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Abstract: We study the impact of fintech and fractional trading (FT) on the price levels and order
book dynamics observed in stock markets. FT has recently been introduced on multiple trading
platforms in equities markets, allowing individuals to buy a fraction of a share of stocks or ETFs
(exchange-traded funds). FT, along with direct and easier access to the markets through
commission-less trading apps, can potentially modify the risk appetite of non-professional
investors (who are generally myopic and risk-averse) and create opportunities for portfolio
creation and diversification, hence increasing the demand for stocks. It can also impact non-
professional investors' investment behavior, price levels, and market volatility. Using Nasdaq data
feed at a minute frequency, we show that there has been a significant increase in the slope of the
price-volume structure and average tick size. In some cases, there has been an increase in the
number of steps required to place a limit order post-FT. Our results suggest that increased demand
for stocks led by easiness to trade stocks and FT impacts the order book's price formation process
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1. Introduction

Fractional trading (FT) has been recently introduced on multiple trading platforms in equities
markets, a feature that already existed in cryptocurrency markets.®> With FT, individuals can now
buy a fraction of a share of stock or ETF (exchange-traded fund). FT, along with direct and easier
access to the markets through commission-less trading apps, can potentially modify the risk
appetite of non-professional investors (who are generally myopic and risk-averse) and create
opportunities for portfolio creation and diversification (Tripathi and Rengifo 2023). It can also
impact non-professional investors' investment behavior, price levels, and market volatility. In this
paper, we study the impact of FT on price levels and the order book dynamics observed in the
market.

Non-professional investors ® are, in general, frequent evaluators of their financial
investments and are reluctant to make losses, which affects their risk perception and makes them
behave myopically (Rengifo and Trifan 2010). These individuals tend to prefer outcomes that are
certain and underweight outcomes that are only probable (Kahneman and Tversky 1979, Tversky
and Kahneman 1992). However, this behavior might have changed with the introduction of FT
and direct and easier market access through commission-less trading apps. Without FT, the
smallest amount an individual can buy of any stock is a single share. For large investors and
institutions, this is generally fine as they prefer high-priced stocks (Gompers and Metrick 2001)
and trade large numbers of shares, and as such, FT should have no impact on them. However, non-
professional investors tend to prefer low-priced stocks (Kumar and Lee 2006) and often allocate
funds at the level of asset categories (category-based investing), making stocks move together
more than justified by economic fundamentals (Barberis et al. 2003, 2005). These individuals
allocate capital at the style level using the size and value-growth dimensions. Their investment
preferences are influenced by past style returns, earning differentials, and advice from investment

newsletters rather than innovations in macroeconomic variables or shifts in expectations about

5 In December 2019, Robinhood was one of the early trading apps to launch FT on their platform. Other trading apps
that currently provide FT option include Charles Schwab, Fidelity Investments, Interactive Brokers, M1 Finance, TD
Ameritrade, E-Trade, among others. These platforms vary in terms of minimum purchase, the stocks available in the
program and order types.

 Non-professional investors are individuals for whom their main occupations do not concern financial investments
and/or who lack the necessary knowledge, expertise, time, or any combination of them for making more sophisticated
investment decisions and that often rely on the help of professional portfolio managers in devising an optimal mix of
risky assets.



future cash flows (Kumar 2009). Without FT, non-professional investors will likely look for ways
to reduce their risky allocations based on their frequency of portfolio checks and volatility and, in
the extreme case, to completely move their investments to risk-free assets (Rengifo and Trifan
2010). Thus, FT becomes a significant market development for non-professional investors (and
potentially with low disposable income), especially those looking for ways of getting access to
stock markets (perceived as much more profitable than banks, for example) to diversify their
holdings or for those willing to buy in companies with high share prices (say greater than $1,000).

The fintech-based trading applications provide commission-free trading opportunities to
non-professional investors. They claim their mission is to democratize access to different financial
instruments in the financial system. When an individual buys or sells stocks, ETFs, or options with
a fintech-trading app, they send the orders to market makers that typically would offer better prices
than the public exchanges. These market-makers in turn pay a small fee to these fintech-based
applications for sending these trades to process through their platform. The market makers are
competing with the exchanges, so, they also offer rebates to the brokerages like fintech-trading
apps. This is one of the ways for platforms like Robinhood to remain competitive and provide
different financial products and services at low costs. The objective of these fintech-trading apps
is fulfilling these orders in stocks and ETFs at the fastest rate possible. To ensure this fast and
seamless order execution in case few market makers are unable to execute orders, some of these
orders in stocks and ETFs posted by retail investors using these apps are routed to exchanges,
depending on the quality of exchanges’ past executions. The fintech-trading platform will pay the
exchange when they take liquidity and are paid when they provide liquidity.’

With FT, these investors could be more willing to take the risk of investing in these markets
despite higher portfolio checks and significantly higher price volatility of the securities they trade.
This could have multiple implications for non-professional investors' risk behavior and the
financial markets in general. Firstly, with the option to buy a fraction of stocks or ETFs, the risk
appetite of non-professional individuals might go up given the much lower required investment
and money-risk exposure, which can increase market participation and stock demand. Secondly,
it has the potential to modify the behavior of prices and volumes in limit order books®, making

7 Based on the description provided by Robinhood (https://robinhood.com/us/en/support/articles/stock-order-
routing/).

8 A limit order is an order to buy or sell a security at a specific price or better. Buy limit orders can only be executed
at the limit price or lower and sell limit orders can only be executed at the limit price or higher.



them steeper by either keeping the same volume as before and increasing the prices or by keeping
the same prices and reducing the offered volume (in either or both the buy and sell sides). These
situations create abnormal price movements due to the rise in demand that faces the same or even
lower supply of shares available for trade. This increase in demand could potentially have a domino
effect in the dynamics of price formation by influencing regular professional investors by either
making them reluctant to go to the market (and thus reducing their activity as liquidity providers
or takers) or making them behave more like "gamblers" that professional investor (since there is a
potential for significant gains). FT can modify the structure of the limit order book to support the
additional market demands when the market supply has remained the same. These situations create
abnormal price behavior that could translate into price volatility increases (as recently observed in
the market) and, at the same time, that could influence professional investors' behavior by making
them reluctant to go to the market, contributing in this way to the supply reduction. Fig. 1 illustrates

these changes.

Fig. 1: Limit order book structure
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This figure illustrates a hypothetical limit order book structure. The 'lob_normal’ line presents the structure under a
normal scenario without FT. With FT, as the market demand increases and the supply remains the same, it has the
potential to modify the limit order book structure, making it steeper to keep the same volume (‘lob_ft_samevol').
Another situation that can arise is that the limit order book becomes even steeper with the reduced volume
('lob_ft_reducedvol’). These situations create abnormal price behavior that could translate into price volatility
increases (as recently observed in the market) and, at the same time, that could influence professional investors'
behavior by making them reluctant to go to the market, contributing in this way to the supply reduction.



These commission-less trading platforms like Robinhood also allow investors to place limit orders
in their platforms.® They also maintain inventory to execute regular market orders in regular
exchanges. Increases in demand for stock trading with fractional trading on these platforms can
potentially increase the demand for limit orders in regular markets. With FT and commission-less
trading apps, the demand for investing in the stock market has increased (Tripathi and Rengifo
2023, Da et al. 2021, Gempesaw et al. 2022), increasing the volatility of the mid-quote prices. As
such, the volatility of mid-quote prices is positively related to the average size at a given price.

Further, when price impact functions are highly volatile, the stock markets do not provide
fundamental value signals, making it hard to do informed trading. This goes against liquidity and
the fundamental value signal as well. Investors are now faced with limit order books that are
steeper (high price impact) and riskier (more volatile). Both contribute to market uncertainty that
could affect professional and non-professional investors alike. Further, (Bartlett et al. 2002a,
2002b) discuss that fractional trading has been a recent introduction and currently does not fit into
the current national market system of trade reporting. The recent "rounding up" rule of trade
reporting by FINRA can potentially distort market efficiency.®

In this paper, we study the impact of FT on the price-volume structure observed in the limit
order books. The rest of the paper is organized as follows. Section 2 presents a brief literature
review about limit order books and their information content, followed by Section 3 with the data
description. Next, in section 4, we present the analysis by the top 5 and top 10 best quotes on the
buy and sell sides, followed by section 5 with analysis by fixed cumulative volume, discussing the

implications for the stock markets, and finally, section 6 concludes.

2. Limit Order Books and their Information Content

The most important features of stock markets are liquidity and a fundamental value signal.
Liquidity implies that there is enough volume available at, or close to, the best quote, i.e., that
there is a minimum price impact when investors trade. Fundamental value signal allows market

participants to do informed trading based on the price formation process (Madhavan 2000). Order

% Source: https://robinhood.com/us/en/support/articles/limit-order/

10 The Rounding up rule says: "When reporting a trade for a fractional number of shares, firms should delete the
fraction and report the whole number, except if the whole number would be zero. If the whole number would be zero,
firms should round up to 1. Where a trade is executed for less than one share, firms should round up and report a share
quantity of 1." (Source: FINRA Filing and Reporting — Trade Reporting FAQS).



books (market depth) data measures the supply and demand for liquid, tradeable assets. In
measuring real-time supply and demand, market depth is used by traders to assess the likely
direction of an asset's price. The limit order book is resilient if it promptly reverts to its normal
shape after large trades (Large 2007). Increased low-latency activity improves traditional market
quality measures - decreasing spreads, increasing displayed depth in the limit order book, and
lowering short-term volatility (Hasbrouck and Saar 2013, Riordan and Storkenmaier 2012).

Further, there is an increase in execution costs and volatility when limit order books are
displayed publicly. An increase in transparency reduces liquidity (Madhavan et al. 2005). Rosu
(2019) shows that competition among speculators reveals much private information to the public,
and the value of the information decays very fast. This speed increases the aggressiveness of the
traders, leading to higher price volatility. Malceniece et al. (2019), using the European equity
markets data, show that high-frequency trading (HFT) leads to increased liquidity, which is
somewhat offset by an increase in comovement. Comovement affects how shocks are transmitted
between stocks and, thus, the level of systemic risk. HFT has two opposing effects on the cost of
capital. Firstly, HFT leads to increased comovement in returns, and liquidity is associated with
cross-sectional returns that increase the cost of capital. On the other hand, HFT also increases the
level of liquidity, which tends to lower the cost of capital.

Eaton et al. (2022) contrast outages at Robinhood, a platform more popular with
inexperienced investors than traditional retail brokers, showing that herding by inexperienced
investors can create inventory risks and harm liquidity in stocks with high retail interest, while
other retail trading improves market quality. Leverage attracts speculative traders who do not
necessarily contribute to market quality. By providing leverage, financial intermediaries
exacerbate speculation, which increases trading volume and their intermediation revenues, but this
is at the expense of traders' profits and social welfare (Heimer and Simsek 2019). Retail trading
activity positively affects the volatility of stock returns, which suggests that retail investors behave
as noise traders (Foucault et al. 2011). Further, Foucault et al. (2005) find that the proportion of
patient traders in the population and the order arrival rate are the key determinants of the limit
order book dynamics. Traders submit aggressive limit orders (improve upon quoted spreads by
large amounts) when the proportion of patient traders is large or when the order arrival rate is low.

For this reason, markets with a high proportion of patient traders or a small order arrival

rate are more resilient. Also, a reduction in the tick size reduces market resiliency and, in some



cases, increases the average spread. Baker and Stein (2004) discuss that market liquidity can be a
sentiment indicator. An unusually liquid market is one in which pricing is dominated by irrational
investors, who tend to underreact to the information embodied in either order flow or equity issues.
Thus, high liquidity is a sign that the sentiment of these irrational investors is positive and that
expected returns are, therefore, abnormally low.

Market liquidity is an important indicator representing the market depth and showing the
absorption power of risk premium on trading execution. It also affects price discovery and market
efficiency. We can improve market efficiency by increasing market liquidity. More precisely, a
decline in the market price uncertainties and increased market liquidity leads to more efficient
markets. Further, market liquidity is essential for financial system stability. Maintaining sufficient
liquidity under normal conditions will autonomously improve market stability by expanding the
market boundaries and improving the participants' confidence in market sustainability. (Muranaga
and Shimizu 1999).

To better understand these aspects and the impact of FT on limit order book price-volume
structure, we analyze Nasdaq data at the minute level to test hypotheses that are a feature of
efficient markets and relevant to aspects such as market liquidity and financial stability. The main
testable hypothesis of the paper is that FT does not have any impact on the market liquidity, i.e.,
FT has no impact on the price levels and the order book dynamics. According to this hypothesis,
the limit order book should be similar during pre-and post-FT, i.e., to buy/ sell a certain volume of
shares, the change in the price levels should be similar as pre-and post-FT (controlling for time of

the day, day of the month and month of the year, to try to have clear comparison observations).

3. Data
This section presents the details of the data sources used in the study. Order books are the primary
source of market data. They provide real-time updates throughout the day, reflecting all trading
activities. The order books reveal the market depth throughout the day by listing the number of
shares being bid on or offered at each price point. Market depth is the key indicator of liquidity
and the potential price impact of sizable market orders.

We use Historical Total View-ITCH data from Nasdaq, providing historical tick-by-tick
Nasdaqg order data. It allows subscribers to track individual orders for equity instruments from

placement to execution or cancellation. The data comprise the time-sequenced messages



describing the history of trade and book activity. Each message is time-stamped to the nanosecond
and hence provides a detailed picture of the trading process and the state of the Nasdaqg book. We
use the Historical Total View-ITCH data during the trading hours (09:30 — 16:00) for February
2019, July 2019, November 2019, February 2020, July 2020, November 2020, February 2021, July
2021, and November 2021. The stocks chosen for this study are Apple (AAPL), Amazon (AMZN),
Google (GOOG), and Tesla (TSLA), as these are the stocks with the most trades during the day.
These stocks cover, on average, 15— 20 % of the daily traded value (see Fig. 2).1! We perform this
analysis for both the buy and sell sides. To test the hypothesis, the analysis is done for November
2019 (pre-FT) vs. February 2020 (post-FT). Further, we also performed the analysis for February
2019 vs. February 2020, November 2019 vs. November 2020, February 2019 vs. February 2021,
and November 2019 vs. November 2021 to compare at the month level to deal with any calendar
effect that could be present in the study. As there was a stock split for Apple and Tesla in August
2020, we performed the month-wise comparison analysis using July 2019 vs. July 2020 (instead
of November 2019 vs. November 2020) for these stocks. Also, we leave out the 2021 comparison

to avoid any ambiguity in results due to the stock split for these stocks.

11 Further, the processing of these daily tick-by-tick Nasdaq data files is a highly time intensive and requires large
storage spaces for data processing and analysis. This also becomes a constraint in terms of how many stocks and days/
months we can analyze. We have ensured that our data is a good representative sample using daily trade value to select
the stocks for analysis. We also select months before and after fractional trading to gauge the effect of fractional
trading on order book dynamics. Further, to cancel any calendar effect, we analyze and compare numbers for same
months in different years for the representative stocks.



Fig. 2: Percentage of average daily traded value
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This figure presents a stacked bar chart with the average percentage of traded value for Apple, Amazon, Google, and
Tesla during the trading day for the months under study. We see that post-FT, these four stocks account for 15-25%
of the average daily traded value.

4. Analysis by top 5 and top 10 best quotes

In this first part of the analysis, we fetch the best 5 and 10 quotes at each minute for the stocks
under study. Then, we calculate the cumulative volume of shares of the stock till the best 5 (10)
quote price is reached. We get the change in price, defined as Aps = ps — p1; Ap1o = P10 — P1-
Similarly, we calculate the change in the cumulative volume of the shares of the stock traded. We

get the change in cumulative volume as Aqs = qs — q1; Aq10 = 910 — 91 Further, we calculate

the slope of the price-volume structure (i.e., price impact factor), PIFs = 2—55; PIF,, = 2210,
5

Aqyo

Using these price impact factors, we test the changes observed in the price-volume structure post-
introduction of FT.

4.1. Empirical Tests and Results — Buy Side

In this section, we perform the analysis for the buy and sell sides. We compute the price impact
factor at each minute level for all the trading dates during the months under study and perform the
test for equality of means and variances. In Table 1, we present the results of the test based on the

analysis of the best 5 quotes at each minute.*?

12 The results for tests based on the analysis of the best 10 quotes are presented in Appendix section A.1.



Table 1 shows that the averages of the slopes (buy-side) are statistically different pre- and
post-FT. The results suggest that the price impact factors increased in February 2020 (post-FT) vs.
November 2019 (pre-FT) by 56%, 124%, 100%, and 171% for Apple, Amazon, Google, and Tesla,
respectively. This suggests that placing a buy order for these stocks costs significantly higher post-
FT. Further, Apple's price impact factors are 75% and 50% higher for February 2020 vs. February
2019 and July 2020 vs. July 2019, respectively. For Amazon, the price impact factors have
increased by 93%, 124%, 145%, and 472% for February 2020 vs. February 2019, November 2020
vs. November 2019, February 2021 vs. February 2019, and November 2021 vs. November 2019,
respectively. For Google, the price impact factors have increased by 130%, 40%, 145%, and 273%
for February 2020 vs. February 2019, November 2020 vs. November 2019, February 2021 vs.
February 2019, and November 2021 vs. November 2019, respectively. Furthermore, we find the
price impact factors for Tesla are 156% and 332% higher for February 2020 vs. February 2019
and July 2020 vs. July 2019, respectively.

Furthermore, we also analyze variances in the slope of the limit order book. We find that
the variances of price impact factors are significantly different and have increased in February
2020 vs. November 2019 by 3, 18, 20, and 10 times for Apple, Amazon, Google, and Tesla,

respectively.'®

13 Except for Amazon (February 2020 vs February 2019 and February 2021 vs. February 2019), the variances of price
impact factors are statistically different and significantly higher post- FT.



Table 1. Price Impact Factor (buy and sell sides) using the best 5 quotes at each minute level

PIF5
AAPL AMZN GOOG TSLA

Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side
Dates Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20
Mean -0.0009 | -0.0014* 0.001 0.0013* -0.0025 | -0.0056* 0.0028 0.0048* -0.0015 | -0.0030* 0.0014 0.0026* -0.0017 | -0.0046* 0.0024 0.0062*
Ratio of Means 1 147 1 1.36 1 2.26 1 1.74 1 1.96 1 1.82 1 2.69 1 2.59
Variance 3E-08 9E-08* 1E-08 5E-08* 2E-07 3E-06* 4E-07 2E-06* 1E-08 2E-07* 3E-08 5E-07* 7E-08 TE-07* 2E-07 1E-06*
Ratio of Variances 1 3.36 1 3.63 1 18.14 1 4.88 1 19.81 1 16.11 1 9.89 1 4.84
Dates Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20
Mean -0.0008 | -0.0014* | 0.0008 0.0013* | -0.0029 | -0.0056* | 0.0021 0.0048* | -0.0013 | -0.0030* | 0.0011 0.0026* | -0.0018 | -0.0046* | 0.0017 0.0062*
Ratio of Means 1 1.74 1 1.63 1 1.89 1 2.28 1 2.27 1 243 1 2.56 1 3.64
Variance 2E-08 9E-08* 2E-08 5E-08* 7E-06 3E-06 8E-08 2E-06* 1E-08 2E-07* 4E-09 5E-07* 1E-07 TE-07* 1E-07 1E-06*
Ratio of Variances 1 3.83 1 241 1 0.42 1 26.79 1 20.22 1 110.46 1 5.27 1 10.1
Dates Jul'19 Jul'20 Jul'19 Jul'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Jul'19 Jul'20 Jul'19 Jul'20
Mean -0.001 | -0.0015* | 0.0007 0.0019* | -0.0025 | -0.0056* | 0.0028 0.0103* | -0.0015 | -0.0021* | 0.0014 0.0029* | -0.0019 | -0.0082* | 0.0022 0.0043*
Ratio of Means 1 1.46 1 243 1 2.26 1 3.69 1 14 1 2.03 1 4.25 1 191
Variance 7E-08 3E-09* 7E-09 9E-08* 2E-07 TE-07* 4E-07 4E-06* 1E-08 5E-07* 3E-08 6E-08* 7E-08 2E-06* 5E-07 2E-07
Ratio of Variances 1 1.56 1 12.62 1 4.09 1 10 1 45.08 1 1.97 1 35.93 1 0.51
Dates Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21
Mean -0.0029 | -0.0071* | 0.0021 0.0111* | -0.0013 | -0.0025* | 0.001 0.0042*
Ratio of Means 1 2.38 1 5.17 1 1.93 1 3.89
Variance 7E-06 3E-06 8E-08 2E-06* 1E-08 2E-07* 4E-09 1E-07*
Ratio of Variances 1 0.36 1 26.72 1 194 1 32.29
Dates Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21
Mean -0.0025 | -0.0143* | 0.0028 0.0127* | -0.0015 | -0.0056* | 0.0014 0.0073*
Ratio of Means 1 5.74 1 454 1 3.62 1 5.00
Variance 3E-07 4E-06* 4E-07 8E-06* 1E-08 2E-06* 3E-08 3E-06*
Ratio of Variances 1 22.96 1 18.18 1 148.09 1 104.78

This table presents the results of the tests for equality of means and equality of variances of the averages of the slopes of the order books (i.e., price impact factors) using the best 5 quotes on the buy and sell sides at each minute
level. The results suggest that the averages of slopes are statistically different pre- and post-FT. The price impact factor has increased post-introduction of FT significantly. Note: The number of observations for the analysis is

391 for the monthly comparison tests, and * suggests that mean/ variance is statistically different in post-FT compared to pre-FT.




4.2. Empirical Tests and Results — Sell Side
Table 1 shows that the averages of the slopes (sell-side) are statistically different pre- and post-
FT. The results suggest that the price impact factors have increased in February 2020 vs. November
2019 by 30%, 71%, 86%, and 158% for Apple, Amazon, Google, and Tesla, respectively. This
suggests that placing a sell order for these stocks post-FT costs significantly higher. Further, for
Apple, the price impact factors are 63% and 171% higher for February 2020 vs. February 2019
and July 2020 vs. July 2019, respectively. For Amazon, the price impact factors have increased by
129%, 268%, 429%, and 354% for February 2020 vs. February 2019, November 2020 vs.
November 2019, February 2021 vs. February 2019, and November 2021 vs. November 2019,
respectively. For Google, the price impact factors have increased by 136%, 107%, 320%, and
421% for February 2020 vs. February 2019, November 2020 vs. November 2019, February 2021
vs. February 2019, and November 2021 vs. November 2019, respectively. Furthermore, the price
impact factors for Tesla are 265% and 95% higher for February 2020 vs. February 2019 and July
2020 vs. July 2019, respectively.

Furthermore, we also analyze variances in the slope of the limit order book. We find that
the variances of price impact factors are significantly different and have increased in February
2020 vs. November 2019 by 4, 5, 16, and 5 times for Apple, Amazon, Google, and Tesla,

respectively.4

5. Analysis by fixed cumulative volume

As a robustness check, in this section, we set the cumulative volume at 50,000 shares and collect
its corresponding price for each stock at each minute (see Fig. 3). Then, we compute the change
in price, Apsg 000 1.€., the change in price to place a buy/ sell limit order of 50,000 shares of the

stock under study. Further, we calculate the slope of the price-volume structure, i.e., the price

impact factor, slopesg goo = ﬁ. Using this price impact factor, we test the changes observed

in the price-volume structure post-introduction of FT.
Finally, we also calculate the number of steps required to place a limit order to buy/ sell

50,000 shares at each minute level and denoted this variable as stepssg ggo. Further, using the

14 Except for Tesla (July 2020 vs. July 2019), the variances of price impact factors are statistically different and
significantly higher post- FT.



steps, we calculate the average tick size (defined as the minimum price movement of the stock) at

Apso,000

each minute level. We define average tick size as average tick size = pro—
50,000

Fig 3. Limit order book structure with fixed cumulative volume at 50,000 shares
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This figure illustrates a hypothetical limit order book structure with a fixed cumulative volume of 50,000 shares.

In what follows, we use these variables to perform equality of means and equality of variances

analysis for the buy and sell sides.

5.1. Empirical Tests and Results — Buy Side

Table 2. presents the test results based on the analysis of slopes pre- and post-FT. We can see that
the averages of the slopes (buy-side) when we fix cumulative volume at 50,000 shares are
statistically different pre- and post-FT. The results suggest that the price impact factors have
increased in February 2020 vs. November 2019 by 44%, 178%, 22%, and 210% for Apple,
Amazon, Google, and Tesla, respectively. This suggests that placing a buy order for these stocks
post-FT costs significantly higher. Further, for Apple, the price impact factors are 86% and 67%
higher for February 2020 vs. February 2019 and July 2020 vs. July 2019, respectively. For
Amazon, the price impact factors have increased by 52%, 204%, 145%, and 570% for February
2020 vs. February 2019, November 2020 vs. November 2019, February 2021 vs. February 2019,
and November 2021 vs. November 2019, respectively. For Google, the price impact factors have



increased by 38%, 44%, 100%, and 428% for February 2020 vs. February 2019, November 2020
vs. November 2019, February 2021 vs. February 2019, and November 2021 vs. November 2019,
respectively. Furthermore, we find the price impact factors for Tesla are 226% and 313% higher
for February 2020 vs. February 2019 and July 2020 vs. July 2019, respectively.

Furthermore, we also analyzed variances in the slope of the limit order book. We find that
the variances of price impact factors are significantly different and have increased in February
2020 vs. November 2019 by 5, 13, 2, and 5 times for Apple, Amazon, Google, and Tesla,
respectively.

Next, we analyze the average number of steps required to place an order for 50,000 shares.
Table 3. presents the test results for the equality of the average number of steps needed to place an
order for 50,000 shares and their variances during the month at each minute level of pre-and post-
FT.

Table 3 shows that the average number of steps (buy-side) when we fix cumulative volume
at 50,000 shares are similar for Apple, Amazon, Google, and Tesla pre- and post-FT. This suggests
that there has not been a significant increase in the average number of steps to place an order for
50,000 shares.™

Next, we use these two variables, i.e., the price impact function and the average number of
steps, to calculate the average tick size'®. In Table 4., we present the test results for the equality of
average tick size while placing an order for 50,000 shares and their variances during the month at
each minute level pre-and post-FT.

Table 4. shows that the average tick size (buy-side) when we fix cumulative volume at
50,000 shares is statistically different pre- and post-FT. The results suggest that the average tick
size increased in February 2020 vs. November 2019 by 44%, 174%, 16%, and 219% for Apple,
Amazon, Google, and Tesla, respectively. Further, for Apple, we find the average tick sizes are
50% and 43% higher for February 2020 vs. February 2019 and July 2020 vs. July 2019,
respectively. For Amazon, the average tick size has increased by 39%, 153%, 78%, and 470% for
February 2020 vs. February 2019, November 2020 vs. November 2019, February 2021 vs.
February 2019, and November 2021 vs. November 2019, respectively. For Google, the average

15 In some cases, there has been an increase in number of steps to place an order for 50,000 shares post- FT but the
result is not conclusive. We find similar results for the test of equality of variances.
16 Tick size is the minimum upward or downward movement in the price of a security.



tick size has increased by 21%, 22%, 63%, and 273% for February 2020 vs. February 2019,
November 2020 vs. November 2019, February 2021 vs. February 2019, and November 2021 vs.
November 2019, respectively. Furthermore, we find the average tick sizes for Tesla are 221% and
324% higher for February 2020 vs. February 2019 and July 2020 vs. July 2019, respectively.

Furthermore, we also analyzed variances in the slope of the limit order book. We find that
the variances of average tick size are significantly different and have increased significantly in
February 2020 vs. November 2019 by 11, 52, 2, and 7 times for Apple, Amazon, Google, and
Tesla, respectively.’

17 Except for Amazon (February 2021 vs. February 2019), the variances of price impact factors are statistically
different and significantly higher post- FT.



Table 2. Price impact factor of the price-volume structure (buy and sell sides) while placing an order for 50,000 shares

PIF50k
AAPL AMZN GOOG TSLA

Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side
Dates Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 | Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20
Mean -0.0009 | -0.0013* | 0.0017 0.0036* -0.0023 | -0.0064* | 0.0096 0.0190* -0.0018 | -0.0022* | 0.0033 0.0051* -0.002 | -0.0062* | 0.0042 0.0181*
Ratio of Means 1 147 1 214 1 2.77 1 1.97 1 12 1 1.55 1 3.04 1 4.29
Variance 1E-08 6E-08* 5E-09 9E-08* 1E-07 2E-06* 1E-06 5E-06* 2E-08 4E-08* 9E-08 1E-07* 1E-07 5E-07* 2E-07 1E-06*
Ratio of Variances 1 4.87 1 16.79 1 12.68 1 4.38 1 2.01 1 1.58 1 5.05 1 5.16
Dates Feb'19 | Feb'20 Feb'19 Feb'20 Feb'19 | Feb'20 Feb'19 Feb'20 Feb'19 | Feb'20 Feb'19 Feb'20 Feb'19 | Feb'20 Feb'19 Feb'20
Mean -0.0007 | -0.0013* | 0.0013 0.0036* | -0.0042 | -0.0064* | 0.0124 0.0190* | -0.0016 | -0.0022* | 0.003 0.0051* | -0.0019 | -0.0062* | 0.0055 0.0181*
Ratio of Means 1 1.69 1 2.65 1 1.53 1 1.53 1 1.34 1 1.67 1 3.23 1 3.28
Variance 2E-08 6E-08* 3E-08 9E-08* TE-07 2E-06* 2E-06 5E-06* 2E-08 4E-08* 2E-08 1E-07* TE-08 5E-07* 2E-07 1E-06*
Ratio of Variances 1 3.37 1 3.12 1 2.56 1 2.85 1 2.15 1 5.77 1 7.82 1 441
Dates Jul'19 Jul'20 Jul'19 Jul'20 Nov'19 | Nov'20 Nov'19 Nov'20 Nov'19 | Nov'20 Nov'19 Nov'20 Jul'19 Jul'20 Jul'19 Jul'20
Mean -0.0009 | -0.0015* | 0.0012 0.0029* | -0.0023 | -0.0070* | 0.0096 0.0202* | -0.0018 | -0.0026* | 0.0033 0.0051* | -0.0016 | -0.0066* | 0.0038 0.0225*
Ratio of Means 1 1.64 1 2.82 1 3.01 1 2.09 1 1.41 1 1.56 1 3.94 1 5.89
Variance 2E-08 8E-08* 3E-08 TE-08* 1E-07 4E-06* 1E-06 2E-06* 2E-08 8E-08* 9E-08 4E-07* 5E-08 5E-07* 4E-07 6E-06™
Ratio of Variances 1 3.66 1 2.01 1 274 1 1.52 1 459 1 5.04 1 9.56 1 149
Dates Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21
Mean -0.0042 | -0.0103* | 0.0124 0.0183* | -0.0016 | -0.0032* | 0.003 0.0081*
Ratio of Means 1 2.44 1 1.48 1 1.95 1 2.66
Variance TE-07 3E-06* 2E-06 2E-06 2E-08 TE-08* 2E-08 3E-07*
Ratio of Variances 1 3.87 1 0.98 1 412 1 121
Dates Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21
Mean -0.0023 | -0.0154* | 0.0096 0.0279* | -0.0018 | -0.0095* | 0.0033 0.0147*
Ratio of Means 1 6.6 1 2.89 1 5.08 1 4.47
Variance 1E-07 2E-06* 1E-06 1E-05* 2E-08 3E-06* 9E-08 2E-06*
Ratio of Variances 1 11.37 1 7.95 1 184.88 1 27.34

This table presents the equality of means and variances for the averages of the price impact factor based on the first 50,000 shares on the buy and sell sides at each minute level. The results suggest that the averages of price
impacts are statistically different pre- and post-FT. The slopes have increased post-introduction of FT. Note: The number of observations for the analysis is 391 for the monthly comparison tests, and * suggests that mean/
variance is statistically different in post-FT compared to pre-FT.



Table 3. Number of steps needed to place an order of 50,000 shares pre-and post-FT (buy and sell sides)

steps50k
AAPL AMZN GOOG TSLA

Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side
Dates Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20
Mean 38.95 39.90* 40.94 40.94 50.93 54.70* 53.23 54.85* 51.18 52.18* 54.9 53.84* 51.76 51.82 52.46 49.46*
Ratio of Means 1 1.02 1 1 1 1.07 1 1.03 1 1.02 1 0.98 1 1 1 0.94
Variance 2E+00 1E+00 9E-01 1.81* 2E+01 1E+01 2E+01 1E+01 4E+00 3E+00 4E+00 3E+00 4E+00 16.43* 5E+00 14.13*
Ratio of Variances 1 0.64 1 213 1 0.66 1 0.55 1 0.81 1 0.67 1 41 1 2.65
Dates Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20
Mean 35.17 39.90* 37.05 35.94* 48.37 54.70* 49.57 54.85* 47.58 52.18* 47.84 53.84* 49.02 51.82* 50.09 49.46*
Ratio of Means 1 1.13 1 0.97 1 1.13 1 111 1 1.09 1 1.13 1 1.06 1 0.99
Variance 3E+00 1E+00 6E-01 1.81* 4E+01 1E+01 3E+01 1E+01 2E+00 3.08* 2E+00 2.90* 8E+00 16.43* 1E+01 1E+01
Ratio of Variances 1 0.45 1 2.92 1 0.29 1 0.38 1 2.03 1 1.74 1 2.09 1 1.01
Dates Jul'19 Jul'20 Jul'19 Jul'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Jul'19 Jul'20 Jul'19 Jul'20
Mean 37.52 43.14* 36.9 42.37* 50.93 59.83* 53.23 56.94* 51.18 59.38* 54.9 57.78* 50.76 50.79 50.33 49.64*
Ratio of Means 1 1.15 1 1.15 1 117 1 1.07 1 1.16 1 1.05 1 1 1 0.99
Variance 1E+00 1E+00 7E-01 1E+00 2E+01 30.19* 2E+01 30.94* 4E+00 4E+00 4E+00 4E+00 2E+00 17.08* 4E+00 21.00*
Ratio of Variances 1 0.92 1 1.66 1 177 1 1.49 1 1.17 1 0.96 1 11.16 1 4.82
Dates Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21
Mean 48.37 62.14* 49.56 57.82* 47.58 57.46* 47.84 58.23*
Ratio of Means 1 1.28 1 1.17 1 1.21 1 1.22
Variance 4E+01 43.59* 3E+01 48.91* 2E+00 4.68* 2E+00 3.49*
Ratio of Variances 1 1.14 1 1.60 1 3.09 1 2.09
Dates Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21
Mean 50.93 62.82* 53.23 61.56* 51.18 65.97* 54.89 63.86™
Ratio of Means 1 1.23 1 1.16 1 1.29 1 1.16
Variance 2E+01 61.19* 2E+01 1E+01 4E+00 14.76* 4E+00 12.66*
Ratio of Variances 1 3.59 1 0.66 1 39 1 2.94

This table presents the test results for equality of means and variances for the average number of steps needed to order 50,000 shares on the buy and sell sides at each minute level. Note: The number of observations for the
analysis is 391 for the monthly comparison tests, and * suggests that mean/ variance is statistically different in post-FT compared to pre-FT.



Table 4. Average Tick Size to place an order of 50,000 shares pre-and post-FT (buy and sell sides)

Average Tick Size
AAPL AMZN GOOG TSLA
Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side
Dates Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20
Mean 0.0117 0.0169* 0.0209 0.045* 0.0231 0.0632* 0.0899 0.1843* 0.0183 0.0212* 0.0301 0.0503* 0.02 0.0638* 0.0414 0.1927*
Ratio of Means 1 144 1 2.15 1 2.73 1 2.05 1 1.16 1 1.67 1 3.18 1 4.65
Variance 1E-06 1E-05* 1E-06 1E-05* 5E-06 3E-04* 1E-04 4E-04* 1E-06 3E-06* 8E-06 1E-05* 1E-05 9E-05* 3E-05 2E-04*
Ratio of Variances 1 10.61 1 14.69 1 52.43 1 345 1 242 1 1.66 1 6.89 1 7.54
Dates Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20
Mean 0.0113 0.0169* 0.0184 0.0450* | 0.0454 | 0.0632* | 0.1321 0.1843* 0.0175 | 0.0212* | 0.0333 | 0.0503* 0.0199 | 0.0638* 0.0566 | 0.1927*
Ratio of Means 1 1.49 1 244 1 1.39 1 1.39 1 121 1 151 1 3.19 1 34
Variance 2E-06 1E-05* 5E-06 1E-05* 8E-05 3E-04* 3E-04 4E-04* 1E-06 3E-06* 2E-06 1E-05* 1E-05 9E-05* 5E-05 2E-04*
Ratio of Variances 1 6.79 1 2.88 1 3.03 1 14 1 18 1 5.76 1 9.17 1 3.98
Dates Jul'19 Jul'20 Jul'19 Jul'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Jul'19 Jul'20 Jul'19 Jul'20
Mean 0.0129 0.0184* 0.0173 0.0345* | 0.0231 | 0.0585* | 0.0899 0.1882* | 0.0183 | 0.0223* | 0.0301 | 0.0454* 0.0168 | 0.0712* | 0.0383 | 0.2314*
Ratio of Means 1 143 1 1.99 1 2.53 1 2.09 1 1.22 1 151 1 4.22 1 6.04
Variance 3E-06 1E-05* 6E-06 TE-06* 5E-06 1E-04* 1E-04 2E-04* 1E-06 6E-06* 8E-06 4E-05* 5E-06 8E-05* 4E-05 8E-04*
Ratio of Variances 1 3.88 1 1.23 1 19.71 1 2.04 1 5.74 1 4.85 1 16.82 1 18.95
Dates Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21
Mean 0.0454 | 0.0808* | 0.1321 0.1709* | 0.0175 | 0.0286* | 0.0333 | 0.0712*
Ratio of Means 1 1.78 1 1.29 1 1.63 1 213
Variance 8E-05 5E-05 3E-04 2E-04 1E-06 4E-06* 2E-06 3E-05*
Ratio of Variances 1 0.64 1 0.74 1 2.78 1 10.89
Dates Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21
Mean 0.0231 | 0.1317* | 0.0898 | 0.2545* 0.0183 | 0.0682* | 0.0301 | 0.1117*
Ratio of Means 1 5.69 1 2.83 1 3.73 1 371
Variance 5E-06 1E-04* 1E-04 TE-04* 1E-06 1E-04* 8E-06 1E-04*
Ratio of Variances 1 20.86 1 6.24 1 135.03 1 15.26

This table presents the test results for equality of means and equality of variances of the averages of average tick size to place an order of 50,000 shares on the buy and sell sides at each minute level. The results suggest that the
average tick size is statistically different pre- and post-FT. The average tick sizes have increased post-introduction of FT. Note: The number of observations for the analysis is 391 for the monthly comparison tests, and * suggests
that mean/ variance is statistically different in post-FT compare



5.2.Empirical Test and Results — Sell Side

Further, we also perform the analysis for the sell side.'® We find that the average tick size for the
sell-side when we fix cumulative volume at 50,000 shares is statistically different pre- and post-
FT (please see Table 4.). The results suggest that the average tick size has increased in February
2020 vs. November 2019 by 115%, 105%, 67%, and 365% for Apple, Amazon, Google, and Tesla,
respectively. This suggests that it costs significantly higher to buy these stocks post-FT. Further,
for Apple, we find the average tick sizes are 145% and 99% higher for February 2020 vs. February
2019 and July 2020 vs. July 2019, respectively. For Amazon, the average tick size has increased
by 40%, 109%, 29%, and 183% for February 2020 vs. February 2019, November 2020 vs.
November 2019, February 2021 vs. February 2019, and November 2021 vs. November 2019,
respectively. For Google, the average tick size has increased by 51%, 51%, 114%, and 271% for
February 2020 vs. February 2019, November 2020 vs. November 2019, February 2021 vs.
February 2019, and November 2021 vs. November 2019, respectively. Furthermore, we find the
average tick size for Tesla is 240% and 504% higher for February 2020 vs. February 2019 and
July 2020 vs. July 2019, respectively.

Furthermore, we also analyzed variances in the slope of the limit order book. We find that
the variances of average tick size are significantly different and have increased in February 2020

vs. November 2019 by 15, 3, 2, and 8 times for Apple, Amazon, Google, and Tesla, respectively.*®

6. Conclusion

In this paper, we perform three types of analysis, showing that the market dynamics have
significantly changed post the introduction of fractional trading (FT), along with direct and easier
access to the markets through commission-less trading apps. These two recent developments can
potentially modify the risk appetite of non-professional investors (who are generally myopic and
risk-averse) and create opportunities for portfolio creation and diversification, hence increasing

the demand for stocks.

18 The results for analysis by fixed cumulative volume for the sell side are presented in Appendix section A.2.
19 Except for Amazon (February 2021 vs. February 2019), the variances of price impact factors are statistically
different and significantly higher post- FT.



We find that post-introduction of FT, there has been a significant increase in price levels, price
volatility, and average tick sizes. The results suggest that buying the same number of shares post-
FT costs significantly more. This modifies the price-volume structure and raises concerns about
the fundamental value signal and market liquidity, which are important factors for market
efficiency and stability. Investors are now faced with limit order books that are steeper (high price
impact) and riskier (more volatile). Both of these contribute to market uncertainty that could affect

professional and non-professional investors alike.
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Appendix

A.1. Price Impact Factors using the best 10 quotes



Table A.1. Price Impact factor (buy and sell sides) using the best 10 quotes at each minute level

PIF10
AAPL AMZN GOOG TSLA

Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side Buy-side Sell-side
Dates Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20 Nov'19 Feb'20
Mean -0.0009 | -0.0014* 0.0009 0.0015* -0.0022 | -0.0055* 0.003 0.0064* -0.0015 | -0.0024* | 0.0014 0.0022* -0.0017 -0.0045* 0.0021 0.0059*
Ratio of Means 1 1.48 1 154 1 252 1 211 1 1.62 1 151 1 2.57 1 2.76
Variance 2E-08 9E-08* 1E-08 TE-08* 1E-07 3E-06* 3E-07 4E-06* TE-09 7E-08* 3E-08 3E-07* 6E-08 4E-07* 1E-07 TE-07*
Ratio of Variances 1 3.97 1 5.97 1 24.39 1 125 1 9.42 1 9.54 1 5.93 1 5.39
Dates Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20 Feb'19 Feb'20
Mean -0.0008 | -0.0014* | 0.0008 0.0015* | -0.0029 | -0.0055* | 0.0024 | 0.0064* | -0.0013 | -0.0024* | 0.0011 0.0022* | -0.0017 | -0.0045* | 0.0018 0.0059*
Ratio of Means 1 1.75 1 177 1 1.92 1 2.65 1 1.81 1 2.03 1 2.54 1 3.25
Variance 2E-08 9E-08* 2E-08 TE-08* 2E-06 3E-06* 1E-07 4E-06* 1E-08 7E-08* 4E-09 3E-07* 1E-07 4E-07* 9E-08 TE-07*
Ratio of Variances 1 3.73 1 4.53 1 1.33 1 30.79 1 5.39 1 62.31 1 321 1 7.56
Dates Jul'19 Jul'20 Jul'19 Jul'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Nov'19 Nov'20 Jul'19 Jul'20 Jul'19 Jul'20
Mean -0.001 | -0.0016* | 0.0007 0.0019* | -0.0022 | -0.0058* 0.003 0.0139* | -0.0015 | -0.0022* | 0.0014 0.0030* | -0.0019 | -0.0068* | 0.0025 0.0047*
Ratio of Means 1 1.63 1 2.53 1 2.64 1 4.58 1 1.45 1 2.06 1 3.56 1 1.82
Variance 6E-08 2E-07* 6E-09 9E-08* 1E-07 6E-07* 3E-07 3E-06* 7E-09 1E-07* 3E-08 5E-08* 6E-08 1E-06* 1E-06 3E-07
Ratio of Variances 1 2.69 1 14.47 1 5 1 10.91 1 22.79 1 1.84 1 184 1 0.26
Dates Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21 Feb'19 Feb'21
Mean -0.0029 | -0.0071* | 0.0024 | 0.0102* | -0.0013 | -0.0026* | 0.0011 0.0041*
Ratio of Means 1 2.48 1 421 1 1.95 1 3.78
Variance 2E-06 2E-06 1E-07 1E-06* 1E-08 2E-07* 4E-09 1E-07*
Ratio of Variances 1 0.99 1 9.12 1 13.63 1 23.61
Dates Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21 Nov'19 Nov'21
Mean -0.0022 | -0.0147* 0.003 0.0124* | -0.0015 | -0.0053* | 0.0014 0.0068*
Ratio of Means 1 6.63 1 4.09 1 3.54 1 4.64
Variance 1E-07 2E-06* 3E-07 4E-06* TE-09 1E-06* 3E-08 2E-06*
Ratio of Variances 1 13.94 1 13.86 1 143.15 1 67

This table presents the results of the tests for equality of means and equality of variances of the averages of the slopes of the order books (i.e., price impact factors) using the best 10 quotes on the buy side at each minute level.
The results suggest that the averages of slopes are statistically different pre- and post-FT. The price impact factor has increased post-introduction of FT significantly. Note: The number of observations for the analysis is 391 for
the monthly comparison tests, and * suggests that mean/ variance is statistically different in post-FT compared




