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Abstract

I develop an adaptive learning model where periods of stability lead to periods
of instability, similar to Minsky’s financial instability hypothesis. In tranquil times,
investors increase their subjective risk-return assessments. They buy more stocks,
driving up prices, and reinforcing the change in beliefs. Crashes arise endogenously
as rapid booms increase perceptions of risk as well as returns. The model can help
explain observed asset pricing phenomena. I also establish new results on instability
and cycles in adaptive learning models. As long as agents put sufficient weight on new
information, learning from asset returns leads to instability that drives endogenous

booms and busts.

1 Introduction

1.1 Overview

In this paper, I develop an adaptive learning model that generates recurrent, endogenous
fluctuations asset prices. Changes in expectations and risk assessments drive flows of funds
in and out of risky assets, leading to unstable feedback between beliefs and returns. This
dynamic instability generates booms and busts in asset prices reminiscent of Minsky’s fi-

nancial instability hypothesis.! As in Minsky’s theory, periods of relative market tranquility
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lead agents to decrease their risk estimates and invest more in risky assets. But as investors
become more levered, the market becomes more sensitive to changes in beliefs and asset
positions, and small downturns quickly lead to large market crashes.

I study a model where agents can borrow or lend at fixed risk-free rate of return, and
they can purchase a stock providing a claim to a risky dividend process. While asset returns
are determined in equilibrium, investors believe that risky asset returns have a constant but
unknown mean and variance. They estimate expected returns and return volatility based on
past asset returns, and update these estimates over time. If agents had rational expectations
and knew the shock distribution, then returns would indeed be i.i.d. with a constant mean
and variance. All of the persistent fluctuations in the model are driven by learning dynamics.

In this environment, I study a learning rule where agents place a constant weight (or
gain) on new information. By giving more weight to more recent observations, such rules are
known to track drifting parameters (see Sargent and Williams, 2005), and provide robust
estimates under model misspecification (see Evans, Honkapohja, and Williams, 2010). Both
motivations are relevant here, as investors may believe that returns change over time, and
the feedback from beliefs to returns makes this belief self-reinforcing.? The constant gain
learning rule exhibits forgetting, which makes learning persistent. While the model is simple,
it generates rich dynamics as simulations are characterized by repeated booms and crashes. I
show that these price dynamics are driven by endogenous belief cycles. As long as agents put
sufficient weight on new information, learning from asset returns results in a fundamental
dynamic instability which drives the financial instability.

Since the equilibrium is unstable, shocks can lead to persistent fluctuations. For example,
a sequence of positive shocks can make agents believe that mean returns have increased, and
the volatility has fallen. In response, investors increase their risky asset positions, with the
inflow of funds further driving up their prices. This process resembles an asset price bubble,
where expectations of higher (risk-adjusted) returns lead, at least temporarily, to higher
realized returns, and prices rapidly increase.

However once agents are sufficiently invested in stocks, the economy becomes fragile. A
small change in portfolio allocations then has a large impact on prices, making the market
prone to crash. In the model, booms end due to two distinct mechanisms: binding constraints
and increased subjective volatility. The model incorporates borrowing constraints to ensure
that an equilibrium exists. When demand for risky assets increases, these constraints may
restrict flows into the risky asset, dampening price growth and leading to a market reversal.
This is similar to models of credit frictions, where tightening constraints can lead to a crash.?

A more novel source of market crashes, which is predominant in the model, is that a rapid

2Malmendier and Nagel (2016) find that constant gain learning also explains average survey expectations.
3See Eggertsson and Krugman (2012), Boz and Mendoza (2014), and Farboodi and Kondor (2023).



asset price boom may cause its own end by increasing uncertainty. Since agents are risk
averse, their portfolio allocations reflect the perceived tradeoff between risk and returns.
With a rapid increase in prices, agents’ estimates of both the mean and variance of returns
increase. The variance effect may dominate, leading to a cut in the portfolio share of risky
assets, and a drop in prices.

No matter the cause of the initial asset price decline, any price reversal following a boom
leads to a rapid market crash. Following a period of rapid growth, a negative return is
influential in changing beliefs and, because of the fragility, market outcomes. As investors
seek to sell stocks, the outflow of funds puts downward pressure on the stock price, which
rapidly plummets until it his bottom. After having gone through a recent boom and bust,
agents now view risky returns as highly volatile, and so are wary of investing more in stocks.
As the market stabilizes, returns become less volatile, and investors start to forget the
previous boom and bust episode. As they reduce their volatility estimate, they shift more
assets to stocks, driving up prices and returns once again. The process starts slowly, but
gains speed until a rapid boom leads to another crash. A fundamental dynamic instability
due to learning drives outcomes similar to Minsky’s financial instability.

While my main contribution is theoretical, I also explore the model’s quantitative impli-
cations. Using a calibrated dividend growth process as an input, I show that the model can
match the level and volatility of the price-dividend ratio, as well as matching the level and
volatility of stock returns. Matching risk premia and asset price volatility with a relatively
low degree of risk aversion is a relatively difficult task for a sparsely parameterized model like
mine. The baseline calibration generates significant market crashes with plausible regularity,
although less frequently than in the data. I also discuss empirical drawbacks of the model

and how it can be reconciled with survey evidence on expected returns.

1.2 Implications and Related Literature

Minsky developed the financial instability hypothesis in a series of papers and books (Minsky,
1975, 1986, 1989, 1992). Kindleberger (1978) used the financial instability hypothesis as an
organizing principle in his classic study of bubbles. Other early references include Taylor and
O’Connell (1985) and Keen (1985). In Sethi (1992) financial instability results from switches
between equilibria. Friedman and Laibson (1989)used a portfolio choice model with learning
to interpret evidence of excess market volatility. In Eggertsson and Krugman (2012) changes
in borrowing constraints can lead to a Minsky-style crisis of deleveraging. L’Huillier, Phelan,
and Wieman (2024) obtain Minsky-style cycles from the interaction of credit constraints and
sectoral reallocation of capital.

I draw on the literature of adaptive learning in macroeconomics, including Marcet and

Sargent (1989) and Evans and Honkapohja (2001). Timmermann (1993) showed how learning



can generate volatility and predictability in returns. Like this paper, Branch and Evans
(2011) consider agents who learn about risk and returns, and show how risk dynamics can
generate recurrent booms and crashes. In their model, stochastic shocks under learning can
lead to occasional escapes — in the sense of Cho, Williams, and Sargent (2002) and Williams
(2019) — from the equilibrium. By contrast, the recurrent cycles in my model are driven by
instability. Booms and crashes are typical outcomes in my environment, but rare events in
their model. Nonetheless, there are clear similarities between the unstable dynamics that I
find and the locally divergent dynamics which drive escapes.

My model builds on Adam, Marcet, and Nicolini (2016), who showed how learning can
lead to empirically plausible volatility in prices and price-dividend ratios. Relative to their
paper, I add a risk-free asset with a fixed interest rate, which introduces a portfolio problem.
The resulting debt dynamics are crucial in generating the boom-bust cycles and instability
that I find. Later learning papers, such as Adam, Marcet, and Beutel (2017) and Nagel
and Xu (2022), added features to improve the empirical performance in matching data on
consumption, asset prices, and survey measures of expectations.

My main methodological contribution to the learning literature is in showing that the
standard convergence results only hold in my model for very small gain settings. As the
gain increases, the equilibrium has a bifurcation where it loses stability, and a stable limit
cycle arises. I characterize this instability by applying results on bifurcations in discrete
dynamical systems from Kuznetsov (1998). To my knowledge, these results are novel in the
economic learning literature.? Sargent and Williams (2005) studied related bifurcations in
learning. Cho (2018) and Chien, Cho, and Ravikumar (2020) showed that small-gain limits
in models with second-order dynamics may give a misleading characterization of stability.
Evans and Honkapohja (2009) and Honkapohja and McClung (2023) documented instances
of instability in learning with small gains.

A separate literature in finance uses psychologically-motivated models of expectation
formation, as described by Gennaioli and Shleifer (2018). Barberis, Greenwood, Jin, and
Shleifer (2018) show that extrapolation can lead to asset price bubbles in an environment
like mine with a portfolio problem. Bordalo, Gennaioli, and Shleifer (2018) show that di-
agnostic expectations can lead to credit cycles driving asset price and output fluctuations.
Jin and Sui (2022) show that learning and extrapolation can explain both asset market and
survey expectation data. Greenwood, Hanson and Jin (2019) consider a model of credit
cycles with feedback between investor beliefs and firms’ creditworthiness. Maxted (2023)
and Krishnamurthy and Li (2022) consider the interaction of sentiment and financial fric-
tions in general equilibrium models. Bianchi, Tlut, and Saijo (2024) incorporate diagnostic

expectations in business cycles, showing that the interaction between actions and beliefs nat-

1Beaudry, Galizia, and Portier (2020) apply related results to study endogenous business cycles.



urally generates repeated boom—bust cycles. Brianti and Cormun (2024) find that changes
in survey forecast revisions unrelated to fundamentals predict boom-bust dynamics in macro
variables, and develop a model of expectation-shock driven business cycles.

Like this literature, I focus on the role of beliefs in asset price booms and busts. In
many of the earlier papers, the end of the bubble means a reversion to the fundamental asset
valuations. In my model market crashes lead to a collapse in asset valuations, typically far
below fundamental prices. Later, periods of stability lead to instability, with rapid asset
price booms making crashes more likely. Such features are characteristic of Minsky’s theory
as well as experienced financial crises. For example, Greenwood, Hanson, Shleifer, and
Serensen (2022) show that periods of rapid credit and asset price growth greatly increase
the likelihood that a financial crisis will follow. I show that financial instability is present in
my model in a precise mathematical sense. As long as agents put sufficient weight on new
information, a weight which may be quite small quantitatively, the model displays cyclical

dynamics marked by recurrent booms and busts.

2 The Model and Rational Expectations Equilibrium

2.1 The Model

The model is a variation on a standard Lucas (1978) consumption-based asset pricing model,
which was studied a learning context by Adam, Marcet, and Nicolini (2016). One key
difference with the standard setup in those papers is that I study a small open economy
version of the model, where agents can borrow and lend at a constant risk-free interest rate.
This is a simple way of introducing (net) borrowing and lending, and hence asset flows, while
retaining the simplicity of the representative agent framework.

There are two assets: stocks denoted S; which trade at the price P;, and bonds B; that
have a constant risk-free one-period gross return R. There is a unit supply of stock, so in
equilibrium S; = 1. Since agents can borrow and lend freely on the world market at a fixed
return, domestic holdings of bonds B; are endogenous. The driving stochastic process is
an exogenous dividend stream D; which accrues to stockholders. Like much of the recent

literature, I assume that dividend growth is i.i.d.:
log Dyyy1 =log Dy +d+ oWy (1)

where d > 0 is the constant mean rate of dividend growth, ¢ > 0 is its standard deviation,
and Wiy is an ii.d. shock. For ease of analysis, I assume (centered) binomial shocks:
W, € {—1,1} each with probability 0.5. The discreteness is not crucial but simplifies the

analysis.?

Gaussian shocks lead to very similar outcomes, but cause some complications in the analysis.



Agents have identical time separable power utility over consumption C; with risk aversion
parameter v and discount factor 5. Agents choose how much to consume and how to allocate

their portfolio between stocks and bonds:

e
E -t
max F Z 15} T
t=0
subject to the budget constraint:
PtSt + Bt + Ot = (Pt + Dt)St—l ‘I’ RBt_l. (2)

Defining the gross return on stocks as Z; = (P, + D;)/P;_1, the optimality conditions lead

to the standard Euler equations:

C;7 = BRE/[C], (3)
G, = PE [Ct_—f—’ylzﬂrl]' (4)

Below I study arbitrary beliefs, so I impose a portfolio or leverage constraint to ensure that
an equilibrium exists. The constraint limits debt, restricting the share of wealth (greater
than unity) that an agent can invest in the risky asset. In general the Euler equations are

inequalities, with (3)-(4) holding when the leverage constraint does not bind.

2.2 Rational Expectations Equilibrium

I now solve for a rational expectations equilibrium with zero debt, which serves as an im-
portant reference point. In equilibrium the stock holdings equal the share supply S; =1, so

the aggregate resource constraint is:
Ct - Dt + RBt,1 - Bt.

Equilibrium consumption is equal to dividends plus the net change in bonds, after accounting
for interest costs. For an arbitrary interest rate R, the economy have a positive or negative
net bond position. But I set R at the closed-economy equilibrium level, so equilibrium
outcomes match those when bonds are in zero net supply.

The simple structure of the economy, with power utility and i.i.d. dividend growth, allows
me to completely solve for the zero-debt equilibrium. The calculations, which are standard,
are detailed in Appendix A.1. In equilibrium, the price-dividend ratio is constant, at a value

0* given in the appendix, and the gross return on stocks is i.i.d.:

Pt = (S*Dta
logZ, = log(146")—logd* +d+ oW, (5)
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For later reference, it is useful to describe the agent’s decision rules. Define an agent’s
wealth X; as the right side of the budget constraint (2):

Xt - RBtfl + (Pt —|— Dt>St,1,

and let v; be the share of post-consumption wealth invested in stocks:

PS5,
Xt - Ot .

Vs =

In equilibrium v, = 1 and X; = P, + Dy = (1 4 0%)Dy, so C; = lJr%)(t = D,. That is,
agents consume a constant fraction of wealth and invest a constant fraction (unity) of post-
consumption wealth in stocks. These decision rules are special cases of Hakansson (1970),
which is a discrete time version Merton (1969). This equivalence is natural, as Hakansson
studied consumption and portfolio choice problems with i.i.d. returns, as they are in the
rational expectations equilibrium. The zero-debt equilibrium returns are determined so that

the agent invests entirely in stocks.

3 Equilibrium for Arbitrary Beliefs

3.1 Self-Confirming Equilibrium

As a step toward learning, I first analyze the consequences of agents having arbitrary (but
fixed) beliefs. To make their consumption and portfolio decisions, agents do not need to
know the process for dividends or understand the determinants of equilibrium prices. All
they need is a return forecast distribution. I specify that agents assume that log returns
are i.i.d. binomially distributed, with mean m and standard deviation 5. We have already
seen that in the rational expectations equilibrium, returns are i.i.d. with standard deviation

o and mean p given by:
w= Elog(Z;) =log(l+6") — logd* + d.

If m = pand s = o, then returns are indeed i.i.d., so agents’ beliefs are correct, and outcomes
are the same as under rational expectations.

Following Sargent (1999), I adopt the notion of a self-confirming equilibrium (SCE) to
describe such a situation.” In a SCE, agents optimize given their beliefs and their beliefs

are correct along the equilibrium path, but may be incorrect for events not observed in

6As discussed above, very similar behavior results if shocks are normal and agents have a subjective
normal distribution.
"The self-confirming equilibrium concept arose in game theory, as in Fudenberg and Levine (1998). Sar-

gent (1999) formulated the concept in a parametric form for adaptive learning models.



equilibrium. Therefore (m, s) = (u, o) is a SCE in this model, and in fact is the unique one.
When m # p and/or s # o then equilibrium returns exhibit temporal dependence due to
changes in net asset positions. In such cases, agents’ beliefs are incorrect, failing to account
for the serial correlation in returns. Nonetheless, one can still solve for an asset market

equilibrium with incorrect beliefs, as I do now.

3.2 Equilibrium for Arbitrary Beliefs

With general subjective beliefs § = (m,s), agents solve the consumption portfolio choice
problem. As discussed more below, I impose a portfolio constraint 0 < v, < ©. The upper
bound reflects the leverage constraint, and since the equilibrium requires domestic agents to
hold stocks, I rule out short sales as well. The decision rules follow from Hakansson (1970),
and have the same form as before: C; = ¢(0)X;, and v; = v(#).® Agents consume a constant
fraction of their wealth X; and invest a constant fraction in stocks, where the fractions
depend on their perceptions of the stock returns. Expressions for the decision rules are given
in Appendix A.2. In the absence of binding constraints, the optimal fraction invested in
stocks increases in expected returns m and decreases in perceived risk s, as expected.

I now solve for an equilibrium. The value of stock holdings at date ¢ is:
PtSt = (1 — C)UXt = (1 — C)U(RBt,1 + Stfl(pt + Dt))a

where I suppress the dependence on the beliefs 6. Therefore the stock price must satisfy:

(]_ - C)U(RBt_l + St—lDt)

P p—
! Sy — (1 —c)vSi_y

Since prices and dividends are growing over time, it is convenient to focus on the price-
dividend ratio. Imposing the equilibrium conditions that the agent always holds the entire

supply of stocks, S; = S;_1 = 1, the equilibrium price-dividend ratio is then:

P (1—c®)(®) RBiy+D,
Dy 1—(1—c(®)v(d) D

= 6(0)w;. (6)

The first fraction on the right defines the pricing function §(6) and the second defines the
relative net asset position wy = 1+ RB;_1/D;. The pricing relation (6) holds as long as it is
well-defined and nonnegative, which is ensured by the portfolio constraints specified later.
In the zero-debt rational expectations equilibrium, §(f) = 0%, stock prices are driven
entirely by dividends, the relative asset position is w; = 1, and the price-dividend ratio is
constant. But in general, agents can take either long or short positions in bonds, up to the

portfolio limits. Thus the total demand for stocks depends on the net asset position w;, and

8Hakansson (1970) had no portfolio constraints, but it straightforward to show that his results extend.



Price-Dividend Ratio Pricing Function vs. Portfolio Share
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Figure 1: The pricing function § versus the portfolio share v for fixed beliefs § = (u, o). The

SCE level of v = 1 is shown with an asterisk %, while the dashed line is the upper bound 7.

this is reflected in prices and returns. Later I introduce learning, where belief variation also
contributes to variation in prices. Expressions for stock returns Z; and the dynamics of the

net asset position w; with arbitrary beliefs are given in Appendix A.2.

3.3 Portfolio Constraints

In the model stock prices are very sensitive to the risky-asset portfolio share v. This is
particularly true for v near the self-confirming and rational expectations equilibrium value
of unity. As agents invest almost their entire wealth in stocks, or even borrow to increase
their leverage in risky assets, the stock price increases dramatically. This effect is illustrated
in Figure 1, which plots the pricing function § as a function of the portfolio share v. In
particular, I fix beliefs at the SCE values 6 = (i, o) and vary the portfolio share v.

The figure shows that as v — ﬁ the stock price explodes, with 6 — oco. While the
pricing function is finite for portfolio weights slightly above unity, there is a limit to how
much leverage the economy can sustain. As I show in Appendix A.2, with sufficient leverage
the demand for stocks outstrips any fixed supply at a finite price. How close the divergence
threshold is to the rational expectations equilibrium depends on the consumption/wealth
ratio. Even with a relatively high value of ¢ = 0.1, the prices diverge at v = 1.11.

Moreover, stock prices are very sensitive to changes in the portfolio share near the SCE
value of v = 1. Since the pricing function 6 has a steep slope in this region, very small

changes in portfolio positions lead to large changes in stock prices. In particular, I show in



Appendix A.2 that the derivative at the pricing function d(v) at the SCE value of v = 1
is 0'(1) = 6*(1 4+ 6*). As discussed below, the mean price/dividend ratio in the data is
approximately 29, so matching this value would imply a slope of 870 at v = 1. To first order,
1 percentage point fall in the portfolio share to v = 0.99 would lead to a 30% drop in the
price dividend ratio to 20.3.

Beyond ensuring a finite pricing function, equilibrium requires that the representative
agent can repay debt, so that RB;_1 + D; > 0 in all states of the world. This in turn
guarantees that the net-asset position w; is nonnegative, and so the price P, is as well. Along
with simplicity, this is a primary reason I assumed a dividend process with finite support.’
In Appendix A.2, I show that such a debt limit can be written as a constraint on the portfolio
share v < v. I allow for the loosest portfolio restriction consistent with equilibrium.

If the portfolio restriction failed, agents would not be able to repay the principal and
interest on their debt. This is a situation Minsky (1986) refers to as “speculative finance,”
where investors need to roll over their debt liabilities, and thus the stock of debt would
increase. Minsky emphasizes how this can lead to fragility of the financial system. Minsky
(1986) also discusses a further stage of “Ponzi finance,” where agents cannot repay event
the interest on their debt and so would need to sell off assets. In my setting with one-period
debt, principal must be repaid each period, so these speculative and Ponzi stages merge. If
RB; 1+ D; < 0, agents would want to sell their stock holdings in order to repay their debt.
But in a representative agent equilibrium they must hold the entire unit supply. This need

for liquidity would drive the stock price to zero.

4 Adaptive Learning

Having determined equilibrium prices and returns for fixed beliefs, I now describe how agents
update their beliefs over time. I assume that agents learn adaptively, meaning that when
they form their decision rules agents treat their beliefs as constant, but then they update
their beliefs over time. This approach, which rules out active experimentation, is what
Kreps (1998) calls “anticipated utility,” and it dominates the literature on adaptive learning
in macroeconomics. By contrast, a fully Bayesian approach to learning would forecast not
only future outcomes but future beliefs, and so requires a higher degree of rationality than
under full information rational expectations. Kreps (1998) recommends the anticipated
utility approach as a normative description of how people solve uncertain dynamic decision
problems, where they construct a model, act, and adapt. Cogley and Sargent (2008) discuss
how the fully Bayesian approach is often intractable, while the simpler anticipated utility

9With unbounded dividend growth, if agents began a period in debt, there would be a nonzero probability
that the dividend realization would be too low for repayment.
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approach may provide a good approximation. Anticipated utility is also consistent with
Minsky (1975), who argues that, “Financing is often based on an assumption ‘that the
existing state of affairs will continue indefinitely’, but of course this assumption proves false.”

At each date I solve for the equilibrium prices with 6 = 6, = (my, s;), the agents’ current
estimates of the mean and standard deviations of returns. Then after observing the realized
returns, agents update their beliefs. Since agents estimate means and variances, [ assume that

they update their beliefs using a recursive procedure for estimating the sample counterparts:

M1 = my + e(log(Zy) — my), (7)
sip = 8¢ +e((log(Z:) — my]* — 7). (8)

Here £ > 0 is a constant known as the gain, reflecting the weight on new information.

1
t+1
constant, so more observations provide more information about the unchanging underlying

Setting ¢ = would reflect a subjective belief that the mean and volatility of returns are
parameters. But if agents believe that the return process changes over time, then more
recent data would be more informative than observations further in the past. Constant gain
learning rules discount past observations, allowing beliefs to better track moving parameters.
Sargent and Williams (2005) showed that constant gain learning rules are Bayesian optimal
filters when the underlying parameters follow a random walk.!® Alternatively, if agents are
uncertain about the return process, they may opt to use learning rules which are robust to
model misspecification. Evans, Honkapohja, and Williams (2010) show that constant gain
learning rules are robust optimal filters. Both of these motivations are reflected in discussion
by Minsky (1989) states, “[M]odels of system performance that help form the expectations
of businessmen and bankers are affected by the recent performance of the economy. .. The
critical agents are unsure how the economy will perform, because they are unsure of the
effect of recent institutional and environmental changes.”

The dynamics of beliefs make the economy self-referential. Based on their beliefs, agents
make decisions that determine equilibrium prices and returns, which in turn affect future
beliefs. Using the expressions for the pricing functions and dynamics of the asset position
wy in Appendix A.2, the feedback between beliefs and outcomes is apparent:

1+ 5(015)(1 + q(et—l)wt—1Xt) o
6(6r—1)wr—1Xt = log Z(0:; 11, we-1, X¢) (9)

we = 14 q(0i—1)wi—1xe- (10)

logZ, = log

Here the weighting function ¢(6) is a combination of the pricing function and decision rules
specified in the appendix. The second equality in (9) defines the stock return function

Z(04,0;_1,wi—1, xt), which makes clear how returns at date ¢ depend on current and lagged

0Malmendier and Nagel (2016) show that constant gain learning explains average survey expectations.
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beliefs, net asset positions w;_1, and the fundamental dividend shocks x;. The economy is
then governed by joint dynamics of beliefs (7)-(8) and outcomes (9)-(10).

In the Appendix B.1, I apply some well-known results from the learning literature to show
that in the limit as the gain ¢ goes to zero, the beliefs can be approximated by a differential
equation whose stable point is the self-confirming equilibrium. This suggests that for small
gain, agents’ beliefs and the price-dividend ratio should be concentrated around the self-
confirming levels. However, as I discuss next, simulations of the learning model suggest

behavior very different from stability and convergence.

5 Financial Instability

Figure 2 shows a representative simulation of the calibrated baseline model. The top panel
plots the price-dividend ratio from a long simulation, while the lower panels show a closeup on
a typical boom-bust cycle (shown in the shaded area). The model displays repeated episodes
of booms and busts in asset prices, driven by buildups, spikes, and collapses in asset flows.
These flows in turn are driven by changes in agents’ beliefs. Beliefs change rapidly during
the boom-and-bust period, but this episode slowly fades from memory during more tranquil
times. Periods of stability lead to forgetting, which brings on periods of instability.

In more detail, the top panel of Figure 2 plots the realized equilibrium price-dividend
ratio in a long sample of over 1,000 periods (years) under the calibration described in Section
7 below. The model generates recurrent booms and crashes, which occur regularly but at
random intervals. During booms, the price-dividend ratio can increase by 30-50% with the
span of a years, then crash by a similar or larger magnitude in a short span. Below I show
that the model can match the mean and variance of the observed price-dividend ratio, and
can come close to matching the frequency of large market crashes.

The lower panels zoom in on the boom-bust cycles in the shaded region to better un-
derstand the dynamics of the model. The panels in the middle row show beliefs m; and sy,
along with the portfolio share invested in stocks v;. The bottom left panel shows the log
stock return Z;, which agents forecast in the model. The final two panels decompose the
decompose the movements in the price-dividend ratio. In equation (6) the price-dividend
ratio is the product of the pricing function 6(6;), which is shown in the bottom center panel,
and the net asset position w;, shown in the bottom right. In the SCE, w; is identically equal
to one. But as the agent accumulates bonds, w; is greater than one which acts as a multiplier
on how beliefs affect prices through the pricing function §(0).

The shaded region begins in period 240 in the aftermath of a crash. From the convergence
results in Appendix B.1, we expect agents’ beliefs (my, s;) to converge to the self-confirming

levels and the portfolio share v; to converge to one. We observe this general trend for roughly
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Figure 2: Representative simulation for the baseline calibration. The top left panel plots
a long simulation of the price-divided ratio, with the lower panels focusing on the shaded
region. The middle plots the beliefs m; and s;, along with the portfolio share v;. The bottom

row shows the log return Z;, the pricing function §(6;), and the net asset position w.

the next 50 periods. Volatility estimates start high, as agents had recently been through a
period of large fluctuations, and they decline monotonically over this span. Overall, beliefs
about volatility move more and have a larger impact than expected returns. The periods
following a crash see a quick recovery in prices, so mean estimates are also high and drift
downward slowly over this period. Driven mostly by the declining volatility estimates, agents
increase their stock holdings v; over time. Throughout this period, price-dividend ratios
increase, driven by increases in the pricing function §(6;), which has a large multiplier effect
through wy, as investors have accumulated bonds that they slowly sell. Investors slowly forget
the experience of a market crash, as a period of stable and gradually increasing prices makes

them more willing to invest in stocks. As they do, they bid up asset prices. Since agents are
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backward looking, these higher realized returns lead to increases in expected returns.

Around period 300 the trends in the economy accelerate. As more funds flow into stocks,
asset prices increase rapidly. After trending downward, the expected return m, starts to
increase, and the portfolio share v; increases to near unity. The pricing function § spikes
as the portfolio share v, increases into the steeply sloped region from Figure 1. The pricing
function §(6;) first doubles in the span of a couple of periods, then doubles again in a couple
more periods. However the net asset variable w; declines as bond holdings fall, dampening
the impact of the increase in d. The price-dividend ratio increases from 30 to 50 in the span
of a few periods, before crashing to values around 2.

While the asset price booms are generated by flows into the stock market, the market
crashes when the inflow stops, which happens for two main reasons. If the portfolio share
vy hits the constraint v during the market boom, the inflow of funds into stocks will slow or
stop, generating a negative return surprise. This leads agents to revise down their estimate
of mean returns and thus cut v;. However binding constraints are rare in the calibrated
model, driving only the final crash in the top panel of the Figure 2.

More surprisingly, rapid asset price booms can directly lead to market crashes by in-
creasing uncertainty. Agents trade off the mean and variance of returns in their investment
decisions, so if the perceived variance increases more rapidly than expected return, they cut
the risky-asset portfolio share. During the boom, the economy enters the steeply-sloped
region in Figure 1, so small changes in portfolio shares driven by either cause lead to large
price changes. Asset flow reversals have a large impact and lead to abrupt crashes.

Elevated subjective uncertainty causes all of the other crashes Figure 2, including those
in the closeup shaded area. The portfolio share peaks at a value just over one in period
316, which is below the constraint. This is also the period which marks the peak in the
pricing function §(0), with the price-dividend ratio peaking in the previous period. The
rapid run-up in prices leads to an increase in the estimated variance, which leads to a slight
cut in portfolio share in the next period. While the portfolio change is small (from 1.003 to
0.985), it leads to drop of over 60% in the price-dividend ratio, reflecting the steepness of
the pricing function. After the recent boom, this drop in prices is influential. The estimated
volatility increases sharply, leading to a further cut in the portfolio share. The desire to
withdraw funds from the stock market further depresses prices. In the span of a couple of
periods the stock market crashes, bottoming out at a portfolio share slightly below v, = 0.45
and a price-divided ratio around 2, a decline of over 95% from its peak.

Figure 2 shows that there is a distribution of crash severity. This particular crash in
period 318 is a severe one, but crashes of similar magnitude occur in periods 86, 560, and
1041. Continuing in the shaded area, after bottoming out in period 318, the price-dividend

ratio recovers substantially in the following couple of periods, which leads to a spike in returns
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Figure 3: Representative simulation (top row of panels) and conditional impulse responses
at different points (¢ = 310, 315, and 318 in the following rows) for the baseline calibration.

Z; (bottom left panel), which in turn drives an increase in expected returns m; (center-left)
and volatility s; (center-right). Slowly, the experience of the crash fades, assets in the stock
market build up again, and another boom begins. This boom-bust cycle is less severe, with
the portfolio share peaking at 0.99 and bottoming out at 0.65, but still quite strong.

Figure 3 illustrates the impact of stochastic shocks and endogenous model dynamics. The
top row of panels show the log of the stock return Z;, beliefs m; and s;, and the portfolio
share v; from part of the boom-bust cycle highlighted in Figure 2. The lower panels show
conditional impulse responses starting at different dates into the asset market boom — periods
310, 313, and 315 — marked with dots in the top panels. For example, the second row takes
the state of the model in period 310, feeds in a positive (blue line) and negative (red line)
dividend shock for that period only, and traces out the dynamics in the absence of further
shocks. The third and fourth rows do the same for periods 313 and 315.

In period 310, midway through the boom phase, we see very different responses to positive
and negative shocks. A negative shock leads to dampened fluctuations, with no substantial

boom or crash, and little change in beliefs. But a positive shock reinforces the dynamics in the
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ongoing market boom, with the portfolio share continuing to increase for several periods,
before dropping rapidly, leading to larger negative returns and an increase in perceived
volatility s;. Thus at this point in the boom, shocks are influential in influencing the market
dynamics. A few periods later at ¢ = 313, the simulation had seen a sequence of positive
shocks, so the market boom had continued. Now the positive and negative impulses have
qualitatively similar dynamics, with differing magnitudes. The positive shock leads to a
larger ongoing boom and a more severe crash, which in turn drives a much larger increase
in volatility s;. A negative shock now leads to a less severe boom and bust. By the time
we get to t = 315, when the market boom has continued, the differences in the impulses are
minimal. The force of the endogenous model dynamics is stronger, so there is less variation
due to the shocks. The boom continues for only a couple of periods before a severe crash.
The figures illustrate the interaction of stochastic shocks and the endogenous nonlinear
dynamics in asset price fluctuations. Shocks play a key role in the timing and magnitude
of market fluctuations, but the endogenous belief changes and associated model dynamics
ultimately drive the boom-bust cycles. The sharp price movements are driven by relatively
small initial changes in beliefs, as booms lead the economy into the fragile region of very
responsive asset prices. Periods of stability lead to periods of instability, and rapid booms
lead to market crashes, as in Minsky’s theory. In the next section I theoretically characterize

these model dynamics, later exploring the quantitative implications in more detail.

6 Dynamic Instability Drives Financial Instability

While the self-confirming is stable in the small gain limit, the cyclical behavior just illustrated
seems to be at odds with this convergence result. I reconcile these apparently contradictory
results in this section by showing that the SCE is only stable for very small gain. As the
gain increases, the equilibrium has a bifurcation where it loses stability, and a stable limit
cycle arises. This bifurcation occurs at a threshold gain value which is quantitatively very
small, much smaller than empirically plausible values. I also show that the economy may

experience long periods of volatility before finally settling down to the stable limit cycle.

6.1 Discrete Nonlinear Dynamical System

In this section, I analyze the model as a discrete-time nonlinear dynamical system, studying
the dynamics of the model with a fixed gain. Most of the learning literature, including the
convergence result in Theorem 2 in the appendix, is based on small gain limits. I show that

such small gain analysis is misleading in this model, as the radius of stability is quantitatively
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very small. The analysis in this section are novel in the learning literature.!

The dynamic system governing the economy is given by joint dynamics of beliefs in
equations (7)-(8) and outcomes in (9)-(10). . The convergence results take small gain limits,
and therefore make a sharp distinction between the beliefs and the state variables. As the
gain ¢ shrinks, the dynamics of the state are “fast” in comparison to the beliefs. Therefore
to analyze the beliefs, we can average over the state evolution.

But for my model (and others like it), such an approximation is only valid for very small
gain e. For larger (but still empirically small) gains, the state and belief dynamics are more
closely intertwined. Therefore I now stack the current beliefs, lagged beliefs, and state into a
larger vector X; = [0y, 0;_1,w;_1]".'> Then the second-order dynamics of the combined beliefs

and outcomes from (7)-(10) can be written as a first-order vector system:
Xit1 = G(Xy, x1)- (11)

Direct analytic characterization of the discrete-time nonlinear stochastic difference equa-
tion system (11) is difficult. To provide analytic tractability on the expected behavior of
the system, and particularly its behavior local to the self-confirming equilibrium, I study the

dynamics of the averaged system:

Xt = GOX) = [ 60X )P (), (12)
where I average over the i.i.d. stochastic shocks y. In Appendix B.2 I provide more discussion
and show that, for small shocks, the deterministic averaged system characterizes the mean of
the stochastic system in a neighborhood of the SCE. This small noise approximation employs
less averaging than in the small gain limit, which also averages over the dynamics of the state
variable w;. The feedback between beliefs #; and the state variable w;, which captures the
net asset positions and governs assets flows, drives the boom-bust cycle. Averaging over the
net asset position misses this key interaction.

I now apply methods for discrete-time dynamical systems to analyze the averaged system
(12). With the SCE beliefs § = (i, o), denote the SCE state X = [#,0,1). The SCE state

is a fixed point of the averaged system:

X = G(x).
Applying standard linearization techniques, the local stability of the SCE state X is deter-
mined by the Jacobian G'(X) = [ 2%(X, x)dF(x). In other words, locally around the SCE,

the behavior of the dynamical system (12) is determined by its linearization.

1 Cho (2018) and Chien, Cho, and Ravikumar (2020) show that small-gain limits in models with second-
order dynamics may give misleading stability results. Evans and Honkapohja (2009) and Honkapohja and

McClung (2023) documented similar examples of instability with small gain.
12Using equation (9), we write the return Z; in terms of current and lagged beliefs, net assets, and shocks.
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I now show that when the gain ¢ is small enough, all eigenvalues of the Jacobian are
inside the unit circle. For small gain the SCE is stable, as in the convergence results. But
I also show that there is threshold level of the gain € where the SCE loses its stability. At
€ the system has a pair of complex eigenvalues on the unit circle, and for € > € the SCE
is surrounded by a stable, closed invariant curve. This is a Neimark-Sacker bifurcation, the
discrete-time equivalent of a Hopf bifurcation in continuous time. For sufficient weight on
new information, the SCE is unstable, but the system has a stable limit cycle.

The following theorem collects results from Kuznetsov (1998), establishing the existence
and local properties of the two-dimensional center manifold from the five-dimensional dynam-
ics for X;, and providing conditions for the stability of the limit invariant curve. To emphasize
the dependence of the dynamics on the gain, I denote the key Jacobian as J(g) = G'(X;¢).
The proof of the following is in Appendix B.2.

Theorem 1 The averaged dynamics of the learning model (12) has a fived point X corre-
sponding to the SCE state. There exists a threshold value of the gain € such that:

1. For e < g, all eigenvalues of the Jacobian matriz J(e) are inside the unit circle, and

hence the SCE state X is locally asymptotically stable.

2. Ate =g, the Jacobian J(g) has a pair of complex eigenvalues on the unit circle. Denote

these eigenvalues as Ay o = X0 for some real value 1.

3. For sufficiently small ¢ > €, denote the pair of complex eigenvalues as A\ia(e) =
7(e)e*™E)  where r(Z) = 1 and ¥(8) = y. Assume:

(a) 7'(8) # 0,
(b) e*o £ 0 for k =1,2,3,4, and
(c) the term a(Z) defined in equation (19) below satisfies a(g) < 0.

Then there is a neighborhood of X in which a unique, closed, and attracting invariant

curve bifurcates from X as € passes through .

Part 3 of the theorem gives the existence and stability of the limit cycle. The nondegen-
eracy conditions in part 3(a) and 3(b) allow for local inversions and ensure existence. The
stability condition in part 3(c) is based on a higher-order local approximation around the
SCE, since the system is neutrally stable with eigenvalues on the unit circle at €. In prac-
tice, I need to verify these conditions numerically, as they depend on matrices of derivatives
evaluated at the SCE, as well as their eigenvalues and eigenvectors.

Figure 4 shows the maximal eigenvalue modulus from the Jacobian J(¢) evaluated at

the SCE versus the learning gain €. The threshold gain for instability is approximately
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Figure 4: Maximal eigenvalue modulus of the Jacobian J(¢) at the SCE versus the gain e.

Z = 8.8 x 107%. This value is very small, as the calibrated value of ¢ = 0.0051 discussed
below and shown in the figures is almost six times larger. For gains below g, all eigenvalues
are inside the unit circle, as in part 1 of the theorem. As in part 2 of the theorem, exactly at
Z, the Jacobian has a pair of complex eigenvalues on the unit circle.!® By varying ¢, it is also
straightforward to verify numerically that the nondegeneracy and stability conditions (a)-(c)
of part 3 the theorem hold. Thus as the gain passes through g, there is a closed invariant
curve which bifurcates from the SCE, leading to limiting cyclical dynamics.

Figure 5 illustrates how the bifurcation arises by analyzing the averaged dynamics for
two different gain settings on either side of the threshold . The top row of panels shows the
beliefs and portfolio shares for simulations of the averaged dynamics for ¢ = 5 x 10~* and
9 x 10~*. The top left panel shows the trajectories of beliefs over long simulations of one
million periods, where both simulations are initialized from a common point (marked with
an asterisk) in a neighborhood of the SCE (marked with a circle). In both cases the beliefs
follow non-monotone dynamics as they converge back toward the SCE, with large movements
in the estimated volatility s;. The smaller gain is below the bifurcation threshold, so the
beliefs converge back to the SCE. The larger gain is over the stability threshold, so the beliefs
enter a cycle, shown as the solid mass of points at the bottom of the figure.

The top right panel shows the portfolio shares from these simulations, focusing on the
first 500 periods. In both cases, the non-monotonicity in beliefs is associated with an initial
cut in the portfolio share v; from near one to a lower level, followed by a rise. The smaller,

stable gain shows a smaller drop in the portfolio share, and rapid convergence back to the

13Precisely, the eigenvalues are A\; o = (0.5119 + 0.85904,0.5119 — 0.8590i) = et1:03340 56 4y = 1.0334.
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Figure 5: Beliefs and portfolio shares from the averaged dynamics for gains on either side
of the stability threshold. Top left: simulated beliefs from 1 million periods initialized at
the same point (marked “*’; while the SCE is marked ‘0’). Top right: the resulting portfolio
shares for the first 500 periods. Bottom left: beliefs for the larger gain over the last 500
periods. Bottom right: portfolio share for the larger gain over the last 500 periods.

SCE value of one. There is a larger initial drop with the larger, unstable gain, and an increase
back toward one. But rather than converging to this SCE value, the portfolio share oscillates
over a relatively small range as the economy enters a limit cycle. To illustrate the cycle more
clearly, the bottom row of the figure shows the outcomes for the end of the sample for the
larger, unstable gain. The left panel shows the belief trajectory for the last 500 of the one
million periods, showing that the beliefs follow an irregular cyclical path. The magnitude of
the variation in this limit cycle is relatively small, as the bottom right panel shows that the
portfolio share oscillates over a small range just below unity.

For even very small gains, learning about risk and return leads to cycles in beliefs, and
hence outcomes. For gains close to the threshold g, these cyclical fluctuations are quite
small in magnitude. But as the gain increases, the limit cycle dynamics become more
pronounced and drive larger fluctuations in asset prices. Figure 6 shows the same plots
as in the previous figure, but now for the calibrated gain ¢ = 0.0051 over ten million periods.
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Figure 6: Beliefs and portfolio shares from the averaged dynamics for the calibrated gain
setting of ¢ = 0.0051. Top left: simulated beliefs from 10 million periods initialized at a
point (marked “*’) near the SCE. Top right: portfolio share for the first 900 periods. Bottom
left: beliefs over the last 500 periods. Bottom right: portfolio share over the last 500 periods.

The top left panel shows that the beliefs experience larger fluctuations for the first several
hundred periods, looping around far from the SCE, before settling into a stable limit cycle.
These belief fluctuations lead to large changes in the portfolio share in the top right panel.
The share v; experiences a couple dramatic falls early in the sample, then has a period of
erratic fluctuations, before settling into a regular cycle. The closed invariant curve of the
limit cycle is clear in the bottom left panel, which shows the trajectory of beliefs over the
last 500 periods. The belief cycle drives a regular cycle in outcomes, with the portfolio share
(bottom right) recurrently collapsing to 0.6, recovering to near 1.0, and then repeating.
Even at gain settings that are quantitatively very small, the model exhibits instability the
drives persistent booms and busts in asset prices. With sufficient weight on new information,
learning from asset returns generates recurrent cycles. The deterministic averaged system
displays notable volatility, which is more pronounced before it settles into the limit cycle.
Thus it is no surprise that the stochastic system, which is perturbed from these smooth

cyclical dynamics, displays persistent volatility marked by recurrent booms and busts.
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Figure 7: Top panel: Price-dividend ratio (annual) in US data. Bottom panel: Log annual

total return on stocks. Both from the Shiller dataset.

7 Implications of Instability

I now explore in more detail the quantitative implications the model, showing that it can
help explain observed asset pricing data. The model can generate an empirically plausible

mean and variance of the price-dividend ratio, and a plausible frequency of market crashes.

7.1 Data

To calibrate the model, I use Robert Shiller’s data set on the S&P 500 prices and dividends.*
The calibration is based on data from 1871-2022 at an annual frequency. The empirical
price-dividend ratio, shown in Figure 7, is very volatile, with a mean of 28.97 and standard
deviation of 15.53. The calibration below uses the log price-dividend ratio, which has a
mean of 3.25 and standard deviation of 0.46. Although the secular increase in the P/D ratio
around the year 2000 swamps much of the variation in the earlier sample, declines of 20%
or more in short spans are common. The bottom panel plots the log total return, the data
counterpart of 100 x log Z;, also at an annual frequency. These returns are highly variable,
with a mean of 6.51 and a standard deviation of 16.90, with multiple booms and crashes
with moves of 20 percentage points or more in either direction. Dividend growth is the

driving exogenous process in the model. In Shiller’s data, the mean and standard deviation

4The data was accessed from: http://www.econ.yale.edu/~shiller /data.htm.
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Statistic Data | Baseline Closed | Closed REE TV_VO
(Base) | (Opt) Gains
E(logP/D) | 325 | 316 | 3.70 | 321 | 3.02 | 3.43
o(log P/D) 0.46 0.46 0.15 0.35 0 0.50
100 x E(log Z) | 6.51 6.44 4.10 6.50 | 6.31 | 5.32

100 x o(log Z) | 16.90 | 16.93 11.17 | 17.90 | 11.04 | 18.43

Error - 0.031 0.706 | 0.236 | 1.365 | 0.234

o) - 0.979 0.979 | 0.903 | 0.960 | 0.975

7y - 3.259 3.259 | 4.721 | 3.000 | 1.174

3 - 0.0051 | 0.0051 | 0.0276 - 0.0010

0.0103

Crash Frequency | 25.25 | 38.30 - 422.35 - 27.30

100 x E(log AC) | 0.86 1.58 1.58 1.55 1.56 1.56
100 x o(log AC) | 1.27 10.88 11.18 | 17.76 | 11.04 | 13.90

Table 1: Summary statistics from data and simulations of the baseline model, the closed
economy version with the baseline parameters, the closed economy version with optimized

parameters, the model under rational expectations, and a version with two learning gains.

of annual dividend growth rates are 100 x (d,o) = (1.56,11.104). Since dividend growth
is relatively volatile, the model is able to generate larger risk premia, even under rational
expectations, compared to a calibration based on aggregate consumption data. The obvious

downside, discussed below, is that the consumption in the model is overly volatile.

7.2 Calibration and Fit

Table 1 summarizes that data and the results of calibrating different versions of the baseline
model. The first column provides the four calibration targets: the mean and standard
deviation of the log price-dividend ratio and the stock returns from the Shiller data set. To
calculate the corresponding statistics from the simulated models, I run 1,000 simulations of
2,000 periods each. I discard the first 1,000 periods of each run in computing the sample
statistics, averaging over the 1,000 runs.

I consider optimized parameterizations of different versions of the model: the baseline
model (open economy with a fixed interest rate), a closed economy version (where the interest
rate adjusts each period to clear the bond market with zero net supply), and the rational

expectations version of the model.'> To illustrate the role of the portfolio adjustment and

15The open economy version fixes R and uses the optimality conditions to determine v. The closed economy

version has v = 1 in equilibrium, so the optimality conditions determine R.
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the open versus closed economy, I first report the results for the baseline parameterization
in a closed economy, then optimize over the parameters to best fit the data using the closed
economy model. The final column considers a variation with separate gains for the mean
and variance discussed in Section 7.6 below.

For any parameter vector, I use as a measure of fit the norm of the relative error over
the calibration targets. The table reports the average simulated statistics for optimized
versions of the model. For the learning models, I optimize over the parameters (3,7, ¢) to
best match the four data moments. In the baseline model, I set the risk-free rate to its
zero-debt self-confirming equilibrium level, which here gives 100 x log R = 0.87, close to the
conventional calibration of a 1% risk-free rate. In the rational expectations version of the
model, the price-dividend ratio is constant at 6* and the standard deviation of stock returns
is given by o, the exogenous dividend growth volatility. Furthermore, F'log Z = p, which
is pinned down by 0* and d, the exogenous mean dividend growth rate. I find the 0* that
best fits the two moments of the mean price-dividend ratio and mean stock return, which
in turn pins down a one-dimensional (3, ) surface. The table sets v = 3, a value close to
the optimized learning models, and reports the corresponding 5. The fifth row of the table
provides the error measure, the average relative error across the four data moments, for
each model specification. The next row gives the average duration between market crashes,
defined as a 30% decline in the price-dividend ratio. The bottom two rows give the mean
and standard deviation of consumption growth.

The baseline learning model is able to fit the targeted moments quite well with preference
parameters within the commonly used range. The means of the P/D ratio and stock return
are very close to but slightly lower than their values in the data, while the model nails their
volatilities. Using the baseline parameters in a closed economy version of the model, which
is similar to Adam, Marcet, and Nicolini (2016) and does not feature the debt dynamics,
results in notably worse fit: the price-dividend ratio is too high, stock returns are lower, and
risky assets are substantially less volatile. Thus the debt dynamics and portfolio adjustment
play a key role in generating booms, busts, and asset price volatility.

Re-optimizing the parameters in the closed economy model improves its fit, especially
for the means of the price-dividend ratio and the stock returns. But the model misses on
the volatilities, overshooting on stock returns and undershooting on the P/D ratio. These
optimized preference parameters differ substantially from the baseline calibration, with a
much lower discount factor S, a higher risk aversion coefficient, and a much larger learning
gain. These findings are roughly similar to Adam, Marcet, and Nicolini (2016), although
the learning specification here differs slightly and they target more data moments. With a
risk aversion coefficient of v = 5, their model is able to match the mean and volatility of the

price-dividend ratio, but cannot match the mean stock returns.
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The debt dynamics of the baseline model drive the booms and crashes, bringing the
simulations closer to the data. Table 1 shows that large market crashes, defined as a 30%
drop in the price-dividend ratio, occurred on average every 25 years in the data. In the
baseline model, such crashes occur less frequently, roughly every 38 years. However that the
baseline model can generate them at all is notable, as crashes of this magnitude were hardly
ever observed in the closed economy model, and of course cannot happen in the rational
model where the price-dividend ratio is constant. Similar results hold for other market crash
definitions, whether using different thresholds or stock returns instead of the P/D ratio.

Both learning models fit the data much better than the rational expectations model. As
noted above, dividends are relatively volatile, so under this calibration the rational model
fits the mean price-dividend ratio and the mean stock return reasonably well, at the cost of
counterfactual consumption volatility. But the rational model generates lower stock return
volatility, driven entirely by the exogenous dividends, and a constant price-dividend ratio.

Overall, learning can help explain observed asset price volatility. In addition, debt dy-
namics and the associated shifts in asset allocations can generate asset market volatility,
plausible risk prices, and recurrent market crashes. The financial instability model can

substantively contribute to our understanding of asset market data.

7.3 Differences Between Model and Data

While the model fits along a number of dimensions, it also has some notable misses. In some
ways this is unsurprising, as my focus is mostly theoretical, so the model is kept simple with
only a few free parameters. These drawbacks suggest avenues for future work.

The first drawback is that consumption growth is overly volatile in the model, which
is a consequence of using empirical dividend growth as the driving shock process. Table 1
shows that all of the models generate very similar consumption growth, which is nearly equal
to the mean of the calibrated exogenous dividend growth process.!® In the rational model,
consumption is equal to dividends, and it is nearly so in all of the other models. All models
also generate relatively high consumption growth volatility. In the rational model, again
this is inherited from the calibration. In my baseline learning model, consumption growth is
also driven by changes in beliefs and net asset positions, and I find slightly lower volatility
than in the rational model. The closed economy learning model generates slightly higher
consumption growth volatility, which is magnified with the enhanced volatility of the opti-
mized parameterization. This suggests that the debt dynamics of the open economy model
slightly dampen consumption volatility. Nonetheless, consumption volatility is implausibly

high in all cases, which reflects equating consumption and dividends as in Lucas (1978).

16The data column uses annual real per capita personal consumption expenditure growth from 1930-2022.
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Considering stocks as levered equity claims, as in Abel (1999), would break the link between
consumption and dividends and help to close this gap.

In addition, the dynamics of returns in my model generate patterns of return predictabil-
ity that are much stronger than in the data. The model generates return predictability from
persistent changes in beliefs §; and net asset positions w;, with the main indicator of the
market condition being the portfolio share v;. During market recoveries and booms, the
portfolio share tends upward, and returns tend to be positively correlated. But a market
boom today also predicts a crash in the future, as the economy enters the fragile region. In
Appendix C.1, I show that both the autocorrelation of returns and long-term reversal are
much stronger in the model than in the data, where such evidence is weak at best. Adding

additional sources of shocks or incorporating heterogeneity would dampen this predictability.

7.4 Open Economy versus Closed Economy

The baseline model is a small open economy, while most macro asset pricing models consider
the US as a closed economy. In this section I explore the importance of the open economy
assumption. What matters for the asset price dynamics is the debt dynamics and nontrivial
changes in asset positions, which the closed economy model lacks. I show that intermediate
specifications, which allow for some interest variation but maintain a nontrivial portfolio
choice, maintain the same qualitative features of the baseline small open economy model.

The difference between the baseline and closed economy models is illustrated in Figure 8,
which plots a representative simulation of each specification with the same baseline parameter
values and the same shock realizations. The left column shows the log returns, which in the
baseline model are volatile and display notable outliers, with periods of rapid market crashes
as well as large recoveries and market spikes. The center column shows the price-dividend
ratio, which displays the patterns of booms and crashes we saw above in the baseline model.
The top right panel shows the dynamics of the portfolio share v;, which increases toward
one in periods of high returns and P/D ratios, then falls substantially during market crashes
with large drops in the P/D ratio and negative returns.

By contrast, both returns and the price-dividend ratio in the closed economy model
are much less volatile. The tight range of return fluctuations is due to the variations in
returns being driven mostly by the binary dividend shocks, with changes in beliefs playing a
much smaller role. The price-dividend ratio drifts over time with changes in beliefs (through
d(6;)), but does not display either the overall volatility or the periods of rapid change that
we observed in the data. In the baseline model, the net asset position and resulting debt
dynamics also affect returns (through the variable w;) and magnify the impact of belief
variation. But in the closed economy model, the interest rate adjusts so that debt is always

zero. The bottom right panel shows the time series of the risk-free interest rate in the
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Figure 8: Log returns (left column), price-dividend ratio (center column), along with portfolio

shares and interest rates (right column) from simulations of the baseline model (top row)

and the closed economy model (bottom row).

closed economy model, along with the constant value in the open economy model. The real
interest rate has a strong negative correlation with the price-dividend ratio in the closed
economy model. After period 200, the P/D ratio drifts slowly upward, while the interest
rate falls steadily and drops below zero. Then after around period 300, the P/D ratio slowly
drifts down as the real interest rate increases back to the open economy level. Overall, the
price-dividend ratio movements are slow and the fluctuations are small.

Table 1 also reports the implications of optimizing parameters for the closed economy
model. To better fit the data, this specification increases the risk aversion coefficient to
increase risk premia, and increases the gain to speed up the dynamics. While these changes
increase the volatility of prices and returns, they do not lead to plausible boom and crash
dynamics. Some market crashes do occur in the simulations, but they are extremely rare.

In Appendix C.2 I report some results from an intermediate case between the small open
and closed models. Here the interest rate adjusts each period based on household asset
demand, but not enough to ensure that there is zero debt, as in the closed economy. I find
that the qualitative features of the closed economy model persist in many intermediate cases.

The debt dynamics and asset allocation features of my baseline open economy model,
where funds flow in and out of risky assets in response to changes in beliefs, are crucial for
the asset pricing implications. The small open economy assumption was a simple means
of introducing borrowing and lending. My results suggest that a nonzero but imperfectly

elastic supply of bonds, which is surely a relevant case empirically for large countries on the
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Figure 9: Mean log price-dividend ratio (left panel) standard deviation of the log price-
dividend ratio (center panel), and average duration between crashes (right panel) from sim-
ulations in the model for different values of the learning gain. Values from the data are

shown with dashed lines.

world market like the United States, generates similar implications.

7.5 Quantitative Impact of the Speed of Learning

The theoretical analysis of the model showed the importance of the gain ¢, which governs
the speed of learning. For the calibration in the previous section, I chose the gain ¢ to best
fit moments from asset pricing data.In this section I illustrate in more detail how the gains
affect outcomes in the model, showing the tradeoffs balanced in the calibration process.
Figure 9 shows how the mean log price-dividend ratio (left panel), its volatility (center
panel), and the frequency of market crashes (right panel) vary with the gain. In each panel
I plot the relevant statistic computed as above, where for each gain I run 1,000 simulations
of 2,000 periods each, using the last 1,000 periods in the calculations. I also show the values
from the data with a dashed line. The left and center panels illustrate a key tradeoff which
the calibration balances: as the gain decreases the mean price-dividend ratio increases, but
the volatility falls. Consistent with the convergence result, as the gain decreases to zero
the price-dividend ratio converges to its self-confirming equilibrium value, which in this
parameterization is log(P/D) = logd(f) ~ 3.6, and the simulated distribution becomes
increasingly concentrated on this value. The calibration balances the mean and volatility of
the price-dividend ratio as targets, and is able to nearly match them at a gain of ¢ = 0.0051.
The right panel of Figure 9 shows the average duration between market crashes, again
defined as a 30% drop in the price-dividend ratio. In the calibrated model, market crashes
occur less frequently than in the data. Matching the observed crash frequency would require

a larger gain around 0.025, increasing the speed of belief adjustment. Increases in the gain
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increase the volatility of asset prices. This increases the local fluctuations around the self-
confirming equilibrium and also makes large market booms and crashes more likely. However
booms and crashes are asymmetric: booms are shorter-lived, while crashes take a long time
to recover from. Therefore increases in the gain make crashes more frequent but decrease the
average price-dividend ratio as more time is spent recovering from a crash. While the model
is successful at matching the mean and volatility of asset prices and generates plausible

market crashes, it has difficulty matching the speed of asset market dynamics.

7.6 Beliefs and Survey Expectations

In my model, the subjective excess return is essentially uncorrelated with the price-dividend
ratio. However, Greenwood and Shleifer (2014), Adam, Marcet, and Beutel (2017), and
Barberis, Jin, and Shleifer (2018) among others, have shown that survey measures of expected
returns are positively correlated with price-dividend ratios. In Appendix D, I discuss how to
reconcile the model with the survey evidence. The key in the model is the subjective risk-
return tradeoff, which determines the portfolio position v, and drives asset market dynamics.
I argue that some survey data may reflect such subjective risk-adjusted returns. I also show
that a small variation on the model, allowing for different gains for the mean and variance

as in the last column of Table 1, brings its implications closer to the survey evidence.

8 Conclusion

I have developed a simple model where learning by investors leads to recurrent booms and
busts in asset prices, capturing aspects of Minsky’s financial instability hypothesis. Periods
of tranquility lead investors to increase their estimates of the risk-return tradeoff, investing
more in risky assets, which drives up their price. Once agents are sufficiently concentrated
in stocks, the economy becomes fragile, and minor portfolio shifts can trigger substantial
price changes. Market booms can sow the seeds of their destruction, as rapid increases in
stock prices may increase agents’ uncertainty, causing them to cut their portfolio allocation to
stocks. This slowing of asset flows leads to an abrupt market crash, further spiking perceived
uncertainty. During the recovery, agents observe positive asset market performance and
gradually forget the crash, setting the stage for another boom. The cycle of booms and
crashes is driven by a fundamental instability that arises when investors learn from prices.
While my focus is theoretical, analyzing how a learning model can generate financial
instability, the model has some quantitative success. The learning model can help explain
observed market phenomena: high but volatile price-dividend ratios, sizeable premia on risky

assets (with relatively low risk aversion), and recurrent episodes of large market crashes. The
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model misses along some empirical dimensions, as it was intentionally simplified to focus on
the role of belief dynamics. The underlying rational expectations equilibrium features a
constant price-dividend ratio (so that all fluctuations are due to learning), output growth is
exogenous (to focus on the role of asset prices), the risk-free interest rate is constant (so that
changes in stock returns are entirely driven by investment flows), and there is a representative
agent (to simplify the characterization and analysis). Relaxing each of these simplifications
would be important for many reasons: to better analyze the interactions between financing
and the real economy through investment, to better match observed behavior, and to analyze
potential policy responses to limit asset market bubbles and crashes.

While a discussion of potential policy responses is outside the scope of this paper, a
natural question is whether policymakers could dampen the boom-bust cycles. As may be
expected, a higher interest rate lowers excess returns on stocks and leads to less frequent
boom-and-bust cycles, but the cycles can become more severe. Booms and crashes may be
more infrequent when borrowing costs are higher, but when a boom occurs it may lead to
larger spikes in prices and returns. This suggests policymakers face tradeoffs more complex
than simply “leaning against the wind” of market bubbles.

Nonetheless, even my simple model displays relatively complex behavior and captures
key aspects of market dynamics, as in Minsky’s theory. Periods of stability lead to periods
of instability. Recurrent booms and busts are driven by recurrent, endogenous shifts in
beliefs, whose effects are amplified by debt dynamics. Larger and more rapid booms make
more severe crashes inevitable. Financial instability results from dynamic instability in
the feedback between beliefs and prices. As long as investors put sufficient weight on new

information, booms and busts follow.
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Intermediate Calculations

1 Rational Expectations Equilibrium

Since in equilibrium consumption is equal to dividends, C; = D;, the Euler equation for

bonds (3) implies:

= BRexp(—vd)E; exp(—yoWii1),

so defining:

6 = By exp(—0Wis1) = 3lexp(—0) + exp(y0)]

we then have:

log R = —log 8 + vd — log ¢.

Given preferences and dividends, I use this equation to set the interest rate R as the value

consistent with the zero-debt equilibrium.

Similarly, the Euler equation for stocks (4) can be written:

D1\ P D
D, (Piy1+ D) | -
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P, = pE,




Then guessing that the price-dividend ratio is constant, P, = §*D;, delivers:

Dy
D,

" = pB(1+6")E, < ) B =061+ 6)Eexp ((1 —)(d+ oWii1)) .

So defining:

6= Byep((1 = 7)oWis) = slesp(~(1 = 7)o) + exp((1 = 7)o,

I solve for the equilibrium price-dividend ratio:

5o Bep((1=7)d)¢
1= Bexp((1 —7)d)¢

Therefore the gross return on stocks is given by:

_P+D,  (1+0%)D,

7 =
' P, 0*Dy_q

Taking logs and using (1) gives the expression (5) in the text.

A.2 Equilibrium for Arbitrary Beliefs

With arbitrary beliefs § = (m, s), Hakansson (1970) shows that the optimal portfolio fraction
v(#) solves the static maximization problem:

U(0(0)) = max B¢ | W20+ =R

0<v<T 1—7

, (13)

where EY represents expectation over the random gross returns Z(f), defined by the sub-
jective belief distribution with parameters . Hakansson (1970) does not include portfolio
constraints, but due to the homogeneity the results extend to restrictions of this form. Then

the optimal fraction of wealth to consume ¢(0) is:

2=

c(0) = 1= [BU(0))(1 = )] (14)

With a subjective binomial distribution, we can write the possible return outcomes as

Zy = exp(m+s) and Z, = exp(m — s). Then we can solve for the optimal portfolio weight:
R((R—20)7 — (Zu-R) ")
(R—Z1)"7 +(Zu — R)'~

v(f) = max { min , 02,0

so that:



With expression (6) for the price-dividend ratio, we can solve for stock returns:

CP+D gl 1450w

Z = ) 15
t s g: DZ;? 0(0)wi—1x1 (15)
where D
Xt = ;)_1 = exp(—d — cWy).
¢

When w; = w;_1 = 1, this reduces to the rational expectations expression, with returns driven
by dividend growth. But in general, agents’ bond positions affect their wealth X, through
interest payments made or received, and thus their demand for current stock purchases.
Therefore prices and returns are in general correlated over time, with prices depending on
the asset position w; and returns depending on the dynamics of w;. Working through the

dynamics of the budget constraint, I can write the dynamics of the asset position as:
wp =14 q(0)wi-1xe (16)
where I define the weight function:
q(0) = R(1 = ¢(0))(1 —v(6))(1 + 6(0)).

At the SCE, all wealth is invested in stocks so v(f) = 1 and ¢(¢) = 0. Thus the net asset
position is constant at w; = 1. If the agent holds bonds, then 0 < v(f) < 1 so ¢(f) > 0 and
the net asset position w; increases over time, with a stochastic growth rate. When the agent
borrows, so v(f) > 1 then ¢(f) < 0, and the net asset position decreases.

I now provide more detail which explains the shape and slope of the pricing function é(v)
in Figure 1. As I discuss in the text, the pricing function diverges as v — ﬁ This is easiest
to demonstrate when the agent comes into the period with no debt so B;,_; = 0, and as in
the text I now focus directly on the dependence on the portfolio share §(v) rather than on

beliefs. Then the demand for stocks can be written
P,S; = (1 = c)vSi_1(P, + Dy).
Then for v = %_C we would need P,S; = S;_1(P, + D) or
05 = (14 6)Si—1,

which clearly cannot hold with finite ¢ for any fixed share supply S; = S;_1. The demand
for stocks outstrips the supply at any finite price, which means that the share price must

diverge as v — %_c Equivalently, if S;_; = 1, the demand for current shares is:

1—c)v(l+9)

g1 vt
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As v — =, then the demand S{ — (1+§)/d. Thus we can only have demand equal to the
supply (of one) for § — oco. We can also explicitly calculate the slope of the pricing function

at the SCE. We have:
1—c¢ (1-c)*

(AUl ey sl ey v 2

so that . (- oy
—c —c
o fa-aogp WHW
Thus the slope of the pricing function at the SCE scales with the square of its value in the
SCE: ¢'(1) = (1 4+ 6(1))d(1), which explains the sensitivity of prices near the SCE.

I now detail the portfolio constraint. Using similar calculations as above, we can write:

0'(1)

B, Xy
D, (1-0)(1 —U)E =1+9)1l-c)(1—-v)

RB, 1 + Dy

D, =(14+6)(1—c)(1 —v)w,

where the second and third equalities use (6). Therefore the debt restriction can be written:

(1+0)(1—c) (1 —v)w = f(v)w > —%R_U).

Since 0 and ¢ both depend on v, I write the left expression as a function f(v) given beliefs 6.
This function f is monotonically decreasing in v, so the restriction can be written as v < v,
for some v;, where the time dependence comes from the net asset position w;. Starting from
a position of zero debt, w; = 1 so the constraint is simply v < ¥, a constant. But as the
economy evolves, the net asset position changes. In turn, this affects how much leverage the

economy can support. So the portfolio constraint must evolve over time.

B Proofs of the Results

B.1 Convergence Results

Marcet and Sargent (1989), Evans and Honkapohja (2001), and others have adapted the
theory of stochastic approximation to show that in the limit as the gain gets small, the
evolution of beliefs can be approximated by a deterministic ordinary differential equation.

The basic idea is that we can rewrite the updating equation (7) as:

@ = 10gZ(9t,9t—1;Wt—17Xt)—mt-

The left side of the equation can be interpreted as a finite-difference approximation of a time
derivative, where ¢ is the notional “time” between observations. Then as ¢ — 0 the left
side of the equation converges to that time derivative. Also in this limit, more and more

observations are packed into any finite interval of time, so the dynamics of outcomes are fast
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relative to beliefs. Thus the belief dynamics effectively average over the shock realizations
and we can apply a law of large numbers.
Following Theorem 8.5.1 in Kushner and Yin (1997), as ¢ — 0, under some regularity

conditions, the beliefs converge weakly to the trajectories of the mean dynamics ODEs:

m = Ellog Z(6,0,w, x)] —m, (17)
$ = EllogZ(0,0,w,x) —m|* — s*. (18)

[

Here the expectation is with respect to the unconditional distribution of w; for fixed 0, as in
(16), and the distribution of the dividend growth shocks x.
The self-confirming equilibrium is clearly an equilibrium point of the mean dynamics, as

seen by setting 7 = 52 = 0:

m=p = FEllogZ(,0,w,Xx)]
2 =02 = El(log Z(8,6,w,x) — H)2]

I now show that the SCE is a locally stable equilibrium point of the mean dynamics, and
therefore of the learning rule. As in Evans and Honkapohja (2001), the SCE is locally
expectationally stable if all of the eigenvalues of the Jacobian matrix of the mean dynamics
have negative real parts when evaluated at the SCE. So for small enough gain ¢, and (at least)
for beliefs that start near the SCE, over time beliefs will converge to the SCE. The condition
on the risk aversion coefficient is sufficient but stronger than necessary, as discussed in the
proof. The baseline calibration has larger risk aversion, but I verified numerically (evaluating

the eigenvalues of the Jacobian with the specified parameters) that stability still holds.

Theorem 2 When v < 2, the self-confirming equilibrium beliefs 0 = (u,0) are a locally
stable fived point of the learning dynamics (7)-(8). Therefore as e — 0 and t — oo, the

stochastic belief process {0,} will converge weakly to 0.

Proof. The convergence result follows from Kushner and Yin (1997). Apart from the
stability conditions established below, the regularity conditions are satisfied as the shocks
are bounded, and the portfolio constraints imply that beliefs and outcomes are bounded.

Tedious but straightforward calculations verify that v(f) = 1 and ¢(d) = 1/(1 + §).

Therefore §(6) = 6*, ¢(f) = 0. In particular, using the relations above we have:
p =log(1+ %) —log(6*) +d = —log B —log ¢ + vd = log R + log(¢/¢).
Therefore, defining ¢ = ¢/, we have:

Zy—R=(ep—1)R, R—Z, = (1—e"¢)R.
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Then we can write:

— 1-T
v(f) = 1 -T+¢(le” —e0)
where: ) .
. (Zh — R) T (e(1+“/)0 _ e—(l—v)a) T 2
R—-7; el="o — e=(1+7)o
Therefore:

which then gives:

— 1-T
9 = — = ]_
vl) =T
Furthermore, this implies
/Bl
7 7 - - 11—y, 1 —
@ 1= @2y -1 g

Thus we have ¢(6) = 0 so w; = 1. This means that we only need evaluate the dynamics

locally around w; = wy—1 = 1. From (9) we can evaluate:

log Z(60,6,1, x) = log(1 + 6(0)) — log(6(f)) — log x:-
Then we have:

Elog Z(6,0,1,x) = log(1 + 6*) — log(6*) — d = p,

and therefore:
El(log Z(6,0,1, x) — M)Q] = E(cW,)? = 0.
Thus 6 is a fixed point of the ODEs (17), and therefore of the learning dynamics.
To establish local stability, we need to evaluate the Jacobian of the mean dynamics at
the SCE 6. Since the variance estimate s? is of second order, it does matter for the local
stability. Thus it is enough to simply verify the local stability of the mean estimate. To see

this explicitly, we can stack (17) into a vector, and write the dynamics as:
0 = b(h),

where I abuse notation set and 6 = (m, s?). Simple calculations establish:

b — 8E810gZ -1 BEalogZ
Zy=| o S
56\ 0 ~1

So for local stability, we simply require:

9 Elog2(6,0,1,%)

< 1.
om

0=0
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From above we have:
Elog Z(0,0,1,x) = log(1 + 6(0)) — log((0)) — d,

so that:

OFlog Z 1 06 — 1 d0 —
om _(1+5* 5*) am ) = am )

Then letting kK = 1 — ¢, we have:

g:@@ - (1 - PG 51)2) %(9) + (ﬁ - 1) g—;@)

- O+ T ®
= 5 [(1”*)5:1(5”5—;(5)} .
Then since 222 = Zp and 922 = Z;, we can write:
v Zu|R(BR—2)7 + (- D(R—Z1)7 }+m{RwH—RYT54v—wwH—m%

om'") = V[(R=2)5 +(Zn - B |

But above we established that at 6:
—1 -1
(Zy—R)7 =e *(R—Z1)7,
so therefore at the SCE:
-1 -1 -1 g
ZL(R—ZL) v —ZH(ZH—R) T = (R—ZL) v (ZL—B 2 ZH) = 0.

Thus we can simplify the above to:

A R[ZL(R 2075+ Zu(Zn - )717]

0m( > 0.

0) =
V[(R=20)5 + (Zy — B)7 |

Then using the definition of ¢(f) we have:

1

;’;@ (1— )% (ZL7 ((ZL—R)S—U—FZL) +Zy <(ZH—R)§—U+ZH>)

Similar to above, at the SCE we have:

Zy(Zu — R) — Z; (R — Zp) = (Z"e¥° — Z;") (R — Z;) = 0,
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so that we can simplify to:

D)= (1) (27 27 = (- s = (1)

Thus we have

When v < 1 this is clearly negative. More generally, we require:

ov — 0

—0)>(v—-1)————-—-1

om "> 0 =Dy
For v < 2, since 0* > 0 the right side of the above inequality is negative. Since g—;(@) >0
the condition is guaranteed to hold.

These conditions are stronger than necessary, but the relatively complicated formulas
make weaker conditions difficult to establish. For example, with v = 3 a sufficient condition
would be 58_:7)1(5) > 1. Such a condition is easy to verify with given parameters, as in the
calibrated model. But it is harder to provide conditions on primitives. In the Merton
continuous time analogue of the model, the portfolio decision rule is v = (m — r)/(ys?), so
9 () = # Then as long as 6% < 1/ we know that g—;(@) <1l m

m

B.2 Averaging and Proof of the Bifurcation Theorem

First I discuss the approximation of the full stochastic system (11) by the averaged system
(12). Note that for any fixed X we can write:

G(X,x:) = G(X) + oV,

Given X, oV is an i.i.d. random variable whose variance is of order o2. Starting at an initial

value Xy = X, we have:

X, =G(X,x1) =G(X) + oV,

and clearly FyX; = G(X). But continuing, note that we can write:

Xy = G(X1,x2) = G(X1) + Vs

= GG(X)+oVi)+aVs
G(G(X)) +G'(G(X))oVi + oVa,

Q

where the last approximation is valid for small o. Thus we have Ey X, ~ G(G(X)), and we
can continue in this fashion. Therefore for small shocks, we can approximate the dynamics

of the mean of the stochastic system by the averaged dynamics.
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Figure 10: Beliefs m; and s; from the averaged dynamics along with quantiles from the

simulated distribution.

Figure 10 shows the averaged dynamics for m; and s;, along with quantiles of the belief
distribution from 1,000 simulations. In both cases the time paths are initialized near the
self-confirming equilibrium values. The figure clearly illustrates that the averaging in the
small noise approximation provides a good characterization of the belief distribution for the
baseline parameterization.

Furthermore, the averaging approximation justifies using the averaged dynamics to study
local properties of the dynamics in the neighborhood of the steady state. Using that X =
G(X) and starting at X, = X, the above approximation gives:

Xt = X +o0 [‘/t + G%X)V;,l + é/()?)z‘/t,Q + .. ] .

Therefore local to the self-confirming equilibrium X, the Jacobian matrix of the averaged
system G’(X) governs the system dynamics.
Now I turn to the proof of Theorem 1.

Proof. I first collect the results from Kuznetsov (1998) which underly the theorem, then
illustrate how to evaluate the conditions. The result of part 1 of the theorem is a standard
stability linearization condition, such as Theorem 1.2 in Kuznetsov. Part 2 of the theorem
is simply a result that defines some notation. Part 3 of the theorem condenses Theorems
4.5 and 4.6 in Kuznetsov. Conditions (a) and (b) correspond to (C.1) and (C.2) of Theorem
4.5. Kuznetsov’s Theorem 4.6 requires a genericity condition (C.3), which is simply that

a(2) # 0. The stability condition a(2) < 0 results from the nonlinear stability condition
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discussed prior to Lemma 4.3. In particular, under a change of variables Kuznetsov shows
that a comes from a third-order approximation of the system (12) and that the terms of
fourth order or higher do not affect the stability of the invariant curve.

In later results, Kuznetsov provides a direct expression for the key variable a(z) in terms of
the original system. This comes from Theorem 5.3, which applied to my model establishes the
existence of a center manifold as a two-dimensional map which defines locally topologically
equivalent dynamics of (12) near the SCE X. While computation of the center manifold is
in general difficult, Kuznetsov works out formulas for the third-order approximation that in
turn delivers the key term a(Z). This requires some notation. First, let X = X — X and

define the Taylor approximation to the dynamics (12) around the SCE X at Z as:

G(X) = G(X) + AX + JB(X, X) + LC(X, X, %) + O(IX1),

where A = J(€), and B(z,y) and C(z,y, z) are multi-linear functions defined as:

" O?Gi(X &
Bi(z,y) —ZZW%%%, (@,y,2 ZZZ@X 8X,€8X LYk

j=1 k=1 j=1 k=1 I=1
By assumption, the matrix A has a pair of complex eigenvalues on the unit circle. Denote
the corresponding (complex) eigenvectors as Aq = ¢¥°q and Ag = e~"¥°g, and define the
adjoint eigenvector p as A'p = e”"op. Also let (p,q) = Y, piq; denote the standard scalar
product for complex vectors. Then in equation (5.74) Kuznetsov gives an explicit expression
for a(g):

-1

B(%Q)))”
(19)

I now show how to verify the conditions in the theorem. The key is to calculate the

a(g) = %Re {6_“”0 [(p, C(q,9,7)) +2(p, Blq, (I — A)7'B(q, 7)) + (p, B(q, (¥ I — A)

Jacobian J(e), whose eigenvalues determine the stability of the SCE X. The higher-order
derivatives needed for the higher-order approximations B and C' follow similarly. Explicitly,

we have X; = [my, s2,m_1, 52 |, w;_1]" so that the averaged dynamics are:

my + e(Elog Z(0r, 04 -1, wi—1, Xt) — ™)
52 +e(E(log Z(0y, 011, wi_1, X¢) — my)? — s2)
G(X;) = m,
st

14 q(01—1)wi—1E(xt)

In the following, all expressions and functions are evaluated at the SCE, so I suppress the
arguments. First, since Z; is binomial, we can write Elog Z = 0.5(log Z;, + log Zy) where

Zp, is associated with shock realization y, = exp(u — o) and Zy with yg = exp(u + o).
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Similarly, E(log Z — m)? = .5(log Z;, — m)? + .5(log Zy — m)?. Therefore for any x € X,
OFlog Z __ —0. 5(810gZL + 8logZH)

and so on. Also let x = Ex; = .5(xz + x#). Then we have:

oz
0G1(X
He) = S
B 1+8ElogZ ] OFlogZ OFlogZ 0OFlogZ 0OFlogZ
N € om, T 9s? T Omyy | 0st, T Owiq

1+ 105 1 % 6 dg 106§ O 105
- ° 14+60m 140602 X1 460m o60m 116052 0052

Then we can also write:

[ (10g 21 —m) (2820 — 1) + (log Zyr —m) (2822 — 1) | '
Lt (log Zy, — m) 2925 + (log Zy — m) 29 — 1
Ja(e) =€ (log Z1, — m)%l;;gZL + (log Zy — m) aalr‘ﬁff
(log Z1, — m)%‘;;% + (log Zy — m)agﬁi’f
i (log Z;, — )%IZ%ZIL—F(IogZH—m)a;‘;%_Zf |

where the log Z derivative expressions can be evaluated as in J; (). Similarly, we have:
J3(e) =[1,0,0,0,0], Ju(e) =10,1,0,0,0],

and finally:
dq _0q

J5(> OOXa 7X827O

It remains to evaluate the additional derivatives in the expressions 89 and 22 for 0; = m, 52

El 90,
For 6 and the case of §; = m, these explicit calculations are given in the proof of Theorem

2, where embedded in these expressions are further derivatives T”n and 8” . The derivatives

for 0; = s? follow similarly. For ¢, the derivatives at the SCE are given by.

dq ov
892 = —R/i(;&—ei,

which can be evaluated given the expressions above. m

C Additional Quantitative Results

C.1 Predictability of Returns

In this section, I discuss the time series predictability of returns. In the model, returns are
strongly positively autocorrelated over one- and two-year horizons. In addition, a strong

positive return in a current period makes a crash more likely several periods in the future.
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Data Simulations
Years | Coefficient t-Stat | Coefficient t-Stat
1 0.0181 0.22 0.6509 27.75
2 -0.1889  -2.32 0.1345  4.32
3 0.0934  1.13 -0.1309  -4.19
4 -0.0613  -0.73 -0.2086  -6.75
5 -0.1302  -1.56 -0.2056  -6.65

Table 2: Coefficients from return predictability regressions in the data along with average

regression coefficients and t-statistics from 1000 simulations of the calibrated model.

In the data, there is little or no evidence of autocorrelations in annual market returns, and

weak evidence of time series reversals.!” In Table 2, I report time regressions of the form:

Rivpaprr=ap+0rRy 14+ €vp1prs

where t indexes the current date and f € {1,2,3,4,5} is the number of years ahead. The
table reports the results from the Shiller data, along with simulations of my baseline model.
The simulated return data use the same 1,000 simulated time series as in the main text, and
I report the mean coefficient and t-statistic from the regressions in each simulation run.
The model generates return predictability from persistent changes in beliefs 8; and net
asset positions w;. Moreover, the dynamics of the cycles in my model mean that a market
boom today predicts a crash in the future. Both the autocorrelation and the reversal are
much stronger in the model than in the data. The data shows some evidence of reversal at

two years and very weak evidence of longer-term reversal.

C.2 Intermediate Between Open and Closed Economies

The baseline small open economy model has very different properties from a standard closed
economy version. Here I report some simulations from alternative intermediate specifications,
where interest rates adjust each period but enough to ensure that there is zero debt. I find
that the qualitative features of the closed economy model persist in many intermediate cases.
This suggests that the debt dynamics and asset allocations features of the open economy are
more crucial for asset pricing implications than the lack of interest rate variation.

Using the results above we can write the demand for bonds (scaled by dividends) as:

By

B4
B, = (14 8(R)(1 = e(R)(1 = v(R)) (1 - RDt_W) ’

17These facts are distinct from the well-documented cross-sectional momentum and reversal.
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Statistic Data |a=1|a=08|a=06|a=04]|a=02]a=0]|*="
(Opt)
E(ogP/D) | 325 | 316 | 331 | 346 | 359 | 368 | 3.70 | 3.20
o(logP/D) | 046 | 046 | 040 | 033 | 024 | 015 | 0.15 || 0.38
100 x E(logZ) | 651 | 644 | 556 | 491 | 440 | 411 | 410 | 595
100 x o(log Z) | 16.90 | 16.93 | 15.30 | 13.97 | 1271 | 11.70 | 11.17 | 15.47
Crash Frequency | 25.25 | 38.30 | 41.16 | 46.30 | 59.82 | 266.18 | - 36.19

Table 3: Summary statistics from data and simulations of the baseline model (a = 1), the
closed economy version with the baseline parameters (aw = 0), and a range of intermediate

cases (0 < a < 1).

where I emphasize the dependence on the interest rate R. In the small open economy case R
is a fixed constant, while in the closed economy case R adjusts to level, say R}, so that B; = 0.
For an intermediate case, I suppose that bonds are supplied with an interest elasticity which
is finite (unlike the small open economy) and positive (unlike the open economy).

Rather than specifying an explicit supply curve, I analyze cases where the equilibrium

interest rate R; is a weighted average of the open and closed economy interest rates:
Ri=aR+ (1 —a)R;.

Varying the weight o between zero and one effectively traces out the implications of different
supply elasticities.

The results from the simulations for different « values are reported in Table 3. The
setting is the same as in Table 1, where I fix the baseline parameters and consider the same
shock realizations, iterations, and sample length as above. Thus o = 1 repeats the data
from Table 1 for the baseline case while @« = 0 is the closed economy with the baseline
parameterization. As expected, the statistics for the asset pricing data vary continuously
with the weighting «, with the mean P/D ratio increasing and its volatility falling with a.
However the crash frequency is relatively insensitive to «, increasing only slightly until the
weight on the closed economy interest rate drops to 0.2. The last column shows the results
for the case of & = 0.5 where now I re-optimize over the parameter vector (which yielded a
larger gain of 0.01 and slightly larger risk aversion of nearly 4). The results come close to
the baseline small open economy parameterization both in terms of the fit to the asset price

statistics (the error is 0.204) and roughly match the timing of market crashes.
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Data Sources Correlation
Nagel-Xu (2022): excess return, Shiller log P/D 0.476
Baseline model: m, log P/D -0.027
Baseline model: (m — log R)/s, log P/D 0.472
Model with (&,,,€5): m, log P/D 0.257

Table 4: Correlation coefficients between different measures of subjective beliefs and the
log price-dividend ratio. The first line uses the Nagel-Xu (2022) subjective expected excess
returns and the price-dividend ratio from the Shiller data set. The others use simulated data

from 1,000 simulations of the baseline model or variations of it.

D Beliefs and Survey Expectations

As discussed in the paper, several papers have shown that survey measures of expected
returns are positively correlated with price-dividend ratios. The top row of Table 4 reports
a such a finding, using the subjective expectations data series from Nagel and Xu (2022).®
Consistent with the previous literature, the correlation between the survey expected excess
return and the empirical price-dividend ratio is positive, at 0.476.

However in my model, the subjective excess return is essentially uncorrelated with the
price-dividend ratio. Table 4 reports the correlations from 1,000 simulations of 2,000 periods,
discarding the first 1,000 periods. For the baseline calibration of the model from above, the
correlation between expected returns m; and the log price-dividend ratio is -0.027. Thus
the baseline model misses the positive correlation between survey expected returns and the
price dividend ratio. What really matters for agents in the model is the subjective risk-return
tradeoff, which determines their portfolio position, and hence drives asset flows and returns.
The third row of Table 4 reports the correlation between the subjective Sharpe ratio and
the log-price dividend ratio in the model. The value of 0.472 nearly matches the procyclical
correlation observed in the survey expectations.

In fact, many of the surveys ask for positive or negative outlooks rather than quantitative
predictions, and so could reflect investors’ subjective risk-adjusted assessments rather than
simply their expected return forecast. For example, four of the six sources of survey beliefs
analyzed by Greenwood and Shleifer (2014) report subjective measures of stock market
optimism, rather than quantitative predictions of market returns. In addition, one of the
main Gallup surveys asks respondents about expected returns on their own portfolios, which
would combine the endogenous portfolio weight (v; in the model) with beliefs.

The largest movements in beliefs in the model come as a consequence of the collapse of

18This series combines and imputes subjective survey expectations from multiple sources, and is available
quarterly from 1987:2 to 2021:4.
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prices during a market crash. In the simulations, the largest realized returns occur in the
immediate aftermath of a crash, as the stock price first falls to a very low level during the
crash and then rebounds to a higher (but still historically low) value shortly thereafter. The
volatility in returns before and after the crash leads to a spike in the estimated volatility s,
while the large return after the collapse leads a large upward revision in both the expected
return m,. Both of these changes in beliefs take a long time to fade away. A variation in the
model that would dampen the collapse of prices in a crash, such as having pool of outside
investors willing to buy at low prices, would lead to less dramatic changes in beliefs after a
crash and increase the correlation between expected returns and prices.

Variations in the belief specification alter the model dynamics and hence its predictions.
In the baseline model, the gain € governs the speed of adjustment of both the expected return
m; and the subjective variance s?. While this is a useful benchmark, the belief components
could drift at different rates, with gain ¢, for the mean and ¢, for the variance.'® The fourth
row of Table 4 considers a version of the model that separates (&,,,€5), where the calibration
includes the previous asset pricing moments but also aims to match the correlation between
my and log P,/D,, with a target of 0.476. The other statistics and the parameter values
for this specification are given in the last column of Table 1. With this minor change in
the belief dynamics, the model is able to generate a larger correlation of 0.257, and the
duration between crashes (which was un-targeted) decreases to 27.3 years, which is closer to
the empirical value. But the fit of the model on the asset pricing moments worsens, with the
relative error increasing from 0.031 to 0.234. This model variation that separates learning
speeds improves along some dimensions, but is not a complete fix.

My main focus in the paper was to analyze the dynamics of a learning model developed as
an interpretation of Minsky’s theory. As such, it was kept simple in order to aid the analysis.
If we interpret survey measures as capturing risk-adjusted subjective beliefs, then my model
also fits with this survey evidence. But to directly fit the survey measures of expected returns,
variations on the baseline model seem necessary. The more general belief specification gets
part of the way there, but other sources of shocks or belief specifications may be required.
For example, Adam, Marcet, and Beutel (2017) introduce labor income shocks and subjective
beliefs with persistent and transitory components in order to fit moments of asset prices and

survey expectations.

19The limit theory would go with a simple scale factor adjustment. For example, we could specify ¢, = €
and e, = kse and let € — 0 as in the theory. Then the limit dynamics for s would be scaled by k.
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