic (0, u) types when the government decentralizes through the private annuity
market without longevity-dependent benefits z. By Theorem 1, v (#, ) can be positive or
negative. A positive multiplier ¥ (6, 1) > 0 indicates that, if the implementability constraint
(12) can be relaxed, the government would increase the annuity demand of non-altruistic
(0, 1) agents, which presumably lowers the annuity demand of other non-altruistic agents

with the same productivity 6 but different longevity pu. Conversely, if ¢ (0, u) < 0, the
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government would reduce the annuity demand of non-altruistic (0, 1) agents. In summary,
the non-zero multiplier ¢ (0, i) arises because benefits z (f) are the same for agents with the
same productivity, regardless of their ex-post types.'’

Specifically, the left-hand side of (14) shows that the implementability constraint (12)
affects annuity demand through two channels. The first term on the left-hand side represents
the direct effect, and the second term captures the indirect effect through equilibrium an-
nuity price ¢. Following the logic outlined above, the direct effect recommends a decrease in
the annuity demand of non-altruistic (¢, 1) agents when 1 (6, i) is negative and an increase
when ¢ (0, ) is positive. The indirect effect represents the marginal change in the equi-
librium annuity price when the annuity demand of non-altruistic (6, 1) agents change. The
magnitude of the indirect effect is governed by 1 > 0, which represents the average total util-
ity cost of decentralizing through the private annuity market without longevity-contingent
public benefits. The following corollary provides more structure to the relationship between

annuity demand and ¢ (6, u) .

Corollary 3 For any productivity 0, there exists u", u' € (H? ﬁ] such that p" > b with (i)
¥ (0, 1) >0 for all u < b, and (i) if pu is such that 1 (0, ) <0, then p > p'.

Corollary 3 follows directly from (14) and the fact that the efficient annuity price ¢ (u) is

strictly increasing while E [@A (Rg)] is strictly positive. Corollary 3 illustrates how the
relationship between the efficient annuity price ¢ (1) and equilibrium price ¢ determines the
utility cost of implementation ¢ (6, 1) . Specifically, for low-longevity types (¢ (1) < ¢), the
utility cost of implementation is strictly positive (¢ (6, ) > 0). As mentioned before, this
implies that the government wishes to increase the annuity demand of the low-longevity types
for reasons related to the result in Corollary 2. Conversely, the utility cost of implementation
can be strictly negative (¢ (0, 1) < 0) only for sufficiently high longevity types, indicating

the government aims to decrease their demand.

9The logic here is similar to the dynamic implementability constraints in Aiyagari et al. (2002), where
they derive the optimal Ramsey taxes in an incomplete market setting.
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6.3.2 Optimal long-term government bond yield

Underlying the optimal annuity demand is the delicate balance between public and private
annuities for non-altruistic agents, i.e., a (6, 1) and z (6) . On the one hand, private annuities
are useful for screening the longevity risk of non-altruistic agents. On the other hand, an
increase in annuity demand increases interest rate risk management cost which in turn raises
the social cost. Therefore, private annuities are essential in our decentralization, but they
cannot fully substitute for public longevity insurance, such as Social Security.

Theorem 2 shows how the government can strike the optimal balance between private

and public longevity insurance through the long-term bond return R;.

Theorem 2 The optimal long-term bond return R; satisfies

{ N [¢(R3)]}€H _ 1y {¢(R3)} | B RE W, @) (e (¢, 4,0) a (¥, )]

R, Ry | ®Rs Ry | PRy QR H (R)) ’
where q satisfies (8) and the elasticities are defined as e = % and €l = —38—]%%.

To understand Theorem 2, it is crucial to first note that Lemma 1 establishes that, in equi-
librium, the return on long-term bonds satisfies R; < R2E(Rj3), which implies arbitrageurs
are shorting the long-term bond: H(R;) < 0.?° The underlying intuition is as follows: By
lowering R;, the government not only reduces its debt obligations to arbitrageurs but also
induces arbitrageurs to short-sell long-term bonds when R; < RoE(R3). This short-selling
behavior reduces the government’s pressure to supply the long-term assets used by life insur-
ers to hedge their interest rate risk. As a result, this economic force decreases the long-term
bond yield R;. However, there is a trade-off: A lower R; also reduces the aggregate supply
of long-term bonds A available in the market, thereby limiting the government’s borrowing
capacity. Theorem 2 formalizes this trade-off by showing that even in the absence of life
insurers, there exists an optimal long-term bond yield R;, determined by the arbitrageurs’
elasticity of bond demand ” with respect to R;. Intuitively, a higher elasticity ¢ reflects
more responsive arbitrageurs, which reduces the downward pressure on R;, leading to a

higher equilibrium bond yield.

29Gince Lemma 1 implies that R% > R%E (R%) , we have R; < RoE (R3) by Jensen’s inequality.
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Theorem 2 also demonstrates how decentralizing through the private annuity market
further reduces the long-term bond yield R;. In our framework, the primary role of the
private annuity market is to identify the longevity types of non-altruistic agents. Otherwise,
the substantial costs associated with managing interest rate risk make decentralizing through
the private annuity market undesirable. Theorem 2 shows that the optimal R; is pushed
further downwards to increase the equilibrium annuity price ¢q. A higher g reduces the demand
for private annuities, allowing the government to partially mitigate the welfare loss caused
by financial frictions. Intuitively, the effect is more pronounced when the elasticity of the
annuity price with respect to the long-term interest rate €? is high, as it leads to a greater

reduction in Rj.

6.3.3 Optimal wedges with private annuities

The wedges in our environment are different from those in Section 4.1—the setup without
aggregate shocks. Although the labor wedge and the post-retirement wedges for altruistic
agents remain mostly unchanged, it is important to remember that—for our setup with
interest rate risk—the allocations after ¢ = 1 depend on the interest rate Rs.

Due to the financial frictions in the private annuity market, the inverse Euler equation
no longer holds and the retirement savings wedges for non-altruistic agents differ from the
ones in Section 4.1. The deviation from the inverse Euler equation depends on the the

type-dependent consumption-based pricing of the annuity for non-altruistic agents, which is

defined as _
R
P (97 s 0) = / Z my (97 s 07 R3) Ct+1 (67 Hs 07 R3) dil <R3> )
1 ¢=1

where

u (Ct+1 (67 u, 0, R3))
u (Cl (97 s 0))

denotes the t-period ahead stochastic discount factor at ¢ = 1 for a non-altruistic agent with

my (97 s 07 RS) = ﬁtst+1 (M)

productivity € and longevity risk 4 under interest rate R3. The price P (6, u,0) provides the
value of uncertain retirement consumption flow {c;11},5, to non-altruistic agents of type

(0, 1) at t = 1. The following theorem presents the annuity-distorted inverse Euler equation.

39



Theorem 3 At t = 0, for any productivity 0, the optimum satisfies the annuity-distorted

wmverse Fuler equation:

50R0u’1(co 0) = mlRlE {u @ (el,u,@)) H ~E[@mP@.p0)0].  (5)

By Theorem 1, if private annuity demand is strictly positive a (6, 1) > 0, then the utility
cost of implementation is non-zero ¢ (6, u) # 0. Consequently, Theorem 3 implies that the
inverse Euler equation does not hold in our environment. The inverse marginal utility of

consumption for #-agents is either a strict supermartingale:

1 1 1
> E ‘9] :
BoRou' (o (0)) ~ Bl Lﬁ’ (c1 (0, p, )
or a strict submartingale:

1 1 1
BoFord (co (0) ~ Bilr { YD) H |

In the case of a supermartingale, consumption for #-agents is more front-loaded than what the
standard inverse FEuler equation suggests. Conversely, with a submartingale, consumption
for f-agents is relatively back-loaded compared to the standard inverse Euler equation.?!
Theorem 3 illustrates that there are two factors that determine the degree of deviation
from the inverse Euler equation. The first is the consumption-based price P (6, u,0), and
the second is the utility cost ¢ (0, ) of implementing through the private annuity market.
Recall that Corollary 3 established the existence of a threshold longevity type p”* such that
all negative utility costs ¥ (6, ) originate from agents facing greater longevity risk. Since
more productive agents have a higher probability of drawing a high longevity type, their
utility cost ¢ (6, 1) is more likely to be negative. Consequently, agents who are sufficiently
productive have their inverse marginal utilities behave as a supermartingale. Conversely, by

Corollary 3, there exists a threshold longevity type u' such that v (6, 1) is positive for all

21Tt is well-known that the inverse Euler equation usually does not hold when consumption and leisure are
non-separable. See Hellwig (2021) for a characterization of the optimum with non-separable preferences. In
setups with separable preferences, Grochulski and Piskorski (2010) found that the inverse marginal utility of
consumption is a strict supermartingale when human capital investments are unobservable, and Paluszynski
and Yu (2023) showed that the inverse Euler equation does not hold when agents are time inconsistent.
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agents facing less longevity risk. Therefore, less productive agents are more likely to have a
positive utility cost ¢ (0, 1) , making the inverse marginal utilities of sufficiently unproductive
agents behave as a submartingale. As a result, Theorem 3 illustrates that more productive
agents face higher savings taxes before retirement.

In a setup with dynamic private information, the intertemporal wedge is typically charac-
terized by the inverse Euler equation, which implies a front-loaded consumption to reduce the
cost of eliciting future private information. However, when decentralization occurs through
a private annuity market with frictions, Theorem 3 reveals an additional factor that fur-
ther front-loads the consumption of highly productive agents, while slightly back-loading
the consumption of less productive agents. The underlying reason is that in an unregulated
annuity market, agents with higher longevity types would naturally purchase more annuities.
However, as Corollary 2 demonstrates, this is suboptimal due to the fact that the marginal
social cost is increasing with longevity types. To mitigate this, higher pre-retirement sav-
ings taxes are imposed on more productive agents to lower the annuity demand of those
more likely to face greater longevity risk. Finally, the savings tax is positively related to
the type-dependent consumption-based annuity price P (6, i, 0) . Since this price reflects the
attractiveness of purchasing an annuity for any given type, the pre-retirement savings tax
increases with it to effectively lower the annuity demand of more productive agents.

The retirement savings wedges for non-altruistic agents in t = 1 and ¢ = 2 are complex.
Given this complexity, we will explore these wedges quantitatively. Nevertheless, it is impor-
tant to note that the innovative economic forces operating through the stochastic discount
factor of private annuity returns, as captured by the new inverse Euler equation, continue

to influence the retirement savings wedges in both ¢t =1 and ¢t = 2.

7 Quantitative analysis [in progress]

7.1 Benchmark calibration

The model ¢t = 0 working period is 40 years and the three retirement period t € {1, 2, 3}

are each 10 years. Individuals enter the model at age 25, and no one survives past 95.
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Individuals draw their productivity type € when they are 25 years old and their longevity p
and altruism o type upon retiring at 65 years old. The utility function is constant relative
risk aversion with coefficient of risk aversion v over consumption and bequests and p over
labor input

1—v 1—v

u(c) = 16_ 5 and v(z) = Xlx_ 5 and h (%) = % (%)p.

The parameter y >= 0 is the weight on the bequest in the utility function and is identical
for every individual. Individuals draw their idiosyncratic productivity € and longevity pu
parameter from a bivariate log-normal distribution and draw their altruism type o € {0,1}
from an independent distribution with P(a = 1) = p. The bequest weight parameter is
x = 1 with probability p and y = 0 with probability 1 —p. The interest rate shock is defined
as R3(r3) = 1+ 73, where r3 is a random variable, and Ry(R3) = (1 — ) [ R3(r3)drs + ¢ R3

where 1 is the persistence of the random interest rate.

Table 1: Parameter values

Parameter Symbol Value Explanations
Consumption and bequest utility vy 2
Labor disutility p 3 Chetty (2012)
Survival probabilities Sh 1
Sa (1) O.Qmag(u)
S3(n) 0420

Sy 0
Productivity and longevity 0 and p Bivariate log-normal corr (0, u) = 0.8
Altruism probability p 0.5
Bequest weight x € {0,1} x=1lifa=1
Discount rates Bo 1

b1 0.95

Ié] 0.97
Interest rates Ry 1

R prt

Ry s

r3 € {0,0.025,0.05} p(rs) = $Vrs

Y 0.2
Arbitragers’ risk aversion Ya 4
Mass of arbitragers Q 0.1

The disutility of labor parameter is set to p = 3 and the consumption and bequest utility
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parameter is set to 7 = 2. [[Average productivity is between 0.796 and 4.604.]] Individual
draw their altruism type a € {0,1} from an independent distribution with P(a = 1) = 0.5.
The bequest weight parameter is y = 1 with probability P(«w = 1) and y = 0 otherwise. The
arbitrager risk aversion parameter is set to 7, = 4 and the mass of arbitrager is {2 = le — 1.

The survival probabilities are set as S; = 1, Sy(u) = 0.9#00, Ss(p) = O.4ﬁ(“), and
Sy =0.

7.2 Welfare calculations and optimal decision rules

We analyze five different economies each with incomplete markets due to interest rate
risk. The first best ignore all incentive compatibility constraints and maximizes total utility
subject to the resource constraints. In the second-best, all incentive compatibility constraints
are included in the welfare maximization problem. In the third best, equation (16) is added as
constraint and ¢ and R; are endogenous prices supporting the decentralization. The optimal
decision rules for these eocnomies are reported in Appendix F, G, and H. The fourth best
economy with an exogenously low R; and the fifth best in which social security benefits are

canceled is work in progress.

Table 2: Welfare loss from private information and incomplete financial market
frictions

Economy Welfare normalized by
first best level

1. First-best with uninsurable interest rate risk 100
2. Second-best with fully revealed private information 97.093
3. Third-best: Endogenous private insurance and bond supply 97.081

Endogenous long-term bond yield: R; — RyE(R3) = —2.2976¢°
Endogenous annuity price: ¢ = 0.51326
4. Fourth-best: Exogenous bond convenience yield TBD
Exogenous long-term bond yield: R; — RoE(R3) = —100bps
Endogenous annuity price: ¢ = T'BD
5. Fifth-best: Exogenous bond convenience yield and no Social Security TBD
Exogenous benefit: z() =0
Exogenous long-term bond yield: R; — RoE(R3) = —100bps
Endogenous annuity price: ¢ =T BD
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8 Concluding remarks

We derived the optimal fully-funded retirement system in a life-cycle model featuring se-
quential and multidimensional screening. Our analysis focuses on policy decentralization that
prioritizes private annuities and private savings. The simultaneous screening of longevity risk
and altruism types necessitates both intertemporal instruments to separate post-retirement
types effectively. While our model highlights the importance of private markets and pro-
vides rationale for a fully privatized retirement system, aggregate uninsurable interest rate
shocks render full privatization suboptimal. In an incomplete market with inefficient long-
term bond supply, private annuity insurers must hedge interest rate risk through annuity
markups financed by positive net worth. Therefore, the optimal decentralization includes
government-issued long-term bonds supported by taxes contingent on interest rates. Con-
sequently, full privatization becomes costly in the presence of aggregate shocks, and Social
Security remains necessary.

Our work contributes to the ongoing debate about Social Security reform. In his 1999
op-ed “Social Security Chimeras,” Milton Friedman critiques the fundamental flaws of the
U.S. Social Security system, particularly its pay-as-you-go structure, which he argues im-
poses an unsustainable burden on future generations (Friedman, 1999). He advocates for
a paradigm shift toward a fully funded system, empowering individuals to manage their
retirement savings entirely through private accounts. Similarly, in his American Economic
Association presidential address, “Rethinking Social Insurance,” Martin Feldstein critiques
the inefficiency and inequity of current social insurance programs, attributing these flaws
to their reliance on the outdated pay-as-you-go model (Feldstein, 2005a). Unlike Friedman,
Feldstein proposes a mixed system that incorporates personal retirement accounts, allowing
individuals to invest a portion of their contributions in private markets while maintaining a
smaller Social Security system. Our paper demonstrates that Friedman’s proposal is unlikely
to be optimal, while providing additional rationale for Feldstein’s balanced approach.

In sum, any retirement policy proposal that seeks to enhance self-insurance while over-
looking the financial frictions affecting the supply of private longevity insurance is unlikely

to improve welfare. Consider the Chilean experience as an example. It reveals the pitfalls of
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full privatization, where shifting to individual retirement accounts exposed the limitations
of relying solely on private markets for retirement income.?? Private insurers in Chile faced
significant interest rate risks when investing annuity premiums, consistent with the frictions
highlighted by our model. To mitigate these risks, the Chilean government substantially
increased long-term bond issuance post-reform. However, our analysis suggests that such
measures remain insufficient without further government support—specifically through the
issuance of long-term bonds financed by interest rate-contingent taxes. When aggregate in-
terest rate risk cannot be costlessly hedged by private insurers due to distortions in the bond

market, increasing reliance on private annuities necessitates government intervention.
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Optimal Retirement Policies with Private Annuities
Stéphane Verani and Pei Cheng Yu
APPENDIX FOR ONLINE PUBLICATION ONLY

A Simplifying the incentive compatibility constraints

The large number of ex-ante and ex-post incentive constraints complicates our planning
problem. This section uses standard tools from mechanism design to simplify it.

It is important to note that multidimensional screening problems are notoriously difficult
to characterize (Armstrong, 1996; Rochet and Chone, 1998).%* The standard first-order ap-
proach is often applied to unidimensional screening problems, which we do for the ex-ante
incentive constraints, because local incentive compatibility typically implies global incentive
compatibility via the single-crossing condition. However, this may not be true with multidi-
mensional screening. Another difficulty comes from the fact that, even with discrete types
in each dimension, the complexity of the problem makes it hard to determine the relevant
binding incentive constraints (Armstrong and Rochet, 1999). The setup of our model tries
to minimize these difficulties.

First, since the optimal bequest for non-altruistic agents is zero. By focusing on binary
altruism types and assuming that lim, ,qv (0) = —oo, altruistic agents will never misreport
as non-altruistic. Therefore, we only need to concentrate on deviations from non-altruistic
to altruistic agents:

Uy (0, 11,0) > max Uy (f1,1;0, 1,0) . (16)
m

Note that (16) accounts for double deviations, i.e., a non-altruistic agent who mimics an
altruistic agent may also misreport the longevity risk p. Therefore, the ex-post incentive

constraints (1) can be replaced with (16) and incentive constraints that only deter agents

23Several recent papers have attempted to characterize the optimal policy in a setting with multidimen-
sional heterogeneity (Judd et al., 2017; Boerma et al., 2022; Spiritus et al., 2022). Notably, Moser and
de Souza e Silva (2019) and Yu (2021) focused on the design of retirement savings policies where agents
differ in skills and time preferences. However, they focused on a paternalistic setting with present-biased
agents, so only the heterogeneity in productivity entered the welfare criteria but not the agents’ bias, which
simplifies the problem.



from misreporting their longevity risk u, i.e., for any 0, u, u’ € [H’ ﬁ] , and «,
Up (0, p,00) > Uy (1 00, 1, ) (17)

Next, notice that for a fixed productivity 6, both altruistic and non-altruistic agents
with higher longevity types prefer more back-loaded consumption paths at ¢ = 1. On the
other hand, at ¢ = 1, altruistic agents with higher longevity types prefer consumption over
bequests. In essence, our setup satisfies the single-crossing property.?* Assuming (16) holds,
this allows us to focus on local incentive compatibility for longevity risk g which greatly
simplifies the ex-post incentive constraints. The following lemma provides simple necessary

conditions for the set of allocations to be incentive compatible.

Lemma 3 For any 0 and «, if (16) is satisfied, then Uy (6, pu, ) is absolutely continuous in

1 so it is differentiable almost everywhere in p with

M / Zﬁt IS, {U(Ct (6)M7Q7R3))
R

t=1

Sé+1 ()
St (1)

+5 [1 - 1 av (2, (0, 11, @, Ry)) }dH (Ry). (18)

If P is ez-ante incentive compatible, then Uy (0) is absolutely continuous, so it is differentiable

almost everywhere with

Ué 0) — Oy(e)h/ M ) " pUh (evlu?l) 89(U|9)d ' 19
() B o2 ( f )—i_/B/'u +( _p)ﬁlUl(eale?O) 09 g ( )

Proof First, for a fixed (6, 4, ), (17) can be rewritten as

3

010 = e / 30150 {u (60 (6,140, Ry))
+ 8 {1 - S;%fm av (2, (0, ', 0, Ry)) }dl‘[ (Ry).

Note that 20 = 0, E [25] > 0 for t > 2, and E[£%.] < 0, which implies the single-crossing

condition.



Theorem 2 of Milgrom and Segal (2002) applies, so U; (6, i, @) is absolutely continuous in
w. Finally, since U; (0, u, ) is absolutely continuous in g it is differentiable in g almost ev-
erywhere, which gives us the envelope conditions in ¢ = 1. Finally, the necessary condition

for ex-ante incentive compatibility follows from the same argument. m

The standard approach typically solves a relaxed planning problem by replacing the
incentive constraints (2) and (17) with the envelope conditions in Lemma 3, and then check
whether the ex-ante and ex-post incentive constraints are satisfied numerically. Our paper

follows this standard approach.

B Proofs

Before proving Proposition 1, the next lemma shows how income-contingent policies are

inherently dependent on productivity.

Lemma 4 The optimal allocations for any reported productivity € are also functions of in-

come y (0) .

Proof Suppose there exists § and § such that y <9~> =y (é) . Let T'(0) = Bou(co (0)) +
163} fﬁ [pUy (0, 11, 1) + (1 — p) Uy (0, 11,0)] g (1£]0) diu. There are two cases to consider. First,
suppose F( > =+ F( ) , then clearly the allocations are not incentive compatible. Next,
suppose I’ (0) =T (é) , and without loss of generality cg (é) > ¢ (é) and

/: [pUl (é,u, 1) +(1=-p)Uy (9 0 )] g (ul6)d

/ o0 ( ) + (=)0 (0.00.0)] 9 (10) dp

Let @ and @ denote the measure of agents with productivity 6 and 0 respectively and as-
sign these agents the average utility of the two types of agents in every period such that,
for example, 1y = ﬁ [(Du <co (5)) + wu (CO (é))] . By assigning these agents the average
utility, the total welfare is unchanged and incentive compatibility is preserved. However,



since u is strictly concave, the consumption level that gives u; for every t relaxes the re-
source constraint. This means that it is optimal for consumption at ¢ = 0 to be equivalent
for agents of the same level of income. A similar argument can be applied to consumption

in other periods. m

Proof of Proposition 1:

Let the constrained efficient optimum be denoted as

[Ca (9) 7y* (9)] )
P* =S¢ (0, 1,0) 5 (8, p,0) , ¢ (6, p, )]

[*rl (9’ 2 O./) y Lo (07 s Oé) ) ZL‘3 (07 1, CY)] 96[@,?];#6[&@];6&6{0,1}

By Lemma 4, we can replace the dependence on 6 with income y* () . Define

Y = {yly=y"(0) and 6 € [6,6]}.

We consider an implementation where agents with o = 0 only buy annuities, and agents with
a = 1 only save through one-period bonds. Thus, each unique income-longevity-altruism
type (y, i, «) maps into a different retirement asset demand profile (a, {b:} t22) for a given
set of prices. We verify after presenting the implementation that it is indeed the case that
we can replace (i, ) with (a, {bt}t22) .

We focus on an implementation with strictly positive savings, b, > 0 for all ¢, for agents
with e = 1 and strictly positive demand for annuities a > 0 for agents with a = 0. To do
this, we set the income-contingent social security benefits z (y) to be the lowest consumption
level for any agent in any retirement period with income y. In essence,

2 (y) = min {min ¢ (y,a, bg)} — €,

t>1 a,ba

with sufficiently small € > 0 such that z (y) > 0 for all y. This setup also ensures that social
security benefits are only a function of income y and are constant across time, which is

consistent with current policies.



Next, we construct the post-retirement taxes. Set the post-retirement savings income

tax 7/ for t = 2 as

(

—szz?y?) a>0and by =0
K _ u' (5 (y,0,b2)) _
1 To <y7 a, b2) BRQ’U/(CE(y,O,bQ,IB)) a=20 and bQ >0 5
0 a>0and by >0

\

and for ¢t = 3 as

(
A a>0and by =by =0
K o u’(cg(y,ﬂ,bg,bg)) .
1 T3 <y7 a/7 bQ; b3) - BR3U’(C§(y,O,b2,b3)) a = 0 aIld b3 > O
k0 a>0and bs >0

The bequest taxes are

’I.LI(C: (y,o,{bs}iié)t_)‘—l a = 0

1= 78, (y,a, {b}'HL) = { @FFenv/ (@i (w00:122)) fort > 1.
0 a>0

Hence, during retirement, agents with o = 0 only purchase annuities while agents with o = 1
only purchase bonds. Note that for any y € Y, agents with @ = 0 choose a to maximize
their utility in £ = 1 given their longevity type p. Similarly, for any y € Y, agents with o = 1

choose b; 11 to maximize their utility in ¢ given their longevity type pu.

501/(08(1/))
61R1E[u’(c*{(y,a,b2))]
from the first-order conditions of the decentralized optimization problem, where the expec-

For instruments Py in t = 0 to implement P*, 7/ satisfies 7/ (y) = 1 —

tation is taken over p and « since annuity demand a and private savings by are functions
of 1 and a. We set the income tax to be T'(y —b;) = y — by — ¢ (y) for any y € Y and
T (y — b1) = y — by otherwise.

Then, we check that the policy instruments implement the optimum. First, notice that
all agents would choose y € Y, otherwise ¢y = 0. By the taxation principle, agents with

productivity 6 choose y = y (). Finally, to see that the demand for annuities is unique for



agents with @ = 0 and each income-longevity pair (y, ), suppose that there exists agents
with the same income y and different longevity but with the same annuity demand. Then,
given the decentralized optimization problem, they would share the same consumption path,
which is not optimal by the taxation principle. Hence, annuity demand uniquely identifies

agents’ longevity p when o = 0. A similar argument holds for agents with a = 1. =

Proof of Corollary 1: The result follows by following the same proof for Proposition 1
but with z(y) =0forally € Y. m

Proof of Proposition 2: Competitive limited-liability insurers finance just enough net
worth so that NW5 (R3) = 0 when R3 = 1 and NW5(R3) > 0 when R3 > 1. From (6),
this implies that b3 (1) = L3 (q), which is the minimal amount of assets the insurers must
purchase in ¢ = 2 to remain solvent when the worst interest rate shock occurs. By backward
induction, this implies that the insurers must purchase sufficient assets (bg,l3) in ¢t = 1.
In essence, by (7), insurers must purchase one-period bonds bs (I3) given the amount of

two-period bonds in the insurer’s portfolio:

1

by (I3) = & [Ly (q) + L3 (q) — Rils] . (20)

Substituting the demand b (I3) into (5) yields

o (e L e(L)] . o

Next, we consider the following three cases: (i) NWs (R3) = 0 for all R, (ii) NW; =0, and
(iii) NW; > 0 with NW; (R3) > 0 for some Rj.
For case (i), we have b3 (R3) = %@ when NWs (R3) = 0 for all R3 from (6). By (7)

L

and (20), we get l3 =
equation (21) yields NW; = [i - 1E (R%ﬂ Ls(q) > 0, and NW; = 0 when the bond

§ZQ) and by = L;T(f). Therefore, when the bond market is constrained,

Ry Ra

market is unconstrained due to limited liability.

5()

Ri—R>

For case (ii), when NW; = 0, equation (21) gives us l3 = [ ] Ls (q) . Therefore,



by (6), (7), and (20), NW, (R3) = (1 - R%) [1 - M] L3 (q) , which is strictly neg-

R;—Ro>
ative when R%z > RLQIE (R%) . Therefore, NW; = 0 is not optimal when the bond market is
constrained.
For case (iii), if NW, <R3> > 0 for some R3 > 1, then Ryby + RRZ—? > Loy (q) + L;g—(f) by (6)
and (7). Consider a new asset allocation <l~)2, Zg) = (bg —€ls+ %e) , so that NW5 (1) =0
under the new allocation and R2l~72 + RRZ—? = Ryby+ %S’ — Ry (1 — i) €. Hence, for sufficiently

R3
small e, NW; <R3) > 0. However, by + I3 = by + I3 — ( — %) €, so by (4), the insurer can
lower the annuity price under the new asset portfolio since R; > Ry. Therefore, case (iii) is
inconsistent with a competitive annuity market.

Finally, we show that the optimal IRM is unique in a competitive equilibrium. Let
{ba,13,b3 (R3) , NWy1, NW5 (R3)} denote the optimal asset portfolio and capital structure for
a given annuity price gq. Notice that by is uniquely pinned down by (4), NW; is uniquely
pinned down by (5), NW5 (R3) is uniquely pinned down by (6), and b3 (R3) is uniquely
pinned down by (7). Therefore, to show uniqueness, it is sufficient to show that at the
optimum, [l3 = LST@. Taking the original annuity price ¢ as given, first suppose an insurer
deviates and chooses I = I3 — ¢, where ¢ € (0, l3]. Then, by (4), the new short-term bond
demand at t = 1 is 52 = by + €. This implies that the new short-term bond demand at t = 2
is b3 (Rs) = bs (Rs) + = (Rg — %) e by (7). Hence, by (6), the new net worth at ¢t = 2 is
NW, (Rs) = g—z (Rg — %) e. If returns are such that N, (1) < 0, then the new allocation
is not optimal since insurers can become insolvent. If returns are such that NWQ (R3) >0
for all R3, then NWj is strictly positive for large R3. This allocation is also not optimal

since the insurer can perform IRM with less net worth and charge a lower price. Also, by

the same argument as before, the insurer can become insolvent if it deviates and chooses

Ls(q)
Ry

Iy = I3+¢€, where € > 0. Hence, it is optimal for I3 = . This outcome proves uniqueness. m

Proof of Lemma 1: Note that R; only affects the planning problem in Section 2.2

through W (R3). Suppose % < E <Ri3> , then ¢* = ¢ with NW; = 0 and L3 (¢*) is con-

stant with respect to changes in R;. This implies that (RL?, — %) L3 (¢*) is strictly in-

creasing in R; for any Rs. Hence, by (11), ¥ (R3) is increasing in R, when Q is suffi-



ciently small. As a result, for sufficiently small Q, £2 > E (%3) and it follows that

U (R3) = (R—3 — R2) QH (R;) + [RLS —E (R%)} Li(q*). m

Proof of Lemma 2: By (13), annuity demand is unique for each p for any given 6 and
a = 0. The retirement policies can be constructed following the proof for Proposition 1.
Given a (0, ), q is set according to (8) and the insurers’ interest rate risk management
strategy satisfies Proposition 2. By Lemma 1, the bond policies satisfy % > E <Ri3> , and
given annuity demand a (0, u), [T (R3) , A] satisfy (9) and (10). =

To prove the theorems in Section 6.2, we first present the relaxed planning problem:

max /9 U0 (6) £ (6) db.

subject to

00(0) = o [ ca(@) = 1 (U251 [ 00 0. 1) + (1= ) 01 0,001 ) 2)

=

U (0, / Zﬁt 1S, () w ey (0, s, Ry) 0 (0, 1, o) s ) T (Rg), (23)

U1 (Q,M, 0) Z u (Cl (6,/1/, 1)) + [ Zﬂt ISt Ct (9 ,u > 1, Rg)) dIl (R3) s (24)

(18), (19), (8), (12), and the resource constraints. In addition to the multipliers introduced in
the proof of Proposition 3 in Appendix C, let [Blw (0, 1) Pg (p|0) £ (0),2 0 (R3) m(R3)| be
the multipliers on (12), (8), and the resource constraints respectively, where ® = E [¢ (R3)].

Proof of Theorem 1: The first-order condition on a (6, ) is the same as (51). When

a(f,p) >0, gf((R“)) is given by (52), so (14) follows immediately. Next, from the first-order

condition on z (), we have

E (4 (0, 1) v (c1 (0, 1,0)) |6] = 0. (25)



Next, from the first-order condition on ¢, we have

(1-p / / (0, 1) dG (10 dF (6) = ByRyE [¢ (8, 1) o (c1 (6, 1,0)) [a (6, 1) + = (0]

where the expectation is over 6 and p. By (25), the condition above can be rewritten as

1 — / / (9 ,U dG ,U‘e) dF( ) 1R1E W (9,#) ul (Cl (‘9’“70))@(97:“)]7

which gives us the expression for 7.
To see why 7 > 0, multiply both sides of (14) by a (6, 1) g (1|€) f (0) and integrate over
w and 6. By (8), we have

QBIRIE [¢ (67 :u) ’LL/ (Cl (07 I, O)) a (97 M)] -

Ls o)g [2170)

R A (Rg)] .

As shown in the proof for Theorem 7, the right-hand side of the above equation is strictly
positive, so E [¢ (0, ) v’ (¢1 (0, 11,0)) a (0, )] > 0, which implies n > 0. =

Proof of Corollary 2: By Theorem 1, multiplying (14) by g (u|€) f (#) and integrating
over (0, u) yields

n(L=p){E[G(p)] —q} =

(1 —p)E[Ss (W], [¢(Ls)
Rl E |: o A (R3):| )

which implies E [§ (11)] > ¢. Note that (8) can be rewritten as

//# 200 dG (u|6) dF (9) = 1.
Pa(0, W) dG (0" dF (9)

Since ¢ (p) is strictly increasing in g and ff ff @dG (u|0) dF (6) > 1, to satisfy the equa-

tion above, a (0, ) cannot be weakly increasing in u for all . =



Proof of Corollary 3: First, note that (3) can be expressed as

//qq @ (0, 1) dG (ul9) dF (6) = 0.

Since () is strictly increasing in p, there exists u! € (H? E] such that ¢ > ¢(p) for all
p < pl. Since the equilibrium annuity price q is weakly greater than ¢, it follows immediately
that ¢ (u) < q for all u < p!. Since the right-hand side of (14) is strictly positive, we have
Y (0, 1) >0 for all u < pt.

Finally, following a similar reasoning, if ¢ (0, ) < 0, then it must be the case that

G (1) > q. This can only occur if y is sufficiently large, i.e., u > p” for some p” € (H> ﬁ} . m

Proof of Theorem 2: By Lemma 1, ¥ (R3) = (% — R2> QH (R)+ [R%, —E <RL3)} Ls (¢%)
with % > E (%3) . The first-order condition on R; is

O {H/ (R) — RLQ [H (R) + RH' (R)]E [ﬂfﬁ;f] }

p//& @ (0, 1) dG (u]0) dF ().

Substituting the expression for 1 in Theorem 1 and by the definition of €/ and €?, yields the

result. m

Proof of Theorem 3: The following proof uses results from Appendix C. The first-order
condition on ¢; (6, u, 1) is characterized by (34), while the first-order condition on ¢; (6, p, 0)

yields

A (6, 2,0) = (1—p) g (ul6) f (9)

Rt (e 0.0y 900 @lal6,p) +2(0)] 9 (ul0) £ (6) .

Substitute the first-order conditions on ¢; into (32) and (33), which remain the same in our

10



new planning problem, and sum them together, then integrate over the range of u to yield

1 1 1
GoRow (0 (0)) ~ BiRi { (1 (0, 1,

Slo] - 1@ laea + = @)1,

where the first expectation is taken over p and «, and the second expectation is taken over

. Finally, substituting out ¢[a (6, 1) + 2 (0)] by (12) yields the result. m

C Optimal wedges without interest rate shock

C.1 Pre-retirement wedges

In this section, we characterize the constrained efficient optimum before retirement. To

separate the economic forces that determine the labor wedge, we define

_1-F(0)
A= 570
YO g M)
B(6) =1+ —

[ _ BoRou (e (8)] F()
C“’)‘/e (o (8) [1 2 L—F@d@’

where ® > 0 is the shadow price on the resource constraint.?

Proposition 3 Att =0, for any productivity 0, the constrained efficient allocation satisfies:

1 1 . :
TR w®) — B [ﬁlRlu/(cl(e,u,a))lg] , and (i1) the Mirrlees-

Diamond-Saez formula: 1?:1&0()9) =A)B(0)C(0), where 3 = ;Mfu(,—&w))dﬁ.

(i) the inverse Euler equation:

Proof Given Lemma 3, the relaxed optimal tax problem is

max /9 " U0 (6) £ (6) db.

25The government faces a single resource constraint in a setting without interest rate shock Rs.

11



subject to

00 )= i a0~ 1 (L) [ 61 [ 08 001+ (1= ) U (030,0)1 4G ) (20

=

Ul (97 K, Oé) = Z ﬁtilst (:u) w (Ct ((9, 122 Oé) y Lt (97 K, Oé) e O‘) ’ (27)

=1
(16), (18), (19), and the resource constraint. We rewrite (16) as, for any 6 € [¢,6] and for

any g, (' € [, 71 ,
Ul (9’ My 0) > U (Cl (97 :ulv 1)) + ﬁ [SQ (/IJ) u (C2 (97 :ulv 1)) + 683 (p“) u (C3 (9, :ulv 1))] . (28)
Let

Ao (0),€(0), M1 (0, p, ), 6" (0, p, ) , 6% (150, 1) , D]

be the multipliers on (26), (19), (27), (18), (28), and resource constraint respectively. Using
standard Hamiltonian techniques, we derive the following necessary conditions for optimality:

for any 0 € [va ,

do(0) = £6) € (0). (29
o (6) o (co (6)) = £ 6). (30)
@) gt (L0 ) s | (U0) + S (Y| = r@ e

for any type (6, p, @) € [0,0] x [p,71] x {0,1},

(32)

M (6.1,1) = phhy [)\0 09 (ul6) — € (6) 2 <u|e>1 0 (0. 1)

0 o

N (6. 0) = (1)1 2 0) 9 (ul6) — ¢ 6) 22| - O

,0 "o ,
)+/ £ (150, ) dy
K

0 £
) (33)
[M (6.p.1) - / " (130, 1) dﬂ] o (er (6,1,1)) = %Ijg (W) £ (6), (34)

12



M6 (e (6,,0) = S0 o) 1 0, 3

and the boundary conditions are satisfied: £ (0) = & (?) = 0and &" (0, i, a) =& 0, m,a) =0
for any # and any a.

First, we derive the inverse Euler equation. From (30), (34), and (35), we have

of(0)
BoRou’ (co (9)) ’

A (0, p,1) = P2 (ulf) / ))) +/ £ (130, i) d,
) f(O)

Ao (9) =

R/ (c1 (0, 1y 1

_(L—p) g (ulf) f (6
A (0, 1,0) = Ry (e (6, 1, 0))

Substitute these expressions into (32) and (33) and sum them together, then integrate over

the whole range of u to yield

S (TR TV T S
BoRou' (co (0))  @f (0) n 90 Bl [ (en (0, )17
where the expectation is taken over i and «. Since f s ag(“ |Q)d acégw) ‘Z = 0, the inverse

Euler equation characterizes the savings distortion in ¢ = 0. Alternatively, we can also derive
the inverse Euler equation by using the perturbation method (Golosov et al., 2003).

Next, we derive the labor wedge. Since A\ (6) = Mfuf/—((ii(a)y from (29) and (30), we have

g @ / /
<0 :/9 [ﬁoRou’ (co (09)) L f()de"

Therefore, we can rewrite (31) as

oo [0 ()
BoRo u' (co (0))

13



y(6)

y(0) g7 (y(9)
Let A(6) = 5@ and B(6) = 1+ %ﬁ,ﬁ) Dividing both sides by 1’ (@) 20 vields
1 1 T 5030} £(9)
- — A(0)B (0 / { - de.
T O R CIO R A EI Y R R0

By definition A/ <@> =(1—=71"(0))u (co(0)), so we have

ram (oem) = 4080 [ [ramy - 55

9 (¢ u (co(0' / . .
Define C(0) = J, u/((c;)((g’)))) [1 — bofo (IE o0 ))} 1i(1«€()e) df’, then multiply both sides by v’ (co (6))

to get the Mirrlees-Diamond-Saez formula.

Finally, by (29) and the boundary conditions, we have fg Ao (0)df = 1. Then, by (30),
integrating the whole range of 6 yields % = f; M(fu(,—&w))de. |

From Proposition 3, the optimal intertemporal distortion at ¢ = 0 satisfies the standard
inverse Euler equation (Golosov et al., 2003, 2006). By Jensen’s inequality, the inverse Euler
equation implies [y Rou' (¢ (0)) < BiRiE[u (¢ (0, 1, @) |0] for any productivity 6. Due to
informational constraints, the transfer of consumption from ¢ = 0 to ¢ = 1 is restricted
regardless of the agents’ productivity. By restricting savings, the government can induce
truth-telling of ex-post private information (u, ) at a lower cost, which relaxes the ex-post
incentive constraints (1). Thus, the savings wedge in ¢ = 0 is strictly positive for any 6.

Proposition 3 also shows that the labor wedge is characterized by the economic forces
found in static Mirrlees taxation models, such as Mirrlees (1971), Diamond (1998), and Saez
(2001). First note that, when distorted, the labor supply of #-agents changes according to
their Frisch elasticity, which is B (6) . Furthermore, A () captures the trade-off between the
loss of total output in proportion of 6f (¢) from an increase in labor distortions for #-agents
and the relaxation of incentive constraints for higher productivity agents of mass 1 — F'(6).
The labor wedge also consists of C'(6), which captures the strength of the government’s
insurance motive against productivity differences. Since the inverse marginal utility is the

cost of a marginal increase in utility in consumption terms, the cost of a marginal increase in

14



average utility in t = 1 is é. Note that if the cost of increasing average utility is small relative

1 1
v < BoRow (co () then the benefits of

increasing the labor wedge of #-agents to relax the ex-post incentive constraints of higher

to the cost of increasing the utility of €'-agents, i.e.

productivity agents (6’ > 6) outweighs the cost. Intuitively, the degree of labor distortion

u/(co(0))
u/(co(0))

also increases with consumption inequality, which is represented by

C.2 Post-retirement wedges

This section presents the optimal retirement savings wedges and the bequest wedges in
a setting without aggregate shocks. In contrast to the pre-retirement wedges, the post-

retirement distortions are shaped by both sequential and multidimensional screening.

C.2.1 Retirement savings

This section presents the retirement savings wedges. The ex-ante incentive constraints
affect retirement savings through the intertemporal component D (6, 1) and the intratemporal

component E (0, 1, «) , defined as

9G(ul0) 1—F(0)

0, 1) = —22 C (0
PO.w =000 1@ ¢
E(au’ a) = 1- G(MW) f.“ﬁ |:U'(Cl(91,,u a))} 1— gf\g d/UL B
g (n|0) E [m‘e]

Unique to our multidimensional setting, distortions in retirement savings have an additional

role in relaxing the incentive constraints on altruism (16). This novel economic force is

15



represented by the following terms

RO ) [S50) T T S
W) =5 0 7 ) [sm/u / § 0, ) dfdy / [1

S R (e (0,1,0)) [T
11(0,1.0) = s2<u>@<1—p>g<u|e>f<0>L /,/5 (7.0, ) iy’

~ R (e (0, p,1) (7S (1) [S3 (1) = S3 () Sa (1) =S2 ()] pay g~y o
BOm)="3 00 r® J, Ss(u){ St (1) S5 (1) % (16, 1)

where £% > 0 is the shadow price on (16). Precisely, £~ (1'; 6, 1) represents the shadow price
of deterring a non-altruistic agent with productivity 6 and longevity type p from misreporting
as an altruistic agent with longevity risk y’. The next proposition shows how these economic

forces jointly determine the distortions to retirement savings.

Proposition 4 For any type (0, u, o), the retirement savings wedge at t = 1 satisfies

" Oa) = 2 EZ;E {Z 22 Eg . Z;; H D0, ) + E (6, p.0)] + I (B, 0,0),  (36)

where the expectation is over (4, &), and the retirement savings wedge at t = 2 satisfies

S/ (:u) /53 (:u) . 1:| 7—18 (9,,&,&) 1 IQ (‘9’#71)

S Uitntme T TonGaa O

TQS (97M7 Oé) - |:
where 1,1 = 1 when o« = 1 and zero otherwise.

Proof Let Pr(«) denote the probability that altruism type is «, so Pr(1) = p. To simplify

notation, let A; (0, u, ) = Ay (0, ) — 1oy f%fa (150, i) dji, where 1,-; = 1 when

a = 1 and zero for all other values of a.

First, to characterize the retirement savings wedges at t = 1, note that the first-order

necessary condition for ¢, (0, u, a) is

Mo (0 ) — 2B e (g 4 oy = D@ P9 wlo) F )

52 (:u) B BRlRQ’u’ (02 ((9, W, O./)) ) (38)
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We will first derive (36). By (34) and (35),

A (0,1, 0) = Pr(a) ®g (u|0) f(0) t1, /M {1 _ St (ft)

Rlu’ (Cl (9, M, a)) St (PJ):| ga (:u; 9, ﬂ) dﬂ,

which we substitute into (38) to get

R { — [1— (’])}Ea(uﬁ i) dji —
Pr(a) @g (p|0) f (0)

5“ (0, 1, a)}

1 B 1
u’ (Cl (97 y CY)) B BRQUI (02 (9’ 1,y a)) ‘

u’(c1(0,p,0))

Since 77 (0, 1, @) = 1 — G-

by definition, we have

Rlu (Cl (Q’M’ a)) Sé (lu) m
R gmwuwm{5ﬂm5(&“a>
—1ﬂ_3/“[1—{2§zﬂ<?<m94mdﬂ}.<3m
From (29) and (30), we have Ao (6) = 5ozebr, €(0) = J} | sty — 1] £(8) a0/, and

by (34) and (35), Ay (0, 1/, ) = EX)Pa@IOSO) | g f: €Y (150, v) dii. Thus, by (32) and

IS CICATR))
(33), we have

" a _Pr (a)@f(0) r g (1/[0) r BiRy B
SO =R, {ézuq@wawm Bofton (o) U~ @)

oG (u|o) [? 1 1] ) .,
BSRT A{%mw@ww‘élﬂm”}

o re o re
1o [ [ et ad — tama [ [ € (sb.00)
poJp poJp

where 1,9 = 1 when a = 0 and zero for all other values of a. Since by definition, C(#) =
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0w/ (co(0)) BoRot' (co (@) ] £(6)
6 Wico(0) [1 — ] 17F(9)d9’, we have

&M (0, 1, @)

_ BiPr(a)®f
(

s di — 1~ G (u]6)]

(
0)) BiRuu’ (c1 (0, ', @)

0G (plf) 1 — F(0) —a
- Y f(9) C’<9)}+H (97/%04)7

0) { / BoRo! (¢o (8)) g (11]6)

where 2% (0, p1,0) = ooy [) [V 6 (130, ) dfidp’ — Lo [V [V € (0, 1) dfidpt’. Finally,
substituting the above expression for & (6, u, ) into (39), and using the inverse Euler equa-
tion, yields (36).

Finally, to derive the retirement savings wedge 75, the first-order necessary condition for

C3 (67 M, Oé) is
S5 (1) Pr () @g (ul6) f ()
As (0, p,0) — =2 B0, p,a) = . 40
3 ( ) 53 (/L)é- ( a ) 62R1R2R3U, (C3 (‘97 My Oé)) ( )
To derive (37), note that (38) and (40) imply
u' (co (0, p,)) Az (0, p, ) = §4 (0, i, @) gg%
BRyu (3 (0,11,0) Ny (0, 1,0) — €0 (0, 1, 0)
Since 75 (0, p, ) = 1 — %, we have
s A3 (97 M, Oé) - g'u (97 1,y CY) 2283
AZ (97 H, G{) - gll (07 K, O[) So (1)

Note that Ay (6,1, 0) = TH922EOHD 1, Iy {1 - g;gg;] € (10, 1) di by (34) and (35),
and by (39),

& (0, p, a) = S’l( PPr (a) g (u]0) f (9)

S 1 _
| Rl (4 (0, ) OHe0) /

" [1 _ S (m)
Sa ()

Sa (1)

=

] € (1:0, ) d/l] |

Substituting the above expressions for A; (6, p, o) and " (0, i, ) into (41) yields (37). m
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Proposition 4 presents the retirement savings wedges and characterizes the economic
forces that relax the ex-ante incentive constraints and the ex-post incentive constraints. We
first examine the retirement savings wedge 77 in (36).

The intertemporal component D (6, 1) introduces savings distortions after retirement to
relax the ex-ante incentive constraints (2). To see this, notice that D (6, u) is increasing in
the insurance motive C' (0) from ¢ = 0. Recall that when C (6) is large, then the government
has an incentive to increase the labor wedge of f-agents to raise redistribution. From (36),
the consumption path for #-agents is more front-loaded when C (6) is large. To understand
this result, note that agents with productivity higher than 6 are likely to live longer (higher
() by assumption, so they prefer a consumption path that is relatively more back-loaded.
Therefore, the front-loading of consumption for #-agents helps relax the ex-ante incentive
constraints (2) of more productive agents. Intuitively, the intertemporal component D (6, i)
shows how the benefits from this distortion increases with the mass of agents whose ex-ante
incentive constraints are relaxed, 1 — F' (), and decreases with the population of agents
who are made worse off, f (). By Baron and Besanko (1984), —%/g (u|0) is referred
to as the informativeness measure. A higher informativeness measure implies a stronger
link between productivity # and longevity risk p, which in turn means that distortions in
retirement consumption paths would be more effective at incentivizing work in ¢t = 0. Thus,
the informativeness measure increases the intertemporal component D (6, p) .

Next, I (0, pi, ) captures the economic force that deters non-altruistic agents from mim-
icking altruistic agents. The second component of I (6, i, 1), ff [1 — gi—gz;] & (w0, ) dia,
affects I (0, u, 1) based on its sign. This component is negat;ve when the tendency for
non-altruistic agents who live longer to pretend to be (u, 1) is stronger, and positive when
non-altruistic agents who live shorter pretend to be (1, 1) . Intuitively, a negative component
increases I (0, i, 1) thereby front-loading the consumption path to deter such deviations,
while a positive component decreases I; (6, i, 1), leading to less front-loaded consumption
path. Furthermore, the ex-post incentive constraints on altruism (16) impact the ex-post
incentive constraints on longevity (17). Specifically, the additional distortion to deter mis-
reports on altruism may incentivize misreports on longevity within a given productivity and

altruism type. As a result, the first component of I; (6, u, 1) shows that if the multiplier
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€ (u/;0, ) for i/ > p is strictly positive, then the retirement savings wedges for agents
with lower longevity types must also be distorted upwards. These additional distortions to
retirement savings are necessary to maintain incentive compatibility on longevity for a fixed
productivity and altruism type. The same is true for non-altruistic agents.

Since both D (0, ) and I (0, i, ) introduce inequality in consumption among agents of
the same productivity, the intratemporal component E (6, i, «) offsets some of this inequality.
Since agents are risk averse, the ex-ante incentive constraint for f-agents tightens when their
consumption inequality during retirement is increased relative to other productivity types.
Notice the negative (positive) intratemporal component for (6, u, a)-type agents, wherein
agents with identical productivity 6 and altruism « but facing higher longevity risk @' > pu
consume less (more) in period ¢ = 1 compared to the average #-agent. To understand its
effects, note that for a fixed type (€, u1, ), their consumption paths are more front-loaded
relative to the agents who share the same productivity and altruism type but expect to
live longer. In this case, from (36), a negative intratemporal component E (6, u, «) offsets
the front-loaded consumption, which improves post-retirement equality. At the extreme,
E (0, ,) is zero when all -agents consume the same after retirement, i.e., retirement
consumption is insured against differences in (i, ).

From (36), the retirement savings wedge 77 also increases with the survival probability’s

sensitivity to longevity types: gggz; Intuitively, post-retirement savings distortions are more

useful in screening both productivity in ¢ = 0 and altruism in ¢ = 1 when the survival
probabilities are sensitive to u. Also, by (36), the degree of savings distortion in 77 for
(0, pu, a)-type agents is magnified when they consume less than the average population in
t=1.

Finally, by (37), 75 is increasing with the previous period’s savings distortion 77 if the one-
period survival probability at ¢ = 2 (probability of surviving to t = 3 conditional on surviving

S3 () S3(p)
? Sa(p) Sa ()

is strictly increasing in p, then the single-crossing property also holds in ¢ = 2. In essence,

to t = 2) is strictly increasing in u, i.e. is strictly increasing in p.?° Note that if

agents with higher longevity types prefer more back-loaded consumption paths in t = 2 as

well, and they also prefer consumption over bequests. Therefore, the logic for the distortions

S . . . . R .S S
267f SgT(#u% is strictly increasing, then S% (1) Sa () > S5 (1) Ss (@) , which implies % > 1.
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S3 (1)
Sa (1)

in u, then the sign of 75 is the opposite of 77 so the post-retirement consumption path is

in 77 extends to the retirement savings wedge 7;. It is worth noting that if is decreasing

either hump-shaped or U-shaped. Meanwhile, I (6, i, 1) makes additional adjustments to

75 to deter non-altruistic agents from misreporting as altruistic agents.

C.2.2 Bequests

Since it is optimal for non-altruistic agents (o« = 0) to leave no bequests, this section
characterizes the bequest wedges 7¢ for altruistic agents (o = 1). Denote the mass of agents
dying in t as M; () , i.e., My () = 1 =Sy (1) , Mz (1) = S (1) —S3 (1) , and My (1) = Sz (1) -
Let

R (e (6,1, 1)) / "D e 1, 1) di

J (67 ,ua 1) -
: pPg (pl0) f(0) J, M (p)
denote a novel component in the bequest wedges that deter non-altruistic agents from misre-

porting as altruistic agents. The following proposition presents the optimal bequest wedges.

Proposition 5 For any type (0, u,1), the bequest wedges satisfy

70, 1,1) = —]\*322% 0, 1,1) — Jo (0,11, 1) (42)
(0, 1) = - LICIIE) (44)

[1 - 7-18 (Qa 22 1)] [1 - 7—5 (97 122 1)] .
Proof Recall that x; (6, 1,0) = 0, so we focus on the bequest wedge for a = 1. First, we

derive the bequest wedge at ¢t = 1. The first-order necessary condition for x; (0, i, 1) is

S (1)

i _ pPg (u]0) f(0)
mf (0,p1,1)

1 — .
)\1 (97 :uv ) + 5R1R2U, (xl (‘97 2 1))

(45)

By (34) and (35), Ay (6, 1, 1) = % + [ €% (1;0, fi) dfi, which we substitute into (45)
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to get

. i S5 (1) P
u! (Cl (9,/1,1)) +p<I)g<M|6’)f(9) [1—82 (,U)g (gaﬂal)‘{'/ﬂ 5 (u,@,,u) d,u]

1
" BR (21 (0,1, 1))

u/(c1(0,u,1))

W by definition, we have

Since 7 (0, 1, 1) = 1 —

d R (e (0,,1) | Sy () L B g e e
(0 p,1) = 3 (110 £ (0) [1_52@)5 (97u,1)+/u 3 (uﬁ,u)du]- (46)

By (39), (46) can be rewritten as

) O SW . Ru (e1 (0.1.1) [T [1— 5, (3)
D) = ) T e ey 0) / {1—_52 )

] € (1120, ) dii.

Finally, we derive the bequest wedge 7 (6, 1, 1) . The first-order necessary conditions for

x9 (0,1, 1) and z3 (0, u, 1) are

_[92(w) = S5 ()] p®g (ul9) f (0)
A (0,4, 1) {52 (1) — 3(/1)}& O ) = Gy Ry R (2 6,1, 1)) o
S5 (1) _ p2g (1]0) £ (9)
A (0p 1) = Ss (H)€ O 1) = B3R Ro Ry Ry’ (3 (0, 1, 1)) )

To derive (44), note that since A\; (0, pu, 1) = % + fffa (w3 0, iv) diz, by (38), (47)

and the definition of Ty, We have
)]
)

g (pl0).f(0) P ea (. ~\ 7~ Sh(u)—Sh(p
LI+ [T (s 0, 1) di — € (0, 1,1) | S-S50

7 (0.p.1) = 49)

/

Sol0I0) | (7 [] _ 5] ¢a 5,
DI b |1~ 28 €0 (w50, 7) di — € (0,10,1)

v
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By (39), (49) can be rewritten as

() [S )= 801 7 Om)
7 (1) = {Sl(u){sz(ﬂ)—ss()] 1}1—Tf<eu,1>

Riv/(c (0u1) o [Sa2( ) 52(11)][55(“) S (N] @
1 1 f { (:U*)[SQ(M)—S3( 5 (M?e /I/)d

pPg(pl6)f
) 1— 7-18 (97 22 1)
T 75(0,1,1) + Gt l)
By Proposition 4, 5 17(9(5 :)1) i ST 313(“; @1 and substituting this into the expression
Sh(u)/Sz(m)
above yields
Riv'(c1(0,p,1)) B | S2(f) ol B ~
d(e 1) S3 (:u) 5(0 1) pl(bg(/tlw f |:Sz(u :| 6 ([1,70’#) du
T P - T s My - )
2 ' 52 <'u) N SS (,U) : g 1-— Tl (07 22 1)

We follow a similar procedure to derive 7¢. From (40) and (48), the definition of 7 yields

Sg(ul0)f(0) | (T pa EAD
Tra @y T S 6 (50, 1) dit = € (0, 11, 1) 3205

g0 f0) (7 |1 _ 5] ca Sy
zif(ﬁw,u,l)ﬁfﬁ[ A ZJ& (130, ) dfi — & (8, 11, 1) G5

(0,0, 1) =

(50)

By (39),

0.0 = 55 {quiiz‘(ee),i,(el)))ﬁ A {1 -3 Em St }

Sa ()

=

and by (41),

I

R

5 (1)
Sa (1)

Sy (1)
Sz () ’

[1 - T; (97/1’7 1)] |:A2 (‘97 1y ) gu (9 Ly ) :| = A3 (87/1“7 ) 5# (0 1y )

substituting into (50) yields

R/ (c1(0,11,1)) I S3(ft) ¢or ) B B
pPg(1|0)f(0) fg sg(u)f (M>9,M) dpn

Td = - '
5 (0, 1,1) =75 (0, D][1 =735 (0, 1, 1)]

This completes the proof. m
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The relevant incentive constraint on altruism is to deter non-altruistic agents from pre-
tending to be altruistic. Proposition 5 shows how it is optimal to subsidize bequests to deter
such deviations, since non-altruistic agents do not value bequests. This is captured by the
component J; (6, 1, 1) > 0.

Proposition 5 also shows how the optimal bequest wedges complement the retirement
savings wedges. First, for any type (6, u,1), the bequest wedges have the opposite sign
of the retirement savings wedges. Second, bequest wedges are increasing in the survivor-
to-casualty ratio: % for t = 2 and % for t = 3. These features, together with the
retirement savings wedges in Proposition 4, help relax the ex-ante incentive constraints on
productivity (2). More productive agents likely live longer, so they place less weight on the
warm glow from leaving bequests. Therefore, if the retirement savings wedges are positive,
then the bequest wedges are negative, i.e., bequests are subsidized. In other words, since more

productive agents are less likely to value bequests, a bequest subsidy discourages downward

misreports in productivity.

D Characterization with mean-variance arbitrageurs

This appendix follows Greenwood et al. (2010) and presents a characterization of the
arbitrageurs’ long-term bond demand with mean-variance preferences, and the equilibrium
long-term bond return R; when supply A is exogenous.

First, we derive the arbitrageurs’ long-term bond demand. At ¢ = 1, arbitrageurs maxi-
mize wealth by buying and selling one- and two-period bonds. Specifically, arbitrageurs have
an initial wealth of zero at t = 1, and they maximize a mean-variance objective over their
terminal wealth at ¢ = 3. Following Vayanos and Vila (2021), arbitrageurs choose their two-
period bond demand H to maximize E (w) — 3V (w), subject to w = H (R; — RyR3) , where
7y is the arbitrageur’s risk tolerance and V (w) is the variance of terminal wealth. Thus, the

arbitrageurs’ two period bond demand is

R, — R5E (Rs)
VR%V (R3)

H(R)) =
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Intuitively, arbitrageurs borrow short and invest long when R; > R (R3), and they borrow
long and invest at the short rate when R; < RoE (R3) .

Finally, we determine the equilibrium long-term bond return. Let A denote the exogenous
supply of two-period government bonds. Then, given H (R;), the market clearing condition
is A =QH (R))+ R%Lg (¢*) . Notice immediately that the equilibrium return R; is a function
of the supply A and the equilibrium annuity price ¢*. Intuitively, R; should increase with
supply A and equilibrium annuity price ¢* (a low annuity price implies a smaller demand for

long-term bonds by the insurers). Therefore, the solution is

2
QE(R3) QE(R3) _ 49Ls(q*)
[A + W(R)} + \/ [A + mwms)] VREV(Fo)

2Q [YR5V (R:s)]_l

Rl (A7 q*) -

In contrast to this appendix, our paper considers a government that enodgenizes the
supply of long-term government bonds A in a welfare-maximizing manner, as well as a more

general demand function H for arbitrageurs.

E Interest rate risk sharing without welfare concerns

In this appendix, we determine the efficient interest rate risk sharing scheme between
the government and private annuity insurers, independent of the welfare of the retirees. The
purpose is to demonstrate how the government’s debt maturity structure can influence the
insurers’ interest rate risk management cost.

By Proposition 2, the total cost of interest rate risk management in the economy at ¢t = 0

is N]gy L+ E [1};(1%2)] . Therefore, to implement the risk sharing scheme that minimizes the cost

of interest rate risk, the government chooses long-term bond supply A, return R;, lump-sum

tax T (R3), and equilibrium annuity price ¢* to solve the following problem:

, 1 1 1 T (Rs)
1, 5 1 — 5 E| 5 L " E ’
T Aokt 2B () {Rz Ry (RS)] (@) F { Ry 1

subject to (8), the long-term bond revenue constraint (9), the market clearing condition (10),

>:1Whenl> 1E<L>

and R; > Ry. The indicator function is such that 1, 7 2 mh |

1 1
25 E (A
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and zero otherwise.

Proposition 6 The optimal interest rate risk sharing scheme satisfies:
i. NWy =0 and q* = q,

ii. There exists 1 such that the optimal long-term bond return R; satisfies R%z = R%E (R%)

when Q < Q and R; € <]E(R—f), RE (Rg)) when Q > Q, and
R
iii. E[T (R3)] =0 when Q < Q and E [T (R3)] < 0 when Q > Q.
iv. A >0 when Q< Q and A < 0 when Q > Q.

Proof At the optimum, (9) binds, so the optimization problem can be rewritten as

) [~ ()| 20+ (72 () {QH g

subject to (8) and R; > Rs. Consider two cases: = 2 E( 3) and & < —E (ng)

First, if R% > R—2E (R—3> , then R; < RyE (Rs) by Jensen’s mequahty. Hence, H (R;) < 0,

i.e., arbitrageurs short the long-term bond. The optimization problem can be rewritten as

, Ry
wno | 5® () 1] 0

subject to (8) and R; > Rs. Since H (R;) < 0 and l > R%E (ng) , the cost of interest rate

risk management is minimized when Ril = 1 e ( R3)

Next, we consider R% < RLQIE (%) , so the optimization problem can be rewritten as

e[ () o+ =47,

subject to (8). Let R, denote the long-term interest rate such that &%l = RLQIE (%3) . Since

we are considering the case with R; > Rl, then %E (R%) — 1 > 0. Hence, if the objective

function is increasing (decreasing) at R;, then the minimum occurs at R, = R, (R; > Rl)
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By (8), ¢* is defined as a function of R;. Differentiating the objective at R; = R yields

-LE(L)SMME)+EEQQQ2

R Rg R,
Note that H (R;) < 0 at the optimum. Suppose H (R;) > 0 instead, then the minimum is

achieved by setting R; = R;, which implies that R, < RoE (R3) so H (R;) < 0, which is a

contradiction. Set X
La(a" (Fr))
Q=——1"__ >0,

H (R

so that the objective function is increasing when Q < Q and strictly decreasing when € > €.

Furthermore, when Q > Q, then there exists R, > R, such that the objective function is
zero. As a result, by Rolle’s Theorem, part (ii) of the proposition follows when Q > Q. Also,
part (iv) of the proposition follows from the definition of Q and the fact that the argument
above implies that QH <ﬁ1> + ij(%(lél)) is negative at the optimum when > Q.
Finally, it follows immediately that NW; = 0 at the optimum, which implies that
* = G by (8). Also, since the expected lump-sum tax is E (T (R3)) = A [RZIE (R%) - RQ] :
it follows from part (ii) of the proposition that E (T (R3)) = 0 when Q < Q. While if
Q > Q, then the market clearing condition (10) and part (ii) of the proposition imply that
A=QH (R) + %‘f*) < 0so E(T(R3)) <0. This completes the proof. m

Proposition 6 shows how the government fully absorbs the interest rate risk of the insurers,
so that the insurers’ capital structure is NW; = 0. This implies that the bond market is
unconstrained and the equilibrium annuity price is at the actuarially fair level: ¢* = ¢. This
result follows from the fact that the government can lower the interest rate risk management
cost of the private annuity insurers through the issuance of long-term bonds. Though the
issuance of long-term bonds also exposes the government to interest rate risk, the government
has the advantage of backing its long-term debt with an inelastic tax base and levy lump-sum
taxes that depend on the interest rate realization.

Proposition 6 also presents a novel theory of the optimal term structure of interest rates.
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In particular, the optimal term structure is influenced by the relative size of the arbitrageurs.
Note that Proposition 6 shows arbitrageurs short selling the long-term government bond.
This is due to the fact that, to mitigate the cost of interest rate risk management, the
government limits the supply of long-term bonds A. This not only flattens the yield curve but
also incentivizes the arbitrageurs to buy short-term bonds financed with long-term borrowing
from the insurers. In essence, the insurers’ need for long-term assets is not solely dependent
on the government’s long-term bond supply. Instead, it is also catered to by the arbitrageurs,
who essentially act as a parallel supply channel for these assets. In fact, when the population
of arbitrageurs €2 is greater than €2, then the government limits the supply of long-term bonds
to the point that net supply is negative: A < 0.

Note that other factors can also influence the total long-term bond demand of arbi-
trageurs. In Appendix D, we show that when arbitrageurs have mean-variance preferences,
then the demand for long-term bonds is positively related to the arbitrageurs’ risk tolerance
and inversely related to the variance of the interest rate shock. Instead of a cap on the pop-
ulation size of the arbitrageurs €2, Proposition 6 can be rewritten with limits on the variance

of the interest rate shock V (R3) and the arbitrageurs’ risk tolerance.

F Alternative implementations

This appendix presents two alternative implementations that fully relax the implementabil-
ity constraints, effectively avoiding the cost of hedging interest rate risk. First, we consider
an implementation with a reformed Social Security benefit that depends on both income and
longevity risk. Second, we examine an implementation that relies on private annuities with

variable life benefits, where annuity payouts depend on the interest rate shock.

F.1 Public versus private annuities

This subsection shows that public annuities can be more efficient than private annuities
in the presence of interest rate risk. This stands in stark contrast to our findings without
the interest rate shock, where we demonstrated that public and private annuities can achieve

the same welfare outcomes. That said, the higher efficiency of public annuities with interest
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rate risk—the Social Security benefit in our implementation—crucially depends on a govern-
ment’s ability to make them contingent on productivity 6 and longevity risk pu. Obviously,
this may not be feasible in practice. And even if a government could design optimal pro-
ductivity and longevity risk contingent benefits, the political majority may prefer a smaller
government and, therefore, favor an implementation with private annuities. With that said,
formulating optimal public annuity policies without the private annuity market highlights
the additional costs of implementing third-best allocations, which rely on private annuities

to screen longevity risk.

Proposition 7 If z (0, p) is a function of productivity 60 and longevity risk u, then a (0, p) =
0 for all 0 € [Q,ﬂ and p € M, ﬁ] and V (R3) = 0 for all R3 at the optimum.

Proof First, we replace the social security benefit z (6) with z (0, ). Next, the first-order
condition on z (0, ) yields ¢ (6, 1) = 0 for all # and p. The first-order conditions on ¢ and
a(f,p) are

n(1—p) / / " 0 (6,11) dG (116) dF (8) = BLRAE [ (6, ) ! (e (6,1,0)) [a (6 2) + = (6, 2)]

where the expectation is taken over i and 6, and

Ss(u) ] E [0 () |

Sa (1)
0, R/ 0,1,0)) +n(1— + = . (51
B0 g e (6,00 + (1 - )| 22D 4 B e )
Immediately, we have n = 0 and E [¢ (Rs) gf((f :)) } = 0. Since the resource constraint is

binding and more relaxed when Rj3 increases, ¢ (R3) > 0 and strictly decreasing in Rj.

Furthermore, if a (6, 1) > 0, Lemma 1 implies

—gf(fji = {Rig —E (Rig)} (1—p) S5 (n) g (ul) f(0), (52)

which is strictly decreasing in R3 with E [%] = 0. This implies that E | ¢ (R3) %] >0
when a (6, ) > 0. Therefore, it must be the case that ¥ (R3) = 0 for all R3 and a (6, ) =0

for all  and p. =
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Proposition 7 is a direct consequence of the fact that, for any retirement consumption
for non-altruistic agents, the government is able to design benefits z (0, 1) such that the
implementability constraints (12) hold with zero demand for private annuities. Hence, the
implementability constraints also reflect the fact that traditional Social Security benefits are
not contingent on longevity risk.

Proposition 7 highlights a key drawback of private annuities in an incomplete market
setting. While private annuities provide insurance against longevity risk, they also cover
aggregate risks, such as interest rate fluctuations. In an incomplete market, this dual cov-
erage by private annuities becomes suboptimal. When private insurers offer annuities that
hedge against both longevity and aggregate risks, inefficiencies arise because these insurers
cannot perfectly hedge against aggregate shocks if the supply of long-term bonds is lim-
ited. As a result, private insurers accumulate net worth as a buffer against adverse interest
rate movements, which is inefficient because this net worth is financed by positive annuity
markups. Thus, it is optimal for the government to issue more long-term bonds to increase
the efficiency of the private annuity market. However, this in turn exposes the government
to interest rate risk, which it can manage by imposing additional taxes that depend on the
interest rate.

In contrast, public annuities eliminate the intermediary step where private insurers trans-
fer interest rate risk to the government through long-term bonds. Specifically, the govern-
ment can avoid issuing long-term bonds and exposing itself to interest rate risk, thereby
avoiding the need for lump-sum taxes 7T (R3). Furthermore, if the government can offer
public annuities with payments contingent on the reported longevity type u, then public
annuities dominate private annuities. As an example, the government can offer income- and
longevity-dependent public annuities to non-altruistic agents, while altruistic agents save
through bonds. This allows the government to screen longevity and altruism without re-
lying on private annuities. As a result, unlike the implementation with private annuities,
U (R3) = 0 for all R3 under public annuities.

Despite the theoretical advantages of public annuities, reforming the current Social Secu-

rity system is notoriously difficult, let alone redesigning it to be contingent on both income
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and longevity. Real-world examples of reasonable but ultimately failed reforms to public
annuity systems highlight this difficulty. In the United Kingdom, the Pension Commission
in the early 2000s sought to expand access to private retirement savings through stakeholder
pensions, aiming to reduce reliance on state pensions. However, low uptake—due to in-
sufficient incentives and poor public understanding—diminished the impact of the reform.
Similarly, Italy’s 1990s pension reforms aimed to enhance sustainability by linking benefits to
contributions, but failed to account for the country’s high informal labor market and politi-
cal resistance to reduced benefits, resulting in partial rollback. These examples demonstrate
how well-intentioned, technically sound reforms can falter when structural economic issues,
political opposition, or public engagement are neglected. These challenges underscore the
importance of our focus on optimal retirement policies involving private annuity markets, as

they offer a viable avenue for reform in a politically and fiscally constrained environment.

F.2 Variable Life Benefits

In this subsection, we consider life annuities with benefits that vary with interest rate
shock Rj3. Typically, life annuity contracts not only insure against longevity risk, but they
also insure against aggregate shocks, such as changes in interest rate. In essence, annuity
consumers who are alive receive a fixed payment independent of the economic environment
as long as the insurer is solvent. In contrast, this section considers annuity contracts with
variable life benefits, so they only insure against longevity risk.

The private annuity market is the same as in the previous section. An annuity contract
pays 1 unit of pre-tax consumption in ¢t = 2, but it pays ¢ (R3) units in ¢ = 3. In essence, the
benefit in ¢ = 3 is a function of the realized interest rate shock. The following proposition is

analogous to Proposition 2 but for variable life benefits.

Proposition 8 For a given annuity price q, the following competitive interest rate risk man-

agement strategy achieves zero annuity markup when ¢ (R3) = Rg:

i. Asset portfolio:

Ly (q) + L3 (q)
Ry

13 = 0, b2 = s and b3 (R3) = Lg (q) .
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1. Capital structure:

NW, = NW, (Rs) = 0.
In particular, ¥ (R3) = 0 for all Rs.

Proof With variable life benefits ¢ (R3) , the balance sheet equations are

b2+l3:Ri2 {L2 (Q)-FE(L(]f;))L?) (Q)] + NWh, (53)
and
bs (R3) = M + NWy (R3) . (54)

Ry

Next, when ¢ (R3) = R3, (54) yields b3 (R3) = L3 (q) if NW5 (R3) = 0 for all R3. Also,
we can rewrite (53) as by + I3 = R% Ly (q) + L3 (q)] if NW; = 0. With (7), this implies that
I3 = 0 and by = 7-[La () + L3 (q)] . Thus, by Definition 2, the asset portfolio and capital
structure constitute a competitive interest rate risk management strategy. Furthermore,
with NW; = 0, the annuity markup is zero.

Finally, since NW; = I3 = 0, the optimal long-term government bond supply A = 0, so
U (Rg) =0. =

Proposition 8 shows how insurers can transfer their interest rate risk management cost
to agents by introducing variable life benefits. With ¢ (R3) = R3, annuity payments in ¢ = 3
increase with the realized interest rate, so the agents fully absorb the interest rate shock.
Proposition 8 also shows that insurers no longer need to purchase long-term bonds, so the
condition of the bond market is irrelevant. As a result, insurers do not need to manage
interest rate risk with variable life benefits, and the annuity markup is zero.?” This provides
an alternative interpretation of the annuity markup in Section 5.1: Agents pay for insurance
against aggregate risk through higher annuity markups.

Importantly, for our policy exercise, Proposition 8 implies that the government can main-

tain the efficiency of private annuity markets in the presence of interest rate shocks by imple-

27Since variable life benefits are a different product from the annuity contracts considered in Section 5.1,
the actuarially fair price of variable life benefits not the same as (3).
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menting private annuity contracts with payments that depend on interest rate realizations.
Therefore, the government no longer needs to issue long-term bonds, and the social cost of
interest rate risk is zero (¥ (R3) = 0). Variable life benefits provide an alternative imple-
mentation to the one with public annuities that depend on longevity risk p and altruism
type «a discussed in the last subsection.

Add and mention Canada. Describe difficulties in doing this and why insurers prefer

constant payments—Capturing Illiquidity Premium.

G Solving the model numerically

G.1 Discretization of the bivariate log-normal distribution

To calculate the discretized conditional distribution of y given 6, we exploit the properties
of the bivariate log-normal distribution. Let X and Y be two log-normal random variables
with means px, py and standard deviations ox, oy, respectively. The correlation between
log(X) and log(Y') is denoted as p.

We first generate samples from the bivariate normal distribution for log(X') and log(Y")
with the covariance matrix:

0%  poxoy
Y —
poxoy 0%
The generated samples are then exponentiated to obtain samples from the bivariate log-

normal distribution. The conditional distribution of Y given X = x is also log-normal with:

Oy
fy|x=2 = pty + p—(log(z) — pix)
0x
oy|lx = oy 1— p?

To discretize 6, we first optimally discretize the marginal distribution of 6 into disc_step
intervals using the algorithm of Drezner and Zerom (2016), which efficiently discretizes con-
tinuous random variables. The aim is to capture key distributional properties—such as

skewness and heavy tails—with a finite number of points.
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For each value of 6, we compute the conditional distribution of u given 6 by solving for
the cumulative distribution function (CDF) at each discretized point of u, which are stored

in the vector fiya gise- The CDF of p conditional on 6 = 6; is computed as:

1 val_disc[j]) ;
CDF .0, (u) = @ ( OB b)) — I Y"’l)

Oy|e;
where @ is the cumulative distribution function of the standard normal distribution.
Finally, the discretized probability mass function (PMF) is obtained by differencing the
CDF values:

PMFm@i (u) = CDFH‘QZ. (u) — CDFmgi (u — 1)

The resulting discretized conditional distribution is then normalized such that the sum

of probabilities equals 1.

G.2 Discretization of the incentive compatibility constraints

We discretize the incentive compatibility constraints as follows. Let there be N produc-
tivity types: 6 € {61,0,,...,0x5} and M longevity types: pu € {p1, o, ..., tiar }- The ex-post

incentive compatibility constraints on longevity are, for any (0, «) and p; and gy,

3 =1 V(e o S (1) o (z 4
/R[;ﬁ St(/v‘ﬂ) (t(ea/im ,R3))+ B [1 S, (Mj) ] ( t(e,,u]? , R3)) | dIT (R3)
3 =1 V(e o  Ser (1) ow (z o
E/RLZlB S () (ce (0, s, ,Rg))+ﬁ[1 St(uj)} (21 (0, pix, v, Ry)) | T (Rs).

Similar to Moser and de Souza e Silva (2019), we can simplify this by focusing on neighboring

deviations. Therefore, for a fixed type (6, j1;, &) , we need to deter adjacent upward deviation:

S (Ve (6o S ()
/R[Zﬂ St(uj) (t(eauw 7R3))+B|:1 St(#j)

t=1

] av (x, (0, 1, o, R3)) | dII (R3)

dI1 (Ry)

= /R [Z B8 () w(ee (0, s o, Rs)) + B [1 - Sts%fjjg)} av (g (0, pj41, o, R3))
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and deter adjacent downward deviation:

3 t—1 ) o . St+1 (,u]) o (2 o
/R [;ﬁ S (pi) w(ce (0, 1,00, Ry)) + 3 {1 AT ] (20 (0, 1, @, R3)) | dI1 (Rs)
> /R [;5 St (pg) u (e (0, pj—1, 0, R3)) + B8 [1 S, () } (20 (0, pj—1, 0, Rs)) | dI1(Rs).

For each (0, ) we have 2 x (M — 1) + 2 of these ICs. Note that there are M — 1 number
of longevity types that have two adjacent ICs, plus two types (the highest and lowest types)
that each have only one adjacent IC. There are N productivity types and 2 altruism types.
Therefore, there is a total of 4 x N x M number of ex-post ICs on longevity.

Lemma 1 shows that we can rewrite the ex-post IC on altruism as, for any (0, i),

dIl (R3)

3 t=1 ) oz
/R[tzlﬁ Sy () u(ce (0, 1,1, R3)) + 3 {1 AN ] (2 (0, 11,1, R3))

> /R [Z 6t_lst (:u)u<ct (97/1’707 R3)) dIl (R3)

We will first ignore the other IC, where the non-altruistic agent pretends to be altruistic.
Then, we will check whether it holds given the solutions. There are N x M of them!

The ex-ante IC on productivity is, for any ¢; and 6;,

outcoten—n () wa [ D ac )

> o [utan ) -1 (U9) |+ [ +<1pi§f2’(‘ é:,)ﬂ,m 4G (ul6).

where

Uy (0, p, ) = /R [Z BES, () u (e (0, py ay, R3)) + B [1 — M] av (zy (0, 1, a, R3))

> AT dIl (Rs) .

In essence, the ex-ante IC on productivity assumes that the agent will tell the truth in the

future, i.e., the ex-post ICs work. It is a classic result that the ex-ante IC can be simplified
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by only focusing on adjacent downward deviations. Therefore, we can rewrite the ex-ante

IC on productivity as, for any 6;,

utcoen - (G2) ea [ D e

> o w0~ (2520 4 [ +<1p_[];§9;11(’9l:_’11,>%0> G ).

There are N productivity types, and we only have N — 1 adjacent downward ICs. So we

only need to look at N — 1 ex-ante IC constraints.

G.2.1 Decision variable upper bounds

We find the upper bound on all decision variables so that we can bound the solution.
Consider the optimality conditions for the first-best case. From the first-order conditions,
we get

~

Yo (0) = Hﬁcgﬁ

o = <61R1)ic _ (951R1) (90(9))_[:1
! BoRo 0 BoRo 0

Note that ¢y and ¢; are constant across types (0, i, ), but y changes with respect to 6. The

2=

rest of the allocations depend on Rj

E (c2(Rs)") = Zﬂ' (Rs)cs (R3) ™" = BoRo




Again, note that though the allocations depend on Rj, they are constant across types
(0,1, ) .

Take the allocations above and plug it in the resource constraint. Solve for cj.

Given ¢y, we have g (0) for all §. The maximum consumption and bequest in any period

cannot be larger than the total first-best output [ yo () df.

G.3 Solving the Model

Solving our public policy model requires solving a large-scale nonlinear programming
(NLP) problem due to the high dimensionality of the decision vector, the presence of thou-
sands of equality and inequality constraints, and the nonlinear structure of both the objective
function and the constraints, which arise from the dynamic, multi-period nature of the model
with multiple state variables and heterogeneity across agents. In the third-best version of

the model with 30 p and 30 6 discrete points is characterized by the following statistics:
e Number of Variables: 45,903
e Number of Equality Constraints: 27,723
e Number of Inequality Constraints: 21,351
e Number of Nonzeros in the Equality Constraint Jacobian: 68,039
e Number of Nonzeros in the Inequality Constraint Jacobian: 324,561
e Number of Nonzeros in the Lagrangian Hessian: 5,205,060

We solve the optimization problem using Julia JuMP with the Ipopt 3.14.17 optimizer
running with linear solver MUMPS 5.7.3. The approach assigns a decision variable for
each state of the model and applies equality constraints across states where variables must be
identical. This method streamlines the coding of the objective function and the discretized
incentive compatibility constraints. It also leverages JuMP’s constraint macros, automatic
differentiation, function tracing, and sparse matrix handling. Essentially, JuMP creates a
symbolic representation of the model, including derivatives, before passing it to Ipopt for

solving and the linear algebra is handled in parallel by MUMPS at each iteration.
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The methodology involves constructing the optimization problem on a state grid, speci-

fying constraints and objectives, and employing a sequential strategy to refine the solution.

State Representation and Grid Setup

The model considers multiple types of heterogeneity across agents and states:

e 0. Productivity type, drawn from the bivariate distribution in period ¢t = 0.

e 4: Longevity type, drawn from the conditional distribution in period ¢ = 1 alongside

altruism type .

e r3: Interest rate shock, realized in period t = 2.

The state space is discretized into a structured grid using the Cartesian product of the
sets of values for 6, u, and r3. Each grid point corresponds to a unique combination of state
variables, which ensures a structured representation of the problem suitable for vectorized
operations. The grid is generated using the IterTools.product package in Julia and stored
in a DataFrame named grid. Fach variable in the decision vector corresponds to a control

variable for a specific grid state.

Objective Function and Utility Specification

The objective function maximizes lifetime utility across all state realizations of the form:

U= Z p(07 Hs 7‘3) X UtlhtY(Cayv {L')

97/“'”’3

The utility functions are defined as:

e Consumption utility: u(c) =

e Labor disutility: A(y,0) = L (4)",

pl=u
11—y °

e Bequest utility: v(b) =¢
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The objective function aggregates these utilities across states and control variables,
weighted by the appropriate probabilities for the different state variables. It is implemented

as a summation loop over the grid.

Constraints

The optimization problem includes several types of constraints, all defined as nonlinear

expressions:

e Resource constraints: Ensuring total consumption and savings across periods re-

spect the endowment and interest rate conditions.

e Incentive constraints: Representing restrictions based on productivity and longevity

types to ensure truthful reporting.

e Feasibility constraints: Ensuring non-negativity and upper bounds on control vari-

ables.

Each constraint is defined as a nonlinear expression using functions such as rec_cons,
prod_ic, alt_ic, and long_ic. These constraints are enforced by adding them to the JuMP

model using the @constraint macro.

Numerical Strategy: Sequential Optimization and Initialization

The model is solved using a stepwise optimization strategy to avoid numerical instabilities

in this large-scale nonlinear program:

1. Initialization: The model is first solved with relaxed constraints to find a feasible

point.

2. Progressive Refinement: The solution from each stage is used as a warm start for

the next stage, with tighter constraints and a lower tolerance.

3. Warm Start: Each iteration reuses the previous solution as the starting point with

the command
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set_start_value and set_optimizer_attribute(model, "warm start_init_point",

"yeS”) .

4. Regularization: A regularization term \ Y x? is added to the objective function to

help stabilize convergence.

Hessian Approximation and Memory Management

To handle the large number of variables and constraints:

e Limited-memory Hessian: The option set_optimizer attribute(model, "hessian approximaf
"limited-memory") reduces memory usage by approximating the Hessian matrix with

a quasi-Newton approach.

e Sparse Matrices: The constraint matrices are converted into sparse format using the

SparseArrays library.

e Linear Solver: The default MUMPS solver is used for numerical stability with

set_optimizer_attribute(model, "linear _solver", "mumps").

Computational Considerations

Given the problem size (over 45,900 variables and millions of nonzeros in the Jacobian

and Hessian), the following optimizations were implemented:

e Multithreading: BLAS parallelization is set using BLAS.set _num threads(10) to
utilize less than the number of available CPU cores on a standard MacBook Pro M2

Pro.

e Parallel Linear Solver Scaling: The option set_optimizer attribute(model,
"mumps_scaling", 77) activates parallel scaling for the MUMPS linear solver, bal-
ancing the workload across multiple threads to improve performance on large-scale

nonlinear optimization problems.

e Regularization: A small regularization parameter A = 10~ helps with numerical

stability while preserving solution accuracy.
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