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Abstract

In the United States, total factor productivity (TFP) growth has shown a hump-shaped

pattern since the mid-1970s, peaking in the early 2000s and declining thereafter. Dur-

ing the same period, research and development (R&D) as a share of firm sales has

steadily increased, alongside rising gross profit ratios. Motivated by these trends,

we develop an endogenous growth model that incorporates an endogenous market

structure, where dominant firms confront a competitive fringe and charge variable

markups. We assess the model’s ability to reproduce the trends and use it to simulate

counterfactual scenarios based on different technologies for goods and knowledge

production. The model highlights increasing fixed costs associated with knowledge

production and growing market concentration as key factors in explaining the data.

Further, the model aligns with firm-level data on the decline in research productivity.
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1. Introduction

This paper is motivated by three key observations regarding long-term trends in the post-

war United States (see Figure 1). The first observation is that total factor productivity

(TFP) growth has followed a hump-shaped pattern since the mid-1970s, peaking in the

early 2000s and then declining afterward. The second observation is that research and de-

velopment (R&D) intensity, measured as a percentage of firms’ sales and R&D investment

per firm, has steadily increased during the same period. At the same time, gross profit

margins, calculated as firms’ profits relative to sales, along with market concentration,

have also risen (Barkai, 2020; De Loecker, Eeckhout and Unger, 2020; Eeckhout, 2022).

Figure 1: Motivating Facts
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Notes: The figure shows quadratic trends for utilization-adjusted TFP growth from Fernald (2014) (panel
A), R&D as a share of firms’ sales (panel B), R&D per firm, normalized to one in 1976 (panel C), gross profit
ratio measured as one minus the ratio of cost of goods sold (COGS) to sales (panel D). Panels B, C, and D
are based on a sample of Compustat’s top-20 highest R&D industries. See Appendix A for more details.

Developing an explanation for these facts is important not only in its own right but

also because it challenges the basic predictions found in standard growth models. Typ-

ically, it is believed that increased R&D spending leads to greater knowledge creation,

which in turn results in higher TFP growth rates. However, the data presented in Figure
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1 reveal a more complex pattern: the TFP growth rate initially increases and then declines,

even as R&D intensity continues to rise throughout the period. Standard economic mod-

els struggle to explain this phenomenon.

This paper presents a novel theory that reconciles the facts and formalizes it through

a new endogenous growth model that incorporates an endogenous market structure. In

this model, dominant firms interact with a competitive fringe and set variable markups.

We show that rising fixed costs associated with knowledge production go a long way

in explaining the observed trends. Importantly, the model also aligns with firm-level

data; it accurately reproduces the decline in research productivity concerning patents and

scientific publications among publicly listed firms in Compustat. This represents the main

contribution of the paper to the existing literature

The main idea of this model is simple but, to our knowledge, overlooked: production

of knowledge increasingly depends on fixed costs over time. Several technological factors

contribute to this trend, including the higher overhead costs associated with larger R&D

teams (Jones, 2009) and the more stringent regulatory legislation that requires additional

management and human resources to ensure compliance (Dawson and Seater, 2013; Cof-

fey, McLaughlin and Peretto, 2020). In this context, we explore how the rising fixed costs

in knowledge production impact the U.S. economy. While it is well-established that fixed

costs are critical determinants of market structure, firm profitability, and market concen-

tration (Chandler and Hikino, 1994; Sutton, 1991, 2001), our focus is specifically on the

fixed costs related to knowledge production, such as those incurred by R&D labs, rather

than the more commonly analyzed fixed costs associated with goods production.

Insights from Sutton (1991) suggest that rising fixed costs in producing new ideas

or knowledge can naturally increase the scale of R&D operations. This increase tends

to reduce profits after market entry, discouraging new entrants and increasing market

concentration. This mechanism is central to our model, which is integrated into a gen-

eral equilibrium framework to ensure that aggregate consistency and market clearing are

maintained. However, the model highlights that growing fixed costs alone cannot ac-

count for the hump-shaped pattern observed in TFP growth. In a model with constant

markups, an increase in fixed costs in R&D results in a continuously rising growth rate

of TFP, which contradicts the data. Therefore, incorporating variable markups is essential

for the model to account for the facts that motivate this paper.

The model property that delivers the observed hump-shaped path of TFP growth in

the data is that the return to innovation is hump-shaped in market concentration. In free-
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entry equilibrium, the growth rate of technology results from two opposing forces, which

are influenced by the market share of dominant firms. The first force, known as cost-

spreading effect, positively impacts the growth rate as the market share of larger firms

increases. In contrast, the second force, called the business-stealing effect, negatively

affects the growth rate. The balance between these two forces is critical in determining

the overall growth path.

First, the cost-spreading effect relates to the scale or market-size effect at the core of

R&D-based growth models. The return to R&D is increasing in the scale of operation

and, hence, in the dominant firms’ market share. The intuition for the positive effect of

cost-spreading is that a dollar spent on R&D lowers the cost for every unit produced,

implying that the gains of R&D are proportional to the scale of operation. Second, the

business-stealing effect emerges from dominant firms internalizing their impact on the

price of the product line. The intuition is that the demand for a dominant firm’s product

depends on the price it charges relative to the price level of the product line. However, as

R&D lowers the price of the dominant firm, it also reduces the price of the product line,

and the latter lowers the return to R&D, thereby disincentivizing R&D. Such an effect

strengthens as the market share of the dominant firm rises since the aggregate price index

moves in lockstep with the dominant firm’s price. Effectively, it becomes harder to steal

the market share of other firms by doing R&D as one’s market share increases.

The opposing forces at play can induce a hump-shaped technology growth rate pro-

file in the dominant firms’ market share, which helps explain the observed trends in the

data. Early on, when the market share of dominant firms is small, the positive effect of

cost-spreading dominates, and the technology growth rate increases in the market share;

however, after the market share reaches a critical threshold, the business-stealing effect

turns to dominate, and the technology growth rate decreases.

The structure of the paper is organized as follows. In Section 2, we review related

literature and highlight our contributions. Section 3 presents new empirical evidence

derived from balance-sheet data of publicly listed companies in Compustat, as well as

patent data from the United States Patent and Trademark Office (USPTO) and scientific

publications from the Web of Science, covering the period from 1980 to 2015. In Section 4,

we introduce our model, and in Section 5, we discuss our key analytical results. Section 6

applies the model to the data and quantifies its implications for the U.S. economy. Finally,

Section 7 provides concluding remarks.
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2. Related Literature

This paper introduces a new mechanism to address the observed disconnect between

the hump-shaped pattern in TFP growth and the consistent rise in R&D intensity in the

United States. The proposed mechanism produces the increase in market concentration

witnessed in the U.S., which is consistent with recent literature pointing to rising markups

and profit margins (Barkai, 2020; De Loecker, Eeckhout and Unger, 2020; Eeckhout, 2022,

2025). We contribute to this body of work by developing a dynamic general equilibrium

model where rising market concentration, market power, and profits drive innovation

and productivity growth. Our paper offers an explanation of the aggregate trends in

TFP growth, R&D intensity, market concentration, and increasing profits within a single

framework that is suitable for policy analysis.

In addition to the work already cited, here we discuss the closely related papers by

Aghion et al. (2023), De Ridder (2024), and Olmstead-Rumsey (2022). Despite similarities,

we will highlight the crucial differences between our work and theirs.

Aghion et al. (2023) develop a model in which reduced overhead costs of operating

multiple product lines drive declining productivity growth and rising concentration. In

their model, as such overhead costs fall, more efficient firms expand their span of control

into new product lines, thereby increasing concentration. In the early phase, increased

concentration spurs a productivity growth acceleration followed by a slowdown when

incentives to innovate taper off. Reduced overhead costs of operating multiple product

lines raise incentives for innovative investments. However, such an effect is offset and

possibly overturned by lower markups due to increased competition.

De Ridder (2024) develops a model that reconciles the observed trends of productivity

growth and R&D intensity in the U.S. since the mid-1980s by the sustained increased

use of intangible inputs in production, such as software. Rising intangible inputs shift

a firm’s cost structure towards fixed costs, breaking the positive link between R&D and

productivity growth. As firms with intangible intensive production enter the market, the

economy experiences a productivity growth acceleration associated with higher markups.

After this early phase, a slowdown ensues as firms with high intangibles deter entry.

Finally, Olmstead-Rumsey (2022) provides novel evidence based on patent data and

a model to argue that the laggard firms’ reduced ability to compete with leader firms

through innovation can account for a significant share of the productivity slowdown with

rising concentration. Unlike our paper, this paper does not address the question of the
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hump-shaped pattern in TFP growth, which is instead one of the main facts that motivate

our paper.

What distinguishes our work from the three papers mentioned above is twofold. First,

we introduce a new, quantitative, and fully endogenous growth model that incorporates

variable markups, presenting a novel mechanism to the literature. This model features

markups that depend on market share, effectively merging two dimensions of innovation:

firm entry, which increases product variety, and cost-reducing investments by incumbent

dominant firms that push the frontier technology forward. Both horizontal and vertical

innovation play distinct, equally important roles: investments by incumbents that reduce

unit production costs contribute to long-term endogenous growth. Simultaneously, the

expansion of product variety ensures that the model’s steady-state growth rate is scale-

free (Peretto, 1998; Peretto and Connolly, 2007; Peretto and Smulders, 2002). While the

model includes several features recognized as important in the literature, the equilibrium

dynamics are entirely captured by a single differential equation for the market share of

dominant firms, which is influenced by the fixed cost of knowledge production.1

Second, we examine various competing explanations for the observed trends. Our

analysis reveals that the increasing scale of R&D activities—caused by rising, rather than

falling, overhead labor costs—can explain the overall trends while also accounting for the

declining research productivity at the firm level. Thus, a single theory unifies both micro

and macro observations. This paper is the first to present such a theory.

3. Evidence and Theoretical Insight

This section provides new evidence and updates and extends the existing one for the

United States on the increase in the size of research teams and the decrease in research

productivity. We run firm-level regressions and establish new facts that are consistent

with the main idea of this paper: fixed costs associated with knowledge production are

likely the culprit for the steadily falling research productivity.

We sketch the central theoretical insight of this paper with a knowledge production

function approach, modified to allow for fixed costs. This analysis serves as a proof of

1In the model, the size of the population does not affect the long-term productivity growth rate, while
it impacts short-term transition dynamics. The link between population and growth dynamics is the focus
of the works by Karahan, Pugsley and Şahin (2019), Hopenhayn, Neira and Singhania (2022), and Peters
and Walsh (2022). In our model, declining population growth results in a decrease in R&D intensity, while
concurrently leading to an increase in the TFP growth rate. These predictions contrast with the data that
shows an increase in R&D intensity and a hump-shaped pattern in TFP growth (see Appendix Figure D.1).
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concept. In the following section, we embed our idea in a fully-fledged dynamic general

equilibrium model with endogenous market structure and variable markups and show

that it reconciles the firm-level evidence in this section with the observed trends discussed

in the introduction of the paper.

3.1. Firm-Level Evidence

We use the data assembled by Arora, Belenzon and Sheer (2021a), which ingeniously

match balance-sheet data for publicly listed Compustat firms with patents from the United

States Patent and Trademark Office (USPTO) and scientific publications from the Web of

Science and associated patentees and authors for 1980-2015.2 The advantage of using

such data is that it is, to the best of our knowledge, the only one allowing us to study the

relationship between measures of research inputs and output at the firm level as opposed

to the aggregate economy-wide level, which is at the core of the theory developed in the

next section.

Patent Team Size & Patent Complexity The first set of results provides evidence, al-

beit suggestive, that fixed costs of knowledge production are likely increasing over time.

Lacking direct measurement, we consider two statistics: (i) the average number of patent

assignees per patent, a measure of research team size, and (ii) the average number of

technological classes spanned by a patent, a measure of “patent complexity.” These two

variables are arguably affected by fixed costs, as is the case for research team size, or are

a proxy for such fixed costs. For example, technical and regulatory requirements such as

increased minimum team size, overhead R&D labor, and more stringent regulatory com-

pliance can raise fixed costs, leading to increased research teams and R&D labs. Similarly,

the increased complexity of technologies drawing from multiple fields requires highly

specialized expertise and effort in coordinating and monitoring developments, requiring

increased management and human resources.

Fact 1: The average size of patent teams and the complexity of patents have been steadily increasing

since 1980. These patterns hold at the aggregate level and at the firm level after controlling for firm

fixed effects and time-varying characteristics.

The left panel of Figure 2 shows that the number of patent assignees (inventors for

short) per patent has steadily increased since 1980. This fact updates and confirms the

2See Arora, Belenzon and Sheer (2021b) for details.
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Figure 2: Trends in Patent Team Size and Complexity

Notes: The left panel shows the average number of patent assignees per patent; the right
panel shows the average CPC count per patent. Data are for publicly listed firms, matching
Compustat and patents from the USPTO for 1980-2015. See Arora, Belenzon and Sheer
(2021a) and Arora, Belenzon and Sheer (2021b).

finding in Jones (2009) of a upward trend in the size of research teams. In addition, the

right panel of the figure shows that a similar upward trend holds for patent complexity,

measured as the average number of Cooperative Patent Classification (CPC) counts.3 An

increasing CPC count means that over time, patents span an increasingly higher number

of technological classes. Hence, in this precise sense, patents are becoming more complex

over time, drawing from multiple fields of knowledge and expertise.

Although the trends in Figure 2 are striking, it is of interest to gauge whether and

to what extent they reflect the changing composition of patenting firms and their time-

varying characteristics versus being a phenomenon that is unfolding over time across all

firms. Here, access to firm-level data matched with patent data, instead of aggregate data

only, gives a clear advantage, helping shed light on the issue.

Table 1 shows results based on regressing inventors per patent and CPC-counts per

patent on a time trend, including firms’ fixed effects and an extensive list of time-varying

characteristics capturing firm size and profitability as in Arora, Belenzon and Sheer (2021a).

The estimates confirm the visual evidence in Figure 2 and quantify an economically and

statistically significant upward trend in patent team size and complexity. Inventors and

CPC count per patent grow at a rate of 1.6% and 1.8% a year, respectively.

3The Cooperative Patent Classification (CPC) is a system jointly developed by the United States Patent
and Trademark Office (USPTO) and the European Patent Office (EPO) for organizing patent documents
and other technical documents into specific technology groupings.
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Table 1: Patent Team Size and Complexity Across Firms

(1) (2)
Inventors per Patent CPC Count

Time Trend 0.016∗∗∗ 0.018∗∗∗

(0.001) (0.001)

R&D ✔ ✔

Patents ✔ ✔

Employment ✔ ✔

Sales ✔ ✔

Assets ✔ ✔

COGS ✔ ✔

Market Value ✔ ✔

Firm Fixed Effects ✔ ✔

Observations 29,613 29,614
No. of Firms 3,511 3,511

Notes: All regressions include a constant. Variables are in logs, ex-
cluding the Time Trend. COGS is the Cost of Goods Sold. Robust
standard errors in parenthesis. ∗∗∗ indicate statistical significance at
the 1% level.

Research Productivity Here, we run a battery of firm-level regressions to examine the

relationship between R&D and the number of granted patents and scientific publications.

After controlling for firms’ fixed effects and other time-varying characteristics, we aim to

gauge trends in measured research productivity.

Fact 2: Firm-level research productivity for patents and scientific publications has been steadily

falling since 1980.

Table 2 shows the estimates from fixed-effects regressions; we regress the number of

patents granted in a given year on the lagged stock of patents and R&D expenditures and

a time trend, controlling for firm size and profitability. The results and magnitudes of

the time trend are reassuringly stable across specifications where we include and exclude

controls. The time trend is negative and statistically significant, yielding an approximate

2% yearly reduction in the number of patents for given R&D input. Firm-level, measured

research productivity exhibits a significant negative time trend.

Table 3 shows the estimates from fixed-effect regressions where we replace the number

of patents with the number of scientific publications. The results confirm an economically

and statistically significant downward trend in firm-level research productivity.

To visualize the implications of firm-level regressions, the top panels of Figure 3 show

predicted patents from regression (6) in Table 2 and the implied research productivity,

measured as the weighted average of predicted patents divided by total R&D. As evi-
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Table 2: Firm-Level Patent Regressions

(1) (2) (3) (4) (5) (6)
Patents Patents Patents Patents Patents Patents

Patents Stock−1 0.370∗∗∗ 0.358∗∗∗ 0.365∗∗∗ 0.363∗∗∗ 0.358∗∗∗ 0.371∗∗∗

(0.014) (0.014) (0.014) (0.014) (0.014) (0.014)

R&D−1 0.320∗∗∗ 0.239∗∗∗ 0.300∗∗∗ 0.255∗∗∗ 0.233∗∗∗ 0.228∗∗∗

(0.013) (0.016) (0.013) (0.014) (0.016) (0.017)

Time Trend −0.020∗∗∗ −0.016∗∗∗ −0.022∗∗∗ −0.022∗∗∗ −0.018∗∗∗ −0.018∗∗∗

(0.002) (0.002) (0.002) (0.002) (0.002) (0.002)

Employment−1 ✘ ✔ ✘ ✘ ✔ ✔

Sales−1 ✘ ✘ ✔ ✘ ✔ ✔

Assets−1 ✘ ✘ ✘ ✔ ✔ ✔

Market Value−1 ✘ ✘ ✘ ✘ ✘ ✔

Firm Fixed Effects ✔ ✔ ✔ ✔ ✔ ✔

Observations 29,756 29,403 29,400 29,722 29,037 26,850

Notes: All regressions include a constant. Variables are in logs, excluding Time Trend. Robust standard errors in
parenthesis. ∗∗∗ indicate statistical significance at the 1% level.

Table 3: Firm-Level Publication Regressions

(1) (2) (3) (4) (5) (6)
Publications Publications Publications Publications Publications Publications

Patents Stock−1 0.274∗∗∗ 0.254∗∗∗ 0.267∗∗∗ 0.266∗∗∗ 0.256∗∗∗ 0.264∗∗∗

(0.015) (0.015) (0.015) (0.015) (0.015) (0.015)

R&D−1 0.344∗∗∗ 0.243∗∗∗ 0.312∗∗∗ 0.274∗∗∗ 0.236∗∗∗ 0.221∗∗∗

(0.018) (0.021) (0.019) (0.020) (0.021) (0.022)

Time Trend −0.029∗∗∗ −0.024∗∗∗ −0.031∗∗∗ −0.031∗∗∗ −0.027∗∗∗ −0.029∗∗∗

(0.002) (0.002) (0.002) (0.002) (0.002) (0.002)

Employment−1 ✘ ✔ ✘ ✘ ✔ ✔

Sales−1 ✘ ✘ ✔ ✘ ✔ ✔

Assets−1 ✘ ✘ ✘ ✔ ✔ ✔

Market Value−1 ✘ ✘ ✘ ✘ ✘ ✔

Firm Fixed Effects ✔ ✔ ✔ ✔ ✔ ✔

Observations 19,450 19,238 19,104 19,431 18,889 17,917

Notes: All regressions include a constant. Variables are in logs, excluding Time Trend. Robust standard errors in parenthesis. ∗∗∗

indicate statistical significance at the 1% level.

dent, the growth rates of patents fall over time, implying a steadily declining research

productivity profile. Similar patterns hold for scientific publications.
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Figure 3: Firm-Level Research Productivity

Notes: The top-left panel shows predicted patents from the firm-level regression (6) in Table
2. The top-right panel shows the weighted average of predicted patents from the firm-level
regression divided by total R&D. The bottom-left panel shows predicted publications from
the firm-level regression (6) in Table 3. The bottom-right panel shows the weighted average
of predicted publications from firm-level regression divided by total R&D.

3.2. Organizing the Firm-Level Evidence

This subsection organizes the firm-level evidence on the decline in research productivity

discussed in the previous subsection. We use a knowledge production function while

temporarily setting aside the decisions made by households and firms, as well as market

clearing. This approach is valuable because it highlights the properties a successful theory

must have to be consistent with both micro and macro data.

To proceed, we assume that the generation of new knowledge, denoted as żi, at firm

i, such as patents, is influenced by three factors: (i) the current stock of the firm’s own

patents, zi; (ii) the average available knowledge, Z; and (iii) the firm-specific R&D effort,

lz,i, after accounting for a fixed cost, ϕ, which represents general overhead labor:

żi = α · zη
i · Z1−η · (lz,i − ϕ) , (1)
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where α > 0, ϕ > 0, and 0 ≤ η ≤ 1. The term Z1−η is endogenous to the economy but

exogenous to the firm; it reflects knowledge spillovers from the rest of the economy that

result from the R&D efforts of all firms.

It is important to note that in the regression analysis in the previous subsection, we

examined the relationship between patents and R&D, while controlling for the firm’s own

patent stock, as well as other variables and fixed effects. Our analysis revealed a negative

coefficient for the time trend, indicating a continuing steady decline in firm-level research

productivity, independent of the firms’ time-varying characteristics. When we interpret

this negative time trend in the context of the knowledge production function, we conclude

that the observed decrease in research productivity at the firm level can be attributed

to the knowledge spillover term Z1−η, reflecting an economy-wide force that reduces

research productivity across the board.

From Micro to Macro The distinction between firm-level variables and aggregate vari-

ables is crucial to our theory and is key to understanding the contribution of this paper.

Specifically, we aim to reconcile the evidence showing a decline in research productivity

at the firm level with the hump-shaped pattern of aggregate TFP growth.

In this context, lowercase letters represent variables at the firm level, while uppercase

letters denote aggregate or economy-wide variables. To implement equation (1), we as-

sume that the stock of useful knowledge available to a firm is the weighted sum of the

firm-specific stocks of knowledge, zi, from all dominant firms:

Z =
1

D (N, L)

∫ N

0
zi di. (2)

Here, the weighting function 1/D (N, L) is strictly increasing and concave in the num-

ber of dominant firms, N—an endogenous variable in our model—as well as the popu-

lation level, L, which is treated as an exogenous driving force. This function is homo-

geneous of degree one in both N and L. Equation (2) describes knowledge spillovers as

an instantaneous diffusion process among firms. The function D represents technological

distance, which reduces the probability of knowledge diffusion. The greater the tech-

nological distance, the lower the probability of knowledge diffusion and the smaller the

weight on each firm’s specific stock of knowledge.

The underlying mechanism is that firms and people know different things and pursue

different goals. Consequently, they learn from each other when there is sufficient overlap

between the projects that they work on. Similarly, firms and people learn from each other

11



when there is neither too much nor too little overlap between their knowledge bases. In

the former case, there is no learning because one unit’s knowledge simply duplicates the

other’s; in the latter, there is no learning because the units know things that are too distant

from each other and thus cannot cross-fertilize each other. In the following section, we

posit D(N, L) = NνL1−ν, where 0 ≤ ν ≤ 1. Here, the parameter ν regulates whether

this scaling (dilution) mechanism of aggregate knowledge operates more at the firm level

(ν = 1) or at the individual level (ν = 0). As discussed in the literature on which this

paper builds, this scaling mechanism sterilizes the strong scale effect.

In a symmetric equilibrium, this equation simplifies to:

Z =
N

D(N, L)
· zi = G (N/L) zi, (3)

where the function G ≡ N/D(N, L) is increasing in the ratio N/L and homogeneous of

degree zero.

By substituting Z from equation (3) into the knowledge production function (1), we

can derive the growth rate of firm-specific knowledge, which also corresponds to the

growth rate of aggregate TFP in the symmetric equilibrium:

żi

zi
= α · G

(
N
L

)1−η

︸ ︷︷ ︸
“external effect”

· (lz,i − ϕ) . (4)

Equation (4) describes a positive relationship between R&D and the TFP growth rate,

assuming that N/L remains constant. Specifically, an increase in the R&D input lz,i leads

to a higher growth rate of firm-specific knowledge and aggregate TFP. This mechanism

implies a counterfactual upward trend in TFP growth.

The observed TFP growth rate has followed a hump-shaped pattern, despite a sus-

tained increase in R&D intensity during the same period. To reconcile our theory with the

evidence presented in Figure 1, we need to consider a decreasing trend in the ratio N/L.

The model discussed in the next section indicates that the ratio N/L depends solely on

the market share of dominant firms, which serves as a measure of product market con-

centration. Consequently, a decreasing trend in N/L can emerge as an equilibrium phe-

nomenon, driven by rising market concentration, increased markups, and higher profit

margins over the relevant period.

The dynamics of implied aggregate TFP growth arise from two opposing forces. On

one hand, the external effect stemming from the decreasing N/L tends to pull down TFP
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growth throughout the period. On the other hand, increasing R&D acts as a counterforce.

However, as the growth rate of R&D, net of fixed costs, slows down, the impact of the

external effects begins to dominate, leading to a decline in TFP growth.

Next, we examine the evidence at the firm level regarding the decline in research pro-

ductivity, which is defined as the growth in TFP divided by R&D:

Research Productivity ≡ żi

zi
· 1

lz,i
= α · G

(
N
L

)1−η

︸ ︷︷ ︸
“external effect”

·
(

1 − ϕ

lz,i

)
. (5)

In the case where ϕ = 0 (indicating no fixed costs associated with knowledge produc-

tion), research productivity is solely determined by the external effect. Consequently, a

declining trend in the ratio N/L leads to a consistent decrease in research productivity

at the firm level. This pattern aligns with a positive relationship between R&D and TFP

growth, where the external effect negatively impacts research productivity at the firm

level.

When ϕ > 0, which is arguably the empirically relevant case, research productivity is

influenced by both R&D and the external effect. In scenarios where R&D is increasing, as

in the data, the term ϕ/lz,i decreases over time, resulting in an upward push on research

productivity. It is also important to note that for a fixed value of ϕ, the impact of fixed

costs on research productivity becomes negligible. The main argument of this paper is

that the parameter ϕ is not fixed but rather grows over time. Thus, increasing fixed costs

in knowledge production are the driving force behind the observed trends.4

Main Idea in a Nutshell How can the model generate a declining profile of research

productivity at the firm level while also generating a hump-shaped profile of aggregate

TFP growth? We argue that increasing fixed costs associated with knowledge production,

combined with rising market concentration, help reconcile these seemingly contradictory

observations.

As the parameter ϕ increases over time, R&D investment also rises, as does R&D as a

percentage of sales. The economy shifts resources from goods production to knowledge

production. As profits after market entry decline, the number of new dominant firms

4A declining trend in α could theoretically lead to a decrease in research productivity at the firm level,
aligning with the regression results presented in the previous subsection. However, an important theoret-
ical insight from the general equilibrium model discussed in the next section indicates that a decreasing
α cannot be the primary explanation for the observed trends. A decline in α would lead to reduced R&D
intensity, which contradicts the increasing trend of R&D intensity in the data.
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entering the market decreases, leading to a gradual decline in N/L. At the firm level,

research productivity diminishes because firms are learning less from each other over

time. At the aggregate level, TFP displays a hump shape due to the offsetting dynamics

of N/L and R&D.

4. Model

This section develops the model we later deploy to study the observed trends in TFP

growth, R&D intensity, and gross profit ratios.

The environment comprises a representative household that makes consumption and

saving decisions. This model’s block is standard. The model’s main novelty is on the

production side. It comprises a competitive final good producer that buys differentiated

intermediate goods as input. Each intermediate good is the output of a product line with

a dominant firm and competitive fringe market structure. The fringe produces a good

that is an imperfect substitute for the dominant firm’s product. In each product line, the

dominant firm has a substantial market share, hence, market power, but the fringe are

atomistic small firms that individually have no market power and act as price takers.

There are two means of innovation. First, dominant firms invest in their technology to

reduce marginal costs. Second, entrepreneurs can invest and initiate a new product line

as the dominant firm.

4.1. Final Good Producers

A representative final good producer buys intermediate goods produced in all product

lines by the dominant firms and their fringes, combines them into the final good, and

sells it competitively. We denote the final good with X and index each product line with

i. The dominant firm in the product line i produces xi, and the competitive firms in the

fringe collectively produce x0i. The final good producer combines xi and x0i into Xi using

a constant elasticity of substitution (CES) technology. Then, it aggregates the Xi’s with a

generalized constant returns to scale (CRS) Cobb-Douglas with expenditure shares 1/N,

which are equal across industries:

lnX =
1
N

∫ N

0
ln Xi di, with Xi =

(
x

ϵ−1
ϵ

i + ω x
ϵ−1

ϵ
0i

) ϵ
ϵ−1

, (6)
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where ϵ > 1 and N is the mass of product lines.

The generalized Cobb-Douglas (6) implies that the final good producer spends equally

on each product line i, which induces the following demand schedule for Xi,

Xi =
(PX

N

) 1
Pi

. (7)

In (7) ,P denotes the price of the final good, and Pi is the (shadow) price of Xi. Denoting

the expenditure on the final good with Y , and that on the product line i with Yi, we have

Yi =
Y
N

, where Yi ≡ PiXi, and Y ≡ PX . (8)

The CES technology implies that the demand for the dominant firm i’s product xi and its

competitive fringe’s product x0,i are

xi =

(
pi

Pi

)−ϵ

Xi, and x0i =

(
p0i

ωPi

)−ϵ

Xi, (9)

where pi and p0i are the prices of xi and x0i respectively. In terms of expenditure,

xi = Yi
p−ϵ

i

P1−ϵ
i

, and x0i = ωϵYi
p−ϵ

0i

P1−ϵ
i

. (10)

Perfect competition in the final good sector implies

P1−ϵ
i = p1−ϵ

i + ωϵ p1−ϵ
0i . (11)

For future reference, we denote the market share of the dominant firm i in product line i

with si so that

si ≡
pixi

PiXi
=

pi

(
pi
Pi

)−ϵ
Xi

PiXi
=

p1−ϵ
i

P1−ϵ
i

. (12)

4.2. Dominant Firms

The productivity of the dominant firm i depends on its own technology level zi and the

level of publicly available technology Z.5 Public technology is an increasing function of

5We use the terms knowledge and technology interchangeably.
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private technologies and captures the positive effect of knowledge spillovers, arguably

the most crucial externality regarding R&D (Jones and Williams, 2000; Hall, Mairesse and

Mohnen, 2010). Specifically, a dominant firm’s technology is

xi = zθ
i Z1−θ(ℓx,i − ψ), (13)

where ℓx,i is labor that the dominant firm i allocates to goods production, and ψ is the

fixed operating cost of production. In (13), private and public technologies complement

each other in production (Cohen and Levinthal, 1989; Ferraro, Ghazi and Peretto, 2023).

We define the level of public technology, Z, as

Z ≡
∫ N

0 zj dj
L

, (14)

which is increasing in the stock of private knowledge of individual dominant firms, zj,

and the mass of dominant firms, N. The latter captures the fact that dominant firms

produce differentiated goods, possessing different types of knowledge to contribute to

the aggregate level of knowledge. The L in the denominator in (14) is population size,

which equals to the economy’s total labor supply. It ensures that there is no scale effect,

i.e., the steady-state productivity growth rate is scale invariant.6 The intuition is that

along the balanced growth path, the number of product lines N is proportional to L, so

that from (14), public knowledge in symmetric equilibrium is independent of L.

Each dominant firm i can invest in its technology and increase zi to reduce the marginal

cost of production. To increase zi, a dominant firm has to hire labor ℓz,i, which is the sole

input into the knowledge production function,

żi = αZ(ℓz,i − ϕ), (15)

where α is the research productivity parameter governing the marginal cost of creating

new knowledge or ideas.7 We also assume that running an R&D lab is subject to a fixed

operating cost, ϕ, akin to the formulation of the fixed operating cost in the technology of

output production, ψ, in (13). In this sense, output and knowledge production are treated

symmetrically. More specifically, ϕ regulates the minimum number of scientists needed

6Any public knowledge aggregator of the form Z =
∫ N

0 zj dj
Nν L1−ν , with ν ∈ [0, 1], accomplishes neutralization

of the scale effect of population size on the steady-state growth rate of technology. Here, we continue with
the simpler aggregator (14) to streamline the model.

7More generally, one can specify żi = αzη
i Z1−η(ℓz,i − ϕ) without any substantive change to the results.
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to run the lab, a feature of the knowledge creation technology that is taken parametrically

by the individual firm. For example, creating a new technology that draws from multiple

fields needs expertise from all those fields, increasing the minimum scale of R&D labs.

Each dominant firm i takes the final good demand as given and chooses its price and

R&D labor to maximize the market value, vi, i.e., the present discounted value of its future

dividends,

vi ≡
∫ ∞

t
e−

∫ τ
t (r(s)+δ) dsdi(τ) dτ,

where r denotes the interest rate, δ is the exogenous and constant probability of product

obsolescence, and di is the dividend flow. At each point in time, di is revenues or sales net

of all costs. We take labor as the numéraire and normalize the wage to one (W ≡ 1). The

total cost of the dominant firm i is the sum of wages paid to the labor in production and

R&D, ℓx,i + ℓz,i. Thus, the dominant firm’s dividend flow is di = pixi − (ℓx,i + ℓz,i).

The demand schedule xi = Yi
p−ϵ

i
P1−ϵ

i
implies the price elasticity

ei = ϵ − (ϵ − 1)si, (16)

which, in turn, implies the endogenous price markup

pi =
ei

ei − 1
· 1

zθ
i Z1−θ

, (17)

where 1/(zθ
i Z1−θ) is the marginal cost of producing a unit of xi. Given ei, the higher the

firm’s technology level, zi, the lower the marginal cost of production. Similarly, the higher

the public knowledge level, Z, the lower the firm’s marginal cost. Such cost-reducing

effects of firm and economy-wide knowledge or technology levels are the key drivers of

firms’ R&D labor allocations and the economy’s long-run productivity growth.

Note also that the price elasticity ei is decreasing in the market share si, and the lower

ei, the higher the price markup over the marginal cost. Thus, markups and the dominant

firm’s market share are positively related.

Dominant firm’s R&D problem is dynamic and implies the following expression for

the rate of return to R&D, whose derivations we detail in Appendix B,

r = −δ − Ż
Z
+ αθ

Z
zi
· Yisi ·

ei − 1
ei

, if ℓz,i > 0. (18)
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If the return to R&D is sufficiently low, dominant firms choose not to invest, ℓz,i = 0, and

the right-hand side of (18) is less than r.

Inspection of (18) reveals that the term − Ż
Z − δ reduces the rate of return to R&D. A

higher growth rate of public knowledge reduces the shadow value of private technology,

thereby lowering the rate of return of allocating an additional unit of labor to R&D away

from output production.8 Similarly, a higher rate of product obsolescence reduces the

expected lifetime of a product, thus disincentivizing R&D.

The last term, αθ Z
zi
· Yisi · ei−1

ei
consists of three parts. First, Yisi captures the cost-

spreading effect that is increasing in the market size served by the dominant firm, that

is, the dominant firm i’s market share si of total expenditure on the product line, Yi. The

larger the scale of operations, the higher the return to R&D.

Second, ei−1
ei

captures the business-stealing effect that is decreasing in the market share

due to the dominant firm internalizing its impact on the price of the product line Pi.9

The intuition is that a dominant firm that invests in R&D reduces its price to capture

the market share from its fringe—moreover, increasing R&D results in a more significant

capture of market share if the firm has a smaller market share.

Third, Z
zi

captures the role of technology spillovers, which negatively depends on the

dominant firms’ market share in symmetric equilibrium, magnifying the impact of the

cost-spreading and business-stealing effects.

4.3. Competitive Fringe

In each product line, atomistic competitive firms produce a homogeneous good that is an

imperfect substitute for the dominant firm’s product. As firms in the competitive fringe

make zero profits, they cannot invest and advance their private technology. However,

the competitive fringe has access to the publicly available technology Z, which, in turn,

determines their marginal cost.

Specifically, a competitive fringe firm’s technology is

x0i = Zℓx0,i. (19)

In (19), Z represents the effect of an underlying knowledge diffusion process through

8The shadow value of the firm’s private technology or the costate variable of the Hamiltonian of the
firm’s R&D dynamic problem is λ = 1/(αZ). The growth rate of such shadow value is then λ̇/λ = −Ż/Z.

9When a large firm does not internalize its effect on the price, the expression reduces to ϵ−1
ϵ as if the

firm has zero market share.
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which knowledge generated by dominant firms spreads to the fringe.

Perfect competition then implies that the fringe prices at the marginal cost,

p0i =
1
Z

. (20)

For future reference, note that the “number” of firms in the fringe is inconsequential

for allocations and prices. Setting up a firm on the competitive fringe is costless. Thus,

the product line is immediately populated by a competitive fringe when a new dominant

firm launches a new product.

4.4. Firm Entry and Product Creation

Launching a new product requires incurring a sunk entry cost. Since a competitive fringe

immediately emerges, firm entry leads to a new product line. We assume that the cost

of launching a new product is proportional to the gross profit flow of a dominant firm.10

Free-entry then implies that the value of a dominant firm i creating a new product is

vi = γ
sY
e

. (21)

In (21), the right-hand side variables do not have a subscript to emphasize that a new

dominant firm enters at the average values.11 Since labor is the only factor of production,

the entry cost can be thought as the labor needed to create a dominant firm.

The rate of return to entry is subject to the familiar no-arbitrage condition,

r =
di + v̇i

vi
− δ, (22)

for positive entry.

4.5. Households

There is an infinitely-lived representative household facing the standard consumption-

saving problem. Household’s preferences over deterministic sequences of consumption

10Appendix Section A.2.1 details how to calculate the model-implied long-run value of the firm by using
data on R&D-to-Sales and COGS-to-Sales ratios from Compustat.

11The gross profit flow is px − (lx − ψ), where ℓx − ψ is the cost of goods sold (COGS) and ψ is the
overhead cost. Further, lx − ψ = x · marginal cost = px(e − 1)/e so that px − (lx − ψ) = px/e = sY/e.
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{Ct}∞
t=0 are described by the utility function U(Ct) = ln (Ct), where Ct is consumption at

date t ≥ 0. The household’s problem takes the familiar form:

max
{Cτ}∞

τ=0

∫ ∞

t
e−ρ(τ−t) ln(Cτ) dτ s.t. Q̇ = rQ + L −PC, ∀τ ≥ t, (23)

where ρ is the time discount rate and Q denotes the household’s financial wealth, the state

variable of the household’s problem. Standard first-order conditions give the familiar

Euler equation,

r =
Ẏ
Y + ρ, (24)

where Y ≡ PC is total consumption expenditures.

4.6. General Equilibrium

The equilibrium is a time path of allocations {X , C, Xi, xi, x0i, ℓx,i, ℓz,i, ℓx0,i, LN} , and prices

{P , Pi, pi, p0i, vi, r}, such that given the state variables {N, zi}, the allocations and prices

solve the problems of the final good producer, dominant firms and their competitive

fringe, entrepreneurs, and households. Moreover, product and labor markets clear so

that C = X and L =
∫ N

0 (ℓx,i + ℓz,i + ℓx0i) di + LN, where LN denotes total labor in new

product creation.

The following proposition allows us to work with the model’s symmetric equilibrium.

Proposition 1. The equilibrium of the model is symmetric and the market share of large firms can

take any initial value larger than s ≡ 2ϵ−1−
√

1+4ϵ/θ
2(ϵ−1) .

Proof. See Appendix B.

In Proposition 1, if the initial technology level zi of a dominant firm is sufficiently high

(relative to the public technology), such that its initial market share is higher than s, then

its market share converges to the average dominant firms’ market share. Otherwise, if a

dominant firm starts with a sufficiently low private technology, it never catches up with

the average dominant firm in the model and eventually drops out. As the model supports

a symmetric equilibrium, we drop the subscript i from now on.

Solving for the general equilibrium requires a few steps. First, starting with the budget

constraint (23), we use product market clearing, Y = PC, and divide through by Q to

obtain Q̇/Q = r + (L − Y)/Q. Then, using asset market clearing, Q = Nv, and the
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free-entry condition (21) so that r + (L − Y)/Q = Ẏ/Y + ṡ/s − ė/e, we substitute r =

Ẏ/Y + ρ from the household’s Euler equation (24) and solve for

Y =
L

1 − γ s
e (ρ + ė

e −
ṡ
s )

, (25)

which gives final good expenditure as a function of solely the market share of dominant

firms, s. (The price elasticity e only depends on s.) Finally, Euler equation (24) gives the

interest rate r as a function of s given Y .

Second, we establish that the measure of products, n ≡ N/L, is decreasing in s. In

symmetric equilibrium, public knowledge (14) equals Z = nz so that the market share of

dominant firms in (12) can be rewritten as

s =
p1−ϵ

p1−ϵ + ωϵ p1−ϵ
0

=
1

1 + ωϵ
( p

p0

)ϵ−1 =
1

1 + ωϵ
( e

e−1 nθ
)ϵ−1 ,

which solving for n gives

n = ω
−ϵ

(ϵ−1)θ
( e − 1

e

) 1
θ
(1 − s

s

) 1
(ϵ−1)θ . (26)

Corollary 2. The measure of products, n, is strictly decreasing in the market share of dominant

firms, s.

Proof. See Appendix B.

The link between the measure of products in the economy and the market share of

each dominant firm in its own product line stems from technology spillovers. Specifically,

a smaller n lowers the ratio of public to private technology, which makes the firms in the

fringe less competitive, causing them to lose market share.

Third, we rewrite (18) to obtain the dominant firms’ technology growth rate as

z ≡ ż/z = −(r + δ)− ṅ
n
+ αθ

Y
L
· s · e − 1

e
, if z > 0, (27)

where the endogenous variables on the right hand side (r, n, Y , and e) are functions of s.

Fourth, it remains to calculate the equilibrium trajectory of the dominant firm’s market

share, s(t), for all t ≥ 0. Remaining allocations and prices are then easily calculated given

s(t). Starting with the rate of return to entry (22), and using (24)-(27), we obtain (after
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some algebra) the second-order nonlinear differential equation that pins down s(t),

ṅ
n

(
1 − eL

αγsY

)
+

ė
e
− ṡ

s
=

1 − θ(e − 1)
γ

+
(

r + δ
) eL

αγsY − enL
γsY (ψ + ϕ), (28)

where the endogenous variables entering the equation are functions of s(t) only.12

5. Inspecting the Mechanism

This section discusses how the research productivity and overhead cost parameters affect

the steady-state equilibrium and the forces that sterilize the “scale effect” of population

size on the economy’s steady-state growth rate. The model admits a balanced growth

path (BGP) where all trending variables grow at a constant (endogenous) growth rate.

Research Productivity (α) and Cost Parameters (ϕ, ψ) Although the quantitative results

in the later section concern the transitional dynamics induced by varying overhead costs

of R&D labs, here, we provide analytical results assuming the economy has settled on the

BGP. We consider the parameters ϕ, α, and ψ, and focus on the comparative statics of the

technology growth rate, R&D intensity (R&D-to-Sales ratio), and gross profit ratio (one

minus COGS-to-Sales ratio, where COGS refers to the cost of goods sold).

Proposition 3. On the balanced growth path, the overhead cost of R&D labs (ϕ), the overhead

cost of production (ψ), and the research productivity parameter (α), that regulates the marginal

productivity of labor in the R&D labs, all positively affect the market share of dominant firms (s),

provided that θ and γ are not too large.

Proof. See Appendix B.

Proposition 3 implies that a rise in the R&D costs that originates from a decline in

the marginal productivity of labor in R&D (a decline in α) decreases the market share of

dominant firms and causes them to grow smaller. In contrast, a rise in the cost of R&D

that originates from a rise in the fixed operating costs of labs (a rise in ϕ) causes firms to

grow larger, which is consistent with the data.

The intuition behind the result is the following. As either of the fixed costs ϕ or ψ

increases, dividend flows drop. This implies that the return on entry drops; hence, entry

drops, and the measure of products drops. As a result, the market share of dominant

12See Appendix B for derivations where we make explicit that n, e, and Y are functions of s.
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firms increases. On the other hand, a decline in α directly lowers the return on R&D

investment, making the dominant firms less competitive and losing market share to their

competitive fringe.

Building on Proposition 3, the following proposition shows how the three parameters

of interest (ϕ, ψ, and α) affect the technology growth rate, z, on the BGP.

Proposition 4. Given the conditions in Proposition 3, on the balanced growth path:

(1) As the overhead cost of R&D labs (ϕ) or the overhead cost of production (ψ) rises, the

technology growth rate (z) first increases and then declines. That is, z is hump-shaped in

both types of fixed cost parameters, ϕ and ψ.

(2) As α decreases, the technology growth rate (z) declines.

Proof. See Appendix B.

The first part of Proposition 4 hinges on the fact that neither type of fixed cost can

directly change the marginal product of labor in the R&D labs, and hence, they affect the

return to R&D only indirectly through changing the market share in general equilibrium.

As either of the fixed costs increases, so does s. However, when s is small, the cost-

spreading and spillover effects in the rate of return to R&D dominate the business-stealing

effect. Thus, the return to R&D is increasing in s. However, after s passes a threshold

level, so, the business-stealing effect dominates, and the general equilibrium return to

R&D decreases. In general equilibrium, the return to R&D determines the technology

growth rate in the long run.

The second part of Proposition 4 is more straightforward. A reduction in α directly

affects labor productivity in the R&D, lowering the R&D return for any s. This reduces

R&D of dominant firms and, thereby, lowers the long-run technology growth rate.

Next, we discuss the effect of the cost parameters on the other two variables of interest:

the gross profit ratio (one minus COGS-to-Sales) and R&D intensity (R&D-to-Sales).

Proposition 5. Given the conditions in Proposition 3, on the balanced growth:

(1) As the fixed cost of R&D labs (ϕ) or the fixed cost of production (ψ) rises, the gross profit

ratio increases.

(2) As α decreases, the gross profit ratio declines.

Proof. See Appendix B.
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The intuition behind Proposition 5 is that a higher market share of dominant firms

(s) is associated with a less elastic demand (smaller e), which leads to more profitable

dominant firms. However, from Proposition 3, we know an increase in the fixed costs

raises the market share and hence raises the gross profit ratio. In contrast, a smaller α

lowers the market share and lowers the gross profit ratio.

The following proposition shows how the cost parameters affect R&D intensity.

Proposition 6. Given the conditions in Proposition 3, on the balanced growth:

(1) As the overhead cost of R&D labs (ϕ) rises, the R&D-to-Sales ratio increases.

(2) As α declines, the R&D-to-Sales ratio decreases.

(3) The effect of the overhead cost of production (ψ) on the R&D-to-Sales ratio depends on ϕ. If

ϕ is zero, the effect goes from positive to negative as s increases, and if ϕ is sufficiently large,

the effect is uniformly negative.

Proof. See Appendix B.

Firm-level R&D intensity measures the relative size of R&D labs. The overhead cost of

R&D regulates their minimum size without directly affecting labor productivity in R&D

labs. Thus, an increase in ϕ increases the relative size of R&D labs. In contrast, a decline in

α directly lowers labor productivity in R&D labs and makes them grow relatively smaller.

The third part of Proposition 6 hinges on the fact that a higher ψ affects the relative size

of R&D labs only through an increase in market share of dominant firms, s. In particular,

the business-stealing effect in the rate of return to R&D depends on the inverse markups

(i.e., e−1
e , which is decreasing in s), as we discussed earlier based on (18). The negative

effect of business stealing makes the relative size of R&D labs shrink when s is large.

A substantive lesson from Proposition 6 is that a decline in the research productivity

parameter α cannot explain the observed trends in declining technology growth, z, since it

counterfactually implies a decline in the R&D intensity. Moreover, having an increasing

overhead cost in output production is not enough. As the third part of Proposition 6

suggests, an increase in ψ produces a counterfactual pattern in the R&D-to-Sales ratio if

there is no fixed cost in R&D labs (ϕ = 0). This is because although the effect could be

initially positive as ψ increases, the effect gradually becomes zero and then negative, at

odds with the data displaying a strong and slightly accelerating rise in R&D intensity. For

ϕ > 0, the effect of an increase in ψ continues to generate counterfactual implications.
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Scale-Free Long-Run Productivity Growth Before turning to the quantitative analysis,

it is helpful to stress that the steady-state technology growth rate, z, does not depend on

the scale of the economy, L.

Proposition 7. There is no scale effect on the balanced growth path so that the steady-state growth

rate of technology z is independent of population size, L.

Proof. See Appendix B.

In the steady state, the mass of products, N, is proportional to population size, L, so

their ratio n ≡ N/L is constant. A permanently larger L leads to a permanently higher N,

leaving the growth rate of technology unchanged. As a by-product, the market share of a

dominant firm, s, becomes independent of L, too. Notably, while technology growth, in

the long run, is scale-free and invariant to population size, it turns out to be hump-shaped

in s. This model property will be critical for the model to match the trends in the data to

which we turn next.

6. Quantitative Implications for the U.S. Economy

In this section, we quantify the extent to which a steadily increasing minimum scale of

R&D driven by rising overhead labor can jointly account for the observations on TFP

growth, R&D intensity, and gross profit ratios (one minus the COGS-to-Sales ratio) from

the late 1970s onward in the United States. We first describe data and measurement of the

variables of interest, turn to the model’s parameterization, and conclude by quantifying

the model’s predictions.

6.1. Data and Measurement

This subsection briefly describes the firm-level data from Compustat and USPTO patent

data used for the model’s quantification. Utilization-adjusted TFP growth rates for the

U.S. business sector are from Fernald (2014). Appendix A provides further details and

additional facts.

R&D Intensity and Gross Profit Ratio To construct the R&D-to-Sales and COGS-to-

Sales ratios, we use the “Fundamentals Annual” file from the CRSP-Compustat merged

data, which contains the universe of U.S. publicly traded firms. Again, COGS refers to
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the cost of goods sold and includes all costs and expenses directly related to producing

goods. R&D consists of all costs incurred during the year that relate to the development

of new products or services and the improvement of existing products or services.

As is well known, a few industries account for most of U.S. R&D (Cohen and Levin,

1989; Cohen, 2010). Here, instead of calculating R&D intensity aggregating over the R&D-

to-Sales ratios of all firms across all industries, we select a subset of industries that account

for the lion’s share of total R&D and construct an average R&D intensity by aggregating

over all firms in such industries with sales shares as weights. Appendix A.2.2 shows that

twenty 4-digit NAICS industries cover about 90% of R&D in Compustat. Such a figure

suggests that the remaining industries only account for a tiny share of the total. We then

calculate average R&D-to-Sales and COGS-to-Sales by dividing total R&D and COGS by

total sales for the subset of the twenty high R&D industries.

A Measure of “Patent Complexity” Absent direct measurement of overhead costs of

R&D operations, we build a measure of patent complexity and use it to discipline the time

path of overhead costs in the model. While imperfect, the idea behind this approach is

that advancing frontier technology requires increasingly specialized technical knowledge.

And increasing specialization in knowledge creation goes hand in hand with an ever-

increasing scale of R&D labs. The model in the previous section captures this idea through

an increasing overhead R&D labor cost.

We use PatentsView data from the USPTO (U.S. Patent and Trademark Office) and

calculate the average number of CPC (Cooperative Patent Class) classifications in patent

citations granted to U.S. corporations. PatentsView data started in 1976, the starting year

of all our time series. Fleming and Sorenson (2001) show the number of technological

classes to which a patent belongs is a reliable measure of patent complexity.13

Using patents’ CPC counts as a proxy for their complexity has several advantages

that make it uniquely appealing for our purpose. USPTO and EPO (European Patent

Office) jointly developed CPC, replacing the U.S. Patent Classification (USPC) in 2015.

CPC provides more specific and detailed technology classes than the IPC (International

Patent Classification) system. The “Current CPC” file of granted patents in PatentsView

data contains the most recent classification. As they put it, “the classification of a granted

patent may change, for example, when a new class or subclass is added to the schema.”

Such retroactive features of patent classification are not readily available for other publicly

13Aharonson and Schilling (2016) provide crosswalks from patent classifications to technological classes.
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available measures, such as IPC.

We construct the annual time series of the average current CPC for U.S.-granted patents

as follows. We first count the number of unique CPC groups (the finest CPC measure) for

each patent; then, we average the CPC count for each year in the data. Using the sample

of all U.S. (corporate) patents and at the highest granularity level substantially increases

our measure’s reliability (Benner and Waldfogel, 2008). We consider the average annual

CPC count (CPC count for short) as our aggregate patent complexity measure.

6.2. Parameterization

Bringing the model to the data involves two steps. In the first step, we estimate smooth

trends by fitting quadratic polynomials to the time series of patent complexity measured

by the CPC count, R&D intensity, gross profit ratio, and utilization-adjusted TFP growth

rates for 1976-2020. In the second step, we pin down parameters by asking the model to

reproduce the estimated trends in the data.

Trends in the Data Figure 4 overlays data and estimated trends for each variable. The

trends are estimated by fitting quadratic polynomials to the raw data in the figure. As

evident from the figure, patent complexity, gross profit ratios, and R&D intensity have

all steadily risen since the mid 1970s.14 By contrast, TPF growth rates are hump-shaped,

with the peak occurring around 2000. As the comparative statics results in the previous

section demonstrated, the model can reconcile the patterns of TFP growth, R&D intensity,

and gross profit ratios with an increase in the scale of R&D operations, as implied by an

increasing value of the overhead labor cost parameter, ϕ.

Matching the Trends in the Data There are two alternative yet complementary ways to

quantify the model. While both are viable, they convey different lessons. One approach

is to assume the economy is in a steady state at the start of the period, 1976, and at the

end, 2020. Calibrate the model parameters to reproduce the initial steady state. Then, ask

what value of the overhead cost parameter ϕ one would need to produce the values of

R&D intensity, gross profit ratio, and TFP growth rate in 2020. This approach abstracts

from the sizable time-series variation in observed TFP growth rates by construction. Had

14In addition to the CPC count for patents granted to U.S. corporations, Appendix Figure A.4 shows
rising CPC counts by all other major assignee types, including U.S. individuals, U.S. government, foreign
corporations, foreign individuals, and foreign government.

27



Figure 4: Trends in the Data, 1976-2020
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Notes: The figure shows raw data (solid line) and trends calculated based on quadratic polynomials (dashed
line). Panel A shows the “patent complexity” measure constructed as the average count of cooperative
patent classifications (CPC) in U.S. patent citations. Panel B shows the gross profit ratio, one minus COGS-
to-Sales ratio, in high-R&D industries. Panel C shows the R&D-to-Sales ratio in high-R&D industries. Panel
D shows utilization-adjusted TFP growth rates from Fernald (2014). See Appendix A for more details.
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TFP growth been steadily increasing or decreasing throughout the period, such steady-

state comparisons would capture the phenomenon’s essence with little or no consequence

on the lessons one draws. However, observed TFP growth rates are hump-shaped, rising

from the early 1980s, plateauing from the late 1990s to the early 2000s, and declining since.

An alternative approach, which is the one we follow here, is to target the entire time

series of R&D intensity, gross profit ratio, and TFP growth rates, requiring the model to fit

them as closely as possible, akin to a moment-matching exercise, allowing the overhead

labor cost parameter ϕ to change over time, while keeping all other parameters constant

throughout the period. Here, too, there are two options. The first is to leave the path of

the ϕ’s completely unrestricted and back out the implied values by moment matching at

the risk of making this approach overfitting. The second option is to discipline the path

of the parameters with external information, which is what we do.

More specifically, we assume that ϕt depends linearly on patent complexity:

ϕt = φ0 + φ1Patent Complexityt + ut, (29)

where Patent Complexityt on the right-hand side is the patent complexity trend shown in

panel A of Figure 4 and ut is a regression residual. Operationally, this approach has the

advantage of adding solely two parameters related to the intercept, φ0, and the slope, φ1,

of the regression line (29). We then fix the time discount rate ρ = 0.05, and search over a

grid of the remaining parameters including (φ0, φ1) to minimize the distance between the

model transition paths and trends in the data.

This procedure gives the parameter values in Table 4.

Table 4: Parameter Values

Parameter Value Parameter Value

ϵ 8.50 θ 0.59
α 0.50 γ 6.66
δ 0.10 ρ 0.05
ω 4.00 ψ 0.45
φ0 3.77 φ1 1.69

As shown in Figure 5, the calibrated model fits remarkably well the time series of

the variables of interest, including the hump-shaped path of TFP growth rates. Again,

the driving force of the model’s transition dynamics are the rising overhead labor costs

of R&D labs. All the other parameters are fixed at their baseline values. Importantly,
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Figure 5: Model Fit, 1976-2020
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Notes: The figure shows model simulated time paths with perfect foresight (solid line) versus the trends in
the data (dashed line) as shown in Figure 4. Panel A shows the time series of the overhead cost parameter
ϕt for t = 1976, . . . , 2020 as implied by the moment-matching exercise (solid line) and patent complexity
(dashed line). Panel B shows the gross profit ratio (one minus the ratio of cost of goods sold (COGS) to sales)
in the model calculated based on appendix equation (C.7) (solid line) and in the data (dashed line). Panel C
shows R&D intensity (R&D-to-Sales ratio) in the model calculated based on appendix equation (C.8) (solid
line) and in the data (dashed line). Panel D shows the TPF growth rate in the model calculated based on
appendix equation (C.9) (solid line) and in the data (dashed line). See Appendix A for more details.

the hump-shaped TFP growth dynamics implied by the model is not hard-wired into the

theory; rather, it is the result of the interplay of two opposing forces, pushing TFP growth

in opposite direction as the market share of dominant firms rises, consistent with the data.

6.3. Quantification

Panel A of Figure 6 shows the time path of the overhead R&D labor parameter implied by

our moment-matching exercise. As evident from the figure, ϕ rises over time, mimicking

the path of patent complexity in the data. Rising ϕ directly affects the optimal scale of

R&D operations in the model as it effectively increases the minimum labor requirement

for the firm’s technology of knowledge creation. As a result, aggregate R&D labor and

R&D labor per product increased from the mid-1970s onward; see panels B and C of the
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figure. Similarly, in panel D, R&D intensity steadily increases over time, consistent with

the data. The model generates steadily increasing labor allocated to R&D at the aggregate,

firm, or product level and as a share of firms’ total sales.

Figure 6: The Rising Scale of R&D Operations, 1976-2020
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Notes: The figure shows model simulated time paths with perfect foresight. Panel A shows the path of the
overhead R&D labor parameter (ϕt) as implied by the moment-matching exercise. Panels B, C, and D show
the model simulated path for R&D labor in a dominant firm times the measure of dominant firms (nℓz),
R&D labor in a dominant firm (ℓz), and R&D-intensity of a dominant firm (ℓz/px), respectively. In panels
B and C, we normalize the values in 1976 to one.

Figure 7 shows that the model reconciles the rising R&D labor allocations and intensity

with the observed hump-shaped pattern of TFP growth while at the same time generating

steadily rising market share of dominant firms and gross profit ratios.

Before describing how the current model generates these patterns, it is helpful to stress

that a version of the model with constant markups would fail to do so. More specifically,

a model with constant markups generates rising R&D labor insofar as the overhead labor

parameter increases, yet it would grossly fall short in generating the observed TFP growth

dynamics. In this sense, endogenous or variable markups are critical to our results.

In the model with variable markups, the equilibrium technology growth rate and

how it changes over time depends on the relative strength of the cost-spreading and the

business-stealing effects. The former implies a positive relationship between the market
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Figure 7: Market Concentration and TFP Growth, 1976-2020
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Notes: The figure shows model simulated time paths with perfect foresight after feeding to the model the
path of ϕt in panel A of Figure 6. Panel A shows the market share of dominant firms (st). Panels B and C
show the gross profit ratio and TFP growth rates calculated based on appendix equations (C.7) and (C.9),
respectively. Panel D shows “measured research productivity,” defined as the productivity growth of a
dominant firm divided by its R&D labor (z/ℓz), for which we normalize the value in 1976 to one.

share of dominant firms and the growth rate; the latter implies a negative one.

First, the cost-spreading effect rests on a fundamental force at the core of invariably

all endogenous growth theories and links the size of the market served by the firm to

the firm’s incentives to do R&D. As the market share of dominant firms grows large, an

increasing share of the market is served by the firms doing R&D. From the individual

firm’s perspective, knowledge creation is equivalent to reducing unit production costs.

The higher the firm’s scale of operation, the larger the gains from allocating an additional

unit of labor to the R&D lab away from output production. Early on, when the market

share of the dominant firm is small, this mechanism is strong enough to dominate the

offsetting mechanism due to business stealing.

Second, the business-stealing effect stems from the dominant firms internalizing their

impact on the price of the product line. The dominant firm’s product demand depends

on the price it charges relative to the average price level of the product line. As increased

R&D lowers the price of the dominant firm, it also reduces the price of the product line;
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this adverse price effect reduces the gains of allocating labor to R&D. Such an effect

strengthens as the market share of the dominant firm rises since the aggregate price index

moves in lockstep with the dominant firm’s price; it becomes exceedingly challenging to

steal market share of other firms.15

Finally, panel D of Figure 7 shows that measured research productivity, defined as the

ratio of the model’s TFP growth rate to R&D labor, steadily declined throughout the post-

1975 period. Such a downward trend materializes despite steadily increasing innovative

investment as captured by ever-rising R&D labor at the firm and aggregate level and as

a share of firms’ sales. Again, these model’s results do not come from changes in the

productivity parameter that governs the knowledge production possibility frontier (α);

instead, it is the outcome of rising overhead labor costs and endogenous marker structure.

7. Conclusion

This paper proposes a theory based on rising R&D overhead costs to reconcile the hump-

shaped pattern of TFP growth rates with the increasing R&D intensity in the United States

from the mid-1970s onward. We quantify the theory in a new endogenous growth model

and show that the model’s predictions are borne out in the data.

The model features dominant firms competing with a fringe in the product market for

imperfectly substitutable goods. Dominant firms charge variable markups and innovate

by allocating labor to knowledge production, which reduces the firm’s unit production

costs. This firm-specific knowledge creation advances frontier technology, allowing for

long-run growth. The competitive fringe taps into public knowledge, competing with the

dominant firms and pricing at marginal cost. Aggregate productivity growth is hump-

shaped in the market share of dominant firms, resulting from the offsetting effects of two

opposing forces: cost-spreading versus business-stealing. The first dominates early when

market shares are relatively small; the second effect dominates later when firms reach a

critical market share. The calibrated model successfully reproduces the observations on

TFP growth rates and R&D intensity, generating rising profits-to-sales ratios consistent

with firm-level data from Compustat.

Here, we take the rise in the fixed cost parameter in knowledge production as a model

input. This approach is a first step towards theories of how R&D labs or research teams

work and the factors that shape their cost structure. Our quantitative results suggest that

15Appendix Figure D.2 shows that the interest rate remains virtually constant along the transition path.
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understanding fixed costs of knowledge production and how they evolve over time and

across firms can be a fruitful area of future research.
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Appendix

A. Data Sources and Additional Facts

A.1. Data Sources

Data sources are:

• Utilization-adjusted total factor productivity data from John Fernald’s website are

available at https://www.johnfernald.net/TFP.

• Financial data of the publicly traded firms in the U.S., used in the construction of

COGS-to-Sales and R&D-to-Sales ratios, are from the Fundamentals Annual file of

Compustat-CRSP merge database, available at https://wrds-www.wharton.upenn.

edu.

• Data on cooperative patent classifications (CPCs) cited by patents granted to U.S.

companies and corporations is constructed from the USPTO’s PantentsView files,

available at https://patentsview.org/download/data-download-tables.

• NAICS codes used to classify industries into high-R&D and low-R&D in Appendix

Table A.1 are from the U.S. Census website, available at https://www.census.gov/

naics/.

A.2. Additional Facts

This subsection provides additional facts based on Compustat data.

A.2.1. Calculating Firm’s Value Using Data on R&D-to-Sales and COGS-to-Sales

In the model, free entry implies that the cost of entry equals the post-entry value—the

present discounted value of future dividends—of creating a new product. Here, we show

how to calculate the model implied long-run value of firms based on the R&D-to-Sales

and COGS-to-Sales ratios. Notably, the model predicts a linear relationship between these

ratios as long as the firm’s value is proportional to the gross profit flow, as implied by

our specification of the free-entry condition. Data from Compustat strongly support this

model prediction.
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To see this, Figure A.1 shows R&D-to-Sales and COGS-to-Sales ratios along with the

regression line and associated R-squared for our sample of top-20 high-R&D industries

for 1976-2020. A dot represents a combination of annual averages of R&D-to-Sales and

COGS-to-Sales ratios. The estimated slope coefficient β̂1 = −0.33 points to a negative

relationship between the two ratios as predicted by the model. Note also that the estimate

of the intercept β̂0 = 0.27 also supports the additional restriction β̂0 ≈ β̂1, which we use

below to simplify calculations.

Figure A.1: R&D-to-Sales vs. COGS-to-Sales, 1976-2020
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Notes: The figure shows the R&D-to-Sales versus COGS-to-Sales ratios for the U.S. top-20 R&D industries
in Compustat from 1976 to 2020. The estimated regression line and R2 are reported as text in the figure.

Back to the model, we can rewrite a firm’s value in the steady state as

v ≈ 1
ρ + δ

(Sales − COGS − R&D), (A.1)

assuming r ≈ ρ and so approximately constant over time and that the fixed operating cost

of production is small relative to other costs. If we divide (A.1) by sales and use β̂0 ≈ β̂1

so that R&D
Sales ≈ β0 − β0

COGS
Sales , we can rewrite (A.1) as

v
Sales

≈ 1
ρ + δ

(
1 − COGS

Sales
− β0 + β0

COGS
Sales

)
=

1 − β0

ρ + δ

(
1 − COGS

Sales

)
. (A.2)

Finally, note that the COGS-to-Sales ratio in the model equals the inverse markup ( e−1
e )
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so that
v

Sales
≈

(
1 − β0

ρ + δ

)
1
e

. (A.3)

Thus, the model-implied long-run value of the firm is proportional to the gross profit

flow (px/e) to the extent that the R&D-to-Sales ratio is approximately proportional to the

COGS-to-Sales ratio. To be sure, this argument hinges on the premise that the scatter plot

above describes reasonably well the long-run relationship between COGS-to-Sales and

R&D-to-Sales in the data and that the fixed costs of output production are small relative

to COGS and R&D, which would seem plausible for high-R&D industries.

A.2.2. R&D by Industry

This subsection details that a few industries in Compustat account for most of R&D in the

data and that there is a meaningful distinction between large firms measured in terms of

their employment and high-R&D firms. While there is naturally some overlap between

the two categories, they do not entirely coincide.

High-R&D Industries We rank 4-digit NAICS industries in Compustat by their R&D

each year. For each rank r, we then calculate the share of R&D that is performed by

industries ranked up to r. Figure A.2 shows R&D is highly concentrated in a few top-

ranked industries. For instance, in 2020, the top ten industries performed about 84%

and the top twenty industries performed more than 93% of total R&D. Figure A.2 also

shows that cumulative R&D curves have gradually shifted since 1980, revealing that the

concentration of R&D in the top industries has been rising decade after decade.

Table A.1 lists the NAICS titles for the sample of the top twenty high-R&D industries

in Section 6. These are industries with the highest aggregate (real) R&D expenditure in

Compustat data for 2017-2021. As evident from the table, the high-R&D industries are

mainly in manufacturing, with the pharmaceutical and semiconductor industries being

the largest. The high-R&D service industries in the sample are web services and software

publishers. NAICS 9999 denotes other industries, which we excluded from our analysis

since it potentially contains firms from many heterogeneous industries. Keeping them in

the sample makes little difference for the results.

Large Firms vs. High-R&D Firms As is well-documented, larger industries spend on

average more on R&D (Cohen, 2010; Cohen and Levin, 1989). Here, we highlight that

while there is some overlap between large firms by employment versus high-R&D firms,
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Figure A.2: Cumulative R&D by R&D-Ranked Industries
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R&D, the industry ranked 2 has the second highest R&D, and so on. For rank r on the x-axis, the figure
shows the fraction of total R&D by industries ranked 1 up to r on the y-axis.

Figure A.3: Cumulative R&D by Employment-Ranked Industries
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axis, the figure shows the fraction of total R&D by industries ranked 1 up to r on the y-axis.
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the two classifications do not coincide. Indeed, ranking industries by size rather than

R&D provides a rather different picture of R&D by industry. Figure A.3 shows cumulative

R&D by industries ranked by their employment as opposed to R&D. The figure shows the

fraction of R&D expenditure performed by employment-ranked industries from rank 1

up to r. In 2020, only 30% of total R&D is performed by the top ten largest industries and

70% of total R&D is performed by the top twenty largest industries. R&D is considerably

less concentrated by firm size.

Table A.1: High-R&D Industries

Rank NAICS NAICS Title

1 3254 Pharmaceutical and Medicine Manufacturing
2 3344 Semiconductor and Other Electronic Component Manufacturing
3 5182 Computing Infrastructure Providers, Data Processing, Web Hosting, and

Related Services
4 4541∗ Electronic Shopping and Mail-Order Houses
5 5192 Web Search Portals, Libraries, Archives, and Other Information Services
6 5132 Software Publishers
7 3342 Communications Equipment Manufacturing
8 3361 Motor Vehicle Manufacturing
9 3345 Navigational, Measuring, Electromedical, and Control Instruments

Manufacturing
10 3341 Computer and Peripheral Equipment Manufacturing
11 3364 Aerospace Product and Parts Manufacturing
12 5112∗ Software Publishers
13 3391 Medical Equipment and Supplies Manufacturing
14 5191∗ Other Information Services
15 5415 Computer Systems Design and Related Services
16 3332 Industrial Machinery Manufacturing
17 3331 Agriculture, Construction, and Mining Machinery Manufacturing
18 3363 Motor Vehicle Parts Manufacturing
19 9999 Other Industries in Compustat
20 3256 Soap, Cleaning Compound, and Toilet Preparation Manufacturing

Notes: The table shows the NAICS titles of high-R&D industries in Compustat for 2017-2021. Titles are
based on 2022 NAICS definitions from the U.S. Census, except for NAICS marked with ∗, which are 2017
NAICS and are discontinued in 2022 NAICS. The reason is that many firms in our database are assigned
to older classifications. NAICS 9999 represents firms listed as other NAICS in Compustat.

A.2.3. Cooperative Patent Classification (CPC) Counts by Assignee Type

This subsection provides additional facts on the cooperative patent classification (CPC)

counts by assignee type over time. Recall that Figure 4 in the paper’s main text considers
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solely U.S. corporations and companies. Figure A.4 below reports the CPC count for

other major assignee types, including corporations, individuals, and government, both

U.S. and foreign. The figure shows a similar increasing trend in CPC counts across all

assignee types.

Figure A.4: Average CPC Count by Assignee Type
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Notes: CPC-count is the number of cooperative patent classifications to which a patent belongs, which is a
measure or proxy for “patent complexity.” The figure shows the annual average CPC count for major types
of patent assignee. Data source is USTPO PatentsView files for 1976-2020.
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B. Derivations and Proofs

This appendix details the derivations of the equations in the paper’s main text and proofs.

B.1. Derivations of Model Equations

Derivation of Equation (18) Since W = 1, the dividend flow is di = pixi − (ℓx,i + ℓz,i).

Replacing ℓx,i =
xi

zθ
i Z1−θ + ψ from (13), and xi = Yi

p−ϵ
i

P1−ϵ
i

from (10), we obtain

di = Yi
p1−ϵ

i

P1−ϵ
i

− 1
zθ

i Z1−θ
Yi

p−ϵ
i

P1−ϵ
i

− ψ − ℓz,i. (B.1)

Hence, the current value Hamiltonian is

Hc = Yi
p1−ϵ

i

P1−ϵ
i

− 1
zθ

i Z1−θ
Yi

p−ϵ
i

P1−ϵ
i

− ψ − ℓz,i + λ αZ(ℓz,i − ϕ), (B.2)

where λ is the costate variable. The first-order conditions are

∂Hc

∂ℓz,i
= 0, (B.3)

(r + δ)λ = λ̇ +
∂Hc

∂zi
. (B.4)

The first equation above yields the shadow value of technology λ = 1/(αZ), and the

second equation gives

(r + δ)λ = λ̇ +
θ

zi

1
zθ

i Z1−θ
Yi

p−ϵ
i

P1−ϵ
i

. (B.5)

Dividing through by λ and using λ = 1/(αZ) gives

r + δ = − Ż
Z
+ αθ

Z
zi

1
zθ

i Z1−θ

1
pi

Yi
p1−ϵ

i

P1−ϵ
i

, (B.6)
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where we divided and multiplied the last term by pi. Finally, using the markup price

pi =
ei

ei−1
1

zθ
i Z1−θ in (17) to replace 1

zθ
i Z1−θ

1
pi

with ei−1
ei

, and using si =
p1−ϵ

i
P1−ϵ

i
in (12), we obtain

r = − Ż
Z
− δ + αθ

Z
zi
· Yisi ·

ei − 1
ei

. (B.7)

Derivation of Equation (28) Start with no-arbitrage in symmetric equilibrium, r + δ =
v̇+d

v . Recall that v = γ sY
e , or v = γ sY

enL . Replace v and r = ρ + Ẏ
Y , to obtain

ρ +
Ẏ
Y + δ =

ṡ
s
+

Ẏ
Y − ė

e
− ṅ

n
+

d
(γ sY

enL )
, (B.8)

where the Ẏ
Y drops from both sides. Next, use d = sY

enL − z
αn − (ψ + ϕ) and z = −(r + δ)−

ṅ
n + αθY

L s e−1
e from (27), and rearrange, to obtain

ṅ
n

(
1 − eL

αγsY

)
+

ė
e
− ṡ

s
=

1 − θ(e − 1)
γ

+
(

r + δ
) eL

αγsY − enL
γsY (ψ + ϕ), (B.9)

which is (28) in the paper’s main text.

Here, we rewrite the equation above solely in terms of s to show explicitly the second-

order nonlinear differential equation in the dominant firm’s market share, s. First, we use

the expression for Y in (25), which we reproduce below for convenience,

Y =
L

1 − γ s
e (ρ + ė

e −
ṡ
s )

, (B.10)

and r = Ẏ
Y + ρ to r as a function of s containing its first-order and second-order derivative,

ṡ and s̈. In the calculation, we use d
dt (

ṡ
s ) =

s̈
s − ( ṡ

s )
2, and d

dt (
ė
e ) =

ë
e − ( ė

e )
2. Thus,

r =
Ẏ
Y + ρ =

( ṡ
s −

ė
e )(ρ + ė

e −
ṡ
s ) +

[ ë
e − ( ė

e )
2 − s̈

s + ( ṡ
s )

2]
1 − γ s

e (ρ + ė
e −

ṡ
s )

· γ
s
e
+ ρ. (B.11)

Finally, replacing n from (26) in (B.9), we rewrite (B.9) as the following second-order
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nonlinear differential equation:

ϵ

θe(e − 1)

{
1 − e

αγs

[
1 − γ

s
e

(
ρ +

ė
e
− ṡ

s

)]}
ṡ
s
− ė

e
+

ṡ
s
+

1
γ
[1 − θ(e − 1)]

+

{
( ṡ

s −
ė
e )(ρ + ė

e −
ṡ
s ) +

[ ë
e − ( ė

e )
2 − s̈

s + ( ṡ
s )

2]
1 − γ s

e (ρ + ė
e −

ṡ
s )

· γ
s
e
+ ρ + δ

}

× e
αγs

[
1 − γ

s
e

(
ρ +

ė
e
− ṡ

s

)]
− e

γs

[
1 − γ

s
e

(
ρ +

ė
e
− ṡ

s

)]
ω

−ϵ
(ϵ−1)θ

(
e − 1

e

) 1
θ
(

1 − s
s

) 1
(ϵ−1)θ

(ψ + ϕ) = 0, (B.12)

where e = ϵ − (ϵ − 1)s.

Derivation of Equation (C.7) In the model, labor is the only factor of production, and

the gross profit flow is px − (lx − ψ), in which ℓx − ψ is the cost of goods sold, COGS,

and ψ is the fixed operating cost of production. Note that given the dominant firms’

production technology in (13), in the symmetric equilibrium, we have x = zθZ1−θ(ℓx −
ψ), and hence, we have the marginal cost mc = 1/(zθZ1−θ). Thus, COGS = ℓx − ψ = x ×
mc = xp × mc

p = px e−1
e , where mc

p is the inverse markup. In short, COGS = Sales × e−1
e ,

and we have COGS
Sales = e−1

e , that is, COGS-to-Sales ratio equals the inverse markup. Thus,

gross profit ratio = 1 − COGS
Sales

=
1
e

, (B.13)

that is, the gross profit ratio equals the inverse of the price elasticity of demand.

Derivation of Equation (C.8) R&D labor is denoted by ℓz. Here, we are looking for the

ratio ℓz
px . Start from the no-arbitrage equation r + δ = v̇+d

v , and replace the dominant

firm’s value v = γ sY
enL , and r = ρ + Ẏ

Y , and drop Ẏ
Y from both sides to obtain

ρ + δ =
ṡ
s
− ė

e
− ṅ

n
+

d
v

. (B.14)

From the derivation of (C.7) above, we know that ℓx − ψ = px e−1
e . Thus, one can write

d = px − ℓx − ℓz = px − (ℓx − ψ)− (ψ + ℓz) =
px
e − (ψ + ℓz). Also, note that px = sY =
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sYN = sY
nL , and v = γ

px
e . Substituting for d and v in the above equation, we obtain

ρ + δ =
ṡ
s
− ė

e
− ṅ

n
+

px
e − (ψ + ℓz)

γ
px
e

, (B.15)

which after rearrangement becomes

ℓz

px
· e

γ
=

1
γ
− (ρ + δ) +

ṡ
s
− ė

e
− ṅ

n
− ψ

γ
px
e

. (B.16)

Finally, multiplying both sides by γ/e and replacing px = sY
nL , yields

ℓz

px
=

1
e

[
1 − (ρ + δ)γ +

(
ṡ
s
− ė

e
− ṅ

n

)
γ

]
− ψnL

sY , (B.17)

which is (C.8).

Derivation of Equation (C.9) As there is no “love of variety” in the specification of the

final good production function (6), it is suffice to calculate the growth rate of technology

of a product line, which consists of a dominant firm whose market share is s and its

competitive fringe whose market share is 1 − s. Thus, the aggregate (measured) TFP

growth rate equals the growth rate of productivity of the dominant firm times s, plus the

growth rate of productivity of the competitive fringe times 1 − s.

From (13), the productivity a dominant firm is zθZ1−θ = zθ(nz)1−θ = zn1−θ and its

TFP growth rate is z+(1− θ) ṅ
n . From (19), the productivity of firms in the fringe is Z = nz

and its TFP growth rate is z+ ṅ
n . Finally, the measured TFP growth of the economy is

TFP growth rate = s
[
z+ (1 − θ)

ṅ
n

]
+ (1 − s)

(
z+

ṅ
n

)
= z+

(
1 − θs

) ṅ
n

, (B.18)

which is (C.9).

B.2. Proofs

Proof of Proposition 1 We show that for a dominant firm i that starts with technology

level zi and takes everything in the economy except its price and investment as given, the

return on R&D is decreasing in zi. This condition guarantees that a firm that starts with

a smaller (larger) than average zi grows faster (slower) than the average dominant firm,
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and hence, its technology level should converge to the average private technology level in

the economy. As a result, on the balanced growth path, all firms converge to the average.

Start with the rate of return to dominant firm i’s R&D in (18),

r = −δ − Ż
Z
+ αθ

Z
zi
· Yisi ·

ei − 1
ei

. (B.19)

Notably, the technology ratio Z
zi

in this economy determines the market shares si, and

there is a one-to-one map between the two (i.e., a higher technology zi is equivalent to

a higher market share si). Below, we establish this property, rewrite the return solely in

terms of si, and find the condition that guarantees the return is decreasing in si, which we

show to be s < si.

To find the map between si and Z
zi

, start with the dominant firm’s market share in (12),

si =
p1−ϵ

i

p1−ϵ
i + ωϵ p1−ϵ

0i

=
1

1 + ωϵ
( pi

p0i

)1−ϵ
=

1

1 + ωϵ
( ei

ei−1 ·
Z

zθ
i Z1−θ

)1−ϵ

=
1

1 + ωϵ
[ ei

ei−1(
Z
zi
)θ
]1−ϵ

, (B.20)

and solve the above for Z
zi

to obtain

Z
zi

= ω
−ϵ

(ϵ−1)θ
(1 − si

si

) 1
(ϵ−1)θ

[
(ϵ − 1)(si − 1)
ϵ − (ϵ − 1)si

] 1
θ

, (B.21)

where we also substituted ei = ϵ − (ϵ − 1)si. The partial derivative of the right-hand side

with respect to si is

−ω
−ϵ

(ϵ−1)θ

θsie2
i

(1 − si

si

) 1
(ϵ−1)θ

( ei − 1
ei

) 1
θ −1

< 0. (B.22)

Thus, Z
zi

is strictly decreasing in si so that zi is strictly increasing in si.

Having shown that zi and si move in the same direction, what remains to show is to

find the condition that guarantees the return to R&D is decreasing in si. Rewriting the

return equation above only in terms of si, yields
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r = −δ − Ż
Z
+ αθω

−ϵ
(ϵ−1)θ

Y
N

si

(1 − si

si

) 1
(ϵ−1)θ

[
(ϵ − 1)(si − 1)
ϵ − (ϵ − 1)si

] 1
θ

. (B.23)

Taking the partial derivative with respect to si and setting it equal to zero gives one pos-

itive solution less than one, i.e., s = 2ϵ−1−
√

1+4ϵ/θ
2(ϵ−1) , which is also a maximum. The other

root of the derivative is at the corner si = 1, and there is no root in between. Thus, the

return decreases for any si ∈ [s, 1]. Finally, if a dominant firm starts with technology zi so

small that si < s, then that firm never catches up with the other growing dominant firms.

Thus, its market share approaches zero, eventually dropping out of the economy.

Proof of Corollary 2 The expression of n(s) from (26) is reproduced below, where we

substituted e = ϵ − (ϵ − 1)s,

n(s) = ω
−ϵ

(ϵ−1)θ

[
(ϵ − 1)(s − 1)
ϵ − (ϵ − 1)s

] 1
θ (1 − s

s

) 1
(ϵ−1)θ . (B.24)

The derivative of n(s) with respect to s, which is negative for s ∈ (0, 1), is

n′(s) = − ω
−ϵ

(ϵ−1)θ

θs
[
ϵ − (ϵ − 1)s

]2

(1 − s
s

) 1
(ϵ−1)θ

[
(ϵ − 1)(s − 1)
ϵ − (ϵ − 1)s

] 1
θ −1

< 0, if s ∈ (0, 1). (B.25)

Note also that the derivative approaches −∞ if s approaches zero, and it approaches zero

if s approaches one.

Proof of Proposition 3 There are no exogenous changes on the balanced growth path

(BGP), i.e., ϕ is fixed, and endogenous variables either don’t change or grow at a constant

rate. In particular, we have ṡ = 0. Thus, the no-arbitrage condition r = (v̇ + d)/v − δ,

combined with (24) implies ρ + δ = d/v. Substituting v and d yields d
v = ( sY

eN − ψ − z
αn −

ϕ) eN
γsY . And substituting z using (27) and simplifying, gives

d
v
=

1 − θ(e − 1)
γ

+ (ρ + δ)
eL

αγsY − eN
γsY (ϕ + ψ). (B.26)
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Thus, we can rewrite ρ + δ = d/v as

1 − θ(e − 1)
γ

+ (ρ + δ)
( eL

αγsY − 1
)
− eN

γsY (ϕ + ψ) = 0. (B.27)

To find the effects of ϕ, ψ, and α on s (on the BGP), rewrite the above as

[
1 − θ(e − 1)

] sY
eN

+ (ρ + δ)
1

αn
= ϕ + ψ + (ρ + δ)

γsY
eN

, (B.28)

in which both sides of the equation are increasing in s (for the first part on the left-hand

side, we also need θ not too large). For instance, to see that, sY
eN is increasing in s, note

that both e = ϵ − (ϵ − 1)s and N = Ln are decreasing in s (to see the latter, use N = nL,

(26), and Corollary 2). Moreover, from (25), on the BGP we have Y = L
1−γρ s

e
, which is

also increasing in s. Put together, we conclude that sY
eN is increasing in s, implying that

the gross profit flow of dominant firms is increasing in their market shares. Finally, note

that none of the variables Y , e, and n in the equation above explicitly depend on either of

parameters ϕ, ψ, and α.

First, note that as either ϕ or ψ increases, the right-hand side shifts upward; hence,

s increases if the slope of the right-hand side is flatter than the left-hand side at their

crossing point, which is obtained if γ is not too large. Second, as α decreases, the left-

hand side shifts upward; hence, s decreases if the slope of the right-hand side is flatter

than the left-hand side at their crossing point, which is obtained if γ is not too large.

As a side note, the slope of both sides for large values of s (that are empirically relevant

for us) can be approximated by the 1/n since it is evident from the expression of n′(s) in

(B.22) that the slope of 1/n goes to infinity as s approaches one. Thus, the condition of θ

not being too large is not numerically important in our application.

Proof of Proposition 4 Part (1): The proof has two steps. First, on the balanced growth

path, s increases in ϕ and ψ, which we established in Proposition 3. Second, we can find

the balanced growth path of z as a function of s, which has an inverted-U shape in s (all

parameters but either ϕ or ψ are kept constant). Given these two steps, as ϕ increases from

a small number, the balanced growth path s increases, which makes z initially increase up

to a point and then decline.

To see that z on the balanced growth path (BGP) is hump-shaped in s when ϕ or ψ
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changes, start with (27):

z = −(ρ + δ) + αθ
Y
L
· s · e − 1

e
, (B.29)

where we set ṅ
n = 0 and r = ρ since we are concerned with the BGP. The right-hand side

in terms of s is

z = −(ρ + δ) + αθ
ϵ − 1

ϵ − (ϵ + ργ − 1)s
(1 − s)s. (B.30)

Notably, the right-hand side does not depend on either ϕ or ψ; hence, those parameters

affect z only through s. The second term on the right-hand side equals zero only at the

two extremes s = 0 and s = 1. Moreover, assuming γ < 1/ρ (which easily holds in our

calibration), the derivative of the above equals zero only at the following point in the unit

interval,

so =
ϵ −

√
ϵ(1 − ργ)

ϵ + ργ − 1
, (B.31)

which is a maximum since the second term is positive on the interval s ∈ (0, 1).

Part (2): This part has tow steps. First, we must show that s increases in α, which is done in

Proposition 3. Second, we show that nℓz does not directly depend on α and only indirectly

increases in α through the rise of s. Then, we can use (15) on the BGP to conclude that z

increases in α.

To see that ℓz increases in s, start with the no-arbitrage condition (ρ + δ)v = d on the

BGP. As in the proof of Proposition 3, replace d = sY
eN − ψ − ℓz and v = γ sY

eN . Solve for ℓz

to obtain

ℓz =
[
1 − (ρ + δ)γ

] sY
eN

− ψ. (B.32)

Next, use N = nL to rewrite the above as

nℓz =
[
1 − (ρ + δ)γ

] sY
eL

− ψn =
[
1 − (ρ + δ)γ

] s
ϵ − (ϵ + ργ − 1)s

− ψn, (B.33)

where the second equality follows since e = ϵ − (ϵ − 1)s, and on the BGP Y = L
1−γρ s

e
. The

expression for n(s) and the fact that n decreases in s can be found in (26) and Corollary

2, respectively. Thus, the above expression increases in s, and importantly, it does not

50



explicitly depend on α. Thus, α affects nℓz only through s, that is, as α increases, so does

s, and hence, nℓz increases.

Finally, use dominant firms’ R&D technology (15) on the BGP, that is, z = αn(ℓz − ϕ),

and rewrite it as z = α(nℓz − ϕn), where both terms in the parenthesis are increasing in

s, and do not explicitly depend on α. This shows that as α increases, so does α(nℓz − ϕn),

and hence, z increases. The last part assumes that z is positive in equilibrium. Indeed, as

mentioned before, we are only concerned with the symmetric equilibrium in which both

R&D and product creation are positive.

Proof of Proposition 5 In the model, the cost of goods sold (COGS), that is the labor

used directly toward production, is ℓx − ψ. Thus, we have ℓx − ψ = mc × x, where mc

represents the marginal cost of production. Hence,

ℓx − ψ = mc × x =
mc
p

× px =
e − 1

e
× px =

(
1 − 1

e

)
px, (B.34)

where the second-to-last equality follows since the ratio of the marginal cost to price is

the inverse markup. Thus,

COGS
Sales

=
ℓx − ψ

px
= 1 − 1

e
, (B.35)

and the gross profit ratio equals 1
e (i.e., 1 − COGS/Sales). Since the price elasticity of

demand e = ϵ − (ϵ − 1)s decreases in s, the gross profit ratio falls in e and increases in

s. Notably, the gross profit ratios is only a function of s and ϵ (i.e., it does not directly

depend on cost parameters ϕ, ψ, and α). Thus, we can find the effect of cost parameters

on the gross profit ratio using Proposition 3. In particular, since a rise in either ϕ or ψ

increases s, then it also increases the gross profit ratio. In contrast, since a decline in α

decreases s, it decreases the gross profit ratio.

Proof of Proposition 6 The R&D-to-Sales ratio in the model is ℓz
px , i.e., the fixed cost of

R&D labs, ϕ, is part of the R&D expenditure. In particular, on the BGP, the expression for

ℓz is in (B.32), and for the sales of dominant firms we have px = sY
N . Thus, dividing both

sides of (B.32) by sY
N , we obtain

R&D
Sales

=
ℓz

( sY
N )

=
[
1 − (ρ + δ)γ

]1
e
− ψ

( sY
N )

. (B.36)
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Notably, the right-hand side of (B.36) does not explicitly depend on ϕ or α but it depends

on ρ, δ, γ, and s, and ϵ through e, and ψ from the last term, together with ω and θ through

N. This enables us to show Parts (1) and (2) of the proposition through the effect of ϕ and

α on s, as the following.

Part (1): In (B.36), ϕ affects the R&D-to-Sales ratio only through its effect on s. Since

we know from Proposition 3 that ϕ increases s, then ϕ increases the R&D-to-Sales ratio.

Part (2): In (B.36), α affects the R&D-to-Sales ratio only through its effect on s. Since

we know from Proposition 3 that a decline in α decreases s, then it must also decreases

the R&D-to-Sale ratio.

Part (3): Since in (B.36), ψ directly affects the R&D-to-Sales ratio, discussing the effect

of ψ using (B.36) is not easy. Instead, we use another expression for the R&D-to-Sales

ratio that explicitly depends on ϕ and α but not ψ.

Note that from dominant firms’ law of motion of technology (15) in the symmetric

equilibrium, we have z = αn(ℓz − ϕ). Thus, ℓz = z
αn + ϕ. Replacing z from the dominant

firms’ investment rule (18) in the symmetric equilibrium, i.e., z = −(ρ + δ) + αθY
L s e−1

e ,

and then dividing both sides by px = sY
N , yields

R&D
Sales

=
(
− ρ + δ

α
+ ϕn

) L
sY + θ

e − 1
e

. (B.37)

Note that all three functions of s on the right-hand side, i.e., n, 1
sY , and e−1

e are decreasing

in s. However, whether the product of the parenthesis and 1
sY is decreasing depends on

the parenthesis being positive or negative. For instance, if ϕ = 0, then the right-hand side

of (B.37), written only in terms of s, simplifies to

−
(

ρ + δ

α

)
ϵ − (ϵ + ργ − 1)s

s
[
ϵ − (ϵ − 1)s

] + θ
(ϵ − 1)(1 − s)
ϵ − (ϵ − 1)s

. (B.38)

It is not complicated but cumbersome to take the derivative of the above expression with

respect to s, set it equal to zero, and solve for its extremums to find that the above sum

has one maximum in (0, 1), whose expression is

sϕ =

 (δ + ρ)(ϵ − 1)−
√
(ϵ − 1)(δ + ρ)

[
αθ − γρ(δ + ρ)

]
(δ + ρ)(ϵ + γρ − 1)− αθ

( ϵ

ϵ − 1

)
. (B.39)

Thus, if ψ is sufficiently large that in equilibrium s > sϕ, then the R&D-to-Sales ratio

decreases in ψ; otherwise, the effect is the opposite.
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On the other hand, if the parenthesis on the right-hand side of (B.37) is positive, which

can happen if ϕ is large enough, then the right-hand side is decreasing in s since all the

functions of s on the right-hand side are decreasing in s.

Finally, we want to mention that in our calibration, if ϕ = 0, then in the range of

s implied by the data, the R&D-to-Sales ratio is decreasing in almost two-thirds of the

range, which is counterfactual.

Proof of Proposition 7 The proof has two steps. First, we show that s does not depend

on L on the BGP. Second, we show that z is a function of s (and other parameters) but does

not depend on L.

First, to see that s on the BGP does not depend on L, start with (B.27), which deter-

mines s on the BGP. Note that all functions of s in (B.27) are: e, L
Y , and N

Y . Recall that

e = ϵ − (ϵ − 1)s, which does not explicitly depend on L. Next, using (25) on the BGP,

Y = L
1−ργ s

e
, and thus, L

Y = 1 − ργ s
e , which again does not explicitly depend on L. Finally,

on the BGP, N
Y = n(1 − ργ s

e ), where n = N
L . However, that from (26), n depends on s but

not L. As a result, (B.27) is an implicit function of s, which does not depend on L, i.e., s

on the BGP does depend on L.

Second, to observe that z on the BGP is a function of s but not L, see (B.30), which is

an exact expression z(s) on the BGP.
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C. Equilibrium Conditions and Targeted Moments

The following system of differential equations determines the model’s equilibrium:

e = ϵ − (ϵ − 1)s; (C.1)

n = ω
−ϵ

(ϵ−1)θ
( e − 1

e

) 1
θ
(1 − s

s

) 1
(ϵ−1)θ ; (C.2)

Y =
L

1 − γ s
e (ρ + ė

e −
ṡ
s )

; (C.3)

r =
Ẏ
Y + ρ; (C.4)

z = −(r + δ)− ṅ
n
+ αθ

Y
L

s
e − 1

e
; (C.5)

ṅ
n

(
1 − eL

αγsY

)
+

ė
e
− ṡ

s
=

1 − θ(e − 1)
γ

+
(

r + δ
) eL

αγsY − enL
γsY (ψ + ϕ). (C.6)

Equations (C.1)-(C.6) correspond to (16), (26), (25), (24), (27), and (28).

The targeted moments are

gross profit ratio =
1
e

, (C.7)

R&D
Sales

=
1
e

[
1 − γ(δ + ρ) +

( ṡ
s
− ė

e
− ṅ

n

)
γ

]
− ψnL

sY , (C.8)

TFP growth rate = z+
(
1 − θs

) ṅ
n

. (C.9)

To proceed, we restrict the time path of the market share of dominant firms, s(t), to be

a quadratic time trend, making optimization manageable. Given the differential equation

for s(t) in (C.6), this approach is equivalent to assuming a time path for the exogenous

driving force ϕ we aim to back out from the data. Note also that we do not need to

make extra assumptions for the initial values s(0) and ṡ(0) as the assumed quadratic path

already pins them down. Assuming an explicit functional form for the path of s(t) allows

us to write explicit functions for the first and second-order time derivatives. This, in turn,

allows us to write transition paths for our target dynamic moments, i.e., gross profit ratio,

R&D-to-sales ratio, and TFP growth. Thus, each set of parameters φ0 and φ1, along with

the assumption of a quadratic time of path of s(t), and the model parameters, gives us

a unique time path for our target moments, which then we fit to the data. Minimizing a

weighted sum of squared errors gives the calibrated parameter values.
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D. Additional Results

Figure D.1: Role of Population Growth
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Notes: The figure shows model-simulated paths with perfect foresight, using the path of population growth
rates in the United States as model inputs.

55



Figure D.2: Interest Rates
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Notes: The figure shows model-simulated paths with perfect foresight for aggregate expenditure per capita
(panel A) and the interest rate (panel B).
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