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Abstract

We develop a statistical framework to learn the high-dimensional stochastic dis-
count factor (SDF) from a large set of characteristic-based portfolios. Specifically,
we provide statistical support to use the MAXSER method proposed in Ao et al.
(2019) to screen for potentially useful factors, and develop a statistical inference
theory for further factor selection and final SDF portfolio construction. Applying
our approach to 194 characteristic-based portfolios, we find that our SDF estimator
performs well in achieving a high Sharpe ratio and explaining the cross-section of

expected returns of various portfolios.
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1 Introduction

Constructing the stochastic discount factor (SDF) or factor models is critical in asset
pricing and factor investing. Decades of empirical studies have identified a fruitful set of
factors and factor models. This large “zoo” of factors poses challenges as well as oppor-
tunities to better understand the compositions of the SDF, i.e., the sources of SDF. The
central question of the SDF learning is, as Cochrane (2011) points out, “which charac-
teristics provide truly independent useful information explaining the returns, and hence
contribute to the SDF?” In this paper, we attempt to address this question by developing
a statistical learning framework to construct the SDF and explore its properties.

Learning the SDF is challenging due to the high-dimensional nature of the problem.
There are over hundreds of potential factors, while the number of monthly historical
observations are only hundreds. When the number of assets is about the same order of
magnitude or even larger than the number of periods, estimating the high-dimensional
covariance matrix is non-trivial and creates substantial statistical challenges. In addition,
obtaining an accurate estimation of the expected returns is difficult because we need a
long period to estimate the means but factors might have limited number of observations
or experience structural changes over time.

Traditionally, factors and test assets are often constructed by portfolio sorting (e.g.,
based on some firm characteristics), and then factor models are tested against a set
of test assets. This approach suffers from two limitations. First, it can only handle few
(usually two or three) characteristics and cannot fully address the interaction among many
different characteristics. Second, the choice of test assets is less explored, which influences
the empirical evaluation. Especially, there can be weak factors or even irrelevant factors
which test assets do not have strong exposure to, and the empirical tests may be biased
(Kan and Zhang, 1999; Kleibergen, 2009; Bryzgalova, 2017; Gospodinov et al., 2017;
Anatolyev and Mikusheva, 2022; Giglio et al., 2022). For example, many macroeconomic
factors appear to be weak factors and test assets may be unable to identify risk premia
of these weak factors.

To avoid the limitations of the above approach, in this paper, we follow the right-hand
side approach suggested in Barillas and Shanken (2017) and Fama and French (2018).
Barillas and Shanken (2017) and Fama and French (2018) show that for models with
tradable factors, it is sufficient to examine the model’s maximum squared Sharpe ratio
(which is equivalent to the Hansen and Jagannathan (1997) distance), while the choice
of test assets is irrelevant. That is, the model with “less mispricing” should have a higher
squared Sharpe ratio. Barillas and Shanken (2018) apply this observation and suggest a
Bayesian procedure which computes the probabilities for all models created by a given

set of factors. Barillas et al. (2020) apply this metric to empirically compare several
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prevailing factor models. Following the right-hand side approach, we set our objective to
be identifying the portfolio that is the one with the maximum Sharpe ratio on the mean-
variance efficient frontier. Such an SDF portfolio is mean-variance efficient and explains
asset returns. This is also consistent with the no arbitrage condition that if there exists
a factor model that prices all assets, then the factor portfolio is mean-variance efficient.

Specifically, we build on a large set of potential factor portfolios in Hou et al. (2020)
to construct the SDF portfolio. To tackle the high-dimensional SDF loading estimation
problem, we apply the mazimum - Sharpe ratio estimated € sparse regression (MAXSER)
approach proposed by Ao et al. (2019) to screen for potentially useful factors for the SDF.
As has been shown by Ao et al. (2019), MAXSER can asymptotically achieve the mean-
variance efficiency asymptotically under the high-dimensional setting. We further show in
this paper that the MAXSER estimator can consistently select the factors with nonzero
weights in constructing the SDF, which guarantees MAXSER’s screening effectiveness.
With the number of factors significantly reduced by the MAXSER screening, we apply
the plug-in method to estimate the optimal weights. We show both consistency and
asymptotic normality of such estimated weights, which enable us to conduct further factor
selection and construct the final SDF portfolio.

We apply our methodology to learning the SDF loadings on the monthly returns of 188
anomaly portfolios from Hou et al. (2020).! We also include the widely used six factors
from the Fama-French five-factor model augmented with the momentum factor (Fama
and French, 2018), so totally there are 194 factor portfolios. Our proposed SDF performs
well in achieving a high Sharpe ratio and explaining the cross-section of expected returns
of various portfolios. We find that important factors are mostly related to momentum
and earnings, including the customer momentum, the cumulative abnormal stock return,
the earnings predictability, and the quarterly earnings-to-price. Except the market factor,
the Fama-French factors are not significant and not selected in our estimated SDF.

Next, we test our estimated SDF against benchmark factor models such as CAPM,
the Fama-French three-factor model (Fama and French, 1992, hereafter, FF3), the Fama-
French five-factor model (Fama and French, 2015, hereafter, FF5), the Fama-French five-
factor model augmented with momentum factor (Fama and French, 2018, labeled as FF6
hereafer), Q4/Q5 models (Hou et al., 2015, 2021), the six-factor model in Barillas and
Shanken (2018, hereafter, BS6), and behavioral models proposed in Stambaugh and Yuan
(2017, hereafter, SY4) and Daniel et al. (2020, hereafter, DHS3). We also include the SDF
estimator of Kozak et al. (2020, hereafter, KNS) as a benchmark case. The test results

1One might start with factors constructed from individual stocks by using firm characteristics. For
example, Kozak and Nagel (2023) show that these could span SDF if the covariance of stock returns
satisfies a specific structure. They argue that such requirement is more likely satisfied if a large number
of firm characteristics are used.



show that our SDF significantly outperforms these benchmark factor models both statis-
tically and economically. Our results are robust after taking into account the transaction
costs.

Although we use anomaly portfolios to construct the SDF, it is important to note that
this is not equivalent to using the most significant anomalies. It is possible that a particu-
lar factor has a zero alpha relative to some factor models but has a non-zero loading in our
SDF because it helps to reduce the overall risk and achieve a higher overall Sharpe ratio
due to the return dependence in characteristic-based portfolios. Therefore, it is important
to consider the interactions among characteristics. That means, to construct the SDF,
purely chasing factors that have significant alphas, as some studies do, is insufficient.

Our paper is closely related to the emerging literature on applying machine learning
tools to identify factors and construct factor models.? Some papers apply machine learning
techniques to estimate factor loadings. For example, Kelly et al. (2019a) develop an
instrument principal component analysis (PCA) method to estimate loadings of latent
factor models as linear functions of characteristics. Lettau and Pelger (2020b,a) propose
a risk-premium PCA to estimate the SDF at the presence of weak factors. Kozak et al.
(2020) impose economically motivated prior about SDF coefficients and apply shrinkage
and selection methods to construct SDF. Gu et al. (2021) propose a nonlinear latent
conditional factor model, based on asset characteristics learned with autoencoder neural
networks. Giglio et al. (2022) suggest using a supervised PCA to select test assets and
estimate risk premia for potentially weak factors. Bryzgalova et al. (2023b) emphasized
the importance of considering the dependence of the characteristic and apply decision
trees to build portfolios. Bryzgalova et al. (2023a) generalize principal component analysis
to consider economic targets of cross-sectional and time-series moments which helps to
detect weak factors. Meanwhile, some papers develop empirical tests. For example, Feng
et al. (2020) propose a test for the significance of new factors under the existence of a
factor model. Giglio et al. (2021) study multiple hypothesis testing problems in linear
asset pricing models. We contribute to this strand of literature in two ways. First,
earlier studies mostly focus on individual factors while we consider the mean-variance
efficient SDF portfolio. Second, we establish consistency and inference theory to support
our SDF estimator.

Our study also relates to the empirical literature on identifying and interpreting
characteristic-based portfolios. Numerous studies examine whether these portfolios are

significant, robust, and replicable. For example, Hou et al. (2020) investigate over hun-

2Various machine learning approaches have been employed to predict asset returns. For example,
Freyberger et al. (2020) use the adaptive group Lasso to select characteristics that provide incremental
information for the cross-section of expected returns. Gu et al. (2020) use a variety of machine learning
techniques to predict stock returns using characteristics.



dreds of anomalies and find that half of them fail to replicate with more recent data or
a different portfolio construction scheme than the original paper. The factor zoo raises
concerns about data mining, transaction costs, and replication (McLean and Pontiff, 2016;
Harvey et al., 2016; Andrews and Kasy, 2019; Jacobs and Miiller, 2020; Chen, 2021; Har-
vey and Liu, 2021a,b; Jensen et al., 2023). Different from these papers, our paper uses
these portfolios to construct the pricing kernel, and the portfolios need not be anomaly
portfolios. In fact, we find many important characteristic-based portfolios in our SDF do
not have significant alphas relative to other factor models.

Last, our paper contributes to the literature of high-dimensional mean-variance effi-
cient portfolio optimization. It is well known that using sample plug-in portfolio per-
forms poorly in constructing mean-variance optimal portfolios when the number of assets
is large due to the sampling error in high-dimensions (see, e.g., Michaud, 1989; Britten-
Jones, 1999). Various approaches have been proposed to improve the performance of large
portfolios. One way is to adopt better mean and covariance matrix estimators, e.g., the
Black-Litterman’s approach of expected return estimation (Black and Litterman, 1991),
factor-model-based covariance matrix estimators (Fan et al., 2008, 2011, 2013), and shrink-
age estimators (Ledoit and Wolf, 2017). Another approach is by adding constraints (e.g.,
no short sale constraint (Jagannathan and Ma (2003)) and gross exposure constraint
(DeMiguel et al. (2009))). These approaches lead to improved numerical performance
compared with plug-in portfolio but are suboptimal in achieving mean-variance targets.
Ao et al. (2019) propose MAXSER which finds the mean-variance efficient portfolios by
maximizing the Sharpe ratio directly, instead of relying on the estimates of mean and co-
variance matrix separately. This paper builds on Ao et al. (2019) and further establishes
selection consistency of MAXSER and asymptotic normality to estimate SDF loadings.

The rest of this paper is organized as follows. We present our methodology and its
statistical theory in Section 2. Section 3 presents main empirical results. Section 4
considers the impact of transaction cost, while Section 5 further explores the economic
interpretations of our estimated SDF. Finally, we conclude in Section 6. The proofs are
collected in Appendix A and additional empirical results are presented in Appendix B.

The following notation is used throughout the paper. For any matrix A = (a;;), its
spectral norm is defined as ||A|| = maxjx|<1 VT Ax, where ||x|| = /3 @; for any vector
x = (z;); the max norm is defined as ||A||max = max; ; |a;;|; and the ¢; norm is defined as
[Alr = max; ) |a;;|. For two sequences of positive real numbers (a,,) and (b,), we write
a, > b, if a, /b, — oo, and write a,, < b, if b, /c < a,, < ¢b,, for some constant ¢ > 1 and

for all n.



2 Methodology and theory

2.1 SDF and the mean-variance efficient portfolio

Under the beta-pricing models, factors (R;) can be constructed using characteristic-based
stock portfolios, i.e., R; = ZtT_lR&t, where R; is an N x 1 vector of characteristic sorted
factors, Z,_; are Ny X N asset characteristics, R,; are Ny x 1 excess stock returns. The
stochastic discount factor (SDF) in this beta-pricing model can be written as
M, — 1-bl(R; - E(Rt))7
Ry (2.1)
E(MR;) =0,

where b is the loading of the SDF on the characteristic sorted portfolio, and Ry, is the
risk-free rate. Solving (2.1), we get

b=X"u, (2.2)

where X is the covariance matrix and p is the mean of factor returns Rj.
Note that SDF loading b is proportional to the weights of the optimal mean-variance

portfolio. Specifically, the mean-variance optimal portfolio solves

max p! w, subject to w! Bw < o,

*

where o is the target risk constraint.®> The optimal weight, w* = (w}), is

A — s VP (2.3)

VITE

Comparing (2.3) with (2.2), we see that the SDF loading b is proportional to the opti-

*

mal portfolio weights w*. Motivated by such an observation, we will consider the SDF

identification as a mean-variance portfolio optimization problem.

2.2 Mean-Variance optimization by MAXSER

First, we note that the returns of characteristic-based portfolios exhibit a clear factor
structure; see Figure 1 in Section 3.2. For this reason, we suppose that the returns of the

characteristic-based portfolios satisfy:

R, = Bf, + Uy, (2.4)

3Note that the optimization problem considers the investment on risky assets so the weights do not
sum up to one. The investment weight on the risk-free asset is 1 — . w;.



where f; is a K x 1 vector of common factors, 3 is an N x K factor loadings, and Uy is
the idiosyncratic return. We will use (f;, R;) to construct the SDF.

We first recall the maximum-Sharpe-ratio estimated and sparse regression (MAXSER)
approach in Ao et al. (2019). Given a risk constraint o, using both f; and R; under model
(2.4) to construct the optimal mean-variance portfolio, Proposition 3 of Ao et al. (2019)

shows that the optimal weights, w* = ((w})", (wg)")", is given by

g

o
wh=—%71p, — 's-la,
! O’ Hi eallﬂ “
V0. (2.5)
* —1
wp = Y, o,
Oant

where X, and ps are the covariance matrix and the mean of f;; 3, =: (0,,j)1<ij<n and
a are the covariance matrix and the mean of Uy; and 0, = H?Z;lﬂf + oYt is the
squared Sharpe ratio of the optimal portfolio investing in factors and all assets.

The main difficulty in estimating w* lies in estimating w¥. Define

*

1
w, = ——

Vo

-1
Y, o,

where 0, = oYX 'a. w! represents the optimal portfolio invested in the idiosyncratic

components U with a risk constraint of one unit. We see that w}, is proportional to w;.

MAXSER first obtains the optimal weights on idiosyncratic components, @, using the
following LASSO-type regression
1
W = argmin — Z(?M — w02 + Mwl|1, (2.6)
w T t=1

where ||x]|; := >_ |@;| for any vector x = (x;). In the above regression, 7, . is a consistent
estimator of v/@, + 1/v/0,. Ao et al. (2019) further derive consistent estimators of the
remaining components in (2.5) and obtain the final allocation. Ao et al. (2019) focus
on the MAXSER portfolio’s performance. In particular, they show that the estimated
portfolio meets the risk constraints and asymptotically achieves the maximum Sharpe
ratio.

In this paper, besides finding a portfolio that can deliver a high Sharpe ratio, we are
equally concerned about the portfolio weights. In particular, we do not want to miss
important characteristics nor do we want to include many unnecessary characteristics.

Achieving these two goals requires deep investigations into the weights of MAXSER.



2.3 Sure screening property of MAXSER

Assumption 1 The number of assets N and the sample size T' satisfy that T — oo and
N = o(log(T)).

Assumption 1 allows N to be much larger than 7', a condition that is weaker than that
of Ao et al. (2019).

We also recall the following assumptions from Ao et al. (2019).
Assumption 2 f; “E N(ps,X¢), Uy is independent of £, with Uy, R N(a,X,).

Assumption 3 There exists a constant M such that

max {aZ;la, 195111\71%%(%1( |vil, | Bil, Uu,ii} < M.

To study the estimated weights, we need the following assumptions. For any subset
S C {1,..., N}, |S| denotes its cardinality of S and S denotes its complement set. Denote
Ssignal = {Z . w;‘;’i 7& O,l S 1 S N}

Assumption 4 There exists a set Sy that satisfies Ssignar C S1 C {1,..., N},

15113/23/log N/T = o(1), and mines,, ., |wi| > A/[S1]/T with A > |S1|\/(log N)T for
A in (2.6).

Denote 3,11 = (Bu)s,,51, Zu21 = (Bu)se,sy, Due = (Bu)sese, a1 = (Q)ics;, oo =
= {i:i <|S|, and (w%); # 0}. Further define the

following set of vectors with elements being either 1 or -1:

(ai)iesf7 w}k%/ = (W}:—.{)Sl, and S;ignal

/

V ={(é1, ...,5|51‘)T,(5i = sign((wy});) fori € S and §; € {—1,1} for i € (S;ignal)c}.

signal’
Assumption 5 maxj.y ||(Zu21+aal)(Zu+oral) ™ |ma < 1—7 for some constant

n >0, and |31, < M for some constant M < co.

Assumption 4, the sparsity assumption, is slightly different from Ao et al. (2019).
We require the number of nonzero weights to be not too big. Moreover, the minimum
nonzero weight is not too small. Assumption 5 includes the irrepresentable condition and
the regularity condition on the precision matrix that are widely imposed in the LASSO
literature. Different from usual assumptions for LASSO regression (e.g., Zhao and Yu
(2006)) in which the irrepresentable condition is imposed on the design matrix, here we
state it as a property in the population. In addition, we relax the condition such that it

holds for a set that includes the true signals.



Zhao and Yu (2006) establish the sign consistency of the estimated coefficients from
the LASSO regression. Wainwright (2009) shows sharp threshold conditions on sample
sizes for sign recovery of LASSO regression. It is important to note that our setting is
intrinsically different from the standard LASSO regression. The difference lies in that in
the LASSO regression, the inference theory is obtained by conditioning on the z-variable
and utilizing the i.i.d. assumption imposed on the noise term. In our setting, if one
conditions on the xz-variable, then there is no randomness left in the noise term. Because
of this reason, we have to adopt a different approach and utilize the randomness of the
x-variable to develop asymptotic theory.

We study the composition of SDF. Note that there is no risk constraint as in Ao et al.
(2019). In particular, we do not need to estimate the maximum squared Sharpe ratio as
in Ao et al. (2019), which is the reason behind the assumption that N < T in that paper.
Instead, in (2.6), we can replace 7, . with an arbitrary constant ¢, say, ¢ = 1. Specifically,

one can use the following regression,

T
~ 1 =~
@ = argmln?Z(l — IO+ N || (2.7)
« t=1
The tuning parameter A can be chosen by cross-validation using the criterion of maximiz-
ing Sharpe ratio.

The next theorem establishes the sure screening property of @ in our setting.

Theorem 1 Under Assumptions 1-5, the estimator w? in (2.7) satisfies

P(sign((&;‘)i) = sign((wh):) for all i € Syignar U Sf) S (2.8)

Theorem 1 states that MAXSER approach achieves the sure screening property, namely,

with probability tending to one, Ssigna C S, where S = {i : (@¥); # 0,1 < N}. In

addition, S C Sy, hence | S| is small. In summary, Theorem 1 guarantees that MAXSER

can screen for true signals and effectively remove most of the irrelevant variables.
Proof: See Appendix A.1.

2.4 Statistical inference of SDF loadings

The sparsity of the estimated parameters from the LASSO regression depends on the
tuning parameter \. In finite sample, it is well known that LASSO estimation tends to
overselect non-signals with a tuning parameter A chosen from cross-validation using the

criterion of minimizing prediction error (see, e.g., Leng et al. (2006)). In addition, Leng



et al. (2006) suggest using statistical tests to perform post variable selection. Inference
of sparse regressions has been explored in the literature. For example, a widely used
approach is the debiased low-dimensional linear projection method developed by Zhang
and Zhang (2014). However, for the same reason mentioned in the previous subsection,
i.e., response being constant, their approach is not applicable to our setting. Another
approach is to perform post inference based on variable selection from sparse regressions.
Examples include Belloni et al. (2014) and Lee et al. (2016). In finance applications,
Feng et al. (2020) develop factor testing methods based on OLS from the post-LASSO
model selection. The framework of Feng et al. (2020) follows the ordinary regression
setting as they use test asset returns as responses in the regression. Such inference results
established for ordinary regression do not apply to our setting.

In this subsection, we develop an alternative approach for statistical inference of the
SDF loadings. We will use the screening results from MAXSER and conduct a post
screening plug-in estimation of the SDF loadings using Eq. (2.2). We will then make sta-
tistical inference based on the plug-in estimator. To ensure the validity of post-screening
inference, we adopt the widely-used “sample-splitting” technique (Wasserman and Roeder
(2009); Fithian et al. (2014)). Specifically, we split the observations into two subsets
of comparable sizes, apply MAXSER on one subsample of data, then conduct further
estimation and inference using only the factors included in the MAXSER portfolio and
the remaining subset of data. The independence between the two data sets guarantees
that the distribution of data is not affected by the MAXSER-screening result, therefore
ensuring the validity of asymptotic theory to be established in the second step.

We now explain the procedure in detail. For any deterministic set S C {1,..., N+ K},
the SDF weights based on variables in S are

bS = ZEIMSa

where pg and Xg are the mean and the covariance matrix matrix of (f2, R})%L . We aim

to make inference about bg. To do so, we compute the plug-in estimator of bg:
bs = X5' s, (2.9)

where f]g and pg are the sample covariance and the sample mean of the asset returns
in S.

Theorem 2 gives the central limit theorem of ES.

Theorem 2 Under Assumptions 1-3, if in addition, ||EJ75”|| = O(1), then for any deter-
ministic set S with |S|?(log |S]) = o(N), any fived k and any deterministic k x |S| matriz
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A with [|A|| = O(1), we have
VnA(bs —bg) 5 N(0,3,),
where X4 = limy oo A((uEZ5 us + )25 + S5 pulpusIg) AT,

Proof: See Appendix A.2.

Theorem 2 states that the SDF estimator /BS enjoys asymptotic normality, which
allows us to perform inference on the SDF loadings. These theoretical results lay down
the foundation of our methodology with statistical guarantee. The detailed procedure

will be described in the next section with data.

3 Empirical tests

3.1 Data

We build our work on the fruitful research on return predictability and anomalies. Specif-
ically, we use the characteristic-based portfolio data from Hou et al. (2020). The dataset
includes monthly returns of 188 anomaly portfolios from January 1975 to December 2021.
Hou et al. (2020) categorize these anomalies into 6 groups: frictions, intangibles, invest-
ment, momentum, profitability, and value-growth. We also include the Fama-French six
factors (Fama and French (2018)), i.e., the market portfolio, SMB, HML, CMA, RMW
and MOM portfolios. Monthly data of these six factors are obtained from French’s data
library.* Totally there are 194 test portfolios, each with 564 monthly returns.

3.2 SDF learning: Our approach

First, note that there exists a factor structure among testing portfolios, as is clearly shown
in Figure 1. The market portfolio is correlated with all testing portfolios with a median
magnitude of 0.15. For this reason, in implementing MAXSER, we choose the market
portfolio as the base factor for the remaining factors. The portfolio optimization will be
conducted every year using a rolling window of past 25 years, that is 7' = 300. We choose
such a long training window due to that we intend to adopt the data splitting technique

for further factor selection. The out-of-sample period is between 2000 and 2021.

“https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Figure 1: Scree plot of PCA over 194 test portfolios.

We further note that these factors are highly multi-collinear. To alleviate the multi-
collinearity, in each time period when we estimate the SDF, we pre-screen the factors
and exclude the ones that have high multi-collinearity with other factors. Specifically,
we sequentially remove factors, one at a time, that has a variance inflation factor (VIF)
higher than 10 and is the highest among all remaining factors. After the pre-screening,
the VIFs of all factors in the training set are lower than 10.

We use MAXSER for a first step screening. Specifically, we split the sample into two
subsamples according to even/odd years. Then we apply MAXSER to one subsample.
We will then only focus on the subsect of factors with nonzero weights in the estimated
MAXSER portfolio. This step reduces the large zoo of factors into a much smaller pool.
However, due to the over-selection issue of LASSO, this reduced pool may still contain
many redundant factors. To fix this issue, we will conduct further factor selection using
the inference theory that we build in Section 2.4.

To conduct further factor selection, we note that similar to LASSO, MAXSER actually
yields a collection of sub-models indexed by the penalty parameter A in (2.6), and the sub-
models are nested and becoming smaller as A increases (Efron et al. (2004)). Let M, =
{iq), %), - -, iqm))} denote the set of factors included in MAXSER, where the variables
(i(jy)j<|mo| are arranged in decreasing order of inclusion frequency in the collection of sub-

models. For the last factor i), we test whether it is statistically significant using the
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withheld subsample and Theorem 2. Specifically, we compute the p-value

B

21— b,
( <sd<b§M°>>
(IMpl)

where ®(+) is the cumulative distribution function of the standard normal distribution,

/ggﬁj)‘) is the plug-in estimator of the loading of 7( s, th variable from (2.9) for i) € Mo,
0 ~ AN
and Sd(bl(’(]\\{»izw)) is the standard deviation estimator from Theorem 2. If the p-value is

greater than a pre-specified significance level 7,, we repeat the procedure on the smaller
sub-model My = {in), i), .- 9(m|-1)}- We continue this process until the p-value of
the last variable in the sub-model is smaller than 7,. By doing so, we ensure that the
last factor in the final sub-model is statistically significant at the chosen level 7,. The
argument for only testing the last variable rather than all the variables is because of the
nesting nature of the LASSO solution path, which implies that the other variables are
included more frequently than the last variable, so they are likely more useful than the
last variable.

Finally, the resulting SDF portfolio is estimated using the plug-in method based on
the whole sample using the factors in the last sub-model, with the risk constraint of
the market risk during the training period. We denote this portfolio as MAXSER-S(7s).
For robustness check, we consider 7, = 0.01,0.05 and 0.1. We summarize our proposed
MAXSER-S algorithm for SDF learning as follows.

13



Algorithm
Input:  Ric, = (R, F)i<n, 0, T,y 1
Output: @, b
Step 1. Split sample into two subsets of comparable sizes T} U Ty, =
{1,...,n}.

Step II. Get weight estimator w

MAXSER via (2.7) based on Ry ety

and get My = {i(j);zbf\éf‘XSER # 0,1 <ie N+ K} with
i(1), ---» U(Mo|) arranged in decreasing order of inclusion of the
solution path.

Step III.  Initialize M = My. While |M| > 0, do:
Compute p;,,, for variable i(r)) based on RM7t6T2 and Theo-
rem 2.
If pipy, < T, then go to Step IV.
Else: M < {iqy, ..., iqm-1)}-

Step IV.  Compute plugin SDF weight estimator b via (2.9) and estima-
tor of the optimal portfolio @ = (¢/4/ ﬁ}f/[f};jﬁM) b based on

RM,tgn'

3.3 SDF learning: Benchmark models

For comparison, we consider the following approaches proposed in the literature to con-

struct SDF. We use them as benchmark models.
e CAPM: the market portfolio.

e FF3/FF5/FF5+MOM (FF6): plug-in optimal portfolio using Mkt-Rf, SMB and
HML factors from the Fama-French three-factor model (Fama and French (1992)),
the Fama-French five-factor model with CMA and RMW portfolios (Fama and
French (2015)), and further including MOM which we call the Fama-French six-
factor model (Fama and French (2018)).

e Q4/Q5: plug-in optimal portfolio using Mkt-Rf, R_ ME, R TA and R ROE factors
from the Q4 factor model (Hou et al. (2015)) and additional R_EG factor for the
Q5 factor model (Hou et al. (2021)).°

e BS6: plug-in optimal portfolio using Mkt-Rf, SMB, TA; ROE, MOM, HML(m)
factors from Barillas and Shanken (2018).9

®Monthly data of the g-factors are from https://global-q.org/factors.html.
SHML(m) data are from https://pages.stern.nyu.edu/ afrazzin/data_library.htm.
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e SY4: plug-in optimal portfolio using Mkt-Rf, SMB, PERF and MGMT factors from
Stambaugh and Yuan (2017).7

e DHS3: plug-in optimal portfolio using Mkt-Rf, PEAD and FIN factors from Daniel
et al. (2020).8

e KNS: we include the shrinkage SDF estimator in Kozak et al. (2020). The estimator

is given by:

N
bENS = argmin(fi — b)Y (I — Eb) + Z |b;| +72b"b,
b i=1

where p and S are sample mean and sample covariance matrix of the training
data, 7, and 7 are tuning parameters. Following Kozak et al. (2020), the tuning
parameters are chosen by cross-validation with the criterion of maximizing the out-
of-sample (0os) R?:

R —1_ (112 — 39b)" ({12 — Xgb)”

008 ST~ )

Hea Hb2

where 1 and 22 are computed using the withheld sample. The weight bENS g

then normalized to make the portfolio risk the same as the target risk.

3.4 Performance of SDF portfolios

We summarize the out-of-sample performance of the SDF portfolios computed from our
proposed approach and other benchmark models in Table 1. We report the monthly mean,
standard deviation, Sharp ratio, maximum drawdown, together with different monthly
distribution percentiles. In addition, we use the method in Ledoit and Wolf (2008)) for

testing the difference in Sharpe ratios:
Hy : SRyaxser-s(0.05) < SRy VS. Hy : SRyaxser-s(0.05) > SR, (3.1)

where SRy axser-s.05) is the Sharpe ratio of MAXSER-S(0.05) and SR, denotes the
Sharpe ratio of another approach. The cumulative returns of the mean-variance optimal

portfolios are plotted in Figure 2.

"Monthly data of SY4 factors are from https://finance.wharton.upenn.edu/~stambaug/.
8Monthly data of DHS factors are from https://sites.google.com/view/linsunhome.
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Figure 2: Cumulative dollar returns of the SDF portfolios. This figure plots the
cumulative returns of various SDF portfolios from 2000 to 2021, starting with $1. We
include the SDF portfolios constructed from the MAXSER-S(0.05), CAPM, FF6, Q5,
BS6, SY4, DHS3, and KNS. The portfolio risk is set to be the market risk.

We see from Panel A of Table 1 that the original MAXSER portfolio achieves a monthly
Sharpe ratio of 0.45. Among the MAXSER portfolios with further selection, we see that
as the significance level decreases from 0.10 to 0.05, the portfolios’ monthly Sharpe ratio
increases from 0.49 to 0.50, which is the highest among all approaches considered. When
the significance level reaches 0.01, the performance deteriorates. The number of factors
included for different significance levels are plotted in Figure 3. We see that, compared
with the original MAXSER portfolio, MAXSER-S(0.05) reduces the number of factors
usedwhile achieving a higher Sharpe ratio. The results demonstrate the advantage of
utilizing the statistical inference theory for the SDF loadings established in Theorem 2.

The statistical tests (3.1) show that the differences in Sharpe ratios from various
MAXSER-based portfolios are mostly statistically insignificant. For example, the differ-
ence between MAXSER and MAXSER-S(0.05) is not statistically significant at 0.1 level.
This shows the robustness of our methodology. Balancing between the performance and
the parsimony of the SDF, below we will focus on MAXSER-S(0.05).

Panel B of Table 1 shows that MAXSER-S(0.05) significantly outperforms all the
benchmark methods. Among all the benchmark portfolios, the Q5 portfolio has the
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highest monthly Sharpe Ratio of 0.38, which is still statistically significantly lower than
that of MAXSER-S(0.05).
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- . - . MAXSER-S(0.1)

60

number of nonzero weights
40
l

20
/7
N

11Tt 1t11-1 1T 1T 17T 1T T 1T 1T T T T T
200001 200401 200801 201201 201601 202001

Time

Figure 3: Number of non-zero weights for original MAXSER portfolio and
MAXSER-S(7,) portfolios for 7, = 0.01,0.05 and 0.1. This figure plots the number

of non-zero weights for the portfolios estimated each year from 2000 to 2021.

Next, we perform asset pricing tests in Table 2 to examine the pricing power of various
factor models. Specifically, we regress the 188 anomaly portfolios against various factor

models to examine whether alpha is significant:

K
Ry = a; + Z Bir Ryt + Eit (3.2)

k=1
where R;; is the return of the ¢th anomaly portfolio and Ry, is the returns in the factor
model. Newey-West robust standard deviation estimator (Newey and West (1987)) is used
in calculating the t-statistics. Table 2 presents the number of significant alphas. We see
that the proposed MAXSER-S(0.05) portfolio has the lowest number of significant alphas.
Only 5 anomalies have significant alphas under MAXSER-S(0.05). On the other hand,
all other benchmark portfolios have more rejections. The portfolio that has the second

lowest number of rejections is Q5, which have 12 rejections, while the KNS portfolio has 13
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Table 2: The number of significant alphas from testing 188 anomalies against
various SDFs. We examine the explanatory power of various SDFs over 188 anomalies.
This table summarizes the total number of significant alphas and the number of signifi-
cant alphas in each characteristic group. The number in parenthesis is the total number
of portfolios in each characteristic group. The number of significant alphas under the
threshold ¢ > 1.96 or t > 3 is reported. The evaluation period is between 2000 and 2021.

All (188) frictions (10)  intangibles (30) investment (29)
threshold of ¢ 1.96 3 1.96 3 1.96 3 1.96 3
MAXSER-S(0.05) 5 0 0 0 0 0 0 0
KNS 13 0 0 0 ) 0 1 0
CAPM 65 37 4 0 10 8 7 3
FF3 75 ol 4 3 10 9 7 3
FF5 41 12 0 0 13 4 4 1
FF6 37 13 0 0 12 4 3 1
Q4 36 9 0 0 13 2 5 0
Q5 12 1 1 0 3 1 0 0
BS6 44 8 0 0 13 4 6 1
SY4 21 2 0 0 4 1 0 0
DHS3 30 4 0 0 14 1 2 0

momentum (41) profitability (46) value-growth (32)

threshold of ¢ 1.96 3 1.96 3 1.96 3
MAXSER-S(0.05) 0 0 ) 0 0 0
KNS 4 0 2 0 1 0
CAPM 9 2 34 24 1 0
FF3 14 6 37 30 3 0
FF5 6 1 17 6 1 0
FF6 D 1 17 7 0 0
Q4 1 0 16 7 1 0
Q5 2 0 4 0 2 0
BS6 6 0 17 3 2 0
SY4 6 0 ) 0 6 1
DHS3 0 0 13 3 1 0
rejections.

Furthermore, we examine the explanatory power of the benchmark models over the
SDF portfolio constructed from MAXSER-S(0.05). Specifically, we regress the out-of-
sample return of the SDF portfolio from MAXSER-S(0.05) against the benchmark models:

K

Rspr—maxser: = o + Z Bir Ryt + €it, (3.3)
k=1

where Rspr—amraxser: is the return of MAXSER-S(0.05). Table 3 presents the alpha and
its t-statistic from the regressions (3.3). Newey-West robust standard deviation estimator
(Newey and West (1987)) is used in calculating the t-statistics.
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Table 3: Using benchmark models to explain MAXSER-S(0.05) SDF. This
table reports the regression results of the SDF portfolio from MAXSER-S(0.05) against
benchmark models, using monthly returns from 2000 to 2021. Alpha in percentage and

its corresponding t-statistic are reported.

Alpha (%)  t-statistic

CAPM 2.42 5.83
FF3 2.33 7.55
FF5 1.85 5.46
FF6 1.81 5.46
Q4 1.81 5.95
Q5 1.29 4.63
BS6 1.85 5.80
DHS3 1.55 5.20
SY4 1.85 5.80
KNS 1.37 4.05

We see from Table 3 that all benchmark models fail to explain our estimated MAXSER-
S(0.05) portfolio; the alpha of MAXSER-S(0.05) is both economically large and statis-
tically significant under all benchmark models. Table 3 shows that the monthly alphas
are all greater than 1% with a t¢-statistic higher than 4 across all models. These results
suggest that the benchmark models can not capture the returns of our MAXSER-S(0.05)
portfolio.

Finally, we switch the roles between benchmark models and our estimated SDF and
examine whether MAXSER-S(0.05) is able to explain the commonly used pricing factors.
Specifically, we regress various pricing factors against MAXSER-S(0.05):

xRy = ap + feRyvaxser-spry + ke (3.4)

where Ry is the factor return and Ry axsgr—spry is the return of MAXSER-S(0.05).
Table 4 reports the alpha and its t-statistic from regressions (3.4). Newey-West estimator

is used in computing the t-statistics.
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Table 4: Using MAXSER-S(0.05) SDF to explain commonly used pricing fac-
tors. This table reports the regression results of commonly used pricing factors against
MAXSER-S(0.05) SDF, using monthly returns from 2000 to 2021. Alpha in percentage

and its corresponding t-statistic are reported.

Factor Alpha (%) t-statistic
Mkt-RF 0.26 0.68
SMB 0.01 0.05
HML 0.21 0.86
RMW 0.19 0.99
CMA 0.10 0.72
MOM 0.16 0.50
R _ME 0.06 0.28
R TA 0.01 0.07
R_ROE 0.07 0.29
R_EG 0.16 0.50
HmLm 0.13 0.44
MGMT 0.07 0.35
PERF 0.25 0.49
PEAD 0.19 1.14
FIN 0.07 0.25
KNS 0.01 0.06

We see from Table 4 that all alphas are not significant at the t-statistic threshold level
of 1.96. These results suggest that our SDF well captures those commonly used pricing

factors.

4 Impacts of transaction costs

One naturally wonders if the above results still hold when transaction costs are taken into
consideration. In this section, we evaluate the impact of transaction costs. To this end, we
will add transaction cost to our MAXSER-SDF only, while leaving all benchmark models
cost free. First, we compute the monthly turnover Zthl Yo lwiey — wigga| /T, where wiey
is the weight of stock ¢ at the end of month ¢, and w;;,; is the weight of stock ¢ at the
beginning of month ¢ + 1. We find that the MAXSER-SDF has a monthly turnover of
45.3%. Then with the absolute monthly weight exposure defined as 3, | 37 |wq| /T, we
find that MAXSER-S(0.05) has an absolute monthly weight exposure of 5.5. Therefore
our SDF portfolio turnover per dollar exposure is 8%. Kan et al. (2022) suggests using 20
bps per dollar of transaction when evaluating the post-transaction cost performance of

investment in anomaly portfolios. Following Kan et al. (2022), we check the performance
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Figure 4: Cumulative dollar returns of MAXSER-S(0.05) after adjusting for
transaction costs. The initial investment is $1 in 2000. Transaction costs are assumed
to be 20 bps or 40 bps between 2000 and 2021. The portfolio returns are computed every
month.

of the SDF portfolio after deducting the transaction costs, assuming a cost of 20 bps
per dollar of transaction. In addition, we also check the results assuming a higher cost
of 40 bps per dollar of transaction. The performance of our SDF estimator after adjusting
for the transaction costs is summarized in Table 5. The cumulative returns of the SDF

portfolio after transaction costs are plotted in Figure 4.

Table 5:  Performance of MAXSER-S(0.05) after adjusting for transaction
costs. The transaction cost is assumed to be 20 bps (40 bps) per dollar of transaction.
The portfolios are re-estimated every year from 2000 to 2021. The summary statistics
include the monthly mean return (Mean), standard deviation (SD), Sharpe ratio (SR),
and the maximum drawdown (MDD) of the SDF portfolio. All are reported in percentage
except the Sharpe ratio.

transaction cost Mean SD SR MDD
20 bps 243 5.03 048 18.05
40 bps 225 501 045 18.74

We see from Table 5 that, the portfolio maintains a high Sharpe ratio after adjusting
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for the transaction costs. For example, the Sharpe ratio is 0.48 after removing 20 bps
transaction cost per dollar, and is 0.45 when the cost is 40 bps/dollar. Similarly, Figure 4
shows that for $1 initial investment in 2000, at the end of 2021, the cumulative return is
$518.27 when there is no transaction costs, while it is $407.80 ($320.64) after adjusting
for a transaction cost of 20 bps (40 bps) per dollar.

Next, we repeat Table 3, adjusting for transaction costs. That is, we regress the
MAXSER-S(0.05) SDF portfolio against various factor models (regressions (3.3)) in Ta-
ble 6. For the variables from the factor models, we use the original data without removing
the transaction cost. We see that again, our MAXSER-S(0.05) SDF portfolio has a sta-

tistically significant alpha against benchmark factor models.

Table 6: Using benchmark models to explain MAXSER-S(0.05) SDF, adjusting
for transaction costs. This table presents the regression results of MAXSER-S(0.05)
against various benchmark models, using the monthly returns from 2000 to 2021. The
transaction costs of MAXSER-S(0.05) are assumed to be 20 bps or 40 bps per dollar of
transaction. The pricing factors from various factor models are the original data without
removing the transaction costs. The portfolios are re-estimated every year. We report

the alpha in percentage and t-statistic.

Transaction cost 20 bps 40 bps
Model Alpha (%) t-statistic Alpha (%) t-statistic
CAPM 2.32 5.63 2.16 5.39

FF3 2.24 7.25 2.08 6.82
FF5 1.76 5.18 1.59 4.64
FF6 1.71 5.21 1.55 4.72

Q4 1.72 5.61 1.56 5.14

Q5 1.20 4.27 1.04 3.68
BS6 1.76 5.52 1.59 4.99
SY4 1.29 3.63 1.12 3.14
DHS3 1.73 4.97 1.57 4.57

Last, we repeat Table 4 but take into account of transaction costs. We regress various
pricing factors against our SDF after adjusting for transaction costs (regressions (3.4)).
For the portfolios from the benchmark models, we use their original returns without
removing the transaction cost. The results are summarized in Table 7. We see that

pricing factors from benchmark models still do not have statistically significant alphas.
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Table 7: Using MAXSER-S(0.05) SDF to explain commonly used pricing fac-
tors, adjusting for transaction costs. This table reports the regression results of
various pricing factors against MAXSER-S(0.05) after adjusting for the transaction costs,
using the monthly returns from 2000 to 2021. The transaction cost of MAXSER-S(0.05)
is assumed to be 20 bps or 40 bps per dollar of transaction. The pricing factors from
various models are the original returns without removing the transaction costs. Alpha in

percentage and its t-statistic are reported.

Transaction cost 20 bps 40 bps
Factor Alpha (%) t-statistic Alpha (%) t-statistic
Mkt-RF 0.27 0.72 0.32 0.87
SMB 0.02 0.12 0.05 0.27
HML 0.19 0.79 0.15 0.64
RMW 0.20 1.07 0.20 1.14
CMA 0.11 0.81 0.13 0.96
MOM 0.15 0.47 0.15 0.48
R ME 0.04 0.19 0.00 0.02
R TA 0.00 0.01 0.02 0.13
R ROE 0.08 0.34 0.08 0.35
R _EG 0.23 1.21 0.24 1.30
HmLm 0.14 0.49 0.18 0.63
MGMT 0.09 0.45 0.13 0.68
PERF 0.26 0.54 0.28 0.61
PEAD 0.19 1.46 0.20 1.55
FIN 0.09 0.31 0.11 0.42

5 Investigating the MAXSER-S(0.05) SDF

Previous results demonstrate the superior performance of MAXSER-S(0.05) SDF. One
might wonder which factors are important. Note that we re-estimate the SDF every
year between 2000 and 2021, resulting in 22 different trained portfolios. Therefore, the
selected characteristics vary over time. We collect the portfolios that have ever been
included in the estimated SDF portfolio for at least 30% of the times, i.e., at least 7 out
of 22 years. Figure 5 gives the bar chart of the frequencies for 26 selected portfolios.
Besides the market portfolio (Mkt-RF'), the most important factors are usually related to

momentum and earnings, including the quarterly earnings-to-price (epq 1), cumulative
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abnormal stock return (abr_ 1), the average returns across 120 months (r10a), the earnings
predictability (eprd) and the customer momentum (cm_ 1) , which are included for over
85% of the times.
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Figure 5: Frequencies of portfolios included in the MAXSER-S(0.05) SDF. This
figure reports the inclusion frequency of portfolios in the MAXSER-S(0.05) SDF from all
training periods with an inclusion frequency higher than 30%. The market portfolio is

always included by default, hence it is omitted in the graph.

In Table 8, we further provide some summary statistics of the most frequently selected
factors in the MAXSER-S(0.05) SDF. We report the t-statistics of alphas of these factors

when regressing against various factor models.
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We see from Table 8 that many frequently selected factors do not have statistically
significant alphas. Take the CAPM as an example, only 6 out of 26 factors have a signif-
icant alpha with t¢-statistic > 1.96. These remaining factors are, however, instrumental
in our estimated MAXSER-S(0.05) as they help to reduce the portfolio risk and hence
improve the overall performance of the SDF. The results demonstrate the advantage of
our approach in constructing the SDF. Instead of merely selecting factors which have sig-
nificant alphas under various models (i.e., significant anomalies), our approach accounts
for the cross-sectional dependence in returns and is able to select important factors which
contribute to the Sharpe ratio of the SDF.

Finally, to provide more economic interpretation of the selected characteristics, we
summarize them at the group-level, using the group definitions of Hou et al. (2020).

Figure 6 reports the average number of selected portfolios in different groups.

intangibles -
momentum -
investment -
profitability =

value—growth -

Characteristic group

frictions -

Number

Figure 6: Average number of portfolios from each characteristic group included
in the MAXSER-S(0.05) SDF. This barchart plots the average number of portfolios
from each characteristic group included in the MAXSER-S(0.05) SDF. The number in
parenthesis is the total number of factors in a characteristic group. The market portfolio

is always included hence omitted in the graph.



We see from Figure 6 that the intangible group contributes the most in the MAXSER-
S(0.05) SDF. On average, 8 out of 30 portfolios from the intangible group are selected.
The second important group is momentum. On average, 5 out of 41 momentum portfolios
are included in the SDF. The investment group, value-growth group and the profitability
group each has on average 2 significant factors in the SDF, and the frictions group has one
factor on average in the SDF. Examining the Fama-French factors, we see that (1) market
portfolio is always selected; (2) SMB and MOM are included only about 5% of the times;
(3) HML, RMW and CMA are not included in the MAXSER-S(0.05) SDF. That is, the
Fama-French factors, except the market portfolio, are unimportant given other factors.

Figure 7 illustrates the evolution of the number of selected portfolios in each group
over time. From Figure 7, we see that SMB and MOM no longer show up after Year
2001, and the factors from the friction group only show once (Year 2020) since Year 2015,
while the other groups persistently contribute to the SDF composition. Overall, Figures
6 and 7 show that only a few groups are important. But within a group, several portfolios
may be necessary and selected for the SDF, suggesting that these portfolios may not be

constructed in an optimal way and complement each other.
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Figure 7: Evolution path of the number of portfolios from each characteristic
group included in the MAXSER-S(0.05) SDF. This barchart plots the number of
portfolios from each characteristic group which are included in the MAXSER-S(0.05) SDF

in each year. The market portfolio is omitted.
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Figures 5—7 show that the selected portfolios vary over time. One might concern why
the estimated SDF is time varying. This might be due to several reasons. First, as we use
rolling-window estimation, it naturally generates a time-varying SDF portfolio. Second,
the U.S. economy might experience shocks to macro variables or even some structural
changes over time (e.g., changes in industry structure, fiscal and monetary environment
etc.), leading to a time-varying SDF. Third, the characteristic portfolios might contain
some behavioral traits which could be time varying, e.g., market sentiment or extrap-
olative beliefs (see, e.g., Baker and Wurgler, 2006; Cassella and Gulen, 2018). Last, a
time-varying SDF could be driven by the variations in economic primitives, as discussed
in conditional asset pricing models (see, e.g., Nagel and Singleton, 2011; Kelly et al.,
2019b).

The significance of the intangible group reflects its rising importance in the U.S. econ-
omy. More and more corporate investment has moved from physical capital to intangible
capital over the last few decades (Papanikolaou, 2011; Buera and Kaboski, 2012; Eisfeldt
and Papanikolaou, 2013, 2014; Crouzet and Eberly, 2023; Crouzet et al., 2022; Corrado
et al., 2022; Belo et al., 2023).7 In U.S., intangible capital grew quickly since middle 1980s.
Intangible capital has a similar size as tangible capital, and firms invest more on R&D
than capital expenditures since 2000s (Crouzet et al., 2022). Intangible capital impacts
asset returns as it affects productivity, human capital, entrepreneurship, competitiveness,
and even consumer behavior. However, as most intangible capital is off-balance sheet,
balance sheet-based characteristics (i.e., factors used in the prevailing models) often fail
to capture intangibles. Eisfeldt et al. (2020) and Gulen et al. (2024) show that account-
ing for intangibles can greatly improve the performances of the Fama-French three- and
five-factor models and the g-model, especially during the last decades, which is consistent
with our findings.

Figure 5 also shows that momentum is the second important source of the SDF.
Earnings momentum such as cumulative abnormal stock return (abr 1) and price-based
momentum such as the average returns across 120 months (r10a) and the customer mo-
mentum (cm_ 1) are included in the SDF for most of times, but not the momentum factor
(MOM) as shown in Figure 6. This is in line with the recent findings that price momentum
is largely driven by fundamentals (Hou et al., 2015, 2021).

9Intangible capitals are productive capitals without physical presence, including organization capital,
firm-specific human capital, patents, brands, software and databases, and franchise.
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6 Conclusions

We develop a statistical framework to construct the high-dimensional SDF. We propose to
screen for potentially useful factors using MAXSER. We show the sure screening property
of MAXSER, which guarantees that the screening step does not miss important factors.
Moreover, to avoid the over-selection issue of Lasso, we develop a statistical inference
theory, which allows us to conduct further factor selection. These two steps lead us to
a much smaller set of characteristics, and one can simply use the plug-in method to get
an unbiased estimator of the SDF. Our empirical tests show that the our SDF estimator

delivers a high monthly Sharpe ratio of 0.50 and performs well in asset pricing tests.
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Appendix A Proofs

A.1 Proof of Theorem 1

Without lost of generality, suppose that S1 = {1, ..., |Ssignatl, ---, |S1|} with g, = [S1], and

Ssignat = 11, -+, |Ssignat| }. Denote by Ug, the first ¢, rows, and Uge the remaining rows of
U = (U, ..., Uy) =: (Uy). Denote by Ug, the first || rows, and ﬁsc the last remaining
rows of U = (ﬁl, ...,IAJT) =: ((A]n) Because w3, are proportional to wy, respectively, to

show (2.8), it is equivalent to show

P(sign((&;‘)i) — sign((w?);) for all i € Syignar U 55) 1 (A.1)

e =1/V0u+0u,

. . . * 1
Recall that 7 is defined in Assumption 5, and w; = N

and

Cn = UslUsl, Co = TUch

Wy =/~ Usl 1— L 67w ) and W, = ,/ Ugc 1- L7 >
TUC T'U/C

Using the proof of Proposition 1 of Zhao and Yu (2006), in particular, the KKT (Karush-
Kuhn-Tucker) conditions (Lemma 1 of Zhao and Yu (2006)), if

u,c

s 1, A . .
\/T(C’ll (wc — wu> Sl> | — (W), = —Qﬁsgn((u)u)i) for all i € Ssignai,

= 1 o)i .
(w: _ _wz> < M for all 7 € Sgigna, and
Tu,c i Tu,c
1 A
VTC (@* — w*) - W D
H A\ Fe u,c CH ? max 2\/77

then sign((@});) = sign((wy);) for all i € Sgigna U S¢. Hence, one can show that

P(sign((&?l‘)i) = sign((w?);) for all i € Syigna U Sf) > P(A nBN c), (A.2)
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where

A :{|(C’1_11W1)Z-| < ﬁ(@ — %|(C’ﬂlsign(w;))i’> forall i =1, ..., |Ssignal‘}a

B :{ H(CmCﬂlT/Vl WQ“maX < and

!

C :{ max |’0210ﬂli’|max <1-— ﬂ},
iev 2

where recall that V = {(61, ..., §s,)7, 0; = sign((wy);) for i € Ssigna, and 6; € {—1,1} for i €
S1 — Ssignat}- Define for some C' > 0, the following event

G ={ IV W) s < CVlog N |

| I wlog N
{Hcl_ll _ (Ewu + alalT)_IH < C\/@}

l I [log N
{“021 — Zu,Ql — agafﬂmax < C’qu gT}

We will show that as N, T — oo,
P(G) — 1. (A.3)

We claim that (A.3) implies the desired convergence (A.2). In fact, about event A,
under Assumptions 1 and 4, we have ¢2log N/T — 0. Assumption 5 implies that

[(Bu1 + ara]) | = O(1).
Hence, under event G,
lenl < c. (A4)
Therefore,
max O IO VR Wile = OV T8 N).  (a5)
Similarly

W_ . (A.6)

Qu >

A —1_: *
ﬁ(cn &gn(wu)) ‘ > 2T||OH

By Assumption 4 that min<ic|s,,, ... [wi| > A\/@u/T and A > \/(log N)T, we get that

max
1Si§‘ssignal ‘

P(A) — 1. (A7)
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About event B, by Assumption 3, under event G, we have
HC21||max <C. (AS)

Therefore,
1C21 O Wi [lmax <I|Co1 [lmax | (Ci W) |1

<Vl Cotllmax - [Cry WA
<ullCot lmax - ICT - Wi

:O(Qu V log N)»

where the second line holds by the Cauchy-Schwarz inequality, and the last equation
holds by (A.5) and that under event G, ||[W;||max = O(v/log N). By Assumption 4 that

A > quy/ (log N)T', we get

A
—— > max(||Co1 C7 Wi | mass [|Wa | max)-
Nis ([1C21C 1 Wil maxs [[Wa|lmax)

Therefore, (A.3) implies that
P(B) — 1. (A.9)
About event C, we have
max ||Co1 C1' 1| max
iev
<max ||(Xy21 + 0é20élT)(Eu,11 + 041041T)711Hmax
iev
+ max || (Cyy — Xy 21 — a2a{)0ﬁli|’max
icv
+ max [|(Sya1 + @20 ) (C' = (Buar + 010] ) ™)1 imax

1eV

=Il+1I+1II
By Assumption 5, I < 1 — 7. In addition, under event G, by (A.4) and (A.8), we have
IT <max||Co — B2t — 020 ||lmax]|[C11' 11
iev

Srina‘i( Vu||Ca1 — B2t — 0204 [[max - [|C
B

<qul|Ca1 — w1 — @20] |[max - |CH |

log N
:O<qu %ﬂ )
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Similarly, under event G, by Assumption 3, we have

1T <qu[| 21 + @20 [lmax - O = (Bun + )|
_0< 3/2\/@)
Under Assumptions 1 and 4, ¢/ (log N)/T = o(1), hence (A.3) implies that
P(C) — 1. (A.10)

Combining (A.2), (A.3), (A.7), (A.9) and (A.10) yields (A.1).
It remains to show (A.3). Recall that r,. = 1/v8, + v/0,. Define U = U1/T,
U=U1/T,and W = (W], WI)T. We have

W =VT(U — U)
1 S T, %
— /O -UU
1 1 T T, %
- T T (U - U) W,

1 7 7 T, *

00O -0y
/1 1

+ T’r’uch (’T‘%Cl — UTQJZ)

=I+I11+1I1+1V+4+V.

About term I, under Assumptions 1-3, by Bernstein’s inequality (Theorem 1 of Mer-

levede et al. (2011)),
— log N 1
P<||U—a||max> T ) :O(ﬁ)

Moreover, by the Cauchy-Schwarz inequality,

= 1 ~ 2
U — Ullpna < max fZ(Uﬁ_Uu) . (A.11)

1<i<N
t=1

We have

T
zt_

T K T
Z Z /62 ft < KHB /BHmaxZthz,k?

t=1 t=1 k=1 t=1
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where £, , = (f), BZ and 3;. are the ith row of B and 3, respectively. Note that
T
B-B=> Uil (F"F)"
t=1

where F = (f,4)1<icricher, 1 = (b — fi)icoex, and f = S0 fix/T. By Assump-
tions 1 and 2, the independence between U and F and Bernstein’s inequality, one can

show that for some constant C' > 0,

T
1
P(Z I£]* < CT> >1- =,

t=1

(A.12)

. C 1
Pl|EF)| <% ) >1- 5.
( EB|<7)>1-5
and
T
P(HZUJK <C\/TlogN> 1——
i—1 max
Hence
~ log N 1
P - max < =
(Hﬂ Bl > ) y
By Bernstein’s inequality again,
max ZfQ f2 <C >1—l
hence o
1 2
P ?Zth,k<O >1- =
k=1 t=1
Therefore,
T
1 ~ o logN\ 1
P(lg% TZ(U“ —Uu)* > — ) = O(T)‘ (A.13)

By (A.11) and (A.13), we get

= log N 1
P(HU_U”maX > T ) == O(T)

Combining the results above yields

P (I s > VIE ) = o(%).
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About term I1, by the Cauchy-Schwarz inequality,

1(0 = U)UTw" [l ax < (mN J Z (T - Uit)2> J Z <(w§§)TUt>2.

t=1 t=1

Note that (w?)TU; "~ Vs N(v/0,,1), we get that for some C' > 0,

P((i ((w:)TUt)2> < CT> - (A.14)

T2
t=1

Combining (A.13) and (A.14) yields

T2

P11 s > Viog V) = O(i)

About term I11, by the Cauchy-Schwarz inequality, we get that

T

1T || < J Q%TZ(@J Z( (0, — Ut)>2, (A.15)

Under Assumptions 2 and 3, there exists C' > 0,

T
1 , 1
Note that U, — U, = (8 — B)f, = (Zthl U7 (FTF)~1)f,. We have that

(w;)"(U, - U,) = (Z(WZ)TUJEF(FTF)_1> f;.

(Z ||ft|12>
- H(FTF)*W(; ||ft||2>.

Because (w?)TU; ~ N(v/0,,1), and independent with f;, we have

P( (10gN)T> :O<%>.

Therefore,

T

> ((w;i)T(ﬁt - Ut))2 <D (Wi UL (FTF)

t=1 t=1

T
Z(WZ)TUtftT

t=1

IN

T

Z(wZ)TUtftT
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It follows from (A.12) that

P(Z <(wZ)T(IAJt - Ut))z > Clog N) ~0 (%) (A.17)

t=1

Combining (A.15), (A.16) and (A.17) yields
1
P<I[I > \/logN) =0 =)
About term IV, we have

(T = U)(U ~ U)'w; [lmax

<J max (i(ﬁzt - Uz't)Q) J Z ((wZ)T<ﬁt B Ut)>2'

t=1 t=1

By (A.13) and (A.17), we then get

logN'\ 1
P(HIVHmaX > W) = O(ﬁ)

Finally, about term V', we have

T
1
||VHmax = —< max Z Uit <Tu,c - U?wZ) )
\/TTU,C 1IN | &=
Note that
E(Ut(ru c— Ufw*)) -t al, — | aa” +3%, ngla
’ ¢ Vo, Vo,
1 1
= \/e_ua + av/0, — \/Ea — a0,
=0.

In addition, under Assumption 3, for some constant C' > 0,

max ((Uit(ru,c —uf w::))2> < max \/ E(U}) \/ B((re = Ulwi)t) < C.
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Hence, under Assumption 2, by Bernstein’s inequality, we get
1
P<||V|]max > \/log N) - o<ﬁ>.

Combining the results above yields
1
POV W)l > /08 N) = O(7) 0.

Next, about term C41, we have

1 ~ .
Cll :T(Ufh - USI)(USI - US1)T
1
+ stlUQS-'l
L (A.18)
+ 7 (Us, = Us,)Ug,
1 ~
+ TUsl (Ugl — USI)T.

By Assumptions 1-3 and (A.13), with probability approaching one,

log N

<C
T )

max

and hence, by Assumption 4 that |2, ],]| = O(1), we have

1 __ ~ _ wlog N
?Eu 11/12<IJ51 USl)(US1 - US1)TEU 11/12 =0 <%> . (A'19>

1/1 aq,I). By Bernstein’s inequality, we

Assumption 2 implies that Eu 1 US1 ~ N(%,
have, with probability tending one,

_ - log N
||Eu 11/12U31 Eu}l{QaleaX = O( i—’ ) (AQO)
Assumption 3 implies that ||E;11/12a1|| = /alS ;a1 = O(1). Therefore,
12,0705, Us,, 2,107 = 3 Pocal 3,07
/257 ~1/2 1/2 /257 ~1/2
<22, 1Ts, — B, ol 12, 1 en || + 12,1 Ts, — 2, 1o | (A21)

wof 1),
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Note that under Assumption 2, »ol2

J(Us, —Ug17)(Us, —Us, 17) 75, 11 follows Wishart
distribution with df 7"— 1 and covariance matrix I, and can be written as

T-1
21:,11/12(U51 - Usl 1T)<U51 - ﬁsl 1T>T21:,11/12 = Z thzv

t=1
where z; are i.i.d. multivariate standard normal. By Theorem 2 of El Karoui (2003) and
Theorem 1.1.1 of Feldheim and Sodin (2010), we have, with probability tending one,

! - 0(@). (A.22)

fzz_t,ll/IQ(USH - ﬁsl 1T)(U51 - ﬁ51 lT)TEv:,ll/lZ =1
(Us, — Us,17)(Us, — Ug,17)" + Ug, Ug,. We have

Note also that %US1 UE’;1 = %

1

—1/2 —1/2 —1/2 ~1/2
Tzu,l/l USlUj,Sjl Eu,l/l —-I- 2Ju,l/l ala{zu,l/l

1

-1/2 =T =24 —1/2
78011 (Us, = 104,)(Us, — 104,)78, 11" ~ 1

IN

(A.23)

—1/257 77 «—1/2 —1/2 Tw—1/2
+ qu,n USlUslzu,ll - Eu,ll a0y Eu,ll B

Combining (A.21), (A.22) and (A.23) yields

1 _ _ _ T " log N
Eu,11/12 U St U S1 Eu,11/12 I E71,11/12CX1()51 2%11/12 - O < ! Ig ) . <A24)

ai]| = 0(1), ¢?(log N) = o(T) and (A.24), we have

SERUS UL S = o) (A.25)
Therefore, by (A.22) and (A.25), we get that
;Eu,ll/f(ﬁsﬁ — Ug,) U, E;11/12
<\ SO, — Vs (O, — Uy | stton s o)

B [qu log N
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and similarly,

1 —1p2 ~ —1/2 /qulogN
||T2u,1/1 US1 (U51 - USI)TEU,,I/I H = O( T )

Combining (A.18), (A.19), (A.24), (A.26) and (A.27) yields that

_ _ _ _ wlog N
||Eu,11/120112u,11{2 o Eu,11/12a1a¥12u,11/12|| =0 ( ! Tg ) '

Because ¢2(log N)/T = o(1), we then get

1/2 ~—1521/2 ~1/2 —1/2\— qulog N
ISR s - @+ B Penal =) = 0 (V T)

In addition, because ||E;11/12H = 0(1), we get that

B B qulog N
1CH = (Bun + o) M| = O(\/ T)

Finally, about term Cs;, we have

Co :%(655 - USf)(ﬁsl - US1)T
+ %(655 — Ug:)UY,
+ %Us§ (Us, — Us,)"
+ %US;UQ

By Assumptions 2 and Bernstein’s inequality, with probability approaching one,

1 T T log N
TUU -3, — ax <C T
and hence
1 ~ T
T(U - U)U
5@ vy vy /] iuur]
T max T max
log N
<C T
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Similarly,

%U(ﬁ ~U)7|| <cC bgTN
We then get
|Co1 — B0 — 0] || max < C loiN.
The desired result (A.3) follows. O

A.2 Proof of Theorem 2

We have

SII/IS - Eglﬂs

=(5" — 25" (s — ps)
+ 35 (s — ps)
+ 35BS - DI - 2588 s
+ (25 - 28525 s

=TI+ 1T+ 1II+1V.

(A.28)

Assumption 3 implies that ||ps|max = O(1), and || diag(Xs)||max = O(1). By Bernstein’s

lits — ps|| = Op( M) (A.29)

inequality, we have

T

Note that under Assumption 2, TZ;I/ ’5 5251/ ? follows Wishart distribution with df 7—1
and covariance matrix I, and can be written as
R T-1
T8 *8555? =Y 2], (A.30)
t=1
where z; are i.i.d. multivariate standard normal. By Theorem 2 of El Karoui (2003) and

Theorem 1.1.1 of Feldheim and Sodin (2010), we have,

[P SF Spi (= o,,( %) (A.31)

By the assumption that |S|*(log|S|) = o(N), we get that, with probability tending one,
for all large N and T, 251 exists, ||§]§1H = 0,(1), and

-~ S
DERSES | =op< '—T') = 0,(1). (A.32)
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In addition, because £3' — B5' = 2*(ZY28'mY? —1)x;"?, we get that

~_ _ S
85— 55 = op< %) (A33)
It follows that
log |9 1
1) :op<|5|—v 2| ‘) =<ﬁ> (A31)

where the last equality holds by the assumptions that |S|*(log|S|) = o(N) and N < T,
which imply that S?(log|S|) = o(T).
About term I, by Assumption 2, we have

1
II ~N (o, ?231> . (A.35)

About term I1I, we have

—1/2 1/2&— 1/2 —1/2& —1/2 —1/2
1111 =5 A(2Y?E5s - DA - 25782585 us|
—1/2 1/2G— 1/2 —1/2& —1/2 —1/2
<=1 S5 Y — T - =5 Eess 125 s

Note that
psXs s < Oun = S g + 0,

Hence by Assumption 3,

125" 2 psll = \/uE 25" s = O(1). (A.36)

The assumption that HE;&llH = O(1) implies
=5 = O(1). (A.37)

By (A.31), (A.32) and (A.37), we then get

o IR
|111| _o,,(T) - ”(ﬁ) (A.38)

About term IV, by (A.30), we have

T-1

121 —
1V = 251/2T Z(I - ZtZ?)ESI/QIJIS +
t=1

1
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By Assumption 3, we have ||pg|| = O(+/|S|). Therefore, by (A.37), we have

15" s = O(%stlHHHsH) - o(@) = (%) (A.40)

For any non-random matrix A,
E(Az;”?(l ~ 22T )251/2p5> —0. (A.41)

In addition, for any non-random |S| x |S| matrices B; and B, (that are no need to be

symmetric or positive definite),
E(zI'Byz,2] Boz,) = tr(B)) tr(By) + tr(BBy) + tr(B,B3). (A.42)
By (A.42), we get that

B(el (AT 2,2 55" 1s) (AS5 22! 55 ) e ) (A.43)
A.43
=e] (X usAS G AT + 2A  usp i A ey,

where e; is a length-k vector with the ith element of one and zero elsewhere. By (A.41)

and (A.43), we have
Var(AEgl/ZztthEgl/ng)

=(nsT5' ns) AT AT (A.44)
+ AE;luS,u,nglAT.
In addition, by the Cauchy-Schwarz inequality,
B(IAZ P2a 1 s )

—B((zf 25 P AT AR )2 (2] 5 P psnd s 2] )?)

<\ AT A ) ) [ (2 st ).
By Lemma 2.9 of Bai and Silverstein (1998),

E((ZZ 2;1/2ATA2;1/2zt)4>
§16E((th S 2PATAS g, — tr(AEglA))4>
4
+ 16(tr(AE§1A)>
<CHASZ'A| = 0(1),
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where the last equality holds by the assumptions that |Zg'|| = O(1) and ||A|| = O(1).

Similarly,
B((2 25" nspt =5 *20)) = O((uz5'ne)') = 0(1),
where the last equality holds by (A.36). It follows that
E<||AE§1/2ztthE§1/2u5||4> —0(1). (A.45)
By the Lyapunov Central Limit Theorem,

A(IV) 5 N0, Zamv),

where X4 1y = limy oo (WEE ) AZ AT + A gl ST AT. Using further the

independence between g and s s, and (A.35), we obtain
A(IT+1V) 5 N0, Z). (A.46)

The desired result follows from (A.28), (A.34), (A.38) and (A.46). O

Appendix B Asset pricing tests of MAXSER-S(0.1)

In this section, we report the asset pricing tests of the MAXSER-S(0.05) SDF. First,
similar to the test results reported in Table 2, we examine the pricing power of the
MAXSER-S(0.05) SDF in explaining the returns of 188 anomaly portfolios. The results
are reported in Table B.1. We see that there are totally 5 (0) anomalies with significant
alphas for a threshold t = 1.96 (¢t = 3). Comparing with the performance of the MAXSER-
S(0.05) SDF reported in Table 2, we see that MAXSER-S(0.1) has the same number of

rejections.
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Table B.1: The number of significant alphas from testing 188 anomalies against
MAXSER-S(0.1). We examine the explanatory power of the MAXSER-S(0.1) SDF
over 188 anomalies. This table summarizes the total number of significant alphas and the
number of significant alphas in each characteristic group. The number in parenthesis is
the total number of portfolios in each anomaly group. The number of significant alphas
under the threshold £ > 1.96 or ¢t > 3 is reported. The evaluation period is between 2000
and 2021.

All (188) frictions (10)  intangibles (30) investment (29)
threshold of ¢ 1.96 3 1.96 3 1.96 3 1.96 3
MAXSER-S(0.1) 5 0 0 0 0 0 1 0
momentum (41) profitability (46) value-growth (32)
threshold of ¢ 1.96 3 1.96 3 1.96 3
MAXSER-S(0.1) 4 0 0 0 0 0

Next, similar to the test results reported in Table 3 based on the MAXSER-S(0.05), we
evaluate the explanatory power of the benchmark models over the SDF constructed from
MAXSER-S(0.1). Table B.2 reports the alpha and its t-statistic from the regressions.

Table B.2:  Using benchmark models to explain MAXSER-S(0.1) SDF. This
table reports the regression results of the SDF portfolio from MAXSER-S(0.1) against
several benchmark models, using monthly returns from 2000 to 2021. Alpha in percentage

and its corresponding t-statistic are reported.

Alpha (%)  t-statistic

CAPM 2.34 5.80
FF3 2.26 7.44
FF5 1.77 5.20
FF6 1.73 5.36
Q4 1.74 5.78
Q5 1.23 4.39
BS6 1.77 5.57
DHS3 1.76 5.10
SY4 1.31 3.69
KNS 1.29 3.80

Table B.2 shows that the alpha of MAXSER-S(0.1) is both economically large and

statistically significant under all benchmark models. However, comparing with the results
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in Table 3, we see that the alphas of MAXSER-S(0.1) are all lower than those of MAXSER-
S(0.05).

Finally, similar to the results reported in Table 4 for the MAXSER-S(0.1) SDF, we
switch the roles between benchmark models and MAXSER-S(0.1), and check whether
MAXSER-S(0.1) is able to explain the prevailing pricing factors. Table B.3 reports the
alpha and its t-statistic from regressions. We see from Table B.3 that all the alphas are

insignificant at the t-statistic of 1.96.

Table B.3: Using MAXSER-S(0.1) SDF to explain commonly used pricing fac-
tors. This table reports the regression results of various pricing factors against the
MAXSER-S(0.1) SDF, using monthly returns from 2000 to 2021. Alpha in percentage

and its corresponding t-statistic are reported.

Factor Alpha (%) t-statistic
Mkt-RF 0.29 0.77
SMB 0.03 0.14
HML 0.19 0.78
RMW 0.19 0.97
CMA 0.11 0.79
MOM 0.18 0.54
R _ME 0.03 0.16
R TA 0.00 0.02
R_ROE 0.06 0.25
R_EG 0.22 1.16
HmLm 0.16 0.54
MGMT 0.09 0.45
PERF 0.24 0.50
PEAD 0.19 1.45
FIN 0.07 0.26
KNS 0.05 0.26
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