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Abstract

Back and Paulsen (2009) advocate using closed-loop equilibria as the solution con-
cept to characterize firm strategies for real option exercise games analyzed in Grenadier
(2002). This approach allows a firm to respond to its competitor’s strategy, resulting in
a Markov subgame perfect equilibrium. Back and Paulsen (2009) identify a closed-loop
equilibrium where firms use the simple net present value rule as doing so forms mu-
tually best responses. The resulting outcome is equivalent to a perfectly competitive
scenario in which firms ignore the option value of waiting and make zero profits. We
provide a rigorous definition of closed-loop equilibria and show that there exist two
sets of (infinitely many) closed-loop equilibria associated with linear and nonlinear in-
vestment thresholds, respectively. In equilibrium, firms invest more quickly than in the
open-loop equilibrium of Grenadier (2002) yet more slowly than in the perfectly com-
petitive outcome, and consequently earn positive profits, confirming Back and Paulsen
(2009)’s conjecture. Furthermore, we find that the highest option value among the
closed-loop equilibria associated with the linear investment thresholds corresponds to
the lowest investment speed, below which preemption becomes a profitable deviation.
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1 Introduction

How do firms exercise their growth options and accumulate capital under uncertainty
in an oligopolistic competition? Grenadier (2002) derives explicit open-loop strategies and
characterizes the symmetric open-loop equilibrium. Back and Paulsen (2009) advocate using
closed-loop equilibria as the solution concept to characterize firm strategies, ensuring that the
equilibria are Markov subgame perfect. They identify a closed-loop equilibrium in which all
firms optimally use the simple net present value (NPV) rule for capital budgeting decisions.
This outcome is Markov subgame perfect because using the simple NPV rule is a firm’s best
response when its competitor uses the simple NPV rule. This closed-loop strategy yields
an oligopolistic equilibrium outcome that is the same as a perfectly competitive equilibrium
outcome. In this equilibrium, firms make zero profits and the value of industry growth
options is completely eroded.

Having significantly advanced our understanding of option exercising game and invest-
ment under uncertainty, Back and Paulsen (2009) raised open questions and suggested di-
rections for future research. In their introduction, they noted: “There are difficulties in even
defining the game in closed-loop form.” They also pointed out that there may be equilibria
(other than the zero-profits equilibrium they analyzed) in which firms make positive prof-
its and preserve some option values of waiting. In their conclusion, they wrote: “It is an
open question whether the perfectly competitive boundary is the unique boundary such that
closed-loop strategies of the form (13) are impervious to preemption.”

In this paper, we respond to the open questions they raised. First, we propose a rigorous
definition of closed-loop equilibria for the real option exercise game studied by Grenadier
(2002) and Back and Paulsen (2009). The equilibria are Markov subgame perfect, allowing
a firm to respond to its competitor’s strategy over time. Second, we provide sufficient
conditions for the existence of closed-loop equilibria and a procedure to identify these closed-
loop equilibria via a verification theorem. Third, we apply our solution method to the widely

studied duopoly setting in the literature where the market inverse demand function is of



a linear (or constant-elasticity) form. For this economy, we derive two sets of (infinitely
many) analytical closed-loop equilibria, which are associated with two classes of investment
threshold (trigger) functions: linear and nonlinear, respectively. In these equilibria, firms
invest more quickly than in the open-loop equilibrium of Grenadier (2002) yet more slowly
than in the perfectly competitive outcome, and consequently earn positive profits. We thus
confirm Back and Paulsen (2009)’s conjecture in their conclusion: “It seems likely that there
would be other closed-loop equilibria, if the strategy spaces and mapping from strategy n-tuples
to outcomes could be specified.”

Our work also contributes to the g theory of investment under irreversibility by extending
the standard models (Abel and Eberly, 1996; Hayashi, 1982; Lucas and Prescott, 1971) in
a monopoly setting to a duopoly setting. We show that a firm’s investment decision under
duopoly depends not only on its marginal value of capital, i.e., marginal ¢, but also the firm’s
marginal value of its competitor’s capital. Because of Markov subgame perfection, a firm’s
marginal ¢ must be bounded from above by the marginal cost of investing and moreover,
the firm’s marginal value of its competitor’s capital must be non-positive in closed-loop
equilibria.

Next, we describe these closed-loop equilibria. Since a closed-loop equilibrium is essen-
tially Markov subgame perfect, this necessitates the introduction of investment strategies,
characterized by investment triggers, at any state. To ease exposition, we focus on sym-
metric equilibria, meaning that the functional forms for the two firms’ investment triggers
are identical, although the firms may have different levels of capital stock. We start by
conjecturing an equilibrium trigger function A that depends on the two firms’ capital stocks
(Kat, Kit), which we later verify. If industry demand X, < X (K, Ky ), neither firm invests.
Intuitively, when demand is below the threshold, the existing capital stock is high enough so
that neither firm has incentives to invest. If X; > X(K,;, Kp), the larger firm stays inactive
while the smaller firm invests until X; = X (K, Kp;) is reached.! However, if the two firms

are of equal size, then they both invest to reach the point where the equilibrium threshold

Mf Xy = X(Kat, Kpt), then firm invests if and only if dX; > 0.



X (Kat, Ky) intersects with the 45 degree line, K,; = K. Regardless of past shocks, once
the two firms have the same size at time ¢, they will always have the same size going forward,
responding to the industry demand shock in lock step along the 45-degree line.

Consider an equilibrium with a linear trigger function X' (K, Ky ), which grows linearly
with the capital stocks of the two firms, K, and K;. To achieve equilibrium, each firm’s
marginal ¢ must be lower than the marginal cost of investing, and each firm’s marginal
value of its competitor’s capital must be non-positive. These two constraints result in a
set of equilibria, ranging from the perfect competition equilibrium with the lowest option
value, as studied by Back and Paulsen (2009), to a closed-loop equilibrium that yields the
highest option value. Any investment lower than that of the equilibrium with the highest
option value will lead to a profitable preemption, thereby making the (closed-loop) equilib-
rium unattainable. Hence, the equilibrium investments of other closed-loop equilibria in this
set are bounded by the investments in the two equilibria with the highest and lowest option
values. We thus have found infinitely many closed-loop equilibria in which investment strate-
gies are Markov subgame perfect. This answers Back and Paulsen (2009)’s “open question
whether the perfectly competitive boundary is the unique boundary” for closed-loop equilibria
posed in their conclusion.

Regarding this set of equilibria with linear triggers, we find that when the smaller firm
invests and the larger firm remains inactive, the larger firm’s marginal ¢ is strictly lower than
the marginal cost of investing. This finding motivates us to relax the linear trigger assump-
tion and impose an additional constraint that the larger firms’ marginal ¢ exactly equals the
marginal cost of investing in this scenario. Intuitively, this additional constraint implies that
when the smaller firm should invest but chooses to deviate (e.g., by not investing or investing
less), the larger firm responds in its own best interest by preempting the investment. Using
this additional constraint, we can endogenously derive a class of nonlinear investment trigger
functions and a new set of equilibria. The extreme case in this set of equilibria remains the
perfect competition equilibrium with the lowest option value.

Next, we discuss how firms preserve their option values and why profits are positive in



these identified equilibria. To ease exposition, consider the case where one firm is larger
than the other. In this case, the larger firm optimally chooses to be inactive (making no
investment) and the smaller firm, its competitor, invests but only to the extent that its
marginal ¢ equals the marginal cost of purchasing a unit of capital.? Indeed, this is a key
optimality condition that we use to pin down the equilibrium industry-demand threshold.
Note that the smaller firm has incentives to preserve its own option value of waiting because
it incurs losses if investing too much (by going beyond the equilibrium industry-demand
threshold). That is, the option value of waiting, although eroded a bit relative to the
monopoly’s problem, is preserved to a degree, characterized by the equilibrium industry-
demand threshold. How much option value is eroded by competition depends on which
equilibrium the industry finds itself in. Recall that in the closed-loop equilibrium with
the lowest option value, firms earn zero profit (Back and Paulsen, 2009; Leahy, 1993). In
contrast, the newly identified equilibria, which have a lower investment speed than the
perfect competition equilibrium, preserve greater option values and consequently lead to
positive profits.

Technically, our paper contributes to the theory of differential games with singular con-
trol. There are two key challenges in the differential games studied in this paper. First,
the capital stocks serve as both (singular) control and state variables, making it challeng-
ing to define a closed-loop strategy. To tackle this challenge, we decompose the capital
stock process into a continuous component and a discontinuous component. A key obser-
vation is that, in equilibrium, the continuous component must evolve in tandem with the
running maximum of the demand stock. This evolution allows us to adopt the investment
speed relative to this running maximum as a new control variable. Each firm’s response
to its competitor’s actions can be effectively integrated into this control variable. Second,

in the existing literature on differential games with singular control,® the action regions of

20f course, the smaller firm does not want to stop short of reaching the equilibrium industry-demand
threshold. Had it done that, the larger firm, which should have been inactive on the equilibrium path, would
invest to the point where the equilibrium industry-demand threshold is reached. This makes the smaller
firm worse off and hence it is off the equilibrium path.

3See, e.g., Kwon and Zhang (2015) and De Angelis and Ferrari (2018).



different players are completely separate under equilibrium, allowing each player to solve a
single-agent singular control problem given the actions of their competitors. Consequently,
equilibrium strategies can be determined using smooth-pasting conditions. In contrast, in
our model, different players may take actions simultaneously, which invalidates the use of
smooth-pasting conditions and necessitates a distinct characterization of equilibrium value

functions.

2 Model

Consider a duopoly industry consisting of two firms: a and b. Let {X;;t > 0} represent

the demand shock, evolving according to the following time-homogeneous diffusion process:

dX: = p(Xp)dt + o(Xp)dWy, Xy = o, (2.1)

where {W,;t > 0} is a one-dimensional standard Brownian motion on a filtered probability
space (Q, F,{Fi}+>0, P) with Wy = 0.

Let K; denote the capital stock of firm i at time ¢, where i € {a,b}. For notational
convenience, we use —i to refer to the competitor of firm i, i.e., a = —b and b = —a. Let Q;
represent firm ¢’s output at time £. We assume that the profit rate for firm ¢ at time ¢, Fj;,
is given by

Fy = (P — cq) Qu, (2.2)

where P, is the market price for a unit of output, and cg is the constant marginal cost of
selling output (for expositional simplicity, we assume this cost is the same for both firms).

Firm ¢ produces its output using the following constant return to scale (i.e., AK) technology:
Qit = AKlt ) (23)

where A is the constant marginal product of capital (assumed to be the same for the two

firms for simplicity). By combining (2.2) and (2.3), we express firm i’s profit flow as follows:
Fyp= (0 —c) Ky, (2.4)

where ¢ = cgA is a constant and II; = AP, is the productivity-adjusted inverse demand



function.

As in the literature, we assume that II; depends on the demand shock X; and decreases
with the total output in the industry: Q; = Qu. + Qp. Due to the AK production tech-
nology, we can equivalently write II; = II(X}, K;), where K, is the total capital stock in
the industry. To capture the downward-sloping demand curve in the total capital stock, we
assume Iy (X, K;) < 0. For brevity, we refer to I1(X;, K;) as the inverse demand function.
By definition, since the inverse demand function must increase with demand X;, we have

[Ix (X, K;) > 0. Then, firm 4’s profit at time ¢ is given as follow:
Fi( X1, Kat, Kyy) = [TI(X, Kap + Kpp) — ] Kyt - (2.5)

In line with the real-options game literature (Back and Paulsen, 2009; Grenadier, 2002),
we assume that corporate investment is irreversible and that capital stock does not depreci-
ate, implying that K is a nondecreasing process. For the sake of regularity, we require the
process K;; to be left-continuous with right limits (caglad) for any ¢ > 0. Let A(k;) denote

the set of firm ¢’s admissible capital stock processes with an initial capital level of k;:
A(k;) ={K; == {Ky;t > 0} | K;; is Fi-adapted, nondecreaing, caglad, K;o = k;}.

In the following, we denote by ¢+ the moment immediately after ¢, since firms may instan-
taneously increase their capital stocks.

Firm ¢ selects an admissible investment policy to solve the following problem:

sup E [/ et (Fi(Xt,Kat,Kbt)dt —deitﬂ , (2.6)
KiEA(k‘io) 0

where k;o is the capital stock of firm ¢ at time 0, » > 0 is the constant discount rate and
p > 0 is the constant marginal cost of purchasing a unit of capital. Next, we introduce our

solution concepts. First, we define closed-loop strategies and equilibria.

2.1 Closed-Loop Strategies and Equilibria

Since corporate investment is irreversible and capital stock may increase when the market

demand exceeds its historical maximum, we define the running maximum of the market



demand as follows:

M; = max X, (2.7)

s€[0,t]

which plays a critical role in defining closed-loop equilibrium strategies.

For an admissible capital stock process { Ky;t > 0}, let { KS:¢ > 0} denote its continuous
component (where the superscript C' refers to continuous) and AK; := K;;y — K;; denote
the discontinuous change of K;. We can thus decompose {K;;t > 0} as follows:

Ky =EKJ+ > AKy, t>0. (2.8)

s€[0,¢]

We consider a set of closed-loop Markovian (feedback) strategies defined along both the
continuous and discontinuous-change components as follows. First, the continuous part of

firm i’s strategy {KS;t > 0} follows:

where wu;; is a process adapted to {F;;t > 0}, representing firm 4’s continuous investment
rate related to dM;, the change in the running maximum of the demand shock. We restrict
u; to be a Markov process that depends on the current states (Xy, Ky, Kp) as well as the

opponent’s continuous investment rate u_;, i.e.,
wy = i( Xy, Kat, Kyg, u_it), (2.10)

where the function w;(z, k., kp, u_;) is deterministic and measurable.
Second, firm ¢ may also instantaneously increase its capital stock by AKj;; in response to

its opponent’s discontinuous (i.e., lumpy) investment amount AK_;; as follows:

AKy = vi( Xy, Kat, Koty AK 1) (2.11)
where v;(, ko, ky, v) is a deterministic and measurable function.? Let ¢; = (u;, v;) denote
firm i’s closed-loop strategy, summarizing both its continuous and discontinuous components.

To simplify notation, let {Z;;¢ > 0} denote the joint Markov process for the three state
variables, where Z; = (X, Ko, Ky ). Let Ef[-] = Ei[-|Z; = 2|, where Z; takes the value of

4From (2.13), v; is allowed to depend on the opponent’s contemporaneous jump v_;. This is explained
in footnote 5 of Back and Paulsen (2009) and Simon and Stinchcombe (1989): in continuous-time games,
agents can react instantaneously, so information lags may truly be negligible.



z = (x,kq, kp). For t = 0, we simply write EZ[-] as E*[]. Let X denote the state space for
Xy, and let Z = X X [kqo, 00) X [kpo, 00) denote the state space of the game, where ki > 0 is
firm 4’s initial capital.’

We are ready to give a rigorous definition of a feasible (closed-loop) strategy.

Definition 1 A pair of closed-loop Markov strategies by firms a and b, ¢ := (g, ¢p) with
i = (u;,v;), is feasible if the following conditions hold:
(i) For any z = (z, kq, ks), there exists a unique pair (uq, up) € R2 satisfying
Ug = (2, up), up = Up(2, Uq) (2.12)
and a unique pair (v,, v) € R% satisfying
Vo = Va(2,m), vy = Vp(2,0,). (2.13)
Moreover, for any initial value (z, kq, k) € Z, there exists a unique pair K, € A(k,)
and K, € A(ky) satisfying (2.8)-(2.11).5
(ii) For any z € Z, we have E* [|K;7|"] < oo for any finite 77 > 0 and n > 1, and

Ez |:/ €_Tt|E(Xt, Kat; Kbt>|dt:| < Q. (214)
0
Let S denote the set of all feasible (closed-loop) strategies.

For any z € Z and any feasible (closed-loop) Markov strategy pair ¢ = (¢4, @) € S, we
define

J(z:0) = J(2; 04, 0p) = E* [/ e "t (FZ-(Xt,Kat,Kbt)dt —deit)} ) (2.15)
0

Next, we define closed-loop equilibria.

5Since K, and K, are nondecreasing, we can also relax the definition to consider a set Z 2O X x
[ka0,00) X [kpo,00). See (5.28) in Section 5 for details. The state space X is either R or [0,00). For a
geometric Brownian motion process (pu(x) = px and o(z) = ox), X = [0,00). For an arithmetic Brownian
motion process (u(x) = p and o(z) =0), X =R.

6By definition, the continuous investment rate (uq¢,up) is the unique solution to (2.12) with z
(Xt, Kot, Kpt), and the lumpy investment (AK,:, AKp) is the unique solution to (2.13) with z
(Xt, Kat, Kot).



Definition 2 A feasible strategy pair (¢,, @) € S is a Markov subgame perfect equilibrium

strategy if for any z € Z, the following conditions hold

Ja(z; @aa@b) 2 Ja('z; &avgpb)a v(&mgpb) S 87 (216)
T (2 0as08) 2 J'(200, B)s ¥ (P, ) € S. (2.17)
We refer to the pair, J%(2;¢,, wp) and J°(z; ¢4, @), in this equilibrium, as the equilibrium

value functions, and the pair, {K,;, Kp;t > 0}, as equilibrium capital processes.

In our model, firm ¢ only needs to determine the functions ¢; = (u;,v;) rather than
capital stock process K;. This enables us to define closed-loop strategies and closed-loop
equilibrium as usual. It is evident that mutual responses exist between the two firms in our

model, and playing a closed-loop equilibrium is the best response for both firms.

3 Verification Theorem

In this section we propose a verification theorem for a set of closed-loop equilibrium
strategies and value functions. The theorem requires some key conditions for a pair of
candidate value functions, V%(z) and V°(z), to be the equilibrium value functions for firms
a and b, z = (x, kq, k) € Z. While these conditions are sufficient but may not be necessary,
they have clear economic implications.

Next we introduce these conditions and provide their economic implications. We first

impose a condition for candidate value functions.

Condition 1 For Vi(z) € COV(Z) where i = a,b, we require
V() V()

Ik o =0 Vz = (z,kq, ky) € Z. (3.1)

<p and

The intuition for this condition is as follows. The first inequality in (3.1) indicates that
firm ¢’s equilibrium marginal value of capital, also known as marginal ¢, cannot exceed its
marginal cost of investing, p. Otherwise, firm ¢ would benefit by increasing its capital stock

at the level where its marginal ¢ exceeds p, thereby disrupting the equilibrium. The second

10



inequality suggests an intuitive relationship: firm ¢’s equilibrium value will not improve as
its competitor’s capital stock increases.
Next, we define several regions that are useful for our analysis, using the two constraints

in Condition 1.

Definition 3 The regions, I;(z) and N;(x), where ¢ = a, b, are defined as follows:

V(z) AV=i(z)
Li(z) == {(ka, k) € R : Ik p and ar 0},

N;(z) := RY\ L(z). (3.3)

(3.2)

Let I,(z) denote the intersection of I,(x) and I,(x) and similarly let N, (z) denote the

intersection of N, (z) and Ny(z):
Lop(7) = To(x) [ )Io(x) Nap(z) := No(z) [ |No(z). (3.4)
Let Ngy(x) denote the closure of Ng,(z), which includes both its interior and boundary.

Intuitively, when firm ¢ invests, its marginal value of investing, i.e., its marginal ¢, must

equal the marginal cost of investing p, and moreover, its competitor’s value function must be
OVi(z)

invariant in equilibrium. It is worth noting that firm ¢ invests only when both =5/~ = p and
m/a;]{j(z) = 0 hold. We later show that I;(x) is the region where firm ¢ invests in equilibrium.

The N;(x) region is where firm i does not invest, the I ;(z) region is where both firms
invest, and the N, () region is where neither firm invests. Later, we will demonstrate that
our capital stock pair (K, Ky) lies solely within the N, (z) region for all £ > 0 (i.e., after
the firms’ initial investment). We will verify and discuss these results in detail later.

Next, we impose another condition for candidate equilibrium value functions.

Condition 2 For V' € C*"'({z := (z,ks, k) € Z : (ka, k) € Nap(2)}), where Nyy(z) is the

closure of Nyy(x) given in Definition 3, assume for any z = (x,kq, ky) € Z,

rVi(z) = LV'(2) + Fi(2), V (ka,kp) € Nap(2), (3.5)
where F;(z) is given by (2.5), and LV is the infinitesimal generator given by
o1 , 0?V'(2) Vi(z)

11



The intuition for Condition 2 is as follows. Equation (3.5) is the dynamic programming
equation for V* in the N, (z) region where neither firm invests. Note that the sum of the
profit flow F;(z) and the expected change of the value function, as given by (3.6), equals
rV*(z). This resembles the standard asset-pricing equation (Duffie, 2001).

The following condition is imposed on candidate equilibrium strategies.

Condition 3 Consider a candidate equilibrium strateqy pair (pq, o) € S associated with
the candidate value function pair (V¢, V) satisfying Condition 1. For any given initial state
(Xo, Kao0, Kvo) = (2, ko, k) € Z, the capital stock process pair (K, Ky) generated by (pq, @p)
has the following properties:

e Fromt =0 tot= 0+, the following value-matching condition holds:

Vi(z, Kaor, Koy ) — p(Kioy — ki) = V(2 ko, k) ; (3.7)

o (Ku,Ky) € No(Xy) for any t > 0, and Ky is continuous in t > 0 and evolves

according to:
t

Ky = Koy + / 1Koy Ko el (X)) A (3.8)
0+

where the integrand is an indicator function (equal to one if the event occurs, and zero

otherwise), and the I;(x) and Ny (z) regions are given in Definition 3.

When no lumpy investments occur at ¢ = 0, equation (3.7) holds automatically. In the
presence of lumpy investments at ¢ = 0, equation (3.7) aligns with (3.2). To illustrate this,
consider scenarios where at least one firm makes a lumpy investment at time 0: (i) Ko, > k;
and K_;o. = k_;, or (ii) K, > ko and Kpo > kp. In case (i), that firm ¢ makes a lumpy
investment at the initial time to increase its capital stock from k; to Ko, while firm —i does
not invest, i.e., [k;, Kijoy] X {k_;} C I;(x). By the definition of (3.2), we infer that %—‘g =pin
the region [k;, K04 ] x {k_;}, which, together with K ;5. = k_;, yields (3.7). In case (ii), both
firms make a lump sum investment at the initial time, i.e., [kq, Kqo1] X [k, Kpor] C Iop(z).
By (3.2) we infer that %—‘]s = p and gk—‘i = 0 in the region [kq, Kuo4] X [kb, Kpos], yielding
(3.7).

12



Condition 3 implies that the capital stock process K;; is always continuous except for
a possible initial jump. Equation (3.8) indicates that firm 7 invests only when (K, Kp)
lies within the region I;(X;). Since we require that (K, Kp) € Ngp(X;) for any ¢ > 0 and
I;(x) N Ng(z) = 0, capital investments occur only at the boundary of N,,(X;) after initial
time.”

Next, we impose a condition that restricts firms’ responses against their competitors’

deviation. For exposition, we focus on firm a’s deviation.

Condition 4 Let (w4, ) € S be a candidate equilibrium strategy pair associated with the
candidate value function pair (V*,V°) satisfying Condition 1. Consider any other feasible
deviation pair, (Pa,¢p) € S, where firm a deviates.® Under the (@4, ) € S strategy pair,
firm b’s capital stock process Klia’% 15 continuous in t > 0, and the capital stock process pair

satisfies
(KZo#, Kio#) € Nap(Xy), V>0, (3.9)
where Nyy(z) is given in Definition 3.

Condition 4 specifies that a candidate equilibrium strategy is limited to those whose
off-equilibrium capital stock process pair, after ¢ > 0, falls within the closure of the no-
investment region associated with the candidate equilibrium value function. Intuitively,
when firm a deviates and invests more, (3.9) holds automatically.” Conversely, when firm a
deviates and invests less, Condition 4 indicates that firm b will preempt the investment and
move the capital stock process pair at least to the boundary of the no-action region. Later

we will see that in equilibrium, firm ¢’s potential preemption deters its opponent’s deviation.

Theorem 1 Assume there exist functions V(z) and V(2) that satisfy Conditions 1 and

2. Assume that there exists a feasible strategy (v, ¢p) € S, which is associated with

"The definition of N (z) implies that Ny () is a relatively open set of RZ. Therefore, I;(z) N Ny ()
lies on the boundary of N (z).

8By symmetry, we can impose essentially the same condition for any other feasible strategy pair, (¢q, P5) €
S, where firm b deviates. For brevity, we leave the details out.

9This is because (Kat, Kpt) € Ngp(X;) in the equilibrium and higher capital results in lower prices and
reduces the incentive to invest.

13



(Va(2),V(2)), satisfies Conditions 3 and 4. Then (pq, o) is a Markov perfect equilibrium
strateqy and the corresponding equilibrium value functions are V4(z) and V°(z) for firms a

and b under a reqularity condition':

Jz; 04, 0p) = V(2), (2 00, 08) = VO(2). (3.10)

4 Monopoly and Open-loop Duopoly Solutions

In this section and onwards, we assume that (i) the inverse demand function Il(z, k) is

linear in market demand x and total capital stock k, expressed as'!
(x, k) =2 —nk, (4.1)

where 7 > 0 measures the slope of the inverse demand function; and (ii) the demand shock

X follows the widely-used geometric Brownian motion (e.g., Grenadier (2002); Back and

Paulsen (2009)):
dXt = /,I/Xtdt + O'Xtth 5 X() > O, (42)

where g is the drift and o # 0 is the volatility parameter. We assume p < r to ensure the

finiteness of value functions.

Monopoly Solution. First, we summarize the solution for the monopoly case. A monop-
olist’s profit flow function is given by F(z, k) = (x — nk)k — ck. The monopolist solves the

following problem:

sup E U efrt([xt— (nKtJrc)]tht—det)} : (4.3)
KeA(k) 0

where K, denotes the capital stock of the monopolist at time ¢, and (Xy, Ko) = (z, k). Let

V™ (z, k) denote the monopolist’s value function for the optimization problem (4.3). To ease

"With any initial state z € Z, for any @; st. ¢ € S, where @ = (Pa, ) when i = a and
$ = (¢as@p) when i = b, firms’ capital processes K7, and K[, under the strategy ¢ satisfy that
1imn*>+oo E~? [C_T't“’ Vi (th s K?

aty

Klin)] = 0 for some sequence of real values {¢,} converging to infinity

|e—rs avl(Xmelei‘

as n — +oo and that E* [f(f o ) o (X,)|2ds| < +00, ¥t > 0.

' The constant elasticity model can be handled in a similar manner and is discussed in Appendix A.

14



exposition, we denote

pzﬁfltﬂ’ (44)

where (3 is the constant describing the optionality of the investment opportunity:!?

(11— 30%) + /(1= 302)? + 2r o
o? '

(4.5)

For convergence, we require 5 > 2. As we show later, X™(k) is the optimal threshold of
the demand shock process X that characterizes the monopolist’s optimal investment policy.
That is, the monopolist invests only when X; > A™(K).

Next, we summarize the monopolist’s investment strategy and value function.®

Proposition 1 Let X™(-) be a function of capital stock:
X™(k) = p(2nk +rp+c), (4.6)
where p is a constant given by (4.4). The optimal investment policy is given as follows:
K, =inf{k > Ko | M; < X™(K,)}, t > 0.

The value function in the inaction region where x < X™ (k) is given by
k nk? + ck
T — +
r—pu r

V™ (x, k) = H™(k)z”? (4.7)

where H™ (k) is the coefficient of monopolist’s option value of investing given by

. 1
HE (k) = 2npB(6 —2)(r — p)

In the investment region where x > X™(k), the value function is given by

(Ax™(k))*7. (4.8)

Vi, k) = V™ (z, K"(x)) — p(K™ () — k), (4.9)
where K™ (x) = %;p“) denotes the inverse function of X™(k), and V™ (x, K™ (z)) is given
by (4.7).

The first two terms in (4.7) represent the monopolist’s value if it has no future investment

options at all, i.e., K; = k for all . The H™(k)z” term is convex in x and measures the

option value of investing.

12Here f is the positive root of the following (fundamental) quadratic equation: o2z (x—1)/2+ px —r = 0.
13See Abel and Eberly (1996), Grenadier (2002), and Back and Paulsen (2009).
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If Xy > X™(K}), the monopolist invests AK; to the level K, satisfying x = X™(K,),
which yields that
Xy

1
Kt+ = Kt + AKt = % (7 — (Tp + C)) > Kt . (410)

Equation (4.10) describes lumpy investment when the firm’s demand shock X; exceeds the
investment threshold A™(K;). This lumpy adjustment of capital stock can only occur at
t = 0 since X is continuous.

If Xy = A™(K,;), the instantaneous change of K;, dK;, is proportional to dM;, the

instantaneous change of the running maximum M, given in (2.7):
dM,

2np

The greater the price impact of production (higher 1), the more costly it is to invest. This is

dK, = (4.11)

why, in response to dM; > 0, the investment sensitivity dK;/dM; = 1/(2np) decreases with

n.

Duopoly Open-loop Solution. From now onwards, we consider a duopoly setting, where

firm ¢’s profit is given by

Fi(x, ko, ky) =[x — n(kq + ko)) ki — ck; . (4.12)
When neither firm ever invests, i.e., when dK,; = dK; = 0 for all ¢, firm i’s value equals
Vi(z) = B? U e—”E(Xt,ka,kb)dt] _ kg (”(ka+k”> “) , (4.13)
0 r— r

for z = (x, k,, ky). The corresponding marginal ¢ is given by
oW (z2) x 2nk; + nk_; + ¢

T : (4.14)

Below we summarize the open-loop investment strategy obtained by Grenadier (2002)

and Back and Paulsen (2009).

Proposition 2 Denote

X(ka, ky) = p(2nk, + nky +1p + ) . (4.15)
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Suppose Ko = Kyy. Then the open-loop equilibrium strategy is

K, = inf {k: > Ko s X0(k, k) > Mt}, i—ab. (4.16)

5 Closed-loop Duopoly Solutions

The open-loop equilibrium is achieved when two firms are identical, i.e., k, = k;. To
achieve a closed-loop equilibrium, it is essential to consider a Markov subgame perfect equi-
librium, which necessitates the introduction of an investment trigger (threshold) function for

all k, and k.

5.1 Trigger Functions and Induced Strategies

Since we are interested in symmetric equilibria, the trigger function, denoted by X (k,, k),
must be symmetric, i.e., X (kq, ky) = X (kp, ko). Additionally, the function X (k,, k;) should
be strictly increasing in k, and k,. This trigger function induces the following investment

boundary, denoted by I'(z):
L(w) = {(ka, ks) € R : X(ka, k) = 2} (5.1)
Note that I'(z) = T'y(x) U Ty(z), where
Ti(z) = {(ka, kp) € R% : X(ky, kp) = 2, ki < k_;}. (5.2)

Due to symmetry, the two sub-boundaries I';(xz) and T'y(z) intersect at a unique point

C = (K(z),K(x)), where'*
K(z) :=inf{k >0: X(k, k) > x}. (5.3)
Firm ¢’s equilibrium investment and no-action regions are given by:

L(z) = {(ka, k) € RY 1 2> X (ko k), ki < K(2)} and Ni(z) = R3 \ L(x). (5.4)

Y“Gince X(k, k) is strictly increasing in k, K(z) is the inverse function of X(k, k) if z > X(0,0). In
Theorem 2 and Theorem 4, when we restrict k, > k, k, > k for some constant k& > 0, we replace (5.3) with
K(z) :=inf{k > k: X(k, k) > x}.
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X(kas o) = @

Figure 1: Equilibrium Solution Regions Induced by Linear Trigger Functions.

Later, we will show that (5.4) is consistent with (3.2)-(3.3) under the closed-loop equilibrium
strategies in Theorem 2. Using (3.4) and (5.4), we immediately obtain

Lp(2) = {(ka, ko) € R : ko < K(2), ky < K(2)}, (5.5)

Nop(z) = {(ka, k) € RE 1 1 < X (ki kp) }- (5.6)

Figure 1 gives a graphical illustration of the investment and no-action regions induced

by such a trigger function X (k,, ky) in the k, — k;, plane. There are four mutually exclusive
regions: 1.) the I, (x) \ Ip(z) region defined by the region ABC in which only firm a invests;
2.) the I(x) \ I(x) region defined by the region CDE in which only firm b invests; 3.) the
I.s(z) region defined by the square BCDO in which both firms invest; and 4.) the Ng,(x)

region to the right of ACE in which neither firm invests. The line segments AC and EC

correspond to I',(z) and I'y(z) defined in (5.2), respectively.

5.2 Characterizing Value Function U'(z, k,, k) in N (z)

Next we elaborate on how to obtain the closed-form solution for the value functions

associated with the trigger function X (k,, k3).'> We conjecture and later verify the function

15We only consider the trigger function X (k,, k;) that is continuously differentiable on {(kq, kp) € [k, 00) X
[k,00) : kq # kp} with Xy, (Ko, k) > 0 and Xy, (ka, k) > 0, where k > 0 is a constant. Without loss of
generality, we assume that X (k,, kp) has a upper bound given by the monopolist’s trigger p(2n(k,+ky)+rp-+c)
and a lower bound given by the trigger of perfect competition equilibrium p(n(k, + k) + rp + ¢) (Back and
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forms of the value functions for the firms, which satisfy Conditions 1 and 2 as given in
Theorem 1. We first focus on the Ny (z) region where z < X(k,, ky) and both firms are
inactive.

As given by Condition 2, in the inaction region Ng(z), the HIB equation (3.5) holds
with o(x) = oz, p(x) = px, and Fi(z, k4, k) given in (4.12), and its general solution takes

the following form:
Ul(z) = Ui(2) + H(kq, ky)2? (5.7)

where W(z) is given in (4.13), (3 is the constant given in (4.5), and H'(k,, k), given by
(5.12)-(5.14), is a function describing firm i’s option value. Due to symmetry, below we only
characterize firm a’s option value, H%(kq, k).

First, as implied by (3.2), firm a sets its marginal ¢ to its marginal cost of purchasing
capital p when investing, which suggests that the following investment FOC holds on the

investment boundary T',(z):
oU*(z)
Ok,

Second, as implied by (3.2), firm a’s value should not change after a lumpy investment

=p, when X(k, ky) =2 and k, <k,. (5.8)

of its competitor, which suggests the following condition on the competitor’s investment

boundary T'y(z):
oU“(z)
Ok
By substituting (5.7) into (5.8) and (5.9), we obtain

=0, when X(k, ky) =2z and k, > k. (5.9)

OH(kq, ky) _ 2nka +mky +rp e X(ka, ky) X (ko k) °, ko <k, (5.10)
Ok, r r=p

aHa(kaa kb) 77ka -8

- Ve > k. .
Ok, =X (kas ko)™ k> Ry (5-1)

Third, as the capital stock approaches infinity, neither firm invests because all future
profits are almost surely nonpositive, therefore, firm a’s value equals U*(z) given in (4.13)

and the option value of investing is zero: limy_,o, H%(k, k) = 0. We then derive the following

Paulsen, 2009). These bounds guarantee the well-posedness of the firms’ value functions under the trigger
function X (kq, kp).
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closed-form solution for H*(k, k):
< Ank X TN o~~~
HO(k, k) = —/ ( nktrpte Ak k>>X(k:, PP d (5.12)
K r r—h
by using (5.10), (5.11), and limy_,., H*(k, k) = 0.

Finally, we can use (5.10) and (5.11) to obtain the closed-form solution for H®(k,, k) for
any (kq, ky) € R%:

ky,
H(ka, k) = H"(ky, k) —/ (

277E+77kb+7“p—|—c_ X (k, ky)
r r—

) X(k, k) Pdk, ko < ko,

(5.13)

"k
H“(ka,kb):H“(ka,ka)—/ 1%

k, T
where H(k, k) is given by (5.12).

X (ko, k) Pdk, ko> Ky, (5.14)

5.3 Equilibrium Trigger Functions

To apply the verification theorem, we need to ensure that U®(k,, ky) satisfies the two

inequalities in (3.1) in Ny (), i.e.,

3((;_}6(2) <p, foraz < X(kq,kp), (5.15)
) 0, for & < X (ke ky). (5.16)
oky,

Next, we will consider particular forms of X (k,, k;,) and present sufficient conditions such

that the inequalities (5.15)-(5.16) hold.

Equilibrium Linear Trigger Functions. Inspired by the trigger function (4.15) for the
open-loop equilibrium case, we conjecture and will verify a set of closed-loop equilibria,

characterized by a linear trigger function (see Figure 2):

O nk, +0_nky, +rp+c), if ky < ky,
X (ko k) = p(04n nky +rp +c) b (5.17)
p(0_nk, + 0.k +1p+c), if ky > ky,
where the positive pair (6,,6_) is to be determined, and p is a constant given by (4.4).
Given the above trigger function, we can derive the analytical expression of U®(k, k)

through (5.12)-(5.14). Imposing the two constraints (5.15)-(5.16) leads to the following
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Figure 2: Equilibrium Solution Regions Induced by Linear Trigger Functions.

condition.

Condition 5 The pair, 0, > 0 and 6_ € (0,60.], satisfies the following inequality bounds:
9(0+/0-) <0, +0_<7g(0:/0-), (5.18)
where the upper and lower bound functions, g(-) and g(-), are given by

g(w) =3 —1/w, (5.19)
2 2 2 w—1
Q(w>:1+(1_3)w+ﬁ_w+(2_3) Qra)f 1 (5.20)

The right and left inequalities in (5.18) result from (5.15) and (5.16), respectively; see

Lemma 4 in Appendix D. The open-loop equilibrium proposed by Grenadier (2002) corre-
sponds to the pair (6,,0_) = (2,1), which does not satisfy the right inequality in (5.18). As
a result, the inequality (5.15) is violated for the open-loop equilibrium. Intuitively speaking,
as firm a’s marginal ¢ exceeds its marginal cost of investing, the firm is incentivized to invest
more. This is in line with the finding of Back and Paulsen (2009) that a deviation from the
open-loop equilibrium strategy is profitable.

In Figure 3, we plot a shaded area representing the feasible region for (potential) sym-
metric closed-loop equilibria in a plane where 6, /0_ and 6, + 6_ are the horizontal and
vertical axes, respectively. Intuitively, the sum (6, 4 60_) captures the effect of the industry’s

total capital stocks on the investment threshold X (k;, k_;), while the ratio 6, /0_ measures
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w=6,/6_

Figure 3: The shaded area, bounded by the solid red line g(-) and the dashed blue g(-),
is the feasible region for closed-loop equilibria in a plane with 6, /6_ and 6, + #_ being the
horizontal and vertical axes, respectively. The g(-) and g¢(-) functions are given in (5.19)
and (5.20), respectively. Point A= (1,2) corresponds to the equilibrium with the perfectly
competitive outcome (6, = 6_ = 1) and point B corresponds to the equilibrium with the
highest option value for both firms.

the relative impact of a firm’s own production compared to its competitor’s production on
X (ki, k—;). A higher ratio 6, /6_ indicates that the competitor’s production has less impact
on the firm’s decision, causing the firm to wait longer before investing, which increases its
option value. A larger sum (6, +6_) implies a greater impact of the industry’s capital stock
on the output price, thereby raising the threshold for capital investment and preserving more
option value.

The shaded area is enclosed by the upper bound function g(w) (solid red line) and
the lower bound function g(w) (dashed blue line). These two functions intersect at two
points, corresponding to the two roots of the equation g(w) — g(w) = 0. The lower left
intersection (point A) corresponds to the w = 1 root with coordinates (1,2), and the upper
right intersection (point B) corresponds to the other root w = w* > 1 with coordinates

(w*,3 — 1/w*), where w* is the unique root of the following equation:'®
h(w) = [(1+w) ' =1B+2—(B-2)w] —2B—Dw=0, w>1. (5.21)

Later we will see that any pair of (f,,6_) inside the shaded area corresponds to a closed-

16The function h(-) is related to g(w) — g(w) as follows: h(w)(w —1) = (g(w) — g(w))Bw[(1 +w)’~! —1].
It can be verified that h(w) is concave for w > 1, h(1) > 0, and h(w) < 0 for sufficiently large w. Therefore,
h(w), w > 1 has a unique solution w* > 1.
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loop equilibrium. In particular, Point A corresponds to the perfectly competitive equilibrium
strategy (Back and Paulsen, 2009), where both firms make zero profits at any time. Point B
corresponds to the closed-loop equilibrium with the highest option value among the closed-
loop equilibria associated with linear triggers.

To highlight the dependence on (6,,0_), we let p’+% and Vi(z; %) be respectively
the strategy and firm ¢’s value function associated with the linear trigger function given in
(5.17). Then the strategies p**, ", and %+~ correspond to the open-loop strategy, the
perfectly competitive strategy, and the (closed-loop) strategy with the highest option value,

*__ 3—1 * . . .
where 07 = 311‘_’%*1 and 0 = = +1/U ~—. Next, we compare value functions associated with

different (6,,60_) along the 45-degree line on the (k,, ky) plane in that k, = k, > 0.

Proposition 3 We have
Vila, k, ko) > Vile, k, k; o0=) > Vile, k, k; %) > Vila, k, k; oY) (5.22)

for any (04,0-) satisfying Condition 5, (0,,0-) # (1,1), and (04,0-) # (67,0~).

Equilibrium Nonlinear Trigger Functions. It can be shown that for the linear trig-
ger functions presented above (other than the 8, = 6_ = 1 case), firm a’s marginal ¢ is

strictly lower than the marginal cost p in the region where the competitor invests in that

W ]x:;\g(kmkb)< p for k, > k,. Next, we impose an additional constraint:

oue (ZL', kav kb)
ok,

which implies that firm ¢’s marginal ¢ equals the marginal cost p in the region where the

o= (ra k)= P for ko > Ky, (5.23)

competitor invests. With this additional constraint (5.23),' we can endogenously determine
a class of nonlinear (symmetric) trigger functions described below:
p(nG(ky, ko) +nky +1p+ ), if ky < ks,

X (K, k) =
p(nka +nG(ka k) +rp+c), if ky >k,

(5.24)

17This condition can be regarded as a free boundary conditon as the investment threshold X (kq, kp) is to
be determined together with the value function.
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where G(k,, ky) for k, > ky is any continuously differentiable function satisfying the following

condition:

Condition 6 There exists a constant k > 0 such that in k, > ky > k region,
(Z) /{Zb < g(ka,]{?b) < Qk'b,

(11) G(ka, ky) is increasing in ky, and

(7ii) there exists a continuously differentiable function ¢(z1, z9) with %;’Zz) # 0 or %;2’32) +
0 such that
6 (kG — kaks, ka +G) = 0. (5.25)

The left and right inequalities in part (i) of Condition 6 ensure that X (k,, k) given in
(5.24) is strictly higher than the trigger of the perfect competition equilibrium (i.e., the
trigger given in (5.17) with 6, = 6_ = 1) and strictly lower than the trigger of the open-loop
equilibrium (i.e., the trigger given in (5.17) with (,,0_) = (2,1)). Part (ii) of Condition 6
indicates the monotonicity of X (k,, k;) in k, when k, > k. Part (iii) of Condition 6 can be
derived from the additonal constraint (5.23); see Appendix B.1. Combining parts (ii) and
part (iii), we can further establish the strict monotonicity of X (k,, ks) in both k, and ky; see
Appendix B.2.

It can be shown that (5.15)-(5.16) hold for any value function associated with the trigger
function given in (5.24) satisfying Condition 6.

By selecting different functions ¢ to obtain G satisfying Condition 6, we can derive
various endogenous nonlinear trigger functions. Below we present two sets of nonlinear
trigger functions where ¢(z1, z2) = 21 — A and ¢(z1, 29) = Az; — 29, respectively, with A being

a constant.

Proposition 4 Let A > 0 be a constant. We have the following nonlinear trigger functions:
(i) Nonlinear Trigger I: for min(k,, ky) > v/,

X (ko, kp) = p(nk‘a +nky + A +7rp+ c). (5.26)

I N
max{kq, kp}
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(it) Nonlinear Trigger II: for min(k,, ky) > 2,

Amax{k,, k
Xl k) = p (ks -+ k) ot e, o}

Amax{ky, kp} — 1

+rp+c>. (5.27)
For the nonlinear trigger functions, we always assume min(K,g, Ky) > k, and consider
7 = (0,00) x [k, 00) x [k, 00), (5.28)

where k is as given in Condition 6. Next we present symmetric closed-loop equilibria associ-

ated with the linear and nonlinear trigger functions as given in (5.17) and (5.24), respectively.

5.4 Closed-loop Equilibria

Theorem 2 Let X (k,, ky) be the trigger function given by (5.17) satisfying Condition 5 (or
the trigger function (5.24) satisfying Condition 6 with min(K o, Ky) > k). Let ¢; := (u;, v;)

be firm i’s closed-loop strategy,'® where

1k'<k,' 1 ’l9+(l€a,]€b) )

7 9 —1 — ‘ ‘ - —1 1 . _} ].x 9 .2
U2, [19+(l<:a,kb) <19_(k:a,kb) T (o o) ") Tz [ Lo ¥y (5:29)
v;(z;v_;) = inf {5 > 0: X (ki + 6, max{k_;, min{k_; + v_;, K(z)}}) > 3:}, (5.30)

for any z = (x,kq, kp) € Z, with K(x) being given by (5.3) and (V4,9_) being given as
follows:
OX(kaks) if L <k OX(kaks)  if k< )
19+(ka7kb) = [ Okq f = and 19_(]€a,kb) — , Ok, f = vp, (531)
PG i k> PG if k> k.

Then the closed-loop strateqy pair (a, vs) € S is a Markov perfect equilibrium strategy.

Equation (5.30) indicates that firm i makes a lumpy investment in the above equilibrium
if and only if it is in the interior of I;(x); see Appendix C.1. Using (5.29), one can derive
the following strategy on I'(X;):" (i) On I';(X;) \ C(X;), firm —i remains inactive while

18 See Section 2.1 for the definition of a closed-loop strategy. If (2.12) has no solution in Rﬁ_ but admits a
unique solution (uq,u;) € R?, we can define a solution in R? as (max{u,, 0}, max{us, 0}) to allow for more
admissible strategies.

This strategy follows by solving the following systems of equations implied by (5.29):

1 1 94
Uit = 3. Uat = g~ — g_ Wbt .
s, for k; < k_;, and R for ko = ky, where 9, > 9_ > 0 is
U—it = 5= — p_ Uit Ubt = 3 = 9_ UYat

proved in Appendix B.2.



firm ¢ invests at a speed of 1/, with respect to the change in the running maximum of the

demand shock, i.e.,

dM,
dKy = —X and dK_; =0. (5.32)
Lo
(ii) At C(Xy), the two firms move symmetrically:
dM;
dK oy = dKpy = ——— . 5.33
Y T (5:33)

Combining (5.32)-(5.33) and the lumpy investment, we conclude the following explicit ex-

pression of equilibrium capital processes for any ¢ > 0:
Ky = inf {k > Kio + X (k, max{K_j, K(M,)}) > Mt}. (5.34)

It can be observed that the lumpy investment only occurs at time 0 in equilibrium.

We highlight that the closed-loop equilibrium strategy presented in Theorem 2 suggests
an off-equilibrium strategy, which is elaborated on in Appendix C.2

It is worth noting that ¥, = pnf, and ¥_ = pnf_ for linear trigger functions. In
particular, when 6, = 6_, we must have ;. = #_ = 1 according to Condition 5. This
corresponds to the Back and Paulsen (2009)’s closed-loop equilibrium, in which firms adopt
the zero-NPV rule when making investments and earn zero profits in equilibrium.

Next, we report closed-form expressions for value functions associated with the equilib-

rium strategy given in Theorem 2.

Theorem 3 The value function Vi(2) associated with the equilibrium strategy given in The-

orem 2, where z = (x, ko, ky), is given below.

(i) When the demand shock is (weakly) below the trigger function X (ko kp): © < X (kq, ks),
i.e., in the Ny () region, Vi(z) = U'(z) where U'(2) is given by (5.7).

(i1) In the square BCDO region: 1,(x), both firms instantly invest to the point C' and

Vi(z) = Uz, K(x), K(x)) — p(K(z) — ki) . (5.35)

(111) In the ABC region: 1,(x) \ Lp(x), firm b does not invest and firm a invests so that its
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capital stock %a reaches the curve AC' and satisfise the following equation:

X (ko k) = 2. (5.36)

The equilibrium value functions for firms a and b are given by

Ve (2) = U@, ka k) — plka — ka) (5.37)
and
V¥(2) = UP(x, ka k) , (5.38)

respectively, where U'(x, kq, k) s given in (5.7).

By symmetry, we can obtain the solution in the CDE region: Ip(z) \ Inp(x).

6 Numerical/Quantitative Analysis

In this section, we present numerical results to compare the average ¢, marginal ¢, and
the resulting equilibrium capital processes from different strategies. These strategies include
the monopoly strategy, the open-loop equilibrium strategy ¢*!, the perfect competition
equilibrium strategy ¢!, and the closed-loop equilibrium strategies with the linear trigger
©’+%= and the two nonlinear triggers given in Proposition 4. The results associated with
these strategies are depicted by a dotted line, a dashed line, a dash-dotted line, a solid line, a

triangular line, and a squared line, respectively. The default parameter values are as follows:

1 =20.015, 0 =0.15,r=0.07,n=0.1, c= 0.1, p =1, and thus g = 2.333.

6.1 Average ¢ and Marginal g

For the monopolist, the average ¢ is given by V2ak)

-, where V™ (z, k) is as given in (4.7)

and (4.9). Given any strategy ¢ in the duopoly game, we define the associated average ¢ as
Ve(e, 5, 5i9) + V(2,5 5:9)

Vi, k) = . :
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where k > 0 represents the total capital.?’ Since symmetric equilibria are considered in the

duopoly case, we only focus on firm a’s marginal ¢ defined as follows:

OVa(z. ky. ky:
qa(kaakb;gp> = ( L ’ 80)

Comparison of Average ¢ In Figure 4, we compare the average ¢ under different strate-
gies. In the left two panels, we plot the average ¢ against = by fixing & = 2.001 (panel A)
and k = 20.001 (panel C). In the right two panels, we plot the average ¢ against k by fixing
x = 0.4 (panel B) and z = 3 (panel D). For nonlinear trigger I, we set A = 1 in the top two
panels and A = 100 in the bottom two panels. For nonlinear trigger II, we set A = 3 in the
top two panels and A = 0.3 in the bottom two panels.

We have the following observations. First, as expected, the monopoly case results in the
highest average ¢ among all strategies, while the perfect competition equilibrium yields the
lowest average ¢q. Second, consistent with Proposition 3, the average ¢ for the open-loop
equilibrium is higher than that for the closed-loop equilibrium with the linear trigger %+~
though the difference is small. Third, while the average ¢ for the closed-loop equilibrium
with the linear trigger ¢%+?~ is significantly higher than that for the perfect competition
equilibrium, the difference between the perfect competition equilibrium and the two closed-
loop equilibria with nonlinear triggers is small. Intuitively, this is because a more restricted
response requirement is imposed in the closed-loop equilibria with nonlinear triggers: when
firm ¢ deviates from the equilibrium in its investment region I;, the opponent’s response must
be at its own best interest, i.e., %‘;—: = p. This requirement narrows the set of admissible

strategies, thereby reducing firms’ average q.

Comparison of Marginal ¢ Next, we compare marginal ¢ under different strategies.

In Figure 5, we plot the firm a’s marginal ¢ against its capital k,. We set k, = 2 and

20We also considered the asymmetric case with average ¢ given by V(z,k,a;9) =
(V“(az7 ak, (1 —a)k; ) + Vo(z,ak, (1 — a)k; <p)) /k, where a € [0,1] represents the weight. However,
we found the average ¢ is insensitive to the value of « € [0, 1]. In particular, when k < K(z), V(z,k, a; ) is

: iq i oV (z.ak,(1-a)kip) _ . OV (z.ak,(l-a)kip) _ o OV (z.ak.(1-a)kip) _
independent of . This is because T =p, %y =0, oty =p, and

AV (z,ak,(1—a)k;p) _ 0
Okq -

yielding W =0.
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Figure 4: Average ¢ under Different Strategies.
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monopoly strategy, the open-loop equilibrium strategy ¢>!, the perfect competition equilib-
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07.0%
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nonlinear trigger I given in (5.26), and nonlinear trigger II given in (5.27) are depicted by a
dotted line, a dashed line, a dash-dotted line, a solid line, a triangular line, and a squared
line, respectively. For nonlinear trigger I, we set A = 1 in the top two panels and A = 100
in the bottom two panels. For nonlinear trigger II, we set A\ = 3 in the top two panels and
A = 0.3 in the bottom two panels. In the left two panels, we plot the average ¢ against x
by fixing k& = 2.001 (panel A) and k£ = 20.001 (panel C). In the right two panels, we plot
the average ¢ against k by fixing z = 0.4 (panel B) and = = 3 (panel D). Default parameter
values are: © = 0.015, 0 = 0.15, r =0.07, n = 0.1, c= 0.1, p = 1, and thus § = 2.333.
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Figure 5: Firm a’s Marginal ¢ against k, under Different Strategies. In each panel, the
marginal ¢ under the open-loop equilibrium strategy ¢!, the perfect competition equilib-
rium strategy !, and the closed-loop equilibrium strategies with the linear trigger %+~
nonlinear trigger I given in (5.26), and nonlinear trigger II given in (5.27) are depicted by a
dashed line, a dash-dotted line, a solid line, a triangular line, and a squared line, respectively.
For nonlinear triggers, we set A = 1 and A = 3, respectively. We set k, = 2 and © = X' (k,, k)
in panel A, and set x = 1, k, = k;, in panel B. Default parameter values are: u = 0.015,
c=0.15,r=0.07,7=0.1,c=0.1, p=1, and thus § = 2.333.

x = X(kq, kp) in panel A, and set z = 1 and k, = k; in panel B. For the closed-loop
equilibrium with nonlinear trigger I, we set A = 1. For the closed-loop equilibrium with
nonlinear trigger I, we set A = 3.

First, as shown in panel A of Figure 5, firm a’s marginal ¢ under the open-loop equilibrium
can be strictly larger than the marginal cost p at the investment boundary x = X' (k,, k)
when k, > k;, while the marginal ¢ under the closed-loop equilibria is always bounded from
above by the marginal cost p. Specifically, under the closed-loop equilibrium with nonlinear
trigger I or II, the marginal ¢ equals the marginal cost p at the entire investment boundary.
In contrast, the marginal ¢ under the closed-loop equilibrium with the linear trigger is strictly
smaller than the marginal cost p at the investment boundary = = X(k,, ky) when k, > k.
Second, as shown in panel B of Figure 5, at the symmetric line k, = kp, the marginal ¢ under
the closed-loop equilibrium with the linear trigger and under the open-loop equilibrium are

almost identical. In contrast, the marginal ¢ under the closed-loop equilibrium with nonlinear
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trigger I or II is close to that under the perfect competition equilibrium.

6.2 Capital Process

Now we compare the dynamics of the total capital process under different strategies.
We focus on the symmetric case in which K,g = Ky = Ky/2, where Kjq is firm ¢’s initial
capital in the duopoly case, and K| represents the initial capital in the monopoly case. In
the monopoly case, we have K; = max{Ky, K™ (M,)} for t > 0, where K™(x) = %;p“).
In the duopoly case, we have K;; = max{ Ko, (M)}, where K(-) is given by (5.3).

In Figure 6, we plot the total capital process against M;. In panel A, we set A = 1 and
A = 3 for nonlinear triggers I and II, respectively. In panel B, we set A = 100 and A = 0.3
for nonlinear triggers I and II, respectively. Moreover, we set K, = Kpy = 1.001 in panel A
and K, = Ky = 10.001 in panel B.

First, we observe that the order of the total capital process is consistent with the order
of average ¢ illustrated in Figure 4: higher total capital corresponds to a lower average
value. This result arises from the fact that higher total capital leads to reduced prices and
consequently diminishes the potential profits that a firm can accrue. Second, we note that
the growth rate of total capital under the closed-loop equilibrium with nonliner trigger I or
IT is even higher than that under the perfect competition equilibrium. As M; increases, the
total capital under the closed-loop equilibrium with nonlinear trigger I gradually approaches,
but consistently remains below, the total capital in the perfect competition equilibrium. This
occurs because nonlinear trigger I is larger than the trigger function of the perfect competition
equilibrium, i.e., p(nk,+nky+rp+c), and the difference converges to zero as max{k,, ks } goes
to infinity. Finally, as M, increases, the difference between the total capital under the closed-
loop equilibrium with nonlinear trigger II and the perfect competition equilibrium approaches
a positive constant. This is because nonlinear trigger I1 approaches p(nka+nk’b+n% +7"p+c)

when k, = k;, is sufficiently large.
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Figure 6: Total Capital Processes from Different Strategies. In each panel, the total capital
for the monopoly strategy, the open-loop equilibrium strategy ¢*!, the perfect competition
equilibrium strategy ¢!, and the closed-loop equilibrium strategies with the linear trigger
¢%+9= nonlinear trigger I given in (5.26), and nonlinear trigger II given in (5.27) are depicted
by a dotted line, a dashed line, a dash-dotted line, a solid line, a triangular line, and a squared
line, respectively. In panel A, we set A = 1 and A = 3 for the closed-loop equilibria with
nonlinear triggers I and II, respectively. In panel B, we set A = 100 and A = 0.3 for the
closed-loop equilibria with nonlinear triggers I and II, respectively. Default parameter values
are: p = 0.015, 0 =0.15, r =0.07, n = 0.1, ¢ = 0.1, p = 1, and thus § = 2.333. Moreover,
we set K 9 = Ky = 1.001 in panel A and K, = Ky = 10.001 in panel B.
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Appendices

A The Constant Elasticity Model

We extend our results to the constant elasticity model, where firm i’s profit is given by
Fy(, kg, k) = x(ko 4 k) 7K (A1)

with v > 1 being a constant. When neither firm ever invests, i.e., when dK,; = dK;; = 0 for

all ¢, firm ¢’s value equals
(k‘a + kb)fl/’yki

U'(z) = E? U e "y (Xy, ko, kp)dt| = x (A.2)
0 r— i
_ i i _ (kathky) "1k
for z = (x, kq, ky). We denote ¢ (kq, ky) = V'(x, kq, kp) /2 = .

A.1 Monopoly Solution

First, we summarize the solution for the monopoly case in the constant elasticity model.
The monopolist’s profit flow function is given by F(z, k) = xk'~/7, where k is the monop-
olist’s capital stock.

The optimal strategy for the monopolist is to invest only when X; > X™(K;), where K;
is the monopolist’s capital process. Here, X™(-) is the trigger function for the monopolist

and is given by

xm (k) = g3 (A.3)

where p is a constant defined as

pB
51 (r —w), (A4)

with  being defined in (4.5). For convergence, we always require § > v in the constant

elasticity model.
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A.2 Duopoly Solution

Next, we examine the symmetric closed-loop equilibria in a duopoly. For illustration, we
focus on nonlinear trigger functions and follow the analysis in Section 5.3.

Given a symmetric trigger function X (k,, ky) under certain regularity conditions,?! we
define firm 4’s investment region I;(x) and no-action regions N;(z) as in (5.4), with IC(z)
defined as in (5.3) and X' (k,, ks) to be determined later. We can show that the correspond-
ing value function for z < X(k,, k) is given by (5.7), with W'(z) defined by (A.2). By

substituting (5.7) into (5.8) and (5.9), we obtain

on 8(]1:;&7 kb) = (p - X(kaa kb)wl(;a (kaa kb))X(ka, /{,‘b)fﬁ, ka < kb , (A5)
Q£%£@=—Wﬂ@mxwmwﬁ,@zm, (A.6)
b

1 (1= )katky
Y _—
T—p

and wgb(ka, k'b) = (k-a + kb)_%_l (_;)ka.

T

where Y5 (kq, ky) = (ko + k)
With the constraint (5.23), we can endogenously determine the following nonlinear trigger

functions:

(04 Glkos k) ) (ha + k), i ka <

(p+ Glha ) (o + )7, i kg >

where G(kq, ky) for k, > k;, is any continuously differentiable function satisfying the following

X (ko ky) = (A.7)

condition:

Condition 7 There exists a constant k > 0 such that in k, > ky > k region,
, k
(Z) 0< Q(ka,kb) < m,

(i1) (p + G(ka, kb))(k‘a + k:b)% is increasing in ky, and

2'We only consider the trigger function X (k,, kp) that is continuously differentiable on {(k,, k) € [k, 00) x
[k,00) : kq # kp} with Xy, (Ko, k) > 0 and Ay, (ka, k) > 0, where k > 0 is a constant. Without loss of
generality, we assume that X' (k,, ky) has a upper bound given by the monopolist’s trigger p%(ka + kb)%

and a lower bound given by the trigger of perfect competition equilibrium p(k, + kb)% (Back and Paulsen,
2009). These bounds guarantee the well-posedness of the firms’ value functions under the trigger function
X (ka, kp)-
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(7i) there exists a continuously differentiable function ¢(z1, z2) with %ZII’ZQ) #0 or %;2’22) +
0 such that

1
, In
kaG (G + p)(ka + ks
The left inequality in part (i) of Condition 7 ensures that X (k,,ks) given in (A.7) is

¢(k:ag )$> —0. (A.8)

higher than p(k, + kb)%, the trigger function of the perfect competition equilibrium. The
right inequality in part (i) of Condition 7 ensures that X (kq, k) given in (A.7) is lower than

the trigger function of the open-loop equilibrium, i.e.,

2=

P
X(ka,kb) < m(ka + kb) .

’Y(ka""kb)
From parts (ii) and (iii) of Condition 7, we can infer the strict monotonicity of X (k,, kp) in

(A.9)

both k, and k;; see Appendix B.2.
By choosing different function ¢ to obtain G satisfying Condition 7, we can derive various
endogenous nonlinear trigger functions. Below we present two sets of trigger functions, where

d(21,22) = 21 — X and ¢(z1, 29) = m(’;ﬁ + 2o, respectively, with A > 0 being a constant.

1

Proposition 5 Let A > 0 be a constant. We have the following nonlinear trigger functions:

)

(i) For min(k,, k) > ’\(22_1)

)\ 1
S G ey A A10
(hosks) = (p+ oo ) b ) A10)
(i1) For min(k,, ky) > %(%)W}
> A
X (o, kp) = p(ka + kp)> + | |
\/(MP + )\max{ka, kb}(k?a + kb)—; + pmaxgw

(A.11)

Next, we present symmetric closed-loop equilibria associated with the nonlinear trigger
functions X'(k,, k) as given in equation (A.7). We define K(z) and 94 (k,, ky) as specified

by (5.3) and (5.31), respectively, with the trigger functions X'(k,, k;) as given in equation
(A.7).
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Theorem 4 Let ; := (u;,v;) be firm i’s closed-loop strategy given by (5.29)-(5.30), with
X (ka, k), K(2), and Vi (kq, k) given by (A7), (5.3), and (5.31), respectively. Under Condi-
tion 7 with min(K o, Ky) > k, the closed-loop strategy pair (¢q, pp) € S is a Markov perfect

equilibrium strategy.

We can verify that the capital processes under the strategy given in Theorem 4 take
the explicit form as in (5.34), but with X (k,, k) given by (A.7). Define firm i’s investment
region I;(x) and no-action regions N;(z) as in (5.4). Then, for the equilibrium strategy given
in Theorem 4, firm 7’s equilibrium value V*(z) takes the same form as in Theorem 3, but

with U¥(2) and X (k,, ky) as defined in (A.2) and (A.7), respectively.

B Nonlinear Trigger Functions

B.1 Determine Nonlinear Trigger Functions Endogenously

The Linear Demand Case. Using the constraint (5.23), we infer that (5.8) holds for any
(ka, kp), as does (5.10) for any (k,, k). Combining (5.10) and (5.11) and using O (kasky)

OkaOkp
% for k, > k;,?2 we obtain
OX (o, k —_—
pnka% + |:X<ka7kb) _P(Qﬁka—i-??kb—i-?“p—l—c)}# — O’ ka Z kb- (Bl)

Lemma 5 in Appendix D indicates that the partial differential equation (PDE) (B.1) admits
the following general solution:
X (kas k) = p(mka +1G (ko i) + 704 ) ko = Ky, (B.2)

where G(k,, k;) satisfies (5.25). By using (B.2) and symmetry, we obtain the trigger function
as given in (5.24).

The Constant Elasticity Case. By imposing the constraint (5.23), we infer that (5.8)
holds for any (k,, ky), as does (A.5) for any (kq, ky). Combining (A.5) and (A.6) and using

22 More precisely, H%(kq, kp) is twice continuously differentiable in the region k, > kp, and the second-
2 a
order partial derivative has a finite limit on the boundary k, = ky+. Then, we define 6(9}116(72(12;’%) |k =ty =
. O*H (kao,ky) 92 H (ka,ky) T 9*H (kao,ky)
limy, 5,40 Ok, 0k and GG ko =ky,:= 1Mk, 5k, +0 T Ok Oka
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O?H(kq,ky) _ 02H (kg

ko) for ki, > kpy,23 we obtain

OkqOky - OkpOkq
kq OX (ka, ky) kq 1| OX (kq, k)
— 0 X (g, ) - X (ko k) — vp(ka + k)7 | o0 —
T Y e ) +|( ,w,%) (ka ) = oo + ko) | T2 = 0
(B.3)

for any k, > k.
Lemma 8 in Appendix D indicates that the PDE (B.3) admits the following general

solution:

QM—'

X (kas k) = (p+ Glkas i) ) (ka + Ry), (B4)

where G(k,, ky) satisfies (A.8). By using (B.4) and symmetry, we obtain the nonlinear trigger

functions as given in (A.7).

B.2 The Strict Monotonicity of X (k,, k) in k, and k;

Now we show the strict monotonicity of X (k,, ky) in k, and k.

X (ka,ky)
ok =0

for any k, > k, > k. By combining (B.1) and (5.24), we find that ax(k“ kb)/axgzlbkb) =

M for k, > ky > k. We infer from part (i) of Condition 6 that aX(k“ kv) / 8chkab k) e

(0,1) for any k, > k, > k, which implies that X k" k) o 9X(kaky) ) for any k, > ky, > k.

The Linear Demand Case. According to part (ii) of Condition 6, we have

OFa
By the symmetry of X (k,, k;), we conclude % >0, % > 0 and % (0,1)

for any ko > k, ky > k.

8X(ka7kb)
Oky, =

0 for any k, > k, > k. By combining (B.3) with (A.7), we obtain % = 1—%

for k, > ky > k. Since G(kq, k) > 0, we have % < 1 for any k, > k, > k. Further,

since G(kq, k) < T ﬁi’;) m S T Jf];z) — as implied by part (i) of Condition 7, we have
9_ (kasks)

Tk 0 for any k, > ky > k. Hence, 5 EZ“ :b; € (0,1) for any k, > ky > k. It follows

DX (ka k) DX (kaks)
that—b>0,8—kb”>0foranyk >k, > k.

The Constant Elasticity Case. According to part (ii) of Condition 7, we have

By the symmetry of X (kq, ks), we

23See Footnote 22 for the precise definition of the second-order partial derivative of H%(k,, ky) at k, = kp+.
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BX(ka 7kb)
Okq

aX(kll 7kb)
oky

> 0 and 2=%eko) o (0 1) for any k, > k, ky > k.

ncl
conclude T b )

>0,

C Understanding the Equilibrium Strategy

C.1 Investment Strategy Implied by (5.30)

Consider any state (X, Ky, Kp) at time ¢. First, since X(k,, k;) is increasing in k, and
ky, we deduce from (5.30) that v;(x, ko, kp;v—;) = 0 for any v_; > 0 and = < X(k,, kp). It
follows that

AKy = vy(Xy, Ku, Ky AK_y) = 0 for all X, < X(Ku, Kip), (C.1)
indicating that there is no lumpy investment whenever X; < X (K, Ky).

Second, noticing (5.30) and X (K(x),K(z)) = z, we infer**

AKy = K(Xy) — Ky >0 when (K, Ky) € [0, (X)) x [0, (X)), (C.2)
indicating that both firms make a lumpy investment to arrive at point C(X;) = (K(Xy), (X))
in this case.

Third, from (5.30) and the monotonicity of X (kq, k) in k, and ky, we infer that®®

AKy=if{6>0: X (Ky+0,K_4) > X;} >0and AK_; =0 (C.3)

when X; > X(Ky, Ky) and K_;; > K(Xy), (C.4)

where we have used K;; < KC(X;) for this case. This indicates that firm —i does not make a
lumpy investment while firm ¢ does at time ¢, moving instantaneously to I';(X;).

In summary, from (C.1)-(C.4), we deduce that firm ¢ makes a lumpy investment in the

above equilibrium if and only if it is in the interior of I;(z).

2Using (5.30), one can see that for k, < K(z) and k, < K(x), we have k; + v;(z;v_;) > K(x) when
k_i+v_; < K(z), and k; + v;(z;v_;) = K(x) when k_; +v_; > K(x). Thus, the unique solution pair(v,, vp)
to the system of equations v, = v4(z,vs) and vy = vVp(2,v,) 18 (Va, V) = (K(x) — ko, K(z) — k).

Z5n the case > X(ka,ky) and k_; > K(x), we have v;(z;v_;) = inf{d > 0: X (k; + 6,k_;) > x} and
v_i(z;v;) =inf{6 >0: X (k_; + 6, k; + v;) > a} for any v; > 0 and v_; > 0.
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C.2 Off-equilibrium Strategy

Next, we present the dynamics of capital stocks driven by the off-equilibrium strategy
implied by Theorem 2. For ease of exposition, we focus on the deviation of firm a. For any
strategy pair (¢4, ) € S stated in Theorem 2 and any feasible strategy pair ($a, vs) € S,
where firm a deviates from time 7" with (X, ]~(at, IN(bt) = (X4, Ko, Kiy) € Z for all t < T, we
denote by

K, =K, Ky = Ko (C.5)

the two firms’ capitals to highlight the dependence of K; on (Pas op). We first investigate
the lumpy investment of firm b in response to firm a’s deviation.

Using (5.30), one can deduce Af?bt in the following three cases.
(i) When Kuy < K(X;), we have

AKy =inf{6>0: X (IN(bt v, f(m) > X1, (C.6)

(i) When I?GH > K(Xy) > l?at, we have
~ ~ ~ N\t
ARy =inf{6 = 0: X (Ky+6,K(X)) = X} = (K(X) ~ Ku) (C.7)

(iii) When K, > K(X,), we have
AKy =inf{6 >0: X (f(bt +o, f(at) > X1, (C.8)
According to (C.6)-(C.8), firm b’s lumpy investment ensures that X; < X (Ky, Ky) for
almost all t > T'.
Next, we investigate the continuous investment strategy. Let u; denote the continuous

investment rate related to dM; for firm i under the strategy (., ¢s). By (5.29)-(5.30), we

infer

d[?bt =0 when (_[A(/at, fébt) c Nab(Xt)- (09)

It remains to investigate the continuous investment strategy on I'(X;). For illustration, we

assume M; = Xy, dM; > 0, and l?as continuously increases with a constant rate for s close t:

dEK 45 = UgdM,, Vs € [t,t+ ¢, (C.10)
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where € > 0 is sufficiently small and %, is a nonnegative constant.

Using (5.29), one can deduce dK,, in the following three cases.
o When (K, Ky) € To(X,) \ C(Xy):

(i) Ifu, < 7%, then for s close to t, ([?as, [?bs) € I',(My) and firm b moves according
+

to
~ 1 vy
Kyy=|— — — M,. A1
d bs |:19 197 ua:| d s (C )
This can be derived from s = 19% — g—fﬂa > 0.

(i) If u, > i, then (K, Ky) € Ngy(M,) for any s € (¢, t+¢), and thus firm b won’t

invest in this period.?® This can be derived from
AX (K g5, Kps) = 04 Tgd M, + 9_d Ky, > dM,. (C.12)
o When (K, Ky) € Ty(X,) \ C(X,):
(i) Ifu, = 0, then for any s close to t, (f(as, l?bs) € T'y (M) and firm b moves according
to dKys = 5-dM,.
(i) If 0 < @, < -, then Ky, is not well-defined.?”

(iil) If u, > 19%, then ([?as, [?bt) € Ny (M) for any s € (¢,t+¢€), and thus firm b won’t

invest in this period. This can be derived from

AX (K s, Kps) = O_TigdM, + 9, dKy, > dM,. (C.13)

e When (K, Ky) = C(X,), the following hold.

9) implies that u, = L ﬁ—*] < 0. Then by Footnote 18, we set uy = 0.

Z6At time ¢, (5.29 7
I 0 < Ty < 1% (f(as, f(bs) will enter N,p(Xs) immediately, which implies that firm b won’t invest at

s = t+. However, only firm a’s investment cannot ensure (I?as, K bt) € Nap(Xs), and I?bs is not well-defined.
To allow for more admissible strategies, we can replace (5.29) with

wi(z,u_;) = {lk;j + max {u_i, (19% - Z—tu )}lki:k_i + (19% - g—fu )lk Sk } 10> X (kuo kno) -

One can verify that the equlhbrlum capltal process under the above response functlon is still given by (5.34),
and for the off-equilibrium with (Ku¢, Kpr) € Tp(X;) \ C(Xy), we have dKy, = o L dM, for any s close to t.
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(i) If u, < ﬁ, then for any s close to t, (I?as, [?bs) € I',(M;) and firm b moves

according to (C.11). This can be derived from

I T T 1
T 14
B N (C.14)

(i) If ﬁ < U, < ﬂ%, then l?bs is not well-defined.?®

(i) If @, > 19%, then (I?as, [?bt) € Nyp(My) for any s € (t,t+ €) and thus firm b won’t
invest in this period. This can be derived from (C.13).

D Useful Lemmas

Lemma 1 Assume the pair (04,0_) satisfies Condition 5.
(i) When 60, =0_, we have 0y =0_ = 1.

(i1) When 6, > 60_, we have 04 >1>0_, and

z—zi—e+<2(9__1). (D.1)

(iii) The largest value of 6, + 0_ is reached only at 0% = iﬁ;}, 0 = 3;;/;"*, where w* is

the unique root of the function h(w), as defined in (5.21), within the region (1,00).
(iv) The smallest value of 04 + 0_ is reached only at 0, = 6_ = 1.

(v) Moreover, the left inequality in (5.18) is equivalent to

0, 0,
0 (2—gt—0y)
g 9(1+9+6)6 1
_ Pe)s —

(D.2)

Lemma 2 Assume Condition 5 holds, and recall the expressions (5.3)-(5.6), and the func-
tion Vi(z) defined in Theorem 3 with X (kq, ky) as defined in (5.17). Then, the functions
V(z) and V°(2) satisfy Conditions 1 and 2. In particular, for the case where 0, =6_ =1,

we have

Vi(a, koo ko) = phiy, 2> X(kaky), (Ko, k) € R2. (D.3)

28For the response function given in Footnote 27, we have U, = U, for any s close to ¢ when (I?at, K bt) =
C(X:) and ug >

1
np(04++6-)"
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Lemma 3 Assume Condition 5 holds, and recall the expressions (5.3)-(5.6). Let the strategy
(©as ) be as defined in Theorem 2, and let the function V'(z) be as given in Theorem 3
with X (kq, ky) as defined in (5.17). Then, the strategy (¢aq,0p) € S and (V4 V) satisfy
Conditions 3-4 and Footnote 10.

Lemma 4 Let X (ko, k) be as defined in (5.17), where 6, > 0_ > 0. Let U%(2) and U°(2) be
the functions given in Theorem 3. Then the right inequality in (5.18) is a necessary condition

for (5.15), and the left inequality in (5.18) is a necessary condition for (5.16).

Lemma 5 The PDE (B.1) admits a general solution as given by (B.2). If the function
G(ka, ky) satisfies Condition 6, then X(kq, k) given by (B.2) satisfies (B.1) for any k, >
ky > k.

Lemma 6 Recall the expressions (5.3)-(5.6), and let the function V'(z) be defined in Theo-
rem 3 with X (kq, ky) as defined in (5.24). Under Condition 6, the functions V(z) and V(z)

satisfy Conditions 1 and 2 with 7. = {(z, ka, k) : * > 0,kq > k, ky > k}, and
avl(l‘, kaa kb)

81{: =D, x Z X(k:m kb)a ka Z Ea kb Z E (D4)

Lemma 7 Assume Condition 6 holds, and recall the expressions (5.3)-(5.6). Let the strategy
(©as ) be as defined in Theorem 2, and let the function V'(z) be as given in Theorem 3
with X (kq, ky) as defined in (5.24). Then, the strategy (¢aq,0p) € S and (V4 V) satisfy
Conditions 3-4 and Footnote 10 with 7. = {(x, kq, kp) : © > 0,k > k, ky, > k}.

Lemma 8 The PDE (B.3) admits a general solution as given by (B.4). If the function
G(ka, ky) satisfies Condition 7, then X(kq, k) given by (B.4) satisfies (B.3) for any ko >
ky > k.

Lemma 9 Recall the expressions (5.3)-(5.6), and let the function V'(z) be defined in Theo-
rem 3 with W' (z) and X (ka, ky), as defined in (A.2) and (A.7), respectively. Under Condi-
tion 7, the functions V(2) and V°(2) satisfy Conditions 1 and 2 with Z = {(x, ka, ky) : @ >
0,ky > k,ky > k}, and (D.4) holds.
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Lemma 10 Assume Condition 7 holds, and recall the expressions (5.3)-(5.6). Let the strat-
eqy (pa, pp) be as defined in Theorem 4, and let the function V'(z) be as given in Theorem 3
but with V'(2) and X (k,, k) as defined in (A.2) and (A.7), respectively. Then, the strategy
(0a, 0p) € S and (V, V) satisfy Conditions 3-4 and Footnote 10 with Z = {(x, ka, k) : x >
0, ky > ki by > K},

E Proofs

Proof of Theorem 1 We employ the following abbreviated notation: V¢ (x, ky, k) := %]j‘“kb)

and Ve (2, kq, ky) 1= 225E08) Denote

LVi(z) == LVi(z) = 1Vi(2) = %O—Wa V'(2) IVi(2)

52 + pu(x) pe —rVi(2). (E.1)

Denote

W= {(y, k1, k2) € Z : (k1,ks) € Nap(y)},

where Z = X X [kq0,00) X [kyo, 00) denotes the state space of the game, and N (+) is given
by (3.4). Because Condition 1 implies that V}! (x,ka, k) and Vi (z,ka, ky) are continuous,
the set W is an open subset of Z. Let W denote the closure of W. In the following, we fix
an initial state z = (z, ko, ky) € Z.

Step 1: We prove VO (x, ko, ky) > J(x, kq, kv; Pa, b)), where (@q, 0p) € S.

To simplify the notation, we denote K, = K%a$, K, = Kf”’% as the firms’ capital
stocks under the off-equilibrium deviation (@, ¢s). According to Condition 2, we have V' €
C>L1(W). By Condition 4, it follows that (XS,IN(GS,]N(I)S) € W for any s > 0, and IN(I,S is
continuous in s > 0. Applying It6 formula to e "V *(Xj, Ko, I?bs), s € (0,t] for t > 0 and

taking expectation, we have
t
V (l’ Ka0+7 Kb0+ |:€—7"tva Xt; Kat7 Kbt) / B_TSEVQ(X& Kasa Kbs)ds
0
/ eV (Xo, oy K ) RS, 4+ VE (X, Koy Kyn)d R
0

Z efrs Va st Kasa Kbs) Va(X57 [?asfv I?bs)]]a (E2>

s€(0,t]
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where K ¢ denotes the continuous part of [?a, and the expectation of the local martingale
term vanishes because of the regularity condition E? [ fot e V(X K s, [N(bs)a(Xs)Pds] <
+00, ¥t > 0 as in Footnote 10. According to (3.5), (3.9), and (E.1), we have

LV Xy, Kus, Kbs) = Fu( Xy, Kas, Kps) for any s > 0.
Substituting this into (E.2) and using V! < p, Vj2 <0 (Condition 1), we obtain

Va(xa [A{VaO-ﬁ-? f(/—bo-i-)
t

t
>E* [e*’“tva(xt,Kat,Kbt)Jr / e F (X, Kas, Kps)ds — / e*“deaS] (E.3)
0 0

+
By applying the condition lim,_, e E*[e " V(X, , Ko, Ky, )] = 0 from Footnote 10, sub-

stituting ¢ with ¢,, in (E.3), and letting n approach infinity, we derive the following result:

Va(xal?a()—i-a E'bo-s-)

tn . . tn .
> lim EZ[ / e Fo (X, Kasy K )ds — / e—’“sdeas]
n—-+oo 0 0+
+oo . . +oo .
:Ez[ / e Fp(Xy, Kas, Ko )ds — / e—rsdeas}, (E.4)
0 0+

where the convergence of the first integral is due to the dominated convergence theorem and
(2.14), and the second integral is well-defined by the monotone convergence theorem. Using

Vi <p, Vg <0 (Condition 1), I~(a0+ > k,, and l~(b0+ > ki, we derive
V2, kay k) > V2, Eay Koor) > Vx, Kooy, Kior) — p(Kaop — ka)- (E.5)
Combining (E.5) with (E.4), we obtain
Va(x> kaa kb)
400 - - +oo ~
Z]Ez[/ e_TSFa(XsuKasyKbs)dS - / 6_TSpd-Kvas - (]a(xy kmkb;@w@b)‘
0 0
Step 2: We prove V(x, ko, ky) = J(x, ka, kb; Qay ©b)-
Recall that (K,, K}) represent firms’ capital stocks under the strategy (¢, pp). By re-

placing lN(a and }N(b in (E.2) with K, and K}, respectively, and noting that K, and Ky, are

continuous in s > 0 (as stated in Condition 3), we obtain

Va(xa Ko+, Kb0+)
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t
=F* [e_TtV“(Xt,Kat,Kbt)—/ e "LV Xy, Kus, Kps)ds
0

t
- / e’ [chfl (X57 Kasa Kbs)dKas + Vki <X87 Kasa Kbs)des] . (E6>
0+

According to (3.2), we have Vi (z, k1, k) = p for any (ki, k2) € Io(x), and Vil (z, k1, ko) =0
for any (k1,ks) € Iy(x). Then, we have

t
/ efrs[vk(z (X37 Ka57 Kbs>dKas + V]g) (XS7 Ka57 Kbs>des]
0+

t
= / 677.8[‘/;2 (X87 Kasy Kbs)1(Kas,KbS)GIa(XS)dKas + VkCZ (XS7 Kas; Kbs)1(Kas,Kbs)EIb(Xs)des]
0+
t

= / e_rsdeasv (E7)
0+

where the first equality uses (3.8). Plugging —EV“(XS, Kos, Kps) = Fo(Xs, Kus, Kps), s > 0
and (E.7) into (E.6), we have

Va($7Kao+aKbo+)
t t
CEF [V (X, Ko K + / e TIE(X o, K g, Kp)ds — / K, (E.8)
0 0+

Using the condition lim,, . o, E*[e”"""V*(X,, , K, , Ky, )] = 0 from Footnote 10, replacing ¢

with ¢, in (E.8), and letting n approach infinity, we derive the following result:

+00 +o0
Va('raKa0+7Kb0+) :EZ|:/ e_TsFa(XmKames)dS - /
0 0+

where the convergence of the first integral is due to the dominated convergence theorem.

e—”deas} , (E.9)

Plugging (3.7) into (E.9), we have
V(a, ko, ky) =E [ / m e (X, Ko, Ky )ds — /O - e—“deas}
0
=J%(x, ka, kb; Pa; Pb).-
In sum, combining our analyses in Steps 1 and 2, we obtain V% (z) = J*(z; @4, ©p) >

J(z;0q, pp) for any z = (x,ks, ky) € Z and (a,pp) € S. By symmetry, we also have
V(2) = J*(2; Par 06) = J°(2; Qas P) for any 2z = (v, ka, ky) € Z and (@4, &) €S, O

Proof of Lemma 1 1If 6, = 6_, then by using g(1) = g(1) = 1, we observe that (5.18)
simplifies to 2 < 0, + 0_ < 2. This implies that 6, =6_ = 1.
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Denote

[(14+w)? =1][(1 = 2w + 2] + (w - 2)w
(1+w)f —(1+w)

Because 0, +6_ =0, (1 + g—;) and g(w)/(1 4 +) = g(w), the first inequality in Condition 5

g(w) = (E.10)

is equivalent to

ZK%)SH+ (E.11)

We can further verify that (E.11) is equivalent to (D.2).

Since > 2, we have
. (A +w)? =1][(1 = 5) + 5] —w
g(w) > =1,
(14+w)f = (1+w)
Thus, for 0, > 0_, we derive from (E.11) that 6, > 1. The right inequality in (5.18) implies

w> 1, (E.12)

that
3—0,
0. < ——. E.13
=111/6, (E-13)
We can show that f(z) := 11_1% = zf;f:) is decreasing in = > 1 by noticing that f'(z) =
4(90(_5:»‘512)2 < 0 for x > 1. Since 0, > 1, we have 13’;3; < 1, which, together with (E.13),

implies that 0_ < 1.
Define ¢(2) := ((1+2)? — 1)((8 — 1)z — 2) + 282. We observe that ¢(w) > 0, Yw > 0,
using the fact that ¢"(w) = B(8 — 1)(1 + w)?~2(8 + 1)w > 0, Vw > 0, along with ¢/(0) =0

and ¢(0) = 0. Recalling g as defined in (E.10), we have

5 A-w 1 w—12
gw0_1+%:X1+ww_CLwa+23Mw%>Q Vw > 1. (E.14)

Setting w = g—j in (E.14) and combining it with (E.11), we derive the following inequality

0, >— 1 (E.15)

when 6, /6_ > 1. It can then be seen that (E.15) is equivalent to (D.1).

Recall the function h as in (5.21). A straightforward calculation shows that

h(w)(w — 1) = (g(w) - g(w))pw[(1 +w)*~" ~1].

It can be verified that h”(w) < 0 for w > 1, h(1) > 0, and h(w) < 0 for sufficiently large w.
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Therefore, the equation h(w) = 0 in w > 1 has a unique solution w* > 1. For w > w*, we
have g(w) > g(w). Thus, we have 6, /60_ < w*. Since g(w) = 3—1/w is increasing for w > 1,
it follows that g(6,/0—) < 3 — 1/w*. From (5.18), we conclude that 0, +60_ < 3 — 1/w*,

_ 3—1/w*
+ Land 0_ = Tro -

with equality if and only if 6, /0— = w*, which implies 6, =
We can show that g(w) > 2 for w > 1. Hence, 0, +6_ > g(9+/0_) > 2when 6, >0_ > 0.
Then, the smallest value of 6§, + 6_ is achieved only when 6, =60_ =1

OJ

Proof of Lemma 2 We will prove the result for V%(z) only, as the case for V°(z) can be
handled in a similar manner. To simplify notation, for any function f € {V* U% H®}, we
denote the partial derivatives as follows: fi, (z, kg, ky) = M, Jio, (@, ko, Ky) = w%—zbk”),

0 JKak 0 Jkak o Jka,k
fkaka(xakaakb) - f(ngba fkakb(xv k(ukb) - ‘g(]:i—al%b)v fkbka<x7ka7kb) - %7 a’nd

Jroks (T, Koy k) = W, where H(k,, ky) is a function describing firm a’s option value,
b

as given by (5.12)-(5.14). Using (5.17) and (5.31), we have
Uy (ka, ko) = pnby, and  0_(kq, ky) = pnb_ (E.16)

for all k, > 0 and k;, > 0. In the following, we simply write 9. (k,, k) and 9_(k,, ky) as 94
and ¢¥_, respectively.

Given that 8 > 2, r > 0, and ¢ > 0, it follows that X (k,, k) > 0 for any (k,, k) € R2.
According to (5.12)-(5.14), we have H* € CY(R%) (N C¥®({(ka,kp) € RE : ky # kq}).
Therefore, for k, # ky, we have Hp , (ko ky) = Hf . (ko k). By (5.7), we see that U®
belongs to C2M1({(z, ka, k) € R3 1 (ka, ky) € Nup(2)}) and satisfies (3.5), where Ny, (z) is

given by (5.6). Using (5.7), (5.10), and (5.11), we obtain that
6’U“(:U, /{Za, /{Zb)

ok ‘IZX(ka,kb)* =D, kb > ka > 07 (E17)
oU(x, kg, k
W‘x)((kb,ka)— =0, ko > ky > 0. (E.18)

By combining the above with the definition of V*(x, k,, ky) given in Theorem 3, we observe

that Vi (v, ka, k) and V2 (z, ka, ky) are continuous in (z, kg, k) € Z, particularly across the
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boundary z = X (k,, k), and
Vit (2, ka, k) = p, (ko kp) € Ip(x), (E.19)
Vi (@, ka, k) = 0, (ka, k) € Ip(2), (E.20)

where I;(x) is defined by (5.4). Consequently, V¢ € C®"(Z) and Condition 2 is satisfied. Tt
remains to prove that the two inequalities in Condition 1 hold.

We will complete our proof in five steps. In the first four steps, we focus on the case
0, > 6_. Then, Lemma 1 implies that 6, > 1> 6_.

Step 1: We prove that

Up (X (Ka, k), ko ko) <0, ko < Ky, ko > 0. (E.21)
Using (5.7), for any k, < ks, k, > 0, we have

¢ (kg k)X (Ko, k)P (E.22)

2
U (X (ks ko), Ko, i) = =

Taking the partial derivative with respect to k, in (5.10) and using the equality Hp. , (Ko, k) =
Hy . (Ka, ky) for k, < Ky, k, > 0, we obtain

v 9
Hi (oo k) = == Hi (ks ba) = (1= 252 ) X (k. ki)
+ +
SO T W CIUN Yy
r U/ (1= B)04 Okq '
Taking the integral with respect to k, in both sides of the above equation and using the
relation g 0* , we obtain
0 n O_~\ X (kg, k)=
HE , (Ka, k) SHO (ke k (1 _ 2-) 2 ) E.2
/ Fake b)d 9+ b )+ r 0./ (1—p8)04 (E.23)

For k, < ky, ks > 0, we derive from (E.23) that

0_
HI?;, (ka? kb) :ngb (kba kb) [Ha (kba kb) Hga(kaa kb)]

0
n 0 X(kb, kb) X(ka, kb)l_ﬁ
——=|1-2— E.24
H(1-25) ( 50, (E:24)
Denote w(kq, ky) = 2ketibutpree X(f“ k) - Substituting (5.10) into (E.24), we have
. o ks 0o _ X (o, k)
Hi ) ) =2 = 2 [ ) = ok 0) ()
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B
X (Ko, k) — X (Kq, k) (M)

o 0= X (ka ko)
X (ky, k) 2 [0 n 0\ X(ka, ks)
<)€(ka, kb)> {ef(k"“’ ko) + ( 9+> (1 B),
0 n 0_N X(kp, kp)  nky
B e N B AL SV i E.2
{9+w<kb’ )+ (125 ) TG0, (E.25)
Plugging (E.25) into (E.22), for k, < ky, k, > 0, we have
0_ n 0\ X(ka,kp) ke
(X (ko k), ko, ky) = | —w(ky, k 1-2—)———= —
U (ks i) ) = | = )+ 2 (1= 2 ) ) 28
X(]i]a, kb) Blo 7] 0 X(kb, ]{Jb) ﬁk'b
S (A ALY R e I N W VAL L7 L
<X(kb7 kb)> {9+W(kb’ Bl + ( 9+> (1=p)0s r
(E.26)
Denote
g(km kb)
0, 1 12
=(2 — 0—)77/%4—77/% +pr+c— (0,nk, + 0_nky —l—pr—i—c)ﬂ (B + o~ 0—) (E.27)
- - - +
A straightforward calculation shows that Z—;w(k’a, ky)+2(1— 2 )% e = Gk, kb>r9+
Then we derive from (E.26) that for k, < k;, k, > 0,
" 0_ X (ka, kp)\ P
Ul (3 (o o) b o) = o {g(ka, ky) — (m> Glky, kb)] . (E.28)
To prove (E.21), we first prove that
U,?b (X(O, ]{Eb), 0, k’b) < 0, ky, > 0. (E29)
To achieve this, we define
o X(k,k)\?

and conclude that (E.29) is equivalent to H(ky) < 0 for any k, > 0, using (E.28) and

X (ka, k) > 0. Now, we prove that H(k) < 0, ¥ k > 0. Let Y(k) = Figd. Then

H(k) = Y(k)’G(0,k) — G(k, k). Given that 6,/0_ > 1,0, > 1, and (D.2), we have

_ 0G(kayky) 0+

Gr, = = g = (2 - - 9*)”—5 — <0, (E.31)
0G (ke k) N 16

G, 1= Gt = (24 (5= 2)5F — Az <0,
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__prte (o 0
G(0,0) = (6—1)9+<2 - 9+) <0,
It follows that
Glkay k) <0, (ko kp) € RZ. (E.32)
Because Y(k) =1 + =+ — z-*%, Y(0) =1, and Y'(0) = %W’ we infer
and
" oy Y(k) V" (k) Y (k)
— p—2 2 —
w0 =y 2y | (- 1+ 2 )50, + 2206,
2y Y (k) V" (k) A(0,0)
— B—2 2 _ _
=BY(k)" "Y' (k) [(5 1)G(0,k) + V' (k)? Q( 9 >] , (E.34)
where the second equality is because G(0, k) = G(0, —M) +(k+ X(O 0 ==)G, and V() 3;';5“ (k+
X0, 0)) + 233,},((,2) 0. A direct calculation yields that %,)/2(0) =— 9—‘ and
Y(OY'(O) -
(8- 1)6(0,0) + =555=6 (0. -
) 2 b 20,0,
—(8-1- za)g(o, 0)+ 2= G,
pr+c 0,
= [2 — o =0+ 2(1 9,)} <0, (E.35)

where the inequality utilizes (D.1). By combining (E.34), (E.35), Y(0) = 1, and )’(0) > 0
we can conclude that H"(0) < 0.

A direct calculation shows that 2 (k)(y >~ and G(0,k) are affine functions of k. Con-

sequently, the expression in the bracket in (E.34) is linear in k. Then we conclude from
H"(0) < 0, (E.34), YV'(k)*> > 0, and Y(k) > 0, Vk > 0 that either H"(k) < 0,V k > 0, or
there exists k& > 0 such that H"(k) < 0, Vk € [0,k) and #"(k) > 0,V k > k. Recall that we
have shown H'(0) = 0 in (E.33). Then H'(k) < 0,V k > 0, or there exists ky > 0 such that
H'(k) < 0, Vk € (0,ko) and H'(k) > 0, ¥ k > ko. Thus, H(k) < max(H(0),limg_,_ H(k))
for any k£ > 0. Note that limg_, ., V(k) =1+ Z—f and

B
lim w = (1 + Z—+) Gk, — (Gr, + G,

k—4o00 k
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e [0+ 3 -]+ -2 - 0 - 5 (2 - —) ] <0 3w

where the inequality utilizes (D.2) and the condition 8, > 6_ > 0. Since H(0) = 0, it follows
that H(k) <0,V k > 0. Therefore, we have completed the proof of (E.29).

Given that (E.31) implies that a%g(ka, ky) = 0, we derive from (E.28) that
92

. AN { N N R &
ang’%(X(ka’kb>’k“’kb)_ mﬁw 1)<X(kb,kb)) (X(ka,kb)> Gk, k) > 0,

for any k, € [0, k], where the inequality uses (E.32). The convexity of Ug (X (kq, ks), ka, k)

with respect to k, implies that
U, (X (Ko ko), Koy ki) < Uy, (X(0, k), 0, ky) V Uy, (X (Ko, k), ko, )
=Uy, (X(0,k),0, k) VO =0, Vkq € (0, k), (E.37)
where the first equality uses U (X (ky, ks), kp, k) = 0 and the second equality uses (E.29).

By combining (E.29) and (E.37), we can see that (E.21) holds.
Step 2: We prove that

VE (2, kay k) < 0, (ko k) € Ny(2) \ {(0,0)}, z > 0. (E.38)

Recall that for any « € (0, X(kq, kp)] and (k.. ky) € R%, V(2 kq, kp) is given by (5.7).
Consequently, Vi& (z, ka, k) = —"f“ + HE, (ka, ky)z?, which is linear in 2° > 0.

For 0 < k, < ky, since Vi (X (Ka, kp), ko, ko) < 0 by (E.21), and lim, oy Vi2 (2, ke, ky) =
—ha < 0, it follows that Vi (x, ke, ks) < 0 for any = € (0, X (kq, ks)). For ko > ky > 0
with k, > 0, since Vk‘})()((ka,kb),ka,kb) = 0 by (5.9), and lim, o4 Vk‘;)(x,ka,kb) = —’Cﬂﬁ <
0, it follows that Vi¢(z,ka, ky) < O for any = € (0, X (k,, ky)). Thus, we conclude that
Vie (w, ka, k) < 0 for any (ka, k) € Ngp(z) \ {(0,0)}, > 0.

In addition, for any (kq, k) € Io(x) \ Ias(2), it follows from equation (5.37) that

Vi (2, kay k) = UL (2, kay k) < 0, (E.39)

where k, = ﬁ (% — (rp+ c)) — kab is determined by (5.36), the equality is derived from
(E.17), and the inequality follows from (E.21). Since Ng(x) U (In(x) \ Lp(z)) 2 Ny(z), we
infer (E.38).
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Step 3: We prove that
Ul(cla (‘X(kaa kb)) kaa kb) <P, ka > kb Z 0. (E40)
Using (5.7), for k, > ky > 0, we have

U]?G(X(ka7kb)7kaakb) —
X (Ko, k 2nk k
_ ( as b) +H]?a(ka,kb)-)((ka7kb>6 _ Nke +1 b+p7’+c‘

r—u r

(E.41)

Taking the partial derivative with respect to k, in (5.11), we obtain the following result for
ka 2 kb 2 0:
Hp (ks k) = D03 (kg ) — Biat)— X (K, kip) ™7
:Q[ 1 (X (ka, k) 7) I O(X (ky, ko)~ )]
(

ﬁ

"B ok M ok,

for k, > k, > 0. Integrating the above equation with respect to k;, we have

n | X (ka, ky)1™ 0_ _
HE o (ka, ky)dky = X (ka, k) ko—X (ka, k) 7?1 E.42
/ ka kb ’ b) b — r [ ( 6)794- + e+ ( b) ] ( )
For k, > ky > 0, we derive from (E.42) that
kaq
Hp (kg ky) = HE (Kq, kq) — Hy . (Ko, k)dk
ky

_ (2nka+nka+pr+c B X<k“’k“)>/\f(k k)P
r T‘—ILL ay 'Va

U {X(kaaka)lﬁ A GOL) kae_‘(x(ka,ka)*ﬂ - X(ka,kb)ﬁ)} , (E.43)

=5, 0
where the second equality utilizes (5.10) with k, = k. Plugging (E.43) into (E.41), we have

r

Upg (X(ka,kp), kay kp) — p

a

Xk k) \ 8 (2= g )nka ke +pr 1 7
_<X(/<;a, ka)> ( ; = Ak k) (- PR 5)@;)
(2 — z+)nk +nky +pr+c 1 n
—< ; X(kaakb)<r_u+r(1_6>19+> . (B.44)
Denote
B(ka, ky) = (2 — Z—)nk + nky + pr+ ¢ — (6.nky + 0_nk, + pr + C)ﬁ (8- —) (E.45)
+ 0+
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Then for k, > ky, > 0, (E.44) can be simplified as

Uf (X o ) s k) —p = - [(%)ﬁm o) — Blka k)| (E.46)
Denote
Gk, k) = (%)ﬁlﬁ(ka, ko) — Blka, k). (E.47)

According to (E.46), we observe that (E.40) is equivalent to
G(ka, kb> < 0, kg > Ky > 0. (E48)

Denote (k) = [(2 — Z—;)nka + pr + ¢ — (0_nkq, + pr + c)ﬁ(ﬁ — i)]%m We

have B(kg, ¥ (k,)) = 0. Given that 6, > 1, we find B, = n%(l —0;) < 0, and
Bk, —L=EEPEC) — 9(1— E= ko + (pr+c)(1—3-) > 0. From By, < 0, B(ka, ¥(k,)) = 0, and

nb
B(k., —%ﬁprﬂ) > 0, we conclude that w < Y(k,). Since X (k,, —%ﬁpﬂrc) =

0, it follows that X (ky, ky) > 0 for ky > ¥(k,) and k, > 0. Additionally, from rp+ ¢ > 0, we
deduce that X (kq, ky) > 0 for k, > 0 and k, > 0. Therefore, G(k,, k), as given by (E.47), is
well-defined for any ky € [0 A ¢(k,), ko) with k, > 0.

For any ky € [0 A ¥(ka), ko), ko > 0, we have

Uy B
=) — 1_
Gkb<kaaka) 5.)((]{(1,]6 )B(kaaka) 5 1( 0+)
0_
nkq —0_ -0, > EA4
X(ka,k )5 [ 0, +] 20, (E-49)
where the inequality follows from the right inequality in (5.18). Additionally, we have
) 21 X (ka, kp) \ P2
G hork) = 85 =D (55 ) (Gigy) Bk (B50)

Fix k, > 0. If B(ks, ks) = 0, then from By, < 0, we derive that B(k,, ky) > 0 for k, > ky,
and thus G(kg, ky) = —B(ka, ky) < 0. If B(kg, ks) < 0, then we derive from (E.50) that
Gryky (Ko, kp) < 0, which, together with (E.49), implies that Gy, (ka, ky) > G, (ka, ko) > 0 for
ky € [0 A(ky), k). Hence, we have G(kq, k) < G(kq, k) = 0 for any ky € [0 A ¥(k,), ka)-

To prove (E.48), it suffices to consider any given k, > 0 such that B(k,, k,) > 0. From
(E.50), we deduce that G(k,, ky) is convex in k;, which implies that

Gkas k) < G(kas ka) V Gk, 0 A(ke)) = 0V Gk, 0 A(ka)), (E.51)
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for any ky, € (0 A(k,), ka). Setting ky, = 0 A (k) in (E.47), we obtain
G (Ko, 0 A (k) = (X(ka, 0 A2 (ka))

)68(143(1, ko) — B(ka, 0 A (k)

X(kav ka)
X (Kas 0 A (ko)) \?
: a E.52
_< X (kq, ko) ) [B(ka, ko) — B(kqa, 0 Atp(k,))] <0, kg >0, (E.52)
where the first inequality uses *2ee? < 1 and Bk, 0 Av(ka)) 2 B(ka, ¢(ka)) = 0, and

the second inequality follows from By, < 0 and k, > 0. Combining (E.51) with (E.52), we
conclude that G(ky, ky) < 0 for any k;, € [0 A ¢(k,), ko) and k, > 0.
Therefore, (E.48) holds. Referring to (E.46) and the definition of G(k,, k;) in (E.47), we
see that (E.40) holds.
Step 4: We prove that
Vi@, ko, ky) <p, (kg k) € No(z), 2> 0. (E.53)
For k, > k, > 0, we have
X(kaa kb) - p[277ka + 77]% +pr+ C] = P[<0+ - 1)777% + (9* - 2)77ka]
<pl(04 — Vnky + (0- — 2)nky] = pnky(0- + 0, — 3) <0, (E.54)
where the first inequality holds due to 6_ < 1, and the second inequality follows from
0_4+0,—-3< —z—; < 0 as implied by the right inequality in (5.18). For k;, > k, > 0, we have
X (i o) — pl2nka + 1k + pr+ ¢ = p[(0; — 2k + (6 — Lyrky
<pl(04 = 2)nka + (0 — 1)nka] = pnka(04 + 60 —3) <0, (E.55)
where the first inequality uses #_ < 1, and the second inequality uses 6, +6_ —3 < —S—J‘r <0
as given in the right inequality in (5.18). Combining (5.17), (E.54), and (E.55), we have
X (Ka, ko) < p[2nka 4+ nky +pr+dl,  (ka, k) € R (£.56)

Next, for each fixed (kq, k) € R3, we prove that V% (z, kq, k) < pforallz € [0, X (kq, ks)).

Using (5.7), we obtain

x 2nkq + nky + ¢
r—p r
If HY (kq, ky) > 0, then using r > p, we see that Vi (z, kq, ky) is increasing in x € (0, X' (kq, kp))

Vi (2, ko, k) = + Hf (ka, k)2’ z €0, X (ko kp)).  (E.5T7)
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and
Vi (@, Ky Fo) < Vi (X (ka, ko), Koy ) < p, (E.58)

for any = € (0, X(kq, kb)), where the second inequality uses (5.8) and (E.40).
It Hy, (ka,ky) < 0, then = + H i (kq, kp)2” is first increasing and then decreasing in
the region x > 0. Denote & := arg max,e(o,x(kq,ky)] ﬁ + H,‘ja(ka,kb)xﬁ. We have z > 0.

If & = X(kq, ko), then ;£ + H{ (ko ky)x” is increasing in € [0, X(kq, ky)]. Hence, we
conclude from (E.57) that Vi¢ (z, ko, k) < V2 (X (Ka, ks), ka, k) < p, ¥V x € (0, X (ka, kp)). If

# < X(ka, ky), then we have & € (0, X (kq, ky)) and &80 0 which implies that
L+ BH (Ko, ky)3°7" = 0. It follows that
v -1 —1X(ka,ky) _ 2nke + 1k
& HE (ks k)i = p T _B (Ka kv) < Zka 4 nky +pr + C(E50)
T gor—p B r—p r

where the first inequality holds because of r — > 0 and g > 2, and the second inequality
uses (E.56). Combining (E.59) with (E.57), we have Vi (z, ko, ky) < V2 (2, ka, k) < p for
any = € (0, X (kq, ks)).

Therefore, we have shown Vi (x,k,, k) < p, for all x € (0, X (ka, kp)) and (kg kp) €
RZ, ie., for any (kq,ky) € Ngy(2) with o > 0. Using (E.40), we have V¢ (2, ko, k) =
%‘Z(w,ka,/l;b) = Uga(m,kajf\b) < p for any (k. k») € Iy(z) \ Lp(x), where ks is uniquely

determined by the following linear equation:
X (ko, k) = 2. (E.60)

Note that Nyy(z) U (Iy(z) \ Lp(x)) = Ny(z). Then (E.53) holds.

In summary, by combining our analyses in Steps 1-4 with (E.19)-(E.20), we have verified
Condition 1.

Step 5: For the case 0, = 0_, we prove that (D.3) holds.

For the case 6, = 6_, we derive from Lemma 1 that 6, =60_ = 1.

Observe that (E.41)-(E.46) also apply when 6, = 6_ = 1. In particular, for B(ke, k)
as defined in (E.45), we have B(k,, k;,) = 0. Substituting this into (E.46), we find that
Ug (X(kay ko), ka, k) = p for any k, > ky > 0. Thus V2 (z, ke, k) = Vi (, ka,Eb) =
U (2, ka, k) = p for any (kq, k) € Tp(x) \ Lp(), where &, is uniquely determined by (E.60).
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Combining this with (E.19), we have
Vi@ ko k) =p, @ > X(ka, k) (E.61)

for any (k,, k) € R%.

Similarly, note that (E.22)-(E.28) also hold for the case 6, = #_ = 1. In particular, for
G(ka, ky) as defined in (E.27), we have G(k,, ky) = 0 for all k, and k. Substituting it into
(E.28), we have Ug (X (ka, kp), ka, k) = 0. Thus, for any (ke, k) € Lo(2) \ Tap(z), we derive
from (5.37) that Vi (z, kq, ky) = U,?b(x,ga,kb) = 0, where k, = ﬁ (% — (rp—i—c)) — Z—;kb.
Combining this with (E.20), we have

Vki (ZB, ka, kb) = 0, X Z X(k,‘a, /{ib) (E62)

for any (k. ky) € R2.

Substituting 6, = #_ = 1 into (5.12), we have

X(k, k)=
Blr—p)

Substituting (E.63) and X(ke, k») = p(nk. + nks + rp + ¢) into (5.7) with k, = k, =

k>0xz= X(kk), we have V(X (k,k),k, k) = pk. Using (E.61) and (E.20), we derive

Ve (X (k, k), k, k) = pk. Combining this with (E.61) and (E.62), we obtain V*(z, kq, k) = pk,

H(k, k) = — k. (E.63)

for any @ > X (kq, k) and (k,, k) € R3. Due to symmetry, we see that (D.3) holds.
Finally, by following similar procedures in Step 2 and Step 4, we can demonstrate that
(3.1) holds for the case 0, =0_ = 1.
O

Proof of Lemma 3 We complete our proof in four steps.

Step 1: We prove that (4, s) € S.

According to (C.1)-(C.4) and (5.34), Definition 1-(i) holds. By (5.34), we have K;; <
kio VIC(My), t > 0. Since K(x), as given by (5.3), is a linear function, there exists a constant
Cy > 0 such that Ky € [kio, C1(1 + My)], V¢t > 0,7 =a,b. Then, for any finite 7" > 0 and

n > 1, a sufficient condition for E* [|K;7|"] < oo is

E? [|My|"] < oc. (E.64)
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Using Fi(x, kq, kp) = (x—n(ko+kp) ) ki — ckiy Kyt € [kio, C1(1+M,)], and X; € [0, My], V't >0,
we can see there exists a constant Cy > 0 such that | F;(X;, Ky, Ky )| < Co(14|M,|*), V¢ > 0.

Thus, a sufficient condition for (2.14) is
+o0
/ E[e~" | M;|2]dt < +o0. (E.65)
0
According to (2.16) in Chapter 4 of Friedman (2012), we can show (E.64) holds for any 7" > 0

and n > 1. For any initial value z = (xg, kqo, ko) and X; = xo + fot uXsds + fot o X,dW;,

there exists a constant C3 > 0 such that

E*[M?] < 323+ 3E[(/Ot [ulX.ds)"] + 3E| sup (/Z 7XW.)’]

z€[0,t] 0

t t
§3x3+3tﬂzﬂ[ /0 mgds} +03E[ /0 JZXS%ZS}

t
=3x5 + (3p*t + C30%)x}) / T2 g, (E.66)
0

where the first inequality holds because |z1 + zo + x3|* < 3(|z1|* + |22|* + |23]?) for any

x1, T2, x3 € R, and the second inequality follows from the Cauchy inequality and the Burkholder-

Davis-Gundy Inequality. Since 8 > 2, we have r > 02 + 2u. Combining this with r > 0,
we conclude from (E.66) that (E.65) holds. Therefore, the conditions in Definition 1-(ii) are
satisfied, and ¢ = (g, ) € S.

Step 2: We prove that Condition 3 holds.

Using (C.1)-(C.4), (E.19)-(E.20), and symmetry, we observe that (3.7) holds. According
to the explicit expression of the capital process as given by (5.34), we have (K, Ky) €
Ny (X;) for any ¢t > 0, and Ky is continuous in ¢ > 0 and satisfies (3.8).

Step 3: We prove that Condition 4 holds.

For any strategy pair (¢4, ¢p) € S as stated in Theorem 2, and any other feasible strategy

pair (Pq, pp) € S, where firm a deviates from time 0, we denote
K, = K&, Ky = Ko (E.67)

as the two firms’ capitals to emphasize the dependence of I~(l on (Pa, ©p)-
According to (C.6)-(C.8), we observe that firm b’s lumpy investment ensures that X; <
X(I?at, I?bt) for almost every ¢t > 0. Next, we show that X; < X(I?at, [?bt) for every t > 0.
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For the sake of contradiction, assume there exists a ¢t > 0 such that X; > X (I?at, [?bt). Define
At :=max{6 € [0,] : X, > X (Ko, Ky), Vse[t—0d1t} (E.68)

Since X is continuous, we have At > 0 almost surely. It follows that for any s € (t — At, t],
Xy > X (Kt Kot > X (K, Kas). (E.69)

where the second inequality follows because X (k,, k;) is increasing in k, > 0 and k, > 0,
and I?a, [?b are nondecreasing process. This leads to a contradiction, as X, < X ([?as, [?bs)
for almost every s > 0.

Therefore, X; < X(Kgq, Ky) for every t > 0, i.e., (3.9) holds. Using (5.30), we can
deduce that AKy = 0 when X, < X (I?at, I?bt). It follows that Ky is continuous for every
t>0.

Step 4: We prove that V*® and V° satisfy the reqularity conditions in Footnote 10.

Due to symmetry, we only prove the regularity conditions for V. Consider any (¢,, vs) €

S and recall the notation (E.67). Also, recall H*(k,, k;) as given by (5.12)-(5.14). Denote
277k:+77k:+pr—|—c+ X (k, k)
T

H(k) == [H(k, k)| + k( r—

)X (0, k)7,

nk?
T

We first show that limg_, o H(k) =0, limy_, o ﬁ(k) =0, and

H(k) == |H*(k, k)| + —2X(k,0)"
|HO (ka, k)| < Hkp)Lgory, + Hka) Lrosry,  V(ka, ky) € R2. (E.70)

Since limy_, oo H*(k, k) =0, > 2, and X' (k, k), X (0, k) are positive and linearly increasing
in k£ > 0, we have limy_,, o, H(k) = 0. By (5.10), for any k, > k,, k, > 0, we have

Mooy 4k, +rp+e X(yk
[H (ko k)| = [HO (ks k) — / 2tk trpte Xk

r r—=p
where the inequality holds because X(kq, kp) > 0 is increasing in k, € [0, k). Because

)X(ya kb)_ﬁdm < H<kb)7

limg 0o H*(k, k) = 0, 8 > 2, and X'(k,0) is positive and linearly increasing in k& > 0, we
have limk_>+ooﬁ(k) = 0. By (5.11), for any k, > k; > 0, we have

ka ka
2 )| = [ ) = [

k, T
where the inequality holds because X (k,, kp) is increasing in k, € [0, ky]. Thus, we can see

X (ko y) Pdy| < H(k,),
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(E.70) holds.

Fix any (kq, k) € Nap(2), i.e., 1 < X (kq, k). If kq < Ky, then X (ky, ky) > X (ko, k) > 2,
which implies that k, > K(x). If k, > ks, then X(k,, ko) > X (ka, k) > x, which implies
that k, > K(x). Hence, we have

kol <, + kalp, sk, > K(2). (E.71)

Because limy_,o H(k) = 0, limy_, o 7:2(1{:) =0, and lim,_,, ., K(x) = oo, for any ¢ > 0, there
exists x5 > 0 such that |H(k,)| < 0 and |[H (k)| < 6 for any k, > K(xs) and ky, > K(x5).
Combining (E.70) and (E.71), we see that kyly, <k, + kalg, >k, > K(zs) and |H(ka, k)| < 6
when X (k,, ky) > x5. Denote 75 := inf{t > 0: X; > z5}. Then for any ¢t > 0,

Ee™ B (Routy Kot) X0 Lisrs)| < SB[ " XF)| = 60, (E.72)

where the inequality arises because X(IN(at,lN(bt) > X([N(am,f(bm) > X, =x5, V1>
(as stated by (3.9)) together with |H%(kq, ky)| < d for X(ka, ky) > w5, and the equality
holds because e "X/ is a martingale, as shown in (4.5). Since H%(k,,k;) is continuous
in (kq, ky) € R%, we infer that H*(kq,, k) is bounded in the compact set {(k,.ky) € R% :
X (ka, kp) < x5}. Since we have shown |H%(kq, ky)| < § when X' (k,, ky) > x5, we see that
H®(kq, kp) is bounded in (kq, k) € R3. Recalling that » > 0 and X; > 0, V¢ > 0, we
infer that lim; ., Ez[e*”H“(f{at, IN(bt)Xflt@ls] = (0. Combining this with (E.72), we have

lim; o E? [e*”H“([?at, [?bt)Xtﬁ] < 027, Since § > 0 is arbitrary, we obtain
Jim E? [e " H (K y, K ) X/ = 0. (E.73)
—00

According to (E.66), r > 0 and r > 02 + 2, we have

lim E*[e " M?] = 0. (E.74)

t—o00
Since (@q, ¢p) € S, we derive from (2.14) and Tonelli’s Theorem that
/ B[ Fi(Xs, Ko, Kop)[|dt < o0
0
It follows that there exists a sequence {t,,} of real numbers such that lim,_, t, = 0o and

lim E*[e """ Fy(X,,, Kat,, Ki,)] = 0. (E.75)

n—oo

Since F;(z, ka, k) = ko(z — Jka) — k:a(%’ka +nky +c) < ky(z — k,) for any (v, kq, k) € R3,
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we derive from (E.75) that

lim inf E[fe ™" Ky, (X, — LRa, )] > 0. (E.76)

n—oo 4

In addition, we have

1 ~ ~
0 > lim sup E? {e””( — —an + Kat, (Xy, — QKatn))}
n

n—0o00 4
=lim sup]Ez [G_Ttnf?atn (th - Z‘f{vatn)} s (E??)
n—00
where the first inequality holds because —%an + I?atn (X, — g[?atn) = _Tl[Xt" - g[?atn]Q,
and the equality is due to (E.74). Hence, we derive from (E.76) and (E.77) that
lim B [e‘”"f(atn (X, — Qf(atn)] —0. (E.78)
n—o0 4

Combining (E.78), (E.75), and F(z, ke, ky) = ko(x — Tk,) — ka(%"ka + nky + ¢), we conclude
that lim,,_o Ez[e_rt"l?atn(?’f[?atn + nf?btn +¢)] = 0. Since K, > 0, K, > 0,n>0,c>0, we

have
lim E*[e™"" K2, | =0, (E.79)
n—o0
lim B[ Kq, Ky, ] = 0. (E.80)
n—oo

Combining (E.79) with (E.74) and using the Cauchy inequality, we obtain

lim E*[e """ Kq, X,,] = 0. (E.81)

n—oo

Since we have shown that (l?at, l?bt) € Ny (X,) for any t > 0, and Ve(X,, l?at, l?bt) is given by
(5.7), we derive from (E.73) and (E.79)-(E.81) that lim, . E*[e " V(X,, Ka, . Ky, )] = 0.
Using (5.7), we have V(2 ko, k) = 2o + BH ko, ky)2P~! for any (k4 k) € Nap(z).

T

Thus, there exists a constant C; > 0 such that for any (k,, k) € N (),

kq
V(o Ry)al? <2122 4 267 HO o )P

<Oy (k2 4 2t 4 2%7) < CL (K2 + 1+ 22%), (E.82)

where the second inequality holds because we have shown that H%(k, k) is bounded for
(ka, kp) € R%, and the last inequality uses 8 > 2 and 2* < 14 22, Since Ky > 0 is
nondecreasing in ¢, and E*[|K,|"] < +oo for any t > 0, n > 1 by Definition 1-(i), we have

B[ [ | Kool *ds] < tE?[|Ku|!] < 400, V¢ > 0. In addition, it is straightforward to calculate
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that E?[X7”] = €MD" and then E*[f, X?7ds] < oo, ¥t > 0. We then conclude
from (K, Ky) € Ngp(X,), t > 0, and (E.82) that E [ Jole V(X Kas, Kps)o(X,)|2ds| <
+00, V t > 0. Therefore, we have proved the regularity conditions in Footnote 10.

OJ

Proof of Lemma 4 Note that (E.41)-(E.46) hold for any constants 6y > 6_ > 0. Recall
the function G(k,, k,) defined in (E.47) and the equalities in (E.49). If the right inequality
in (5.18) is reversed, then we derive from (E.49) that Gy, (k4. k,) < 0. Since (E.47) implies
G(ka, ko) = 0, there exists € € (0,k,) such that G(k,, ky) > 0 for any ky € (ko — €,k,).
Combining (E.46) and the definition of G(k,, k;) in (E.47), we have

Ul?a(‘)(<ka7 kb)a kaa kb) > P (E83)

for any ky, € (ko —¢€, ko). Therefore, the right inequality in (5.18) is a necessary condition for
(5.15).

Note that (E.22)-(E.28) hold for any constants #, > 6_ > 0. Recall the function H (k)
defined in (E.30). If the left inequality in (5.18) is reversed, then Lemma 1 implies that
the inequality (D.2) is reversed. Then, we derive from the second equality in (E.36) that
limy oo 248 > 0. Tt follows that #(k;) > 0 for some k, > 0. Combining (E.28) and (E.30),
we obtain Up (X(0,4),0,k) > 0. Therefore, the left inequality in (5.18) is a necessary
condition for (5.16).

0

Proof of Proposition 3 Due to symmetry, we only prove (5.22) for i = a.

For any 6, > 6_ > 0 and strategy ¢%+%-, the corresponding firm value is characterized
by Theorem 3. In particular, the option value H*(k,, k) is given by (5.12)-(5.14).

We can see that H(k, k) given by (5.12) depends on (0, 6_) only via 0, +6_. We denote
it as H*(k, k; 0, +6_). First, we show that H%(k, k; 6, +6_) is increasing in 6, +6_ € (0, 4].

tptey1-p
To this end, we define f(0) := —M (4(8—1) — Ok + %Jrc(% - 2)] We can see
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that H(k, k;0) = (,07})1_5%. A direct calculation shows that

Ok + 2¢) =7
/9) :%(4_0) (8k)2(ﬁ_1)5+20kﬂrp+0+2<7”p;c>2 .

Thanks to > 2 and r > 0, we see that f'(#) > 0 for any 6 € [0,4), and f'(6) < 0 for any

0 > 4. Hence, H*(k, k;0) is increasing in 6 € (0, 4].

Second, we can see K(z) given by (5.3) is decreasing in 6, + 6_ for any = > p(rp + c¢).
To highlight the dependence of C(z) on 6, + 6_, we denote it as K(x; 6, + 0_).

Next, we fix 6, > 6_ > 0 and 5+ 25, >0withd>60:=0, +6_ >5::5++5,. For

any k > KC(x;0), we conclude from (5.7) that

Velx, bk o 0) — VO a, k, ks o70) = | HO(k, ;) — H(k, k;0)|2® > 0. (E.84)

For k € [K(x;0), K(x;0)], we conclude from Theorem 3-(ii) that

Ve (x, K(x; g), K(x; 5), g0§+’§*) — VU z, k, k; g0§+’§*) = plK(x;0) — k]
>V (2, K(30), K3 0); 070 ) = VO, b ks 07, (E.85)

where the equality follows from V! (x, k, k; gog+’§—) = p and V2 (7, k, k; <,0§+’5—) =0 for k €
K(z;0), K(x; 5)], and the inequality follows from Vi (z, k, k; ?+0-) < p, Vie (@, k, k; Pl+0-) <

0. Then we derive from (E.85) that for k € [K(z;8), K(z;6)],
V(x, k, k; QOGJ”H*) —VUx, k, k; g0§+’§*)
2V K (3 0), K 0); ) = Ve, K(:0), K(:0); ") > 0, (E£.86)
where the second inequality uses (E.84). Since V)¢ (z, k, k; Ph0-) = Vii(z, k, k; g0§+’5—) =p,
and Vo (z, k, k; Pf+o-) = Vie (@, k, k; <,0‘§+79~*) = 0 for any k € [0,K(x;0)], we derive from
(E.86) that Va(x, k, k; %+0=) > V(x, k, k; g0§+’§—) for any k € [0, KC(z; 0)].
For any (6,,0_) € ©\ {(6%,0"),(1,1)}, we have

3> +0" >0, +60_>2,

where the first inequality uses 075 + 6% = 3 — wi < 3, the second inequality uses Lemma

1-(iii), and the last inequality uses Lemma 1-(iv). Then, we conclude that (5.22) holds.
0
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Proof of Lemma 5 Denote
X (Ko, kp) — p(nk‘a +rp+ c)

g kaa k - E87
(Fa: ko) p (E.87)
for k, > ky > 0. Then, (B.1) is equivalent to

kaGr, (Ka; ko) + (Q(ka, k) — ka — kb)gkb(k:a, k) + ko = 0. (E.88)

Note that (E.88) is a quasilinear first-order PDE, and the coefficient of Gy, (k,, kp) is ks > 0.
The general (local) solution of (E.88) can be obtained by solving the following characteristic

equations (see e.g., Chapter 1 in McOwen (2004)):
dk, dky, ag

e 7w _Z E.89
ka g - ka - kb ka ( )
Solving dk, = —dG, we have G = —k, + A\ for some constant \;. Solving d(il;kb) = —g;akb,

we have G — k;, = 2—5 for some constant As. Hence, two independent solutions to (E.89) are
given by
ka+G =X, koG —Fkp) =N, (E.90)
where \; and A are constants. Then, the general solution to the PDE (E.88) is characterized
by (5.25). Hence, the PDE (B.1) admits the general solution (B.2) locally.
In addition, if G(k,,kp) satisfies (5.25) for any k, > k, > k > 0, by taking partial
derivatives with respect to k, and k; in (5.25), we obtain
O (KaG = Kkt ko + G ) (G = ks + kaGh,) + 0y (KaG — ki, ko +G ) (14 G,) =0, (B91)
O (KaG = Kok, ia + G ) Ka(Gr, = 1) + 62, (KaG = Kk, iy + G ) G, = 0. (E.92)
Since ¢, # 0 or ¢,, # 0, it follows from (E.91) and (E.92) that
(G — ky + kaGr, )Gk, = (1 + gka)ka(gkb —1). (E.93)

Simplifying the above equation, we can see that (E.88) holds for any k, > k, > k.
O

Proof of Lemma 6 Similar to the proof of Lemma 2, we only prove the case for V(z)
as the case for V’(2) can be treated similarly. Similarly, it is straightforward to see that

Vi e C%1(Z) and that Condition 2, (E.19), and (E.20) are satisfied. Hence, we only need
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to prove the two inequalities in Condition 1 and (D.4).

In the following, we only focus on k, > k and k, > k. Next, we complete our proof in
three steps.

Step 1: We prove that (D.4) holds.

Lemma 5 implies that X' (k,, k;) as given by (B.2) satisfies (B.1) for any k, > ky, > k > 0.
Denote Y(kq, kp) = (277"7“+’7]“’+TPJrC — X(k“’kb)> X (kq,ky)~P. A direct calculation shows that

T T—UQ

(B.1) is equivalent to the following equation:
OV (kayky) _ O[%= X (Kas k) 7]

r

0kb o aka ’
Using (5.14), we obtain (5.11). Substituting (5.11) into (E.94) gives 2gete) = - [Hulul] —
[ hesks)] 1t follows that
OH (ky, k)
ok,

for some function C'(k,).

Using (5.13), we obtain (5.10), i.e., %};‘“’%) = Y(ka, kp) for k, < kp, which, together

with (E.95) and the continuity of %f;‘“]%) and Y(kq, kp), implies that C'(k,) = 0. Hence,

(5.10) also holds for k, > k, > k. Then, we derive from (5.7) that
U (x, kq, k)

ko > ky > k. (E.04)

= y(km kb) + O(ka)7 ka > kb > Eu (E95)

ok |$:X(ka7kb): p for ka > k’b > E (E96)
Therefore, ava(g,;]z‘“kb) = Wa(gé’za’gb) —lo a(gé’zmgb) = p for any (k,, k) € Ip(x) \ Ip(z), where

ks is uniquely determined by (E.60) with X'(k,, ky) as defined in (5.24). Similar to the proof
in Lemma 2, we have (E.19). Therefore, we have proved (D.4).
Step 2: We prove that

Vki(x,ka, kb) <Dp, (k‘a, /{Zb) < Nab(ZB), x>0, ko > E, ky > E (E97)
For k, > k, > k, we have
X (Ka, k) — p(20ky + ke + pr + ¢) = p1 (Q(k;a, ky) — k;b> <0, (E.98)

where the inequality follows from the second inequality in part (i) of Condition 6. Using
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(E.98) and the symmetry of X (k,, k), for k, < k;, we have
X (ka, ky) — p(2nka + nky + pr+¢) < 0. (E.99)
For k, > k, > k, we have
X (ka, ky) < p(2nky + nkq + pr+ ¢) < p(2nkq + nky + pr + ¢), (E.100)

where the first inequality uses (E.98), and the second inequality uses k, > k. Combining
(E.99) and (E.100), we infer

X (ka, kp) < p(2nkq + nky + pr+ ) (E.101)

for any k, > k, ky, > k.

By employing similar arguments as in Step 4 of the proof of Lemma 2, we can show that
(E.97) holds by using (E.101) and V¢ (2, ka, kb) |a=x(ka,ky) = P-

Step 3: We prove that

Ut (X (Kay k), Koy k) <0,k > ky > k. (E.102)

r

is equivalent to Hy (Ko, ky) < H(ka, kp), where H(kq, kp) := %X(/ﬁa, ky)~#. Additionally, by
using (5.11), we have Ug (X (kq, ky), ka, k) = 0 for kg > ky > k and thus Hp, (k, k) = H(k, k).

Using (5.7), we have Ug (X (Ko, kp), ka, ki) = —%—l—H,Zb(k:a, ky)X (kq, ky)? and thus (E.102)

As a result, (E.102) is equivalent to

B OHE (k, ky) M OH (K, k)
— - “dk —— 1 Zdk, ky >k, > k. E.103
/a ok, >/a ok, o e e= K (E-103)
Then, we only need to show that Hy , (Ko, kp) > %‘:kb) for any k, > k, > k. Using (5.10),
we have
a 8H(ka’ kb)
Hk‘akb<ka7 kb) - a—ka

(8 = 1) Xy (s ) (X (s ) = p(20ka + ks + 7+ ) + pXi, (ko Ko
— T A . (B.104)

For k, > k,, we have

X, (Ko, k
X(ka7 kb) - ,0<277ka + nkb + pr + C) + on k?a( b)

ThalPar M)y
X, (K, k)
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9_(kq, k O (Ko, k
=p ([2 - 79—}—(]{3(1, kl;)]nkb + 77]%) - p([Q - ﬂ—(ka; kZ)]nka + 77’%)
B O_ (K, k) 04 (ka, k)
o (“ REC m]’“) . i

where the first equality uses X (k,, ky) = p<[2 - Zlgziiii]nkb + nks +rp + c) for ky > kg,

and the inequality uses g;gzz:’;g € (0,1); see Appendix B.2.
Substituting (E.105) into (E.104) gives H ; (kq, ky) > %‘:kb) for any ky, > k, > k.
Hence, (E.102) holds.
Finally, by following the same arguments as in Step 2 of the proof of Lemma 2, we can
prove that Vi (z, ke, ky) < 0 for any (ka, ky) € Ny(x), ks > k, ky > k, and x > 0, by using
(E.102) and (E.20).

OJ
Proof of Lemma 7 The proof is similar to that of Lemma 3. [

Proof of Theorem 2 When X (k,, k) is the trigger function given by (5.17), we can see that
(va, pp) € S is a Markov perfect equilibrium strategy using Theorem 1 and Lemmas 2-3.
When X (k,, ky) is the trigger function given by (5.24), we can see that (p,, ) € S is a

Markov perfect equilibrium strategy using Theorem 1 and Lemmas 6-7.

O

Proof of Theorem 3 The proof is straightforward thanks to Theorems 1-2. In particular, we
have (E.19)-(E.20), (E.38), and (E.53), where I;(z), N;(z), I;(x), and Ny (x) are given by
(5.4)-(5.6). Hence, I;(x) and N;(z) are consistent with (3.2) and (3.3). O

Proof of Proposition / We only need to verify that Condition 6 holds.

We first consider the case ¢(z1,22) = 2 — A for a constant A > 0. Then, G = ﬁ + K
solves the equation (5.25). For any k > \/X, we have A\ < k.k, for any k, > k, k, > k.
Hence, Condition 6-(i) holds. Condition 6-(ii) is obvious.

Next, we consider the case ¢(z1,z2) = Az; — 23 for a constant A > 0. Then, G(k,, k) =
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k, i:zt} solves equation (5.25). For any k > %, we have Ak, — 1 > 0 for any k, > k. Then,

for any k, > k, ky > k, we have G(kq, ky) — ky = %tk > 0 and

= Nea—1
G(ka, ky) — ks ko + kp ko + K 2k 2
= < — < — = 1 E.106
5 Vhe— Dy = Oka —DE = Ok Dk k-1~ (B0
where the first inequality follows from the fact that ( A’Z‘;f’fg’kb is decreasing in ky, € [k, k], the

second inequality follows from the fact that (AIZ‘;J_“%E is decreasing in k, > k, and the last
inequality uses k& > % Hence, Condition 6-(i) holds. Since 8g(ak/:,;kb) = ,\;;\fil > (), Condition
6-(ii) is obvious. Then, Condition 6 holds.
O
Proof of Lemma 8 Denote
G (ks k) = X (ka, ko) (ka + ko)™ = p. (E.107)

One can show that (B.3) is equivalent to

Gro (Kas k)ka[G(Ka, ko) + p] + G, (Ka, kb) [g<ka7 k) (V(ka + k) — ko) — pka]
+G(ka, k) (G (ka, kp) + p) = 0. (E.108)
Let g(kq, k) = G(ka, kp)kq, where k = k, + k. Then (E.108) is equivalent to
ko (ks k) (9(Kay K)ka + pk7) + gi(Ka, k) g(ka, k)7YE = 0. (E.109)
Note that (E.109) is a quasilinear first-order PDE, and the coefficients of gy, (k4 k) and
gk (kq, k) cannot be zero simultaneously given k > k, > 0 and v > 1. The general (local)

solution of (E.109) can be obtained by solving the following characteristic equations (see

e.g., Chapter 1 in McOwen (2004)):

dka  _ dk
ghatpks g7k (E.110)
dg = 0.

Solving (E.110) yields the following two independent solutions:
1 kq

S oL —
9 (g -+ pka)k>

where A, Ay are constants. Then, the general solution to the PDE (E.108) is characterized

= )\1, g = )\2, (Ell].)

by (A.8). Hence, the PDE (B.3) admits a general solution as given by (B.4).
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In addition, if G(k,, ky) satisfies (A.8) for any k, > k, > k > 0, then for k = k, + ki,
g = g(ka, k) = G(kq, kp )k, satisfies

1 k,
¢<g, “ln —1> — 0. (E.112)
9 (g9+ pka)k™
Denote u(kq, k,2) = %111 (kﬁ Taking partial derivatives with respect to k, and k in
z4pka )k
(E.112), we have
o (g,U(ka, k,g))gka + ¢, (g, u(ka, kyg)) (ur, + u=gr,) =0, (E.113)
¢z1 <g7 u(kaa ka g)>gk + ¢22 (ga u<ka7 k> g)) (uk + uzgk) = 07 <E114)

where g = g(kq, k). Using ¢,, # 0 or ¢,, # 0, we derive from (E.113) and (E.114) that
(uk + uzgk)gka = (uka + uzgka)gk, which is equivalent to

Substituting ug, (ka, k, g) = é(é — o) and w(ka, b, g) = g‘,y—}g into (E.115), we obtain
(E.109) and thus (E.108) holds for any k, > k, > k.
U

Proof of Lemma 9 Similar to the proof of Lemma 2, we only prove the case for V(z)
as the case for V%(z) can be treated similarly. Similarly, it is straightforward to see that
Vi e C%1(Z) and that Condition 2, (E.19), and (E.20) are satisfied. The proof of (D.4) is
similar to that in Lemma 6. Hence, we only need to prove the two inequalities in Condition
1.

Next, we complete our proof in three steps.

Step 1: We prove that (E.97) holds.

Using (5.7) and (A.2), we obtain

Vit (0, kay k) = Of (Ko, ko) + Hy, (ka, ko)2”, 2 € (0, X (Ko, ky)], (E.116)

_1
where 2 (kq, ky) = (ka+k;b)‘%—1(1 Zik:+kb

If HY (kq,ky) > 0, then Vi (x,k,, ky) is increasing in x € [0, X(k,, ky)]. Hence, for any

. Using 7 > pp and v > 1, we have ¢¢ (ka, k) > 0.
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T € (07 X(kcu kb))7
Vk‘i (I7 k‘“ kb) < Vki (X(k(b kb)a kaa kb) =D, (El]_?)

where the equality uses (D.4).

If Hi (ka,ky) <0, then ¢ (kq, ky)z+ H (kq, ky)2? is first increasing and then decreasing
in the region = > 0. Denote Z := arg max,e(o,x (ko k)| (V1. (Kas ko) + HE (kq, ky)z?]. We have
&> 0. If & = X(ka, ko), then ¢ (ko, ky)z + Hi (kq, ky)2” is increasing in z € [0, X (kq, ky)].
Hence, we conclude from (E.116) that Vi (2, kq, k) < V2 (X (Ka, ks), ka, k) = p for all x €
(0, X (kay k). TF & < X(kq, ky), then we have & € (0, X (kg ky)) and ZhalPbelt) g,
which implies that ¥f (kq, ky) + BH{ (kq, ky)27~1 = 0. Tt follows that

X a . -1 . .
G2 (K F) + HE, (Ko, )3 = %wka(ka, )i

-1 L (=D 4k

<6—(lsa+kb)7*1( ) ’

B r—p
. . _1 1 (1= katky
where the first inequality holds because of v (ka, k) = (ko + k) 7 —7—

B > ~ > 1, and the second inequality uses (A.9) and (A.4). Combining (E.118) with
(E.116), we have V! (z,kq, ky) < V2 (2, ko, ky) < p for any = € (0, X(kq, ky)). Therefore,
(E.97) holds.

Step 2: We prove that (E.102) holds.

Using (5.7) and (A.2), we have

X(kaakb) < b, (E118)

> (0 and

Ug (2, ka, k) = 5 (Kas ko) + Hp. (Ko, kp)2®, @ € (0, X (ka, k)], (E.119)
where ¥ (Ko, kp) = (ko + kb)_%_l(;i)ja. Thus, (E.102) is equivalent to HJ (k4 k) <
H(ka, ky) for ky > ko > k, where H(kq, ky) = —wgb(ka,kb))((ka,kb)l_ﬁ. Additionally, we

can derive from (A.6) that Hp (k. ky) = H(ke, k) for k, = k. As a result, (E.102) is

equivalent to (E.103).

OH (ka, kb

Then, we only need to show that H,?akb(ka, ky) > o ) for any ky, > k, > k. Using

(A.5), we have

OH (ko kp)

HE g (s ly) = 0
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(6-1) [X(ka, ) [, (ks ko )UF, (Ko ) — Xy (Kas )0, (Ko k)| — Py X, (K, k?b)]
X (kq, kp)Pt1
(8 = 1) [ [ (o o)+ (i O Ra) = X s o)) sk | = 0% (ks )|
(r = 1) (ke k)

X (kakp) O (ka,kp) a
(5 - 1)Xkb(kaa kb) [(k ke )b [1 + ( +(ka k‘Z) - 1) 7(kf+kb):| - P:|
- D )P : (E.120)

where the second equality uses ¢f (Ka, k) = (ko + kb)_%*% and g (Ka, k) = (ko +
kb)f%fl(:j#, and the last equality uses Uy (ko ky) = X, (Ko, kp), O (Ko, ky) = X, (Ko, kp)
for ky > k.
Since G(k,, ky) > 0, we have X (kq, k) > p(kq + k’b)% for any k, > k, k, > k. Plugging it
and Z+EZ Z:; (0,1) (see Appendix B.2) into (E.120), we have Hf ; (kq,ky) > %k‘:kb) for
any ky > k, > k. Hence, (E.102) holds.

Step 3: We prove that

Vki(a:, k‘a, k‘b) < 0, (k’a, kb) € Nb(l'), ka > E, k‘b > E, x > 0. <E121)

We can see from (E.119) that for z € (0, X (kq, k)], UL (v, ko, ko)/z = Vf, (Ko, kp) +
lijgb(k’a,kb)wﬁ*1 is linear in 27~ > 0 and satisfies lim,_,o Up (z,ka, k) [2 = Yf, (Ko, k) =
(kat k) 22 < 0. Using (5.9) and (E.102), we have lim, - x (s, )~ U (2, kay k) /7 < 0.
Hence, we have ka(:ﬁ, kay k) = UR (2, ka, k) < 0 for any x € (0, X' (kq, ks)).

In addition, for any (kq, k) € I,(z) \ Lp(x) with k, > k, ky, > k, it follows from equation
(5.37) that

Vi (2, oy k) = U (2, oy k) < 0, (E.122)

where k, is determined by X (/k?a,k;b) = 1z, the equality is derived from (E.17), and the
inequality follows from (E.102). Since Ng(z) U (Iy(z) \ Inp(2)) 2 Ny(z), we infer (E.121).
O

Proof of Lemma 10 We only prove that (¢4, ) € S. The proof of Conditions 3-4 and
Footnote 10 is similar to that of Lemma 3.

According to Appendix B.2, we have ¥, (kq, ky) > U (kq, kp) > 0. Then, we derive from
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(5.29) that there exists a unique pair (u,, up) € R% satisfying (2.12). In addition, we can see
that (C.1)-(C.4) and (5.34) hold. Hence, Definition 1-(i) holds.

By (5.34), we have K;; < K;oVIK(M,;),t > 0. Recall that Condition 7 implies X (k,, ky) >
pka + kb)%, and K(x) is defined in (5.3). It follows that there exists a constant C; > 0 such
that Kj € [Ki, Ci(1 + |[M|")], V't > 0,4 = a,b. Using Fj(z, ke, ky) = 2(ky + k) ks,
K € [Ki,Ci(1 + |[M|")] and X; € [0,M,], V t > 0, we can see there exists a constant
Cy > 0 such that |Fj(X;, Kar, Ki)| < Co(1+|M[7™), V¢ > 0. Recalling (E.64), (E.65), and
(E.66), we can see the conditions in Definition 1-(ii) are satisfied, and ¢ = (¢4, ¥p) € S.

0

Proof of Theorem 4 We can see that Theorem 1 holds for the region Z defined in (5.28).
Hence, using Theorem 1, Lemmas 9 and 10, we can see that Theorem 4 holds.

0

Proof of Proposition 5 We only need to verify that Condition 7 holds.
We first consider the case ¢(z1,22) = z; — A for a constant A > 0. Then, G = ﬁ solves

. . pkak _ P
the equation (A.8). Since (AN ey v 7

is increasing in k, > k and k, > k, we

have

2
pkaky > pk” _ _pk -
Y(ko+ky) —ky — 29k —k 2y-—1

where the second inequality uses k > @. Hence, Condition 7-(i) holds. Using v > 1 and

A, (E.123)

p >0, we can see that (p+ G(ka, ky)) (ko + kb)% =(p+ ﬁ) (ko + kb)% is increasing in k; and

then Condition 7-(ii) holds.

Next, we consider the case ¢(z1,22) = % + 29 for a constant A > 0. Then, G =

\/(5)2 + ﬁ — £ solves the equation (A.8). Since A > 0, we can see G > 0 for any
ka ka+kb v

ko > k, ky, > k. Next, we prove the second inequality in Condition 7-(i), which is equivalent

to

P2 A Pk P
=)+ - < + L E.124
\/(2) fo(ka + k)7 V(Ko +ke) =y 2 ( )
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Using (TJ% + 5= g%, one can see that (E.124) is equivalent to

(g)2+ A < (/_))Z(fy(ka‘f‘kb)—i_k‘b)z (E125)

halko + k)7 20 \Y(ka +Ke) = Ko
2
Using <%) —1= %, one can see that (E.125) is equivalent to

koky (ko + kb)

A e+ o) — )

(E.126)

kakb( a+kb)

We prove that 2 is increasing in k, and k; in the region k, > k;, > k. Denote

W
1
Flka, k) :=1n (%) In Ky + I ky + (14 2) In(kq + ko) — 210(y(ka + k) — k). We
have
Of (ka,ky) 1 1 1 2y
= — 1+ - — E.127
Ok, kﬁ( * )ka+kb oy (ka + ) — Fy” (E-127)
Of (ko k) 1 1 27— 1)
—_ L = — 1+ — — . E.128
Ok k;ﬁ( * )ka+kb (ko t k) — ko (E-128)
We can rewrite %‘zk”) as follows:

Of (ka, k) _ 24+ (y—Dki+(y—1- %)kakb
Okq Ka(ka + ko) (v(ka + ko) — Kp)

O K2+ (v—1D)k2+(v—1—L)kak
At L) B A M R S

(v =1 =2k > 0, and (K + (v = DA} + (v = L = Dkaks) [ro=p,= (27 = 1 = 2)ky > 0.
Then, we derive from (E.129) that %&’kb) > (0. Comparing (E.127) with (E.128), we have

8f(ka,k Of (ka,k,
f(akb b) > f(aka ) < 0 for any ko, > ky > k.

(E.129)

For any k, > k, > k, we have

kaky (katk
%, are increasing in k, and k; in the region

ko > ky > k. It follows that (E.126) holds for any k, > k, > k if and only if (E.126) holds
for k, = ky, = k, which is equivalent to k > %(%) o Hence, Condition 7-(i) holds for

e/
any k > = (%) "f—‘rl.

Hence, f(kq, ky), and consequently

=1
. Akatky) T
Since G(kq, ky) = (ka +ho) — , we have
\/(”’“T“)Qﬂka(kﬁkb)?Jr%

A
\/(”’““) + Na(ko + kp) T+ 2

which is increasing in k. Hence, Condition 7-(ii) holds. O

Gka k) (ka + ko) = , (E.130)
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