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Abstract

This paper studies the implications of a simple theorem, which states that for arbi-
trary underlying dynamics and diffusive information flows, the cumulants of Bayesian
beliefs have a recursive structure: the sensitivity of the mean to news is proportional
to the variance; the sensitivity of the nth cumulant to news is proportional to the
n + 1th. The specific application is the US aggregate stock market, because it has
a long time series of high-frequency data along with option-implied higher moments.
The model qualitatively and quantitatively generates a range of observed features of the
data: negative skewness and positive excess kurtosis in stock returns, positive skewness
and kurtosis and long memory in volatility, a negative relationship between returns and
volatility changes, and predictable variation in the strength of that relationship. Those
results have a simple necessary and sufficient condition, which is model-free: beliefs

must be negatively skewed in all states of the world.

1 Introduction

Motivation

The US stock market is a compelling laboratory for studying belief dynamics: not only is
it deeply important intrinsically, it also is the single richest source of data on expectations.
Under very general conditions — not even requiring complete rationality — a security’s price is

the expected discounted value of its future cash flows. In that sense, the stock market has over
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a century of data on expectations, in modern times at frequencies that are nearly continuous,
and furthermore data on options gives measures of higher-order moments of beliefs.! This
paper’s basic goal is to understand the dynamics of beliefs in a general model of information
acquisition, and in particular to understand relationships among the conditional moments.

In the US stock market, there is an extremely strong negative relationship between the
aggregate level of prices (e.g. the level of the S&P 500) — again, expectations — and their
conditional variance. That negative correlation is known as the leverage effect.? Many
models have been proposed to explain that phenomenon. A very natural hypothesis is that it
comes from high volatility raising discount rates (French, Schwert, and Stambaugh (1987)).
However, the link between volatility and risk premia is surprisingly tenuous.® Instead, we
follow a different strand of the literature, focusing purely on dynamics of beliefs.* Part of our
aim is to understand whether there is a necessary and sufficient condition for belief dynamics
to be associated with a leverage effect.

Beyond that first relationship, there are numerous other features of returns to under-
stand — negative skewness and positive excess kurtosis in returns, positive skewness and
excess kurtosis along with long memory in the volatility of returns, and a strong relationship
between conditional skewness and the future covariance between prices and volatility. No
other dataset provides the same granularity when testing a model of beliefs.

Contribution

The basic structure of the paper is to generate predictions from a very general model of
belief formation and then examine them quantitatively in stock market data.

The theoretical structure is built around the idea that agents fundamentally want to know
the discounted value of a security’s cash flows. There are many ways that cash flows and
information can be modeled, but they are all broadly asking how expectations are updated
as information arrives. We therefore study a simple but general setup: the NPV follows
some arbitrary process, and agents continuously receive signals about it, which represent in
reduced form the aggregate of all the information people observe in reality. Since the NPV

process is essentially unconstrained, the analysis nests a wide range of specifications that

IThe VIX volatility index (based on the so-called model-free implied variance of Britten-Jones and Neu-
berger (2000)) is the most well-known option-implied moment. Work on option-implied distributions goes
back to Breeden and Litzenberger (1978).

2See Merton (1980) and French, Schwert, and Stambaugh (1987), among many, many others.

3See Lettau and Ludvigson (2010) for a review. Moreira and Muir (2017) show how an investor historically
could have taken advantage of this fact.

4Among others, see David (1997), Veronesi (1999), Weitzman (2007), David and Veronesi (2013), Collin-
Dufresne, Johannes, and Lochstoer (2016), Johannes, Lochstoer, and Mou (2016), Kozlowski, Veldkamp,
and Venkateswaran (2018), Farmer, Nakamura, and Steinsson (2024), Wachter and Zhu (2023), and Orlik
and Veldkamp (2024). While those papers aassumem rationality, there is also a large behavioral literature
that focuses on belief dynamics, e.g. Gennaioli, Schleifer, and Vishny (2015).



have been studied in the literature.

The results are stated in terms of the cumulants of agents’ conditional distributions for
the NPV (which we refer to as fundamentals). Recall that the first three cumulants of a
distribution are equal to the first three central moments (in the specific results, we do not
go past the third cumulant). The paper’s main theoretical result is a transparent recursive
relationship among the cumulants. Specifically, the sensitivity of the first moment (which is
the price agents will pay for the security) to news is proportional to the second moment, and
in fact the sensitivity of the nth cumulant to news is proportional to the n 4+ 1th cumulant.

The paper’s core motivating fact is that aggregate stock returns are negatively correlated
with innovations to volatility. When agents are learning about fundamentals, that happens
if and only if agents’ conditional third moment for fundamentals is negative, and in fact
the magnitude of the return-volatility relationship is proportional to the conditional third
moment, representing a strong and testable prediction.

Beyond sensitivity, the theorem also yields expressions for the drift in the cumulants. In-
terestingly, mean-reversion in volatility is generically nonlinear: instead of depending on the
current level of volatility, the drift in volatility is proportional to its square. That fact yields
the sort of long memory that has been observed in stock market volatility. Rather than re-
quiring a highly complicated model, or even any particular assumptions about fundamentals
at all, long memory is an inevitable feature of information acquisition.?

Long memory also represents a prediction that is distinct from what would be implied by
a model in which the leverage effect is driven purely by risk premia. A second prediction that
also distinguishes the model is that the magnitude of the leverage effect should be related
to the current conditional skewness of returns, and with a specific value for the coefficient,
which we confirm in the data.

After developing a few more theoretical results, we move on to a quantitative analysis of
the model’s predictions. First, we examine a very simple parametric model with three free
parameters that has the characteristics we find are necessary for matching the data. That
model (with a constant probability of exponential jumps) is able to match the first four mo-
ments of returns, volatility, and changes in volatility, along with volatility’s autocorrelations
and its relationship with returns. The results have two implications. First, they show the

mechanism is quantitatively relevant. Second, the addition of an extremely simple learning

SThere is a long-running literature on long memory in stock market volatility going back to Mandelbrot
(1963). It is sometimes modeled as being fractionally integrated, and such processes can be constructed as
the sum of an infinite number of independent components (e.g. Granger (1980) and Mandelbrot, Calvet,
and Fisher (1997)). A simple univariate example of nonlinear decay in uncertainty is to note that with a
Gaussian prior with variance o3 and Gaussian signals with variance 0%, the posterior variance after obsering

N signals is (0(7 24N 052)71, which shrinks polynomially rather than geometrically.



process is enough to generate significant nonlinearity — enough to match what is observed in
stock return dynamics.%

Second, and perhaps more relevantly, we show how to derive nonparametric predictions
from the model — tests and estimates that can be obtained without knowing anything about
the underlying dynamic process for fundamentals. First, the model has predictions for the
relationship between volatility, its own lag, returns, and skewness, that we test and find
hold well in the data. Second, it is possible to estimate agents’ implied uncertainty about
the level of fundamentals without knowing the underlying model. In US stock market data,
we estimate that uncertainty to have a standard deviation of between 11 and 18 percent.
In a survey administered by Yale University since the 1980’s, cross-sectional disagreement
about the fundamental value of the stock market has a standard deviation of 17 percent,
which provides some independent support for our estimate (subject to the usual caveat that
disagreement and uncertainty are theoretically distinct).

Stepping back

At a high level, the paper is about sufficient statistics. Without knowing the full model
that agents believe drive fundamentals, we can still obtain strong implications for how beliefs
are updated based on current beliefs. That basic fact has a surprising implication when it is
reversed: by observing the local behavior of expectations — in our empirical setting, the local
behavior of prices — it is possible to recover global features of beliefs, i.e. the conditional
moments. Return volatility, even just within a single day, measures agents’ uncertainty
(and, again, we can put a number on that). The volatility of volatility measures the agents’
conditional third moment.

On some level, that is inevitable — beliefs are the state variable, so they must determine
the local behavior of prices. What is surprising, though, is that the relationships are uni-
versal, and not dependent on the underlying process, so it is possible to recover moments
completely nonparametrically.

Past work

As discussed above, this paper is most closely related to past work studying non-Gaussian
filtering problems, including Veronesi (1999), David and Veronesi (2013), and Kozlowski,
Veldkamp, and Venkateswaran (2018), among others. The first two papers study learning
about states, while the last is about learning about time-invariant parameters, but both
types of learning are accommodated within our setup. A general feature of non-Gaussian

learning is that is not very tractable — solutions are often characterized in terms of some

6 Again, past work noted above has shown that learning can help explain stock return dynamics. The
point here is that these results are extremely general and robust and not dependent on the specific settings
studied in past work.



differential equation that must be solved numerically. This paper makes some progress on
that front because it is able to directly describe the dynamics of key features of interest —
agents’ conditional moments — in a general setting.

Additionally, an important distinction from past work is that even though we assume
agents know the structure of the economy (which is not to say that they know the value
of the parameters, just that they know the structure and what parameters they need to
estimate), it is still possible to obtain testable predictions even if the econometrician does
not know the true underlying structure, and in fact it is even possible to estimate agents’
conditional uncertainty about fundamentals.

Outline

The remainder of the paper is organized as follows. Section 2 describes the model struc-
ture and gives the main theoretical result. Section 3 then examines the theoretical predictions
and section 4 studies some extensions and robustness to certain assumptions. Last, sections
5 and 6 take the model to the data, studying both a calibration and nonparametric tests of

the theory, and section 7 concludes.

2 Model setup and solution

We motivate the analysis in terms of asset prices, and this section begins by describing
the simple asset pricing framework we study. It is designed to lead to a standard filtering
problem. The solution to that problem — in theorem 1 — is in fact a general result on Bayesian

filtering, and not dependent on the asset pricing application.

2.1 Model setup

2.1.1 Dynamics of fundamentals

We assume stocks pay some cash-flow D; and that there is a stochastic discount factor M,
such that conditional on any information set Z;, prices are (emphasizing their dependence

on the information set)
o0
Dt+th+s

ds | 7, 1
T | Z, (1)

Pt(It):E[

This specification nests a wide range of models — the stochastic discount factor encodes
risk aversion and any other drivers of state prices and can, under certain assumptions, also
represent distortions in beliefs. All the results can easily be mapped into settings where state

prices are not at issue, such as surveys of expectations, by simply setting M, =1V t.



At any given time, we represent the full set of information that an agent could possibly
know by 6;. The fundamental value of the asset is its price conditional on complete knowledge
of 6,,

X; = P, (6) (2)

While the class of admissible processes for D and M is very broad, it is not completely
unconstrained. Instead of restricting them directly, though, we instead make assumptions
about X itself, as it is the primary object of interest. A structural model will have implica-
tions for the dynamics of D and M, and one can then ask whether the induced X satisfies
our assumptions. The necessary restrictions on X are reported as assumptions 1 and 2 in
appendix A.1.1.1. The key requirement is that the pair {X, 6} is a Feller process (a slightly
restricted version subset of the Markov processes). Examples of such processes are Brownian
motions, jump diffusions, Levy-stable processes, and [to semimartingales — in short, almost
anything studied in economics. There is no requirement that X or 6 is stationary at any
order, and all of its moments need not exist (i.e. it may be heavy-tailed).

{X, 0} additionally can be the outcome of a learning model. For example, cash-flows
might have a mean growth rate that is unknown, and then 6 includes the entire history of
cash-flows as part of the current state. Essentially what the Feller assumption rules out is
just that the dynamics of {X, 6} are discontinuous in terms of the state. For example, the

mean of X cannot shift discretely when the state 6 crosses some boundary.”

2.1.2 Information flows

We assume that agents observe a history of signals denoted by Y*. If the payoff-relevant
information in Y* is a subset of that in 0; (i.e. P (Y* 6;) = P;(6;)), then we have, by the
law of iterated expectations,

P (Y)=E [Xt | Yt} (3)

(3) is a standard filtering problem. In principle all that is left is to specify Y. We can use
a simple expectation here because X itself already includes risk adjustments represented in
state prices via the M process.

The one final wrinkle is that because aggregate stock prices display trend growth, they
are typically modeled in logs. If X is an arithmetic process (which it might in the case of

inflation or interest rates), we could directly apply (3). To analyze stock prices, which are

"That might be a problem in certain models of bankruptcy, for example.

In principle, the results hold when 6, is an element of a much more general class of topological spaces, and
the Feller property is probably not strictly necessary. For example, under certain assumptions, the results
here also hold when the state 6, is itself a function (e.g. a cross-sectional distribution).



typically modeled as a geometric process, we restate the filtering problem in logs,

p = Bz |Y'] (4)
where x; = log X, (5)

and p, is the log of the price agents actually pay, given Y. That is the single approximation
step in the analysis. Transformations like this are not uncommon — analyses very often
rely on the Campbell-Shiller approximation, for example, and an alternative would be to
motivate (4) that way. Clearly by treating log prices as the expectation of log fundamentals,
a form of (relatively mild) risk aversion appears here.®

Last, we must specify how information arrives. We assume that all of the agents’ infor-

mation is generated via the process
d}/t = Itdt + UY,tth (6)

where oy, follows some exogenous process (subject to assumption 3 in appendix A.1.1.1) and
the information set Y represents the history of the Y process up to date t.° A reasonable
benchmark is that oy, is constant, but it could also vary over time, giving a form of time-
varying uncertainty. Furthermore, full information is nested as oy; — 0.

Obviously this is not the only possible information structure. Agents could receive signals
about nonlinear functions of z;, such as its moments, or about 6;, which might contain
relevant information about the future path of x. Additionally, they might draw inferences
about 6, from realized cash-flows.!® The Y process can be thought of as a simplification that
captures all the information agents receive in a single factor. And given that x represents
how agents would value stocks if they had complete information, it makes a certain amount
of sense to assume that it is what agents learn about. The assumption that information
flows diffusively also matters for the analysis, but it is not completely restrictive — section
4.2 discusses how the results apply when information may arrive discretely or when there
are large information revelation events. The analysis is extremely general in the dynamics
for fundamentals, represented by z, but pays for that generality with a somewhat tight
restriction on the information structure.

The structure here is motivated by a pricing problem, but it is a much more general

8We directly specify equation (4), essentially as a behavioral assumption, rather than starting from the
Campbell-Shiller approximation, precisely because it is transparent about exactly what the elision is here.

9Formally, it is measurable with respect to the filtration induced by Y;

1ONote that in the case of US stocks, cash-flows are strictly pre-determined. Dividends, for example, are
announced well in advance of their payment.



setup. x is just some latent object of interest — it could be trend inflation, for example.
Then E [z, | Y] would represent agents’ expectations of trend inflation given their history

of signals.

2.2 Solution to the filtering problem

We describe the dynamics of beliefs about fundamentals by describing the dynamics of
the cumulants of agents’ posteriors. Formally, the cumulants are the derivatives of the log
characteristic function (properly factoring out powers of v/—1),!! but for the purposes of this
paper we will only focus on the first three, which are equal (for all distributions for which
they exist) to the first three central moments. In other words, almost nothing will be lost

7 is substituted for “cumulant” in everything that follows.

here if the word “momen
Denote the n-th cumulant of the time-¢ conditional distribution of x; by &, ;. Since the

first cumulant is the expectation, p, = k1.

Theorem 1 Given (6) and restrictions on x; given in appendiz A.1.1, for all n for which

the n + 1th cumulant exists'?

R, 1 - n
ARt = ;Lt (dY; — By [z] dt) — —— Z O‘§‘ )Hj,t’fn—j+2,tdt + Ey [d (l'f)] (7)
O-Y7t O-Y,t j=2

where B[] = E[- | Y] and the coefficients {ag-k)} are given in appendiz A.1.1.

That result follows from a straightforward application of textbook results in Lipster and
Shiryaev (2013) and Bain and Crisan (2009).' The most valuable feature of theorem 1 is
that it shows that the sensitivity of each cumulant to signals is proportional to the current
value of the next cumulant.

The first three cumulants, since they are equal to the first three moments, are worth

writing out directly.

1The cumulants are sometimes defined as the derivatives of the cumulant generating function,
log E [exp (sz)], but that may not exist. The characteristic function always does, and when both functions
exist, they have the same derivatives up to the v/—1 scaling.

12Gince the cumulants are derivatives of a function, if Kn+1,t exists then all lower-order cumulants also
exist. Note that the distribution of z; conditional on Y is necessarily subgaussian, meaning that all moments
and cumulants exist (Guo et al. (2011)). So the restriction to n such that the n + 1th cumulant exists may
possibly be satisfied for all n for all processes, but we have not been able to verify that.

13Theorem 1 is closely related to results in Dytso, Poor, and Shamai (2022), with two key differences.
First, x; here is dynamic instead of constant. Second, theorem 1 enables the calculation of the evolution
of the conditional cumulants from knowledge only of the priors. Surprisingly, as Dytso, Poor, and Shamai
(2022) discuss, there do not appear to be any other earlier precedents to the family of results in their work
and ours.



Corollary 2 The dynamics of the first three moments/cumulants are

K
dpy = dryy = % (dY, — E, [z, dt) + E, [du,] (8)
vt
2
K K
dvary [x;] = dkoy = JTM (dY; — B[z, dt) + E; [d (27)] — UTz’tdt (9)
Y.t Yt
K . 3
dEt [(xt — Et [l’t]):s} = d/‘i&t = % (d}/t — Et [.Tt] dt) + Et [d (33?)} — 07527'5“3#56# (10)
Yt Yt

The paper’s predictions follow from these equations. Their key feature for our purposes is
that the innovations in the cumulants are themselves multiplied by cumulants. The current
cumulants are therefore sufficient statistics for their own dynamics, up to the E;[d (z})]
terms, which depend on the dynamics of fundamentals.

The intuition for the result is simple: the filtering gain, K114 /af,vt, is a local regres-
sion coefficient. For the mean in equation (8), for example, the numerator xo; is equal to
covy (x4, dY;) /dt and the denominator is equal to var; (dY;) /dt, so their ratio is exactly the re-
gression coefficient. Similarly, k3, = £ [(xt — FE, [xt])g] is equal to covy ((xt — FE, [xt])z ,dYt) /dt,

S0 fi34/0%, is again a regression coefficient.

3 Predictions

We now examine the predictions of theorem 1 for the behavior of returns, beginning with

volatility.

3.1 Volatility and the leverage effect

For stocks at high frequency cash flows are predetermined, and in any case the variance of
changes in cash flows for the aggregate US stock market at even the monthly frequency is
tiny compared to changes in prices.!* We therefore treat return volatility as equal to price

volatility. Formalizing the discussion above, we have

Corollary 3 The instantaneous volatility of prices and hence returns is

std (dp,) = :—ffdtm (11)
¢

14The historical variance of monthly returns 2.85 x 1073, while the variance of dividend growth is over
600 times smaller — 4.46 x 1076,



Again, the conditional volatility of prices depends on agents’ current posterior variance
over fundamentals, k2,. So, up to oy, price volatility measures uncertainty. If we can mea-
sure oy, (which we show how to do below), then we can also measure investors’ uncertainty

about fundamentals, Ko .

Proposition 1 The instantaneous coefficient in a regression of changes in the conditional

variance of returns on price changes is

cov (dpt, d [std (dpy) dt‘l/Q]) Y

var (dp) " OyiRoy

(12)

The presence of a leverage effect — a negative correlation between changes in volatility
and prices — is completely determined by the third moment of agents’ conditional distribution
and the noise in agents’ signals. The necessary and sufficient condition for the existence of
a leverage effect is that k3, < 0: there is a leverage effect if and only if agents’ posterior
distribution for fundamentals is negatively skewed. And the fact that we observe a leverage
effect in the aggregate US stock market in nearly all months in the data, including during
severe downturns, then implies that the conditional skewness is negative in essentially all
states of the world (at least among those in our sample).

The intuition here is straightforward: a negative third moment means that the right tail
of the conditional distribution is shorter than the left. When agents receive good news about
fundamentals, that tells them they are likely on the narrower side of the distribution, and
their conditional uncertainty falls. That intuition is generic — it is not dependent on the
details of the specification. And, additionally, the value of theorem 1 is that it formalizes
that intuition and shows that the third moment — as opposed to other concepts of asymmetry,
like quantiles or higher-order moments — is in fact that correct measure to capture such an
effect.

Figure A.1 plots monthly estimates of the leverage effect in the S&P 500 since 1990. The
point estimate is negative in all but a single month in 1990 (and that value is not statistically
significant), implying that investors have had negatively skewed conditional distributions for
fundamentals consistently over the sample — in both good times and bad. The relationship
has additionally strengthened over time, which would be consistent with a decline in &g ;.

We return to this point further in section 6.

3.2 Slow decay in volatility

The second term in (9) shows how volatility decays. When ks, (and hence also price volatil-

ity) is high, /i;ta;idt also grows, pulling volatility back down towards its steady state. Inter-

10



estingly, though, unlike standard time-series models (e.g. an AR(1) or Ornstein-Uhlenbeck
process), the mean reversion is quadratic, so that the rate of mean reversion rises more than
proportionately with increases in volatility.

There is a large empirical literature studying nonlinearity in volatility dynamics in secu-
rities markets. The form of mean reversion here is consistent with that literature, in that
the decay is non-exponential.'> When jumps up in kg, are large relative to its steady-state
value, its decay is approximately of the form 1/ (a 4+ At) for a coefficient a (that depends
on the other parameters of the model), and where At is the time since the shock. That is
exactly the polynomial decay studied in the literature on long memory in volatility.

Intuitively, volatility decays nonlinearly because the degree to which agents respond to
signals (i.e. the magnitude of the gain) is increasing in uncertainty. When uncertainty is
high, agents update strongly in response to signals and learn quickly. As uncertainty falls,
agents update less strongly and learning slows. While that phenomenon is well known in
linear Gaussian filtering problems (it is a core feature of the Kalman filter), equation (9)
shows it is actually a general feature of filtering problems.

The end result is that when investors are learning about fundamentals dynamically, long
memory should be expected almost generically.!’® We examine the model’s ability to fit

detailed data on volatility dynamics in more detail in section 6.

3.3 Skewness in returns

Since the price process, p, is a diffusion, its instantaneous skewness is not well defined

formally. Skewness arises as returns interact with changes in volatility. Informally, to first

order in oy (A2,

K
skewsiiar (dpy) = S%UYJ (At)l/2 (13)
2t
= 3skew; (xy) mé{f(jy,t (14)

That is, the conditional “instantaneous” skewness of returns again depends on the second
and third moments of the posterior. As At — 0, skewness goes to zero. But, locally, it
scales with skew; () mé{fayjt. That fact provides a link between indexes of the conditional

skewness of returns (skew; ;1 a¢ (dpy)), such as the CBOE’s option-implied skewness, and

15See Corsi (2009) for a discussion of some of the evidence (going back at least to Ding, Granger, and
Engle (1993)) along with the fact that the data is generally consistent both with strict long memory and
also processes that simply approximate it, since formally long memory is defined asymptotically

16The “almost” here is because the effect can be quantitatively small. For small fluctuations, quadratic
and linear mean reversion are indistinguishable.

11



the conditional skewness of fundamentals, skew, (x;), which determines the leverage effect.

3.4 Skewness in volatility

In the data, the VIX is itself skewed. Table 1 in the quantitative analysis below shows that is
true of both its level and monthly changes. The source of that effect is visible if we combine
equations (9) and (13) (with At — dt) to obtain
k d
st (digg) o 1RO P Rz (15)

2
3 Oy

All else equal, the volatility of innovations to ko, scales with kg, itself. When ko, falls
towards zero, the volatility of its innovations quickly becomes much smaller, while they
grow when sy, rises. That effect creates a long right tail in the level of ko, itself, and any
skewness in ko, itself is also inherited by dkg;. Past work (e.g. Bollerslev, Tauchen, and
Zhou (2009)) has emphasized the importance of time-varying vol-of-vol. This present model
gets it through an endogenous mechanism. Note also that this variation does not just come

from the volatility of fundamentals following a nonlinear process, as in Cox, Ingersoll, and

Ross (1985).

3.5 Summary

To briefly summarize the results so far, simple filtering predicts a leverage effect if and
only if k3; < 0, and more generally for k3, # 0, long memory in volatility, skewness in
returns for, skewness in both levels and changes in volatility, and time-varying volatility of
volatility. None of this requires any mechanism more complicated than Bayesian updating

in the presence of nonzero higher moments.

3.6 Examples

This section briefly considers two simple examples. Section 5 studies in much more depth a
quantitatively realistic example.

3.6.1 Linear Gaussian process

If x is a linear Gaussian process (with a Gaussian prior at ¢ = 0), then the model’s solution
is the Kalman filter. p is a linear function of the history of signals; its gain, and hence

conditional variance, eventually converges to a constant; and its conditional skewness and

12



all higher moments are always equal to zero. There is then no leverage effect, volatility of
volatility, or skewness in expectations or volatility, as is well known.

As is well known, the Kalman filter, and hence the class of linear Gaussian processes,
can accommodate parameter learning (Hamilton (1994)). Parameter learning can thus be

accommodated within the dynamics for z, both in the Gaussian and non-Gaussian case.

3.6.2 Markov switching process

Veronesi (1999) studies a two-state switching model in which the latent state x; switches
between a low and a high value at rates Ay, and Ay, respectively, and agents have a
Gaussian signal as required in theorem 1. In this case, the low and high values of x; can be
normalized to 0 and 1 without loss of generality (see also Hamilton (1989)).

Agents’ posterior at any given time has only a single parameter, 7;, their posterior
probability that x; = 1. The conditional variance and third moment of x;, which drive price
dynamics, are simple functions of 7;:

Koy = m(1—my) (16)

)

K3t = (1 — 27Tt) X Kot (17)

The variance here then is a bell-shaped function of m;, peaking at 1/4 for 7, = 1/2, and
declining to zero on both sides, and sign (k3:) = sign (% — 7Tt). Economically, when 7, is
near 1 so that agents are confident they are in the good state, volatility is low, but the third
moment is strongly negative, so there is a leverage effect. However, when a bad state is
realized and investors have seen enough signals to be confident in that, so that m; is near
zero, the leverage effect reverses: agents no longer worry about the economy getting worse,
so there is only upside and x3; > 0.

These results illustrate the importance, in the context of the leverage effect, of agents
continuing to learn in bad states. If learning stops once agents know the economy is in a

recession, then the leverage effect disappears or even reverses.

4 Extensions and robustness

4.1 Inferring global properties of beliefs from local information

Theorem 1 says that the local properties of prices are determined by sufficient statistics
describing the global properties of beliefs about fundamentals. So far we have analyzed

what is required of those global properties in order to generate local price behavior observed
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empirically. This section reverses the analysis: how can we use local information about prices
to learn about global properties of beliefs?

Under theorem 1, prices follow a diffusion with volatility k2:/0y;. There are standard
results that then allow for consistent estimation of the diffusive volatility based on high-
frequency observations of prices. Those methods therefore allow for real-time estimation
of kat/oys — a property of beliefs depending on the full probability distribution — without
knowing any of the underlying parameters of the model. That is, subject to some potential
contamination from oy, it is possible to estimate a global feature of beliefs — the variance
— in real time using only local variation in prices.

A similar argument holds for the x3,; process. Since the local volatility of prices is ko /0y 4,
the volatility of volatility, from theorem 1, is k3 ;/ O'%/’t. There are also nonparametric methods
for estimating volatility-of-volatility from high-frequency price data. As with volatility itself,
an estimate of volatility-of-volatility — or, for that matter, of the strength of the leverage

effect — yields global information about investor beliefs, in this case 3,/07;,.

4.2 Discrete information revelation events

Dytso, Poor, and Shamai (2022) prove the following discrete version of theorem 1. Instead
of assuming a diffusive information flow, this result is for a signal with strictly positive
information content (i.e. a positive precision or finite variance), meaning that the cumulants

also update by discrete amounts.

Proposition 2 [Dytso, Poor, and Shamai (2022), equation (52)] For a random variable x;

and a signal y; ~ N (z4,0%),

d

d_yﬁj (ze | ye = a) = kj41 (21 | e = a) (18)

where k; (zy | yo = a) is the jth posterior cumulant of x; conditional on observing y, = a.

Proposition 2 shows that the type of recursion in theorem 1 continues to hold for discrete
revelation events — diffusive information coming in infinitesimal increments in continuous
time is not necessary for the central results. At the same time, it shows that normality is
important — we can drop continuity, but proposition 2 still requires normality.!” That said,

proposition 2 also shows why continuous time is useful here: the prior cumulants determine

1"Dytso and Cardone (2021) explore related results for non-Gaussian variables, but do not derive a power
series result. It is possible to derive a similar result for certain other special cases, e.g. when the likelihood
is exponential or Poisson.
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sensitivities, rather than the posterior cumulants that appear in (18). In continuous time
the cumulants follow continuous processes, so the prior and posterior values are essentially

identical.

4.3 Is it possible to track just a subset of the cumulants?

When looking at theorem 1, a natural question is whether it is possible to ignore the higher-
order cumulants and just focus on, say, the first three. The short answer is no. There is no
class of distributions for which there exists an n such that ,, = 0 for all n > n, except for
the normal for which n = 3. So while it is natural and intuitive, the normal distribution is
also an extremely special case, in that there is no other distribution that is even qualitatively
similar in terms of the behavior of its higher cumulants.

Additionally, since the gain of the nth cumulant is proportional to the value of the n+ 1th,
it cannot be the case that, for example, all the odd cumulants are always equal to zero — the
odd cumulants update depending on the value of the even ones, so if any even cumulants
are nonzero, then the odd ones are eventually also. Moreover, if any of the higher cumulants
is ever nonzero, then the distribution is permanently non-normal (since a Gaussian update
of a non-normal distribution always yields a non-normal posterior), and all of the higher
cumulants vary over time according to the dynamics in theorem 1. Those facts are also ways
of seeing why there are no simple closed-form solutions to special cases of filtering problems

outside the normal distribution.

5 Illustrative calibration

This section presents a simple quantitative example. We first use it to illustrate the model’s
core mechanisms by looking at impulse response functions, and then examine the extent
to which the qualitative predictions above map into quantitatively reasonable behavior.
The example demonstrates the extent to which layering incomplete information over simple
dynamics for fundamentals can generate severe nonlinearities that help fit a range of features
of empirical data on aggregate stock returns. That said, it is important to emphasize that the
simulation results are just an example. Their failure to match the data on some dimension
does not mean that there is no model with the sort of learning we have studied so far
that would do better, just that the exact specification detailed in this section is (obviously)

imperfect.
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5.1 Model setup and solution

Fundamentals have an average growth rate of g with occasional exponential downward jumps

where N is a Poisson process with constant rate ¢ and J; is an exponential random variable
with mean \. ¢p\dt ensures that mean price growth is equal to ¢.*® The only free parameters
determining dynamics are ¢, A\, and oy; g plays no role except to generate positive average
returns.

If the jumps J; are large and rare, then this can be thought of as a disaster model.
Smaller and more frequent jumps might be thought of as representing recessions.

The analytic results in principle require tracking an infinite number of cumulants over
time. To simulate, we simply discretize the model — i.e. treat x; as discrete Markov chain
— and then directly calculate the updates using exact formulas via Bayes’ theorem. In the

discretization, the fundamental unit of time is taken to be a day.

5.2 Parameter selection

We obtain parameters through simple moment matching — this is not a full-blown estimation
exercise. The moments used for fitting are discussed in appendix A.1.5. The parameter
values are {¢, A\, oy } = {0.00037,0.43,2.89}, where the time unit is taken to be a day. The
value of ¢ implies that disasters occur on average once every 10.7 years, and A implies that
the average decline in fundamentals is 43 log points. The noise in signals, o, is 289 log
points per day. To get a sense of scale, if, hypothetically, agents had a prior variance for
fundamentals of co and fundamentals were constant, after one year of observing such signals
their posterior standard deviation would be 0.11 in logs. We set ¢ = 0.07 to match the

historical equity premium.

5.3 Impulse response functions

This section examines two impulse response functions — to errors in the signal, oy dW;, and
to fundamentals, J;dN;. Since the model is nonlinear, impulse responses differ depending on

the state of the economy. We construct the IRFs by first simulating a long period in which

18The reduced-form process for = can easily be generated by assuming that cash-flows follow the same
jump process. Positive risk premia can be generated by assuming the SDF is also driven by the same jumps
(but with the opposite exposure).
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agents observe dY; = 0 (i.e. assuming z; = 0 and that agents have just observed the mean
signal), and then shocking either the noise or the fundamental.

We calibrate the noise shock to accumulate over the course of one month and represent
a 2.4-standard deviation negative surprise (i.e. it is a 1-in-10 year event). Specifically, over
the 21 trading days of the month, agents observe in each period (which is discretized in the
simulation) AY; = —2.40y/v/20. Since the model is nonlinear, the size of the shock affects
the dynamics, and we choose a large shock to help illustrate the nonlinear effects.

Figure 1 plots the response of prices and volatility to the shock. The first month in
the figure is the period in which the shock occurs. As agents observe the negative signals,
prices fall and volatility rises. It is possible to see that those effects are convex. Given the
results above, as uncertainty (and hence volatility) rises, prices become more sensitive to
signals, with the result that the response of prices over the course of the month is concave,
with prices declining progressively faster. When the shock ends, prices and volatility revert,
but the recovery is very slow: volatility only gets close to its starting point after about a
year, and in the same time prices have recovered only about half of their decline. The fact
that prices recover initially quickly and then slowly is again a consequence of the volatility

dynamics: the recovery of volatility and uncertainty itself slows the recovery in prices.

Figure 1: Response to negative error in the signal
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Note: The left-hand panel plots the IRF for prices — the conditional expectation of x — and the right hand
for the conditional standard deviation of prices. The shock is a one-time unit standard deviation negative
error in the signal (i.e. a negative realization of oy dWV.

The second IRF is more standard — just a one-time unit-standard deviation (43 log points)
decline in x;, with AY; = x;At in each period (i.e. agents see a signal that happens to have

no noise, but, again, they still update beliefs as though there is noise).
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Figure 2: Response to a negative realization of fundamentals
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Note: These plots are the same as in the previous figure, except they correspond to the IRF for a negative
realization of fundamentals. Specifically, the IRF for prices is the average path of prices when x = —\

compared to x = 0, and the right-hand panel is the same for price volatility.

The left-hand plot in figure 2 shows that the decline in prices is again nonlinear — it ac-
celerates before slowing, with the initial declines equal to 0.063 percent per day, accelerating
to 0.1 percent per day at their peak. It takes about two years for prices to fully incorporate
the drop in fundamentals. Similarly, the peak in volatility actually comes over a year after
the occurrence of the shock, with the recovery taking years more. This is therefore a model
in which disasters take years on average to fully play out. They are not one-time events, but
rather involve rich dynamics, which price declines accelerating and volatility accumulating

over time.

5.4 Simulation results

The IRFs are in the end very stylized — they show responses to specific shocks and assuming a
very particular path for the signals (and any single path is inevitably unlikely). Simulations
are a better way of seeing what the full behavior of the model really is and how well it
compares to the data.

Figure 3 plots the simulated time-series of fundamentals, x, and prices, p, with the
mean growth rate removed to help readability. Prices track fundamentals reasonably well,
but clearly there can be large deviations. In some cases, fundamentals jump down and it
takes time for prices to catch up, and there are also clear cases of prices jumping down

“erroneously” (based on hindsight or on knowing the true state) and then recovering.

18



Figure 3: Simulated time series of fundamentals and prices
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Note: “Fundamentals” is the simulated x process, and “prices” is the simulated x; process. The mean
growth rate has been removed to help make the figure readable.

We begin by examining unconditional moments for returns and the VIX in the model
and the data in tables 1 and 2. Across the 13 moments, the model broadly matches the data,
missing on only the most extreme statistics. Looking at returns, it has similar volatility and
skewness, but kurtosis is too small by half. Note that kurtosis is necessarily the most weakly
estimated of the three and most strongly driven by outliers. For returns scaled by lagged
volatility, the model generates somewhat less kurtosis and skewness than is observed in the
data, possibly indicating that it is failing to capture some intraday dynamics.

Table 2 shows that the model matches the data in terms of the unconditional standard

deviation, skewness, and kurtosis for the VIX, both in levels and daily changes.

Table 1: Daily return moments

R, R/VIX, 4
Moment Data Model Data Model
Std. dev. 1.49 1.21 1.00 1.00
Skewness -0.16 -0.18 -0.58 -0.20
Kurtosis 19.4 104 5.5 3.1

Note: The table reports moments of the daily returns distribution, in the model and in the data.
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Table 2: VIX moments

Level Daily change
Moment Data Model Data Model
Std. dev. 7.9 7.4 1.6 1.1
Skewness 2.17 2.3 147 042
Kurtosis 1141 104 299 21.2

Corr. w/ R, N/A N/A -0.70 -0.90

Note: The table reports moments of the VIX (level and daily changes), in the model and in the data.

Figure 4 plots the behavior of asset prices in a century of data simulated by the model.
The shocks fed into the simulations are random, and not drawn to match the realized dy-
namics of stock returns over the past century. The simulations are just meant to evaluate
whether the model’s behavior resembles what is observed empirically.

Panels (a), (b), and (c) show that the model generates stock returns and volatility that
appear, both in levels and changes, highly similar to what is observed empirically. Mean
stock returns here are set to zero, but any value can be achieved simply by modifying the
dynamics of x — the model’s testable predictions are about covariation among moments,
rather than the mean of returns. The empirical analogs are reported in figure A.2 (though,
again, what should match is the moments, not the specific realized paths of the variables).

Panel (d) shows that the behavior of skewness across horizons is also similar, though
it accumulates somewhat more slowly in the model. Panels (e) and (f) report results for
volatility dynamics. Panel (e) shows that the scatter plot of market returns against changes
in the VIX is, in gross appearance, extremely similar in the model and data.

Panel (f) plots the multiplicative inverse of the autocorrelations of the VIX in the data
and the model. Under the hypothesis that the autocorrelation in the VIX at lag j is ap-
proximately proportional to 571, the plot will be a straight line. On the other hand, if they
decay geometrically, as they would (at least asymptotically) in an ARMA process (and at all
lags in an AR(1), then the inverse autocorrelation curve will be convex. The values in the
simulation and data are similar, and neither displays significant convexity, consistent with
the presence of polynomial decay (and hence long memory).

The results in this section show that the model is able to match key features of the data

not just qualitatively but also quantitatively.
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Figure 4: Simulation results
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Note: The plots are various outputs of a 100-year simulation of the model based on the parameters
discussed in the text.
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6 Estimated volatility dynamics and investor uncer-

tainty

The analytic results in section 3 have specific implications for the dynamics of volatility
and the leverage effect. This section focuses on estimating the regressions motivated by the
model-implied dynamics for volatility. They deliver two key outputs: estimates of the noise

in investors’ signals and tests of overidentifying restrictions.

6.1 Regression setup

Combining equations (11), (9), and (13), we have

1 1 1 1
d[std (dp)] = —E; [d (2})] + = <At‘1/25k:ewt_>t+m (dpy) —) dp, — — [std (dp,)]” dt

Oyt Oy 3 Oy
(20)

If x has independent increments and oy is constant — as in the quantitative model — then
the first term is a constant.

What is particularly interesting about this regression is that it gives two separate esti-
mates of the parameter oy (when it is constant). The coefficient on [std (dp;)]* depends on
oy since the average decline in uncertainty depends on the rate of information flow, and
the coefficient on skew x dp depends on % for the same reason. In addition to giving two
estimates of a structural parameter, the regression therefore also has a testable implica-
tion, that the coefficient on (Atil/st:ewt_}HAt (dpy) %) dp; should be the square of that on
[std (dp,)]” dt.

For now we treat oy as constant — the estimates can be thought of informally as measuring

an average value of oy;. We relax that assumption below.

6.2 Data

We estimate the regression (20) for two markets. The first, given our focus on the stock
market, is the S&P 500. For that case, we proxy for std (dp;) with the Cboe VIX index
(rescaled consistent with the time units). For the return dp, we use the log return on
the CRSP total market index. Last, for skew;, we use the Cboe SKEW index (properly

transformed to correspond to a conditional skewness coefficient).!” The At~'/2 term in

That is, denoting the index value by SKEW¢, we have that the skewness coefficient for returns is
skew, (r) = (100 — SKEW <) /10.
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parentheses in the middle term corresponds to the horizon at which skewness is calculated.
We treat a unit of time as a day, so At = 21, representing 21 trading days, which is the
approximate horizon of the Cboe SKEW index (one calendar month). We include the factor
3, so that the regressor is (3 x skewS¢ x 21), where skewS* is the transformed Choe

SKEW index. The top-left panel of figure 5 plots the Cboe VIX and the bottom-left implied

skewness over our sample period. %

Figure 5: Time series of VIX and Skew for S&P 500 and natural gas
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Note: Time series plots for the VIX and implied skewness for the S&P 500 and for natural gas. All series
are monthly average of the corresponding daily series.

The S&P 500 implied skewness is almost exclusively negative, and returns are strongly
negatively skewed. For the second market to use for estimation, we therefore looked for
a large and economically significant market that displays positive skewness and settled on
natural gas. For the underlying —i.e. to calculate dp, — we use natural gas futures returns
from the CME. We then use options on futures to calculate implied volatility and skewness
using methods analogous to those used by the Cboe for the S&P 500 VIX and SKEW

20The Cboe skew index can be converted to an implied skew by subtracting 100 and multiplying by —0.1.
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indexes.?! The time series of the implied volatility and skewness for natural gas are plotted
in the right-hand panels of figure 5. Due to the seasonality in natural gas prices, we include
contract fixed effects in the volatility regressions for natural gas.

In addition to the differences in skewness, the S&P 500 is generally viewed as being
significantly more important systematically — since it represents a nontrivial part of aggre-
gate wealth — so if one was concerned about the results for the S&P 500 being somehow
contaminated by risk premia, that should be much less of a concern for natural gas.

There are many other underlyings that could be studied, like individual stocks, bonds,
and other commodities. The two markets here are simply meant to illustrate the model’s
core mechanisms and show that, as a first pass, they map somewhat reasonably into the
data.

6.3 Results

Table 3 reports results of the regression implied by (20) for the S&P 500 and natural gas.
The first and third columns report the baseline results The coefficients are highly statistically
significant and have the expected sign. Under the model, if the various assumptions we made
V2skew; iy a (dpy) %) should
be the square of the coefficient on std;_, (dpt)Q. The bottom row of the table tests that
hypothesis. For the S&P 500 the t-statistic is -1.05, while for natural gas it is -0.66, so

the relative values of the coefficients are well within the range expected given statistical

to derive the regression here are true, the coefficient on (At‘

uncertainty.

In the data, [std (dp,)]* is naturally fairly strongly correlated with std (dp,) itself, so one
question is which dominates — the model says it should be [std (dp;)]*. The second and fourth
columns of table 3 test that proposition by including both in the regression. [std (dp,)]* does
in fact appear to dominate. For the S&P 500, its t-statistic is larger by a factor of 4 than
that for std (dp;), and it remains marginally statistically significant (at the 10-percent level).
For natural gas, the coefficient on std (dp;) is statistically insignificant and economically
indistinguishable from zero.

Similarly, we can ask whether it is (At_l/ 2skew;_yiq At (dpy) %) dp; that dominates or sim-
ply the return, dp;. The third and sixth columns of table 3 test that by including both
variables. In this case, dp; turns out to have a very slightly higher t-statistic for the S&P
500, but both variables remain individually highly significant. For natural gas,

We thus have a less strong confirmation of the model’s prediction here — dp; should have

been driven out, but it is not. On the other hand, it still does not drive out the correct

21The specific methods are from Dew-Becker (2024).
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Table 3: Volatility regressions

S&P 500 Natural Gas
(1) (2) (3) (4) (5) (6)
VIXE, -0.56%*F  _0.68%  -0.49%F*  _0.87FF*  _1.01%* -0.81%F*
[0.12] [0.38] [0.11] [0.12] [0.43] [0.12]
ﬁskewt_ldpt 0.46%**  (.46%**  (.22%0FF  ().p2FFF () GRrK () 4%k
[0.01] [0.01] [0.02] [0.05] [0.05] [0.05]
VIX; 1 0.005 0.014
[0.010] [0.032]
dpy -0.039%** 0.013%**
[0.004] [0.001]
R? 0.62 0.62 0.65 0.15 0.15 0.20
Test p-value 0.14 0.55

Note: Daily regressions oI Iirst dillerences i the VIX for s&P bUU and daily natural gas volafility
regressions. For the S&P, VIX is the CBOE 30-day VIX and Skew is the CBOE 30-day SKEW index
(rescaled to correspond to 30-day implied skewness). For natural gas, VIX and Skew are option-implied
quantities built from options data using methodologies paralleling the CBOE ones. Given that the natural
gas contracts have varying maturities, we perform a panel regression controlling for contract fixed effects.
Heteroskedasticity-robust standard errors are reported in brackets. Stars indicate statistical significance:
* pi-1, ** pi.05, ***pi.01.

variable, (At™"2skew;_ia¢ (dp:) £) dp;. One possible explanation for this fact is that the
Cboe SKEW index may be relatively noisy, since it is a higher-order moment, which would

V2 skew,yns (dpy) %) dp, (and also bias its coefficient

reduce the explanatory power of (At*
toward zero).

Overall the results show that the model’s basic predictions seem to fit reasonably well,
both for the S&P 500 and natural gas: we have approximately the right relationship between
the coefficients on lagged implied variance and skewness xdp, implied variance drives implied
volatility out of the regression, and skewnessxdp survives the inclusion of the two terms

separately.

6.4 Evidence from volatility of volatility

There is a similar regression for the volatility of volatility. Again using (9) and (13) and
combining now with (15), we have
1 k d
std (d[std (dpy)]) = —— x SKeWrad POl (21)

2
Oy, 3
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This says that the volatility of volatility is proportional to volatility itself times conditional
skewness. (21) now gives us a third estimate of oy, and thus an additional testable prediction
of the model.

For the S&P 500, volatility of volatility is available from the VVIX index, which is an
implied volatility for the VIX itself based on options on VIX futures.?> We again proxy for
volatility and skewness using the CBOE indexes. There is no analog to the VVIX for natural
gas (since there are not options on implied volatility for natural gas), so we only estimate
this regression for the S&P 500.

Table 4 report results from the regression (21). The first column includes a constant —
which is not estimated to be statistically significantly different from zero, consistent with
the model — and the second column eliminates the constant. The coefficient estimate of
about 0.30 is, again, an estimate of 1/0%, and consistent with the estimates from table 3.
The R? in the regression ideally should be 1, and it is certainly not, but at the same time
it is economically large. In addition to simple misspecification, deviations could come from

measurement error in the asset prices or time variation in risk premia.

Table 4: Volatility-of-volatility regressions

(1) (2)

%sketh]Xt 0.30 0.32

005 [0.02]

Constant 5.9x107°  N/A
8.7 x 1079]

R? 0.47 0.85

Note: Daily regressions of the VVIX. Newey—West t-statistics are reported in brackets. Note that in the
second column the R-squared is calculated based on the total sum of squares without demeaning, which
is why it is much larger.

6.5 Comparing estimates of oy for the S&P 500

So far we have three estimates of oy — two from (20) and one from (21). There is also a
fourth regression, related fairly closely to (20). In each month, we can estimate the leverage
effect from a regression of changes in the VIX on market returns (see figure A.1). According
to equation (12), if we then regress the estimated leverage effect in month ¢ on implied
skewness in month ¢ (divided by 3), the coefficient is again an estimate of 1/0%.

Figure 6.5 compares the four different estimates of oy for the S&P 500.

22Really, the VVIX measures the volatility of the log of the VIX. We therefore multiply the VVIX by the
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Figure 6: Comparison of estimates of oy

Note: Each dot is an estimate of oy, and the whiskers represent 95

Estimate (1) is from the coefficient on VI.X;_; in equation (20); (2) is from the coefficient
on lagged implied skewness times market returns in the same regression; (3) is from the
volatility-of-volatility regression (21); and (4) is from the regression of the monthly leverage
effect estimate on option-impleid skewness. The four estimates are all surprisingly consistent,
ranging between about 1.5 and 1.8. Estimates (2)-(4) are all forms of the relationship between
skewness, returns, and volatility. Estimate (1) is somewhat more independent, being based
on the rate of mean reversion in volatility.

Part of what makes these estimates notable is that they are in a sense nonparametric: they
do not require knowledge of the true dynamics of fundamentals. Additionally, the estimates
are not completely inconsistent with the value of 2.89 used in the calibration (which was

obtained from a moment-matching exercise). While the value is higher than those implied

VIX to get the volatility of the VIX in its own units.
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from skewness and the leverage effect (estimates (2)-(4)), it is within the confidence band

for the estimate based on mean reversion in volatility.

6.6 Estimates of investors’ uncertainty about fundamentals

Having estimates for oy allows us to then use the volatility and skewness of stock market
returns to reveal the standard deviation and skewness of agents’ posteriors for fundamentals.

Specifically, recall that

std (dpy) = :—i’tdtm (22)
t
= /ié’/f = (std (dpy) O-Y’tdt_l/2)1/2 (23)

Recall that the scaling of the estimates is for a unit time interval being equal to a day.
The observed historical daily standard deviation of stock returns is about 1 percent. If
oy, is between 1.26 and 3.10 (based on the coefficient on VIX; ; in equation (20), which
is the most conservative of the confidence intervals), that implies that agents’ posterior
standard deviation is between 11.2 and 17.6 percent. The £2 standard deviation range for
fundamentals around the current price for the aggregate stock market is then between +£22.4
and £35.2 percent.

Similarly, we can get an estimate of average skewness in beliefs. One-month return skew-
ness is historically approximately -2.2 (based on the average of the SKEW index). Plugging
that into (13) along with the estimates of ko and oy yields an estimate for the skewness
of fundamentals between -0.29 and -1.13. In the time series, the estimate of conditional
skewness of fundamentals is proportional to the conditional skewness of returns divided by
the square root of the conditional standard deviation of returns.

We have not yet found a survey that directly measures investors’ uncertainty about
fundamentals (e.g. that asks them about probabilities that the fundamental value might
fall in different ranges, as the Survey of Consumer Fxpectations and Survey of Professional
Forecasters do for inflation and other variables). However, uncertainty is sometimes proxied
for by disagreement, so a survey giving a cross-section of estimates of fundamental value
would be one way to validate our estimate of average uncertainty.

The Investor Behavior Project at Yale has a survey of institutional investors that asks
the following question: “What do you think would be a sensible level for the Dow Jones
Industrial Average based on your assessment of U.S. corporate strength (fundamentals)?”
We interpret the answer to that question as each investor’s estimate of E [exp (x;) | Y.
To calculate cross-sectional dispersion, given that the surveys are completed on different

dates by different respondents, we calculate the average squared log difference between each
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investor’s reported fundamental value and the actual value at the time of the survey. The
square root of that average represents a measure of the cross-sectional standard deviation.
The data runs from August, 1993 to July, 2024 and has 8,242 observations. In that
sample, we estimate the cross-sectional standard deviation to be 17.0 percent, which fits
inside the confidence band for uncertainty from equation (23) of [11.2,17.6]. That said, if we
used the narrower confidence bands from the other estimates of oy, the implied uncertainty

would be somewhat lower.

6.7 Summary

Overall, this section shows that the model’s predictions for volatility dynamics match the
data well, both for the S&P 500 and natural gas futures. The prediction for nonlinear mean
reversion — via a quadratic term in the regression — is well confirmed, and in fact it drives out
a linear mean reversion term. The prediction that market returns should be interacted with
a measure of skewness appears not inconsistent with the data, but it is also not dominant —
raw returns themselves are still a significant predictor of the change in conditional volatility.

Finally, the coefficients themselves can be mapped into an estimate of oy, the noise in
investors’ signals. The model implies that the rate of mean reversion depends on that noise,
and the estimated confidence interval for that quantity for the S&P 500, [1.26, 3.10], accords
well with the value that we also find works well in the calibration. That estimate then also
implies that investors’ uncertainty about the true fundamental value of stocks — if they had
complete information — is £22 — 35 percent. Moreover, the implied uncertainty matches well

with the Yale IBP survey measure of cross-sectional disagreement.

7 Conclusion

This paper’s main results are fundamentally about how information affects the various mo-
ments of agents’ beliefs in a very simple but standard Bayesian filtering setting. The analysis
is motivated by behavior of the stock market, and the analysis shows both that the theoretical
results can help elucidate one mechanism that generates comovements among many higher
moments of returns, and also that the mechanism can generate quantitatively reasonable
behavior.

But the general model setup that we solve is certainly not applicable just to the aggregate
stock market. The results have implications for beliefs in any setting, whether that be other

financial markets, surveys, or competitive settings.
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A.1 Proofs

A.1.1 Theorem 1

A.1.1.1 Assumptions

Assumption 1 {X,0} follows a Feller process with bounded and smooth functions in the

domain of its extended infinitesimal generator.*

!Feller processes are the subset of Markov processes for which the transition kernel varies continuously
with the state. Throughout, we work with the cadlag modification of ;. For the definition of Feller processes
and a proof of the existence of their cadlag modification see Chapter 3, Section 2 of (Revuz and Yor 1999).
If Z is a Feller process, a measurable function f is said to belong to the domain of the extended infinitesimal
generator of Z if there exists a measurable function G¢ such that, a.s., fot |Gr(Zs)|ds < oo for every ¢, and

f(Z)— f(Zo) — fot G(Zs)ds is a right-continuous martingale for every initial state z ((Revuz and Yor 1999),
pg. 285).
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t t
Assumption 2 Almost surely, / |zs|ds < oo for all t, and / E[z?)ds < oo for all t.
0 0

Assumption 3 For all t, the noise volatility satisfies

t
P </ oy ds < oo) =1, (A.1)
0

0<o” <oty (A.2)
t
ove =y < Ly [ (V= TK(s) + Lol ~ Vi) (A3)
0
t
T L [ (YIRS + Lol +Y7), (A4
0

whereY and Y are two different realizations of the signal process, L1 and Ly are non-negative
constants, and K(t) is a non-decreasing right-continuous function satisfying 0 < K(t) < 1
for all t.

A.1.1.2 Proof

Lemma 1 Let ¢, (w) = Elexp(iwz,)|Y"] denote the characteristic function of the posterior

distribution of x; conditional on Y. If Assumptions 1-3 are satisfied, then

d)/;g — Et [a;t]dt

dp, (w) = Eqi[d exp(iwr)] + cov(zy, exp(iw,)) p~
vit

Y

where E; and cov; denote the expectation and covariance operators, respectively, conditional

on Y.

Proof. The lemma obtains as an application of Theorem 8.1 of (Liptser and Shiryaev 2013)
by setting hy — exp(iwzy), & — Yy, Ay — y, and By(§) — oy.> We proceed by verifying
that conditions (8.1)—(8.9) of (Liptser and Shiryaev 2013) are satisfied.

Equation (8.2) is simply equation (2) of the paper in integral form. Since f(z) = exp(iwz)
is a smooth and bounded function, by Assumption 1, there exists a measurable function G
such that, almost surely, [ |Gy (x,)|ds < oo for every t and M, = f(z;) — f(wo) — [, Gs(w)ds
is a right-continuous martingale. Therefore, condition (8.1) is satisfied. Furthermore, since
f is a bounded function, so is G;. Consequently, conditions (8.6) and (8.7) are also sat-
isfied. Conditions (8.4), (8.5), (8.9), and the second part of condition (8.3) are satisfied

2The results cited here are stated for real-valued functions. However, they can trivially be extended to
the complex-valued function z — exp(iwz) using the identity exp(iwz) = cos(wz) + isin(wz) and separately
considering the real and imaginary parts of the function.
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by Assumption 3. Finally, condition (8.8) and the first part of condition (8.3) are satis-
fied by Assumption 2. Applying Theorem 8.1 and noting that the Brownian motion W, is

independent of x;, we get

" covy (s, exp(iwzs))

t
Ei[exp(iwx;)] = Eglexp(iwzo)] —|—/ E[Gf(xs)|ds +/ . dW,, (A.5)
0 0 Y,s
where Ly p
L olrds (A.6)
0 O-Y,s
Or equivalently,
. , ay, — Ey|z,|dt
dE[exp(iwz)] = Ei[Gy(xt)]dt + cove(zy, exp(zth))tTt[t]. (A.7)
it
On the other hand, by the definition of Gy,
dexp(iwzy) — Gy(xy)dt = dM,, (A.8)

where M, is a martingale. Therefore, E;[Gf(z;)|dt = E;[dexp(iwz,)]. ™

Theorem 1 Let ki, denote the kth cumulant of the posterior distribution of x, conditional
on Y. Suppose the n + 1th moment of the posterior distribution and the nth moment of x;

exist, and Assumptions 1-3 are satisfied. Then for every k < n,

k
K 1
diine = Bold(2f)] + —52 (dY, — Eelwi]dt) — —— > o\ bk jiadt, (A.9)
UY,t UY,t =2
where a§k) are constants, defined recursively as follows: oz;2) =1, and

1+al? ifj=2
o =8 ol a3 <<k (A.10)

oM ifj=k+1

Proof. By Lemma 1 and It6’s lemma,

_ Ey[dexp(iwzy)] +(:ovt(yct, exp(iwz,)) dY; — Ey[z,]dt 1 (covt(xt, exp(ith)))2 gt

dlo w) = : : - ;
8 Pu(w) E[exp(iwz;)] E[exp(iwz;)] oy, 20%, Ey[exp(iwy)]
(A.11)

Since the posterior distribution of z; has n 4+ 1 moments, it also has n+ 1 cumulants and the
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corresponding characteristic function has n 4+ 1 derivatives at w = 0, where the cumulants
are related to the derivatives of the characteristic function via®

e d

dwk

Kkt =1 log g, ;(w) (A.12)

w=0

The key step is to differentiate equation (A.11). Differentiating the left-hand side with

respect to w and applying the dominated convergence theorem we get

dF .
d (W log g, ,(w) w:o) = delik,t. (A.13)

For the first term on the right-hand side of (A.11), since z; has n moments, for any w in

a sufficiently small neighborhood of the origin,

E¢[d exp(iwz;)] = Z (Z;d') E[d(x])] + o(w™ ). (A.14)
Jj=0 '
Therefore,
—kE [d exp(iwx)] = ¥ g:l ME (d(z])] = i*Ey[d(z])] (A.15)
T T D W '
for any k£ < n + 1. On the other hand,
E¢[d exp(iwzxy)] }w:O =0, (A.16)
Eqfexp(iw,)]| _, = 1. (A.17)
Consequently, for all £k <n +1,
d* E,[d exp(iwz;)]
Al
dwk Eylexp(iwzy)] | _g (A.18)
- LB deplive)]| -+ Bidexplivn)]-r (Bfexpir)])
= B foxplion)] A exp (iwxy . tld exp(iwzy)] -~ (Eefexp(icz, »
(A.19)
= i"E[d(z}))]. (A.20)

3All the results on characteristic functions, moments, and cumulants used here can be found in Chapter
2 of (Lukacs 1970).
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For the second term on the right in (A.11), note that

covy(zy, expliwzy))  Eylxy expliwx)] 4 d
= —E =7 —1 —E . A21
E;[exp(iwzx)] E[exp(iwzxy)] o] =1 dw ® #re() ol ( )
Therefore,

d* covt(a:t,exp(iwa:t)) dYy — Eqfwdt 1 drtt log o, () dY; — Bz 15‘22)

dwt  Ejexp(iwz,)] |,_, oy, dwk+1 ’ "m0 03,
= LY, Bylndt) . (A.23)

Oyt

Finally, we compute the derivative of the last term in (A.11) using induction. To simplify
the notation, let f~'-Llog e, (w) and ¢ = E[z,]. We are interested in the kth derivative of

s (f (w) — ¢)® evaluated at w = 0. In what follows, we first prove by induction that

d (f'(w)—c® LN i
g = @) = @) + Y el fO @) f ), (A.24)

Jj=2

(k+1)

where constants a; are as in the statement of the theorem. Note that

d (f/(w)_c>2 - / "
ST (1) - o), (A.25)
L / IEPAY
FIL 2 _ (pw) - @) + (72 (A.26)
Therefore, the induction base holds with
ag) =1
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Now suppose the induction hypothesis holds for k. Then,

A (f ) = )

duwk+1 2

= (f' (w) — o) [* (W) + fO(w) fE () (A.27)

+Za ) P () flE-iH2)( +Za’“>f w) fEIT (W) (A.28)

=(f’ (@) =€) fH2 w) + O (w )f’““)(w) (A.29)
k+1 k

20 fO@) fET W)+ Y el [ @) W) (A30)
j=3 J=2

= (f/(w) =) 2 +Z o O () f T ), (A.31)

where a§k+1) is given by (A.10). Noting that f/(0) = ¢ and i 1 f*)(0) = Ky, we get the

following expression for the derivative of the last term in (A.11):

= —5 Z Qs /{] tREk—j+2, tdt (A32)

w=0 UYt 2

d* 1 [covi(exp(iwzy), x;) Zdt
dwk 203, E,[exp(iwz;)]

Putting everything together and canceling the i* constants completes the proof of the theo-

rem. W

Corollary 1 Suppose the Assumptions of Theorem 1 are satisfied, and additionally x; is a

martingale. Then,

K
dp, = —3* (dY, — Eq[z/)dt) , (A.33)
Oy
;2
dvar |z, = 2L (dY, — By[x]dt) — ﬁdt + Ey[(dxy)?), (A.34)
Yt Yt
3 Kap 3K K3t 9

dEt [(xt — Et [l’t]) ] = (dn Et[l‘t]dt) dt + Et[(dl’t) } + 3COVt(ZE't, (dl‘t) )

UYt UYt

(A.35)

Corollary 1 Suppose the Assumptions of Theorem 1 are satisfied, and additionally x; has
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independent increments. Then,

K
dpy = UT% (dYt - Et[iUt}dt) + Et[dl‘t}a (A-36)
Yt
2
K
dvar,[z,] = "2 (dY; — Byladt) — —2Ldt + By[(dx,)?, (A.37)
Yt Oy
K 3Ko 1K
dE, [(x — B, [1:))"] = 5% (dY; — Eqlag]dt) — Z2220dt + Ey[(day)?). (A.38)
Oyt Oy

A.1.2 Derivation of equation (13)

We calculate the local skewness over a horizon of length At by informally integrating the

differential equation for the first cumulant. Specifically,

Kot o 1k N

Kigeatr = Kig+ %n-"—At + —% (Yﬁmt - UfAt> (A.39)
o 2 o}
Where }A/;A,At = }/I-H»At — }/; — Et:L’tAt <A40)
We then have that

E, [/‘il,t+At] = Kig (A-41)
Et [(fil,tJrAt — Et"£1,t+At)2:| = H§7t0';2At “+ o0 (At) <A42)
E [(K/l,t—i-At - Et’fl,t—&—At)?’} - 3Ii§7tl13?t0';2At2 +o0 (At2> <A43)

So the skewness coefficient is
E [(/ﬁ,t+m - Etl‘£1,t+At)3] - 35%,t/€3,t0;2At2
k (k3,07 2A0)
= 3yl ka0 (A1) (A.45)

. (A.44)
E, [(fﬁ,HAt - Et/fl,t+At) }

A.1.3 Derivation of equation (20)

Starting from equation (9),

AT



Kot I Kay 5 1 [ kor )\’
d| —= = ———>(dY,— E dt) + E; |d —— | == | dt A.46
(UY,t> Oy U2Y,t (@Y = Bw] db) + B [ (xt)] Oyt (UY,t) ( )
L Kgy Koy 9 1 (Hgt)Q
= — 222N (QY, - By lxdt) + By [d (2] - — [ =) dt AAT
Oy K:zm%t< v Bufo]dt) + B ld (w2)] oyi \ Oy (A.47)
1 _ 1k
= 5 <Sk:ewt_>t+m(dpt) (At) 1/2)30“(611@ B[] dt) + E; [d (27)] ——0 (U 48)
Yit Yit Yt Yt
1 _ 1 1 K
= (skewﬁtw (dpe) (At) 1/2)§[dpt—Etdxt]+Et [d (27)] -— (—“) dt (A.49)
Yt vt \OYt

where the third line uses equation (13) and the fourth line inserts the formula for dp; = dky ;.

A.1.4 Exponential model solution

A.1.5 Moments for parameter selection

The first set of moments are unconditional moments of returns: the unconditional standard
deviation and kurtosis and skewness at horizons of returns at one-, five-, 10-, and 20-day
horizons.

The second is the same, but for returns scaled by lagged volatility, which we proxy for
with the VIX. That is, we calculate the same unconditional moments for R;/VIX, ;.

The third set of moments is for daily changes in the VIX: their skewness, kurtosis, and
correlation with market returns. Finally, the fourth set of moments is the 10-, 20-, and
60-day autocorrelations of the VIX.
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Figure A.1: Monthly estimates of the S&P 500 leverage effect

Monthly Regression: Change in VIX on Market Return
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Note: The solid line is the time-series of coefficient estiamtes from regressions within each month of
changes in the VIX on returns on the SP 500. The shaded region is the 95-percent confidence interval
each month.
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Figure A.2: Empirical analogs to figure 4
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