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Abstract

I analyze the welfare consequences of segmentation in financial markets. Venues vary in their
mixture of information-motivated versus liquidity-motivated order flow. In a simple model, I
consider the combinations of information-motivated investor welfare and liquidity-motivated in-
vestor welfare that can be achieved by some segmentation. This set’s Pareto frontier can (under
certain conditions) be implemented by a simple class of segmentations, in which a fraction of
information-motivated flow is segregated, while the remainder pools with liquidity-motivated
flow. These results call into question the wisdom of the current regulatory framework as it
applies to segmentation, e.g., in U.S. equities.
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1 Introduction

In modern financial markets, a great deal of infrastructure is geared toward segmenting different
types of traders. In U.S. equities, many dark pools and other alternative trading systems (ATSs)—
being exempt from the fair-access requirements that apply to exchanges—prohibit or limit the access
of certain types of traders.! Retail brokers route the vast majority of their orders directly to market
makers who, knowing that these orders originate from retail traders, execute them at better prices
than those on-exchange. In fact, exchanges themselves operate retail liquidity programs, whereby
certain limit orders can be made accessible only to market orders from retail traders. Recently,
the SEC has proposed order-by-order auctions for retail orders, which would maintain retail-order
segmentation, albeit via a different mechanism.

Segmentation also arises when trading occurs outside anonymous exchanges, as for asset classes
that trade over-the-counter (bonds, swaps, etc.) or for equity blocks traded in the so-called “up-
stairs” market. In such settings, different traders might obtain different prices for the same trade,
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based on their reputation for being informed or uninformed, based on historical trading relation-
ships, or based on other factors.

One question that springs forth from these facts is: which form of segmentation would a social
planner prefer? That question is not only theoretically interesting but also practically relevant.
The form and extent of segmentation that prevails in a market is subject, at least in part, to
regulatory control. Indeed, many jurisdictions permit significantly less segmentation than the U.S.
For example, Canadian and Australian equities markets have “trade-at” rules, which curtail off-
exchange trading by prohibiting it not only at prices worse than those quoted on-exchange but
also at prices that are not meaningfully better. In the U.S., the SEC once tested a trade-at rule
on a subset of stocks, as a component of their Tick Size Pilot. Several other policy levers are, in
principle, available. Regulators could strengthen or weaken the conditions under which trading
venues must provide fair access. They could limit the allowable forms of discriminatory access.
They could regulate the frequency with which brokers are allowed to route the orders of various
customers to various venues. They could also vary what trader characteristics can or cannot be
made observable and hence potential bases for price discrimination.

In short, policymakers have many available levers with which they can influence segmentation.
But determining which of those levers to throw requires first answering the more basic question
about which segmentations are desirable in financial market settings. This paper’s main contribu-
tion is to provide, within a simple model, a sharp answer to that question.

Model. I consider these issues within a simple model that is in the spirit of Glosten and Milgrom
(1985). A single investor with unit demand will arrive and will be either information-motivated
(with probability ) or liquidity-motivated (with probability 1 —«). If he is information-motivated,
then he knows the asset’s common-value component, whose magnitude is drawn from a distribution
F7. If he is liquidity-motivated, then he has a private-value component, whose magnitude is drawn
from a distribution F7,.

Segmentation is modeled as by exogenous probabilities that specify, for each of these two investor
types, the probability the investor is assigned to each of a set of venues. The interpretation is that
there is an (unmodeled) planner who can control these probabilities, and the goal is to understand
what welfare outcomes can be feasibly generated by the different choices that this planner might
make. Competitive market makers, understanding these probabilities, set a bid-ask spread on each
venue. A sufficient statistic for a venue’s spread is the ‘toxicity’ of its order flow: the ratio of
information-motivated flow to liquidity-motivated flow. Spreads are larger when order flow is more
toxic.

Any given segmentation determines the expected welfare of the investor (i) conditional on being
information-motivated, denoted wy, and (7i) conditional on being liquidity-motivated, denoted wr,.
It is straightforward to derive the welfare outcomes (wy,wy) produced by two extreme forms of
segmentation:

e First, suppose that liquidity-motivated and information-motivated orders are fully separated. A
no-trade theorem would apply to the venues featuring only information-motivated order flow,
implying w; = 0. On the other hand, liquidity-motivated investors would trade at a spread of
zero, meaning that they obtain all available gains from trade, implying wy, = [ v dF(v).

e Second, suppose that liquidity-motivated and information-motivated orders are fully pooled.
In this case, both investor types will trade at the same spread, denoted s,,,. It follows that
wr = [[v = Spoot) T dF(v) and wr, = [[v — Spoo] T dFL(v).



I then characterize the welfare pairs (wr,wy) that might arise from any form of segmentation—
not only from the two extremes discussed above. Clearly, intermediate forms of segmentation
interpolate between these extremes. What is potentially more surprising is that some forms of
segmentation are Pareto-efficient, while others are Pareto-ineflicient.

Results (the uniform case). It is useful to begin by considering the case in which F; and Fp,
both correspond to the uniform distribution on [0,1]. Assuming F; = Fy, means that information-
motivated and liquidity-motivated investors have identical elasticities with respect to the spread,
which is a natural benchmark case. A uniform distribution makes the analysis simpler and more
transparent.

When segmentation occurs in practice, it often takes a particular form. Often, some liquidity-
motivated order flow are segmented into various non-exchange venues (or secondary exchanges),
leaving relatively more information-motivated flow on the exchanges (or the primary exchange).
See, for example, Easley, Kiefer and O’Hara (1996); Bessembinder and Kaufman (1997); Goldstein,
Shkilko, Van Ness and Van Ness (2008); Hatheway, Kwan and Zheng (2017); Comerton-Forde,
Malinova and Park (2018). Because liquidity-motivated flow is more profitable for a market maker
(at a fixed spread), this form of segmentation is sometimes referred to as “cream-skimming” by
these non-exchange venues. To capture cream-skimming in the model, assume that all information-
motivated orders go to a certain venue, while only a gy -fraction of liquidity-motivated orders go to
that venue, with the remainder going elsewhere. Increasing 57, from 0 to 1 interpolates between full-
separation and full-pooling. Despite the prevalence of cream-skimming segmentation in practice, the
analysis indicates that it is an undesirable form a segmentation: these cream-skimming outcomes
form the Pareto-inferior portion of the feasible set.

What are the Pareto-dominant forms of segmentation? They constitute the opposite—what 1
call “reverse cream-skimming”—whereby all liquidity-motivated orders go to a certain venue, while
only a Sr-fraction of information-motivated orders go to that venue, with the remainder going
elsewhere. Increasing By from 0 to 1 also interpolates between full-separation and full-pooling.
Yet, it is a different interpolation than the “cream-skimming interpolation” discussed above, and
it implements different welfare outcomes. All Pareto-dominant welfare outcomes are implemented
by reverse cream-skimming segmentation.

The welfare outcomes that can be feasibly implemented form a convex set, consisting of all
points between the cream-skimming outcomes and the reverse cream-skimming outcomes. Figure 1
illustrates.

To state some of these results more formally, given a set X C R2, define XP%* as its Pareto
frontier (i.e., the elements that are not Pareto-dominated by any other element of X’). Likewise,
define X anfi-pareto a4 jts Pareto anti-frontier (i.e., the elements that do not Pareto-dominate any
other element of X'). Finally, let CS denote the set of cream-skimming outcomes, RCS the set of
reverse cream-skimming outcomes, and F the entire set of feasible outcomes. In the uniform case,
(i) F is the area between CS and RCS, (i) FP¥e* C RCS, and (iii) Fat-pereto — CS.2 Because a
planner need only consider how to implement Pareto-efficient segmentations, the main result from
the perspective of practical relevance is clearly (ii). The other results, (i) and (iii), are primarily
of theoretical interest.

Robustness and extensions. Versions of the results obtained for the uniform case hold for other
distributional assumptions. For example, Appendix B considers the case in which F7 is a point

2Tt is not necessarily true that F?**"° = RCS, because some elements of RCS may be Pareto-dominated. See, for
example, Figure 1(c).



Figure 1: The feasible welfare set
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The feasible sets for F; = F, = U[0,1] and « € {0.2,0.5,0.8}. In each panel, the red (blue) curve
depicts the welfare pairs implementable by cream-skimming (reverse cream-skimming), and the
gray area represents the welfare pairs implementable by all forms of segmentation.

mass on some o € (0, 1], while F7, remains U0, 1]. All the same qualitative conclusions obtain: (%),
(i), and (7).

Section 4 relaxes the specific distributional assumptions on F; and Fp. I provide conditions
under which the main result, (i) extends.

Section 3.4 extends the model in a different direction, by weakening the assumption that seg-
mentations can be based directly on the investor’s trading motive. Concretely, suppose there are
two imperfectly-informative labels: likely-information (LI) and likely-liquidity (LL). Conditional on
being information-motivated (liquidity-motivated), the investor is labeled LI with probability p;
(pr) and LL otherwise, where it is natural to assume p; > pr. Segmentations can be based on these
labels, although not on the investor’s type directly. For this analysis, I retain the assumption that
Fr = Fr, = UJ0,1]. Relative to the baseline model, fewer segmentations are now possible—indeed, if
p1 = prL, then the labels are completely uninformative, and full-pooling is the only feasible outcome.
With less scope for segmentation, the feasible set shrinks. Yet, versions of all the same qualitative
conclusions obtain—in particular, (i), (i), and a weakened version of (4i): Fantirareto C ¢S 3

Implications. Taken at face value, these results have considerable implications for policy. In
U.S. equities, for example, some forms of segmentation are allowed, while other forms are not.

3For this analysis, I adjust the definitions in the natural way: a cream-skimming (reverse cream-skimming)
segmentation is one where all LI (LL) orders go to a certain venue, while only a fraction of LL (LI) go there, with the
remainder going elsewhere.



What is allowed, broadly speaking, is advantageous treatment for small fractions of orders (where
a primary reason to provide advantageous treatment is because such orders are particularly likely
to be liquidity-motivated). One example is the price improvement that retail orders tend to receive.
Indeed, retail orders account for a relatively small fraction of overall market volume (depending on
the calculation, about 20%). Another example is that ATSs are allowed to discriminate in terms of
whom they provide access to, provided they are small (in the sense of accounting for less than 5%
of trading volume in a stock). If an ATS grows bigger, then it is required to provide fair access.

What is not allowed, then, is the opposite: disadvantageous treatment for small fractions of
orders (where a primary reason to provide disadvantageous treatment is because such orders are
particularly likely to be information-motivated). For example, an exchange like Nasdaq or NYSE
cannot block or charge additional fees to traders with a history of informed trading. The Access
Rule (Reg NMS Rule 610) forbids it.

Effectively, what this means is that under the current regulatory framework, segmentation is
geared more toward cream-skimming and less toward reverse cream-skimming. This approach,
however, is precisely the opposite of what the model recommends.

Related literature. Conceptually, my approach resembles that of Bergemann, Brooks and Mor-
ris (2015). They characterize the combinations of consumer surplus and producer surplus that are
feasible, depending on the information a monopolist might have about consumers. Each informa-
tion structure corresponds to a segmentation, given which the monopolist will do third-degree price
discrimination. Both their paper and mine characterize a two-dimensional feasible set. A difference
is what is on the axes. Another difference is the setting: they consider a canonical product-market
setting, whereas I consider a canonical microstructure setting, in which adverse selection plays an
important role. A final difference is interpretation. They have in mind that segmentations are
determined by the monopolist’s information. My primary interpretation is that segmentations are
determined by regulatory actions that affect how orders from investors of different types are routed
to various venues. That said, my analysis could be reinterpreted through the lens of information:
suppose there is just a single venue, but that market makers can price discriminate based on their
information about the investor (as, e.g., in over-the-counter markets). Characterizing the feasi-
ble welfare set for that regime is the exact same problem. The analysis therefore also connects
to Bayesian persuasion (Kamenica and Gentzkow, 2011), the literature on which is surveyed by
Kamenica (2019) and Bergemann and Morris (2019).

The analysis also connects to theoretical analyses of segmentation in financial markets. Most
closely related are models in which segmentation occurs because some market makers can con-
dition access or pricing on observable characteristics (Easley, Kiefer and O’Hara, 1996; Battalio
and Holden, 2001; Baldauf, Mollner and Yueshen, 2024; Lee and Wang, 2023). In other models,
segmentation occurs because trader types differ in their need for immediacy (Admati and Pflei-
derer, 1988, 1989; Hendershott and Mendelson, 2000; Brolley and Cimon, 2020), in the market
access frictions that they face (Hoffmann, 2016), or because they have different perspectives on
the tradeoffs between price and volume (Easley and O’Hara, 1987; Seppi, 1990) or between price
and execution probability (Zhu, 2014). In still other models, segmentation occurs via reputation:
some market makers can condition their current pricing on previous trading outcomes (Benveniste,
Marcus and Wilhelm, 1992; Desgranges and Foucault, 2005). Many of these models compare the
equilibrium with segmentation to a single counterfactual without any segmentation. I contribute
to this literature by analyzing what is feasible given all possible segmentations.

Other papers model ways in which a change in the number of venues can affect the aggre-
gate toxicity of order flow, although not differentially across venues—hence, without introducing



segmentation (Chowdhry and Nanda, 1991; Dennert, 1993; Baldauf and Mollner, 2021; Chen and
Duffie, 2021).

Finally, my analysis also relates to empirical studies of segmentation in financial markets. These
studies analyze segmentation between primary and secondary markets (Easley, Kiefer and O’Hara,
1996; Bessembinder and Kaufman, 1997; Barclay, Hendershott and McCormick, 2003; Goldstein,
Shkilko, Van Ness and Van Ness, 2008), between lit and dark markets (Comerton-Forde and
Putnins, 2015; Degryse, De Jong and Kervel, 2015; Hatheway, Kwan and Zheng, 2017; Comerton-
Forde, Malinova and Park, 2018), or between upstairs and downstairs markets (Madhavan and
Cheng, 1997). All of these papers document ways in which different venues tend to attract differ-
ent mixtures of information-motivated versus liquidity-motivated traders.

2 Model

2.1 Setup

A single risky asset will be traded by a single, unit-demand investor at a single point in time. The
investor might be either information-motivated or liquidity-motivated. He will be assigned to one of
several trading venues, where bid-ask spreads are set by competitive market makers. Segmentation
occurs when the venues differ in their ratios of information- to liquidity-motivated order flow.

Asset. There is a single risky asset. Its common-value component is equally likely to be positive or
negative, and its magnitude is an independent draw from a distribution F; with support contained
in [0, 1].

Investor. A single risk-neutral investor will arrive and might place a market order to trade
one share. With exogenous probability a € (0,1), he is information-motivated, in which case
he privately knows the common-value component. With complementary probability 1 — «, he is
liquidity-motivated, in which case he has a private-value component for trading one unit (and
knows nothing about the common-value value).* This private-value component is equally likely
to be positive or negative, and its magnitude is an independent draw from a distribution F7, with
support contained in [0, 1]. For brevity, I will sometimes say that the investor’s type is k € {I, L},
where type-I means information-motivated, and type-L means liquidity motivated.

Venues. Venues are indexed j € {1,...,J}. Before the investor arrives, risk-neutral market
makers compete to quote a bid and an ask at each of these venues. For each venue j, let s; denote
its half-spread (henceforth, simply ‘spread’), which will be endogenously determined in equilibrium.

Segmentation. Conditional on being type k € {I, L}, the investor will be assigned to venue j
with exogenous and commonly-known probability dx;. Define 6, = (6g1,...,0xs). By definition,
8, € AY. The interpretation is that an unmodeled planner can control (87, d7).

Timing. First, market makers post their quotes. Second, Nature determines the investor’s type,
the investor’s venue assignment, the asset’s common-value component, and (if the investor is

4Thus, a liquidity-motivated investor who buys = € {—1,0,1} shares at the price p when the common-value
component is vy and his private-value component is vz receives utility (vi + v — p)z. An information-motivated
investor who buys z shares at the price p when the common-value component is vy receives utility (v — p)z.



liquidity-motivated) his private-value component. Third, the investor chooses whether to buy,
sell, or hold.

2.2 Spreads, welfare, and the feasible set

By symmetry, market makers quote symmetrically about zero, meaning that the ask (bid) on venue j
will be s; (—s;). If assigned to venue j, and if information-motivated (liquidity-motivated), the
investor will choose to trade if the magnitude of the common-value component (his private-value
component) exceeds s;.

To avoid needing to specify how liquidity-motivated investors break their indifference, I assume
throughout that Fp, is atomless. It does not matter for the analysis how information-motivated
investors break their indifference. Yet, to avoid degenerate solutions, I assume that F7 is not simply
a point mass on zero.

Spreads. This implies the following zero-profit condition for venue j, which, owing to Bertrand
competition among the market makers, the half-spread s; must solve

1
(1—a)5Lj [1 —FL(Sj)]Sj :aéfj/ (’U—S]‘) dF[(v). (1)

J

gains from type-L investors losses to type-I investors

The left-hand side of (1) represents the market maker’s gains from trading with liquidity-
motivated investors on venue j. The investor is liquidity-motivated with probability 1 — «, and
conditional on that is assigned to venue j with probability ;. He then trades only if his private-
value component exceeds the half-spread, which occurs with probability 1 — F7,(s;), and conditional
on trading the market maker earns the half-spread s;. The right-hand side represents the market
maker’s losses from trading with information-motivated investors on venue j. The investor is
information-motivated with probability «, and conditional on that is assigned to venue j with
probability d7;. When he trades, the market maker loses the difference between the magnitude of
the common-value component and the half-spread, and because he trades only when this difference
is positive, the market maker expects to lose fslj (v—sj)dF(v).

By standard arguments, s; must in equilibrium be the smallest solution to (1).

Welfare. Conditional on being information-motived and assigned to venue j, the investor’s ex-
pected surplus coincides with the market maker’s expected loss: fsl. (v—s;) dFy(v). Conditional on
J

being liquidity-motived and assigned to venue j, the investor’s expected surplus has a similar form:
f;‘ (v —s;j)dFr(v). It follows that the expected surplus of an information-motivated investor is
J

J 1
wy = Zafj/ (v — sj) dFy(v). (2a)
j=1 %

Likewise, the expected surplus of a liquidity-motivated investor is

J 1
wr, :_Zél’j/ (U—Sj)dFL(U). (Qb)
j=1 5



The feasible set. Define the feasible welfare set as the set of pairs (wr, wy) that can be achieved
by some segmentation. Formally,

F = {(wI,wL)|51 S AJ,dL S AJ}.
An initial observation is that the feasible set must be convex.
Proposition 1. F is convezx.

To prove this result, suppose that the welfare pairs (w},w}) and (wf,w]) are respectively
implemented by segmentations (87,8,) € A7 and (8%,87) € A", Tt is then straightforward to
construct, for any ¢ € (0,1), a segmentation (87, 8%) € A7+/" that implements the welfare pair
t(wh, wh) 4+ (1 — t)(wf,w).> For full details, see the proof in Appendix A.

2.3 Remarks

One motivation for considering w; and wy, separately—as opposed to total welfare wyp := awr+(1—
a)wr—is because a social planner might put different Pareto weights on different trader types. On
the one hand, a social planner might overweight liquidity-motivated investor welfare. Indeed, much
of Gary Gensler’s rulemaking as the current SEC Chair has indicated a disproportionate emphasis
on minimizing the transaction costs of retail traders, who tend to be liquidity-motivated rather than
information-motivated.® On the other hand, a different social planner with different priorities might
overweight information-motivated investor welfare, as information-motivated traders contribute to
price discovery. Although information acquisition is exogenous in this model, if it were to be
endogenized, then a desire to enhance price informativeness would rationalize a higher Pareto
weight on information-motivated traders: directing more surplus toward information-motivated
traders would incentivize further information acquisition, hence more informative prices.

I do not consider market maker welfare—instead focusing only on investor welfare—because
market makers are assumed to be competitive throughout.

I described the model in terms of a single investor who will be either information-motivated (with
probability «) or liquidity-motivated (with probability 1 — a)). There is, however, an alternative
interpretation involving a continuum of investors: a mass a of information-motivated investors,
and a mass 1 — « of liquidity-motivated investors. All results apply equally to this alternative
interpretation, and when convenient, I will speak in terms of this alternative interpretation instead.

For the single-investor interpretation, welfare is evaluated from an ex-interim perspective: after
the investor knows his type k € {I, L} but before he knows his draw from Fj, and before he knows
his venue assignment. For the alternative continuum-of-investors interpretation mentioned in the
previous paragraph, welfare is evaluated at the group-level rather than at the individual-level. If, for

5The proof, therefore, leverages the assumption that the number of venues can be any natural number J € N.
Results from Doval and Smolin (2024), however, imply that at most J = 3 venues are needed to implement any point
in F. Numerical experimentation suggests that, in fact, only J = 2 venues are needed.

5For example, Gary Gensler said, “I asked staff to take a holistic, cross-market view of how we could update our
rules and drive greater efficiencies in our equity markets, particularly for retail investors” (Gensler, 2022, emphasis
added). Later in the same speech, he proposed order-by-order competition as a way to reduce transaction costs for
retail investors. This idea later materialized as the SEC’s proposed Order Competition Rule (SEC, 2022), and it
specifically pertains to some of the issues of segmentation that this paper addresses:

the vast majority of retail marketable orders are flowing to wholesalers that pay for this order flow. [...]
This segmentation—which isolates retail orders—may not benefit the retail public as much as orders
being exposed to order-by-order competition. [...] Thus, I've asked staff to make recommendations for
the Commission’s consideration around how to enhance order-by-order competition. (Gensler, 2022)



instance, one segmentation Pareto-dominates another, what that means is that both information-
motivated investors (in aggregate) and liquidity-motivated investors (in aggregate) are better off
under the former segmentation; it does not necessarily mean that every individual investor will be
better off.

In practice, regulators do have a great deal of influence over the form and amount of segmen-
tation that prevails—in language of the model, over the venue-assignment probabilities (d7,r). I
do not, however, formally model the process by which different regulations induce different values
for (87,0r). Rather, I simply assume directly that a planner can implement any (d7,dz) she would
like. Admittedly, this assumption is quite strong: in practice, regulators might be constrained in
terms of the segmentations they can induce.” In that case, one interpretation of my analysis is
that F is an outer bound on the what a planner can actually achieve. In comparison, many other
papers make an assumption that is quite strong in the other direction, assuming that the plan-
ner is limited to a handful of specific segmentations, often just the full-pooling and full-separation
segmentations, or versions thereof (e.g., Benveniste, Marcus and Wilhelm, 1992; Hendershott and
Mendelson, 2000; Battalio and Holden, 2001; Desgranges and Foucault, 2005; Zhu, 2014; Lee and
Wang, 2023; Baldauf, Mollner and Yueshen, 2024). An interesting direction for future research
would be to formulate a suitable middle ground.

3 The uniform case

I begin by considering the case in which the distributions F; and F, are both U|0, 1].

3.1 Spreads and welfare

Provided the spread s; lies in the interval [0, 1], which will be the case in equilibrium, the zero-profit
condition (1) becomes
(1-s5)?

(1= a)dr;(1 = s5)sj = abrj=——. (3)
The spread must be the smallest solution to (3), namely

CM(S[J'

= . 4
% adrj +2(1 —a)dr; )

04611-

As an aside, this could alternatively be expressed s; = where 7; = T=a)or; represents the
J

-
toxicity of venue j’s order flow.
The welfare expressions (2a) and (2b) become

J J
Z 1—s;)? 1—5:)2
J=1 J=1

where each s; is given by (4).

3.2 Cream-skimming and reverse cream-skimming

Before characterizing what is feasible for all possible segmentations, I begin by discussing two
specific forms of segmentation.

"One class of constraints that I do formally address is the possibility that segmentations can be based only on an
imperfectly informative signal of the investor’s trading motive. See Appendix 3.4 for details.



Cream-skimming. First, consider the class of segmentations in which some liquidity-motivated
orders are pooled with information-motivated orders, while the remaining liquidity-motivated orders
are separated. Formally, suppose there are J = 2 venues, with all information-motivated orders
routed to the first venue, and only a fraction 8z, € [0, 1] of the liquidity-motivated orders routed to
the first venue, with the remainder routed to the second. That is,

5]:(1,0) and 5L: (,BL,l—ﬁL). (5)

This class roughly connects to some forms of segmentation that occur in practice. When seg-
mentation occurs in practice, it is often geared toward segmenting certain liquidity-motivated or-
ders into various non-exchange venues, leaving relatively more informed order flow on exchanges.
Because liquidity-motivated orders are more profitable for market makers to trade with than
information-motivated orders (at a fixed spread), segmentation of this type is commonly called
“cream-skimming.”

For example, retail orders tend to be uninformed. Hence, all the various practices by which retail
orders receive special treatment constitute this sort of cream-skimming segmentation: off-exchange
internalization of retail orders, on-exchange retail liquidity programs, the SEC’s recently-proposed
order-by-order auctions for retail orders, and so on. Another set of examples include ATSs that
provide access only to certain institutional traders with a reputation for liquidity-motivated trading.

Accordingly, I say that a cream-skimming segmentation is one of the form (5). Such a segmen-

tation leads to spreads
Q

= d -
S ot 201 —a)B; an s9 =0,
implying welfares
21— R (s A
(a+201 - a)y)’ (a+20-)p) 2

For example, B, = 0 implements full-separation: all information-motivated investors go to
venue 1, and all liquidity-motivated investors to venue 2. On venue 1, a no-trade theorem (Milgrom
and Stokey, 1982) applies: its spread must then be large enough to crowd out all information-
motivated trade, so we have s; = 1 and w; = 0. Venue 2, in contrast, has no adverse selection
at all, so we have ss = 0 and w; = % In summary, full-separation leads to the welfare pair
(wIa wL) = (07 %)

At the other extreme, S;, = 1 implements full-pooling: both investor types face the same spread.

Because we have assumed F; = FT,, the full-pooling outcome entails a welfare pair on the 45-degree
2(1—a)?

(2—a)? -

Intermediate values of 37, interpolate between these extremes, in a way that is characterized by

the following lemma.

line, namely (wr,wy) =

Lemma 2. In the uniform case, cream-skimming segmentations implement welfare outcomes (wy, wr,)
in the set

CS:{(wI,wL) wr € [O,Q(I_Q)Q] andezl—a(\/ﬂﬂLQwI)}-

(2 —a)? 2 4(1-a)

Reverse cream-skimming. Second, consider the reverse situation: suppose there are J = 2
venues, with all liquidity-motivated orders routed to the first venue, and only a fraction 8; € [0, 1]
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of the information-motivated orders routed to the first venue, with the remainder routed elsewhere.
That is,

6r=Br,1-p8r) and = (1,0). (6)
A reverse cream-skimming segmentation is one of the form (6). Such a segmentation leads to
spreads
afr

81 B +2(1 = a) an S92 )

implying welfares
2(1 — a)? 2(1 — a)?
( @) 3 and wy, = ( @) 5
(aBr +2(1 - a)) (B +2(1 - a))

wr = Br

As above, 87 = 0 implements full-separation and the welfare pair (w7, wr) = (0, %), while g7 = 1

)
2
implements full-pooling and (wr, wr) = 2((21:63)2 . Intermediate values of 37 interpolate between these

extremes—although the interpolation differs from the one above. The following lemma characterizes
the outcomes induced by these segmentations.

Lemma 3. In the uniform case, reverse cream-skimming segmentations implement welfare out-
comes (wr,wr,) in the set

wy € [Mﬂ and wy — 1;a(\/m_zm)}.

RCS = {(wj,wL)

Cream-skimming vs. reverse cream-skimming. It follows from the characterizations in Lem-
mas 2 and 3 that reverse cream-skimming Pareto dominates cream-skimming, in the following sense.

Proposition 4. For all (wr,wr) € CS, there exists a (wr,wr) € RCS for which wr > wy and
wy, > wyg. Moreover, both inequalities can be made strict, with the possible exceptions of the
boundary points wr = 0 and wy = 2920
Yyp 1 1 (2—a)2

Here is a partial intuition. I provide a more complete intuition when discussing a stronger
result in Section 3.4. As a baseline, consider the full-separation outcome with all information-
motivated investors on venue 1 and all liquidity-motivated investors on venue 2. This outcome
features spreads s; = 1 and s; = 0. Then consider a small change involving either cream-skimming
or reverse cream-skimming.

e Cream-skimming means moving a small fraction of liquidity-motivated flow from venue 2 to
venue 1. This creates three effects: (i) the liquidity-motivated investors who move suffer, as
they face a larger spread; (i) the liquidity-motivated investors who stay are unaffected, as
the spread at venue 2 remains 0; and (74) the information-motivated investors benefit, as the
spread at venue 1 decreases. Crucially, however, the benefit to the information-motivated
investors is only second-order. This is because, in general, a drop in the spread entails a
first-order benefit to inframarginal investors who were already trading at the larger spread,
and only a second-order benefit to marginal investors who begin to trade only at the smaller
spread. However, in this case, there are no such inframarginal investors, because the spread
at venue 1 was initially s; = 1, large enough to crowd out all trade.

11



e Reverse cream-skimming means moving a small fraction of information-motivated flow from
venue 1 to venue 2. This creates three effects: (i) the information-motivated investors who
move benefit, as they face a smaller spread; (ii) the information-motivated investors who
stay are unaffected, as the spread at venue 1 remains 1; and (#4) the liquidity-motivated
investors suffer, as the spread at venue 2 increases. And because the spread at venue 2 was
initially so = 0, there are inframarginal liquidity-motivated investors, and so the harm to the
liquidity-motivated investors is first-order.

In summary, for small changes from the full-separation baseline, reverse cream-skimming en-
tails a first-order benefit for information-motivated investors, at the cost of first-order harm for
liquidity-motivated investors. In contrast, cream-skimming entails only a second-order benefit for
information-motivated investors, yet still at the cost of first-order harm for liquidity-motivated
investors. It follows that the reverse cream-skimming scenario Pareto dominates. By Proposi-
tion 4, reverse cream-skimming outcomes in fact Pareto dominate cream-skimming outcomes in
general—not merely for small changes from the full-separation baseline.

3.3 Characterizing the feasible set

The next result characterizes the feasible welfare set as the area between the cream-skimming and
reverse cream-skimming outcomes.

Proposition 5. In the uniform case, the feasible welfare set is

F = {(wfawL)

1 o l1-«o
wy, > 3~ m(%—i—?wﬂ and wy < T(\/Qw —2wL)}-

One direction is immediate. I have already shown, by construction, that CS and RCS are
feasible. Moreover, F is convex (by Proposition 1). It follows that F must contain the area
between CS and RCS. The other direction—that only the area between CS and RCS is feasible—
is less straightforward. The proof (in Appendix A) provides a mathematical argument. I postpone
a discussion of the intuition until Section 3.4, which contains a generalization of this result.

Figure 1 (in the introduction) depicts the feasible set for various choices of a.. Full separation
occurs when 0r7;0r; = 0 for all venues j. In the figure, in each panel, this is the top-left-most
point: the best outcome for liquidity-motivated investors and the worst outcome for information-
motivated investors. The intuition is that under full separation, a no-trade theorem applies to
the venues on which information-motivated investors trade, so that they receive zero surplus. In
contrast, liquidity-motivated investors trade at a spread of zero, and so receive their highest possible
surplus.

Full pooling occurs when d; = 8. In the figure, in each panel, this is the bottom-most point:
the worst outcome for liquidity-motivated investors. Interestingly, the figure illustrates that for
sufficiently high values of «, the full pooling outcome is not the best outcome for information-
motivated investors, and is consequently Pareto dominated by other points in the feasible set.®

The intuition for why full pooling can be Pareto dominated is actually slightly clearer in the
alternative parametrization of the model considered in Appendix B.2, where F} is a point mass

81n particular, this is the case if a > % This follows from the characterization of RCS, since

d 1- 3a— 2
( a(/2wL—2wL)>‘ a2 = &} 7

dwr, o L= 2c

which is positive iff a > %
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on 1. There, if « is sufficiently large, full pooling entails so much adverse selection that it causes
trading to break down entirely, leading to w; = wy = 0. Because welfare has nowhere to go but
up, a Pareto improvement is easy to find: if some information-motivated investors are shunted
elsewhere, then adverse selection ameliorates, which allows trading to open, making both investor
types better off. A similar intuition applies to the parametrization considered in this section, where
Fr = Fr = U|0,1]. Here, if « is large, full pooling entails so much adverse selection that—although
trading does not break down entirely—it comes close enough that a Pareto improvement can be
found in a similar way.

Figure 1 also indicates that the Pareto frontier of F consists of reverse cream-skimming out-
comes: FPeto C RCS. In contrast, the Pareto anti-frontier of F is exactly the set of cream-
skimming outcomes: Fororeto — CS. These results, in fact, follow as a corollary to the charac-
terization of F given by Proposition 5.

Corollary 6. In the uniform case, FP¥¢° C RCS and Ferti-pareto — ¢S,

Remark 1. As mentioned in Section 2.3, a potentially focal scenario is that of a social planner
who—rather than putting different Pareto weights on different investor types—seeks to maximize
total welfare wp = awr 4+ (1 — @)wy. Such a planner would prefer full separation. The intuition
is that under full separation, every liquidity-motivated investor faces a spread of zero, and hence
all available gains from trade are realized. Under other segmentations, some gains from trade go
unrealized, so total welfare is lower. This argument, in fact, applies for any F7 and Fp, not only
for the uniform case. The argument does, however, rely on the assumption that segmentations
can be based directly on the investor’s trading motive. Without it, a corresponding result is
not guaranteed. Indeed, the next section considers an extension in which segmentations can be
based only on imperfectly informative labels: likely-information (LI) and likely-liquidity (LL). Full
separation—that is, assigning all investors labeled LI to one venue and all labeled LL to another—
might no longer maximize total welfare. This observation relates to a key result of Lee and Wang
(2023).

3.4 An extension: imperfect binary signal of investor type

For this section only, I weaken the assumption that segmentations can be based directly on the
investor’s trading motive. Versions of all previous results extend.

Labels. Concretely, suppose there are two imperfectly informative labels: likely-information (LI)
and likely-liquidity (LL). Conditional on being information-motivated (liquidity-motivated), the
investor is labeled LI with probability p; (pr) and LL otherwise. Without loss of generality, assume
p1 > prL, so that the labels can be interpreted at face value.

The parameters (pr, pr,) capture the informativeness of these labels. Labels are perfectly infor-
mative if py = 1 and pr = 0; this corresponds to the baseline case analyzed before. On the other
hand, labels are completely uninformative if p; = py.

It is, of course, limiting to assume that there are only two labels. A more general model would
allow for an unrestricted number of labels and an arbitrary joint distribution between labels and
the investor’s motive. However, allowing for only two labels lends tractability. Several other papers
take a related approach (e.g., Benveniste, Marcus and Wilhelm, 1992; Easley, Kiefer and O’Hara,
1996; Battalio and Holden, 2001; Lee and Wang, 2023).

Segmentations. Segmentations can be based on the investor’s label, although not on his type
directly. Conditional on the label ¢ € {LI,LL}, the investor will be assigned to venue j with
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exogenous and commonly-known probability dg;. Define 8¢ = (071, ..., d¢s). By definition, §, € A7
The interpretation is that a planner who knows the labels can control (drr, dr1).

For this analysis, adjust the definitions of cream-skimming and reverse cream-skimming in the
natural way. A cream-skimming segmentation is one of the form dr1 = (1,0) and drp = (Brr, 1—FrL).
Likewise, a reverse cream-skimming segmentation is one of the form é.1 = (fr1,1 — fur) and
o = (1,0).

Spreads. Provided the spread s; lies in the interval [0, 1], which will be the case in equilibrium,
the zero-profit condition (3) generalizes to

} (1- 3j>2

(1 — a) [pLéLIj + (1 — pL)(SLLj] (1 — Sj)Sj = a[p[(5L1j + (1 — pI)(sLLj T (7)

Define
__ o prdu+ (1= pr)duy
J

Cl-« proit; + (1 — pr)owe;

as the toxicity of venue j’s order flow. A key difference from the case analyzed before is that, unless
the labels are perfectly informative, these toxicities are bounded. Indeed, because dr1; and dry;
both lie in the unit interval, we must have 7; € [Tmin, Tmax), Where

1—
a P and Tmax ‘= @ pr
l1—al—-pg 1—apg

Tmin =

The spread must be the smallest solution to (7), which, just as before, is given by
7j

S; = ————.
J Tj—‘r2

Welfare. The welfare expressions now become

J (1 s ')2
wy = Z [proLj + (1 — pr)ér;| ——=2—
—1

<
I

[provrj + (1= pr)ore;] (

S
S
I

1

J

It will be convenient to use the zero-profit condition (7) to alternatively express w; as

l1—a

[PL(SLIj + (1 - pL)(sLLj] (1 - Sj)sj'
1

J
wy =

(%

J

Characterizing the feasible set. Next, I perform a change of variables. In the original formu-
lation, the planner chose vectors (dr1,drr). Consider, instead, a formulation in which the planner
chooses vectors T = (71,...,77) and 8 = (61,...,0;), where for each venue j,

0; = prorrj + (1 — pr)oL;-

Because dp1; and dpp; must both lie in the unit interval, f; must also lie in the unit interval. In
addition, ijl durj = Z;-Izl bij = 1 implies that Z;’:l 6; =1 and ijl ;7 = 1.

67
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(1-s;)? _
2 (2+
(wr,wr,) € F if and only if we can write

27']

L and (1—s;)s; = CIEnEE Collecting all the above,

T :
Next, use s; = 2 to write

1-ay 2
0 d = 0;—.
a ZJ?—FTJ an WL ZJ(2+T]‘)2
for some T and @ satisfying the constraints

J
Zaj =1 and (9j c [0, 1] for all 7,

j=

—_

293‘7']' =1 fa and Tj € [Tmin, Tmax] for all j.

Formulated in this way, the planner’s problem is to choose a distribution over toxicities in the

interval [Timin, Tmax], Where 6 is the weight on toxicity 7;, subject to a constraint that the mean of

the distribution must be ;%-. In these terms, w; and wy, can each be thought of as an expected

utility from this distribution over toxicities. The distribution is the same for both w; and wy; only

the “utility function” is different. For wr, it is =2 =27 For wy,, it is ﬁ

o (2+71)2
[eFEas is convex in 7, mean-preserving spreads in the distribution raise wy. But

Now, because @ +T

because eret: has both convex and concave regions, mean-preserving spreads in the distribution

2
might e1th;rr )ralse or lower wy.

A key quantity will be the “bang-for-the-buck” of a mean-preserving spread, which I define as
the effect on w; (possibly positive or negative) relative to the effect on wy, (necessarily positive).
In general, the effect of a mean-preserving spread is captured by the second derivative of the utility
function. Hence, the bang-for-the-buck of a (vanishingly small) mean-preserving spread in the

region of a toxicity level 7 is captured by the ratio of second derivatives:

d? 27 2
dr? (2 +71)2
Note that this is increasing in 7.

dr? (24 71)2

Hence, w; can be increased while wy, is held fixed if it is possible to combine a mean-preserving
spread in a high-7 region with a mean-preserving contraction in a low-7 region. Only when all such
opportunities are exhausted can w; be maximized subject to a particular value for wy. All such
opportunities are exhausted if and only if the distribution is supported on at most two toxicity
levels: Tmax and some 7 < ﬁ These, however, are precisely the distributions over toxicities
achieved by reverse cream-skimming segmentations.

Applying precisely the same logic in reverse, w; is minimized subject to a particular value
for wL if and only if the distribution is supported on at most two toxicity levels: Tmin and some
T > 12=. These, however, are precisely the distributions over toxicities achieved by cream-skimming
segmentatlons

Stating this formally, we have the following result, which can be viewed as a generalization of
Proposition 5 to the case of imperfect binary signals.

T—4
R

Proposition 5. Define w; and Wy, as the lowest and highest feasible values for wy,:

w; = min{wy, : (wr,wy) € F} and wy, = max{wy, : (wr,wr) € F}.
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For wy, € [wy,wy], define wy(wr) and wr(wy) as the lowest and highest feasible values for wy that
are consistent with that wy,:

wr(wy) = min{wy : (wy,wy) € F} and  wr(wy) = max{wy : (wr,wr) € F}.

Then F = {(wr,wr) |wr, € [wy, W] and wy € [wy(wg),wr(w)]}. Moreover, in the uniform case
with imperfect binary signals,

CS = {(wl,wL) ‘ wy, € [wy,wr] and wy = w](wL)},
RCS = {(wI,wL) ‘wL € [wy,wr] and wy = EI(U)L)}.

Proposition 5, moreover, immediately implies the following analogue of Corollary 6.

Corollary 6'. In the uniform case with imperfect binary signals, FP¥¢° C RCS and Fonti-rereto C
CS.

One might wonder if a stronger result than Corollary 6’ would be true, entailing the claim
Fanti-pareto. — 0S  Indeed, this stronger result is true if segmentations can be based directly on
the investor’s trading motive (¢f. Corollary 6). Appendix C.1, however, provides an example to
illustrate that this stronger result is not in fact guaranteed in this extension.

4 The general case

I now drop the assumption that F; and Fy, are both U|0,1]. I do, however, retain the assump-
tion that segmentations can be based directly on the investor’s trading motive (in contrast to
Section 3.4). The goal of this section is to provide conditions under which the main result of the
previous section extends: FP¥¢° C R(CS.

4.1 Preliminaries

Re-expressing wy. For the arguments below, it will be useful to work with an alternative expres-
sion for wy. The idea is that, because market making is competitive, market maker revenue from
liquidity-motivated traders equals market maker losses to information-motivated traders—which in
turn equals aw;. Hence,

(67

J 1 1—ad
wr =8 / (v —s;) dFy(v) = > " 6r5[1 = Fr(s;)]s;, (8)
j=1 Sj 7j=1

where the first equality repeats the definition of w; from (2a), and the second equality follows
from (1).

Defining s(7). Provided that 67; > 0, it follows from (1) that the spread on a venue j depends

on (o, drj,0r5) only through the toxicity 7; = %. In particular, s; = s(7;), where s(7) is

defined as the function that delivers the smallest solution to

1
[1—FL(S)]S:T/ (v—s)dFi(v). 9)
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To encompass dz7,; = 0, we say that 7; = oo in this case.”? It follows from (1) that, in this case, the
spread must be the largest element of the support of F;. We therefore define s(oo) = maxsupp F7.
Note that a toxicity of zero implies a spread of zero: s(0) = 0. It is also useful to define
Spool @s the half-spread that prevails when 07; = dr;, i.e., Spoot = S(L) Furthermore, s(7) is

l1-a
monotonically increasing:
Lemma 7. s(7) is weakly increasing.
Defining R(s). Define
R(s) :=[1 — Fr(s)]s.

In words, R(s) is the revenue that a market maker would earn from a liquidity-motivated investor
when the spread is s. The investor trades with probability 1 — Ff(s), and conditional on trading,
the market maker earns the spread. This allows us to write (8) somewhat more compactly as

l—«

J
wr = Z(SL]'R(S]'). (10)
j=1

(07

Next is a result about the supremum of the composition of the functions R(s) and s(7).
Lemma 8. Define R* := sup, R(s(7)).
(1) If R(s(7)) achieves R* on the domain T € [0,00), then there exists a smallest T that does this.
(ii) Otherwise, R(s(T)) approaches R* only in the limit, i.e., R(s(o0)) = R* and (V7)(Je >
0)(Vr < 7):R(s(1)) < R* —e.

Defining 7* and s*. In light of Lemma 8, there are two cases. If R(s(7)) achieves its supremum,
R*, then define 7" as the smallest value at which R* is achieved. Otherwise, say that 7* = oco.
Define also s* = s(7*).

Characterizing F. The alternative expression for wy given by (8), together with the definition
of s(7) implies that (wr,wr) € F if and only if

1—
«

wy =

0l J 1
S 0n [ Fo(s()ls(r;)  and  wp = ZaLj/ (v — s(r)) dFL(v). (1)
=1 s

j=1 (75)

'

R(s(75)

for some 8; € A7 and 67, € A7, where for all j,

ady; .
_— 7(1_;%” if 5Lj > 0,
o if 5Lj =0.

9A subtlety involves the case in which not only §z; = 0 but also 67; = 0. Although I had written that Bertrand
competition implies s; must be the smallest solution to (1), strictly speaking, this argument does not apply to the
case of dr; = dr; = 0. Rather, Bertrand competition does nothing to pin down s; in that case. For the following
arguments, it is not relevant how 7; and s; are defined in those cases.
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Equivalently, we can eliminate d; as a choice variable, and instead think of the planner choosing
T = (m,...,77) directly. To that end, (wy,wy) € F if and only if (11) holds for some 7 and 7
satisfying the constraints

J
Z(SLJ' =1 and dr; € [0,1] for all j
j=1

J
ZfSLjTj < IL and 7; € [0,00) for all j
—
j=1

In short, the planner can be thought of as choosing a distribution over toxicities, where dr,; is the

weight on toxicity level 7;. Moreover, the constraint Z;»Izl dr;7j < 12~ means that she is restricted

-«
to distributions with expectation at most +=.
Characterizing RCS. A reverse cream-skimming segmentation is one in which d;, = (1,0).
Plugging that into the characterization of F given above, (wr,wr) € RCS if and only if

~ 1
wy = L [1— Fr(s(7))]s(T) and wy, = / (v —s(7)) dFL(v). (12)

. ()

~~

R(s(T)

for some T € [O, ﬁ]

4.2 A necessary and sufficient condition

Here is the main result of this section. It provides a necessary and sufficient condition on the
distributions Fy and F, under which the conclusion FP%¢° C RCS extends.

Proposition 9. Fiz F; and Fp. FP¢° C RCS for all o € (0,1) if and only if both
(i) R(s(7)) is concave on T € [0,7*], and

(ii) the following parametrically-defined curve is concave on s € [0, s*]:
1
wr(s) =1[1— Fr(s)]s and wr,(s) = / (v—s)dFr(v). (13)

The rest of this section provides a sketch of the proof. Condition (i) of the proposition requires
R(s(1)) to be concave. This condition is necessary and sufficient for ensuring that RCS contains a
point that is wy-optimal in F—something that must be true in order to have F?P%¢° C RCS. To
see this, note that by (11) we have

1l -«

wy =
«

J

> 05 R(s(7;)-
j=1
If R(s(7)) is concave, then a planner who chooses a distribution over toxicities (subject to the
constraint that the distribution has expectation at most 2~ ) with the objective of maximizing
wy must put positive weight 67; > 0 on only a single toxicity level 7;. Any such distribution
over toxicities corresponds to a reverse cream-skimming segmentation. In fact, because R(s(7)) is
maximized at 7, the argument requires concavity only on the domain 7 € [0, 7*]. If, on the other
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hand, R(s(7)) were not concave on 7 € [0,7*], then w; might be improved by mean-preserving
spreads in the distribution over toxicities. Indeed, it would be possible to find an a € (0,1) such
that the wr-optimal distribution entails putting positive weight on two toxicity levels. Such a
distribution does not correspond to any reverse cream-skimming segmentation.

Condition (ii) of the proposition requires concavity of the parametrically-defined curve (13)
on the domain s € [0,s*]. Because wr(s) is monotonically decreasing in s and because wy(s) is
maximized at s*, this is the domain between the wy-optimal and the wr-optimal points on the
curve. To see why concavity on this domain is necessary, note that by (12), RCS corresponds to
a segment of a rescaling of that curve (i.e., the rescaling in which the w; coordinate is multiplied
by %, and the segment corresponding to s € [0, spe01]). So, if the curve (13) fails to be concave
on that domain, then it would be possible to find an o € (0,1) such that there are points in the
convex hull of RCS that are neither equal to nor Pareto dominated by any element of RCS. And,
by Proposition 1, the feasible set is convex, so those points are in F, meaning that FP¥¢° ¢ RCS.

Finally, to see why conditions (i) and (ii) are jointly sufficient, note that by (11), each point
in F is a convex combination of points on the aforementioned rescaling of the curve (13). By
condition (ii), the rescaled curve is concave, so each point in F is Pareto dominated by some point
on the rescaled curve. In fact, we can be more specific. Because wy(s) is monotonically decreasing
in s and because wy(s) is maximized at s*, each point in F is Pareto dominated by some point on

the segment of the rescaled curve corresponding to the domain s € [0, s*]. Consider now two cases.

e In the first case, « is such that s,,, > s*. RCS then contains the segment of the rescaled
curve corresponding to s € [0,s*]. So it immediately follows that FPo C RCS. This case
is illustrated in Figure 2(b).

e In the second case, a is such that sp,, < s*. Here, we recall that condition (i) implies that
RCS contains a point that is wr-optimal in F. Incorporating this, we can again conclude
that FPrerete C RCS. This case is illustrated in Figure 2(a).

4.3 Distributions that satisfy the conditions of Proposition 9

The necessary and sufficient conditions given by Proposition 9 are satisfied by many common
distributions.
[TODO: This section is in progress.]
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wr,

Figure 2: Proof sketch of the sufficiency argument
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U U } ) U }
0.1 0.2 0.3 0.05 0.1
= ]_ S = ].
wy wr

An illustration of why conditions (i) and (ii) of Proposition 9 are sufficient for obtaining FP%¢*° C
RCS, where the illustrations are drawn for the cases of F; = Fr, = U|0,1] and o € {0.5,0.8}.
In each panel, the red curve depicts a rescaling of the parametrically-defined curve (13) (i.e., the
rescaling in which the w; coordinate is multiplied by %) As the parameter s increases from 0
to 1, the curve moves downward, from (w;,wr,) = (0,3) to (wr,wr) = (0,0). The quantity s* is
defined as the parameter value at which the curve attains its wy-maximal point. Condition (ii)
ensures that this curve is convex on the domain s € [0, s*]. The blue dashed curve depicts RCS,
which is the segment of the red curve corresponding to the domain s € [0, $pooi]. In the left panel,
Spool < 8*, while in the right panel, sp,0; > s*. The gray region is an outer bound on the feasible
set, constructed using two observations: (i) F lies within the convex hull of the red curve, by
equation (12), and (4#) RCS contains a point that is wy-optimal in F, from condition (i). In both
panels, it holds that FPeréte C RCS.
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5 Conclusion

One takeaway is that order flow segmentation has welfare consequences. Within that, an obvious
point is that some segmentations favor information-motivated traders, while other segmentations
favor liquidity-motivated traders. What is less obvious—and, to my knowledge, novel—is the finding
that some segmentations are Pareto-efficient, while other segmentations are Pareto-inefficient.

Moreover, under certain conditions, the Pareto-efficient segmentations have a very simple struc-
ture. In particular, any point on the Pareto frontier can be achieved with what I've called a reverse
cream-skimming segmentation. These are the segmentations in which all liquidity-motivated in-
vestors are assigned to one of two venues. The frontier is traced out by varying the allocation of
information-motivated investors across the two venues.

Policy implications. The model is extremely simple, abstracting away from many considerations
that might be important in practice. As such, its results should be interpreted with caution. But,
taken at face value, these results have considerable implications for policy.

Consider, for example, the regulation of segmentation in U.S. equities. The prevailing regula-
tions effectively encourage small venues that target only the most attractive (i.e., least informed)
orders. Examples of such venues include (i) the off-exchange internalization of retail orders, and
(i1) ATSs small enough to be exempt from fair access requirements. What regulations prohibit are
large venues that might try to exclude only the least attractive (i.e., most informed) orders. For
example, exchanges and large ATSs must provide fair access. Effectively, what this means is that
under the current regulatory framework, segmentation is geared more toward cream-skimming and
less toward reverse cream-skimming. This approach, however, is precisely the opposite of what the
model recommends.
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A Proofs

A.1 Proofs corresponding to Sections 2—3

Proof of Proposition 1. Suppose that the welfare pairs (w},w}) and (w},w}) are respectively
implemented by segmentations (87,8,) € A7 and (87,87) € A’". For any t € (0,1), the welfare
pair t(w}, w} )+ (1—t)(w,w?) can be implemented by the segmentation (87, 87) € A7 +7" defined
by 87 = (01,849, - - - 0 51, (L — )81, (L = )6}y, ..., (1 — )0} ;) for k € {I,L}.

Indeed, suppose that the segmentations (87,47 ) and (87,87 ) respectively induce the spreads
(81,-..,8) and (s7,...,s,). By (1), the spread depends on the segmentation only through the
ratio of information-motivated to liquidity-motivated order flow. Hence, the segmentation (87, 87")
induces the spreads (s,..., s, s7,...,57,). Letting (w}’,w}’) be the welfare pair implemented by
(87,687), we have for k € {I, L}

Jl Jl/

1 1
Wl =St / (0= sy dFe+ 31— 1)o7, /”(v ~ ) dF,
j=1 5 j=1 5
= twy, + (1 — t)wy,. O
Proof of Lemma 2. Define m = (le)BL' Because fr € [0,1], we have 71 € [;2;,00]. Using
B, = ﬁ, we can write
2
wr = 95> 14a
g (2 + T1>2 ( )
1 « 447
= - - . 14b
LT T T a2@ )2 (14D)
By (14a), wr is continuous and decreasing in 71. Because 71 € [1%, 00|, we therefore have
2(1 — a)?

Moreover, solving (14a) for 7; (using the fact that 7 must be the nonnegative solution), we can

write 7, = ,/w% — 2. Plugging that into (14b), we obtain

wL_;_Zl(la—Oé)(m—i_zwl). (16)

Together, (15) and (16) constitute the desired characterization. O

Proof of Lemma 3. Define 7 = % Because ; € [0,1], we have 71 € [0, %;]. Using fr =

1?70‘71, we can write

l—a 27y

_ 17
2
Wy, = ———. 17b
L (2 + 7'1)2 ( )
By (17b), wy, is continuous and decreasing in 7. Because 71 € [0, 1% |, we therefore have
2(1 —a)? 1
—_—, 18
== 1
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Moreover, solving (17b) for 7; (using the fact that 71 must be the nonnegative solution), we can

write 7 = 4 /% — 2. Plugging that into (17a), we obtain

wr = 2% (V3w - 2wy). (19)

(0%

Together, (18) and (19) constitute the desired characterization. O

Proof of Proposition 4. Let (wr,wr) € CS. Let Wy, = wy, and let w; = %(\/QwL—ZwL). The
claim will follow if we can show w; > wj.

1—
Wy > wy < a(\/QwL—ZwL) > wy

!
<— 2w > 1a wr + 2wy,
-«
2
<— 2wy > (1_a>2w%+ 1_aw1wL+4w%
1 o a? 9
< 2 |- — —(V2 2 >
[2 4(1—a)( wr “”)} = Q-2
4o 1 « 1 « 2
S % (Vowr+2 42— (Vowr+2
+1—aw1[2 4(1—a)( wr “”)}Jr [2 4(1—a)( wr + 2ur)
e a2 —a)
e V2 >
21 —a) Y =201 — a2t
(2_0)2 2
<= 2wy > (1_a)2w1,

The first step simply uses the definition of w;. The second step rearranges, using a € (0,1). The
third step squares each side, which preserves the inequality because each side is nonnegative. The
fourth step uses the fact that, because (wy, wr) € CS, we must have wy, = % - ﬁ(\/2w1+2w1).

The fifth step is algebra. For the sixth step, multiply through by w then square each side; this
preserves the inequality because o € (0, 1) and because each side is nonnegative. Furthermore, the

final condition is guaranteed to hold, because w; € [O, 2((21:5))22}, by the definition of CS.

By the same arguments, we would in fact have w; > wy if wy € (O, 2((21:0‘3‘))22>. It follows that,

in such a case, there exists some £ > 0 such that we could have instead defined w;, = wy, + € and
Wy = %(\/2174 - 212),;), and we would still have had w; > w;. ]

Proof of Proposition 5. As observed in the text, the fact that F is convex (by Proposition 1)
immediately implies that every point in the set

1

wp, > = — L(\Qw] + 2w1) and wy < 1_7a(\/2wL — 2wL)}
41— «) «

{(wbwL) 23

can be implemented by some segmentation. It remains to show that every segmentation implements
some point in the set. Consider an arbitrary segmentation, with J € N, §; € A/, and &, € A”.
The conclusion follows from establishing the following two claims.

1
Claim 1: wy, Z 5 - ﬁ(va]—f—Zw]).
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Proof of Claim 1: We argue as follows.

J
11 1|1 (1-s;)
wL_z_[z_wL}_Q_lz_;éLJ 2
11 4
2
:2—2[1—25L](1—23]+5])
7=1
J
11
25_52(&]33(2 55)
7j=1
1 o J
=2—4(1_a)j2161j<1—s]><2—sj>

1 e}
Fa ) [\ ol
:;_4(10‘_@[\/%%@01]

In the above, the second and last steps use the definitions of wy, and wy, respectively. The fourth
step uses ijl 0r; = 1. The fifth step uses the market maker’s zero-profit condition: (1—a)dr;(1—

_c.)2
55)sj = a%%. The seventh step uses the fact that f(x) = v/2z + 2z is a concave function

and that 6; € A/. The remaining steps are algebra.

1

Claim 2: wy < J(\/Qw,; — 2wL).
o

Proof of Claim 2: We argue as follows.

J
1—s;)?
w[:Z(Sjji( 2])
j=1

1l -«

J
= 220 =)
j=1

«

= ;a ZJ:‘sLj[\/ (1—s;)2-(1~- Sj)Q]
j=1

J J
11—«
<— Z5Lj(1—8j)2—z5m(1—8j)2
Jj=1 J=1
= 1;a[\/2w —2wL]

In the above, the first and last steps use the definitions of w; and wy, respectively. The second

step uses the market maker’s zero-profit condition: (1 — «)dr;(1 — s;)s; = ady; (1_25j)2. The third

step is algebra. The fourth step uses the fact that f(x) = v/2x — 2z is a concave function and that
o; € A7, OJ
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Proof of Corollary 6. The characterization of F given by Proposition 5, together with the
characterizations of CS and RCS given by Lemmas 2 and 3, respectively, immediately imply

Fanti-pareto 0§ and FPUete C RCS. Tt remains only to strengthen the former to 7 anti-pareto — S
This would follow if it were true that CS*#Paeto — CS. To establish that, recall the characteriza-
tion of CS from Lemma 2:

oS {(wl’wL) 2(1—04)2} 1 a

@oap] MW=

2 41 -a)
The slope of the curve that defines this set is

dwy, « 1
= — 2
de 4(1—04) < + 2’11}[) ’

which never becomes positive. O

wr e [o, (v2wr + gwf)}.

Proof of Proposition 5. In light of the fact that F is convex (by Proposition 1), the character-
ization of F as
{(wr,w) |wr € [wy, wL] and wr € [wy(wr), Wr(we)]}

is tautological. The primary substance of the proposition are the claims

CS = {(U}[,U}L) | wr, € [wy,wr] and wy = M[(UJL)},

RCS = {(w;,wL) | wr, € [wy,wr] and wy = ﬁj(wL)}.
These, however, were fully established by the discussion in the text.

Proof of Corollary 6’. This follows immediately from Proposition 5’.

A.2 Proofs corresponding to Section 4

Proof of Lemma 7. Let 7/ < 7”. Define s’ = s(7') and s” = s(7”). We show s’ < s”. Define
m(s;7) == [1 — Fp(s)]s — Tfsl(v — 8)dFr(v). In words, 7(s;7) are market making profits from a
spread s given a toxicity 7. Given the assumption that F7, is atomless, m is continuous in s. We
have

1
m(ss ') = [1 = Fu(s")]s" = 7 / (v = s") dFy(v)

1

1
> 1 —FL(S”)]SH—T”// (v —3§")dFy(v),

!

which is equal to zero by definition. We also have 7w (0;7") = —7 fol vdFr(v) < 0. By the interme-
diate value theorem, there exists some s € [0, s”] for which 7(s,7") = 0. Meanwhile, s is defined
as the smallest value of s for which (s, 7’) = 0. It follows that s’ < s”. O

Proof of Lemma 8. We begin by establishing three preliminary claims. Then we prove the result.

Preliminary Claim 1: s(7) is left-continuous.

Proof of Preliminary Claim 1: Suppose we have an increasing sequence 7, — 7,. Define s = s(7%).
By monotonicity of s(7), si is also an increasing sequence. This sequence is also bounded (by 1). We
can therefore define s, as its limit. We wish to show that s(7,) = so. Define R(s) := [1—FL(s)]s and
C(s) := fsl (v —s)dFy(v). Note that R and C' are both nonnegative. In addition, C' is continuous;
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in fact, it is differentiable, with derivative —[1 — Fj(s)]. R is also continuous, given that we have
assumed F, to be atomless. We also have R(0) = 0 < C(0). Because s(7) is the smallest solution
to R(s) = 7C(s), it follows that (i) R(sk) = 7:C(sk), and (1) R(s) < 7,C(s) for all s < s. By
continuity of R and C, it follows that (i) R(so) = 7.C(s), and (i) R(s) < 7,C(s) for all s < s,.
Hence, s(75) = s, as desired.

Preliminary Claim 2: R(s(7)) is left-continuous, i.e., lim__, - R(s(1)) = R(s(7o)).

Proof of Preliminary Claim 2: That R(7) is left-continuous follows from (i) the assumption that
Fr, is atomless, and (7) the fact that, by Preliminary Claim 1, s(7) is left-continuous.

Preliminary Claim 3: R(s(7)) can be discontinuous only at downward jumps, ie., R(s(70)) >
lim_, + R(s(7)) for all 7.

Proof of Preliminary Claim 3: Suppose R(7) is discontinuous at 7,. Given the assumption that
Fp, is atomless, such a discontinuity can happen only if s(7) is discontinuous at 7,. Because s(7) is
weakly increasing (by Lemma 7), we must in particular have s(7,) <lim_, + s(7).

As above, define R(s) := [1 — Fp(s)]s and C(s) := fsl(v — s)dFr(v). Note that s(7) is the
smallest solution to R(s) = 7C(s). Note also that C is decreasing; in fact, it is differentiable,
with derivative —[1 — Fr(s)]. Additionally, R is continuous, given that we have assumed FJ, to be
continuous. We argue as follows:

T T T

lim R(s(7))=R ( lim s(7‘)> =1,C ( lim s(7’)> < 16C(8(75)) = R(5(70))-

The first step follows because R is continuous. The second and fourth steps follow because s(7)
solves R(s) = 7C(s). The third step is because s(7o) <lim__, + s(7) and because C' is decreasing.

Proof of part (i): To prove part (i), suppose we have a sequence 7, — 7, where 7, > 7, and
R(1;) = R* for all k. We cannot have R(7,) > R*, for R* is the supremum of R(7). We also cannot
have R(7,) < R*, by Preliminary Claim 3. It follows that R(7,) = R*.

Proof of part (ii): To prove part (ii), suppose by way of contradiction that R(s(7)) < R* for
all 7 € [0,00) and moreover that (37)(Ve > 0)(3I7 < 7) : R(s(r)) > R* —e. We can then
construct a sequence of elements 7, < 7 such that R(s(r;x)) — R*. Let 7o be a limit point of
that sequence. By Preliminary Claim 2, lim__,_— R(s(7)) = R(s(75)), and by Preliminary Claim 3,

T—To

lim_, + R(s(7)) < R(s(7o)). Hence, R(s(75)) = R*. But this is a contradiction.
We have therefore established (V7)(3e > 0)(V7 < 7) : R(s(7)) < R*—e. In this case, R(s(c0)) =
R* follows because it is the only way to have R* = sup, R(s(7)). O

Proof of Proposition 9. I establish the result via a series of claims. Claims 1-3 together establish
the necessity of (i) and (ii). Claim 5 establishes sufficiency.

Claim 1: FPorete C RCS for all a € (0,1) only if R(s(7)) is concave on 7 € [0, 7*].

Proof of Claim 1: Define R(s(7)) as the upper concave envelope of R(s(7)). By the definition of 7%,
R(s(7)) is strictly increasing on [0,7*]. Now, suppose R(s(7)) is not concave on [0,7*]. It follows
that there is some 7, € [0,7*] for which R(s(75)) > R(s(7.)). Note also that, by monotonicity
of R(s(1)), for all 7 < 7, we have R(s(7,)) > R(s(7)) > R(s(r)). Combining the previous two
sentences, for all 7 < 7, we have R(s(75)) > R(s(7)).

Define o, = 2. It follows from the characterization of F in Section 4.1 that, when o = «o,

1470
the highest feasible value for wy is

Loy < ( : go%» = o RGs())




Likewise, it follows from the characterization of RCS in Section 4.1 that, when a = ao, the values
of wy that are implemented by reverse cream-skimming segmentations are those of the form

1— oo

R(s(1)) for 7 < 7o.
Qo
As argued above, for all T < 7, we have R(s(75)) > R(s(7)). It follows that, when o = s, the

highest feasible wy is strictly greater than any w; that can be implemented by reverse cream-
skimming. Consequently, FP¢ ¢ RCS.

Claim 2: R(s(7)) is concave on 7 € [0, 7] only if s(7) is continuous on 7 € [0, 7*].

Proof of Claim 2: Suppose s(7) is discontinuous at some 7 € [0,7*]. Because s(7) is increasing
(by Lemma 7), any discontinuity must be an upward jump. Recall R(s) = [1 — Fp(s)]s. Define
also C'(s) = fsl (v — s)dFr(v). An upward jump in s(7) must translate into a downward jump in
C(s(7)). And because R(s(7)) = 7C(s(7)), a downward jump in C(s(7)) implies a corresponding
downward jump in R(s(7)). Any such discontinuity in R(s(7)) means that R(s(7)) is not concave
on [0, 7].

Claim 3: Suppose s(7) is continuous on 7 € [0, 7*]. Then FP¢° C RCS for all a € (0,1) only if
the parametrically-defined curve (13) is concave on s € [0, s*].

Proof of Claim 3: Suppose s(7) is continuous on 7 € [0,7*]. Because s(7) is also increasing (by
Lemma 7), we have s = s(7) for some 7 € [0,7*] iff s € [0,s*]. The characterization of RCS in
Section 4.1 can then be simplified as follows:

l—«

wr =

RCS = {(wj,wL) [1— Fy(s)]s and wy, = /:(v — §)dFy(v) for s € [0,5( a )} } .

l—«o

a

In short, RCS is a rescaled version of the graph of the parametrically-defined curve (13) on the
domain s € [O, s(ﬁ)] In particular, the wy coordinate is scaled by a factor of 1?70‘ Now, suppose
the parametrically-defined curve (13) is not concave on s € [0, s*]. There are two cases.

e First, suppose 7* < 0o. Then define a, = 17*

T4 Because s(122-) = s(7") = s*, with this choice
for a.,

1—ao

1— o

wr =
Qo

1
RCS = {(wj,wL) [1 — Fr(s)]s and wy, = / (v—s)dFr(v) for s € [0, s*]} .

Notice that wr,(s) = fsl (v —s)dFr(v) is continuous in s. It is also monotonically decreasing on
the interval s € [0, s*] from w** := fol vdFr(v) to wii ;= fsl* (v — s*) dFL(v). Therefore, there
exists some function wF%(wy,) for which we can write

RCS = {(wth)

w; = wi(wy) and wy, € [win, W] } .

Furthermore, because the parametrically-defined curve (13) is not concave on s € [0, s*], wr,)
is likewise not concave on the interval wy € [w?in,w?ax]. Next, define wﬁcs (wr) as the up-
per concave envelope of wi(w) over the interval wy, € [w?in, wILnaX}. Because wl%(wy) is
not concave on wy, € [wg‘in,wfa"], there exists a wj € [wgﬁn,w?a"] for which @ (wg) >
w?). Because 7* is defined as the smallest value at which [1 — Fp(s(7))]s(7) achieves

RCS
wr
its maximum, because s* = s(7), and because s(7) is monotonically increasing, it follows that

s
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WO (wPin) > wiS(wy) for all wy € (W™, wPa]. It then further follows that wf%(wy) is
strictly decreasing on wy, € [ min w?ax}.
Clearly, every element of RCS is feasible. And because F is a convex set (by Proposition 1),
the point (wy,wr) = (WF(w?),w?) is feasible also. I claim that this feasible point is neither
equal to nor Pareto dominated by any element of RCS. It will follow that FPe¢° ¢ RCS.
Indeed, suppose (wr,wr) € RCS with wy, = wj. Then wr = wﬁcs( w} ). But by definition,
wlO(ws) < wF(w$). Alternatively, suppose (wr,wr) € RCS with wy, > w$. Then w; =
whC(wp) < wf%(wr) < wF%(w$), where the first inequality follows from the definition of
wﬁCS(-) as the upper concave envelope of wROS (), and the second inequality follows from the

fact that wfC5() is strictly decreasing.

e Second, suppose 7* = co. In this case, no a € (0, 1) is large enough to deliver s(1%;) = s*, but
for « sufficiently close to one, we can come arbitrarily close. It follows that for all «, sufficiently
close to one, both of the following will be true. First, wRCS (wr,) will fail to be concave somewhere
on the interval wy, € [w?m,w?}a"]. Second, wH¢S (wL) will be strictly decreasing on the same
interval, where all quantities are defined as in the previous case. Given this, all the previous

arguments carry over, and we again conclude that FP47° ¢ RCS.

Claim 4: Suppose R(s(7)) is concave on 7 € [0,7*]. Then for all a« € (0,1), RCS contains a
wr-optimal point, i.e.,

(wr,wp)EF (wy,wr)ERCS

Proof of Claim 4: There are two cases.
o Case 1: 7" < 7%-. Following (10), we have the upper bound

11—«

wr R(sY). (20)

0}

Defining 87 = 7* 1_0‘, we have that f; € [0,1] and moreover that the reverse cream-skimming
segmentation JRCS (Br,1 — Br) and 6%% = (1,0) implements 71 = 7%, hence s; = s*. This
segmentation therefore achieves the upper bound (20) and so must be w;- optimal.

o Case 2: 7 > 2. Given an arbitrary segmentation (d7,6r), we can find a reverse cream-
skimming segmentation that does at least as well in terms of w;. Without loss, we can make

some assumptions about the given segmentation.

— Without loss, we can assume that, for the given segmentation, there exists at least one
venue j for which dr; = 0. Indeed, if there were not, then we could modify the segmentation
by adding an additional venue that receives no order flow, without affecting the resulting
(wr,wr).

— Without loss, we can also assume that, for the given segmentation, there exists a J' < J
such that (i) dz; > 0 for venues j =1,...,J’, and (4) 0r; = 0 for venues j = J +1,...,J.
Indeed, if it were otherwise, then we could simply relabel venues to make it so.

— Without loss, we can also assume that, for the given segmentation, 7; < 7% for venues
j=1,...,J". Indeed, if it were otherwise, then we could modify the segmentation in the
following way. For all venues j = 1,...,J’ at which 7; > 7%, reduce d;; until 7; = 7*; this
reduces the spread to s; = s*. Commensurately increase d;; at some other venue j > J',
where 07,; = 0. Following (10), this modification can only improve wy.
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Define 8y = Zjlzl d1;. Using (10), this segmentation leads to

J 7’ J
-« -« 1-a
wr == DB R(() = % D ouR(s(m) < < R S<me>
j=1 j=1 =1

J/
_1—a Oé(S[j _l—a Ozﬁ[
o« R S(j;l—a> o« R<S(1—a>>7

where the step involving the inequality follows from the assumption that R(s(7)) is concave on
7 € [0,7%]. Note, however, that the final term is, by (10), precisely the information-motivated
investor welfare that prevails under the reverse cream-skimming segmentation § ;ZCS = (Br,1-0r1)
and 655 = (1,0).

If there exists a segmentation that is wr-optimal in the class of reverse cream-skimming segmen-
tations, then it follows from the above that this segmentation must be wr-optimal overall. That
this is indeed the case follows from results we have already shown above: because R(s(7)) is

concave on 7 € [0,7*], s(7) is continuous on 7 € [0,7*], hence we can argue as in the proof of
Claim 3 that

1l -«

wr =

RCS = {(w[,wL) "

[1 — Fr(s)]s and wy, = /Sl(v — 8)dFr(v) for s € {0,8(1 iéoz)} } )

which is a compact set, and so must contain a wr-optimal element.
Claim 5: FPorete C RCS for all o € (0,1) if both (i) R(s(7)) is concave on 7 € [0,7*], and (ii) the
parametrically-defined curve (13) is concave on s € [0, s*].

Proof of Claim 5: Suppose R(s(7)) is concave on 7 € [0,7*], and suppose the parametrically-
defined curve (13) is concave on s € [0,s"]. Fix some a € (0,1). Choose some segmentation
(07,01). Applying (10) and (2b), this segmentation produces welfare outcomes

J
. ~ 1l—-«
Wy = 0 s;i[1 — Fr(s;)]
j=1
J 1
Wy, = ZaLj/ (v — s;) dFL,(v)
j=1 %

In short, (wr,wy) is a convex combination of points on the parametrically-defined curve

—a 1
wi(s) = oM~ Fi(s))s  and  wp(s) = / (v — ) dFy(v) (21)

(07

Note that the only difference between this parametrically-defined curve and the one given by (13)
is that the w; coordinate has been rescaled by a factor of 1TTO‘ Hence, this curve is also concave
on the domain s € [0,s*]. T establish the result by constructing some (wR¢S wRCS) € RCS such
that w}zcs > wy and wfcs > wy,.

Without loss, we can make some assumptions about the given segmentation (5 T B L)

e Without loss, we can assume that, for the given segmentation, there exists at least one venue j
for which d7; = 0. Indeed, if there were not, then we could modify the segmentation by adding
an additional venue that receives no order flow, without affecting the resulting (wr, wr,).
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e Without loss, we can also assume that, for the given segmentation, there exists a J’ < .J such
that () dr; > 0 for venues j =1,...,J’, and (i1) 6r; = 0 for venues j = J'+1,...,J. Indeed,
if it were otherwise, then we could simply relabel venues to make it so.

e Without loss, we can also assume that, for the given segmentation, s; < s* for venues j =
1,...,J'". Indeed, if it were otherwise, then we could modify the segmentation in the following
way. For all venues j =1,...,J" at which s; > s*, reduce 5[]‘ until s; = s*. Commensurately
increase & 7j at some other venue j > J', where dr; = 0. This modification can only improve
both w; and wy,.

Based on these arguments, we can in fact assume that (wr,wy) is a convex combination of points
on graph of the parametrically-defined curve (21) restricted to the domain s € [O, s*].

Now, because this curve is concave on this domain, there exists a point on the curve that equals
or Pareto dominates (wy,wy). If there are multiple such points, then take the one corresponding
to the smallest value of s, which I define 5. We will be done if we can show that this point,
(wr(8),wr(8)) is itself an element of RCS.

Next, because R(s(7)) is concave on 7 € [0,7*], Claim 2 implies that s(7) is continuous on
7 € [0,7*]. Therefore, we can argue as in the proof of Claim 3 that RCS is defined as the graph
of the parametrically-defined curve (21) restricted to the domain s € [0, 3(%)] Thus, what we
need to show is that § < s(&)

Because wp (s) is monotonically decreasing in s, we have that for all s < §, wr(s) > wr(8) > wg.
We must therefore have that, for all s < §, wr(s) < wy, for otherwise that would contradict the
definition of § as the smallest value of s for which the corresponding point on the curve (21) equals
or Pareto dominates (wy,wr). Suppose then, by way of contradiction, that § > s(ﬁ) It would
follow that every element of RCS entails a value of wy that is strictly less than w;. But this would
contradict Claim 4, which shows that RCS contains a wr-optimal element of F. O
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B Point-mass distribution for Fj

To probe robustness, this appendix considers an alternate parametrization of the model, in which
F7 is a point mass on o, for some o € (0, 1]. In contrast, Section 3 assumed that F; was U|0, 1]. As
in Section 3, this appendix assumes that Ff, is U[0, 1]. Lee and Wang (2023), for example, make a
similar combination of distributional assumptions.

In all other regards, the model is precisely as described in Section 2. Appendix B.1 treats the
case of o € (0, 1), while Appendix B.2 treats the case of o = 1.

B.1 Case 1: Fj(v) = 1{v > o}, where o € (0,1)
With this parametrization, the spread on venue j must be the smallest solution to

(1 —a)dr;(1—sj)s; = adrj(o — s;),

adr;

= =a)er; 8 the toxicity of venue j’s order flow. Define also the function
J

Define, as before, 7;

s(7) 2:%[T+1— (7’—}—1)2—47'0}.

We then have s; = s(7;). From the spreads, the welfares of the two trader types can be computed
as

. L (1))’
w1:251j(a—sj) and wL:Z&jT.
j=1 j=1

B.1.1 Cream-skimming and reverse cream-skimming

Cream-skimming. In cream-skimming scenarios, we have d;, = (8,1 — 1) and d; = (1,0).
This gives s; = s (m) and sy = s(0) = 0. Note that because S € [0,1], we have s; €

@ 1—y/1-da(l-a)o
(.0 = [ ]
1—y/1-4a(l-a)c

=) ,0] , we have

We have wy = 0 — s1. Because s1 € [

Next, note that we can invert the equation for s(7) to obtain 7 = % It follows that
Br = ﬁﬂ?l——séﬂ' We also have
(1-s1)> 1-6. 1 B
e —_ — — = 2 —
wy = fr——g + 5~ o s1(2—s1)
1 o o — S
— 2 _
3 Toam s )
1 a (o—s51)(2—s1)
2 1—a 2(1-sy)
Using s1 = 0 — wy, we can write wy, = % — ﬁ% In summary,
1-+/1-4a(l-a)o 1 a wi(2—o0+wy)
CS = 0,0 — d =_— .
{(“”’wL) wIE[’U 21 — ) L = T a2l — o +wr)
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Reverse cream-skimming. In reverse cream-skimming scenarios, we have d;, = (1,0) and d; =
(81,1 — Br). This gives s; = s (O‘B") and s = s(o00) = 0. Note that because ; € [0, 1], we have

-«
1—-y/1-4a(l—-a)o
s1e [s(0),5(125)] = {0’ m—c(o)]
(1=s1)* 0 L=/1da(1—a)o
2

We have wy, = . Because sy € [ ’2(1—04)]’ we have

2
(1—2a+\/1—4a(1—a)a> 1
wi, € —=

8(1 — «)? 2
Next, as above, we can invert to obtain 7 = Sgl ;) It follows that 57 = aa%;l) We also
PURY]
have wr = fr(c — s1) + (1 — Br)(0 — s2) = Br(o — ) = 1—51(1 — s1). Inverting wy, = %, we
obtain s1 = 1 — v/2wy. Hence, we can write w; = =2 ( ) W 2wy = leo‘(\/QwL — 2wL). In

summary,

2
(1—2a+\/1—4a(1—a)0)
wy, € 31— a) ' and wy =

RCS =« (wr,wr) a(\/2w —2wL)

B.1.2 Characterizing the feasible set

As in Section 3, the feasible set consists of the area between the cream-skimming and reverse
cream-skimming outcomes. See an illustration in Figure 3.

Proposition 10. For the version of the model considered in this appendiz, the feasible welfare set
18

F = {(w[,wL)

1 a wr(2—o0+wy) 1—«
P d < V2w — 2 .
YL=9" 1 a 2(1 — o + wy) amewr=—y (V2wr = 2ur)

The proof is similar to that of Proposition 5.

Proof of Proposition 10. We have already shown, by construction, that the boundary points of
the set

1 a wr(2—o0+wy) -«
> — — d <
“2 1-a 2l —otwy) W=

{(wf,wL) w,

(L~ 2u1)

can be implemented, (either by a cream-skimming segmentation or by a reverse cream-skimming
segmentation). Moreover, F is convex (by Proposition 1). It follows that every point in the set can
be implemented by some segmentation. It remains to show that every segmentation implements
some point in the set. Consider an arbitrary segmentation, with J € N, §; € A/, and &, € A”.
The conclusion follows from establishing the following two claims.

1 9 _
Claim 1: wp, > = — o wi( 0’+w1).
2 l1—a?2(1—-0+wy)

Proof of Claim 1: We argue as follows.

O O D B F R
Wy = [2 ’U)L:|—2 [ ;5@ 5 ]
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1 o & (0-5)2-s))
— 2.0 2(1 - s;)

1 a < (0—5)(2—04(0—s)))
5_1—04;5” 2(1]—0+(0—sj))J

1 o (Thoe-s)@-o+ Tl -s))
2 l-a 2(1—0’4—2;-]:15[]'(0'—8j)>

1 a wr(2—o0+w)

2 l1—a 2(1—0+wy)

v

In the above, the second and last steps use the definitions of wy, and wy, respectively. The fourth
step uses Z}le dr; = 1. The fifth step uses the market maker’s zero-profit condition: (1—a)dr;(1—

z(2—o+x)
2(1—o+zx)

the domain = > 0 (thanks to o < 1) and that 6; € A”. The remaining steps are algebra.

1 —

Claim 2: wy < J(\/QwL — 2wL).
Q

Proof of Claim 2: We argue as follows.

sj)sj = adrj(o — s;). The seventh step uses the fact that f(x) = is a concave function on

J
wy = Z5Ij(a —55)
j=1

1l -« J
= > ori(1 - 55)s;
j=1
1l -« J
= a Z:l‘sLj[ (1_5J)2—(1_53)2]
J:

|
—_
ol
Q
(=%}
~
<
—~
—_
|
[Va)
<.
~—
[\o}
(=%}
~
<
—~
—_
VA
<
~—

In the above, the first and last steps use the definitions of w; and wy, respectively. The second
step uses the market maker’s zero-profit condition: (1 — «)dr;(1 — s;)s; = adr;(o — sj). The third
step is algebra. The fourth step uses the fact that f(x) = v/2x — 2z is a concave function and that
o € A7 ]
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Figure 3: The feasible welfare set

(a) a=0.2,0 =0.75 (b) a =0.5,0 =0.75 (¢) a=0.8,0=0.75
N N

0.5 0.5 0.5

0.4 0.4 0.4
5 0.3 5 0.3 203
3 3 3

0.2 0.2 0.2

0.1 0.1 0.1

> >
01 02 03 04 05 06 01 02 03 0.1
wr wr wr
(d) o = 0.2,0 = 0.99 (&) a=050=099 (f)a=080=099
N N AN

0.5 0.5 0.5

0.4 0.4 0.4
203 503 503
3 3 3

0.2 0.2 0.2

0.1 0.1 0.1

>
01 02 03 04 05 06 07 01 02 0.1
wr wr Wy

The feasible sets for Fy(v) = 1{v > o}, with o € {0.75,0.99}, F, = U[0,1], and a € {0.2,0.5,0.8}.
In each panel, the red (blue) curve depicts the welfare pairs implementable by cream-skimming
(reverse cream-skimming), and the gray area represents the welfare pairs implementable by all
forms of segmentation.
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B.2 Case 2: Fy(v) = 1{v > 1}

With this parametrization, the spread on venue j must be the smallest solution to

(1 —a)dri(1—s;)s; = adri(1l - sj),

Define, as before, 7; = % as the toxicity of venue j’s order flow. We then have
J

5. — 7']' iijSl,
Tl it >

From the spreads, the welfares of the two trader types can be computed as
J J
(1—s5)°
wy = ori(1—s; and wy, = Spj——2 .
1 ; 1j(1 = s5) L ; L5

B.2.1 Cream-skimming and reverse cream-skimming

Cream-skimming. In cream-skimming scenarios, we have é;, = (8r,1 — 8r) and d; = (1,0).
This gives 71 = m and s9 = 0. There are two cases.

e First, suppose o > % In that case, for all g1 € [0, 1], we have 71 > 1 and therefore s = 1. It
follows that wy = 0 and wy, = % Because gz, € [0, 1], we have wy, € [O, %] In summary,

cS = {(w;,wL)

1
wr = 0 and wy, € 0,5 .
e Second, suppose a < % There are two sub-cases.

In the first sub-case, f;, € [0 1%] In this case, we have 7 > 1 and therefore s; = 1. It

) a
1-81, 1—2« 1]

follows that w; = 0 and wy = ~—*. Because 31 € [0, ﬁ], we have wy, € [m, 5

In the second sub-case, B, € (ﬁ, 1]. In this case, we have 7 € [%a, 1) and therefore

1

s1 = 71. It follows that wy = 1 — 71. Because 7 € [ﬁ, 1), we have wy € (0, 11:20?‘]. Rear-

ranging this, we have 7 = 1 — wy. It also follows that wy = BL@ + % Plugging in

1 _ a _ a —1_ o w+l
n=1-wrand AL = =457 = mmayizey) Ve gt WL =5 — 15575

In summary,

1-2a 1
CS—{(wbwL) wr =0 and wy, € [2_20472}}
1-2 1 1
U{(wz,wL) w1€<0, 1_;} ande:i_lfawI; }
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Reverse cream-skimming. In reverse cream-skimming scenarios, we have d;, = (1,0) and d; =
(81,1 — Br). This gives 1y = f‘ﬂ and sy = 1. There are two cases.

—Q

e First, suppose a < % Because g7 € [0,1], we have 1 € [O, ﬁ] Because a < %, we have

(1—-71)
2

2
71 < 1 and therefore s; = 71. It follows that wy = . Because 1| € [0, ﬁ}, we have

wy, € [&1:2337%] Inverting wy = W, we obtain 71 = 1 — /2wy,. It also follows that

wr = PBr(l — 7). Plugging in 1 = 1 — 2wy, and S = (1_5)71 = (1_‘1)(1;‘2“’L), we get
wy = ITTC“(\/ZwL — 2wL). In summary,

(1-2a)? 1
21 —a)?’' 2

Rcsz{(wf,wL) ] and w; = 1‘“(%2%)}.

a

wr, € |:
e Second, suppose o > % There are two sub-cases.
In the first sub-case, 8; € [0, ITTC“] In this case, we have 71 € [0,1] and therefore s = 7.

1
It follows that wy, = @ Because 7 € [0, 1], we have wy, € [0,%
above that wy = 1?70‘(\/21% — 2wL).

]. We can also argue as

In the second sub-case, 7 € (%, 1]. In this case, we have 71 > 1 and therefore s; = 1. It

follows that w;y = wr, = 0.

In summary,

1 1-—
Res = {(wIawL) wy, € [0’ 2} and wy = —= (V2w - QwL)} '

(07

B.2.2 Characterizing the feasible set

As in Section 3, the feasible set consists of the area between the cream-skimming and reverse
cream-skimming outcomes. See an illustration in Figure 4.

Proposition 11. For the version of the model considered in this appendiz, the feasible welfare set

18 1 1
o + wy
> -
YL=95 79747 2

1—
]::{(w[,wL) andOSwISTa(\/Qw —2wL)},

which, in the case of o > % can be written more simply as

0<w < 1_a(\/2wL—2wL)}.

F= {(WI,WL) o

The proof is similar to that of Propositions 5 and 10.

Proof of Proposition 11. We have already shown, by construction, that the boundary points of
the set

1 1 1-—
(wr,wr) |wg > = — @ —|—2w1 and 0 < wy < aa(\/2wL2wL)}

-2 11—«

can be implemented, (either by a cream-skimming segmentation or by a reverse cream-skimming
segmentation). Moreover, F is convex (by Proposition 1). It follows that every point in the set can

38



be implemented by some segmentation. It remains to show that every segmentation implements
some point in the set. Consider an arbitrary segmentation, with J € N, §; € A7, and 6, € A7 Tt
is clear that we must have wy > 0. The conclusion therefore follows from establishing the following
two claims.

) 1 a 14wy
Cl 1: > - — .
aim wr, = 2 1_@ 2

Proof of Claim 1: We argue as follows.

J

1 1 [ (1-s;)?
wp == [2‘““} =5 [2—;%2

11 J
:2—2[1—;5Lj(1—28j+8]2)

J

1 D 0rsi(2— )
2 2

J
Sl e 250 sg)
2 1-« 2
1 o 143 s)
2 11—« 2
_} a 14wy
2 1l-a 2

In the above, the second and last steps use the definitions of wy and wy, respectively. The fourth
step uses ijl 0r; = 1. The fifth step uses the fact that s; must be the smallest solution to the
market maker’s zero-profit condition (1 — a)dr;(1 — s;)s; = adrj(1 — s;). To explain further, there

). O1;
are two cases: (1) if s; < 1, then we must have s; = 0 —L

=)o and the step holds with equality, or
J

(%) if s; = 1, then we must have s; < %, for it were otherwise, then a smaller solution to
J

the zero-profit condition would exist. The sixth step uses Z}'le 0r; = 1. The remaining steps are
algebra.

1_
Claim 2: wy < Ta(\/Qw — 2wL).
Proof of Claim 2: We argue as follows.

J
wy = Z(;]j(l - Sj)
j=1

1—ad
= Z(SLJ(I 5)8;
j=1
1—a < 5 9
T Z(SLj[ (1—s5) _(1_33)]
j=1
l—a J J
= 25L3(1 $5)? ZéLJ(l 55)
j=1 j=1
= L0y - 2wy



In the above, the first and last steps use the definitions of w; and wy, respectively. The second
step uses the market maker’s zero-profit condition: (1 — a)dz;(1 — s;)s; = adrj(1 — s;). The third
step is algebra. The fourth step uses the fact that f(x) = v/2x — 2z is a concave function and that
oy € A7, O

Figure 4: The feasible welfare set

(a) a =0.2 (b) @ =0.5 (c) a=0.8
N N AN

0.5 0.5 0.5

0.4 0.4 0.4
203 203 403
3 3 3

0.2 0.2 0.2

0.1 0.1 0.1

>
01 02 03 04 05 06 0.7 0.1 0.2 0.1
wr wr wr

The feasible sets for Fr(v) = 1{v > 1}, F, = UJ[0,1], and o € {0.2,0.5,0.8}. In each panel,
the red (blue) curve depicts the welfare pairs implementable by cream-skimming (reverse cream-
skimming), and the gray area represents the welfare pairs implementable by all forms of segmen-
tation.
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C Examples

C.1 With an imperfect binary signal, might have FoPurete C cS

Recall that, in the uniform case, if segmentations can be based directly on the investor’s trading
motive, then we have Foi-perete — CS  Section 3.4 considers an extension of the uniform case
in which segmentations can be based only on potentially imperfect signals about the investor’s
trading motive. There, I argued only that Fer#-paretc C CS. This appendix provides an example
to illustrate that the stronger result (Fo™ it = CS) does not carry over to this extension.

In particular, suppose that p; = 2 and pr, = 3. If « is sufficiently large, then CS C Fanti-parcto
does not obtain. See panels (b) and (c) of Figure 5.

Figure 5: The feasible welfare set

(a) a=0.7 (b) «=0.8 (¢c) a=0.9
N "N "N
0.15 1 0.15 1 0.15 1
0.1 0.1 0.1
= 3 3
3 3 3
0.05 1 0.05 1 0.05 1
| : | —_—  —
0.09 0.10 0.11 0.05 0.06 0.015 0.02
wr wr wr

The feasible sets for F; = F, = U[0,1], p; = 2, and p; = %, and a € {0.7,0.8,0.9}. In each
panel, the red (blue) curve depicts the welfare pairs implementable by cream-skimming (reverse
cream-skimming), and the gray area represents the welfare pairs implementable by all forms of
segmentation.
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D Robustness of secondary results

D.1 The conditions under which the primary results extend do not suffice to
ensure that the secondary results also extend

Three features of the uniform case analyzed in Section 3 were (i) F is the area between CS and RCS,
(i) Frorete C RCS, and (ii3) Fo™Pareto = CS. As seen in Section 4, feature (i) extends to a wide
class of more general distributions. One might wonder if —under the same conditions—features (i)
and (74i) also extend. They do not.

To illustrate, assume, as in Appendix B.2, that F7(v) = 1{v > 1}. Now, however, assume that
Fr(v) = v%. This parametrization satisfies the conditions of Proposition 9, meaning that feature (i)
extends to this case.'? Yet, we shall see that the same is not true for the other features.

With this parametrization, the spread on venue j must be the smallest solution to

(1—-a)or;(1— sjz)sj = adri(1 — s5). (22)
Define, as before, 7; = % as the toxicity of venue j’s order flow. Define also the function
11
s—s5 ifr<2
s =qVTTiT2 Br=s (23)
1 if > 2,

We then have s; = s(7;). From the spreads, the welfares of the two trader types can be computed
as

4 (2~|—sj)
=1

Cream-skimming. In cream-skimming scenarios, we have é;, = (8,1 — Br) and ;7 = (1,0).
Here, we have sy = 0 and s; = s(7y), where 7 = m There are two cases.
If 8, < ﬁ, then 7 > 2, meaning that the spread on venue 1 is s; = 1, and hence

2
wy =0 and wL:(l—ﬂL)g

If a> %, then all cream-skimming outcomes take this form, so that

cS = {(w,,wL) =

2
wyr = 0 and wy, € [0,]}.

On the other hand, if a < %, then it is possible to have 8 > in which case 7, < 2,

2(loia)’

meaning that s; = /71 + 2 — % It follows that have w; = 1 — 51 = % — /T + %. Because

& 2], and therefore

eO§ - +1
Wrs 1ty 1—a 4|°

"Indeed, we have R(s) = (1 — s*)s, and on the domain 7 € [0,7%], we have s(1) = /7 + 1 — 3. Hence,
R(s(7)) = % — AT which is indeed concave, verifying Condition (i) of Proposition 9. Third, F1(v) = v? is the
Beta(2,1) CDF, so Condition (ii) of Proposition 9 is satisfied (since it can be shown that all beta distributions satisfy
this condition).

ﬁLE[(l L ] Wehave7'1€[
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It also follows that

(1 — 81)2(2 + 81)
3

13- )
3

wr, = B,

+(1—5L)§ *—/J’L

Next, invert s; = /71 + i — % to obtain 71 = s1(1 + s1), hence 5 = T am Plugging this in

yields
2 a 3-—s?

LTS T 1 a3 +s1)
Next, plugging in s1 = 1 — wy yields

2 a 2+2w[—w%
wr, = - —
3 1—a 3(2—wy)

In summary, if a < %, then

2—-3a 2
w]:()andeE |:3—30[73:|}

I

Another feasible outcome. Next, consider the segmentation §; = (2,1) and 6 = (2,2). This
gives rise to §; = ‘ﬁ l ~ 0.9577 and $9 = i — l =~ 0.3165. Hence,

cS = {(wf,wL)

wy € and wy, =

o 2+2w1—w%
T 1-a 32-wp) |[°

U {(wf,wL)

3 1
Wy = 1(1 —s1)+ 1(1 — s9) ~ 0.2026

2(1—s1)%(2 3 (1 —s9)3(2
wL:5( “g(+&)+5( &g(+&)%0ﬂﬂ

This outcome is Pareto-dominated by a cream-skimming outcome. Indeed, with o = 0.5, there is
a different outcome, (wr,wr) ~ (0.2026,0.2282), which lies in CS.

It follows that, with this parametrization, it is not true that Fe-pereto — CS and it is not true
that F is the area between CS and RCS.

D.2 Additional conditions under which the secondary results also extend

[TODO: This appendix is in progress.]
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Figure 6: Cream-skimming outcomes (a = 0.5)
0.7 1
0.6 1

0.5 1

04 1

wr,

0.3 1

0.2 1

0.1 ¢

0 2

0.1 0.2 0.3 0.4
wr

The red curve depicts the welfare pairs implementable by the cream-skimming for Fj(v)
1{v > 1}, Fr(v) = v?, and a = 0.5. The black dot depicts the feasible outcome (wr,wr,)
(0.2026,0.2171), which is Pareto-dominated by a cream-skimming outcome.

44

&l



	Introduction
	Model
	Setup
	Spreads, welfare, and the feasible set
	Remarks

	The uniform case
	Spreads and welfare
	Cream-skimming and reverse cream-skimming
	Characterizing the feasible set
	An extension: imperfect binary signal of investor type

	The general case
	Preliminaries
	A necessary and sufficient condition
	Distributions that satisfy the conditions of Proposition 9

	Conclusion
	Proofs
	
	

	
	
	Cream-skimming and reverse cream-skimming
	Characterizing the feasible set

	
	Cream-skimming and reverse cream-skimming
	Characterizing the feasible set


	Examples
	

	Robustness of secondary results
	The conditions under which the primary results extend do not suffice to ensure that the secondary results also extend
	Additional conditions under which the secondary results also extend


