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Abstract

Government intervention through its own trading in the financial market fundamentally
changes the market’s structure, function, behavior and outcome. We develop a general
equilibrium framework to study the impact of government trading on market outcome and
investor welfare. With market incompleteness and information asymmetry, government
intervention can improve welfare even without any additional information. With additional
information, the welfare impact of government intervention is sensitive to its design and
the market’s structural details. In addition, typical performance measures for government

trades based on market prices can be misleading since they also affect prices and allocations.
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1 Introduction

In addition to its conventional regulatory role, government also intervenes in the financial market
as a direct participant.! The Federal Reserve’s massive holdings of mortgage-backed securities,
the European Central Bank’s large positions in corporate bonds, and the Bank of Japan’s
growing stock ETF purchase program are prominent examples of such interventions, as shown
in Figure 1. Government’s direct intervention through its own trading fundamentally changes
the market’s structure, function, behavior and outcome. Yet, in our conventional analysis of
the financial market and asset pricing, the role of the government as a direct market player has

been mostly left out.
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Figure 1: Holdings of non-government securities by the Federal Reserve, the Furopean
Central Bank, and the Bank of Japan. By 2023 year end, the Fed’s MBS holdings exceeded
2.4 trillion dollars, over 22% of the overall market, ECB’s corporate bond holdings were
over 0.3 trillion euros, over 8% of the market, and BOJ’s stock holdings reached 35.7
trillion yen, over 4% in market share.

In this paper, we develop a parsimonious general equilibrium framework which includes the

government as a unique market participant and examine the role it can play. In addition to its

!The market considered here is limited to non-government /private securities such as stocks, corporate bonds
and asset-backed securities. For government securities like government bonds, the government is naturally an
essential participant, hence will not be the focus of this paper. We also treat different government branches,
including the central bank, as its integral parts.



market power and potential information advantage, the government has two distinct features.
First, it has the power of transfers and taxes, allowing it to influence the final allocation of the
economy. Second, it may have objectives different in nature from other market participants.
We show that even without any additional information about the underlying state of the
economy, the government can still improve investors’ welfare by trading in the market. When the
government has additional information, its impact on market equilibrium and investor welfare are
sensitive to the structural details of the economy as well as the design of the intervention policy.
We further demonstrate that conventional measures to assess the performance of government
interventions using market prices are incomplete and sometimes misleading.

We consider an economy in which investors face heterogeneous income shocks. They can
trade in the financial market to share their income risks. In addition, investors also have private
information on their income risk as well as on the payoff of traded assets, which give rise to
their desire to speculate in the market. In addition, we assume that the government can directly
trade in the market. Its gain/loss from trading is fully passed on to the investors as required
by its budget constraint, and its objective is to maximize investor welfare. Thus, the economy
is fully self-contained. Taking the government’s trading policy as given, investors choose their
optimal trading strategies, and the market equilibrium is achieved through market clearing.
Given that the market is incomplete with respect to the investors’ idiosyncratic income risks,
the equilibrium allocation is in general not Pareto optimal, which leaves room for government
intervention. The government then chooses its intervention policy to improve investor welfare.

Government’s intervention policy depends on the information it has. We consider three
situations. The first situation is when the government only has public information such as
asset prices. The second situation is when the government has accurate information about the
aggregate state variables such as the overall income risk exposure and asset payoff. The third
situation is when the government has noisy information about the aggregate state variables.

When the government only has public information, it can adopt a trading policy which
depends on that information, such as market prices of traded assets. We show that in a rational
expectations equilibrium, the government’s trades in this case will be known to the market. As
a result, investors can adjust their trades to fully offset the impact of the government’s trades on
their net positions. Consequently, the government’s trading, despite its monopolistic position,

will have no impact on the market equilibrium and investor welfare. We believe this “no-impact
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theorem” holds in general as long as the government’s trades are known to the investors, who
also bear the resulting gain/loss. Such a result is reminiscent of the notion of Ricardo equivalence
in the current context.

This, however, does not mean that the government cannot do better, given that the market
equilibrium does not yield optimal allocation. In fact, we show that the government can improve
risk sharing by acting as a noise trader. In particular, it can trade in the market on pure
noise, unobservable to the investors. By doing so, the government is providing extra returns
to investors in the market and effectively lowering the risk premium they pay when trading to
share their idiosyncratic risks. Such a price impact, within certain range, can improve investor
welfare as it reduces the price cost for their risk sharing.

When the government has accurate information about the underlying state of the economy;,
its intervention policy can depend on these state variables. We show that for small interventions
either in the direction of taking on aggregate income risk or revealing more information about
asset payoff, the investors’ welfare is always improved. The intuition behind these results
is as follows. When the government is taking on the aggregate risk, the investors will bear
less aggregate risk in the market. In equilibrium, this will reduce the risk premium on the
traded asset investors use to share risk and hence improves risk sharing and welfare. When the
government is trading positively on its signal about future asset payoff, its trade will further
reveal this information through the equilibrium price. This then reduces the risk concerning
asset payoff and the information asymmetry among investors, and improves their risk sharing
and welfare.

However, we find that when the government’s intervention in the market becomes substantial,
its overall impact on the market equilibrium and investor welfare becomes quite sensitive to the
underlying structure of the economy and the design of the intervention policy. In particular,
for the same intervention policy, the impact can be quite different for different values of the
underlying parameters such as the size of idiosyncratic income shocks and the precision of
private signals on asset payoffs. Also, given the structure of the economy, small changes in the
magnitude of the intervention can lead to different impacts on market outcome and investor
welfare, both qualitatively and quantitatively.

When the government has noisy information about the underlying state of the economy, the

situation is like a combination of the previous two cases. When it intervenes, its trades bring
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both information and noise into the market. The overall result then depends on how the two
factors interact and which one dominates. We leave the details of this case to later discussions.

Given the government’s direct intervention/trading in the market, during crisis as well as
normal times, an important question is how to evaluate the performance of these interven-
tions. Some heuristic measures have been used, such as realized payoffs, without or with risk
adjustments. These measures rely on market prices of the assets involved. But, as our analysis
demonstrates, using market prices can be misleading when they are also influenced by the
interventions. Our framework, however, provides a proper way to assess the intervention policies
by looking at their welfare implications. Moreover, we can use it to examine the other heuristic
measures, such as expected payoff or Sharpe ratio.

In particular, we consider two intervention policies as examples. One policy is “buy low and
sell high.” This corresponds to government interventions during financial crisis. The government
may directly or indirectly buy assets when their prices are depressed and sell them back to the
market when their prices recover. This strategy only relies on market prices and requires no
additional information. It yields a positive expected payoff and a positive Sharpe ratio. But as
discussed above, such a strategy has no impact on market equilibrium and investor welfare. This
is simply because such a strategy can also be used by the investors. In fact, it will be, but in the
opposite direction to offset the government’s trades if it chooses to intervene. Another policy is
“trade on noise,” as discussed earlier. Given that the government’s trades will move the prices
against itself, such a strategy will yield a negative expected payoff and a negative Sharpe ratio.
However, as we show in the paper, this strategy, within a proper range, can actually improve
investor welfare. These results show that extra caution is needed when using market prices to
assess government intervention policies.

It is worth pointing out that the main purpose of this paper is to develop a simple framework
to incorporate government as a unique market participant. Hence, the model presented is made
very parsimonious, sacrificing various richness potentially useful in specific applications. For the
same reason, our analysis is streamlined and focuses on the main implications of model, mostly
concerning investor welfare. More detailed results on other market outcomes are either briefly
touched on for completeness or simply left out. These omissions can be included but are left for
future explorations for more specific applications. We discuss some of the model’s extensions at

the end of Section 2 following its specification.
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RELATED LITERATURE

As noted at the outset, this paper focuses on government intervention through its trading
in non-government securities, a narrow notion of the financial market as well as the form of
intervention. Thus, we will limit our discussion on the literature that is closely related in this
particular sense. In a more general sense, government intervention can also include other forms
ranging from regulation and supervision/guidance, to guarantees/bailouts and taxes/subsidies;
the financial market can also include other parts of the financial system, in particular financial
institutions and intermediaries. There is an extensive literature on different aspects of these
types of interventions, which are beyond the scope of this paper.

It is well recognized that the financial market, when it is incomplete and contains information
asymmetry, need not lead to efficient allocations (see, for example, Stiglitz (1982)). Greenwald
and Stiglitz (1986) consider government actions through general taxes and transfers to improve
welfare. They show that full re-distribution with taxes and transfers can improve allocation
efficiency. Their analysis, however, does not examine the allocation and welfare impact of
government intervention through its own trading in the market in a general equilibrium setting.

Several studies have examined theoretically how government’s trading in various markets can
alter market outcomes such as price volatility, informational efficiency and market liquidity. For
example, Naranjo and Nimalendran (2000) and Pasquariello (2007) analyze how under particular
policy targets government intervention in the currency market influences its informational
efficiency and liquidity. Pasquariello, Roush, and Vega (2020) consider Federal Reserve’s trading
in the U.S. Treasuries market. For emerging markets, government intervention is also a common
phenomenon. In a study of Chinese government’s intervention in the stock market, Brunnermeier,
Sockin, and Xiong (2022) show how government trading against the noisy retail investors can
influence price volatility and informational efficiency. Huang, Qiu, Wang, and Wang (2022)
consider the same problem in which the government trades strategically to stabilize price, using
its private information.

Our paper considers the government’s market intervention in a broader context and focuses
on its impact on investor welfare rather than particular market outcomes. Using a full equi-
librium framework in which investors trade rationally for risk-sharing and speculation and the

government’s objective is the same as the investors’ with a closed budget, we can examine the



welfare implications of its intervention policies in a coherent and self-contained setting. As we
show in the paper, proper characterizations of government’s objective and budget constraint as
well as investor welfare are critical in assessing government intervention policies. Hopefully, our
setting provides a more integrated basis to consolidate and extend the existing analysis.

In particular, our model also delivers results on the the impact of government trading on
various equilibrium outcomes including price level, volatility, informational efficiency and market
liquidity. We can also modify the model to allow different objectives and budget conditions for
the government. Moreover, we can assess the welfare cost or benefit of its intervention policies.

On the empirical side, several papers have studied European Central Bank’s purchase of
corporate bonds, including Grosse-Rueschkamp, Steffen, and Streitz (2019), Torodov (2020)
and Corell, Mota, and Papoutsi (2024). Barbon and Gianinazzi (2019), Charoenwong, Morck,
and Wiwattanakantang (2021) and Li (2022) have examined Bank of Japan’s stock purchase
program. While these analyses provide informative empirical background for direct government
interventions in the financial market, our study can help to supply a theoretical framework to
better support future empirical work.

There is an extensive literature on government interventions in the financial system especially
during crises, focusing primarily on the assistance or bailout of financial institutions.? The very
existence of financial institutions and their potential need for government assistance rely on the
presence of frictions in addition to those considered in this paper. From this perspective, our
framework here, which is at a more basic level with only two primitive imperfections, market
incompleteness and information asymmetry, can provide a building block as well as useful basis
and insights for the analysis of more complex situations.

Our model builds on the classic work of Grossman and Stiglitz (1980), with key modifications
and extensions. In particular, we explicitly model investors’ risk-sharing trading in the market
instead of introducing noise traders, whose behavior is exogenously specified and welfare is not
fully accounted. Also, the bond market is included in the market equilibrium, without assuming

an exogenous interest rate.®> These extensions make our model a fully general equilibrium one

2See, for example, Bianchi (2016), Bond and Goldstein (2015), Chari and Kehoe (2016), Lucas (2019), and
Philippon and Schnabl (2013).

3See Hellwig (1980) and Diamond and Verrecchia (1981) for variants of the static Grossman-Stiglitz noisy
rational expectations model and Wang (1993), among others, for its intertemporal extensions. Wang (1994),
Huang and Wang (2010), and Vayanos and Wang (2012) introduce investors’ risk-sharing trading to fully
endogenize the “noise” in the market.



and allow a proper welfare analysis, which is essential for our purpose. Moreover, we include
the government as a key market participant.

The remainder of the paper is organized as follows. In Section 2, we develop the basic model
for our analysis. Section 3 presents the solution to the model, including the market equilibrium
and the government’s optimal intervention policy. Section 4 illustrates the basic properties of
model when there is no government intervention. In Section 5, we show the impact of government
intervention on market equilibrium and investor welfare under different information assumptions.
Section 6 discusses different performance measures for government’s trading policies. Section 7

concludes. The appendix contains the proofs, technical details and additional results.

2 Model

The economy has two dates, 0 and 1, denoted by t = 0, 1.
2.1 Financial Market

There is a financial market consisting of two traded assets, a risk-free bond and a risky stock.

The bond yields a sure payoff of 1 at date 1. The stock pays a dividend D at date 1, given by:
D =F +u, (2.1)

where F' and u are two independent random variables. Using the bond as the numeraire, we

denote the price of the stock at date 0 by P.
2.2 Investors
There is a continuum of investors, denote by i € [0, 1].

Endowment. All investors are endowed with 0 unit of the bond and 0 share of the stock. Thus,
they have zero initial financial wealth, which is the market value of all their endowed asset

holdings. In addition, each investor i receives a non-traded income N; at date 1, given by:
Ni=Yiu=(Y +y)u, 1i€]|0,1], (2.2)

where Y and y; are two independent random variables. Thus, u gives the income risk, while Y
and y; capture investors’ common and idiosyncratic exposures to the income risk, respectively.
Here, income risk is assumed to be the same as the risk of stock payoff, allowing the investors

to use the stock to share their idiosyncratic income risks.*

4All we need is that the income risk is correlated with the stock payoff risk. The correlation is set to 1 in
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Information. At date 0, investor ¢ observes Y;, which is private information. In addition, she

receives a private signal S; about the stock’s future payoff F:
S’i =F+ Ei, 1€ [0, 1], (23)

where ¢; represents the noise in the signal. Let I; denote the information set of investor ¢ at

date 0. We then have I, = {P, Y}, S;}.

Trading. Investors trade competitively in the market at date 0. Let 6; denote investor ¢’s stock
holding at date 0. In general, it depends on her information at date 0. In absence of other

income, the budget constraint for investor 7 is given by:

W; = 0;(F+u—P)+Yu, iecl0,1]. (2.4)

Preferences. The investors’ preferences are given by an expected utility function over their
terminal wealth. For simplicity, we assume that they all have constant absolute risk aversion

with risk aversion parameter o > 0. In particular, investor ¢ has the following utility function:
u (W) = —e= Wi, i€ 0,1], (2.5)

where W; is her terminal wealth at date 1.

It is important to note that there is perfect symmetry between the investors as defined above.
This helps to simplify our analysis without losing the essence of the model. The heterogeneity
among investors in both endowment and information gives rise to their need for trading. The
difference in endowment leads to the trading need for risk sharing and the difference in private

information leads to the trading need for speculation.
2.3 Government

The government as a central planner can also participate in the market. We assume that the
government has no additional endowment or income of its own.
Let I denote the information set of the government at date 0. We assume that other than

P, the stock price, the government may also receive signals Sgr and Sgy about F' and Y, the

the paper merely for simplicity. The only exception is when the correlation is zero, in which case the financial
market becomes useless for investors’ risk sharing and yields an autarky equilibrium.



two aggregate state variables, given by:

Sar = BarF + ear, (2.6a)

Sey = BavY +eay, (2.6b)

where egr and €4y represent the noises in the signals.
The government can trade in the stock market. Let 65 denote the government’s stock holding
at date 0 on per capita basis. It can depend on the information the government has. For

tractability, we limit the government’s trading policy to be linear in its signals:
0c = hapP + harScr + haySay = ha [P Sar Sav]', ha = [hap har hay],  (2.7)

where [+ -+ -] denotes a row vector/matrix and [-]" denotes its transpose. Hence, the
government’s trading policy is given by the three coefficients, hgp, hgr and hgy, or hg. For
brevity, we will use 65 to denote both the government’s trading policy and its actual stock
position in the market without further clarification when its meaning is clear in the context. In
addition, the former is given by h¢ in the case of linear policy, and is independent of the state

of the economy. From (2.6), we can further rewrite the government’s trading policy as:
0c = hapP + harBarF + hayBayY +€a, ¢€a = harear + hayeay, (2.8)

where £ denotes the noise introduced into the market by the government’s trading. In general,
the government’s trading is not directly observable to the investors, although they can form
their expectations.

Let W denote the the government’s wealth at date 1, on per capital basis. Its budget

constraint is then given by:
WG:HG(F—FU—P). (29)
We assume that the government’s wealth at date 1 will be fully transferred to the investors.
Negative transfers correspond to taxes. Given the symmetry between all the investors, we assume

that government transfers will be equal among them. Thus, in the presence of government

intervention, investors’ terminal wealth will be:
Wi=0;(F+u—P)+Y,u+Ws=(0;+05)(F+u—P)+Yu, i€cl0,1]. (2.10)

The government’s objective is assumed to be maximizing the investors’ expected utility ex



ante, which is:

/ B [u:(1W,)] = / E [—eW], (2.11)

2.4 Distributional Assumptions and Parameter Constraints

For tractability, we assume that all shocks to the economy, F, u, Y, y;, &;, for all i € [0,1],

2

and epqg, gy are independent and normally distributed with zero mean and variances %, o2,

2 2
Ty Oy

02, ok, and oy, respectively. Unless otherwise stated, all variances are assumed to
be strictly positive to avoid degeneracies. For convenience, we also define 0% = 0% + 02 and
0?9 = 0’% + af.

Under normality, the investors’ non-traded income has unbounded values, which can yield

extreme values for the utility function. In order to guarantee the expected utility to be well

defined, we impose the following parameter condition:
o’o? (o3 + Uz) < L. (2.12)

In fact, under (2.12), investors’ expected utility without trading is given by:
1

\/1 — a%ﬁ(a%—l—ag)

Thus, Vi is the level of their welfare under autarky. It is worth noting that V4 is independent

E [u;(W3)] = Voo (2.13)

of 02, the risk of stock payoff F. This is because that investors’ net holding of the stock is zero.
However, as we will see later, when investors can trade in the market, their welfare can become
dependent on o%. This is because the risk in stock payoff brings additional risk for investors’

risk sharing and speculation trades.
2.5 Common Knowledge and Rational Expectations

The structure of the economy is assumed to be common knowledge and both the investors and

the government have rational expectations.
2.6 Market Equilibrium and Optimal Intervention

The notion of market equilibrium we use is the standard one of rational expectations defined
as follows: (1) taking the government’s trading policy and the stock price as given, investors
choose their trading policy to maximize their expected utility; (2) the stock market clears, given

the government and the investors’ trading policies, which determines the equilibrium price and
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investors’ stock holdings and expected utility. Finally, we consider the government’s choice of
trading policy to improve investor welfare.
Given the government’s trading policy 0, investor ¢ chooses #; to maximize her expected

utility:

J(P,I;,0c) = max E [u(W))|L, 0] = E [—e™Yi|L,05], i€]0,1], (2.14)

where J(P, I;,0¢) gives the value function of investor i, conditional on her information and the
government’s intervention policy.

The market equilibrium is then given by the following market-clearing condition:

/ei 10y = 0. (2.15)
The government chooses its trading policy g (or hg) to maximize the overall expected

utility for all investors:
max B [ / (P, I,;,HG)} = max V(he). (2.16)
(el i hg

The last equality simply states that given the linear form of the government’s trading policy,

the choice of Og reduces to the choice of hg.
2.7 Ex Ante First Best Allocation

In the economy defined above, investors have heterogeneous income risks, which give rise to
their desire to trade to share risk. In addition, when they have private information, they also
want to trade to speculate. In the absence of trading for risk-sharing, there will be no trading
for speculation either (see, for example, Milgrom and Stokey (1982)). Thus, investors’ primary
trading need is risk sharing. In particular, they want to trade to share the risk from their
idiosyncratic income shocks, given by y;. If such a risk sharing is complete and costless, they
will only be bearing their fair share of the aggregate income risk, given by Y. In this case, their

ex ante expected utility will be:

1
Vie———— (2.17)

— 020252
V1—ofo;0;

which is independent of 03. V* gives the investors’ welfare level under the first best allocation.
However, when investors have to rely on their trading in the market to share idiosyncratic
income risk, which is correlated with market risk, they have to pay the corresponding market

risk premium. Consequently, they may not be able to achieve the first best welfare level. This
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then leaves room for the government to intervene in the market to improve investor welfare.
2.8 Remarks on Model Specification

For tractability and clarity, we have made simplifying assumptions in the model defined above.
Several remarks are in order regarding these simplifications, their economic implications and
possible relaxations.

Investor heterogeneity is essential to the importance of financial market, which facilitates
more efficient resource/risk allocations. In our model, we introduced two forms of heterogeneity,
heterogeneity in endowment and information. The heterogeneity in endowment gives rise to
investors’ desire to trade in the market to share risk and the heterogeneity in information gives
rise to their desire to trade to speculate. We have avoided heterogeneity in preferences, although
our setting can be easily extended to allow differences in investors’ (absolute) risk aversion.

For the financial market, we allow only the riskless bond and the stock to be traded. Their
payoffs only depend on aggregate shocks, such as the aggregate income (Y ), which contributes
to aggregate consumption. Given that there exist idiosyncratic income risks, captured by
yi, the financial market is incomplete. This is the basic imperfection in our setting, which
prevents investors from achieving the Pareto optimal allocation and leaves room for government
intervention. It also allows the the market to be informationally inefficient in the sense that
market prices in general won’t fully reveal all the relevant information to investors.

For simplicity, we have assumed that the total stock and bond holdings of all investors are
zero. This can be relaxed without affecting the main results of the paper.

The joint assumption of normality for the underlying shocks and constant absolute risk
aversion allows us to solve the model analytically.

We have also assumed that all investors are identical ex ante. This is mainly for simplicity.
We can allow differences in investors’ initial endowment of stock and bond, their exposure to
aggregate income shock, the amount of idiosyncratic income shock, and the precision of private
information. These extensions will of course lead to richer structures of the model as well as its
implications. They will also make the analysis more complex. In order to focus on the main
issues of this paper, we consider the simplest structure.

Regarding the role of the government, we assume that its objective is the same as the

investors’ and its budget is closed. These two assumptions are critical to our analysis on the
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impact of government interventions. In principle, we can allow the government to have different
objectives and budget allocations. But this will complicate the welfare implications of its actions.
Given the ex ante symmetry among the investors, we only consider the government’s ex post
transfer to be also symmetric. When the investors are heterogeneous ex ante, the government’s
intervention and transfer policies also need to be adapted accordingly.

In the model, we only allow the government to have information about aggregate state
variables. However, in our setting, we can also allow the government to have information on
individual investors, which will lead to richer intervention policies.

For tractability, we only consider the government’s intervention (trading) policy within the
linear class. Thus, any notion of optimality concerning the intervention policy is only within this
class. The desire for tractability forces us to consider linear equilibrium under linear policies for
the government. Since the main goal of the paper is about conditions under which government
intervention is warranted, we are less concerned about if a welfare-improving intervention is
globally optimal or even optimal within the linear class.

We will provide more discussions on the possible extensions of the basic model in Section 7.

3 Solution to Market Equilibrium and Optimal Intervention

We now consider the solution to the market equilibrium, taken as given the government’s trading
policy in the form of (2.7).

In order to proceed, we need to know the form of the stock price as a function of the
underlying state variables. We start with the conjecture that the stock price takes the following

linear functional form in the aggregate state variables:
P:bF—CY+dF6GF+dy8GY:bF—CY+6P, SPEdFSGF—f-dyEny, (31)

where b, ¢, drp and dy are constants. Our task going forward in this section is to show that
the stock price of this form can indeed clear the market. In general, the price function should
also include a constant term. However, as we later confirm this constant is zero in equilibrium,
given our current setting. Thus, we omit it here to simplify exposition. As noted before, P
also provides a public signal about the underlying state of the economy, common to all market

participants including the government.
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3.1 Conditional Distributions of State Variables

Given the linear price function (3.1), we can derive the distributions of the underlying state
variables conditional on investors’ signals, public and private. For convenience, we will express
the relevant quantities in matrix form. For brevity, we only present the formal results here.
Detailed derivations and expressions of all the relevant quantities are given in the appendix.

For a normal random variable x of any dimension, we denote it by x ~ N(z, X,,), where
denotes its mean vector and X, denotes its covariance matrix.

Denote the vector of signals for investor i by X; = [P Y; S;]". Thus, I; = X; and we have:
X, =[P Y, 5] ~N(0,4), (3.2)

where the mean of zero in the normal distribution represents a (3 x 1) vector of zeros and
A = Yxx is the covariance matrix of the three signals, assumed to be positive definite. An
explicit expression of A is given by (A.2a) in the appendix.

Next, we derive the distribution of F'| Y, u, eqr and egy, the five aggregate shocks to the
market, conditional on investor i’s information X;. Given the stock price function in (3.1), these

shocks are no longer independent conditional on P, which is in X;. In particular, we have:
Eay :d;l[P— (bF—CY—l—dFéGF)], (33)

when dy # 0. (When dy = 0, we will simply let egy = 0.) Hence, we only need to include the

four independent shocks going forward: F', Y, u and egp. In particular, let:
Z=[F Y u egr] ~N(0,22), Xyz=Diag|o, 0%, 02, 0br], (3.4)

where Y, is the covariance matrix of Z and Diag][ - - - | denotes a diagonal matrix of its elements.
Given our distributional assumptions, X, reduces to a diagonal matrix with variances of F', Y,

u and egp, respectively. The joint distribution of Z and Xj, i € [0, 1], is then given by:

Z 0 b)) D)
N | 77 27X , (3.5)
Xi 0 2 XZ A
where Y7 x is the covariance matrix of Z and X, given by (A.3) in the appendix.
Joint normality of Z and X; implies that conditional on X;, Z remains normal, as given in

the lemma below:
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Lemma 1. Conditional on X;, Z has the following normal distribution:

Z|Xi ~ N (Zi, Ez2x), (3.6)
where

Zi=E[Z|Xi] = Zax A7 X, = Bax Xi, Xzzx = Xzz — Yax A Xxz, (3.7)
with Bzx and Xzx given by (A.6) and (A.7) in the appendiz.
Here, Y. x denotes the covariance matrix conditional on X and B.x = [ﬁ(;) ﬁ(i) ﬁ(i’()] is

a (1 x 3) row matrix, representing the projection coefficients of an element of Z on X;. For

convenience, we further define:
Z;=7 —Zi~N(0,%22x), i€l0,1], (3.8)

where Z; is a demeaned 4-dimensional normal random variable with covariance matrix Xy 7| x.2
Next, we consider the government’s trading in the market, which is not observable to the

investors. But they can form expectations. In particular, from (2.8) and (3.3), we have:

GaGF

where

op = hap + hay /dy,

hgr = harBor — hayb/dy, hgy = hayBoy + have/dy, hg.., = har — haydr/dy.  (3.10)

The following lemma gives the distribution of 6 conditional on investors’ information:

Lemma 2. From (3.9), we have:
0c = Oci + 0ci, i €0,1], (3.11)
where
Oci = E[0c|Xi] = hippP + higy Zi = hiax Xi,  hlax = higp[1 0 0]+ hlyBzx,  (3.12a)
Oci = 06 — Oci = h 4 Z;, (3.12b)

since Z; = BzxX;.

5To avoid degeneracy, we assume that A, Xz and X z|x are all strictly positive definite, which means that
the elements in X;, Z and Z|X; are not degenerate (such as having a zero variance) or linearly dependent. When
that is not true, we will simply remove the degenerate or linearly dependent elements from the corresponding
vectors to maintain the positive definitiveness of their covariance matrices.
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Combine (3.11) and (3.12), we have:

Oc = hex Xi + higy Zi. (3.13)
The first term in (3.13) gives investor ¢’s expected value of 6 based on her signal X;, and the
second term gives the unexpected part.

3.2 Investors’ Optimal Trading Policy and Value Function

We now consider the investors’ optimal trading policy, taken as given the government’s inter-
vention/trading policy and the price function. We can rewrite investor i’s wealth, i € [0, 1], as

follows:

Wi = (0; + Oi + 0c:) [(Fi — P) + (F; +w)] + Yiu

= (0; + 0c:)(F; — P) + (0; + 0c:) D; + (F; — P)hyy Zi + Yiu+ 2 Ho Z, (3.14)

where
Di=F,+u="n},,Z;, hp,=[101 0], (3.15a)
Hg = Wy hin, + ha bl . (3.15b)

All the terms in (3.14) are linear in Z; except the last term which is quadratic in Z;.
For the investors’ optimization problem to be well defined, X %‘  +aHg need to be positive

definite, which will be confirmed later. We then define Xz x¢ as follows:
Zé%XG = §é|x +aHg, (3.16)

which is also positive definite (and symmetric). It can be viewed as a modified covariance matrix
from Xz x with aHg. Going forward, we will also use 02D| ¢ to denote the variance of D under
Xz71xG, 0pz|xa to denote the covariance between D and Z under Yz xq, etc. We then have

the following proposition:

Proposition 1. For positive definite Xy zx¢q, investor i’s optimal trading policy is:

0; = —Ogi + ho(F; — P) — hy,Y;, i€]0,1], (3.17)
where
1 u
hs = (1 —ahgzopzixa), hn = 02 e (3.18)
A9p|xc 9pIxG
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and her value function is:

| Zzaxel? _aw

J(W}, X.,06) = 319
( t G) |EZZ|X’1/2 ( )

where
Y20+ 2 (Fo— PYYi W + (F— PV Sumehlly] } (3.20)

Investors’ optimal stock holdings given in (3.17) have a simple interpretation. The first
term reflects the investor i’s desire to offset the expected distortion to her terminal wealth by
the government’s intervention. The second term reflects her speculative trade based on the
difference between her expectation of the stock’s final payoff and its current price. The third
term reflects her hedging trade to share the risk from her non-traded income.

For later use, investors’ optimal stock holdings in (3.17) can also be rewritten as:

where
hp=(1=B8he + WY, hy = hy = B%he + 02, hg = B h, — B, (3.22)

3.3 Price, Stock Holdings and Welfare in Equilibrium

Given the investors’ optimal stock holdings in (3.21), the market-clearing condition (2.15)

becomes:
0= / 6 + 0 = (—hpP — hyY + hsF) + (hapP + harSar + hay Say). (3.23)
It leads to the following conditions on b, ¢, dr and dy:

0= (=hp+hap)b+ (hs + harfBar), 0= (—hp+ hgp)c+ (hy —hayBay),

0= (—hp+h(;p) drp + hgr, 0= (—hp+hgp) dy + hay. (324)

We then have the following proposition for the solution of the equilibrium stock price:

Proposition 2. In the market equilibrium with the linear stock price function in the form of
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(3.1), the price coefficients are given by:

1 1
=——(h h =
hp — hop s Hharber), e= gy

1 1
hey - (3.25)

b (hy — hayBay ),

dp = ————h dy = ————
" e —her 7 T T hp — hap

The above solution for the price coefficients confirms that the linear price function (3.1) can
indeed yield a market equilibrium, with the coefficients given in (3.25) and no constant term.%

In equilibrium, the investors’ stock holdings are:
0; = _QG — hyyi —+ hS€i7 1€ [0, 1] (326)

It is important to note that (3.21) expresses 6; in terms of investor i’s signals (information)
while (3.26) expresses it in terms of the underlying aggregate and idiosyncratic shocks. Given
the symmetry among investors, their equilibrium stock holdings do not depend on the aggregate
shocks F' and Y except through 6, the government’s intervention in the market. It also shows
that investors adjust their stock positions 8; to offset the distortion caused by the government’s
intervention 6.

Next, we consider the investors’ welfare, given the government’s trading policy. For conve-

nience, define:

Zi = [F Y Yi € EQF EG’Y]T ~ N (Oa Ezz)v (S [07 1]7 (327&)
Y., = Diag [012;, oy, 0;, o2, ol O-éy}. (3.27b)

Note that while Z contains only aggregate shocks, z; also includes the idiosyncratic shocks to
the investors. We then express the stock price, the government’s trading policy, investor i’s

income risk, expectations and stock holdings in equilibrium as follows:
P = Bpz, 0g = Bgz, Yi= Byz, F;=DBrz, 0;=—0g + Byzi = Bgz; + Bpz;, (3.28)
where Bp, B, By, Br, By are given in (A.22). With the matrix representation in (3.28), (3.20)

becomes:

W;=1az Bz, (3.29)

where B is given in (A.23).

From the market equilibrium given above, investors” welfare is given in following proposition:

5The constant term can become relevant if the market’s unconditional exposure to the payoff risk is not zero.
This occurs for example when the initial endowment of the stock shares or the mean of Y is not zero.
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Proposition 3. Given the government’s intervention policy (2.7), the investors’ ex ante expected
utility is given by:
- |EZZ\XG|1/2 PRIEE

V(6e) = V(he) = ,
) = V) = = T |2

i €[0,1], (3.30)
where

Y h=X"+da*B. (3.31)
Note that V' is the same for all investors, hence it does not carry the index 4.7
3.4 Optimal Intervention Policy
Under the linear form of intervention policy, the government’s optimal choice is given by:

hg = argmax V (hg). (3.32)

The first order condition is given by:
o o o 1"
Ohgp Ohgr Ohgy |

Optimality is ensured by the second order condition, which requires the second order derivatives

VhGV(hg) = 0, th = (333)

of V(he) to be negative definite:
| Vi Vi V(he) | < 0. (3.34)
3.5 Additional Comments

We have shown that under the government’s linear intervention policy (2.7) and the linear
price function (3.1), the market equilibrium is fully characterized by Propositions 1 and 2. Its
existence and uniqueness will depend on the parameter values, including hg. In what follows,
we will consider situations of interest and establish the parameter conditions guaranteeing the

existence of an equilibrium and its uniqueness.

4 No Government Intervention

In order to develop more understanding about the basic properties of the model, we first
consider the situation when there is no government intervention. In this case, ¢ = 0 or hg = 0.
Consequently, Hg = 0 and Xzz xq¢ = Xz x, which is positive definite.

The solution to the market equilibrium in this case follows directly from the general solution

7(3.31) requires X;! + a? B to be positive definite, which can be guaranteed by proper parameter restrictions
imposed in our future analysis.
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in Section 3 by simply setting 05 = 0 (or hg = 0) and adjusting the appropriate state variables.
However, in order to better demonstrate the economics behind the model, we sketch a few key

steps when needed to illustrate the underlying mechanics.

4.1 Price Function and Conditional Distributions of State Variables

In absence of government intervention, the linear price function in (3.1) simply takes the form:
P=bF —cY, (4.1)

with b and ¢ being constants.

Under the linear price function (4.1), F' and Y become perfectly correlated conditional on
P, which is part of X;. In particular, Y = (bF' — P)/c when ¢ # 0. In this case, we only need
to maintain F' and u as the two independent aggregate shocks in our analysis. Thus, we can
simply drop Y as well as egp and egy from Z in (3.5) and have Z = [F u|". As shown in the

appendix, conditional on X;, we have:

2
OFr|Ix 0 2 L 9o 9 95 2 2
Xzz1x = 0 , . Opx = Wc 0ROy 0,0z,  Oyx = Oy, (4.2)
gu\X
and
Brx 1 bor(oy+o0;)o? beogpoyo?l Fopoyo, (43)
= 7 )

where |A] = b?oF (05 +0,)0? + Poy.0.(0p+02). In addition, Z; as defined in (3.8) now becomes

2-dimensional with zero mean and covariance matrix Xz x, after removing Y.

4.2 Market Equilibrium

Optimal trading policy. With 65 = 0, investor i’s terminal wealth is:
W;=60;,(F+u—P)+Y,u, i€]l0,1], (4.4)

which is normal conditional on investor i’s signal X;. The optimal trading policy is then:

1 _ _
0; = ——[(Fi — P) — ao.Y;] = hy(F; — P) — hyY;, i€[0,1], (4.5)
where
1 o?
hs = . hp,=—*“. (4.6)
O‘U%p( U%)|X
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Since F; = BrxX;, where Brx is given in (4.3), we can rewrite (4.5) as:

0, = hpP — hyY; + hsSs, hp = h, (5}1}( _ 1) . hy = hy — B, hs = hB%%.  (4.7)

Value function. Given the investors’ optimal trading policy, their value function becomes:

J(P,X;)=—e Vi ic]0,1], (4.8)
where

W; = %04 (U%)\XQ? - Uiyiz) = %04 {Uf)\x [hs(Fi — P)* - thé]Q - 033/;2} . (4.9)

Equilibrium stock price. In the absence of government intervention, market clearing leads to

the following solution for the two coefficients in the price function (4.1):

3 2
y__hs _ Bk by a0k (4.10)
e 1- g0 e 1-p0) |
6FX FX

where 5}1}){, 5}2))( and ﬁ%)( are given in (4.3). Assuming ¢ # 0, we can combine the two equations

in (4.10) as follows. Let:

k=b/c= —1% (4.11)

Substituting in ﬂg))( and Bg’))( from (4.3), we obtain the following equation for k:

aai(aff—i—az)af k—otolk® + o 05032/05(0%/0%) k — 032/05 = 0. (4.12)

(4.12) is a cubic equation, and its solution is given by (A.32) in the appendix. Moreover, over
certain domain in the parameter space, the solution is unique, which is what we consider.
Substituting the solution to k into (4.10) yields the solution to b and ¢, which then gives the

equilibrium price.

Equilibrium stock holdings. Given the equilibrium price, we obtain investors’ stock holdings

in equilibrium:
0; = —hyyi + hgéi, 1€ [0, 1], (413)
where hy and hg are given in (4.7).

Welfare. Next, we compute investors’ welfare. With no government intervention, shocks egp

and egy drop out of the analysis. From the general solution, (3.27) now reduces to:

5=[F Y y &] ~N(0,2%.), X.=Diag[o} o}, 02, 02], i€[0,1], (4.14)

y» Ye
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and (3.28) becomes:
P = Bpz, Y;=Byz, F,=Brz, 0;= DBz, (4.15)
where Bp, By, Br, By, as a special case of (A.22), are given in (A.34). From (3.29), we have:

Wi=jazBu, B=(ofx+0)B) By~ 0.ByBy. (4.16)

Obviously, B is significantly simplified now. From (3.30), investors’ welfare now becomes:
|2 1 1
- 2~

| 22|V \/1 — a%0(0y +o2) \/1 + Qz(U%‘X‘FU%)BQEZZyBJ

L (417)

where X, p is given in (3.31) and EZ_Z; = Y '+ a?02By By.

It is worth noting that the first term in (4.17) depends only on the parameters related to
investors’ income shocks and risk aversion. In fact, including the minus sign, it is the welfare
level in autarky Vpo. It does not depend on the risk in stock payoff (or) and the degree of
information asymmetry in the market. The second term, however, does depend on the risk of
stock payoff and the degree of information asymmetry through its dependence on a%‘ + and By.
Moreover, V > Vjg since the second term is no greater than 1. Obviously, trading in the market

allows investors to share their income risk and hence to improve welfare.
4.3 Special Cases

In order to better understand the basic properties of the model, we consider a few special cases.
Since the general solution for b, ¢ and V[ obtained above requires X, to be non-singular, which
requires o, oy, 0, and o, to be strictly positive, it may not directly yield the corresponding
solution when any of these parameters becomes zero. In this case, we need to go through the
solution procedure separately to arrive at the proper results. For brevity, we only present the key

results here. More details of the solution for these special cases are provided in the appendix.

Special Case 1: 0% = 0. In this case, there is no aggregate income risk. The stock price

becomes:
P=F (4.18)

which fully reveals F', and we have a fully-revealing equilibrium. From (3.18), the investors’

optimal trading policy is given by:

hy =1/(ac?), h,=1. (4.19)
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In equilibrium, their stock holdings will be:

0; = —vy;, 1€]0,1]. (4.20)
From (4.17), their welfare is:

Vo=-1. (4.21)

With no aggregate income risk, investors can fully insure their idiosyncratic income risks
through their trading in the stock market at no cost. Their welfare is then independent of their
idiosyncratic income risks, which is captured by 05. Clearly, with the opportunity to trade in
the market to hedge the idiosyncratic risks, the investors achieve a higher level of welfare than
in autarky. In fact, they achieve the first-best welfare level in this case with zero hedging cost.

2

Special Case 2: o,

= 0. When 05 =0, Y; =Y for all i and there is no heterogeneity in
investors’ income risks. Moreover, all investors observe Y. This implies that they can also infer
F from the stock price P, in the form of (4.1). Thus, we have a fully-revealing equilibrium, in
which the stock price reveals F' to all investors and they hold the same share of the aggregate
risk, given by Y.

In particular, U%I x = 0 and J%l « = 02, Investors’ optimal trading policy is the same as

given in (4.19). In equilibrium, the price is given by:

P=F—ac?y, (4.22)
and the investors’ stock holdings are:

6; =0, 1€]|0,1]. (4.23)

In this case, investors are identical and there is no trading among them. Their welfare is simply:

1
Vo — (4.24)

— 020202
1 —afo;0

This is the first-best level, which decreases with o202, the aggregate income risk.

Special Case 3: 02 — 0. In this case, &, — 0, Vi € [0, 1], all investors observe F', and there is
no information asymmetry about the stock’s payoft. Given the form of the stock price, it will
also fully reveal Y. Thus, we again have a fully-revealing equilibrium.

. 2 o 2 _ 2 . 9 . . . . .
In this case, we have Opix = 0, TpiIx = Tus and investors’ optimal trading policy given in
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(4.19). In equilibrium, the stock price is:

P=F— aaZ Y, (4.25)
and the investors’ stock holdings are:

0; = —y;, 1€]0,1]. (4.26)

Investors’ welfare is given by:

1
\/1 — a%olo (14+a?0202)

Vo= — (4.27)

Parameter condition (2.12) guarantees that what is in the square root is positive.

From investors’ welfare function, we observe that in the presence of aggregate risk (when
oy > 0), sharing idiosyncratic risks in the market is no longer cost free. Despite the fact that
the investors fully share their idiosyncratic risks through trading, as (4.26) indicates, their
welfare still depends on the magnitude of idiosyncratic risks as measured by 05. In particular,
Vo decreases with 05 and this dependence further depends on o2 and o2, the total amount
of aggregate risk. This is because investors need to pay the market risk premium to unload
the idiosyncratic risk, which is (perfectly) correlated with the aggregate risk as captured by w.
Moreover, while on average investors pay zero premium since their idiosyncratic risk exposure is
zero, the risk of paying the premium reduces their welfare. The fact that Voo < V) < V* implies

that the equilibrium allocation is in general not Pareto optimal.

Obviously, Special Case 1 and 2 are merely special cases of Special Case 3.

Special Case 4: Investors receive no private information on F'. In this case, we drop .5;
from X;, which becomes X; = [P Y;]". Since investors receive no information on F', the stock
price won’t depend on F' but only depend on Y, which then fully reveals Y.

In this case, 07y = 0% and 0}, = 0% +0,, = 07 Investors’ optimal trading policy becomes:
hy = 1/(ac?), hy=02/03,. (4.28)
The equilibrium stock price is given by:
P =—acy, (4.29)
and the investors’ equilibrium stock holdings are:

2
g
91':—

u
B Yi,
)

i e[0,1]. (4.30)
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Their welfare is given by:

1

V1= 0?0203 (1+0%0%03) — a20%(1—’0%0% )03 (03 /o)

Vo

(4.31)

Clearly, in this case the investors’ welfare level is below the level in Special Case 3 when they
have full information on F'. This is because uncertainty in F' increases the risk premium for the

stock, the cost for investors to use the stock as a hedging instrument.

Additional comments. The analysis above reveals important properties of our model when
there is no government intervention. In particular, the market equilibrium is in general not
Pareto optimal. This is best illustrated by Special Cases 3 and 4 when the equilibrium is fully
revealing. The main reason behind this outcome is that the market is incomplete with respect

to investors’ idiosyncratic income risks given by 05.
4.4 General Case

We now consider the general case. Several comments are in order before we present the results.
First, we limit the parameter values allowed by the parameter constraint (2.12). Second, since
the equilibrium price coefficients b and ¢ are given by a cubic equation, they may have multiple
(real) solutions. To avoid multiple roots, we limit ourselves to the parameter domain with only
a unique solution. As shown in the appendix, this domain can be fully specified. Third, we only
present the results with a limited set of parameter values. These results help to illustrate the
key properties of the model. They are not intended to be extensive in exploring the model’s
full behavior. In particular, we will hold fixed the values of parameters about the aggregate
market such as «a, op, 0, and oy and focus on parameters characterizing investor heterogeneity
such as o, and o.. While o, characterizes investors’ heterogeneous income risk, it also reflects
the idiosyncratic noise in the private signal about Y, and o. reflects the idiosyncratic noise
in private signals about F'. Even though how the aggregate market characteristics affect the
market behavior as well as interact with investor heterogeneity are also interesting aspects of
the model, for brevity, in the paper we examine primarily the heterogeneity effects, taking the
aggregate environment as given.

To fix ideas, throughout the paper unless noted otherwise, we set the following values for
the aggregate parameters: a =4, op = 0.25, 0, = 0.25 and oy = 0.5.

In Figure 2, we plot the equilibrium price coefficients, b and ¢, for different values of o, and
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Figure 2: Price coefficients b and c for different values of o, and 0. with no government
intervention. The other parameter values are set at a = 4, op = 0.25, 0, = 0.25 and oy = 0.5.

oe, holding constant the aggregate parameters a, o, o, and oy. Panel (a) of Figure 2 shows
how b varies with oy, the z-axis, and o., the y-axis. There is a set of o, and 0. values which
lead to multiple solutions for b (and ¢). This set is given by the red domain on the o, — o, plane
in the figure. For convenience, we will call the red domain non-admissible and remaining area in
the o, — 0. plane the admissible domain. The b values we plot are for values of o, and o, in the
admissible domain, which forms a surface with an opening above the red non-admissible domain.
Hence, they represent the unique solution to the equilibrium over the admissible domain.

It is worth noting that in order to better illustrate how b varies with o, and o, respectively,
with the grid lines, we use a relatively sparse grid in the figure. Consequently, the interior
edge of the b-surface simply matches the grid, and so does the edge of the red domain on the
o, — 0. plane. Thus, they don’t look continuous. Of course, when the grid becomes dense, both
boundaries will become continuous. This feature is true for the remaining figures in the paper.

For 0, = 0, we have Special Case 2 discussed earlier. Y is known to the investors and the
stock price fully reveals F', independent of the value of .. Thus, b = 1, as shown by the upper
left edge of the b surface, along the y-axis. For o. = 0, we have Special Case 3. In this case,
investors’ private signals fully reveal ' and b = 1, independent of o,. This is shown by the
lower left edge of the surface, along the z-axis. For small values of o, the equilibrium is similar
and b is close to 1. As o, becomes larger, reaching the range between 0.2 and 0.3, b becomes

non-monotonic in o,. It decreases with o, when o, is small and then increases with it. As the
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value of o, becomes significantly large, b becomes monotonically decreasing with o.. This is
intuitive. When the investors’ signal about F' becomes noisier, the price becomes less dependent
on F.

Panel (b) of Figure 2 plots the value of ¢ for different values of o, and o, within the
admissible domain. Again, 0, = 0 and 0. = 0 correspond to Special Case 2 and 3, respectively,
for which ¢ = o2 = 0.25. For non-trivial values of ¢, ¢ varies with 0. non-monotonically, first
increasing and then decreasing with o.. Since ¢ captures the risk premium of the aggregate risk,
its behavior is of critical importance to the market. The aggregate risk has two components,
one associated with F' and the other associated with v and Y. For o. = 0, the risk concerning
F is zero, the ¢ = ac?. As o, increases, the risk concerning F' increases, which tends to increase
c. However, there is also an offsetting effect. As 0. increases, the price becomes less dependent
on F and more dependent on Y. As a result, it becomes more informative about Y. This helps
to reduce the investors’ uncertainty about Y and the corresponding risk premium.

Given the equilibrium price, we can further examine other aspects of the equilibrium outcome.
One important aspect is the informational efficiency of the market, which can be measured by
the conditional volatility of /" and Y in equilibrium, opx and oy|x, respectively. Figure 3(a)
plots opx for different values of o, and o.. Again, the red region in the o. — o, plane defines
the domain with multiple solutions, which we exclude from the plot. As before, for o, = 0
and 0. = 0, i.e., the 0. and o0, axes, which correspond to Special Case 2 and 3, respectively,
orx = 0 and F is fully revealed, either by the stock price or investors’ private signals on F'
For non-trivial values of o, the price is no longer fully revealing about F', o x monotonically
increases with o, the amount of noise in investors’ private signals. The plot also shows that for
a fixed (and positive) value of o, op|x increases with o.. This is also intuitive. Holding other
parameters constant, increasing o, also increases the noise in investors’ signal ¥; about Y. This
tends to reduce the information she can extract from the price, about both F' and Y.

Panel (b) of Figure 3 plots oy|x against o, and o, and we see a richer behavior. In particular,
for relatively small values of oy, e.g., between 0 and 0.2, oy|x tends to increase with o.. This
is intuitive. Holding other parameters constant, increasing o. increases the uncertainty about
F', which also reduces the information investors can infer from the price about Y. However,
when o, becomes sufficiently large, e.g., above 0.4, as 0. becomes large enough, e.g., exceeding

0.4, oy|x starts to decrease with o.. This is because, for this range of o., b is decreasing as
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Figure 3: Conditional volatility of F' and Y for different values of o, and o, with no government
intervention. The other parameter values are set at a = 4, op = 0.25, 0, = 0.25 and oy = 0.5.

o. increases and quickly approaching 0. This makes the price very informative about Y, and

eventually approach Special Case 4.

vvelrare

o 0.8 0.0
y Ue

Figure 4: Investor welfare for different values of o, and o, with no government intervention.The
other parameter values are set at « =4, op = 0.25, 0, = 0.25 and oy = 0.5.

Finally, we consider the investors’ welfare, which is plotted in Figure 4 for different values
of 0, and o.. In general, investors’ welfare decreases with o,. This is true even when o, = 0,
which is Special case 3 and the welfare level is given by (4.31). The reason behind this result is
straightforward. Even though the investors can perfectly hedge their idiosyncratic risks through
trading in the financial market, the hedging is not costless. Given that the idiosyncratic income

risk is perfectly correlated the aggregate income risk, hedging it entails a risk premium, which
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is captured by cY. More hedging involves a higher risk premium, as explained before. This
effect persists even when o, is strictly positive. The behavior of welfare becomes more complex
for large values of o,. In particular, for o, close to 0.8, for example, the welfare level initially
decreases with o, for small values of 0., but then start to increase with o, when it exceeds 0.5.
This behavior is related to the fact as 0. becomes sufficiently large, the risk premium, which is
proportional to c¢ starts to decrease with o.. A decreasing hedging cost helps to increase the

investors’ welfare.

5 Government Intervention

We now consider government intervention in the market. We will start with several special cases
regarding government’s information and then consider the general case.

5.1 Intervention with Public Information

The first special case we consider is when the government has no private information. In this
case, the only information the government has is the stock price P. Thus, the government’s
trading in the market can be a function of P, that is, g = 6 (P).® In this case, we do not need

to assume g to be linear in P.
Price function. We conjecture that the price function takes the following form:
P=bF —cY +dbg(P)=P +do(P"), P =0F—_cY, (5.1)

where b, ¢, d are constants. Given that 6 is only a function of P or equivalently P’, which is
public information, it will be known to all investors. Thus, their information set is unaffected

by the government’s intervention in this case. In particular, X; = [P’ Y; S;]".
Investors’ optimal trading policy and value function. Investors’ terminal wealth is now:
W;=(0;+0c)(F+u—P)+Y;u, i€]0,1], (5.2)

same as (2.10). Given that 6 is known to all investors, W; is normal conditional on investor i’s
signal X;. This corresponds to the situation in the general case when 6g; = 0 and éGi = 0.

Investor i’s optimization problem is formally similar to the maximization problem with no

8In principle, the government can also intervene with pure noise with no information content. We consider
this case in the next section.
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government intervention, which yields the following solution:

1 _ _
0; = —0c + ——[(F; — P) — aoYi] = —0g + hy(F; — P) — hyY;, i€ 0,1], (5.3)

where hs and hy, are given in (4.6). From (5.3) we can see that investor i’s optimal trading policy
is to achieve her net optimal portfolio by fully offsetting any intervention from the government.
This is achievable if the government’s trading/position is public information.

We can further compute each investor’s value function under her optimal trading policy. In

particular, we have:
J(Wi, Xi,06) = W, ie[0,1], (5.4)
where

Wi =dalohy(0i+00) =22 = a{oby [h(Fi = P) = Y] =02V}, (55)

— 2
This is identical to what investors achieve in the absence of government intervention.

Market equilibrium and optimal intervention policy. From the analysis above, we
conclude that when the government has no private information but trades on public information,
any of its intervention will be offset by the investors through their own trading to achieve
the net optimal portfolio. Thus, the market equilibrium and investor welfare will remain the
same, independent of the government’s intervention. Consequently, there is no merit for the
government to intervene in the market using only public information. We summarize these

results in the following proposition:

Proposition 4. (No Impact Theorem) When the government intervenes with only public
information, its impact will be fully offset by investors’ own trading, leaving no net effect on the

equilibrium price and welfare.

This result is a form of Ricardo equivalence in the current context under the given conditions.
Thus, in what follows we will simply let hgp = 0 unless stated otherwise.

5.2 Intervention with Pure Noise

The next special case we examine is when the government has no private information but chooses
to intervene nonetheless with pure noise. We assume that the government’s trading/position

is not public information (otherwise, we return to the previous case). In particular, we have
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Bar = Bay = 0 and:
9(; = hEG (56)

where €4 denotes a pure noise with a volatility of 4. According to the formal specification, og
can be either ogr or ogy. With no loss of generality, we let 0 = 0y with variance aé =1.

In this case, the government acts as a noise trader, adding random shocks to the market.
There are, however, two key differences between the government here and the noise traders in
the noisy-rational-expectations models.” First, the government’s gain/loss from noise trading is
ultimately born by the investors, not left outside the model. Second, the government’s objective
function is the investors’ welfare, which it acts strategically to improve. Thus, our model remains
closed and general equilibrium in nature even when the government trades with noise.

Given the government’s noise trading, the stock price now takes the following form:
P=bF —cY +deg. (5.7)

It is worth noting that since the government knows e¢, it can also infer P’ = b F — ¢Y from P.
This has two implications. First, the government can extract better information from the price
about the aggregate state variables F', Y and e than the investors. Second, the government can
implement an intervention policy which also depends on P’. Our purpose here is to examine the
impact of the government’s pure noise trading, we will assume that it ignores the information
P’ reveals here to simplify the analysis. In the next two subsections, we will consider in more
detail the situation when the government has information that investors do not have.

To further simplify our analysis, we also let F' = 0 in this subsection. It is worth noting that
when h = 0, this case reduces to Special Case 3 with no government intervention in Section
4. In this case, D = u, the state variables for the economy reduce to Y, u and 5. The price

function now becomes:
P=—-cY +deg. (5.8)

Given the intervention policy (5.6) and the price function (5.8), the solution to the market
equilibrium can be easily obtained from the general solution laid out in Section 3, which is

outlined below.

9See Grossman and Stiglitz (1980) and also Hellwig (1980), Diamond and Verrecchia (1981), Wang (1993),
among others.
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MARKET EQUILIBRIUM

From the price function (5.8), we now have Z = [V u]" and X = [P Y;]. Applying the general
solution in Section 3, as shown in the appendix, we arrive at the following solution to market

equilibrium. In particular, the investors optimal trading strategy is given by:
1
hs - O[—O_g, hh — ]_, (59)

with (3.17) and F; = 0.

In equilibrium, the price coefficients ¢ and d are given by the following equations:

0= (oy +0)k* = hook* + oyo k — hovo,, k=d/c, (5.10a)
azkh

0302 + (03 +02)k?

(5.10b)

c=(ac?) |1 —

(5.10a) is a cubic equation whose general solution is given in the appendix. The investors’ stock

holdings in equilibrium are:

0; = —heq — (1+ Poykh/|Al) yi, |Al = Foyo, +d*(ov+0,), i€0,1]. (5.11)
Given the solution to ¢ and d, we can easily compute the investors’ welfare from (3.30), which is
given in the appendix.

SMALL INTERVENTIONS

What we consider next is the situation when the government only intervenes in the market
marginally, that is, when h is small. In this case, we can obtain solutions to the equilibrium
price coefficients and investor welfare level to the lowest (non-trivial) order of h. The results are

summarized in the following proposition:

Proposition 5. For h small, the equilibrium price coefficients are given by:
c=aoc’[l — (1/oy)h*] + o(h?), d= ac’h+ o(h?), (5.12)

where o(h?) denotes terms of higher order of h*. The investors’ welfare is given by:
1 1 (?0})?or(1+a%0;03)

- \/1 — a%olo} (14+a?0202) 21 - a’ioy (1+aoio))

V(h) h*| +o(h?).  (5.13)

Proposition 5 shows that for small values of h, the investors’ welfare increases with h2.

32



OPTIMAL INTERVENTION

We now explore the optimal intervention policy when the government trades on noise. From
(3.25), we can solve for the equilibrium price coefficients b, ¢, dp and dy. Keep in mind that in
this case, there is perfect symmetry between dr and dy. In addition to the aggregate parameters,
we also fix the values of o, and o, both at 0.5. Figure 5 plots the four price coefficients against

different intervention policies given by hgr and hgy.
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Figure 5: Price coefficients b, ¢, dr and dy for different values of hGF and hgy under
government intervention with pure noise. The parameter values are set at a« =4, op = 0.25,
o, =0.25, 0y =0.5,0,=0.5, 0. =0.5, Bgr = Bay =0, and o = 1.

In the plots, the light gray plane shows the benchmark value when there is no intervention,

i.e., when hgp = hgy = 0. Panel (a) of Figure 5 shows that the price coefficient b decreases
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monotonically when |hgr| or |hgy| increases. This is not surprising. As the government trades
more with noise, it introduces more noise into the price. Consequently, it reduces the information
content about the fundamentals F' and Y, and the price becomes less dependent on F'.

Figure 5(b) shows the same pattern for price coefficient ¢, which decreases with the magnitude
of government trading. As discussed above, the noise trading from the government has the effect
of reducing the risk premium associated with aggregate income risk. This can lead to welfare
gains for the investors by reducing their cost to hedge idiosyncratic income risks.

Figure 5(c) and (d) plot the price coefficients dr and dy, respectively, for different values
of hgr and hgy. Given the symmetry between hgr and hgy when intervention is based only
on noise, we only need to consider the case of, say, changing hgy while holding hgr = 0. In
this case, dp = 0. From Panel (d), we see that dy is proportional to hgy for small values of
hay, reflecting the impact of the government’s noise trading on the price. But the dependence
weakens as hgy becomes large and may eventually diminish. This is because for large values of
hay, the government’s trading has a large impact on the stock price, making it more transparent
to the investors. As we show in Section 5.1, any known intervention by the government will be

countered by the investors’ offsetting trading and thus has little impact on the price.

0.22 035 -

TEX

(a) Conditional standard error of F (b) Conditional standard error of YV’

Figure 6: Conditional standard error of F and Y for different values of hGF and hgy under
government intervention with pure noise. The parameter values are set at a = 4, op = 0.25,
Oy = 025, Oy = 05, Oy = 05, O = 05, 6GF = 6@)/ = 0, and oG = 1.

Next, we consider the informational efficiency of the market when government intervenes

with noise. Obviously, as the government introduces more noise into the market through its
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noise trading, the market’s informational efficiency worsens. Figure 6 plots the conditional
volatility of F' and Y for different values of hgp and hgy. Apparently, both o x and oy|x
increase with the absolute value of hgr and hgy.

Finally, we consider the investors’ welfare. As we have shown earlier, small amount of
noise trading by the government can improve investor welfare at the margin. Figure 7 plots
the investors welfare for a range of values for hgr and hgy. Again, the gray plane marks the
welfare level without intervention, which is at the value of —1.3630. With intervention, the
welfare initially increases with |hgr| or |hgy| quadratically, levels off at some optimal magnitude,
and then starts to decrease. For large values of |hgr| and |hgy|, government’s noise trading
makes investors worse off than with no intervention. Here, two factors are at work. On the
one hand, government’s noise trading lowers ¢ as shown in Figure 5(b), which lowers the risk
premium investors pay for hedging their income risk and improves welfare. On the other hand,
government’s noise trading introduces additional risk in investors’ terminal wealth/consumption,
which lowers welfare. Figure 7 shows that the former dominates for small amount of noise

trading, and the latter dominates for large amount of noise trading.

Welfare

Figure 7: Investor welfare for different values of hgp and hgy under government intervention
with pure noise. The parameter values are set at a = 4, op = 0.25, 0, = 0.25, oy = 0.5,
oy =0.5,0.=0.5, Bgr = Bey =0, and ¢ = 1.

For the parameter values given in Figure 7, the maximum welfare is achieved at |hg| =
Vhip + hiy = 0.76 at the level of —1.3474. This is higher than the welfare level of —1.3630

with no intervention.
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5.3 Intervention with Full Information

The next case we consider is when the government has perfect information on the aggregate
state of the economy. In particular, we assume that Sgr = F and Sgy = Y, that is, the
government observes F' and Y and I = {F, Y'}. The solution for this case can be obtained
from the general solution in Section 3 by letting Bgr = Bgy = 1 and egr = egy = 0, which we

do in the appendix. Below we summarize the main results.
INTERVENTION PoLICY, PRICE FUNCTION, AND CONDITIONAL DISTRIBUTIONS
Given the government’s information and the linear class of its trading policy, we have:
0 = hgrF' + heyY. (5.14)
With (5.19), the price function takes the following form:
P=bF —cY, (5.15)

where b and ¢ are constants. Although the price function maintains the same functional form as
in the case with no government intervention, the coefficients b and ¢ will be dependent on the
government’s choice of hgr and hgy.

Given the form of the price function, F' and Y become linearly dependent conditional on
P. Thus, we can remove Y from the state vector Z, which now reduces to Z = [F u]". The
distribution of Z conditional on investor i’s signal X; can be obtained from (3.6) and (3.7). Since
Z and X; in this case take exactly the same form as in the case of no government intervention,
as given in (A.25), XYzz, Yzx, A, Xzzx and Bzx will take the same form as given in (A.26),
(A.27) and (4.3).

Not observing F' and Y, investors can decompose the government’s trading into the expected

part and the unexpected part, based on their signals. In particular,
0 = 0ci + 0ci = (harFi + hayY:) + (har F; + hayYi). (5.16)

From (5.15), P =bF;, — cY; = bF — ¢Y, which leads to Y; = (1/¢)(bF, — P) and Y; = (b/c) F}.

Hence,

9(; = iLGFFZ — hgy(b/C)P + iLGFF,', fALGF = hG’F -+ (b/c) hgy. (5.17)
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INVESTORS’ OPTIMAL TRADING PoLICY, VALUE FUNCTION, AND WELFARE

Following the general solution in Section 3, we now have:

_ -1 Shar  har
Zrzxe = (Sphx +aHa) , Ha= s (5.18)
GF

The investors’ optimal trading policy is given by:

0: = — |harFy = hay(b/)P| + hy(Fi = P) = hYi, i€ [0,1], (5.19)
where
h. = 1- OéileFUDF|XG’ hy — Ul;u|XG’
A0pxa 9pixa
and their value function is given by:
J(WZ, XZ', 6@) == —eiawi, I//Vz == % 0% ZZ-TBZZ', (520)

where B is given in (A.34).

In equilibrium, the stock price coefficients b and ¢ are given by:

8%+ (1= 82%) (her/hs) (/) = 8% + 8% (har/hs)
b= 0 40 (; o O o0 (] ’ (5.21)
1= Bpx + Brx (hGF/hs) 1 = Bpx + Brx <hGF/hs>
and the investors’ stock holdings are:
0; = —hagrF — hayY — hyy; + hge;, i€ [0,1]. (5.22)
From (3.30), the investors’ welfare is given by:
b V2|5 (12
V(hg) = | Zzzx6l” | Yozl Y= (. +a?B), (5.23)

B ’EZZIXP/Q ‘222’1/2 ’
where X, p is given in (3.31) as before. Clearly, investor welfare now depends on the government’s

intervention policy given by hg = [hgr hay].
OPTIMAL INTERVENTION POLICY

With the linear form of the government’s intervention policy, the optimal choice is given by
(3.33) with the second order condition (3.34).

Instead of pursuing an analytical solution for (3.33), we proceed as follows. First, we show
analytically that there are welfare gains from a specific intervention policy, at least for some
parameter values. Next, we show that there are in general potential welfare gains for small

interventions. Finally, we examine the welfare gain from intervention numerically.
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A Specific intervention policy. We now consider a special intervention policy for which the
government only trades on Y: 65 = hY. Furthermore, we look for the choice of A such that in
equilibrium, ¢ = 0. In this case, the stock price fully reveals F'. Without loss of generality, we

set ' =0. As a result, we have:
P=0, (5.24)

F,=0, F, =0, and F, — P = 0. The state vector now becomes Z = [Y u]T. In this case, price
reveals no information and the only private signal investor ¢ has is Y; = Y + y;. It is worth
noting that in the absence of government intervention, this case reduces to Special Case 3 in
Section 4. The solution for this case is provided in the appendix, and we outline the key results
here.

From Proposition 1, we have h, = 1. From the equilibrium solution, we have:

2 2
oy + 0y

B = (5.25)

o2
y
in order for the market to clear. In other words, 05 = h*Y leads to the equilibrium for which

P = 0. The investors’ stock holding in equilibrium is:

o2

0; = — (—g + 1) Yi, (5.26)
9y

and her welfare is:

1
\/ 1 — 020202 (02 +02) /o2

Comparing with the welfare level with no intervention, which is given in (4.27), we immediately

V(h*) = (5.27)

conclude that investors” welfare is higher under intervention policy h* when o3 < o?

o200,
Small interventions. Next, we consider the case of small interventions, that is, when hgp
and hgy are small. In particular, we consider how investor welfare changes when hgpr and hgy
increases slightly from 0. This is captured by the two partial derivatives of V' with respect to
hGF and hG’Y at hGF = hGY = 0.

Figure 8 plots a2%(0) and %(0) in panel (a) and (b), respectively, for different values of
o, and o.. As before, the area marked red in the o, — 0. plane represents the domain where the
equilibrium solution is not unique, which is excluded from the plotted surface.

From Panel (a) of Figure 8 we see that %(O) is in general positive. This means that a

small increase of hgp from zero tends to increase welfare. It also means that a small negative
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Figure 8: Derivative of investor welfare with respect to hgr and hgy, respectively, at hgr =
hay = 0, for different values of o, and 0., excluding the domain marked red where there are
multiple solutions to the equilibrium. The other model parameters values are set at a = 4,
orp =0.25, 0, = 0.25, and oy = 0.5.
value of hgp tends to decrease welfare. In addition, for small values of o, the welfare gain from
a small positive hgp is quite small, independent of the value of .. However, for large values
of o,, the corresponding welfare gain can be quite substantial, and more so when the value of
0. becomes large. We note that for significant values of o, larger 0. implies more information
asymmetry about stock payoff I7. This is also shown by opx plotted in Figure 3. In this case,
a positive hgr tends to make the price more dependent on F' and thus more informative about
it. It will then helps to reduce uncertainty about F' and improves welfare.

Panel (b) of Figure 8 shows that 8‘2%(0) is also positive in general, implying a positive
welfare gain for a small increase of hgy from zero. However, the size of the gain behaves quite

oV

differently from M(O) for different values of o, and o.. In particular, for small and medium

values of oy, %(0) tends to increase with o,. But for large values of oy, e.g., exceeding 0.5, it

oV

ghey (0) increases with o, for

becomes less sensitive to o,. In addition, for large values of oy,
small values of 0. and then starts to decrease with it. Again, comparing Panel (b) of Figure
8 with Panel (b) of Figure 3 showing oy|x, we find that the two have similar patterns. This
suggests when there is more information asymmetry about Y, a positive hgy tends to increase

the price’s dependence on Y, which helps to reduce the uncertainty about it and increase welfare.
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While Figure 8 shows that for small and positive hgr and hgy, investor welfare always

improves, the magnitude of the welfare gain is highly sensitive to the values of underlying

oV
Ohgy

parameters, in particular, o, and o.. This is best illustrated by 8(b) for (0). Tts value can
change substantially with o, for o, in the range of 0.4 to 0.8. This suggests that in assessing
the welfare impact of an intervention policy, the government needs to be cautious about the

details of the market’s underlying structure, a point we will return to next.

General intervention policies. Finally, we consider the general intervention policy in the form
of (5.14) when the government has full information on the aggregate state of the economy. As
pointed out earlier, the existence and uniqueness of the market equilibrium imposes restrictions
on the values of hgr and hgy. In particular, EZ_§| v as defined in (3.16) needs to stay positive
definite for the market equilibrium to exist. Hence, we will limit the range of h¢ = [hgr hay]
such that this condition is satisfied and also the equilibrium is unique.' In particular, for the
parameter values we choose, a sufficient condition is hgy < 0.4 (for a wide rang of hgr). Hence,
we will limit ourselves to this range of h¢.

We first examine how government intervention impacts the equilibrium price. Figure 9 plots
the price coefficients b and ¢, respectively, for different values of hgpr and hgy. The black dot in
the figure marks the point with hgr = hgy = 0, i.e., the value of b and ¢, respectively, with no
government intervention. From Panel (a), we see that when hgp is positive, it has a positive
impact on b. This is intuitive. If the government trades positively with F', its action will make
the price more dependent on F'. When hgr becomes very large, b approaches 1. When hgr is
negative, it has a negative impact on b, at least initially, for the same reason as in the case of
positive hgp. However, when hgpr becomes very negative, it will start to have a positive impact
on b. This is because in this case, the government’s trading starts to dominate the price and
make it more informative about F'. The investors rationally incorporates this information into
their expectations. From Panel (a), we also see that hgy in general has a positive impact on b.
This is also intuitive. Since Y has a negative impact on price, trading positively on Y by the
government, i.e., when hgy > 0, reduces the impact of Y on the price. This tends to make the

price more informative about F', which has the effect of increasing b. Trading negatively on Y,

10Tt is worth noting that for the parameter values we choose, the equilibrium is unique with no government
intervention. However, when the government intervenes, multiple equilibrium may appear for certain ranges of
hgr and hgy. In this case, we will limit their values to the range with a unique equilibrium. For the results
shown in the paper, this situation does not occur.
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i.e., hgy < 0, has the opposite effect.
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Figure 9: Price coefficients b and c for different values of hGF' and hgy under government
intervention with full information. The parameter values are set at o = 4, op = 0.25,
oy, = 0.25, oy = 0.5, 0, = 0.5, 0. = 0.5, Bgr = Bey =1, and ogr = ogy = 0.

Panel (b) of Figure 9 plots price coefficient ¢ for different values of hgp and hgy. First, we
observe that government intervention, independent of its direction, tends to reduce the value
of ¢, relative to its value with no intervention, marked by the black dot. As we have seen in
Special Case 3 with no government intervention, ¢ mostly captures the risk premium for the
aggregate income risk as given by Y. Thus, government intervention in general has the effect of
reducing c, at least for a wide range of hg around 0.

Figure 10 further illustrates how hgr and hgy influence the conditional volatility of F' and
Y for the investors in equilibrium. Again, the black dot marks the value with no intervention.
For simplicity, we focus on relatively small interventions, that is, when hgp and hgy take on
moderate values.

We first consider op|x, which is shown in Figure 10(a). Holding hgy constant, we see that
op|x tends to decrease when hgp becomes positive. This result is intuitive. When hgr becomes
positive, b increases, as Figure 9(a) shows, which makes the price more informative about F'
and op|x decrease. When hgr becomes negative. We should see the opposite effect: as hgp
becomes negative, b decreases and the stock price becomes less dependent on F', which makes
or|x increase. Yet, we see the opposite: op|x actually decreases. This occurs because when hgp

becomes negative, ¢ also decreases and very steeply, as Figure 9(b) shows. This makes the price
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Figure 10: Conditional volatility of F' and Y for different values of hgr and hgy under
government intervention with full information. The parameter values are set at a = 4,
op =0.25, 0, = 0.25, oy = 0.5, 0, = 0.5, 0. = 0.5, for = Bay = 1, and ogr = ogy = 0.
less dependent on Y, which makes it more informative about F. When this effect dominates,
op|x also decreases when hgp takes on larger negative values. We thus have the result that
holding hgy constant, op x decreases with |hgp|.

Holding hgr constant, we see that in general op|x decreases with hgy. When hgy becomes
positive, it tends to decrease ¢, the dependence of price on Y. This makes the price more
informative about F' and reduces opjx. When hgy becomes negative, we have just the opposite
effect.

Interestingly, for oy x, we see almost the exact opposite impact of hgr and hgy. This is
because the stock price, which is a linear function of F' and Y, is observable to the investors.
Hence, conditional on P, F' and Y are linearly dependent. Consequently, op|x and oy|x are
inversely related to each other. We can rephrase the discussion above about o x to explain the
behavior of oy|x, which is omitted for brevity.

Finally, we examine the impact of government intervention on investor welfare. Figure 11
plots investors’ welfare level for different values of hgr and hgy within the admissible range.
The gray plane represents the welfare level with no intervention, i.e., when hgp = hgy = 0,
which is marked by the black dot in the plot. As shown in Figure 11, for small values of hgr and
hgy, welfare is linear in them with a positive slope. That is, for small positive (negative) values

of hgr and hgy, the welfare increases (decreases) with the intervention intensity. The plot also
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Figure 11: Investor welfare for different values of hgpr and hgy under government intervention
with full information. The parameter values are set at a =4, op = 0.25, 0, = 0.25, oy = 0.5,
oy =0.5,0.=0.5, Bar = Pay =1, ogr = 0ay = 0.
shows that for this set of parameter values, welfare is much more sensitive to hgr than hgy.
Welfare is maximized at hgr = 30.0 and hgy = —4.2, which is marked by the red cross on
the welfare surface. The corresponding welfare value is —1.1926, which is significantly higher
than the welfare level of —1.3630 with no intervention. As discussed earlier, the maximum
welfare achieved here is only local in the sense that it is within the linear policy class and the
range of admissible h. What we also observe from Figure 11 is that the sensitivity of welfare to
the intervention policy can vary substantially. For example, around the local maximum, welfare
is quite insensitive to substantial changes in hg. On the other hand, for hgy around —0.35 and
har in the range of 0 to —10, the welfare can change substantially with small changes in hgp.
This is consistent with the result we show previously that the welfare impact of government

intervention can be highly sensitive to the policy choice.
5.4 Intervention with Noisy Information

Given the general solution provided in Section 3, we can now explore the impact of government
intervention on market equilibrium and investor welfare when it has noisy information about
the underlying state of the economy. Again, we will limit ourselves to the admissible domain of
O¢ allowing a unique market equilibrium.

For brevity, we will only present the impact of government intervention on welfare here. Its
impact on price coefficients and conditional volatility of aggregate state variables are similar to

that in the case of full information, and are reported in the appendix for completeness.
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Figure 12: Investor welfare for different values of hgr and hgy under government intervention
with noisy information. The parameter values are set at « = 4, op = 0.25, 0, = 0.25, oy = 0.5,
oy, = 0.5, 0. =0.5, Bar = Pay =1, ogr = 0y = 0.25.

Compared with the situation when government has full information, we see a similar pattern
for the welfare impact of its interventions with moderate values of hgr and hgy. In particular, for
small to modest interventions, welfare tends to increase with hgr and hgy. However, when hgp
becomes significantly positive, welfare starts to decrease quickly. This is related to the fact that
with noisy information, strong interventions also bring more noise into the price and investors’
terminal wealth, which can have undesirable welfare implications. The (local) maximum welfare

is achieved at hgr = 2.0 and hgy = 0.2, at the value of —1.2645. Not surprisingly, this welfare

level is lower than the maximum welfare level achieved with full information.

6 Evaluating Government Intervention

How to assess the government’s intervention in the market through its direct trading has always
been a challenging question. It requires a proper cost-benefit analysis with the right objective
function. In this subsection, we explore some of the conventional assessment measures. We also
develop a measure using our general equilibrium framework.

To demonstrate the key points, we consider two simple trading strategies for the government.

The first is a contrarian strategy, buy low and sell high. Formally, it is given by:

gSentrarian — _p P p > (), (6.1)

44



This strategy is reminiscent of government’s interventions during market downturns. The second
is a noise trading strategy given in (5.6). Neither strategy requires any information advantage
for the government. We further assume that F' = 0 to simplify the analysis. The computational

details are provided in the appendix. Below we only present the results.

Payoff. The first measure is the expected payoff on the government’s trading strategy. Given

the government’s trading strategy 6, its terminal payoff is:
Weg =0c(u— P). (6.2)
For the contrarian strategy, its expected payoff is:
E [W§ontrarian]) — | [gSentrarian(y — P)] = E[~h P (u — P)] = hoi > 0. (6.3)

(Clearly, in this case, the average payoff on the contrarian strategy is also positive.

Next, we consider the noise-trading strategy. Its expected payoft is given by:
E[WZ =E [0 (u — P)] = E[heg (u— P)] = —hdog <0, (6.4)

which is always negative, at least for small h.

The difference in the expected payoffs from these two strategies reflects several important
aspects of the government’s trading in the market. In particular, in the case of contrarian
strategy, the government trades only on public information. Thus, the investors can use their
own trades to fully offset the government’s trades. As a result, the government’s trading has
no impact on the price. As a contrarian, the government earns a positive expected payoff.
However, this payoff is the same for any investor in the market who follows the same strategy.
In other words, the government does not earn any extra payoff than what the market offers to
all investors.

In the case of noise-trading strategy, the situation is very different. The government trades
on noise, which is not public information. Thus, government’s noise trading will move the
market price, which cannot be fully offset by the investors’ offsetting trades, despite their efforts
in doing so. Consequently, the government’s price impact, which is in the opposite direction of
its trades, will lead to negative expected payoffs.

The results above clearly demonstrate that we need to be cautious in assessing the govern-
ment’s trading in the market by simply using the observed market prices. These prices can

be influenced by the government’s trades. However, whether or not they are depends on how
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observable the government’s trades are. More importantly, when the government’s trading does
move prices, using market prices to assess its merit can be misleading. As shown in the case of
noise trading by the government, it always loses money but can actually improve welfare, as we

show in Section 5.2.

Sharpe ratio. In addition to expected payoff of the government’s trading strategy, we can also

include its risk in the assessment. A natural candidate is the Sharpe ratio (SR), given by:

~ E[W4]
SR = Ak

where o[W¢] denotes the volatility of Wg. As shown in the appendix, simple computations yield

(6.5)

the following;:

— COy SRNoise - dJG

NEE T V2o +2d20% + o2

For reasons explained above, the Sharpe ratio for the government’s contrarian strategy does

SR Contrarian

(6.6)

not depend on its trading and is the same for all market participants. Keep in mind that the
equilibrium price coefficients b and ¢ here are not influenced by the government’s trading strategy,
as shown in Section 5.1. In the case of government’s noise trading, however, the situation is
different. Here, the government’s noise trading, as characterized by h, will influence the price
coefficients ¢ and d. As shown in Section 5.2, for small values of h, d will be proportional to h.
Thus, not only that the Sharpe ratio is negative, it also increases with the magnitude of the

government’s trading, at least when it is small.

Certainty equivalence of welfare gain. The ultimate measure of the government’s inter-
vention is the welfare gain or loss it generates for the investors. In particular, we define the
certainty equivalence, CFE, in terms of investor wealth as a measure of their welfare gain or loss.

Specifically, we have:

where V(W) h¢) is the investors” welfare level with wealth W and government trading policy hg.
From the welfare results obtained in Section 5.1 and 5.2, we can easily compute CE for the
two of the government’s trading strategies under consideration. For the contrarian strategy, it

yields no welfare gain. Hence, its CE will be zero. For the noise-trading strategy, however, there
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is a positive welfare gain, yielding a positive CE. Mathematically, we have:

CE Contrarian _ () for all h; (6.8a)

2 9 9
Noise_1 3 4 2 1+a0u0Y
CE = sa’0,0, P P
2 1 —a?0205 (1+a2020y)

h* + o(h?), for small h, (6.8b)

where the second equation comes from (5.13). It is interesting to note that despite its positive
expected payoff and Sharpe ratio, the contrarian strategy adds no value by the certainty
equivalence measure. In contrast, the noise-trading strategy yields a positive certainty equivalence
measure despite its negative expected payoff and Sharpe ratio, which is proportional to the
square of the trading magnitude h for small values of h.

The analysis above shows that the government’s trading in the market cannot be simply
evaluated using observed market prices. This is due to the fact that government trading will in
general shift market prices, which influences investor welfare. When the government’s trades
are public information, they can be fully offset by investors’ own trading and thus won’t impact
market prices. In this case, the government’s trading can be evaluated using equilibrium market
prices. However, in this case the intervention loses its value as it has no effect on investor welfare.
When the government’s trades are not public information, they will have non-trivial welfare
implications. In this case, market prices will be influenced by the government’s trading strategy
and thus lose their validity in assessing its merits. A proper evaluation measure is based on
the strategy’s impact on investor welfare, which can be constructed in the context of a general

equilibrium framework like ours.

7 Conclusion

In this paper, we have developed a general equilibrium model to examine the impact of
government’s direct trading in the financial market on market outcomes. We show that when
the market is incomplete in allowing perfect risk sharing among investors, the government’s
intervention through its own trading can improve welfare even when it has no additional
information. We also show that any intervention based on public information does not alter
market outcomes since investors can trade to offset the distortion caused by the government’s
trades. When the government has additional information that investors do not have, the impact
of its interventions on market outcomes and investor welfare is sensitive to the details of the

economy and the design of the intervention policy. We also show that when the government
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plays a monopolistic role in the market, using market prices to assess the its intervention policies
can be incomplete and misleading.

As stated in the introduction, the main objective here is to construct a parsimonious
but comprehensive framework that allows us to examine the potential role for government
intervention and its market implications. Thus, for tractability and clarity, we have made
simplifying assumptions regarding the structure of the economy, the objective of the government
and its information and intervention policies. As discussed in Section 2.8, many of these
assumptions can be relaxed if the focus turns to specific imperfections of the market and the
corresponding government intervention policies. We will leave these explorations for future

research.
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Appendix

In this appendix, we provide the derivations and proofs for the main results presented in the
paper and some additional results. Derivations for more detailed results are contained in a

supplemental Internet Appendix.
A.1 Parameter constraint (2.12)

Under normality, the non-traded income given in (2.2) is unbounded, which can yield extreme
values for the utility function. In particular, we have:

Wi=Yiu, Eu(W,)[YV]=—e2o®Vla¥il _ _ 502, (A.1)
The expected value of the utility function above (over Y;) is bounded only if:

a’ol(oy+07) <1,
which is (2.12). Under this condition, (2.13) follows.
A.2 Solution to Market Equilibrium with Government Intervention

CONDITIONAL DISTRIBUTIONS.

Given the price function (3.1), X; in (3.2) and Z in (3.4), (3.5) immediately follows with:

0%  —coi  box
A= |—coy oy+o, 0 |, op=bop+ oy +diol, +dyol (A.2a)
bor 0 ot +o?
|A| = bzaF(UY+U Yo + aya 2(o5n402) + afp(a%—l—az)(a%—i—af), (A.2Db)
(O’%—FU;)(U%—'—O'?) coi(o%+02) —bU%(U%/—FU;)
Al = TA| cov(op+a?)  opploptol)+bioio? —bcoto? , (A2c)
—bo(oy+0y) ~bcoroi ai\y(a%+a§)+c2a%0§
where 03, p = 0} — V20%, 0p\y = 0p — 20y, and 02, = dpo?, + dyol, , and
[ bo?, 0 a%_ i OFx ]
T — —co? o 0 _ oyx (A3)
0 0 0 Oux
_de'?GF 0 0 | OerX |

The following lemma, which is a standard result about joint normal distributions, will be
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repeatedly used in our computations:

Lemma A.1. Let z be an N-dimensional normal random variable:
T py py
ce | o N H1 7 1 212 . (A.4)
T2 2 Xo1 Moo

Then, conditional on x5, x1 remains normal with:
E [z1|xa] = p1 + 2122251($2 — ),  Cloy, zi|ze) = Xy — 2122{21221 = X, (A.5)
where C[z1, x1|z2] denotes the covariance matriz of 1 conditional on x.

Given the joint normality of Z and X;, ¢ € [0,1], Lemma 1 follows from Lemma A.1

immediately. For convenience, we further define:

opx A Brx Bg}){ 5}2))( 5@(
_ 1 __ | 9vx AT Byx | 5}(/1)){ 3(/2))( g))c
Bzx = XzzA™ == | = =1 ) ) (A.6)
UuXA_ ﬁuX BuX BuX ﬁuX
_ 1 2 3
earx AT | Bearx | [Blx BDx B )
Since o,x = 0, we also have §,x = 0. In addition, for (3.7), we have:
Okix  Opvix 0 Oregpix
o o? 0 o
Eraix =Ygz — LgxA T Exy = i Yix Yearl¥ , (A7)
0 0 o2 O
_O-FSGF‘X UY€GF|X 0 O-EQGF|X i

where the conditional variance and covariance of F', Y, u and egp given X; are given by:

2 2 -1 2 2 -1 2 2
Orix = op—0rxA  oxF, Oy|x = oy—oyxA oxy, Oulx = 0w (A.8a)
2 _ 2 —1

OcarlX = UEGF_UEGFXA OXegr:s (A.8Db)

—1 -1
OFrYy|X = —orx A" oxy, OFulX = 0, OFegr|X = —opxA OXegrs (A-8C)
-1
Oyux =0, Oyvegpix = —0yxA  Oxegps Oucgrlx = 0. (A.8d)

Given Z; defined in (3.8), which is a 4-dimensional normal random variable with zero mean and

covariance matrix Xz 7 x, we have:

E [F|Xz] = Fi = frxXi, E [Y|Xi] = Y;, = Byx X, (A.9a)
E [u’Xl] = ai = 07 E [gGF|Xz] = éGF = /BEGFXX’i7 (Agb)
VIDIX)] = V[F+ulX| = opyx = 0p —opx A oxp + o3, i€ [0,1], (A.9c)
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where 0%‘ « denotes the variance of D = F' + u conditional on X;, which is independent of 4

given the symmetry between investors, and

Brx = oplb (03 +0,)0? beoyo?l op pos+02,0y],

2 2,2 2y 2 2, 2 2 2 2
Byx = oy[—co,(0p+07) Op\yO-+0.,0p beoya,),

Bearx = dpol, (ov+o,)(0p+02) coy(op+ol) —b(oy+o,)or].

INVESTORS’ OPTIMAL TRADING PoOLICY.

From (2.7) and (3.3), we have:

Oc = hapP + harBorF + hayBayY + haregr + haydy [P— (b F—cY +drear))

which gives (3.9).
Lemma 2 follows directly from Lemma A.1.

Given investor i’s wealth, ¢ € [0, 1], in (3.14), for (3.15a) we further have:

2hgr hay  hgr Pgeg,

hey 0 hey 0

h/GF h,GY 0 hIGEGF
h; 0 A

L Gegp Gegr 0

He = hgzh/c;z + hgzhbz =

We can rewrite (3.14) as:
Wy =W/ + 12 HoZi =W+ W/ + 12T HoZ;,
where
W) = (0; + 0i) (Fi — P) + (0; + 0:) Di + (F; — P)hg, Z; + Yiu,
Wz’, =E[W/|Xi] = (6; + Q_Gi)(pi - P),
W/ =W, — W/ = (0; + 0c:)D; + (F; — P)hig, Z; + Y; u.

Note that conditional on X;, W/ is normal with mean zero.

(A.10a)
(A.10b)
(A.10c)

(A.11)

(A.12)

(A.13)

(A.14a)
(A.14Db)
(A.14c)

We now solve for the investors’ optimal trading policy. For X} T aHg positive definite,

Z7|

which will be confirmed with parameter restrictions, we define X,z xg as in (3.16), which is

also positive definite (and symmetric). It can be interpreted as a modified covariance matrix

from Xz x with aHg.
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Let |- | denote the determinant of a matrix. The normality of W/ yields the following lemma:

Lemma A.2. Given investor i’s trading policy 0;, her expected utility is:

1 =7 7
— i - i—5aZ, HgZ;
E[-e*Yi|X;] = -E [e oWi—geli HeZ:

Xi; EZZ|X:|

| Zozxal? o,

_ | Zeaxal” { " _ -
| X721 x [/

| X722 x|H?

Xi; ZZZ|XG:| =

(A.15)

where E [-|X;; X| denotes the expectation conditional on X; with covariance matriz X, and

W =W/ — LaV [W/|Xs; S221x6]. (A.16)
From Lemma A.2, the investor’s optimization problem reduces to:

max Wi = (0;40c)(F;—P) — 5 [(0i+0c:) 0D xe + 2 (0i+06:) (Fi— P)hg z0pz1xc

+2(0:406:)Y; o puixa + (Fi—P)*hgy Xzzixahay + Yion xa

+ 2 (F;—P)Y; hyz0uz1x6] . (A.17)

where
Op7IXG = [ODFIXG TDYIXG ODulXG ODegr|XG) s (A.18a)
Ouzixc = [OFuxc Ovuxc Ouxa Oucrlxc) - (A.18b)

The first order condition gives the following solution for the optimal trading policy:

0; = —0ci + ho(F; — P) — Y, (A.19)
where
1 _—
he = —5—(1 = ahig,0pzx0),  hn = —5 e (A.20)
Ap|xa 9pIXG

which are reproduced in (3.17) and (3.18) in Proposition 1.
PRICE, STOCK HOLDINGS AND WELFARE IN EQUILIBRIUM.
From the market-clearing condition (3.23), we have:
0= [(=hp+hgp) b+(hs+herBar)] F' — [(=hp+hap) c+(hy —hay Bay)] Y
+ [(=hp+hgp) dr+hgrlecr + [(—hp+hap) dy +hay) eay, (A.21)

which leads to (3.24). Proposition 2 immediately follows.

o4



With the state variables included in z; for investor i, we can write the solution to the

equilibrium in the form of (3.28) and (3.29) with:
Bp=[b —c 0 0 dr dy],
Bg = hgpBp + [harBer hayBay 0 0 hgr hey],
By=[01100 0]
Bp= [ A0+6% — AlberB% AR 8% Adr Aldy
By = hy(Br—Bp) — hy By,
and
B = opxaBy Bo — 0uxaBy By — (hgz Xzz1xchay)(Br — Bp) ' (Br — Bp)

— (hgzouzixa) [(BF—BP)TBY + (BF_BP)TBY}

= (ohixeh? = bz Xzz1x6hdz) (Be—Bp) ' (Br—Bp) — (04 x¢ — 0bixahi) By By

— (02D|XGhSh‘h + hlc;ZUuZ|XG) [(BF—BP)TBY -+ (BF—BP)TBy} .

(A.23)

Finally, we compute the investors’ ex ante expected utility under government’s intervention

policy (2.7). In particular, we have:

[ Zzaixcl'? L1 o, | Zzz1x6|'? [ ~go%] B }
V(6e) = V(h :——E[eaz]:_ B | o~ 307 Ba
( G) ( G) |EZZ|X|1/2 |EZZ|X|1/2
b V2|5 |12
| Zzzx6] | 2an) ie0,1],

T |EZZ|X’1/2 ‘Ezz,1/27

where Y,.p is given in (3.31).
A.3 Solution to Market Equilibrium with No Government Intervention

With no government intervention, the price function is given by (4.1) and we have:

F A 0 ) )
7 7 N | 77 2zx |
U X; 0] [Xxz A

where X; is given in (3.2) and

) ) ) V’oi+c*ct —coi  bok

op 0 bop 0 o

Xzz = Y , A= —coy  oy+o, 0
0 o2 0 0 0

u
bor 0 o%to?
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(3.6) and (3.7) now become:

_ o2 0
21X~ N (2o Zzzix). - B = |15 (A.27)
O-'U,

and (4.2), (4.3) follow immediately. From (A.26), we further have:

(0% +02) (0% +0?) cot(oh+0?) —bog(of+oy)
Al = T col(ot+o?)  boiol+ctoi(oi+o?) ~bcotol , (A28)
~bo(o%+02) —bcoio? Voi(oy+o,)+cPoyo,

Investors’ optimal trading policy. Investors’ optimization problem in (A.17) becomes:
max Wi = 0:(F— P) — Lo (070 x +20:Yi02 + Y02) (A.29)
where we have substituted in op,x = o2. Its solution, given in (4.6), follows immediately. With
Ohx = 0px T 05 > 0 and 0, > 0, we further have:

1

0<hy<—y5, 0<h,<L
ao;

Equilibrium price coefficients. Equation (4.11) for k is a cubic equation. For its solution,

we introduce the following lemma for the roots of a cubic equation.

Lemma A.3. For a cubic equation of the following canonical form:

asx?® 4 axx® + a1z + ag = 0, (A.30)
define:
2 2
Yt ay Q207 ay Qo - a9
= - — = T s T T a — — = — A.31
b az  9a3’ 1 6a2  27a3  2a3’ " 3az’ ( 2)
s s —1++/3i

(A.31b)

where A is the discriminant of the cubic equation and w is a complex cubic root of —1. (A.530)

then has three roots given by:

=gt VR e VE P (A.32a)
=W~ g VPP A PP (A.32b)
x3:w2\3/—q+\/q2+p3+w{’/—q— P+p . (A.32¢)

Moreover, when A > 0, there is only one real root, when A < 0, there are three distinct real

roots, and when A = 0, there are multiple real roots.
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Applying Lemma A.3 to (4.11), we immediately obtain the three roots for & with:

az = ac’(oy + 05)052, ay = —0v02, a; = aaia%ai(a%/a%), ap = —032/05. (A.33)

Investor welfare. From the general solution to the market equilibrium given by (3.28)—(3.29),

with no government intervention, we immediately have (4.15) with:
Bp=[b —c 0 0], By=[011 0],
Be = [ a0+ 8% —Alhe+ 8% 8 B | Bo=h(Bp—Bp) By, (A34)

Given (A.34) and B in (4.16), we can take more steps in computing V4. First, note that
| 2.5 = |2 57 Next,

Y p=X+a’B=X_ +a'oxBy By, X, =X_'—a’0.ByBy. (A.35)
After additional algebra, we obtain (4.17). Details are given in the Internet Appendix.
A.4 Special Cases with No Government Intervention

For the four special cases with no government intervention, the results follow the general solution

with no government intervention in Section 4. Details are provided in the Internet Appendix.
A.5 Government Intervention with Public Information

In this case, the investor i’s optimization problem is similar to the maximization problem (A.29)
with no government intervention, which reduces to:

max W; = (0; + 0c)(F; — P) — Yo [(0; + 0c)* 0} x + 2(0; + 0c)Yi opux + Yion) . (A.36)
The the first order condition for 6; yields:

Fi—P—aYo?=a(0+ Og)o%p(. (A.37)

It then yields the solution to 6; in (5.3). The rest of the results for this case follow easily from

the general solution in Section 3.
A.6 Government Intervention with Pure Noise

The solution in this case follows from the general solution in Section 3 by substituting in the
government’s trading policy. The other results follow accordingly. Details can be found in the

Internet Appendix.
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A.7 Government Intervention with Full Information

When the government intervenes with full information on the aggregate state variables, the
equilibrium and corresponding results follow straightforwardly from the general solution in

Section 3. The actual derivations are provided in the Internet Appendix.
A.8 Government Intervention with Noisy Information

In this section, we illustrate the impact of government intervention on market equilibrium with
noisy information. Figure A.1 plots the price coefficients b, ¢, dp and dy, respectively, for

different values of hgr and hgy.

0.6 0.4

h 0.4 -40
GY har

(a) Price coefficient b (b) Price coefficient ¢

0.6 0.6

(¢) Price coefficient dp (d) Price coefficient dy

Figure A.1: Price coefficients b, ¢, dp and dy for different values of hgr and hgy under
government intervention with noisy information. The parameter values are set at a = 4,
Op = 025, Oy = 025, Oy = 05, Oy = 05, O = 05, BGF = BGY = 1, and OGgF = 0qy — 0.25.
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For b and ¢, shown in Panel (a) and (b), we see similar behavior as in the case of full
information, for reasons explained there. For dr and dy, the results are new. For hgp ranging
from small negative values to large positive values, dg is positively related to hgp, as shown in
Panel (c). For large negative values of hgpr, however, dr becomes negatively related to it. This
is expected. As hgr becomes substantially large, the government’s trading offsets the impact of
F' on the price and brings more noise from its signal on F into the price.

In Figure A.2, we plot the conditional volatility of F' and Y for different values of hgp
and hgy. For both orx and oy|x, the overall patterns are similar to those in the case of full
information. However, the levels of both opx and oy|x are now significantly higher. This can
be seen by the positions of the surfaces for opx and oy x relative to the gray planes in both
panels, which represent their levels with no intervention. Such a result is not surprising given

that in this case government’s trading also brings noise into the price.
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Figure A.2: Conditional volatility of F' and Y for different values of hgr and hgy under
government intervention with noisy information. The parameter values are set at a = 4,
Op = 025, Oy — 025, Oy = 05, Oy = 05, O = 05, 5GF = BGY = 1, and OGgF — O0qy — 0.25.

A.9 Evaluation of Government Intervention Policy

Given the government’s intervention policies: the simple contrarian trading strategy linear in
stock price and the noise trading strategy linear in noise, their performance measures and welfare

impact can be easily computed. Details can be found in the Internet Appendix.
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INTERNET APPENDIX

In this internet appendix, we provide more details on the paper’s more specific results.
IA.1 Investor Welfare with No Government Intervention

In order to compute |X., 5|, we introduce the following lemma:

Lemma TA.1. Let M be an (n x n) invertible matriz and u, v be (n x 1) column vectors. Then,
M +uv’| = |M|(1+v" M u).
Proof of Lemma TA.1. We first consider the special case when M = I, where [ is the identity

matrix. Consider the following identity:

I 0| [I+w' u I 0 1 U
o1 0 1| |=vT 1| |0 1+0vTul|
The determinant of the left hand side is the product of the determinants of the three matrices

on the the right hand side. Since all the matrices are triangular matrices, we immediately have:
I +uv'| =140,

which is what the lemma says in this case. For the general case, we have:
M 4| = M|+ (M u)w™| = | M|(1+v" M ). O

We now apply Lemma [A.1 to our welfare computations in this case. First, we have:

op 0 0 0
0 oy’—a’0? —a%? 0
5L =5 '+ a%?2B) By = Y b ¢ : (TA.1)
0 —a’o? 0;2—a203 0
0 0 0 o2

The determinant of X1 can be easily computed, given by:
[Tyl = 120 [1=a®oy(oy +oy,)] = Ny ZLY, Ny = 1-doy(oy +0y), (T1A.2)

which is strictly positive under parameter condition (2.12). Hence, Zz;%, is positive definite. We

can also compute |X,.5|™" and X..y, which are given by:
|25l =120 + a®obx By Bol = |25 |(1 + a®0hx By ..y By )
= |22 [1-aoi(0y +0y)] (1+aoh x By Loy By ), (IA.3)
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and

o2 0 0 0
0 Ny(l1—cd?020%)0? Nyo?oio?o? 0
EzzY = Y( “ y) Y v vy (IA4>
0 Nya*oloy0; Ny(1-a’aioy)or 0
0 0 0 o2

Investors’ welfare can then be rewritten as in (4.17).
TA.2 Special Cases with No Government Intervention
In this section, we provide more details on the results for the special cases with no intervention.
Special Case 1: 0% = 0. In this case, Z = [F u]" and X; = [y; F +&;]. The stock price only
depends on F only, hence fully reveals F. Thus, 0’%‘ « = 02. (A.20) now gives:
hy = 1/(ac?), hj,=1.
From the market-clearing condition (4.10), we have b = 1 and
|Al = opooZ, Brx =[1 0 0],
and
Bp=[100], By=[010], Br=J]1 00, Bg=-[01 0]

The results for investors’ equilibrium stock holding and welfare in this special case as well as the
following special cases follow easily from the general solution with no government intervention.

2

7 = 0. First, the parameter condition (2.12) now becomes a’oj07 < 1.

Special Case 2: o

Next, investors’ signals now become:
V’oi+c*ct —coi  box
X;~N(0,4), A= —co? 0% 0 : (IA.5)
bor 0 o%+to?

In addition, |A| = b*0%0%02, and

Brx = B B BR] =11/6 /b 0], (1A.6)
(4.10) then leads to the following solution to the equilibrium price coefficients:
(IA.7)
as given in (4.22).
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Special Case 3: 02 — 0. In this case, we have:

V’or+c*k*o?  —col box
Xi~N(0,4), A= —co? oy+o; 0 |, (TA.8)
bo. 0 o
and
Al = Kotoror, Brx = |Buk Bix Bix| =10 0 1], oy = o2 (IA.9)

(4.10) then leads to the solution to the same equilibrium price coefficients as given in (IA.7).

Furthermore,
0 0 0 0
, |01 1 0
B = -0 . (IA.10)
01 0 1/(ao?)
0 0 1/(ac?) —1/(a?cd)

Special Case 4: No Private Signals on F'. In this case, b = 0. Going through the solution
for market equilibrium, described in Section 4.2 with z; = [F Y y;]", we have:

2

0%|X =o0%, PBrx =0, Bpr=0, hy=1/(ac?), hy,=02/0}, 0% =o0r+0>

w*

In equilibrium, we have:

) 0 0 0
c= aai, 0;, = —Z—;‘ vy, B= —03 0 1 1 ) (TA.11)
D

0 1 o%/o%
TA.3 Government Intervention with Pure Noise

Given the price function (5.8), we now have:

Y oz 0
7 = s ZZZ = y (IAlQa)
u 0 o2
-P- —cY+de Aol +d* —coi
X, = - “, A=|""" Y, (IA.12D)
_Yi_ Y 4y, —co? 032/—1-05
and
1 |—coio? d*0% d*o2a%/|A] 0
Bzx = TAl Y . Xzzix = vy ; (IA.13)
|Al 0 0 0 o2
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with

+ c
Al = Polo? + (o2 +02), At=|a |7y O (IA.14)
co? ol +4d?
In addition,
Alo?/(d*D., 0
Spaxl = DAL gy = | D) . D.=ololl (A1)
0 1/(c3)
For (3.9-3.10) and (3.13), we now have:
h/d)d?
ar =/, Ny = (b)), Ko = [e(h/d) O], B = Gt 4o? codl. (IA10)
Moreover,
0 c(h/d
H, (h/d) (IA.17)
c(h/d) 0
and
Alo?2/(d*D,) ac(h/d
Ez_zlp(c = Ez_zlp( +aHg = [Alou/( ) (h/d) (IA.18a)
ac(h/d) 1/02
_ /o3 —ac (h/d)
Xzz1x6 = ’EZZ1|XG| , (TA.18Db)
—ac(h/d) |Al?/(@D.)
where
5 vl = o — (@02(b/d)? = |zl (1A.19)
zz1xa\ = 2. = |2zz|xc| - :
With D = u, we then have:
Thixe = Ouixa = Opuxa = | Xzzixcl(|Alor) /(d*D.), (IA.20a)
—ac (h/d)
opxixa = |Xzz1xcl . (TA.20b)
|Aloy/(d*D.)
From (3.18), we now derive the investors’ trading policy, given by h, and hj,. Since
1-— Oéhleapz|XG =1 + ‘Zzz‘gx|(h/d)2(ac)2,
we have:
1 / d*D, —1 2 2
h, = - (1 — ahlzopz1xc) = mlﬂzmd [1+ | Z2z1x6|(h/d)?(oc)?]
d*D, . 9 9 1
= m UEZZ|XG| + (h/d) (OéC) ] = 0(0'57 (IA21)
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ODu|XG

hy = =1, (IA.22)

2
9pixa

which turns out to be the same as in Special Case 3 with no government intervention.
Given hg and hy,, we now derive the equilibrium price coefficients, ¢ and d. From (3.22), with

Brx = 0, we have:

hp = hy + hSy = 23 + (h{jidz (02+02), hy =hy+hie =1+ W@. (IA.23)
From (3.25), we now have:

c=hy/hp, d=h/hp, d/c=k=h/hy. (TA.24)
We can rewrite the last equation as:

[1+ A7 (h/d)d*coy] (d/c) = h, (IA.25)
which leads to the following equation for k after some algebra:

(0% + 02)k® — hook? + oy ook — hoyo, = 0. (IA.26)

This is a cubic equation, which has a unique real root for small h. In particular, £ = 0 when

h = 0. Substituting the solution to k in (IA.24), we have the solution to ¢ and d:
ijh

0302 + (0y +02)k? |

c=(ac?) |1 — d=kec. (IA.27)

The investors’ stock holdings in equilibrium is then given by:

Qi = —hpP - th; = —h Eq — (1 + 020'12/]{7h/|_/4|) Y. (IA28)

Next, we consider the investors’ welfare. In this case, we have z; = [V 1; eg|" and

Y.. = Diag[oy,, 07, 1]. Consequently, (A.22) becomes:
Bp=[-c 0d], Beg=[001h], By=][11 0], (IA.29)

(and Br = 0). Now (A.23) reduces to:

B = é O[LU%B;BP + (B} By +By-Bp)|. (IA.30)
Hence,
1 0 —k 2 1 —k
BBp=c®|0 0 0| BpBy+ByBp=—c|1 0 -k,
—k 0 k2 —k -k 0
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and
/o2 —2ac  —ac —(c*/oi—ac)k
o’B = —ac 0 ack
—(c?/o2—ac)k ack (c2/o?)k?

From X = X! + a?B, we obtain:

1 /1 c?
~1 2 2 2/ 2 | 2112
|25l = LT_Z (Uy+—u—2ac) — (ac) } + W [1—a?os(oy+0,)] k. (TA.31)
From (IA.19) and (IA.31) with |X..| = 030}, we can compute the investors’ welfare from (3.30).

We now consider the situation when A is small. This entails to obtaining approximate

solutions to the lowest (non-trivial) order of h. From (IA.25), we immediately have:
k = h+ o(h?)

where o(h?) denotes terms of higher orders of h?. From the first equation of (IA.24), we have:
¢ = (ac)) [1-(1/a})R*] + o(h®), d = (ac.)h+ o(h?),

where ¢y = ao? is the solution for ¢ when h = 0. As a result, we have:
¢ = (ao2)? [1—(2/0} )R] + o(h?).

From (IA.19), we have:

¥ d2D -1 a? 2 2 -1
| ZZIXG|:[1_< ¢)? (h/d)] :[1_ — UYU‘72 22}
| Xz21x] Al o302 + (0v+o2)k

=1+ a*c2h* + o(h?).
From (IA.31), we have:

| 2.5 Hl +ob (2—22—2040) - Uioz(ac)z] + <C—22> [1—a’o(oy+07)] kQ}_l. (TA.32)

|EZZ’ u Uu

Note that when A = 0, we have:

EZZ
’|2 B‘|0 = [1 - %0202 (1+a%0202)]  =Q% Q= 1/\/1—&205012/(1%420305)-
2z |0
Thus,
|ZzzB| 2 2 2 2 2 2
o = Q*{1 - Q%0 [1 — o’0L(0y —a.)] h?} + o(h?).
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We then have:

| Xzz1xcl | X.28]

Torxl 15 = Q*{1+’oh’ {1 — Q*a*c [1 — a*ol (o} — a )] h*} + o(R?)
Z7Z|X 2z

= Q* {1+ d’oih* — Q*d’ol [1 — &Pol (03 —a,)| h*} + o(h?)
= Q2 {1+ QP(a%0?) [1/Q7 — 1+ (@%02) (0} —o)] 7} + o)
=Q*[1- Q2(a203)205(1 + a’oloy) h?] + o(h?)

It then follows that:

Yzzixal | Y., Y 1
V(h) = — { ’|EZZ|X|| IIE Ei‘} ~Q1-5Q 20’0y’ o2 (1+a o0y )h? | + o(h?). (IA.33)
Obviously, V(0) = —Q, V'(0) = 0, and V"(0) = 3Q*(a?02)*02(1+a’020y) > 0.

TA.4 Government Intervention with Full Information

(GENERAL INTERVENTION POLICY

Given the intervention policy (5.14), price function (5.15) and the conditional distributions
given in Section 5.3, we first obtain the investors’ optimal trading policy and then the market
equilibrium, following the general solution in Section 3. When applying the general solution, we
remove all the redundant elements in the state-vector and the corresponding coefficients.

First, from:
Oc = harF — (1/c) hay P, har = har + (b/c) hay
for (3.9) and (3.12) we have:
ap=—(1/c)hay, hgz= [;LGF 0],
and
Oci = hpx Xis  Oci = harFi,  hgy = hgp[l 0 0]+ h,B2x,
Di=F,+u=hhy,Z;, hhp,=[1 1].
Given the intervention policy (5.19) and the above, investor i’s terminal wealth is given by:
W;=(0; + hgrF + hayY)(F +u—P)+Y;u, i€]0,1]. (TA.34)
We can rewrite (IA.34) as

Wi = W/ + harFi(Fy +u) = W)+ W/ + 12T He Z,, (IA.35)
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where
W/ = (0 + 0c:)(Fy — P) + hap(F; — P)Fy + (0; + 0c)(F; + u) + Y u,
Wi =B [W/|Xi] = (6; + 0c:)(F; — P),
W/ = (6; + 0ci)(F; + u) + (F; — P)harF; + Yiu,

and

- B 2har har _ S -
7, = . Ho=hp, by +hiy Wpy=| . . Oci = hgpF; — hay (b/c) P,
Uu hGF 0

which also gives X7 x¢ in (5.18). Her expected utility is:

|ZZZ|XG|1/2 g

E [—eiaWi — Wi, Wz = Wil — %aV [WZI’XZ, ZZZ|XG} . (IA36)
| X721 x|

Following the solution in Section 3, maximizing W yields the optimal trading policy given in
(5.22). For the value function, from (3.20) and (3.29), we easily obtain (5.20) with the B’s
taking the same form in (A.34) with B given by:
B =0} xqBy By — 0uxoBy By
— 2 ]AZGF O'Fu‘Xg(BF—Bp)TBy — iléFU%|XG<BF—Bp)T(BF—Bp), (IA37)
and Bp, Br, By and By are given in (A.34).11
We can also rewrite the investors’ optimal trading policy as:
(91' = hpP — th; + hgsl = (hpb -+ hS) F— (hpC -+ hy) Y — hyyi + hge’fi, (IA38&)
hp = (hs = har)Bix = hsy hy = hi = (hs = har)Bix, hs = (hy — har)Bix.  (IA.38b)
In equilibrium, the market-clearing condition now becomes:
/91 + hgprF + heyY = (hpb + hg + hGF) F— (hpC + hy + hgy) Y =0, (IA39)
which requires:
hpb + hS + hGF = 0, hpC + hy + hGY = 0. (IA40)
The solution to (IA.40) gives the solution for b and ¢ in the equilibrium stock price, which is
given in (5.21).

Investors’ equilibrium stock holdings, value function and welfare follow directly from the

11 As noted above, even though there is government intervention here, the price takes the same form as in the
case with no intervention. Consequently, the B’s also take the same form.
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general solution with the proper substitutions, which are given in Section 5.3.
A SPECIAL INTERVENTION POLICY

For the special case considered here, we have F' = 0, 65 = hY, and P = 0 under the particular
value of h we seek to determine. For this case, the state vector becomes Z = [Y u]" and

Yzz = Diag[oy, 0;]. In addition, X; =Y +y;, A= Yxx = 0y + 0, and

2 2
oy Byx Byxo, 0 o2
Yyx = . Bzx = , Azzix = aE Pyx = — ol
0 o2 oy +o

Given that 65 = hY, we have:
0c = 0ci +0ci, Oci = hByxYi, Oci=hY;, Yi=Y — ByxVi.
We also have:

VVZ':(ei"‘éGi‘i‘Yi)U‘FhY/;;U:(ei—i-e_ai-l-Y;;)U—i-%Z;HGzi

and
0 h| Y;
HG = ) Zl = .
h 0O U
In addition,
yo1 (5YXU§)71 0 o1 B (/BYXU@%)71 ah
Z721X = 0 (02)! 5 Z7Z|XG ah (02)1 :

From Proposition 1, the investors’ optimal trading policy is:
0; = —0c; — hpY;, hp=1, i€l0,1].
The market clearing condition with P = 0 immediately requires:
B % + 05 _ 1 .
o, 1 — Pyx

Thus, the investors’ equilibrium stock holding is:

02
0; = — (—g+1) (Y + yi).
g

Yy

For welfare, we have z; = [\ y;]" and X.. = Diag[oy,, 07]. From (A.22) and (A.23), we have
BP = BF = 07 B = 07 EZZB = Zzza and
1

— a?oy(of+07)(0% /o)

|ZZZ|X’ = 5YX03057 |2ZZ|XG| = ‘ZZZ\X| 1
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Thus, Proposition 3 gives the investors’ welfare under the specific intervention policy:

B |ZZZ\XG‘1/2 . 1

1= aei(eh o)} /o)

V(h) =
) | X7z2 x|

which is (5.27).
IA.5 Evaluation of Government Intervention Policy

Here, we compute the evaluation measures for the government’s intervention policies: the simple

contrarian trading strategy linear in stock price and the noise trading strategy linear in noise.

Expected Payoff. For the linear contrarian strategy given in (6.1), it has no impact on the
equilibrium stock price, which takes the form in (4.1). For convenience, we define the return/net

payoff on one share of the stock by:
R=F+u—-PF

Then, the net payoff on the contrarian strategy is given by:
Wg=—hP(F+u—P)=—hBpZZ'Bg,

where the last equation is in matrix format with Z = [F u Y]", Bp = [b 0 — ¢ and

Br=1[(1-0) 1 ¢]. Immediately, we have:
E[Wg| = —hBpXzzBj, = —h [b(1-b)o} — Poy).

For F' = 0, we have (6.3).
For the noise-trading strategy with F' = 0, we have:

Wg=0c(u—P)=heg(u+cY —deg).

Let Z=[u Y eg]",By=[0 0 1], Bp=1[0 —c¢ d],and Bg=1[1 ¢ —d]. We have:
We = hByZZ " By.

It then follows that:
E[W¢] = hByE[ZZT|B}, = hByY,,Bjy, = —hdo?

which is negative, at least for h small.

Sharpe ratio. In order to compute the Sharpe ratio of the two strategies, we need to compute

the variance of their payoffs, which are the products of two normal variables. For this purpose,
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we need the following lemma:

Lemma TA.2. Let zy and 2z, be standard normal with correlation p. Then,

V(2] =1+ 2p°% (TA 41)
Using the lemma, we can now compute the payoff variance for the strategies under consideration.
In general, we can write their payoffs as:

Wae=xh(B1Z)(BrZ).

Let o7 and o denote the volatility of B;Z and BgZ, respectively, and p;gr their correlation.

Then, we have:
BrXY,,B}

07 = BrXzzB, 0% = BprYzzBy, C[BrZ,BrZ] = BrXzzB, pir = e
10R

For the contrarian trading strategy, Z = [u Y|", By=Bp=[1 — | and o7 = op. We have:
V [PR] = ol (370} + o).

For the noise trading strategy, Z =[u Y ¢eg|', By =[0 0 d], and we have:
V[(B1Z)(BrZ)| = h*ck(Pa? + 2d*c2 + o2).

Combine the results above, we obtain the Sharpe ratios for the two strategies given in (6.5).

Certainty equivalence. Given the form of the value function (3.19), welfare function (3.30)

and the definition of certainty equivalence (6.7), we have:
V(W, hg = 0)e *Fe) = V(W, he).

In the case of contrarian strategy, V(W, hg) = V (W, hg = 0). Hence, CE a0 — (0 In the
case of noise trading strategy, V(W, hg) is given in (5.13) for h small. To the lowest order of h,

we immediately have the second result in (6.5).
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