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Abstract

Heterogeneous-agent economies with idiosyncratic risk constitute a realistic environ-
ment for valuation. This paper asks whether and when idiosyncratic risk lowers the
discount rate sufficiently to create asset bubbles. We find that it depends crucially
on the degree of inequality in the wealth distribution. The transversality condition is
violated and bubbles arise only when wealth inequality is so large that agents expect
to become very poor in some states of the world, in which case the asset will appear
infinitely large from their perspectives, whereas aggregate uncertainty and growth are
irrelevant. This intuition is different from the classic rational bubble in overlapping-
generation models, and has important implications for how heterogeneous-agent economies

price long-lived assets like government debt and aggregate consumption claim.
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1 Introduction

Heterogeneous-agent economies with idiosyncratic risk constitute an important class of workhorse
models in macroeconomics and finance. It is well understood that uninsurable idiosyncratic risk
lowers the risk-free discount rate due to the precautionary saving motive. However, whether this
motive lowers the discount rate enough to violate the no-bubble condition, also known as the
transversality condition (TVC) is less well understood. In this paper, we characterize conditions
under which idiosyncratic risk breaks the TVC for long-lived assets, a critical issue in asset valua-
tion.

We find that the TVC depends crucially on the degree of inequality in the wealth distribution,
which is in turn driven by properties of the idiosyncratic risk. We uncover a new intuition for
TVC violation in heterogeneous-agent economies, which is completely different from the classic
rational bubble in overlapping-generation models: in our setting, TVC violation requires the wealth
of a significant fraction of agents to become sufficiently small relative to the average wealth in the
economy. When they evaluate an asset whose cash flow is unaffected by their idiosyncratic risk,
this asset will appear infinitely large relative to their own sizes in the limit. As a result, they find
this asset very valuable, leading to TVC violation even in the absence of aggregate uncertainty and
growth. Through the lens of this new intuition, we re-examine how assets are priced in models like
Constantinides and Duffie (1996); Krueger and Lustig (2010), and show that some prior analysis
may be incomplete due to the possibility of TVC violation.

We begin our analysis with the model proposed by Brunnermeier, Merkel, and Sannikov
(2022), who provide a tractable framework for modeling households facing uninsurable idiosyn-
cratic risk. We note that in this setting, the idiosyncratic risk is permanent and follows a random
walk. As the wealth distribution evolves over time, almost all households will become very poor,
while a vanishing share of households will become very rich and own most of the wealth. In other
words, this economy features an exploding degree of inequality in the wealth distribution.

Let us consider how a household in this economy prices a long-lived asset such as government

debt. The asset’s valuation depends on its cash flow and discount rate, which is a function of the



household’s marginal utility growth and subjective discount rate. In usual cases including most
representative-agent models, the asset’s cash flow and the household’s consumption level are coin-
tegrated, and their covariance describing the cash flow’s riskiness is the first-order consideration.
In our economy, as the household expects its wealth and consumption to fall far below the popula-
tion average in almost all states of the world, the asset’s cash flow will become very large relative
to the household’s size. In particular, when the magnitude of the idiosyncratic risk is sufficiently
large, the household expects its wealth to decline and its marginal utility to grow faster than its
subjective discount rate.

As a result of this divergence in size between the household and the asset, while the house-
hold’s marginal utility growth correctly prices the asset’s one-period return, the asset value in the
long-run future discounted by the household’s marginal utility growth tends to infinity. However,
this TVC violation does not mean that the household will have an infinite amount of wealth, and
therefore demand more consumption goods than available in the economy. While the household
assigns an infinite valuation to aggregate cash flows, its valuation of its own consumption stream is
finite because the household discounts assets exposed to its own idiosyncratic risk at higher rates.
As a result, each household’s perception of its own wealth is finite in this economy.

Having said that, permanent idiosyncratic risk does not always lead to TVC violation. When
the idiosyncratic risk is permanent but sufficiently small, while the household still expects its
wealth to eventually vanish relative to the average wealth, this process is slow and dominated by
the subjective discount rate. This case is similar to the standard scenario in which the cash flow
grows exponentially but the growth rate is dominated by the household’s discount rate, so that
valuation is finite and the TVC holds.

We can also examine the condition for TVC violation by comparing the discount rate r with
the growth rate g. Since households are risk-averse, the relevant discount rate r for any asset is not
the risk-free rate but instead adjusts for its risk premium. We show that » minus g is decreasing in
the magnitude of the idiosyncratic risk, which is due to the precautionary saving motive. Moreover,

r s lower than g precisely when the magnitude of the idiosyncratic risk is large enough to generate



TVC violation. Therefore, » > ¢ remains sufficient and necessary for the TVC to hold in this
setting. The relative magnitude of r vs. g depends on the relative magnitude of the idiosyncratic
risk and the subjective discount rate, whereas the magnitude of the aggregate risk and growth rate,
and the absolute sizes of wealth and asset are irrelevant.

The above analysis implies that TVC violation occurs if there is sufficiently large permanent
idiosyncratic risk, which leads to an exploding amount of wealth inequality. A natural question is
whether TVC violation can still happen when households face transitory idiosyncratic risk and the
wealth distribution is stationary, which is perhaps a more realistic setting for studying asset prices.

To answer this question, we consider two additional model ingredients: wealth reset and death.
In the first model extension, a redistribution shock resets a fixed fraction of households’ wealth
back to the average wealth level in each period, which preserves the total amount of resources in
the economy. This setting generates a stationary wealth distribution while remaining tractable. To
our surprise, even when the amount of wealth inequality is not exploding, the TVC violation for
aggregate quantities can still occur. Again, the key is to understand the properties of the wealth
distribution.

Specifically, when the intensity of the wealth reset shock is small, each household’s wealth
can deviate from the average level for a long time before reverting to the mean. Despite the wealth
distribution being stationary, a household’s wealth level can be much lower than the population
average in a non-trivial fraction of states. When this left tail of the wealth distribution is sufficiently
heavy, the household expects its average marginal utility growth to be infinitely large, which leads
to TVC violation just like the case with permanent idiosyncratic risk.

Conversely, when the intensity of the wealth reset shock is sufficiently large, the wealth dis-
tribution is more concentrated around its average. Households expect their wealth levels to be
comparable to the size of the economy in most states of the world, and their marginal utility
growth is expected to be finite. In this case, the TVC for long-lived assets holds. This property of
wealth distribution is again reflected in the » minus g condition: the magnitude of the risk-adjusted

r relative to the growth rate g depends on the wealth distribution. r > ¢ arises as a sufficient and



necessary condition for the TVC condition to hold.

These results show that TVC violation for aggregate assets occurs not only when wealth in-
equality explodes, but also when the wealth distribution is stationary but sufficiently left-skewed.
A bounded wealth distribution, on the other hand, is sufficient to guarantee that the TVC holds.
In this case, while the uninsurable idiosyncratic shocks can still lower the risk-free rate, there is a
limit to how much they can lower the discount rate because the households’ marginal utility growth
is bounded.

Figure 1 compares these model variants with the data. We use the Gini coefficient based
on income data to measure the degree of inequality in the U.S. because the wealth in the model
captures not only financial wealth, but also human capital.! From 1963 to 2022, the Gini coefficient
has been quite stable, fluctuating around 0.4. If we start with the same degree of inequality in the
baseline model with permanent idiosyncratic risk, the wealth distribution will diverge over time.
Under our calibration which is motivated by the empirical moments considered in Brunnermeier,
Merkel, and Sannikov (2022), we expect the Gini coefficient to increase to 0.6 around 2020, and

approach 0.7 after 2050.
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Figure 1: Gini Coefficient of Consumption Inequality.

!Greenwald et al. (2021)’s estimates show that the financial wealth Gini is about 0.74 in the U.S., whereas the adjusted
total wealth Gini is 0.41, which is also close to the numbers we use here.



In comparison, in models with transitory idiosyncratic risk and stationary wealth distribution,
the Gini coefficient remains stable over time. We consider two cases. With a low intensity of the
wealth reset shock, the distribution of wealth is heavily left-skewed, implying a Gini coefficient of
0.8. With a higher intensity of the wealth reset shock, the distribution of wealth is more concen-
trated, and the Gini coefficient is around 0.4. The data is more consistent with the latter case, in
which the wealth distribution is not so heavily left-skewed. In this case, the TVC for long-lived
assets holds, which allows us to continue to use the discounted present value approach to evaluate
asset prices.

In the second model extension, we study how our conclusions change when we introduce death
to our model. We assume that households die at a constant rate, and new households are born to
maintain a constant population. This ingredient always makes the households more impatient, so
that they consume a higher fraction of their wealth and discount future cash flows more heavily.

We consider two variants of the model with death. First, if each newborn household inherits
the wealth of a specific dying household, then, the wealth distribution is going to diverge over time
like our baseline case with permanent idiosyncratic risk. In this case, we obtain identical results
as in our baseline case: if the magnitude of the idiosyncratic risk is large enough relative to the
subjective discount rate, the households are still concerned about their vanishing wealth shares in
scenarios in which they survive, which leads to TVC violation. The only difference is that the
subjective discount rate we use needs to be adjusted upwards by the death rate.

Second, if each newborn household starts with the average wealth of the dying households,
the resulting model behaves almost the same as the case with wealth reset shock. In this case,
the wealth distribution is stationary, but whether the TVC holds still depends on the degree of
inequality in the wealth distribution, with death acting like the wealth reset shock. These results
show that introducing death does not change our main conclusions.

In sum, our results show that the degree of inequality has surprisingly important implications
for asset valuation in heterogeneous-agent models. For example, through the lens of our character-

ization, the baseline model in Constantinides and Duffie (1996) belongs to the case with permanent



idiosyncratic risk, which implies a diverging wealth distribution. If the magnitude of the idiosyn-
cratic risk is large enough, then, the TVC for aggregate assets may fail even when the model has
well-defined pricing relationships for one-period returns. Constantinides and Duffie (1996) also
consider a model variant which is similar to our case with wealth reset shock. Even in this setting,
TVC violation can still occur if the wealth distribution is sufficiently left-skewed. As a result, we
cannot take TVC for granted when developing and applying heterogeneous-agent models.

In addition, our characterization of the TVC can be applied to any aggregate assets that are
cointegrated with the output, which sheds light on two important questions in macroeconomics and
finance: the valuation of government debt and the valuation of the households’ wealth portfolio.
In the former case, the TVC is a precondition for deriving the valuation of the government bond
portfolio based on the discounted present value of primary surpluses. If the TVC is violated,
the government may be able to issue a lot more debt than justified by its fiscal backing, at least
in theory. In the latter case, TVC violation implies that the valuation of the households’ wealth
portfolio could be a lot higher than previously thought, which affects how we think about the
magnitude of human capital.

Our paper proceeds as follows. Section 2 studies the TVC in a baseline model with permanent
idiosyncratic risk. Section 3 introduces wealth reset to model transitory idiosyncratic risk. Section
4 studies models with death. Section 5 discusses the implications of our results for workhorse
heterogeneous-agent models. Section 6 concludes. All proofs are in the Appendix.

Literature.

Our results parallel the literature on bubbles and TVC violations in overlapping-generation
(OLG) models (Samuelson, 1958; Diamond, 1965; Blanchard and Watson, 1982). Just as Tirole
(1985) characterizes conditions under which bubbly equilibrium exists in OLG models, we char-
acterize conditions under which the TVC is violated in heterogeneous-agent models. We show that
TVC violation depends on the degree of inequality in the wealth distribution. As a result, bubbles
can arise even in some models with stationary wealth distribution, while the TVC can hold in some

models with exploding wealth inequality.



Our paper is related to Brunnermeier, Merkel, and Sannikov (2022), who study the pricing of
government debt in a model with idiosyncratic risk. Their dynamic trading perspective prices the
cash flows each individual receives from the government bond market, which, due to their trading
and rebalancing, are not the same as the aggregate cash flows paid out by the government. They
show that this perspective leads to a well-defined TVC for individual wealth and asset holdings,
which offers important insights about the valuation of government debt. Our results do not contra-
dict with this perspective, as it also applies in all model variants we study. Instead, we focus on the
buy and hold perspective in Brunnermeier et al. (2022)’s terminology. Brunnermeier et al. (2022)
point out that this perspective, which prices the aggregate government cash flows discounted by
households’ marginal utilities, may or may not lead to well-defined TVC for aggregate cash flows.
Our paper develops a precise characterization of this valuation question, which is central to stan-
dard asset pricing approaches.

In particular, when applied to the context of government debt, our results show that we can still
relate the market value of government debt to the present value of government surpluses when the
aggregate TVC holds. This approach survives in heterogeneous-agent economies when inequality
in the wealth distribution is not exploding and not too large. In this case, it is still valid to estimate
any household’s or the average household’s stochastic discount factor (SDF) and use it to price
the aggregate government cash flows, as in Jiang, Lustig, Van Nieuwerburgh, and Xiaolan (2024,
2020). To the extent that Jiang et al. (2024) find a gap between the market value of government
debt and the present value of aggregate surpluses, which is based on an estimated SDF that prices

tradable assets, this puzzle still requires a resolution.

2 Transversality Condition with Permanent Idiosyncratic Risk

2.1 Model Set-Up

We begin with the set-up developed by Brunnermeier et al. (2022), which provides a tractable

example of heterogeneous-agent economies with idiosyncratic risk. The details of the model are



presented in Appendix A.1, and we will consider variations and generalizations in the next section.
In this set-up, there is a continuum of households indexed by i € [0, 1], who are exposed to

idiosyncratic risk that they cannot fully insure. The household preference is given by

E {/ e " log cidt} .
0

Each household manages its own capital, whose growth is driven by investment ¢!, deprecia-
tion ¢, trading in capital market dAf . and an idiosyncratic risk dZZ with exogenously specified
volatility o;:

dk . 4 -
= ((uf) — 8) dt + AN} + 5,dZ;. (1)

In this set-up, each household has to hold a fraction y of its own capital, whose risk remains
undiversifiable. They can, and do, sell the remaining shares in exchange for aggregate bond and
equity assets that are not exposed to their idiosyncratic risk. In equilibrium, the law of motion for
individual household’s wealth n! is given by

dn

[
t

which has a common drift term ¢, and is exposed to an aggregate shock dZ; with loading o}"
and to the idiosyncratic shock dZti with loading (1 — v¥4)x&;. This loading captures the amount
of idiosyncratic risk that the household has to bear in equilibrium, which is the product of its own
capital’s risk exposure y&; and the share (1 — ¥;) of this capital in its total wealth.

The log preference implies the following marginal utility:

A 1 1
m; = G_pt—i = e_pt—i. (3)
Ct Py

Plugging in the law of motion for wealth into the marginal utility (3), we obtain the following



dynamics

dm -
T~ pldt— odZ, — (1 — 0,)x5,d 7, (4)
my
where the real risk-free rate is
rl=p+ g — (07)? — (1 —9,)2¢%52. (5)

In this economy, the risk-free rate 7{ is given by the growth rate g, plus the subjective discount rate
p minus the sum of the aggregate and idiosyncratic risks’ variances. A more volatile idiosyncratic
risk lowers the interest rate due to the precautionary saving motive, which is standard in a large

class of heterogeneous-agent models.

2.2 Transversality Condition for Individual Wealth

Iterating forward the households’ budget constraint, we obtain that the household’s wealth is equal

to the present discounted value of its future consumption plus a transversality term:

ni =E, { / mgﬂc;‘ﬂdj} + lim E, [mink] . (6)
0 T—o00
The transversality condition (TVC) is given by

Jim By [miyny] = 0.
If this TVC holds, we can evaluate the household’s wealth portfolio n! based on the present dis-
counted value of consumption. If the TVC is violated, the household’s net worth n@ can exceed the
present value of consumption.

In this setting, the individual level TVC always holds for all households 7. To see this, simply



plug Eq. (3) into the TVC:

o 1 )
lim Ey [mind| = lim Ey |e ?T—nk| = 0. 7
T—o0 0 |: T T} T—o0 0 |: pan T:| ( )
Intuitively, this TVC is part of each household’s optimality condition. It holds since households
leave no money on the table when they optimize their consumption and saving choices.
We can also frame this TVC in light of the “r minus ¢g” argument. Given the law of motion (2)
and (4) for individual wealth and marginal utility, we obtain
d(m'nt) _ N
it it = 7{ + (o) + (1= 9,)%5; — g ldt, (8
myny ~~ ~—— —_— ~~
risk-free rate  risk premium for aggregate risk  risk premium for idiosyncratic risk ~ growth rate
which expresses the dynamics of the transversality term m!n! in terms of the discount rate and the

growth rate. Plugging in the expression (5) for the risk-free rate, we have
(rf + (06™)? + (1 = 9)*%%62) —g. = p > 0,

which implies that the appropriate discount rate for individual wealth, which accounts for the risk
premia for aggregate and idiosyncratic risks, is higher than the growth rate: r is always above g.
This guarantees that the discounted wealth min! has a negative drift, and therefore it tends to zero

in the limit.

2.3 Transversality Condition for Aggregate Wealth

Next, we evaluate the TVC associated with the aggregate wealth 1, = fol nidi. Its law of motion

is given by

.
T _ gdt + o™dZ,
Uz
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which, compared to the law of motion (2) for individual wealth, does not load on any idiosyncratic
risk.

A claim to this aggregate wealth n; pays it out at time ¢. We are interested in studying the
value of such a claim in the distant future. If we evaluate this claim using an individual household’s
marginal utility m¢, we obtain

lim [E [mépﬁﬂ , 9

T—o00

which answers how much the household would pay today in exchange for receiving the aggregate
wealth in the distant future.

Why should the households care about this quantity? Consider, for example, their valuation of
government risk-free debt. Just like the individual household’s budget constraint (6), the govern-

ment faces the following intertemporal budget condition:
b = K, { / mi ﬂ.stﬂdj] + lim E, [mhbr],
0 T—o0

where b; denotes the market value of government debt and s; denotes the primary surplus. In this
set-up, each household allocates v); fraction of its wealth to government debt. So, in aggregate,
b; = ¥;n;. The government debt’s transversality condition is given by

,111_{1;0 ]Et [m}ﬁTﬁT} .
Since ¥y € (0,1), 0 < E; [midpny| < E; [mbnr] for all time T. So, the TVC (9) for aggregate
wealth is also a sufficient condition for the TVC for government debt to hold.?> More broadly, for
any asset whose cash flow is tied to aggregate quantities, the TVC (9) for aggregate wealth also

sheds light on its TVC.

Equivalently, we can consider this TVC from the perspective of an average household. We use

2If 19, is a constant, so that the market value of debt is cointegrated with the aggregate wealth, then, Eq. (9) is also a
necessary condition.
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the equal-weighted average marginal utility growth m; = fol(mf; /m)di, which has the following
law of motion:

dir

T _pfdt - oraz,.

my
Compared with the individual household’s stochastic discount factor (SDF) m, the average SDF
my has the same drift and the same loading on the aggregate risk, but does not load on the idiosyn-
cratic risk. Because the aggregate wealth i does not load on the idiosyncratic risk, either, the two
TVCs are identical:

711_1)130 E(] [mZTﬁT] = 711_1)150 Eo [mTT_lT] .
More precisely, if one is zero, the other is zero as well. If one is infinite, the other is infinite as well.
These are the two possibilities in our set-up. Since it is more convenient to consider the average
household’s valuation, we will focus on the TVC discounted by the average SDF m;.
Unlike the TVC (7) for individual wealth n, this TVC for aggregate wealth 71, does not nec-

essarily hold. Below, we provide two complementary perspectives to characterize this TVC, one
focusing on the inequality in the wealth distribution and the other focusing on the comparison

between the discount rate () and the growth rate (g).

The Wealth Distribution Perspective. Let 7! = n!/ni; denote the wealth share of individual 1.

By definition, the wealth share has an average of 1: fol nidi = 1. We have the following result.

Proposition 1. The transversality condition for aggregate wealth can be expressed as

1,4
lim By [rir] = 7ig lim Eo le”T / n—?dz} . (10)
& 0

T—o00 Nr

The proof is presented in Appendix A.2. Eq. (10) is the central equation of our paper: whether

the aggregate TVC holds or not depends on the integral of inverse wealth share growth, i.e.,
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fol (ns /n%)di, which is a measure of inequality in the wealth distribution. If inequality is explod-
ing, some households’ wealth share 7% will become infinitely small and 1 /7% infinitely large in the
limit. In this case, Eq. (10) may diverge to infinity. On the other hand, if the wealth share 7% is
bounded from below, then, the TVC always holds.

As in Brunnermeier et al. (2022)’s original set-up, Eq. (2) implies that idiosyncratic risk is

permanent, and the wealth share follows a random walk:

i

Ug

In this setting, as time passes, almost everyone becomes relatively poor, and wealth is concentrated
in a vanishing measure of rich households. As a result, the share of households with above average
wealth approaches zero: P(ni > 1) — 0, which leads to an exploding amount of inequity and
hence violation of the TVC for aggregate wealth.

To illustrate this point graphically, we simulate the model under a simple calibration. We report

the parameter values in Appendix Table A.1. We make the following simplifying assumptions:

Assumption 1. (a) There is no aggregate risk: o) = 0.
(b) The idiosyncratic risk has a constant volatility: o, = 0.
(c) The economy starts at the steady state: vy = .

(c) All households start with equal wealth shares: 1}, = 1.

Figure 2(a) reports the distribution of the wealth share 7! for different time ¢. As time passes,
the average wealth share remains at 1, but its distribution becomes increasingly dispersed. The
figure shows that the median and the mode of the wealth distribution shift to the left, indicating
that most households become poorer over time, while a vanishing share of households become
richer.

This result implies that, when we ask all households to price the claim to aggregate wealth i,

all but a vanishing share of the households will become infinitesimally small relative to the size of
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Figure 2: Dynamics with Permanent Idiosyncratic Risk.

this asset, thereby imputing an infinite valuation for the aggregate wealth claim. Algebraically,

A Eo [mipir] = Jim Eo |:mZTn§“Z_;:| = lim Eo [GXP(_PT)E%] :
On the right-hand side, exp(—p7’) captures the subjective discount factor, whereas the expected
inverse wealth share 1/7¢ captures the growth of the marginal utility. When the marginal utility
grows to infinity faster than the subjective discount factor approaching zero, this transversality
term diverges to infinity.

Figure 2(b) reports the expected Gini coefficient of the wealth distribution over time, which
measures the degree of inequality in the wealth distribution. As we discussed in the introduction,
the Gini coefficient is fairly stable in the post-war U.S. data, while in this model it approaches 1 as
time passes, indicating an exploding amount of inequality.

Figure 2(c) reports the average path of the discounted aggregate wealth in Eq. (10) over time,

14



which has two terms: while the subjective discount factor e=# declines over time, the integral of
inverse wealth share fol %dz’ diverges to infinity. In our calibration, the magnitude of the idiosyn-
cratic risk ¢ is sufficiently large, so that the term capturing wealth inequality increases faster than
the time discount, leading to an infinite value of the discounted wealth in the limit.

It is worth noting that this argument is not driven by a force which, as a household becomes
poorer, increases the magnitude of its idiosyncratic risk and thereby strengthens the precautionary
saving motive. In our setting, poor and rich households hold the same portfolio, and their main
difference is the size of their wealth, which determines how large any aggregate asset appears to
them. The transversality condition is violated because all but a vanishing share of the households
become infinitesimally small relative to the size of the aggregate asset, which is different from the

mechanism due to risk premium.

The » Minus g Perspective. We can also understand our main result in light of the “r minus ¢”

argument. Note that the discounted aggregate wealth has the following dynamics:

d(mn
@ = [- 7{ - (0271)2 + g Jdt.
menyg -~ N Y N )

risk-free rate  risk premium for aggregate risk ~ growth rate

Compared to the discounted individual wealth in Eq. (8), the discounted aggregate wealth does not

contain the risk premium for idiosyncratic risk. The relevant » — g condition becomes
(] + (07")) = g9 = p = X*(1 = 9)°57,

which is no longer guaranteed to be positive. This condition determines the aggregate TVC, which

holds if and only if

T
lim Eq [myir] = Tli_r>n 0K [exp (— / [p — X2 (1 — 9,)%57 dt)} =0.
o0 0

T—o0
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In other words, the aggregate TVC is violated when the magnitude of the idiosyncratic risk x*(1 —
;)52 is sufficiently large relative to the subjective discount rate p. In this case, because inequality
explodes fast enough, households lower their discount rate for the aggregate wealth, leading to
r<g.

On the other hand, if the variance of the permanent idiosyncratic risk is small enough, i.e.,
X2(1 — 94)%62 < p, the discount rate r can be above the growth rate g. In this case, the aggregate
TVC holds: Th_r)rgo Eo [mrnr] = 0. This result is also consistent with the wealth distribution per-
spective. In this case, while the wealth distribution is still diverging, it is slow enough that this risk
premium effect is dominated by the household’s subjective discount rate p.

This discussion shows that the TVC for aggregate wealth is violated only when wealth in-
equality explodes sufficiently quickly, which drives the (risk-adjusted) discount rate below the
growth rate, i.e., 7 < g. Conversely, what  minus g captures in this setting is how fast permanent

idiosyncratic risk drives the wealth distribution to explode.

3 Transversality Condition with Transitory Idiosyncratic Risk

The previous section analyzes the transversality condition in the presence of permanent idiosyn-
cratic risk. In this case, an exploding amount of wealth inequality is required to generate TVC
violations for aggregate quantities. In reality, it is perhaps more plausible to think about wealth
distribution that does not diverge over time, which requires the idiosyncratic risk to be transitory.

In this section, we explore the implications for the transversality condition under this condition.

3.1 Model Set-Up

We modify one assumption in the previous section to generate transitory idiosyncratic risk. For
each household, their wealth n! jumps back to the average wealth level 72; with Poisson intensity

¢. We denote the jump process as .J;, which is i.i.d. across households.> Since this jump occurs

*Modeling mean-reversion in this fashion allows us to generate a stationary wealth distribution in a tractable way. If,
instead, we assume that the individual wealth faces a proportional tax that depends on the wealth level, the solution

16



with equal intensity to all households, it preserves the total amount of wealth in this economy, and
can thus be understood as a wealth redistribution.
We present detailed derivations of this model variant in Appendix A.3. In this set-up, individ-
ual wealth satisfies
dn ng —nt

t t

dJi,

which differs from Eq. (2) in the baseline model with no jumps in three ways. First, due to the
household’s exposure to the jump risk, the wealth n! reverts to the mean level 7i; when the jump jf
occurs.

Second, the household internalizes the jump risk in its consumption decision. Because the
household may lose its savings when the jump occurs, it becomes effectively more impatient and
consumes a higher share of its wealth: ¢, = (p + ()n}. Since the household consumes more and
saves less, the growth rate in this economy can also be different from the baseline model.

Third, the risk-free rate is given by

rl=p+C+g— (07)% = (1 —0,)° %62

Compared to Eq. (5) the baseline case with permanent idiosyncratic risk, this formula additionally
contains the jump intensity ¢ to compensate for the jump risk, again reflecting the household’s
higher impatience.

Throughout this section, we assume that the magnitude of the idiosyncratic risk is large enough
to dominate the subjective discount rate, i.e., p < Y?(1 — 9;)?52, so that the TVC fails when the
jump risk turns zero. Otherwise, p > Y%(1 — v;)%67 directly implies that the TVC holds, even

when there is no jump risk that shrinks the wealth distribution.

is much more complicated even with log utility.
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3.2 Transversality Condition for Individual Wealth
Since m! = e~ /(pn?), the law of motion for wealth implies the following SDF dynamics:

dm y ~ L=
mi L=—p+g— (o) — (1 —=9)*X*671dt — 0" dZy — X(1 — V,)5,dZ,
t_

(1)

1 1 1 -
+ — (ept—_ - ept—i> thZ
my (p+ e (p+ Oni—
The dynamics of the transversality term min! for individual wealth is identical to the case of

permanent idiosyncratic risk:

In other words, the discount rate on the individual wealth is always above the growth rate, and the

TVC for individual wealth holds.

3.3 Transversality Condition for Aggregate Wealth

The jump in the wealth process requires us to reconsider the TVC for aggregate assets. Take the
government debt as an example. Given the household SDF dynamics (11) and letting b; = B,/ P,

denote the aggregate market value of government debt in real terms, we obtain

. ) 1 1 . ~. o
d(miby) = —mj_s;dt + e " —bydt + by [ e " ——— —m;_ | (dJ; — (dt) + (dZ; and dZ] terms).
(i) = =t + Gt by (k) (47— )+ (47 and dZ e

Integrate both sides over time ¢ to obtain

T, i i T -
bo = E, {/ g, dt] + [m{bT] — (R, [/ = 0p, dt} (12)
o My my 0 UL

This result shows that the government debt b is backed by the present value of future surpluses
(the first term on the right-hand side), the standard TVC term (the second term), and an additional

term that reflects the jump risk in the wealth share. From an individual household’s perspective,
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when the jump happens, its own wealth is reset to the average level regardless of how much and
what assets it holds. This means that the household effectively loses any assets it holds when the
jump happens. The last term reflects this loss of value, which is equal to the jump intensity ¢ times
the present value of the asset holding b;. This loss of value lowers the household’s valuation b,
of the government debt below the entire present discounted value of government surpluses s; and
bond terminal value bp.

It is more convenient to consider the average SDF m; = fol(mi /mi)di. In this setting, the

dynamics of the average SDF is given by

]

1 1/1 1 1 -
dine = ~lp+ g — (07 = X1 — 9 )imndt — o7 mdZ; + / e (_— - —-) -dJjdi
0

where the last term reflects the effect of the wealth reset shock. While this shock has no effect on
the aggregate wealth 7., it affects the average marginal utility m; since individual marginal utilities
are non-linear in wealth.

Integrating Eq. (12) over households 7, we obtain the following result.
Proposition 2. In the setting with jump risk in wealth, the intertemporal government budget con-
dition is given by

T T o
b() = EO |:/ mtstdt} + EO [meT] — CEt |:/ €_pt—btdt:| .
0 0

Uz

The proof is presented in Appendix A.4. This proposition characterizes the intertemporal
government budget condition from the perspective of the average household, which has a similar
interpretation as Eq. (12) from the perspective of an individual household: the government debt is
backed by future surpluses, the standard TVC term, and an additional term capturing the effect of

wealth reset.
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Since b; < 7, the last term is bounded. Proposition 2 implies

T
b() S E[) |:/ mtstdt] + EO [mT’FlT] s
0

which shows that the discounted aggregate wealth m;n; again arises as the key object determining

the TVC for aggregate assets. Below, we offer two perspectives to understand its property.

The Wealth Distribution Perspective. For simplicity of exposition, we maintain the same as-
sumption that the households begin with identical wealth: 7]3 = 1. Then, the TVC term (10),

reproduced below, also arises in this model variant:
|
lim Eq [mrng] = lim e "ThoE, [ / —.dz’] ) (13)
T—o0 T—o00 0 77%—‘

Like the baseline case with permanent idiosyncratic risk, whether the TVC holds for the ag-
gregate wealth depends on how the integral of inverse wealth share fol (1/n%)di evolves over time
and compares to the subjective discount rate. The difference is that transitory idiosyncratic risk
makes wealth dynamics mean-reverting, whereas permanent idiosyncratic risk leads to a diverging
wealth distribution.

For a concrete example, we again consider a simple calibration under Assumption 1. In this
case, the government commits to a constant market value share of debt: ¥, = ¢. Starting from
any 1nitial distribution, the wealth distribution converges to the distribution with density function

f that satisfies the following Kolmogorov forward equation:

0==x*(1 =923 f"(n) + 4nf'(n) +2f () — Cf(n). (14)

DN —

We further derive closed-form solutions to this Kolmogorov forward equation, which we
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present in Appendix A.5. We obtain two distinct cases. First, if
¢>X*(1-v)%”, (15)

i.e., the jump intensity is sufficiently high relative to the magnitude of the idiosyncratic risk, then,

the integral of inverse wealth share is well-defined:

'
lim E, {/ —idz’] < 00,
T—o0 0 nT

which implies that the TVC (13) for aggregate wealth holds.

Figure 3 presents such an example, assuming a high jump intensity of ( = 2.5%. Panel (a)
plots the distribution of wealth share ! for different time ¢. Starting with identical wealth share
for all households, i.e., 7, = 1, it quickly converges to a well-defined wealth distribution after 20
periods. Consistent with this convergent behavior, the Gini coefficient of the wealth distribution in
Panel (b) quickly converges to around 0.4.

Panel (c) reports the average path of the TVC term. Since the integral of inverse wealth share
Eo [ fol n—ltdz} converges to a finite value, while the subjective discount factor exp(—p1") decreases
over time, the TVC for aggregate wealth converges to zero.

Second, consider the case in which ¢ < ¥%(1 — 9)%52, i.e., the jump intensity is lower than
the magnitude of the idiosyncratic risk. In this case, while we still obtain a stationary wealth
distribution in the limit, its left tail is too heavy so that the integral of inverse wealth is not well-

defined:

|
lim E, [/ —Z.dz} = 00.
T—00 0 77T

Figure 4 presents such an example, assuming a low jump intensity of ( = 0.36%. Panel (a)
shows the wealth distribution. Unlike the baseline case with permanent idiosyncratic risk, the

wealth distribution slowly converges to a well-defined distribution. However, the left tail of this
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distribution is much heavier than the case presented in Figure 3.

Panel (b) plots the Gini coefficient. While it also converges to a constant value under this
stationary distribution, the Gini coefficient, which is around 0.8, is much higher than the case with
a high jump intensity, which reflects a much heavier left tail in the wealth distribution.

Panel (c) reports the average path of the TVC term. The integral of inverse wealth share
Ey [ fol nifdz} diverges to infinity, while the subjective discount factor e=#7" decreases over time.
Under this calibration, the integral of inverse wealth share diverges faster, which leads the TVC
for aggregate wealth to diverge to infinity.

These two cases show that a stationary wealth distribution does not guarantee the TVC for
aggregate assets. TVC violation can still occur when the left tail of the wealth distribution is heavy
enough, so that the households expect to experience a very high marginal utility upon negative
realizations of the idiosyncratic shock. In this case, the integral of inverse wealth share, which
measures the degree of inequality in the wealth distribution, still diverges to infinity just like the

case with permanent idiosyncratic risk.

The » Minus g Perspective. We also obtain a more general result characterizing the dynamics

of m;n;, which does not rely on Assumption 1 and the specific wealth distribution.

Proposition 3. The TVC term for aggregate wealth has the following dynamics:
d[mt’fl/t] = —[p — X2(1 — 1915)25_152 + C]mtﬁtdt + ge_ptflodt

The proof is presented in Appendix A.6. This proposition shows that the sign of p — ¥?(1 —
9;)?62 +( plays a crucial role in determining the TVC for aggregate wealth. This term corresponds

to the relevant » minus g condition, which is
(r] + (07")") = g0 = p = X’(1 = 9,)°57 + .

Thus, this proposition shows that the relevant condition for the TVC is again “r—g > 0.” To satisfy
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the TVC for aggregate wealth, we need either a sufficiently high discount rate, which requires a
small enough volatility 7; of the idiosyncratic risk, or a sufficiently high jump risk ¢ so that the
households’ wealth tends to revert to the mean. This condition rules out the cases in which the
left-tail of wealth distribution explodes fast enough to dominate the subjective discount rate in the
expression (13) from the wealth distribution perspective.

Returning to the example under Assumption 1, we obtain the following result:

o p-R2(1-9)252 4t G ot _ - X2(1-9)%52 4]t
myn; = Nge + — e —e .
e - 0P+ (] )
The last term shrinks to zero as ¢ increases and therefore does not matter for the aggregate TVC.

Hence, the aggregate TVC holds if and only if
¢ > X1 —0)%6% - p. (16)

Interestingly, this condition is not the same as the condition (15) which guarantees a finite
integral of inverse wealth share under the stationary wealth distribution in the limit. We obtain
three cases summarized by Table 1, Panel (b).

First, if the jump intensity in the wealth process is sufficiently high, i.e., ¢ > ¥*(1 — )52,

then, both condition (15) for a finite integral of inverse wealth share and condition (16) for the

aggregate TVC are satisfied.

Table 1: Summary of the TVC for Aggregate Wealth.

(a) Without Wealth Reset, Permanent Idiosyncratic Risk

Idiosyncratic Volatility Parameter Region TVC holds? E[[(1/n,)di] = 00? 1> g?
Low p > 2(1 — ;)57 Yes Yes Yes
High p < ¥2(1 — ;)62 No Yes No

(b) With Wealth Reset, Transitory Idiosyncratic Risk

Jump Intensity Parameter Region TVCholds? E[[(1/ni)di] =c0? 1> g?
High ¢ > x3(1 —9)%52 Yes No Yes
Moderate (1 —9)%2% — p < ¢ < x3(1—9)%52 Yes Yes Yes
Low 0<¢<2(1—-9)%%—»p No Yes No
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Second, if the jump intensity is moderate, i.e., Y*(1 — 9)*6% — p < ¢ < x*(1 — 99)?5?, then,
condition (15) for a finite integral of inverse wealth share is violated, but condition (16) for the
aggregate TVC is satisfied. In this interesting case, while the inequality in the wealth distribution
as measured by the integral of inverse wealth share is not bounded in the limit, it approaches
infinity at a slower rate than the subjective discount factor, which allows the TVC for aggregate
wealth to hold.

Finally, if the jump intensity is low, i.e., 0 < ¢ < ¥?(1 — ¥)?6% — p, then, both condition (15)
for a finite integral of inverse wealth share and condition (16) for the aggregate TVC are violated.
In this case, the left tail of the wealth distribution is too large, and the TVC for aggregate wealth is

violated.

3.4 Summary

Table 1, Panel (a) also summarizes the case with permanent idiosyncratic risk. In this case, break-
ing the TVC for aggregate wealth and other long-lived assets requires a large enough magnitude
for the permanent idiosyncratic risk, which makes the inequality in the wealth distribution diverge
fast enough and impoverishes all but a vanishing share of households in the limit.

Summarizing our discussions of the cases with permanent and transitory idiosyncratic risk, we
arrive at the following conclusions from our theoretical characterizations:

First, non-stationary wealth distribution does not necessarily imply aggregate TVC fails. When
the wealth distribution explodes slower than the subjective discount rate, the TVC still holds.

Second, stationary wealth distribution does not necessarily imply aggregate TVC holds. The
left tail of the wealth distribution matters. When the left tail is heavy enough, the TVC is violated.

Third, there is one certain argument we can make: the TVC for aggregate assets requires that
the left tail of the wealth distribution is not too heavy. “Not too heavy” is in the sense that the left
tail does not become infinitely large fast enough as the wealth distribution diverges over time, nor
have a large mass in the case of a stationary wealth distribution. When the left tail is too heavy,

enough households expect to become infinitesimally small relative to the size of the economy, and
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aggregate assets will appear infinitely large to them, which is the source of TVC violation.

4 Transversality Condition with Stochastic Death

Moreover, our characterizations of the TVC remain valid in a model where the households die with
a constant probability . For concreteness, let us first consider the following argument in discrete
time. Let ¢! denote the household’s consumption at time ¢ if it survives till this time, and suppose
the household’s utility is 0 in periods after death. Consider a long-lived asset with price p, and

dividend d; at time ¢. The household alive at time ¢ has the following first-order condition

u'(c)pe = (1 — QK [5u’(ci+1)(pt+1 + dt—&-l)} + ¢ x 0,

which means that the asset is valuable to the household in period ¢ only because there is a chance
that the household survives in period ¢ + 1 and receives the payoff.

Iterating this equation forward, we obtain

[e.9]

u'(c)pe = Z ' (ppp)desr | + hm E: [(1—¢)0)"u' (cip)pesr]
k=1

which is very similar to the case without death, except that the subjective discount rate ¢ is aug-
mented with the survival probability (1 — (). This is very intuitive: death increases the household’s
effective discount rate, making them act more impatiently.

Other than this difference, the valuation of this long-lived asset still depends on the distribution
of the household’s marginal utility growth condition on survival. If the wealth and consumption
distributions are sufficiently left-skewed, then the TVC can still fail. Thus, we can recover our
key result that the TVC for aggregate assets depends on the thickness of the left tail of the wealth
distribution in this setting.

In Appendix A.7, we make this point more rigorously in a continuous-time model that is

similar to our previous setting. Households die at a rate of (, while a fraction ¢ of new households
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are born and receive the wealth of the deceased households, so that the total amounts of wealth and
financial assets are preserved. We consider two possibilities. First, if each new household simply
inherits the wealth from a deceased household, then, this setting is identical to the baseline case
without the jump risk as presented in Section 2. There is an exploding degree of inequality, and the
TVC for aggregate assets can be violated if the magnitude of the idiosyncratic risk is large enough.
The only difference is that the subjective discount rate p is augmented by the death rate ( just like
the discrete-time example above. Specifically, the sufficient and necessary condition for the TVC

to hold is

p+(— (1 —1,)%67 >0,

which is identical to the baseline case with permanent idiosyncratic risk except the subject discount
rate p is augmented by the death rate (.

Second, if the dying households’ wealth is pooled together and distributed equally to newborn
households, which also preserves the total amount of wealth, then, this setting is identical to our
case with the wealth reset shock in Section 3. The wealth distribution is stationary, but the TVC
for aggregate assets still depends on the thickness of its left tail. Similarly, the only difference is
that the subjective discount rate p is augmented by the death rate (. The sufficient and necessary

condition for the TVC to hold is again

p+C =X (1=9)%; >0,

which guarantees that the left tail of the stationary wealth distribution is thin enough so that the
households do not expect to become infinitely smaller than the aggregate asset.

This discussion shows that introducing stochastic death is not a quick fix to the issue of TVC
for long-lived assets. Whether the TVC holds or not still depends on the relative magnitude of
the subjective discount rate and the idiosyncratic risk. Introducing stochastic death only increases

the effective subjective discount rate, which makes the TVC more likely to hold if the model has

27



the same values for other parameters. The key determinant is still the degree of inequality in the

wealth distribution.

5 Implications for Heterogeneous-Agent Models

Our results show that the inequality in the wealth distribution is the key to understand TVCs in
heterogeneous-agent models. In this section, we apply this insight to several workhorse models in

macroeconomic and finance literature, and evaluate its implications for asset valuation.

5.1 Constantinides-Duffie

Constantinides and Duffie (1996) study an economy with heterogeneous agents and idiosyncratic
risk, which features a no-trade equilibrium. In their baseline model, each agent’s labor income
is subject to permanent idiosyncratic risk. This risk can generate negative labor income for some
households, and reduce their total wealth and consumption to zero in the limit. Specifically, house-

hold ¢’s one-period pricing kernel is
My, = exp(—p — alcy,,y),
where the consumption growth is given by

Y141

Aci ) = Aceir + Yy — 5

As the idiosyncratic shock 7}, ; is i.i.d., the household’s consumption share ¢} /¢; follows a random
walk. As a result, the distribution of consumption and wealth features an exploding degree of
inequality.

This model is very similar to our baseline model without jump risk. If the permanent idiosyn-

cratic risk is large enough, then the TVC is violated for the long-lived asset such as the equity
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market.* In this case, while the households’ SDF correctly prices the one-period return of a long-

lived asset like equity with price p, and dividend d,, i.e.,

E, [miJrl(thrl +di11)] = pr,

the equity market will be infinitely valuable as the transversality condition is violated, i.e.,
lim Ey [m! = 00.
A Lo [ TpT}

In this sense, the characterization of the one-period return is an incomplete characterization of the
asset’s value.

Constantinides and Duffie (1996) also consider a model variant in their appendix which fea-
tures wealth reset. This model can be replicated by our model with wealth reset. As we showed
in Section 3, even though the wealth distribution is stationary, the TVC for aggregate wealth still
depends on the thickness of the left tail of the wealth distribution. As a result, we cannot take the

TVC for granted in this model.

5.2 Krueger-Lustig

Krueger and Lustig (2010) propose a heterogeneous-agent model in which a fraction of the total
endowment is distributed as equity dividend while the rest is labor income in each period. On the
equity side, every household holds the market index, although they differ in their positions. On the
labor income side, each household faces an idiosyncratic risk driven by a Markov process. This
framework is general, and the TVC may or may not hold depending on how the labor income is

distributed. For example, Constantinides and Duffie (1996)’s model is within the family of model

4One detail is that Constantinides and Duffie (1996) impose an assumption that the cumulative SDF M, satisfies
lim;_, oo E[M;] = 0 (see Eq. (5) in the paper). However, this condition is not enough to rule out TVC violation.
If the aggregate wealth grows at a constant rate g > 0, which is sufficiently large relative to the magnitude of the
idiosyncratic risk, then, the cumulative SDF m, in our baseline model will converge to zero. However, the rate at
which the SDF converges to zero can be dominated by the rate at which the cash flow grows, so that the discounted
present value of the asset is infinite, which leads to TVC violation.
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studied by Krueger and Lustig (2010), where the aggregate TVC can blow up.
Krueger and Lustig (2010) study a baseline Bewley model. In this model, household 7’s total

income can be written as

(1= a)n +op 4 (p+ ),

where (1 — «) is the aggregate labor income and 7; is the share that belongs to household ¢; o}_, is
the household’s holding of the aggregate equity, p; is the price of the equity, and « is the aggregate
dividend. In this setting, if labor income share 7! is bounded from below by a positive number,
and households are subject to short-selling constraint, i.e., 0,?_1 > (), each household’s income and
wealth shares are bounded by a positive number from below. In this case, the households’ marginal

utility growth is bounded from above, which allows the TVC for aggregate assets to satisfy trivially.

5.3 Brunnermeier-Sannikov-Merkel

Our results also clarify the characterizations of the intertemporal government budget condition in
Brunnermeier et al. (2022). As we discussed in the literature review, Brunnermeier et al. (2022)
propose a dynamic trading perspective which focuses on an individual household’s wealth process
and its time-varying holding of the Treasury portfolio. As the TVC for individual wealth always
holds, this perspective is always valid, and offers a novel way of understanding how individual
households value government debt. Our analysis does not contradict with this perspective. In
fact, since the TVC for individual wealth always holds in our settings, this perspective is always
applicable.

In comparison, the buy and hold perspective evaluates the aggregate government budget. As
Brunnermeier et al. (2022) point out, the TVC for individual wealth process does not necessarily
imply that the TVC for aggregate government debt portfolio holds, because households do not
buy and hold a fixed fraction of outstanding government debt. However, since many prior works

examine the government debt, the wealth portfolio, and other aggregate assets such as the equity
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market using this aggregate perspective, it is still important to understand the conditions under
which the TVC for aggregate wealth holds. Our results provide a general framework to answer this
question. Specifically, we find that the key is to understand the properties of the wealth distribution,
and its left tail in particular. When the left tail is not too heavy, the TVC for aggregate assets
hold, so that we can evaluate these assets based on their aggregate cash flows using the standard

discounted present value formula.

5.4 HANK Models

HANK models also feature heterogeneous agents facing idiosyncratic risk, which means that the
TVC for long-lived assets also depends on the wealth distribution. For example, in McKay, Naka-
mura, and Steinsson (2016), each household receives an equal share of the dividend from monopo-
listically competitive firms, and faces a non-negative borrowing constraint. As a result, household
wealth is bounded from below by the dividend-output ratio, which limits the degree of wealth
inequality and hence the expected growth rate of household marginal utility.

Similarly, in Kaplan, Moll, and Violante (2018), households receive lump-sum government
transfer of constant proportion to the output, and also face a borrowing constraint. In the steady
state, household income is bounded from below by the government transfer minus borrowing limit
times the exogenous borrowing rate, which is positive under the paper’s calibration.® As a result,
household wealth share is bounded from below despite an extremely tailed financial asset distribu-
tion. Through the lens of our characterization, we can see that bounded wealth distribution implies

that the TVC for aggregate assets holds in these models.

SUnder the steady state in Kaplan et al. (2018), the borrowing limit is one times quarterly labor income. The labor share
of the economy is 60% and the unsecured borrowing rate is 8% annually, which caps households’ quarterly interest
payment at 1.2% of quarterly output. The government transfer is calibrated to 6% of output. Overall, individual’s
income is bounded by 4.8% of output.

31



6 Conclusion

This paper characterizes conditions under which the bubbles arise and TVC fails for long-lived
assets in heterogeneous-agent economies. We find that the degree of inequality in the wealth
distribution is the key to understanding this question. We show examples in which an exploding
amount of inequality, or a very heavy left tail in a stationary wealth distribution leads to TVC
violation. In comparison, a stationary, more balanced wealth distribution satisfies the TVC. In
heterogeneous-agent models, the » minus g condition remains a useful guide to understand the
TVC.

These results have important implications for asset valuation in heterogeneous-agent models.
For example, the TVC may fail in settings considered by Constantinides and Duffie (1996) and
Brunnermeier et al. (2022), where the wealth distribution explodes over time. In contrast, the
TVC holds in settings considered by Krueger and Lustig (2010) and McKay et al. (2016); Kaplan
et al. (2018), when the wealth distribution is bounded from below. Our results provide a general
framework to understand the TVC in these models, and offer a new perspective on how to evaluate

long-lived assets in heterogeneous-agent models.
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A Model Appendix

A.1 Derivation of Model in Section 2
A.1.1 Set-up

Households Household’s lifetime utility is given by

Vi =E [/ e " log cidt} .
0

The capital evolution follows

dNi

== (©(ef) — 0) dt + G,dZ} + dAT",

where dAf " is the physical capital transactions between households, and

D(1) = élog(l + o).

the wealth dynamic is

i
dn;

7
ny Ny

Households face a skin-in-the-game constraint when issuing equity, i.e.,

—0;" < (1= "

Government The nominal growth of government debt follows

dB, = uP Bydt.
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Government budget constraint is given by
By + Pk, = 11 By + Pima, K,

where nominal rate 7;, spending and tax rate g, productivity a; are exogenous processes adapted to
the Brownian filtration Z;. Tax rate 7; is endogenous. With ¢” defined below, the budget constraint

can be restated as
gl + s =0, (A.1)

where 1P := uP — i, is the bond issuance (net of interest payment) rate. s, := 7;a; — g is the real
Hi Hi pay g

surplus-capital ratio.

A.1.2 Symmetric Equilibrium

Aggregation Under symmetric equilibrium,
Vie 0.1, (6,,60,,07, 0. ¢) = (6,67.6F,u,¢),

where ¢ = ¢! /n! is the consumption-wealth ratio.
Under symmetric equilibrium, the returns adjust such that no one trades physical capital with

others, i.e., Af = 0. Aggregate capital evolves according to

dK, = (®(1) — 6) K, dt.

Define the real price of physical capital as ¢* and the real bond-capital ratio as ¢” = %ﬁpﬂ
The state variable 1, is defined as the share of wealth in government bond, i.e.,
B
dy
Uy = ———. (A.2)
AP+ df
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9
K - oy

The difference of volatility at’B — ol is T Indeed, by definition,
¢
t— TfJm -
af +aqff
By It6’s lemma,
B K ,B K
P S S e A 0 W S s DL
PP g T af + qff @ +af  af +df
1.e.,
q9,B B .K K
o, q o q B K
o) =oglP — Lt b = (007 — ™) (1 - 0,). (A.3)
4 + q

The difference of drift ;" — u?* can be derived similarly. Indeed, by It6’s lemma,

B K B K\ 2 B K
09, — af B QT+ a’ol” +q ol qfol” + ¢ ol B
= _ _
! @ +q \"" af +qf af +qf af + qf !
.B K
o QtB (1 . 79t) (qu,B . /,Lq’K) . QtBo-g + thO'g (O_q,B . O_q,K)
- t t t
qf +qFf ! q? + g ’
1.e.,
M? B K B 9 K B
T = pd” = pdt A (o = o ) (o = af?). (A4)
- Ug

Return Processes Here, we express the return process with the drift and volatility terms of ¢7,
qff and 9.

Inflation:

dP; d(Bt/(QtBKt)) B q,B B\2 B
Tt TS )T — 4" @ 5 & dt — ol”dZ
P B/(¢PK)) <“t . () + 0+ (07") ) oo
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Bond return:

d(1/P, d(¢PK,/B
t t t t
Capital return:
gt = A=ma =i dlafR)
4 a4kt
1— — , -
= (% + u?’K + (P(e) — 5)) dt + af’KdZt + 0,dZ;. (A.6)
t

Equity has the same risk loading as capital, but the expected return may be different when
skin-in-the-game constraint is binding. Outside equity has the same aggregate risk loading but

idiosyncratic loadings average out.

Market Clearing Goods market clearing:

algf +af ) +9+u=a. (A7)
Asset market clearing:
K
q; K,
HK = = 1 - 19 5 A'8
Y (@ + K, ' (A8
oF = " (A.9)

A.1.3 Solution

Households’ Problem We use dynamic programming to solve the households’ portfolio choice
problem. Guess that the value function takes the form V' (n!, v;) = v; + % log ni, where v; depends

on investment opportunity in aggregate level. Plug in the value function to obtain the Hamilton-
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Jacobi-Bellman equation

, | ldni 1 11 /dni dni\ 1
pvt+logni=maXE{logCiﬂmL— n»t————< -t m>a}’
p

1
ci ol 0 ny My

1.e.,

i Ll 1 i i i -
0= max‘{—pvt—logn;+vt+logc§—;n—i—{——(l—QtK’ -0 —ef’)(q>(bt)—5—#t3+ug,3>

Civbiﬂ% t
1 ki (1 - Tt)at - Li K i 1 & -Et[drf’i] L & -Et[drE]
60—t 4 d() -9 gt S 2 !
+,0 t < th + i+ ( (Lt) ) +p t dt +p t di
1 . . - ) . - 2 1 . L
—, (1= 0 =08 = 0F ™ (615 1 67+ 051 ) — (0 + 95”)203} ,

(A.10)

S.t.
—0," < (1—x)6,"

The lagrangian is given by

j i, o 1 1 i i o) .
L, = —pv — logn; + vy + logc; — ;n—i + ;(1 _ gtKv _ 957 _ 9?’ ) (@<Lt) _5— uf +M§’B>
t

1 K, (1 — Tt)a,t — l,i K i 1 E7iEt[d7"E7i] 1 EyiEt[dTE]
+;0t <—Kt + Hg + (‘M%) - 5) + ;et d—tt + ;Qt dtt
1

4y
4 . . . . . 2 1 . .
L G e R L I U K

F A7+ (1 - )05,
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The first order conditions w.r.t. ¢}, ¢}, 6, ", 6, and 6, " are

11
i ta = (A11)
pny G
1 1
TR T =0, (A.12)
a1+ o1
E,[dr’  E,[drB , . , , ,
] BEL (o 0 4 08 1 080 LT ) (0 — o) 4 (6 4 687 - (1 O
dt dt 1—9,
(A.13)
Efdry"]  EyfdrP D s oY e
t[dtt ] . t[dtt ] — (gg,B . (‘91{(, + QtE, + OtE, )1 _tﬁt> (O_g,K . O_g,B> + (95{7 + QtE7 )O_tg o /\“
(A.14)
Eidrf]  Efdrf S s oY
t[dtt] _ t[Cltt ] f— (()'g’B_(et[{’ —|—0tE’ +01€E")1_t79t) (UE,K_O_;],B) (AIS)

9
Note that we have plugged in o%% — o?% = 12%.

Characterizing Consumption, Investment, ¢” and ¢ The first order condition Eq. (A.11)

implies constant consumption-wealth ratio

ch = pn'. (A.16)

FOC (A.12) reproduces the Tobin’s ¢ condition, and confirms that every household has the same

investment ratio

qF =14 éu,. (A.17)

Now we can (jointly) pin down 9;, ¢Z and ¢/*. Recall goods market clearing condition

Ct + gKt + Lth = CLth.
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Plug in C; = pn; = pgX K;/(1 — ;) to obtain

p PP
1—v, "1-v,

g+ g+ L = ay,

1.e.,

L= (@ —g)(1=0) —p
' 1+p6—0;

Hence, we can express price of capital ¢~ as

o L=+ ola — g)(1— )
e 1+ pp— 0,

= (1 =7
Since ¢? /¢ = 9,/(1 — ),

B = ﬁtl + ¢(a —9)'
t 1+ p¢ — 1975
Portfolio Weights Under symmetric equilibrium,

0f = 0K, 0 =0F, 0P =0F.

Asset Market clearing implies

1— 60K —9gF —9F =y,

and

0F +0F = 0.
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When the skin-in-the-game constraint is binding,
0F + (1 —x)0f =o. (A.20)
The equations above jointly solve

etl( - ]. — 7~9t7
0p = —(1-x)(1—9),

6f = (1—x)(1 —dy).

Return Processes Under symmetric equilibrium, the outside equity has the same expected return

as individual equity, i.e.,
Ey[drE ] = Byldrf), (A.21)
with which we can pin down the lagrangian multiplier from Eq. (A.14) and (A.15)
No= (0 + 0,757 = x(1 - 9,)57.

Note that 6" + 0" > y6/", hence \! is always positive and the skin-in-the-game constraint is
always binding.
The expected return of equity and outside equity in excess of real bond return can be written

as

K B
o™ —of”).

Et[drﬂ_Et[drtBJ:<gq,B_9K of ) % - ) = (o1 ).

dt dt t t—l_ﬁt Oy — 0 Oy — 0y
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The expected return of capital in excess of equity is

Eifdr{™]  Eyldry"]
dt dt

= XA, = (1= 9)x’o;.

Equilibrium: Discipline Drift of the State Variable We discipline ;¢ as Proposition 1. By Eq.

(A.6) and (A.5), the expected return of capital in excess of real bond return is

Et [d"lﬂtl(ﬂ] ]Et [d'l"tB] (1 — Tt)a/t — Ut .K .B q,B
dt a S Ty

Plugging Eq. (A.1) and (A.4) yields

E, [thK Z] E, [drtB ] ﬂtB - fo B 9 K B Qr— g — U
i - T = B o1 oo ot + R

By Eq. (A.13) and (A.18),

B _ O\ . .a.K _ _q¢B 1-9 72~2_ﬂtB_Mf ¢B 9\, ¢K _ _g¢B ar — g — U

(o oy ) (o} o)+ ( )X 0 = 1——19t+(0t oy ) (o} Oy )+q—K
t

= = i +p— (1-0,)°x°5;. (A22)

Macro Synthesis Before proceeding, we briefly summarize the equation system here. We sup-
press the individual superscript for simplicity.

There are 4 exogenous variables:

(:utB7 ita Qg, &t)7

5 endogenous variables:

(étal/taq1§37QtK77-t)7

and an endogenous state variable v;.
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We have 5 equations: 2 households’ first-order conditions (A.11) and (A.12):

ét =P
qtl< =1 + gbl’ta
1 goods market clearing condition:
K
. G
c + g+ = ay,
t7 9, gl t
1 wealth share definition:
g, — 4
@ +ait’

and 1 government budget constraint:

(N? - it)qlfB + Tiay = g.

Given the state variable v, these 5 equations allow us to solve for the 5 endogenous variables.

Besides, the dynamics of state variable v); are subject to

o=+ p— (L= 9,)°x";.

In this equilibrium, the expected returns are

EldrP
{d? L= () =6 — il + 4",
E[thK] _ - B a,B q,B KN K q,B 252
a D(ee) =6 —fiy, + g + (V0! + (1= D)o ) (o)™ — ") + (1 = V)X 70y,
E[drf
D) — () ==+ + O+ (0= 9o oK — 1),
Eldr?
D) @)~ 5 B 4+ D08+ (1 D) o — o).
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Verifying Value Function I verify the value function by plugging endogenous variables into the

HIJB Equation (A.24). Indeed,

, , 1
0= —pv, — logn; + v + (log p+ logn;) — 1 + p ((I)(Lt) — 06— jif + u?’B)

1 -
= (1= 1) [0 = o))" = at®) + (1 - 9))°5]

p
1 5 2 ] e
—%@%—ﬁ)—%u—w%%

== i}t - Pvt + h’(ﬁta 0-297 Mf)v

which is an linear ODE for v;. Note that 9;, o, iV depend on aggregate shock only, so does v;.

A.2 Proof for Proposition 1

Proof. Recall that

‘We obtain

1 i
lim EQ [mTﬁT] = lim EQ |:</ G_an—iO dZ) nT:|

1 ni
= lim E, {ePTﬁO ( / =2 dz’)] .
T—o00 0 77T
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A.3 Derivation of Model in Section 3

The model set-up follows those in Appendix A.1, except the wealth redistribution shock. We solve

the symmetric equilibrium in a similar way. The households’ HJB equation is given by

(p+QV (nt, v)dt = max E, {log ctdt + CV (g, v)dt + Vidt + V, (nt, vt)dnt + Vnn(nt, Ut)(dnt, dnt>] )

L Z
ct, LtG

Guess that the value function takes the form V(ni,v;) = vy + ﬁ log ni, where v; depends on

investment opportunity in aggregate level. We obtain

pvr + lognj —

¢ | £l 1 dnil 1 1 dni dni\ 1
og Ny = maX og C s - —_— .
s T N 2 prCnidl 2p+C\n i /dl

For simplicity, we denote p := p + (. The HJB equation can be restated as

0 = max {—([) — Qv — logn! + gJOg ny + v, + log ¢ (A.23)
ci ot 0 14

AL g g g <¢<Lt>_a-ﬂf+uzﬂ>
png P
1 ki (1_Tt)at_’f§ K i E Et[drfl] 5. Ee[dry ]
=0, | ———L ol d(ih) -0 9’— 91

poor (BTt i o) - e
1

: , . : 2 1 , .
(- O P~ P <95*+95“+95”>03=K) - o0 0Pt
(A24)

S.t.

—0;" < (1-x)6,""

45



The lagrangian is hence given by

Li=—(p— ) — logn! + élognt + 0y + log ¢}

1Ci 1 K, Ei E _B B
— S (=0 = 07— 0P () — 6 - ")

pnl + [3( t t ) (¢¢) fry g 7

1 Ki (1—7})045—/,% K . 1 E‘Ef/[d?”tEyi] 1 EEt[dTE]
o —" & O(l) -4 07—+ =6 ¢
T e ) B P e

1 i i E,i i )i FLi , 2 1 i N2 ~
= 55 (1= 005 = 077 = 6P )01 4 (017 4 67 4 650 ™) = o (017 4 675}

A0+ (1= X)6,)

The first order conditions w.r.t. ¢}, ¢}, 6, ", 6, and 6, " are

1 1
o a0 (A.25)
t t
1 1
oK ;T A2
qf 1 oi 0, (A.26)
Eldr,]  EfdrP] 0,B Ki | gBi | pBiy Ot oK 4B Ki . a2 L
dt T at of " = (05 40,7 + 6 )1_19t (0" —of7) + (0, +6,")a7 — (1= X)),
(A.27)
E/fdr/"] E[drf S s o? o
t[dzt ] _ t[dtrt ] — (0‘573 _ (95’ —+ QtE’ + etE’ )1 itﬁt) (O'E’K . O_g,B> + (02{(7 X QtE’ )O_tz B /\;7
(A.28)
E,[drEf] E,[drB 4 o
t[dtrt ] - t[dZt ] — (0-2173 _ (QtKﬂ 4 Qf,z + ‘gtE,Z)l itﬁt) (J;],K . O-;,LB)' (A29)

Note that the first order conditions are same as those in appendix A.1 after replacing p by p.

Risk-free rate From FOC (A.27)-(A.29), the risk premia for aggregate risk dZ; and idiosyncratic
risk de are not affected by the jump shock. However, the risk-free rate increases since households

do not receive payoffs at the jump states. That is, one will not be richer after jump shock if she
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saves more before the jump. The stochastic discount factor m! = e*ptm follows
t

dmy = —(p+ gi + (07,)° + (1 = 9)*X°G7)mi_dt — o7"my_dZ; — (1 — ) x6mi_dZ
1 N\ .
+le?t— — mz) dJ;.
( (p+ ¢y : '

At time ¢, consider an risk-free asset that surely delivers one unit of goods at t + At. The time
window At — 0 is short such that jump shock happens once at most. The agent effectively receive

this payoff only if jump does not happen. The Euler equation is given by

N
exp(—r{At) =, [ 7:;2 tl{djtthO}} ,
t

1.€.,

)

mi
1—7"{At:Et |: t+At
my

~ti+At = 0} (1 - <At)

= (1= CAO[L = (p+ g0 — (") = X*(1 — ¥:) "6} A,
which implies

rl=p+C+g—(0]") = X*(1 - 9,)°57.

A.4 Proof for Proposition 2

Denote the nominal government bond outstanding as 5; and real government bond as b;. We obtain

dBt = ZtBtdt — IDtStdt.
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Hence,

. . . ~. 1 . ~.
b [ —(r] — Cdt— (o™mt dZ, — x(1 —9)mt dZt+ e Pt—m—— — I) dJ’)
t ( (Tt C)mt (Ut )my t X( t)Utmt ¢ (6 (P‘FC)ﬁt m, +

+ itbtmi_dt — stmidt
+mi by(drP — i,dt)
— ol'mi_botPdt

= —m!_sydt +mi_Chydt —mi_by(o™ — o?P)dZ, — mi_byx(1 — 9,)6,dZ!
1 ) ~
+b (et —— — mz_> d.J!
t ( (p+ O)ne ' '

= —m!_sydt + e bedt —mi_by(o™ — o@PVdZ, — mi_byx(1 — 0,)5,dZ!

(p+ Oy
1

+ bt (eptm — mi_) d(jtz — Ct),

where we plugged in the definition of bond return, i.e.,

. d(l/P) . d(qf K./ By)
drP =ddt + —= = j,dt + —L— "2
Ty 1t -+ 1/Pt (N + thKt/Bt

= (rf + oc?P)dt + 0P dZ,.
Integrate d(mib;) from ¢ = 0 to T and take expectation to obtain®

T T
) . . by
Eqlmbb] — mhiby = —E ts dt| + (K pr—— T
o[mabi] — mgby 0 [/0 my sy ] CEq [/0 e TR ]

Divide both sides by m}, to obtain

T i T b )
bo = Eq [/ Mg, dt] — noCEq U et dt} +Eo [m’{bT} .
o My 0 1y myg

®Note that the set of jump time 7 = {t|m} # mi_} has zero measure, and we can replace t— by ¢ in the intergrals.

Heuristically, fOT misy dt = fOT mi_sy dt + fOT(mi —mt )s; dt = fOT mi_s; dt.
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To derive the bond valuation equation from the aggregate SDF, we start by dividing d(m:B;/P;)

by mi, i.e.,

% %

o m 1 m
d[(my/mi)by] = ——=sydt + noCe " —bydt — —=b,(0}" — of")dZ
[(mi/mq)br] mi +oGe " by mi W07 —0/")dZ, - mi

1 i -
+ b, (ﬁge"’t mz) d(J! — (t).

mt

(1 - 19t>0'tdZ

Intergrate by 7 to obtain
1
d[ingby] = —mysdt + ngCe "' =bydt — by (o™ — o?P)dZ,.
Uz
Integrate by ¢ and take expectation to obtain

Eo[mrbr] — by = —Eg { / mtstdt} +E, { / ge‘”tnobtdt}

1.€.,

T T A
bo = EO |:/ mtstdt] — ]Et |:/ Ce—Ptﬁ_Obtdt:| + ]EQ [meT] .
0 0 t

A.5 Wealth Distribution Dynamics

Recall that the individual wealth satisfies

dn oy —nt o~
L= gdt + 0 dZ + (1 — 00)Gxd 7+ LT
T U

For aggregate wealth,

A
_nt — gtdt + O'IndZt
nt
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Hence,

i i/= - 1=nt .
i _ A0/ m) ooy gysazi+ Lo (A.30)
Tl ny /T T

We obtain the probability density function for 7% from the Kolmogorov Forward Equation, i.e.,

dg(n. t) 0 10

ot = _a_n(ﬁO?vt)g(nvt)) + 58_772(7(77715)29(77715)) - Cg(nv t)?

where 3(n,t) = 0, v(n,t) := x(1 — ¥;)d;n. ” Under Assumption 1, let ¥, = 9, 5; = &, we obtain

392, ) _ (@ —2?9)5') 88772 (12900, 1)) — Ca(n, ).

The boundary condition is that g(n, t) is always a valid pdf at any time ¢, i.e.,

/ gn,t)ydn=1, Vt>0.
0

For initial condition, we require

limg(n,t) = d(n — 1),

t—0

where J(.) denotes the Dirac function. Generally, the Kolmogorov Forward Equation PDE has no
analytical solution. However, we can obtain the explicit expression of wealth distribution at the

steady state. Let dg(n, t)/0t = 0, we obtain

0= S0 (g"(n) + 4ng () + 29(m) ~ Coln).

"Note that there is a kink at 7 = 1, and the KFE holds on (0, 1) and (1, 4+00).
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1.e.,

2
0=ng"(n)+4ng'(n) +2 — )(2(1_—3%%29(77)

The ODE is solved separately on (0, 1) and (1, 400). The general solution is

g(n) = Cin™ + Cyn™?, n <1,

g(n) = Csn™ + Cyn™?, n>1,

where

651 Qg = —=

8¢ 8¢
3 n \/ L+ 2(1—-0)%52 3 L+ 2(1-0)%52
2 2 ’ '
The steady state probability density function g(n) must satisfy

/0009(77) dn = 1.

Note that a; > —1 and a; < —1. Hence, we require Co = 0 and C = O to ensure | [ g(n) dn| <
oo0. Moreover, we require C; = Cy = C such that g(n) is continuous at n = 1. The integral is

computed as

o0

1 -
N 20 VM REa-gTee

’]7 2

8¢
0 —-1- 1+ 2 (1—1)252

8¢ 8¢
Iyt emre o/ e
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which implies C; = C, = C = % . Note that
p L 4 22(1—79)2&2\/1+W

1 [e')
o0 20 1*\/”@(185%%? 20 17\/”@(1859%?
ng(n) dn = 7 + =1
0 1+ ,/1+ W o L—/1+ zamese 1
2C 2C

+
L+ 1+ e L/ 1+ mope

41/1+W0_1

8¢
x*(1-9)%6>

Hence we verify that g(n) is a valid wealth distribution function, i.e., |, 01 ntdi = [y ng(n) dn=1.

Now we consider the dynamics of Eg [ } Applying It6’s lemma to Eq. (A.30), we obtain

d (i) = (1— WXQUZU dt + (1 — 1) Cdt — (1 — ﬁ)@%déﬁ + (1 — 1) d(J! = Ct).

M un Ur

Take expectation to obtain

dE F} = (dt + [(1 —9)2¢%6% — (|Eq LH dt.

Note that this is an ODE w.r.t. [, [i} The solution is
t

1 C 1 25252 <
Eo|—=| = (1=0)*x*6*—Clt _ >
" L)i} ((1 —0peet ¢ 770) (1 —9)*x%6*’

1.e.,

m| cnp [(1—9)2%252 (]t ng
Ey | =] = 1 X B b —
o[ = (== ) o

Let ) = 1. By symmetry, Eo[fol 1/ni di] = Eo[1/n], which is finite if and only if { > (1 —

19)2X20-2
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A.6 Proof for Proposition 3

Note that

1 1 .
dmy = —[p+ ' — (o) — X2(1 — 9262 mudt — o"mdZ, + / e—pt5 (_— - 7) —dJidi
0

L 1/1 1\ 1
- _[p + ,U? - (U;fm>2 — )22<1 - ﬁt)Qﬁf]mtdt — U;nfntdZt +C |:/ e_ptE (__ - _2) —Zd’l:| dt
0

=—[p+ul— (o) — X3 (1 — 9,)%67 + (]mqdt + Ce"’tg—dt — o"mdZ;.
t
Hence,
diming] = —[p — (07")? — X2(1 — 9)?67 + C|myndt + (e P'Rgdt

which implies

TMyfly = ﬁoe—[P—X2(1—19)252+dt
n CMo ot CMo ol X2 (1-0)22 4t
[=x*(1 = 9)?62 + (] [—x*(1 = 0)%6% + (]

A.7 Model with Stochastic Death

We model the stochastic death as follows. Define {d:} as a Poisson process with intensity (. Death
events are independent across agents, i.e., {di} and {d}} are stochastically independent for i # ;.

Let dj, = 0. The stochastic death time 7" is defined as
i=inf{t >0|d > 1}
The death process is hence defined by

death) = di{t Arits
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i.e., when agent i is alive, death] = 0. Otherwise, death} = 1.

Consider household’s problem. Heuristically,

V(ni, V) = 1}15}3; E, [log Cidt + eipdt(ldeﬁthv(nzl‘:+dt7 Uptrar) + 1n0deathv(ni+dt7 Ut+dt))]
CistysUt

= max E, [log cjdt + (1 — pdt)(¢dt x 0+ (1 — Cdt)V (nyy gy Vetar))]

7,1 QL
cy,0p

The Hamilton-Jacobi-Bellman equation is

(p+ OV (ny,v) = max By |log e, + Vi + Va(ng, v)dng + 5 Van(ng, ve) {dny, dng)

7 1 X3
cioty,0;

Guess that the value function takes the form

. 1 .
Vi(ng,v) = v + ; log ny,

+¢

where v; depends on investment opportunity in aggregate level. Plug into the HJB equation to

obtain

, : 1 dnil 1 1 /Jdni dni\ 1
+ vy +logni = max E<{logc: + 0y + ————-— — ———— L t>—}
(o Chve + logni = {gt o dt 2p+c<n; ny / dt

Let p = p + (. The first-order conditions have the same formula as in the baseline case, but with
p = p + ( instead of p. They are also very similar to the jump model, except that the utility after
death is zero while the utility after wealth reset is V' (7, vy).

The risk-free rate follows
rl=p+C+g—(0]") = X*(1 - 9,)°57,

which is identical to our case with wealth reset.

Let ni denote the wealth of agent i at time ¢. For t > 77, i.e., after the agent’s death, we assume
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that n! denotes the wealth following the agent’s consumption and investment plan if it were still

L as the hypothetical marginal utility if the agent were still alive.

. ) — =Pt
alive. We denote m; = e rom

We denote m! as the agent’s actual marginal utility, which is zero after death:

i _—pt_ 1 i
i mt = € p m, deatht = 0,
my =
0, death! = 1.
We obtain
(
—[p =gt + (67")* + X*(1 = 9)?67\midt — of"midZ, — X(1 — 0y)aymidZ;, t < T,
dm;: = _mii_y t = T,
0 t>T1t
\

Aggregate TVC For long-lived asset, e.g. government bond at t < 77,

d(mib;) = bydm: + mi/P,dB; + miB,d(1/P,) + Bidmid(1/F)
= by (—(7{ - C)midt - (Uln)midZt —x(1 - ﬁt)&tmidzti)
+ igbymidt — symidt + miby(drP — idt) — o mibe®P dt

= —misdt + miChdt — mib(o — oPP)dZ, — mibyx (1 — 9,)5,d 2!

Att = 7%, d(miby) = —m’,_bn.. Att > 7, d(mib;) = 0. Integrate from ¢ = 0 to ¢t = T and take

Tt

expectation. Recall that 7 is independent of n! and b;, and

Eo [1{71§u}} =1—e"
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Hence,

T
0

T T
=(1—eDE, [ / —d(mib;) + mbbr| T < T} + e TR, [ / —d(miby) + mibr
0 0

Ti>T:|.

The first term is computed as

Eo [ /0 ' —d(mib;) + mbbr| T < T}
=, /0 misidt| T < T| — Eg /O Crgbydt| 70 < T'| + Eq [k _by| 7 < T7,
where
/OTi misdt| TP < T| = /Ti mis, dt Ti] T

= 1 CT / Qe CuEO |:/ mtst dt:| du
—e
= m / (/ R dt) du]
1 —Cu,x 1
=T e—CTEO s t Ce mys, du | dt

1 e T
—(t — ~ 4
= mEO /0' (e ¢t _ € ¢ )mtStdt:| 5

and similarly

i < g i 1 r - — <4
/0 Cmtbtdt T S T = WEO {A C(e ¢t _ e CT)mtbtdt:| 5

. . 1 T .
Ey [m:_i_bT’ih—Z < T} = WEO |:/ Ce_cumzbudu} .
0
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The second term is computed as

T
0

T T
=E, {/ mistdt] — Eo [/ Cmibtdt} + Eo [mlbr] .
0 0

Ti>T:|

Finally,

T
mpbo = Eq {/ —d(miby) + mépr}
0

=F, {/OT(GQ —e )mtstdtl + E, [/ Ce Tmib dt}

T
+ e TR, {/ mistdt] — e TR, {/ CThibtdt} + e TR, [ThinT]
0 0

=E, UOT( —¢t V’)stdt} +Eo [(e="mi)br] .

Recall that 772! is the marginal utility if the agent were alive at time ¢. The TVC term for this
aggregate asset is the discounted asset value m%br times the probability of surviving until T,
which is e~¢7. Following the same steps in A.1, the aggregate TVC holds if and only if p + ¢ —
(1 —19)%?% > 0.

Individual TVC Similarly, for individual wealth, we obtain

d(min}) = nidm} + midn; + dmjdn,
= ni(—(r = Omidt — (c™YmidZ, — x(1 — 9,)G,midZ})
+mi(=cdt + (r] + (67)? + P2(1 — 9,)262)nidt + o™nidZ, + (1 — 9,)Gnid 2}
— (o) *minidt — Y*(1 — 9,)*62minldt

= —cmidt + (minldt
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for t < 7%, i.e., if the agent were still alive. Following the same steps above, we obtain

T
mint = By [ / (e‘Ctmi)cidt} B [(e~Tmi )]
0
The TVC for individual household’s wealth is

Jim B [(e=Tmlnk)] = 0.

Again, the analysis is the same as that in A.1, but the subjective discount rate is augmented by (.

A.8 Calibration

Table A.1: Parameter Values.

Variable Notation Value Note

Baseline Model with Permanent Idiosyncratic Risk

real growth rate g 3%

subjective discount rate p 0.0063 Target 2% risk-free rate
idiosyncratic risk variance o 0.54  From Brunnermeier et al. (2022)
share of undiversifiable risk X 0.3 From Brunnermeier et al. (2022)
share of equity 0 0.18  From Brunnermeier et al. (2022)

Model Variant with Transitory Idiosyncratic Risk

wealth reset intensity, case 1 ¢ 2.5%  Target steady state Gini coef. at 0.4
wealth reset intensity, case 2 ¢ 0.36%  Target steady state Gini coef. at 0.8
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