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Abstract

The principal aim of this paper is to establish a normative framework supporting regulatory

and policy-level decisions for systemic risk management in financial markets. We study in-

consistencies of conventional regulatory rules and their unintended but significant system-level

consequences. We show that the equilibrium behavior of a competitive banking system under

aggregate uncertainty and standard (incomplete) deposit contracts decentralizes the social plan-

ner’s allocation under the same assumptions without any regulation imposed and therefore it

is constraint efficient. Finally, we propose an analytical framework for modeling and measuring

systemic risk as a basis for the design of incentive-compatible regulatory rules and policies to

prevent and mitigate systemic risk, addressing the market inefficiency as well as the unintended

consequences of conventionally developed regulatory rules and policies.

1 Introduction

The 2007-09 financial crisis illustrated the emergence and growing significance of systemic behaviors

and phenomena in financial markets and, therefore, their growing contribution to the overall dy-

namics and behavior of financial markets. The failure of conventional regulatory and policy-making

approaches, even widely accepted standards such as Basel I and Basel II, should not be surprising,

given that some of their most essential (regulatory) rules and policies have no particular scientific

basis (Fabozzi et al. 2010).

During the last decade, an extensive body of literature has been developed rethinking the

standard approaches to modeling and analyzing financial markets, trying to explain the 2007-09

financial crisis as a direct consequence of so-called “systemic risk”. However, the literature on

1



systemic risk in financial markets never reached a consensus on a unified definition of systemic risk

or how it relates to market failure phenomena originated from system-level features and structures.

The lack of a unifying and clear conceptual framework and the pressing need to, at least par-

tially, make sense of the financial crisis gave rise to reverse definitions that represent systemic risk

through its symptoms. For example, it is conventional wisdom accepted across the literature that

systemic risk corresponds or even equates with extreme events like financial crisis triggered by (an)

exogenous event(s). Likewise, on the normative side, the same combination of conceptual gaps and

social pressure for restrictive interventions gave rise to regulatory standards and policies explicitly

developed to address systemic risk that are empirically rather than theoretically motivated (Allen

and Gale 2007, Gale 2018). Early empirical and theoretical results1 on the failure of more recent

regulatory standards and policies, such as Basel III, which was specifically developed in response

to the 2007-09 financial crisis and to address systemic risk, supports the impression that the trial

and error approach and bare reliance on empirical analysis are not a reasonable basis for developing

regulatory and policy-making solutions, at least with regard to systemic risk.

On the other hand, it is well known that external interventions of policies and regulatory rules

have the great potential to trigger unanticipated changes in the dynamics of the system and may

result in undesired system-level outcomes, even beyond the risks that the regulatory rules and

policies aim to mitigate (for example see lemma 3.3, and corollary 3.6 in section 3.1.2). These

inefficiencies, as well as the potential unintended consequences of conventional regulatory rules and

policies, call for a comprehensive and critical assessment of our approach to systemic risk. Our

critical reflections on the conventional approaches to systemic risk in this paper seek to contribute

towards an alternative normative framework on systemic risk in financial markets.

Related Literature: Our paper relates to multiple strands of research in systemic risk, includ-

ing i) Micro-foundational modeling and ii) Stylized network modeling and iii) Macro-Prudential

modeling.

Micro-foundational approaches, focus on the structure and nature of the relationships between

financial institutions aiming to capture and/or relate the system-level dynamics to the micro-

foundations of the system. Most of the research in this area is based on mainstream theory of

banking and financial intermediation, developed in the 80s, (Diamond and Dybvig 1983, 1986) and

capture the essence of the most rigorous theoretical frameworks in financial economics and relate

them to systemic risk in banking and financial systems (see (Allen and Gale 2000, Gale et al. 2017,

Freixas and Jorge 2008)). This approach also provides us a microeconomic explanation on why

1For a discussion on empirical results showing the inefficiency and failure of the banking regulations see Chinazzi
and Fagiolo (2013). For example, for theoretical inconsistencies in the Basel II regulatory standard see Rajaratnam
et al. (2017). For some results on theoretical inconsistencies in the Basel III regulatory standard see section 2.4, and
also corollary 3.6 in section 3.1.2.
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we need financial intermediaries for providing liquidity insurance as well as how the intermediary

mechanisms work in different circumstances when consumers have uncertain liquidity needs Herring

and Santomero (2000), Santos (2001), Freixas and Santomero (2004), Barth et al. (2005, 2013, 2020).

We will discuss this strand of literature in detail in section 3.

The second strand of the literature, stylized network modeling approaches, are mostly inspired

by seminal work of Eisenberg and Noe (2001a) on interbank lending networks, which, consistent

with the bankruptcy laws, shows how the propagation of the distress originates from the missing

payments in a network and leads to the contractual dependencies of the banks in their debt clearing

payments. Building on the Eisenberg and Noe (2001a) work, the literature has grown around the

theoretical modeling of the interconnections of a financial system. For example, Rogers and Veraart

(2013), Elliott et al. (2014) and Glasserman and Young (2015) generalized the basic model by

considering new parameters like bankruptcy and liquidity cost. Another example is the Capponi

and Chen (2015)’s extension of the interbank clearing mechanism to a multi-period version, which

helps to analyze the effect of different distress mitigation policies through time. Another approach

in structural and stylized network modeling modeling studies different network topologies to see

which structural properties of an interbank network reinforce the systemic contagion of the losses

(Benoit et al. 2017) in the system. Despite the fact that there is no rigorous framework that

can connect the relevant economic forces with the different network structures and topologies (Bo

and Capponi 2015), the emerged literature on the banking networks provides us with an insight

into how and to what extent the interconnections of the components of a system can translate to

the mechanisms for the aggregation and propagation of the shocks/distress through a system. The

significance of the micro-level shocks have been a matter of debate in the Macro-economic literature

(see Gabaix (2011) and Lucas (1977)). Accordingly it was essential to ground a network theoretical

basis for the significance of the non-Macro economic shocks in the creation of a sizable volatility

and fluctuations in a multi-sector economy (Acemoglu et al. 2012, 2013) and also to study how the

non-Macro shocks spread in the networks with different structures (Cifuentes et al. 2005, Gai and

Kapadia 2010, Nier et al. 2007, Allen and Babus 2009, Acemoglu et al. 2015, Chen et al. 2013).

Despite the extensive progress in stylized network modeling of the banking system and financial

markets, due to missing economic framework that captures the underlying market dynamics that

lead to the counterparty contingencies in the first place and relates the structure of the system to

economic incentives, we can not derive meaningful policy-making and regulatory implications for

systemic risk management.

The third strand of the literature, macro-prudential modeling approaches, are indeed the main

stream of research and practice (Silva et al. 2017) in this field over the past 10 years, and studies

systemic risk as a Macro-finance phenomenon which should be measured as an overall distress to

the system.In this approach, the contribution of each component to the aggregate systemic risk is
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attributed through the axiomatic connection of the tail distributions of the institutions’ balance

sheets and the market, based on the data obtained from the current (assumingly efficient) market

prices of the securities issued by the financial institutions or the derivatives written on them. To be

more specific, Macro-financial approaches develop statistical methods that investigate the impact

of the distress of an institution on the market or the impact of a distressed market on an individual

institution, treating the financial system as a portfolio of firms/institutions with cross-sectional

investments in the real market to capture the left tail dependencies of the market returns and the

firms’ returns. The Macro-finance models theoretically follow the classic economic models in the

corporate finance and credit risk management literature, and most significantly dissolve most of the

systemic structure of the market through the aggregation of the banks’ balance sheets by simple

summations, like formulating the overall banking system’s return as a value-weighted average of

all banks’ returns, and similarly, the overall banking system’s loss as the sum of the banks’ losses

and overall banking system’s capital-shortfall as the sum of the banks’ capital-shortfalls. On this

basis value-at-risk of the financial system is formulated and through different statistical approaches

estimated. Adrian and Brunnermeier (2016), measures the financial sector’s VaR given that a bank

has had a VaR loss, which they denote CoVaR. Then they define a measure of the contribution of

a bank to the overall systemic risk, through the change in the financial system’s VaR, conditional

on the bank to be under stress relative to not being under stress, denoted as ∆CoVar. As a

statistical tail dependency measure, ∆CoVar captures the component of the loss that comoves

with the distress of a particular bank and best viewed as a useful reduced-form analytical tool

capturing (tail) comovements. Contrary to the way that ∆CoVar and its extensions are formulated,

capital-shortfall models (see (Acharya et al. 2017, 2012, Brownlees and Engle 2016)), reverse the

conditioning to shift the focus to the question of how much is a bank’s capital shortfall (as a

proxy or its risk exposure) given that the financial system’s capital shortfall is above some given

threshold (as a proxy of financial crisis). For example, Acharya et al. (2010), builds an economic

model based on an analogical comparison of how banks break down a firm-wide loss in to the

separate losses of the internal groups of the firm with how the overall loss of the banking system

can be broken down in to the separate loses of the individual financial institutions, constituting

the banking system. To attribute systemic risk to the individual institutions, a measure of “tail”

losses of financial products has been defined as Expected Shortfall (ES), which in turn is used to

extend the measure of risk for the whole financial system. Later, (Acharya et al. 2017) extends this

approach to support the theoretical ground for SRISK2, the systemic risk Measure first introduced

at 2012 by Acharya et al. and is implemented in VLab3 to measure systemic risk in real time

for different countries and financial institutions. Despite the extensive progress in this strand of

2In Acharya et al. (2017)’s paper, SRISK is refereed by the generic name of “Systemic Expected Shortfall” or
SES

3The Volatility Laboratory of NYU Stern (https://vlab.stern.nyu.edu)
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research, due to big theoretical gaps, some of the fundamental properties that reflect the systemic

nature of financial markets are missed in the existing modeling frameworks, which would be essential

to develop appropriate regulatory and policy-making frameworks.

1.1 Financial Markets as Complex Adaptive Systems

A modern financial system has a complex and dynamic nature formed by a noncentralized set

of decision-makers and evolves through their interactions and the real economy. Through the

resulting inter-dependencies, financial distresses may propagate in the system, which in turn may

cause or intensify system-level losses for individual stakeholders or even lead to financial crises

and/or economic depression. The primary role of a central bank (regulator and policy-maker) is

to efficiently maintain the stability of the economy through system-level risk-mitigating policies,

which, to be more specific, should aim to reduce the vulnerabilities and increase the financial

system’s ability to absorb unexpected events. From the regulatory and policy-maker’s perspective,

anything detrimental to the functionality of a system for social welfare and equity is undesirable.

In this paper, we focus on the risk-sharing functionality of the banking system in the face of

uncertainties in financial markets. Thus, any structural feature of the banking system that affects

the banking system’s risk-sharing functionality is considered undesirable. Likewise, the losses that

may realize/emerge due to such dysfunctionalities are referred to as systemic losses. Note that here

we are framing the problem from the regulator’s/policy-maker’s perspective. Thus, we limit our

scope to social welfare and equity losses that could be avoided by a properly functioning system

(not necessarily a banking system).

Through the use of a generic framework that relates systemic structures and features of the

banking system to loss exposures of social welfare and equity, we can formally define what we

mean in this paper by “systemic risk” to be any loss exposure of social welfare and equity due to

system-level risk sharing dysfunctionality of the banking system. We use this definition not only

in its positive capacity but also for developing a framework that can address systemic risk in a

normative way.

To develop a normative framework, we need to start with a proper understanding of how

the systemic structures and features of a banking system relate to social welfare and equity loss.

Such understanding is the basis for considering how to design a practical set of normative actions

from the regulator/policy-maker perspective that directly or indirectly address the recognized or

even hidden dysfunctionalities. A proper normative approach also requires a proper measuring

framework within its evaluation mechanism that relates the structure of the system to the market

parameters and decision variables of different stakeholders including bankers, consumers, firms, and

especially a policy-maker/regulator. Related issues are discussed in the following sections.
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1.2 Normative Framework for Systemic Risk

Developing a theoretically grounded normative framework to address systemic risk requires a mod-

eling and measuring framework that relates the structural and system-level features of the system

to possible system-level loss exposures. In other words, the capacity of a normative framework to

adequately capture and efficiently address systemic risk depends on how the feed-back and feed-

forward signals of its intervention mechanisms relate to the structural and system-level features of

the banking system as well as its interactions with the general economy to the possible emergence

of undesirable system-level phenomena. It is also essential to have a proper evaluation mechanism

and thus a measuring process that determines what undesirable means4 from the perspective of

a given stakeholder (here the regulator) and its relation to the stakeholder’s intervention signals.

Thus, we treat the modeling and measuring of systemic risk in financial markets as a design problem

that aims to create a theoretically grounded normative capacity for regulatory and policy-making

frameworks on systemic risk.

Next, we discuss our approach to define and formulate a systemic risk measure as a basis of

an appropriate assessment mechanism in a prescriptive framework. It leads to a discussion on how

any (systemic risk) measure is (implicitly) derived from an underlying model and thus what is the

best modeling approach that could be used as a basis of our systemic risk measure5.

1.2.1 Measuring Systemic Risk in a Normative Framework

Risk measures are formulated to quantify some uncertainty in terms of a type of loss exposure.

To make sense of what a specific risk measure quantifies, we should have a clear understanding

about the scope of the uncertainty it captures as well as the type of loss it is concerned with.

However, the main drawback of the existing systemic risk measures is that they do not capture

how uncertainty through a structural or systemic feature of the system relates6 to a system-level

loss exposure. In other words, these measures do not relate the loss exposures they quantify to the

(systemic) structure behind the emergence of these losses.

Furthermore, what we aim to achieve using the systemic risk measure has a definitive role

in its formulation. Therefore, let us explicitly state that the systemic risk measures developed

4For example, in the literature of systemic risk, financial contagion is considered as an undesirable systemic
phenomenon. Thus, the risk of the emergence of financial contagion and the losses associated with that are considered
a systemic risk. However, in this paper we do not directly relate any specific phenomena to be systemic. Instead, we
use the notion of system-level loss that could be associated with systemic features and structures as a definitive basis
of what systemic risk means and how it should be modeled, measured, and incorporated in any normative approach.

5As it is supposed to be used as a basis of the evaluation mechanism of a normative framework.
6It is not straightforward to develop a comprehensive model that captures how system-level features and structures

relate uncertainty to system-level loss exposures even in aggregate. It becomes even more complicated if loss exposures
are defined from the perspective of a specific system or an individual in interaction with but external to the primary
system.

6



in this paper are aimed to provide a basis for the evaluation mechanisms used by a normative

framework for systemic risk. A mechanism to evaluate the structure of a system, its components

as well as the interactions of the components in terms of their contribution to the emergence of

undesirable system-level phenomena. Thus, such a measure should be formulated based on a model

of the system that relates system-level features and structures to system-level losses and therefore

provides us with a theoretically grounded basis for an evaluation mechanism in a normative way.

Next, we discuss how we developed a modeling framework capable of providing the underlying

structure needed for such a measuring process and other features required for a proper normative

framework for systemic risk.

1.2.2 Modeling Systemic Risk for a Normative Framework

Following the classical steady-state approach in systems theory, to explain an observed phenomenon,

we should develop a theoretical formulation of the system and use analytical tools. In the case

of systemic risk in financial markets, micro-foundational modeling of a banking system would

be a proper starting point. Then, general equilibrium theory can be used to explain how the

structural features of the banking system relate to system-level phenomena like financial contagion

in a positive way, which in turn helps us to develop normative frameworks to efficiently address

the underlying dynamics of systemic risk.These are the steps that should be taken to develop and

justify a regulatory and policy framework in order to keep it consistent with the core features of

systems theory.

Unfortunately, as shown in section 3, the existing micro-foundational models are not yet ca-

pable of relating phenomena like financial contagion to any specific market failure dynamics of the

banking system. A path forward following the classical steady-state approach would be to extend

the existing theoretical models by including more structural features, and/or relaxing more simpli-

fying assumptions up to the point that the analytical results provide us with an explanation of how

a systemic feature of the banking system relates to the observed system-level loss expusure. We

take this path in section 3, as we extend the latest theoretical modeling framework of the banking

system with a focus on the risk-sharing functionality of the system. In particular, we relaxed the

“no-aggregate uncertainty” and “pecking order” assumptions made in the existing formulations and

showed that even with these extensions, we could not explain the emergence of financial contagion.

One may continue with more extensions and finally get enough of the complexities formulated

in the model to capture the system-level dynamics that lead to the emergence of, say, financial

contagion. However, there are three main disadvantages to theoretical models which go beyond the

formulation of the main characteristics and principles of a complex system:

1. There are some dynamics and system components that are not observable and thus we can
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not explicitly formulate them in the theoretical models. For example, the individual-level

decision-making preferences, risk profiles, and behavioral dynamics and dependencies are not

observable.

2. Even if we could explicitly formulate the heterogeneous components of the system, it would be

both computationally and analytically in-tractable. Indeed, high fidelity multiagent models

as well as numerical simulations of stochastic dynamic general equilibrium models have shown

that the nonlinearity inherent in the structure of the banking system makes it really difficult to

get conclusive and analytical results in a level that is usable for policy-making and regulatory

purposes.

3. The evolution of many observable and non-observable aspects of the financial system rapidly

outdates any theoretical model that goes beyond the very basic features and principals of the

system.

Thus, in section 4, we take a different approach than the conventional theoretical framework.

Instead of representing a system by a theoretical model, we use a theoretical model to give a

structure to an observed realization of the system. Such a “model-driven state representation”

of a system only captures the dynamics of the banking system to the extent formulated in the

theoretical model. Anything beyond the model’s scope stays hidden but present in the parametric

structure of the representation. This approach provides us with the opportunity to take advantage

of some generally simple theoretical results to design interaction mechanisms with the system that

controls the dynamics of the hidden parts of the system constant and thus makes it possible to rely

upon the dynamics of the modeled parts of the system as an underlying structure that governs the

overall system’s response to those interactions.

To be specific, on the systemic risk of financial markets, we used an explicit formation of the

bankruptcy law to give a structure to an observed state representation of the banking system.

This representation formulates how the bankruptcy law connects the banks’ balance sheets in a

given state. Instead of incorporating a general equilibrium model of a heterogeneous banking

system in our formulation, we reorganize the parametric structure of the formulation to capture

some of the known dynamics of the financial general equilibrium model. Specifically, our state

representation reformulates the observed data of the banks’ obligations to each other in terms of

the banks’ proportional investment (decisions) in each other. Thus, the resulting bankruptcy law

formulation of the banking system has a two-layer parametric setting that simultaneously captures

the obligation of the banks to each other as well as their proportional investments in each other.

The proportional investment, although not enough to model the system-level dynamics behind the

banks’ decision-making structure and equilibrium formation, makes it possible to take advantage

of some analytical results we already have from theoretical models to interact with the system in
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the given state without neglecting the hidden part of the steady state dynamics.The analytical

basis we rely on to keep the dynamics of the hidden parts of the system constant while we interact

with the modeled parts of the system are derived from the following decision-theoretical result in

the financial mathematics literature: if nothing other than the size of the available funds of an

investor changes, then under very generic assumptions, we can expect her proportional investments

to remain the same, no matter what is her decision-making structure. Using this theoretical basis,

our formulation of the banking system captures the dynamics of the general equilibrium model

behind the formation of its observed state if the external interactions with the system are limited

to changing only the size of the funding available to the banks while the market parameters are

kept constant. In other words, any regulatory and policy-making interactions that do not affect

any decision-making parameters involved in the bankers’ investments other than the size of the

funds available to each bank could be analyzed based on our formulation and specifically in terms

of the system-level risk effects of such policies and regulations.

To simplify the modeling, we initially limit the feasible regulatory interventions to a set of

requirements that do not change the overall size of the supply and demand of each asset in the

financial market. With this, we are implicitly assuming that the market prices of the assets in

financial markets do not change if the size of their supply and demand are kept intact, and thus the

proportional investments of the bankers remain the same. This assumption ignores the fact that

the asset pricing in financial markets goes beyond the simple supply and demand sizes and may

depend on the capital structure of the banks and the differences in their risk profiles.

To generalize the initial modeling framework that incorporates more complicated market dy-

namics that govern the bankers’ investment decisions, we formulate a general equilibrium model of

the loan and equity market in the second part of section 4. The equilibrium model formulates a

representative consumer, a set of heterogeneous banks, and a set of heterogeneous firms. We do not

directly solve or analyze this model due to the difficulties and limitations discussed earlier. Instead,

we use this formulation as a proxy to relate the modeled part of our model to the hidden structure

of the system. As we will show in the second part of section 4, if we consider the observed market

state as a solution of the equilibrium model, the equilibrium model can be used to derive the condi-

tions required to guarantee that all market features remain the same while the size of the available

funds to each individual bank changes. With this, we can relax the initial assumption made in the

first part of section 4, which provides us with the theoretical guarantee needed to reliably assume

that the banks’ proportional investment decisions remain the same if the regulatory interventions

satisfy the conditions derived from the general equilibrium model.

Finally, we use this framework to design and optimize a regulatory and policy-making inter-

vention mechanism that adjusts the size of each bank in a controlled way without interrupting
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other features of the market7 as an example to show how a normative framework for systemic risk

could be developed based on our framework.

Structure of the Paper In section 2, we discuss the main ideas behind banking regulations and

financial markets to provide a basis for our normative and positive discussions on what systemic risk

is and thus what is a proper modeling and measuring approach to capture its main characteristics

and dynamics. This includes a short critical review of the latest banking regulations and a discussion

on how the lack of a unified theoretical ground in developing these regulations has unintended

consequences for the banking system and the general economy. On that front, we make an example

based on the Basel III framework to show how the interaction of regulatory rules, neglected in the

development of this framework results in generic inconsistencies and has unintended but significant

system-level consequences.

In section 3, we extend the general equilibrium model of a banking system with an inter-

bank deposit market as a financial intermediary to incorporate aggregate uncertainty and standard

deposit contracts. We show that an equilibrium behavior of a competitive banking system decen-

tralizes the social planner’s allocation under the same assumption without any regulation imposed

and therefore it is constraint efficient. This shows that the financial contagion is not an equilibrium

feature of the decentralization functionality of the banking system even under aggregate uncertainty

and standard (incomplete) deposit contracts.

In section 4, we turn our critical reflections in previous sections on the conventional approaches

towards an alternative normative framework on systemic risk in financial markets. We initially de-

velop a modeling formulation of banking system in correspondence with the real economy where

bankruptcy law and investment decisions forming the structure of the banking system simultane-

ously captured in a two-layer parametric setting simultaneously. We use this modeling framework

to derive a measure of systemic risk as a means to evaluate the components of the system, their

interactions, and the structure of the system in terms of their contribution to the emergence of

undesirable system-level phenomena. This goes beyond a measure for monitoring the state of the

system and aims to be used in a model-based evaluation mechanism capable of relating potential

interventions to structural changes and thus our normative aims. This leads to our discussion

on how considering the proportional investment decisions of different stakeholders of the financial

markets as the building blocks of the realized structure of the banking system presents a framework

to design a system-level tractable adaptive capacity that could be used in a normative way and

as a basis of a regulatory framework on systemic risk. The proportional investments, although

not enough to model the system-level dynamics behind the banks’ decision-making structure and

equilibrium formation, makes it possible to take advantage of some analytical results we have from

7As we see in section 4, the regulatory design framework makes sure that regulatory interventions satisfy the
conditions derived from a general equilibrium model

10



theoretical models to interact with the system in the given state without neglecting the hidden part

of the steady-state dynamics. This provides us with a theoretical basis to design and take advan-

tage of the banking system’s adaptive capacity, developing a regulatory setting that systematically

adjusts the banks’ existing regulatory requirements as an interaction mechanism with the banking

system towards our normative aims addressing systemic risk.

We initially develop and optimize a leverage allowance adjustment framework (LAA under

proportionality assumption) as a regulatory setting, assuming that if the regulator changes the

leverage allowance of a given bank, the banks’ proportional investment decisions do not change.

However, to provide some basis for this assumption, we limit the regulator’s actions to ensure that

the size of the aggregate funding supply does not change after the adjustments. Finally, to extend

the initial LAA framework to be usable in a more generic setting, we develop a general equilibrium

representation of a regulated financial market as a basis to derive the sufficient conditions that

guarantee that the proportionality assumption holds in a more general setting. The sufficient

conditions of the extended LAA framework (LAA under sufficient conditions) restructure and

reduce the complexity of the banking system’s adaptive capacity as it provides us with a market-

based mechanism to control for the dynamics governed by the hidden structure of the banking

system and simultaneously use the regulatory intervention to restructure the observable structure

of the banking system. This reduces the complexity of the system significantly as it provides us

with a basis to rely on the market-based interaction mechanisms developed based on our framework

and leveraging the banking system’s observable structure toward our normative aims and without

neglecting the hidden structure of the system.

2 Banking Regulations and Financial Markets

In this section, we discuss the main ideas behind banking regulations and financial markets to

provide a basis for our normative and positive discussions on the nature of systemic risk and ways

in which it can be modeled and measured. The discussion includes a short critical review of the

latest banking regulations and a discussion on how the lack of a unified theoretical ground in

developing these regulations has unintended consequences for the banking system and the general

economy. On that front, we make an example based on the Basel III framework to show how the

interactions of the regulatory rules, neglected in this framework’s development, result in generic

inconsistencies and have unintended but significant system-level consequences.

It is well known in the literature of financial economics that if a complete financial market was

a practical possibility, then the market mechanisms would allocate the resources most efficiently.

In that case there would be no need for any intermediary such as a banking system in financial

markts. Next, we discuss how the banking system can be understood as a (partial) alternative to
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a complete market, followed by a brief discussion on the necessity of banking regulations.

We propose a systems theoretic perspective to categorize the potential issues that motivate

policy and regulatory interventions. Finally, to show how the conventional perspective fails as a

basis for developing a proper and unified regulatory framework, we discuss a fundamental incon-

sistency in the setting of the latest and widely accepted standards that are developed based on the

conventional perspective.

2.1 Banking System’s Role and Functionality

The main rationale behind the existence of any intermediary system in financial markets is to

reduce the incompleteness of the market and increase the efficiency of the resource allocation as

much as possible. The banking system is a decentralized intermediation alternative that provides

a channel of interaction between households and the real economy in a practical way aiming for

the (partial) realization of the complete market dynamics. The essential features of the banking

system that characterize the intermediation and thus interaction dynamics are associated with

the liquidity and credit transformation functionality of the banking system through the maturity

mismatch resolution of financial contracts. In other words, credit transformation provides funding

for riskier and long-term assets, whereas liquidity transformation produces more liquid and short-

term liabilities. It is essential to understand that proper credit and liquidity transformation rely on

the efficiency of the resolution of the maturity mismatch between the assets and liabilities created

by the banks’ interactions with their customers and the real economy considering the uncertainty

and heterogeneity of the customers and real economy8. This aligns with the main characteristics

of complete markets where the high fidelity interaction increases the short-term liquidity and long-

term funding through the risk-sharing functionality of the complete contingent contracts.

2.2 Regulatory Rational

The decentralized nature of the banking system, and thus the possibility of market failure, es-

pecially in the face of high uncertainty and heterogeneity of the financial markets, may require

regulatory and policy interventions to increase the system’s efficiency and reduce its externalities

to other systems. However, even with the extensive literature on the details of the highly complex 9

regulatory frameworks in place, there is no theory-based rationale to unify the different components

of the banking regulations that can address the following questions:

8If a bank fails to properly resolve the maturity mismatch by holding an optimal level of liquidity, it is exposed
to a substantial liquidity shortage. Similarly, if a bank fails in the proper diversification of the credit transformation,
it is exposed to capital shortage.

9The complexity of the current regulatory framework is, for the most part, the result of rules created ad hoc to
address emerging risks that threaten to disrupt financial markets (Basel Committee on Banking Supervision 2016).

12



• What market failure necessitates the imposition of regulatory requirements?

• Why can’t the market be left to determine the appropriate levels of liquidity and capital?

• What is a proper role for a regulatory framework, at least from a theoretical point of view?

To analyze the necessity and functionality of a regulatory framework, we categorize the potential

issues that motivate external interventions into two categories:

1. The structural characteristics of the banking system in its fundamentals may result in inef-

ficiencies and externalities. The main question here is if the functionalities of the banking

system are capable of (at least from a theoretical point of view) increasing the efficiency of

the market or even replicating the efficiency of the complete market? And if not, could we

use regulatory and policy-making interventions to improve the system’s performance at a

systemic level?

2. Practical limitations within the banking system and in interaction with other systems may

be reducing the system’s efficiency and creating externalities. The main question here is

whether the functionality of the banking system is impaired by practical limitations and

imperfections? If that is the case, could we use regulatory and policy-making tools and

interventions to support the system achieve higher levels of its intended functionality?

On the other hand, the mainstream literature categorizes the issues that motivate regulatory and

policy-making interventions from a different perspective (Dewatripont and Tirole 1994a,b):

1. The failure of banks, especially if it has system-level consequences resulting in the financial

market’s instability or even financial crisis. Most of the literature would relate these types

of issues to systemic risk as a kind of market failure; however, there is no consensus about

many aspects of what systemic risk is.

2. The risk exposure of consumers motivates regulations that are aimed at protecting individuals

from extensive exposure to risk. Interest rate ceilings on loans and conflict of interest rules

are examples of such regulations and policies. Some more generic rules and policies are

also associated with consumer protection in the literature due to their efficiency increasing

functionality.

3. Broader social and economic concerns and objectives may be used as a rationale behind

some policies and regulations, such as prevention of money laundering using the reporting

requirements for large cash transactions have pointed to another category of rationale for

justifying banking regulation.
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4. Since depositors have limited capacity to monitor if the bankers’ actions are aligned with the

depositors’ interests or not, some regulations may be required to ensure that bankers act in

the interests of their depositors.

Before getting to the details of why our perspective is a better alternative, as discussed in the

next sections, it is useful to briefly10review the structure of the most recent rules, developed based

on the mainstream perspective on banking regulations and aimed to prevent systemic risk. We also

discuss one of the complications that arise from the mainstream setting due to the negligence of

the systemic interactions of different components of the regulatory framework.

2.3 Stylized Model of the Banking Regulations

Even though there is no agreement about the nature of systemic risk as a kind of market failure, it is

widely accepted that a combination of policies like capital adequacy ratios, liquidity requirements,

reserve requirements, deposit insurance, and asset restrictions, if used properly, could limit sys-

temic risk. However, the development and calibration of these regulations have largely proceeded

independently. There have been limited attempts incorporating the interactions of these rules in

the development of a unified regulatory framework11. To illustrate why it is important to explic-

itly consider the interactions of the rules in developing a regulatory framework, in this section,

we briefly discuss the development of the Basel Accords, which are the latest and widely accepted

regulatory frameworks. Basel Accords have been developed based on the conventional perspective

and are mainly aimed at preventing systemic risk, especially in the latest Accord of Basel III. These

accords provide an example of regulations that are empirically rather than theoretically motivated

and miss the theoretical basis to support that the interactions of the proposed rules are aligned

with the regulatory and policy-making intentions. Despite the limited literature on the full inter-

actions among the proposed set of rules in these accords, it is already known that the interaction

dynamics are inconsistent and may result in unintended consequences and even self-defeating of

the regulations. To illustrate such an inconsistency in the fundamental setting of these rules, we

use a simple formulation of the most recent policies proposed by Basel III in a stylized setting and

show how explicit redundancy appears in it. Later in section 3, we prove that such a redundancy

has a destabilizing effect on the liquidity pricing, even under no aggregate uncertainty.

10There have been a number of good surveys and overviews of banking regulation. These include Herring and
Santomero (2000), Santos (2001), Freixas and Santomero (2004), Barth et al. (2005, 2013, 2020). Therefore, this
section will be focused on the latest developments in banking regulations reflected in the Basel Accords and specifically
Basel III.

11There are some literature reviews on the interactions of different regulatory components from a normative per-
spective. These studies mostly rely on how an existing regulatory framework could be optimally calibrated. There
is not so much work done on how should a regulatory framework develop considering the systemic interaction of its
different components in an economic setting
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Basel Accords and Bank Structures: In describing the early days of the Basel Committee,

Goodhart (2011) notes that the original intent was to have a liquidity requirement to complement

the capital requirement. This is aligned with our earlier discussion on the main functionalities of

a banking system12 and how regulatory should be developed assuring that these functionalities are

performed as intended. The latest Accord, Basel III, includes two capital regulations13 and two

liquidity regulations14. We can denote the different components of an extended banking (balance

sheet) structure and the related regulatory parameters as summarized in table 1 as defined in

the latest version of Basel III (see Basel Committee on Banking Supervision 2020b, Cecchetti and

Kashyap 2018). To simplify the formulation of regulatory requirements, let us define the aggregate

ASSETS LIABILITIES

Regulatory parameters Regulatory parameters

R: Safe assets (HQLA15) Ds: Deposits (runable liabilities)

lDs : LCR run-off rate of D

AOn
i : On-balance sheet risky asset i aD

s : rate of availability of the stable
funding of DrOn

i : risk weight of asset i

fOn
i : stable funding rate required for

risky assets

Bk: Bonds (long-term liabilities)
AOff

j : Off-balance sheet risky asset j aB
k : availability rate of stable funds

for long-term liabilitiesrOff
j : risk weight of asset j

lOff
j : LCR run-off rate of off-balance

sheet assets due to their contin-
gent liabilities

E: Equity

Table 1: Banking Extended Balance Sheet Structure and Regulatory Parameters

risky assets of a bank, denoted by A combining all on and off-balance sheet risky assets. Similarly,

let us define the aggregate short-term (deposits) and long-term (bonds) liabilities denoted by D

and B. We can also drop the indexes of the regulatory parameters for the aggregate balance sheet

items. Then the simplified formulation of a baking structure and the regulatory parameters can be

summarized in table 2.

Note that in table 2, without loss of generality, we adjusted the aggregated LCR run-off rates

of off-balance sheet assets17 , loffj , to get the LCR run-off rate of aggregate risky assets denoted by

lA. We briefly discuss the four main regulatory requirements introduced in Basel III, categorized

under capital and liquidity requirement rules, followed by their stylized formulation. Later, we use

the stylized formulation of the rules to study the interactions of the policies so that we can examine

12To provide liquidity and reduce the investment risk through sharing it
13The capital adequacy and leverage ratio
14The liquidity coverage ratio and the net stable funding ratio
17The proportion of risky assets that are exposed to contingent liabilities
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ASSETS LIABILITIES

Regulatory parameters Regulatory parameters

R: Safe assets (HQLA16) D: Deposits (runable liabilities)

lD: LCR run-off rate of D

A: On and Off-balance sheet risky assets aD: rate of availability of the stable funding
of DrA: risk weight of risky assets

fA: stable funding rate required
for risky assets

B: Bonds (long term liabilities)

aB : availability rate of stable funds for long-
term liabilitieslA: LCR run-off rate of aggre-

gate risky assets
E: Equity

Table 2: Simplified Balance Sheet Structure and Regulatory Parameters

the overall consistency of the regulatory system.

Capital Regulations: Capital requirements generally set a minimum level of capital that a bank

must maintain in relation to its assets. In the literature on capital adequacy, it is often argued

that capital adequacy requirements are necessary to control the moral hazard problems generated

by the existence of deposit insurance18. These rules may take the form of a simple fraction of the

assets or a more complicated formula.

The first Basel Accord imposed uniform capital adequacy requirements on the banks of all

signatory countries. The second Basel Accord (Basel Committee on Banking Supervision 2006)

introduces more sophisticated methods of determining the appropriate level of capital for banks,

but the idea that banks must be compelled to hold the appropriate level of capital remains a basic

principle of the regulatory system19. Basel III (Basel Committee on Banking Supervision 2020a)

includes two capital regulations, the capital adequacy, and the leverage ratio requirement focusing

on high-quality capital, predominantly in the form of shares and retained earnings that can absorb

losses20. These two rules ensure that a bank’s equity is higher than a fraction of the sum of assets,

weighted or unweighted by their riskiness:

1. Risk-weighted Capital Requirement

The size of a bank’s capital as a risk buffer should be proportional to the exposure of the

bank’s assets to potential losses. In other words, banks should hold higher equity if they have

18Deposit insurance was introduced in the 1930s to prevent bank runs or, more generally, financial instability.
Because banks issue insured debt-like obligations (e.g., bank deposits), they have an incentive to engage in risk-
shifting behavior.

19These rules, which are designed to ensure sufficient buffers should banks face losses, are the outgrowth of decades
of experience dating to the original agreements in 1975(see on Banking Supervision 2011).

20The new features include specific classification criteria for the components of regulatory capital. (Basel Committee
on Banking Supervision 2020c)
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invested in riskier assets. This rule requires a bank to maintain specified minimum levels of

regulatory capital21, determined by the regulator and denoted by c, with each level set as a

percentage of risk-weighted assets. Using the simplified22 notations and definitions introduced

in table 2 we can formulate risk-weighted capital requirement by

E

rAA
≥ c (1)

Basel III initially was more focused on how the regulatory capital,E, should be determined

in the capital ratio calculation. The 2017 reform tried to restore the credibility of the risk

characteristics of each type of asset23focusing on the risk weights in capital ratio calculation.

The 2017 reforms also aimed at improving the comparability of the banks’ capital ratios.

2. Leverage Ratio Requirement

Since risk-based capital ratios, even when they were set seemingly high enough, did not pre-

vent the banks’ excessive leverage built up during the 2007-09 financial crisis, the leverage

ratio rule as a simple, non-risk-based “backstop” was introduced within the Basel III frame-

work to supplement the risk-based capital requirements24.

Leverage ratio requirements ensure that the regulatory capital of a bank, E, proportional to

the aggregate leverage of a bank (the sum of its assets regardless of their riskiness), is higher

than a minimum leverage ratio. Using the notation and definitions introduced in table 2 we

can formulate leverage ratio requirement by25:

E

R+A
≥ δ (2)

where δ denotes the minimum leverage ratio set by the regulator.

Remark 1 Contrary to the risk-weighted capital requirement that forces banks that have riskier

21Common Equity Tier 1, Tier 1, and total capital (see Basel Committee on Banking Supervision (2020a))
22The equivalent formulation, before simplifying the balance sheet structure, using the notations and definitions

introduced in table 1 for the risk weighted capital requirement would be:

E[∑
i r

on
i Aon

i +
∑

j r
off
j Aoff

j

] ≥ c

23As an indication of how risky it is for the bank to hold the asset.
24The 2017 reforms made some adjustments to the implementation of this rule focusing on Global systemically

important banks (G-SIBs) and required them to keep a higher leverage ratio.
25The equivalent formulation, before simplifying the balance sheet structure, using the notations and definitions

introduced in table 1 for leverage ratio requirement would be:

E

R+Aon +Aoff
≥ δ
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assets to hold more capital, the leverage ratio requirement ties the level of capital to the overall size

of the bank (including off-balance sheet items) regardless of the risk weight of the assets.

Liquidity Regulations: Basel Committee’s key reforms in Basel III include a set of rules devel-

oped to improve the banking sector’s ability to absorb liquidity shocks arising from financial and

economic stress, whatever the source, thus reducing the risk of spillover from the financial sector

to the real economy (Basel Committee on Banking Supervision 2013).

More specifically, liquidity requirements are used to avoid the inefficient liquidation of illiquid

technology and ensure that banks can withstand funding reductions such as deposit withdrawals

or liquidity demands arising from off-balance sheet activities. Thus, the financial failure of a bank

due to early liquidation does not spill over to other banks. The liquidity requirements include

two regulations designed to address two separate but complementary issues(Basel Committee on

Banking Supervision 2014), the market liquidity concerns and the maturity mismatch problem26.

The first rule, liquidity coverage ratio (LCR), requires the bank to hold sufficient high-quality liquid

assets to survive a significant stress scenario lasting for 30 days. LCR has been designed to assure

the short-term resilience of a bank to its liquidity risk exposure. The second rule, net stable funding

ratio (NSFR), mitigates the long-term exposure of banks to funding stress by requiring banks to

fund their activities with sufficiently stable sources.

1. Liquidity Coverage Ratio (LCR)

LCR was designed to ensure that banks hold a sufficient reserve of high-quality liquid assets

(HQLA) to allow them to survive a period of significant liquidity stress lasting 30 calendar

days. Using the simplified27 notations and definitions introduced in table 2 we can formulate

LCR requirement by:

R ≥ ℓdD + ℓAA (4)

where ℓAA represents the contingent liabilities due to off-balance-sheet assets of the banks.

Since in the simplification of the balance sheet we aggregated the on- and off-balance sheet

assets, the liquidity risk exposures due to the off-balance sheet items can be formulated as a

26The liquidity coverage ratio (LCR) is concerned with the level of market liquidity. The net stable funding ratio
(NSFR) aims to resolve the maturity mismatch problem.

27The equivalent formulation, before simplifying the balance sheet structure, using the notations and definitions
introduced in table 1 for LCR requirement would be:

R ≥
∑
s

ℓdsDs +
∑
j

ℓoffj Aoff
j (3)

Thus, to meet the LCR requirement, a bank’s reserve of liquid assets, R, should be higher than a weighted sum of
its (risky) liabilities.
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proportion of the aggregate on and off-balance sheet items28.

Thus, to meet the LCR requirement, a bank’s reserve of liquid assets29 , R, should be higher

than a weighted sum of its (risky) liabilities. Note that in the simplified formulation.

2. Net Stable Funding Ratio (NSFR)

NSFR is designed to ensure that banks’ risky assets are sufficiently funded by the liability side

of the banks’ balance sheets. NSFR requirement assigns different weights to funding resources,

proportional to their reliability. This means that if a funding resource (as a liability of a bank)

has a longer term maturity, it is considered more reliable, and thus its weight in the NSFR

formulation should be higher. NSFR also assigns different rates to the risky assets30based

on their liquidity needs and maturity characteristics. This means that an asset that has a

longer term maturity and/or has higher risk exposure needs more stable funding, and thus

its weight in the NSFR formulation should be higher. Using the simplified31 notations and

definitions introduced in table 2 we can formulate NSFR requirement by:

aBB + aDD + E ≥ fA (6)

where the left-hand side of eq. (6) represents the level of stable funding resources that are

available to a bank, whereas the right-hand side of eq. (6) represents the required stable

funding of the bank.

Then, NSFR simply says that a bank’s stable funding resources should be higher than its

required stable funding.

Remark 2 The technical formulation of NSFR requires a weighted sum of liabilities to be higher

than a weighted sum of assets, whereas LCR formulation requires a weighted sum of assets to be

higher than a weighted sum of liabilities. This means that the NSFR requirement effectively reverses

the LCR requirement.

As we will see, the fact that the LCR and NSFR effectively reverse the inequality between assets

and liabilities creates some complications.

28Here we are implicitly assuming, without loss of generality, that each bank keeps the proportionality of the off-
and on-balance sheet investments of its aggregate risky assets fixed.

29we use “liquid assets”, “high-quality liquid assets (HQLA)”, “reserves” and “risk-free assets” interchangeably.
30Including on- and off-balance-sheet assets
31The equivalent formulation, before simplifying the balance sheet structure, using the notations and definitions

introduced in table 1 for NSFR requirement would be:∑
k

aB
k Bk +

∑
s

aD
s Ds + E ≥

∑
i

fiAi (5)

Note that the aggregation of the weights of similar types of assets and liability in the simplified formulation does not
change how NSFR affects the interactions of different asset and liability types in the bank’s structure.
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2.4 Balance Sheet Interactions of the Regulatory Requirements

The regulatory framework, in general, is a system of different structural requirements aimed at

restricting the structure of a bank and, in aggregate, the structure of a banking system in a way

that efficiently reduces or eliminates the market failure issues (see section 2.2).

From a technical perspective, however, each regulation is a structural requirement that restricts

the banks’ balance sheet configuration. Similarly, a regulatory framework is a collection of different

structural requirements forcing banks to adapt their structures in a way that the setting of their

balance sheets complies with all requirements simultaneously. If and how a regulatory framework

achieves its intended goal of reducing or eliminating some market failures would not be answered if

each individual regulation is considered and analyzed independently, neglecting how it relates and

interacts with other regulations and other system components. The interactions that emerge from

the simultaneous adaption of the regulatory framework are highly complexand mostly unknown in

the literature of banking and financial economics.

The most basic analysis of the interactions of the regulatory requirements would only consider

the balance sheet relations of the regulations regardless of the economic power behind the formation

of the balance sheet structure. With that, we may have some initial ideas about the consistency

of the regulations within a framework to start with, and then we can go beyond the mechanical

relations and consider a more complicated interaction in a richer model of the system.

Next, we study the balance sheet interactions of the capital and liquidity requirements defined

in Basel III, using the simplified model of the banking balance sheet structure32 We formulated in

section 2.3.

2.4.1 Liquidity and Capital Requirements Interactions in Basel III

To capture the basic features of Basel III’s liquidity and capital requirements and their interactions,

the formulation of the regulatory system should incorporate all four rules of the risk-weighted

capital ratio, the leverage ratio, liquidity coverage ratio and net stable funding ratio, formulated

by Equations (1) to (6) using a unified system subject to the balance sheet identity equation

R+A = B +D + E (7)

32To capture the balance sheet interactions of different regulatory requirements, we should use the formulation of
the banking structure that the regulatory framework has been designed for. That is the reason we formulated a model
of the banking balance sheet structure based on Basel III’s definition of different components of a banking balance
sheet in section 2.3.
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which relates all different components of the banking balance sheet33. The balance sheet identity

equation provides a channeling mechanism that gives structure to the interactions of the aforemen-

tioned four regulatory rules. Using eq. (7) we can rewrite eqs. (1), (2), (4) and (6) in two equivalent

forms:

E ≥ CrAA (Risk-weighted Capital Requirement)

E ≥ σ(B +D)

1− σ
(Leverage Ratio)

E ≤ (1− lA)A− (D + ld)D −B (Liquidity Coverage Ratio)

E ≥ fAA− aDD − aBB (Net stable Funding Ratio)

where we have reformulated both capital and liquidity requirements as a system of capital (equity)

restrictions in terms of risky assets and liabilities and

R ≥ (CrA − 1)A+B +D (Risk-weighted Capital Requirement)

R ≥ B +D

1− σ
−A (Leverage Ratio)

R ≥ lAA+ ldD (Liquidity Coverage Ratio)

R ≥ (fA − 1)A− (1− aB)B + (1− aD)D (Net stable Funding Ratio)

where we have reformulated both capital and liquidity requirements as a system of reserve (safe

assets) restrictions in terms of risky assets and liabilities. In other words, all regulations can be

replaced by a set of capital requirements or reversely by a set of liquidity requirements.

It is easy to see that this system does not have a nonzero solution for all rules to be binding.

This means that for any given parametric setting of the regulations, at least one of the rules would be

redundant for a complying bank. This has multiple implications for individual banks’ structure(see

Cecchetti and Kashyap 2018)) that illustrates how interaction of the four central regulations of the

latest post-crisis regulatory framework has unintended consequences. For example, as discussed

earlier, the LCR and the NSFR rules are designed as complementary regulations, where the LCR

provides short-term stability that safeguards an institution against a run and the NSFR buys time

that could facilitate a resolution. Since for any bank in the system either the LCR and the NSFR

would be binding, we should expect the banking system to be divided into two groups at any given

33The equivalent formulation, before simplifying the balance sheet structure, using the notations and definitions
introduced in table 1 for the balance sheet identity equation would be:

R+
∑
i

Aon
i +

∑
j

Aoff
j =

∑
k

Bk +
∑
s

Ds + E (8)
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time. The banks in the first group just have enough liquidity to cope with the short-term liquidity

shocks, which is redundant for the long-term shocks. The banks in the other group, however, just

have enough liquidity to cope with the long-term liquidity shocks, which is redundant for the short-

term shocks. This may seem necessary to protect the banking system in the face of both short-

and long-term liquidity stress. However, the theoretical model of the financial system developed in

section 3 shows that this is not only economically efficient but also does not reduce the risk exposure

of the banking system. Specifically, as shown in 3.5, redundancy of short-term or long-term liquidity,

specifically when consumers expect to receive positive endowments in the future, would lead to

aggregate social welfare losses with no reduction in the risk exposure of the banking system. In

other words, the totally unregulated banking system developed in Decentralized Financial Market

section in section 3 more efficiently copes with liquidity shocks than the same system but subject

to the liquidity regulations of the Basel III framework. More importantly, this setting may result in

liquidity shortage or liquidity abundance, which, as shown in the proof of 3.5, leads to the distortion

of the liquidity pricing in the market, which in turn has significant consequences for the banking

system as well as the general economy. None of these involve bankruptcy or even insolvency of

any bank, yet losses are unintended consequences of systemic structures and interactions. Thus,

we consider these types of losses and risks to be systemic.

3 Constraint Efficiency of Risk Sharing in Decentralized

Banking System

In this section, we extend the general equilibrium model of a banking system with an interbank de-

posit market as a financial intermediary to incorporates aggregate uncertainty and standard deposit

contracts. We show that an equilibrium behavior of a competitive banking system decentralizes the

social planner’s allocation under the same assumption without any regulation imposed and there-

fore it is constraint efficient. This shows that the financial contagion is not an equilibrium feature

of the decentralization functionality of the banking system even under aggregate uncertainty and

standard (incomplete) deposit contracts.

3.1 Liquidity, Uncertainty and Financial Market

Our understanding of the banking system’s role as a financial intermediary and its mechanisms and

functionalities to provide liquidity insurance has its roots in the theory of banking mainly developed

after the 80s by the seminal contributions of Diamond and Dybvig (1983, 1986), Diamond (1991),

Allen and Gale (2000).The theory of banking and financial intermediation was mainly motivated

by instabilities that emerged after the financial market’s deregulation in the 70s, aiming to go

beyond empirical studies’ limitations to explain the advantages of a competitive banking system
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compared to other intermediary alternatives. It was also essential to have a theoretical framework

to study how a banking system relates to efficiency and stability of financial markets and the general

economy. The widely spread and disruptive financial crisis of 2007-08 drew attention to phenomena

like financial contagion and systemic risk and how the banking system may contribute directly or

indirectly to such externalities.

The call for more restrictive regulation of the banking system aimed at preventing systemic

risk and financial contagion requires in depth understanding of the how a banking system con-

tributes to systemic risk. Such a system theoretic understanding of the economic powers behind

such externalities are essential in the efficiency of any regulatory and policymaking intervention

designed to address such market failures. In this section we focus on modeling and analysis of

structural characteristics of the banking system in its fundamentals aiming to characterize the sys-

temic behavior of the system under standard banking assumptions. The main question here is if the

structure and functionalities of the banking system in its fundamentals are capable of replicating

(at least from theoretical point of view) the risk sharing efficiency of the complete markets under

standard34 banking assumptions? We address the issues beyond the standard banking assumption

in the next sections. This includes the practical limitations and imperfections within the banking

system and also in its interactions with other systems that have systemic consequences reducing

the system’s efficiency and creating negative externalities. The aim of this section is to challenge

the conventional view on systemic risk showing that the emergence of the banking structures and

dynamics that are known in the literature to be susceptible to financial contagion (Acemoglu et al.

2010, 2013, Allen and Gale 2017) do not relate to the systemic fundamentals and functionalities of

banking systems under standard assumptions of the financial intermediation and banking theory.

More specifically we show that under aggregate uncertainty and standard deposit contracts the

financial system formed in equilibrium is indeed a decentralization of the social planner’s allocation.

Thus, it is constrained efficient35 and occurrence of the financial contagion in such economy can

not be explained by the banking system’s dynamics or functionalities.

In other words to understand any risk-sharing inefficiency of the banking system we should go

beyond the decentralization functionality of the banking system. Hence any regulation that only

targets the banking decentralization functionality can not reduce such inefficiencies and may even

have unintended consequences. Of course, we are not saying that systemic nature and functionalities

of the banking system do not matter in modeling and preventing systemic risk, only that there is

no theoretical basis supporting the market failure of the banking system in its nature.

34These include incomplete deposit contracts and aggregate uncertainty
35If an allocation is constrained efficient, the risk-sharing is not as efficient as it would be in a complete market.

Therefore, since a social planner (as a benchmark) subject to the same constraints of the banking system could not do
any better if replaced by the banking system; the inefficiency is not caused by the banking decentralization. Hence,
any regulation that affects the banking’s decentralization system can not reduce the inefficiencies.
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These results have significant regulatory and policymaking implications. The general procedure

in developing a regulatory or policymaking framework requires a clear identification (or at least

evidence) of the mechanisms by which a market failure is created to justify and develop efficient

interventions that address the economic powers causing the failure (Allen and Gale 2007).

This is well-known in the literature that if there is no aggregate uncertainty, decentralization

of the banking system is efficient (Allen and Gale 2000, Gale et al. 2017, Freixas and Jorge 2008).

It is also constrained efficient with aggregate uncertainty if banks are connected in an appropriate

sense” (Diamond and Rajan 2005, Castiglionesi 2013, Allen and Gale 2017, Allen et al. 2020)

In particular this paper extends the modeling framework of the central planner’s economy to

incorporates both aggregate uncertainty and standard deposits contracts (incomplete market) in

her decision problem. This modeling framework provides us with a proper benchmark to compare

different market settings with the best theoretical alternative under the same economic assumptions.

As discussed earlier it turns out that the financial equilibrium of the banking system reduces to the

social planner’s allocation and therefore banking system should be constraint efficient. This means

that the illustrative examples of “financial contagion” in the literature36, if possible, are formed by

economic powers other than the decentralization functionality of the banking system.

Therefore, to address externalities like financial contagion and systemic risk, we need to extend

the existing theoretical frameworks to the extent that they can identify and use the microeconomic

foundation of such phenomena for guiding the regulatory and policymaking intervention capable of

internalizing the financial contagion.

Following our discussion on the basic theory of banking and financial intermediation, we begin

with section 3.1.1, formulating a simple economy in which consumers have no interactions (either

through markets or financial intermediary) and therefore optimize their consumption bundle in

isolation. Next, in section 3.1.2, we allow interaction between consumers through a liquidity market

at t1 and show how the Market allocation economy increases the consumers’ welfare compared

to Autarky, but not perfectly efficient due to the missing market at t0. We also generalize the

market allocation allowing for non-zero endowments at t1, and show how the liquidity pricing is

easily distorted in Market allocation, even without aggregate uncertainty. Finally, we show that

a liquidity market at t1 increases the expected utility of every consumer, both for classic market

allocation economy compared to Autarky economy and generalized market allocation economy

compared with generalized Autarky economy. In section 3.2, we replace the market at t1 with

a central social planner and show how it may optimally share risk through consumers with and

without aggregate uncertainty. In this section, the social planner with aggregate uncertainty is

limited to standard type deposit contracts with consumers to formalize an appropriate benchmark

36financial contagion only has been investigated as a financial possibility through illustrative examples of some
forms of the banking networks (e.g., ring shape networks) which are fragile under small shocks like excess liquidity
demand (Allen and Gale 2007) or asset price shocks Acemoglu et al. (2010) in the literature
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for evaluating the banking system’s efficiency. section 3.3 formalizes a banking system with standard

deposit contracts and an interbank deposit market at t0. We develop general equilibrium models

of the system with and without uncertainty and show that in both cases, the banking system is

capable of decentralizing the allocation and risk-sharing solution of the social planner under similar

conditions.

3.1.1 Autarky Economy

Consider an economy with three dates, t0 < t1 < t2, and the numeraire as a single consumption

good. Assume that consumers are identical agents with an increasing, strictly concave, and twice

continuously differentiable function u(.) and do not interact with each other at any date.

At t0 consumers have access to a market with two types of assets, liquid assets and illiquid

assets. Liquid assets retain their value through time and therefore if sold at either t1 or t2, pay

equal to their original value at t0. On the other hand, illiquid assets return R > 1 at t2, but if

sold (liquidated) prematurely at t1 return r < 1.There is no investment or trading opportunity at

t1 and therefore there is no difference if an agent consumes liquid assets at t1 or t2.

We assume that each consumer is limited to 1 unit of endowment.

Therefore, a consumer’s investment decision at t0 can be summarized by (x, y) as y and x

stand for investment on liquid assets and illiquid assets respectively where y + x = 1.

Let us introduce a notion of uncertainty regarding the liquidity needs of consumers at t1.

Suppose that the proportion of consumers that face urgent liquidity needs at t1 is known in advance

and denoted by 0 ≤ w ≤ 1. Therefore, there is no uncertainty about the aggregate liquidity needs

in this setting. However, suppose that each individual consumer does not know in advance if she

will be within the proportion of consumers with urgent liquidity need at t1 or not. Therefore, each

individual consumers have uncertainty about her liquidity need at t1, which can be formulated by

setting her probability of facing urgent liquidity need at t1 to w.

At t1 uncertainty resolves and each consumer learns if she has urgent liquidity needs at the

time or not. From know on we differentiate between consumers with liquidity needs at t1 referring

to them as early consumers whereas consumers who have no urgent liquidity needs at t1 are referred

as late consumers.

This means that in different realizations of the economy at t1, an individual consumer may have

different realizations about being early or late consumer, but the proportion of early consumers do

not depend on the realization of the economy and is known in advance. Later in Section 3.2.3, we

make a broader definition of uncertainty to incorporate the possibility of aggregate uncertainty in

our models, but for know this definition is enough.

Early consumers sell all their assets at t1 and each receives y+r(1−x), whereas late consumers
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wait for the higher rate of return, R, on illiquid assets at t2 and each receives y+Rx. Notice that,

since consumers have no interactions at any date, they cannot trade liquidity at t1. Therefore, late

consumers cannot lend or trade their unused liquid assets at t1 for illiquid assets of early consumers.

Therefore, each consumer’s expected consumption utility is UA(w) = wU(y+rx)+(1−w)U(y+

Rx).

With this setting we can formalize each consumer’s decision problem as she chooses an invest-

ment portfolio, (x, y), at t0 maximizing her expected consumption utility at t2:

PA : maximize
x, y ∈ R+

wU(y + rx) + (1− w)U(y +Rx)

subject to y + x = 1 (9)

Proposition 3.1 (optimal portfolios in Autarky) In an Autarky economy, the optimal invest-

ment portfolio of a consumer, (x∗, y∗), with a strictly increasing and concave utility function, u(.),

satisfies the following:

(i) 0 < x∗ ≤ 1 and 0 ≤ y∗ ≤ 1 ⇐⇒ wr + (1− w)R > 1

(ii) x∗ = 0, y∗ = 1 ⇐⇒ wr + (1− w)R ≤ 1

Proof: First, note that there exist an optimal solution for PA, since the problem’s objective

function, u(.), is continues over its compact feasible space. Also note that the left hand sides of

(i) and (ii) represent mutually exclusive and collectively exhaustive subsets of the set of optimal

solutions.

Let us form the Largangean function of PA as:

L(x, y, µ) = wU(y + rx) + (1− w)U(y +Rx) + µ(y + x− 1)

where µ is the Lagrange multiplier associated with (9) constraint.

For the forward direction of (i), we have x∗ > 0 and y∗ ≥ 0 and therefore, KKT conditions require:

∂L
∂y

= wrU ′(y + rx) + (1− w)RU ′(y +Rx) + µ ≤ 0 (10a)

∂L
∂x

= wU ′(y + rx) + (1− w)U ′(y +Rx) + µ = 0 (10b)
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if we subtract (10a) form (10b), we can derive:

U ′(y + rx)

U ′(y +Rx)
≤ (1− w)(R− 1)

w(1− r)
(11a)

We have R > r and thus for x∗ > 0 and y∗ ≥ 0 we have y + rx > y + Rx. Thus, we have we have
U ′(y+rx)
U ′(y+Rx) > 1. Since u(.) is strictly concave by definition. So, the right-hand side of (11a) is greater

than 1 and therefore we have:

(1− w)R+ wr > 1 (12)

For the forward direction of (ii), we have x∗ = 0 and y∗ = 1, and therefore, KKT conditions require:

∂L
∂y

= wrU ′(1) + (1− w)RU ′(1) + µ = 0 (13a)

∂L
∂x

= wU ′(1) + (1− w)U ′(1) + µ ≤ 0 (13b)

and therefore:

(1− w)R+ wr ≤ 1 (14)

For the reverse direction of (i), suppose not. Then, since x, y ∈ [0, 1], the only remaining solution

in the feasible space to be optimal is x = 0 and y = 1. This contradicts with the forward direction

of (ii).

For the reverse direction of (ii), suppose not. Then, since y + x = 1, we should have 0 < x∗ ≤ 1

and 0 ≤ y∗ ≤ 1. This contradicts with the forward direction of (ii). With this we have concluded

the proofs of both directions of (i) and (ii).

Corollary 3.2 In an Autarky economy, a risk averse consumer do not invest in illiquid assets

unless wr + (1− w)R > 1.

As follows I discuss the optimal investment decisions of a consumer in an Autarky economy

in different parametric settings to compare the outcome of Autarky economy with its alternatives

discussed in later sections. We can show that a consumer only starts investing in illiquid assets

if the expected return of illiquid asset outperform investment in liquid asset. This is consistent

with our intuition about how a risk averse investor decides about her portfolio. But later we show

that there are alternative economies that can provide risk sharing strategies that reduce the risk

exposures of consumers and therefore investment portfolios that violate eq x could be optimal and

therefore, consumers can gain higher welfare through higher expected returns on their investments

in alternative economies.
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These results are the extension of Allen and Gale (2001, 2004, 2000, 2007), Diamond and

Dybvig (1983), Allen and Gale (2017), but extends them to non-interior solutions of consumers and

therefore covers all possible scenarios in an Autarky economy.

3.1.2 Decentralized Financial Market

Similar to Autarky economy, we have three dates, t0 < t1 < t2, and the numeraire as a single

consumption good. Consumers are identical agents with an increasing, strictly concave, and twice

continuously differentiable utility function u(.). Again, at t0 each consumer is limited to 1 unit of

endowment and have access to a market with two type of assets, liquid assets and illiquid assets.

Liquid assets retain their value through time whereas illiquid assets return r < 1 if sold (liquidated)

prematurely at t1 or R > 1 if sold at t2. Therefore, a consumer’s investment decision at t0 can be

summarized by (x, y) as y and x stand for investment on liquid assets and illiquid assets respectively

where y + x = 1.

Contrary to Autarky economy where consumers had no interactions at t1, here consumers have

access to a financial market where they can trade illiquid assets for liquidity at t1. Notice that

we yet do not have any financial intermediary like a banking system. Also consumers do not have

access to any financial market at t0 where they could trade Arrow-like securities. Therefore, this

is an incomplete market and therefore the risk sharing equilibrium, is not efficient.

Similar to Autarky economy the only source of uncertainty comes from the liquidity needs of

consumers at t1. With a certain identical probability of 0 ≤ w ≤ 1, each consumer face liquidity

needs at t1 and has to liquidate all her assets for consumption. Otherwise, and thus with the

probability of 1 − w has no liquidity needs at t1, and can wait until t2 for higher rate of return

on her illiquid assets. Therefore, individual consumers have uncertainty about their consumption

needs but since for each consumer the probability of facing liquidity needs at t1 is identical and

known in advance there is no aggregate uncertainty.

As uncertainty resolves at t1, each consumer learns if she is an early consumer or a late

consumer. Late consumers do not need their liquid assets at the time whereas early consumers

cannot wait until t2 to sell their illiquid assets. Therefore, there exist both demand and supply

for liquidity. Early consumers trade their illiquid assets for liquidity if priced higher than the

liquidation rate of r. On the other hand, late consumers trade their liquidity for illiquid assets

if it is priced high enough to outperform the unit rate of return of liquid assets. More formally,

if we denote the equilibrium price of liquidity by p, early consumers trade their illiquid assets for

liquidity if p > r, whereas late consumers trade their liquidity for illiquid assets if R
p > 1. In

summery equilibrium price satisfies r ≤ p ≤ R. Note that, the equilibrium price of p for liquidity

is equivalent to the equilibrium price of 1
p for illiquid assets.
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Therefore, early consumers trade all of their illiquid assets for liquidity and each receives

c1 = y + px, whereas late consumers trade all of their liquidity for illiquid assets and each receives

c2 = R(yp + x)

Therefore, each consumer’s expected consumption utility is UM (w) = wU(c1)+(1−w)U(c2) =

wU(y + px) + (1− w)U(R(yp + x)).

With this setting we can formalize the competitive equilibrium problem where each consumer

chooses an investment portfolio, (x, y), at t0 maximizing her expected consumption utility at t2:

PM : maximize
x, y ∈ R+

wU(c1) + (1− w)U(c2) (15a)

subject to y + x = 1 (15b)

c1 = y + px (15c)

c2 = R(
y

p
+ x) (15d)

with the market clearing equation as:

(1− w)y = pwx (16)

This formulation was first introduced by Allen and Gale (2000) based on the theoretical work

of Diamond and Dybvig (1983). From now on, we refer to this equilibrium problem as the “classic

market allocation equilibrium”. Note that in the classic “market allocation equilibrium”, investment

portfolio of each consumer, (x∗, y∗) at t0, and the equilibrium price of long assets at t1 that solves

(15a), satisfy the following:

(i) x∗ = 1− w and y∗ = w

(ii) 0 < w < 1 =⇒ p∗ = 1

Recall that “Market allocation equilibrium” models, Allen and Gale (2000, 2007, 2017) assume

that consumers are limited to unit size of endowment at t0 and thus they do not endowed at t1

and t2. This results in equilibrium solutions at borders (w = 0 and w = 1) where there exist no

excess short or long assets at t1. For example, when we have w = 1, meaning that all consumers

are early consumers, they only invest in short assets and therefore at t1 no one holds any long

assets to trade and therefore the pricing is impossible. In other words, due to this assumption, we

expect the market to vanish at borders (w = 0 and w = 1) since there is no supply or demand

in such circumstances. With that the equilibrium pricing losses its meaning at borders. Later in

this section, we relax the assumption that consumers are restricted to a unit of endowment at t0
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and receive no endowment at t1. This not only makes it possible to understand the pricing and

market dynamics in borders, but also has implications for non-border circumstances. Therefore, let

us generalize the classic market allocation economy of Allen and Gale (2000) by introducing some

deterministic amount of endowments received by each consumer at t1. Formally, let us assume

that each consumer is endowed with an amount ϵ ≥ 0 endowment of short assets as well as long

assets at t1. Therefore, each consumer at t1 owns y + ϵ of short assets and x + ϵ of long assets.

The size of ϵ is known in advance and prior to consumers investment decisions at t0. Also, for the

sake of simplicity and symmetry, the size of long and short endowments are assumed to be equal

for each consumer. With extra endowments received by each consumer at t1, the early consumers

have some extra long assets to sell.

Similarly, the late consumers have extra liquidity to buy long assets. This creates a trading

opportunity at t1 even if all consumers have had invested their initial endowment in the same type

of asset at t0. Here we explicitly assume that there exists an outside market for trading long assets

for short assets where a consumer can sell a long asset at the liquidation rate of r or buy a long

asset at the return rate of R. This assumption is implicit in the classic model of Allen and Gale

(2000), as they assume r ≤ p ≤ R should hold in their formulations of the market allocation.

Therefore, we are not changing the market assumption in that regard. Similar to the initial market

allocation model, when uncertainty resolves at t1 early consumers trade all their long assets, x+ ϵ

for liquidity. We denote the amount of an early consumers long assets traded in the outside market

with xext. Therefore, early consumer’s earnings, c1 = y+ ϵ+ (x+ ϵ− xext)p+ xextr, is composed of

two parts. The first part, is her earnings from trading a portion of her assets with late consumers

at the equilibrium price, p, and the second part is her earnings from liquidating the remaining

portion, xext, in the outside market.

On the other hand, the amount of a late consumer’s short assets traded in the outside market

is denoted by yext. So the late consumer’s earnings, c2 = (y+ϵ−yext

p )R+(x+ ϵ)R+yext, is composed

of two parts. The first part is her earnings from trading a portion of her short assets with early

consumers at the equilibrium price, R
p , and the second part is her earnings from liquidating the

remaining portion, xext in the outside market.

It is easy to see that if in the equilibrium long asset price is higher than r, then an early

consumer would not liquidate any portion of her long assets at the outside market. As we will

show later, the equilibrium price would not go lower than the liquidation rate and therefore it may

seem unnecessary to have an outside market. However, since we have introduced new endowments

at t1, there are some equilibrium circumstances where all consumers are early consumers, w = 1,

and have only invested in short assets, x = 1, and therefore at t1, there is no demand for their

new endowments in long assets. With this, if we do not have an outside market formulated in our

model, the equilibrium price would be zero for long assets which is unrealistic. Similarly, there
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are some equilibrium circumstances where all consumers are late consumers, w = 0, and have only

invested in short assets, y = 1, and therefore at t1, there is no demand for their new endowments in

short assets. In this case, without an outside market the equilibrium price would be zero for short

assets which in unrealistic too.

Recall that in the classic models of Allen and Gale (2000) the type of equilibrium solutions

where there exist excess short or long assets at t1 are neglected due to the assumption of zero

endowment at t1. With this assumption, at borders (w = 0 and w = 1), the market vanishes at

t1 since there is no supply and demand and therefore, the equilibrium pricing losses its meaning.

For example, when we have w = 1, meaning that all consumers are early consumers, they only

invest in short assets and therefore at t1 no one holds any long assets to trade and therefore the

pricing is impossible. This setting generalizes the classic market allocation economy and classic

market equilibrium model of Allen and Gale (2000), as each consumer receives equal endowments

of short and long assets at t0. We denote the size of both endowments for each consumer by ϵ ≥ 0

and having that known in advance, each consumer chooses an investment portfolio, (x, y), at t0

maximizing her expected consumption utility at t2:

PGM
1 : maximize

x, y ∈ R+
wU(c1) + (1− w)U(c2) (17a)

subject to y + x = 1 (17b)

c1 = y + ϵ+ (x+ ϵ− xext)p+ xextr (17c)

c2 = (
y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext (17d)

with the market clearing equation as:

(1− w)(y + ϵ− yext) = pw(x+ ϵ− xext) (18)

This formulation yet does not introduce any aggregate uncertainty to the system. From now

on we refer to this economy set that allows equal endowments of long and short assets at t1 and its

equilibrium problem as “generalized market allocation economy” and “generalized market allocation

equilibrium” respectively.

Lemma 3.3 In generalized market allocation economy, in equilibrium if xext > 0 and yext > 0

either w = 0, p = R or w = 1, p = r.

Proof: Let us substitute c1 and c2 in the (17a) with (17c), and (17d), we can rewrite PGM
1 as:
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PGM
2 : maximize

x, y ∈ R+
wU(y + ϵ+ (x+ ϵ− xext)p+ xextr)

+ (1− w)U((
y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext)

subject to y + x = 1 (19)

Forming the Lagrangian function of PGM
2 as:

L(x, y, µ) = wU(y + px) + (1− w)U(R(
y

p
+ x)) + µ(y + x− 1) (20)

where µ is the Lagrange multiplier associated with (19) constraint we have the following first-order

conditions of the equilibrium problem:

∂L
∂x

= wpU ′(y + ϵ+ (x+ ϵ− xext)p+ xextr
)

+ (1− w)RU ′((y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext

) 
≤ 0 if x > 0

= 0 if x = 0

(21a)

∂L
∂y

= wU ′(y + ϵ+ (x+ ϵ− xext)p+ xextr
)

+ (1− w)(
R

p
)U ′((y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext

) 
≤ 0 if x > 0

= 0 if x = 0

(21b)

∂L
∂xext

= w(r − p)U ′(y + ϵ+ (x+ ϵ− xext)p+ xextr
) 

≤ 0 if xext > 0

= 0 if xext = 0

(21c)

∂L
∂yext

= (1− w)(1− R

p
)U ′((y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext

) 
≤ 0 if yext > 0

= 0 if yext = 0

(21d)

subtracting 21b from 21a we get:

w(p− 1)U ′(y + ϵ+ (x+ ϵ− xext)p+ xextr
)

+ (1− w)(R− R

p
)U ′((y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext

)


= 0 if x > 0, y > 0

≥ 0 if x = 1, y = 0

≤ 0 if x = 0, y = 1

(22)
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Therfore, if xext > 0, yext > 0, since U ′(.) > 0 by definition, (21c) and (21d) imply:

w(r − p) = 0, and (1− w)(1− R

p
) = 0

Since r < R by assumption, r − p and 1 − R
p cannot be zero in the same time. Therefore, either

w = 0, p = R or w = 1, p = r, which concludes the proof.

Intuitively, this lemma means that it is impossible to have both non-zero excess short assets

and excess long assets at t1, unless there is no short assets demand (w = 0) or the opposite, that

there is long asset demand(w = 1) at t1.

Corollary 3.4 If 0 < w < 1, then xext = 0 and/or yext = 0.

Proof: It is an immediate result of 3.3

Proposition 3.5 (Generalized market allocation) In generalized market allocation economy,

equilibrium investment portfolio of each consumer, (x∗, y∗) at t0 is given by:

x∗ = f((1− w) + ϵ(1− 2w)) (23a)

y∗ = f(w − ϵ(1− 2w)) (23b)

where f(z) =


z if 0 ≤ z ≤ 1

1 if z > 1

0 if z < 0

.

Proof: For ϵ = 0 the problem is reduced to the classic market allocation problem and thus we

refer the reader to Allen and Gale (2000) for the proof37. Therefore, here we only consider the

cases where ϵ > 0. Let us break up the proof to two parts. In part 1, we investigate the equilibrium

solutions at borders (w = 0 and w = 1) whereas in part 2 we verify the same results for 0 < w < 1.

part 1 : for w= 0, using (21d), we get:

(1− R

p
)U ′((y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext

)
= 0

and therefore, since U ′(.) > 0, we have p∗ = R. With that and since R > 1, the

left hand side of (22) would be (R − 1)U ′(.) which is strictly positive and implies

x∗ = 1, y∗ = 0.

37The investment decision of each consumer is given by x∗ = 1− w and y∗ = w if ϵ = 0.
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This proves the validity of (23) for w = 0 and ϵ > 0 as x∗ = f(1 + ϵ) = 1, y∗ =

f(−ϵ) = 0

for w= 1, using (21c), we get:

(r − p)U ′(y + ϵ+ (x+ ϵ− xext)p+ xextr
)
= 0

and therefore, since U ′(.) > 0, we have p∗ = r. With that and since r < 1, the

left hand side of (22) would be (r − 1)U ′(.) which is strictly negative and implies

x∗ = 0, y∗ = 1.

This proves the validity of (23) for w = 1 and ϵ > 0 as x∗ = f(−ϵ) = 0, y∗ =

f(1 + ϵ) = 1

part 2 : for 0 <w< 1, recall from 3.4 that have xext = 0 and/or yext = 0. therefore, if

0 < w < 1, there exist only 3 possible solution sets for the market allocation38. Ac-

cordingly, we separate this part to 3 subparts and show that the market allocation

is given by eq for all of these solution sets.

2.1 : for xext = 0, yext > 0 using (21d), we get:

(1− R

p
)U ′((y + ϵ− yext

p
)R+ (x+ ϵ)R+ yext

)
= 0

and therefore, since U ′(.) > 0, we have p∗ = R. With that and since R > 1,

the left hand side of (22) would be (R− 1)U ′(.) which is strictly positive and

implies x∗ = 1, y∗ = 0. Also, note that for x∗ = 1, y∗ = 0 and p∗ = R, (18)

leads to

p∗ =
(1− w)(ϵ− yext)

w(1 + ϵ)
= R

since R > 1, such equilibrium solutions require the parametric setting of the

market to satisfy:

(A) w < 1
1+R and ϵ > w

1−2w

This proves the validity of (23) since by (A) we have (1−w) + ϵ(1− 2w) ≥ 1

and w − ϵ(1− 2w) ≤ 0 which leads to x∗ = f((1− w) + ϵ(1− 2w)) = 1, y∗ =

f(w − ϵ(1− 2w)) = 0.

2.2 : for xext > 0, yext = 0, using (21c), we get:

(r − p)U ′(y + ϵ+ (x+ ϵ− xext)p+ xextr
)
= 0

38xext = 0, yext > 0 or xext > 0, yext = 0 or xext = 0, yext = 0.
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and therefore, since U ′(.) > 0, we have p∗ = r. With that and since r < 1,

the left hand side of (22) would be (r− 1)U ′(.) which is strictly negative and

implies x∗ = 0, y∗ = 1.

Moreover, note that for x∗ = 0, y∗ = 1 and p∗ = r, (18) leads to

p∗ =
(1− w)(1 + ϵ)

w(ϵ− xext)
= r

since r < 1, such equilibrium solutions require the parametric setting of the

market to satisfy:

(B) w > 1
1+r and ϵ > 1−w

2w−1

This proves the validity of (23) since by (B) we have (1−w) + ϵ(1− 2w) ≤ 0

and w − ϵ(1− 2w) ≥ 1 which leads to x∗ = f((1− w) + ϵ(1− 2w)) = 0, y∗ =

f(w − ϵ(1− 2w)) = 1.

2.3 : for xext = 0, yext = 0:

if p∗ = 1, then (18) reduces to

(1− w)(y + ϵ) = w(x+ ϵ)

and leads to:

x∗ = (1− w) + ϵ(1− 2w)

y∗ = w − ϵ(1− 2w)

however, note that since y + x = 1 and x, y ≥ 0, such equilibrium solutions

require the parametric setting of the market to satisfy one of the following:

(C1) w < 1
2 and 0 ≤ ϵ ≤ w

1−2w

(C2) w = 1
2 and 0 ≤ ϵ

(C3) w > 1
2 and 0 ≤ ϵ ≤ 1−w

2w−1

This proves the validity of (23) since by (C1),(C2) and (C2) we have 0 ≤
(1 − w) + ϵ(1 − 2w) ≤ 1 and 0 ≤ w − ϵ(1 − 2w) ≤ 1 which leads to x∗ =

f((1−w)+ϵ(1−2w)) = (1−w)+ϵ(1−2w), y∗ = f(w−ϵ(1−2w)) = w−ϵ(1−2w).

if p∗ < 1, then the left hand side of the (22) is strictly negative and therefore

x∗ = 0, y∗ = 1. Note that for p∗ < 1 with x∗ = 0, y∗ = 1 to be an equilibrium
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solution (18) requires

p∗ =
(1− w)(1 + ϵ)

wϵ
≤ 1

and thus the the parametric setting of the market should satisfy:

(D) w > 1
2 and ϵ ≥ w−1

1−2w

This proves the validity of (23) since by (D) we have 0 ≤ (1−w)+ϵ(1−2w) ≤ 1

and 0 ≤ w − ϵ(1 − 2w) ≤ 1 which leads to x∗ = f((1 − w) + ϵ(1 − 2w)) =

(1− w) + ϵ(1− 2w), y∗ = f(w − ϵ(1− 2w)) = w − ϵ(1− 2w).

if p∗ > 1, then the left hand side of the (22) is strictly positive and therefore

x∗ = 1, y∗ = 0. Note that for p∗ > 1 with x∗ = 1, y∗ = 0 to be an equilibrium

solution (18) requires

p∗ =
(1− w)ϵ

w(1 + ϵ)
≥ 1

and thus the the parametric setting of the market should satisfy:

(E) w > 1
2 and ϵ ≥ w−1

1−2w

This proves the validity of (23) since by (E) we have 0 ≤ (1−w)+ϵ(1−2w) ≤ 1

and 0 ≤ w − ϵ(1 − 2w) ≤ 1 which leads to x∗ = f((1 − w) + ϵ(1 − 2w)) =

(1− w) + ϵ(1− 2w), y∗ = f(w − ϵ(1− 2w)) = w − ϵ(1− 2w).

with this, we have concluded the proof of proposition 3.5.

The following figures summarize the proposition 3.5:

Corollary 3.6 (Generalized market allocation liquidity pricing) In the generalized market

allocation economy, the equilibrium liquidity pricing is given by:

p∗ =


min{1, (1−w)ϵ

(1+ϵ)w} if 0 ≤ w ≤ 1
2

max{1, (1−w)(1+ϵ)
ϵw } if 1

2 ≤ w ≤ 1

(24)

for ϵ > 0.

Proof: For 0 ≤ w ≤ 1
2 and ϵ ≤ w

1−2w we have (1−w)ϵ
(1+ϵ)w ≥ 1 and therefore by (24) we get p∗ = 1.

This result has been proven in proposition 3.5 (see part 1 and 2.3 in part 2).

For 0 ≤ w ≤ 1
2 and ϵ ≥ w

1−2w we have 0 ≤ (1−w)ϵ
(1+ϵ)w ≤ 1 and therefore by (24), we should have

p∗ = (1−w)ϵ
(1+ϵ)w . This result has been proven in proposition 3.5 (see part 1 and 2.1, 2.3 in part 2).
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For 1
2 ≤ w ≤ 1 and ϵ ≥ w−1

1−2w we have (1−w)(1+ϵ)
ϵw ≥ 1 and therefore by (24), we should have

p∗ = 1. This result has been proven in proposition 3.5 (see part 1 and 2.3 in part 2).

For 1
2 ≤ w ≤ 1 and ϵ ≤ w−1

1−2w we have (1−w)(1+ϵ)
ϵw ≤ 1 and therefore by (24), as proven in

proposition 3.5 (see part 1 and 2.2, 2.3 in part 2) we should have p∗ = (1−w)(1+ϵ)
ϵw ≤ 1.

This is well known in the literature that the classic market allocation economy is more efficient

than Autarky economy. Recall that for each consumer, the expected consumption utility when

there is no endowment at t1 in Autarky economy is UA(w) = wU(y + rx) + (1 − w)U(y + Rx),

whereas in classic market allocation it is UM (w) = wU(1)+(1−w)U(R). It is easy to see that since

y+x = 1 and r < 1 < R, we always have y+rx ≤ 1 and y+Rx ≤ R and therefore UA(w) ≤ UM (w)

with strict inequality if 0 < w < 1 and therefore the Market allocation economy is more efficient

than Autarky economy.

The same result holds for the generalized case introduced here where consumers may receive

non-zero endowments of the short and long assets at t1 or in other words ϵ > 0. Recall that the

expected consumption utility of UGM (w) = wU(y+ϵ+(x+ϵ−xext)p+xextr)+(1−w)U((y+ϵ−yext

p )R+

(x+ ϵ)R+ yext in Generalized market allocation economy, whereas in Autarky economy with non-

zero endowments, expected consumption utility of each consumer is UGA(w) = wU(y + ϵ + (x +

ϵ)r) + (1−w)U(y+ ϵ+ (x+ ϵ)R). Here again, Generalized market allocation is more efficient that

Autarky allocation since r < 1 < R and yext ≥ 0 and yext ≥ 0 leads to y + ϵ ≤ (y+ϵ−yext

p )R + yext

and (x+ ϵ)r ≤ x+ ϵ− xext)p+ xextr and therefore UGM (w) ≥ UGA(w) for any w ∈ W .
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3.2 Social Planner and Optimal Risk Sharing

Suppose that consumers do not have access to a liquidity market and instead a social planner

plays the intermediary role of collecting the endowments, making investment decisions, and finally

allocating the consumption profiles to early and late consumers at t1 and t2 respectively, maximizing

the aggregate social welfare. Such an economy is used as a theoretical benchmark to compare the

performance of more realistic alternative economies in terms of the aggregate social welfare. In this

section, we first briefly review Allen and Gale (2000)’s model of social planner’s allocation where it

is assumed that no aggregate uncertainty exists. Allen and Gale (2000)’s model is widely accepted

in the literature as a main benchmark to compare the performance of different market settings.In

the second part of this section, we introduce a generalized formulation of the planner’s allocation,

that allows aggregate uncertainty and formulates it in the social planner’s problem. We argue that

the generalized formulation is a better benchmark if comparing alternative market settings where

there exists aggregate uncertainty in the liquidity market. It is more informative as it controls

the effect of aggregate uncertainty and helps us to understand how well an alternative market

setting performs compared to a benchmark developed under the same assumption (and here, under

aggregate uncertainty.) Later in the section 3.3, we formulate the decentralized alternatives of

both benchmark economies introducing a banking system with an interbank deposit market and

compare their optimal allocations of consumption profiles to early and late consumers.
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3.2.1 Aggregate Uncertainty

The possibility of aggregate uncertainty means that not only we have uncertainty about the liquidity

need of individual consumers, but also there exists uncertainty about the aggregate liquidity need

of consumers too.

To be able to incorporate the possibility of aggregate uncertainty in our formulations properly, we

need to be more specific about the formal definition of uncertainty in the economy. Let us define

the aggregate proportion of early consumers as a state contingent variable, 0 ≤ w(s) ≤ 1, for any

s ∈ S, where S represents the space of all possible states. This is equivalent to defining 0 ≤ w ≤ 1,

as a random variable on the probability space, (S, Σ,P ), where Σ denotes all the collections of the

economic scenarios and P is the probability measure equipped with S. We use state contingent

and random variable definitions of uncertainty interchangeably. More specifically, the notation of

w is used referring to the random variable definition whereas the notation w(s); ∀s ∈ S is used

referring to the equivalent state contingent definition.

In this setting, the economies that have no aggregate uncertainty can be represented as if

w(s) = w for all s ∈ S as a certain scalar known at t0. In addition, as defined in 3.1.1 in an economy

without aggregate uncertainty, we can use the same notation of w to denote the probability of a

consumer facing liquidity need at t1 (being an early consumer). This is equivalent to assuming

that the binary random variables of individual consumers being an early consumer at t1 are equal

in distribution (see the definition of equality in distribution in Klenke (2008), Jacod and Protter

(2000)). Therefore, individual consumers have symmetric expectations of being an early consumer

at t1, even if different consumers have different probabilities of being an early consumer at the same

states39.

On the other hand, an economy with aggregate uncertainty can be represented as if there exist

sa, sb ∈ S where w(sa) ̸= w(sb), or equivalently if w is a random variable defined on the probability

space, (S, Σ,P ).

Therefore, under aggregate uncertainty, the planner’s investment in short and long assets at t0

leads to a state-contingent/stochastic consumption bundle offered by the social planner at t1 and

t2.

3.2.2 Planner’s Allocation without Aggregate Uncertainty

The economy has three times, t0 < t1 < t2, and the numeraire as a single consumption good.

Moreover, assume that consumers are identical agents who are limited to 1 unit of endowment at t0

and have a strictly increasing, strictly concave, and twice continuously differentiable utility function

39Under aggregate uncertainty, probability of a consumer to be an early consumer is a state contingent/random
variable and may be different from the state contingent proportion of early consumers at the same state.
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u(.). However, contrary to the Autarky and classic market allocation economies, consumers do not

have direct access to a market of short and long assets. Instead, a central social planner makes per

capita investment decisions in the long and short assets on behalf of consumers. The symmetric

setting of the economy lets us use the same utility function of individual consumers to formulate

the aggregate social welfare of the consumers as the social planner’s utility function. At t0 social

planner makes per capita investment decisions in long and short assets, denoted by (x, y) as y

and x stand for investment on short assets and long assets respectively where y + x = 1. We

also assume certain rates of return of short and long assets, denoted by 0 ≤ r < 1 and R > 1

respectively. Similar to the Autarky and classic market allocation economies, the only source of

uncertainty comes from the liquidity needs of consumers at t1. With a certain identical probability

of 0 ≤ w ≤ 1, each consumer face liquidity needs at t1. Therefore, with the probability of 1 − w

each consumer has no liquidity needs at t1, and can wait until t2. Therefore, individual consumers

have uncertainty about their consumption needs, but since for each consumer, the probability of

facing liquidity needs at t1 is identical and known in advance, there is no aggregate uncertainty.

As the uncertainty resolves at t1 each consumer learns if she is an early consumer or a late

consumer. Social planner allocates c1 unites of consumption to early consumers at t1. On the other

hand, since late consumers do not need liquidity at t2, social planner wait until t2 to use the higher

rate of returns of the long assets (R > 1) to be able to allocate a higher level of consumption to late

consumers, denoted by c2 at t2. With that, we can formalize the social planner’s aggregate welfare

utility function as USP = wU(c1) + (1 − w)U(c2) and thus the social planner’s decision problem

as:

PSP
1 : maximize

x, y ∈ R+
wU(c1) + (1− w)U(c2) (25a)

subject to y + x = 1 (25b)

y = wc1 (25c)

Rx = (1− w)c2 (25d)

Note that (25b) represents the social planner’s per capita investment in short and long assets at

t0. Since there is no aggregate uncertainty, then the optimal investment in short (liquid) assets

would be equal to the consumption allocated to early consumers, as denoted by (25c). Similarly,

as denoted by (25d), the optimal investment in long assets would be equal to the consumption

allocated to late consumers discounted by R.

It is easy to see that the equilibrium solution of the classic market allocation is a feasible

solution for the social planner too, however it may not be the social planner’s optimal solution. To
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see that, let us substitute x = (1−w)
R c2 and y = wc1 and rewrite PSP

1 as:

PSP
2 (w) : maximize

c1, c2 ∈ R+
wU(c1) + (1− w)U(c2) (26a)

subject to
(1− w)

R
c2 + wc1 = 1 (26b)

and form the Largangean function of PSP
2 (w) as:

L(c1, c2, λ) = wU(c1) + (1− w)U(c2)− λ(
(1− w)

R
c2 + wc1 − 1)

where λ is the Lagrange multiplier associated with (26b) constraint.

Then first-order optimality conditions require

∂L
∂c1

= w (U ′(c1)− λ)


≤ 0 if c1= 0

= 0 if c1> 0

(27a)

∂L
∂c2

= (1− w)(U ′(c2)− λ

R
)


≤ 0 if c2= 0

= 0 if c2> 0

(27b)

to hold for c1 > 0 and c2 > 0 and thus ∂L
∂c2

= 0 and ∂L
∂c1

= 0. This leads to U ′(c1) = λ and

U ′(c2) = λ
R and therefore we expect

U ′(c1)

U ′(c2)
= R > 1 (28)

to hold at the optimal solution of the social planner’s allocation. Now we can see that the optimal

solution to classic market allocation, c1 = 1 and c2 = R does not satisfy (28) for some utility

functions like U(c) = x − (1 − x)2 and therefore is not an optimal solution of the social planner’s

allocation problem.

3.2.3 Planner’s Allocation with Aggregate Uncertainty

So far, we have assumed that there is no aggregate uncertainty in the economy and compared the

efficiency of different allocations, including the benchmark (social planner’s) allocation under that

assumption. In this section, we extend the benchmark (social planner’s) allocation allowing for

aggregate uncertainty, to be the basis of the comparison of alternative allocation settings under ag-

gregate uncertainty. More specifically, in the following sections, we formulate the banking system’s

allocation with aggregate uncertainty and show that it can perfectly decentralize the benchmark’s

allocation. This is contrary to the widely accepted idea in the literature that the financial market’s
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fragility and possibility of contagion is an externality of decentralization of the financial market

under aggregate uncertainty.

Suppose that instead of a fully contingent consumption bundle, the social planner commits to a

certain per capita consumption of c1 to early consumers and a state-contingent payoff of c2(s) to late

consumers40 subject to c1 ≤ c2(s) for any s ∈ S. Of course, with this setting, social planner may

default on her commitment to allocate the fixed consumption of c1 to early consumers. Therefore,

the actual consumption allocated to early consumers is indeed state contingent.

Planner is solvent in a given state if she can fully payoff the committed c1 of consumption to

early consumers and also a state-contingent payoff of c2(s) to late consumers where c2(s) > c1 holds.

We assume that late consumers would behave like early consumers (in a sense similar to the bank-

run phenomena) as soon as the allocated consumption to late consumers equates or falls bellow the

consumption of the early consumers41. Therefore, the planner defaults in a given state if she can

not fully payoff the committed c1 to early consumers as well as c2(s) > c1 to late consumers. In such

circumstances, due to the bank-run-like behavior of consumers, the actual consumption allocated

to both early and late consumers is the per capita liquidation value of the planner’s investment at

t1 or formally y + rx.

The planner’s problem is to maximize the expected aggregate social welfare of the consumers

and therefore her investment decision may efficiently lead to her bankruptcy in certain states,

especially if the probability of the realization of those states are low enough. Therefore, despite the

fact that the consumption allocated by the planner to early consumers is supposed to be risk free

and independent from the state of the world at t1, the existence of aggregate uncertainty may lead

the optimal investment decision of the planner to be her bankruptcy in some states and therefore

the risk exposure of early consumers.

Under aggregate uncertainty, the planner’s committed early consumption profile, denoted by

c1 only realizes in circumstances that planner is not bankrupt. To capture the bankruptcy circum-

stances we need to introduce a state contingent variable, denoted by c1(s), that represents the actual

consumption profile allocated to early consumers including the planner’s bankruptcy circumstances

too. Note that c1(s) = y+ rx if planner is bankrupt in state s and otherwise c1(s) = c1. This helps

to internalize the risk exposures of the social planner and thus consumers through formulating the

possible bankruptcy scenarios of the planner into her decision problem: Accordingly, the social

planner’s decision problem solves42:

40To simplify the notation we use c1(s) and c1(s) interchangeably referring to state contingent consumption at t1
and similarly ct2(s) and c2(s) referring to state contingent consumption at t2.

41Thus insolvency and bankruptcy are the same in this setting as planner in both cases has to liquidate all of her
assets at t1 to payoff the consumers

42If we use the notation of c1 and c2 to refer to the random variable definition of the equivalent state contingent
variables, c1(s) and c2(s); ∀s ∈ S, respectively, the objective function can alternatively be formulated as: EP

[
wU(c1)+

(1− w)U(c2)
]
=

∑
s∈S P (s).

[
wU(c1(s) + (1− w)U(c2(s)

]
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P̂SP
2 : max

x,y∈R+

∑
s∈S

P (s).
[
wU(c1(s) + (1− w)U(c2(s)

]
(29a)

s.t. y + x = 1 (29b)

y + αsxr = wsc1(s) + yexc(s) ∀s ∈ S (29c)

yexc(s) +R(1− αs)x = (1− ws)c2(s) ∀s ∈ S (29d)

y + rx ≤ c1(s) ≤ c1 ∀s ∈ S (29e)

c1(s) ≤ c2(s) ≤ y + rx+M(c2(s)− c1(s)) ∀s ∈ S (29f)

0 ≤ αs ≤ 1, ∀s ∈ S (29g)

where for a given state, s ∈ S, αs is a decision variable that denotes the proportion of the long assets

liquidated early at t1 and yexc is a decision variable that denotes the excess liquidity transferred

from t1 to t2. (29b) is the planner’s budget constraint at t0 and (29c) and (29d) are the budget

constraint at t1 and t2 respectively.

The model formulates both types of the state-contingent (forward) decision problems of the

planner, either the planner investment profile of (x, y) at t0 in a given state, s ∈ S at t1 leads to

her being solvent or bankrupt.

If the planner is not bankrupt (c2(s) > c1(s)), then αs in (29c) is used to formulate the

circumstances where the investments in short assets, y is less than the liquidity needs of the early

consumers at state s and therefore the planner liquidates a portion (0 ≤ αs ≤ 1) of his long assets

at the rate of r to payoff the early consumers. yexc(s) is used in (29c) to capture the circumstances

where the investments in short assets, y, is more than the liquidity needs of the early consumers

at state s. Accordingly, the planner transfers the excess of the short assets, yexc(s) to the budget

constraint at t2 formulated by (29d) to determine the consumption profile of the late consumers.

It is easy to see that if we have a shortage of liquidity at t1 then yexc(s) = 0 and αs > 0,

where as If there is an excess liquidity at t1 then yexc(s) > 0 and αs = 0 and finally if the liquidity

demand and supply match exactly in a given state, then yexc(s) = 0 and αs = 0.

Moreover (29e) is used to determine the optimal and unique early consumption profile of c1

across all the states that the planner is solvent. Note that (29e) and the strict concavity of the

objective function,(29a), assure that if planner is not bankrupt, then c1(s) = c1 holds for the

optimal solution of P 3 43. If the planner is bankrupt (c2(s) = c1(s)), then (29f) and (29e), where

M is a arbitrary large number, assure that the consumption profile allocated to all consumers is the

per capita liquidation value of the planner’s investments at t1 or formally c1(s) = c2(s) = y + rx.

43social planner pays off the committed consumption profile allocated to early consumers, c1, if not bankrupt
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This is also consistent with the planners budget constraints at t1 and t2, since if c
1(s) = c2(s) =

y + rx holds then (29c) and (29d) lead to αs = 1 which captures the bank-run-like behavior of the

consumers under the planners bankruptcy.

3.3 Banking System and Decentralization

In this section, we consider the intermediary role of a banking system as a main provider of liquidity

insurance to consumers. We first briefly review the main modeling approach that adopts the theory

of banking developed by Bryant (1980) and Diamond and Dybvig (1983) for the analysis of liquidity

shocks and their implications for financial crises. As shown by Allen and Gale (2017), within that

framework, the optimal risk sharing of the social planner under no aggregate risk can be perfectly

decentralized by a banking system. However, as argued in Castiglionesi (2013) and Brusco and

Castiglionesi (2007), when one of the assumptions in the benchmark model is removed and therefore

the market has some imperfections, the banking system fails to achieve the social optimum which

justifies imposing some liquidity regulations.

Here we argue that liquidity regulations on the banking system could not be well justified (at

least from the theoretical point of view) unless their efficiency is compared with a benchmark under

the same assumptions. This is essential to have a clear microeconomic foundation of externality in

liquidity provision to justify and develop a regulatory framework. Therefore, we will formalize a

decentralized banking system in the second part of this section to compare it with a benchmark of

the social planner that we formalized in the previous section, whereas both have to deal with the

same market imperfection of aggregate uncertainty. As showed in section 3.2.3, under aggregate

uncertainty, it is quite possible to have an optimal social planner’s allocation that efficiently results

in her bankruptcy in some states and therefore exposure of the consumers to liquidity risk. In

the second part of this section, we show (see theorem 3.10) that, under aggregate uncertainty,

a competitive banking system with access to interbank deposit contracts would decentralize the

same equilibrium solution, and therefore do not expose the consumers to any risk more than what

a benchmark social planner’s solution would do.

3.3.1 Banking System’s Allocation Without Aggregate Risk

Suppose that a competitive banking system with access to interbank deposit contracts (or more

generally, the money market) plays an intermediary role in the liquidity market, as banks collect the

deposits of the consumers and invest them in short and long assets with certain rates of return. We

assume that there is no aggregate uncertainty about the liquidity needs of the consumers at t1, but

individual consumers are exposed to different liquidity uncertainties and therefore the banks are

supposed to provide liquidity insurance for individual consumers. Contrary to the social planner,
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individual banks may be exposed to liquidity uncertainties, if there is no interaction between them.

We see later that the set of interbank deposit contracts is indeed an efficient integration mechanism

that helps banks to perfectly share their exposures to uncertainty and risk and reproduce the same

consumption allocations of the social planner for their customers.

To formalize the economic setting, suppose that at t0 each consumer invests her single unit of

endowment in a deposit contract with one of the banks in the banking system. Deposit contract

of a bank at t0 is defined as a per capita payoff of c1 if the depositor withdraws at t1 or a per

capita payoff of c2 if the depositor waits until t2 for withdrawal. We assume that, at t0, each bank

makes decision about the per capita investments of the collected endowments in short and long

assets, denoted by (xi, yi) as yi and xi stand for investments of bank i ∈ N , for short assets and

long assets respectively. We also assume certain rates of return of short and long assets, denoted

by 0 ≤ r < 1 and R > 1 respectively. maximizes the aggregate expected welfare of its consumers at

t1 and t2 as it decides about (allocates) the contractual payoffs (consumption profiles) to early and

late consumers at t0 and t1, respectively. Note that due to the symmetric setting of the economy

at t0, the payoff contracts of the banks in equilibrium are identical and due to the strict concavity

of the utility function we have c2 > c1.

Even though there is no aggregate uncertainty in this economy, since each bank’s collection of

customers may have different liquidity needs in different states at t1, the liquidity needs of individual

banks are uncertain too. Recall the equivalent notations introduced to capture the uncertainty of

the liquidity needs of consumers in section 3.2.3. To keep the notation simple and also illustrate how

individual banks in this framework are treated as an aggregation of their customers (consumers),

we use similar notational definitions for individual banks’ here. With an abuse of notation, let us

denote the proportion of bank i’s consumers that are early consumer at a given state s ∈ S by

wi(s) where:

1

n

N∑
i=1

wi(s) = w(s) (30)

holds. Equivalently, we denote the state contingent liquidity needs of bank i ∈ N in a given state

s ∈ S by wi(s). Note that w(s) in (30) is the state contingent aggregate proportion of early

consumers in the economy.

At t1 uncertainties resolve and early consumers withdraw the payoff of c1 from their banks

whereas the late consumers wait until t2 to receive the higher payoff of c2. Allen and Gale (2000)

showed that if banks have access to an interbank deposit market, they can resolve these uncertainties

using bilateral deposit contracts and perfectly share their exposure to risk and indeed reproduce

the same consumption allocation of the social planner for their customers.

To illustrate the risk sharing mechanism of the bilateral deposit contacts and the functionality

of the interbank market in this economy, let us borrow an example from Allen and Gale (2000).
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Consider a banking system comprised of four banks indexed by N = {1, 2, 3, 4}. There are

two possible states, denoted by sa, sb, with equal probabilities of occurrence at t1 regarding the

liquidity needs of the individual banks’ customers (consumers) as summarized in Table 3. Let us

fix the state contingent liquidity needs of the banks to be either wi(s) = λH or wi(s) = λL, where

λH > λL. For example, if state sa realizes, wsa
1 = λH proportion of bank 1 customers face liquidity

need and withdraw their deposits at t1. Suppose that at t0 banks make equal bilateral deposits

Table 3: Banking system in an economy without aggregate uncertainty

state prob Bank1 Bank 2 Bank 3 Bank 4 Aggregate

sa
1
2 w1(sa) = λH w2(sa) = λL w3(sa) = λH w4(sa) = λL

λH+λL

2

sb
1
2 w1(sb) = λL w2(sb) = λH w3(sb) = λL w4(sb) = λH

λH+λL

2

in other banks and each bank’s aggregate deposit is λH+λL
2 . Note that due to the symmetry of

deposits, they do not not violate44 the budget constraints of the banks at t0. At t1 each bank with

high liquidity need of λH withdraws d1 of her deposits to be able to payoff her early consumers at

the rate of c1. This liquidity is supplied using the excess liquidity of the banks with low liquidity

need of λL at t1
45. Note that this transfer of liquidity at t1 creates a difference in the bilateral

deposit accounts of the banks and requires the banks that received d1 of liquidity from other banks

at t1 to payback them as much as d2 at t2. Note that since banks have identical endowments of

one unit as well as equal deposits in other banks with symmetric exposures to liquidity needs at

t1, they should offer identical consumption bundle at t0 in equilibrium. With that setting, we can

formalize the problem of each bank as:

max
x,y∈R+

1
2(λHU(c1) + (1− λH)U(c2)) + 1

2(λLU(c1) + (1− λL)U(c2)) (31a)

s.t. y + x = 1 (31b)

y − d1 = λLc
1 (31c)

Rx+ d2 = (1− λL)c
2 (31d)

y + d1 = λHc1 (31e)

Rx− d2 = (1− λH)c2 (31f)

where (31c) and (31e) formulate d1 of the aggregate deposit payoff at the rate of c1 withdrawn by

the banks with high liquidity need from the banks with low liquidity need at t1 in to the budget

constraints of the banks at t1. On the other hand, (31e) and (31f) formulate d2 of the aggregate

44since each bank deposits the same size of what it receive from other banks and therefore they cancel out each
other.

45a banks with low liquidity need after the payoff of to her early consumers at t1, has excess liquidity of y − λl

that can be used by the banks with high liquidity needs.
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deposit payoff at the rate of c2 paid by the banks with high liquidity need of λH to other banks

at t2 into the budget constraints of the banks at t2. Note that since at t0 the interbank deposits

are symmetric they cancel out each other and therefore there is no need to include them in the

formulation of budget constraint at t0 as represented by (31b). Note that if we subtract (31c) from

(31e), and similarly subtract (31d) from (31f), solving for d1 and d2 respectively we can see how

the liquidity transfers of d1 = (λH−λL
2 )c1 at t1 and their equivalent paybacks of d2 = (λH−λL

2 )c2

at t2 are using the bilateral deposit contracts of banks at t0 help banks to make sure that they do

have access to the liquidity they need at t1, no matter how much is the aggregate liquidity need of

their consumers. Therefore, the banking system is capable of perfectly sharing their exposure to

liquidity shocks and reproducing the consumption allocation of the social planner. To see that, let

us replace the four banks of the above example with a social planner and see how the consumption

bundle is allocated. Since the aggregate liquidity needed at t1 is
λH+λL

2 the social planners problem,

PSP
1 , would be:

max
x,y∈R+

(λH+λL
2 )U(c1) + (1− λH+λL

2 )U(c2) (32a)

s.t. y + x = 1 (32b)

y = (λH+λL
2 )c1 (32c)

Rx = (λH+λL
2 )c2 (32d)

which is equivalent to the decision problem of the individual banks46 and therefore has the same

optimal solution of the banking system’s equilibrium. For the general formulation of the banking

system under no aggregate uncertainty and a detailed discussion on how the banking system effi-

ciently decentralizes the social planners’ allocation, we refer the reader to Allen and Gale (2017,

2004, 2007).

3.3.2 Banking System’s Allocation Under Aggregate Risk

Here we extend the banking system’s allocation problem allowing for the aggregate uncertainty in

the economy. Suppose that a competitive banking system have access to a similar interbank deposit

market of the section 3.3.1 and plays the same intermediary role collecting consumers’ endowment

through deposit contracts and invest them in short and long assets. However, as we allow aggregate

uncertainty of the liquidity need of individual consumers, the dynamics of the interbank deposit

46Objective function of the banking system, (31) and the objective function of the social planner, (32a), are
identical. Moreover, the budget constraint of the banking system, (31b), is identical to the budget constraint of
the social planner, (32b). Adding the budget constraints of a bank at t1, (31c) and (31e), reduces to in the budget
constraint of the social planner at t1, (32c). Similarly adding the budget constraints of banking system at t2, (31c)
and (31e), results in the budget constraint of the social planner at t2, (32c). Therefore, the banking system’s problem
reduces to the social planner’s allocation problem
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market may require banks in some states to liquidate some or all of their long assets early at t0 to

satisfy their budget constraints. Moreover, the possibility of bankruptcy at some states should be

formulated in the bank’s decision problem in the general equilibrium formulation of the banking

system.

Suppose that at t0 bank i for all i ∈ N , makes decision about the per capita investment of the

collected endowments of her customers (consumers) in long and short assets, denoted by (xi, yi), as

well as how much it deposits in other banks, denoted by Dij ,∀j ∈ N . Without loss of generality,

we assume that
∑

j Dij =
∑

j Dji and therefore the budget constraint at t0 is:

xi + yi = 1, ∀i ∈ N (33)

Moreover, bank i commits to a certain per capita consumption of c1i to her early consumers and a

state-contingent payoff of c2i (s) to her late consumers. However, since under aggregate uncertainty

there is a possibility of bank i’s bankruptcy in certain states, the face value of the deposit contract

for bank i’s early customers, c1i , only realizes if bank i is solvent. Therefore, the actual allocated

consumption for early consumers of bank i is not independent from the state of the world at t1.

To capture this in our formulation that incorporates the possibility of insolvency in each banks

decision problem, we define c1i (s) as a state contingent contract47 for the early consumers of the

bank i. Later we discuss how the state contingent rate of c1i (s) relates to the fixed rate of c1i .

Here we use the same definition and notation of previous sections for the rates of return of

short assets, 0 ≤ r < 1, and long assets, R > 1.

At t1, when the uncertainty resolves, bank i learns about the proportion of her early customers

as well as how much other banks withdraw from their deposits in bank i and therefore how much

liquidity in aggregate she needs to payoff her obligations at t1. .

On the other hand, her resources of funding for the payoff at t1 are (a) bank i’s short assets

yi, (b) the deposits she has in other banks Dij for all j ̸= i ∈ N and finally (c) her long assets, xi

to be liquidated at the low rate of r < 1, if there is no other available source of liquidity. Then each

bank’s decision on how these resources should be used to pay off her early consumers and other

banks at t1 can be summarized as:

• How much of the bank’s short (liquid) assets should be used and if any excess liquidity remains

to be transferred to t2. Thus, we can formulate the liquid assets that bank i uses to pay off

her early consumers by yi − yexci , where yexci ≥ 0 denotes the excess liquidity transferred to

t2.

• How much of the bank’s deposits should be withdrawn from other banks. Thus we can

47This is not an Arrow-like state contingent contract and do not imply complete market allocation.
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formulate the aggregate of withdrawn deposits of bank i from other banks by
∑

j ̸=i P
s
jic

2
j (s),

where Pji denotes how much bank i withdraws from her deposits in bank j, at the rate of

c2j (s) for all j ∈ N, j ̸= i. Therefore,

Pji(s) ≤ Dij (34)

should hold.

• How much of the bank i’s long assets should be liquidated at the rate of r < 1. If we denote

the proportion of bank i’s long assets liquidated at t1 by 0 ≤ αi ≤ 1, then αs
ixir is how much

of the bank i’s payment at t1 is made using the long asset liquidations.

Note that if the excess liquidity, yexci is non-zero, then there should be no need to use expensive

liquidation of long assets to payoff early consumers and therefore we have α = 0. On the other

hand, if the bank liquidates some of her long assets (meaning that α > 0 at the low rate of r < 1,

then there should have remained no liquid assets to be used (meaning that α = 0.)

Then if at the given state of s ∈ S at t1, she has enough resources to payoff all of her obligations

at t1 at the fix rate of c1i and also to payoff her late consumers and the remaining deposits of the

other banks at the state contingent rate of c2i (s), where c2i (s) > c1i , then bank i is solvent. Let us

denote the states that bank i is solvent at as S̄i ⊆ S.

Then, for all state s ∈ S̄i, we can represent bank i’s budget constraints at t1 as:

yi − yexci (s) + αs
ixir +

∑
j ̸=i

P s
jic

1
j (s) (35)

= ws
i c

1
i +

∑
j ̸=i

P s
ijc

1
i

With that, it is easy to see how the budget constraints of bank i at t2 at the states that she is

solvent:

yexci (s) +R(1− αs
i )xi +

∑
j ̸=i

(Dij − P s
ji)c

2
j (s) (36)

= (1− ws
i )c

2
i (s) +

∑
j ̸=i

(Dji − P s
ij)c

2
i (s)

On the other hand, the bank i defaults48 in a state s ∈ S/S̄i if she can not fully payoff the committed

48since late consumers would behave like early consumers (in a sense similar to the bank-run phenomena) as soon as
the allocated consumption to late consumers equates or falls bellow the allocated consumption of the early consumers,
thus insolvency and bankruptcy are the same in this setting since in both cases all of the bank’s assets are liquidated
at t1 to payoff the consumers

49



c1i to her early depositors as well as c2i (s) > c1i to the late depositors. In such circumstances, due

to the bank-run-like behavior of consumers and following the limited liability rule, the actual

consumption allocated to both early and late consumers by bank i is the per capita liquidation

value of the bank’s investments at t1 or formally yi + rxi.

This shows how the actual early consumption profile offered by a bank depends on the realized

state (then early consumption is state contingent, but not like Arrow securities (see ??) as:

c1i (s) =


y + rx bank i is bankrupt

c1i otherwise

∀i ∈ N, ∀s ∈ S (37)

To assure that the state contingency of (37) is incorporated in the budget constraints and

therefore decision problems of the banks, the following, as we refer to them bankruptcy constraints

c1i (s) ≤ c2i (s) ≤ y + rx+ (c2i (s)− c1i (s))M (38)

y + rx ≤ c1i (s) ≤ c1i (39)

should hold, where M is an arbitrary large number. Bankruptcy constraints assure that if bank i is

not bankrupt and thus c2i (s)−c1i (s) > 0, then c2i (s) ≤ y+rx+(c2i (s)−c1i (s))M and since the utility

functions are strictly increasing it yields to c1i (s) ≤ c1i . Otherwise, 38 reduces to c1i (s) = c2i (s) =

y+rx which captures the bank-run-like behavior of the consumers under bankruptcy circumstances.

With this, we can formulate the budget constraints of the banks for all possible states in s at t1

replacing c1i (s) with c̄1i in 35 which yields to:

yi − yexci (s) + αs
ixir +

∑
j ̸=i

P s
jic

1
j (s) (40)

= ws
i c

1
i (s) +

∑
j ̸=i

P s
ijc

1
i (s)

With that, each bank’s decision problem can be formulated as maximizing the expected aggregate

social welfare49of her customers or formally

maximize
xi,yi∈R+

∑
s∈S

P (s).
[
ws
iU(c1i (s)) + (1− ws

i )U(c2i (s))] (41a)

subject to the bank’s budget constraints at t0, t1 and t2, formulated by (33),40 and (36) respec-

49If the notation of the random variable definition of the equivalent state contingent variables is used, the expected
social welfare can be formulated in a more concise setting as EP

[
wiU(c1i ) + (1− wi)U(c2i )

]
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tively, deposit withdrawal constraints, formulated by (34) and finally the bankruptcy constraints,

formulated by (38) where for any given state, s ∈ S, αs
i is a decision variable that denotes the

proportion of the long assets liquidated early at t1 and yexci (s) is a decision variable that denotes

the excess liquidity transferred by bank i from t1 to t2.

Note that as mentioned earlier, since the bank’s utility functions are strictly increasing by

assumption, then if a bank has a liquidity shortage at t1 then yexci (s) = 0 and αs
i > 0, where as if

there is an excess liquidity at t1 then yexci (s) > 0 and αs
i = 0. Finally, if the liquidity demand and

supply match exactly in a given state, then yexci (s) = 0 and αs
i = 0.

Remark 3 Since all banks have distributionally equal exposure to liquidity demand ex ante at t0,

the symmetry of the economy suggests that the bank’s per capita investment decisions as well as

their cross-holding interbank deposits are equal. In other words, xi = xj , yi = yj and Dij = Dji for

all i, j ∈ N, i ̸= j. Therefore, from know on, we set xi = x, yi = y and Dij = D.

Next, we show that with this setting, in any given state s ∈ S realized at t1 either all banks are

solvent, or all are bankrupt.

Lemma 3.7 (All or No Bankruptcy) In the banking system’s equilibrium, in any given state

s ∈ S realized at t1 either all banks are solvent, or all are bankrupt.

Proof: Let us denote the set of banks that go bankrupt in the given state of s ∈ S by NBKT ⊆ N .

We need to show that if there is a bankrupt bank at a given state s ∈ S, then all other banks

are bankrupt too.

Suppose it is not, then if there exists a bank i ∈ N that is bankrupt at state s ∈ S, then there

should exist a bank j′ ∈ N ; j′ ̸= i that is not bankrupt. Therefore, for bank i we have c1i (s) < c1

whereas for bank j′ we have c1j′(s) = c1 and thus:

c1i (s) < c1j′(s) (42)

Since bank i is bankrupt, then due to the lack of liquidity, it would liquidate all of its long

assets and withdraw all of its deposits from other banks. On the other hand, the bankruptcy of

bank i makes all of her depositors (all early and late consumers and other banks) to run and taking

some loss withdraw their proportion of the bank i’s liquidated assets at t1.

Therefore, the bankruptcy of bank i s ∈ S, implies that P s
ij = P s

ji = D for all j ∈ N and

αs
i = 1 should hold and then bank i’s budget constraints at t1 and t2 yield to

y + xr +
∑
j ̸=i

Dc1j (s) = (1 +D)c1i (s) (43)
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and having c1i (s) < c1 we have

y + xr +
∑
j ̸=i

Dc1j (s) < (1 +D)c1 (44)

Note that, since bank i is bankrupt we have yexci (s) = 0, αi(s) = 1. On the other hand, bank j′ is

not bankrupt, but yet may be be solvent, (meaning yexcj′ > 0 and αi(s) = 0, or insolvent, (meaning

yexcj′ = 0 and 0 < αi(s) < 1), at the given state s. Thus, for bank j′ we have 0 ≤ αi(s) < 1. Thus,

the following first-order condition should hold:

∂Ls
j′

∂αs
j′

= µ1
j′(s)rx− µ2

j′(s)Rx ≥ 0 (45)

and therefore, we have:
µ2
j′(s)

µ1
j′(s)

≤ r

R
(46)

where Ls
j′ is the Lagrangian function of bank j′’s problem at the given state of s and µ1

j′(s) and

µ2
j′(s) are the Lagrangian multipliers associated with the bank’s budget constraints at t1 and t2

respectively.

In addition, since we have P s
ij′ = D > 0 the following first-order conditions should hold:

∂Ls
j′

∂P s
ij′

= µ1
j′(s)c

1
i (s)− µ2

j′(s)c
2
i (s) + µP

j′i(s) = 0 (47)

where µP
j′i(s) ≥ 0 is the Lagrangian multipliers associated with the deposit withdrawal constraints,

(34).

Also given that bank i is bankrupt we have c1i (s) = c2i (s) < c1. Then if we substitute c1i (s)

with c2i (s) in (47) we obtain µ1
j′(s) < µ2

j′(s) which contradicts50 with (45), which concludes our

proof.

Corollary 3.8 (Early Consumption Allocation in Equilibrium) In the banking system’s equi-

librium, all bank’s state contingent early consumption allocations are equal or formally:

c1i (s) = c1j (s) ∀i, j ∈ N, s ∈ S (48)

Proof: By symmetry of the economy at t0, it is easy to see the equality of early consumption

allocation of bank in their solvency states, c̄1i = c̄1j∀i, j ∈ N . Thus we set c̄1 = c̄1i , ∀i ∈ N to denote

the general per capita early consumption profile offered by a solvent bank at t1 in the banking

50Recall that r < 1 < R
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system. On the other hand, as shown by lemma 3.7, if there is a bankrupt bank in a given state

then all other banks are also bankrupt and therefore we have c1i (s) = c2i (s) for all i ∈ N , and

Pij = D, for all i, j ∈ N . Then if for each bank we add the budget constraint at t1 and t2, we get:

y + xr = c1i (s) +D
∑
j ̸=i

(c1i (s)− c1j (s));

= c1i (s) +D(n− 1)c1i (s)−D
∑
j ̸=i

c1j (s);

= (nD + 1)c1i (s)−D
∑
j

c1j (s); ∀i ∈ N (49)

Then if we sum both sides of (49) over all i ∈ N and solve for y + xr we obtain:

y + xr =

∑
i c

1
i (s)

n
(50)

Then substituting
∑

j c
1
j (s) with n(y + xr) in (49) we get:

y + xr +Dn(y + xr) = c1i (s)(nD + 1) ∀i ∈ N (51)

and solving for c1i (s) we get:

c1i (s) = c1j (s) = y + rx, ∀i, j ∈ N (52)

which concludes the proof.

Corollary 3.9 (Late Consumption Allocation in Equilibrium) In the banking system’s equi-

librium, all bank’s state contingent late consumption allocations are equal or formally:

c2i (s) = c2j (s) ∀i, j ∈ N, s ∈ S (53)

Proof: By lemma 3.7, if there is a bankrupt bank in a given state then all other banks are also

bankrupt and therefore we have c1i (s) = c2i (s) for all i ∈ N . Then, using corollary 3.8, we have

c2i (s) = c2j (s), ∀i, j ∈ N, s ∈ SBNKT .

Then we just need to show that corollary 3.9, also holds for the states that all banks are not

bankrupt. Since there is no bankrupt bank in a given state s ∈ SBNKT , we have Pij < D and

thus µP
ij = 0 for all i, j ∈ N , where µP

ij are the Lagrangian multipliers associated with the deposit

withdrawal constraints. Thus, without loss of generality, assuming51, that Pij > 0, for all i, j ∈ N ,

51assume not, then we can replace the equilibrium solution by an equivalent solution by only changing D to D+ ϵ
and Pij , ∀i, j ∈ N to Pij + ϵ,∀i, j ∈ N , where ϵ > 0 is an arbitrary positive constant. It is easy to see that the new
solution is equivalent to the initial one assuring that all deposit withdrawals at t1 are strictly positive.
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the following first-order conditions

∂Ls
j

∂P s
ij

= µ1
j (s)c

1(s)− µ2
j (s)c

2
i (s) = 0 ∀i, j ∈ N, s ∈ SBNKT (54)

should hold. Then for all ∀i, j, k ∈ N ; i ̸= j ̸= k for all s ∈ SBNKT

µ1
i (s)c

1(s) = µ2
i (s)c

2
j (s) (55)

µ1
j (s)c

1(s) = µ2
j (s)c

2
i (s) (56)

µ1
k(s)c

1(s) = µ2
k(s)c

2
i (s) (57)

thus
µ1
i

µ2
i

(s) =
µ1
j

µ2
j

(s) =
µ1
k

µ2
k

(s) (58)

and finally

c2i (s) = c2j (s) = c2k(s) (59)

holds which concludes the proof.

Then we can rewrite the general equilibrium problem of the banking system as:

PB : max
x,y∈R+

EP

[
wiU(c1i ) + (1− wi)U(c2i )

]
, (60a)

s.t. y + αs
ixr = (ws

i +
∑
j ̸=i

(P s
ij − P s

ji))c
1(s) + yexci (s) (60b)

yexci (s) +R(1− αs
i )x = (1− ws

i )c
2(s) +

∑
j ̸=i

(P s
ji − P s

ij)c
2(s) (60c)

Theorem 3.10 (Decentralization of the Social Optimum Allocation) Banking system’s con-

sumption allocations under standard deposit contracts and aggregate uncertainty decentralize the

social optimum allocation under the same assumptions.

Proof: Due to the symmetry of the general equilibrium problem of the banking system, the

competitive equilibrium solution is given by the equivalent problem, where the Bergson-Samuelson

function of the equally weighted average of an individual bank’s utility function52

∑
i∈N

EP

[
wiU(c1) + (1− wi)U(c2)] (62)

52From here on to simplify the notation we switch to the random variable definition of the equivalent state contingent
variables in our formulations. Then for (61) we have:∑

i∈N

EP

[
wiU(c1) + (1− wi)U(c2)] =

∑
i∈N

∑
s∈S

P (s).
[
ws

iU(c1i (s)) + (1− ws
i )U(c2i (s))] (61)
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is maximized over the banking system constraints and the clearance functions. Since 1
n

∑
iw

s
i =

ws,∀s ∈ S and therefore 1
n

∑
iwi = w (see (30)), we can rewrite (61) as

∑
i∈N

EP

[
wiU(c1) + (1− wi)U(c2)

]
=EP

[
(
∑
i

wi)U(c1) + (n− (
∑
i

wi))U(c2)
]

(63)

=nEP

[
(wU(c1) + (1− w)U(c2)

]
(64)

Then, since n is a constant scalar, we can drop it from the objective function’s formulation and

formulate the general equilibrium problem of the banking system by:

P̂B : max
x,y∈R+

∑
i∈N

EP

[
(wU(c1) + (1− w)U(c2)

]
, (65a)

s.t.

x+ y = 1; (65b)

y + αs
ixr = [ws

i +
∑
j ̸=i

(P s
ij − P s

ji)]c
1(s) + yexci (s); ∀i ∈ N (65c)

yexci (s) + (1− αs
i )xR = [1− ws

i +
∑
j ̸=i

(P s
ji − P s

ij)]c
2(s); ∀i ∈ N (65d)

Now suppose that we add a new set of constraints, ws
i +
∑

j ̸=i(P
s
ij−P s

ji) = ws; and yexci (s) = yexc(s)

and αs
i = α(s) for all i ∈ N , to P̂B. It is easy to see that with the newly added constraints holding,

then we can drop the indexing of the banks and P̂B reduces to:

P̂B
cons : max

x,y∈R+

∑
i∈N

EP

[
(wU(c1) + (1− w)U(c2)

]
, (66a)

s.t.

x+ y = 1; (66b)

y + αsxr = wsc1(s) + yexci (s); (66c)

yexc(s) + (1− αs
i )xR = [1− ws]c2(s); (66d)

which is indeed equivalent to the social planner’s optimization problem, PSP
1 . On the other hand,

since P̂B
cons is generated by adding new constraints to P̂B, then its optimal solution can not be

better than the optimal solution of the banking systems problem, P̂B. Then, the social planner’s

optimal solution not only is a feasible solution for the banking system’s equilibrium, but indeed is

the (pareto optimal) walrasian equilibrium of the banking system, which concludes our proof.

To sum up, in this section we shows that under aggregate uncertainty and standard deposit

contracts, the financial system formed in equilibrium is indeed a decentralization of the social plan-

ner’s allocation under the same conditions of aggregate uncertainty and standard deposit contracts.
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Thus, it is constrained efficient. In other words, if market imperfections are limited to standard

(incomplete) deposit contracts under aggregate uncertainty, circumstances associated to systemic

risk phenomena would not emerge in equilibrium. Therefore, if possible, such circumstances may

result from some foundational dynamics in the banking system that are not formulated in the classic

banking theories or even originate from market imperfections beyond standard deposit contracts

and aggregate uncertainty.

4 Modeling and Measuring Systemic Risk

In this section, we develop a mathematical formulation of financial systems which models an inter-

bank network in the context of the real economy, measuring and optimizing systemic risk through

a dynamic parameter setting mechanism. The initial mathematical model is built as a basis for the

design of the regulatory framework. Then we propose to extend the initial model to a(n) decision-

making/optimization model which directly sets the systemic parameters like leverage limits/reserve

ratios as the control variables of the systemic risk. The proposed optimization model exploits the

systemic structure of the contractual dependencies of the financial institutions, embedded in the ini-

tial model along with the banks’ interest to maximize their shares of the financial market/leverage

limits. Based on some theorems in convex analysis, we will show that such a model always has a

unique solution.

4.1 Economic Framework and Regulatory System

We start with setting a baseline economy that contains the banking system as a subsystem of the

real economy. Consider an economy with two dates t0 < t1 and three sets of agents, a representative

household, a heterogeneous set of commercial banks/financial institutions, and a central bank53.

Assume that at date t0, there are a heterogeneous set of potential projects with state-contingent

return rates at date t1. There is a market at date t0, in which the representative household and

banks make investments in the potential projects maximizing their expected wealth at date t1.

We limit the representative household’s use of its endowment to investments in the (equity)

of the potential projects and/or depositing in the banking system. On the other hand, banks are

limited to using their endowments and the deposits they receive from the representative household

and/or other banks to issue debt contracts for other banks or/and issue loans funding the potential

projects. In other words, households only may deposit their endowments in the banking system

and/or invest in the equity of the potential projects. Banks, however, may invest in the interbank

deposit market and/or in the loans issued for funding the potential projects. We refer to loans

53We refer to the central bank, the regulator, and the policy-maker interchangeably).
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issued for funding the potential projects as consumer loans. Both banks and consumer loan holders

are protected under the limited liability provision of the bankruptcy law and thus are subject to

the regulatory requirements set by the central bank.

Given the state-contingent return rates of potential projects (consumer loans), exogenous en-

dowments, and the regulatory and legal requirements and limits, all transactions, including de-

positions, equity investments, and debt contracts, occur simultaneously at date t0 and before the

uncertainty is resolved at t1. Thus, the equilibrium allocations at t0, endogenously determine not

only the size of the transactions (depositions, equity investments, and debt contracts) but also

the nominal return rates of the debt contracts/loans, which create a state-contingent system of

obligations at t0.

The aforementioned economy is the basis of the parametric dynamics that appear in the

financial system we define in section4.3. In other words, we assume that the contractual linkages

in the financial system are equilibrium objects that are formed under uncertainty and based on

the market participants’ profit maximization and risk aversion profiles, which in turn govern their

borrowing, lending, and investment incentives.

4.2 System-level Adaptive Capacity of the Banking System

Individual banks’ decision-making process, reflected in the proportional investment of each bank’s

available funding in different assets, forms the asset side of the individual bank’s balance sheet.

On the other hand, the liability side of each bank’s balance sheet is formed by the proportional

investments of other banks as well as the deposits of the households.54

Thus, the structure of the banking system is formed by a system of interconnected investment

decisions realized in the form of interconnected balance sheets of the banking system. Presenting the

banking system’s observed structure as a realization of a system of interactive decisions provides a

basis to create a tractable adaptive capacity in the banking system that could be used as a normative

interaction channel with the banking system. In other words, considering the investment decisions

of individual banks as the building blocks of the realized structure of the banking system presents

a framework to design a system-level tractable adaptive capacity that could be used in a normative

way and as a basis of a regulatory framework on systemic risk. The challenge, although, is to

design an interaction mechanism that creates an analytically tractable adaptive capacity for such

a complex decision system without explicitly modeling the hidden parts of the system.

In the following sections, we discuss our approach to develop such a mechanism and thus

the normative capacity we need for a reliable system-level regulatory framework. Before that, we

54In other words, the balance sheet of each individual bank is formed by an asset side: the bank’s investments in
the real economy and the banking system, and on the other hand, the liability side: investments of households and
the banking system in the bank.
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briefly discuss why the structure of the existing regulatory frameworks are incapable of creating a

system-level adaptive capacity in the banking system that could for normative interactions with the

banking system. Then we define two regulatory rules, leverage allowance and reserve requirements,

to be used as the main components of the interaction mechanism of our proposed regulatory system.

We compare the formulation of these rules with the traditional rules and briefly discuss why they

provide a reliable basis for creating the adaptive capacity we need to design a normative framework.

In particular, we explain how the idea behind their definition takes advantage of the structure of

the banking balance sheets as a system of decisions to create a system-level adaptive capacity.

4.2.1 Regulatory Requirements as a Normative Interaction Mechanism

As discussed earlier in section 2, capital and leverage requirements are the main regulatory tools

that are used by central banks to address systemic risk in financial markets. Capital requirements,

however, initially were meant to mitigate the default risk of the individual banks due to credit risk

exposures. Leverage requirements were developed more recently aimed to complement the capital

requirements, protecting individual banks against liquidity risk exposures. Although the leverage

requirements formulations follow the same rationale of the capital requirements and thus aim to

mitigate the default risk of the individual banks. The difference is that the leverage requirements

are aimed at liquidity shock rather than credit defaults.

In the latest regulatory standards, like Basel III, it is assumed that these individual-level pro-

tections on larger scales lead to more stability of the banking system and thus prevent systemic

risk and collapse of the financial system. These frameworks do not go any further on how the indi-

vidual level protections escalate in a way that captures the system-level dynamics55. Formulations

for capital and leverage requirements vary in different frameworks; however, their generic structure

aims to ensure that the size of safe assets (liabilities) proportional to the size of risky liabilities

(risky assets) is larger than a threshold set by the regulator. The difference lies in how riskiness is

weighted.

Despite the intuitive appeal, as we showed in section 2 , the interactions of these regulations

result in confliction of their aimed purposes and, as shown in section 3, this may even cause system-

level instability in financial markets with undesirable consequences for all market stakeholders.

Therefore, in this section, we develop a modeling approach that can be used to leverage the adaptive

characteristics of individual banks to interact with the system-level dynamics of the system in a

normative way. Before getting to the details of our framework, let us discuss the idea behind its

setting.

Let us define the leverage allowance of a bank as a regulatory requirement that limits the max-

55For more details on the formal definitions of capital and leverage requirements based on the Basel III framework,
see section 2, Section 1.
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imum size of a bank’s investment in risky assets to a level determined by the regulator. Any other

type of assets that are considered risk-free would be referred to the bank’s reserve. Furthermore,

let us define the reserve requirement of a bank as a regulatory measure that requires a bank to hold

a minimum size of reserves (safe assets), determined by the regulator. Note that the formulation

of the leverage allowance and reserve requirements are not in the ratio format; however, we can

transform these requirements for each individual bank to their equivalent definitions in traditional

regulatory rules56.

Note that leverage allowance and reserve requirements only regulate the asset side of the banks’

balance sheet. We do not define any requirements that directly regulate the liability side of the

balance sheet, however, as we see in the next sections, the liability side of a given bank’s balance

sheet is formed under the collective regulation of the asset sides of other banks investments in the

given bank.

4.3 Parametric Modeling of a Financial System

Consider the set of n commercial banks regulated by the central bank in the economy defined

in section 4.1. We refer to this set of banks, the deposits they receive, the reserves57 they hold,

their obligations to each other58 , and finally their investments in the consumer loan market59, a

“state-contingent financial system”. We assume that an state-contingent financial system is a part

of the market equilibrium, formed at the initial state of the economy at t0.

At t0, each bank is limited by the central bank to a certain nonnegative level investment in risky

assets (leverage allowance), represented for the bank i by Li, and for the financial system by the

vector L. Each bank uses its assigned leverage allowance to fund the bank’s both interbank loans

portfolio and consumer loans portfolio, which are refereed here respectively as “inter-network ”

investments and “external” or out of network investments of the bank i. To simplify the notation,

all other risky assets funded by the bank i, out of the banking network, are limited to be debt

contracts60 and are refereed as consumer loans, issued by the bank i. It is the decision of the bank

i to determine how it assigns its leverage allowance to internal and external loans, where the bank’s

aggregate external investments is represented by Lex
i and its aggregate inter-network investments

is represented by Lin
i , however it is assumed that all leverage allowance is used by the bank, and

56Leverage allowance and reserve requirements as defined here could be transformed to their ratio equivalents as
defined in traditional regulatory frameworks; however, since our regulatory framework assigns specific requirements
for each individual bank, we can not use the ratio format which could be only applied to assign the same requirement
for all the banks in the banking system.

57To simplify the notation, all risk-free assets of each bank are considered cash reserves held by the bank itself or
at a Federal Reserve bank

58The loans/debt contracts they have issued for each other
59Loans/debt contracts they have issued for each other and/or for consumers/projects
60Recall that the banking system investments in potential projects are limited to debt contacts (consumer loans)

governed under bankruptcy law provision rules.
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accordingly it holds:

Lex
i + Lin

i = Li ; ∀i ∈ N

The reserves in the central bank are represented by the reserve vector R, where Ri is the

reserve of the bank i held by the bank i itself or at the central bank.

The obligations of the banks to each other are represented by n × n obligation matrix O, where

Oij is the obligation of the bank i to the bank j, ∀i, j ∈ N . It is assumed that Oij ≥ 0 and Oii = 0

which means that the obligations in the system are nonnegative and no bank makes an obligation

to itself, respectively. Then we have:

n∑
i=1

Oij = Lin
j ;∀j ∈ N

Recall that Lin
j represents that how much the bank j has invested inside the financial network

or in other words, the internal leverage level for the bank j in the financial system. Let us define a

n × n relative obligation matrix, Φ to be the normalization of the obligation matrix with respect

to the internal leverage, as follows:

Φij =


Oij

Lin
j

if Lin
j ̸= 0

0 if Lin
j = 0

where Φij is the proportion of j’s leverage allowance constituted by the obligation of i to j. In

other words, Φij represents the proportion of the leverage allowance, bank j has assigned to bank

i. Accordingly, the total obligation of the bank i to the system is
∑n

j=1ΦijL
in
j =

∑n
j=1Oij and the

sum of the proportional obligations of the system to each bank, say i is
∑n

i=1Φij = 1.

Building upon the definitions already made, we can define an state-contingent financial system

formally given the set of the banks N , their obligations in the system (O matrix), reserves in

the central bank (R vector) and their external investments vector (Lex vector) as corresponding

to the tuple (N ,O,R,Lex). Furthermore, since for a given obligation matrix we can construct

the matrix of proportional obligations (Φ) and internal leverage allowances (Lin) and vice versa,

then the financial system can be also represented as (N ,Φ,Lin,R,Lex) equivalently. We use the

later formulation, since it leads to a parametric formulation of financial systems that incorporates

regulatory variables, like leverage allowances in addition to reserve requirements in the earlier

formulation.

Each bank funds some consumer loans in aggregate as much as Lex
i . When period 1 arrives

and the state of the world is revealed, those debt contracts/loans are executed and accordingly,
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the income of each bank from its consumer loan contracts are realized. Normally, banks expect to

get back how much the face values of the loans are. However, some of the consumer loans may

default and accordingly, the banks receive back less than the face value of loans. Assuming that

an exhaustive set S of states of the world61 at t1 is finite, we represent the realized consumer

loans portfolio value of the bank i at state s by xsi , which is nonnegative and less than or equal

to Lex
i . In other words, xsi represents the amount of the cash that bank i can expect to get back

in aggregate from its external debt contracts/loans in a given economic scenario, s ∈ S. Formally,

realized portfolio values of the banks in the financial network form the external cash flow vector of

the financial system, is presented by xs = [xsi ]i∈N ; where 0 ≤ xsi ≤ Lex
i ; ∀i ∈ N ,∀s ∈ S.

In turn, the external cash flow to each bank in a given state of the world at t1 determines

whether a bank remains solvent and capable of paying back the face value of its obligations to its

creditors or not. In the case of some insolvencies, some obligations cannot be fulfilled to the level

of their face value. and it is essential to figure out how much each bank should pay its creditors at

t1, to be legally clear. To formulate a representation of the realized system, let us define a payment

vector (or clearance vector) as P = [Pi]i∈N , where Pi shows how much the bank i should pay in

sum to the system. Moreover, we need to define (for more detail) a payment matrix p = [pij ]i,j∈N ,

where pij shows how much the bank i should pay the bank j and accordingly it is trivial that

Pi =
∑n

j=1 pij . Then if the bank i can pay all of its obligations in a given state, we have:

Pi =

n∑
j=1

Oij =

n∑
j=1

ΦijL
in
j ∀i ∈ N (67)

and otherwise, when the bank i is defaulted:

Pi <
n∑

j=1

Oij =
n∑

j=1

ΦijL
in
j ∀i ∈ N (68)

The latter case means that how much the bank i can pay is less than the sum of its obligations

to the system and accordingly to determine the payments of i to its creditors (pij ,∀j ∈ N ) we

need to (consistent with bankruptcy law), divide Pi between the creditors proportional to the size

of nominal claim of each bank on i’s assets which is
Oij∑n

k=1 Oik
(=

ΦijL
in
j∑n

k=1 ΦikL
in
k

) and accordingly the

bank i’s payment to other banks in the system is determined as:

pij = (
ΦijL

in
j∑n

k=1ΦikL
in
k

)Pi ; ∀i, j ∈ N (69)

It is trivial that even if the bank i does not default, above equation holds and accordingly for the

bank i, defaulted or not, the internal cash flow or in other words, aggregate payments of the other

61As a complete description of a possible outcome of uncertainty
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banks in the system to the bank i is determined as follows:

Internal cash flow to i =

n∑
j=1

pji =

n∑
j=1

(
ΦjiL

in
i∑n

k=1ΦjkL
in
k

)Pj

On the other hand, since xi is the external cash flow to i and Ri is the bank i’s reserve, then it is

easy to see that the total cash available to i or the aggregate value of the items in the asset side of

the i’s balance sheet, is determined as:

Total cash-available to i = xi +Ri +
n∑

j=1

(
ΦjiL

in
i∑n

k=1ΦjkL
in
k

)Pj (70)

Then, due to the absolute priority provision of the bankruptcy law, bank i pays max
Pi∈R+

Pi, subject to

the limited liability62 provision:

Ui : Pi ≤ xi +Ri +
n∑

j=1

(
ΦjiL

in
i∑n

k=1ΦjkL
in
k

)Pj for all i ∈ N (71)

and its aggregate obligations:

Vi : Pi ≤
n∑

j=1

ΦijL
in
j for all i ∈ N (72)

Thus, if the total incoming cash flow to i is more than it’s aggregate obligations to the system

(Pi =
∑n

j=1Oij), i can pay off its creditors in the full capacity (Pi =
∑n

j=1ΦijLj) and otherwise i

should pay all of its total incoming cash flow to the system, in the form, described above. In other

words:

Pi = min{xi +Ri +
n∑

j=1

(
ΦjiL

in
i∑n

k=1ΦjkL
in
k

)Pj ,
n∑

j=1

ΦijL
in
j } ∀i ∈ N (73)

The solution determines how much each bank should pay any other bank to clear legally, which

forms the clearance vector (P ), associated with the realized financial system. This results in an

equivalent formulation of the banking system developed by Eisenberg and Noe (2001b). However,

Eisenberg and Noe (2001b)’s framework does not incorporate the decision parameters of the involved

stakeholders in its formulation of the banking system, whereas (73) includes the regulator’s decision

parameters as well as the investment decisions of the banks (and the representative household) in its

parametric setting. In other words, contrary to Eisenberg and Noe (2001b)’s framework that does

not go beyond63 capturing the absolute priority provision of the bankruptcy law, (73) combines

62Bank i pays nothing more than its total cash available
63Eisenberg and Noe (2001b) assume that the network of obligations are exogenous and aim to figure out how

much banks owe to each other. Thus, the Eisenberg and Noe (2001b)’s framework only formulates the absolute
priority provision of the bankruptcy law. To do so, they just need to normalize each bank’s obligations to the bank’s
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the structure of the bankruptcy law and the representation of the stakeholders’ decisions in a

simultaneous formulation of the proportional distribution of each bank’s obligations/debts and

assets/credits in its parametric setting.

With this representation of the realized financial system, we can assume that the network of

obligations are determined endogenously and seek to determine how a change in an economic/regulatory

parameter relates to the change within the network of obligations and eventually to the change of the

clearing payments64. In other words, if we formulate how the change of an economic/regulatory

parameter changes the market equilibrium, since the (nominal) obligations of the banks are en-

dogenous to that equilibrium, we can formulate how that economic/regulatory change, changes the

(nominal) obligations of the banks to each other and therefore how it changes the clearing payments

at any given state.

Other than the different parametric setting of our model, formulation of the problem as a

system of n optimization problems, makes it possible to guarantee the existence and uniqueness of

the clearing vector in a generic setting.

As shown in the following proposition, we can guarantee the unique solution for the clearance

network, even if there exist banks which have no external cash flow at the given state, contrary to

the Eisenberg and Noe (2001b) approach that requires all banks to have a strictly positive external

cash flow.

Proposition 4.1 (Existence and uniqueness of the clearance vector) For any financial sys-

tem, (N ,Φ, Lin, R, e), clearance vector, P ∗ exists and it is unique.

Proof: The clearance vector P ∗ simultaneously solves for ∀i ∈ N the optimization problem:

max
Pi∈R+

Pi

s.t. Ui : Pi ≤ xi +Ri +
n∑

j=1

(
ΦjiL

in
i∑n

k=1ΦjkL
in
k

)Pj

Vi : Pi ≤
n∑

j=1

ΦijL
in
j

(74)

This system of optimization problems can be reformulated in a single optimization problem which

maximizes the clearance vector P = [Pi]i∈N satisfying all the constrained of (74) models, U =

aggregate obligations to other banks.
64If we assume that the interbank network of obligations is endogenous to the equilibrium model developed in

section 5.3.1, we can conclude that the clearing payment of the banks at t1 is also endogenous to the same equilibrium.
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[Ui]i∈N , D = [Di]i∈N (for simplicity consider S = {P ∈ Rn
+ : U, V }):

max [P1, P2, ...Pn]

s.t. P ∈ S
(75)

Existence: A trivial feasible solution for (74) is P = 0, also P is bounded as:

0 ≤ Pi ≤
n∑

j=1

ΦijLj for all i ∈ N

and therefore guarantees the existence of the solution for (74).

Uniqueness : Considering P ∗ to be a pareto optimal solution, by definition means that

∄P ∈ S ; P ∗ ≤ P . This means that ∀P ∈ S ; P ∗ ≰ P . This guarantees that at least for one

component in P , say i we have p∗i > pi, however we may or may not have other components where

p∗i = pi or p
∗
i ≤ pi. Let us rearrange the vector components as P = (Pa, Pb) where Pa is a (non-zero

length) sub-vector of P in which for each component pi∈a, we have p∗i∈a ⩾ pi∈a. On the other

hand, Pb is a sub-vector of P in which for each component pi∈b, we have p∗i∈b < pi∈b. Thus Pa is a

non-zero length vector but so far Pb can be a vector of zero length or not.

Assume that for a P ∈ S, we have non-zero length Pb. Then let us move P = (P ∗
a , P

∗
b ) toward

Pnew = (P ∗
a , Pb) and see if it violates the feasibility constraints of (74), Both sets of constraints

U = [Ui]i∈N , V = [Vi]i∈N should be checked to see if Pnew is feasible or not.

Regarding the first set of constraints; U = [Ui : Pi ≤ xi + Ri +
∑n

j=1(
ΦjiLi∑n

k=1 ΦjkLk
)Pj ]i∈N in

(74), (
ΦjiLi∑n

k=1 ΦjkLk
); ∀i, j ∈ N is always positive and it does not change with the change of the

solution for P , then ∀i ∈ a, and since 0 ≤ p∗i ≤ pi ; we have:

p∗i ≤ xi +Ri +

n∑
j=1

(
ΦjiLi∑n

k=1ΦjkLk
)p∗j

≤ xi +Ri +
∑
j∈a

(
ΦjiLi∑n

k=1ΦjkLk
)p∗j +

∑
j∈b

(
ΦjiLi∑n

k=1ΦjkLk
)pj ∀i ∈ a

Likewise, ∀i ∈ b since 0 ≤ pi < p∗i ; ∀i ∈ a we have:

pi ≤ xi +Ri +

n∑
j=1

(
ΦjiLi∑n

k=1ΦjkLk
)pj

≤ xi +Ri +
∑
j∈a

(
ΦjiLi∑n

k=1ΦjkLk
)p∗j +

∑
j∈b

(
ΦjiLi∑n

k=1ΦjkLk
)pj ∀i ∈ b
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and thus Pnew = (P ∗
a , Pb) does not violate the first set of constraints.

Considering the second set of constraints; V = [Vi : Pi ≤
∑n

j=1 ΦijLj ]i∈N in (74), since the

right hand side of each equation,
∑n

j=1ΦijLj ; ∀i ∈ N does not change with the change of the

solution for P and considering the feasibility assumption of the P ∗ and P , it is immediate that:

p∗i ≤
n∑

j=1

ΦijLj ; ∀i ∈ a and pi ≤
n∑

j=1

ΦijLj ; ∀i ∈ b

which means Pnew = (P ∗
a , Pb) does not violate any constraint in the second set of constraints of

(74) too. Accordingly, Pnew is a feasible point for (74), which since P ∗ ≤ Pnew, contradicts the

Pareto optimality assumption we made for P ∗ as: ∀P ∈ S ; P ∗ ≰ P . Then we can conclude that

for a P ∈ S, we can not have non-zero length Pb and therefore:

∀P ∈ S ; P ∗ ≥ P

which means that P∗ is an ideal maximal (pareto) point and accordingly is unique. CFinaly since

1TP =
∑n

i=1 Pi is a strictly increasing function, P ∗ maximizes 1TP on S which concludes the

proof.

4.3.1 Measuring Systemic Risk

As we discussed in section 1, the systemic risk measures developed in this paper are defined from

the regulatory and policy-maker’s perspective and thus are concerned with the social welfare and

equity loss exposures and how it relates to structural and system-level features. The most basic

type of social welfare and equity loss could be defined as how much money a regulator (the central

bank) loses on behalf of the taxpayers due to her commitments as an insurer of the deposit accounts

in the banking system. We can formulate the aggregate loss of the regulator/central bank given

a clearance vector that corresponds to a realized economic scenario/state by
∑n

i=0(Oi0 − Φi0P
∗
i ).

With this, we can formally define the overall systemic risk exposure of the central bank to be the

expected shortfall of the banking system to pay back the deposits of the households in the banking

system:

ESR = Ex[
n∑

i=0

(Oi0 − Φi0P
∗
i )] (76)

where x is the random vector of the external investment payoffs of the banks, defined on the

probability space, (S, Σ, µ). As shown in the following lemma, we can abuse the structure of the

clearing vector problem (74) to determine the realized loss of the regulator in correspondence with

its external market.
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Lemma 4.2 P ∈ Rn
+ solves the clearing vector problem for a given state s ∈ S if and only if

P ∈ Rn
+ solves:

SRs = min
P∈Rn

+

n∑
i=0

(Oi0 − Φi0Pi)

s.t. Ui : Pi ≤ xsi +Ri +

n∑
j=1

(
ΦjiL

in
i∑n

k=1ΦjkL
in
k

)Pj for all i ∈ N

Vi : Pi ≤
n∑

j=1

ΦijL
in
j for all i ∈ N

(77)

where xsi represents the realized consumer loans portfolio value of the bank i at state s ∈ S.

Proof: Suppose that P is the optimal solution of (77). Since
∑n

i=0Oi0 is constant, P ∗ also

maximizes
∑n

i=1Φi0Pi on U and V . Also, [Φi0]i∈N is a strictly positive vector which is a scalarizing

vector for (74), and thus P ∗ is a pareto optimal solution for (74) (see Luc 2015 - Theorem 4.3.1).

It is easy to see that (76) is the expected value of the (77)’s objective value function. Therefore,

the same result holds for the expected value maximization problem that determines the value of

ESR in (77).

5 Leverage Alowance Adjustment Framework (LAA)

In this section, we study how by adjusting the leverage allowance of individual banks in a systematic

way, we can change the structure of the banking system in a controlled way without interrupting

other features of the market that govern the dynamics of the hidden parts of the system. Such a

solution enables us to design and optimize regulatory and policy-making intervention mechanisms

(not limited to normative interventions addressing systemic risk) using the observable structure of

the banking system without neglecting its hidden parts.

To simplify the modeling, in the first part of this section, we assume that if the leverage

allowance of a given bank is changed by the regulator, the bank adjusts the sizes of its investments

to meet the new requirement, keeping the proportionality of her leverage allowance distribution.

However, to provide some basis for this assumption, we limit the the feasible regulatory interventions

to a set of requirements that do not change the overall size of the supply and demand of each asset in

the financial market. Using this setting, we develop a model to optimize the resulting intervention

of the regulator addressing systemic risk in financial markets.

In the second part of this section, we extend the initial LAA framework by incorporating the

sufficient conditions derived from an equilibrium formulation of the market to ensure that propor-
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tionality conditions hold under feasible regulatory interventions. We use the resulting sufficient

conditions in formulating the regulator’s optimization problem, which provide a theoretical guar-

antee that the regulatory interventions derived from our proposed framework adjust the size of each

bank in a controlled way.

5.1 LAA Under the Proportionality Assumption

Suppose that all leverage allowance of a bank (determined by the regulator/central bank) is used

to invest in risky assets based on the banks’ decision making process (hidden from the regulator).

Additionally, assume that if the leverage allowance of a given bank is changed by the regulator,

the bank adjusts the sizes of its investments to meet the new requirement, however, it keeps the

proportionality of the leverage allowance distribution the same.It means that considering the new

leverage allowance assigned to the bank i, it is assumed that the bank’s decision makers will

modify their investment portfolio in a way that each individual investment of the portfolio, keeps

its proportional size to the size of the whole portfolio. This assumption implies that in the short

term, no bank changes its investment strategy65 by the change of its aggregate investment size.

Formally, let us introduce a new vector variable l, where li represents the adjustment, determined

by the central bank, for the leverage allowance of bank i. Then the new leverage allowance for each

bank changes to Lnew
i = Li−li constituting new leverage allowance vector as Lnew. We differentiate

between the leverage allowance used for investments within the banking system, denoted by Lex
i

and the leverage allowance used for investments in the real economy, denoted by Lex
i . Therefore,

to to comply with the new allowances we should have:

Lnew
i = Li − li = Lex

i − lexi + Lin
i − lini

where lexi is the adjustment to the leverage assignment of the bank i to the external market and

lini is the adjustment to the leverage assignment of the bank i to the internal market. It is the

bank i’s decision to determine how its investment portfolio should be re-structured to meet the

new leverage allowance, but since we assumed that in short term, the bank i keeps its portfolio’s

structure the same as before, the proportional distribution of her leverage allowance remains the

same as before and therefore the limit adjustments by central bank and accordingly proportional

funding of external and internal markets should remain the same too or formally;

Lex
i − lexi
Lnew
i

=
Lex
i

Li
and

Lin
i − lini
Lnew
i

=
Lin
i

Li

65By investment strategy we mean how each bank forms its investment portfolio by proportional assignment of
funding to different assets. For example, if the leverage allowance of a bank is reduced to half by the central bank,
every investment of that bank is reduced to half, following the same investment strategy was adopted before the
allowance reduction.
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should hold. As the new leverage allowances are determined, the bank i which receives a leverage

allowance reduction, should gradually liquidate some portions of the debts and loans that the bank

owns and use that liquidity to pay back some portion of its obligations to other banks and maybe

to increase its cash reserve. Bank i receives li = lexi + lini from liquidation of some portions of its

assets, and updates its obligations to Onew
ij , where Oij −Onew

ij is the amount of the payback by the

bank i to the bank j, and accordingly
∑n

j=1(Oij − Onew
ij ) is the sum of the paybacks by the bank

i to the financial system. Then, since the sum of the incoming liquidity to the bank i should be

equal to the sum of the new cash reserve and aggregate outgoing liquidity as paybacks, we have:

n∑
j=1

(Oij −Onew
ij ) +Rnew

i = lexi + lini ; ∀i ∈ N (78)

Recal that Φij ,∀i, j represents proportional size of the investment of i in j to the size of the

aggregate investment of i in the whole financial system. Thus, we can use (67) to separate the

parameter Φij which refers to the preserved proportional size of investments from the leverage

allowance, which is supposed to be variable (decision variable of the regulator) Then we use Onew
ij =

Φij(L
in
j − linj ) to follow the proportionality assumption and accordingly:

Oij −Onew
ij = ΦijL

in
j − Φij(L

in
j − linj ) = Φijl

in
j

then (78) can be rewritten as:
n∑

j=1

Φijl
ex
j +Rnew

i = lexi + lini

The same arguments hold for the banks that receive a leverage increase, where li should be

negative.

Suppose the regulator decides to keep the economy’s size the same as before the leverage

adjustments66and does not intend to inject liquidity in the market. In that case,

n∑
i=1

(lexi + lini ) = 0

66If the central bank intends to increase or decrease the size of the aggregate leverage of the financial system with
no liquidity infusion, to formulate the expansion and the balance of leverages and reserves adjustments, we introduce
E to refer to the expansion size. If the expansion size is exogenously determined by the central bank based on the
central bank’s monetary policy. Moreover, to keep the balance of the adjustments in the network considering the
expansion policy;

n∑
i=1

(lexi + lini ) = −E

should hold which results in the money multiplier effect of MME = E∑n
i=1 Rnew

i
due to the adjustments. It should

be mentioned that when E is determined as a positive parameter, it models an expansion policy and when E is
determined as a negative parameter, it models an extraction policy.
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holds, which means that the aggregate leverage increases are canceled out by the aggregate leverage

decreases, and accordingly, the financial system keeps its initial size.

Considering the leverage allowance to be adjustable subject to these constraints 67 it provides

us with the basis to develop a decision making model for the regulator/central bank.Next, we

formulate a decision model of a regulator using leverage allowance adjustments as a normative

decision variable that aims to minimize its overall systemic risk exposure, ESR.

5.2 Optimizing LAA Under the Proportionality Assumption

Suppose that the regulator/central bank adjusts the leverage allowance of each bank separately as

a regulatory requirement. Given the financial system, (N ,Φ,Lin,R,Lex), the leverage allowance

adjustments of l resulting in the new leverage allowances of Lnew = L− l, transforms the financial

system to (N ,Φ,Lin − lin,R + Rnew,Lex − lex) and accordingly the realized financial system

transforms to (N ,Φ,Lin − lin,R+Rnew, (L
ex−lex
Lex
i

)xi) for any given economic scenario where 0 ≤
xi ≤ Lex

i ; ∀i ∈ N .

Then the regulator’s decision problem to minimize its financial loss or equivalently, to maximize

the clearance vector, for a given economic scenario, s ∈ S, solves

max
P,l≥0

n∑
i=1

(
Pi −

n∑
k=1

Φik(Lk − lk))

)

s.t. Pi ≤ xi

(
Lex
i − lexi
Lex
i

)
+Ril

ex
i + lini −

∑
k

link Φik+

n∑
j=1

(
Φji

(
Lin
i − lini

)∑n
k=1 Φjk

(
Lin
k − link

))Pj ; ∀i ∈ N

Pi ≤
n∑

j=1

Φij(Lj − lj); ∀i ∈ N

li = lini + lexi ; ∀i ∈ N
lini
li

=
Lin
i

Li
∀i ∈ N

n∑
i=1

li = 0;

(79)

where 0 ≤ xsi ≤ Lex
i ; ∀i ∈ N .

It is easy to see that 79 is a fractional nonconvex optimization problem. Despite the noncon-

vexity of 79 formulation, we show in the following proposition that 79 always has a unique optimal

solution. Because of this property, we can formulate the 79’s marginal value function using the

results we have from ??.

67These constraints make sure that the supply and demand of different assets as well as money do not change and
thus the leverage adjustments do not lead to inbalancing overflows or iliquidity of the market
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Proposition 5.1 (Unique optimal solution for the leverage allowance problem) The reg-

ulator’s leverage allowance problem formulated in 79 always has a unique optimal solution

Proof: Let us define Γ = [Φji

(
Lin
i − lini

)
]i,j∈N and θji =

Γij

Γi.
where [Γi.]i∈N represents the vector

of proportional obligations to i (proportional to the sum of obligations of each bank to the system).

Clearly all components of Γ are nonnegative and since there is no self obligation, we have Γii = 0.

Also it is trivial that
∑n

i=1 Γij = 1.

Now we can rewrite the (79) as:

P : max
P,l,Γ≥0

n∑
i=1

(Pi −
n∑

k=1

Φik(Lk − lk))) (80a)

s.t. Pi ≤ xi

(
Lex
i − lexi
Lex
i

)
+ lexi +

(
Lin
i

Lex
i

)
eexi

−
∑
k

(
Lin
k

Lex
k

)
ϕike

ex
k +Ri +

n∑
j=1

θji ∀i ∈ N (80b)

ΦjiL
in
i − Φji

Lin
i

Lex
i

lexi = Γji ∀i ∈ N (80c)

Γji · Γ−1
j · Pj = θji ∀i, j ∈ N (80d)∑

i

Γji ≤ Γj. ∀j ∈ N (80e)

Pi ≤ Γi.; ∀i ∈ N (80f)

n∑
i=1

(
Li

Lex
i

)
lexi = 0 ∀i ∈ N (80g)

With this reformulation, all constraints are linear but 80d which can be represented as a standard “difference

of convex function” (dc functions; see Strekalovsky (2020a), Kononov et al. (2020)). Due to the theoretical

foundation developed in Strekalovsky (2020b, 2019), by means of the exact penalization techniques, we can

reduce 80d constraints to a family of convex problems. This is enough to prove that (79) has a unique

optimal solution.

The model developed here allows us to optimally use the leverage allowance requirements of the

banks to restructure the observed banking system addressing systemic risk.

5.3 LAA Under Sufficient Conditions

To simplify the initial modeling in the previous sections, we assumed that if the leverage allowance

of a given bank is changed by the regulator, the bank adjusts the sizes of its investments to meet the

new requirement, keeping the proportionality of the leverage allowance distribution. With this, we

implicitly assumed that the regulatory interventions do not have any effect on the market prices of

the assets. Therefore, each bank will form the same investment portfolio in terms of her proportional

assignment of funding to different assets. To provide some basis for this assumption, we limited
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the feasible regulatory interventions to a set of leverage allowance adjustments that do not change

the overall size of the supply and demand of any asset in the financial market. However, since asset

pricing in financial markets goes beyond simple supply and demand sizes and may depend on many

other features68, in this section, we extend the initial framework by developing an equilibrium

formulation of regulated financial markets as a basis to derive a set of market-based conditions

required to guarantee that the proportionality assumption holds. Our general equilibrium model of

regulated financial markets under uncertainty endogenously incorporates more complicated features

of the financial markets (that govern the banking system’s dynamics), including the bankers’ and

household’s investment decisions, asset pricing, bankruptcy law, and regulatory requirements. In

particular, the extended formulation captures the interactions of a heterogeneous collection of

banks, a heterogeneous collection of firms, and a representative household of the economy discussed

in section 4.169.

Considering the observed market state as a solution of the equilibrium model, the equilibrium

formulation can be used to derive the sufficient conditions to guarantee that all market features

remain the same while the size of the available funds to each individual bank changes. In other

words, we use the equilibrium formulation as a basis to derive the sufficient conditions to make

sure that the proportionality assumption holds in a more general setting compared to our initial

setting in this section.

Therefore, we can incorporate the resulting sufficient conditions in developing our regulatory

framework to ensure that the intervention mechanisms keep the dynamics of the hidden parts of

the banking system in control in a way that we can reliably leverage the observable structure of

the banking system toward our normative aims and without neglecting the hidden structure of the

system.

In other words, regulatory frameworks that are designed constrained to the conditions derived

from the equilibrium model restructure the adaptive capacity of the banking system to be reliably

responsive to the normative interventions of the regulatory system.

This reduces the nonlinearity and thus the complexity of the regulatory system’s interaction

with the banking system, and enables the regulator to take advantage of a more tractable adaptive

capacity of the banking system compared to the conventional approaches.

68Including the capital structure of banks, structure of the interbank deposit market, the differences in risk profiles,
and even the regulatory requirements

69The equilibrium model formulates an equity and debt market as well as an interbak loan market, where banks
and consumer loan holders are protected under the limited liability provision of the bankruptcy law and also are
subject to the regulatory requirements set by the central bank. In particular, the representative household is limited
to investments in the (equity) of the firms and/or depositing in the banking system. Banks are limited to using their
endowments and the deposits from the household and/or other banks to issue debt contracts for other banks or/and
issue loans for funding firms.
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5.3.1 Equilibrium Representation of Regulated Financial Markets Under

Uncertainty

Let us develop a general equilibrium formulation of the baseline economy we discussed in section 4.1.

Suppose that at t0, each firm, denoted by f ∈ F , raises funding through investments of the

households in its equity, yhf as well as loans from the banking system, jj∈N , as much
∑

j y
j
f with

face value return rate of Rf at date t1. The firm invests all of the raised funding in a potential

project with the state-contingent return rate of R̄s
f , ∀s ∈ S. Since the return rates of investments in

potential projects are state-contingent, the realized return on the firm’s investment in some states

may not be enough to payback the face value of the firm’s obligation on the loans received from the

banking system. Therefore, at t1, given the realized return rate of the potential projects (realized

state), each firm, say f ∈ F , solves the following accounting problem

P f (R, y.f ) : max
ρf∈[0,1]

ρsf (81a)

s.t. ρsf R̃f

∑
j

yjf ≤ Rs
f

(∑
j

yjf + yhf

)
(81b)

ρsf ≤ 1 (81c)

to determine if she can pay the face value of its obligations (ρsf = 1) or is bankrupt (ρsf < 1), where

0 ≤ ρsf ≤ 1 ∀f ∈ F ,∀s ∈ S represents the proportion of the firm f ’s obligations, that should be

payed by firm f to the banking system (given the realized state s at t1) due to the limited liability

provision of the bankruptcy law.

The representative household, h, decides at t0, how to use her endowment of wh
0 , investing in the

(equity) of firms, yhf , ∀f ∈ F , and depositing in the banking system, Xh
j , ∀j ∈ N , maximizing the

expected utility Uh(.) of her whealth at t1. Note that the state contingent value of the representative

household investments in the equity of each firm at t1 is

Rs
f (
∑
j

yhj + yhf )− ρsf R̃f

∑
j

yjf

where Rs
f (
∑

j y
h
j + yhf ) is the state contingent value of the firm f ’s assets at t1 and ρsf R̃f

∑
j y

j
f is

what should be paid to the firm’s debt holders (banking system) in the given state of s ∈ S at t1.

Therefore, the representative household solves

P h(R̃, wh
0 , y

h
j , R

s) :

max
xh
j ,y

h
f∈R+

∀j∈N ,∀f∈F

ERf

[
Uh

(∑
f

(
Rs

f (
∑
j

yhj + yhf )− ρsf R̃f

∑
j

yjf

)
+
∑
j

xhj
)]

(82a)
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s.t.
∑
f

yhf +
∑
j

xhj = wh
0 (82b)

(
Rs

f (
∑
j

yhj + yhf )− ρsf R̃f

∑
j

yjf

)
where, (82b) represents its budget constraint.

On the other hand, each bank, j ∈ N , decides how to use its equity of eqj0 at t0 and the

deposits she receives from the households, xhj , and other banks,
∑

i ̸=j x
i
j , to invest in the loan

contracts issued for the firms, yjf , ∀f ∈ F , as well as the interbank deposit market, xji , ∀i ∈ N ,

constrained to the regulatory requirements of

Resj ≥ (eq0j + xhj +
∑
i ̸=j

xij)− (
∑
i ̸=j

xji +
∑
f

yjf ) (83)

∑
i ̸=j

R̃ix
j
i +

∑
f

R̃fy
j
f ≤ Lj (84)

(83) formulates a reserve requirement for bank j to hold the minimum of Resj in safe assets. (84)

formulate the leverage allowance of bank j to invest the maximum of Lj in risky assets. Therefore,

each bank, say j ∈ N solves

PBj (R̃, ρ, eq0j , Lj ,Resj) :

max
xj
i ,y

j
i∈R+

∀i∈N

Eρ

[
Uj

(∑
i ̸=j

ρiR̃ix
j
i +

∑
f

pf R̃fy
j
f − ρj(

∑
i ̸=j

R̃jx
i
j + xhj )

)]
(85a)

s.t.∑
i ̸=j

R̃ix
j
i +

∑
f

R̃fy
j
f ≤ Lj (85b)

Resj +
∑
i ̸=j

xji +
∑
f

yjf = eq0j + xhj +
∑
i ̸=j

xij (85c)

ρsj

[(
R̃j

∑
i ̸=j

xij

)
+ xhj

]
+ eq1sj =

∑
i ̸=j

ρsi R̃ix
j
i + ρsi R̃ix

j
i +

∑
f

ρsf R̃fy
j
f + FRs(αj)Res j (85d)

ρsj ≤ 1 (85e)

Given the state-contingent return rates of potential projects (consumer loans), exogenous endow-

ments, and the regulatory and legal requirements and limits, all transactions, including depositions,

equity investments, and debt contracts, occur simultaneously at date t0 and before the uncertainty

is resolved at t1. Thus, the equilibrium allocations at t0, endogenously determine not only the
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size of the transactions (depositions, equity investments, and debt contracts) but also the nominal

return rates of the debt contracts/loans, which create a state-contingent system of obligations at

t0.

5.3.2 Sufficient Conditions for Regulatory Adjustments

As discussed in the previous section, the banking system of the baseline economy is only regulated

by the maximum leverage allowance requirement formulated in (84) and the minimum reserve

requirement formulated in (83). Here we define the basic setting of a regulatory intervention as

a system of adjustments to the existing regulatory requirements of the banking system. Then we

make an example of an intervention mechanism that is developed based on the intervention setting

to interact with the observed structure of the banking system without neglecting the hidden parts of

the banking system. Finally, we develop a model to optimize the designed mechanism for addressing

systemic risk.

Regulatory Setting: Suppose that the regulator by setting the adjustment parameters of αj ∈
R+; ∀j ∈ N , changes the banks existing leverage allowances and reserve requirements from Lj to

Lnew
j = αjLj , and from Resj to Resj +(1 − αj)(

∑
i ̸=j x

i
j +

∑
f y

j
f ) respectively70. Therefore, new

regulatory requirements could be formalized as an adjustment of the old regulations, denoted by

α = [αi]i∈N .

Regulatory Interaction: Here, as an example of how our regulatory setting could be used as a

basis to design unified normative interventions, we develop a set of regulatory interventions that, are

capable of restructuring the observable parts of the banking system without neglecting the hidden

dynamics of the banking system. Later we show how we can optimize the restructuring toward

our normative aims, which is to address systemic risk in financial markets. To do so, we define the

following sets of constraints on regulatory interventions (α) that as shown by proposition 5.2 are

sufficient to guarantee that the interventions that satisfy these constraints restructure the banking

system without changing the essential features of the market that govern the hidden dynamics of

the system.

First set of constraints ensures that the size of the aggregate funding supply for each individual

firm does not change after the leverage allowance adjustments, we require

∑
j

(1− αj)yjf = 0; ∀f ∈ F (86)

70We used a different notation to denote leverage adjustment in section 5, where lj represented the adjustment to
the existing leverage allowance of Lj and thus the new leverage allowance for each bank would be Lnew

j = Lj − lj .

To simplify the notation of this section, we use an equivalent notation as αj = Li−li
Lj

.
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Therefore, the firms accounting problems do not change after the regulatory intervention.

Second, to ensure that the adjusted obligations (αixij) on the liability side of the banks clear,

we require ∑
j

∑
i ̸=j

(1− αi)xij = 0 (87)

where αi ∈ R+; ∀i ∈ N . This constraint ensures that the effect of the intervention on the liability

side of the banks only changes the distribution of the representative household’s deposits in the

banking system, but not the aggregate size of its deposits.

5.4 Optimizing LAA Under Sufficient Conditions

In proposition 5.2 we show that the regulatory adjustments constrained to (86) and (87), restructure

the optimization problems of different stakeholders of the financial markets in a way that new

equilibrium is an explicit function of the initial equilibrium soultion and the intervention vector

(α).

In other words, we do not need to solve the equilibrium problem (and thus we do not need

to observe the structure of the hidden parts of the system that are involved in the equilibrium

formulation) to determine what will be the new equilibrium after any intervention that satisfies the

sufficient conditions of proposition 5.2.

5.4.1 Equilibrium Representation After Regulatory Adjustments

Here we show that the regulatory adjustments satisfying (86) and (87), restructure the banking

system, but do not change the pricing and proportionality of banks investment.

Proposition 5.2 (Equilibrium After Regulatory Adjustments) Suppose that e = (xji , y
j
f , x

h
j , y

h
f , ρj , R̃j)

is an equilibrium solution of the economy formulated in section 5.3.1. Then if an intervention vec-

tor, α, satisfies (86) and (87), then enew = (αjxji , α
jyjf , x

h
j +

∑
i ̸=j(1 − αi)xji , y

h
f , ρj , R̃j) is an

equilibrium solution of the economy after the regulatory intervention.

Proof: Due to (86), we have
∑

j α
jyjf =

∑
j y

j
f and therefore, for the firm’s accounting problem

for any given state, s ∈ S, , e and enew with the change of variable solve the same optimization

problem.

Since (87) holds, replacing the decision variables of the representative household problem,

, with xhj +
∑

i ̸=j(1 − αi)xji , y
h
f , reduces the budget constraint of the new problem to the budget

constraint of the initial problem, (82b). Likewise, due to (86) and (87), the objective function of the

new problem is also equivalent to the objective function of the initial problem, (82a). therefore the
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change of variable results in the no change in the representative household’s optimization problem

and thus, enew optimizes the household problem after the intervention.

Similarly, for the bank j’s optimization problem, , with the change of variable of e to enew the

leverage allowance constraint of the new problem

αj

∑
i ̸=j

R̃ix
j
i +

∑
f

R̃fy
j
f

 ≤ αjLj

is equivqlent to the initial equilibriums leverage allowance constraint for bank j, (89b). The reserve

requirement constraint of the new problem

Res j +
(
1− αj

)∑
i ̸=j

xji +
∑
f

yjf

+
∑
i ̸=j

αjxji +
∑
f

αjyjf = eq0j +
∑
i ̸=j

αixij + xhj +
∑
i ̸=j

(
1− αi

)
xijj

also reduces to (85c); Resj +
∑

i ̸=j x
j
i +

∑
f y

j
f = eq0j + xhj +

∑
i ̸=j x

i
j due to (86) and (87). Also

the bank j’s return constraint at t1

ρsj

[(
R̃j

∑
i ̸=j

αixij

)
+ xjj +

∑
i ̸=j

(
1− αi

)
xij

]
+ eqnewj = (88)

αj
[∑

i ̸=j

ρsi R̃ix
j
i +

∑
f

ρsf R̃fy
j
f

]
+ FRs

(
αj
) [

Resj +
(
1− αj

) ( j∑
i+j

xji +
∑
F

yji

)]

reduces to (85d), since

FRs
(
αj
)[

Resj +
(
1− αj

)( j∑
i+j

xji +
∑
F

yji

)]
=

Resj +
(
1− αj

)(∑
i+j

xji +
∑
f

yjf

) (
Reserve requirement after adjust-

ment

)

+ ρsj

(
R̃j

∑
i ̸=j

αixij

)
−
∑
i+j

xij

( Capitalization cost using interbank

loans after adjustment

)

+ ρsj

(
xhj +

∑
i ̸=j

(
1− αi

)
xij

)
− xhj

( Capitalization cost using deposit

market after adjustment

)

− αj
(
ρsj

[
R̃j

∑
i ̸=j

xij

]
−
∑
i+j

xij

) ( Capitalization cost using interbank

loans before adjustment)

)

− αj
(
ρsjx

h
j − xhj

) ( Capitalization cost using deposit

market before adjustment

)
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Finally, ρsj ≤ 1, (85e) should hold identically for both equilibrium systems. With that, it is clear

that the objective function of the equilibrium problem before and after the intervention is optimized

with their equivalent solutions, which concludes our proof.

Using the result of proposition 5.2, we can rewrite LAA optimization problem as:

PLAA
2 (Φ, L, x, y, R̃) :

max
P, l

n∑
i=1

(
Pi −

n∑
k=1

Φik(Lk − lk))
)

(89a)

s.t. Pj ≤
(R̃j − 1

R̃j

) n∑
i=1

ϕji

[
Lin
i − eini − Lin

i

Lin
j

(
Lin
j − einj

)]
+
(
Lex
j − lexj

)
+Resj +(

lj
Lj

)
[∑
i+j

xji +
∑
i

yji
]

+
n∑

i=1

( ϕij

(
Lin
j − linj

)∑n
k=1 ϕik

(
Lin
k − link

)
+ x̄mi

)
Pi (89b)

Pj ≤
n∑

i=1

ϕji

(
Lin
i − lini

)
+ xdj +

∑
i ̸=j

( ℓini
Lir
i

)
xij (89c)

Similar to 79, the LAA optimization problem under sufficient condition, PLAA
2 (Φ, L, x, y, R̃), is

a fractional nonconvex optimization problem, however, since the result of proposition 5.1 holds,

despite the nonconvexity of the its formulation, PLAA
2 (Φ, L, x, y, R̃) always has a unique optimal

solution.

Our proposed framework to design a regulatory and policy-making intervention mechanism

captures how the bankruptcy law and the interactive decision-making dynamics give structure to

the banking system and create system-level risk exposures for the banking system in particular and

the whole economy in general. Contrary to the conventional approach, we used general equilibrium

theory as an organizing structure and rational behind any observed state of the banking system

rather than a model of the system. We develop a model-based measure of systemic loss, which

is the basis for the regulatory and policy-making intervention evaluation mechanism to adjust the

size of the banks in a controlled way without interrupting other features of the banking system

and financial market. This provides us with a theoretical basis to design and take advantage of

the banking system’s adaptive capacity, developing a regulatory setting that systematically adjusts

the banks’ existing regulatory requirements as an interaction mechanism with the banking system

towards our normative aims addressing systemic risk.

In conclusion, in this section, we initially proposed a leverage allowance adjustment framework

(LAA under proportionality assumption) as a regulatory setting, assuming that if the regulator
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changes the leverage allowance of a given bank, the banks’ proportional investment decisions do

not change. However, to provide some basis for this assumption, we limit the regulator’s actions

to ensure that the size of the aggregate funding supply does not change after the adjustments.

Next, we extended the initial LAA framework to be usable in a more generic setting, through

developing a general equilibrium representation of a regulated financial market as a basis to derive

the sufficient conditions that guarantee that the proportionality assumption of the initial setting

holds in a more general setting. The sufficient conditions of the extended LAA framework (LAA

under sufficient conditions) restructure and reduce the complexity of the banking system’s adaptive

capacity as it provides us with a market-based mechanism to control for the dynamics governed

by the hidden structure of the banking system and simultaneously use the regulatory intervention

to restructure the observable structure of the banking system. This reduces the complexity of

the system significantly as it provides us with a basis to rely on the market-based interaction

mechanisms developed based on our framework and leveraging the banking system’s observable

structure toward our normative aims and without neglecting the hidden structure of the system.

6 Discussion and Conclusion

In modern economies, the stability and efficiency of the financial system as a complex interconnected

set of institutions are of fundamental importance. The complexity of the financial system and

the importance of its stability and efficiency are due to numerous inter-dependencies within the

financial system and many interaction channels between the financial institutions/system and the

other sectors of the economy.

The failure of conventional approaches, given the empirical results on the performance of the

banking regulations and further various theoretical inconsistencies in the newly developed and

widely accepted regulatory standards was discussed in section 1 and section 2.

We also discussed in section 3 why conventional approaches in the literature of systemic risk

fail to explain the phenomena they associate with systemic risk based on a coherent theoretical

or empirical framework. We also extended the latest micro-foundational modeling of the banking

system and showed that even more complicated equilibrium modeling is not capable of relating any

specific market failure to the structural features of the banking system. In particular, we showed

that the financial contagion phenomenon71 is not an equilibrium feature of the decentralization

functionality of the banking system even under aggregate uncertainty and standard (incomplete)

deposit contracts.

In section 4, we turned our critical reflections in previous sections towards an alternative nor-

71We relaxed the “no-aggregate uncertainty” and “pecking order” assumptions made in the existing formulations
and showed that even with these extensions, we could not explain the emergence of financial contagion.
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mative framework on systemic risk in financial markets. We initially developed a new formulation

of the banking system in correspondence with the real economy, where bankruptcy law and in-

vestment decisions forming the structure of the banking system are simultaneously captured in a

two-layer parametric setting. We used the structure of two-layer parametric as a basis to develop

the analytical tools and optimization formulations needed to design a normative framework to pre-

vent and mitigate systemic risk in financial markets, addressing the inefficiency and unintended

consequences of conventionally developed regulatory rules and policies. In particular, we developed

a model-based measure of systemic loss that captures how the bankruptcy law and the interactive

decision-making dynamics give structure to the dynamics of the banking system and create system-

level risk exposures. However, integration of the bankruptcy law and fully-fledged decision-making

dynamics in a unified setting results, if done in conventional ways, in highly non-tractable nonlinear

general equilibrium formulations, thus practically not usable for developing a reliable regulatory

framework. Therefore, contrary to the conventional approach, we used general equilibrium theory

as an organizing structure and rationale behind any observed state of the banking system rather

than a mathematical framework to develop a fully-fledged model of the system. This approach

enabled us to capture the interactions and thus the banking system’s decision-theoretic dynamics,

using a general equilibrium formulation of the interactions rather than a comprehensive model of

the system. Thus, we leveraged the observable dynamics of the system to interact with the observ-

able part of the system’s dynamics while reducing the inefficiencies caused by the hidden dynamics

of the system through adaptive control of the observable dynamics.

We used this interaction mechanism in section 5 as a basis to propose two regulatory frame-

works that allow us to indirectly optimize the aggregate systemic risk exposure of the economy

by setting leverage allowance for each institution, proportional to its contribution to the aggregate

systemic risk, keeping the size of the economy the same as before. This mechanism exploits the

adaptive capacity of the system based on the structure of the contractual dependencies of the finan-

cial institutions along with their interest to maximize their shares of the financial market/leverage

limits. This provides us with the theoretical guarantee that any regulatory and policy-making

interactions developed based on this framework capture the dynamics of the general equilibrium

model behind the formation of its observed state, ensuring that the interventions do not affect any

decision-making parameters involved in the bankers’ investments other than the size of the funds

available to each bank. Finally, this framework enables us to leverage the observable dynamics

of the system to interact with the observable part of the system and thus reduce the complexity

of the dynamics of the hidden parts. This reduces the complexity of the system significantly as

it provides us with a basis to rely on the market-based interaction mechanisms developed based

on our framework and leveraging the banking system’s observable structure toward our normative

aims and without neglecting the hidden structure of the system.
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