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Abstract

We extend the Kyle model to analyze strategic trading in three interconnected asset
markets forming a triangle relationship, where the value of one asset is determined by
a combination of two others. An informed, risk-averse speculator trades both directly
in the asset’s market and indirectly via the triangle by simultaneously trading the
other two assets. Our key insight is that in equilibrium indirect trading through the
triangle leads to less strategic offsetting of noise trading, leaving more residual noise for
market makers. With more residual noise, market makers struggle to extract private
information from order flows and respond by making prices less sensitive to trades,
lowering price impact. As a result, the speculator trades more aggressively and earns
higher profits in markets where indirect trading is more prevalent. This mechanism
explains a well-documented empirical pattern in FX markets: currency pairs involving
the USD (the dominant vehicle currency in exchange rate triangles) exhibit higher
trading volumes and lower price impact. From the lens of our model indirect trading
via the USD vehicle currency introduces more residual noise, and these markets become
more liquid. Our findings provide a novel microstructural explanation for cross-market
liquidity dynamics and offer new insights into how strategic trading behavior influences
price formation in interconnected financial markets.
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1 Introduction

We analytically solve a Kyle model with three connected asset markets satisfying a triangle
relationship, where a combination of two assets determines the value of the third (redundant)
asset. Omne informed risk-averse speculator strategically trades independently with three
uninformed risk-neutral market makers, each specializing in a market for one asset. Given
private information on one asset, the speculator trades this asset directly in the corresponding
market as well as indirectly via the triangle by simultaneously trading the other two assets.
In equilibrium, we find that the price informativeness is smaller, and the speculator trades
more aggressively and earns higher profits in markets for assets that are more intensively

used for indirect trading via the triangle.

For illustration purposes we focus on the triangle relationship in foreign exchange (FX)
markets. Euro (EUR) can be exchanged for Japanese Yen (JPY) directly at the EUR/JPY
exchange rate. Equivalently an FX trader can use the U.S. dollar (USD) as a vehicle currency,
and trade JPY/USD and USD/EUR to implement an indirect JPY/EUR trade via the FX
triangle. Besides the application in FX markets a triangle relationship also exists for other
markets as for instance an exchange traded fund (ETF) tracking an index and its constituent

stocks, or a derivative, its underlying and the risk-free asset.

In the context of FX markets our key result implies that the price impact of trading
is smaller for currency pairs that are predominantly used for indirect trading over the FX
triangle, i.e., for currency pairs that involve a vehicle currencies such as the USD. Indeed, the
empirical literature documents that the price impact of trading is smaller for currency pairs
that include the USD (Ranaldo and Somogyi, 2021; Ranaldo and Santucci de Magistris, 2022;
Lacava et al., 2023; Somogyi, 2023). It is important to understand the economic channels that
determine the price impact of trading and the interconnectedness of liquidity across currency
pairs. For instance, Filippou et al. (2024) show that the price impact of trading has first
order implications on the profitability of FX trading strategies. While Schrimpf et al. (2024)
explore an economic channel rooted in constraints of dealers to explain liquidity supply in FX
markets (i.e., a supply side mechanism), our model provides a complementary mechanism

based on strategic traders with superior information (i.e., a demand side mechanism).



A triangle relationship imposes a tighter structure and fundamentally differs from an
imperfect correlation between multiple assets. A correlation between assets (assuming it is
imperfect) does not provide an opportunity to implement the same investment in two distinct
ways. In stark contrast, the triangle relationship allows for this. In equilibrium, strategic
trades and market liquidity across the three markets in the triangle relationship are non-
trivially interconnected. Accordingly, our setting provides novel insights which cannot be
studied in a standard model of multiple correlated assets. We are the first to provide an
analytical characterization of the equilibrium in a model with an informed speculator who
simultaneously trades with three market makers across three markets satisfying a triangle
relationship and one asset is redundant. Specifically, we prove that the equilibrium (within
the class of linear solutions) is unique, and we derive closed-form solutions for the strategic

demands and the price informativeness.

Our model is based on Kyle (1985) but instead of one market we assume three markets
that are tightly linked through the triangle relationship. We exogenously model the fun-
damental values of assets in markets 1 and 2, and denote them by v; and vy. Asset 3 is
redundant and its fundamental value is determined by the triangle relationship, v3 = vy 4+ vs.
We assume that a risk-averse speculator receives a private signal that perfectly identifies the
value of asset 3, ( = v3. Due to the triangle relationship the perfect signal on asset 3 also
provides imperfect information about the other two assets, i.e., in case of asset 1 (2) and
signal ( = v; + v, we can interpret v5 (v1) as noise. The informed speculator simultaneously
trades with three distinct uninformed risk-neutral dealers who make markets. The dealers
specialize in one market. That is, each dealer only observe the speculator’s orders in her

specific market, and there is no communication across dealers.

The key economic mechanism of our model is the following. Besides trading asset 3
using her perfect signal ( = v3, the speculator can (i) simultaneously trade assets 1 and
2 to implement an indirect trade of asset 3 and further exploit the perfect signal { = vs,
or (ii) trade assets 1 and 2 separately using ( = v; + v, as an imperfect signal. Our first
result establishes under what condition the speculator chooses either approach (i) or (ii).
Specifically, when the speculator is infinitely risk averse then she only considers to trade on

perfect information and she ignores any imperfect signal to avoid uncertainty. Accordingly,



she chooses approach (i) and uses assets 1 and 2 together to indirectly trade asset 3 via the
triangle. Signal ( = v3 is perfect for this indirect trade, and the trader does not face any
uncertainty. In contrast, when the speculator is risk neutral then she does not mind the
noise in the signal ( = 11 + v, and she separately trades asset 1 and 2 according to (ii). In
other words, the risk neutral speculator does not see any benefit to trade via the triangle
to exploit the perfect signal ( = v3. Finally, the speculator employs a combination of direct

and indirect trading when the risk aversion coefficient is larger than zero and finite.

As in Kyle (1985) we assume exogenous random demand orders that serve as noise trad-
ing. Market makers cannot distinguish the exogenous demands from the strategic demands
of the informed speculator, and thus, cannot infer the signal (. However, in contrast to Kyle
(1985), the informed speculator observes the exogenous demands, and thus, she takes into
account their price impact when deciding her strategic demand for an asset. Our model
shares this feature with Rochet and Vila (1994). One interpretation (in the context of FX
markets) is that the informed speculator is a broker, e.g., a bank, that trades on private
information but simultaneously submits orders of her clients to market makers. The clients
are uninformed and trade for other reasons not specified in the model. Therefore, we model

these client orders as exogenous random demands that are known to the informed speculator.

We show that the speculator strategically offsets part of the exogenous demand. The
intuition is as follows. Suppose the signal indicates that asset 1 is undervalued, and the
speculator intends to submit a purchase order. If the exogenous demand also requires buying
the asset, then the price impact due to the exogenous demand increases the price of the asset,
reducing expected profits from the strategic purchase order. In response, the speculator
optimally reduces her strategic purchase order. In contrast, when the exogenous demand
calls for a sale of the asset, then this is in favor of the speculator as it reduces the price impact
of the strategic purchase order and increases expected profits. In response, she optimally
increases her strategic purchase order. The optimal adjustment of the strategic order in the
opposite direction of the exogenous demand can be interpreted as strategically offsetting

part of the exogenous demand.

A key result of our analysis is that the speculator offsets less of the exogenous demand



for assets 1 and 2 when these assets are more intensively used to indirectly trade asset 3
via the triangle (to exploit the perfect signal ( = v3 on asset 3) rather than for direct
trading in markets 1 and 2 (based on the imperfect signal ( = 14 + 1,). The intuition
is as follows. Suppose the speculator only trades asset 1 to exploit the imperfect signal
( = v1 + v5. Then, the costs due to the price impact are fully determined by the strategic
trade plus the exogenous demand for asset 1. As the price impact is linear in the (Kyle)
model and the speculator acts as a monopolist, it is optimal to strategically offset exactly half
of the exogenous demand. In contrast, suppose that the speculator simultaneously trades
assets 1 and 2 to indirectly trade asset 3 using the perfect signal ( = 3. In this case the
costs of the triangle trade are the sum of the costs to trade assets 1 and 2. Accordingly,
as the exogenous demand for asset 1 only affects the costs to trade asset 1 but not asset
2, its impact on the total costs of the triangle trade is comparatively smaller than in the
previous case where the speculator only trades asset 1. In turn, the speculator has a smaller
incentive to strategically offset the exogenous demand when implementing the triangle trade.
Moreover, under the assumption that markets for assets 1 and 2 are symmetric, we show
that the optimal offsetting is exactly one fourth of the exogenous demand if the speculator

exclusively engages in the triangle trade.

The strategic offsetting of the exogenous demand has important implications for the price
informativeness. The market maker observes the total order submitted by the speculator,
i.e., the strategic order plus the exogenous demand. When a large part of the exogenous
demand is strategically offset, then this implies that the market maker faces less noise and
can more precisely identify the speculator’s signal. In turn, she sets a price that is more
sensitive to the submitted order flow. As explained in the previous paragraph, when these
assets are more intensively used for the triangle trade to indirectly trade asset 3, then the
strategic offsetting of the exogenous demand for assets 1 and 2 is smaller. Accordingly, the
price is less informative and the price impact is smaller in this case. Moreover, in response

to a smaller price impact the speculator trades more aggressively and earns higher profits.



1.1 Related Literature

Our paper contributes to four strands of literature. First, we add to the theoretical literature
on strategic trading models initiated by Kyle (1985) and continued with its relevant direct
extensions. We are the first to analytically solve a Kyle model where an informed speculator
trades across three markets connected by a triangle relationship. Kyle (1989) allows spec-
ulators to condition their orders on the equilibrium price, while in Rochet and Vila (1994)
they observe the amount of noise trading. Our model shares the latter feature. Chowdhry
and Nanda (1991) study price informativeness when a security trades at multiple locations
simultaneously. Bhushan (1991) emphasizes that noise trading explains the interdependence
between trading costs in various asset markets. Caballe and Krishnan (1994) extend to the
multi-security, heterogeneous-information model in Admati (1985) the imperfectly compet-
itive equilibrium that Kyle (1985) applied to the single-security, homogeneous-information
model of Grossman and Stiglitz (1980). Pasquariello (2007) and Bernhardt and Taub (2008)
find that cross-asset trading of heterogeneously informed speculators drives, respectively, fi-
nancial contagion and comovement of asset prices. Boulatov et al. (2013) use a multi-period
version of the multi-asset model to predict that informed institutional trading is a source of
the positive auto-correlations in portfolio returns. Bouchaud et al. (2020) propose a model
for multiple markets with correlated assets and use it to calibrate empirical cross-impact
matrices. Finally, Huddart et al. (2001), Yang and Zhu (2020), and Cespa and Colla (2023)
discuss how mixed strategies (although with a component that is purposely randomized in-
stead of genuinely random like in our model) arise in equilibrium in response to, respectively,

ex-post trade disclosure, presence of back-runners, and impaired order flow observability.

Second, we add to the few theoretical papers focused on asset market triangles. Our
intuitions apply across several triangles of naturally coupled asset markets'. Veldkamp (2006)
introduces the triangle relationship of payoffs v; + 1, = r3, but to explain the excess co-
movement of assets 1 and 2’s prices by introducing markets for information about asset

3’s payoff. More closely related to our paper, Lyons and Moore (2009) also propose a

1To the best of our knowledge, the only two asset market triangles modeled so far are a triplet of currencies
and an exchange-traded fund (ETF) with two constituents, as we cite here. However, also others are relevant.
For instance, a convertible bond with its underlying stock, a tradable portfolio of separately-tradable bonds,
and a credit default swap (CDS) with its securitized debt instrument/asset-backed security.



Kyle model to analyze the FX triangle. However, their model differs from ours in several
important dimensions. First, their model cannot be solved in closed form, and as such our
analysis provides deeper insights to understand the economic mechanism. Second, they do
not enforce the condition vy + 15 = v3, and thus, the triangle relationship does not actually
hold. Third, they assume the speculator is risk-neutral. In our model it is important that the
speculator is risk-averse, otherwise she does not engage in the triangle trade but speculates

on the (noisy) signal in each market separately.

Voigt (2023) investigates the price informativeness in a setting with an ETF and two
constituent stocks, but in his model there is no informed agent that trades across all three
markets in the triangle. In the same setting, Ernst (2022) predicts that the ETF provides
single stock-level price discovery. In his Glosten and Milgrom (1985)-based model multiple
investors simultaneously trade the ETF and its two single stocks against a unique common
market maker who posts quotes for all three assets. In contrast, our Kyle (1985)-based
model is for a single investor whose private information is perfect only about the redundant
asset. Crucially, simultaneous trading requires that our investor is able to contemporaneously
submit orders to three separate market makers specializing in different assets and with no
cross-asset learning capabilities. As such, our model better describes OTC trading and a

fragmented market structure, e.g., features observed in FX markets.

Third, our paper contributes to that FX literature with a special focus on the customer-
dealer segment of the market, where information is generated and prices are set. We show
how information asymmetry together with the fragmented OTC market structure affect the
price informativeness in the FX triangle through the speculator’s optimization of her strategic
and exogenous demands. Ranaldo and Somogyi (2021) are the first using CLS order flow
data to document significant differences in information asymmetry across customers, time
and currency pairs. Kondor and Pinter (2022) test the time variation in the number of
dealers with whom a customer trades in a time period as a proxy for private information in
OTC markets. Cespa et al. (2022) assess the information content of FX volume. Ranaldo
and Santucci de Magistris (2022) and Lacava et al. (2023) discuss a refined Amihud (2002)
illiquidity measure based on higher frequency FX data. Roussanov and Wang (2023) find
that funds and non-bank financial firms, unlike FX dealers, trade with a 3 to 5 days delay on



monetary policy announcements. Brauer and Hau (2023) show that FX hedging demands

substantially impact exchange rates.

Importantly, we show that in equilibrium the price informativeness is smaller, and the
speculator trades more aggressively and earns higher profits in markets 1 and 2 if these
assets are more intensively used for indirect trading of asset 3 via the triangle. In FX
markets, vehicle currencies and in particular the USD are widely used to trade the FX
triangle’. Somogyi (2023) estimates that over a third of USD transactions are for indirectly
exchanging two other currencies, as trading against the USD is up to an order of magnitude
cheaper, as estimated in Ranaldo and Santucci de Magistris (2022). In our theory, USD
dominance as a vehicle currency can be modeled by most trading occurring in markets 1 and
2, with only minimal trading in market 3 due to much lower exogenous noise trading there.
While Somogyi (2023) provides a convincing micro-founded explanation based on Rostek
and Yoon (2021)’s model, the latter overlooks two key features: dealers’ learning and the
fragmented OTC structure of FX markets. Unlike the centralized inter-dealer market that
runs on platforms like Electronic Broking Services (EBS), the customer-dealer market enables
strategic speculators to trade in tandem, e.g., USD/JPY with one dealer and EUR/USD with
another, helping to conceal JPY/EUR information. Our model incorporates these features,

offering new insights into FX markets and expanding on Somogyi (2023)’s explanation.

Finally, we contribute to the literature on market liquidity commonality and co-movement.
Empirically, there is co-movement in liquidity across markets (see, e.g., Chordia et al. (2000),
Chordia et al. (2001), Hasbrouck and Seppi (2001), and Chordia et al. (2005)). We establish
that indirect trading via the triangle drives common liquidity across markets, a novel eco-
nomic channel firmly rooted in the demand side. Karolyi et al. (2012) survey international
evidence and find stronger support for demand-side explanations. However, most theories on
the determinants of common market liquidity focus on the supply side. That is, market-wide
shocks to capital constraints (e.g., Brunnermeier and Pedersen (2009)) or supplier-specific

shocks to risk preferences (e.g., Cespa and Foucault (2014)) of market makers/dealers.

2The USD is the world’s leading vehicle currency as it is used as a medium of exchange and unit of
account in most international transactions, even when the U.S. is not a counterparty (see Krugman (1980)
and Devereux and Shi (2013)). For instance, the BIS Triennial Survey in 2022 documents that almost 90%
of FX spot transactions are against the USD, an average daily turnover of USD 1.8tn out of USD 2.1tn.



In FX markets, Schrimpf et al. (2024) show that reduced liquidity supply elasticity leads
to a disproportionate rise in liquidity provision costs (based on the triangle relationship
and triangular arbitrage trades) relative to volume when dealers face tighter intermediation
constraints. The non-linearity disappears when dealers are unconstrained, in line with the
evidence of FX liquidity commonality as documented by Mancini et al. (2013) and Kar-
naukh et al. (2015). As a complement to these papers, we argue that informed risk-averse
speculators take advantage of a smaller price impact/larger liquidity for both FX pairs 1
and 2 when these are traded in tandem to implement an indirect trade of FX pair 3. As
such, we justify the emergence of cross-currency dependencies in the market liquidity of the
seemingly unrelated pairs 1 and 2. Moreover, since indirect FX trading is generally enabled
by the USD as a vehicle currency, our model implies that there is a linkage between the
use of the USD as a vehicle currency and the liquidity in markets of currency pairs that
do versus do not involve USD. Finally, it is important to note that the model of Schrimpf
et al. (2024) explains bid-ask spreads, while our model analyzes the price impact of trading.
These two concepts of illiquidity are (in theory) fundamentally different. Empirically, they
are however strongly correlated (e.g., Ranaldo and Santucci de Magistris (2022), Lacava
et al. (2023), Filippou et al. (2024)). Filippou et al. (2024) further establish that the price
impact of trading has more severe implications on FX trading profits than bid-ask spreads.
As such it is particularly important to have models (like ours) that investigate the possible

determinants of the price impact of trading.

2 Model of Asset Market Triangle

We assume a static model with trade at time 0, and all payoffs realize at time 1. There
are three assets that are connected by a triangle relationship. For illustrative purposes we
frame our model in terms of the foreign exchange (FX) market triangle for the currencies
U.S. Dollar (USD), Japanese Yen (JPY), Euro (EUR). We denote a currency pair by the
index ¢, with ¢ = 1 for JPY/USD, i = 2 for USD/EUR, and ¢ = 3 for JPY/EUR.



At time 1 the fundamental relative valuation of currency pair 7 is denoted by e, i.e,

USD 1 =JPY e, EUR1=USDe”?, EUR1=JPY .

vy, V9 and vy are tightly linked to each other by the triangle relationship,

USD
EUR 1 =USD e = JPY e"e”? = JPY e,

(%1 (%)
= V3 = V1 + Vs. (1)

JPY U3 EUR

This means that a position in JPY/EUR can either be implemented directly by trading
JPY/EUR in market 3, or indirectly by simultaneously trading JPY /USD in market 1 and
USD/EUR in market 2. That is, one asset is spanned by the other two, and thus, redundant.

In the specific example, the indirect trade via the triangle uses the USD as a vehicle currency.

We model v; and vy exogenously, while v5 is endogenously determined by the triangle
relationship (1). To keep the model tractable we assume the random variables 14 and v, are

independent and normally distributed with identical variances o2,

21 Iz o2 0 o2
Vs ~N Us ;10 o2 o (2)

= T 2 2 2

V1 + 1o V| + Vg o, 0, 20'1/

Note that the covariance matrix is singular and not invertible as the third row (column) is
the sum of the first and second rows (columns) since one asset is redundant. In Section 6 we

allow 11 and v to be either correlated or distributed with different variances.

At time O currencies can be exchanged at the market rates e, which are defined analo-
gously to the fundamental relative valuations e”i. However, while 14, and 15 are exogenous
variables that realize at time 1 and v3 it is pinned down by the triangle relationship, ¢; are
the log-exchange rates quoted by market makers in markets ¢ € {1,2,3} at time 0. These

quoted rates are endogenous and determined in equilibrium.

10



We denote the speculator’s trading positions in the three markets ¢ € {1,2,3} by yx; and
measure them in terms of USD. That is, y; denotes the USD bought in the JPY /USD market,
X2 is the USD value of EUR bought in the USD/EUR market, and x3 is the USD value of
EUR bought in the JPY/EUR market. At time 1 the speculator’s payoff is determined by
converting all her currency holdings into the USD at the fundamental relative valuations e*:.
Without loss of generality we set the risk-free interest rates to zero in the three currencies.?
Thus, positions y; do not grow from time 0 to 1. Then, the trading profits 7} in each market

1 depend on the log-valuations v;, which determine payoffs at time 1, and the log-exchange

rates ¢;, which determine the cost of entering a position at time 0,

7= JPY xi (€ —e") = USD y, (1— e},
75 = USD xae ® (e —e®) = USD x, (¢27%2 — 1),
75 = JPY x3e ® (e —e®B) =USD yze © (e —eB)e ™

= USD y; <€qu2 _ euzfqzef(l’rqs)) )

Assuming v; — ¢; is small enough we can use the log-linearization e~ % ~ 1 + 1; — ¢; and

(2 — q2) (v3 — q3) = 0 to obtain the approximate total profit IT denominated in USD,
IT=x1(n—q) +x2(v2 — q2) + X3 (13 — q3) = 7] + 75 + 735 (3)

Note that this profit function is a straightforward extension of Kyle (1985) by summing

profits across the three markets.

Before trade takes place at time 0 the speculator receives the private signal ( = vs.
That is, she has perfect private information when trading JPY/EUR. Due to the triangle
relationship the perfect signal on JPY/EUR (which is a combination of JPY/USD and
USD/EUR) also provides imperfect information (i.e., a noisy signal) when trading JPY /USD
in market 1 or USD/EUR in market 2. For instance, when trading JPY/USD in market 1
the speculator would like to know v, but the signal ( = v3 = 141 + 15 (JPY/EUR) does not

3If interest rates were not zero, we would need a simple adjustment of the payoffs using the interest rate
differentials across currencies. Such an adjustment has no material effect as interest rates are exogenous.

11



allow to disentangle 4 (JPY/USD) from v, (USD/EUR). Accordingly, v, can be understood

as the noise of the imperfect signal.

Based on the signal ¢ the speculator strategically submits trade orders y; for the three
currency pairs ¢ € {1,2,3} with the aim to maximize mean-variance preferences with risk

aversion 7y defined over trading profits,

(max AR[I (]~ JVar [T (] (4)

The key economic mechanism of our model is the following. Besides trading JPY/EUR
in market 3 using her perfect signal ¢ = v, the speculator has two options. First, she can
simultaneously trade JPY/USD in market 1 and USD/EUR in market 2 to implement an
indirect trade of JPY/EUR using the USD as a vehicle currency and further exploit the
perfect signal ( = v3. Second, she can trade JPY/USD in market 1 and independently
USD/EUR in market 2 using ( = v1 + 15 as an imperfect signal for each trade separately.
We show later that the risk aversion 7 is a key determinant of how intensively the speculator
uses the first approach and trades JPY/EUR indirectly using the USD as a vehicle currency.
Intuitively, when the speculator is infinitely risk averse then she only considers to trade on
perfect information and she ignores any imperfect signal. Accordingly, she chooses the first
approach and only trades in markets 1 and 2 to indirectly trade JPY/EUR. In contrast,
when the speculator is risk neutral then she does not mind the noise in the imperfect signal
( = 11 + s, and she separately trades JPY/USD in market 1 and USD/EUR in market 2
according to the second approach. In other words, the risk neutral speculator does not see any
benefit to trade via the triangle to exploit the perfect signal ¢ = v3. Finally, the speculator
employs a combination of direct and indirect trading when the risk aversion coefficient is

larger than zero and finite.

Besides the information-driven orders y;, the informed speculator also submits exogenous

and price-inelastic demands ¢; in each market i € {1,2,3} with

12



These demands are independent across markets, and they are independent of the signal or
the fundamental relative valuations. We require that the variances of ; and dy are identical
to obtain closed form solutions, 02 = ¢}, = 0%,. However, we can allow for o2, # o2. The
exogenous demands serve the purpose of noise trading as in Kyle (1985). Market makers
do not observe ¢;, and thus, cannot infer the signal ( from the observable total trade order
Xi+9;. In contrast to Kyle (1985), the informed speculator observes the exogenous demands,
and thus, her strategic trade orders y; are a function of §;. Our model shares this feature with
Rochet and Vila (1994). One interpretation is that the informed speculator is a bank that
trades on private information but also submits orders of her clients (which are uninformed

and trade for other reasons not specified in the model) to the market maker.

To obtain closed form solutions we require that the informed trader perfectly observes the
exogenous demands. The reason is that the informed speculator is risk averse and uncertainty
due to noise trading (if not observed by her) complicates her optimization problem and
leads to non-trivial interactions between the strategic demands across the three markets. In
extensions that rely on numerical solutions we show that our main mechanism is also at
work when there is additional noise trading that is not observed by either the market maker
or the informed speculator. In the extended version of the model we further show that the
additional noise trading generates a supplementary interesting interaction in the strategic
trading behavior of the informed speculator and the price impact functions across the three

markets.

Each market ¢ € {1,2, 3} has a separate market maker, and market makers across markets
do not communicate. This allows us to consider each market maker problem in isolation for
each market. The market maker in market ¢ observes the total order flow y; + d; but she
does not observe what happens in the other two markets. Accordingly, she sets a competitive

log-exchange rate quote g; that is a function of only the order flow in market i,

¢ = Elvi| xi + 8. (5)

13



3 Equilibrium Derivation

The equilibrium is defined as a straightforward extension of Kyle (1985). The informed
speculator strategically takes into account the price impact of her trade orders, and market

makers set competitive quotes.

Definition 1 An equilibrium is a set of trade orders x;((,01,02,93) and price functions

¢ (xi + 6;) for alli € {1,2,3} such that

1. xi (¢, 01,02,03) are the optimal controls that solve the speculator’s utility mazximization

problem,

max {E [I1] ¢] — %Var [11] Q]} ;

{x1,x2,x3}

with  TT=x1 (11 —q1 (x1+61)) + x2 (e — g2 (X2 + 02)) + x3 (3 — g3 (x3 + 03)) ,

2. q;(xi +6;) = E[wi| xi + 04, Vi € {1,2,3}.

Theorem 1 There exists a unique linear equilibrium with

(C 51752753
(C 51a527 3
(C 517627 3

¢ (x1+ 6

= [(C—71 —Ty) + ad + a*dy,

= [B(( -7y — D) + ady + a*0y,

= [3(C — U1 — Us) + azds, (6)
= U1+ A(x1+61),

@ (x2+02) = Do+ A(x2+2),

)
)
)
)
)
g3 (X3 +03) = T1+T2+ A3(x3+03),

for constants 3, B3, a, as, a*, X\ and \s.

Following the extant literature our focus is on linear equilibria. We provide closed-form
solutions for the constants 3, 83, «, az, a*, XA and Az in (13), (16), (20), and (28). There

are two important observations. First, markets 1 and 2 are symmetric, and therefore, the

14



optimal trade orders and equilibrium prices in these markets share the same constants (3, «,

o, and A.

Second, trading in market 3 is independent of the other two markets. The reason is that
the speculator has a perfect signal for market 3, and there is no benefit to construct a trading
strategy that interacts market 3 with either a simultaneous trade in market 1 or 2. Thus,

the equilibrium price g3 is independent of the other two markets.

The constants have clear interpretations. As is standard in Kyle models § and (3 capture
the intensity of strategic trading due to the signal (. Intuitively, the speculator submits buy
(sell) orders when ¢ > 0 (¢ < 0) to exploit her informational advantage over the market
makers. Therefore, we expect § > 0 and f3 > 0, and these coefficients are large (small)

when the price impact of trading is low (high).

The constants « and a3 capture the intensity of strategic trading in market ¢ in response
to the speculator’s exogenous demand ¢; for currency pair i. The intuition is as follows.
Suppose the speculator intends to submit a purchase order of asset i due to a positive signal
¢ > 0. If the exogenous demand also requires buying the asset (§; > 0), then the price
impact due to the exogenous demand increases the price of the asset, reducing expected
profits from the strategic purchase order. In response, the speculator optimally reduces her
strategic purchase order. In contrast, when the exogenous demand calls for a sale of the
asset (0; < 0), then this is in favor of the speculator as it reduces the price impact of the
strategic purchase order and increases expected profits. In response, she optimally increases
her strategic purchase order. The optimal adjustment of the strategic order is in the opposite
direction of the exogenous demand and we expect a < 0 and az < 0. We interpret this effect

as strategically offsetting part of the exogenous demand.

The constant a* captures the intensity of strategic trading in market 1 (respectively mar-
ket 2) in response to the exogenous demand in market 2 (respectively market 1). Intuitively,
if the speculator simultaneously trades JPY/USD in markets 1 and USD/EUR in market
2 to indirectly trade JPY/EUR, then a strategic order for JPY/USD in market 1 (respec-
tively USD/EUR in market 2) accounts for the price impact and exogenous demands in both

markets 1 and 2. Accordingly, a* describes the indirect strategic offsetting of the exogenous
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demand in the market which constitutes the second leg of the indirect trade via the triangle.
We expect a* < 0 for the same reason as a < 0. Moreover, we expect the magnitude of o*

is larger if the speculator engages in more indirect trading via the triangle.

Finally, the constants A and A3 describe the price impact or price informativeness in
markets 1, 2 and 3. Generally, the price impact is smaller if it is more challenging for market
makers to identify the signal ¢ from the submitted order x; + §;. We show below that the
amount of strategic offsetting of the exogenous demand («, a*, a3) is crucial to determine
the price impact. Intuitively, the exogenous demand is noise from the perspective of the
market maker. Therefore, more strategic offsetting of the exogenous demand implies less
noise to the market maker, and thus, makes it easier for the market maker to learn about
¢ from the submitted order y; + d;. As a result, the price impact is smaller (and hence the
market is more liquid) when there is less strategic offsetting of the exogenous demand.

In the following we provide details to Theorem 1 in two stages. First, we solve the
problem of the informed speculator for the parameters 8, B3, a, o, «a3. Then, we plug
the speculator’s strategic demands into the price impact functions and solve for A, A3 to

characterize market liquidity in terms of the exogenous model parameters.

3.1 Informed Speculator Problem

The speculator is an information monopolist and her strategic trades account for the price
impact as specified in the conjectured quoting rules ¢; in Theorem 1. Plugging these pricing

functions into the mean-variance optimization problem (4) yields,

X1 (E[n|¢] =71 = A(x1 4 01)) + x2 (B[] ¢] — T2 — A (xa + 02))
P X3 (1 + va = 71— T2 — A3 (x5 + 03)) , (7)
-3 (x3Var [v1] ¢] + x3Var [1a] (] + 2x1x2Cov [v1, 15| (])

with:

[\

. 1 . . o, 03 )
E[Vi|C]:Vi+§(C_V1_V2)a Val"[”z‘w]:?, COV[V1,V2|C]:—?, Vi e {1,2}.
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The conditional expectations and covariances are solved using the linear projection theorem,
the specific distribution assumption for 14,5, 3 in (2), the fact that the signal is perfect
¢ = v3, and the triangle relationship v3 = vy + 1 in (1).

There are two important observations. First, the signal ( = 11 + 15 provides perfect
information about the valuation of JPY/EUR, which means that the informed speculator
faces no uncertainty when placing trading order x5 in market 3. Mathematically, this means
that (v1 4+ 1»)| C is degenerate and has no variation, and specifically does not co-vary with
either 11| ¢ or 1| (. It follows that trading order ys is decoupled from x; and x, in the
optimization problem, and the strategic demand yj3 is independently determined from the

strategic demands in the other two markets.

Second, the signal ¢ provides only partial information for JPY/USD and USD/EUR in
markets 1 and 2. Mathematically, v1|( and 15| are random variables. Interestingly, the
signal introduces a non-zero co-variation between two random variables 14| ¢ and 15| ( even if
v1 and vy are uncorrelated. Risk aversion v > 0 together with Cov [vy, 15| (] # 0 are the key
elements to introduce a non-trivial interaction between the strategic demands y; and y» in
markets 1 and 2. Intuitively, when the speculator is risk averse then she is more hesitant to
trade JPY /USD in market 1 (respectively USD/EUR in market 2) as this trade is based on a
noisy signal. However, she can alternatively trade JPY /USD in market 1 and simultaneously
USD/EUR in market 2 to indirectly trade JPY/EUR. For this trade the signal ¢ is perfect,
and leaves no uncertainty to the speculator. Indeed, it is the case in optimization (7) that
x1 and Yo are equal in the limit when v — oo, i.e., the speculator only trades JPY/USD
and USD/EUR in markets 1 and 2 to indirectly trade JPY/EUR. On the other hand, if
the speculator is risk-neutral, then she does not care about any noise in the signal, and the
strategic demands y; and x» are determined independently of each other. Mathematically,
when v = 0, then all interaction terms between x; and Y, disappear in the optimization
problem (7). Generally, the larger the risk aversion 7 the more intensively the speculator

uses the USD as a vehicle currency to indirectly trade JPY/EUR via markets 1 and 2.

The first order conditions of the mean-variance problem (7) with respect to the strategic
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trading orders x1, X2, X3 are as follows,

1 1
A=2x1 —61) + 3 (=71 —Da) + 5’705 (x2—x1) =0,
1 1
A(—2x2 —d2) + 3 (C—71 — 1) + 5703 (x1 —x2) =0, (8)

/\3 (—2X3 — 53) + (C — 51 — 52) = 0

We solve them and verify the linear conjectures in Theorem 1 for xi, x2, x3. We find the
trading intensity parameters 3, f3 (driven by information) and «, as, a* (driven by the

exogenous demand) as,

1 AN+ 70y . oy
B = -\ o= — ) a = — )
4\ 42\ + yo2) 42\ + yo2) (9)
1 1
B3 = 2—)\37 Qg = 5

3.2 Market Maker Problem

Once we obtain the equilibrium trading rules in the three markets, we apply the linear

projection theorem to compute the log-quotes set by the market makers,

COV [Vz'v Xi + 61]
Var [x; + 6]

¢ =E[vi|xi + 0] =7; +

(Xi+5i_E[Xi+5i])a VZ € {17273}' (10>

Since E [y; + ;] = 0 we can easily map the terms in (10) to the parameters A and A3 in the

linear conjectures of ¢; (x; + 9;) in Theorem 1. The price impacts A and A3 are

\ Cov [v1, x1 + 01 _ Cov [V2, X2 + 09] _ Bo?
Varfa+a] o Varpe+d] 28000+ (et Lop 4 (0Pl
Ny = Cov [y + v, X3 + 03] _ 23302
Vil £0] 250 (ay T 1P

where we use the linear trading rules specified in Theorem 1, and the assumption that
the exogenous demands 0; are independent of the fundamental values v; Vi € {1,2,3} and
je{1,2,3}.

The price impact A is the same in markets 1 and 2 because of the symmetry in the distri-
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bution of the fundamental values specified in (2), and the fact that the exogenous demands
in markets 1 and 2 have the same variance, 03, = 02,. Crucially, the learning capability of
market makers depends on the amount of informed trading relative to uninformed trading.
The former is characterized by f202. The latter is (a — 1)> 02 + (*)* 62 in case of market 1
or 2 respectively (ag — 1) 03, in case of market 3, and describes the variance of the residual

exogenous demands after accounting for the strategic off-setting by the speculator.

To obtain solutions for A and A3 and in turn j3, 83, @, @*, a3 in terms of only the exogenous
model parameters, we plug the trading rule functions (9) into the price impacts functions

(11), and obtain two decoupled, non-linear equations in A and Az,

-1
o yo2 4 4N 2 720402
A — o2 |4\ Y <—V— 1> 2, T vid =0
UV( (8/\2+ 4’yag+8)\+ 06+(47012,+8/\)2 ’
A 2()\ ("3 +0§3)>_1—0
AN AT VI e

In general, solving these is a messy non-linear fixed point problem, potentially with many

(12)

possible or no solutions. However, we show later that we are able to obtain a unique closed-
form solution. Given the closed-form solutions for A and A3 we further obtain closed-form

solutions for 3, B3, «, ag, and o* using (9). This completes the derivation of Theorem 1.

4 Equilibrium Characterization

As we anticipated, the equilibrium for market 3 is easy to characterize because it is indepen-
dent of the speculator’s risk aversion 7. For market 3, the trading position and quoting rule

in equilibrium Theorem 1 specify to,

V203, 1

X3 = (€ =71 —V2) — 0, (13)
40, 2
—— ~~
PR =0
o, L -V —7 20,
g3 = Uy + Uy + (X?,Jrég):yl+y2+C ! 2+\/— 55. (14)
(o 2 20’53
=3
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The costs due to the price impact are fully determined by the strategic trade in market 3
plus the exogenous demand 63 for asset 3. As the price impact is linear in the (Kyle) model
and the speculator acts as a monopolist, it is optimal to strategically offset exactly half of

the exogenous demand, i.e., az = —%.

Importantly, the price impact A3 is a proxy for the learning capability of the market

maker in market 3. Specifically, we compute the variance of the order flow in market 3 as,

1
Var[ys + 8] = 43207 + L2, (15)

Our interpretation of it is the following. Fixing (3, a smaller o, or a larger 053 makes it more
difficult for the JPY/EUR dealer to learn about the signal ¢. In turn, as the dealer learns
less, she sets a quote that is less sensitive to the order flow she observes and the resulting

price impact Az is smaller. Reversely, a larger o, or a smaller o453 leads to a larger As.

With respect to the equilibrium for market 3, the equilibrium for markets 1 and 2 is
much more challenging to characterize because of the non-trivial interaction between the risk
aversion v > 0 and the co-variation Cov [vy, 15| (] # 0 that we discussed earlier. Therefore,
before analyzing the general equilibrium solution for an informed speculator with limited risk
aversion (0 < v < 0o) we first discuss two important limit cases. Specifically, we compare
the case in which the speculator is risk-neutral (7 = 0) with the case in which she is infinitely

risk-averse (7 — 00).

4.1 Limit Case: Risk Neutrality (y = 0)

For markets 1 and 2, when v = 0 the equilibrium Theorem 1 specifies to,

\/§U . . 1
Xi = 4%6 (¢ =71 — 1) ) 0i, (16)
N—— A
zgzﬁ =«
— Oy — C_Dl _52 \/§UV
4 Vi+ — z+6z =V;+ + 5i7 17
E \/50'5 (X ) 4 40’5 ( )
——
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Vi € {1,2}. The costs due to the price impact are fully determined by the strategic trade

in market ¢ plus the exogenous demand ¢; for asset i. As the price impact is linear in the

(Kyle) model and the speculator acts as a monopolist, it is optimal to strategically offset
1

exactly half of the exogenous demand, i.e., & = —5 (same as a3 for market 3).

We find that the risk-neutral equilibrium (16-17) and the equilibrium for market 3 (13-14)
are equivalent to the equilibrium for our single-market model, i.e., the model only allowing
for simple direct trading. We derive the single-market model in Appendix A. Such model
is consistent with Rochet and Vila (1994) and Kyle (1989). Our intuition is the following.
When the speculator is neutral to risk she is indifferent to the noise in the signal. As such,
she has no preference for trading on the perfect signal (in market 3 or in markets 1 and 2
combined) rather than on the imperfect signal (in markets 1 and 2 separate). In other words,
her risk neutrality implies that there is no benefit in trading asset 3 over the triangle. As a
consequence, she chooses to trade only directly in all three markets, which are independent

of each other.

The only difference across the three markets is that the trade of asset 3 is based on
a perfect signal, while the trade of asset 1 and the trade of asset 2 are both based on
an imperfect signal. Then, once we adjust for the mapping of variables, we see that the
equilibrium parameters in (13-14) and in (16-17) correspond exactly to the single-market
equilibrium parameters (70) without noise (o, = 0) and with noise (0. # 0), respectively. In
particular, o5 and o, in (70) with o, = 0 maps to o053 and /20, in (13-14), while o, in (70)
maps to o, in (16-17). This is because the triangle relationship (1) implies that the complete
information in market 3 (i.e., 202) is exactly given by the partial information in market 1
(i.e., 02) plus the partial information in market 2 (i.e., 02), as per (2). Then, the "missing
information" (i.e., the noise ) in market 1 must equal the partial information in market
2 and the "missing information" in market 2 must equal the partial information in market
1. Naturally, the equivalence between the risk-neutral specifications of the market-triangle
model and the single-market model extends to the equilibrium pricing rules set by the market
makers. That is, once we adjust for the same mapping of variables, we see that the quoting
rules (14) and (17) correspond exactly to the single-market log-quote (71) without noise
(0. = 0) and with noise (o, # 0), respectively.

21



Interestingly, in our equilibrium there is a violation of the triangular no-arbitrage con-
dition. That is, we find that g3 # ¢1 + g2 given (14) and (17). This is not a concern. The
empirical literature provides evidence of frequent and short-lived triangular arbitrage oppor-
tunities (e.g., Chaboud and Vega (2014) and Foucault et al. (2017)). Note that our setting
relies on the assumptions of (i) no non-negligible jumps in exchange rates (to justify the
log-linearization of the speculator’s profits) and (ii) imperishable information asymmetry. In
reality, only sufficiently short time horizons accommodate these features. As such, our static
(one-shot trading) Kyle model is most naturally interpreted as a stylized snapshot of the

microstructure that is typical of the higher frequencies®.

One might wonder why our speculator would not engage in the triangular arbitrage trade
since such opportunity arises. In Appendix B we first show that for a simple model of two
markets with one identical asset a speculator trading as a monopolist would not trade the
arbitrage. Then we prove that the same argument holds for our market triangle, where the
triangular arbitrage opportunity enters the utility as 6(q; + g2 — ¢3), i.e., the speculator sells
0 in markets 1 and 2 and buys 6 in market 3. Specifically, we show that solving the new first

order conditions for x1, x2, x3 and 6 yields,

C_EI_EQ 4A+’YO'2 70'2 o
P _ v L 14 5. 8, , 172 , 2’1
X 4A 42\ + yo2) 4(2)\+703)3+ Vi, 5} € {{1,2},{2,1}}
:C—ﬁl—%_%_e
X3 —2)\3 5 ,
0=20. (18)

Note that (i) 6 € R is free/not determined and (ii) x1, x2, x3 are exactly the same as in the
original equilibrium (Theorem 1’s x1, X2, X3 with parameters (9)) but with the additional
+60 term for yi,x2 and —@ term for y3. That is, the strategic demands x; and xs each
should be offsetting the selling of any € in their corresponding market. Although in a
model allowing for transaction costs (in the form of bid-ask spreads), Schrimpf et al. (2024)

document empirically that violations of the law of one price need not translate into profitable

4In contrast, in a dynamic model the asymmetry in information should dissipate almost immediately as
a specialized dealer can adjust her own quote based on others’ quotes or order flows, as well as share the
adverse selection risk with other dealers by trading in the inter-dealer market. Our model instead does not
allow for cross-market order flow/quote observability and inter-dealer communication or trading.
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triangular arbitrage opportunities, in line with our theoretical explanation.

Finally we calculate the utility Uy, i.e., the conditional profits for v = 0. We plug
the specified equilibrium trading positions (13) and (16) into the expectation terms of the
objective function (with ( = ( realized) for the mean-variance optimization problem. Note
that the mean-variance optimization problem (7) simplifies to a mean-optimization problem
since the variance terms vanish for v = 0. Conditional on knowing ( (i.e., after learning the

realization of ¢ at the beginning of the period), the risk-neutral informed speculator expects

profits,
=E[[¢ =] =E[m[( =]+ E[m|( =+ E[m|¢ =], (19)
with:
E[m|¢=(= \1/6?;5 (S - %(C — Ty —Ty) + \/?70”53, Vi € {1,2},
Ems|¢ = (] = \/8_0063( (-7 —7) - %(( — T — D) + \i;;”é?

We confirm that the equivalence between the risk-neutral specifications of the market-triangle
model and of the single-market model carries over to the conditional profits. After mapping
our variables we observe that the profits in each market of the triangle (19) follow the profits

in the single-market model (72).

To summarize, a risk-neutral speculator only engages in direct trading as predicted in
our single-market model in Appendix A, in line with Rochet and Vila (1994) and Kyle
(1989). That is, she trades separately JPY/USD in market 1, USD/EUR in market 2, and
JPY/EUR in market 3. However, a risk-neutral speculator never trades JPY /USD in market
1 and simultaneously USD/EUR in market 2 to indirectly trade JPY/EUR. There is no value
in trading indirectly via the triangle because she does not care about any noise in the signal.
Mathematically, when v = 0 all interaction terms between the strategic demands y; and xo
disappear in the optimization problem (7). Then, x1, x2, x3 are determined independently

of each other.
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4.2 Limit Case: Infinite Risk Aversion (y — o0)

For market 1 and 2, in the limit for v — oo the equilibrium Theorem 1 specifies to,

Vo 1.1

Xi = - (C=P1=72) =7 0i=7 0 (20)
W—/ vﬁ vﬁ -
— Oy — €_51—72 \/50-1/
i =V +—— (i + ) =7 0; —0;), 21
R o R R e @)
——

=

V{i,j} € {{1,2},{2,1}}. If the speculator is infinitely averse to risk she is not willing
to take any risk at all. She gets infinitely punished for any variation in the optimization
problem (7), i.e., whenever the factor multiplying —37 differs from zero. To avoid any risk, an
infinitely risk-averse speculator has two options. First, she does not trade asset 1 or asset 2
at all (for which she has an imperfect signal), hence accepting to give up any profit in these
markets. Second, she trades an optimal combination of quantities for asset 1 and asset 2 to

synthetically get rid of any risk.

In particular, we show that she trades the same amount of asset 1 and asset 2 (simul-
taneously) to implement a triangle trade of asset 3, for which she has a perfect signal. In
other words, she trades asset 3 twice, once directly and once indirectly, but with different
dealers. Both trades are riskless, since the payoff for the direct trade is y3v3 and for the

indirect trade is,

iv1 + xave = x1 (11 + 12) = xavs, (22)

for equal order size x; = x2 and triangle relationship (1).

We find that the infinitely risk-averse speculator offsets less of her exogenous demand in
asset ¢ when she trades this asset as part of the indirect triangle trade rather than standalone.
The reason is that the price impact of the exogenous demand only affects half of the indirect
trade. Note that the cost of the indirect trade is the sum of the costs to trade assets 1 and

2. Because of the triangle relationship (1), this sum must be the same as the cost of trading
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asset 3 directly,
X1+ X2) = Asx. (23)

Recall that o captures the intensity of strategic trading in market 1 (2) in response to the
speculator’s exogenous demand 6&; (d9) for asset 1 (2), while o* the intensity of strategic
trading in market 1 (2) in response to the exogenous demand in market 2 (1). In the limit
case of infinitely risk-averse speculator, the constant o = —% (20) is half the magnitude of
o = —3 as in market 3 (13) and as in the limit case of risk-neutral speculator (16). We
explain this halving as follows.

Suppose the infinitely risk-averse speculator wants to buy asset 3 indirectly and hence
asset 1 and asset 2 in tandem. Let us focus on the strategic demand y; for asset 1. If the
exogenous demand ¢; for asset 1 is a positive realization (another buy), then it increases the
price impact in market 1 but it has no impact on the price in market 2. In other words,
the price impact of 0; only affects the costs for one (x1) of the two legs of the triangle trade
and hence half of the latter’s total costs (23). In turn, the speculator offsets only half of
the amount of exogenous demand d3 that she offsets for asset 3 (or only half of the amount
of exogenous demand ¢; that she offsets for asset 1 if she were risk-neutral). Moreover, if
also the exogenous demand ds for asset 2 is a positive realization, then it increases the price
impact in market 2 and hence affects the strategic demand ys for asset 2. However, since
X1 = X2, the price impact of d, must also affect the strategic demand y; for asset 1 in
exactly the same way, and the speculator has to offset 9, as well. This is why y; includes
a quartering of not only d; but also d,. A specular argument can be made for the strategic

demand y- for asset 2.

Our main finding is that the price informativeness/price impact is smaller (and hence
there is more liquidity) in markets for assets that are more intensively used for indirect
trading via the triangle. More precisely, the price impact A (21) in the limit case of infinitely
risk-averse speculator is smaller by a factor of \/g compared to the A (17) in the limit case
of risk-neutral speculator. This result is driven by the residual amount of noise trading that
the market maker is left to face after the speculator offsets a portion of it for price impact

reasons. Such residual amount differs for the two limit cases.
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Implicitly, we write the variance of the order flow observed by the market maker for

market 7 as,

Var [x; + 6] = Var [3 (¢ — 71 — Ta) + ad; + *9; + ;]

= 62203 + (a+ 1)2J§ + (a*)20§, (24)

Vi € {1,2}. From the perspective of the market maker, the first term is the informative
component of the order flow while the second and third terms constitute the confounding
component. The two components are driven by two different sources of variation. The
informative component is driven by o,, while the confounding component is driven by os.
Note that if §; = 0 and d; = 0 the variance of the order flow would be fully informative.
That is, the market maker would know the  and perfectly infer the signal, leading to no
trading at all as shown in Milgrom and Stokey (1982). This is the reason why all Kyle-style
models require noise trading for the informed speculator to join at the onset. However, our
model departs in a major way from Kyle (1985), as well as from Rochet and Vila (1994) and
thus Kyle (1989).

In Kyle (1985), the overall noise affecting the market maker’s pricing is simply the ex-
ogenous noise trading o2. The reason is that the informed speculator does not observe the
noise trading u and therefore cannot strategically offset any fraction of it. This is equiva-
lent to setting @ = 0 (and of course a* = 0) and o5 = o, in (24). Instead, the model of
Rochet and Vila (1994) allows the speculator to observe and hence condition on the noise
trades. Accordingly, they show that & = —3 as in our market-triangle model (16) and in our
single-market model (70) for the risk-neutral limit case. The speculator strategically offsets
exactly half of the noise because she is an information monopolist, a standard result. This
means that in our models specified with risk neutrality and in Rochet and Vila (1994) the
residual noise is not anymore o3, or o2 if we use the same notation of Kyle (1985), but just

a fourth of that,

1\? 1
Var [ +8] = 2202+ (1 - ) o} = 202 + 103, (25)
~—
<a§
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Vi € {1,2}. This is equivalent to setting & = —3 (and of course o = 0) in (24). In
our setting noise trading is modeled as exogenous random demand orders. Our informed
speculator offsets part of this exogenous demand which she observes because she wants to
minimize her price impact of trading. We motivate the speculator’s ability to observe noise
trading by interpreting her as a bank that trades FX on private information but also submits
orders of her clients (who are uninformed and trade for other exogenous reasons not specified

in the model) to the market maker.

However, in reality, a speculating bank is risk-averse and submits proprietary and client
orders for more than one currency pair at once (and to more than one dealer at once). As
such, the bank must strategically take into account the triangle relationship (1) because
it drives the interconnectedness of valuations for multiple currency pairs. For instance,
suppose the bank has perfect private information about JPY/EUR. When the bank chooses
her strategic demand for JPY/USD, she considers (and thus partially mitigates) the price
impact not only of her client order for JPY/USD but also of her client order for USD/EUR.
In a specular way, when the bank chooses her strategic demand for USD/EUR, she considers
the price impact not only of her client order for USD/EUR but also of her client order
for JPY/USD. Importantly, such concern for cross-market price impacts only arises if the
speculator is (i) risk-averse and (ii) allowed to trade in multiple markets. These two realistic
and important features are ignored in Rochet and Vila (1994), as well as in our single-market

model and risk-neutral specification of the market-triangle model.

In the limit case of infinitely risk-averse speculator, we specify the variance of the order

flow observed by the market maker for market i as,

1)? 1) 5
Var [y + 6] = %202 + ((1 - +(-3) ) A=t 2ot (20)
2
-3(%)
Vi € {1,2}. This is equivalent to setting @ = o* = —% in (24), with « contributing

9 times more than o* to the residual noise. Compared to the limit case of risk-neutral

speculator (25), in the limit case of infinitely risk-averse speculator there is g more residual

noise from the market maker’s perspective. As we explained before, the reason is that
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the infinitely risk-averse speculator offsets less of the exogenous demand §; in asset i (and
offsets some of the exogenous demand ¢§; in market i) when she trades this asset as part
of the indirect triangle trade. Moreover, because her risk aversion is infinite the speculator
engages exclusively in the indirect triangle trade and never in the standalone direct trade.
In other words, the market makers for asset 1 and 2 face 2.5 times more residual noise
trading when these assets are traded simultaneously in equal amount (to trade asset 3 over
the triangle) rather than separately. Accordingly, they learn less from indirect triangle
trading (in the combined markets) than from direct trading (in the standalone markets) and
set prices that comparatively are less sensitive to the absorbed order flow. In turn, price
informativeness/price impact is smaller (liquidity is higher) and the speculator trades more
aggressively in markets for assets that are more intensively used for indirect trading via the
triangle. Mathematically, the factor 2 in A and g for the equilibrium with risk neutrality
(16-17) is multiplied by 2.5 and thus becomes 5 in A and § for the equilibrium with infinite
risk aversion (20-21).

Note that we observe the same scaling if we compute the utility U, i.e., the conditional
profits in the limit for v — o0o. We plug the specified equilibrium trading positions (13) and
(20) into the objective function (with ¢ = ( realized) for the mean-variance optimization
problem. Conditional on knowing ¢ (i.e., after learning the realization of  at the beginning of

the period), the infinitely risk-averse informed speculator expects variance-adjusted profits,

Uy = E[H\g‘ - g} . %Var[l'[\c _ g}

\/505 + \/5053 _ _\2 0 02 03 — —
\/50-1/ 2 2 \/SO-V \/§O-l/ 2
+ 100, (07 4+ 63) + 200, 010 Tom, 05 > Up. (27)

Consistently with 3 (20) >  (16), the infinitely risk-averse speculator expects larger condi-
tional (variance-adjusted) profits than those of the risk-neutral speculator (19). The boost

in profits stems from the indirect triangle trade.

To summarize, an infinitely risk-averse speculator engages in direct trading exclusively of

JPY/EUR in market 3. As an alternative, she trades JPY/USD in market 1 and simultane-
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ously USD/EUR in market 2 to indirectly trade JPY/EUR. Indeed, for both trading routes
her signal is perfect. However, an infinitely risk-averse speculator never trades JPY /USD in
market 1 (respectively USD/EUR in market 2) alone, as this standalone trade is based on a
noisy signal. Mathematically, in the limit for ¥ — oo the strategic demands y; and x» become
equal, i.e., she only trades JPY/USD and USD/EUR in markets 1 and 2 to indirectly trade
JPY/EUR. Moreover, the speculator offsets less of the exogenous demand for JPY/USD
(USD/EUR) —and offsets some of the exogenous demand for USD/EUR (JPY/USD) in
market 1 (market 2)— when she trades JPY/USD (USD/EUR) as part of the indirect trian-
gle trade (rather than as a standalone trade). In turn, the JPY/USD (USD/EUR) dealer is
left to face more residual noise trading and so she learns less from the order flow in market 1
(market 2). Hence, the price impact is smaller and the speculator trades more aggressively
and earns higher profits in markets 1 and 2 if JPY /USD and USD/EUR are more intensively
used for indirect trading of JPY/EUR via the triangle (i.e., if the USD is more intensively

used as a vehicle currency).

4.3 General Case: Finite Risk Aversion (0 < v < o0)

For markets 1 and 2, the general equilibrium solution for an informed speculator with limited
risk aversion (0 < v < 00) becomes significantly more complicated. Such informed speculator
employs a combination of direct and indirect trading when the risk aversion coefficient is
larger than zero and finite. The basic intuition is that the speculator faces a trade-off between
trading JPY/USD in market 1 and USD/EUR in market 2 on the imprecise signals versus
trading indirectly JPY /EUR via the triangle on the perfect signal. Generally, the larger the
risk aversion y the more intensively the speculator uses the USD as a vehicle currency to

indirectly trade JPY/EUR via markets 1 and 2.

To simplify our notation, we define a new combined parameter I' := yo,05. Then, for

0 < v < 00, the equilibrium Theorem 1 specifies to,

_ 05 _ Am)+r oo r |
YT 1AM, (=7 =72) =3 A + 1) 1A £ 1) (28)
A/—/ N -~ ~ J/
:ﬁ:ﬁ =« —a*
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¢ =V + A(F)a_ (xi + 04) (29)
i&_é’
. ¢(=vi=vy  A(l)o, (4A(T) +31) AT )yoy
T 4 T T e, QA £ 1) %] (2AT) + r)5j ’

V{i,j} € {{1,2},{2,1}}. Note that A(T") is a known function of I'. Importantly, the price
impact A is the typical Kyle-style ratio but adjusted for A(I"). Therefore, it is not immediately
obvious that A is increasing in the fundamental risk and decreasing in the amount of noise
trading as in the standard framework of Kyle (1985). Naturally, such A(I") factor also enters
the trading intensity 8 and the partial offsetting o and a* of the exogenous demands. We

find that A(T") is the unique positive root of the quartic equation,
SA(I)* + 12TA(T)? + (5% — 4)A(T)? — 4TA(I') — T2 = 0. (30)

In Appendix C we provide a rigorous proof of the uniqueness of our model equilibrium, a
key contribution of our paper. Importantly, we show that the uniqueness extends to a more
general version of the model that allows assets to be correlated. In Appendix D we solve
such generalized model and compare it to the baseline model without asset correlation. The

analytical expression for A(I") is long and convoluted but we can compactly write it as,

= 67(T)y/ 25 +2172+48— 18Tw(T)v/3(3T2+8)

2 J—

SF \/g\/% + 21F2 + 48 w(r)\/%:l(lf) 492172448

AT)=—-=+ - - >0
8 24 24 ’

with 7(T) = w(T)? + (=70% — 16)w(T") + 250" + 8% + 16,

where w(T) = (125T° + 276T* — 4872 4 12v/3v/125010 + G8I'® — 14416 — 1281% — 64)5.
(31)

Note that A(I') depend only on I'. In Fig. la we plot A(I") as the unique positive root
(colored in black) of the quartic equation (30). For I' = 0 the function A(I") converges to \%,

while for I' — oo it converges to %5 Given these limits and the smoothness of the curve, we
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find a very simple and reasonably accurate (error < 2%) approximation A(I") for A(T),

A(r)z@:<i—i)i+i. (32)
ViV TET
The limits \% and \/Lg are of course consistent with the price impact A limits in (17) and
(21), respectively. Since A(T") depend only on T, also & and o* depend only on T'. In Fig. 1b
we plot @ and o*, including their limits for I' = 0 and I' — oo. These limits are the special
cases «v in (16) and «a, a* in (20), respectively.

Next we calculate the utility U, i.e., the conditional profits in the general case for 0 <
v < oo. To do so, we proceed as we did for the limit case v — oo. That is, we plug
the specified equilibrium trading positions (13) and (28) into the objective function (with
¢ = ( realized) for the mean-variance optimization problem. Conditional on knowing ¢ (i.e.,
after learning the realization of ¢ at the beginning of the period), the risk-averse informed

speculator expects variance-adjusted profits,

U=E[m¢=¢] - %Var[m( =(|=

e e R
A(F>Uu(4A(P) + F) 2 2 A(P)’yo‘% \/50-1/ 9
80s(2A(T) + 1) (01 + 03) + W&éz + toss 3. (33)

We can compare these profits with those for the limit cases, i.e., (19) and (27).

5 Sensitivity Analysis

Our sensitivity analysis proceeds as follows. First we compute first order and second order
derivatives of A(I') and then we analyze the sensitivity of the equilibrium (28-29) with respect
to changes in the underlying distribution parameters ~v, 0, and os. Finally we propose an
example of a preliminary comparative analysis to elucidate how one sensitivity relative to
another depends on the values taken by two parametric combinations, namely, I' = vyo,05

and K = yo2.
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As the A(T") function is already complicated, its derivatives are even more complicated.
However, instead of relying on the simpler approximation A/(F) (32), we found a way to
synthetically represent these derivatives in terms of the A(I") function itself. Doing so ensures
that we are always working with exact quantities. We rewrite the first and second order

derivatives of A(I") with respect to I as,

dA(T) 6A(T)? + 5TA(T)2 — 2A(T) — T .
dr 16A(I)® + I8TA(D)? 1 (512 — HA(D) — 2T
d’A(T) _ p® (A(I)) -0

dr2 — (16A(T)3 + 18TA(I')2 + (502 — 4)A(T) —2I')3 ~ 7
with:

p®(A(T)) = 448A(T)® + 1632 A(I")7 4 8(265I'2 — 26)A(I")® 4 80(15I" — 8T)A(T')®
+2(125T* — 4(7912 — 2))A(D)* + 16(—15T% + 2I)A(T")* — 25T*A(T)?
— 16I°A(T") — 5. (34)

The polynomial p® (A(T)) in A(T) is of degree eight. In Fig. 2a and 2b we plot the two
derivatives. We show that their signs are consistent with A(I") being a positive and mono-

tonically decreasing function of I', as in Fig. la.

As we know the signs of A(I') and its derivatives, we can now infer the signs of the partial
derivatives of the equilibrium parameters in (28-29) for markets 1 and 2 with respect to =,
0,, and gs5. We apply the chain rule and derive the partial derivatives but we keep them in
implicit form, to facilitate their interpretation. The economic intuition is best emphasized if

we start by explaining the partial derivative for «, then A, and finally .

First, we want to know how the price impact A changes with increasing risk aversion ~.
Recall that « captures the intensity of strategic trading in market 1 (market 2) in response
to the speculator’s exogenous demand §; (d2) for asset 1 (asset 2), while a* the intensity of
strategic trading in market 1 (market 2) in response to the exogenous demand in market 2
(market 1). Such strategic offsetting « is increasing in the speculator’s risk aversion =,

O da* 0v0s (%%F)F - A(D)

R T YT ey ViU R (35)
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Since « is negative, an increasing o means that it gets closer to zero. Indeed, as discussed
before and according to Fig. 1b, « transitions from —% at v = 0 to —;11 in the limit for
v — o0o. Our intuition is as follows. As the speculator becomes more risk-averse, she is more
hesitant to trade on her noisy signal in either market 1 or market 2. Instead, the speculator
substitutes more of the standalone direct trades in markets 1 and 2 with the combined
indirect trade via markets 1 and 2 simultaneously. Then, as she engages more in indirect
trading (of asset 3) she offsets less of the exogenous demand, and hence leaves more noise in
the order flow for assets 1 and 2 submitted to the respective market makers. These market

makers learn less and set less informative quotes, which leads to a smaller price impact in

markets 1 and 2,

OX  dA(D)
5~ ar <O (36)

In turn, a smaller price impact incentivizes the risk-averse speculator to trade more aggres-

sively,

= > 0. (37)

Second, we want to know how the price impact A changes with increasing o,. Crucially,
from the speculator’s perspective o, represents both the fundamental risk and the noise in
the signal. On one hand, a larger o, is more beneficial for trading asset 3 because it provides
the speculator with a greater information advantage (larger information asymmetry) on the
perfect signal ( = 3. On the other hand, a larger o, is less beneficial for the standalone
trades of assets 1 and 2 because o, constitutes the noise in the imperfect signal ( = vy + vs.
The signal ( is the same but because of the triangle relationship (1) it is perfect for trading

one asset while imperfect for trading the other two assets in the triangle.

With a larger o, the risk-averse speculator is less prone to trade on the more noisy
information and thus exits some of the standalone trades for assets 1 and 2 in order to engage
more in indirect trading of asset 3 via the triangle (i.e., via markets 1 and 2 simultaneously).

As more triangle trading stimulates less strategic offsetting of the exogenous demand, the
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offsetting parameter o (which is negative) grows closer to zero,

da  Oa* _F (%(FF)F - A(D)
N 20, (T + 2A(T))?

Y = o > 0. (38)

At this point, less offsetting should translate into more residual noise left to handle to the
market maker and hence smaller price impact, as predicted in (36). However, this is not
what we observe. Instead, we find that an increasing o, drives a larger (rather than smaller)
price impact A,
ox B0 AT
= —d ()>Q (39)

do, os

which the speculator has to mitigate by trading with less intensity,

Q@__%(%9r+mm)<0 w0
oo, 402\ (T)? '

Our intuition for the puzzling behavior is as follows. Let us focus on the market maker’s
learning problem, as captured by the variance of the order flow (24). Overall, the variation
in the order flow is driven by two different sources, namely, o, and os. Depending on which
one of the two dominates the other, the order flow is more or less informative to the market
maker, respectively. Given that we find (39), we conclude that the exogenous increase in
0, must dominate the endogenous increase in o5 that is caused by the speculator’s deeper
involvement with indirect trading. That is, a larger o, means that more of the order flow
variance is due to informed trading and thus the market maker learns more, leading to larger
price impact.

Besides the economics, note that also mathematically the derivatives (39) and (40) have
ambiguous signs at a first sight. Specifically, the numerator of both (39) and (40) is the sum
of a negative term and a positive term. We nondimensionalize both partial derivatives to
infer their signs. We multiply (39) by the positive o5 and (40) by the positive 02/0s. Note
that such scaling exercise does not alter the signs and by doing so we obtain two expressions

only dependent on I' = yo,05. Then we can directly plot them against I', as we show in Fig.
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3a and in Fig. 3b, respectively. We confirm that O\/0do, (39) is positive and 9f/do, (40) is

negative.

Third, we want to know how the price impact A changes with increasing noise trading
variation os. Since o is the amount of noise trading in both market 1 and market 2, noise
trading increases in tandem in the two markets as o5 gets larger. This presents a unique
opportunity for the risk-averse speculator. The larger o5 in general promotes more direct
trading in assets 1 or 2 separately (a standard Kyle effect) even if the speculator is risk-
averse. However, exactly because the speculator is risk-averse such standalone trades (which
are still based on a noisy signal) are not as palatable as the indirect triangle trade (which
synthetically eradicates any risk). Therefore, a larger o5 leads to more direct trading but
even more indirect trading as the amount of noise trading grows one-to-one in markets 1
and 2. As always, more indirect trading calls for less strategic offsetting of the exogenous

demand and « grows closer to zero,

Oda 0o _F (%%F)F - A(D)
dos o5 204 (L + 2A(I))?

(41)

Less offsetting of the exogenous demand translates into more residual noise trading, further
amplifying the amount of noise (which was already increasing through the exogenous rise in
0s). In turn, the learning capability of the market maker is hampered even more and the

price impact is smaller,

on o (BT —ADD))

= <0 42
Jdos o2 ’ (42)
allowing the speculator to trade more aggressively,
P _dAMD P L AT
SR — @) > 0. (43)

Oos 40,A(T)?

Next, we turn to the second order partial derivatives. We note that the sign of the sec-
ond order partial derivatives is difficult to infer by just looking at the analytical expressions.

Therefore, we rely again on directly plotting the non-dimensionalized versions of these ex-

35



pressions, which preserve the signs. We include 9°)\/0v00, and 9*8/0vdo, in Fig. 4a
and Fig. 4b, 9?°\/0vdos and 0*3/0vdos in Fig. Ha and Fig. 5b. We include 8?«a/0v0o,,
0?a/0v0os, O*a*/0vDo,, and 9*a*/Dvydos in Fig. Ga and Fig. 6b. We use the sign of the
second order partial derivatives to develop further intuition about the first order sensitivities.

For example, we now know that d\/0o, > 0 (39) but its magnitude is driven by two
opposite effects, as we discussed before. First, there is the standard positive effect also
captured by Kyle (1985). That is, an increase in the fundamental risk leads to more learning
for the market maker (because the order flow becomes more informative) and hence a larger
price impact. Second, there is the negative effect provoked by the change in a which in
turn also affects A\. The first effect is due to direct trading, while the second effect is due
to indirect trading. Overall, OA/Jo, (39) should be smaller than in the limit case with risk
neutrality (equivalent to the single-market model with only direct trading) but larger than
in the limit case with infinite risk aversion (where the speculator trades exclusively over the

triangle),

O\ _ O\
do, do,

o\
do,

(44)

That is, the sensitivity of the price impact A to changes in o, is bounded between the

derivative in the limit for v — oo and the derivative for v = 0,

oA

o,

1 O
=0 - \/50'57 aaV

1
S — 45
~y—00 \/505 ( )

We can easily derive these from the price impact A in (17) and in (21), respectively. Mathe-

matically, such sensitivity decreases monotonically from v = 0 to v — oo since,

0*A _ 40,,(—4p1(F)A(F)3 - 2p2<F)A(F>2 — p3(T)A(T) + pa(T))
oydao, (12516 + 681 — 14412 — 128)2

< 0,

with:
p1(D) = 312510 4+ 5501 — 97841'° — 1536T* + 19712I"% + 12288,
p2(T) = 93750 + 39000 — 2736007 — 12512I"° + 364801 4 22528T,

p3(T) = —78750° — 39361 + 252001° + 10112 — 399361 — 24576,
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pa(D) = 37500 + 7207 — 1151217 — 23681° + 158721 + 8192T". (46)

By just looking at this closed-form expression its sign is not obvious, so we plot it in Fig. 4a
as a function of T

A similar argument holds for 95 /00, < 0 (40). Overall, this derivative should be smaller
than in the limit case with risk neutrality but larger than in the limit case with infinite risk
aversion,

88 88

s
9o, Do,

do,

(47)

y—00 v=0

That is, the sensitivity of the trading aggressiveness 5 to changes in o, is bounded between

the derivative in the limit for v — co and the derivative for v = 0,

5o,

-
do?

B
Jdo,

_ V205 ap

402’ do,

(48)

=0 Y—r00

We can easily derive these from the § in (16) and in (20), respectively. Mathematically, such
sensitivity decreases monotonically from v = 0 to v — oo since,

0?8 aF(=8pi(T)A(T)? — dps(T)A(T)? — p3(T)A(T) + pa(I))

= <0
0vdo, [0, (12516 4 68 — 14412 — 128)2 ’

pa(T) = —6250T"2 — 222001 — 20247 4 49888T® 4 161281 — 307200'% — 16384.  (49)

By just looking at this closed-form expression its sign is not obvious, so we plot it in Fig. 4b

as a function of T.

We follow a specular line of reasoning to gain a deeper understanding of the derivatives
OAN/Dos < 0 (42) and 93/0os > 0 (43). The derivative OX/dos < 0 (42) should be larger than

in the limit case with risk neutrality (equivalent to the single-market model with only direct
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trading) but smaller than in the limit case with infinite risk aversion (where the speculator

trades exclusively over the triangle),

O\

k2 O\ 0o
80’5

6_05 < Dos (50)

v=0 y—00

That is, the sensitivity of the price impact A to changes in oz is bounded between the

derivative for v = 0 and the derivative in the limit for v — oo,

V5o,

5
507

()

dos

2 Y
20} Jdog

(51)

v=0 y—00

We can easily derive these from the X in (17) and in (21), respectively. Mathematically, such

sensitivity increases monotonically from v = 0 to 7 — oo since,

PN 402(8pi(T)A(D)? + 64pa(D)A(T)? + ps(T)A(T) + pa(T))

o5 Tos(12500 + 6801 — 14417 — 123)2 >0,

with:

p1(D) = —2175T% — 24041° + 160" — 243212 — 2048,

po(T) = =275 — 90I"" + 2131° — 316I"* — 256T,

p3(T) = —18750*° + 10632I"® + 85601° — 5248T* + 921612 + 8192,

pa(T) = 12500 + 38607 — 218417 — 28161 + 66561 + 40961 . (52)

By just looking at this closed-form expression its sign is not obvious, so we plot it in Fig. 5a
as a function of I'.

Finally we analyze 05/dos > 0 (43). The derivative 93/dos > 0 (43) should be larger
than in the limit case with risk neutrality but smaller than in the limit case with infinite
risk aversion,

% <%<8—5 ) (53)

80’5 =0 (90'5 80'5 y—00

That is, the sensitivity of the trading aggressiveness 3 to changes in o5 is bounded between
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the derivative for v = 0 and the derivative in the limit for v — oo,

op V2 op V5 (54)

—_— == y —_— pr— .
Jdos =0 40, Jdos oo 40,

We can easily derive these from the 5 in (16) and in (20), respectively. Mathematically, such

sensitivity increases monotonically from v = 0 to 7 — oo since,

5 _ os(8p(DAT) + (DAY + py(DAT) +paT) _

Oydos ['(1251°6 4 684 — 14472 — 128)2
with:
p1(T) = 162508 + 6952I'° — 5281 — 204812 + 3072

= 48751 + 94967 — 10816I"° — 1664 + 10240T
= 8125110 — 8500T® — 429921°% + 10048T* + 1638412 — 12288

= —7300I"? — 496817 + 13152I"° — 20481 — 102407 (55)

By just looking at this closed-form expression its sign is not obvious, so we plot it in Fig. 5b
as a function of I'.

We will include a more detailed discussion of the second order sensitivities in an updated
draft of this paper. For now we conclude by summarizing our observation of critical values

for T'. The non-dimensionalized derivative 9>\/9700s has a maximum,

(ND)

*X
87805

=0.092, for D). =0.681.

max

The non-dimensionalized derivative 9*3/9vd0, has a minimum,

(ND)
= —0.051, for I'g, . = 0.987.

min

0%
0v0o,

The non-dimensionalized derivative 0*«/dvdos = 0*a/0y00, has a minimum and a zero,

(ND)

(ND) 2
Oa — 0012, for T

~ 000,

0«
87805

= 2.014.

Qmin

min min
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(9206 (ND) 8204 (ND)

ondos  Ov0o,

=0, for T = 1.095.

Qzero

The non-dimensionalized derivative §?a*/0y00s = 0*a* /0D, has a maximum and a zero,

82 * (ND) 82 * (ND)
> g‘ =3 g‘ —0.012, for T,. =2014
700§ max YO0y max
82 * (ND) 62 * (ND)
ag :agf =0, for o, =1.09%.
005 0o,

Since we have analytical expressions for the second order derivatives, we can cross-compare
them to discuss the relative second order sensitivity of one derivative with respect to another.
We can neatly distinguish for which pair of values taken by the two parameter combinations
I' = vo,05 and K = ~v0? the magnitude of one second order derivative is larger, equal,
or smaller than the magnitude of another derivative. In Fig. 7a and Fig. 7b we show
just two of the many possible comparisons we can analyze. The plot in Fig. 7a shows the
two parametric regions for which 9>\/9vdo; is larger or smaller than |92A/9vdo,|. The blue
curve is the equality curve, which identifies for which ~, o, and os values the two derivatives
coincide (in magnitude). Note that the intersection between the blue curve and the grey
vertical line (I, = 0.681) indicates the exact coordinates where such equal derivatives are
maximal. A similar line of reasoning holds when discussing more complicated comparisons,
like |0« /0vdo,| versus |0%3/0v0o,| shown in the plot of Fig. 7b. The plot illustrates
how, given the sensitivities of the offsetting intensity (of some of the exogenous demand)
and trading aggressiveness to changes in risk aversion, the rate of change of the offsetting
intensity with respect to changes in information asymmetry (or noise for the imperfect signal)
relates to the respective rate of change for the trading aggressiveness. The plot shows two
(local) maximal equal derivatives, depending on the sign of 9?a/0v00, that changes at

Layee = 1.095 (the red vertical line).

Qzero
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6 Model Extensions

In Appendix D we provide analytical solutions for a model with a more general information
structure of the assets’ payoffs. Specifically, we generalize the covariance matrix (2) to allow

for the correlation of assets 1 and 2 (p # 0),

Vi 7 o, po, o, +poy
vy | ~N vy |s| po? o2 o2+ po? : (56)
v+ vy UL+ Uy| 024 po? o2+ po? 207+ 2po?

The case of correlated assets is interesting because on p depends the symmetry of the assets’
triangle. For example, for p = —1/2 the three assets have identical variance for their payoffs:
Var[ys] = 202(1 + p) = 02 = Var[yy] = Var[vp]. In other words, for p = —1/2 the assets’
triangle is fully symmetric in terms of payoff’s risk. In general, when assets 1 and 2 are

correlated, the strategic behaviour of the speculator is as follows,

Ja  O(—a)

0a o, o
op  Op

p > 0, — < 0. (57)

In the extreme case of p = 1, the speculator does not need to engage in triangle trading
at all because trading asset 1 is exactly the same as trading asset 2. Moreover, the variance
for asset 3 becomes 402, that is, double the variance for the same asset in the baseline model
with no correlation. On top of that, the signal becomes more precise for trading only asset
1 or asset 2. The intuition is the following. For trading only asset 1 (asset 2) the signal
¢ = 11+ 1, provides noisy information, where the noise component is v, (7). Then, as assets
1 and 2 become more (positively) correlated, the signal becomes less noisy and more valuable
for trading either asset separately. As such, the speculator chooses more direct trading (as
if she were less risk-averse) and hence strategically offsets more of the exogenous demand
(ov becomes even more negative). More direct trading in just one asset also follows from a
pure correlation effect, since the larger the correlation with the other asset the more the two

assets are substitute of each other.

In contrast, as assets 1 and 2 become less correlated or more negatively correlated, the
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variance for asset 3 becomes smaller and so does the informational advantage of the spec-
ulator (in the extreme case of p = —1 the signal becomes useless). However, at the same
time, the noise effect described above is also triggered. That is, the signal becomes less noisy
and hence more valuable for direct trading also when the assets become more negatively
correlated. To compare the magnitude of the two effects we compute the ratio given by the
variance of the noise Var[vs|v] divided by the total variation in the signal Var[rs]. We find
that such ratio increases as the correlation becomes more negative, which translates into
more indirect trading as the speculator strategically offsets less of the exogenous demand («
becomes less negative). More indirect trading also follows from the pure correlation effect,
since the more negative the correlation between assets 1 and 2 the less incentive has the

speculator to trade these assets separately.

The implication on the price impact naturally follows, as more strategic offsetting (more
direct trading) leads to a larger price impact compared to less strategic offsetting (more
indirect trading). Then, the larger the price impact the smaller the orders submitted by the

speculator.

In Appendix E we provide analytical solutions for another model with a more general
information structure of the assets’ payoffs. Specifically, we generalize the covariance matrix

(2) to allow for asymmetric risk in the payoff of assets 1 and 2 (0,1 # 0,2),

- 2 2
21 vy o1 0 o
- 2 2
vy ~N Vs ;1 0 o2 02y . (58)
— .5 2 2 2 2
v+ 1y Vit U2 |0y 0y Oy 0y

The case of asymmetric assets is interesting because the wedge 0,1 # 0,5 in assets’ funda-
mental risk drives a wedge A; # Ay in price impacts. Accordingly, the equilibrium conjectures

of Theorem 1 rewrite as,

Xi = Bi (( — Ui — Uj) + id; + a4, X3 = B3 (¢ — V1 — V) + asds,
G=7Ui+N(+0), Q3 = U1+ Ta + A3 (x3 + 03),

v{i,j} € {{1,2},{2,1}}. (59)
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When the volatility of asset 1’s payoff is different from the volatility of asset 2’s payoff, the

strategic behaviour of the speculator depends as follows on her increasing risk aversion,

(9041- a(_a;) ..

afy = 8")/ > O, V{Z,]} € {{172}7 {27 1}}a
O\ .
a]y < 0, Vi € {]-7 2}7

08, | >0 Ty <097+1320y g, | >0 if [y >—0.73+0.76L,

0y <0 otherwise 97

(60)
<0 otherwise

The effect of risk aversion on the strategic offsetting of the exogenous demand is standard.
That is, a more risk averse speculator engages more in indirect trading of asset 3 in markets 1
and 2. As the speculator strategically offsets less of the exogenous demand 0; in market i (and
offsets some of the exogenous demand ¢§; in market ), the dealer faces more residual variation
of noise trading and the price impact is smaller in market ¢. However, this does not necessarily
incentivize the speculator to trade more aggressively in that market. Specifically, we find
that the trading aggressiveness of the speculator depends on the magnitude of I'y = vos0,4
vs. I's = v050,0.

Let us focus on 1, the trading aggressiveness for asset 1. As 0, is sufficiently larger than
o, (e, Ty < 0.97 4+ 1.32T"1), the private signal ¢ = 14 + 5 becomes more precise to trade
asset 1 (rather than asset 2) directly. On the other hand, if 0,5 is sufficiently larger than o,
(i.e., 'y > 0.97 + 1.32I'}), the inferred information about asset 1 becomes more imprecise.
Then, as the speculator is more risk-averse, she is concerned about the extra noise in the
signal and trades even less. A specular argument holds for g5, the trading aggressiveness for

asset 2.

Next, we explain how the speculator’s behaviour changes as ¢,; increases,

da;  A(—aj) da;  O(—qj)
601/1' B ao—l/i ~ 07 aaui B aaui = 0’
I\ 9B; O\ 9;
—_— 1
90 <0, 90 <0, 0. > 0, 0. <0 (61)
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V{i,j} € {{1,2},{2,1}}. Recall that o,; is the noise for the imprecise signal about asset j.
Suppose ¢ = 2,7 = 1. Then 0,5 is the noise in the signal for trading asset 1. Let us look at
the left-hand side. As the noise increases the speculator uses asset 1 less for direct trading
and more for indirect trading, with less strategic offsetting of the exogenous demand («
becomes less negative). Now suppose i = 1,7 = 2. Let us look at the right-hand side. As o,,
increases, the signal-to-noise ratio for asset 1 goes up. A more precise signal encourages the
speculator to trade more on it (more direct trading), and hence to strategically offset more of
the exogenous demand (a becomes even more negative). The effect on price impact naturally
follows from the strategic offsetting. However, similarly to before, the speculator’s trading
aggressiveness is affected by two dynamics. Suppose ¢ = 2,5 = 1. The increased noise drives
more indirect trading, which lowers the price impact, but not enough to compensate for the
worry of a risk-averse speculator about an increasingly noisy signal. Overall, the speculator

trades less aggressively.

7 Conclusion

We characterize the closed-form solution of a Kyle model involving three interlinked asset
markets that form a triangular relationship, where the value of one asset is derived from the
combination of the other two assets. An informed, risk-averse speculator engages in strategic
trading with three uninformed, risk-neutral market makers, each specializing in one of the
asset markets. After receiving perfect private information about one asset, the speculator
trades it directly in its market and indirectly through the triangle by simultaneously trading
the other two assets. In our model, the informed trader observes and strategically offsets
some of the exogenous noise trading. These offsetting trades are smaller in markets where
the speculator trades indirectly via the triangle, hence leading to a larger residual amount of
noise trading in these markets. More residual noise trading means the market maker learns
less about the private information. In equilibrium, this results in lower price informativeness
and price impact. Then, in markets where indirect trading via the triangle is more common

the speculator is willing to trade more aggressively in order to earn higher profits.

In the context of FX markets our key result implies that the price impact of trading
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is smaller for currency pairs that are pre-dominantly used for indirect trading over the
FX triangle. Indeed, the empirical literature documents that the price impact of trading is
smaller for currency pairs that include the USD, i.e., the dominant vehicle currency (Ranaldo
and Somogyi, 2021; Ranaldo and Santucci de Magistris, 2022; Lacava et al., 2023; Somogyi,
2023). It is important to understand the determinants of the price impact of trading and
the interconnectedness across currency pairs. For instance, Filippou et al. (2024) show that
the price impact of trading has first order implications on the profitability of FX trading

strategies.
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Figures

A(T)

(b)

20

Figure 1: (a) The function A(T") (depicted in black) is the unique positive root of the
quartic equation (30). It converges to 1/+/2 for I' = 0 and to 1/4/5 for I' = co. These
limits are consistent with the price impact limits A in (17) and in (21), respectively.
(b) The equilibrium parameters « and o* are functions of I' and they are both
negative. Their limits for I' = 0 is the special case « = —1/2 in (16), and their limits

for I' — oo are the special cases &« = —1/4 and o = —1/4 in (20).
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Figure 2: (a) The first derivative of A(I") is negative. (b) The second derivative is
positive. The signs (34) are consistent with A(I") being a positive and monotonically
decreasing function of T'.
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Figure 3: (a) The partial derivative OA/da, (39) is positive. (b) The partial derivative
0p /0o, (40) is negative.
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Figure 4: (a) The partial derivative °X\/0vy9da, (46) is negative. (b) The partial
derivative 9?3/0v00, (49) is negative.
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Figure 5: (a) The partial derivative 9>\/dvdos (52) is positive. (b) The partial
derivative 9?3/0v0c; (55) is positive.
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Figure 6: (a) The partial derivatives 0?a/dvdo, and 0*a/0y0os are equivalent af-
ter scaling. They both change sign. (b) The partial derivatives 9?a*/9vydo, and
0?a* |0y0os are equivalent after scaling. They both change sign and they are ex-
actly the opposite of §?a/0v0da, and 0*a/dydos.
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Figure 7: (a) The two parametric regions for which 9?\/dvdo;s (52) is larger or
smaller than |9*\/0v0a,| (absolute value of (46)). The blue curve is the equality
curve. The intersection between the blue curve and the grey vertical line (I'y,,,, =
0.681) indicates the exact coordinates where such equal derivatives are maximal. (b)
An example of a more complicated comparison of second order sensitivity. The plot
shows two (local) maximal equal derivatives, depending on the sign of d%a/0vd0,
that changes at I',,.,. = 1.095 (the red vertical line).
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Figure 8: (a) The first root (1) of the degree-6 polynomial is such that A; and A,
cannot be both positive for any I > 0. (b) Also the second root (ry) of the degree-6
polynomial is such that A; and Ay cannot be both positive for any I" > 0.
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Figure 9: (a) The first root (r;) of the degree-6 polynomial is such that A; and A
cannot be both positive for any I > 0. (b) Also the second root (ry) of the degree-6
polynomial is such that A; and Ay cannot be both positive for any I" > 0.
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Figure 10: (a) The quartic (109) has one positive root and three negative roots for
I' = v/5/5. (b) The quartic (109) has one positive root and one negative root for
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Figure 12: (a) The quadratic term (113) is positive when I" € (0,I*(p)) (gray region), where I'*(p)
(114) is the boundary curve (black curve). (b) Our first numerical simulation shows that the quartic
(111) always has four real A(T', p) roots when I" € (0,I*(p)). We reproduce the solving domain (gray
region) together with the scatter plot (opaque red dots) of the 10000 (f, p*) coordinates. (c¢) Our second
numerical simulation shows that the probability that (111) has four real roots when I' ¢ (0,1*(p)) is
only 0.48% or, in other words, there are 99.52% chances that the quartic has only two real roots when
' > T™(p). We reproduce the solving domain (gray region) together with the scatter plots of the (T, p)
coordinates where the quartic has, respectively, two real roots (9952 dots in transparent red) and four

real roots (48 dots in blue). 61
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Figure 13: (a) Sturm’s fourth leading coefficient Lgs (126) for p = 0, with root gy = 1.4397. (b)
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Figure 14: (a) Signs of Sturm’s limits for A(T') or z to —oo. (b) Signs of Sturm’s
limits for A(I") or z to +o00. For each figure we also count the number of times a sign
changes across the corresponding series of limits, A(A = —o0) or A(A = +00), from
the first leading coefficient (Lgg) to the last one (Lgy).
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Figure 15: (a) Sturm’s method for counting the number of distinct real roots (143)
of the baseline (p = 0) quartic (30). We subtract the counters (in the "A bars")
in Fig. 14b from the counters in Fig. 14a. (b) Cylindrical algebraic decomposition
(CAD) of our parametric polynomial system (144). Cell 2 (in gray, with sample
point (I'=1,p = 0)) and cell 3 (in white, with sample point (I' = 2, p = 0)) contain
four and two distinct real roots, respectively. With A(T, p) > 0 there exists only one
real root in cells 2 and 3. Both Sturm and CAD’s methods formally prove Fig. 1a.
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Figure 16: (a) A(T, p) as the unique positive root (gray surface) of the quartic equa-
tion (158). The surface is a generalization for p # 0 of Fig. la. (b) A(T, p) (159) is
a generalization for p # 0 of A(I") (31) in Fig. la. In particular, the solution for the
baseline model with uncorrelated assets is just a specification of the solution for the
extended model with correlated assets.
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Figure 17: First and second order derivatives of A(T", p) with respect to I'. The first
derivative (a) is negative and the second derivative (b) is positive (164).
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Figure 18: (a) The first derivative of A(T', p) with respect to p changes sign. (b) Such derivative is
positive for p > pr; and negative otherwise, where py ; is approximated by a Lennard-Jones potential-
like function (166) (depicted in black). (c) The second derivative of A(T", p) with respect to p is positive.
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Figure 19: (a) da/dp (167) is negative. (b) OX/dp (168) is positive. (c¢) 95 /dp (169) is negative.
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Figure 20: (a) OA/do, (174) is positive. (b) 93/do, (175) is negative.
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Figure 21: (a) A;(I'y,T's) > 0 is the greatest (most positive) real root of a degree-10
polynomial (194). (b) As(I'y,'2) > 0 is a rational function of the A;(I'y,I's) > 0 just
mentioned.
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Figure 22: (a) OA{(T'y,T'5) /0T (205) is positive. (b) dA1(T'y,T'2)/0Ts (205) is nega-
tive.

71



dar .z[r;' r:;]

Figure 23: (a) dA2 (Al (Fl, FQ), Fl, Fg)/drl
dAQ (Al (Fl, Fz), Fl, F2)/dF2 (206) is pOSitiVG.
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Appendix

A Single-Market Model

Our single-market model is in the spirit of Kyle (1989), who models strategic trading in a
noisy rational expectation equilibrium framework. His model features n = n; + ny risk-
averse investors (n; informed and ny uninformed) in a setup with noise traders, where the
investors condition their orders on the equilibrium price’. In contrast, our model introduces
just one risk-averse speculator and we allow her to condition the order on her exogenous

demand, that is the noise trading in the market order game of Rochet and Vila (1994)°.

We assume a model with a single currency pair/market. We denote the corresponding
log-exchange rate by v ~ N (7, 02). The risk-averse speculator receives a noisy private signal
¢ = v+ ¢, where the noise € ~ A (0,0?) is independent of the log-exchange rate. In essence,
the model is a one-dimensional (single-market) version of the model we introduced in this
paper. As such, all the equations in this section are simpler specifications of the equations we
already described earlier. Specifically, the informed speculator problem (4) and the market

maker problem (5) become, respectively,

max {E |:7T|C] — %Var |:7T|<]} with 7 = x (v —¢) and ¢(X 4+ 6) = E[V|§{+ 5]. (62)

X

The conjectured equilibrium trading position and quoting rule Theorem 1 simplifies to,

X =B:(¢C—7) + a,f, q=7+ A\ (x+9). (63)

5Note that price-contingent orders are limit orders and conditioning on price is equivalent to conditioning
on the realized exogenous exogenous demands (or noise trades) if and only if the model setup features just
one speculator.

6See their Appendix A. They show that when they specify Kyle (1989) model of informed speculation
with a unique insider and a large number of uninformed traders, they obtain Kyle (1985) model of insider
trading where the insider observes the amount of noise trading.



Then we can re-write the mean-variance optimization problem (7) as,

s {r(- a0 =) B[] - Tevarloi] .

with:
E[vlc] = Bb] + Cov[unc]var (] (¢~ B[¢]) =7+ % (¢ - 7).
4
Var [1/@ = Var[v] — Cov [I/, C] Var™* [Q] Cov [C, 1/] =02 - 021’02. (64)
Given the first order condition,
~2xAs = 0A U,%(fa? (C a D) a PYX(JE a Ugfag) =0 (65)

we find the trading and offsetting intensity equilibrium parameters satisfying the linear
conjecture,
o, Aoy +02)

= v R . 66
b 2X(02 + 02) + yolo? @ 2M(02 + 02) + yo20? (66)

Since there is only one currency pair in this model, the market maker problem (10) collapses

to,
g= E[V|>z+ 5} — E[v] + Cov [y,>7+ 5}Varl [55+ 5} (>z+ 5), (67)
and we compute the price impact in the market as,

Cov [1/, X + 5] 8,02
)\S = = i 5
Var [% I 5} B2(02 + 02) 4 (as + 1)%03

(68)

where we used Cov [1/, (5] = 0 and the linear trading position. We plug (66) into (68) and
obtain the equation in Ay,
0,(2\s(0} + 02) +70702)

Ag = ) 69
08 + od(03(y02 4+ )2 + 02) + 2X\0202(N\s(02/2 + 02) + yo202) (69)




Once we solve for A\, explicitly, we can pin down s and «; (66). We have now characterized
our equilibrium conjectures (63). Next we compare the extreme case in which the speculator
is risk-neutral (7 — 0) with the extreme case in which she is infinitely risk-averse (7 — 00).

After that we discuss the general case with limited risk aversion (0 < v < 00).

A.1 Limit Case: Risk Neutrality (7 = 0)

For v = 0 the equilibrium (63) specifies to,

=v+—2 _((—7)+ ——E_—9. 71
40 2(03—}—02)“ ) 2051/02 + 02 (71)

Next we calculate the utility ug, i.e., the conditional profits in the limit for v — 0. We
plug the specified equilibrium trading position (i.e., the y in (63) with parameters (70))
into the expectation terms of the objective function (with ¢ = () for the mean-variance
optimization problem (64). Conditional on knowing ( (i.e., after learning the realization of

(¢ at the beginning of the period), the risk-neutral informed speculator expects the profit,

_E B B 0305 N2 03 s — 03 52 79
w =Erlc=¢] = 0202 C ) T )+ st (1)

We also compute the partial derivatives of the parameters (70) with respect to o, and oy

ONsy  0u(02+202) 0By 0,05 (73)
do,  os(02+ 02)32 do, — 2(0%+02)3%
ONsy B o2 0Bsy 1 (74)
dos — oi\Jort o2 dos  2/02+ 02
A.2 Limit Case: Infinite Risk Aversion (y — o0)
In the limit for v — oo the equilibrium (63) specifies to,
)‘soo =0, ﬁsoo =0, as, =0, (75>



(oo = . (76)

Next we calculate the utility u., i.e., the conditional profits in the limit for v — oo. We
plug the specified equilibrium trading position (i.e., the y in (63) with parameters (75))
into the objective function (with ¢ = () for the mean-variance optimization problem (64).
Conditional on knowing ¢ (i.e., after learning the realization of ¢ at the beginning of the

period), the infinitely risk-averse informed speculator expects a variance-adjusted profit,
Upo = E|:7T|§ = C] — %Var |:7T|C = C} = 0. (77)

A.3 General Case: Finite Risk Aversion (0 <y < o0)

We solve the price impact equation (69) and pin down the positive solution for A,. For

0 < v < oo, the equilibrium (63) generalizes to,

_ 02(\/A(02 + 02) + %030t — yos0?)

Al :
205(0} + 0?2)
/B 0-5 7060-62 B \/4(0-1% + 062) + 720'(%0-? (78)
. = , Qg = )
VA(o2 + 02) + %030} 2\/4(0} + 02) + P00t
02(\/4(02 + 02) + 2020t — yo502 ;
¢=7+ 1/(\/ ( v e) V7050 705 €>(C_p)_|_ Iy 0. (79)

2(02 + 02)\/4(02 + 02) + 7%030} o5\/4(02 + 02) + 7*03c}

Next we calculate the utility u, i.e., the conditional profits when the speculator is finitely risk
averse. We plug the specified equilibrium trading position (i.e., the x in (63) with parameters
(78)) into the objective function (with ( = () for the mean-variance optimization problem
(64). Conditional on knowing ¢ (i.e., after learning the realization of ¢ at the beginning of

the period), the finitely risk-averse informed speculator expects a variance-adjusted profit,

U= E[WK = Q] — %Var [7?|C = C] =0 (C — 5)2 + 025((’ —ﬁ) + 302,
with:

2
0,068

€= 2, 2 2 2 321
Q(JV + ae)\/4(au + 05) + Y 0—50-6
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_ 0510502 — \/A(o} + 02) +4°030,)
202 + 02) /Ao + 0F) + 2ol
o, = 20700l 20y + 08) — hosol Aoy + 02) +1Pos0l) (30)
dos(02 + 02)\/4(0} + 02) + 7?050!

B Triangular Arbitrage Trade

The triangle relationship (1) is the basic underlying assumption in our model. However, the
same restriction needs not to apply to the the log-quotes in the three markets. In other
words, our equilibrium derivation shows a violation of the triangular no-arbitrage condition
or, equivalently, we find that g5 # ¢; + ¢o. That is, (14) is not the sum of the log-quotes
in (17), or (21), or (29). Note that our theoretical finding is consistent with the empirical
evidence documented in the extant literature. For example, Chaboud and Vega (2014) and
Foucault et al. (2017) find frequent triangular arbitrage opportunities between the limit order
books operated by EBS and Reuters for different currency pairs. They also find that these
opportunities last no more than fractions of a second and are merely caused by technological
constraints. Both findings squares well with the fact that the time horizon in our model is
assumed sufficiently short to capture high-frequency dynamics, where our static (one-shot
trading) Kyle setting accommodates for short-lived asymmetric information across agents

and when there are no large jumps in exchange rates’.

One might wonder why a speculator would not engage in triangular arbitrage trades since
arbitrage opportunities seem to arise. Schrimpf et al. (2024) provide empirical evidence in
support of the argument that violations of the law of one price do not translate into profitable
triangular arbitrage opportunities if transaction costs in the form of bid-ask spreads are suf-
ficiently large. Accordingly, their model abstracts away from any cross-market arbitrageurs.
However, our theoretical model is based on an order-driven trading mechanism a-la Kyle
(1985) (rather than a quote-driven mechanism a-la Glosten and Milgrom (1985)) and hence
does not accommodate for transaction costs or bid-ask spreads. As such, we cannot argue
that our speculator does not trade an arbitrage because it would be too expensive to do

so. In this section we provide an alternative justification for the violation of the triangular

"Recall that we justified the log-linearization of the speculator’s profits with the same assumption.



no-arbitrage condition that we derive at the equilibrium. To illustrate the basic intuition, we
first show that for a simple model of two markets with one identical asset a speculator trad-
ing as a monopolist would not trade the arbitrage. Then we prove that the same argument

holds for our market triangle.

B.1 Arbitrage in a Simple Model of Monopoly

We build a simple model of a speculator who is an information monopolist. The speculator
can trade in two separate markets A and B but only the same asset. The asset traded has a
fundamental value v. We denote as a and b the two strategic trades, respectively, and as 6
the cross-market arbitrage trade, i.e., buy 6 in market A and sell 6 in market B. The pricing

functions for the (same) asset in the two markets are,

pa(a'a 0) =DPa + )\A(a' + 0)7

po(b,0) = pp + Ap(b—0). (81)
The speculator chooses the optimal a, b, and # maximizing her utility,

rcr:&(gc{a(y - pa(aa 0)) + b(y - pb(bv 9)) + 9(pb(b, 0) - pa(a’v 9))} =
= rggzc{a(y —pa—Aala+0))+b(v—ps—Ag(b—0))+

+0(pg + Ap(b—0) —pa — Aa(a+6))}. (82)
where the first order conditions of (82) for the three choice variables are,

V—pA—)\A(aJr@)—a)\A—é’)\A:O,
V—pB—)\B<b—0)—b)\B+9>\B:0,

—ada+bAp 4 s+ Ap(b—0) — pa— Aala+0) + (=X — Aa) = 0. (83)



We solve the first order conditions (83) for a, b, and 6,

V—Dpa
= -0
2X 4 ’
V—DPB
b= 0
O
0=0. (84)

The solution # = @ implies that if we substitute the optimal a and b (first two equations in
(84)) into the first order condition for # (last equation in (83)) the latter would result in the
identity 0 = 0. In other words, # € R is free/not determined. Note that a and b are the
standard demands of a monopolist trading separately in each market and we just showed

that they perfectly offset any arbitrage demand 6.

Then we can rewrite the prices in the two markets (81) as,

V—Dpa pa+v
= pa+ A ( — 6 9) - ,
Pa =DPa+ A W + 5
V—PB PtV
— s+ A ( o 9) - ,
P» =DPB+ AB s + 5 (85)
and the profits II (i.e., the objective function in (82)) as,
V—Dpa pa+v V—DPB P+ V
i (gt 0) (- )+ (gt ) (- 220)
( 224 T N AU I
pptv patv
(i ).
+ 2 2
2 )2
_ (v —pa) 1 (v —pB) ‘ (86)
4\ 4 A\p

In other words, as # has no effect on the total orders a+ 6 and b — 0, it does not affect prices
or profits. In particular, prices (85) are as if the monopolist would trade in only one market
and profits (86) are the sum of the standard monopoly profits from trading separately in the

two markets.



B.2 Arbitrage in Our Model of Asset Market Triangle

Now we show how the same insights from the simple model of monopoly applies to our
model of asset market triangle. In our model of asset market triangle, the direct trade in
market 3 maps to the trade in market A in the simple model of monopoly. Similarly, the
(combined and contemporaneous) indirect trade in market 1 and 2 corresponds to the trade
in market B in the simple model of monopoly. Accordingly, we map the fundamental value
as v =v3 =11 + 15 (1) and the two strategic trades as a = x3 and b = x1 + x2. We denote
as 0 the triangular arbitrage trade, i.e., buy 6 in market 3 and sell # in markets 1 and 2.
Therefore, if we explicitly take into account the triangular arbitrage trade, the conjectured

quoting rules Theorem 1 set by the dealers become,

=71+ A(x1+6 —0),
@ =Ty + A(x2+ 02 —0),

@3 =71+7Vs+ N3(x3+33+0). (87)

Accordingly, we rewrite the speculator’s mean-variance optimization problem (7) to include

the profits earned from trading the triangular arbitrage,

max {Xl(_yl — )‘(Xl + (51 — 9)) + 0(;1 + /\ (Xl + (51 - 6))+

X1:X25X3
+ X2 (=T2 = Axa+ 92— 0)) + 0T + A(x2 + 62 — 0))+

+ X3(V3 — 51 — 52 — )\3(X3 —+ 53 + 9)) — 0(71 +52 + )\3 (Xg -+ 53 + 9))+

Vg — V] — U 03 2 >
+X171+X272+(X1+X2)<¥) —77<%+% —X1X2>}- (88)

As such, with respect to the original first order conditions (8), the new first order conditions

for x1, x2, and y3 embed a 6-term,

1 1 1
200 = 22x1 = Ay + 5 (v — 71 = T2) — S900x + 5100x2 =0,
1 1 1
200 — 2X\x2 — Mg + 5(1/3 — U —Ty) — §VU§X2 + §’YU§X1 =0,
— 2)\39 — 2)\3)(3 — )\3(53 + 3 — U1 — Vg = 0, (89)



and there is an additional first order condition for 6,

A(2x1 + 2x2 — 40 + 61 + 02) — A3(2x3 + 20 + 03) = 0. (90)

We solve the first order conditions (89) and (90) for x1, x2, X3, and 6,

v3 — V1 — Uy 4)\""70’2 ")/0'2
= — “ 0, — = 09 + 6
X ) 1231700 T 1At 00 2 T
Vg—ﬁl—vQ 4)\""}/0'2 ’}/0'2
- - v g, — ZA )
X2 ) 12 17082 T 1At 0 Y
_1/3—31—?2_(53_9
X3 = 2)\3 9 ’
6=4. (91)

Note that (i) @ € R is free/not determined and (ii) xi, x2, and s are exactly the same
as in the original equilibrium but with the additional 46 term for x; and x» and —6 term
for x3®. The economic intuition for the irrelevance of the arbitrage position is equivalent
to what we already described for the simple model of monopoly. In the simple model, the
cross-market arbitrage trade enters the utility as 6(p, — p,). Similarly, in our model of asset
market triangle the triangular arbitrage opportunity is captured by 6(q; + ¢2 — g3), i.e., the
speculator sells # in markets 1 and 2 and buys # in market 3. Thus, x; and x» each should

be offsetting the selling of # in their corresponding market.

C Equilibrium Uniqueness

If we assume that 0,1 = 0,0 = 0, (2) then markets 1 and 2 share the same parameters
B, a, o, and hence \. Based on this key assumption we verified the equilibrium Theorem
1 with parameters (9). In this section we generalize our conjectures Theorem 1 to allow
for heterogeneous parameters across markets 1 and 2 and formally prove that the only
equilibrium, given (2), is still Theorem 1. We do so by showing that the only real and

positive solution for the system of nonlinear price impact equations derived from (10) is one

8That is, if it was not for 6, (91) would coincide with Theorem 1 where (9) pins down the equilibrium
parameters.



where A\; = Ay = A\. We formally prove that such unique A is proportional to the only real

and positive root of the quartic equation (30).

C.1 Set of Solutions

First, we generalize the conjectures of Theorem 1 to accommodate for the possibility that
markets 1 and 2 are endogenously asymmetric despite a symmetric variance-covariance ma-

trix (2) for their fundamentals,

X1 (€, 61,02,03) = B1 (C — 71 — V) + 161 + 500,
X2 (¢, 01,02,03) = B2 (( — 71 — Ua) + 20y + a6y,
X3 (€, 61,602,603) = B3 (C — V1 — Uy) + 303,

@ (x1+61) =71+ (x1+61),

¢ (X2 4 02) =Ta+ A3 (x2 + 62) ,

q3 (X3 +03) =1 + T2+ A3 (x3 + 03) - (92)

We solve the corresponding mean-variance optimization problem of the speculator and the

equilibrium parameters (9) generalize as,

5 . 2)\2 + ’}/0'3
T2 02\ + )
o= M t70y) I Aopyo?
T2 A + 7020 + A9)) 27 2040 g +y02(M\ + A9)
6 - 2)\1 + ’}/03
2T 2(4)\1)\2 + ’}/0'3()\1 + )\2))’
D 1 o U e 7, o Aiyo,
2T 24 d + 02\ + Ag)) L2040 N 902\ + )
1 1
By = a3 = —5- (93)

2)3’
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We proceed with solving the problem faced by the market makers. As before, each market
maker observes the pooled order flow in her own market and sets the corresponding log-quote
competitively. However, as the new conjectures (92) accommodate three \ instead of just

two, the price impact equations (11) become three now,

N — 51012,
YT 26202 + (g + 1)203 + (a3)203
\y = 5203
27 26302 + (ag + 1)%07 + (af)202
2 2
As b5, (94)

T 23202 + (a3 + 1)20%,

We plug the parameters (93) into the system of three equations (94). The resulting equations
are highly nonlinear and significantly convoluted, so it is not easy to solve them explicitly
for the three A. Note that the right hand sides of the first two equations in (94) depend
on both A\; and A, while the third equation only depends on A3 and hence we can solve it

directly to obtain,

A = V222 (95)

063

as in (13). However, the solutions for A\; and Ay are lengthy and unrevealing nonlinear
expressions which require finding the roots of a degree-4 polynomial, P, and a degree-6

polynomial, P whose implicit variable we can denote as Z,

PW =8027* +12y020,7° + (5720302 — 4)Z* — 40,7 — 7?02 = 0,

PO = (84%0i0% 4 3202)Z5 + (8v°0i0> + 807020,) Z° + (4y*oiol + 72720202 — 16) 24+

+ (367°0303 — 3270,) 2% + (8y'0j0l, — 167%02) 2% + 4 ol = 0. (96)

Both polynomials depend on multiple parameters (v, 0,, and 05) and hence it is difficult to
infer information about their roots. In order to reduce the complexity, we manipulate our
system with a "scaling exercise". Specifically, we proceed with the non-dimensionalization of

the price impact equations. To illustrate the idea, we first non-dimensionalize the equation

11



for A\3 by hand. From (95), we define a new non-dimensional variable A3 := A\3053/0,. Note
that if we isolate A3 from A3 and plug it into the third equation in (94) scaled by the factor
0s3/0,, then we end up with no parameters at all in the equation,

CA3(A-2)

A§—|—2 0= 3 {07\/_7 \/_}

In general, we can non-dimensionalize the first two equations in (94) by a systematic process,
but let’s guess for simplicity that A; and A, are defined similarly to As. That is, A; =
Mos/o, and Ay = A\yos/0,. We proceed in three steps. First, we isolate A\; from A; and
Ao from Ay”. We plug \; and A, as functions of A; and As, respectively, into the first two
price impact equations in (94). Second, we normalize the resulting equations (we rewrite
each of the two as a single numerator divided by a single denominator) and only look at

their numerators,
— 0, (VA3020? + 4y NIy 202 + 52 A Adoao? — 29* Nyoio? + 8yA3 Ayosa, +
+ 167/\%/\%050,, — 4vA1Ayos0, — 47/\%0501, + 16A:{’A§ — 8A1A§) =0,
— 0, (572N Ny0202 4+ 42 AN ASoio? + 2 A3o30? — 29*Nioio? + 8yA Adosa,+

+ 167A2A3050, — 4yA1Ayo50, — dyAToso, + 16ATA5 — 8ATA,) = 0. (97)

We divide through by o, which is in every term, and see that v, 0,, and o5 always multiply
each other. Thus, we define the new parameter I' := ~o,05. We isolate v from I' and
substitute it into (97) to obtain, respectively,
(=5I%A; — 160A? — 16A3 + 4T + 8A1)AZ — AT (T + 2A,) (A3 — 1/2)Ay — T2A3 = 0,
(=5T2Ay — 16TA2 — 16A3 + 4T + 8Ao)A? — AD(I" + 2A,) (A2 — 1/2)A; —I'?A3 =0.  (98)

The non-dimensional price impact equations (98) look much simpler than the original price

impact equations for A; and Ay in (94) with parameters (93). We proceed with solving (98)

9Note how the non-dimensional Ay, Ay, and Az are like multipliers to the original Kyle (1985)’s \ forms.
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for A; and A, using a powerful solver that is available on Maple software'". Based on (96),
we now define some aliases (or placeholders) as the respective roots of polynomial equations
in the variable Z,

n = the Z that solves (I'> +4)Z? +4I'Z + ' = 0,

@ = the Z that solves 8Z% + 12I'Z° + (5% — 4)Z* —AI'Z — ' = 0,

w = the Z that solves (80> +32)Z° + (8T + 80I") Z° + (4I"" + 72I"* — 16) 2"+

+ (361° — 32I") Z® + (8T* — 16I?)Z? +T* = 0. (99)

Then we can rewrite in a compact form the complete solution set, which includes four

solutions'?,

Solution 1: {A; =0, Ay = 0};

: IPn+44- +4
Solution 2: {A1—77, Ay = — 77F2 ; 77};

: \ . Q1+
Solution 3 { T e F6(2F4+7F2—4)}’

with:

Q) = (4w® 4 8w)T + (8w* + 42w* + 9T + (8w’ + 48w? — 25w)E+
+ (12w* — 292w? — 38)I'7 4 (—48w® — 528w® + 108w) I+
+ (=592w* + 920w? + 80)I°,

Qy = (—32w° + 1664w® — 176w)[™ 4 (2304w — 1152w? — 32)I+
+ (1024w® — 1216w* + 64w)I'? + (—1024w* + 384w?)I'—

— 512w° + 256w?;

Solution 4: {A; = p, Ay = pu}. (100)

10The solver implements the algorithm developed in Maza (2005) to compute the triangular decomposition
of a polynomial system.

HWe solve in both orders, i.e., for A; first and then for Ay as well as vice versa, and verify that the
solutions are the same for both orders but A; and Az swap with each other, which is consistent with (98)
being specular to each other. Because of this symmetry (and in the interest of brevity) here we only report
the solutions we obtain when we solve for A, first and then for A;.
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We analyze the four solutions (100), one by one. Solution 1 is the trivial solution A\; = Ay =
A3 = 0. We can disregard it because it has no economic meaning and it is mathematically
generated from the conversion of the price impact equations into their normal forms. Next
we analyze Solution 2, where A; looks simpler than Ay. However, recall that n is the root of
a quadratic polynomial equation in Z and after we express it in explicit form we find that

the complexity of A; and A, is actually the same,

{A _(r-2r :_(Lr+2)r}
1 F2+4 9 2 F2+4 9

O ) (LF—Q)F}
{Al = T Ay = s J (101)

Note that these A; and Ay are not real, as they are complex conjugates of each other. Thus
we can disregard Solution 2 and move to the next solution. Solution 3 has A; = w, that is
the root of a degree-6 polynomial equation (96). As such, there is no guarantee that a closed
form expression exists but we can still try to simplify w, convert it to radical, or split it in
order to isolate the real from the imaginary parts, if any. Sometimes a closed form can be
found for polynomial of degree higher than four. However, in this case the software Maple
cannot find any closed form expression for w. Moreover, Descartes’ rule of signs does not

help to find more information about the roots for the degree-6 polynomial,

(8T +32)Z°% + (8T + 80I') Z° + (4T* + 72I'% — 16) Z* + (36 — 321") Z°+

+ (8T —16I°)Z? +T* = 0, where I' > 0. (102)

For positive roots, the signs are +, +, 7, +, 7, + since the sign of the coefficients on Z* and Z?2
depends on the value of I', so it is not clear how many times the sign changes. For negative
roots (i.e., for Z = —Z), the signs are +, —, 7, —, 7, 4+, so we either have 2 sign changes (2 or
0 negative roots) or 4 sign changes (4, 2, or 0 negative roots). All we can do is to analyze the
six roots r;, i € {1,..,6}, numerically (i.e., by plotting them). First of all, we confirm that
all roots nullify both the non-dimensional price impact equations (98), thus verifying that
w in (99) is indeed a mathematically valid solution. Next we focus on the first two roots,

r1 and ry, and we plot them in Fig. 8a and Fig. 8b, respectively. We show that for I' > 0,
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A1 > 0 when Ay < 0. Therefore we can disregard both r; and ry. Next we color each of the
six roots according to its index and we plot the corresponding A; in Fig. 9a and A, in Fig.
9b. In each plot the different pieces are in different roots. Fig. 9a shows that only r; and 79
generate Ay > 0 for any I' > 0. Fig. 9b shows that only ry4, r5, and r¢ generate Ay > 0 for
some (but not any) I' > 0. By comparing the two plots we see that none of the six roots are
such that A; and Ay are both positive for any I' > 0. Thus we can disregard also Solution 3

and move to the next solution, i.e., Solution 4.

To sum up the complete solution set (100), Solution 1 is trivial and meaningless (A; =
As = 0). Solution 2 is such that A; and A are complex conjugates. Solution 3 is such that
Ay and A, are never both positive for any I' > 0. Therefore, none of the three solutions
generate real and positive A; and A,. As such, we disregard them and further analyze the

only meaningful solution that survives, i.e., Solution 4: Ay = Ay = p.

C.2 Admissible Polynomial Solution

The only admissible solution is A; = Ay = p, where p is defined in (99). Since A; = \jos/0,
and Ay == \yos/o,, A = Ay implies A\; = Ay = X and, in turn, the equilibrium parameters
(93) specify to (9). In other words, markets 1 and 2 are perfectly symmetric. As such, (94)
specify to (11) or, in other words, the second equation in (94) becomes redundant and we

just need (11) to fully characterize the unique equilibrium.

Formally, we take the first equation in (94) with parameters (93) and evaluate it for

A1 = X and \y = A\, imposing the identity ex-ante, and thus obtain,

A5YEN20202 — 4208 + 129030202 — dydal + 8102 — 4)\%02)

— = 0. 103
5v2\20402 + 7208 + 129A\3020% + dyAot + 8N\1o? + 4\202 (103)

We divide out the A = 0 solution and take the numerator,
—572\20003 + 720 — 12930203 + dydol — 8\ 1as + 40202 = 0. (104)

Note that from just looking at the explicit solution of (104) we cannot tell which is the

positive one since it will depend on the values of the parameters. Non-dimensionalization
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allows us to work on A-polynomials with just one parameter: the product vo,05, which we
denote as I' > 0. We can find the non-dimensionalization by a systematic process, but let’s
guess that the non-dimensional variable A is defined as the Ay, Ay, and A3 in the previous

subsection. That is,

A=22 (105)

Oy
If we isolate A from (105) and plug it into (104) we obtain,

129A%%  dyAo?  SAlot  4A%0!
120 0% 20 v o e, (106)

—5v*A%05 + %05 —

We divide through by o2, which is in every term, and multiply by o2 to get rid of the

denominators,
—503027*A* — 12050,7A® + 0302y — 8A* + 4os0,7A + 4A% = 0. (107)
We see that v always appears multiplied by o,05, so we define I' as such product,
[ =~o,05s. (108)
Finally, if we isolate v from (108) and plug it into (107) we obtain,
—8A* — 12I'A® 4 (4 — 5I?)A? +4TA + T2 = 0. (109)

We can make three observations. First, the quartic (109) is what we would obtain if we
took the first equation in (98), evaluate it for A; = Ay = A, and divide it by 2A. Second, it
shares the same roots with the degree-4 polynomial P® in (96) and, as such, its roots solve
the price impact equation(s). In particular, it is exactly the quartic (30) introduced in the
main body of the paper for the case where the speculator is partially risk averse. Third, the
quartic (109) is a one-parameter (i.e., parameter I' > 0) equation for which we can easily
apply Descartes’ rule of signs to learn more about its roots. According to such rule, it seems

that (109) has two types of behavior, depending on whether I' < 2v/5/5 or I' > 2¢/5/5.
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However, we show in Fig. 10a that the quartic has one positive root for I' = \/5/5, an
example of I' < 2\/5/5, and in Fig. 10b that it still has a positive root for I' = 3v/5/5, an
example of I' > 2v/5/5. Moreover, in Fig. 11 we plot the quartic for six different values of
positive ') i.e., T' = {0,2,4,6,8,10}. The curve jumps at three places and seems to always
have one positive root. We also computes the two-dimensional plot of the implicitly defined
curve (109) and find that there is always a positive root for I' > 0. In order to identify
the positive one among the four, we tried to solve explicitly (109) for A in parametric form,
which should have given us the different solutions for different ranges of I'. However, it only
gives us values at special values of I', perhaps because this case is too hard to solve. Then,
we could simply plot the four roots for I' from 0 to 10 and color them by index. We find
that the positive root is consistently the first one. As we wanted to prove, such root exactly
overlaps with the curve colored in black in Fig. la, where we plot A(I') (31) against I as

the unique positive root of the quartic equation (30).

Finally, note that in Appendix D.2 we prove that the solution for the baseline model
with uncorrelated assets is just a specification of the solution for the extended model with
correlated assets. There we note how the quartic equation (158) collapses exactly to the
quartic equation for the baseline model (30) when p is set to 0. Then, we repeat all the
steps described so far for the baseline model (in C.1 and C.2) to the extended model with
correlated assets'?. We confirm that also for the extended model the only admissible solution
is the root of a quartic, specifically, the A(T', p) (159) which solves the quartic equation (158).
As such, we proceed with analyzing the quartic (158) and treat the quartic (30) as its key

specification.

C.3 Roots of Polynomial Solution

In this section we formally characterize the quartic equation (158) (and hence the quartic
(30)). We do so both numerically and analytically. For I' = yo,05 > 0 and —1 < p < 1, we

conclude that (i) the quartic equation has exactly four real roots and (ii) only one of these

12 A1l the corresponding equations and figures become significantly more complicated when we introduce
correlation, but reporting them here would be redundant as exactly the same logic applies for each step.
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roots is positive, thus confirming the uniqueness of our model equilibrium®.

C.3.1 Preliminary Analysis

We rearrange (158) as,

—8(p+ )*A(T, p)* +12(p+ 1)°T(p — DAL, p)* — 5(p + 1)*( — 4/5 + I'*p°
+2(=2/5=T%) p+T*)A(T, p)* — 4(p+ 1)I(p* — 1)A(T, p)

+T%(p+1)(p - 1)% (110)
and then we simplify it dividing each term by p + 1,

—8(p+ 1)°A(T, p)* +12(p+ 1)’T(p — DAL, p)* = 5(p+ 1) ( — 4/5+ T*p?

+2(=2/5=T%) p+T?)A(L, p)*> — 4T(p* — AT, p) + T (p — 1)°. (111)

We only allow p € (—=1,+1) and I' € (0, +00), with bounds excluded, and look at the signs
of the coefficients of (111),

1 I?(p—1)°
A(T, p) —AT(p* = 1)
A, p)? =5(p+1)(—4/5+T2p*+2(=2/5—-T*p+T?%| . (112)
AT, p)? 12(p+1)*T'(p — 1)
AT, p)* —8(p+1)° .

We can see that the constant term is positive, as well as the coefficient on A(T', p). The
coefficient on A(T, p)? is negative, as well as the coefficient on A(T", p)*. Therefore, only the

coefficient on A(T, p)? has an ambiguous sign so we focus on such quadratic term,

~5(p+1) (—4/5+T%p* +2(=2/5 —T?) p+T7?). (113)

13Note that the Fundamental Theorem of Algebra only states that the field of complex numbers is al-
gebraically closed, implying that any polynomial of degree 4 with complex coefficients has 4 complex roots
(counting multiplicity). However, we want to count the number of distinct real roots and prove that the
positive one is unique.
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We equate (113) to 0 and solve the resulting equation for I' to find I'*(p),

. 2v5/(p —1)%(p + 1)
We factor the coefficient of I'? in (113) and find that it is negative for all real p,
—5(p—=1)%(p+1) <0, (115)

concluding that the quadratic term (113) is positive when I" € (0,I'*(p)). We plot this region
in gray color in Fig. 12a, where the curve in black at the intersection of the white and gray
regions is T*(p) (114).

To learn more, we reduce the quartic (111) into another one which does not contain
A(p,T)3. To do so, we first divide each term of the quartic (111) by its coefficient on
A(T, p)*. Then we take the resulting expression and substitute every A(T,p) in it with a
new variable, i.e., 2 minus a fourth of the coefficient on A(T', p)? of such resulting expression.
After the change of variable we factor out z to obtain the expanded form of the reduced

quartic, which in turn we can concisely rewrite as,

z4—ia zQ—I—ia Z—I—La
3271 64 2" " 4096
with:
T2p? — 14T%p + TI? + 16p + 16
ap = 5
(p+1)2
o [ (302p% — 912p% + 9T%p — 312 + 8p? — 8)
? (p+1)3 ’
[2(p—1)(11702%p% — 35112 p% + 3511%p — 11712 — 32p? + 32)
as = ) (116)

(p+ 1!

Note that if as = 0 the reduced form quartic would be of the form z* + pz% +r. So we take
the numerator of ay (the denominator is always nonzero), rewrite it by factoring out the p,

and set it equal to 0,

30%0° + D(—9I% + 8)p* + 9Ip + I'(—3I* — 8) = 0. (117)
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We solve (117) for p while assuming I" € (0,I*(p)) and obtain,

32 44y/—-312+1—4 3% —4y/-312+1—-4

1
32 302

(118)

This proves that ay in (116) is never equal to 0 in the open interval p € (—1,+1), provided
[ e (0,1°(p)).
Next we look at as in (116). If as = 0 then the quartic would have the obvious root

AT, p) = 0. So we take a3 and set it equal to 0,

[%(p —1)(1170%p% — 35112 p% + 35112 p — 11712 — 32p? + 32)
(p+1)*

— 0. (119)
We solve (119) for both I" and p and obtain,

{L=T,p=1,[T=-T%),p=p| . [T =T%p),p=0p],[L =0,p=p]},
with:

[(p) = —%. (120)

We exclude the solution with p = 1, the solution with I' = 0, and also the solution with
' = —TY%p) since —T°(p) < 0 for p € (—1,+1). Then a3 = 0 only in one situation (regardless
of the value of p). That is, the quartic has root A(T, p) = 0 if and only if T' = T'%(p), where
0 <T%p) <T*(p).

C.3.2 Numerical Simulations

First of all, we run a simulation to show that the quartic (111) always has four real A(T, p)
roots when I' € (0,I'*(p)), i.e., when I' is chosen inside the gray domain of Fig. 12a.
Specifically, we implement a procedure to pick a random p* € (—1,+1), to compute its
corresponding I'*(p*) and to randomly choose a I' € (0,T*(p*)) whenever it is called in the
computation. We call such procedure 10000 times and, for each run, we solve (111) with
parameters I' = T and p = p* for A(T', p), while keeping track of the number of real roots.

The number of real roots is always four, i.e., for 10000 times. In Fig. 12b we reproduce the
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solving domain 0 < I' < T"*(p) (colored in gray) together with the scatter plot (opaque red
dots) of the 10000 (f, p*) coordinates.

Next, we run a simulation to compute the probability that (111) has four real A(T", p)
roots when I" ¢ (0,1(p)), i.e., when I' is chosen outside the gray domain of Fig. 12a. Our
procedure replicates the one we described above but applies to r>r> (p). We call such
procedure 10000 times and, for each run, we solve (111) and keep track of the number of
real A(T", p) roots. Moreover, for each run, if the roots counter measures four we store the
corresponding (I', p) coordinates. We find that the number of real roots is two for 9952
times and four for 48 times. That is, the probability that (111) has four real roots when
I' ¢ (0,T*(p)) is only 0.48% or, in other words, there are 99.52% chances that the quartic has
only two real roots when I' > I'*(p). In Fig. 12¢ we reproduce the solving domain I" > I'*(p)
(in white color) together with the scatter plots of the (I, p) coordinates where the quartic
has, respectively, two real roots (9952 dots in transparent red) and four real roots (48 dots
in blue). As the plot suggests, the four real roots situation comes when I' is slightly above

I'*(p), the boundary curve depicted in black in Fig. 12a.
Finally, we use Sturm’s theorem to demonstrate that (111) has four real A(T', p) roots
when I" = I'*(p), i.e., when I lies on the boundary curve. First, we evaluate the quartic for

[' =T"(p) to obtain an expression in p only,

24(p+ 1)°V5,/(p— DP(p+ DA(T, p)° _ 4

—8(p+ 1)°A(l, p)* + 50— 5 T3
85/ (p = 1)2(p + 1)(p + DA(T, p) LA (121)
Bp— 5 5

We form the corresponding Sturm’s sequence of polynomials S5, S, S5, S5, and S;. We form
Sg by dividing (121) for its coefficient on A(T, p)*, expanding it (distributing products over
sums) and keeping the A(T, p) factored out. We form S} by differentiating S with respect
to A(T, p). We compute the remainder r§ of polynomial S§ divided by polynomial ST (both
in A(T', p)) where S} = S7q + r§ and ¢ is the quotient. Then we form S5 as the negative
of such 7j. Next, we compute the remainder r} of polynomial S} divided by polynomial S5

and form S as the negative of rj. Finally, we compute the remainder r; of polynomial S5
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divided by polynomial S5 and form S} as the negative of 75. All in all, we write the Sturm’s

polynomial chain as,

3B/ D)(p— 1) VoV (p+1)(p —1)?

Sy = A(T, p)* 57 5 A(T, p)* + S0 DL 17 A(T, p)

S — 4A(T, )" — 9\/5¢(5pp;r_1)ép - 1>2A(F,p)2 N \/izg(f Jlr)(lg(i 1)21)2,

5= s T - S S AT i

85 = g0 AT - 24;@&@ e

S: 477 (122)

~ 25600(p + 1)2°

After forming the Sturm’s chain, we compute the limits of the five polynomials (122) for
A(T, p) to —oco and to +o0o, and then collect them in two separate lists. For each one of the
two lists, we evaluate the signs of these limits (taking into account that —1 < p < 1) and

count the number of changes of sign,

signum (Sfoo) 1,-1,1,-1,1], A*(A=-o0) =4,

signum (S%.) = [1,1,1,1,1], A*(A = +00) = 0. (123)

Then, according to Sturm’s method, the number of real roots of the quartic at the boundary

['=T"(p) (121) is given by,
A*(A = —00) — A" (A = +o0) = 4. (124)

That is, the quartic (111) has four real A(T", p) roots when I" = T'*(p), which is not surprising

given what we observed in Fig. 12c.
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C.3.3 Analytical Investigation

We develop a study based on Sturm’s theorem to understand our findings from the numerical
simulations. We start by forming the Sturm’s sequence of polynomials Sy, S, S, S3, and
S, following the procedure we described for (122). However, we start the chain with the
polynomial Sy as the reduced form quartic (116). We form S; by differentiating Sy with
respect to z. We compute the remainder ry of polynomial Sy divided by polynomial S;
(both in z) where Sy = S1¢ + 19 and ¢ is the quotient. Then we form Sy as the negative of
such ry. Next, we compute the remainder r; of polynomial S; divided by polynomial Sy and
form S5 as the negative of r;. Finally, we compute the remainder r, of polynomial .S, divided
by polynomial S5 and form Sy as the negative of r5. All in all, after due simplifications, we

write the Sturm’s polynomial chain as,

a4, (TT(p—1)T? —16p— 16 5,  (3(p— DI'((p—1)’I% + (8/3)p +8/3)
S0 =2 +< 3200+ 1)2 )Z +< 64(p + 177 )Z
117(p — 12T ((p — 1)2T2 — (32/117)p — 32/117)
* 1096(p + 1) !

s, [ ~Tp—1)T% — 16p — 16 3(p = DT ((p — 1)°I* + (8/3)p + 8/3)
1 =42 +( 16(p + 1)? )Z+ 64(p + 1)3 ’
G _ (7(p —1)2I2 4+ 16p + 16)22 B (9(p —1)((p—1)I2 4 (8/3)p + 8/3)F)z

2 64(p + 1)2 256(p + 1)3

17 ((p— 1)’ — (32/117)p — 32/117) (p — 1)°I*
4096(p + 1) ’
g (—50(p —1)°T% — 64(p + 1)(p — )T + 224(p* — 1)2T"% + 256(p + 1)3>
’ (7(p — 1)202 + 16p + 16) (p + 1)?
750(p — 1) ((p — 1)1 + (8/3)p + 8/3) ((p — 1) 4 SetDE=DT 4 16541
4(7(p — 1)2I2 4 16p + 16)° (p + 1)3

Y

54 _ nS4(F> /0)

ds4(r,p)’
with:
nsa(L', p) = —(49<(p —1)’I* + (16/7)p + 16/7> I'(p — 1)4((p —1)°T° — (128/125)

(4 17" + (68/125) (p + 1)(p — 1)'T* — (144/125)(p — 1%(p +1)°1?) )
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dsu(D" ) = 820(p + 1)*(((p = 1T + (32/25) o+ 1)(p — 1)'T* — (128/25)(p + 1)°

— (112/25)(p — 1)*(p + 1)2F2>2. (125)

Then we consider the coefficients of the leading monomials, i.e., the coefficient on z* in Sy,
the coefficient on 2% in S, the coefficient on 22 in S, the coefficient on z in S, and the
whole S, as the last coefficient. We define these, respectively, as the five leading coefficients

of the Sturm’s polynomial chain (125) and we study their signs.

The first three leading coefficients are clearly positive, given p > —1. So we study the
sign of the fourth leading coefficient, which we denote as Lgs and representing the coefficient

on z in 93,

—50(p — 1)5T¢ — 64(p + 1)(p — 1)T* + 224(p* — 1)°T? + 256(p + 1)3
(7(p — 1)2I'2 + 16p + 16)* (p + 1)2 '

Lgs = (126)

As a numerical example, it is natural to consider the meaningful no correlation case. Recall
that such case characterizes our baseline model’s equilibrium with the quartic polynomial
(30) as the solution. Thus we evaluate Lgs (126) for p = 0, set the expression to 0 and solve

numerically to find its root, T g4 = 1.4397. We plot it in Fig. 13a.

To confirm it analytically, we focus on the numerator of Lgs (126), since its denominator

is strictly positive. We rewrite the numerator by implementing the substitution ' = Z,
—50(p — 1)°Z% —64(p+ 1)(p — 1)* 2% +224(p* — 1)*Z + 256(p + 1)>. (127)
We compute the discriminant of (127) which is obviously positive,
1601175552(p + 1)%(p — 1)** > 0, (128)

meaning that (127) has three real roots'*. To find them, we proceed in three steps. First, we

divide all terms in (127) by its own coefficient on Z3, —50(p — 1)%, and rewrite it by defining

MMoreover, note that no root can be equal to 0 because of the polynomial’s constant/trailing term
256(p + 1) being non null, i.e., (127) cannot be written as Z(Z? + aZ + b).
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the new variable ¢ == (p+1)/(p — 1),

32
—¢Z% -

112 128
—— 7 - —
25

Z3
+ 25 25

¢ (129)

Second, we set (129) to 0, solve the expression analytically, and convert the exponentials

into trigonometric functions to obtain the three roots in real form,

{ 8¢(—4 + cos(arctan (%&@) /3)V/589)
75 ’

4¢(+/3 sin(arctan (%653@)/3)\/ 589 + cos(arctan (%&@)/3)\/ 589 + 8)

75 ’
4¢(\/3 sin(arctan(%ggm)/@ V589 — cos(arctan(“’l%‘o/g?)/?)) V589 — 8) } (130)
75 |

Third, we select the only positive real Z-root, the first one, so that we can take its square

root to get back to a I-root (recall the change of variable I'? = 7),

1) (—4 + cos (arctan %653@ 3) /589
FLSS(ﬂ)ZQf o )( i <(p_1)g )/) ) (131)

where we only considered the positive one as admissible (since we know that I' = yo,04
must be positive to be valid) and also substituted back ¢ with (p+1)/(p — 1)2. Finally, we
numerically evaluate T'zg3(p) (131) for p = 0 and confirm the root /5y = 1.4397 that we

previously found by solving (126) numerically. In summary, as shown in Fig. 13a,

)
>0 if0<D <Ig

LGS =0 if T =142 (132)

(<0 if T' > T

Next, we study the sign of the fifth leading coefficient Lgy, which is Sy in (125). For
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convenience, we denote its numerator as,
2
nLgy = —<49<(,0 —1)’T? + (16/7)p + 16/7) IM(p — 1)4<(p —1)°T°% — (128/125)
(p+1)* 4 (68/125)(p + 1)(p — 1)*T* — (144/125)(p — 1)*(p + 1)2P2)>, (133)
and its denominator as,

dLgy = 320(p + 1)? ((,0 —1)°T% + (32/25)(p + 1)(p — 1)*T* — (128/25)(p + 1)?

— (112/25)(p — 1)*(p + 1)2F2)2. (134)

We start from its denominator dLgy (134). Note that after the change of variable ' = Z,

we can rewrite the squared factor as,

(0 —1)°Z° +(32/25)(p + 1)(p — 1)*Z* — (112/25)(p — 1)*(p + 1)*Z

— (128/25)(p + 1), (135)

and if we change its sign and multiply it by 50 we obtain exactly the numerator of Lgs (127).
In other words, the only valid I'-root of dLg, (134),

26 [ (p+1) (=4 +cos (arctan (£552) /3) V559)
15 (p=1)° |

Larsa(p) = (136)
coincides with the only valid root of Lgz (131) and, in particular, Fgf&l = F’ngg = 1.4397.
We now move on to the numerator nLg, (133), where we only look at the factor that is not
surely positive. We apply the usual change of variable I'> = Z to it and divide its terms by
the coefficient on Z3, (p — 1)°, to obtain,

68(p+1) , 144(p+1)? 128(p +1)?

784 Wt g - .
T 127 T 121" 125(p—1)p

(137)
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We compute the discriminant of (137) and find that it is negative,

~ 2342039552(p + 1)°
244140625(p — 1)12

<0, (138)

meaning that (137) has only one real root. To find it, we apply the same steps as before to

obtain the only valid I'-root of nLg, (133) as,

\/— (p+1) 2k)2/3 21/37328 — 34k1/3)

with:

k = 661799 + 311251/249. (139)

We numerically evaluate T'zs4(p) (139) for p = 0 and find the root IV}, = 1.0844. In

summary, as shown in Fig. 13b,

(
>0 if0<T <T¥%,

nlg" =0 i =179, (140)

. =0
<0 T >T¢%,

\

and as shown in Fig. 13c,

>0 ifI0>0 AT AT
dLe;’ s (141)

=0 if=T"2,

Note that I'zg3(p) (131), thus I'yrs4(p) (136), and T, ps4(p) (139) are both functions of assets’

correlation p,

1
T1s3(p) = Tarsa(p) == p > 1.4397, | 21—
(p—1)
+1
Toisa(p) = p s 1.0844 (;_ 7 (142)
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We have found the signs of all the leading coefficients Lg;, i = {0, 1,2, 3,4}, in the Sturm’s
sequence of polynomials. Thus, we can finally apply the Sturm’s theorem to formally count
the number of distinct real A(T', p) roots in the unbounded interval (—oo, +00). We evaluate
the signs of the five Sturm’s polynomials (125) for z to —oo and to +o0o. Note that the
sign at 400 of a polynomial is the sign of its leading coefficient, while at —oo the sign of
a polynomial is the sign of its leading coefficient for a polynomial of even degree, and the
opposite sign for a polynomial of odd degree. We focus on the baseline (p = 0) case, with

no correlation among assets.

In Fig. 14a we plot the signs of Sturm’s limits for A(T") or z to —oo, while in Fig. 14b
we plot the signs of Sturm’s limits for A(I") or z to +o00. For each one of the two figures
we also count the number of times a sign changes across the corresponding series of limits,
A(A = —00) or A(A = +00), from the first leading coefficient (Lgg) to the last one (Lgy).
As we can see, such count in general depends on the location of the root Fﬁg = 1.4397 (or
pole Fszg4 = 1.4397 depicted in red) and of the root Ff;gzl = 1.0844. Then, according to
Sturm’s method, the number of distinct real roots of the baseline (p = 0) quartic (30) is

given by,

4-0=4 if0<T <I¥g,
A(A = —00) — A(A = +00) =

3-1=2 ifT"%, <T <o
with:

TP %, = 1.0844, (143)

as we show in Fig. 15a, which is built by subtracting the counters (in the "A bars") in Fig.
14b from the counters in Fig. 14a. Note how the result (143) is exactly what we anticipated
informally by directly plotting the roots of the baseline (p = 0) quartic (30) in Fig. la.

As we previously mentioned, the baseline (p = 0) quartic (30) is nothing more than a
specification of the quartic with assets’ correlation p # 0 (158). As such, we would like to
know for which values of the parameters I" and p the generic (p # 0) quartic has real A(T, p)

roots and how many. To learn this, we decompose the parameter space of our parametric
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polynomial system made of the quartic and the three constraints,

(8p° + 240 + 24p + 8)A(T, p)* + (—120p% — 12T'2 + 120 + 12I)A(T, p)?
+(5I2p3 — 5I%p% — 5I2p + 512 — 4p? — 8p — 4)A(T, p)?

+(4Tp? — AT)A(T, p) — T2p* + 2I%p — T2 = 0,

4 (144)
>0,

p>_17

p <1,

\

into cells in which the quartic has a constant number of solutions. We use the implementation

included in a subpackage of Maple software for performing such type of structural analysis'’.

In Fig. 15b we plot the cells for which our quartic with constrained parameters has a
given number of roots. There are five parametric cells in total. For each cell the procedure
returns the number of real roots found in it, as well as a sample point strictly in the interior
of the cell. We can then find all real roots of the non-parametric quartic resulting from
substituting the parameter values identified by the given sample point in each cell. The cells
are labeled from 1 to 5. Cells 1, 4, and 5, which are depicted in opaque red, have no real
roots at all. This squares well with the fact that the asset correlation parameter p is only
meaningful if its values are bounded in (—1,+1). However, cells 2 and 3 do contain real
roots. Cell 2 is colored in gray and contains four distinct real roots which are, for sample

point (I'=1,p = 0),

{A1(1,0) = 0.5623, Ay(1,0) = —0.2866, As(1,0) = —0.7757, Ay(1,0) = —1}.  (145)

Cell 3 is colored in white and contains two distinct real roots which are, for sample point

15The underlying routine of the implementation is based on the concept of discriminant variety and
leverages numerical algorithms for the cylindrical algebraic decomposition of the parameter space through
the Groebner basis method. The concept of discriminant variety was proposed in Lazard and Rouillier
(2007), while the cylindrical algebraic decomposition dates back to Collins (1975) and it is now widely
used for problems in computational real algebraic geometry. Liang et al. (2009) provide a comprehensive
description of the Maple’s package we use.
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{A1(2,0) = 0.5161, Ay(2,0) = —0.3627}. (146)

Note that I' = 1 < 1.0844 but I" = 2 > 1.0844, so (145) and (146) are consistent with the
finding (143) from our Sturm-based analytical investigation of the baseline (p = 0) quartic
(30). Moreover, we colored cell 2 in gray and cell 3 in white to emphasize how such exercise
of parameter space’s decomposition formally proves what we showed with the numerical

simulations in Fig. 12b and Fig. 12c¢ for the generic (p # 0) quartic (158).

Last but not least, (145) and (146) seem to show that there is always a unique positive
root in cells 2 and 3, i.e., anywhere in between the cells in opaque red of Fig. 15b. We confirm
it by repeating the same cylindrical algebraic decomposition of our parametric polynomial

system (144) but with the additional constraint,

AT, p) > 0. (147)

The plot of the decomposition remains the same, but with the further constraint there exists
only one real root in cells 2 and 3. The root’s uniqueness is consistent with what we showed
in Fig. 16a and Fig. 16b, i.e., for the region A(T', p) > 0 there is everywhere only a single
root (the top sheet in dim gray) for the quartic (158). Such root is expressed in closed-form
as (159). For sample point (I' = 1,p = 0) in cell 2 and for sample point (I' = 2,p = 0) in

cell 3, this root specifies to

A(1,0) = 0.5623 and A(2,0) = 0.5161, (148)

which is consistent with A(I') (31) being a positive and monotonically decreasing function

of I, as in Fig. la.
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D Analytical Model Extension: Correlated Assets

We provide analytical solutions for a model with a more general information structure of
the assets’ payoffs. Specifically, we generalize the covariance matrix (2) to allow for the

correlation of assets 1 and 2 (p # 0),

Vi 7 o, po, o, +poy
Vo ~N 2 ) po;, o, o, + poy : (149)
v+ vy UL+ Uy| 024 po? o2+ po? 207+ 2po?

The case of correlated assets is interesting because on p depends the symmetry of the assets’
triangle. For example, for p = —1/2 the three assets have identical variance for their payoffs:
Var[ys] = 202(1 + p) = 02 = Var[yy] = Var[vp]. In other words, for p = —1/2 the assets’

triangle is fully symmetric in terms of payoft’s risk.

D.1 Equilibrium Derivation

We re-write the mean-variance optimization problem (4) as,

XF;%);?){Xl (=Ax1 — A1 —71) + X2 (—Ax2 — Ada — T2) + x3 (—A3x3 — A3d3 — U1 — Ua)

+ (x1+ x3) <71+%(C—71 —72)> + (x2 + x3) (%‘F%(C—% —72)>
v o o (GAp+1)") o 2 (oXp+ 1)’

—§(X1+X3) (UV—W)—a(XrFXL%) (UV—W)

— v (x1+x3) (x2 + x3) (PUZ% - %) } (150)

With due simplifications the first order conditions (8) become,

A(—=2x1 — 1) + % (C—v1—7a) + %703 (p—1)(x1—x2) =0,
M2 = 02) + 5 (=71 = 72) + 5902 (= 1) (xa = x2) =,
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The trading and offsetting intensity parameters (9) in the equilibrium Theorem 1 now include

the correlation coefficient,

g L Yo =10 —1) S Lo Gl
4N 4(=2X +yo2(p—1))’ 422+ 02(p— 1))’
1 1
_ __ - 152
53 2)\37 (0% 9 ( 5 )

We solve the corresponding market maker problem for the model with correlated assets

and the price impacts (11) now include the correlation coefficient,

B Boi(p+1)

- 28%02(p+1) + (a+ 1)%0} + (a*)?03
_ 2B30%(p + 1)

- 28302(p+1) + (a3 + 1)%03%

A3

(153)

We plug the trading and offsetting intensity parameters (152) into the price impacts (153)
and obtain two nonlinear equations in A and in A3, respectively. Once we solve for A\ and
A3 explicitly, we can pin down £, (s, «, as, and a* (152). We have now pinned down our

equilibrium conjectures Theorem 1.

D.2 Equilibrium Characterization

As in the baseline model without correlation, the equilibrium for market 3 is independent of
the speculator’s risk aversion. Accordingly, irrespective of v, for market 3 the equilibrium

parameters (13) and quoting rule (14) become, respectively,

Oy g3 1
Ay =/20p + 1) 22, S N— ag = —=, 154
’ (o >053 Ps 2,/2(p+ 1)o, ’ 2 (154)
— T — T V2(p+1)o,
4= 7+ 7+ & 5 72) V2 Vou s (155)

For market 1 and 2, we do not discuss the limit cases of v = 0 and v — oo for the model
with correlated assets as the same underlying mechanism of the baseline model carries over

to this model extension. In the following, we allow the informed speculator to have a positive
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but finite risk aversion coeflicient.

As in the baseline model, we define the new combined parameter I' = 0,05 in order
to facilitate the nondimensionalization /scaling of all the equations which follow. Then, for

0 < 7 < 00, the equilibrium parameters (28) and quotes (29) generalize to,

oy g5
A=t DAL, = AT )
oo Llp=1) —4(p+ DA, p) o — I'(p—1) (156)
42(p+ 1A, p) =T(p— 1))’ 42(p+ 1A, p) =T(p— 1))’
_ o, =7 =7) (p+ DA, p)oy(—4lp+ DA, p) +30(p — 1) ¢
©=n 1 405(—2(p + DA(T, p) + D(p — 1)) !
(p+1)(p = DAL, pyoy
42(p+ DA(T,p) —T(p—1)) =
o C=T=m) (ot DA poy(—4p+ DA, p) +3T(p = 1)
B 1 do5(—2(p+ DA, p) + T(p — 1)) ’
(p+1D(p = VAT, p)yo
T ARG+ DA, p) —T(o— )" (157)

where A(T, p) is a (known) convoluted function of I and p. Specifically, A(T", p) is the unique

positive root of the quartic equation,

(8p° + 2407 + 24p + 8)A(T, p)* + (—12Tp* — 12I'p* + 12Tp + 12T)A(T, p)?
+ (5I?p* — 5I'2p* — 5I%p + 512 — 4p? — 8p — 4)A(T, p)?

+ (4T0p* — AD)A(T, p) — I2p* + 2I%p — I = 0. (158)

We can explicitly write A(T', p) as

I,p)—56(Tp), ) ——2al
\/_\/¢( S RGP AITET

V15, ——2@p) L
Fp)1/3pp+1)6 (T,p)1/3(p+1)6 n(F p>1/3€p+1)6 N 3F(p _ 1) -
120 3000 8(p+1) ~

AT, p) =

with:

(L, p) =125(p — 1)°T° + 68(p + 1)(p — 1)*T* — 128(p + 1) — 144(p — 1)*(p + 1)*T?,
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(' (Tp)
1212V3(p + 1)/ +(p— 10 4 8L Dlp = VT
125 p 125

n(T,p) = (p+ 1)”(

48(p = 1)*(p+ 1)PT?  64(p+1)°
125 125 )

w(T, p) = 50n(T, p)3 + (3512p° + (7002 + 80)p° + (—35I'% + 400)p* + (—140T% + 800),°
+ (=351 4 800)p> + (70 + 400)p + 3512 + 80)n(T, p)# + 500*p'2
2000 + 16T%)p'" + (1000 + 11212 + 32)p™ + (—600T* + 30412 + 320)”

(
(
(=850 + 33612 + 1440)p° + (400T* — 96T + 3840)p"
(14000 — 6721 + 6720)p°® + (4000 — 6721 + 8064)p°
(

4
X
4
+ (=850 — 96T"% 4 6720)p* + (—600I* + 33612 + 3840)p*
+ (100T* + 30412 + 1440)p* + (2000'* + 1121 + 320)p + 50I'* + 16I"% + 32,
O(T, p) = 625n(T, p)7 + (—8750%p% + (—1750I"2 — 2000),° + (875I'2 — 10000),"*

+ (350002 — 20000)p* + (8751 — 20000)p* + (—1750I'% — 10000)p

— 87502 — 2000)1(T, p) & + 625 p'2 + (2500I* + 200I'2)p!

+ (12500 + 140072 + 400)p" + (—=75000* + 380012 + 4000) p°

+ (—=106250 + 420002 + 18000)p% + (5000I'* — 1200I2 + 48000)p"

+ (17500T* — 84000 + 84000)° + (5000T* — 8400I + 100800),°

+ (—=10625I" — 12000 + 84000)p" + (—75000* + 42000 + 48000)p*
+ (12501 + 380012 + 18000)p* + (2500T* + 1400T"% + 4000)p
+ 625 + 200I"2 + 400,

o(T, p) = —1875(p — 1)(p + 1)®y(T, p) s TV/15(302p2 — 6I%p + 302 + 8p + 8). (159)

Note that A(T, p), and therefore also o and «* in (156), depend only on I' and on p. In
Fig. 16a we plot A(T', p) as the unique positive root (colored in gray) of the quartic equation
(158). Note how the three-dimensional plot is exactly a generalization for p # 0 of the
two-dimensional plot in Fig. la. In particular, the A(T', p) (159) we plot in Fig. 16b is just a
generalization for p # 0 of the A(I") (31) depicted in gray in Fig. la. This is not surprising,

since the solution for the baseline model with uncorrelated assets is just a specification of
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the solution for the extended model with correlated assets. Note how the quartic equation
(158) collapses exactly to the quartic equation for the baseline model (30) when p is set to
0.

D.3 Sensitivity Analysis

Our sensitivity analysis mirrors that of Section 5 but also includes the dependency on the
correlation coefficient p. First we compute first order and second order derivatives of A(T', p)
and then we analyze the sensitivity of the equilibrium parameters (156) with respect to
changes in p. For completeness, we also report the partial derivatives with respect to the
other underlying distribution parameters s, 0, and v but we will not discuss them since

the signs are the same as for the baseline model without asset correlation.

We can synthetically represent the derivatives in terms of the A(T', p) function itself. The

first and second order derivatives of A(T', p) with respect to I' are, respectively,

OAT, p) oy (AT, p), T, p)
or S (AT, p), T, p)

where:
oy (AT, ), T, p) = —1(p)A(T, p)* — ea(T, p)A(T, p)* — e3(p)A(T, p) + Tp? — 20p + T,
S (A(T, p), T, p) = ea(p)A(T, p)* + &5(T, p)A(T, p)? + &6(T, p)A(T, p) + 2Tp? — 2T,

p) = —6p® —6p” +6p + 6,

I, p) =50p* —50p* —50p+ 5T,
p) =2p"—2,

p) = 16p® + 48p* + 48p + 16,

€4

,p) = —18I'p* — 18T p* + 18T p + 18T,

)

™
w
— — /\ Y — /\

5(I
e6(T, p) = 5I%p* — 5I2p* — 5pI'? + 512 — 4p* — 8p — 4. (160)
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and

A, p)  no) (AT, p), T, p)

or? %)\ (AT, p), T, p)’

where:
ngn (AT, p), T, p) = e1(p)A(T, p)* + &5(T, p)A(T, p)7 + e5(L', P)A(T, p)° + £4(T, p)A(T, p)°
+&5(T, p)A(T, p)* + &6(T, p)A(T, p)° + e7(T, p)A(T, p)?
+es(I, p)A(L, p) + &9(T, p),
dy ) (AT, p). T, p) = (£10(p)A(T, p)* + 11 (T, p)A(T, p)? + 12(T, p)A(T, p) + £15(T, p))
(e14(p) AT, p)° + e15(T, P)A(T, p)* + £16(T, p)A(T, p) + 17(T, p))?,
with:
e1(p) = 448p° + 1792p" + 1792p5 — 1792p° — 4480p* — 1792p> + 1792p + 1792p + 448,
£2(T, p) = —1632Tp% — 3264 p" + 32641 p® + 9792I'p° — 9792T"p® — 32641 p? + 32641 p
4 1632r,
e3(T, p) = 21200%p® — 848012 p°® — 208" + 12720I%p* — 624p° — 208p° — 8480I'? p* 4 1040p"
+ 1040p> + 2120I'% — 208p% — 624p — 208,
e4(T, p) = —1200T3p® + 240013 p™ 4 24000 p° — 720013 p® + 640T p” 4 640T p°® 4 72000 p?
— 19207 p° — 240013 p* — 1920T p* — 240013 p + 1920I"p® + 1200I"® + 19201 p?
— 640Tp — 640T,
e5(T, p) = 250 p® — 1000T*p” + 10001 p° 4 1000 p° — 63212 p" — 25001 p* + 63212 p°
+ 10001 p® + 189612 p° + 1000I p? — 189612 p* + 16p° — 1000 p — 1896T%p?
+32p° 4+ 2501 + 189612 p% — 16p* + 632I%p — 64p° — 63212 — 16p° + 32p + 16,
e6(T, p) = 24013 p" — 72013 p% + 2401 p° + 12001 p* — 32I'p% — 12001 p® — 2401 p* 4 961'p*
+ 72013 p — 2401 — 96T p?* + 32T,
e7(T, p) = =251 p" + 12505 — 2251 p° + 125 p* + 1251 p® — 2251 p? 4 1251 p — 251,
es(T, p) = 161 p% — 6413 p° + 801 p* — 80 p* + 641 p — 161°°,

go(T, p) = —5I*p® 4300 p° — 75T p* + 1000 p* — 750 p? 4 30 p — 51,
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e10(p) = 16p° + 32p + 16,

en (T, p) = —18Tp* + 18T,

)

r
12(T, p) = 5I'%p* — 10I'%p + 512 — 4p — 4,
r

€13 7p) = 2Fp - 2F7

,p) = —18I'p* — 18T'p* 4 18T p + 18T,

)

15

(
(
(
(
e14(p) = 16p” + 48p* + 48p + 16,
(
E16(
(

r
T, p) = 507%p* — 51%p* — 51%p + 512 — 4p* — 8p — 4,
r

e17(D, p) = 20p? - 2T (161)

The first and second order derivatives of A(I', p) with respect to p are, respectively,

OML,p) _ nifa(A(T,p). T, p)

dp A (AT, p), T, p)
where:
n(812<A<F p) I p) = _Ol(p)A(F7p>4 - OQ(va)A(FJ IO)3 - 03<F7 p>A(F7p>2 - 04(F7p)A(F7 )0)
+2pI'% — 212,

d{ (AL, p), T, p) = 2(05(P)A(T, p)* + 05(T’, p)A(T, p)* + 07 (T, p)A(T, p) + 20'p* — 2T),
with:

01(p) = 24p* + 48p + 24,

0y(T, p) = —36T"p? — 24T p + 12T,
03(T, p) = 15I'?p* — 10I'*p — 5I'% — 8p — 8,
L', p) = 8lp,

05(p) = 16p° + 48p* 4 48p + 16,

,p) = —18Tp* — 18T'p? + 18Tp + 18T,

o}

6

(
(
(
04(
(
(T
(r

07(T, p) = 5I'%p* — 5I%p* — 5I'%p + 512 — 4p* — 8p — 4. (162)
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and

AT, p) 0¥\ (AT, p). T, p)

Ip? d¥) (AT, p),T, p)

I

where:

n(ag)A(A(F7 10)7 L p) =0 (p)A(P, p)l() + 02<P7 p)A(F, p>9 + 03(F7 p)A(F, p)S + 04(F7 p)A(F, )0)7

+05(T, p)A(T, p)° + 06(T, p)A(T, p)° + 07 (T, p)A(T, p)* + 05(T', p)
A(T, p)* + 09(T, p)A(T, p)* + 010(T', p)A(T, p) + 011 (T, ),
di (AT, p),T, p) = 4(012(p)A(T, p)* + 013(I', p)A(T, p)? + 014(T, P)A(T, p) + 015(T', p))
(016 () AT, p)* + 017(T, p)A(T, p)* + 015(T, p)A(T, p) + 019(T', p))?,
with:
01(p) = 21504p° + 129024p° + 322560 + 430080p° + 322560p% + 129024p + 21504,
0y(T, p) = —80640I"p® — 3471361 p° — 526080I'p* — 2457601 p* + 1574401 p* + 1996801 p
+ 56064,
03(T, p) = 12768002 p% + 33651212 p° 4 12294412 p* — 3197441?p* — 18176p° — 24697612 p?
— 90880p* + 40576I%p — 181760p° + 53696I — 181760p* — 90880p — 18176,
04(T, p) = —110016Ip° — 11212873 4 1918081 p* + 172032 p* + 573441 p°
— 1057921 p* + 191488T p* — 5990413 p + 192512I"p? 4 240001
+ 20481 p* — 94208I"p — 37888T,
05(T, p) = 549601 p° — 28480I'* p° — 102480T*p* 4 56960 p* — T41761%p° + 400801 p?
— 12614412 p" — 284801 p + 4108812 p® + 7440T* + 138368T2p* + 5120p"
+ 1977612 p + 204800 — 2553612 4+ 30720p* + 20480p + 5120,
06(T, p) = —15300I°p° + 30000I"° p° — 21001°p* — 24000I° p* 4 5004813 p® + 141001 p?
+ 56320 p* — 6000I° p — 898561 p* + 33001° — 10241 p* — 130561 p*
+ 398081 p — 31232I"p® — 46081 — 15360I"p* + 10752Ip + 79361,
07(T, p) = 1875 pb — 62501 p® 4 7125°p* — 35001 p® — 183161 p° 4 21251 p?

+ 255400 p* — 22501%p + 120721 p? + 875T% — 265200 p* + 129921 p*
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+ 62441 p + 1024012 + 9801 — 1548812 p* — 9728T%p
— 512p% + 3008T% — 1536p% — 1536p — 512,
o0s(T, p) = 3320I°p° — 9240T°p* 4 7600I° p* — 5600°p? — 614413 p* — 1320I'°p + 49921 p?
+ 2000 + 67841 p* — 49921 p + 10241 p* — 640 + 15361 p* — 512T,
09(T, p) = —200I'°p° 4 800I"° p* — 12000"°p* + 800I'® p* + 12487 p* — 200I°p — 31361 p*
+ 19200 p? + 5761 p — 76812 p — 608 + 76812,
010(T, p) = —161°p* + 192I°p* — 4801° p* + 4481°p + 2561 p* — 1441 — 3841 p* + 1281,

011(T, p) = —20I%p* 4 80I'% p® — 1201 p* 4- 80I"%p — 321" p* — 20I"® 4- 961 p* — 96T

+ 321,
012(p) = 16p* + 32p + 16,
013(T, p) = —18Tp* + 18T,
014(T, p) = 51 p* — 10T2p + 5% — 4p — 4,
o15(I', p) = 2I'p — 2T,

016(p) = 16p> + 48p* + 48p + 16,
,p) = —18Tp* — 18T p* + 18T p + 18T,

,p) = 2Ip* — 2. (163)

The four derivatives are extremely convoluted and the only way to assess their signs is
through numeric differentiation. However, these derivatives are expressed in synthetic forms,
that is, they are written as functions of the "differentiand" A(T", p) which, in turn, is not
necessarily the meaningful root (159) but a generic unspecified root of the quartic equation

6

(158). As such, there could be issues with numeric differentiation'®. We overcome these

6 irst of all, a generic unspecified RootOf (for a polynomial) does not necessarily follow a single con-
tinuous curve, and even the indexed RootOf’s do not do that. The indexed RootOf’s are sorted, and the
generic RootOf is taken from the end of those values, so it does not follow any single one of them throughout.
Moreover, the numeric differentiation across the I' = 0 and p = 1 boundaries will produce bad results since
the generic RootOf formula switches curve at the boundary on account of the appearance of multiple roots
(which affects the principal root via sorting). Note that this "switching" affects not just parametrized in-
dexed RootOf’s. It also occurs with roots in explicit parametrized radical form. To sidestep these challenges,
perhaps we could have used slightly narrower regions but this is not very robust, as it is not known a priori
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issues by noting that the greatest real root in the multiple root cases (of I' < 0, I near 0,
or p > 1, p near 1) happens to "match" the surface induced by the single real root within
I'>0,—1 < p < 1. Then, we can compute all four roots (via indexed RootOf’s), select the
real ones, take the max of those, and get a smooth function across the boundaries I' = 0,
p = 1 so that numeric differentiation behaves there. At p = —1 we just went with a slightly

narrower range in order to avoid artifacts while ensuring that no feature is lost.

In Fig. 17a and 17b we show that the signs of the derivatives with respect to I', (160) and
(161), are consistent with A(I", p) being a positive and monotonically decreasing function of
[ (as evident from Fig. 16b),

IA(T, p)
oT

*A(T, p)

<0, oI

> 0. (164)

Note that the signs (164) are the same as in the baseline model (34).

In Fig. 18a and 18c we show the sign of the derivatives with respect to p, (162) and

(163). The second derivative is positive but the first derivative changes sign',

AN, p) | >0 if p>prs(L) AT, p)

’ 2
Ip <0 otherwise p

> 0, (165)

where pr;(I') is named after its striking similarity to the Lennard-Jones potential in molec-
ular physics. The curve pr;(I') is the level curve (L', p) = 0 with (T, p) = AT, p)/0p.
To get some intuition about its shape and related analytical form, we extract some points
(x,y) — (T, p) (removing duplicate abscissas) and build an ad hoc approximation of the
curve passing through these points. The resulting curve is an approximation of the function

z: " — 2(T') such that h(T', 2(I")) = 0,

1.1 1.81 1.1 1.06

how much narrower and whether features will surely not get missed.
I"Note that the change of sign of the first derivative was anticipated in Fig. 16D, as it is most evident for
I' =10 and p around 0.8.
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We plot pr;(I')’s fitting points and the approximation form in Fig. 18b. We fit the points
by solving a nonlinear least squares problem for a model of Lennard-Jones functional form
to find the optimal values of the six parameters. As such, the approximation accuracy is
measured as the sum of squares of the residual and amounts to 0.006. For a more accurate
result there exist very versatile interpolation models that could be used instead of the more
classical nonlinear least squares but we are more interested in the interpretability of the

closed-form expression rather than in the accuracy of the approximation'®.

As we know the signs of A(T', p) and its derivatives, we can now infer the signs of the
partial derivatives of the equilibrium parameters (156) for markets 1 and 2 with respect to
P, v, 0y, and o5. We apply the chain rule and derive the partial derivatives but we keep
them in implicit form, to facilitate their interpretation. According to our plots, the signs of
all these partial derivatives are consistent with our economic intuitions about the strategic
behaviour of a risk-averse speculator trading in a triangle where p # 0. We report our
economic intuitions in Section 6, where we only discuss those that are unique to this model
extension and not already encountered in the baseline model. In the following we only report

the analytical expressions and their signs.

When asset 1 and asset 2 are correlated, the strategic behaviour of the speculator depends
as follows on the increasing p,
OA(T,
oo dar T(BHZ (-1 (p+1)-2AT,p))

a9 22 DAT) TG D (167)

8For instance, we used an elementary Kriging (Gaussian) emulator to find the "approximation function"
that is an exact interpolator which passes through all points. Its approximation error out of these points is
less than 1e~7. Note that the interpolator depends on a single parameter (1)) whose meaning is a correlation
length, that is how far from a point z; the information it contains (y;) "propagates" to affect the value yy,
at any other point xj. The fact that the smoothness of the Kriging emulator is almost the only parameter
to fit makes Kriging one of the most powerful tool to build high dimensional metamodels (in dimension
d 1 contains only d parameters, while the fit a polynomial of total degree ¢ in dimension d depends on
(¢ + d)!/q!/d! parameters). However, note that a Kriging emulator is always used as a black-box function
where one provides the value of the inputs (I') and it returns the corresponding value of the output (p):
despite the fact the interpolator has a closed-form expression this latter can be that complex that it is never
displayed. For more details on Kriging and Matér correlations the interested reader can refer to Porcu et al.
(2024) and Tuo and Wang (2020).
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OA(T,p)
o, +1) + A(T,
O\ _ ( op (p+1) ( p)) -0, (168)
dp os

05 __os(PFe+D+ATp) 169)
dp 4o, AT, p)*(p + 1) '

Note that because of the change of sign of A(T", p)/Jp (165) the sign of the partial derivatives
(167), (168), and (169) is not obvious from the analytical expressions so we infer the signs
by directly plotting their nondimensionalized forms in Fig. 19a, Fig. 19b, and Fig. 19c,

respectively.

When asset 1 and asset 2 are correlated, the strategic behaviour of the speculator depends

as follows on her increasing v,

da _ oo _osolp=D(p+ 1) (BT —ATp) 170)
oy v 2(=2(p+ AT, p) +T(p — 1)) ’
X OAT
> = Eae+n <o, (a7)
OAT,p) 2
05 _ _ o %y, (172)

9y 4AMT,p)*(p+ 1)

When asset 1 and asset 2 are correlated, the strategic behaviour of the speculator changes
as follows as o, increases,
OA(T,
da ot Tlp—=D(p+1) (ZF2T — AT, p))

9oy~ 00, 2o0(=2p + DAT. ) S T(p=1) (173)
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p+1) (2L 4 AT, p
ox _ ) (Bt ATp) -
do, Os

01 os(BEarnr) .
oo, 4o2(p+ AT, p)? '

Note that at a first sight the derivatives (174) and (175) have ambiguous signs so we infer
the signs by directly plotting their nondimensionalized forms in Fig. 20a and Fig. 20b,
respectively. We find that d\/do, (174) is positive but 05/do, (175) is negative.

Finally, when asset 1 and asset 2 are correlated, the strategic behaviour of the speculator
responds as follows as o increases,
OA(T,
oo 9 Tlp—Dp+1) (2520 — AT, p))

Doy o5 205(—2(p+ DA, p) + T(p— 1)) 0 (176)

oxn  oulp+ 1) (ZAEET — AT, p)
= ( o ) <0, (177)
Oos o

08 _ —"Hr™T + AL, p)
dos  4o,(p+ 1)A(T, p)?

> 0. (178)

As mentioned, we discuss in Section 6 our economic intuitions for all these sensitivities.

E Analytical Model Extension: Asymmetric Assets

We provide analytical solutions for another model with a more general information structure

of the assets’ payoffs. Specifically, we generalize the covariance matrix (2) to allow for
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asymmetric risk in the payoff of assets 1 and 2 (0,1 # 0,2),

= 2 2
vy 21 o, 0 o}
v, | ~N 7y L]0 % o% : (179)
= 4T 2 2 2 2
v+ vy Vit V2| |01 Ou 01105,

The case of asymmetric assets is interesting because the wedge in assets’ risk (0,1 # 0,9

) drives a wedge in price impacts (A; # A2). Accordingly, the equilibrium conjectures of

Theorem 1 rewrite as in (92), i.e.,

Xi = Bi (( — Ui — Uj) + aid; + a4, X3 = B3 (( — 71 — ) + a3ds,

¢ =Ui+ N (xi +9), g3 = V1 + U2+ A3 (X3 + 03)

v{i,j} € {{1,2},{2,1}}. (180)

E.1 Equilibrium Derivation

We re-write the mean-variance optimization problem (4) as,

Xfrig);g{)(l (=Ax1 — A0 = 71) + X2 (—Ax2 — Ad2 — T2) + X3 (—Asxz — A303 — V1 — V)

+ (O + xs) <51 +#§1032(C—71 —52)) + (x2 + x3) (724- #52032((—71 —72)>
- % (x1 + xa)* <0§1 - ﬁ) - % (X2 + x3)° (032 - ﬁ)
+7 (X1 + x3) (X2 + x3) (%) } (181)
With due simplifications, the first order conditions (8) become,
AL (=2x1 —01) + #% (C—71—Ty) + %7 (x2 — x1) =0,
Az (—2x2 — 02) + 0310_%012’2 (C—71—1y) + %7 (1 —x2) =0,
Az (=2x3 —d3) + (( =71 —72) =0, (182)
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and the trading and offsetting intensity parameters (9) for the new equilibrium strategies in

(180) become eight,

‘731 (’7‘732 + 2>‘2)
(M + Ao)yol o2y + 20 (02 + 02y))’

M((v02y +2X0)00, + 2X007,)

b=

2 2
)‘2701/1 Ou2

o = — s ay = — )
! 2 (()‘1 + >‘2)7031032 + 2)\1)\2<012/1 + 012/2)) ? 2 (()‘1 + )\2)7031032 + 2)\1)\2(031 + 012/2))
By = 032(7031 + 2>\1)
2((M\+ )\2)7012/1012/2 + 2>\1)‘2(031 + 032))’
)‘2((7012/2 + 2>‘1)031 + 2)\1032) % )\17031032
Oy = , O = —

2 (A1 + /\2)7012/1012/2 + 2)‘1)‘2(031 + 032)) 2 (M + >\2)7031032 + 2)‘1/\2(012/1 + 012/2))’

1 1
as = —-. (183)

63:2_)\37 2

We solve the corresponding market maker problem for the model with asymmetric assets

and the price impacts (11) split into three,

ﬁ 2
)\1 _ 10,1
B (o2 + 02y) + (a1 + 1)20§ + (043)2037
B30y +07) + (a2 +1)%03 + ()07
)\3 63(031 + 0-32) (184)

8302 + 02) + (a3 + 1)%0%,

We plug the trading and offsetting intensity parameters (183) into the price impacts (184)
and obtain, respectively, two nonlinear equations in both \; and Ag, and one in A3 only.
Once we solve for A\;, A\ and A3 explicitly, we can pin down [, Bs, B3, a1, e, as, o, and

af (183). We have now pinned down our new equilibrium (180).

E.2 Equilibrium Characterization

Also for the extended model with asymmetric assets the equilibrium for market 3 is straight-

forward to characterize. Note that the third equation in (184) can be directly solved for As.
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Moreover, such equilibrium is independent of the speculator’s risk aversion. Accordingly, ir-
respective of 7, for market 3 the equilibrium parameters (13) and quoting rule (14) become,
respectively,

2 2
\/ 1
s = VOt 0, By = — 83 _ (185)

- )

- )
Ts3 2,\/0% + 02, 2

37 — 77 2 2
S V; 72) Vot (186)

g3 =V1+ Vs +

For market 1 and 2, we do not discuss the limit cases of v = 0 and v — oo for the model
with asymmetric assets. Therefore, in the following, we allow the informed speculator to

have a positive but finite risk aversion coefficient ~.

In contrast to the equilibrium for market 3, the equilibrium for market 1 and the equi-
librium for market 2 are challenging to characterize. Once we plug (183) into the first two
equations in (184), these become even more convoluted than for the two models previously
described. The further complexity stems from the price impact wedge A\; # A9, which fol-
lows from the asymmetry 0,7 # 0,5. We overcome the complexity by reworking the original
nonlinear system in the primitive parameters v, os,0,1,0,2 into a scaled version only de-
pendent on products of them. The logic of this non-dimensionalization procedure is the
same as before but, rather than by hand, we derive the non-dimensionalization substitu-
tions by implementing an automated procedure based on Hubert and Labahn (2013)'. The

non-dimensionalization substitutions are as follows,

TN gy N2y O (187)

Oup1 Op1 Op1

'y =o0s0,17, Ty = 050,07, Ay =

We solve (187) for A1, Ag, A3, 7y, 0,1 to rewrite the latter as,

N = Iy A = A1F1<7u2’ Ay = AoT0,9 Ay = Asl'y0,, - F10y2_

) ) ) vl —
05012 ['yo5 ['yo5 ['y043 Iy

(188)

19The authors propose an algorithmic scheme for the symmetry reduction of dynamical systems. They
also demonstrate how it can be applied to reduce the number of parameters in models of mathematical
biology. The algorithm leverages tools from linear algebra, specifically the Hermite normal form of the
matrix of exponents along with its normalized unimodular multiplier. In Hubert and Labahn (2012) they
introduced a scaling symmetry reduction scheme for polynomial system.
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In two steps we derive the non-dimensionalized counterpart for each one of the three orig-
inal price impact equations obtained by evaluating (184) for (183). First, we evaluate
the respective original equation for (188) and convert it to factored normal form numer-
ator /denominator, where numerator and denominator are expanded polynomials. Second,
we take its numerator, factorize it, and divide by 0,5 and I'y. The three non-dimensionalized
price impact equations we just obtained only depend on the two new parameters I'; and I's.

The first and second equations are,

— ATTASAS — ATST5A A, — STITSATAS — T3T5AT — 4TT5ATA, — 5TIT5A A5 — 8TIT5AZAS
— A T5A3 Ay — 8T T5ATAS — AT5ATAS + ADTA A3 + ATST3A Ay + 4T5T3AS + IT3T5A,
+ 295 Ay + 413T3A A — TSA, = 0, (189)
— ATSAIAS — SISTIATAZ — ATST3A LAY — BTIT5AT Ay — ATIT5A AS — TiT5AS — STIT3AIAS
— 8THTOAZAS — ATSTOA A3 — ATITRAIAS — TIT5 A + 20T A, + TS A, + 4T3T3ATA,

4+ 4T, TSA? + 40 TSA Ay + 4T5A2A, = 0. (190)
The third equation is,
—TIAZ +T7+ 15 =0, (191)

where we divided it by Aj to get rid of the zero solution A3 = 0. First, we solve (191) and
find one positive and one negative solution, but only the positive solution is admissible of

course,

/T2 412
A3(Ty,Iy) = Y—1—2, (192)

Iy

Note how plugging (187) into (192) and re-arranging allows us to obtain A3 exactly as in
(185). Next, we solve (189) and (190) as a system of two equations in the two variables

A1(T1,T9) and Ay(T'1,T5). We obtain three solutions. The first one is the trivial solution
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{A; =0, A5 = 0}, while the second one is such that A; is complex,

{pl(_zrg — 213 + /203 /T? +13)  Ty(207 + 213 + /207 /T3 + rg)} (193)

214 + 412 + 413 ’ 214 + 412 4 413

Only the third solution is meaningful. In this solution, A;(I';,I's) > 0 is the greatest (most

positive) real root of a degree-10 polynomial,

871(T'1, Do) A1 (T, T9)™ + 875 (T'y, o)Ay (T, Tg)? — 4r3(Ty, To) Ay (Ty, Ty)® — 874(T'1, Ty)
Ay (T, D)7 + 475(Ty, To) Ay (T, To)® + 476(Ty, To) Ay (T1, T2)° + 477 (T, To) Ay (Ty, To)*
+ 47g(Ty, Do) Ay (T, T5)3 — 79(T'y, Do) Ay (T, T9)? — d7y(Ty, To) Ay (T, Ty)
- 711(F17F2)>
with:
71(Ty,Tg) = D3(T] + 2T7 + 2T3)(T5 + [3)*,
75(Ty, Ty) = T3 (5472 4 214 4 161203 + 1413) (12 +T3)°
73(01, Ty) = (—2118T5 4 51'1° — 170515 — 1091675 — 870TS + 121 + 24I'ST2 + SI'{T
— 8TITG — AL3)(IF +T3)7,
74(01,Ty) = =11 PTS — 110975 + 1001°T% — 707105 — 1200978 — 1791715 — 760573
+ 6012 4 5201115 + 11805 + 92T71S — 2575 — 3215150 — 10T, 152,
75(0'y, Ta) = I'7 (100515 — 320)°T5 + 420515 + 2320915 + 1581T5° + 3I'}% — 481'1°T3
— 2711915 — 368T9TS — 85015 + 1085130 + 4505 + 121'}° + 361515
+ 28T — 12T — 241315 — 8I),
76(I'1, Ta) = 85 (7TT5° + ((23/2)T'] + (47/4)IF — 4)I3° + ((57/8)I' — 22I'1 — 9T'})T'S
+ (—(23/8)I% — (159/4)T¢ + (1/2)I')TS + (—12I% + (27/2)T6)T;
+ (07 + (19/2)THT3 + (3/2)17°),
77([y,To) = TH(T}° + (615 + 4305 — 4) I + (—6I'3 — 10315 + 13305 — 8T3) I'}
+ (2470 — 144T5 + 6319) I'f + (410, — 82I'5 + 8I'9) I';

+ 40Ty — 54Ty + 4I'),
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73([1, Ty) = 1505752 + (717 — 461150 + 6(—8TY — 717 + 2I'))I's — 2T ('] — 3712 — 8)T'S
+ 58(T'F — (4/29))I9T5 + 4(T'® — 40T — 472,

79([1,Ty) = T8(150TS — 9I'5% — 24T°ST3 — 1160315 + 361715 + 80T5° + 4 + 401¢T;
+ 48T — 40T3TS — 52T°%),

710(T'1, T2) = 2(2T5 + (—(3/2)IF — 3)I'3 + 2I315 + ') L5 (0T +13)

711(I'y, Ta) = TIT5(I0 + I 4 417 — 417). (194)

In the same solution, Ay(I';,I'y) is a rational function of the A;(I';,I'y) > 0 just introduced

(i.e., the greatest A;(I'y,I'2) solving (194)),

nAZ(Al (PIJ PQ)J Pl; FQ)

Ay (I, T5) =
2(I'1, T2) dpa(Ay (D1, T), T, Ty)

> 0,

where:

naa(A1(Ty,Ty), T, To) = =Tk (T, To) Ay (T, Ty) (8/{2(F1, o)A (T, F2)7 + 8k3(I'y, I'9)
A1(T1,T9)® = 2k4(Ty, To) Ay (T4, T2)® — 4ki5(Ty, Do) Ay (T, To)?
+ 4k6(T1, To) A1 (1, T2)? + k7(T1, To)Ag (T, T)?
+ 2kg(T'1, T2) A1 (T, Ta) — ko(T'y, Fg)),

daa(A1(T1,Ty), T1, ) = 32k10(T1, To) Ay (T, T)® — 8k11 (T, To) A1 (T, F2)7 — 8k12(I'1, Tg)
A1(T1,T9)® = 2k13(01, o)Ay (T4, T2)° + 2k14(T1, T2) Ay (T, To)?
+ 4H15(F1, FQ)AI(Fly FQ)S - lilﬁ(rl, Fz)/\l(rl, F2)2
- 2H17(F17 F2)A1(F1, FQ) - 2ff18(F1, Fz),

with:

k1([y) = T3,

ko(D1,To) = (I] + 407 +40%)(T + T3)°,

=

(

(

3(Iy, D) = T (T2 +13)%(30iT5 + 2"} + 201315 + 18T3),

kg(D1, Ty) = 8(IF + T2)I2(T8 + (—13/8T5 — 32 + 4)I'] + (—43/2T5 + 8I'2)I2
— (35I%) /2 + 4T'3),

k5(Dy,Ta) = 9(— 815 + (—(2/9)I'f — 117 + (56/9)) I'S + (—2I'1 + (40/3)I'F) I'3
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+ (9 + 8T'7) T3 + (8/9)T9)TY,
ko(L1, o) = 2(T5 + (= (7/2)03 — 1175 + 4)T1 + ((21/2)T9 — 515 + 83T + ((39/2)T'%
— 39T + 4T5)T'7),
k7 (T1,Tg) = (12T + 16)T) + (=705 — 10815 + 96T3)T'] + (3315 — 19615 + 80I'5)T + 4T5T5,
ks(T'1, Tg) = T9T5 — 23065 + 2T 5 + 16I9T5 + 32T,
Ko(I'1,I'g) = F%F? ((F% - 16)F? - F%) )
(1, Ty) = (T7 +13)°,
k11 (Ty, Tg) = I T3(I — 2002 — 201°2) (12 4-T2)%,
( ) = (IS + (45 + T2 + 8)I'} + (—441'5 + 16I'3)12 — 4415 + 8I'5)(I'? + I'5)%12,
( ) = [ST5(0T + 3) (26015 + 1210 + 121713 — 21217315 — 21219 + 1281
+ 2560713 + 12817),
k1a(T1, Do) = 8T ((145/8)05° + (—(7/4)T7 + (137/8)1F — (53/2)) I3 + (— (27/8)I'y

— 5315 +2)T5 + ( — (19/8)I' — (51/2)I'1 + 6I'3) '3 + (2 + 6I'}) I'
+If +217%),
k15(T1, Tg) = 2615150 4 (—8I'7 — 88 + (— 1119 — 88I7 + 24T°)TS + 1211 (T2 + 4)I

+12I'9(I'? + 2)F§,
k16(01, Tg) = TE(2703TS — 15050 — 541115 + 15005 + 89 + 85 — 1041515 — 10415),
k17(T1, o) = [IT5(—1103T5 + 1508 + 8T — 24T3),

ris(I'y, Tp) = TIT5(I + 41 — 417). (195)

Note that the greatest A;(I'1,I'y) solving (194), as the root of a degree-10 polynomial, is
unsurprisingly not representable explicitly, i.e., in closed-form. Moreover, the reason why
we pick the greatest A;(I'1,T'5) is that the greatest root is the only root for which the
corresponding Ay (I'1, T'9) is also positive. To prove uniqueness in a rigorous way (e.g., as we
did for the other two models) is difficult, but just testing numerically over a grid shows that

the solution exists everywhere and is unique.

Our methodology consists of six steps. First, we numerically solve (194) in A;(I'y,T's)
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for I'y and I'; ranging from almost zero to five with a solver which reliably searches for all
solutions, including complex solutions. Second, we do a floating-point normalization and
call a sequence which replaces complex numerics with their corresponding real parts and
non-real objects with their corresponding imaginary parts. Third, we filter out the complex
and negative solutions so that only real and positive solutions survive. Fourth, we make a
function that returns the numeric value of the greatest solution among all the positive ones
and change the "root of" implicit form just to such numeric value (similar to if we had solved
without backsubstitution). Fifth, we use the numeric value of the greatest A;(I';,T's) to find
the corresponding Ay(I'y,T'g). Finally, we implement a procedure to count positive pairs
(A1, Ag) for given I'y and Ty, i.e., we check all ten A;(I'y,'y) values with their corresponding
A5(T1,T'9) values for cases when both are positive. We find no cases of two or more valid
solutions, thus proving that the only positive pair (A;, Ay) is the one where A;(I';,T'9) is the
greatest root of the polynomial (194). We plot the positive pair (A1, Ay) in Fig. 21a and
Fig. 21b.

All in all, given (188) and assuming 0 < v < oo, the parameters in equilibrium (180) for

markets 1 and 2 are,

AT, T9)0ue
F20'5

i = Vi € {1,2},
o5 (20 ToA (T, T2) +T3)
40, (T3 4 T3) Ay, T) + Z02) A (T4, ) + A, (T, T) B2
F§U§(2A]‘ (Fl, FQ) + Fl)
AT 0, (02 4 THATL T) + P02) A (0, T) + ATy, T) 252

if {Z>]} = {17 2}7

if {ZJ} = {27 1},

. —(2(T2 + T2)A;(Ty, Ty) + DiT2)A, (T, T)
P (T2 + 4T2)A; (T, Ty) + 204 T2) Ay(T'y, Do) + 24, (T, To) 412

Vi, g} € {{1,2},{2,1}},

. —Aj(Dy, o) T2
77 (402 + 4T2)A; (T, Ty) + 204 12) Ay(T'y, Ty) + 2A;(Ty, [y) T4 12

vi{i, gy € ({12}, {2,1}}, (196)

*
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and the quotes in equilibrium (180) for markets 1 and 2 can be rearranged as,

v{i,j} € {{1,2},{2,1}},
with:

Ai(Fl,Fg)F1(2AJ~(F1,F2)F1+F%) . .
(AT + 4T2)A,; (T, T DA , 5, if{i g ={1,2}
1 3)A; (T, o) 4+ 24 T5)Ay(Ty, Te) + 2A; (T, Iy) 4175

S; —
Ai(Ty, T2)T3(2A5(1, Ty) + Ty) if i} = {2, 1}
(412 1 AT2)A, (T, Ty) + 20, T2) A (D1, Tg) + 24, (Iy, Do), 02 B !

J Ai(T'y,To) (((F% +THA;(T1,To) + Flﬁ) Ni(T'y, T2) + Ay(T, FQ)Fll—%) ool

i = 2 2

2 (((F% +T3)A; (T, ) + FIQFQ) Ai(T1,Tg) 4+ Ay(T, F2)F12F2> osls
v{i,j} € {{1,2},{2,1}}

d* — _AZ'<F1, FQ)F%O},QFQAj(Fb FQ)

j

2 2 )
4 (03 +THA;T1, Do) + 252) Ai(Dy, To) + Ay (T, T2) 752 ) 05

2

vi{i, gy € {{1,2},{2,1}}. (197)

We use the notation with ¢ and j to emphasize symmetries. For example, note how in (196)
Ao is A1 with Ay (I'y, T's) replaced by Ay(I'y, I'y). Similarly, if we were to interchange Ay (I'y, I'y)
and Ay(I'y,T'2) in oy we would obtain exactly ap. The same symmetry holds for aj, as well
as for d; and d} in ¢; (197). However, the symmetry breaks for 3; in (196) and for s; in (197).
That is, even if we were to replace A;(T'1,T'y) with Ay(T'y,Ty) and vice versa in 1, we would
still not obtain 5. The same holds for s;. However, the symmetry is recovered for g; and s;

if Fl = F27 i.e., if Oyl = 09.
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E.3 Sensitivity Analysis

We can synthetically represent the derivatives of A;(I'y, ') in terms of the A;(T'y, I'y) function
itself. The first order derivative of A;(I'y,'y) with respect to I'y is,

OM (T, ) _ ngxll)(Al(Fl,Fz),Fl,Fz)
arl d((aI;\ll) (Al (F17 F2)7 Fl: FZ) 7

where:
nG (AL (Ty,Ty), Ty, To) = —8e1(T'y, Ty) Ay (T'y, Ty) ™0 — dey (T, Tp) Ay (T, Ts)? + 4e5(T'y, T)
Ay(Ty,T9)® + ey (T, Ty) Ay (T, Ty)" — des(Ty, Tg) Ay (T, Ty)®
—2e6(I'1, To) AL (D, T9)® — 4e7(T'y, To) Ay (T, To)* — 2e5(T1, T'y)
A (T, T9)? 4+ &9(T1, To)A1(T1, T9)? + 2e10(Ty, To) A1 (T4, T'y)
+en (I, Ty),
d ) (Ay(Dy,Ty), Ty, Ty) = 402 15(Ty, Ta) Ay (T, Ts)? + 36e15(Ty, To) Ay (T, To)® — 16214(Ty, Ty)
Ai(T1,T9)" — 28e15(I'y, To) Ay (D, T2)® + 12e16(T1, To) A1 (T, I'y)?
+ 10e17(Ty, To) Ay (T, To)* + 8e18(Ty, To) Ay (T, Tg)? + 6e19(I'y, Ty)
Al(Fh Fz)z - 520(F17 F2)/\1(F1, Pz) - 2521(F17 F2)7
with:
e1(T1, ) = T (708 + 30iT3 + 121°] + 140375 + 2I5) (T2 + 1'3)?,
£9(T1,T) = T3(I'2 4+ T2)%(6505T2 + 35T9T3 + 2616 + 190IT2 + 20612 + 42I'9),
e3([1, Ty) = (—126I5T5 — 84T9T5 + 350'1% — 77055 — 61305Ty — 675015 — 174515 + 72I°%
+ 168ST3 4 1040 T3 — 8TITS — 16T°5)1 (T2 + I'3),
e4(T1,Ty) = (130T + 78)['}2 + (—12105 — 7703 + 572T3)}° + (—99T5 — 10801 + 1062T5)
[f + (125305 + 644T5)T¢ + (—3800'%° — 1005)T] — 961315 — 10052,
e5(T'1,Tg) = 21T + (19215 — 28815 + 72)I'1! + (5015 + 21005 — 135507 + 180T3)TY
+ (92815 — 147205 + 11205)T] + (47403° — 25515 — 3615)T5 + (216150 — 4813)
I3 + (4505 — 83O,

g6(I'1,Ty) = (10413 + 156)I'}? + (—253T5 — 105615 + 836I'3)I'° + (51305 — 2862I'S 4 972I'5)
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[F + (64475 — 123215 + 28T5)I'S + (4700%° — 360T3)I"} + (1680'5% — 96T5°)I'%,
e7(T'1,Tg) = 01?4 (36T + 25815 — 24)T'1' + (—30T5 — 5150 + 66505 — 4005)I) + (96T3°

— 57615 + 25209)T] + (123037 — 246T5 + 24T5)T5 + (80T'5* — 108Ty° + 835,
eg(T1, Tg) = T7(—22T5T — 432115 + 49T3T3° + 75032 + 521513 + 6381T; + 6661115

— 204138 — 230T3° — 521 — 1761°ST3 — 72015 + 1120375 + 60I3),
g9(T'1, Ty) = —27T5T5% + 24005150 + (751 + 1447 — 1561°5)5 — 5800 ('3 + %)Pg — 144

oI — §>rg + 2400'}'T3 + 28172,

+ 8T — 8TIIS — 4T'%),
e15(I'1,Ty) = —1101'TS — 111975 + 1001°T5 — 70175 — 1200915 — 1790715 — 7615050 + 6172
+ 5201113 + 1181915 + 92115 — 2515 — 3215130 — 101, 152,
e16(I'1, I'y) = T'F (100575 — 320'1°T3 + 421579 + 232115 + 15809T5° + 31y — 481'1°T'; — 271
D05 — 3680STS — 85IT5 + 1083T,° + 450%% + 121" + 36011 + 28T5T,
— 121115 — 24I7T5 — 81%°),
e17(T1, o) = 8(703% + ((23/2)T] + (47/4)T7 — 4)I3° + ((57/8)T'§ — 22T} — 975
+ (= (23/8)If — (159/4)T¢ + (1/2)I)TS + ( — 121'F + (27/2)05)T5 + (T'}°
+ (19/2)T9)T3 + (3/2)T)T%,
e18(T'y,Tg) = T1° + (6T + 4305 — 4)I'Y + (=605 — 10305 + 13315 — 8I'5)T0 + (2413
— 144T5 + 63T5)0'] + (4175 — 8215 + 8TS)T5 + 40Ty — 54050 + 43T,
19(T'1,Ty) = 1505T5% + (TT] — 4605)T5° + 6(—8I'] — 707 + 255 — 2T (T} — 370% — 8)T'§
+ 58T ('] — i)F;* +4(0}? —40{Hs — 4T3,

29
£90(T'1, Tp) = TO(150TS — 9Ty — 2485 — 116111 + 361575 + 800" + 4T + 401513
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+ 481115 — 40T — 52I%),
eo1(T'y,Ta) = 2] (2I'§ + (= (3/2)I'] — 3)I'y + 21115 + I'}) (I'; + ['3)I5. (198)
The first order derivative of A;(I'1,'s) with respect to I's is,

oM (T, Ts) nyny (A1(T1, T2), Ty, Ty)
oT d 2 (A (1, T5), Ty, Ty)

where:
nG 2 (A (L1, Ty), Ty, To) = —Ty(1601 (I, To) A (T, T) ' 4 805(T'y, Ta) Ay (T'y, Ty)? + 4os (T, Ty)
A1 (T, T9)® — 80y ("1, T2) Ay (I, T9)™ — 805 (I'y, T'y) Ay (I'y, T'y)®
+ 406(T'1, T2) A1 (T1, T2)° + 407(T', To) Ay (D, To)* + 4og(T'y, T'y)
A1 (T, T9)? 4 209(T1, T) A1 (T, T2)? — 4010(Ty, To) Ay (T, Ty)
- 011(F1, F2))7
dyy) (M (D1, T2), Ty, T) = dy, ) (A1(Ty, Tp), Ty, ),
with:
01([1,Ty) = (2T} + 507 + 505) 5 (TF + '3)°?,
03(T1,Tg) = (5% + 2015 + 2211 + 921515 + 7005) (T + I'3)?,
03(T'1,T2) = 42((T'5 + 1/6)T'1° + (205 + (269/42)T'3 — 8/7)T'} + ((697/42)I'y — (44/21)T3)T'§
+((145/14)T5 — (4/21)05)0 + (4/3)03T5 + (4/7)05) (T7 + T'3),
04(I'1,Ty) = 10T} + (—33T3 — 1413 + 52)I'1! + (—441'§ — 3601 + 23615)TY + (—716TS
+ 2760517 + (—380T5 — 8T — 160515 — 600, T3,
05(I'1,Ty) = (32 + 24)['1* + (—200'5 — 63T + 27115 — 18)T'}° + (—464L5 + 552I'; — 281'3)
%+ (—3950'5 4 17075 + 18T5)I'S + (—270T3 + 48T} + (—135T5° + 20I3)I2,
06(I'1,I'y) = T3 ((— 690515 + 2281919 + 4601115 4 8I'}° — 1921715 — 954155 — 70415
+ 470075 + 336T°5° + 76I°% 4 21615T5 + 121113 — 28875 — 160I°3),
07(T'1,T3) = 120 (2003° 4 (10T} + (205/12)0'F — 45/2)T5 + (— 2I' — 4811 — (82/3)I'}

+4/3)T5 + (= (103/4)I'§ + (63/4)I'1 + 2I'3) ' + (I'§ + (133/6)I9)T'3
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+(43/12)T5 — (2/3)19),

0s(T'1,T'g) = 4T} ((45/2)13° + ((35/4)T] — 115/2)T5 + (— 4817 — 42I'5 + 12)I'5 — (3/2)T'}
(T — 3715 — 8)['5 + (20I'F — 4T'1)I'5 4 I'§ — 4I'7),

09(['1,Ty) = 27T6T3° — 200065 + (—300'}° — 72I'% + 104T)TS + 174703 + 10/29)T5
+24T71°(TF — 2)I'5 — 20T}2,

010(T'1,Ty) =T (=915 + 4TTTS + 2005 + 2I'f + 120415 — 61715 — 241%)

011 (T, Ty) = 50T + 4(T'}" — 4035 + 8I'}2Is. (199)

The derivatives for Ay(I'1,T'y) are more complicated because the latter is also a function of
A1 (T, T9), that is; Ag(Aq(T'y,T9), 1, Ty) (195). As such, we apply the chain rule to derive
the total derivatives. The total derivative of Ay(Ay(T'y, '), 'y, I'y) with respect to Iy is,

dAZ(A1<P17P2)7P17F2) _ (8A2<A1(F17F2>7F17F2)) (aAl(F17F2>> + 8A2<A1(F17F2>7F17F2)
dr DM (T, T3) or, ar,

(200)

where OA; /0Ty is (198). The total derivative of Ag(A;(I'y,T2), 'y, T's) with respect to I'y is,

dAQ(AI(FhFQ)aFlaFQ) _ <3A2(A1(F17F2)7F17F2)> (aAl(F17F2)> + aAQ(Al(F17F2)7F17F2)
dFQ 8/\1 (F17 Fg) 8F2 3F2
(201)

where OA; /0Ty is (199). Note that the two total derivatives share the same 0Ay/0A;, which
we write as,
ONo(A1(T',T9), Ty, T9) _ —T1k1(I'y, Ty)
a/xl (F17 F2) dA2 (Al (Fla F2)7 Fla FZ)
(28A1<F1, F2)6K2<F1, FQ) + 24A1 (Fl, F2)5KJ3(F1, Fg) — 5A1(F1, F2)4

(nho (A1 (D1, Ts), Ty, o) + 244 (I, Ty)

re(T'1,T9) — 8A (T, F2)3/€5(F17 [y) + 6A (T, F2)2/€6(F1, I'y)

+ A (T, Do) kr (1, o) + rs(Ty, Fz)))
Flf‘él(rl, F2)/\1(F1> Fz)
dao(Ar (T, T2), T, T9)?

(nao(A1(T'1,T2), Ty, T'a) (256A, (I, T'o)"
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/‘610(F1> Fz) - 56A1(F1, F2)6/‘€11(Fl, FZ) - 48A1(F1> F2)5512(F1, F2)
— 10A, (T, F2)4H13(F1, [y) + 8A (T, F2)3H14(F17 o) + 12A4 (T, F2)2

ki5(T1,T2) — 2A4 (T, To)ka6(T1, T'2) — 2k17(Ty, Fz)))- (202)

The only term left in (200) is dAy /0Ty, which we write as,

0Ny (A1(I4,T9), T4, T9) —Ay (I, T9) (
- T, To)nt, (Ay(Ty.T). Ty, T
ar, dna(Ar(Ty, ), Ty, Ty VT T2 (T, To), T T
Or1(T1,Ts) .
+ F1$HM(A1(F1> [9), I, T9) + Tk (I, T9) <8A1(F1, Iy)”
1
8%2(1—‘1, FQ) 68’%3(1—‘17 Fg) 58/{,4(F1, Fg)
arl + 8A1(F1, FQ) 8F1 2A4 (Fl, FQ) arl
Oks(I'1, T Ore(T4, T
— 4A(Iy, F2)4M + 4A, (T, F2)3M + Ay (T, F2)2
8F1 arl
8/4;7(I‘1,I’2) afﬂs(rlarz) 3/€9(F1,F2)>)
“or, MR or,

Fl’fl(rla F2)A1(F17 Fz)
dp2(A1(T'1,Tg), I, Tg)?
8%10@1, F2)

(nRQ(Al(Pla Iy),I'1,T) <32A1(F1, F2)8

78/4611(F1>F2) 68/€12(F1,F2)

or, STy =g = 8 (I, 1) =7
— 2A(I'y, 1“2)5%1{’5) 20 (Ty, Fgf%ﬁ,m
+4A1(r1,r2)3%;;?2> _ Al(rl,m)?%ﬂ”
oI, FQ)amé?l Ta) Qamgggi, Ty) ) ) 203

The only term left in (201) is dAy /0Ty, which we write as,

O (A1 (T, T2), I, T) — Ay (T, Ty) ( 01 (T1,T)
- (A (T, Tg), Ty, T
o2 dpo(Ay(T1,T5), T, o) U1 0T, nao(A1(I',T2), T, To)
Oro(I'y, T Or(T1.T
+Flm(Fl,FQ)(ézAl(rl,rz)?M+8A1(F17F2)6 ra(Ly, T)
3F1 81—‘1
Ory(I', T Or=(T1.T
oy, 2Ty pa@Rs L) gy g
3F1 8F1
Oke(T'1,T) o Ok7(T1, Ty) Ors(T1, Ta)
arl + A1 (Fla FQ) 8F1 + 2A1(F1, F2> arl

B 3”9(F1,F2)>> F1/€1(F1,F2)A1(F1,F2)

(A (T, T9), T4, T
ol daa(A (I, Ty), Ty, Tg)? <nA2( 1(Fy, T2), Iy, Tg)
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(32A1(F1, sz‘%ﬂ’m A (T, FZY%F?FZ))

— 8A (T, Fz)‘}%ﬁ’m — 2A, (I, rﬁ%{m

+ 20, (T, Fz)‘*%ﬁ’m +4A (T, r2)3%rl;r2)

= M (I, sz%rll’m —2A,(Ty, m%ﬂ’m
-2 (204)

In (202), (203), and (204) the terms dpa(A1(T'1, ), ', y) and k;(T'1,T9), @ € {1...18} are
defined exactly as in Ag(A;(T'q,T2),T1,T2) (195). The term nj,(A1(T'1,T'2),T'1, ) is equal
to na2(A1(T'1,T2), T, Ty) in (195) but divided by —I'1xq(I'y, Ta)Aq (T, Ty).

We determine the signs of the four convoluted derivatives (198), (199), (200), and (201)
by numerical differentiation, i.e., by computing a numerical approximation for the derivatives

evaluated for I'y and I's ranging from 0 to 5,

(9A1(F1, FQ) 8/\1 (Fl, FQ)

—= >0 —= <0 205

dA2(A1(F17F2)7F17F2) < O dAQ(A1<F17F2)7F17F2)
dr’y ’ dl'y

> 0. (206)

We plot (205) in Fig. 22a and Fig. 22b, respectively, and (206) in Fig. 23a and Fig. 23b.
From now onwards, we redefine dAy(-)/dI’; (200) and dAy(-)/dly (201) as, respectively,
ONy(+)/0T'; and OAs(+)/0Ty. We do this so that we can use a more flexible indexed notation
with ¢ and j. However, whenever we call the derivatives of As(-) we always mean their total

derivatives rather than their actual partial derivatives.

As we know the signs of A;(I'1,'s), Ay(I'y,I's) and their derivatives, we can now infer the
signs of the partial derivatives of the equilibrium parameters (196) for markets 1 and 2 with
respect to 7, 0,1, 0,0 and o5. We apply the chain rule and derive the partial derivatives but
we keep them in implicit form, to facilitate their interpretation. We implement an efficient
method for the evaluation of derivatives of these original (dimensioned) variables. To infer

their signs, the idea is to plot (numerically evaluate) the scaled dimensionless versions of

58



these vs. I'; and I's, keeping all calculations in terms of dimensionless variables as much as
possible. We create a procedure that takes I'y and I'y and produces the scaled derivative
in four steps. First, we evaluate A;(I';,I'2) numerically only once, extracting the most
positive root. Second, we use this to evaluate Ay(I'y, I's) numerically only once. Third, after
substituting the pieces we will do numerically with functions, we evaluate the derivative
through numeric differentiation. Last, we we combine the previous three steps to obtain
the required derivative. According to our plots (not reported), the signs of all these partial
derivatives are consistent with our economic intuitions about the strategic behaviour of a risk-
averse speculator trading in a triangle where o,; # 0,5. We report our economic intuitions
in Section 6, where we only discuss those that are unique to this model extension and not
already encountered in the baseline model. In the following we only report the analytical

expressions and their signs.

When the volatility of asset 1’s payoff is different from the volatility of asset 2’s payoft,

the strategic behaviour of the speculator depends as follows on her increasing ~,

—_— ']:

oy Oy

1 )
(47(/\1‘@1: Fo) A (Fy, To)I'T 4+ T3(A:(T', Ta) + Ay (1, o)) /2 + Ai(T'y, To) Ay (I, T2)13)2

oA,(Ty, T ON;(Ty,T oN,(Ty, T
rlrg(riAj(rl, rﬁ# + P%((rg/z) (—Ai(Fl, rg)% + A;(Ty, 5)#)

2 ON; (T, T9)

+ ToA; (T, Ty) — Ay(Ty, D) A4(Ty, FQ)Q)

ol
ON;(T,, T ON(T,,T ON(T,,T
— (T21,/2) (Pz (Ai(l“l, rg)% — A,(Ty, n)#) — 2A,(Iy, FQ)Q#)
ON;(T;, T o
o (PO, A ) ) S0 Viigde (2h 2y o
ON; _ 2 2 <8Ai(F1,F2) aAz‘(P1,F2) ) .
5 (T'1/~%02) 3 I, + o Iy) <0, Vie{1,2}. (208)
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o _
Oy
-(5 = )
2 (((T'1/2)(Ai(T1, Ta) + Aj(T1, To)) + Aj(T1, Do) (D1, To)) T2 + T2A (T, To) Ay (I, T2))?
(_ ((8/\ (T1,T) aAz(rl,r2)> r, A, (T, Ts) aAi(rl,rg)>
2 8F2 8F2 2 8F2 8F2
T4 /T2 (OA(T1,Ty)  OA(T, rg)) ( DAy (T1,T) A, (T PQ))
LD (T (0 (T il | ill's, | L
5 <2 ( o " ar, ) T = AT Te) —
ON;(I'y,T)
ol

+ A (T, T9) + A;(T',Ty)

— Aj(Ty, D) Ay (T, Pg)) + 1A (T, Ty) (Ty + A;(T1,To))Ts + [3T5A; (T, Ty)

OA;(T1,Ts) OA;(I'y, Ty) OA;(I';, Ty)
(#rl AT, TY) (T £1/2) )+ TI0A(T, i)
A (I, T
a2 g gy ey (209
1

9B _
vy
~1

- (4F1((F1F%/2)(A1(F1, FQ) + A] (Fl, FQ)) + FgA]<F1, FQ)Ai(Fl, FQ) —+ F%AJ (Fl, FQ)AZ'(Fl, F2))2
AN (T, Ts) aAi(rl,rg)) ( (8A~(F1,F2)
212 74 ) J ) 3 2 J
r3(rt (s, e P ) P ) (g (R
OA;(T1,T,) ON;(Ty,Ts) OA;(T1,T,)
+ #) + Ty (Ai(Fl, 13)%#122 + A;(Ty, m#) + 20Ty, Ty)?

MET) o) (40 D
ON;(T'1, Ty) ON;(T'1,T'y)
oI’y o'y
OA;(T'1,T9)
o'y

OA;(Tq,Ty)

+ 4F2Aj (Fl, Fg) ar
2

+ 4Aj(rl7 F2)2 > +2A,(Iy, Fg)F%Fl (F2

+ 1/2)) + 205 A (T, Pﬁ%), if {i,7} ={2,1}.
2

(210)

+ Aj(Fl,F2)<
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Their signs vary as,

B, | >0 if Iy <pi(Ih) OBy | >0 if Iy > po(I'y)

) Y

Oy <0 otherwise oy <0 otherwise

with:

We can plot p;(I'y)’s fitting points and the approximation form, and p9(I'y) fitting points

and the approximation form . We fit the points by solving a linear least squares problem.

When the volatility of asset 1’s payoff is different from the volatility of asset 2’s payoff,

the strategic behaviour of the speculator changes as follows as o,; increases,

80@ - oo’

J
80',/7; aO'm'

(4(/\2@; CH)TPAL(D, Ty) + THAL(T3, Ty) + Ao(Ty, Ty))T3/2 + T2A (T, T5) Ao(Ty, T5) )2

OA(T:,T,) OA(T;,T;) OMo(T;,T)
vosT; (F?A2(Fz‘a Pj)Qa—Fi] +T7 <(F32'/2) <A2(Fi, Fj)a—Fij — Ay (T, Fj)a—Fi]
N (T, T
+ Ay (T3, T5) Ao(T, Fﬁ) + TS A(T, Pﬁ% — DA, T5) Ao (T, Fj)g) <0,
v{i,j} € {{1.2},{2,1}}. (212)

8aj . 804’.‘

i
80'1,1' 80'1,1'

-1 )
(4(1\2@, T)TZAL(Ty, T;) + T2(A (Ts, 1) + Ao(Ty, T5))Ta/2 + T2A4 (T, T) Ao (T, T5))?

OAs(I;, I)) Oha(T;,T)) OM(T,,T))
wF?(F?Al(F@-, Fj)QZa—FiJ +1I? ((F§/2) <A1(Fi, n)% — Ao(T, rj)Tiﬂ)
ONo (T, T
V{i g} € {12}, {2, 1}}. (213)
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o = U—d(ria—rif + Al(ri,rj)) >0, V{i,j}e {{1,2},{2,1}}. (214)
O\ 1 ONy (T3, T)) N
aa,i- —0_—6(n or. : +A2(Fi,Fj)) <0, V{i,j}e{{1,2},{2,1}}. (215)

9P
aaui

-1

<2 (T2((T3/2) A1 (T, Tj) + Ao (T, T) (As (

i T) +T15/2)) + Ao (T, T)T2A4 (T, Fj))2

)

3 1 79 2 79 i 1 i
0572(?‘7(< or; : ar; ! )E+A2(Fi’rj)<a—ﬂj+l/2) —i—Al(Fi,Fj)
0Aa(I's Tj) OA (I, T
(P2 +172) ) ot s (ot 1) (Pl - A )
OA(T:, T, T,
+F"(%ri +A1(Fi7ra‘>>> +F?A2(Fi,Fj)2(‘aA1(aFP—f Ly, +A1(Pi,rj))> <0,

v{i,jt € {{1,2},{2,1}}.

9B _

aO'm'

(216)

—1

- (4P3(A2(r,-, [)02A4 (T3, T;) + D2(A (T, T;)
o 2T

ar,;
OA5(T;,T)
ar;
OA5(T;,T;)
ar,;

+ Ao (T3, Ty)

) + 20, (1, 1) 9T

(2

(Al(Fi,Fj)(l + Aol 1)

ar;

62

oA (T, 1)

+ Ao(T3, T5))T3/2 + T3AL (T, T5) Ao (T4, T5))?
(L Ty)

ar,; ) +IY (Gi/ 2)(8Alar,~

+ 2A, (T, T;) Ao (T, Fj)> + 1?2 (r§ (Al(l“i, r,)
+ 1/2) + Ao (T, Fj)/2) + 6A (T, Fj)2A2(Fi, Fj)) + 2FiF§A1(Fi, I';)

) + AQ(FZ-,FJ-)> + ZF?Al(Fi,Fj)ZAQ(Fi,Fj)) <0,

)



v{i,j} € ({12}, {2, 1}}. (217)

Finally, when the volatility of asset 1’s payoff is different from the volatility of asset 2’s

payoff, the strategic behaviour of the speculator responds as follows as o increases,

8041- o oo’

J

80'5 - 605

1 )
(4U§<AZ’<F1, FQ)F%Aj(Fl, Fg) + Fg(AZ(Fl, FQ) + Aj(Fl, Pg))rl/Q + F%AZ(Fl, Fg)Aj (Fl, FQ))Q
5 ON; (T, ) ON;(T1,T9)

DA (T, T
rar, <F?Aj(F17 I's) or, +1] ((FS/Q) <Aj(rlv I'2) or, — AT, Fz)%ﬂ)
LON(T1,Ty) oA (I, 1)

+ ToA;(Ty, Ty) —ar Ai(rl,rz)Aj(rl,rﬁ) — (T3r'1/2) (Pz (Ai(Fl, ) T
2 2

OA:(T'1,Ty) OA:(T'1,Ty) OA:(T'1,Ty)
— Aj(Ty, m#) — 2A,(Ty, F2)2a—r112> +T2A,(Ty, Ty)? <8—F122r2
SALT))) S0 V) € ({12 (2.1 (218)

(o (00T 00T

_ —AiF,F> S ovie{1,2}. (21
T o3y or, T (I, T2) ) <0, Vie{l,2}. (219)

9B

80’5 B

(8(F§((Fi/2)(A1(FZ-, L) + Mao(L3, 1) 4 Ao (T, ) Ay (T3, T)I5 + Aa(, )7 AL (I, T5))?
OMs(T,,T) E)Al(Fi,F»)) OMs(T,,T) 8A1(Fi,F-)>
5(r. j J o2t y) gt ty)
m(rj (F( o ) M (D) T 4 2y T
oA (T, T) 8A2(FZ~,F»)) ( ( oA (T, T,) )

4 2 J J . . . J/ . .
+Fj<FZ.( T, + T, + 1| Ao (1, T5)1 2 oT, 1)+ A (T, Ty)
OAL (T, T)

or,

(2% _ 1)) _ 4A2<ri,rj)A1(ri,rj)) AT AT, T)

%mgmmmmn+mmfm0*4%fﬁ

rjf(ri + Ao(T;, T5))

— Ay (T, rj)> + 40T Ao(Ty, T5)?
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8./\1 (an FJ)

' 8A1 (Fz, F])
ar; GV

+4F§A2(Fi,rj)2<n T —Al(ri,rj))) >0, W{i,7}e{{1,2},{2,1}}.

(220)

As mentioned, we discuss in Section 6 our economic intuitions for all these sensitivities.

F  Numerical Model Extensions

We provide numerical solutions for two more model extensions, i.e., one where the private
signal is noisy and one where noise traders enter the markets. We compare these numerical
extensions to a baseline model where the signal is perfect and there are no noise traders,
like in the original model we solved analytically. However, in contrast to the original model,
the baseline model in this section is solved numerically because we allow for both asset
correlation and asymmetric assets (and not just for either of the two at once). Moreover, we

allow the variances of 9; and d, to be different from each other, i.e., g51 # 050 # 053.

For both numerical model extensions, the covariance matrix (2) generalizes to allow for

asset correlation and asymmetric assets at the same time,

— 2 2
21 V1 0.1 POL10L2 Oy + POL10L2
- 2 2
Vo ~N ) ) POL10 2 (o) O+ POL10L2
— = 2 2 2 2
V1 + o U1+ Uy 001+ poOLs 0Ly + POLiTLe O + 0,y + 200,102

(221)

This section only includes the derivations and a description of our parameter calibrations.

We leave the sensitivity analysis for Section 6.

F.1 Noisy Signal Derivation

We embed noise in the signal,

(=ws+e, e~N(0,07). (222)
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Since € L 3 we write the variance of the signal as,

Var((] = o}, + 00y + 07 + 2p0,10,. (223)

This model extension is interesting because for o, # 0 the trade orders x1, x2, X3 become all

entangled. Accordingly, the equilibrium conjectures of Theorem 1 rewrite as,

X1 (C,01,02,03) = 51 (( — 71 — Ua) + 1161 + 202 + @363,
X2 (C,01,02,03) = B2 (( — U1 — Uy) + 9101 + o202 + ain3ds,

X3 (€, 01,02,03) = B3 (( — 71 — Ua) + 3101 + Q3202 + 3303,

@ (x1+01) =71+ A (x1+ 1),
¢ (X2 + 02) = Ta + A2 (x2 + 02),

g3 (X3 +03) =71 + Va2 + A3 (x3 + J3) - (224)

We re-write the mean-variance optimization problem (4) as,

Xﬁ?@{Xl (—A1x1 — A01 — 71) + x2 (—A2x2 — Aada — Ta) + X3 (—Asxs — A3d3 — Uy — Ta)

2
UV +/)Uu10u2 — —
2 21 2 C—m _’/2))
0,1 +0V2+Ue +2,00'V10',,2

+ (x1 + x3) (71 +

R e )

R

L e

— 5 (x1 +x3) (x2 + X3) (paylm - (0301,; f?g;fzyéa%;; - 221:”2)) } (225)

The first order conditions (8) become,

(031 + palllUVZ) (0—32 + pUV10V2)>

M (=2 —5 — ( v1Op2 —
1(=2x1 — 1) =7 (x2 + x3) | pOv10L2 O+ 00y + 02+ 200,10,
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(021 + p01015)° >

— + -
v (X1 + x3) (Uul 031 4 032 + 02+ 2p0,10,9

2
U,/l + POv10,2
2 2 2
01 + ) + O¢ + QPUVIUVQ

(C =71 —Ty) =0,

(031 + pau10u2> (0'32 + ,OO'V10'V2)>
00+ 0%+ 02+ 2p0,10,:

(02 + P0u10u2)2 )

A2 (=2x2 — d2) — v (xa + x3) (PUulUuz —

_ —+ 0'2 -
/7 (XQ X3) ( v2 0.1%1 + 0-32 + 0'62 + ZPO-VIO-VQ

2
0'1/2 + POL10L2
2 2 2
O+ 059+ 02+ 2p0,10,

(C_Dl_ﬁQ):Oa

(021 + po10,2) (009 + ,001/101/2))
oo+ Oy + 02 + 200,10
(031 + pUVIUVQ) (0-32 + ,00'1,10'1,2)>
ooy + 00y + 02+ 200,10,
(‘732 + PUulUu2)2
oo+ on + ol + QPUIAUVQ)

9 2
) - (02, + p0,10,2)
v (x1+ x3) (%1 02, + 02y + 02+ 2pay1<7,,2>

A3 (—2x3 —63) — v (x2 + x3) (PUulauz —

— v (x1+ x3) (p0u10u2 —

— v (x2 + x3) (032 —

0-32 + POL10L,2
oo+ 00y + 02 + 200,10,
02 + poL10y2
02 + 02y + 02+ 2p0,10.9

(—7v1—Da)

(=71 —73) =0. (226)

The trading and offsetting intensity parameters (9) for the new equilibrium strategies in

(224) become twelve,

b= (((7@2 —1)opy — 2X3)001 — QP)\QUVQ))\3UV1) <(7(p + 1)(02 (A1 + Ao+ As)y +2(\
+ X)) (p — 1)a2y — 2Xa (02 (A1 4+ A3)y + 201 03)) 02, — 4pAidao,1 (702 4+ 2)03) 0,0
—2M1((02(A2 4+ A3)7 + 2X0)3) 00, + 2)\2)\303)) _1,
ap = — <A1((7(p —1)(p+ 1) (70?7 + 2X3)00, — 207 (A2 + As)y — 4hads)ony — 4praoia(v0?!
4+ 2X3) 0,0 — 2Xa (02 + 2X3)02%, + 2A3a§))) ((27(p + 1)(02( M + Az + A3)y +2(\
+ M) A3)(p — 1)a2, — AN (02 (Mg + A3)y + 2X003)) 02 — 8p A1 A1 (Y02 + 2)3) 0,0
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-1
— 4)\2<<O'?()\1 + )\3)7 + 2)\1)\3)0’31 + 2)\1)\30’3)) s

app = — (/\2’7(0u2(P —1)(p+1)(y0? + 2X3)001 + 2/))\3062)01/201/1) ((27(0 + 1)(02(A1 + Ao
+ A3)7 + 2(A1 4+ A2)A3) (0 — 1)o2y — AAa(02 (A1 + A3)y + 2\ A3) 00, — 8pAi a0 (Y07,

-1
+ 2)\3)0',/2 - 4((0’3()\2 + )\3)/7 + 2/\2)\3)0’32 + 2)\2/\30’3))\1) s

13 = <’}/<<’)/<,02 — 1)0’32 — 2)\2)0'1,1 — 2p>\20'l,2))\30'620'1,1) ((27(,0 + 1)(0’3()\1 -+ )\2 + )\3)’7 —+ 2()\1
+ A2)A3)(p — 1)a2, — 4 (2 (A + A3)y + 201 03))02; — 8pAiAac?, (702 + 2)3) 0,0

—1
— 4((052()‘2 + /\3)’7 + 2)\2)\3)0’32 + 2)\2)\30’3)/\1> ,

52 = (M7 = 102 — 2072 — 20000000 ) (10 + D200+ 2o + X003 + 200
—|— /\2)/\3)(,0 — 1)0’31 — 2/\1(Ue2(>\2 —|— )\3)’7 + 2/\2)\3))0’32 — 4p)\1/\20'l,1(’}/0'€2 —I— 2)\3)0'V2
1
— 2)\2((0‘62()\1 + )\3)’7 + 2)\1)\3)0‘31 + 2)\1)\30’3)) 5
Qg = — (7(%2(/) —1)(p+ 1)(v0? + 2X3)0,1 + 20/\303)>\10u20u1> ((QV(P + 1)(02 (M + As
+ A3)7 4 2(A1 + A2)As) (p — 1)opy — (07 (A1 + As)y + 2MA3)07) — 8pAiheo (V0!
-1
+2X3)0,0 — 4((02 (X2 + A3)y + 2X9)3) 02, + 2)\2)\303))\1> :
Qgg = — <)\2((7(P —)(p+ 1)(v0? +2X3)00, — 202 (A1 + Xs)y — 4\ As)ory — 4phioa(vo?
F20)0 — 2((707 + 20)0% + 250)00) ) (2300 + 0200+ do + As) 200
+ X)) (p — D)oy — AXa (02 (M + X3)y + 200 03)) 07y — 8p A1 A0, (707 + 203) 0,
—1
— 4((0’3()\2 + )\3)"}/ + 2)\2)\3)0'32 + 2)\2)\30'?))\1> s
oz = (V027 ~ 1% — 2A1)002 — 2pMaon)ous ) (2300 + D020 + o+ Xs) + 200

+22)A3)(p — Doy — 4N (02 (A2 + X3)y + 200X3)) 07, — 8pA1 A0, (707 4 2X3) 0,2
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—1
— 4)\2((0'62(/\1 + )\3)’)/ + 2)\1/\3)0’31 + 2)\1)\30’3)) ,

85 = (40 = 1o+ D0+ Aol ~ 200)0) — 4pMhaca0s — 20udaos ) (0 + 1) (02
()\1 + /\2 + >\3)’Y + 2()\1 + )\2))\3)(,0 - 1)0’52 — 2/\2(0'3()\1 + )\3)’}/ + 2)\1)\3))0’31

-1
— 4p/\1/\20'l,1(’}/0'€2 + 2)\3)0’,,2 — 2((0’3()\2 + )\3)’7 + 2/\2)\3)0’32 + 2/\2/\30’3))\1) s

31 = (7((7(/)2 —1)ogy — 2X2) 01 — 2P>\20u2)03>\10u1) ((27(/) + 1) (02(M + Ao+ A3)y +2(M
+ A2)A3)(p — 1)a2, — 4 (2 (AL + X3)y + 201 03))02; — 8pAi A1 (702 + 2)3) 0,0

—1
— 4((0'62()\2 + /\3)’7 + 2)\2)\3)0’32 + 2)\2)\3052)/\1) ,

gz = <>\27052((7(P2 —1)ogy — 2M\1)0us — 2P>\10u1)0u2) ((27(9 + 1) (02(M + Ao+ A3)y +2(M
+22)A3)(p — Doy — 4N (02(Aa + A3)y + 200X3)) 00, — 8pAi o0, (707 + 2X3) 000

1
— 4)‘2((052()‘1 + )\3)’7 + 2)\1)\3)0'12,1 + 2)\1)\3062)) s
Q33 = —<)\3((7(P —1)(p + 1)(y0? 4 2M1 + 2X2) 00y — 2Xa(707 + 2M1))00y — 8pA1A20,10,2
= 2((702 + 200)0% + 2000201 ) ( (2300 + D% (A1 +ha + A+ 2000+ Aa))

(p — 1)0’32 — 4)\2(03()\1 + )\3)")/ + 2)\1)\3))012,1 — 8p)\1)\20',/1(’}/0'62 + 2)\3)0’,/2

-1
— 4((0'62()\2 -+ )\3)’)/ —+ 2)\2)\3)0’32 -+ 2)\2)\30'62))\1) . (227)

We solve the corresponding market maker problem for the model with noisy signal and the

price impacts (11) are as follows,

Bi (031 + po,10,2)

)\1 — 3
B2 (02 + 02y + 0% + 2p0,10,) + (11 + 1)° 03 + ady03, + ads0%
\y — 52 (032 + PUulUuz)
2 — )
B3 (02 + 02 + 02 + 2p0,10,2) + 03,02, + (azz + 1)° 02, + 3302,
/\3 63 (0'31 +0'§2‘|‘2p0',/10',/2) (228)

B3 (021 4 02y + 02 + 2p0,1002) + 03,03, + 3,05, + (as3 + 1)2 0?3'
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We plug the trading and offsetting intensity parameters (227) into the price impacts (228)
and obtain three nonlinear equations each in A, Ao, A\3. Once we solve numerically for Ay,
Ay and A3, we can pin down [y, B2, 53, a1, Q1a, (i3, a1, (ag, (a3, Ai31, (i3a, iz (227). We have
now pinned down our new equilibrium (224). We compute the corresponding equations for
the baseline model without noise in the signal by simply setting . = 0 in (225), (226), (227),
and (228). Moreover, such baseline model has no noise traders since we have not introduced
them yet. As such, the same baseline model acts as a benchmark of comparison for both the

noisy signal extension and the noise traders extension.

F.2 Noise Traders Derivation

So far we have modeled noise trading as exogenous random demand orders submitted to
the dealers by the same speculator who submits strategic demand orders. That is, the
noise trades are perfectly known to the speculator. Now we allow for actual noise traders to
participate in the market, as it is standard in Kyle (1985) and most of its derivative literature.
In this model extension the overall noise trading is in part unknown to the speculator, since
it includes a component that she cannot observe, i.e., the orders submitted to the dealers
by the noise traders. We model the additional unobservable noise trading as in Kyle (1985)
but we also allow for correlation in noise trading across markets (although with the same

correlation coefficient),

2
M1 0 T Pulu10u2  PuOu10u3
2
U2 ~N 015 | puou1ou2 T2 Pu0 20 13 . (229)
2
M3 0 Pu0u10u3  Ppu0u20u3 0.3

This model extension is interesting because with the introduction of noise traders the order
flow observed by the dealers becomes more uninformative. Accordingly, the equilibrium

conjectures of Theorem 1 rewrite as,

X1 (C,01,02,03) = 51 (( — 71 — Va) + 1161 + 1202 + @136,

X2 (€, 61,02,03) = Pa (( — U1 — Ua) + (9161 + aads + o303,
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X3 (€, 01,02,03) = B3 (C — 71 — Ua) + 3101 + Q3202 + 3303,

@ (xa+ 01+ ) =01+ M (xa+ 01+ ),
@2 (X2 + 62 + o) = Vo + Ao (X2 + 02 + p12) ,

g3 (X3 + 03+ p3) = V1 + V2 + A3 (x3 + 03 + p13) - (230)

Note that Sy, B2, B3, a11, Q1a, (13, a1, Qag, (a3, i3, (39, (rgz in (230) are not the same as
in (224). The speculator’s trading strategies in the model extension with noise traders are
significantly more convoluted because the speculator cannot observe the trades submitted
by the noise traders. Mathematically, the presence of noise traders is encapsulated by the
Out, 02, 0u3, Pu dependencies showing up in the conditional variance term of the speculator’s
objective function. Specifically, we re-write the mean-variance optimization problem (4) as,

xg%};s{Xl (—A1x1 — AM01 — 71) + x2 (—A2x2 — Aada — Ta) + X3 (—Asxs — A3d3 — Uy — Ta)

0'31+,00'y10'y2 C—? . )>

O+ 00y + 200,100 b
0'32 + POL10v2 (C T —T ))

‘71%1 +‘732+2PUV101/2 ! 2

2
0 2 2 _ (071 + p0110.2)

2
- 'l 9 2 (0'12/2 + PUulo'u?)
5 (x2 + x3) <0u2 02 + 02+ 2p0,10,9

+ (x1 + x3) (71 +

+ (x2 + x3) <72 +

(0-1%1 + pUVIUVQ) (0',%2 + pa,,la,jg))

-7 (Xl + XS) (X2 + X3> <p0V10y2 N 031 + 032 + 2p0,10,2

5
— 5 (Mo + X3 X500 + X3X00)

-7 (X1X2,0y)\1)\20u10y2 + X1X3Pp)\1)\30u10u3 + X2X3Pu)\2)\30u20u3) } (231)

The first order conditions (8) become,

(( =71 —79)

2
(0%, + po,10,2) 02 + po,10.,:
— + 0'2 — d + =
v (Xl X3) ( vi 0’21 + 0'52 + QPUVIUVQ 012/1 + 012/2 + 2pJV10V2
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(0-1%1 + p0u10u2) (0',%2 + pal,lal,Q))

A (=2 —01) — ( vip2 —
+ A (=2x1 = 01) =7 (X2 + x3) { pov10w2 031+ 00 + 200,100

- ’YXl)\%Uil - ’Y(X2Pu0u10u2)\1)\2 + XSp,qulO'u?))\l)\S) =0,

2
(O-QQ + p0y10y2) 0'22 -+ POL10,2 _ _
- + 0ly — —5— + - - -V
70+ xs) ( v2 o2, + 02y 4+ 2p0,10,9 02 + 02 +2p0,10,0 (C ! 2)

(031 + paulau2) (032 + pO’,/lO',,g))

Mo (—2 — &) — ( v10v2 —
+ A2 (—2x2 2) =7 (X1 +Xx3) | PO 0% + 0% 4 2p0,10,2

— YX2 N300 — Y(X1Pu0u1012 M1 X2 + X3Pu0 204302 As) = 0,

2 2
— 7 (x2 + x3) (02 _ (02) + pO,10,2) ) — (1 + x3) (02 _ (021 + po,10,2) )
v2 1

2 2 2 2
051+ 059 +2p0,10,0 051+ 059+ 2p0,10,0

2 2
+ A3 (—2x3 — d3) — 7 (x2 + x3) (pa,,lgy2 (o v;%/iarzgz)f;y;;lgc::laﬂ))
001 4 PO
0oy + 0oy + 200,10,
(02, + pov10.2) (02 + ,oayla,,z))
001+ 0oy + 200,10,

2
UVQ + POL10v2
o2 4+ 02, +2p0,,0
vl v2 POL10L2

(=71 —Da) + (=71 — 1)

-7 (1 + xs) (paulm —
— YX3A3003 — V(X1Pu0u103A1 A3 + X2Pu020 4302 A3) = 0. (232)

The trading and offsetting intensity parameters (9) for the new equilibrium strategies in

(230) become twelve,

P = (%3(20'32(((0“)\1%1 — A30,3(pp + 1))031)/2 + (ppA10u1 — A30,3(pp + 1) /2) 0020001

+ 0290031 /2) (P — DAS + (002(p° — D)oy + poadiAso,10,3(pp — 1) + 002M A307103
(pp — 1))02002pp02 + 001 005(p = 1)(p + 1) (puonda — 0,3X3))7* + 2(0,1075 (p0wa

+0,1)\ + (=puouousA + 033)\3)031 — (Puo (02 + 20,3) A1 — Agazg)aygpal,l
— 02PN (02 + 043)) N2 — 05100, (p — 1) (p + 1))y + 401 o (poe + 0u1)>
(0,33((((p2pu +0* — pu = 1oy + 2000 (o — Dlpu +1/2))001 + 4X0 (o — Dovep(py

+1/2)o,1 + 2)\%031(/0;1 - 1)032(% + 1/2))022)\3 + ZngagzpuAlamaug(p = D(p+ 1A

o000 (p— 1) (p+ D) (pu + 1)) (pp — DAsy’ +2(=((p* = D)oty + Mi(pu — 1) (pu
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+ 1)(051)\1 + 053)\3)031 +2p0,0M (P — 1) (p + 1)(0i1A1 + 023)\3)01,1 + 02\ (py
= D (pu + 1)(051 M + 023 A3) 00025 + ((=2(p + 1)(0p 1010042 + A30723/2) (p — 1oy
— MAs01003(pu — 1) (o + 1)osy = 2p000 As300,005 (0 — 1) (pp + 1)on

— 00 A0 073 (0 — 1) (o + 1)) A2 — ap100 M (p = D(p + 1) (07 M + 072303))7
+4(2(poy100s + 1/200) + 1/200,) Moy s + ((—p° + Dosy 4+ Mooy + MAsors)os,

+ 200, M (004 M1+ 053 A3)001 + 0 (7 A1+ s A3)) Ae — 031%2)\1(0 —D(p+1))y

-1
+16(po,10, +1/20%, + 1/2032)A1A2> :

Qi1 = ()‘1 (033A3 (2<Pu + 1)(pou10u2 + 1/2‘751 + 1/2‘732)‘732@ - 1>>‘2 + Uulauz(P L)(p+ 1))’72
+ (= 4(poviova + 1/200, + 1/2075)07905 — 4(po10,s + 1/200, + 1/2075) 075 Ashs
4202050~ Do+ D)1~ 8oz +1/20% + 1/20%))

(ﬁa((((p% + 0" = pu = D)oy + 2005 (o — Do+ 1/2)oy; + 40y (pu — 1)owzp(py
+1/2)o1 + 2/\%021(% —D)ops(pu + 1/2))022)‘3 +207510050u M0 0,2(p — 1) (p + 1) Az

+ 051055050 (0 = Do+ D)(pu + D) (o — DAY’ +2(=((0" = Doy, + Ai(p — 1) (o

+ 1)("#1)‘1 + %3)‘3)031 + 2p0ueA1(pp — 1) (pp + 1)(051)‘1 + ‘7,213)‘3)%1 + oM (py
D)ot D02+ 02 AN+ (20 + D (M0, + Aao%a/2)(p — 1),

— M As021005(pu — 1) (pp 4+ 1))00y — 200,20 X307105(pp — 1) (pp + 1o

- ‘732)‘%)‘3‘721023(/7# - 1)(Pu +1))A2 — ‘731‘732)‘1(0 —1D(p+ 1)(‘721>‘1 + 023>\3))72
+4(2(po10v2 + 1/200; +1/207,) Mo A5 + ((—p° + 1)ogy + Mogy + MAaoys)o,

+ 2p0,0\1 (0’ A+ a 3A3)0,1 + JV2)\1(J A+ (7 3A3))Ag — aglaVQ)\l(p —D(p+1))y

-1
+16(po, 0,0 + 1/20%, + 1/2032)A1A2) ,

Q12 = ('7 (053)‘3( -2\ (paulaﬂ + 1/20-31 + 1/2032)0u10u2(pu - 1)pu)‘2 + 012/1012/2(9 —1)(p
+ 1))7 + 4)\1(,00V10,,2 +1/202, +1/202, )0M10M2pu)\2 +202,0%(p — D(p+ 1)))\2)

(053(((@% +0* = pu— 1)ony + 2X 00 (pp — 1) (pu + 1/2))00) + 4N 00 (pp — 1)owep(pu
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13 =

B =

+1/2)o,1 + 2)\%‘721(@ — 1)opy(pu + 1/2»052)‘% +2051055pu 0000, — 1) (p+ 1) A2
+0010,M 001 (p = D(p + 1)(pu + 1)) (o — DAy + 2(=((p* = 1)y + M(pu — 1(ps
+ 1)(0-/141)\1 + ‘7#3>‘3)‘731 + 2P0v2/\1(:0u - 1)(Pu + 1)(‘751)‘1 + 053)\3)0,,1 + ‘732>‘1(Pu

— 1) (pu + 1)(‘751)‘1 + 033A3)022A3 + ((=2(p + D (ppA10yn 0 + )‘3‘733/2)@ - 1)‘732

= N a03105s(pn — Do+ 1))ony — 2p002X1 03071030 — 1) (0 + 1o

- 012/2>‘%)‘3031053(Pu - 1)(Pu + 1)) A2 — 031032)‘1< —1(p+ 1)(0 AL+ U /\3))
+4(2(poi0ye +1/202% + 1/2052))\1052)\3 + (((=p* + D)o, + )\20 1+ )\1)\30 )02

+ 2000 M (05 A1 + 05 A3) 001 + T A (0 M + 0 As3)) Ae — 0o, Mi(p — 1) (p + 1))y

-1
+ 16(po,10,e + 1/202, + 1/2052))\1)\2> )

_((<(2(PUV101/2 +1/207, + 1/2032)‘732(% — DA+ ap00(p— Dip+ 1))‘7u1)‘1

+ 05100 (p = 1)(p+1)Aa0,0)y — 4N (po100s +1/207, + 1/2032)Uu1)‘2)7‘7u3)‘3pu>
(053(((@2[)# + 0" = pu = Doy + 2X 0y (pu — D(p +1/2))0y; + 4N 03 (0 — 1)ovap(py
+1/2)ou1 + 2/\3021(% — 1oy (pu + 1/2))032)‘3 +20010520,M 0 0,2(p — 1)(p + 1)Xo

+ o000 (p = D (p+ Do+ 1)) (0 — DAs7’ +2(=((p* = D)oy + Mi(p — 1) (04

+ 1) (op A+ 053 As3) 00y + 200000 (py — 1) (p + 1) (074 M1 + 03 A3) 001 + Toa M (0

= 1)(pp + 1)<0 AL+ 0 /\3)0 A5+ ((=2(p + 1) (puMouous + )\3033/2)(,0 —1)o2,

- A%)‘3‘7#10#3(pu — )(pu + 1)y — 2pO-V2)\%A30-;2LlO-[2L3<p,U — D(pu + 1Dow

- 032>‘%)‘30;211033(Pu - 1)(Pu +1))A2 — ‘731‘732)‘1@ —1D(p+ 1)(‘721>‘1 + 023/\3))72
+4(2(poin0v2 +1/205, + 1/200) M50 + (=" + 1)ogy + Mop, + Mdsops)oy,

+ 2p0,0\ (a A1+ 0 3A3)0,1 + UVQ)\l(a A1+ 0 3A3))Ae — Uylayg)\l( —D(p+1))y

—1
+16(po, 0,0 + 1/202, + 1/2032)A1A2) ,

(0u3(20,2u (P — D (((ppA20p2 — Asou3(py + 1))032)/2 + 01p(PpA202 — A30u3(pp +1)/2)

Tu2 + UglpuA20u2/2))‘% + 0,1(00 (02 - 1)‘732 + PUu2)\2)\30u2Uu3(pu —-1)+ Ou1A2 30,203
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(Pu —1))ouipurs + 031032(p = 1)(p+ 1)(puou2As — 0u3>‘3)72 + 2(01/2‘721 (pour + Uv2)>‘%

+ ((—puou20u3ia + 033)\3)052 — p0u1 (PO 2o + 20,3) e — )\3033)0,,2 — aglpu)\gaug(aul

o = hotalp = Do+ D+ A7k (poia + 10))

(053(((@% + 0> = pu— 1)ony + 2X 001 (p — 1) (pu + 1/2)) 00y + 4001 (p — 1)owap(p

+1/2)0,1 + 2)\10M1(Pu 1)032(% + 1/2))032A% + 2031032@)‘10#10#2@ —D(p+ 1A
+00105X 00 (p = D(p + 1)(pu + 1) (o — DAy + 2(=((p* = 1)y + Mi(pu — 1(ps
+ 1)(Uu1)‘1 + Uu3)‘3)031 +2p0,2A1 (P — 1)(Pn + 1)(031)‘1 + 033)‘3)‘71/1 + ‘752)‘1(&1

— ) (pu + 1)(051)‘1 + ‘753)‘3)‘752)‘3 + ((=2(p + D (ppA10y10u2 + >‘3U;2L3/2)(P - 1)‘732

— M0 055 (pu = Do+ 1))o0y = 2002030507035 (= 1) (0 + )0

— 0o A X301 00g(pp — 1) (pp + 1)) Ae — 001005 M(p — 1) (p + 1) (074 A1 + 025X3))7°
+4(2(po0,e + 1/20% + 1/2032)/\1032)\3 + (((=p* + 1o, + /\20 1+ /\1/\30 5)02

+ 2000 M (0o A1 + 013 A3) 001 + O M (0 M + 013 As3)) Ao — 0o Mi(p — 1)(p+ 1))y

—1
+16(po10,e + 1/202, + 1/2032)/\1>\2> :

= ()\17(053)\3(—2)\1@01,101,2 + 1/2031 + 1/2‘732>‘7u1‘7u2<ﬂu )Pu)‘2 + Uul‘%Q(P L(p
+ 1))y + 4\ (po10ye + 1/202, + 1/2025) 00 mpuda + 202 02(p — 1) (p + 1))
(053(((@20# + 9% = pu = gy + 2XMa3 (p = 1)(p + 1/2)) oy + 4AXjog (0 — Davap(p,
+1/2)o,1 + 2/\%‘751(% —D)ops(pu + 1/2))022)‘3 + 200100000 0,2(p — 1) (p + 1)Xo
+ o0 o (p = (o + 1o+ 1)) (o — DAs7’ +2(=((p* = L)ogy + Ai(p — 1) (ps
+ 1)(00 A + 03 As)o0) + 200000 (pp — 1) (pp+ 1)(00 M + 023 A3) 001 + 0000 (p

= D(pu + )00 M + 02523) 07025 + ((=2(p + 1) (0uM101 042 + A30723/2) (p — 1oy

— M A3001005(pu — 1) (pp 4+ 1))0y — 20002 A A307105 (s — 1) (pp + 1o

- ‘732)‘%)‘3‘721033(% - 1)(Pu +1))A2 — 031‘732)‘1(9 —D(p+ 1)(‘721>‘1 + 023/\3))72

+ 4(2(po10s2 + 1/205, + 1/2079) Moo s + (—p + 1)oty + Mooy + MAsors)on

+200,0M (05 M+ 055 A3) 001 + T (0o A1 + 01 As)) A — 031%2)\1(/) —1(p+1))y
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—1
+ 16(po,10,e + 1/202, + 1/2052))\1)\2> :

Qg = (AQ((Z(P@AUW + 1/2051 + 1/2‘732)‘721@# + 1)</0 - 1)/\2 + JV10V2(p (p+ 1))
‘753)‘3’72 + (_4(/)01/101/2 +1/207, + 1/2032> ‘751)‘% - 4‘733(9‘7111‘71/2 +1/200, +1/207,)

A1 + 205,00 (p — 1)(p+ 1))y — 8\ (povi0us + 1/2070, + 1/2‘732»)
(‘753(((@% + 0% = pu— V)ogy + 2M07 (0 — D(p + 1/2))0py + 407 (0 — Davap(py

+1/2)o,1 + 2/\2 . (Pu 1)”52(% + 1/2))022)‘3 + 2‘731032%)‘10#10#2@ —D(p+1)A
+ 0510550 (0 = Do+ D(pu + D)o — DAY +2(= (0" = Doy, + Ai(p — 1) (o
+ 1)(Uu1>‘1 + Uu3)‘3)031 + 2p0ueAi(pp — 1) (pp + 1)(0,211)‘1 + 033A3)0u1 + UzzAl(Pu

= Dpp + Doa A + 05303) 05005 + ((=2(p + D (pudi0jnop2 + X3075/2) (p = 1)op,

— M A3021005(pu — 1) (pp 4+ 1))0y — 20002 N A307105 (s — 1) (pp + 100

- ‘732)‘%)‘3‘721023@# - 1)(Pu +1))A2 — ‘731‘732)‘1(0 —1D(p+ 1)(‘731)‘1 + UZ3>\3))72
+4(2(po1002 + 1/2031 + 1/2032))\1022>\§ + (((_/)2 + 1)032 + )‘%021 + )\1)\3053>031

+ 2p0,0\ (0’ A+ 0' 3A3)0,1 + O'Vz)\l(O' A+ O' 3A3))Ag — 031032)\1@ —D(p+1))y

—1
+16(po, 0,0 + 1/20%, + 1/2032)A1A2) ,

Qo3 = _<70u3)‘3pu(( (Pgulaﬂ +1/207, +1/20 ) 10u2/\2( — DA + 012/1012/2Uu1 (p—1)(p
+ DM+ (0= D(p+1)031055000,2)7 — A (posi0ue +1/207; + 1/2032)%2A2)>
(053(((@2,% + 07— pu— 1oy + 2X500 (pu — 1) (pu + 1/2))001 + 402 (0 — 1)ovap(py
+1/2)001 + 2X 00 (0 — 1)0i(pu + 1/2)) 0005 + 2071000 puM0,00,2(p — 1)(p 4+ 1) A
+ o005 0 (p— 1) (p+ D) (pu 4+ 1)) (0 — DAY’ 4+ 2(=((p* — Dosy + M(pu — 1(ps
+ 1)(0 M + 03A3) 001 + 2p009 M1 (pp — 1) (pp + 1) (070 A1 + 025 As) 001 + 0o (p
— 1) (pu + 1)(‘7zl>‘1 + ‘733)‘3)032)‘3 + ((=2(p + D (ppA10y10u2 + )‘3033/2)@ - 1)‘752
— A As001003(pp — 1) (pu + 1)02 = 200,007 0302103(pp — 1) (pu + D)o

— 05 A a0 05 (o — V(o + 1)A2 — 1050 (p — 1)(p + 1)(07n M + 05503))7°

1)



+ 4(2(por10,2 + 1/207, + 1/2‘732))‘1022)‘3 + (((—=p* + )02y + )‘1‘7 + )‘1)‘3‘7 3)00

+ 200,00 (05 M+ 025 A3) 001 + T (05 M+ 075 As)) Aa — ot M (p — 1) (p + 1))y

-1
+16(po,10,: + 1/20%, + 1/2032)A1A2) ,

B3 = (( — (2(po10.2 + 1/2031 + 1/2052)(pu + 1)”32(/@1 - 1))‘3 - Uv2pu>‘30u20u3(pu = 1)(pon
+0u2)da+03,00(p = 1)(p+ 1)0pu A = 2001041 (= As0,0us (P — 1) (0002 + 001) 43 /2
+0,100502(p — 1)(p+ 1) A2 — 0,105,230,3(p — 1) (p +1)/2) ppdi + 051055 00,0(p — 1) (p
+ 1) (pu0usrs — 0002))7° + (4(pov10ve + 1/200, + 1/202,) 00 AT + (4(poiiose + 1/207,

2

+ 1/2032)022A 2‘7u3< 0,101 + 020 + 0u2)on + o 2‘7u2))‘3pu>‘2 2‘731%2(,0 —1(p
+ 1))\ = 20510500 (p — D(p+1))7 + 8 \i(po,10,e + 1/207, + 1/2032))\2)

((02a(02 (401002 + 11202 +1/202) 0+ 1/2)0% (0 — DX + 010700~ 1)(p

+ 1) (pp + 1))/\% + 2031‘752%/\10#10#2(/0 —D(p+ 1A+ ‘751032)‘3‘752@ —1)(p+1)(pu
+1)As(pu = D)7 + (=207 (2(p001002 + 1/207, + 1/2070,) (p + 1)oia(p — DA

+ 2053(001/10112 + 1/2012/1 + 1/2032)(Pu + 1))\3( — 1)+ Uu10u2(P —1)(p+ 1))/\2

+ (—4033@0”10”2 + 1/2031 + 1/2032>(Pu + 1)Ui2)‘3(Pu - 1»‘% - 4051‘732%/\20#10#2@
—D(p+1) - 2031052)‘3033@ —D(p+1)A — 2051052)‘2(/0 —L(p+ 1)(022)‘2

+ 023 X3))7 + (8(povi0ve + 1/200, 4+ 1/202,) 02 X XT + (8(pos100e + 1/207,

+ 1/2032)052)‘3 + 8033@%1%2 +1/20% +1/200)Asha — 4o100,(p — 1)(p + 1))>‘1
— 40,00 (p = 1)(p+1))7 + 16\ (poa0,e + 1/207, + 1/2032))\2))\3> _1,
s = (000004 1/20% +1/202)0% 0~ DX + 02102500~ 1o+ D)o
+ om0 ha(p = 1) (p + 1)02)y — 4\ (posi0,s + 1/207, +1/ 2032)%1&)&7%3@)

(024002 (400 + 1/20% +1/20%5) (e + /200200 — DX + 0202 — 1)

+1)(p + DA + 205107050, M010072(p — 1) (p + 1) Ao + 0’310'3%3032(/) —1)(p+ 1)(py
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+ 1) As(pp — 1)7* + (=2071(2(p001002 + 1/2075, + 1/207:) (p + 1)ayia(pu — DA
+2073(p001002 + 1/200; + 1/200,) (o + DAs(p — DA + 051055(p — 1) (p + 1))A]

+ (_4‘753@01/101/2 + 1/2‘731 + 1/2‘732)(% + 1)‘732/\3(:0# - 1))‘3 - 4031032Pu)‘20u10u2(,0
—Dp+1) - 2‘731‘732)‘3‘733(/) —Dp+1)A\ — 2‘731‘732)‘2(0 —1D(p+ 1)(”32>‘2

+ 0'33)\3))")/2 + (8(poy10m +1/202%, + 1/2032)051)\2)\% + (8(poy10e + 1/202,

+ 1/2‘732)032/\% + 8053(,0@10”2 +1/200, +1/200,)A\3ha — do,05,(p — 1) (p + 1))
—1
402020000 Do+ D)y + 160 (0000 + 1/20% +1/202)% )

sy = _(70u3)‘2pu(((2(paulgu2 +1/2070, +1/2075)05(pu — DAL + 001005(p = 1) (p + 1) 0,2

00— Do+ DAY~ lponcia -+ 1/20% +1/20%)5,200) )
(053(031(4(P0u10u2 +1/200, +1/202,)(pu + 1/2)032(Pu — DA+ o000 — 1)(p

+ 1) (pp + 1)))‘% + 2‘731032/%)‘1‘7#1‘7#2(0 —D(p+ 1A+ 031‘732)‘3‘732(0 —1)(p+1)(pu
+1))As3(p — D)7 + (=205, (2(p00100s + 1/207, +1/200,) (p + 1) (pp — 1)AS
+2073(p01002 + 1/200, +1/200,) (p + 1) As(p — Do + 051075, (p — 1) (p + 1)A]

+ <_4053(P0u10u2 + 1/2‘731 + 1/2‘752)(% + 1)‘732>‘3<Pu - 1>/\§ - 4‘731‘732Pu)‘20u1‘7#2<;0
- D(p+1) - 2‘731‘732)‘3‘753(9 —Dp+1)A — 2031‘732)‘2(P —1D(p+ 1)(032)‘2

+ 033)\3))72 + (8(poy10,0 + 1/202%, + 1/2032)051)\2)\% + (8(poy10,s + 1/202,

+ 1/2‘732)‘722/\% + 8053@‘%1%2 + 1/2‘731 + 1/2032)/\3/\2 - 4‘731‘732@ —Dp+ 1)\

—1
4020200 = o+ D) + 160 (oo + 1/20% +1/20%)%)

Q33 = ((051(2(901110112 + 1/2‘731 + 1/2‘732)(% + 1)032(:0;1 - 1))‘3 + 031052@ —1(p+ 1)))‘%

202,080, 0000(p — Do+ 1o + 02102 M0%(p — 1) (p+ D)2 + (~4(p0,10,2
+1/207, + 1/2032)‘731/\2)‘% + (—4(posi0ys + 1/207, + 1/2032)032/\3 +207,005(p

—D(p+ 1)\ + 2000 (p — 1)(p+ 1))y — 8\ (pou10m2 + 1/205, + 1/2032)&)

(033(031(4@@1@2 + 1/2051 + 1/2032)(% + 1/2)‘732(:0# - 1))‘3 + 031032@ —1(p
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+ 1) (pu+ 1N +205,0550,M00,(p — 1) (p + 1A + 051055050755(p — 1) (p + 1) (0,
+ 1) Aa(pp — 1)7° + (=2071(2(p0010,2 +1/20751 +1/200:) (pu + 1)o7a(pe — 1A

+ 2053(:00111‘7112 + 1/2‘751 + 1/2032)(Pu + 1))‘3(Pu — DX+ ‘731032@ —1D(p+ 1)»‘%

+ (_4‘733(/)‘71/101/2 + 1/2‘731 + 1/2032)(/)# + 1)032A3(Pu - 1))‘3 - 4‘731‘732/)u)‘2‘7u1‘7u2(/)
—D(p+1) - 2‘731032)‘3‘733(0 —D(p+ )M — 202,000 — 1)(p + 1)(‘732)‘2
+03323))7" + (8(p0v10v2 + 1/207; + 1/2075) 070 A A] + (8(p0uiova + 1/207,

+ 1/2032)022/\3 + 8023(,001,101,2 +1/202, +1/202,)A3hg — 402,02 (p — 1)(p + 1))\

—1
- 4‘731‘732)‘2(P —1)(p+ 1))y + 16 1 (po10,2 + 1/2031 + 1/2‘732>/\2) : (233)

We solve the corresponding market maker problem for the model with noise traders and the

price impacts (11) are as follows,

B (031 + po,10.2)

Al = 7
BE (02 + 02y + 200,1000) + (11 + 1) 03, + ady0}, + alyod; + 02
Ay — B (025 + pou10y2)
2 - )
B3 (02 + 009 +2p0,10,) + 03,05 + (a2 + 1)2 03y + 330755 + 022
)\3 ﬁB (0-1%1 + 0-32 =+ 2p0u10u2) (234)

B3 (02 + 02y +2p0,10,) + 03,05 + 3,05, + (ass + 1)° 033 + ‘7,213‘

We plug the trading and offsetting intensity parameters (233) into the price impacts (234)
and obtain three nonlinear equations each in Aj, A2, A3. Once we solve numerically for Aq,

A2 and A3, we can pin down f31, (2, 3, a1, Qua, (i3, a1, Qig2, Qig3, i3y, Quzp, gz (233). We have

now pinned down our new equilibrium (230).
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