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Abstract

This paper shows that more procyclical returns to scale in recent decades have
flattened the Phillips curve when conventional activity measures, such as the output
gap, labor gap, and labor share, are used as forcing variables. In contrast, the marginal
cost Phillips curve remains steep. Using a simple, intuitive model with a translog
production function, we illustrate a novel channel linking input complementarity and
procyclical returns to scale to the identified slopes of the Phillips curves. By utilizing the
estimated production functions and quantitative models, we emphasize the importance

of our mechanism for rationalizing the US inflation data.
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1 Introduction

Stable inflation dynamics and substantial business cycle fluctuations in the first two decades
of the 21st century sparked a reexamination of the relationship between inflation and eco-
nomic activity, i.e., the Phillips curve. A series of recent studies have documented two
divergent empirical results: the Phillips curve based on marginal costs is steep and alive
(Gagliardone et al., 2023), and versions based on conventional measures of economic activ-
ity, such as the output gap, labor gap, and labor shares, have flattened (Stock and Watson,
2007, 2020; Del Negro et al., 2020; Inoue, Rossi and Wang, 2024). We propose a theory that
reconciles these two seemingly contradictory empirical patterns. Furthermore, our quanti-
tative analyses predict the growing significance of inflation expectations in understanding
recent US inflation data and the Phillips curve, echoing the insights from Coibion and Gorod-
nichenko (2015), Hazell et al. (2022), and Meeks and Monti (2023).

The commonly used Cobb-Douglas (Gali and Gertler, 1999; Sbordone, 2002; Eichen-
baum and Fisher, 2007) and constant elasticity of substitution (CES, Gagnon and Khan,
2005; McAdam and Willman, 2013) production functions in the study of Phillips curves fea-
ture constant returns to scale. Switching from those tightly parameterized functional forms
to a more flexible translog production function (Christensen, Jorgenson and Lau, 1973;
De Loecker and Warzynski, 2012; Hyun, Kim and Lee, 2024) introduces cyclical variations
around the long-term value in returns to scale.! This novel cyclical fluctuation in returns to
scale introduces a wedge between conventional measures of economic activities and marginal

costs.?

Depending on the cyclicality of this wedge, the slopes of the Phillips curves using
conventional activity measures as forcing variables could deviate from that of the marginal
cost Phillips curve. We show that returns to scale have been more procyclical in recent
decades, and this change has resulted in the flattening of the conventional Phillips curves.

In contrast, the marginal cost Phillips curve is still steep despite decades-long highly sta-

'For studies assuming translog functional forms for the demand side of the economy, see, e.g., Christensen,
Jorgenson and Lau (1975); Bergin and Feenstra (2000); Feenstra (2003); Bilbiie, Ghironi and Melitz (2012);
Lewis and Poilly (2012); Bilbiie, Fujiwara and Ghironi (2014); Fujiwara and Matsuyama (2023).

2The concept of time-varying returns to scale has recently been explored in relation to the decline in informa-
tion technology prices (Lashkari, Bauer and Boussard, 2024), capital misallocation (Chan et al., 2024), and
the complementarity between labor and energy (Hyun, Kim and Lee, 2024); these studies employed a non-
homothetic CES production function, an exogenously determined returns-to-scale process, and a translog
production function, respectively. In this paper, we utilize a translog function, following Hyun, Kim and
Lee (2024), to investigate the implications of endogenously cyclical returns to scale that arise from the
complementarity and substitutability among capital, skilled labor, and unskilled labor.



ble inflation before the recent pandemic, exemplified by missing disinflation and reinflation
episodes (Coibion and Gorodnichenko, 2015; Ball and Mazumder, 2020).

We illustrate this mechanism using analytical expressions and graphical representations
based on a simple model that incorporates a translog production function in an otherwise
baseline New Keynesian model (see, e.g., Woodford, 2003; Gali, 2015). We show that the
translog model nests the Cobb—Douglas and CES models in the log-linearization of the equi-
librium conditions. Furthermore, relaxing the restrictive Cobb—Douglas and CES functional
forms introduces cyclical fluctuations in returns to scale. When factor inputs are comple-
mentary, the productivity of one input increases with the use of the other and vice versa.
Thus, when inputs are used more than usual, the overall marginal productivity can rise,
leading to an increase in returns to scale.

This cyclical fluctuation in returns to scale introduces a novel element in the marginal
costs of production in the translog model. In contrast, in the Cobb—Douglas and CES models,
the marginal costs consist only of total factor productivity (TFP) and factor prices such as
wages. Because conventional measures of economic activity, such as the output gap, labor
gap, and labor shares, primarily reflect factor prices and TFP, returns to scale become an
omitted variable in conventional Phillips curve regressions.?

The Phillips curves are often estimated using instruments for aggregate demand, such as
identified monetary policy shocks, to address potential endogeneity due to mismeasurement
and price markup shocks (see, e.g., Mavroeidis, Plagborg-Mgller and Stock, 2014; Coibion,
Gorodnichenko and Kamdar, 2018; McLeay and Tenreyro, 2020; Barnichon and Mesters,
2020, 2021; Inoue, Rossi and Wang, 2024). However, even when using instruments, the
estimated slopes of the conventional Phillips curves could still be affected by omitted variable
biases if returns to scale are cyclical conditional on monetary policy shocks. In contrast, the
marginal cost Philips curve is not subject to this confounding factor because marginal costs
already account for variations in returns to scale. Therefore, if the cyclicality of returns

to scale and the resulting magnitude of the omitted variable bias change over time, the

3See, e.g., Gali and Gertler (1999); Sbordone (2002); Eichenbaum and Fisher (2007) for empirical studies
employing labor shares as a forcing variable in the Phillips curve.

40ther intriguing approaches in the literature include introducing alternative measures of inflation and slack
(Stock and Watson, 2010, 2020; Ball and Mazumder, 2011, 2019, 2020), using regional variations (Kiley,
2015; Hooper, Mishkin and Sufi, 2020; McLeay and Tenreyro, 2020; Hazell et al., 2022; Fitzgerald et al.,
2024), and relying on sectoral and firm-level data (Imbs, Jondeau and Pelgrin, 2011; Gagliardone et al.,
2023). In our quantitative analyses, we take a different route of structural model-based inferences following
An and Schorfheide (2007); Schortheide (2011); Del Negro et al. (2020), which is complementary to the
limited information approaches mentioned above.



conventional Phillips curves could flatten without a corresponding change in the marginal
cost Phillips curve.?

We examine the relevance of this novel mechanism to US inflation dynamics through the
lens of medium-scale dynamic stochastic general equilibrium (DSGE) models. We augment
the partial equilibrium, four-input, nested CES production model studied in Krusell et al.
(2000) and Ohanian, Orak and Shen (2023) with a normalized translog production function
proposed by Hyun, Kim and Lee (2024). Firms use structure, equipment, skilled labor,
and unskilled labor for production. We combine this production block of the economy
with standard elements of quantitative New Keynesian general equilibrium models known
to be useful in explaining US time series data, such as sticky prices and wages, fixed costs
of production, investment adjustment costs, costly capacity utilization, and consumption
habits (see, e.g., Christiano, Eichenbaum and Evans, 2005; Smets and Wouters, 2007).

We consider three models based on the Cobb—Douglas, nested CES, and translog pro-
duction functions. We estimate these models separately for two different time periods using
an early sample (1966-99) and a late sample (2000-19). To examine structural changes, we
focus on production function parameters, the cyclicality of returns to scale, and the slopes of
the Phillips curves with different forcing variables. When estimating the models, we employ
additional data to the standard aggregate time series in light of the two types of capital
(structures and equipment) and labor (skilled and unskilled) in the models. Specifically,
we use equipment stock, relative labor hours and wage rates between skilled and unskilled
workers.

Our quantitative results are summarized as follows. First, the translog model better
matches the US macroeconomic data than the other models. Second, when estimating the
unrestricted translog model, we reject the parameter restrictions imposed by the Cobb-
Douglas and nested CES models. Third, by comparing the estimated models using the pre-
and post-2000 data, we find that the translog model can jointly replicate the steep marginal
cost Phillips curve and the flattening of the conventional Phillips curves. Fourth, the mecha-
nism connecting the cyclical returns to scale to marginal costs and inflation, embedded in the
translog model, plays a crucial role in this result. In contrast, the Cobb-Douglas and nested

CES models without cyclical returns to scale rely on unrealistically sticky prices and quite

°This rationalization of the flattening of the Phillips curves for conventional measures of (inverse) slack
echoes the findings of Atkeson and Ohanian (2001) that the relationship between inflation and measures of
slack may not be stable. This instability could be the case in our framework even when the slope of the
marginal cost Phillips curve is stable, as shown in Section 2.



flat Phillips curves to match the stable inflation data after 2000. Furthermore, the translog
model predicts the increased importance of inflation expectations in understanding inflation
data and the Phillips curve. Finally, the historical decomposition of pandemic-era inflation
data using the translog model suggests that high inflation in 2021 and 2022 was primarily
driven by loose monetary policies and supply-side disturbances. This result emphasizes that
monetary policies are still highly relevant to inflation despite the recent flattening of conven-
tional Phillips curves. In contrast, the Cobb—Douglas and CES models do not predict this
policy implication. With their given quite flat Phillips curves, these models primarily rely
on price markup shocks and shifts in the Phillips curves to explain inflation fluctuations.

We also estimate production function parameters using multicountry industry-level panel
data and instrumental variable (IV) methods as described by Hyun, Kim and Lee (2024).
Our estimates using the pre- and post-2000 data align with the structural estimation results
based on the translog DSGE models, providing additional empirical evidence of stronger
input complementarity in recent decades than in earlier decades.

The remainder of this paper is organized as follows. Section 2 explains the mechanism
behind the flattening of the Phillips curves when conventional measures of activity, such as
the output gap, labor gap, and labor shares, are used as forcing variables. Using a simple
tractable model with a translog production function, we illustrate the underlying intuition
and introduce a novel channel linking input complementarity and procyclical returns to scale
to the identified slopes of the Phillips curves. Building on this insight, Section 3 constructs
a medium-scale DSGE model with a translog production function for quantitative analyses.
We estimate the model parameters using Bayesian methods. Next, we investigate the slopes
of the Phillips curves; the relationships among the returns to scale, marginal costs, and
inflation; and the inflation dynamics under the model and during the pandemic period.
Section 4 presents empirical evidence for stronger input complementarity in recent decades

using multicountry industry-level panel data. Section 5 concludes the paper.

2 Illustrative Model

This section illustrates the mechanism connecting input complementarity and cyclical returns
to scale with the slopes of the Phillips curves. This illustration is based on a flexible translog
production function (Christensen, Jorgenson and Lau, 1973; Hyun, Kim and Lee, 2024)

incorporated into an otherwise baseline New Keynesian model (see, e.g., Woodford, 2003;



Gali, 2015). This simple tractable model facilitates an intuitive exposition of the novel
channel linking input complementarity to the slopes of the Phillips curves.

We describe the model below, focusing on new terms in equilibrium conditions arising
from more general production functions than Cobb-Douglas functions. The derivations of

standard model elements are kept brief.

Firms. Intermediate goods and their producers are indexed by ¢ € [0,1]. Firms operate
in a monopolistically competitive environment. The final goods are produced by combining
intermediate goods in a Dixit and Stiglitz (1977) manner. Price-setting friction of the Calvo

(1983) type leads to the following New Keynesian Phillips curve in log-linearization:
7?(15 = ﬂEt[ﬁ-t—‘,—l] + cht + Ef, (21)

where 7, mc, and P represent inflation, real marginal costs, and an exogenous component
in price markup, respectively. Hats are used to denote log deviations from the steady-state

values of the corresponding variables. The slope of the marginal cost Phillips curve, x, is

(4-901=¢)
¢

the price of an intermediate good in each period.

given by , where f is the discount factor and 1 — ( is the probability of resetting
Next, we discuss the production function. We drop the firm and time indices, ¢ and
t, when they are unnecessary. Suppose that intermediate goods are produced using two
types of labor, [; and Iy, such that y = exp (¢*) f(l1,l2), where £* represents an exogenously
determined level of TFP. f is a concave and increasing function in each input locally around
the steady state, (Ij,l5), where a bar denotes the steady-state value of a variable. We
introduce two types of labor because the concept of input complementarity is not natural
when a production function has only a single input. By focusing on a symmetric equilibrium,
where [; = [, we write the equilibrium conditions in terms of the aggregate labor, [ = [; 4[5,
similar to the baseline New Keynesian models. Note that this modeling assumption is only
for illustrative purposes. We examine the input complementarity and substitutability among
equipment, skilled labor, and unskilled labor in Section 3 for the quantitative analyses.

We consider a second-order Taylor expansion of f in the logarithm. Suppose that o; =

gllongly_ = 0.5 in the steady state for j = 1,2. Similarly, the second-order derivatives are
J
denoted by Bj; = % in the steady state for j, k = 1,2. Thus:

g = €a + Ollil + O./QZQ + 0.5511(51)2 + 512Z1Z2 + 0.5522([2)2. (22)



Table 1: Comparison of different production functions

Cobb-Douglas CES Translog
1/¢
Production y = 101152 - {oq (1) + (E—Z)ﬂ y = f(i1,12)
. g 1 2
function
Log deviation g = alil + a2i2 g = a1f1 + OAchAQ + L . 7l :AaAllAl + azig -i: 0.5511@1)2 +
form 0.5a1 2 [(ll)2 — 21l + (12)2] Bizlila 4+ 0.5822(l2)?
Elast. of output 7311555 =a;j gllggg;; =aj; + O(10l2¢(ij —lp), j £k gll:)’:;j_ =a; + 5jjij + ,Bjkik, ji#k
w.r.t. [;
Returns to scale rts=1 rts =1 rts = 14+ (B11 +512)Zl + (B12 +ﬁ22)Z2

Notes: We ignore the TFP term, £%, in this table. The returns to scale are defined as the scale elasticity, i.e.,

%W\Azl, The CES production function is written in the deviation form following Cantore and Levine (2012).

For the CES and translog functions, we ignore the higher-order terms that degenerate when the equilibrium conditions are
log-linearized.

Clearly, at the first order, f is proportional to a conventional Cobb-Douglas production
function, {157, or [ because of the symmetry (I; = [3). However, the novelty in our theory
arises from the second-order properties of the production function, captured by the translog
parameters, (.

To illustrate the workings of the translog parameters, we compare Equation (2.2) with
the Cobb-Douglas and CES production functions. Table 1 shows the key differences among
the three functions, ignoring the TFP and the higher-order terms that degenerate when the
equilibrium conditions are log-linearized. The Cobb-Douglas function is log-linear. Thus,
the elasticity of output with respect to each input, «;, and the returns to scale, o + o,
are constant. For the CES function, one more parameter, ¢ < 1, governs the coefficients on
the second-order terms. At the second order, we can convert the CES function to a translog
form with parameter restrictions such that 811 = B2 = a1 and 15 = —f11. When ¢ < 0,
the two inputs are complementary in the sense that 815 > 0. In this case, the elasticity of
the output with respect to [; increases in [, and vice versa. However, g%gﬁ decreases in
l1, balancing the productivity gain from the input complementarity and [ and making the

returns to scale constant. The translog specification relaxes the restrictions on 3;;s. Note

that without the restriction that f1; = —f12, the input complementarity (512 > 0) does not

Jdlogy
dlogly

One of the most intriguing implications of this property is that the returns to scale can

necessarily imply that decreases in [;.

vary over time under the translog production function. When defined as the scale elasticity,



log f(Aly :
%&’2”,\:1, the returns to scale are given by:

rts; = 14 (B + Bl?)ilt + (B2 + 522)Zzt
=14 (811 + 2012 + 522)@57 (2.3)

where the second line uses the symmetry between the two types of labor. For example,
suppose that f1; = (o = 0, as in the Cobb—Douglas case, the two types of labor are
complementary (12 > 0), and the aggregate labor is procyclical. In this situation, the
returns to scale are also procyclical, fluctuating around the long-term value of one (see also
Hyun, Kim and Lee, 2024, for empirical evidence for procyclical returns to scale). Thus, the
production function (2.2) features constant returns to scale in the long run but allows for
short-run variations. In contrast, for the Cobb—Douglas and CES functions, rts,; simplifies
to one because the parameter restrictions imply that (11 + 812 = P12 + P22 = 0 in both cases.

To examine the effects of time-varying returns to scale on marginal costs, we consider

the cost minimization problem of an intermediate goods producer:

rni12q wily + waly — meexp(e®) f(l1, l2) — v,

where wj is the real wage rate for type j labor for j = 1,2. The first-order conditions (FOCs)

imply that, in log-linearization, the aggregate marginal costs equal:

—

me, = W — & — rts; (2.4)
~~~ ~—~ ~~~
factor prices tfp returns to scale

where wy is the aggregate wage rate and @t = (B11 + 2012 + ﬁgg)l}.G The first two terms in
Equation (2.4), reflecting the factor prices and TFP, correspond to the marginal costs in the
baseline New Keynesian models with the Cobb-Douglas or CES production functions that
assume constant returns to scale. In contrast, the translog specification generates a novel
element—the cyclical returns to scale-in the marginal cost. Again, suppose that aggregate
labor is procyclical, 811 = 12 = 0, and B2 > 0. In this case, the marginal productivity

gain from the input complementarity, along with a larger-than-usual labor input (i > 0),

6The FOCs are given by w; = mcexp(e?) f; = mcexp(e?) gllgggli % = mc% gllsgl’: for j = 1,2. Because of the

symmetry, the aggregate wage rate, w, equals w; = ws and, similarly, [ =11 =y Then, Equation (2.4)
follows from the fact that § = &® 4+ [ in log-linearization.



decreases the marginal costs in expansions. This mechanism is captured by the procyclical

variation in the returns to scale in Equation (2.4).

Households. To further simplify the expression for the marginal costs in Equation (2.4), we
specify the household side of the economy. The period utility function of the type j worker is
h1+1/o'l

given by logc; — , where ¢; and h; are the consumption and hours of a type j worker,

i A
1+1/0
respectively. The a+gg/r:3gate type j labor input, [}, equals 0.5h; because the population share
of each type is 0.5. o; is the Frisch elasticity of the labor supply. Suppose that the labor
market is competitive. Using the symmetry, the market clearing condition (y = ¢), and the
labor supply schedule (-¢; +w; = Uilﬁj for 7 = 1,2), it follows that & —e® = (1 + Uil)lA Thus,
Equation (2.4) implies the following:

~

A 1y — I
me, = (1 + U_z> Iy, —rts, = [1 + ;l — (P11 + 2612 + Ba2) | L. (2.5)

Phillips curves. From the marginal cost Phillips curve (2.1) and the expression for the

marginal costs (2.5), we obtain the following labor Phillips curve:

7ATt = BEt['ﬁ—t—H] + mﬁct + 6?

. 1 -
= OEi[fti1] + 5 |1+ P (Bi1 + 2812 + Bo2) |y + €}
!

Suppose that £17 = P = 0, as in the Cobb-Douglas model. Then, according to the above
equation, stronger input complementarity (812 > 0) and the resulting procyclical returns to
scale yield flatter labor Phillips curves. The following proposition and remark formalize this

observation.

Proposition 1 (Phillips curves with cyclical returns to scale). Assume the model structure
discussed in this section. For different measures of economic activity, such as the marginal

cost, output gap, labor gap, and labor shares, the following hold:

marginal cost Phillips curve: 7ty = P[] + wmicy + €f,
output gap Phillips curve: 7t = BE¢[7ea1] + k(1 + 1/0y) output gap, + €} — Krtse,
labor gap Phillips curve: 7ty = BBq[f1] + k(1 + 1/0))labor gap, + ¥ — krts,,

labor share Phillips curve: 7ty = PE[Ty41] + Klabor share, + € — KTtS;.



Proof. We use * to denote variables under flexible price equilibrium. Note that mc; = 0.
Thus, Equation (2.5) implies that Zj = 0. Furthermore, output gap, = ¢ — y; = (¢f + l;) —
(% +17) = I,. Similarly, labor gap, = [, — [ = I,. Then, Equation (2.5) and the marginal
cost Phillips curve yield the output gap z/xgd/labi gap Phillips curves above. Finally, for

the labor share Phillips curve, note that labor share; = w; + Zt — U = Wy — €F = mcy + 1Sy

because of Equation (2.4). O

Remark 1. In practice, when estimating a Phillips curve, IVs that are orthogonal to &}
can be used to address potential endogeneity arising from supply-side disturbances (see
Mavroeidis, Plagborg-Mgller and Stock, 2014; Coibion, Gorodnichenko and Kamdar, 2018;
Barnichon and Mesters, 2020, 2021; McLeay and Tenreyro, 2020; Inoue, Rossi and Wang,
2024). However, even in this case, if conventional measures of economic activity other than
the marginal costs are used as forcing variables, the returns to scale term might behave as an
omitted variable in regression equations. If the activity measure is procyclical conditional on
the variations captured by the instruments, the procyclical returns to scale could induce a
downward omitted variable bias in the estimated slope of the Phillips curves. Finally, if the
returns to scale have become more procyclical in recent decades, the omitted variable bias in
the identified slope would be more negative, leading to the flattening of the Phillips curves
when the conventional activity measures are employed. Note that this prediction holds even
when the “true” slope of the marginal cost Phillips curve, k, remains large (see Gagliardone
et al., 2023). Furthermore, this prediction is supported by data; we show that the returns to

scale have recently become more procyclical using aggregate time series data in Section 3.

Figure 1 graphically illustrates this mechanism. Assume that o; = oo for exposition
so that the Phillips curves in Proposition 1 share the same slope, k. The Phillips curve,
conditional on the expected inflation and cost-push shocks, is upward sloping on the economic
activity and inflation planes. Thus, the Phillips curve serves as the aggregate supply curve,
labeled AS in Figure 1. Note that estimating the slope of this curve is analogous to identifying
the slope of the supply curve in the supply-demand simultaneous equation system. As
emphasized by McLeay and Tenreyro (2020), the data consist of the equilibrium pairs of
inflation and economic activity levels, such as point E. To properly identify x, we need to
use demand shifters, such as the monetary policy shocks employed in Barnichon and Mesters
(2020, 2021), as instruments. The identification assumption is that the AD curve shifts to

AD', whereas the AS curve remains the same; therefore, comparing the two equilibrium



inflation

AS

AS'

Identified AS
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AD

economic activity

Figure 1: Graphical illustration of the Phillips curve flattening

points (F and F) allows econometricians to estimate k. However, Proposition 1 implies that
the AS curve could shift downward to AS” in response to expansionary monetary policy
shocks when conventional measures of economic activity, such as the output gap, labor
gap, and labor share, are employed and the returns to scale are procyclical conditional on
monetary policy shocks. The increase in Ft\st works as an endogenous supply shifter, driving
the economy to point G rather than F'. Thus, the identified AS curve, denoted by the purple
dashed line connecting points £ and G in Figure 1, could be flatter than the true underlying
AS curve.

Note that in the (mic, 7) pair, the equilibrium moves from point E to G’ because rts does
not appear in the marginal cost Phillips curve. However, for a conventional forcing variable,
e.g., the labor gap, the new equilibrium is represented by point G. That is, the labor gap
increases more than the marginal costs do, and the difference between the two, the distance
between points G’ and G, reflects the increase in returns to scale (see also the first equality
in Equation (2.5)). If this mechanism has become more effective in recent decades, the AS
curve would shift further downward. Then, econometricians can observe the flattening of the

conventional Phillips curves even when the underlying slope, x, remains largely unchanged.
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Remark 2. A specific supply-side effect of demand disturbances propagating through the
cyclical returns to scale is central to the above mechanism for the flattening of the conven-
tional Phillips curves without an accompanying decrease in the slope of the marginal cost
Phillips curve. Relatedly, aggregate demand might affect the supply block of the economy
through other channels, such as endogenous R&D (Comin and Gertler, 2006; Anzoategui
et al., 2019; Bianchi, Kung and Morales, 2019; Okada, 2022; Ma and Zimmermann, 2023;
Antolin-Diaz and Surico, 2024; Cloyne et al., 2024), misallocation (Eisfeldt and Rampini,
2006; Hsieh and Klenow, 2009; Beaudry and Portier, 2014; Alam, 2020; Baqaee, Farhi and
Sangani, 2024), firm dynamics (Smirnyagin, 2023; Fujiwara and Matsuyama, 2023), search
effort (Qiu and Rios-Rull, 2022; Bai, Rios-Rull and Storesletten, 2024), and capacity utiliza-
tion (Boehm and Pandalai-Nayar, 2022). If the effects of these mechanisms have recently
become more procyclical, the identified Phillips curves could be flatter than previous curves
for similar reasons.

A key distinction between our mechanism and other prominent supply-side channels of
monetary policy is that the cyclical returns to scale do not affect TFP at the first order; the
TFEFP in our model (¢¢) is exogenous and equal to the Solow residual at the first order. In con-
trast, several other supply-side mechanisms described above could directly affect measured
aggregate TFP (see also Ma and Zimmermann, 2023; Jorda, Singh and Taylor, 2023).

Given this consideration, we empirically investigate how TFP responds to monetary pol-
icy shocks in the pre- and post-2000 samples (see Appendix C.5 for details). We document
that the level of TFP responded procyclically to monetary policy shocks in the early sam-
ple. However, in the later sample, the impulse responses are close to zero and statistically
insignificant. Thus, we find no significant evidence of increasingly procyclical TFP responses
to monetary policy shocks in recent periods. To be clear, we do not argue that those other
supply-side mechanisms are weak. Rather, our findings suggest they have not strengthened
enough in the past two to three decades to drive the observed flattening of the Phillips
curves. Note that our empirical results on TFP do not contradict our proposed explanation
on the basis of the procyclical returns to scale because the returns to scale can endogenously

vary over time without affecting ef.

Remark 3. As an alternative to Equation (2.2), we can assume a normalized translog form

11



proposed by Hyun, Kim and Lee (2024):

— a\jo1 jo2 )

Yir = exp(ef)15,055 X exp (s.0.1.31),
—_—
Cobb-Douglas Translog terms

where  s.o.t. = /31151,1‘1551:5 + 51251,1‘1:[215 + 521[2,iti1t + 522[2,1‘75[275, (2.6)

and 819 = (321. This production function has the following properties: First, the second-
order term, s.0.t,;;, degenerates in the steady state because the log deviation terms are zero,
ijit = th = 0 for j = 1,2. Thus, the steady state of the model is identical to that of
the Cobb—Douglas model and, in particular, does not depend on the translog parameters,
{Bjk : 7, k = 1,2}. This property allows us to focus on the business cycle implications of input
complementarity and cyclical returns to scale without altering the long-term predictions of
the model. Second, the production functions (2.2) and (2.6) yield the same aggregate equi-
librium conditions in log-linearization. Furthermore, the production function in a deviation

form from the steady state is given by:

i oepery ()™ ()™
y SN I ’

where oy = ag + 511[175 + 612[215; Qg = Qo + 521[17& + 622i2t7 and a bar denotes the steady-

state values. Thus, the translog structure induces a potentially time-varying elasticity of
output with respect to each input, ay; and ag, leading to time-varying returns to scale,
rts; = ay + ag. Finally, the production function (2.6) does not allow each firm to choose its
returns to scale, reflected by the fact that oy, and g are exogenous from firm 4’s perspective.
This property simplifies the second-order conditions for firm ¢’s cost minimization problem,
similar to the Cobb-Douglas model (see Appendix B.1.2).

3 Quantitative Analyses

This section constructs a medium-scale DSGE model with a translog production function for
quantitative analyses. We estimate the model parameters using Bayesian methods and show
that the translog model fits the US macroeconomic data better than the Cobb-Douglas and
nested CES models do. By comparing the estimated models using pre- and post-2000 data,

we find the following: (i) The translog model successfully replicates both a steep marginal
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cost Phillips curve and the flattening of the conventional Phillips curves. (ii) In doing so, our
mechanism plays a crucial role by connecting the cyclical returns to scale, marginal costs,
and inflation. (iii) The translog model also predicts the increased importance of the expected
inflation in the US inflation dynamics in recent periods. (iv) The historical decomposition of
the pandemic-era inflation data implies that high inflation in 2021 and 2022 was primarily

driven by loose monetary policy as well as supply-side shocks.

3.1 Model

We augment the partial equilibrium, four-input, nested CES model of production described
in Krusell et al. (2000) and Ohanian, Orak and Shen (2023) with a translog production
function. We combine this novel framework for the supply block of the economy with a
quantitative New Keynesian general equilibrium model. Firms use structure, equipment,
skilled labor, and unskilled labor in production. Following Christiano, Eichenbaum and
Evans (2005), Smets and Wouters (2007), and Justiniano, Primiceri and Tambalotti (2010),
the model features standard frictions known to be useful for explaining the US aggregate
data, such as sticky prices and wages, fixed costs of production, investment adjustment costs,
costly capacity utilization, and external consumption habits. The standard structure in the
other parts of the model allows us to emphasize the input complementarity and substitution
structure, the workings of the translog production function, the resulting cyclical returns to
scale, and their contribution to the slopes of the Phillips curves. Below, we briefly introduce

the model with a focus on the novel elements. See Appendix B for additional details.

3.1.1 Firms

The final goods are produced by combining intermediate goods, indexed by ¢ € [0, 1], via a
Kimball (1995) aggregator. Intermediate goods producers can randomly reset their prices
with a probability of 1 — (, in each period. As a result, the model features a New Keynesian
price Phillips curve, which is examined in detail in Section 3.3.

The production function for the intermediate good i is given by:

Yi(i) = exp(ef) [ K (0)]™ [Kee ()] [y Lot ()] [y Laa (1) ™ X exp(s.ot.) —7'v,  (3.1)

8.0.1.;t = (ki,et, li st li,ut) B <ket7 Lst, lut) ;
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where K (i), Ko (i), Lg (i), and L, (i) are structures, capital equipment services, skilled
labor hours, and unskilled labor hours, respectively. ~ is the (gross) growth rate on the
balanced growth path (BGP). v represents the fixed cost in production. The profit is zero
on the BGP, (& — 1)Y; = 4'v, where ® and Y; are the gross price markup and output on
the BGP, respectively. The aggregate productivity, ¢, follows an exogenous process. We
assume that aps + age + a5 + a, = 1.

Similar to Equation (2.6) in the illustrative model, we assume a normalized translog
structure for the second-order terms following Hyun, Kim and Lee (2024). We use bars and
hats to denote the BGP values and log deviations from these values, respectively; I%Let =
log(Ket()), ZZSt = log(L“ft)), fiut = log(L“t()>, l% = log (&), lst = log( St), and
lut = log ( ) where K., Ly, and L,; are aggregate equipment services, skilled labor hours,

and unskilled labor hours, respectively. 3 is a matrix consisting of the translog parameters:

5kk 51@5 ﬁku
/8 - Bks 553 Bsu
ﬁku Bsu 6uu

We assume that structures appear only in the first-order term in the production function fol-
lowing Krusell et al. (2000) and Ohanian, Orak and Shen (2023). However, arbitrary degrees
of input complementarity and substitutability among the other three factors, represented by
3, are allowed by adopting a translog functional form.

Firms use four inputs, K (i), K (i), Lo(2), and Ly (7), to minimize the production cost,
R K (i) + Ret Kot (1) + Wy Lt (4) + Wy Ly (1), where Ry, Rer, Wy, and W, are the nominal
rental rate of structures, rental rate of equipment services, skilled wage rate, and unskilled
wage rate, respectively. MCy(i) is the Lagrange multiplier associated with the constraint
Y;(i) > Y, representing nominal marginal costs.

The FOCs for this cost-minimization problem are as follows:

S KS . .
Kq(7) : Rt~—t(l) = mecy (1) s, (3.2)
Pt}/t(l)
. RetKet(l) . - - -
K (1 = =mci(1) ety  Opet = | Qge + Brrker + Brslst + Brulut ) 3.3
(i) T ((D0kers  ker = (e + Buther + Bralsr + Bradue) ,  (3.3)
- Wstht(Z) . ~ ~ ~
Ls ? =~ = MCe\1)Ugt, Qg = |05 + ske + ssls + sulu ) 3.4
£(i) 570 (i) st 0 = (0 + Broker + Bask + Baulu) , (3.4)
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WutLut (Z)

Ly (7) : Ptfft(i)

= mc, (1) oy, Oyt = (au + Bruker + Boulse + Buuiut) ) (3.5)
where Y;(i) = Y;(i) +7'v, P, is the aggregate price level, and mc,(i) represents real marginal
costs. Thus, the factor income shares, adjusted by fixed costs in production, are proportional
to marginal costs times the elasticity of f/t(z) with respect to each input. Note that oy,
o, and ay; are time-varying and endogenously determined. Furthermore, although the
second-order term in the production function (3.1) vanishes in log linearization, the translog

parameters appear in the log-linearized FOCs and influence firms’ factor input decisions.

3.1.2 Households

A representative household consists of a continuum of members indexed by j € [0,1]. In
each period, x; € (0,1) fraction of members are skilled workers, and the remaining 1 — x;
fraction of workers are unskilled, where x; follows an exogenous process. We assume that
members with j € [0,1 — x;) and j € [1 — x4, 1] are unskilled and skilled, respectively.
The period utility function of member j is given by 1131;6 (C’t ( )—hC’t_l) troe exp (Agj lei_o} H(j )H"l),

where Cy(j) is consumption, hC;_; represents an external consumption habit, and Hy(j) is
labor hours. The preference parameters, A;; and A;, vary across worker types. For skilled
workers, A;; = Ag; = 1. For unskilled workers, A;; = A; and Ay; = Ay, where the values of
A; and A, are chosen to maintain the “representativeness” of agents such that consumption
and labor hours are the same across the worker types on the BGP. This property allows us
to deviate minimally from the representative agent framework. However, Cy(j) and Hy(j)
can vary across types in the short term.

A family head solves the resource allocation and portfolio choice problems by deciding
the consumption (Cy(j)) of the family members, family-level risk-free nominal bonds (B;),
structure investment (I;), equipment investment (I), structure stock (K), equipment

stock (K¢), and equipment utilization rate (Z;) to maximize the following utilitarian welfare

function:

o.— 1
1+0'l

dj

Eo i B /01 [Alj ! (Ci(5) = hCima) " exp (A2j Ht(j)lwl)
t=0

1—o0,
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subject to the budget constraint as follows:

B,
Co()dj+ Iy +1yp+ ——— + T, 3.6
J et ter g (39)
1 . . 1— . . ~ ~
Bi1 Wal_ HU)d Wy [ M H(j)dj RuyKsi—1 RuZiKe; - m n
< t 1+ tf1 Xt +(J) n t Jo +(J) J+ t48 st 1_|_ 1Ll et 1—G<Zt)K€7t,1+—t+—t
P, P, P, P, P, P, B

and the capital accumulation equations for structure and equipment: Ky = (1— 65)[~Q¢,1 +
[1 — S (Isljt—l>:| I and K., = (1-— 5e)l~(e,t_1 + exp(el) [1 - S, (Ifet )} I;. Ry is the (gross)

=1

nominal returns to bonds. €2 denotes an exogenous premium in returns to bonds, reflecting
a structural shock to the demand for safe and liquid assets (Fisher, 2015). T} represents
lump-sum taxes. I} and [, are the profits of labor unions and firms paid out as dividends.
a(-) reflects costly capacity utilization. We assume that a(Z) = 0 and Z = 1, where Z is the
steady-state level of utilization. Following Smets and Wouters (2007), we reparametrize
a(Z) 1—4

a7 8 The amount of structure and equipment services households can rent to

firms is given by Ky = K1 and K.y = ZK.; 1, respectively. Ss(-) and S.(-) are the

investment adjustment costs for structure and equipment such that Ss(v) = Se(y) = 0,
Si(v) = Si(y) =0, SY(v) = ¢s > 0, and S”(7) = . > 0. €} is an exogenously determined

(equipment) investment-specific productivity.

3.1.3 Other Components of the Model

Households relegate labor supply decisions to labor market institutions. The skilled labor
supply from households is differentiated and channeled to skilled labor unions. These labor
unions set nominal wages for each differentiated skilled labor service subject to Calvo-type
frictions, where the resetting probability in each period is denoted by 1 — (,. The differ-
entiated labor services are combined into composite skilled labor services using a Kimball
aggregator and sold to intermediate goods producers. This structure yields a New Keynesian
skilled wage Phillips curve. We introduce a similar labor market structure for unskilled la-
bor. With a probability of (,,, the unskilled labor unions cannot adjust wages in each period.
The model similarly features a New Keynesian unskilled wage Phillips curve. The skilled
and unskilled wage markup shocks have independent ARMA(1,1) processes, following Smets
and Wouters (2007).

Given the population share of unskilled workers (1 — x;), in total, (1 — x;) fol_Xt Hi(5)dj

hours of unskilled labor are supplied to intermediate goods producers. Thus, the market for
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unskilled labor clears when L, = [ Ly (i)di = (1 — xt) f()liXt Hi(j)dj. Similarly, we have
Lo = [ La(i)di =i [,_, Hi(j) dj.

T ry7 1—
The central bank’s monetary policy rule is given by: % = (Rgl)p [(%) (%) y} ’

Y Y
level of output in an economy with flexible prices and wages and without markup shocks to

TA —
<Yt/ Yia ) ’ exp(e}), where R is the steady state nominal (gross) rate and Y;* is the natural

prices and wages. p determines the degree of interest rate smoothing. 7., r,, and r, reflect
the responsiveness of the policy rate to each forcing variable.

The aggregate resource constraint in this economy is standard: C’t+It+Gt+a(Zt)[~( et—1 =
Y,, where aggregate consumption and investment are given by C; = f Ci(7)dj and I; =

Iy + I, respectively. Government spending, Gy, is exogenously determined.

3.1.4 Cobb—-Douglas and Nested CES Models

The translog model nests similar models on the basis of the Cobb-Douglas and nested
CES production functions in log linearization of the corresponding equilibrium conditions.
Clearly, the Cobb-Douglas model can be obtained by imposing the restriction that the
translog parameters are zero, 3 = 0.

Next, we consider a nested CES production function employed in Krusell et al. (2000)
and Ohanian, Orak and Shen (2023). In a deviation form based on dimensionless parameters
such as those in Cantore and Levine (2012); Cantore et al. (2014, 2015), we can write the

nested CES production function as follows:

% _ exp(e?) {Kli(tii)} ks . {Lgt(z’)} bus ‘a (dk [Kg(i)} Drs ‘a {Lit(i)} %) Fhs

where a, + a, = 1, ap + as = 1, and —00 < @yz, s < 1. Similar to the results shown
in Table 1, this nested CES function can be converted to a translog form. The steady-
state income shares in the translog function are obtained as follows: «, = (1 — ags)du,
ake = (1 — aps) @by, and oy = (1 — ayps)apas. See Appendix B.4 for similar results for the
translog parameters.

Finally, all three models share the same log-linearized aggregate production functions

around the BGP, Y, = Ot 4+ s K + pe Koy + s Lo + auﬁut).
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3.2 Bayesian Estimation

We estimate the three models with different production functions using pre- and post-2000
US time series data and Bayesian methods. A comparison of the model fits reveals that the
translog model better matches the data than the Cobb-Douglas and CES models do. Fur-
thermore, the estimated production function parameters reflect potential structural changes
in production technology between the two sample periods, which could further influence the

cyclicality of returns to scale and the identified slopes of the Phillips curves.

3.2.1 Data, Priors, and Methods

Data. We use eight quarterly variables and three annual variables for estimation. The
quarterly variables include skilled workers’ employment shares and the seven observables
employed by Smets and Wouters (2007), such as growth rates of per capita real GDP, con-
sumption, and investment; labor hours; the growth rate of the real wage rate; price inflation;
and the nominal interest rate. We replace the federal funds rate with the shadow rate of Wu
and Xia (2016) from 2009:q1 to 2015:q4 because of the binding zero lower bound.

Using the Current Population Survey (CPS), we compute skilled employment shares.
Following Krusell et al. (2000) and Ohanian, Orak and Shen (2023), college graduates are
considered skilled workers. Because of the data limitation in the early period, this variable
is only available for the first quarters until 1975. Since then, it has been available every
quarter. We remove the seasonal variation using X-13 ARIMA.

In light of two types of capital (structures and equipment) and labor (skilled and un-
skilled), we borrow three related annual variables from Ohanian, Orak and Shen (2023) to
discipline the model parameters. These variables are the growth rate of per capita equip-
ment stock (including intellectual property products), the changes in relative labor hours,
and the changes in the relative wage rates between skilled and unskilled workers. The capital
stock is constructed using perpetual inventory methods. The two labor market variables are
calculated using the CPS data. These annual variables are assumed to be observable in the
fourth quarter of each year.

Our sample begins in 1966:q1 as in Smets and Wouters (2007) and ends in 2019:q4 before
the recent pandemic. We divide the data into early (1966-99) and late (2000-19) samples
and estimate each model for each sample period. In total, we have six estimated models for

the three production functions and the two sample periods.
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State-space system. The state equation is constructed using the Sims (2002) method for
each parameter value. The measurement equation consists of available observations among
the eleven variables described above each quarter.

Real GDP, consumption, investment, price inflation, and the nominal interest rate are
mapped to Y;, Cy, Iy, P,/P,_1, and R; in the model, respectively. The aggregate labor hours
are matched with H; = fol Hi(j)dj = Lg + Ly The aggregate wage rate is given by the
total wage bills divided by the aggregate hours, W; = %
share corresponds to y;. We assume that log(y;) = log()+¢}, where e} follows a mean-zero
AR(1) process. We set y at 0.21 for the pre-2000 sample and 0.325 for the post-2000 sample,

which are the values of x; around the midpoint of each sample.

. The skilled employment

The three annual variables are observed (with measurement errors) in the fourth quar-
ter. The growth rate of per capita equipment stock corresponds to log(f(et/ f(e,t_4) + Vit
vk Tepresents a measurement error in the empirical capital stock variable computed using
perpetual inventory methods. 14, has an independently and identically distributed normal

density with a mean of zero and a standard deviation of o, ;. The relative annual labor

Lst+Lst—1+Lst—2+Lst—3
Lyt+Loyt—1+Lyt—o+Lyt—3

log(rellf™ /rellf™}), is observed with measurement errors, vy, ~ N(0, 07 ,), because the labor

hours, denoted by rell{™", equal . The annual change in this variable,

market variables in the CPS are known to be subject to nonnegligible measurement errors

(see, e.g., Bound and Krueger, 1991). Similarly, the relative annual wage rate, relw{™", is

WestLst+..4Ws t—3Ls t—3 /Wyt Lut+..+Wuy t—3Lu 1—3

Lst+-~~+Ls,t—3 Lut+--~+Lu,t—3

log(relwy™ [relw{™}), involves measurement errors denoted by vy, ~ N(0,07,,).

. The measurement of its annual change,

given by

The model includes nine structural shocks and three measurement errors. The structural
shocks include shocks to TFP (g%), investment-specific productivity (&¢), monetary policy
(e7), risk premium (e%), government spending (£7), price markup (&), skilled wage markup

(7), unskilled wage markup (£}'), and the employment share of skilled workers (&).

Priors. We use standard priors for conventional parameters, similar to Smets and Wouters
(2007) and Justiniano, Primiceri and Tambalotti (2010). For the other parameters, we set
the following priors. We assume that ags ~ N(0.1,0.005?) given the results in Krusell
et al. (2000) and Ohanian, Orak and Shen (2023). Combined with the prior for ag. ~
N(0.25,0.02?), this assumption implies that the capital income share a priori ranges from
0.3-0.4 within the two standard deviation intervals. Given the steady increase in the skilled
labor supply (Goldin and Katz, 2009), the mean of oy is assumed to be 0.2 and 0.3 for the

early and late samples, respectively.
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The translog parameters, e.g., Bix, have normal priors with a mean of zero and a standard
deviation of 0.15. This prior is rather loose and less informative, which is illustrated by
the fact that previous estimates based on nested CES functions are within a one-standard
deviation interval. For example, when ¢,, = 0.401, ¢, = —0.495, and oy, = 0.117, following
Krusell et al. (2000) in combination with ag. = 0.25 and a; = 0.2, the corresponding translog
parameters are less than 0.09 in absolute value (see Equation (B.19) in Appendix B.1.2).

Shocks to x¢, €, has an AR(1) process: ef = p,e;°; + 1. Because this variable is slow-
moving and steadily increases throughout the sample period, we assume that p, has a beta
distribution with a mean of 0.9. Finally, the standard deviations of the measurement errors,
Ouk, Ouh, and o,,,, have inverse gamma distributions with a mean of 0.15 and a standard
deviation of 0.03. Thus, a priori, measurement errors are assumed not to be excessively
large.

We fix 6 and d. at 0.026/4 and 0.16/4, respectively, according to Fernald (2014, p.
18) and Ohanian, Orak and Shen (2023, fig 3.3(b)). The steady-state share of government
spending (0.18), steady-state wage markups (1.5), and Kimball curvature parameters (10)

are set at the same values as those in Smets and Wouters (2007).

Methods. The posterior distributions are computed using a Metropolis—Hastings algorithm
with a chain length of 200,000. The likelihood of the state-space system is computed using a
Kalman filter. The acceptance rates of the chain for the six cases range from 22%-30%. We
summarize the posterior distributions using the mode and credible intervals. See Appendix

C.3 for the complete list of the estimated parameters, priors, and posteriors for the six cases.

3.2.2 Model Comparison

This section shows that the estimated translog model better matches the data than the two
alternative models do. Specifically, we test and reject the restrictions imposed on the translog
parameters by the Cobb—Douglas and nested CES forms, compare the size of measurement
errors across the models, and assess the log-likelihood in the posterior modes and marginal
data densities (MDDs). The results favor the translog model.

The production function (3.1) implies that the aggregate returns to scale are influenced
by the fixed cost and the translog structure. Let lowercase letters denote the detrended

real variables around the BGP, e.g., y; = %, ket = %, l¢g = Lg, and l,; = Ly. In
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log-linearization:

_ —1

rts; = — o :&t + (6/6]%615 + Bs-ist + 6ujut>> (37)
€ rts

rts
where Bt = Brr+Bks+ Brus Bs: = Brs+Bss+Bsus and By, = Bru~+Bsu+Puu. The countercyclical
variation in %t due to the fixed costs in production, captured by %fc, is shared among
the three models.” In contrast, the cyclical variation originating from the second-order
properties of the production function, denoted by @tl, is unique to the translog model. For
the Cobb—Douglas model, §;. = B,. = (.. = 0 because all six translog parameters are zero.
Like B11 + Bi2 = Bia + Pao = 0 for the two-input CES model in Table 1, the translog form of
the nested CES model also satisfies 0r. = . = B, = 0, implying that @zl = 0.8 We test
the validity of these restrictions by estimating the translog model.

Panel A in Table 2 shows the results. The table illustrates the estimated returns to scale
parameters in the posterior mode and the equal-tailed 95% credible intervals. Columns (1)-
(3) and (4)-(6) present the results from the three different models estimated using the early
and late samples, respectively. Per the discussion above, the returns to scale parameters,
Bk, Bs., and f,., are zero in Columns (1), (2), (4), and (5). Note that none of the six 95%
credible intervals in Panel A Columns (3) and (6) include zero, rejecting the prediction of
the time-invariant @il under the Cobb-Douglas and CES models.

The results shown in Panel B imply that rationalizing the data for equipment stock,
relative labor hours, and relative wage rates jointly is challenging in a general equilibrium
framework. There is no case in Panel B where the magnitude of all three measurement errors
is small. Given that, the translog model performs no worse than the other two models do.
For example, the translog model better explains the post-2000 relative wage data (o,,,,) than
the Cobb—Douglas model does. Compared with the translog model, the nested CES model
is less successful at matching the capital stock data (o, ,) in the recent sample.

For the pre-2000 data, the translog model is consistently favored according to both the
log-likelihood in the posterior mode and the MDD (Panel C). For the post-2000 data, the

two criteria alternatively select the translog and nested CES models. Thus, given the results

"The fixed costs are linked to the gross price markup, ®, through the zero-profit condition on the BGP.

8Choosing six translog parameters subject to these three restrictions and the additional restriction By, =
—a Py, arising from the specific nesting order of the two CES aggregators, is equivalent to determining
the two CES parameters, ¢, and ¢rs. See Appendix B.4.
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Table 2: Model comparison

1) (2) 3) ) (5) (6)
Early sample (1966-99) Late sample (2000-19)
Cobb—Douglas Nested CES Translog Cobb—Douglas Nested CES Translog
Panel A. Returns to scale parameters

Br. 0 0 -0.27 0 0 -0.21
- - (-0.63, -0.13) - - (-0.27, -0.19)
Bs- 0 0 -0.13 0 0 0.23
- - (-0.23, -0.06) - - (0.15, 0.33)
Bu.- 0 0 -0.37 0 0 -0.28
(-0.69, -0.11) - - (-0.48, -0.16)
Panel B. Measurement errors
Ou,ke 3.79 3.83 3.87 0.23 1.69 0.37
(3.19, 4.58) (3.23, 4.67) (3.22, 4.68) (0.19, 0.38) (1.25, 2.34) (0.30, 0.50)
Ou.h 3.13 0.14 0.14 0.14 0.14 0.14
(2.66, 3.83) (0.10, 0.21) (0.10, 0.21) (0.10, 0.21) (0.10, 0.22) (0.12, 0.16)
Ov,w 0.14 1.44 1.21 2.55 1.46 1.28
(0.10, 0.22) (1.20, 1.84) (1.04, 1.49) (2.11, 3.15) (1.18, 1.86) (1.12, 1.66)
Panel C. Log-likelihood in the posterior mode and marginal data densities
log-likelihood -96.10 -87.20 -70.27 71.88 85.13 114.42
log MDD -347.75 -332.69 -311.52 -193.08 -165.21 -173.65

Notes: Panel A shows the estimated returns to scale parameters (8., Bs., and Sy.) in the posterior mode and the equal-tailed
95% credible intervals. Columns (1)-(3) and (4)-(6) present the results from the three different models estimated using the early
and late samples, respectively. Panel B regards the magnitude of the measurement errors. Panel C illustrates the log-likelihood
in the posterior mode and the MDD. The MDD is computed using the Sims, Waggoner and Zha (2008) algorithm.

in Panels A-C, we conclude that the translog model, which predicts the time-varying returns
to scale, matches the data better than the two alternative models do, at least in the posterior

modes.

3.2.3 Production Function Parameters

Next, we discuss the production function parameters. Table 3 shows that the steady-state
factor income shares (Panel A) and price markups (Panel C) are largely comparable across
the three models in a given sample period. Between the two sample periods, the skilled
labor share (o) increases, and the price markup (®) decreases. Consistent with the results
in Smets and Wouters (2007, table 1A), ® is relatively large, and capital income shares are
relatively small compared with conventional calibration in all six cases.

The translog model rejects the Cobb-Douglas and nested CES specifications, which is
consistent with the model comparison results in Table 2. Most of the 95% credible intervals
for the translog parameters in Columns (3) and (6) in Panel B do not include zero, rejecting

the Cobb-Douglas function. In Columns (2) and (5), we show the implied translog param-
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Table 3: Production function parameters

1) (2) 3) ) (5) (6)
Early sample (1966-99) Late sample (2000-19)
Cobb—Douglas Nested CES Translog Cobb—Douglas Nested CES Translog
Panel A. Factor income shares in the steady state

ks 0.10 0.10 0.10 0.10 0.09 0.10
(0.09, 0.11) (0.09, 0.10) (0.09, 0.10) (0.09, 0.11) (0.08, 0.10) (0.10, 0.11)
ke 0.19 0.18 0.20 0.14 0.12 0.09
(0.16, 0.22) (0.15, 0.21) (0.16, 0.22) (0.11, 0.17) (0.10, 0.15) (0.08, 0.10)
s 0.09 0.15 0.12 0.20 0.24 0.24
(0.06, 0.18) (0.12, 0.19) (0.10, 0.14) (0.13, 0.24) (0.23, 0.31) (0.20, 0.26)
o 0.62 0.58 0.58 0.57 0.54 0.57
(0.52, 0.66) (0.53, 0.63) (0.56, 0.62) (0.53, 0.63) (0.46, 0.56) (0.55, 0.61)

Panel B. Translog and CES parameters

Brk 0 0.11 -0.09 0 -0.04 0.04
- (0.09, 0.13) (-0.42, -0.03) - (-0.14, -0.03) (0.01, 0.04)
Brs 0 -0.03 -0.06 0 0.08 0.00
- (-0.04, -0.01)  (-0.12, -0.02) - (0.07, 0.19) (-0.01, 0.04)
Bru 0 -0.08 -0.12 0 -0.04 -0.25
- (-0.10, -0.07) (-0.23, 0.07) - (-0.05, -0.03) (-0.32, -0.23)
Bss 0 0.09 0.08 0 0.00 0.13
- (0.07, 0.12) (0.07, 0.10) - (-0.09, 0.02) (0.04, 0.18)
Bsu 0 -0.07 -0.16 0 -0.07 0.10
- (-0.09, -0.05) (-0.20, -0.10) - (-0.14, -0.07) (0.04, 0.20)
Buu 0 0.15 -0.10 0 0.11 -0.13
(0.12, 0.18) (-0.33, 0.02) - (0.10, 0.19) (-0.33, 0.00)
buz 0 0.74 - 0 0.52 -
- (0.60, 0.84) - - (0.47, 0.86) -
ks 0 0.78 - 0 -0.65 -
- (0.64, 0.92) - - (-1.95, -0.57) -
Panel C. Gross price markup in the steady state
P 1.65 1.69 1.63 1.36 1.36 1.39
(1.53, 1.77) (1.54, 1.81) (1.49, 1.77) (1.23, 1.47) (1.19, 1.50) (1.27, 1.50)

Notes: Columns (1)-(3) and (4)-(6) illustrate the estimation results for the Cobb—Douglas, nested CES, and translog models
using the early and late samples, respectively. Panel A shows the factor income shares in the steady state in the posterior mode
and the equal-tailed 95% credible intervals. Panels B and C cover the translog and CES parameters and the steady-state price
markups, respectively.

eters by @uz, ¢rs and the nested CES function. Note that the CES-based Sy and 3, (and
By for the late sample) have different signs from the corresponding translog estimates in
Columns (3) and (6). Furthermore, the magnitudes of 5y, and g in Column (5) substan-
tially differ from those in Column (6). Thus, despite being tractable, the nested CES function
might not be flexible enough to capture several aspects of the input complementarity and
substitution patterns in the data.

Finally, by comparing Columns (3) and (6) in Panel B, we find that Sk, Sks, Bk, and

Bsu, in particular, changed substantially. An increase in (3, probably reflects an increase
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in intellectual property products capital (Koh, Santaeulalia-Llopis and Zheng, 2020) and
an innate positive externality in “ideas” (Romer, 1990). [, is closely related to the de-
gree of the capital-skill complementarity (Griliches, 1969; Autor, Levy and Murnane, 2003;
Chirinko, 2008; Chirinko and Mallick, 2017; Berlingieri et al., 2024), which also increases in
the nested CES model, as shown in Columns (2) and (5). The capital deepening and concur-
rent automation of low- and medium-skill tasks might explain the decrease in f, (Goos and
Manning, 2007; Michaels, Natraj and Van Reenen, 2014). A negative [, for the pre-2000
data seems consistent with the conventional view on the substitutability between skilled and
unskilled labor (Autor, Katz and Kearney, 2008). However, when estimated using post-2000
data, 3, becomes positive (Column (6)).? Furthermore, this pattern does not occur in the
nested CES model; S, in Columns (2) and (5) are similar to each other. In Section 4, using
multicountry industry-level panel data, we present empirical results that are consistent with

the translog model above.

3.3 Slopes of the Phillips Curves

This section presents the main findings from the quantitative analyses of the slopes of the
Phillips curves. We show that the translog model can jointly replicate the steep marginal
cost Phillips curve and the flattening of conventional Phillips curves in recent decades. In
contrast, the Cobb-Douglas and nested CES models rely on unrealistically sticky prices and
quite flat Phillips curves to match the inflation data after 2000.

The New Keynesian price Phillips curve in our model features real marginal costs as a

forcing variable:

ﬁt = BWEt[ﬁ-t—l-l] + IinLCt + 5?, (38)

where 3 = 8¢ is the discount factor in the detrended economy. The slope of this marginal

(1=¢pB(1=6p) 1
Cp 146, (2—1)"

model in Section 2, k includes a term representing strategic complementarity in price setting,

Relative to the illustrative

cost Phillips curve, k, is determined by

depending on the curvature of the Kimball aggregator (6, = 10 following Smets and Wouters
2007) and the gross price markup ().

We compute the model-predicted slopes of the Phillips curves with different forcing vari-

9See also Havranek et al. (2024, table 5) for a wide range of estimates in the literature, including the case of
gross complements.
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ables as follows. Let x; denote a measure of economic activity, such as the real marginal
cost, output gap, labor gap, and labor shares. Then, the Phillips curve based on x; is given
by:

Tty = BulEy[Tiq1] + Koy + errorey,

where k, represents the slope of this Phillips curve. We project 71, on E;[7;11] and z; and
obtain k, from the projection coefficient:

(*) _ lvarc,mp (Et[ﬁtﬂ])] COVeyp (Et[ﬁﬂrl]) ﬁt] : (3‘9)

where subscripts ¢ and mp indicate that we use the cyclical variation with the periodicity

from 6-32 quarters driven by monetary policy shocks. We compute the (co)variances in
Equation (3.9) by integrating the frequency-domain representation of the model (while only
allowing monetary policy shocks) over the business cycle frequencies. Equivalently, we can
obtain k, by applying the ideal bandpass filter to the infinite time series of 7y, E[m;11],
and x, and use monetary policy shock series as IVs.!® Thus, our formula corresponds to
the population version of empirical practices of estimating Phillips curves using detrended
data by filters (Mavroeidis, Plagborg-Mgller and Stock, 2014; Stock and Watson, 2020) and
the identified monetary policy shocks as instruments (Barnichon and Mesters, 2020, 2021).
However, our results are robust to not using filters (see Appendix C.4).

We consider the following forcing variables: marginal costs (mc;), the output gap (9:—9;),
the labor gap (h; — h7), labor shares (why /y;) following Gali and Gertler (1999); Sbordone
(2002); Eichenbaum and Fisher (2007), and fixed cost adjusted labor shares (wm))

The last variable is included because it equals mc, in the Cobb—Douglas model (see Equations

(3.4) and (3.5)). Note that when z; = mc;, k, coincides with the underlying slope of the
New Keynesian price Phillips curve, k, in Equation (3.8).
Panel A in Table 4 shows the Calvo price stickiness parameter, £,. For the early sample,

the three models feature &, values of approximately two-thirds. As shown in Columns (4)

OWhen x = mec, this method correctly identifies x in Equation (3.8). Let B(L) denote the ideal bandpass
filter, where L is a lag operator. Because B(L) is a linear, time-invariant filter, applying it to Equation
(3.8) leads to {B(L)#t;} = By{B(L)E¢[rtr41]} + k{B(L)ric,} + {B(L)e?}. Thus, the slope remains to be .
Furthermore, because monetary policy shocks {¢}} are orthogonal to the basis of the residual (i.e., price
markup shocks), {7}, the instruments’ exclusion restriction is satisfied.
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Table 4: Slopes of the Phillips curves

1) (2) 3) ) (5) (6)
Early sample (1966-99) Late sample (2000-19)
Cobb—Douglas Nested CES Translog Cobb—Douglas Nested CES Translog
Panel A. Calvo price stickiness parameter
&p 0.66 0.72 0.65 0.84 0.89 0.75
(0.53, 0.79) (0.59, 0.85) (0.53, 0.78) (0.80, 0.89) (0.89, 0.97) (0.72, 0.77)
Panel B. Slopes of the price Phillips curves
marginal cost 0.023 0.013 0.026 0.006 0.003 0.017
(0.007, 0.057) (0.004, 0.037) (0.009, 0.059) (0.003, 0.010) (0.000, 0.003) (0.014, 0.023)
output gap 0.016 0.010 0.028 0.006 0.001 0.005
(0.004, 0.027) (0.003, 0.021) (0.009, 0.049) (0.003, 0.009) (0.000, 0.003) (0.004, 0.007)
labor gap 0.027 0.020 0.039 0.006 0.002 0.005
(0.007, 0.044) (0.005, 0.037) (0.013, 0.066) (0.004, 0.010) (0.000, 0.003) (0.003, 0.006)
labor share 0.047 0.044 0.118 0.009 0.005 0.009
(-0.140, 0.197)  (-0.084, 0.143)  (-0.481, 0.406) (0.005, 0.015) (0.000, 0.006) (0.007, 0.012)
labor share, 0.023 0.016 0.047 0.006 0.003 0.006

v adjusted

(0.007, 0.057)

(0.005, 0.041)

(0.010, 0.197)

(0.003, 0.010)

(0.000, 0.003)

(0.004, 0.009)

Notes: Columns (1)-(3) and (4)-(6) illustrate the results from the Cobb—Douglas, nested CES, and translog models estimated
using the early and late samples, respectively. Panel A shows the Calvo price stickiness parameter in the posterior mode and
the equal-tailed 95% credible intervals. Panel B focuses on the slopes of the price Phillips curves with different forcing variables,
computed using Equation (3.9).

and (5), the estimated Cobb-Douglas and nested CES models rely on large &, values for the
late sample, corresponding to excessively sticky prices. For example, the average duration
of prices implied by &, in Column (5) is longer than nine quarters. In contrast, the translog
model uses reasonable values of £, to match the data. In the posterior mode, ¢, is 0.75 in
Column (6), which is consistent with the empirical evidence on the degree of price stickiness
in Bils and Klenow (2004) and Nakamura and Steinsson (2008).

&y under the translog model modestly increased in the posterior mode from 0.65 to 0.75
between the two sample periods. As a result, x in Column (6), 0.017, is slightly smaller
than that in Column (3), 0.026. However, this decline is statistically insignificant given that
0.017 is included in the 95% credible interval in Column (3), (0.009, 0.059).'! Furthermore,
0.017 still corresponds to a significantly positive slope of the marginal cost Phillips curve.

We obtain this result despite highly stable inflation during the late sample, exemplified by

1This modest decrease in x might reflect (i) sectoral transformation toward services (Galesi and Rachedi,
2019; Cotton and Garga, 2022) and the fact that service prices are stickier than manufacturing prices (Bils
and Klenow, 2004; Nakamura and Steinsson, 2008; Imbs, Jondeau and Pelgrin, 2011; Carvalho, Lee and
Park, 2021), (ii) trade and globalization (Sbordone, 2007), (iii) market concentration (Wang and Werning,
2022; Fujiwara and Matsuyama, 2023; Baqgaee, Farhi and Sangani, 2024), (iv) the production network and
an increase in the intermediate input share (Rubbo, 2023), and (v) occupational composition in the labor
market and an increase in the share of non-routine jobs (Siena and Zago, 2021).

26



the missing disinflation and reinflation episodes (Coibion and Gorodnichenko, 2015; Ball and
Mazumder, 2020).

In short, through the lens of the translog model, which matches the data better than the
other two models do, the New Keynesian price Phillips curve is not flat and is alive well.
Furthermore, despite this result for the marginal cost Phillips curve, the translog model can
generate substantially smaller k, values for the conventional activity measures in Column
(6) than k, in Column (3), i.e., the flattening of the conventional Phillips curves. Thus,
we conclude that the translog model with structural changes, captured by the differences
in translog parameters between the two sample periods, can rationalize the two seemingly
contradictory empirical results of a steep marginal cost Phillips curve (Gagliardone et al.,
2023) and flattened conventional Phillips curves (Del Negro et al., 2020; Stock and Watson,
2020; Hazell et al., 2022; Inoue, Rossi and Wang, 2024).

The results differ for the other production functions. The Cobb-Douglas and nested
CES models predict quite flat marginal cost Phillips curves for the late sample, given the
large values of §,. Those quite flat marginal cost Phillips curves translate into similarly
flat conventional Phillips curves, as shown in Columns (4) and (5). Thus, in this case, the
flattening of the conventional Phillips curves mirrors the similar flattening of the marginal
cost Phillips curve, contradicting the empirical evidence in Gagliardone et al. (2023). We
obtain similar results when we simulate the translog model and estimate the Cobb—Douglas

and nested CES models using the simulated data (see Appendix C.4).

3.4 Marginal Costs and Cyclical Returns to Scale

Next, we discuss the mechanism involved. Specifically, we relate the non-flattening of the
marginal cost Phillips curve and the flattening of the conventional Phillips curves to more
procyclical returns to scale in recent decades.

Like Equation (2.4) of the illustrative model, the marginal costs consist of factor prices,

TFP, and returns to scale owing to the translog structure:

A A A A A a T > 2
mcy = gksrst + Qpelet + QsWst + AWyt — & _Sﬂkket + ﬁs-lst + /Bulut)l (310)
TV
factor prices tfp ;E:tl
t

Thus, cyclical variation in returns to scale weakens the connection between marginal costs

and their conventional components, such as factor prices and TFP. Consider an expansionary
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Figure 2: Impulse responses to expansionary monetary policy shocks

16

Posterior mode (1966-99) 95% Credible interval (1966-99) —-=--Posterior mode (2000-19) 95% Credible interval (2000-19)‘

Notes: This figure plots the impulse responses to one-standard-deviation expansionary monetary policy shocks. We show the
model-predicted impulse responses in the posterior mode with the equal-tailed 95% credible intervals for each sample period.
Panels (a) and (b) are based on the nested CES model. The other panels regard the translog model.

monetary policy shock increasing the output gap. Because the wage Phillips curves are steep
in the model (see the estimates of (s and (, in Tables C.1-C.2 in Appendix C.3) and in the
data (Gali and Gambetti, 2020; Heise, Karahan and Sahin, 2022; Bernanke and Blanchard,
2023), factor prices respond procyclically to the shock, paralleling the response of the output
gap. However, the response of the marginal costs could be mitigated given the procyclical
response of rts!'. In this case, inflation fluctuates less than the output gap (i.e., the output
gap Phillips curve is quite flat), not because the pass-through of the marginal costs on
inflation is weak (i.e., the marginal cost Phillips curve is steep) but because the marginal
costs are relatively stable owing to the offsetting of procyclical factor prices and returns to
scale conditional on monetary policy shocks.

To illustrate this mechanism, we plot the impulse responses of the relevant variables to
one-standard-deviation expansionary monetary policy shocks in Figure 2. We first consider
models without cyclical variation in @zl Panel (b) shows that the marginal costs increase

similarly under the nested CES model across the sample period. However, because of sub-
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stantially stickier prices in the late sample, the inflation responses are much smaller for the
late sample than for the early sample in Panel (a). Similarly, for the Cobb—Douglas model,
the pass-through of the marginal costs on inflation has been weak in recent decades (not
shown), reflecting the estimated flattening of the marginal cost Phillips curve.

The results differ in the translog model with a cyclical rtst!. When estimated using the
late sample, monetary policy shocks generate persistent inflation responses with a smaller
impact response than those in the early sample (Panel (c)). These distinct inflation dynamics
reflect the dissimilar responses of marginal costs between the two sample periods (Panel (d)).
In contrast to the hump-shaped responses of marginal costs before 2000, the short-term
responses within a year are muted after 2000. These close-to-zero responses lead to small
changes in the present discounted values of marginal costs in the short term and, thus, small
variations in inflation responses.'?

These distinct dynamics of marginal costs mostly arise from more procyclical rtsi after
2000 than before. Panels (e) and (f) decompose the response of marginal costs into that
of factor prices and rts!! considering Equation (3.10). Note that procyclical rtst! after 2000
partially cancel out procyclical factor prices, yielding smaller responses in marginal costs.

Finally, Panels (g)-(i) show the responses of the gap between marginal cost and other
measures of economic activity, constituting an omitted variable in conventional Phillips curve
regressions, as illustrated in Proposition 1. More countercyclical responses in recent periods
generate more negative omitted variable biases in the identified slope, k.. The flattening of

the conventional Phillips curves follows from this result.!?

3.5 Determinants of Inflation

The above results regarding the slopes of the Phillips curves and determinants of marginal
costs imply that the inflation dynamics and its determinants could vary across the models

and the sample periods. From the results of the variance decomposition analysis, we find

2Equation (3.8) implies that 71, = x .0 (67) E¢[mici-] + Y00 o(87) " Eelh,,]. Thus, the responses of
Tirn to a monetary policy shock at time ¢ for A > 0 depend on the discounted values of the expected
responses of marginal costs, £ 3°o%  (67) E¢[micisnir)-

13The conventional measures of economic activity mostly reflect factor prices in the marginal costs (Equation
(3.10)). Consider the posterior mode of the translog model in recent periods. Conditional on monetary
policy shocks, the cyclical correlations between factor prices (qgsTst + Qrefer + QsWst + W) and the
output gap, labor gap, labor shares, and fixed cost adjusted labor shares are 0.95, 0.94, 0.98, and 0.97,
respectively. In contrast, corrc mp(mic, factor prices) is only 0.31, reflecting the cyclical returns to scale in
the marginal costs.
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Table 5: Variance decomposition of inflation

1 (2 3) (4) (5) (6)
Early sample (1966-99) Late sample (2000-19)
C-D NCES Translog C-D NCES Translog
Panel A. Variance of inflation at the cyclical frequencies

vare(#¢) 0.086 0.076 0.084 0.050 0.018 0.057
Panel B. Contribution of each structural shock, %

Productivity (Hicks neutral) 3 2 3 3 1 1
Risk premium 1 0 1 1 6 40
Government spending 1 0 1 2 0 0
Investment-specific productivity 3 1 7 41 0 12
Monetary policy 5 4 9 9 2 8
Price markup 55 69 50 38 91 34
Wage markup, skilled 1 4 1 2 0 1
Wage markup, unskilled 32 20 27 2 1 2
Skilled worker population share 0 0 0 0 0 1

Notes: This table shows the variance of inflation at the business cycle frequencies corresponding to the periodicity of 6-32
quarters (Panel A) and its decomposition into the contribution of the nine structural shocks (Panel B) in the posterior mode
of each model.

that the translog model in recent periods relies more on risk premium shocks, probably
capturing the Great Recession, and less on price markup shocks than the other models do.
Furthermore, inflation expectation is a more important driver of inflation in the post-2000
period than before.

Table 5 shows the variance of inflation at the business cycle frequencies (Panel A) and its
decomposition into the contribution of the nine structural shocks (Panel B) in the posterior
mode of each model. Given more stable inflation data in recent periods, the estimated
models using the post-2000 data predict smaller variances than those using the early sample.
Furthermore, all three models similarly predict that price and wage markup shocks explain
the majority of the cyclical variations in inflation in Columns (1)-(3). However, for the late
sample, different models attribute inflation volatility to different shocks. Given a quite flat
Phillips curve, the nested CES model relies heavily on price markup shocks. The Cobb—
Douglas model adds investment-specific shocks to the set of meaningful drivers of inflation,
yielding a larger cyclical variance of inflation than the nested CES model does. In contrast
to the results in Columns (1)-(5), the translog model captures aggregate fluctuations due to
risk premium shocks and their contribution to inflation. Finally, wage markup shocks have
minimal contributions to overall inflation volatility in recent periods in all three models.

Table 6 decomposes var.(7;) through the lens of the Phillips curve. Equation (3.8) implies

that var.(7y) = cove(y, BYE[T41]) + cove(Ty, kmic) + cove(7y, €7). These three terms equal
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Table 6: Variance decomposition of inflation using the Phillips curve

1 (2 3) (4) (5) (6)
Early sample (1966-99) Late sample (2000-19)
]Et [frt+1} n’lct Ei] Et [ﬁt+1] ’Vﬁct Ef

Panel A. Decomposition of varc(#t) using the Phliips curve: 7ty = BYE¢[fe41] + kmice + ef

cove(#i, ByEilfipa] or kmic; or &b) 0.062 0.004 0.018 0.048 0.002 0.008
slope (By or & or 1) 0.997 0.026 1 0.999 0.017 1
corre(#e, B¢ [fie41] or mec; or eb) 0.978 0.409 0.684 0.969 0.301 0.530
stde(7t) 0.290 0.290 0.290 0.239 0.239 0.239
stde(Ey[f141] or mic; or eb) 0.219 1.428 0.089 0.206 1.391 0.061

Panel B. Contribution of each structural shock, %

Productivity (Hicks neutral) 3 17 - 1 4 -
Risk premium 1 7 - 49 -2 -
Government spending 1 6 - 0 0 -
Investment-specific productivity 9 22 - 14 30 -
Monetary policy 11 20 - 9 -3 -
Price markup 40 -18 100 23 37 100
Wage markup, skilled 1 0 - 1 17 -
Wage markup, unskilled 34 44 - 2 15 -
Skilled worker population share 0 0 - 1 2 -

Notes: Panel A decomposes vare(#:) through the lens of the Phillips curve. Equation (3.8) implies that var.(#:) =
cove(ft, BYE¢[fe41]) + cove(fe, kmict) + cove(fe, ). These three terms are shown in the first row based on the translog
models in the posterior mode for the pre- and post-2000 samples. The remaining part of Panel A decomposes each covariance
into the slope (e.g., k), the correlation between #; and, e.g., mc¢, and standard deviations of these two variables. Panel B
presents conditional covariances on each structural shock relative to unconditional covariances. For example, according to
column (5), 4% of covc(#¢, kmict) is because of the covariation driven by TFP shocks.

0.062, 0.004, and 0.018 (the first three numbers in the first row in Panel A) in the posterior
mode of the translog model for the pre-2000 sample. Similarly, for the translog model
using the post-2000 data, var.(7;) is decomposed into 0.048 (inflation expectation), 0.002
(marginal cost), and 0.008 (price markup shock). These numbers imply that the contribution
of inflation expectation to inflation volatility, cove (e, Eilfeal) ipcreased from 74% to 84%

vare ()

between the two sample periods. This increased importance of inflation expectation or,

relatedly, a decrease in cov. (7, kmc;) can be decomposed into changes in the slope (k), the
correlation between 7; and mc;, and the standard deviations of these two variables, as shown
in Panel A. Comparing Columns (2) and (5) suggests that the decrease in cov, (7, kmc;) is
mostly due to the moderate flattening of the marginal cost Phillips curve (k) and a decrease
in the correlation between inflation and the marginal cost.

The decrease in this correlation results from procyclical returns to scale that dampen the
short-term responses of marginal costs conditional on demand shocks. Consider the impulse
responses of inflation and marginal costs to monetary policy shocks (Figure 2(c)-(d)). The

impact response of marginal costs is weak. In contrast, inflation responds significantly be-
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cause it reflects the present discounted value of the current and future marginal costs. Given
similar mechanisms for other demand shocks, the contemporaneous correlation between the
marginal costs and inflation decreases after 2000 compared with before 2000.

Panel B illustrates conditional covariances on each structural shock relative to uncondi-
tional covariances. For example, according to Column (5), 4% of cov.(7;, kmic;) is because of
the comovement driven by TFP shocks. Comparing Columns (2) and (5), we find that the
contribution of demand shocks (risk premium, government spending, and monetary policy)
to cov. (7, kmey) indeed decreased between the two periods. The contemporaneous covari-
ance conditional on monetary policy shocks is negative in Column (5), reflecting a negative
short-run response of marginal costs in Figure 2(d) for the recent period. A similar re-
sult holds for risk premium shocks (not shown) as a result of procyclical returns to scale
conditional on demand shocks.

Another significant difference between Columns (2) and (5) is the correlation between
inflation and the marginal costs conditional on price markup shocks. Before 2000, a positive
price markup shock increased inflation and decreased the marginal cost, generating a negative
correlation between them. In contrast, after 2000, price makeup shocks led to positively
correlated variations between inflation and the marginal cost. This change is again caused
by more procyclical returns to scale. When a price markup shock induces high inflation and
low output, decreased factor inputs endogenously decrease returns to scale, pushing marginal

costs upward.

3.6 Pandemic-Era Inflation through the Lens of the Model

Given the different inflation dynamics under the translog model compared with those under
the Cobb—Douglas and nested CES models, this section investigates recent inflation data
through the lens of all three models. Specifically, we augment the sample with the eight
quarterly variables used for the Bayesian estimation in Section 3.2 from 2020:q1 to 2024:¢q2.'
For each model, given the parameter values in the posterior mode in Section 3.2, we use the
Kalman smoother to estimate the realized structural shocks during this extended sample
period from 2020:q1-2024:q2.

Figure 3(b)-(d) shows the historical decomposition of the realized quarterly inflation

into the contributions of each structural shock and the pre-2020 economic conditions for

14\We use the skilled employment share until 2023:q4. Its values in 2024:q1-q2 are treated as missing.
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Figure 3: Historical decomposition of the pandemic-era inflation

Notes: Panel (a) presents the federal funds rate (augmented with the shadow rate of Wu and Xia (2016) when the zero lower
bound was binding) and quarterly GDP deflator inflation. Panels (b)-(d) show the historical decomposition of the realized
quarterly inflation into the contribution of each structural shock and the pre-2020 conditions for the Cobb-Douglas, nested
CES, and translog models, respectively.

the Cobb—Douglas, nested CES, and translog models, respectively. Panel (a) presents the
federal funds rate (augmented with the shadow rate of Wu and Xia (2016) when the zero
lower bound was binding) and quarterly GDP deflator inflation. Clearly, US monetary policy
was loose between 2021:q1 and 2022:q2 when inflation was increasing.

Panel (d) shows that the translog model emphasizes the contribution of risk premium
shocks at the onset of the pandemic in 2020:q2, reflecting elevated demand for safe assets
(Fisher, 2015), and loose monetary policies contributing to high inflation during 2021:q1-
2022:q2 in addition to price markup shocks, probably reflecting global supply chain disrup-
tions and the global energy crisis (Di Giovanni et al., 2022; Bernanke and Blanchard, 2023;
Bai et al., 2024). Because this model features less sticky prices than the other two models
do, demand shifters such as monetary policy and risk premium shocks appear to be mean-
ingful sources of recent inflation fluctuations. Note that this result holds despite quite flat
conventional Phillips curves in recent periods.

In contrast, the Cobb—Douglas (Panel (b)) and nested CES (Panel (c)) models rely heav-
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ily on price markup shocks to match the realized inflation dynamics after 2020. Because
the Phillips curves are quite flat in these models, demand disturbances contribute little to
inflation, as shown in Table 5.1 Instead, these models shift the Phillips curve using supply
shocks to match the inflation fluctuations.

In short, the translog model provides a more comprehensive interpretation of pandemic-
era inflation than the Cobb—Douglas and nested CES models do. The historical decompo-
sition in Panel (d) reflects several aggregate developments that occurred during the period
instead of relying solely on supply-side disturbances. Furthermore, this result emphasizes
that monetary policies have been highly relevant to inflation in recent years, which is con-
sistent with the results based on different methods (see Comin, Johnson and Jones, 2023;
Gagliardone and Gertler, 2023; Bocola et al., 2024; Giannone and Primiceri, 2024). In con-
trast, the Cobb—Douglas and nested CES models do not predict this policy implication.
Finally, these results are robust to two-input (labor and capital) models & la Smets and

Wouters (2007) with translog production functions (see Appendix C.6).1°

4 Empirical Analyses

This section estimates production function parameters using multicountry, industry-level
data and panel data methods. We show that the estimates are consistent with the results
based on the structural estimation of the translog DSGE models in Section 3.2, corroborating

stronger input complementarity in recent decades than in earlier decades.

15See L’Huillier, Phelan and Zame (2022); Beaudry, Hou and Portier (2024b) for other policy implications
of quite flat Phillips curves.

6Qur historical decomposition analysis using a structural model is complementary to other explanations
for recent inflation. Given the Ricardian nature of the model, fiscal shocks had limited contributions to
inflation, as shown in Figure 3. For models emphasizing the role of massive fiscal stimulus packages and
increases in unfunded government debt, see Chen, Leeper and Leith (2022); Bianchi, Faccini and Melosi
(2023); Barro and Bianchi (2023); Di Giovanni et al. (2023). Crump et al. (2024) focuses on labor market
conditions and the measurement of the natural rate of unemployment, which is absent in our model. Note
that our analysis assumes full-information, linear rational expectations models. Beaudry, Hou and Portier
(2024a) deviates from this assumption and introduces limited information and bounded rational beliefs
that affect inflation through inflation expectations. Finally, several authors have questioned linearity and
proposed convex price and wage Phillips curves (see Daly and Hobijn, 2014; Ball, Leigh and Mishra, 2022;
Boehm and Pandalai-Nayar, 2022; Harding, Lindé and Trabandt, 2022, 2023; Benigno and Eggertsson,
2023; Schmitt-Grohé and Uribe, 2023; Blanco et al., 2024a,b). In contrast, Kocherlakota (2024) argues
that the substitution effect among intermediate goods yields a concave Phillips curve. Interestingly, a
nonlinear version of our model can generate convex Phillips curves even in an environment similar to that
of Kocherlakota (2024) if input complementarity is sufficiently strong (see Appendix A).
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4.1 Data

We utilize data from the EU KLEMS Growth and Productivity Accounts, which provide
detailed industry-level information across various countries in the European Union. For our
analysis, we rely on three releases of the EU KLEMS dataset: March 2008, October 2012,
and February 2023. We combine these three releases to achieve the most comprehensive
coverage of labor data, particularly labor usage disaggregated by educational attainment.
We use the March 2008 release for the pre-2000 sample (1970-1999). The 2012 release fills
a gap between the two other releases by supplying labor account data from 2002 to 2007.
By combining the 2012 and 2023 releases, we create a continuous dataset for the post-2000
sample (2002-2019). Our sample period for recent decades begins in 2002 because labor data
disaggregated by educational attainment are limited for 2000 and 2001.7

We construct a multicountry, industry-level panel dataset by integrating the EU KLEMS
national, labor, and capital accounts. From the national accounts, we extract data on the
volumes and prices of output, intermediate inputs, total labor hours, and compensation
across industries, countries, and years. The labor accounts decompose labor inputs by edu-
cation, allowing us to calculate hours worked by college graduates (skilled labor) and others
(unskilled labor), as well as wages for each group. We classify college graduates as skilled
workers, which is consistent with the DSGE estimation in Section 3.2.1 (see also Krusell
et al., 2000; Ohanian, Orak and Shen, 2023). Finally, we obtain volumes and prices for the
real capital stock from the capital accounts. Appendix D.1 reports the summary statistics
of the data (see also Bontadini et al., 2023).

4.2 Empirical Framework

Estimating a translog production function is challenging because of the large number of
parameters involved. To address this issue, we use the FOC for the firm’s cost-minimization
problem following Gandhi, Navarro and Rivers (2020), Chan et al. (2024), and Hyun, Kim
and Lee (2024). This condition establishes a relationship between the marginal product of
an input (e.g., skilled labor) and its price (e.g., the skilled wage rate). Using this condition,

we identify the shape of the production function associated with the input considered. We

17Qur sample covers Austria, Belgium, Germany, Denmark, Spain, Finland, France, the United Kingdom,
Italy, Japan, Luxembourg, the Netherlands, Portugal, and Sweden. Labor data for 2000-2001 are only
available for Finland and Italy. From 2002 (2008) onward, the data are available for Austria, Germany,
Spain, France, the UK, and the Netherlands (the other countries).
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utilize the time series and cross-sectional variations in (lagged) input prices as IVs to further
enhance the identification, following Doraszelski and Jaumandreu (2013, 2018) and Hyun,
Kim and Lee (2024).

To fix ideas, consider an economic environment similar to that in Section 3.1.1 with the

following production function:

y = exp (e”) f(log x) — v,

where y denotes the output, €* represents the level of productivity, and «x is a vector of factor
inputs. The fixed cost of production, v, ensures the zero-profit condition on the BGP. The

FOC for the cost-minimization problem with respect to an input 2° is given by:

P! g Olog f
—_— =mcX — .
P ' dlogxt
~ ——
real input price marginal product

where P! represents the nominal price of 2°, § = y + v, and mec denotes the real marginal

costs of production. Rearranging this equation yields:

, Pt g dlog f
st = = mc

7 : 4.1
Py y Olog zt’ (4.1)

where s’ is the input expenditure share of total sales for input .
We log-linearize this equation and relate the input 7’s expenditure share to factor inputs

in period t as follows:

Si= duds+ 7, (4.2)
k
where dik = —PBr. — (P — D)oy, + . (4.3)
i = glfgg;; Bir, = %7 Brk. = Y, Bre, and @ is the gross markup along the BGP. 7 is

given by real factor prices and the level of productivity: 7 = >, au(Pf/P,) — &t
The key parameters in this section, &;;s, represent how x* affects the input share, s'.
As shown in Equation (4.3), d;z consists of three terms. The first term, —f., emerges

because x* has effects on mc via rts* and, thus, s® (see Equation (4.1)). When 3. > 0, z*
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positively contributes to r¢s; and thus, me decreases (see also Equation (3.10)). The second

component, —(® — 1)ay, arises from the fixed cost in production, inducing countercyclical
variations in % Finally, % captures how the output elasticity (ignoring the fixed costs),

olog f
Ologx®’

production function (G, = 0 for all i and k and v = 0) (see, e.g., Gali, 2015), the input share,

varies with z*. Note that in a textbook New Keynesian model with a Cobb-Douglas

st, simplifies to me x o;. In that case, all input shares exhibit the same cyclical variations
because §! = mc; = 7; for all 4, and d;, equals zero for all ¢ and k.

The empirical specification for our regression analysis builds on the theoretical prediction
in Equation (4.2). Specifically, we estimate the following equation using the EU KLEMS
data:

log (st;;) = Z 0ir log (xlgjt) + oo+ + T+ el (4.4)
k

where ¢, j, and t denote country, industry, and year, respectively. We include country,
industry, and time fixed effects (a., 7;, and 7) to control for unobserved heterogeneity at
these levels. Additionally, Equation (4.4) does not involve real output, y?;,. The dependent

i

ejt» can be computed using the two nominal values, P!

variable, s il and Py, This
property allows us to circumvent the construction of the exact output price index (see,
e.g., Hottman, Redding and Weinstein, 2016). Finally, we assume that ds do not depend on
industry j. That is, we consider a representative production function to inform the aggregate
production function assumed in the DSGE model in Section 3.

Equation (4.4) is based on the relationship between the real input price and the marginal
product of the input. A wedge between these two quantities may arise from frictions in the
economy, such as input adjustment costs (Hall, 2004), imperfect competition in output and
factor markets (Rotemberg and Woodford, 1999; Berger, Herkenhoff and Mongey, 2022),
and financial frictions (Jermann and Quadrini, 2012; Arellano, Bai and Kehoe, 2019; Bigio
and La’0, 2020). After controlling for county, industry, and time fixed effects, the remaining

%

idiosyncratic component of this wedge could appear in the residual, &;;,. This residual term

may also capture measurement errors and ex post productivity shocks (Gandhi, Navarro and
Rivers, 2020).

To enhance the identification of Js, following Doraszelski and Jaumandreu (2013, 2018)
and Hyun, Kim and Lee (2024), we utilize lagged input prices as IVs. Our identification
assumption is that after controlling for fixed effects, the idiosyncratic components of the

lagged input prices are orthogonal to the idiosyncratic components of the wedge in the resid-
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ual. For instance, if the residual is serially uncorrelated, the lagged input prices satisfy the
exogeneity condition for the IVs. The relevance condition holds when z? is correlated with
the input price and the input price is serially correlated. In addition to this benchmark spec-
ification, we perform several robustness checks considering potential sources of persistence in
the residual, such as adjustment costs and persistent country-industry-specific components
in productivity. For the IV relevance, we will present the first-stage F-statistics as a measure

of correlations between z’ and lagged input prices.

4.3 Estimation Results

We focus on the cases where the skilled labor share is the dependent variable in the regression
equation (4.4). We show that the values of § vary between the two sample periods, consistent
with the structural estimation results in Section 3.2.

We use the skilled labor share in this section for three reasons. First, the translog model
estimation results in Table 3 indicate that Sy, and [, increased significantly between the
pre- and post-2000 samples. These increases in s suggest that d, and d,, also changed
accordingly between the two sample periods. Note that this prediction is testable using the
IV estimation results of Equation (4.4) when the skilled labor share is placed on the left-hand
side. Second, ds; includes the Ss;/as term in Equation (4.3). Since « is relatively small (see
Table 3), even a moderate change in 3, could result in a sizable shift in the DSGE model-
implied d, for ¢+ = k,u. In contrast, d,; is less sensitive to changes in [3,; because oy < ay,
(see Table 3). Thus, detecting a structural change in the degree of input complementarity
(represented by different values of s) from the estimates of s in the empirical model is more
viable when the skilled labor share is considered than the unskilled labor share. Finally,
decomposing capital into structures and equipment, as Krusell et al. (2000) and Ohanian,
Orak and Shen (2023) did for the US aggregate data, is challenging for the EU KLEMS data
because of the lack of necessary information. Thus, we do not pursue empirical specifications
using the equipment (or capital) expenditure shares for the comparability of the results.

To investigate potential changes in the production function over time, we split the sample
into two periods: 1970-1999 and 2002-2019. Columns (1) and (2) in Table 7 present the IV
estimation results for the pre- and post-2000 samples, respectively. The two-step efficient
generalized method of moments (GMM) estimator is employed, with standard errors clus-

tered at the country level. One- and two-year lagged input prices are utilized as IVs. In
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Table 7: IV and structural estimation of §

IV Estimation Structural Estimation
pre-2000 post-2000 pre-2000 post-2000
1) (2) (3) (4)

Capital -0.548 0.765
(0.091) (0.321)

Structure -0.060 -0.040

(0.008) (0.007)

Equipment -0.361 0.192

(0.132) (0.070)

Skilled Labor 0.429 -0.093 0.746 0.207

(0.239) (0.418) (0.040) (0.129)

Unskilled Labor -0.721 0.477 -1.259 0.475

(0.389) (0.640) (0.100) (0.234)
Intermediate Goods 0.334 0.135
(0.322) (0.120)
F-stat for Capital 25.25 13.25
F-stat for Skilled Labor 158.89 13.15
F-stat for Unskilled Labor 61.33 23.46
F-stat for Intermediate Goods 531.64 71.62
Observations 2,372 2,566

Notes: The skilled labor share is used as the dependent variable in regression equation (4.4). Columns (1) and (2)
report the IV regression results for the period 1970-1999 and 2002-2019, respectively. The inputs are instrumented
using lagged input prices at ¢t — 1 and ¢ — 2. The two-step efficient GMM specification is employed, with standard
errors clustered at the country level, shown in parentheses. In columns (3) and (4), we calculate the values of ¢ in
the posterior mode and the posterior standard deviation of the translog model. For this purpose, we use Equation
(4.3) and the Bayesian estimation results discussed in Section 3.2.

Columns (3) and (4), we calculate the values of § in the posterior mode and the posterior
standard deviation of the translog model. For this purpose, we use Equation (4.3) and the
Bayesian estimation results discussed in Section 3.2.

By comparing the results in Columns (1) and (2), we can evaluate how the production
function has changed over time. First, the sign of the coefficient on capital shifts from
negative to positive, indicating that capital has become more complementary to skilled labor
over time. Similarly, the coefficient on unskilled labor is negative in Column (1) but becomes
positive and insignificant in Column (2). This result suggests that skilled and unskilled labor
were more substitutable in the earlier period but became less substitutable over time. In
contrast, the coefficient on skilled labor decreases between the two sample periods. Overall,
all these changes are consistent with the results from the structural estimations shown in
Columns (3) and (4); 0xs (equipment-skilled labor) and dg, (skilled labor-unskilled labor)
increase, whereas d,, decreases between the two sample periods in the posterior mode of the

translog model. Despite the different methods, types of variations, and countries covered in
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the data, the results from the IV and structural estimations are largely congruent with one
another.

In summary, the IV analysis in this section suggests that the production function has
evolved over time, consistent with the DSGE analysis in Section 3. This empirical evidence
aligns well with our explanation of the flattening of the Phillips curve, which is based on
changes in the degree of input complementarity and the resulting cyclicality of returns to
scale. Our results also emphasize the need for a more flexible approach beyond the standard

Cobb-Douglas production function.

Robustness checks. The results in this section are robust to multiple alternative specifica-
tions and data adjustments as follows. First, we consider a value-added production function
and use capital services (available only in the March 2008 release) instead of capital stock.
Second, we broaden the post-2000 sample by including Finnish and Italian data from 2000
instead of 2002. Third, we compute Driscoll and Kraay (1998) standard errors. Fourth,
we employ two- and three-year lagged input prices as IVs to lessen the potential influence
of serial correlation in the residual of regression (4.4). Fifth, we adjust the skilled labor
share by average input prices (weighted by expenditure shares) in view of ), aupy in 7
(see Equation (4.3)). Lastly, we enhance the moment conditions to account for potentially
persistent, country-industry-specific components in the levels of productivity. In all these

cases, the main results remain largely unchanged (see Appendix D.2).

5 Conclusion

This paper shows that more procyclical returns to scale in recent decades can reconcile the
two seemingly divergent empirical findings: (i) the Phillips curve is steep and alive when the
marginal costs are used as a forcing variable (Gagliardone et al., 2023), and (ii) the Phillips
curves have flattened when conventional measures of economic activity, such as the output
gap, labor gap, and labor shares, are employed (Del Negro et al., 2020; Stock and Watson,
2020; Inoue, Rossi and Wang, 2024). We develop a theory based on a more flexible production
function than the tightly parameterized Cobb-Douglas and CES functions. Our quantitative
results emphasize how changes in the cyclicality of returns to scale help explain inflation
dynamics and the Phillips curve in the US. Furthermore, our model predicts the growing
significance of inflation expectations, echoing the insights from Coibion and Gorodnichenko
(2015), Hazell et al. (2022), and Meeks and Monti (2023).
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This paper considers closed economy models and ignores the potential source of meaning-
ful complementarity between imported intermediate goods and domestic factor inputs. The
rise of globalization and its macroeconomic implications through cyclical returns to scale

under the translog framework is left for future research.
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Appendix A Supplementary Materials for Section 2

This section investigates the nonlinear properties of the Phillips curve induced by translog production functions.
The exposition is based on the tractable illustrative model in Section 2.

We use hats to denote log deviations, e.g., § = log(y/y), where y represents the steady state value of y. We
ignore the productivity shocks to focus on the movement of the economy along the Phillips curve driven by demand

shocks, as in the case of Section 2. Subscripts are dropped when they are unnecessary.

Model. The household side consists of two types of workers. The population share of each type is half. Labor
hours per type ¢ worker are denoted by h; for ¢ = 1, 2. The total supply of type i labor is denoted by I; = 0.5h; for
i = 1,2. The aggregate labor input [ is given by:

=101 +13 =0.5h1 +0.5hs.

In a symmetric equilibrium, l=h = Bg, I =1 = 0.5l_, and [ = il = ig = ﬁl = ﬁg.
Considering the first- and second-order terms, the translog production function in the log-deviation form can

be expressed as:

g = allAl + agig + 0.5ﬂ11(Z1)2 + ﬂ12lA1lA2 + O.5(Z2)2,
=1+0.58(1)?,

where a1 = as = 1 and 8 = 11 + 20812 + P22. B captures the magnitude of overall input complementarity arising
from the second-order terms in the translog production function.
We restrict our attention to the values of  such that output increases in labor and § is strictly positive (5 > 0).

Therefore:
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Also,

—1+ I+ 253

[ =
B

Given the symmetry, 811 = f22. Thus,

B1. = P11 + P12 = 0.58,
B2. = P12 + P22 = 0.50.

Furthermore, the elasticity of output with respect to each input equals:

Odlogy 0y . .
= —= = a; + Biili + Bijl;
dlogl; o, o+ Puli + Bigly
=05+ 8l
=0.5+0.580

for i = 1,2, where j # i, 821 = P12, and the second line uses the symmetry between ¢ and j.

Let w; be the real hourly wage rate for type ¢ labor. The symmetry implies that wi; = we, denoted by w.

oy l—oc__ 14+1/0
Then, an additive separable preference, < 1_; L_ }{ T /U;
c

, and the fact that ¢; = ¢o = y in equilibrium yield that:

_ . o1
wic; 7 :hil/gl = w:UCy—i—;l.
!

Marginal costs. The cost-minimization problem of an intermediate goods producer leads to mc = 4= = 55
o ot

Thus,

—

e = — (0.5 + 0.580) — (§ — 1)

A 1. 0.5+ 0.581
=(o.—1)y+(1+ ;)l — log <6>
l

0.5

1 . R
:(ac—l)g)—i—(l—i-;l)l—log(l—i-ﬂl).

Note that the first two terms are standard. The translog functional form adds a new term to marginal costs,
— log (1 + 6f), related to the returns to scale (see also Equation (B.102)).

The marginal costs are the key forcing variable in the New Keynesian Phillips curve. In contrast, the conven-
tional forms of the Phillips curves use the output and labor gaps as forcing variables. Below, we investigate the
relationship between the conventional measures of the inverse slack (g and Z) and the model-predicted measure of
it (mc). Because we only focus on demand-driven dynamics, the natural levels of output and labor do not change.

Therefore, 4 and [ coincide with the output and labor gaps.

Proposition OA.1. (Marginal costs and labor gap). If o, > 1 and 8 > 0, the marginal costs are a strictly

increasing convex function in labor in logarithm on [ > ﬁ/al — %
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Proof. Note that:

ome oo a8
ol i o 1+ 8
) 1 8
= (0 — i -y >,
(o 1)(1+B)+(1+01) 5 > 0
I?mic B2
T~ (oo — ; O
oz~ e BT s > O

Proposition OA.2. (Marginal costs and output gap). If o, > 1 and f > 0, the marginal costs are a strictly

increasing convex function in output in logarithm on 1++/01 — % <l < H‘%/Ul -1

3
Proof. Note that:
1 AN
(e —1)+ KH) —ﬁ] <y>
9y oy 1+ 311 \ ol

1 8 1
=(oc—- D+ |(1+=)-——=|——= >0,
o) 14l 1+pl
O*mic  9Pmic (ay)*
09> olog \ ol

Vv )l o
|l 1+ B8D)3 o) 148l A+ 1+
__ b _ 1 /
_(1+5i)4{ﬁ <1+al>(1+ﬁl)+6}
B2 1 2 1 -
:7(1_’—&5)4 <1—|—O_l> {1+171l—ﬁ—l} > 0. O

Thus, under certain conditions, the marginal costs convexly increase in economic activity. To examine whether

this convexity in the marginal costs translates into the convexity in inflation, we investigate a static Phillips
curve postulated by Kocherlakota (2024). This formulation allows us to study the curvature of the Phillips curve
analytically by circumventing issues related to nonlinear dynamics in expected inflation in the conventional Calvo-
and Rotemberg-type models.

Suppose that (-fraction of prices do not change and 1 — {-fraction of firms reoptimize their prices. e represents
the elasticity of substitution across the intermediate goods. In this situation, we obtain the following marginal cost

Phillips curve of Kocherlakota (2024, Equation (6)):

o— (1 - (1- C)C(I)I_Emcl_5>116 ’

where II is the gross inflation and ® = 1/mc is the steady-state gross markup, implying that II = 1. Thus,

Pl=¢me! =€ = ¢l “mec! “exp((1 — €)mc) = exp((1 — €)mc). Furthermore:

7= log <E> _ Eillog (1(16)@21)((16)77@0))
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Figure A.1: Nonlinear Phillips curves under translog production functions

Note that:
o _ (1 —=¢)exp((1 — €)mic)
ome 1—(1-¢)exp((1—e)mc)’
0*# (1 —¢)exp((1 —e)me)

o2~ = (1= Oexp((l— gmap |~

We assume that 1 — (1 — ¢) exp((1 — €)mc) > 0 or, equivalently, mc > ﬁ log(1 — ¢). Also, we assume that

023 < 0. Thus, the marginal cost Phillips curve is concave because of the substitution

€ > 1. Clearly, 8?2(: > 0and =%

effect, represented by the fact that 1 — e < 0, as shown in Kocherlakota (2024).
How about the labor and output Phillips curves?
on or Omc
—x — T < T~ > 0
oL 9me 9
0*r _ 9(0%/dmic) (am(;)? L or %mc

o2 Omc ol ome g2’
A <87ﬁc>2 dr 0*mc
A T oTme.

amce ol Inc, 92
=) +) SRARNCH!

Thus, if the marginal costs are convex enough in labor to dominate the concavity in the marginal cost Phillips
curve, the labor Phillips curve can be convex. By changing [ to 9, we can obtain a similar result for the output

Phillips curve.

Numerical example. For illustration, we plot mic, #, and # = log(¢ 4 (1 — ¢) exp(mic + 7)) against [ and §,
where 71 is the Laspeyres price inflation in Kocherlakota (2024, Equation (9)). We set 0. = 1, oy = 2, ¢ = 0.75,

€ =4, and f = 1.3. € is chosen according to a relatively sizeable steady-state price markup estimate in Section 3
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to conventional calibration.

Consistent with the theoretical results above, a sufficiently strong input complementarity, measured by g,
generates convex labor and output Phillips curves (shown in the second column in Figure A.1) through its nonlinear
effects on the marginal costs (the first column). Our results hold even for the true inflation as well as the Laspeyres

inflation that underestimates substitution effects (see Kocherlakota, 2024) (the third column in Figure A.1).
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Appendix B Medium-scale DSGE Model

This section illustrates the model details used for quantitative analyses in Section 3. We assume a normalized
translog production function following Hyun, Kim and Lee (2024). Firms use four inputs in production: structure,
equipment, skilled labor, and unskilled labor, as described in Krusell et al. (2000); Ohanian, Orak and Shen (2023).
Our model builds on the medium-scale DSGE models in Christiano, Eichenbaum and Evans (2005) and Smets
and Wouters (2007b), featuring sticky prices and wages, fixed costs of production, investment adjustment costs,
costly capacity utilization, and external consumption habits. By deviating minimally from the Smets and Wouters
(2007b) model, we emphasize the flexible input complementarity and substitution structure introduced by the

translog production function and its contribution to the slopes of the Phillips curves.

B.1 Decision Problems and Equilibrium Conditions
B.1.1 Final good producers

The final good producers solve the following problem, as is the case in the Smets and Wouters (2007b) model:

1 1 Y}(Z)
max P.Y; —/ P(i)Yz(2)di s.t. / G < ;)\f) di =1,
0 0

Y, Y (i) Y;

where Y; and Y;(7) are the final and intermediate goods, respectively, and P, and P;(i) are the corresponding prices.
G is an aggregator a la Kimball (1995), and A? represents the (net) time-varying price markup.

Given the Lagrange multiplier, u:, the FOCs are given by:

Y,: P= ’;Z/OIG’ <Y§éi);xf> (Yty(:)) di (B.1)

v ne - e (B,

Combining the above equations yields the following zero-profit condition for the final good producers.

1
RY, = /0 Py(i)Yi(i)di. (B2)

Furthermore, we write the demand for each intermediate good as follows:

(o) = vix (@) (F0na ) (B.3)

where Tt = PtY;g/,U,t

B.1.2 Intermediate goods producers

We extend the problem of the intermediate goods producers in the Smets and Wouters (2007b) model by introducing
two types of capital and labor following Krusell et al. (2000) and Ohanian, Orak and Shen (2023). We further

augment a conventional Cobb—Douglas production function with second-order terms, yielding a translog production
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function. Specifically, the production function for intermediate good ¢ is given by:

Yi(i) = exp(ef) (Kt ()] [Kee ()] [y Lst ()] [ Lue ()] ™ x exp(s.o.t.i¢) — 7'v, (B.4)

~ ~ ~ ~ ~ ~ !
s.0t.4 = <ki,etu L st, li,ut) I€] (ket,lst, lut) ;

where K (i), Ket(i), Let(1), and Ly, () are structures, capital equipment services, skilled labor hours, and unskilled
labor hours, respectively. 7 represents the (gross) growth rate on the balanced growth path (BGP). v captures
the fixed costs in production, yielding zero profits on the BGP. Aggregate productivity, ¢, follows an exogenous
process. We assume that ags + age + as + o, = 1.

Regarding the second-order terms, we assume a normalized translog production function following Hyun, Kim
and Lee (2024). We use bars and hats to denote the BGP values and log deviations from these values, respectively.
Specifically, l%l et = log (Ket()), l}jst log( st (i )), l;-yut log (L“t( )>, ket = log (%z), Lot = log (L5t>, and
l = log (L“t>, where K¢, Lg, and L,; are aggregate capital services, skilled labor hours, and unskilled labor

hours, respectively. 3 is a matrix consisting of the translog parameters:

Brk  Brs  Bru
ﬁ = 6}68 553 Bsu
ﬁku ﬁsu Buu
Profit of firm 4 in period t is given by:
Mi(i) = Pp(0)Y3(i) — Rst Kt (i) — Ret Kt (1) — WiseLst (1) — Wy Lot (7), (B.5)

where Wy, Wy, Rs, and Re; are the nominal skilled wage rate, nominal unskilled wage rate, rental rate of
structures, and rental rate of capital services, respectively.

Consider the following cost minimization problem:
min Rstht(i) + RetKet(i) + Wstht(i) + WutLut(Z) — MCt(Z)(Y%(Z) — Y), (B6)

where MC,(i) is the Lagrange multiplier associated with the constraint Y;(i) > Y, representing the nominal

marginal costs.

First-order conditions. The FOCs are as follows:

Yi(3)

Ky (i) Ry = MCy(i )maksy (B~7>
Ke(i) : Re; = MC, Yi(i) = k I l B.8
et 7’) . t( )K t(z> Ae,t, Qe t = | Oke + /Bkk et T Bks st T Bku ut | » ( . )
. Yi(e . . -
Lst(l) : Wit Mct( )Ltt((Z)) Agt, Qst = (as + Brsket + Bsslst + ﬁsulut) ) (Bg)
. L Yi(i . . .
Ly (71) : W = Mct(z) I tt((zl)) Ayt Qyut = (au + Bruket + Bsulst + 5uulut> ) (BlO)

where Y;(i) = Y;(i) + vv.

OA-7



Second-order conditions. The cost minimization problem (B.6) is equivalent to minimizing:

R exp(log(Ks(7))) + Rer exp(log(Kei(i))) + W exp(log(Lsi(2))) + W exp(log( Lyt (i)))

by choosing log(K (7)), log(Ke(i)), log(Ls: (7)), and log(Ly(i)) subject to log(Y;(i) + v'v) > log(Y + ~'v). The

bordered Hessian for this optimization problem is given by:

0 s Ofet Qs oyt
aps R Ks (1) 0 0 0
Qe t 0 Rt Kei(1) 0 0
st 0 0 Wy Loy (4) 0
ut 0 0 0 Wit Lot (1)

If the last three leading principal minors of the above matrix are negative, the second-order condition for the cost
minimization is satisfied (see, e.g., Simon and Blume, 1994, Theorem 19.6). For simple notation, we write a1 = s,
a2 = Qe t, A3 = Olgt, G4 = Ouyt, A1 = R K 4(1), do = Ret Kot (1), dg = Wt Lot (), and dg = Wiy Lyt (7). The last three

leading principal minors, denoted by M3, My, and Ms, are as follows:

M3 = —a%dl — a%dl,
M4 = —a%dgdg — a%dldg — a%dldg,
M5 = —a%d2d3d4 — a%d1d3d4 — a§d1d2d4 — aidldeg.

Clearly, when all as and ds are strictly positive, the second-order condition is satisfied. We assume all factor prices

and quantities are strictly positive and oy, ke t, Qtst, Q. > 0.

Marginal costs. Equation (B.7) implies that Ky (i) = MCt(i)%j{iZ(i). Plugging similar equations for K (7),

L (i), and L (7) into Equation (B.4) yields the following equation for the nominal marginal costs:

. Rst s Ret e Wst & Wut o
M = —&? B.11
Ci() (ak8> <ake> <'7t048> <7t0‘u> p( i) ( )

—ay —a —a
% <ake,t> ‘ (a5t> s (aut> *
e Qs Qy,

X exp(—s.0.t.it).

Similarly, we define the following aggregate variable that each firm takes as given:

ks Qke Qg Qg
MC; = <Rst> <R6t> ( VtVst ) ( Mt/“t > exp(—e}) (B.12)
AL Qe Vs YOy

—ag —a —a
% (ake,t> © <ast> ° (aut> *
Qe Qs Qiqy

X exp(—s.o0.t.),

~ ~ ~

~ ~ ~ /
where s.o.t.; = (ket, lst, lut) J¢; (k:et, lst, lut> . Note that the first line in Equation (B.12) based on factor prices and

TFP resembles the nominal marginal costs in the Cobb—Douglas model. The last line disappears in log-linearization
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because it is of the second order. Then, the translog structure contributes to the marginal costs through a novel

first-order variation represented by the terms in the second line in Equation (B.12).

Sticky prices. Next, we investigate the price-setting problem under the Calvo pricing framework with partial
indexation. Firms can reoptimize their prices, P;(), with the probability of 1 — ¢, each period. When it cannot

reoptimize, { Pi+s(i)} evolves as follows. For each s > 0,

1 s=0
Pt—i—s(i) = Pt(i)Xt,s; Where Xt,s = L _ 1—s 3
() (1) 77 s>

where Hi(l’ = g—: denotes the gross price inflation from period ¢y to t1, and II represents the steady-state gross price
inflation. As in Smets and Wouters (2007b), reoptimizing firms in period ¢ choose the optimal reset price, P;(i),

by solving the following problem:

= P, o
max [ Z Cpﬁs# [Pt(l)Xt,s - Mct-&-s} Yigs)e
PGi) E/ Py

[ B()X
s.t. Yt+s|t =Yits X (GI) ! <t()t787't+s§ Af—&—s) )

Pt+s
where the demand function follows from Equation (B.3), and 55% is the nominal stochastic discount factor.
With some algebra, we can show that:
Xt,s Py ()Xt s
Nipat o, BraTebs Vi 1 “p=Tes 1 Yy G
8Pt(i) t+s G (G/)fl pt(l) G fjt(l) (G/)fl G"’

Py (i) Xy
Pt+

where G’ and G” are evaluated at (+; ”S“ AV, ), and (G)7! is evaluated at (

FOC with respect to P;(i) is given by.

S T /\erS). Therefore, the

Sivs/ P _ Y,
E sEees/ t+8{XsYs B () Xps — MCips f*s't}_o
tZC;ﬁ Ei/ Py hatbteft [ Hi)Xe, " ] OPy(i)
= s s‘:‘t-l- / t+ (- 1 G’ 1 G’
= Et ng/@ %Y{H—s\t {Pt(Z)Xt’s |:1 + (G/)_IC,Y”:| — MCt+s (G/)—l @ =0. (Blg)

s=0

Clearly, all reoptimizing firms choose the same pt(i), which is denoted by P.
To compute the aggregate price index P;, we use Equation (B.2). In period ¢, for each s > 0, there are
(1 = ¢p)¢, fractions of firms that optimized their prices in period ¢ — s for the last time. In period ¢, the prices of

those firms’ products are given by ]—:’t,th, s,s- LThen,

RN
pt_/o I YOROYY

Y,
z Yiji— - Vi
== Cp)Pt )t/‘t (1= )P X1 t;} : +(1- CP)CI%Pt—2Xt—2,2 t;'t 2 + ..
P P 5 Pi X
= (=GP > ()7 (PtTt;Af> + (1= G)GpP-1 X1 x (G)7 <t113tmft;Af> +....  (B.14)
! t
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Returns to scale. Let the production function (B.4) be denoted by fi (K (7), Ket(7), Lst (i), Lyt (2); €7, Kety Lst, Lut ).

The returns to scale (or the scale elasticity) is defined as follows:

6 lOg [ft()\Kst (Z)7 )\Ket (Z)a )\Lst (Z), )\Lut (Z), 5?3 Keta Lsta Lut)] |
dlog A A=t

rts; =

dlog fi 8logft| —
dlog f; OlogA A=1

The output augmented with the fixed costs, f; + 7'v, is denoted by fi. Then, rtsy =

~ ~

= R /
LI ey + e + g + g+ 1B (et ot T ] Irw1, where 1= (1,1,1)’. Thus,
Yi(i) + 7'

tsip =
T1Sit Y;(’L)

(1 + 5k~]%et + stst + /BulAut> ) (B15)

where Bg. = Bir + Brs + Brus Bs = Brs + Bss + Bsu, and By. = By + Bsu + Puu-

Remarks. (i) Structure, K (i), appears only in the first-order term, as in Krusell et al. (2000) and Ohanian, Orak
and Shen (2023). In contrast, an arbitrary degree of complementarity and substitutability is allowed for any pair

of the remaining three factors: equipment service, skilled labor, and unskilled labor.

(ii) The second-order term degenerates on the BGP because l;:i,et = l}-,st = lAmt = l;:et = ist = iut = 0 on the
BGP. Thus, the translog parameters do not affect the BGP and the long-term dynamics implied by the model,
which are identical to those in the Cobb-Douglas model. This property allows us to focus on the business cycle
implications of input complementarity and cyclical returns to scale without affecting the long-term properties of

the model, such as Kaldor’s facts.

(iii) In a deviation form from the BGP, the output, augmented with the fixed costs, is given by:

K, (i)] [Kem')} [Lst@} [Lut@)] "

Y (i) + 4o a
t()’y_exp(gt)[ s o

Y+t

Ket

Kst Lut

This expression clearly illustrates how the translog structure affects the elasticity of output with respect to each
factor and the scale elasticity (i.e., returns to scale). Ignoring the fixed costs, the elasticity of output with respect
to Ker(i), L (), and Ly (i), captured by ager, cus, and uyy, are endogenously determined and time-varying around
their long-term values, age, as, and a,. Furthermore, the translog structure can yield a cyclical component in the

returns to scale because:

Ttstl = Qps T+ Olke,t +ag +ayw =1+ Bk-]%et + /stst + /Bujutv (B16)

(iv) A conventional second-order Taylor expansion of a generic production function in k; ¢, l; s, and [; ¢ leads

to
1 /A “ N N N R /
s.o.t. = 5 (ki,etv li,sta li,ut) B8 (ki,et, li,sta li,ut) .

This formulation and our specification in Equation (B.4) yield the same expressions for the production function
and firms’ first-order conditions for the cost minimization problems in log-linearization. However, our specification
does not allow each firm to choose its own returns to scale, represented by the fact that age;, s, and oy are

exogenous from firm i’s perspective because they are determined at the aggregate level. This property simplifies
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the second-order conditions for the cost minimization problem. As shown above, under our specification (B.4), the

second-order condition is identical to that in the Cobb—Douglas model.

Other production functions. Clearly, the translog production function (B.4) nests the Cobb—Douglas function
with the restriction that 8 = 0.

Next, we consider a nested constant elasticity of substitution (CES) production function employed in Krusell
et al. (2000) and Ohanian, Orak and Shen (2023). In a deviation form with dimensionless parameters as those
in Cantore and Levine (2012); Cantore et al. (2014, 2015), we can write the nested CES production function as
follows:

1-ays

Pux Sux

Y}(Z) + ,th Kst(’i) s | Lut(i) buz . 3 Ket(i) Dhos B Lst(i) ks ks
A — a St u | ——= - AN s | ——= , (B.17
Y;f + ’)/t’U exp(gt) Kst “ Lut ta Uk Ket e Lst ( )

Sy

where &, + @, = 1, ap+as = 1, and —00 < ¢yz, s < 1. It is shown in Section B.4 that the equilibrium conditions
based on this production function are a special case under (B.4) in log-linearization. Specifically, first, the fact that

the alpha parameter gives the steady-state income share of each factor leads to the following parameter restrictions:

(= ) B.18
u 1-— Qs ( )
~ Oy,
1
o o
dkz e
(1 — ags)ay
Gg=1— — ke
* (1 — o)ty
Then, the translog parameters consistent with the nested CES form in (B.17) are given by:
Bkk = ake(‘buzdkdu + (bks&s)a (Blg)

Brs = Qs (Puatu — ds),
Bru = —PualtaQpry,

Bss = PuzCisQsly + PpsCrsQiy,
Bsu = — Puzu Gz s,

Buu = Quz Oy Oig.

B.1.3 Households

A representative household consists of a continuum of members indexed by j € [0,1]. In each period, x; € (0,1)
fraction of members are skilled workers, and the remaining 1 — x; fraction of workers are unskilled. y; follows an
exogenous process. For simplicity, we assume that members with j € [0,1 — x;) and j € [1 — x4, 1] are unskilled
and skilled, respectively.

The period utility function of member j is given by:

1—o0,

g

) —o. -1 Nlto
(Ce(§) — hCi—1)' ™ exp <A2j Hy(j)'* ’) :

(&
140
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where Cy(j) is consumption, hC;_1 represents external consumption habits, and Hy(j) is labor hours. The preference

parameters, Ay; and Agj, vary across worker types:

Ay, j<1l—x4 Az, j<1l—x4
Alj: Agj: .

17 ]Zl—Xt 17 ]Zl—Xt

Thus, A1; = Agj = 1 for the skilled workers with j > 1 — x;. The unskilled workers share the same A; =
exp (C{igl(l - AQ)EH"Z) and Ay = 2:/®u 2, where h is the value of Hy(j) on the BGP for all j. The values of

as/o 1=X7
A7 and As are chosen to maintain the representativeness” of agents such that consumption and labor hours are

the same across worker types on the BGP. This property allows us to deviate minimally from the representative
agent framework and write several equilibrium conditions using aggregate consumption, e.g., the consumption Euler
equation. However, C¢(j) and Hy(j) can vary across types in the short term.

A family head solves the resource allocation and portfolio choice problems by deciding the consumption (C(7))
of the family members, family—level risk-free nominal bonds (By), structure investment (), equipment investment
(Iet), structure stock (K ), equipment stock (K,;), and equipment utilization rate (Z;) to maximize the following

utilitarian welfare function:

° 1 1 , o, o.—1 . .
t=0 ¢

subject to the budget constraint as follows:

By
Ce()dj + It + It + ————— + 1 B.20
/ (7)) dj st T let exp(ef)RtPt t ( )
1 . . 1— ~ ~
By W_H]d]W N H(j)dj  RaKsi—1 = RetZiKey— ny n
< t1+ stfl Xt t() utf ) i st s,t1+ ettt et 1_a(Zt)Ket1+7+7t
Pt Pt Pt Pt Pt Pt Pt
and the capital accumulation equations for structure and equipment:
2 - Ist
Kg=(1—-0s)Kgss—1+ [1—-5; Fi I, (B.21)
s,t—1
- . 1,
Ket = (1= 8e)Ke g1 + exp(el) [1 — 5. <I o 1)} It (B.22)
e,t—

Ry is the (gross) nominal return to bonds. €7 denotes an exogenous premium in returns to bonds, reflecting a
structural shock to the demand for safe and liquid assets (Fisher, 2015). T; represents lump-sum taxes. I} and [,
are the profits of labor unions and firms paid out as dividends. a(-) reflects costly capacity utilization. Following

Smets and Wouters (2007b), we assume that a(Z) = 0, where Z = 1 is the steady state level of utilization. We
d(2) o 1=

reparametrize 7 G The amount of capital services that households can rent to firms is given by:
Ky =K1, (B.23)
Ket = th{e,t—L (B24)

Ss(+) and Se(-) are the investment adjustment costs for structure and equipment such that Ss(v) = Se(v) = 0,
Si(y) = Si(y) = 0, S’(y) = ¢s > 0, and SY(y) = ¢ > 0. &l is an exogenously determined (equipment)
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investment-specific productivity.
Let 24, E4, and E¢; be Lagrange multipliers associated with the budget constraint (B.20) and the capital

accumulation equations (B.23)-(B.24), respectively. We obtain the following FOCs:

. —_— . —0 Uc - 1 . o
) == A1y(C) ) exp (A, L)), (8.25)
Bt : Et = ﬂexp(s?)RtIEt |:Et+1:| s (B26)
t+1

I I
Iy Et:Est[l—SS< > St>><< st )]
st 1 s,t 1 st—l

2
+ PE; ust—i—lS/( St+1> < St+1> ] (B.27)
st
—_ —_ 1 Iet / Iet Iet
Iy : H =5, 11— S - S,
t =z |- (7)) -5 (25) < (5]
t+1 L1\’
+ BE; | = A+1 exp(€t+1)5" ( = > X < = > , (B28)
Iet Iet
~ —_ —_ Rs,t—l—l —_
Kt : Est = BEy St+1 P + :s,t+1(1 - 55) ) (B-29>
t+1
~ _ _ Reii12 _
K- et = PE; |:it+1 (t;lm - G(Zt+1)) + e (1— 53)} ; (B.30)
t+1
R,
Z : L= d(2). (B.31)

Py

Finally, Tobin’s ¢s for structure and equipment are given by:

[1]

)
~+

st =

s

et =

0

B.1.4 Labor packers, unions, and unpackers

Households relegate labor supply decisions to labor market institutions. We introduce a similar labor market
structure for skilled and unskilled labor. For each type of labor, labor packers operate in a competitive environment,
combine differentiated labor services using a Kimball aggregator, and sell the composite labor service to firms. Labor
unions set wages for each differentiated labor service subject to Calvo-type frictions with partial indexation, similar
to Smets and Wouters (2007b). Labor unpackers differentiate labor supply from households and channel them to

the labor unions and the labor packers.

Labor unpackers. Consider the unskilled labor market and an unskilled worker j € [0, 1—x;) supplying H,; hours
of labor. Labor unpackers in this market hire this labor, divide H,; into a continuum of differentiated unskilled
labor services, { Hy(k)}, for £ € [0, 1], and supply them to each labor union. Specifically, the labor unpackers solve

the following problem:

1 Hu
max / Wut )dlﬁ — WutHut s.t. = / GU < t(H) ; )\?) d:‘ﬁ?,
H’u,tyHut 5) 0 Hut
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where Gy is a Kimball aggregator for unskilled labor. Then,

W Hut — / Wt (1) s (1) i, (B.32)
Wut(lﬁ)

ut

Hut(/ﬁ) = Hut X (G/U)_l < TUt; )\?) s (B33)
where 777, = Wyt Hyt/piu e, Ay is the (net) unskilled wage markup, and py is the Lagrange multiplier for the above

optimization problem.

Labor packers. Labor packers undo this process. They combine the differentiated labor services ({ Hyt(k)}) using
the same Kimball aggregator (Gy7) and supply the composite unskilled labor (H,;) to firms by solving the following

problem:

max Wy H /1 W (k)Hu(k)ds  s.t /1 G (Hm(ﬂ) /\“) dr =1
ot Hoot (1) utd Lyt 0 t ut 0 U Hut t

The optimality conditions for the labor packers are the same as Equations (B.32) and (B.33).
Given the population share of unskilled workers (1 — x;), in total, (1 — x;)H, hours of unskilled labor are

supplied to intermediate goods-producing firms: Ly = [ Ly (i)di = (1 — x¢) Hy.

Labor unions. The labor unions connect the labor unpackers and packers. Each labor union has market power
and chooses the wage of its differentiated labor service subject to the labor demand (B.33) and the Calvo-type
nominal wage rigidity governed by (,. With the probability of (,, the labor union cannot adjust wages in each
period. For those that cannot adjust wages, Wy (x) will be partially indexed to the past price inflation, similar to

the prices of intermediate goods:

1 s=0

Watts(k) = Wut(’@ng? where Xzfs = _ :
(I ()T s>

To characterize the objective function of the labor unions, we compute the marginal rate of substitution
between consumption and labor. We assume that labor packers demand the same hours of labor from all unskilled
workers with j € [0,1— x¢). The structure of the model implies that C;(j) is the same for all j € [0,1— x¢). Those
unskilled workers’ consumption and labor are denoted by C; and H,;. Similarly, the skilled workers’ consumption

and labor are denoted by Cg and Hg:

. Cut7 ] <1- Xt . Huta J <1- Xt
Ci(J) = _ o H() = . ~
Cst, j>21—xs Hy, j>1-x:

Then, the marginal rate of substitution of unskilled workers is given by:

Oc 1+O’l u

128 (Cur = h011)' ™ exp (As St ) Ar(oe — DH],
MRS, =

= - A2 (Cut - th_l) Hgtl
=t
We define a related variable based only on aggregate consumption, MRSy, as follows:

MRS,; = As(Cy — hCy_1)HZL.
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Each unskilled labor union takes MRS, as given and solves the following problem when it can adjust its

wage:

= P, ~ -
max E, ch Etea/ P (Wt () X2, = Prss MRS v Hupoal
Wut(li 5—=0 '—‘t/Pt

o W) X
s.t. Hu,t+s|t = Hu,t+s X (Gb) 1 (WTU¢+S; )\;{FS .
u,t+s

Similar to the intermediate good producers’ price-setting problem, we can show that:

X, Wt (1) X3 ,
aI{u,t—i—shf Wa,t+s TUt+s . Hu,t—&-s\t 1 W, t+s TU,t+s 1 Hu,t—&-s\t GU

Wu(s) 0 GL T (Gy) ™ Wak) Gl T Wals) (Gy) LGy

H Wt (5) X}
where G, and GJ; are evaluated at ( S A t::'t A;‘JFS), and (G};)! is evaluated at <Mt,il?+5“7 Ust+s; /\}5‘+8>. Further-

more, the FOC with respect to W:(k) is given by:

= P, ~ ~ OH\, 4y st
E s gs Stts/ H'S{X“Hu i W (8) XY, — Py sMRS o rss M}:()
t Z C B = /Pt t,S ,t+ |t |: t( ) t,S t+ 7t+ :| 8Wut(1€)
= Wt (1) X 1 & . 1 Gy
E s ”S s g U — MRSyiss = 0. B.34
= tszgguﬁ ut+st{ Pt+s |: + (G,U)fl G,(,]:| 4+ (G/ ) T =1 G// ( )

Clearly, all reoptimizing unions choose the same Wut(n), denoted by Wut.

The above modeling choice based on MRS, is employed to deviate minimally from the representative agent
framework with a single level of consumption for all agents in, e.g., Smets and Wouters (2007b). Relatedly, this
specification allows us to directly observe all forcing variables in the New Keynesian wage Phillips curves. Indeed,
aggregate consumption data are readily available and used for Bayesian estimation in Section 3.2 together with
information regarding type-specific wages and hours. Furthermore, MRS, and MRS, coincide at least on the
BGP. Finally, we can alternatively assume that the family head can allocate the same amount of consumption for
all j, i.e., C(j) = C;. Under this representative consumption decision assumption, we can obtain the same set of
equilibrium conditions.

To compute the aggregate unskilled wage index, W, we use Equations (B.32)-(B.33). In period ¢, for each
s > 0, there are (1 — (,)(-fractions of unions that optimized their wages in ¢ — s for the last time. In period ¢,

those unions’ wages are given by Wy, ;X' . .. Then,
k)

1
H,
Wut:/ Wut(’f)
0

= Hu,t|t
= (1 - Cu)Wut ( Cu)(u u,t— 1Xt 1,1

(k) ;.

Hu,t\t—l

Hut Hut e
— Wut
1— ()W G} PAY
= (1= G)War X (G) (wuf“ )
T u 7 \—1 Wu,tle#—Ll w
+(1- Cu)(uWu,t—lXt—l,l x (Gr) W ) TUG AL |+ (B.35)
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Skilled labor. We similarly introduce labor unpackers, unions, and packers for skilled workers. Here, we list the
notations and results for the completeness of the exposition.

The labor unpackers and packers’ problem leads to the following conditions:

WaHg = /Wst dfi (B36)
W
() = Hao x (G’srl( i rint). (B.37
st

where Gg is a Kimball aggregator such that:

1
Hst(/i)
G A de =1
/0 S( Hst 7 t) " ’

Tst = WstHgt/puse, Af is the (net) skilled wage markup, and pg; is the Lagrange multiplier associated with the

Kimball aggregator equation.

Given the population share of skilled workers (x¢), xtHs: hours of skilled labor are supplied to intermediate
goods-producing firms. Thus, in equilibrium, Ly = [ Lg(¢)di = x¢Hgt.

The skilled labor unions cannot adjust their wages with the probability of (s in each period. When not
reoptimized, the nominal wage rates evolve according to a partial-indexation scheme with the indexation parameter,

ts. The marginal rate of substitution of skilled workers is given by:

1- c
— 5 (G = hCia) ™ exp (F5EHY ) (00 — DAY

MRSy = — = (Cyt — hCy_1) H!.

—t

Similar to the unskilled unions, the skilled labor unions take MRSy = (Cy — hCy—1)H}} as given and solve

the following problem when it can adjust its wage:

B P, ~ ~
max [y Z ¢ 0" Euts [ Pivs [Wst(fs)X,iS, - PHSIMRSS,HS/} Hyppo
Wét I'i) T '—'t/Pt

s'=
W t(I{)XS
7 \—1 S t,S, .
S.t. Hs,t-i—s’\t = Hs,tJrs/ X (GS) 7Ts,t+s/a )\f—O—s’ .
Ws t+s’

The aggregate skilled wage index, W, satisfies the following equation:

1
H
Wst:/ Wst(“)
0

W, .
(1 - Cs) st X (G/ )7 (VVZTS,t; At)

(k) ;.

- (W X s
+ (1= G)GWaa1 X7y 1 x (Gg) ! (Swtt“m; At) +o (B.38)
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B.1.5 Central bank and government policies

The central bank uses the following rule to decide the policy rate:

()[R G Gig) e )

where R is the steady state nominal (gross) rate, and Y;* is the natural level of output. p determines the degree of

interest rate smoothing.

The government budget constraint is as follows:

By

7 B.40
exp(s?)Rt ( )

PGy + Bi—1 = BT, +
where T} are nominal lump-sum taxes (or transfers).

Government spending relative to GDP on the BGP is denoted by exp(g;) = %t, which is assumed to be

exogenously determined.

B.1.6 Resource constraints

From the household budget constraint and the government budget constraint, we obtain:

(1= x¢)Cut + XtCst + Ist + Iet + Gy
Wsext Hst n Wt (1 — x¢) Hut n RyKi 1 n RetZiKe i1 - e I

—a(Z) Ko = 4+ —
2 2 2 2 a(Zy) et 1+Pt+Pt

Also, note that:

M = / PLi)Yi(i) = Rt K ot(i) — RetKot(i) — Wt Lt (i) — Wt L ()i
= Pt}/t - Rstht - RetKet - Wstht - WutLut7

Y =0. " Equations (B.32) and (B.36)

Therefore:

Ct + It + Gt + a(Zt)Ke,t—l == ift, (B41)

where aggregate consumption and investment are given by Cy = (1 — x¢)Cut + x:Cst and Iy = I + Iy

B.1.7 Equilibrium conditions

. . ~ Y t
We define the following detrended and real variables: y; = %, U = % = Yt‘;z Yo = %, Cut = %, Cot = g?,
Lo Iy ;o _Ig I, _ K _ Ky _ 17 . _ K _ K _ 177 _ Ra _ R
i =5t Gt = S det = s kst = T kst = T3 = JRspo1, ket = T ket = T8 = S Ztke -1, vt = B Tet = B
_ _ == = = _ MCy -~ _ PB _ W _ W, ~ _ W ~  _ W
2t = Zt, qst = Est/Et, qet = Eet/Ep, mey = TpE, P = By Wu = Sip Wst = TP Wut = Spy Wst = :yt;ft>
_ _ _ _ _ MRS _ MRS ~ _ MRS ~ _ MRS
hut = Hyg, hgg = Hgy, lyg = Ly, lsg = Lgg, mrsys = vt uomrsg = e LMy = 7t u omrsg = P st
- 5 _ . X
& =2t B = By %, and exp(g) = %, where 7 is the steady state value of y;. We further define z;, = #,
t
X Xis
Lt,s SIS and zf ; = eI
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In terms of the detrended variables, we have the following equilibrium conditions.

" ks r Qe w g w Oy
T mCt:< st> < et> < st> () exp(—f)
Qs Afe Qs Qy
o T%e Lov N Y Lo\ T
« <ke,t> <5t> <“t> xexp(—s.o.t.t). (B'42)
ke As Qu

[e.o]

_ ) 1 o 1
(Blg) = Et Z(Cpﬁf}/) §t+8yt+s‘t {pt‘rt,s |:1 + (G/)lGW:| — mCt+5(G/)1(;”} = 0, (B43)
s=0

where G’ and G” are evaluated at (y;“‘t )\f+s), and (G")~! is evaluated at (ﬁtajt’snﬂ; )\ers).

(B.14) = 1=(1-G)p x (G) B \)) + (1 — G)Gbr—12i—1,1 X (G) 7 (Bro1zi—1,1m3 AY) + ... (B.44)

Because the cross-sectional dispersion across firms is of the second order, firms’ input choices, captured by

Equations (B.7)-(B.10), are given by the following equations at the first order:

B7) = ra= mCt%aks, (B.45)
B8) = ra= mctlf;ake,t; (B.46)
B.9) = ws= mctliast, (B.47)
(B.10) =  wy = mctlg:tam' (B.48)
Similarly, in the first order,
(B4) = yr = exp(ef) [kt [ket] e [Lst] ™ [lue] * — 0. (B.49)

The household’s optimal decisions, represented by Equations (B.25)-(B.31), yield the following conditions:

h 1445
(B.25) = &= (Cst_;Ct )7 eXp< hif l)

+
-1
= Ai(cut — fct 1) %°exp < 1+UZ> , (B.50)
(B.26) = & = Bexp(e))RiE, [gtﬂ } , (B.51)
I 1

(B27) = 1= st |:1 _ Ss <"Y'lst > _ Sg <‘725t > » <'y15t>:|
lst—1 lst—1 lst—1

: 2
§it1 b1 S (725 t+l> " <%§,t+1> ] 7 (B.52)

+ BE;
&t Ust st

(B28) = 1= guoxp(c) [“%(W)—s@ (’Y ) x ('Y )]
let—1 let—1 let—1
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4 BE, | & 3 S et exp(el, )8! (Vigéit*l) x (WE;T)Q] ) (B.53)
(B29) = qu=pE [g {rsi+1 +aser1(1 =6 )}] , (B.54)
(B30) = qu=pE [&H {res+1ze41 — alzi41) + geg1 (1 — 5e)}] 7 (B.55)
B31) = ru=d(z) (B.56)

The capital accumulation equations (B.21) and (B.22) and the corresponding amount of capital services (B.23)

and (B.24) imply that:

= 1— - s .
(B21) = k= ko1 + [1 ~ S, <i7it1)] st (B.57)
> 1—0c~ i Viet .
(B22) = ket = e,t—1 + exp(st) 1-— Se i1 let, (B58)
1~
(B23) = kst = ;ks,t—l- (B59)
1 -
<B24) = ket = §Ztke,t—1~ (BGO)

The labor market institutions for the unskilled labor lead to the following equilibrium conditions:

R . 1 Gy _ 1 Gy
(B.34) = Et;(cuﬁv) StrsPutvst {wutl‘t,s [1 + == @y G”] - mTSu,t+s(G, R } = 0. (B.61)
(B.35) = wur = (1= Cu)dur x (Gyy) ™ <Z))Ut7'Ut, Au)
ut
Wy t—1TH
+ (1= Cu)Cutbugri gy X (Gp) ™! <’t;t“m¢;/\§;> ..., (B.62)
ut

where mrs,; = AQ(Ct — h/yei—1)hyy. Furthermore, G}, and GY; are evaluated at (huutit‘fs‘t /\,”fﬂ), and (G;)7 ! is

stT
evaluated at (w s TUt+57/\t+s>

The corresponding equations for the skilled labor are as follows:

5 s S 1 G y 1 Gy
E¢ SZ::O(Csﬁ’Y) £t+s’hs,t+s’|t {wst$t7s/ |:1 + (Gtg)il GZ] — Mrsst4s (G, ) TN G,/ } =0. (B63)

(B38) = Wgt = (1 - Cs)f[[)st X (Gts')_l <Z$t7—sta >\t>

S
~ [ Ws 1Ty
(1= C) ot g1 g4 X (Glg) ™! (”t“fs,t;A§> T, (B.64)

Wst

where mrsg = (¢ — h/yci—1)hyy.
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The labor market clearing conditions, Ly; = (1 — x¢)Hy and Lg = x¢Hst, become:

lut = (1 — Xt)hut7 <B65)
lst = Xthst. (B.66)

The aggregate resource constraint and the monetary policy rule are as follows:

.
(BA1) = ¢ +ist + ier +exp(g0)y + a(z) ; Lu— (B.67)

o = B ([ )] ) e

where it = i5t + ter and y; is the detrended natural level of output under the flexible prices and wages equilibrium

without price and wage markup shocks.

B.2 Steady State

We assume the following steady-state values:

4 b r

gt=c'="=e"=0.

Note that:
1 71—1Q
me 14 (cOREe

where G’ and G” are evaluated at (1; A7), and (G')"! is evaluated at (7;A). Because the steady-state profit of

the intermediate goods producers is assumed to be zero to rule out new firms’ entry, it follows that AP — v = 0.

Furthermore:
(B44) = py=1, G'(1;\P) = 7. (B.70)
Similarly:

(B6l) = By=1+4+r= = SO g~ o, (B.71)

TSy, 1+ /17 oy

G TG
(B.62) = Wy = Wy, (1) = 7y, (B.72)
B.63) = B,=1+4+N=—s O CG% G = ® s, B.73

G

mrsg 1+ /17 s

(Gg) T Gl
(B.64) = 1ws = ws, G's(1;0°) = s, (B.74)

where nit's, = Aa(¢—h/y¢)hJL, mirss = (6—h/y¢)hJ!. In the above equations, G}, and GY; are evaluated at (1; A%),
and (Gy;)~! is evaluated at (7y;A*). Similarly, G’y and G are evaluated at (1;X%), and (G’)™! is evaluated at
(Ts; A%).

0OA-20



Next, we discuss the firm side of the economy. Because v = Mg, § = §+v = (1 + M)y = &y = %y,

(B45) = sk = mcjags = s, (B.75)
(B.46) =  Teke = MCYQhet = e, (B.76)
(BAT) =  wils = mcjois; = o), (B.77)
(BA48) = wyul, = mcjoy = ayd. (B.78)

Thus, as capture the steady-state income share of each factor. The production function in the steady state is given

by:

(B4) and (BA49) = =g+ v =0F = [ks]®* [T < [T,]% [[]". (B.79)

The household-side conditions, evaluated at the steady state, yield the following equations:

h oc—1-
B.50) = & =(¢,——¢) e Chi“l) ,
B50) > &= (o e (T

h c—1-
uw=A1(¢, ——¢) %°exp (AQU h}f‘”) ,
v

1+ 0

g: 73 = gu: (B80)
(B.51) = €= /S’R% = 1II=}R, (B.81)
(B52) = 1=q,, (B.82)
(B53) = 1=g¢, (B.83)
(B51) = 7= ; _(1-4,), (B.84)
(B.55) = 7= ; _(1-4.), (B.85)
(B.56) = T.=d'(2) =d(1), (B.86)

i 1-6,
(B57) = Bl (B.87)

e 1-4,
(B.58) = pelm— (B.88)
(B59) = k= ik (B.89)
(B.60) = ko= }yk: (B.90)

Also:

(B.65) = ly = (1 = X)hu, (B.91)
(B.66) = Zs = 9277/57 (B'92>
(B.67) = ¢+ s+ i +exp(9)y = 7. (B.93)
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The following ratios are used in the log-linearized system:

R o (e e o
U kks U T gl 53— (1=0)
Y keFe Y Te v E_(l_(s@)
¢ is e _
-=1—————exp(g), B.96
Yy Yy Yy ) ( )
m_'rsgxhu :iwuhu(_ -x) 1 __E:i a“_ [cj‘} _17 (B.97)
Gy P, 0] l—-xc, Pul-x
miTsa X hg _ iws?siig _ LO‘TS [__S} _1_ (B.98)
Cs s ¥y xes Psx LY

Finally, we find the steady state such that ¢ = &, = ¢, and h = h, = hy in the following manner. By
combining Equations (B.73), (B.77), and (B.92), we have:

sis = 75)2715 = ‘I)sm7”85>2715 = (I)S(ES - h/fyé)j(ﬁ?ral

- e ()] (B9

where ¢/7 follows from Equation (B.96). In the last line, we used ¢ = ¢. Next, we turn to h,. Similarly, by
combining Equations (B.71), (B.78), and (B.91), we have:

) = Wyly = Wy (1 — X)hy = Pymits, (1 — X)hy = @y As(Ey — h/vE)(1 — X)hLTe

1 1
— —1 1+o’l — —1 1+a’l
- Qy c Qg c -
= h,u = — - = |\ | = == hs, B.100
®y Az(1 = h/7)(1 = x) <y> ] Oy(1—h/7)X <y> ] (-100)
where we used ¢, = ¢ and Ay = 3:?1‘ % in the second line. The above result implies that hs = h, = h and their

values are determined by structural parameters. We further need to show that ¢; = ¢, = ¢ and the above value of
h satisfy Equation (B.80). Note that when ¢ = ¢, = ¢ and hs = h, = h, Equation (B.80), specifically, & = &, = €,

follows because:

o.—1

Alzexp<1

(1-— Ag)h1+al> .

+ oy

Next, Equations (B.87), (B.88), (B.94), and (B.95) determine k,/9 and k. /%:

Es YOs

-_ = l _ _ )
;y 5 (1—46s)
ke _ YCke

) 3 (1 58)
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Then, from Equation (B.79), it follows that:

1
1R\ [\ ™ , Tt
V= [@<y> <y> X0 (L= )R

because ags + ke + as + o, = 1. Thus, ¥ is determined by structural parameters. It is straightforward to pin

down the steady-state values of the remaining variables.
B.3 Log-linearization

B.3.1 Economy with sticky prices and wages

This section illustrates the log-linearized equilibrium conditions. Hatted variables represent log deviations from
their steady-state values.

In view of Equation (B.15), we define the aggregate returns to scale as follows:

+v A » ?
rtsy = yty (1 + /Bk-ket + 5s-lst + Bwlut)v
Hﬁ—’ rtstl
rtsfe

where rts’¢ and rts* represent the contribution of fixed costs and the translog structure in the production function

to the returns to scale, respectively. Then:

rts; = risfc + T%Sil, (B.101)

. -1
Tts{c: - <<I> )ﬁt

~ # ~ ~ o
Ttst = 5k-ket + ﬁslst + /8u~lut7

where ® is the gross price markup in the steady state.

Next, we discuss the equilibrium conditions from the firm side of the economy.
(B.42) = TfLCt = Ctksf’st + Oékef’et + Oéswst + Oéuwut — 6? — (,Bk-lzfet + 6&[515 + Bu&t) (B.102)

Note that the real marginal costs consist of factor prices (agsfst + Qgefer + Qs + Qytyt), TFP (£f), and r%sil
(Bk-]%et + stst + /Buiut)
The sticky price equations, (B.43) and (B.44), yield a New Keynesian price Phillips curve with a suitable

normalization for )\f :

& w4 By

N N (1— CpB’Y)(l - Cp)
t = = t—1+ =
14 By 1+ By

Cp(l'i‘@’ﬂp) 1+9P((I) - 1)

Ey[f141] + mes + N, (B.103)

where 6, is the curvature of the Kimball aggregator G (see, e.g., Hyun, Kim and Lee, 2024, Online Appendix

C.3.1).

Given the real marginal cost equation (B.102), we need only three additional conditions among Equations
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(B.45)-(B.48). Here, without loss of generality, we drop the condition for equipment services.

(BAB) = Py + ke = mic, + U1, (B.104)
<B47) = W + ist = mc; + th + Gy, (B105>
(BA8) = byt + Ly = mict + Ut + G, (B.106)

where gt = %gtv dst = O%S(Bks]%et + /Bsszst + 5suZut)a and é‘ut = i(ﬁkuket + ﬁsuist + Buuiut)

The production function resembles a Cobb—Douglas function at the first order:
(BA49) = G = ®apskst + heker + Qslst + ulus + €3). (B.107)

Regarding the household-side conditions, we begin with the Euler equation. Let &5 and &, denote the

detrended marginal consumption utilities of the skilled and unskilled workers, respectively:

h _ oc—1 140
&t = (cst — ;Ct—l) 7¢ exp <1C+ ey l) ,

gl

h _ o.—1
Eut = Ar(cut — ;th) 7¢ exp < 2 1:_ ! > .

Then:

- 1 h/y . e — 1 mirsg X hg -
s = — c st — — — h’S’
=0 <1—h/vct [y 1>+1—h/'y s '

because ¢ = ¢; = ¢, and mirss = (1 — h/y)¢shJt, where the value of mrséXhS is determined by Equation (B.98).

Similarly:

- | h/y . oc—1 misy X hy ;
ut = —Oc¢ ut — — I )
fu U(l—h/w“ 1—h/y" 1>+1—h/7 e M
because mirs, = As(1 — h/7y)é,hst. Also, mrSthé follows from Equation (B.97).
Next, note that:

et = (1 — x¢)cut + XeCst
= dcg = —dxiCy + (1 — X)dew + dxiCs + Xdes

dc
= Ct = Ct (1 — )Cut + Xcst

because ¢ = ¢, = ¢s. Also, Equation (B.50) implies that § = £ = &, and, specifically, ét =(1- X)éut + )Zést.
Thus:

. 1 h/y . o.—1  MiTSy X hy » MiTSs X hg »
= — c — — D — 1_ hu — hs .
&t U(l—h/’}/Ct T h 1>+1—h/7[( X)iéu tHX—— ¢

By log-linearizing Equation (B.51), we obtain:
ét = 6? + 7 + By [ét—i—l - ﬁt+1:| )
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where 7; = log(R;/R) and #; = log(Il;/I). By combining the two equations above, we have the following Euler

equation:
. 1 , hivy 1—h/y . .
&= ——E4é +—C 1 ——— (1 —E
t 1+ /vy ¢[Cti1] 1+ h/vy t—1 oe(1+ h/7) (71 t[e+1])
o.—1 mrsy X h A ~ mrss X h - o R
- m {( - X)#(Et[hu,tﬂ] — hut) + X#(Et[hs,tﬂ] - hst)} + 5?» (B.108)
C u S
where we define &% as —Jcl(%%elt’ following Smets and Wouters (2007b).
We also have nine equations for capital stock, investment, utilization, and Tobin’s Qs.
(B52) = 1 S N Eyfisii1] + ! j (B.109)
. st = — = lst—1 — =g |ls 41 ——=——(st, .

o1+ By 1+py (1+B7)esr®
. 1 . 3 . .

(B53) = g =—1 i—1t = Et[l ,t+1] + ——er + él, (Bll())
T4y 1+py 1+ B7)per?
. . . ~_ . ~ R oc(1+h .

(B.54) = Gst = — (Pt — Et[fes1]) + BTsEe[Fs 141] + B(1 — 05)Ee[ds t41] + Waf, (B.111)
. . . ~_ . ~ R o.(1+h .

(B.55) = Get = —(Ft — Et[fieq1]) + BreEe[fe 1] + B(1 — 0¢)Et[Ge t41] + WE?, (B.112)
R a'(1) . 1—1

(B56) = 2t = a”((1)>’l“et = waet, (B113>
2 1—46s2 1—465\ -

(B57) =  kg= “ksto1+ <1 — ) isty (B.114)

Y Y

2 1—06¢2 1—0¢)\ - 1-6 = A

(B58) = kg = - “ket—1+ <1 - > bet + <1 - > (1 + B7)pey2é, (B.115)

(B59) = kg =kst 1, (B.116)

(B.60) = ket =2+ ke 1. (B.117)

We used ¢, and @, to denote S”(vy) and S”(v), respectively. Like £/ in Equations (B.108), (B.111), and (B.112),
we define éi as msé and use & in Equations (B.110) and (B.115). In Equation (B.113), we define ¢ =
(14 a’(1)/a” (1)) following Smets and Wouters (2007b).

Like the price Phillips curve, the equilibrium conditions for sticky wages, (B.61)-(B.64), lead to New Keynesian

wage Phillips curves for each type of labor:

A 1 N /87 N _ (1 - CuB’Y)(l - Cu) 1 > A
Wyt — —= Wy,t—1 — —, [wu,t+1] = =~ (mTSut - wut)
1+ By L+ By G+ By) L4 0u(®u—1)
1+ 3 U A U ~ 3 A N
— B:ﬂ Tt + ‘ —T¢—1 + /8,.)1 Et[ﬂﬂ_l] + )‘t R (B.118)
1+ By 1+ By 1+ By
N 1 N B’Y A (1 - CsB’Y)(l - Cs) 1 = ~
Wt — — W1 — —E; |wWs = = MrSs — Ws
t 1 + ﬁ’y t—1 1 4 B’Y t[ ,t+1] Cs(l + /8"}/) 1 + 65(@5 _ 1)( t t)
1 3 S A S A 3 ~ N
_ + By T + ‘ 1+ B’): ]Et[ﬂ't+1] + )\f, (B119>

= t = T —
14 By 14 By 14 B8y

A~ ~

2 _ 1 h/y_ 7 A h/y 4 7 S s
where mrs,; = T=h/7Ct = T=h/ Ct—1 + orhy: and mrsg = T=h/7Ct = T=h /5 Ct-1 + orhgt (see, e.g., Hyun, Kim and

Lee, 2024, Online Appendic C.3.2). Note that we properly normalized 5\}5‘ and j\f 0, and 0 are the curvature of
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the Kimball aggregators for Gy and Gg, respectively. ®, and ®; are the steady-state unskilled and skilled wage
markups, respectively.

Alternatively, we can express the wage Phillips curves in terms of the nominal wage inflation: 7}* = log <%> =
Prwst

N . s . N .
¢ + Wyt — Wyt—1 and 77 = log (Pt—lws t71> =T + Wst — Wsp—1-

B 1_ u~ 1— u 1
T = ByE[m] + e 623( : )1 + 0 (Py — 1)

- CSIBZI)(I — 1+46 (11) - 1) (m:rsst — W) — LS(B’Yﬁt — 1) + (1 + ny)j\f

(M $ut — Wut) — tu(Byie — 7—1) + (1 + By) AL

) = ByEelmi ] +
The labor market clearing conditions in log-linearization are as follows:

(B65) = =7 figf + D, (B.120)

(B.66) = Iy =eX+ hg, (B.121)

where y; = yexp(e)) and & follows an exogenous process.

The monetary policy rule and the aggregate resource constraint in log-linearization are given by:

(B68) = = p?ﬁtfl + (1 — p)(’l“ﬂﬁ't + T‘y"i’t) + T‘Ay((i‘t — ftfl) + 8:7 (B122)
C, dsn  den . Teke,

(B.67) = =&+ Zha + —tet + 9t + —— 2t = G, (B.123)
) ) Y Y

where the output gap &; = log(y:/y)—log(y;/y), y; is the detrended natural level of output, and g = exp(g)(g:—9)-

B.3.2 Economy with flexible prices and wages and without markup shocks

This section describes the model economy with flexible prices, flexible wages, and no price and wage markup shocks.
We use it to determine the natural level of output, y;. We use * to denote the variables in this economy.
When prices are flexible ({, = 0), and there are no price markup shocks, real marginal costs (and, therefore,

price markup) are constant (see Equation (B.103)). Thus:
0 = 1 = Qpelly + apel?y + gy + ag’, — e — (Brk?, + Boly + Bull,). (B.124)

Similarly, when wages are flexible ({, = (s = 0) and there are no wage markup shocks, wage markups

(wy/mirs, and ws/mrss) are constants (®,, and ®g). Thus:

~ ok Z ok 1 Ak h/fy A~k 7 %
Wy = MTSyy = 1— h/’)’ct 1 h/’yct_l + othy, (B125)
A 1 h N

L= h/y " T TRyt

In this economy, the monetary policy rule (B.122) is not necessary. Furthermore, the real interest rate

77 = 74 — E¢[fry41] is directly determined. The other equilibrium conditions are as follows:

(B.104) = 5+ k5 =y, (B.127)
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(B.104)
(B.104)
(B.107)

(B.108)

(B.109)

(B.110)
(B.111)
(B.112)
(B.113)
(B.114)

(B.115)

(B.116)
(B.117)

(B.120)
(B.121)

(B.123)

Pl

w:t + Z:t - ?j;tk + d:ta
w:t + i*t = 1?2‘ + @Zn
7 = O(onskly + ekl + osly + aully, +2f).
o = 1 E [A* ] h/ly A* _ 1_h/7 A*
Ty S o1+ h/y) !
oc.—1 _ mirSy X hy . mrss X hg . n
—— (1 =) ———(E h —(E h
e {0 R i ] )+ X ] - ) b+ 2
A 1 A B’Y A 1
'L* = 7,.,@* _ 7~Et l* + ~—Cj* 5
st 1 +57 s,t—1 1 —l—,B")/ [5,t+1] (1 +,8’}/)905’Y2 st
3 1 - B’Y 1 ;
’l* — _ Z* B * + _ Ak + éz’
et 71 ¥ By et—1 1 +5 [e,tJrl] —(1 +B’Y)<P672 et t
A~k A D= A ) g (1+h/’7)A
Gt = =Tt + BrsEe[rg ] + B(1 — 65)Ee[d5 1] + Cliih/vﬁiﬁ
Ak A D= A ) g (1+h/’}/)A
Gor = =Tt + Bree[e s 1] + B(1 = 6e)Ee[G2 11] + Cl—ih/fygg’
o d(1) o 19
= a//(l)TZt = w T:t?
2 1—6,2 1—6,)\
k:t =— :,tfl + (1 - S> i:ta
2. O 2, 1— 0\ ) ~ i
b= 220+ (1220 i (1220 ) s By
kg = Z,H,

bt = Et + huta

l*t = Et + hst?

_A* ZS * i N

J C + Tt + iy + Gt

B.3.3 Exogenous processes

€ A% ~x
= Y-

(B.128)
(B.129)
(B.130)

(B.131)
(B.132)

(B.133)
(B.134)
(B.135)
(B.136)
(B.137)

(B.138)

(B.139)
(B.140)

(B.141)
(B.142)

(B.143)

There are nine exogenous processes in this model. €°, €%, g, AP, A\¥, and \* shocks are normalized as discussed

above.

Technology:

Intertemporal preference shifter (financial risk-premium process):

Government spending:

& = Pa5?71 + 77?7 771(51 ~ N(0702)'

& = puéd_y +nl, M ~ N(0,07).

9t = PgGi—1 + 771? + Mgaﬁfv 77{?
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Investment-specific productivity:

& = pigi_y + iy M ~ N(0,07). (B.147)
Monetary policy:
ey = prej_y + i, 1 ~ N(0,07). (B.148)
Price mark-up process:
A= oAy — ity 11} 0 ~ N(0, 7). (B.149)
Unskilled wage mark-up process:
M= pudiy = maniy 'y mf ~ N(0, 7). (B.150)
Skilled wage mark-up process:
A= pshisy — msmi_y 415, mf ~ N(0,07). (B.151)

Employment share of skilled workers process:
ef = peg 0, mt ~ N(0,03). (B.152)

With a slight abuse of notation, we denote those exogenous variables using € with corresponding superscripts
in the main text.

In the measurement equation of the state-space representation of the model, we introduce three independent
measurement errors for (i) the growth rate of per capita capital equipment stock (vg¢), (ii) changes in relative labor

supply (vnt), and (iii) changes in the relative wage rates between skilled and unskilled workers (v):

Ve ~ N (0, aka),
Vpt ~~ N(O, Ul%,h)7
Vat ~ N (0,02

V,w)'

B.3.4 Comparison with the Smets and Wouters model

The basic structure of our model is adopted from Smets and Wouters (2007b) to emphasize the role of more
flexible production functions than the Cobb—Douglas function. Although we deviate minimally from the Smets

and Wouters (2007b) model, there are a few differences:

e Firms use four inputs in production, including structure, equipment, skilled labor, and unskilled labor, similar
to the models discussed in Krusell et al. (2000); Ohanian, Orak and Shen (2023). In contrast, the Smets and
Wouters (2007b) model features two inputs (capital and labor).

e We assume a normalized translog production function following Hyun, Kim and Lee (2024) rather than the

Cobb-Douglas function.
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e Because we have the skilled and unskilled labor, the model features two wage Phillips curves and two wage

markup shocks.

Number of the skilled workers is a new exogenous variable in our model.

We rule out price and wage indexation: ¢, = ¢, = ts = 0 (see Woodford, 2007; Cogley and Sbordone, 2008;
Phaneuf, Sims and Victor, 2018).

e We assume that government spending does not depend on productivity shocks: pg, = 0 (see Equation
(B.146)).

B.4 Translog Approximation of Nested CES Production Functions

Equations (B.17)-(B.19) in Section B.1.2 show the mapping from a nested CES production function employed in
Krusell et al. (2000) and Ohanian, Orak and Shen (2023) to our translog form. In log-linearization, the equilibrium
conditions in the nested CES model are equivalent to those in the translog model subject to relevant restrictions
imposed on (Bs. This section presents these results. For simple notation and because the cost minimization is a
static problem, we drop time subscript ¢ and firm index (i) below.

First, we derive a log-linear approximation of a generic two-factor CES function.

1/
Lemma. Let y be (alac‘f + a2x§) for ¢ < 1. Log deviations of y, 1, and x2 from y, 1, and Zo are denoted by

/¢
9, T1, and T9, where ¢ = (alif + agig) . Then, at the first order,

U = a1 + oo,

(Ll.f(f
[
a1Ty + a2y
agi’g
9 = 1-— o] = ﬁ
a1y + a2x
Proof. Note that 218y — dlosy 0Oz _ 1 aigay”| x; = ar] for i = 1,2. Then, a Taylor expansion of lo
: dlogx; — Ox; Ologx; — ¢a12‘f+agzg’ [ alx‘f+agx§ - b4 ) Yy p gy

around log ¢ yields the result. O

Consider the following nested CES production function:

Y = exp(e®) KO Y pob — ~lv, (B.153)

1/ bua
Yops = (al(VtLu)d’“ + a2X¢“”) :

1/ ks
X = (K 4 ba(y L))

where ay, ag, b1, and by are positive constants and ¢yz, ¢ps € [—00, 1].
FOCs. The FOCs for the cost minimization problem (B.6) are as follows:

Y
KS : RSZMC?aksa

s
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Y
K, : Re = MO (1 - )

e

y X ¢uz ,ytLS d)ks
LS: Wg - M I 1 - S b 9
O (=) o (32 ] [( <)
}7 ,ytLu (buz
L, : Wy =MC—(1 — ays
O (1=aw) | (72 ]

where Y =Y + ~tv. By detrending the relevant variables and changing nominal costs into real variables, we have:

rs = mcﬂaks, (B.154)
ks

re = mcge(l — o) [a2 (y;3>¢u1 [bl <’;>¢k] , (B.155)

we = mci(l — ay,) [ag (y;s>¢u1 [bQ <lx>¢k] , (B.156)

i >¢] : (B.157)

Steady-state income shares. Given the lemma, we define the following parameters using the steady-state values

Z ¢uz

~ u

Qq = a1 | = )

<yCES>

_ _ .f ¢Ul‘

amzl_au:a2<_ ) )
YCES

1. d)ks

k

C~Vk:_bl< 6) )

T

Z d)ks
&szl—dkzln(s) ;
X

The steady-state income shares are denoted by ags, Qe, @s, and ay, as before. Because mc = 1/® and 7 = ®y:

of the related variables:

Ul
(B.157) = au= w;“ = (1 — atgs) s (B.158)
Fek
(B.155) =  age = ege = (1 — s )@z, (B.159)
Wl o
(B.156) = as= 7 = (1 — ags) Oz Q. (B.160)
Thus, specifying (ous, G, Gz, G, @) subject to @, + &, = 1 and ax + &s = 1 is equivalent to determining

(Qksy e, s, Q1) SUbjeCt tO Qs + Qe + s+ = 1.

Log-linearization. Next, we discuss the log-linearization of the production function. The lemma implies that:

. . 1 . .
T = arke + agls = ———— (apeke sls), B.161
& = agke + & A= ar)an (ogeke + cusls) (B.161)
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. - - . - 1 - ~ -
YCES = aulu + azr = aulu + a:v(ak:ke + asls) = (akeke + asls + aulu)

1-— Aleg
Thus:

(e + apsks + (1 — ags)ioes)

<<
Il

% + apsks 4+ (1 — ) (Guly + Gaid)]

~

P
B + apsks + (1 — ) [duly + Ga(Grke + asls)]}
P

(akslgzs + apeke + asls + cyly + ).

(B.162)

We use Equations (B.158)-(B.160) in the derivation. The log-linearized production function is the same as Equation

(B.107) in the translog production model.
Similarly, we log-linearize the FOCs:

(B.154) s + ks = mic+ 7,

(B.155)

(B.157) Wy + Ly = mic+ Y + dus(lu — JoEs)-

=
= 726"']%6:mc“‘lj‘i‘d)um(:%_QCES)+¢ks(l%e_f%)a

(B.156) = s+ ls = mic+ § + bux(Z — Jors) + drs(ls — 7),
=

Equations (B.161) and (B.162) imply that the above equilibrium conditions are the same in the translog model

when:
Oket = (Brrke + Brsls + Brulu) = ¢uz(Z — Jogs) + rs(ke — T),
Qst = ;(ﬁkske + /Bssls + Bsulu) = ¢“x<x B yCES) + ¢ks(l$ a :E)’
R P S L
Oyt = ;(Bkuke + Bsuls + 5uulu) = ¢“x(lu o yCES)'

u

(B.167)
(B.168)

(B.169)

By comparing the coefficients on lzze, ZS, and [, on both sides of the above three equations, we can derive the results

in Equation (B.19):

Bk = Qke(PuaCirbiy + Prstis),

Brs = Qelis(Puzliy — Prs) = Qrts(Puzbny — Prs),
Bru = —QrePueCu = —Pua Oz Ok ty,

Bss = ts(Puatistuy + Ppsan),

Bsu = —QsPuz iy = — Puz @iz Qis,

Buu = uPuz Otz
Finally, note that B. = Bs. = By. = 0 in this case. Thus:

MC = Qgls + Apele + asls + aly — %
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Furthermore:

~ ~ ~ (073 ~
_akﬂuu = _akau¢u$a$ = _(buzﬁau - _ake¢uxau = Bku (B170)
s

Therefore, given the steady-state income shares (ays, Qge, s, and ay,), two degrees of freedom that the nested
CES function has for the second-order terms (¢, and ¢ys) lead to six translog parameters (Bik, Skss Bkus Bssy Bsus

and f,,) subject to four restrictions Bg. = fs. = Bu. = 0 and Bry = — Gk Buu-
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Appendix C Supplementary Materials for Section 3

C.1 Data Used in Section 3

Our observables include the seven quarterly variables employed in Smets and Wouters (2007b). These variables
include growth rates of per capita real GDP, consumption, and investment; labor hours; the growth rate of the real
wage rate; price inflation; and the nominal interest rate. We extend the data constructed in Smets and Wouters
(20070) to later periods. We replace the federal funds rate with the shadow rate of Wu and Xia (2016) from 2009:q1
to 2015:q4 because of the binding zero lower bound.

In view of two types of capital (structure and equipment) and labor (skilled and unskilled), we further borrow
three annual variables from Ohanian, Orak and Shen (2023) to discipline the model parameters.! These variables
are the growth rate of per capita capital equipment stock (including intellectual property products), relative labor
supply changes, and the relative wage rate changes between skilled and unskilled workers. The capital stock is
constructed using perpetual inventory methods. The two other labor market variables are calculated using the
Current Population Survey (CPS). Those three annual variables are observable in the fourth quarter of each year.

Finally, we compute the skilled employment shares using the CPS data. Following Krusell et al. (2000) and
Ohanian, Orak and Shen (2023), college graduates are considered skilled workers. In the early period, the required
variables to construct the series were available only in the March surveys. Thus, this series is available only in the
first quarter until 1975. Since then, it has been available every quarter. We remove the seasonal variation using
X-13 ARIMA.

Our sample begins in 1966:q1 following as in Smets and Wouters (2007b) and ends in 2019:q4 before the recent
pandemic. We divide the data into the early (1966-99) and late (2000-19) samples and estimate each model for
each sample period. In total, we have six estimated models for the three production functions and the two sample

periods.

C.2 Observables

We first define (detrended) aggregate investment (i), labor hours (h;), and the real wage rate (w;):

it — ist + ieta
he = (1 — x¢) hut + Xthst,
Wytlut + Werlsr  Wur(1 — Xi) hut + werXehst

W= hy - hy

Like the skilled and unskilled wage rates, the aggregate nominal wage rate W; is given by ~'Paw;. In log-
linearization, we have:
5 is/y - /Y -
1t = =— =——1st == = let,
is/Y +ie/Y is/Y +ie/Y
he = (1 = X)hat + Xht,
wuiu ~ X X 7 wsls 7

X+ hut) + ——— (gt + X + hgt) — h
X t Ut) u_)ulu'i'wsls( st t st) t

Musa Orak kindly shared the dataset constructed for Ohanian, Orak and Shen (2023) with us, which is greatly appreciated.
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Oy - X x .
= (U — ———)f + ) + ———
ozu—{—ozs( ut 1—x t ut) oy + O

Qs

(u?st + 8? + ilst) — ilt,

where %S and %& are obtained from Equations (B.94) and (B.95). In deriving the result for h, the fact that hy = hy
is used. Finally, Equations (B.77) and (B.78) are used for .

Growth rates of real GDP per capita in data are mapped to log v+ Ag; in the model. Consumption, investment,
and the real wage growth rates are similar. Following Smets and Wouters (2007b), log labor hours are demeaned
because an index variable is involved in computing this empirical measure. This measure is compared with [ + flt,
where [ is a parameter to be estimated. Inflation is matched with 7 + 7;, where 7 is similarly estimated. The
nominal interest rate corresponds to 7 + 7, where 7 = log(R) = 7 — log(8y~9¢) because of Equation (B.80).
The log employment share of skilled workers in the data follows an exogenous process in the model such that
log(xt) = log(x) + . We set x at 0.21 for the pre-2000 sample and 0.325 for the post-2000 sample. Around the
midpoint of each sample, i.e., in 1983 and 2010, y; was approximately 0.21 and 0.325, respectively.

Next, we address annual variables. The growth rate of per capita capital equipment stock corresponds to
log(f(et/l?e,t_g + v = 4log(y) + log(l%et/l%e’t_@ + v = 4log(y) + lzet — I:fe,t_4 + 1. This variable is observable
only in the fourth quarter. vg; represents a measurement error in the empirical capital stock variable computed
using perpetual inventory methods. vy has an independently and identically distributed (iid) normal density with
a mean of zero and a standard deviation of o, .

For the relative labor supply, we first consider annual labor supply of each type:

ZZ?H = lut + lu,t—l + lu,t—? + lu,t—3
= (1= xt)hut + (L = x¢—1)hug—1 + (1 = xe—2) hug—2 + (1 = Xt—3) hu i3,
I =l +ls -1+ lsp—2 + lsp—3
= Xthst + Xt—1hst—1 + Xt—2hst—2 + Xt—3hs 3.
Then, (9" = 4], = 4(1 — X)h,, and [9"" = 4], = 4xh,. Furthermore:
jann L~ 7 7 7
lut = Z(lut + lu,t—l + lu,t—? + lu7t—3)’
[az’m
S

1 - A o o
= Z(Zst + ls,t—l + ls,t—2 + ls,t—3)-

Thus, the relative quarterly and annual labor supply are given by:

ls — . .
relly = - relly = lst — Ly,
lut
ann ——ann A ~ 1 — — — —
rell{™ = iztnn, relly,  =13" — 153" = Z(rellt + relly—q + rell,_o + relly_3).
ut

Finally, the change in (log) relative annual labor supply in the data corresponds to r/e-ﬁ: " —r/eTl?iLZ—i—l/ht, observable
in the fourth quarters only. The labor market variables in the CPS are known to be subject to nonnegligible
measurement errors (see, e.g. Bound and Krueger, 1991); vp; reflects measurement errors in the survey data. We
assume that v, has an iid normal distribution with a mean of zero and a standard deviation of o, j,.

The nominal annual wage rate for each type is defined as the total annual wage bill divided by the total annual
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hours:

Wstht +...+ Ws Jt— 3Ls Jt— 3

Wi = Lzzm
Wann = WUtLUt +...+ Wut 3Lut 3
ut = Lann

where L' =9 and L&}" = 129", Thus, the relative real wage rate is given by:

el = Wi /(' P) _ wbrg™
Warn [(v'Fy) - relly™’
ann — (WstLst + ...+ Wiy—3Lsy-3)/ (') WmLg" /(' P)

where  wbr{"™" = .
(WutLut +...+ Wu,t73Lu,t73)/(’7tPt) WgnnL?Lnn (tht)

The following hold for the total annual real wage bills for each type of worker:

Aann + lann = {wstlst + ...+ ws,t—3ls,t—3}

73H573

1 1 R 1 . - . R
C |:wst + lst + —= ’yH (wst 1+ lst 1— )+ W(ws,th +lop—o— T — Ti—1)

1 N i . N -
+ W(ws,tf:s +lst—3 — T — Tp—1 — Wth)}a

o + l‘”m = {wutlut +...+ wu,t3lu,t3}

1
’}/3Ht_

1 1 . . “ R N
[wut I+ — (Wyt—1 + lut 1— ) + (Wyt—2 + lyt—2 — Tt — Te—1)
T C AT

211
1 - L .
+ —== (Wyp—3 + lyp—3 — 1 — Tp—1 — 7Tt—2)},

731‘[3
1 1 1

We further define the quarterly wage bill ratio as:

(WstLst)/ (V' Py)
(WutLut)/(’YtPt)

= @t — (wst + Zst) - (wut + Zut)

wbry =

Note that:
whry = (@G + I — (@5 + )
1 1 1 1
wbry + —wbr + ——wbry_g + ——=wbr
=c [ t T t—1 RYE t—2 e t—3
Finally,
——ann ———ann —=ann
relw, =wbr, —rell,
. . ——ann ——ann . . . .
and its annual change augmented with measurement errors, relw, —relw,_,+vy, is associated with the change in

the relative wage rates between skilled and unskilled workers in the data. This variable is assumed to be observable
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only in the fourth quarter. v,; captures measurement errors and has an iid normal distribution with a mean of

zero and a standard deviation of o, .

C.3 Prior and Posterior Distributions

This section illustrates the prior and posterior distributions of the model parameters. We consider the results for
the early sample (1966-1999) and the late sample (2000-2019), and the three models with different intermediate
goods production functions: (i) Cobb-Douglas (B.4) subject to 3 = 0, (ii) nested CES (B.153), and (iii) translog
(B.4).

We use standard priors for conventional parameters, similar to Smets and Wouters (2007b) and Justiniano,
Primiceri and Tambalotti (2010). For novel parameters, we have the following priors. We assume that ags ~
N(0.1,0.0052%) given the results in Krusell et al. (2000) and Ohanian, Orak and Shen (2023). Combined with the
prior for age ~ N(0.25,0.022), this assumption implies that the capital income share a priori ranges from 0.3-0.4
within the two standard deviation intervals. The skilled labor share, oy, has a normal distribution with a standard
deviation of 0.05 and a mean of 0.2 and 0.3 for the early and late samples, respectively. We increase the mean of
the skilled labor income share for the post-2000 sample given the steady increase in supply of skilled labor (Goldin
and Katz, 2009).

The translog parameters, e.g., Bri, have normal priors with a mean of zero and a standard deviation of 0.15.
This prior is rather loose and less informative in the sense that the posterior modes lie within the two-standard
deviation interval, (-0.3, 0.3). Furthermore, when ¢,, = 0.401, ¢xs = —0.495, and ays = 0.117, following Krusell
et al. (2000) and in combination with ag. = 0.25 and a5 = 0.2, the corresponding translog parameters obtained
from Equation (B.19) are less than 0.09 in absolute value. Thus, a priori standard deviation of 0.15 is large enough
to cover previous estimates based on the nested CES functions as reasonable cases. For the nested CES model,
we assume that 1 — ¢, and 1 — ¢ps have Gamma distributions with a mean of 1 and a standard deviation of 0.5.
Thus, ¢y and ¢ps are zero on average, corresponding to a Cobb—Douglas function.

The employment share of skilled labor, y;, evolves according to an AR(1) process: log(x:) — log(x) = f =
pxsf_l +nX. Because this series steadily increases throughout the sample period, we assume that py ~ B(0.9, 0.05%)
to capture the persistence process in the data, where B denotes a beta distribution. In contrast, the other AR(1)
coefficients follow B(0.5,0.2%) a priori. Finally, measurement errors are assumed not to be excessively large. The
standard deviations of the measurement errors, o, , 0, 5, and 0,4, have inverse gamma distributions with a mean
of 0.15 and a standard deviation of 0.03.

We fix the following parameters:

G

5, = 0.026/4, be = 0.16/4, exp(g) = % = 0.18,
t
0, = 10, 0, = 10, 0, = 10,

_ _ 0.21,  pre-2000 sample
O, =1+ ) =15, D, =1+2\“=15, X = .
0.325, post-2000 sample

The depreciation rates for each type of capital are chosen according to Fernald (2014a, p. 18) and Ohanian, Orak
and Shen (2023, fig 3.3(b)). The steady state share of government spending, wage markups, and Kimball curvature

parameters are set at the same values as those in Smets and Wouters (2007b).
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Next, we show the complete list of estimated parameters and their prior and posterior distributions. We
summarize the posterior distributions using the mode and the equal-tailed 95% credible intervals. We present the
results for the early sample (1966-1999) and the late sample (2000-2019) in separate tables. Each table covers the
results based on the three production functions: Cobb-Douglas, nested CES, and translog. For the nested CES
model, we show the implied translog parameters using Equation (B.19). We employ a standard Markov Chain
Monte Carlo (MCMC) technique to obtain the posterior distribution. Specifically, we use a Metropolis—Hastings
algorithm with a chain length of 200,000. The chain starts at the posterior mode, computed using interior-point
methods. We use either the inverse of numerical hessian at the mode or the variance of the posterior distribution
obtained from a preliminary MCMC algorithm with a chain length of 10,000 as a variance of the jump distribution
in our algorithm. The step sizes are adjusted to obtain reasonable acceptance rates. The acceptance rates for the

three models and the two sample periods range from 22%-30%.

OA-37



Table C.1: Estimation results for the early sample (1966-1999)

Parameter Priors Cobb-Douglas Nested CES Translog
Mean  Std. Family Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%)
—1001og B 0.25 0.1 Gamma 0.20 (0.07, 0.35) 0.26 (0.11, 0.40) 0.21 (0.08, 0.34)
oc 1.5 0.25 Normal 1.37 (1.13, 1.69) 1.20 (1.06, 1.47) 1.21 (1.06, 1.51)
h 0.7 0.1 Beta 0.68 (0.58, 0.78) 0.72 (0.61, 0.81) 0.70 (0.61, 0.79)
oy 1.5 0.25 Normal 1.16 (0.68, 1.81) 1.62 (1.24, 2.11) 1.72 (1.29, 2.18)
©s 4 1.5 Normal 5.04 (3.17, 7.88) 5.16 (3.40, 7.99) 4.65 (3.01, 7.59)
Pe 4 1.5 Normal 4.19 (2.53, 6.36) 4.99 (3.30, 7.22) 3.71 (2.36, 6.14)
P 0.5 0.15 Beta 0.28 (0.08, 0.44) 0.35 (0.24, 0.56) 0.31 (0.14, 0.52)
&p 0.5 0.1 Beta 0.66 (0.53, 0.79) 0.72 (0.59, 0.85) 0.65 (0.53, 0.78)
Es 0.5 0.1 Beta 0.62 (0.53, 0.90) 0.63 (0.47, 0.74) 0.45 (0.35, 0.61)
&u 0.5 0.1 Beta 0.61 (0.52, 0.82) 0.65 (0.58, 0.81) 0.69 (0.59, 0.83)
Qs 0.1 0.005 Normal 0.10 (0.09, 0.11) 0.10 (0.09, 0.10) 0.10 (0.09, 0.10)
ke 0.25 0.02 Normal 0.19 (0.16, 0.22) 0.18 (0.15, 0.21) 0.20 (0.16, 0.22)
s 0.2 0.05 Normal 0.09 (0.06, 0.18) 0.15 (0.12, 0.19) 0.12 (0.10, 0.14)
Brk 0 0.15 Normal 0 - 0.11 (0.09, 0.13) -0.09 (-0.42, -0.03)
Brs 0 0.15 Normal 0 - -0.03 (-0.04, -0.01) -0.06 (-0.12, -0.02)
Bru 0 0.15 Normal 0 - -0.08 (-0.10, -0.07) -0.12 (-0.23, 0.07)
Bss 0 0.15 Normal 0 - 0.09 (0.07, 0.12) 0.08 (0.07, 0.10)
Bsu 0 0.15 Normal 0 - -0.07 (-0.09, -0.05) -0.16 (-0.20, -0.10)
Buu 0 0.15 Normal 0 - 0.15 (0.12, 0.18) -0.10 (-0.33, 0.02)
1— duax 1 0.5 Gamma 1 - 0.26 (0.16, 0.40) - -
1— ks 1 0.5 Gamma 1 - 0.22 (0.08, 0.36) - -
P 1.25 0.1 Normal 1.65 (1.53, 1.77) 1.69 (1.54, 1.81) 1.63 (1.49, 1.77)
p 0.75 0.1 Beta 0.80 (0.76, 0.87) 0.83 (0.79, 0.89) 0.82 (0.79, 0.87)
Tr 1.5 0.25 Normal 2.08 (1.76, 2.44) 1.95 (1.62, 2.32) 2.06 (1.78, 2.43)
Ty 0.125 0.05 Normal 0.08 (0.06, 0.15) 0.10 (0.07, 0.18) 0.12 (0.09, 0.19)
TAy 0.125 0.05 Normal 0.21 (0.15, 0.27) 0.22 (0.17, 0.29) 0.21 (0.16, 0.27)
T 0.625 0.1 Gamma 0.78 (0.52, 0.96) 0.72 (0.49, 0.92) 0.68 (0.47, 0.85)
5 0.4 0.1 Normal 0.41 (0.38, 0.44) 0.40 (0.34, 0.44) 0.44 (0.41, 0.47)
T 0 2 Normal 0.62 (-0.59, 3.65) 0.82 (-2.26, 4.12) -0.93 (-3.58, 1.20)
Pa 0.5 0.2 Beta 0.94 (0.88, 0.99) 0.91 (0.86, 0.98) 0.87 (0.82, 0.98)
Pb 0.5 0.2 Beta 0.21 (0.03, 0.42) 0.20 (0.03, 0.47) 0.21 (0.05, 0.37)
Pg 0.5 0.2 Beta 0.95 (0.92, 0.97) 0.96 (0.94, 0.99) 0.96 (0.93, 0.98)
pI 0.5 0.2 Beta 0.68 (0.55, 0.82) 0.64 (0.54, 0.80) 0.69 (0.57, 0.82)
pr 0.5 0.2 Beta 0.18 (0.02, 0.27) 0.16 (0.02, 0.25) 0.15 (0.02, 0.25)
Pp 0.5 0.2 Beta 0.86 (0.77, 0.98) 0.80 (0.68, 0.91) 0.88 (0.75, 0.98)
Ps 0.5 0.2 Beta 0.98 (0.93, 0.99) 1.00 (0.99, 1.00) 0.99 (0.99, 1.00)
Pu 0.5 0.2 Beta 0.98 (0.98, 0.99) 0.99 (0.98, 1.00) 0.99 (0.97, 1.00)
Px 0.9 0.05 Beta 0.98 (0.98, 0.99) 0.98 (0.98, 0.99) 0.98 (0.98, 0.99)
o 0.5 0.2 Beta 0.47 (0.16, 0.87) 0.46 (0.14, 0.71) 0.54 (0.06, 0.79)
s 0.5 0.2 Beta 0.94 (0.03, 0.99) 0.28 (0.02, 0.74) 0.47 (0.28, 0.85)
M 0.5 0.2 Beta 0.41 (0.19, 0.96) 0.88 (0.78, 0.97) 0.82 (0.29, 0.96)
Oa 0.1 2 Inv.Gamma 0.39 (0.36, 0.46) 0.38 (0.34, 0.45) 0.32 (0.28, 0.40)
op 0.1 2 Inv.Gamma 0.25 (0.21, 0.33) 0.26 (0.20, 0.33) 0.26 (0.22, 0.33)
og 0.1 2 Inv.Gamma 0.60 (0.53, 0.68) 0.60 (0.53, 0.68) 0.58 (0.51, 0.66)
or 0.1 2 Inv.Gamma 0.64 (0.52, 0.81) 0.65 (0.49, 0.81) 0.66 (0.55, 0.83)
or 0.1 2 Inv.Gamma 0.24 (0.21, 0.27) 0.24 (0.21, 0.27) 0.23 (0.20, 0.27)
op 0.1 2 Inv.Gamma 0.11 (0.07, 0.17) 0.13 (0.08, 0.17) 0.13 (0.07, 0.17)
s 0.1 2 Inv.Gamma 0.90 (0.06, 1.00) 0.11 (0.05, 0.30) 0.41 (0.23, 0.75)
oy 0.1 2 Inv.Gamma 0.10 (0.06, 0.31) 0.27 (0.21, 0.34) 0.19 (0.09, 0.27)
Ox 0.1 2 Inv.Gamma 1.10 (0.97, 1.27) 1.10 (0.97, 1.27) 1.10 (0.97, 1.27)
Ou,k 0.15 0.03 Inv.Gamma 3.79 (3.19, 4.58) 3.83 (3.23, 4.67) 3.87 (3.22, 4.68)
Ou.h 0.15 0.03 Inv.Gamma 3.13 (2.66, 3.83) 0.14 (0.10, 0.21) 0.14 (0.10, 0.21)
Ov,w 0.15 0.03 Inv.Gamma 0.14 (0.10, 0.22) 1.44 (1.20, 1.84) 1.21 (1.04, 1.49)
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Table C.2: Estimation results for the late sample (2000-2019)

Parameter Priors Cobb-Douglas Nested CES Translog
Mean  Std. Family Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%)
—1001og B 0.25 0.1 Gamma 0.13 (0.06, 0.30) 0.55 (0.34, 0.97) 0.08 (0.07, 0.10)
oc 1.5 0.25 Normal 0.93 (0.89, 0.97) 0.86 (0.70, 1.01) 0.87 (0.85, 0.97)
h 0.7 0.1 Beta 0.89 (0.86, 0.92) 0.58 (0.42, 0.67) 0.75 (0.75, 0.76)
oy 1.5 0.25 Normal 1.50 (1.16, 1.98) 1.38 (0.73, 1.72) 0.96 (0.61, 1.14)
©s 4 1.5 Normal 6.27 (4.98, 8.99) 6.22 (3.51, 8.42) 4.67 (3.81, 5.34)
Pe 4 1.5 Normal 7.81 (6.28, 9.87) 2.31 (1.39, 3.54) 7.49 (5.52, 8.34)
P 0.5 0.15 Beta 0.92 (0.85, 0.97) 0.94 (0.72, 0.95) 0.38 (0.36, 0.43)
&p 0.5 0.1 Beta 0.84 (0.80, 0.89) 0.89 (0.89, 0.97) 0.75 (0.72, 0.77)
Es 0.5 0.1 Beta 0.70 (0.57, 0.78) 0.75 (0.69, 0.89) 0.72 (0.69, 0.76)
&u 0.5 0.1 Beta 0.65 (0.52, 0.74) 0.86 (0.60, 0.90) 0.75 (0.73, 0.76)
Qs 0.1 0.005 Normal 0.10 (0.09, 0.11) 0.09 (0.08, 0.10) 0.10 (0.10, 0.11)
ke 0.25 0.02 Normal 0.14 (0.11, 0.17) 0.12 (0.10, 0.15) 0.09 (0.08, 0.10)
as 0.3 0.05 Normal 0.20 (0.13, 0.24) 0.24 (0.23, 0.31) 0.24 (0.20, 0.26)
Brk 0 0.15 Normal 0 - -0.04 (-0.14, -0.03) 0.04 (0.01, 0.04)
Brs 0 0.15 Normal 0 - 0.08 (0.07, 0.19) 0.00 (-0.01, 0.04)
Bru 0 0.15 Normal 0 - -0.04 (-0.05, -0.03) -0.25 (-0.32, -0.23)
Bss 0 0.15 Normal 0 - 0.00 (-0.09, 0.02) 0.13 (0.04, 0.18)
Bsu 0 0.15 Normal 0 - -0.07 (-0.14, -0.07) 0.10 (0.04, 0.20)
Buu 0 0.15 Normal 0 - 0.11 (0.10, 0.19) -0.13 (-0.33, 0.00)
1— duax 1 0.5 Gamma 1 - 0.48 (0.14, 0.53) - -
1— ks 1 0.5 Gamma 1 - 1.65 (1.57, 2.95) - -
P 1.25 0.1 Normal 1.36 (1.23, 1.47) 1.36 (1.19, 1.50) 1.39 (1.27, 1.50)
p 0.75 0.1 Beta 0.81 (0.77, 0.84) 0.91 (0.87, 0.96) 0.86 (0.86, 0.86)
Tr 1.5 0.25 Normal 1.06 (1.05, 1.13) 1.43 (0.95, 1.90) 1.88 (1.79, 2.18)
Ty 0.125 0.05 Normal -0.01 (-0.02, -0.01) 0.17 (0.09, 0.25) -0.05 (-0.07, -0.04)
TAy 0.125 0.05 Normal 0.03 (0.00, 0.06) 0.17 (0.15, 0.28) 0.15 (0.13, 0.20)
T 0.625 0.1 Gamma 0.68 (0.49, 0.84) 0.72 (0.59, 0.90) 0.60 (0.48, 0.83)
5 0.4 0.1 Normal 0.10 (0.01, 0.18) 0.09 (0.03, 0.31) 0.21 (0.19, 0.29)
T 0 2 Normal 4.94 (1.79, 7.12) 3.85 (1.54, 7.22) 4.07 (1.92, 5.34)
Pa 0.5 0.2 Beta 0.87 (0.82, 0.91) 0.93 (0.90, 0.99) 0.85 (0.85, 0.85)
Pb 0.5 0.2 Beta 0.20 (0.09, 0.34) 0.95 (0.94, 0.99) 0.98 (0.98, 0.98)
Pg 0.5 0.2 Beta 0.98 (0.96, 0.99) 0.94 (0.91, 0.99) 1.00 (1.00, 1.00)
pI 0.5 0.2 Beta 1.00 (1.00, 1.00) 1.00 (1.00, 1.00) 0.94 (0.94, 0.94)
pr 0.5 0.2 Beta 0.56 (0.49, 0.67) 0.54 (0.36, 0.68) 0.52 (0.39, 0.55)
Pp 0.5 0.2 Beta 0.99 (0.99, 1.00) 0.55 (0.20, 0.82) 1.00 (1.00, 1.00)
Ps 0.5 0.2 Beta 0.98 (0.98, 0.99) 0.74 (0.06, 0.80) 0.18 (0.17, 0.19)
Pu 0.5 0.2 Beta 0.97 (0.96, 0.98) 0.17 (0.04, 0.99) 0.98 (0.98, 0.98)
Px 0.9 0.05 Beta 1.00 (0.99, 1.00) 0.99 (0.98, 1.00) 0.98 (0.98, 0.98)
Ip 0.5 0.2 Beta 0.97 (0.96, 0.98) 0.39 (0.09, 0.76) 0.72 (0.67, 0.74)
s 0.5 0.2 Beta 0.30 (0.04, 0.64) 0.30 (0.21, 0.79) 0.42 (0.38, 0.49)
M 0.5 0.2 Beta 0.89 (0.79, 0.93) 0.45 (0.30, 0.97) 0.92 (0.92, 0.92)
Oa 0.1 2 Inv.Gamma 0.40 (0.36, 0.48) 0.42 (0.33, 0.48) 0.31 (0.27, 0.37)
op 0.1 2 Inv.Gamma 0.25 (0.20, 0.32) 0.07 (0.04, 0.08) 0.02 (0.02, 0.02)
og 0.1 2 Inv.Gamma 0.40 (0.34, 0.46) 0.36 (0.29, 0.41) 0.26 (0.21, 0.29)
or 0.1 2 Inv.Gamma 0.42 (0.30, 0.53) 1.36 (0.72, 1.78) 0.13 (0.11, 0.13)
or 0.1 2 Inv.Gamma 0.11 (0.09, 0.13) 0.11 (0.09, 0.14) 0.11 (0.10, 0.12)
op 0.1 2 Inv.Gamma 0.21 (0.18, 0.25) 0.15 (0.11, 0.20) 0.11 (0.10, 0.12)
s 0.1 2 Inv.Gamma 0.08 (0.05, 0.19) 0.12 (0.12, 1.95) 1.51 (1.25, 1.93)
oy 0.1 2 Inv.Gamma 0.73 (0.59, 0.93) 0.84 (0.13, 0.85) 0.30 (0.25, 0.38)
Ox 0.1 2 Inv.Gamma 0.74 (0.65, 0.89) 0.75 (0.64, 0.88) 0.81 (0.69, 0.86)
Ou,k 0.15 0.03 Inv.Gamma 0.23 (0.19, 0.38) 1.69 (1.25, 2.34) 0.37 (0.30, 0.50)
Ou.h 0.15 0.03 Inv.Gamma 0.14 (0.10, 0.21) 0.14 (0.10, 0.22) 0.14 (0.12, 0.16)
Ov,w 0.15 0.03 Inv.Gamma 2.55 (2.11, 3.15) 1.46 (1.18, 1.86) 1.28 (1.12, 1.66)
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C.4 Robustness Check: Slopes of the Phillips Curves

This section evaluates the robustness of the results for the slopes of the Phillips curves presented in Table 4. First,
we estimate the Phillips curves without applying bandpass filters. In this case, we use monetary policy shocks at
lags 0 to 20 as IVs, following Barnichon and Mesters (2020). Second, we employ the translog model as the data
generating process (DGP) and estimate both the Cobb—Douglas and nested CES models using simulated data. We
show that our findings in the main text are robust to these two exercises.

In the main text, we considered the Phillips curve with a forcing variable, x;:
7t = BBt [fei1] + Kaxy + errory g,

where k, represents the slope of this Phillips curve. We computed the model-predicted slope, «;, by projecting 7,
on E[7r;+1] and x; using the cyclical variation with the periodicity from 6-32 quarters driven by monetary policy
shocks. Note that calculating k, in this manner is equivalent to applying the ideal bandpass filter to the infinite
time series of 7y, E4[7y41], and z; and utilizing monetary policy shock series as IVs.

In this section, we employ an alternative specification that does not rely on filters. Specifically, we examine
the population version of the two-stage least squares estimation of the above equation utilizing monetary policy
shocks at lags 0 to 20, Z; = (g, ...,&]_59)’, as IVs. Let Pz(-) be the projection operator on the space spanned by
Ly

Py(+) = Z][var(Z;) tcov(Zy, -)].

Because Z; consists of monetary policy shocks, the first-stage projections of 7y, E[7i41], and z; yield the following

results:

20
_ roor
= E ¢7r,z'5t—i7
T
Py (Et[ftt41]) E O it1€t—i»

Z (rb:p zEt )

where ¢ ; and ¢} ; represent the impulse response coefficients of m1; and z¢4; to the monetary policy shock, ef,

respectively. Then, the two-stage least squares estimate of (8;, kz)’ is given by:

<ﬁx) _ —Var (PZ(Et[frtHD)] ) <PZ(Et[ﬁ't+1])> PZ(ﬁ't)]
Ry L PZ(xt) PZ(xt) ’

i 0 . -1 0 4
()] ~((5) Seed
D ARCIN I v ;,m;,z-] B lz 0 i1 ]

20 20 20
_Zi:o :r,i+1¢;,i Zi:O( ;,x)2 Zz 0 ;,z :r,z

We use this formula to compute &, for different forcing variables.
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Table C.3: Slopes of the Phillips curves (without filters)

(1)

2)

®3)

(4)

)

(6)

Early sample (1966-99)

Late sample (2000-19)

Cobb—Douglas Nested CES Translog Cobb—Douglas Nested CES Translog
Panel A. Calvo price stickiness parameter
&p 0.66 0.72 0.65 0.84 0.89 0.75
(0.53, 0.79) (0.59, 0.85) (0.53, 0.78) (0.80, 0.89) (0.89, 0.97) (0.72, 0.77)
Panel B. Slopes of the price Phillips curves
marginal costs 0.023 0.013 0.026 0.006 0.003 0.017
(0.007, 0.057) (0.004, 0.037) (0.009, 0.059) (0.003, 0.010) (0.000, 0.003) (0.014, 0.023)
output gap 0.016 0.009 0.028 0.005 0.002 0.007
(0.005, 0.027) (0.002, 0.019) (0.010, 0.048) (0.003, 0.008) (0.000, 0.003) (0.005, 0.011)
labor gap 0.028 0.023 0.041 0.007 0.001 0.004
(0.008, 0.046) (0.007, 0.040) (0.015, 0.069) (0.004, 0.011) (0.000, 0.002) (-0.007, 0.007)
labor share 0.045 0.003 0.118 0.009 0.004 -0.001
(-0.117, 0.176) (-0.038, 0.042) (-0.366, 0.324) (0.005, 0.017) (0.000, 0.004) (-0.006, 0.008)
labor share, 0.023 0.020 0.047 0.006 0.002 0.003

v adjusted

(0.007, 0.057)

(0.006, 0.045)

(0.005, 0.182)

(0.003, 0.010)

(0.000, 0.003)

(-0.003, 0.008)

Table C.3 shows the results in the posterior mode and the equal-tailed 95% credible intervals. Note that when

real marginal costs are used, the results are the same as those in Table 4. In this case, the regression equation

reduces to the price Phillips curve in the model, where error,; = /. Then, monetary policy shocks satisfy the

(1_CPB’Y)(1_CP) 1
Cp 10,1

employed in the main text.? For the conventional Phillips curves, the computed slopes slightly differ from those in

relevance and exclusion restrictions of I'Vs, resulting in k, = k =

L similar to the specification

Table 4. However, the results remain largely robust in the sense that the translog model can jointly replicate the
steep marginal cost Phillips curve and the flattening of conventional Phillips curves in recent decades. In contrast,
the Cobb—Douglas and nested CES models feature unrealistically sticky prices and quite flat Phillips curves to
explain the post-2000 data.

Our second robustness exercise employs the translog model in the posterior mode as the DGP to simulate
the data. Using the simulated data and the same Bayesian estimation method in Section 3.2, we estimate the
Cobb-Douglas and nested CES models. The results align with the analysis in the main text (Table 4) based on
the US aggregate time series data.

Using the Kalman smoother, the translog model in the posterior mode, and the US time series data, we first
estimate the model’s state variable in the first period (1966:Q1 and 2000:Q1) for each sample. Next, we simulate
the model starting from this initial state for 136 periods in the case of the early sample to match the sample size in
the data. For the late sample, we simulate the model for 80 periods. For each set of simulated data, we estimate the
Cobb-Douglas and nested CES models and compute the corresponding posterior modes. We repeat this process
20 times.

For the early sample, the averages of the estimated Calvo price stickiness parameter, ¢, for the Cobb-Douglas
and nested CES models are approximately 0.6, similar to the value under the DGP, 0.65. As a result, the price
Phillips curves are also steep, similar to the results in Table C.3 based on the US data. In contrast, for the late

sample, the averages of the estimated ¢, are greater than 0.9. Thus, to match the data simulated by the translog

2 B = B~ 7¢ is the discount factor in the detrended economy, where - is the gross growth rate on the BGP and o is the consumption
utility parameter. 6, represents the curvature of the Kimball aggregator, while & denotes the gross price markup.
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model in the late sample, the other two models rely on excessively sticky prices and quite flat price Phillips curves.
This result is also consistent with the results in Table C.3 and the discussion in the main text, emphasizing more

procyclical returns to scale in recent decades than in earlier decades.

C.5 Empirical Responses of TFP and Capital Utilization to Monetary Policy Shocks

A specific supply-side effect of demand disturbances propagating through the cyclical returns to scale is central to
our mechanism for the flattening of the Phillips curve. Relatedly, aggregate demand might affect the supply block
of the economy through other channels, such as endogenous R&D (Comin and Gertler, 2006; Anzoategui et al.,
2019; Bianchi, Kung and Morales, 2019; Okada, 2022; Ma and Zimmermann, 2023; Antolin-Diaz and Surico, 2024;
Cloyne et al., 2024), misallocation (Eisfeldt and Rampini, 2006; Hsiech and Klenow, 2009; Alam, 2020; Baqaee, Farhi
and Sangani, 2024), firm dynamics (Smirnyagin, 2023; Fujiwara and Matsuyama, 2023), and capacity utilization
(Boehm and Pandalai-Nayar, 2022). If the effects of these mechanisms have become more procyclical in recent
decades, the identified slopes of Phillips curves could be smaller than previous slopes for similar reasons to our
explanation.

An important feature distinguishing our mechanism from other prominent supply-side channels of monetary
policy is that the cyclical returns to scale do not affect TFP at the first order; the TFP in the model (£f) is exogenous
and equal to the Solow residual at the first order. In contrast, the influence of several supply-side mechanisms
described above could appear in the responses of the measured aggregate TFP (see also Ma and Zimmermann,
2023; Jorda, Singh and Taylor, 2023).

Given this consideration, we empirically investigate how TFP responds to monetary policy shocks in the
pre-2000 and post-2000 samples. We document that the level of the measured TFP (i.e., the Solow residual)
procyclically responded to monetary policy shocks in the early sample. However, in the later sample, the impulse
responses are close to zero and statistically insignificant. Thus, we cannot find significant evidence for more
procyclical TFP responses to monetary policy shocks in recent decades. To be clear, we do not argue that those
other supply-side mechanisms are weak. Rather, we observe that they did not become sufficiently strong in the
last two to three decades to decrease the identified slopes of the Phillips curves. Note that this empirical result for
TFP does not contradict our proposed explanation based on the procyclical returns to scale because the returns
to scale can endogenously vary over time without affecting ef.

To estimate the impulse response function of TFP to monetary policy shocks, we use the following local

projections a la Jorda (2005):
TFPiyy — TFP,_1 = ypn + ) controly + error, (C.1)

where {19, 1,...} constitutes an impulse response function of TFP to a monetary policy shock 7. We include
an intercept and four lagged values of ATFP, = TFP, — TFP;_1 and n; as controls. We use heteroskedasticity-
autocorrelation-robust standard errors for inferences. Following Christiano, Eichenbaum and Evans (1996), Coibion
(2012), Gorodnichenko and Lee (2020), and many others, the impact responses to monetary policy shocks are
assumed to be zero. Impulse responses of other variables are estimated similarly.

We use the TFP measure computed by Fernald (2014a,b). For 7, we rely on high-frequency monetary
policy surprises around the FOMC meetings. Specifically, we use the monetary policy surprise series orthogonal

to predictable variations in the instrument presented by Bauer and Swanson (2023). The sample period for this
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Figure C.1: Empirical impulse responses of GDP, TFP, and energy to contractionary monetary policy shocks

exercise begins in 1988:q1 and ends in 2019:q4. We divide the sample around 2000 as is the case in Section 3.

Figure C.1 shows the annualized responses to a one-standard-deviation contractionary monetary policy shock.
The first and second rows illustrate the results based on the early and late samples, respectively. The confidence
intervals are at the 90% level. In the early sample, TFP was conditionally procyclical on monetary policy shocks;
GDP and TFP decreased simultaneously. In the late sample, GDP responds in a similarly hump-shaped manner.
However, TFP does not respond much. The point estimates are close to zero and statistically insignificant at all
horizons. Therefore, it is less likely that the TFP-affecting supply-side mechanisms of monetary policy have become
sufficiently strong in recent periods to flatten the Phillips curves.

In the third column, we plot the responses of the US industrial energy use to the same monetary policy shock
during the same sample period. This variable is interpreted as a proxy for the capacity utilization rate, z, in the
model. We obtain the monthly data from U.S. Energy Information Administration (2021). We remove the seasonal
variation using X-13 ARIMA and aggregate the series to the quarterly frequency.

In the translog model, the procyclical rts arises from the changes in the translog parameters (Table 3) and
related factor input decisions (Equations (3.2)-(3.5)). The response of ke; is of particular interest in this regard. In
the early sample, expansionary monetary policy shocks lead to an increase in the utilization rate, z;, and equipment
services, ket. In contrast, in recent periods, z; and ke have decreased in the short term (not shown). A smaller ke
than usual, combined with a negative (., contributes to procyclical returns to scale (7“/1;9;[ = ﬂk.l%et + ﬂs.i st + Bu.iut)
in the estimated model in the late sample.

The results in Figure C.1 imply that US industrial use of energy, a proxy for the utilization rate, significantly
decreased in response to expansionary monetary policy shocks in the post-2000 sample, whereas the signs are
opposite before 2000. Thus, the data and the model exhibit the same signs of energy (utilization) responses in each
sample period, further supporting the mechanism in our model.

Therefore, we conclude that the empirical evidence in this section is broadly consistent with the role of the
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procyclical returns to scale in recent decades in flattening the Phillips curves. Furthermore, the signs of energy
responses in the data and the model in each sample period are the same and change between the two sample
periods. Because energy usage is not directly used for the Bayesian estimation of the DSGE models, this result

constitutes suggestive evidence for the mechanism in our model.

C.6 Robustness Check: Two-Input Models

Although we adopt the basic structure of a medium-scale DSGE model in Smets and Wouters (2007b), there are
a few differences between our model and the Smets—Wouters model. The major differences include (i) production
functions, (ii) the number of factor inputs, and (iii) additional variables used for Bayesian estimation (see also
Online Appendix B.3.4).

This section considers simpler models with two inputs (capital and labor) than the model in Section 3 with
four inputs (structure, equipment, skilled labor, and unskilled labor) for a robustness check. Furthermore, we use
the same seven quarterly variables to estimate the model as those in Smets and Wouters (2007b). Like Section 3,
we investigate the three models with different production functions: (i) Cobb—Douglas, (ii) CES, and (iii) translog,
and the two sample periods (1966-1999 and 2000-2019).

The main results are robust to those changes. The translog production function yields stable slopes of the
New Keynesian price Phillips curve to some extent and a decrease in the slopes of the conventional Phillips curves
based on, e.g., the output and labor gaps. Regarding the pandemic-era inflation, the translog model emphasizes
the contribution of risk premium shocks at the onset of the pandemic in 2020:q2 and loose monetary policies for
the increase in inflation during 2021:q1-2022:q2. In contrast, the Cobb-Douglas and CES models almost entirely

rely on price markup shocks to explain the realized inflation dynamics after 2020.

C.6.1 Model

The intermediate goods producers employ labor and use capital services in production. We consider the following

three production functions:

Cobb-Douglas: i) = exp(ef) LK ()] L] ™ = 70,
CES: Yi(i) = exp(ef) (@ Ko@) +aaly L)) =o',
Translog: Yi(i) = exp(ef) LK ()] D L)~

" exXp (Bkkl%“ift + Bukiely + Bulieke + Blziitit> — 7',

where « is the steady-state capital income share. The CES parameter ¢ implies that the elasticity of substitution
between labor and capital is ﬁ Bs are translog parameters. Other variables are similar to Online Appendix B.
The above CES production function can be converted to a deviation form using the steady-state income shares

as follows:

; t NP t NP 1/¢
CES (deviation form): W — exp(e?) (a [K;((Z)] +(1-a) [’Y,YI;Z(Z)} ) .

Furthermore, like Online Appendix B.4, it can be shown that the equilibrium conditions in the CES model are

0OA-44



equivalent to those in the translog model in log linearization when:

Bk = a(l —a)e,
Bix = —a(l — a)¢, (C.2)
Bu = a(l —a)e.

Other elements of the models are the same as those in the Smets and Wouters (2007b) model. The model
features Calvo-type sticky prices and wages with Kimball (1995) aggregators, investment-adjustment costs, costly
capacity utilization, and external consumption habits. Like Section 3, we rule out price and wage indexation:
tp = Ly = 0 (see Woodford, 2007; Cogley and Sbordone, 2008; Phaneuf, Sims and Victor, 2018). Furthermore,
we assume that government spending does not depend on productivity shocks: pg, = 0. We fix the following
parameters: the capital depreciation rate, d, is 0.025; G;/Y; is 0.18 in the steady state; the gross wage markup in
the steady state, ®,,, is 1.5; the Kimball curvature parameters for goods and labor aggregator, ¢, and 6,,, are both

10. For the remaining details, see Smets and Wouters (2007a,b).

C.6.2 Data, Priors, and Posteriors

We use seven quarterly variables for estimation. These variables include growth rates of per capita real GDP,
consumption, and investment; labor hours; the growth rate of the real wage rate; price inflation; and the nominal
interest rate (replaced by the shadow rate of Wu and Xia (2016) when the zero lower bound was binding). Following
Smets and Wouters (2007b), the sample begins in 1966:q1. We divide the data into two periods, 1966-1999 and
2000-2019.

We summarize the posterior distributions using the mode and credible intervals. We present the results for
the early sample (1966-1999) and the late sample (2000-2019) in separate tables. Each table covers the results
based on the three production functions: Cobb-Douglas, CES, and translog. For the CES model, we show the
implied translog parameters using Equation (C.2). We employ a standard MCMC technique to obtain the posterior
distribution. Specifically, we use a Metropolis—Hastings algorithm with a chain length of 200,000. The chain starts
at the posterior mode, computed using interior-point methods. We use the inverse of numerical hessian at the
mode as a variance of the jump distribution in our algorithm. The step sizes are adjusted to obtain reasonable
acceptance rates. The acceptance rates for the three models and the two sample periods range from 23%-32%.

Tables C.4 and C.5 show the results of Bayesian estimation for each subsample, respectively. For each
parameter, its prior mean, standard deviation, distributional family, posterior mode, and the equal-tailed 95%

credible interval are shown.

C.6.3 Results

Model comparison. Table C.6 shows the returns to scale parameters, SBr. = Brr + S and 8. = By + Bik,
log-likelihood at the mode, and the marginal data density (MDD). The Cobb-Douglas and CES models feature
Br. = B;. = 0 by assumption and, therefore, r%sil = Bk.l%t + Bl.Zt = 0. In contrast, the translog model does not
impose such restrictions so that the returns to scale r%sil can be time-varying.

In log-linearization, the translog model nests the other two models. Therefore, we can test the validity of the

restrictions imposed by the Cobb-Douglas and CES functions by testing whether zero is included in the credible
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Table C.4: Estimation results for the early sample (1966-1999) and the two-input models

Parameter Priors Cobb-Douglas CES Translog
Mean  Std. Family Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%)
o 1 15 Normal 5.65 (3.93, 7.93) 5.83 (3.89, 8.09) 5.31 (3.50, 7.74)
oc 1.5 0.25 Normal 1.48 (1.24, 1.80) 1.48 (1.21, 1.82) 1.40 (1.14, 1.72)
h 07 01 Beta 0.68 (0.60, 0.78) 0.69 (0.61, 0.79) 0.70 (0.62, 0.81)
Ew 0.5 0.1 Beta 0.71 (0.62, 0.86) 0.70 (0.61, 0.84) 0.68 (0.59, 0.82)
oy 15 025 Normal 1.50 (1.07, 2.02) 1.51 (1.08, 2.02) 1.43 (0.99, 1.97)
& 0.5 0.1 Beta 0.67 (0.56, 0.80) 0.69 (0.54, 0.81) 0.65 (0.53, 0.76)
P 0.5 0.15 Beta 0.46 (0.25, 0.72) 0.43 (0.24, 0.75) 0.45 (0.22, 0.81)
o 125 0.1 Normal 1.59 (1.46, 1.71) 1.60 (1.46, 1.73) 1.60 (1.45, 1.73)
- 15 025 Normal 2.03 (1.71, 2.41) 2.02 (1.73, 2.42) 2.04 (1.75, 2.42)
p 075 0.1 Beta 0.81 (0.77, 0.86) 0.81 (0.76, 0.86) 0.80 (0.76, 0.85)
Ty 0.125  0.05 Normal 0.09 (0.06, 0.15) 0.09 (0.05, 0.15) 0.11 (0.07, 0.17)
ray 0.125  0.05 Normal 0.22 (0.16, 0.28) 0.22 (0.16, 0.28) 0.22 (0.16, 0.29)
7 0625 0.1 Gamma 0.83 (0.59, 1.02) 0.82 (0.59, 1.01) 0.81 (0.57, 1.01)
~100log# 025 0.1 Gamma 0.20 (0.07, 0.34) 0.20 (0.08, 0.35) 0.21 (0.08, 0.36)
7 0 2 Normal 2.06 (0.04, 4.74) 2.10 (0.13, 4.88) 1.89 (0.06, 4.53)
5 0.4 0.1 Normal 0.42 (0.39, 0.45) 0.42 (0.39, 0.45) 0.42 (0.39, 0.46)
o 03 005 Normal 0.20 (0.16, 0.24) 0.20 (0.15, 0.24) 0.21 (0.16, 0.25)
Oa 0.1 2 Inv. Gamma  0.44 (0.39, 0.50) 0.43 (0.38, 0.50) 0.41 (0.37, 0.49)
o 0.1 2 Inv. Gamma  0.25 (0.20, 0.31) 0.25 (0.20, 0.31) 0.26 (0.21, 0.33)
og 0.1 2 Inv. Gamma 0.57 (0.51, 0.65) 0.57 (0.51, 0.65) 0.57 (0.51, 0.65)
or 0.1 2 Inv. Gamma 0.46 (0.36, 0.57) 0.46 (0.35, 0.56) 0.49 (0.38, 0.60)
or 0.1 2 Inv. Gamma 0.25 (0.22, 0.29) 0.25 (0.22, 0.29) 0.25 (0.22, 0.29)
op 0.1 2 Inv. Gamma 0.13 (0.09, 0.18) 0.13 (0.08, 0.18) 0.13 (0.07, 0.17)
Ow 0.1 2 Inv. Gamma 0.20 (0.16, 0.25) 0.20 (0.16, 0.25) 0.20 (0.16, 0.25)
Pa 0.5 0.2 Beta 0.95 (0.92, 0.99) 0.95 (0.92, 0.99) 0.95 (0.92, 0.99)
b 05 0.2 Beta 0.18 (0.04, 0.44) 0.18 (0.05, 0.41) 0.18 (0.02, 0.37)
Py 0.5 0.2 Beta 0.98 (0.96, 0.99) 0.98 (0.96, 1.00) 0.97 (0.96, 1.00)
pr 0.5 0.2 Beta 0.65 (0.54, 0.81) 0.64 (0.53, 0.84) 0.63 (0.52, 0.80)
o 0.5 0.2 Beta 0.14 (0.02, 0.23) 0.14 (0.02, 0.24) 0.14 (0.02, 0.24)
op 0.5 0.2 Beta 0.85 (0.74, 0.96) 0.84 (0.73, 0.98) 0.88 (0.78, 0.99)
Pw 0.5 0.2 Beta 0.97 (0.93, 0.99) 0.97 (0.94, 0.99) 0.97 (0.95, 0.99)
Lip 0.5 0.2 Beta 0.52 (0.18, 0.79) 0.51 (0.14, 0.80) 0.54 (0.07, 0.80)
o 05 0.2 Beta 0.84 (0.74, 0.95) 0.84 (0.72, 0.95) 0.83 (0.70, 0.95)
Bix 0 0.15 Normal 0.00 - 0.05  (-0.10,0.15)  -0.16  (-0.29, 0.05)
Bu 0 0.15 Normal 0.00 - 005  (-0.15,0.10)  -0.21  (-0.46, -0.02)
Brk 0 0.15 Normal 0.00 - 0.05 (-0.15, 0.10) -0.04 (-0.37, 0.04)
1—¢ 1 0.5 Gamma 1.00 - 0.72 (0.38, 1.99) - -

interval for the returns to scale parameters in columns (3) and (6) for the early and late samples, respectively.
Except for the 95% credible interval for 5;. in Column (6), all the other credible intervals in Panel A do not include
zero. Thus, the data reject the predictions of the restrictive Cobb—Douglas and CES models at the 5% level.

The data consistently favor the translog model when the three models are compared using the likelihood in
the mode and the MDD. We compute the MDD using the algorithm proposed by Sims, Waggoner and Zha (2008).
For both sample periods, the translog model has the largest log-likelihood in the mode and the MDD among the
three models. Thus, we conclude that the translog model matches the data better than the two alternative models.

It is also worth noting that the returns to scale parameters increase statistically significantly between Columns
(3) and (6), hinting at potential structural changes in the long term that might have affected the comovement

between inflation and economic activity.

Production function parameters. Next, we discuss the individual parameters characterizing the production
function. As shown in Panel A, the steady-state capital income share, «, is estimated to be small. The estimates
in Columns (4) and (5) are particularly small, less than 10%. The steady state markup is estimated to be approx-
imately 60% for the pre-2000 sample. Those results are similar to the results in Smets and Wouters (20075, Table
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Table C.5: Estimation results for the late sample (2000-2019) and the two-input models

Parameter Priors Cobb-Douglas CES Translog
Mean  Std. Family Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%) Mode  (2.5%, 97.5%)
2 4 1.5 Normal 5.90 (4.10, 8.53) 6.25 (4.36, 8.76) 5.74 (3.87, 8.32)
Oc 1.5 0.25 Normal 1.04 (0.92, 1.61) 1.13 (0.96, 1.61) 1.16 (0.87, 1.52)
h 0.7 0.1 Beta 0.62 (0.46, 0.69) 0.58 (0.45, 0.68) 0.61 (0.49, 0.73)
Ew 0.5 0.1 Beta 0.84 (0.75, 0.88) 0.84 (0.76, 0.89) 0.86 (0.80, 0.91)
oy 1.5 0.25 Normal 1.35 (0.87, 1.88) 1.38 (0.92, 1.91) 1.41 (0.96, 1.93)
ép 0.5 0.1 Beta 0.87 (0.71, 0.92) 0.86 (0.72, 0.92) 0.72 (0.61, 0.87)
P 0.5 0.15 Beta 0.82 (0.70, 0.98) 0.81 (0.73, 0.97) 0.20 (0.03, 0.31)
o 125 0.1 Normal 1.35 (1.19, 1.49) 1.35 (1.21, 1.51) 1.39 (1.26, 1.57)
. 15 025 Normal 1.38 (1.06, 2.07) 1.39 (1.03, 2.03) 1.69 (1.35, 2.18)
p 0.75 0.1 Beta 0.89 (0.86, 0.94) 0.90 (0.86, 0.94) 0.90 (0.86, 0.94)
Ty 0.125  0.05 Normal 0.17 (0.10, 0.26) 0.17 (0.10, 0.25) 0.17 (0.10, 0.26)
Ay 0.125  0.05 Normal 0.16 (0.12, 0.22) 0.16 (0.12, 0.23) 0.16 (0.11, 0.23)
T 0.625 0.1 Gamma 0.58 (0.44, 0.73) 0.56 (0.43, 0.73) 0.62 (0.47, 0.84)
—1001log 8 0.25 0.1 Gamma 0.15 (0.05, 0.31) 0.15 (0.06, 0.32) 0.12 (0.04, 0.26)
I 0 2 Normal 0.96 (-0.96, 2.57) 0.35 (-1.48, 2.23) -0.01 (-3.09, 1.77)
5 0.4 0.1 Normal 0.27 (0.24, 0.37) 0.25 (0.23, 0.35) 0.26 (0.21, 0.30)
o 0.3 0.05 Normal 0.09 (0.08, 0.17) 0.09 (0.08, 0.17) 0.14 (0.11, 0.18)
Oa 0.1 2 Inv. Gamma 0.44 (0.37, 0.52) 0.44 (0.37, 0.52) 0.35 (0.30, 0.43)
op 0.1 2 Inv. Gamma 0.06 (0.04, 0.07) 0.06 (0.04, 0.07) 0.05 (0.04, 0.07)
oy 0.1 2 Inv. Gamma 0.31 (0.28, 0.40) 0.30 (0.27, 0.39) 0.33 (0.29, 0.40)
or 0.1 2 Inv. Gamma  0.25 (0.19, 0.36) 0.20 (0.11, 0.26) 0.19 (0.12, 0.27)
or 0.1 2 Inv. Gamma  0.11 (0.09, 0.14) 0.11 (0.09, 0.14) 0.10 (0.09, 0.12)
op 0.1 2 Inv. Gamma 0.14 (0.10, 0.19) 0.14 (0.10, 0.19) 0.14 (0.09, 0.18)
ow 0.1 2 Inv. Gamma 0.60 (0.47, 0.72) 0.60 (0.48, 0.71) 0.59 (0.50, 0.74)
Pa 0.5 0.2 Beta 0.92 (0.88, 0.98) 0.92 (0.89, 0.97) 0.90 (0.86, 0.99)
Pb 0.5 0.2 Beta 0.93 (0.87, 0.97) 0.93 (0.88, 0.97) 0.91 (0.86, 0.96)
Pg 0.5 0.2 Beta 0.68 (0.61, 0.97) 0.61 (0.52, 0.97) 0.95 (0.93, 1.00)
I 0.5 0.2 Beta 0.77 (0.74, 0.98) 0.82 (0.78, 0.97) 0.88 (0.71, 0.97)
por 0.5 0.2 Beta 0.56 (0.37, 0.69) 0.56 (0.39, 0.70) 0.53 (0.35, 0.66)
Pp 0.5 0.2 Beta 0.67 (0.30, 0.95) 0.66 (0.31, 0.95) 0.94 (0.87, 1.00)
Puw 0.5 0.2 Beta 0.36 (0.02, 0.38) 0.36 (0.05, 0.46) 0.27 (0.03, 0.36)
o 0.5 0.2 Beta 0.48 (0.05, 0.91) 0.46 (0.06, 0.91) 0.79 (0.59, 0.95)
Haw 0.5 0.2 Beta 0.62 (0.27, 0.91) 0.62 (0.26, 0.67) 0.53 (0.30, 0.74)
Bik 0 0.15 Normal 0.00 - -0.06 (-0.11, 0.00) 0.09 (-0.04, 0.25)
Bu 0 0.15 Normal 0.00 - 0.06 (0.00, 0.11) 0.05 (-0.24, 0.34)
Brk 0 0.15 Normal 0.00 - 0.06 (0.00, 0.11) 0.40 (0.28, 0.58)
1—¢ 1 0.5 Gamma 1.00 - 0.35 (0.10, 0.98) - -
Table C.6: Model comparison
(1) 2 3) (4) (5) (6)
Early sample (1966-99) Late sample (2000-19)
Cobb-Douglas CES Translog Cobb-Douglas CES Translog
Panel A. Returns to scale parameters
B 0 0 -0.19 0 0 0.49
- - (-0.54, -0.05) - - (0.30, 0.77)
Br. 0 0 -0.36 0 0 0.14
- - (-0.66, -0.08) - - (-0.21, 0.50)
Panel B. Log-likelihoods and marginal data densities
log-likelihood 153.47 153.83 157.67 224.61 226.89 237.72
log MDD 55.23 54.80 56.49 129.92 132.48 136.64

1A). ® estimates are smaller for the post-2000 sample, ranging from 1.35 to 1.39.
When the CES production function is assumed, capital and labor are estimated to be more substitutable in

the mode for the recent sample than in the mode for the early sample. This result is consistent with Cantore,
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Table C.7: Production function parameters

(1) 2) ®3) (4) (5) (6)
Early sample (1966-99) Late sample (2000-19)
Cobb—-Douglas CES Translog Cobb—-Douglas CES Translog

Panel A. Factor income shares in the steady state

o 0.20 0.20 0.21 0.09 0.09 0.14
(0.16, 0.24) (0.15, 0.24) (0.16, 0.25) (0.08, 0.17) (0.08, 0.17) (0.11, 0.18)

1—a 0.80 0.80 0.79 0.91 0.91 0.86
(0.76, 0.84) (0.76, 0.85) (0.75, 0.84) (0.83, 0.92) (0.83, 0.92) (0.82, 0.89)

Panel B. Translog and CES parameters

Bk 0 0.05 -0.04 0 0.06 0.40
- (-0.15, 0.10) (-0.37, 0.04) - (0.00, 0.11) (0.28, 0.58)
Bri 0 -0.05 -0.16 0 -0.06 0.09
- (-0.10, 0.15) (-0.29, 0.05) - (-0.11, 0.00) (-0.04, 0.25)
Bu 0 0.05 -0.21 0 0.06 0.05
- (-0.15, 0.10) (-0.46, -0.02) - (0.00, 0.11) (-0.24, 0.34)
¢ 0 0.28 - 0 0.65 -
- (-0.99, 0.62) - - (0.02, 0.90) -
Panel C. Gross markup in the steady state
(3] 1.59 1.60 1.60 1.35 1.35 1.39
(1.46, 1.71) (1.46, 1.73) (1.45, 1.73) (1.19, 1.49) (1.21, 1.51) (1.26, 1.57)

Ferroni and Leon-Ledesma (2017), illustrating that the increase in the supply of skilled labor relative to the supply
of unskilled labor and their aggregation to a single labor factor can be a source of an increase in the elasticity of
substitution between capital and labor, 1/(1 — ¢) (see also Papageorgiou and Saam, 2008). Furthermore, ¢ is not
precisely estimated. The 95% credible interval for 1/(1 — ¢) varies from 0.5-2.6 for the early sample and from 1-10
for the late sample.

The implied translog parameters by the CES model are shown in Columns (2) and (5). Those values are
substantially different from the directly estimated translog parameter values in Columns (3) and (6). In four cases
among the six (three parameters and two sample periods), the CES f in the mode is not included in the 95%
credible interval for the corresponding estimates in Columns (3) and (6). Thus, similar to the model comparison
results, we conclude that the restrictions imposed by the Cobb—Douglas and CES production functions might be
too restrictive. The data consistently favor the translog model.

Finally, by comparing Columns (3) and (6) in Panel B, we find that all three translog parameters increased

substantially between the two sample periods.

Slopes of the Phillips curves. We compute the model-predicted slopes of the Phillips curves as follows. Let
a measure of economic activity, such as the real marginal cost, output gap, labor gap, and labor share (Gali and
Gertler, 1999; Sbordone, 2002; Eichenbaum and Fisher, 2007), be denoted by z;. Then, the Phillips curve based

on x4 is given by:

Tty = BoEt[frei1] + Kpxe + errorg 4,
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Table C.8: Slopes of the Phillips curves

(1) ) 3) (4) (5) (6)
Early sample (1966-99) Late sample (2000-19)

Cobb—Douglas CES Translog Cobb—Douglas CES Translog
Panel A. Calvo price stickiness parameter
&p 0.67 0.69 0.65 0.87 0.86 0.72
(0.56, 0.80) (0.54, 0.81) (0.53, 0.76) (0.71, 0.92) (0.72, 0.92) (0.61, 0.87)
Panel B. Slope of the price Phillips curves
marginal costs 0.023 0.019 0.027 0.005 0.005 0.023
(0.008, 0.051) (0.007, 0.057) (0.011, 0.062) (0.002, 0.028) (0.002, 0.026) (0.004, 0.047)
output gap 0.013 0.012 0.022 0.002 0.002 0.009
(0.003, 0.026) (0.004, 0.026) (0.008, 0.039) (0.001, 0.009) (0.001, 0.007) (0.003, 0.015)
labor gap 0.022 0.020 0.034 0.002 0.003 0.009
(0.005, 0.041) (0.006, 0.041) (0.012, 0.056) (0.001, 0.011) (0.001, 0.009) (0.003, 0.014)
labor share 0.045 0.041 0.111 0.007 0.009 0.202
(-0.073, 0.123) (-0.082, 0.128) (-0.368, 0.336) (-0.046, 0.077) (-0.031, 0.050) (-0.160, 0.216)
labor share, 0.023 0.020 0.042 0.005 0.005 0.028

v adjusted

(0.008, 0.051)

(0.007, 0.059)

(0.014, 0.175)

(0.002, 0.028)

(0.002, 0.023)

(0.005, 0.062)

where k, represents the slope of the Phillips curve. When x; = mc;, it follows from a New Keynesian Phillips

: _ _ (=GB (1=¢p) 1
curve (see, e.g., Equation (B.103)) that 8, = 87, ks = Cp€1+éwp)p T

on E;[7;41] and 24 and obtain k5 from the projection coefficient:
Ee[feea] .
y Tt
Tt

-1
= | varemp COVe, mp
Ky Tt

where subscripts ¢ and mp indicate that we use the cyclical variation with the periodicity from 6-32 quarters driven

and errory; = Al. We project

by monetary policy shocks. Equivalently, we can obtain x, by applying the ideal bandpass filter to the infinite time
series of 7y, Ey[y41], and x4 and use monetary policy shock series as instrumental variables. Thus, our formula
corresponds to the population version of empirical practices of estimating the Phillips curves using the detrended
data by filters (Mavroeidis, Plagborg-Mgller and Stock, 2014; Stock and Watson, 2020) and identified monetary
policy shocks as instruments (Barnichon and Mesters, 2020, 2021).

Table C.8 shows the results for the Calvo price stickiness parameter (Panel A), &,, and the slope of the
Phillips curves (Panel B), k., in the posterior mode with the 95% credible intervals. For the early sample, all three
models feature £, of approximately two-thirds. In contrast, the Cobb-Douglas and CES models yield large £, and
excessively sticky prices for the late sample. The corresponding average durations of a price are greater than seven
quarters. The results based on the translog model differ remarkably. &, is 0.72, consistent with the empirically
reasonable degree of price stickiness reported in Bils and Klenow (2004) and Nakamura and Steinsson (2008).

The slopes of the marginal cost Phillips curve in Panel B echo the results for §,. The slopes are not small
and similar across Columns (1)-(3) and (6). Thus, through the lens of the translog model, which matches the data
better as shown above, the New Keynesian Phillips curve did not flatten and is alive well (see also Gagliardone
et al., 2023). In contrast, the Cobb—Douglas and CES models predict quite flat marginal cost Phillips curves for

the late sample, given the large values of &,.
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Figure C.2: Historical decomposition of the pandemic-era inflation

The quite flat marginal cost Phillips curves in Columns (4) and (5) translate into similarly flat conventional

Phillips curves for the output gap, labor gap, and labor shares. We also consider the labor share adjusted by

wely
T yttu?

case of labor share, the translog model generates the flattening of these conventional Phillips curves, although the

fixed costs in production which equals the real marginal costs in the Cobb—Douglas model. Other than the
marginal cost Phillips curve did not flatten (Columns (3) and (6)).

Thus, the translog model with structural changes, captured by the different 8 coefficient values between the
two sample periods, can explain the two seemingly contradictory empirical results that the marginal cost Phillips
curve is steep and alive (Gagliardone et al., 2023) and the conventional Phillips curve flattened (Barnichon and
Mesters, 2020; Del Negro et al., 2020; Hazell et al., 2022; Inoue, Rossi and Wang, 2024).

Pandemic-Era Inflation. Next, we present the historical decomposition of the pandemic-era inflation. We
augment the sample with the same seven quarterly variables from 2020:q1 to 2024:q2. For each model, given
the parameter values in the posterior mode in Table C.5, we use the Kalman smoother to estimate the realized
structural shocks during this extended sample period from 2020:q1-2024:q2.

Figure C.2(b)-(d) shows the decomposition of the realized quarterly inflation into the contribution of each
structural shock and the pre-2020 economic condition for the Cobb—Douglas, CES, and translog models, respec-
tively. Panel (a) shows the federal funds rate (augmented with the shadow rate of Wu and Xia (2016) when the
zero lower bound was binding) and quarterly GDP deflator inflation. Clearly, the US monetary policy was loose
between 2021:q1-2022:q2 when the inflation was increasing.

Panel (d) shows that the translog model emphasizes the contribution of risk premium shocks at the onset
of the pandemic in 2020:q2, reflecting elevated demand for safe assets (Fisher, 2015), and loose monetary policies
for high inflation during 2021:q1-2022:q2. In contrast, the Cobb-Douglas and CES models almost entirely rely on
price markup shocks to match the realized inflation dynamics after 2020. Because the Phillips curves are quite flat

in the Cobb—Douglas and CES models, these models need to shift the Phillips curves using price markup shocks to
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match the variation in inflation. In contrast, the translog model with less sticky prices and a steeper Phillips curve
incorporates demand shifters like monetary policy shocks into the quantitative analysis as a meaningful source of

inflation dynamics.
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Appendix D Supplementary Materials for Section 4

D.1 Summary Statistics

Tables D.1 and D.2 report the basic summary statistics for the EU KLEMS database used in our baseline analysis.
We construct a multi-country, industry-level panel database by integrating the national, labor, and capital accounts
from the EU KLEMS dataset. For the pre-2000 sample (1970-1999), we use the March 2008 release. For the post-
2000 sample (2002-2019), we combine the 2012 and 2023 releases to create a continuous dataset. Our baseline
analysis includes data for Austria, Belgium, Denmark, Finland, France, Germany, Italy, Japan, Luxembourg, the
Netherlands, Portugal, Spain, Sweden, and the United Kingdom—countries for which we were able to consistently
obtain the necessary information across the two datasets we constructed.

We extract data from the national accounts on the volumes and prices of output, intermediate inputs, total
labor hours, and total labor compensation across industries, countries, and years. The labor accounts break down
labor inputs by education level, enabling us to calculate hours worked by college graduates (skilled labor) and
others (unskilled labor), along with the wages for each group. Additionally, we obtain the volumes and prices of
real capital stock from the capital accounts.

We drop observations with negative values for key variables such as output, real capital stock, intermediate
inputs, and labor hours. Our key dependent variable, the cost share of skilled labor, is measured by dividing
the labor compensation for skilled labor by total nominal output. We construct the price indices for capital and
intermediate inputs by dividing the nominal values by the real values. For the pre-2000 analysis, nominal values for
capital stock are unavailable, so we construct the price index for capital services by dividing nominal capital services
by their real counterpart.? Lastly, skilled and unskilled wages are derived by dividing the total compensation for

each labor group by the total hours worked by that group in a given year.

Table D.1: Summary Statistics (Pre-2000 Analysis)

Mean Std. Dev. P25 P50 P75 N
Gross output (Nominal) 7375391.21  31393663.17  10409.64  32264.23  131930.00 2372
Gross value-added (Nominal) 3745028.74 13423626.63 5823.17 17672.12 70553.98 2372
Intermediate Inputs (Nominal) 3630362.45 18979350.35 3960.08 13400.88 60570.64 2372
Capital Services (Nominal) 1539879.22 6336040.40 1361.14 4954.79 18735.00 2359
Labor Compensation by Skilled Labor (Nominal) 499056.63 1826917.45 202.93 1042.46 5269.12 2372
Labor Compensation by Unskilled Labor (Nominal)  1370416.67 5102660.32 2122.06 8310.41 35063.90 2372
Hours worked by skilled labor 311317.98 693935.23 16617.13  61459.31  225367.02 2372
Hours worked by unskilled labor 2304998.98 3978051.17  253718.02 675825.12  2392444.88 2372
Capital Stock (Real) 26183669.34  118401167.25  36547.59  109569.70  488850.61 2372
Gross Output (Real) 7653806.99  30794245.26 ~ 14743.83  49637.35  148653.30 2372
Gross value-added (Real) 4001638.41 13487293.69 8779.23 26947.33 84943.36 2372
Intermediate Inputs (Real) 3601328.80  18203988.44 5738.12 20361.74 67829.65 2372
Capital Services (Real) 1425721.59 5880110.02 1984.89 6053.09 23789.57 2372

Notes: This table presents summary statistics for the data used in our pre-2000 analysis (1970-1999). Our baseline analysis includes data for
Austria, Belgium, Denmark, Finland, France, Germany, Italy, Japan, Luxembourg, the Netherlands, Portugal, Spain, Sweden, and the United
Kingdom. All variables are expressed in millions, except for hours worked, which are expressed in thousands, with nominal values reported in
their respective national currencies. Capital stock variables are available only in real terms in the March 2008 release. Sources: The March 2008
release of EU KLEMS.

3Capital services are measured in terms of the user cost. The March 2008 release includes information on the volume index of
capital services, which is used to construct the volume of capital services. Specifically, we calculate the volume of capital services by
multiplying the volume indices by the capital services in the base year.
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Table D.2: Summary Statistics (Post-2000 Analysis)

Mean Std. Dev. P25 P50 P75 N
Gross output (Nominal) 4029025.53  24897641.41 25911.00 90266.00  232755.80 2566
Gross value-added (Nominal) 2127887.31  12179543.84 12782.20  47341.00 115549.00 2566
Intermiedate Inputs (Nominal) 1901138.20  13925085.56  11313.90  40720.00 117038.90 2566
Capital Stock (Nominal) 773413.26  3325113.71  32939.04 78577.39  261008.00 2566
Labor Compensation by Skilled Labor (Nominal) 22364.69 40089.09 1698.62 7402.52 26938.32 2566
Labor Compensation by Unskilled Labor (Nominal) 27227.34 40550.98 3090.86 12972.64 32222.29 2566
Hours worked by skilled labor (in millions) 417804.89 598070.37  45371.35 165152.95  510874.38 2566
Hours worked by unskilled labor (in millions) 1020254.83  1489607.29  97743.02 373289.12 1320759.50 2566
Capital Stock (Real) 755820.78  3127297.99  35049.26  81939.43  277916.00 2566
Gross Output (Real) 4068907.01  25124917.36  26763.75  92752.51 236993.19 2566
Gross value-added (Real) 2152839.65 12312930.73  13476.80  51356.48 120256.81 2566
Intermediate Inputs (Real) 1917842.42  13952868.79  11417.89  42883.11 118729.10 2566

Notes: This table presents summary statistics for the data used in our post-2000 analysis (2002-2019). Our baseline analysis includes data for
Austria, Belgium, Denmark, Finland, France, Germany, Italy, Japan, Luxembourg, the Netherlands, Portugal, Spain, Sweden, and the United
Kingdom. All variables are expressed in millions, except for hours worked, which are expressed in thousands, with nominal values reported in
their respective national currencies. Sources: October 2012 and February 2023 Releases of EU KLEMS

D.2 Empirical Results: Robustness

We check the robustness of our results in Section 4.3 of the main text. Specifically, we show that our findings remain
robust when we (i) use two- and three-year lagged input prices as IVs to address potential serial correlation in the
baseline regression’s residual, (ii) employ the adjusted skilled labor share by input prices as the dependent variable,
(iii) adopt a value-added production function, (iv) include different sets of countries, (v) substitute capital services
(available only in the March 2008 release) for capital stock, (vi) apply the Driscoll and Kraay (1998) standard
errors, and (vii) account for persistent components in the residual, such as country-industry-specific productivity

levels.

D.2.1 Using Two- and Three-year Lagged Input Prices

This section presents the estimation results when using two- and three-year lagged input prices as instrumental
variables. As shown in Table D.3, our findings are robust to the use of different sets of instrumental variables.
Specifically, the coefficient on capital shifts from negative to positive, suggesting that capital has become more
complementary to skilled labor over time. Similarly, the coefficient on unskilled labor is negative in Column (1)

but turns positive in Column (2).
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Table D.3: Estimation Results, Using Two- and Three-year
Lagged Instruments

1970-1999 2002-2019
Szﬁllled labor (1) (2)
Capital -0.486 0.619
(0.086) (0.266)
Skilled Labor 0.340 -0.564
(0.151) (0.345)
Unskilled Labor -0.664 0.220
(0.447) (0.542)
Intermediate Goods 0.175 -0.067
(0.386) (0.138)
Observations 2240 2371

Notes: Column (1) reports the IV regression results for the period 1970-1999, and Col-

umn (2) for the period 2002-2019. All four inputs—skilled labor, unskilled labor, capital,
and intermediate goods—are logged. The inputs are instrumented using lagged input
prices at t — 2 and t — 3. The analysis includes data from Austria, Belgium, Germany,
Denmark, Spain, Finland, France, the United Kingdom, Italy, Japan, Luxembourg,
the Netherlands, Portugal, and Sweden. The two-step efficient GMM specification is
employed, with standard errors clustered at the country level, shown in parentheses.
Sources: The March 2008 release, the October 2012 release, and the February 2023
release of EU KLEMS.
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D.2.2 Using Alternative Dependent Variables

This section presents the estimation results when using different dependent variables. First, we use the expenditure
shares out of the value-added, instead of the gross output. Columns (1) and (2) of Table D.4 show the results.
Second, we use the skilled labor share adjusted by >, okt (Pjre/Pjt) in view of the fact that 7, = >, cypre + €f.

As shown in Table D.4, our findings are robust to the use of alternative dependent variables.

Table D.4: Estimation Results, Using Alternative Dependent Variables

sfjﬁned abor oyt of value-added sz;‘tined labor _ N™ Qi
1970-1999 2002-2019 1970-1999 2002-2019
(1) (2) (3) (4)

Capital -0.775 0.752 -0.800 0.865
(0.082) (0.584) (0.139) (0.362)

Skilled Labor 0.047 0.892 0.889 -0.415
(0.204) (0.686) (0.281) (0.749)

Unskilled Labor -0.097 0.615 -0.597 0.511
(0.138) (0.810) (0.519) (0.776)

Intermediate goods -0.913 0.473
(0.361) (0.118)

Observations 2391 2622 2303 2566

Notes: Columns (1) and (2) report the IV regression results using the expenditure share of value-added as the dependent variable, while

Columns (3) and (4) show the results using the expenditure share adjusted by >, ajkt(ijjt) as the dependent variable. Columns (1)
and (3) present the results for the period 1970-1999, and Columns (2) and (4) for the period 2002-2019. All four inputs—skilled labor,
unskilled labor, capital, and intermediate goods—are logged. The inputs are instrumented using lagged input prices at t — 1 and t — 2. The
analysis includes data from Austria, Belgium, Germany, Denmark, Spain, Finland, France, the United Kingdom, Italy, Japan, Luxembourg,
the Netherlands, Portugal, and Sweden. The two-step efficient GMM specification is employed, with standard errors clustered at the country
level, shown in parentheses. Sources: The March 2008 release, the October 2012 release, and the February 2023 release of EU KLEMS.
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D.2.3 Using Different Samples

In our baseline specification, for consistency, we use a subset of countries available in both the March 2008 release
and the February 2023 release. In this section, we repeat the analysis by including additional countries in our
sample. First, we include data for Finland and Italy for 2000-2001 in the post-2000 sample. Second, we repeat the
analysis using all available data from each release. Table D.5 presents the results, which show that our findings in

the main text are not dependent on the set of countries.

Table D.5: Estimation Results, Using Different Samples

1970-1999 2000-2019 2002-2019
(1) (2) (3)
Capital -0.595 0.885 1.420
(0.088) (0.279) (0.331)
Skilled Labor 0.521 -0.497 -0.192
(0.245) (0. 319) (0.478)
Unskilled Labor -0.690 0.623 0.468
(0.421) (0.526) (0.426)
Intermediate goods 0.321 0.076 0.004
(0.301) (0.117) (0.098)
Observations 2666 2622 3679

Notes: This table reports the IV regression results using different samples. Column (1) shows the results for
the period 1970-1999, including all available countries from the March 2008 release of EU KLEMS. Column (2)
shows the results for the period 2000-2019. Labor data for 2000-2001 is available only for Finland and Italy, and
they are utilized for the results shown in Column (2). Column (3) shows the results for the period 2002-2019,
using all available countries from our post-2000 dataset. All four inputs—skilled labor, unskilled labor, capital,
and intermediate goods—are logged. The inputs are instrumented using lagged input prices at t — 1 and t — 2.
The two-step efficient GMM specification is employed, with standard errors clustered at the country level, shown
in parentheses. Sources: The March 2008 release, the October 2012 release, and the February 2023 release of EU
KLEMS.
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D.2.4 Using Driscoll and Kraay (1998) Standard Errors

Our baseline specification employs standard errors clustered at the country level. To ensure the robustness of our
findings, we also repeat the analysis using Driscoll and Kraay (1998) standard errors, given the relatively long time
series in our data compared to the number of countries included. Table D.6 shows that our results are robust to
the use of Driscoll and Kraay (1998) standard errors instead.

Table D.6: Estimation Results, Using Driscoll and Kraay (1998)
Standard Errors

1970-1999 2002-2019
Szﬁllled labor <1> (2)
Capital -0.466 0.933
(0.086) (0.145)
Skilled Labor 0.080 -0.130
(0.033) (0.569)
Unskilled Labor -0.708 0.561
(0.059) (0.105)
Intermediate Goods 0.310 0.077
(0.076) (0.193)
Observations 2372 2566

Notes: Column (1) reports the IV regression results for the period 1970-1999, and Col-
umn (2) for the period 2002-2019. All four inputs—skilled labor, unskilled labor, capital,
and intermediate goods—are logged. The inputs are instrumented using lagged input
prices at t — 1 and t — 2. The analysis includes data from Austria, Belgium, Germany,
Denmark, Spain, Finland, France, the United Kingdom, Italy, Japan, Luxembourg, the
Netherlands, Portugal, and Sweden. The two-step efficient GMM specification is em-
ployed, with Driscoll and Kraay (1998) standard errors, shown in parentheses. Sources:
The March 2008 release, the October 2012 release, and the February 2023 release of
EU KLEMS.
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D.2.5 Using Capital Services

The March 2008 release includes capital services in addition to the values of real capital stock. To check the
robustness of our results, we repeat our analysis for the pre-2000 sample using capital services instead of capital
stock. Table D.7 shows that our results are robust to the use of an alternative measure of capital.

Table D.7: Estimation Results, Using Capital Services (Only
Available in March 2008 Release)

Out of Output Out of
Value-Added

Si;;tilled labor (1) (2)
Capital Services -0.223 -0.428

(0.036) (0.052)
Skilled Labor 0.339 0.480

(0.101) (0.130)
Unskilled Labor -0.615 -0.601

(0.370) (0.135)
Intermediate Goods -0.156

(0.323)
Observations 2311 2311

Notes: Column (1) reports the IV regression results using the expenditure share of
skilled labor out of gross output, and Column (2) reports the results for the expenditure
share out of value-added. All four inputs—skilled labor, unskilled labor, capital services,
and intermediate goods—are logged. The inputs are instrumented using lagged input
prices at t — 1 and t — 2. The analysis includes data from Austria, Belgium, Germany,
Denmark, Spain, Finland, France, the United Kingdom, Italy, Japan, Luxembourg,
the Netherlands, Portugal, and Sweden. The two-step efficient GMM specification is
employed, with standard errors clustered at the country level, shown in parentheses.
Sources: The March 2008 release of EU KLEMS.
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D.2.6 Country-industry-specific Productivity in the Residuals

In the main text, we estimated the following equation:

log (sijt) = Z d;1 log (:L"(fjt> F o+ + 1+ Eijt.
k
In this section, we interpret e.j; as the level of productivity, We assume that e.j; has a persistent process

represented by an AR(1) process:

Ecjt = Pj€cjt—1 T+ Nejt-

We allow the degree of persistence, captured by the AR(1) coefficient, p;, to vary across industries. With the

i

remaining idiosyncratic components in the residual such as measurement errors, denoted by wy;,, we have the

following equation:

log (sijt) = Z 0;1 log (a:ffjt> +act+y+ 71+ i+ wf;jt.
k
We assume that wijt is serially uncorrelated.
For a simple notation, we define a function, ¢, as follows:

gpijt(cs, p) =log (sijt) — [Z 0, log (xljjt) +ae+ Y+ T = Ecjt + wf:jt,

k

where p is a vector of industry-specific AR coefficients, p;.
We utilize the orthogonality between lagged input prices and productivity shocks (7.;¢) for identification. Note
that:

(plcjt<57 p) — pj‘péj,tfl((sv p) = (cjt + szt) — pj(ecjp—1+ wéj,tfl)
= Nejt + wf:jt - pjwéj,tfl'

Thus, for two- and three-year lagged input prices, Z;;_2, we have the following moment conditions:

E {ch,t—2 [Spéjt((;’ p) — pj‘aoéj,t—l((;’ p)]} =0.

We jointly estimate & and p using the above moment conditions and GMM methods. As in the main text, we focus
on the skilled labor share. We also divide the data into the pre- and post-2000 samples.

Table D.8 shows the estimated § parameters with standard errors. Similar to the baseline results shown in
Table 7, the coefficients on capital and unskilled labor increase over time, while the coefficient on skilled labor
decreases. Thus, we conclude that our results are robust to explicitly controlling for persistence in the level of

productivity driven by country-industry-specific productivity shocks.
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Table D.8: Estimation Results, Assuming AR(1)
Country-industry-specific Productivity Shocks

1970-1999 2002-2019

(1) (2)

Capital 0.037 0.330
(0.047) (0.141)

Skilled Labor 0.662 0.361
(0.097) (0.217)

Unskilled Labor -0.117 0.026
(0.281) (0.174)
Intermediate Goods -0.171 -0.623
(0.162) (0.079)

Observations 2166 2371

Notes: Column (1) reports the GMM estimation results for the period 1970-1999, and

Column (2) for the period 2002-2019. All four inputs-skilled labor, unskilled labor,
capital, and intermediate goods—are logged. We use lagged input prices at ¢t — 2 and
t — 3 as instruments. The analysis includes data from Austria, Belgium, Germany,
Denmark, Spain, Finland, France, the United Kingdom, Italy, Japan, Luxembourg, the
Netherlands, Portugal, and Sweden. Sources: The March 2008 release, the October
2012 release, and the February 2023 release of EU KLEMS.
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