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Abstract

Deep learning methods, which can accommodate wide ranges of various stock
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introduce attention-guided deep learning, which allows, in a data driven way, identifying
the most influential time-varying firm characteristics contributing to SDF. The attention
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1 Introduction

The recent abundance of financial data related to various stock characteristics provides
alternative sources of information desirable to be considered by investors while forming
optimal portfolios.! The recent literature reportedly confirms and shows clear economic gains
to investors who use big data and the most recent advancements in machine learning (ML)
to accompany their investment decisions (Gu et al. (2020, 2021); Freyberger et al. (2020);
Chen et al. (2020); Cong et al. (2020))

Using ML, and especially deep learning (DL) with big data for portfolio construction
can come at severe costs. As argued by Avramov et al. (2021), the spectacular performance
of many ML approaches in high dimensional financial data with very low signal-to-noise
ratio is not robust to simple economic restrictions, as most of profitability is driven by
difficult-to-arbitrage stocks, or short-selling positions, or by periods where arbitrageurs are

the most financially constrained.

In this paper we propose a novel approach to portfolio construction which uses a large set
of stock characteristics, deep learning, and what differentiates us from the rest of the literature
- the attention guided deep learning. Our attention network is trained to identify the most
relevant firm characteristics which subsequently can best characterize stochastic discount
factor (SDF) or pricing kernel, with the final goal to construct the optimal mean-variance
efficient portfolio (Hansen and Jagannathan (1991)). These attention layers in our deep
learning architecture are designed to mirror a portfolio manager decision making process. For
example, while considering a myriad of substitutable firm characteristics, a portfolio manager
would be trying to identify the most fundamental, non-redundant ones which contribute to
the long-term overall portfolio performance. She would rely on her previous experiences to
identify these fundamental signals. Our Attention guided deep learning neural network learns

about fundamental signals from the data. By being able to process more data then a human,

IEarlier studies advocating portfolio choices conditional either on macro or asset specific variables include
Brandt (1999); Ait-sahali and Brandt (2001); Brandt et al. (2009).



it can learn about new time varying signals faster and in real time.

Similar to the rest of the literature (Chen et al. (2020), Kelly et al. (2019)), we use
no-arbitrage assumption to train our neural networks. By construction, the attention layers in
our DL network have a dual purpose. First, they allow to shrink the redundant characteristics
and find characteristics-sparse SDF, similar to Kozak et al. (2020). As a result, these
characteristics then should reflect the most fundamental risks captured by SDF, which in turn
avoid identifying anomalies attributed to difficult-to-arbitrage stocks (Avramov et al. (2021)).
Second, by explicitly focusing attention on the most important fundamental asset- and
cross-asset characteristics we implicitly allow for complementarity among these characteristics
to contribute to the reduction in rebalancing/turnover costs on the whole portfolio level. As
argued by DeMiguel et al. (2020), combining all stock characteristics reduces trading costs on
the overall portfolio level as the trades required to rebalance in one underlying stock based
on different characteristics often cancel out. Since the relevance of these characteristics can
change from one month to another, similar to Kelly et al. (2019) and Gu et al. (2021) we let

them to be determined in the data driven way.

Our contribution to the literature is three-fold. First, we show that attention guided deep
learning portfolio performs well in out-of-sample and thus provides a good empirical proxy
for an observable SDF. Our SDF achieves an out-of-sample, 01/2005 to 12/2020, annualized
Sharpe ratio of 2.8, and annualized alpha of 11% after using Fama-French five factors and
momentum, FF6, risk adjustment. High alpha indicates that FF6 do not capture the universe
of all risk factors, which is similar to conclusions of Kelly et al. (2019), Kozak et al. (2020),

and Gu et al. (2021).

Second, we also examine whether the economic gains of this portfolio survive after monthly
re-balancing and trading costs. Unlike Avramov et al. (2021), who re-examine previous studies
and find that most of the potential profits disappear after accounting for trading costs, we

find that significant gains remain. For example, when we drop from our sample bottom



10% (20%) of market capitalization stocks based on NYSE breakpoints (Hou et al. (2020)),
the Sharpe ratio decreases to 1.26 (1.01), and FF6- alpha is 4% (3%) per year, and still
being highly statistically significant. If we only use 3000 stocks of Russell 3000 index which
automatically excludes micro-cap stocks, we obtain Sharpe ratio of 1.5, and an annualized
FF6 alpha of 5.1% (t=4.94). For comparison, Sharpe ratio of S&P500 (Russell 3000) for
this period is 0.56 (0.55). Therefore, excluding micro- and small-cap stocks, an investor
still can substantially outperform the market. Moreover, the portfolio turnover is quite low,
35%, with the average turnover on the long position of 22%, and short position of 13%. The
average trading costs measured by relative effective bid-ask spreads after excluding bottom

20% smallest stocks is 15 bps, or 27 bps for the cross-section of Russell 3000 components.

We also compare a DL model with Attention Layers and without them. We find that
the DL model without Attention runs into the limits to arbitrage right after excluding small-
cap stocks. In contrast, the model with Attention layers, which work like extra filters to
identify fundamental signals and causalities, outperforms existing benchmarks even on the
cross-section of the largest stocks. We also confirm that "paying Attention" to multiple stock
characteristics is important. As we decrease the number of characteristics from 94 to 20, not
only portfolio performance decreases dramatically, but also portfolio turnover increases by
22% to 26% depending on the informativeness of the remaining 20 variables. This confirms
the recent literature on the importance of using larger sets of predictors in ML optimizations
(Kelly et al. (2022)). We argue that paying Attention to the larger set of predictors is as

important, especially when it comes to DL approaches for portfolio construction.

Overall, we conclude that attention to multiple firm characteristics (DeMiguel et al. (2020))
helps to reduce the noise of less relevant characteristics, focus the optimization network’s
attention on the characteristics which define the most fundamental signals and allows an

investor to achieve gains after trading costs.

Third, we contribute methodologically to the growing literature on application of ML /deep-



learning in asset pricing. We adapt the architecture of Neural Basis Expansion Analysis for
Interpretable time series forecasting (N-BEATS) of Oreshkin et al. (2019) for asset pricing on
the cross-section of all US publicly listed common stocks, their 94 Green et al. (2017) firm-
specific characteristics and 18 macro-variables that we describe below. N-BEATS uses deep
neural architecture which is well entrenched in computer vision or natural language processing
but has very limited applications for financial data forecasts (with the only exception of
Chen et al. (2020)). As the name suggests, N-BEATS is originally designed for time-series
forecasting (M3, M4 and TOURISM data sets) where it has been shown to outperform

individual or ensembles of classical statistical techniques (Oreshkin et al. (2019, 2020)).

The residual network architecture of N-BEATS makes it particularly appealing for con-
structing bottom-up optimal SDF portfolio. Each N-BEATS’ block has two branches, backcast
and forecast predictions. Each upstream block removes the portion of the signal that it
can approximate well, the forecast, and the residual, the backcast, is passed on to another
block, making the forecasts of downstream blocks easier. Therefore, the whole process can be
thought as running a sequential analysis of the input signal in one consistent network. It
makes N-BEATS more interpretable, and easier to train compared to most other deep neural

networks.

The input here is firm-specific characteristics interacted with macro-variables. Eco-
nomically, the first block of the network forecasts the first features-group importance, e.g.
characteristics to approximate size factor. The output of this block is the forecasts based on
the size factor. The backcast of this block is the residual, which for this particular example
can include value and momentum related signals. The next downstream block then identifies
feature-group related to, e.g., value, and produces the forecasts based on the value factor.
Its backcast is the residual, momentum, which is subsequently passed to the next block to
make the forecasts based on momentum factor, and so on. The final output, the prediction,
is the sum of predictions across all blocks’ partial forecasts. As our objective function is to

minimize SDF loss function, by construction, each block of the network is intended to identify



a specific risk factor. The final SDF is the linear combination of the risk factor premiums,

where the factors are identified in the data driven way.

This analysis is intuitively similar to IPCA approach of Kelly et al. (2019), or autoencoder
of Gu et al. (2021). The difference is that these papers are focused on identifying risk factors
non-parametrically. While we identify risk factors within our network, via block structure,
our output is the final SDF which is a compensation for the risks carried by the factors. The
number of factors in our model is determined by the number of blocks. Kelly et al. (2019),
Kozak et al. (2020) and Lettau and Pelger (2020) show that 5 or 6 factors are sufficient to
span the SDF. We confirm this intuition as our network with 5 blocks performs similarly to
the one which uses 6 blocks. The biggest difference from the previous literature, however,
is that our factors are attention determined, i.e. each block which identifies a risk factor is
preceded by an attention layer. As we show by comparing the base, no attention, versus
attention guided specification, attention is critical in our model, as the base model without it,

similar to all other DL models falls under umbrella of Avramov et al. (2021) criticism.

The asset attention we implement is based on a very popular in computer science self-
attention, which is normally used in Transformers architecture. Transformers are widely
used in a variety of applications in supervised machine translation, speech recognition and
natural language processing. Attention, the way we train it in the beginning of each block
determining a risk factor, allows identifying which firm characteristics are more influential

than others in defining a non-parametric risk factor.?

We futher condition SDF performance on the market regimes identified by high vs low
market volatility or illiquidity. Theoretically, fewer trading frictions, lower volatility and
more arbitrage activity should improve price efficiency. Higher price efficiency should allow
our network to better identify priced risk factors, make better asset allocation decisions, and

exhibit better performance compared to low price efficiency regimes. Avramov et al. (2021)

2Note, we do not use Transformers. We tailor the Multihead Attention mechanism of its architecture for
our DL model.



convincingly argue that the stellar performance of many ML approaches in the literature
generates most of their profitability during high market volatility and illiquidity regimes, i.e.

during high limits-to-arbitrage market episodes.

In contrast to the previous literature, our SDF exhibits the best performance during low
limits-to-arbitrage market episodes. For example, during high market volatility episodes,
measured by VIX being above its sample median, our SDF has an annualized Sharpe ratio of
2.12 vs Sharpe ratio of 4.55 during low market volatility regimes. If we consider eliminating
stocks at the bottom 10% (20%) based on NYSE size breakpoints, Sharpe ratio drops to
0.868 (0.532) in high volatility regime, or to 2.24 (2.26) during low volatility regime. We

obtain very similar results conditioning on high vs low market illiquidity episodes.

Moreover, our attention guided deep learning network identifies a different factor structure
during high vs low market volatility regimes. Consider SDF specification based on the most
liquid cross-section of stocks, after eliminating stocks at the bottom 20% of NYSE market
capitalization. During high volatility regime, SDF portfolio’s average excess over risk free
rate return is 3.71% , and FF6-alpha is 3.85% (t=2.97) per year. Here, the alpha and the
mean returns are the same, indicating that FF6 factors do not present any investment signal
during higher market turbulence, and alternative, non-parametric factors play bigger role.
During low market volatility regime, the average excess return is almost twice higher, 7.24%
per year. FF6 alpha is more than 3 times smaller then the excess return, 2.15% (t=2.35)
per year. It suggests that during low limits-to-arbitrage market episodes, FF6 factors are
important. However, given economically and statistically significant alpha, it also suggests

that FF6 factors are not sufficient to span SDF even during good market conditions.

We analyze the variable importance identification by each attention layer preceding each
of 5 blocks in the model for the last month in our out-of-sample predictability, December 2020,
i.e. the last time the model was re-trained for the training sample ending in November 2020,

and compare it to more turbulent market regime, September 2008, the inception of financial



crisis. Consistent with the alpha realizations for different volatility /illiquidity regimes, we
find that majority of firm-specific characteristics identified by five attention layers are closely
related to Fama-French 5 factors and momentum characteristics in normal market conditions,
December 2020. In contrast, for asset allocation decisions for September 2008, a completely
different set of firm and macro-economic characteristics is identified. Since the block structure
of our model also allows to rank the importance of the factors, we find that in the end
of August 2008, macro factor which is captured by default spread, CPI inflation, S&P500
returns, and betting against beta, BAB, funding liquidity factor (Frazzini and Pedersen
(2014)) are the first in the ranking, i.e. identified by the first upstream block. The other
factors are related to past returns, price jumps, the strength of the balance sheet (i.e. the
ability to weather the storm), stock volatility, firm assets volatility, and firms’ real estate
holdings. The latter is interesting, since the model was never explicitly told that the incoming

crisis is caused by real estate bubble.

Overall, unlike the limits-to-arbitrage argument of Avramov et al. (2021), we conclude
that carefully constructed deep learning network guided by economic fundamentals can
overcome economic restrictions and provide profitable investment opportunities. In particular,
our approach advocates machine learning attention as an important instrument in financial
data analysis. Another important message is that ML approaches to the optimal portfolio
construction provide substantial improvements and economic gains over traditional approaches
motivated by the modern portfolio theories (Markowitz, 1952). The rest of the paper is
organized as follows. Section 2 overviews related literature. Section 3 introduces the modelling
architecture framework. Section 4 describes the data and empirical results. Section 5 discusses

economics of Attention mechanism, and Section 6 concludes the paper.



2 Related Literature

Our paper is related to the recent but fast growing literature on applications of machine
learning in asset pricing.® The fast growth of this literature was partly motivated by
AFA presidential address of Cochrane (2011) who highlights the abundance of noisy and
highly correlated return predictors, and the need for other methods beyond cross-sectional
regressions and portfolio sorts. ML is an obvious solution, as ML methods are perfectly
suited for processing big data, condensing sparsity among large sets of predictors, reducing

data dimensionality, and putting emphasis on non-redundant variable selection.

This new literature has been first pioneered by Gu et al. (2020) who demonstrate the
advantages of various machine learning methods for predicting the panel of individual US
stock returns with multiple firm characteristics. Similarly, Bianchi et al. (2021) show the

ability of ML methods to predict bond returns.

A separate strand of the literature applies ML methods to non-parametrically obtain
systematic risk factors. Lettau and Pelger (2020) introduce risk premium (RP) PCA that
leveraging multiple firm characteristics, incorporates information about the first and second
moments of the data and yields a more efficient estimator than standard PCA. RP-PCA
extract five significant factors that capture most of time series and cross-sectional variations

in the data.

Kelly et al. (2019) introduce instrumental PCA, IPCA to perform dimensionality reduction
of the characteristic space. They project the individual stock returns into managed portfolios
based on observed characteristics and then apply PCA to the projected data. This allows
for time-varying factor loading and the linear dependence of the loading on characteristics.

Gu et al. (2021) use autoencoder to allow for non-linear dependence of time varying factor

3See for example, Heaton et al. (2017), Feng et al. (2021), Rapach et al. (2019), Rapach and Zhou (2020),
Choi et al. (2020), Freyberger et al. (2020), Gu et al. (2020), Gu et al. (2021), Han et al. (2020), Bianchi et al.
(2021), Cong et al. (2020), Kim et al. (2021), Kelly et al. (2019), Chen et al. (2020), Kozak et al. (2020),
Lettau and Pelger (2020), Bryzgalova et al. (2020).



loadings on firm characteristics. Both Kelly et al. (2019) and Gu et al. (2021) find that 5 to

6 risk factors are sufficient to span SDF.

Feng et al. (2021) impose a no-arbitrage constraint and estimate factor risk loadings using
a deep neural network. Freyberger et al. (2020) employ factor selection with Lasso-style
penalty, and assume that stochastic discount factor (SDF) has a sparse exposure to firm

characteristics.

Kozak et al. (2020) construct optimal portfolio using Ridge type estimator and apply it
to the candidate factors spanning SDF. These authors too find that 5 factors are sufficient to
span SDF. They show however that traditional Fama-French 5 factors and momentum are
not efficient enough to describe the complexity of SDF. This conclusion motivates the rest of
the literature searching for more efficient non-parametric factors to capture the risk universe

of current markets.

Bryzgalova et al. (2020) warn that besides unknown factors, the cross-section of assets to
build them from is not well determined. The authors use asset pricing (AP) decision trees to
first build a cross-section of asset returns, and then apply elastic net to this cross-section in

order to construct an optimal portfolio.

More recently, Chen et al. (2020) employ deep neural networks to construct bottom-up
SDF conditional on various firm characteristics and latent macro-economic states for all U.S.
equities. The authors use Generative Adversarial Network (GAN) of Goodfellow et al. (2014)
to optimize SDF loss function, where SDF’s stock weights are determined by multiple stock
characteristics and the latent macro-regimes identified by LSTM cell. Chen et al. (2020)
strictly emphasize the challenges that deep neural network approaches can help to overcome:
(i) the dependence of SDF on all available information implying that SDF is potentially a
function of very large set of variables; (ii) the unknown and potentially complex functional
form of SDF; (iii) the dynamic structure of risk exposures over time for individual assets

which potentially can depend not only on macro-economic conditions but also on changing



asset-specific characteristics over time.

Cong et al. (2020) build Alpha portfolio with reinforcement learning by directly optimizing
Sharpe ratio. This is a different exercises from bottom up SDF construction or identifying
risk factors spanning SDF| as their model is trained to maximize Sharpe ratio of Long-Short
arbitrage strategy. The authors however clearly show the advantages of Al approaches and
big data for asset pricing as their Alpha portfolio outperforms all existing analogs in the

literature.

As ML in asset pricing literature seem to start reaching the heights of its popularity and
acceptance by both academics and practitioners, Avramov et al. (2021) issue a big warning.
The ML algorithms, while applying to portfolio management, are detrimental to performance
after trading costs, limits-to-arbitrage or leverage considerations, or performing the best
during market regimes when arbitragers are the most financially constrained. The authors
examine the majority of the ML models described above, and find that they are practically

not implementable.

In this paper we address Avramov et al. (2021) criticism and show that ML combined with
big data to construct tradable SDF portfolio outperforms existing analogs in the traditional
empirical asset pricing literature after trading costs, and in the various market regimes. Our

approach is based on two pillars.

First, as argued by DeMiguel et al. (2020), incorporating a large set of firm-specific
characteristics is critical to reduce trading costs on the whole portfolio level. This approach
however is not new, as conditional SDF based on many firm characteristics is already
implemented (Chen et al. (2020), Kozak et al. (2020)), and yet its after-trading cost, turnover

and extreme positions performances are questioned by Avramov et al. (2021).

Second, the simplicity and tractability of the neural architecture in N-BEATS allows us
modelling an important economic feature - Asset Attention. Asset Attention to firm specific

characteristics, applied every time before rebalancing portfolio weights, enables tradability of

10



the whole SDF portfolio.

The attention mechanism has been used by Cong et al. (2020) towards the output of
their networks to rank stocks to identify the top and bottom 10% for their Long and Short
portfolio positions. Instead, we apply the attention mechanism to the input, rather than the
output, in our network. Therefore, the attention layer serves as the time varying filter to
our deep learning network about the most meaningful features determining the risk factors.
Empirically, the fundamental nature of these features allows minimizing turnover on the

whole portfolio level (DeMiguel et al. (2020)).

Intuitively, our model architecture is closely related to autoencoder PCA of Gu et al.
(2021). Our building blocks in the network, similar to autoencoder, allow for non-linearity
among firm characteristics to characterize factor risk loadings. Similar to the authors, we
identify that 5 blocks (factors) are sufficient to span SDF. Although we do not explicitly
model factor loadings, it is implicit in the model architecture that their affect on the asset
returns is linear. The difference from autoencoder PCA of Gu et al. (2021) and all other ML
methodologies is that we determine risk factors sequentially, and with the asset attention
which permits better identification of their time varying nature. Moreover, the upstream vs.
downstream nature of the blocks in the model allows to rank the factors in the order of their
relative importance. We show that not only the nature of factors changes between different

market regimes, but also their ranking of importance.

11



3 Model

3.1 No-Arbitrage Asset Pricing

The no-arbitrage assumption implies the existence of stochastic discount factor, SDF, M, 1,

which for any excess return, Ry, ;, satisfies the equation 1.

Bt,i A
e e Covi (RS, 1, Mt+1y rvart(Mt 15
E[MtJrlRi,t—i-l] =0« Et[ i,t-‘,—l} = Vartit&t+1) ’ Et[MtJ:lr] = 6i,t)\t (1)

The factor loading, 3;;, is exposure to the systematic risk factors, and ), is the risk price
associated with factors. M, is a linear function of factors, which maps to a factor model

for excess returns of the following form:
Riy =i+ B, Fro + € (2)

where Et [€i7t+1] = Et [Ei,t—i-lFt—‘rl] = 0, Et [Ft—I—l] = )\ta and most importantly, Q= 0 for all ¢

in t.

Along the lines of Hansen and Jagannathan (1991), the SDF can be formulated as

N

Myt = 1= wiRi = 1-w/ R, (3)

i=1

The fundamental Euler equation, E, [Rf +1Mt+1] = 0, implies the SDF weights

wo=E, [Re RBe T B [Re] (4)

These are the weights for any portfolio on the mean-variance efficient frontier. The

tangency, optimal, portfolio is then defined as Fy,; = w, R¢ 41 and we denote this factor as

the traded SDF.
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By construction, the SDF is a single traded factor which characterizes and can price the
best all cross-section of available assets. The individual assets, however, as specified in eq.

(2) can have a multi-factor structure.

3.2 Conditional SDF Loss Function

The estimation of SDF weights is a multi-dimensional optimization. For each individual asset

1, and time ¢ we consider the following functional form for the weight,

we; = w (I, It;) (5)

where I; is macro-economic conditioning variables that are not asset specific, and I, ; are

firm characteristics which are asset specific, like size, momentum, book-to-market and etc.

Following intuition of Hansen and Jagannathan (1997) which was also implemented by
Chen et al. (2020) in the setting similar to ours, the general form of our optimization function

is

My
1 N Ny
* . e e
Wy 4 = arginin N § 1- § wri (Tt It z) Rt+1,i t+1,n (6)
Wt ¢ .
B n=1 =1

3.3 Model Architecture

The model architecture we propose relies on the N-BEATS model from Oreshkin et al. (2019).
We use its deep neural architecture, which we improve upon by adding Asset Attention layer
described in details below. Figure 1 presents the model architecture. The model consists of

several blocks the forecasts of which are assembles on a stack level.

Each block, Figure 1 (left), takes as input a vector x,; € R” and outputs two vectors

13



Block Input Stock-Specific and Macro Features
x; € RV*P (Model Input)

S N

Asset Attention L
[ =€ SRS J Block 1 Activation
Y
FC Shared Stack (L Layers) | Portfolio Scaling I
Block 2
Stacked
Zr Zr Forecast
FC FC
& 4
Y A 4
b ) ( y ) Block B
gi(cp) 9y (cf )
\ J \ ) l J
\_ J 0
A L J A
Backcast Forecast Residuals (Model Output)
%, € RV*P §, € RVH Portfolio Weights

Figure 1: Ilustration of the model. The basic block (left) consists of an asset attention
module that applies self-attention on the feature input, followed by a multi-layer FC network
with ReLu nonlinearities activation function. It predicts basis expansion coefficients both
forward c] (Forecast) and backward c} (Backcast) that are projected over basis functions to
produce the backcast X, and the forecast y,. Forecasts are aggregated in hierarchical fashion
by adding all partial forecast of each block. These partial forecasts are then passed through
an activation function and portfolio weights scaling to construct the SDF.

xz; € RP and Yii € R The first block of the model (¢ = 1) considers input x; ; = [I;, L],
i.e., a set of macroeconomic conditioning variables that are not asset specific (I; € RP1) and
firm-specific characteristics observed at time (I;; € RP2) such as D = Dy + D,. For any other
block, its inputs x;;, is the residual outputs of the previous block x,_; ; that we refer as the
"backcast". Each block produces a partial forecast y,,; that are aggregated in a hierarchical

fashion.

Each basic building block is divided into three parts: (1) An Asset attention layer with
linear complexity in respect to x, length that transform the input vector to x, keeping the

same dimensionality, (2) An FC network that projects X, into a fixed higher-dimensional

14



representation z; € R from which we produce forward cg (Forecast) and backward g
(Backast) coefficients (3) the backward g} and forward g/ that project the coefficient from

the first part internally on the set of basis functions and produce X, and y,.

These operation are described by the following set of equations (7):

z1,; = FCy(Atty (x4,)) z1; = FCy(z1_1,)
C{ﬂ. = chﬂw (ZLJ‘) CZ,i = chww (ZLJ) (7>
dim(c]) dim(c})
Vei=ogi(ch)= > vl xu=gilc) = v}
j=1 j=1

Here, | e Nt 1 <l < L,l; € L = {ly,---1y} is the number of layers in the ¢-th block and
z;,; corresponds to the embedding computed at the [-th hidden layers for the i-th asset. FC
corresponds to a fully connected layer with ReLLU non-linearity activation Nair and Hinton
(2010), and v/ and v® are forecast and backcast basis vectors. These vectors are set to be
learnable parameters in our case, but could be set to a specific functional forms that are fixed

prior training the model.

For the self-attention module, we rely on the Fuast Attention Via positive Orthogonal
Random features (FAVOR+) method of Choromanski et al. (2020) instead of the regular
self-attention (Vaswani et al. (2017)) for scalability purposes.

The traditional self-attention considers a sequence X, = [xgl), x -XED)];CZ € {1---D}

with XEd) € RFam such that Lgin is the size of input sequence of observed tokens. Then
regular dot-product attention is a mapping of tokens to queries, keys and values matrices
K.Q,V € REam>" where r is the dimension of each token *. Eq.8 demonstrates how dot-
product attention is usually done where A € RP*P_ 1} is the all-ones vector of length D,

exp(-) is the exponential function applied element wise and diag(-) is a function that returns

4For brevity, the notation of the queries, keys and values and attention matriz A for the i-th ts and ¢-th
block is dropped without loss of generality. All matrices denoted by a bold capital letter is associated to
one-and-only i-th asset for the /-th block; e.g: K < Ky ;

15



the resulting diagonal matrix of the matrix provided as input.

Att,(K,Q,V)=D"'AV, A=exp(QK'/\/r) D = diag(Alp) (8)

Instead FAVOR+- relies on a random feature map ¢(u) € R:: for ' > 0 given a kernel
K :R" — R, defined for the mapping ¢ : R" — R such as K(z,y) = [¢p(x)  ¢(y)]’. We
impose A to follow the form of A(i,j) = K(q,, kJT) with g; and k; being respectively the
i-th and j-th query and key row-vector in @ and K. Thus given Q', K’ € RP*" with rows
given respectively by ¢(q; )" and ¢(k; )T the self attention is approximate by eq. 9.5 Overall,
the aim of the self-attention layer is to evaluate the relative importance of each covariate
in x, with respect to others and adjust the input vector of the block based on features that
matter the most. The self-attention is applied asset-wise, hence the term: Asset attention

layer.

Atto(K,Q.V) = D(Q((K')TV), D = diag(Q'((K')"1p)) 9)

FAVOR+ has a critical advantage over traditional self-attention. As can be seen from eq. 9,
unlike regular self-attention, it has a linear architecture. The linear architecture provides
strong theoretical guarantees to achieve unbiased estimation of the attention matrix, uniform
convergence and lower variance of approximation. This makes FAVOR-+ an ideal candidate to
apply self-attention, or Asset Attention as we name it, to larger sets of features efficiently

without a significant increase in computational costs.

Eqgs. in 7 are then repeated iteratively for ¢ blocks. The individual blocks are stacked
using two residual branches. The first branch, illustrated in Fig. 1 (right), runs over the

backcast signal produced by each block and iteratively decomposes the input vector such that

5Here, x and y are input vector of the mapping ¢ and are not to be confused with the input and output
of the model.
6For more details and explanation of the FAVOR+ method, we refer readers to Choromanski et al. (2020).
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the subsequent block considers the residuals of the preceding block. The partial forecasts of

each block are aggregated on the stack level by simply adding them:

Yo=Y Vi (10)

To simplify the notation from earlier, we consider eq. 11 as the function that establishes
the contribution of the i-th asset x; = [I,, I;;] to M,, where 6; is the set of all parameters of

all blocks.

@; =y; = fo,(x:) (11)
Given the functional form for the weights, eq. 6 can now be re-written as

2

]\/43
1 N T Tn g t
* = _E _nE 1_§ iRe~ R¢ 12
wz arg@?‘nln N n=0 T t=1 ( =1 fef (Xt7 ) tﬂ) o ( )

where T is total sample size of the training sample, 7}, is the number of month for a
particular stock in the training sample, given that the panel is unbalanced, and N is the
total number of stocks. To run minimization problem in Eq. 12, we use a stochastic gradient
descent (SGD) optimization with Adam algorithm of Kingma and Ba (2015), fixed-sized
batches of uniformly sampled assets with replacement and a three-step learning rate schedule
over a fixed set of iterations. Similar to Oreshkin et al. (2019) and Chen et al. (2020), we
perform a bagging procedure of Breiman (1996) by considering 10 models in the ensemble
which are trained with different random initialization each month. Additional details of the

procedure and hyper-parameters are specified in Appendix B.
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4 Empirical Results

4.1 Data and Empirical Design

Our sample period is from 1990-01 to 2020-12 and it is defined by the availability of CBOE
VIX index which we use in the set of macroeconomic variables. We consider all universe of
US publicly listed common stocks as well as the cross-section of 3000 components of Russell

3000 index”. The monthly stock returns are obtained from CRSP.

Similar to Gu et al. (2020) we rely on a large set of 94 stock-level predictors of Green et al.

(2017). The definitions of these characteristics are provided in the Appendix, Table A.1.%

We also use 12 macroeconomic series following the variable definitions detailed in Welch
and Goyal (2008), including dividend-price ratio (dp), dividend yield (dy), earnings-price
ratio (ep), stock variance (svar), book-to-market ratio (bm), net equity expansion (ntis),
Treasury-bill rate (tbl), long term rate of returns (Itr), term spread (tms), default spread
(dfy), default return spread (dfr), and Consumer Price Index (infl)?. To the set of these
variables we also add the returns on S&P500 index, and VIX to proxy for overall market
volatility and sentiment, as well as market wide illiquidity measured by Amihud (2002) ILLIQ
ratio (amihud) and bid-ask spread measure of Corwin and Schultz (2012). We first compute
these measures on the stock level, and then aggregate them on the market level. To proxy
for the market-wide funding illiquidity we use TED spread and Frazzini and Pedersen (2014)
betting against beta, BAB, factor. The data on TED and BAB are from FRED and AQR

websites respectively. All macroeconomic variables are summarized in Table A.2.

We use the sample from 01-1990 to 12-2004, 180 months, as the first training sample.

Our first out-of-sample, OOS prediction for SDF weights is therefore for January, 2005. We

"We are grateful to Paul Schultz for providing the data on Russell 3000 constituents

8To construct the variables we use the SAS code available from Jeremiah Green’s Web site. As it is
a common practice with big data, similar to Green et al. (2017) and Gu et al. (2020) we replace missing
characteristics with the cross-sectional median at each month for each stock.

9The monthly data for these variables are from Amit Goyal’s website
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then roll the training sample by 1 month, keeping its 180-month length fixed, and our next
0O0S prediction is for February, 2005, and so on. Overall, our O0S period is from 01-2005 to

12-2020 for a total of 192 months. All results reported below are for our OOS forecast period.

4.2 0O0OS Performance

Table 1 presents OOS SDF portfolio performance statistics for all stocks, and separately for
sub-samples after removing the bottom 10% or 20% of stocks by market cap using NYSE
market capitalization break points (Hou et al. (2020)), as well as focusing explicitly on the
cross-section of 3000 largest stocks which are components of Russell 3000. Note, we train the
model on all available stocks, and than for each separate cross-section of stocks, we do not

re-estimate the model, but re-scale the portfolio weights such that they add up to 1.

The table reports average monthly portfolio returns and standard deviations, FF6 Alpha
and its t-statistics adjusted for autocorrelation and heteroscedasticity. The table also reports
the annualized OOS Sharpe ratios and Information ratios. Sharpe ratio is defined as the
0OO0S mean excess portfolio return divided by its standard deviation, and Information ratio
is the intercept, Alpha, from regressing excess portfolio returns on FF6 factors, divided by
the residual mean squared error of this regression. The other statistics report maximum
one month loss, and maximum draw-down (MaxDD). MaxDD is simply the highest drop in

monthly returns between two consecutive months.

The table reports two sets of results, for our base model, without asset attention, denoted
Base, and our attention guided deep learning model, denoted Attention. All statistics are
monthly except Sharpe and Information ratios which are annualized for the easier comparison

with the rest of the literature.

Consider first Sharpe ratios. For the cross-section of All Stocks, Attention model has
the highest Sharpe ratio of 2.834. It is substantially higher than the corresponding Sharpe

ratio of Base model, 2.537. The Information ratios are also the highest ones observed in the
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All Stocks q>10% qQ>20% Russell 3000 Stocks
‘Attention Base | Attention Base ‘Attention Base ‘Attention Base

Return 0.0099 0.0106 0.0050 0.0057 0.0046 0.0058 0.0057 0.0062
Std.Dev. 0.0121 0.0145 0.0138 0.0193 0.0157 0.0237 0.0133 0.0180
Alpha 0.0088 0.0095 0.0031 0.0026 0.0022 0.0017 0.0042 0.0039

Alpha t-stat 8.060 7.657 3.694 2.967 2.616 2.058 4.936 4.145
Sharpe 2.834 2.537 1.255 1.016 1.006 0.842 1.486 1.196
InfRatio 2.639 2.389 0.910 0.682 0.625 0.468 1.214 0.933
MaxDD 0.033 0.060 0.073 0.147 0.103 0.243 0.065 0.131

Max 1M Loss -0.032 -0.030 -0.051 -0.083 -0.058 -0.107 -0.048 -0.083

Notes: The table presents summary statistics for OOS, 01-2005 to 12-2020, SDF performance for different cross-sections of
stocks. Two sets of results refer to attention guided deep learning model, denoted Attention, and the base model, without asset
attention, denoted Base. The statistics are average monthly portfolio returns and standard deviations, monthly portfolio alpha,
Alpha, after FF6 factors risk adjustment, and its robust for autocorrelation and heteroscedasticity t-statistics, annualized
Sharpe and Information ratios, followed by maximum draw-down, MaxDD, and maximum 1-month portfolio loss.

Table 1: O0OS SDF Performance

literature, 2.639 and 2.389 respectively. This clearly shows the advantage of asset attention
and economic gains associated with it. Moreover, Attention models provides one of the
highest, or probably the highest, Sharpe ratio reported in this literature (see Avramov et al.

(2021) for the overview).

The portfolio returns and FF6 Alphas are very close in magnitudes, suggesting than FF6
risk factors do not span Attention determined SDF, i.e. very similar result to Kozak et al.
(2020), Kelly et al. (2019), and Chen et al. (2020). The alphas are quite impressive as well,
88bps and 95bps per month for Attention and Base models respectively, and are highly

statistically significant.

The other risk management statistics are also reassuring, as the maximum 1 month loss is
3% for both models, and the MaxDD is substantially smaller for Attention model, 3.3%, than
Base model, 6%. Note that our OOS covers 2008-2009 financial crisis, and 2020 COVID-19

market turmoil wit substantially higher draw-down magnitudes on the market wide levels.

Avramov et al. (2021) warn that the high abnormal performance of ML models is driven
by small or micro-cap stocks. The next four columns compare the performance of Attention

vs. Base models after deleting stocks at the bottom 10% or 20% by NYSE market cap
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break-points. Consistent with Avramov et al. (2021) criticism, we also observe significant
drops in Sharpe ratios to 1.255 or 1.006 respectively for Attention model, vs. 1.006 or 0.842
for Base model. However, while Sharpe ratios decrease, they still remain economically large
for Attention model, especially considering Sharpe ratio of S&P500 of 0.56 for the similar
time period. Importantly, Attention model continues dominate Base model by a large margin,
highlighting the importance of attention guided deep learning architecture we introduce in

this paper.

FF6 Alphas also decrease substantially but they are now more in line with abnormal
performances typically reported in asset pricing literature. Attention model has the highest
Alpha of 3.7% or 2.6% per year after removing bottom 10% or 20% of stocks by market cap

respectively, and they are highly statistically significant.

The limits-to-arbitrage problem really appears for Base model using the largest stocks,
i.e. after removing bottom 20% of small-cap stocks. The Alpha of 17 bps is only marginally
significant, t=2.058. The maximum draw down, MaxDD, is 24.3% which is practically
inadmissible from the real portfolio management perspective, especially for the portfolio
constructed from the cross-section of largest stocks. It also has the smallest Sharpe ratio,
0.842, across all specifications in Table 1, which is not far from the Sharpe ratio of S&P500
for the same period, 0.56. Providing high risk, measured by MaxDD, marginal significance in
both economic and statistical terms of portfolio Alpha, and low Sharpe ratio, an investor
is just better off passively holding the market index, rather than relying on Base model to

construct the large-cap stocks’ bottom-up portfolio.

For the cross-section of stocks which are constituents of Russell 3000 index, Attention
model dominates even by a bigger margin with Sharpe ratio of 1.49 vs Sharpe ratio of 1.196
of Base model. The Sharpe ratio of Russell 3000 is 0.55 for this sample period. FF6 alphas
are even more impressive for this cross-section, averaging 5% across both models, and being

highly statistically significant.
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The results so far suggest that: (i) deep learning and multiple firms characteristics can
improve substantially the empirical performance of SDF; (ii) unlike the previous literature,
our SDF retains its significant economic gains after eliminating small and micro-cap stocks,
except the Base model for the cross-section of the largest stocks, ¢ > 20% ; (iii) Attention

model substantially outperforms Base model.

Figure 2 depicts cumulative returns of various Attention model specifications (All stocks,
or specifications after removing bottom 10% or bottom 20% by market cap, ¢ > 10% and
q > 20% respectively, or using only 3000 largest stocks of Russell 3000 index components,
Russell 3000 Stocks) vis a vis S&P500 and Russell 3000 indexes. The figure presents the
value of USD $100 invested in the beginning of OOS period, 01-2005 and holding it till the
end of 12-2020. The specification which uses All stocks exhibits the best performance where
the original investment appreciates almost 8 times. The second best performance is observed
for the largest 3000 stocks’ specification, where the original investment appreciates almost 3

times, and outperforms the cumulative performances of S&P500 and Russell 3000 indexes.

q > 10% and g > 20% specifications, while outperforming S&P500 and Russell 3000
during major 2008-2009 financial crisis, and through out the first half of the sample, achieve
similar to the market indexes performances towards the end of the sample. These portfolios
however have substantially lower volatility compared to the market indexes. Moreover, these
portfolios require trading in all stocks with long and short positions while the market indexes
hold long positions only. In the next sub-section we consider the performances of portfolios
invested only in the Long, top holdings, positions, which would be more direct comparison to

the market indexes.

To complement results of Table 1, Figure 3 presents inter-temporal Sharpe ratios, estimated
every two years for the OOS period, 01-2005 to 12-2020, for Attention model specifications
similar to those in Figure 2. The specification with All stocks can achieve an annualized

Sharpe ratio of almost 4.5 in the middle of the sample. The specification using Russell 3000
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Notes: The figure reports cumulative OOS Returns of Attention model using All stocks, or specifications
after removing bottom 10% or bottom 20% by market cap, g > 10% and q > 20% respectively, or using only
3000 largest stocks, Russell 3000 index components, Russell 3000 Stocks. The figure also plots cumulative
returns of S&P500 and Russell 3000 indexes for the same OOS period, 01-2005 to 12-2020.

Figure 2: Cumulative O0OS Returns of Attention model vs S&P500 and Russell 3000 indexes.

Stocks obtains Sharpe ratio of almost 3 during 2013-2014 period. The lowest Share ratios are

observed during 2008-2009 financial crisis, and during 2019-2020 Covid-19 market turmoil.

4.3 Performance of Individual Stocks in SDF Portfolio

The fundamental moment equation [, [MtHRf +17i] = 0 implies the following factor repre-
sentation Ry, = BPPF Fiiq + €41,. Although we do not explicitly model SDF beta, but
rather estimate each stocks” SDF weights, the single factor representation implies risk-reward
trade-off for individual stocks. That is stocks which contribute the most to SDF, i.e. with the
higher weights, are also expected to have higher exposure to SDF, i.e. higher factor loadings.

Higher SDF loadings should be associated with higher expected returns.

In this section we examine the performance of individual stocks conditional on their SDF
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Notes: The figure reports bi-annual OOS Sharpe ratio of Attention model using All stocks, or specifications
after removing bottom 10% or bottom 20% by market cap, g > 10% and q > 20% respectively, or using only
3000 largest stocks which are components of Russell 3000 index, Russell 3000 Stocks.

Figure 3: Bi-annual OOS Sharpe ratio, Attention model

weights. Every month we sort stocks into decile portfolios based on their SDF weights. That
is we use stocks’ SDF weights to place stocks into high vs low weights’ portfolios, as the
high portfolio, with higher beta stocks is expected to outperform the low beta portfolio. We
then estimate these decile portfolios next month value-weighted returns, using each stock’s
market cap as the weight. We also estimate portfolio risk-adjusted FF6 alphas, and portfolio
level illiquidity. We measure illiquidity with relative dollar volume-weighted effective bid-ask
spreads computed from intra-day TAQ data. We fist compute effective spreads for each
stock daily, and then average these estimates for a month. The portfolio level illiquidity is

value-weighted effective spreads of stocks in the portfolio.

Figure 4 reports FF6 risk adjusted alphas and corresponding t-statistics adjusted for
autocorrelation and hederoscedasticity for portfolios formed on the weights assigned by

Attention vs Base models. While we do not expect to observe the monotonicity in portfolio
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Figure 4: Alpha and t-stats of decile portfolios, Attention vs Base model, all stocks.

alphas from Low to High deciles, this plot allows to see which cross-section drives profitability
on a portfolio level. There is a significant contrast between the two models. While Attention
model has both significant positive and negative decile portfolios’ Alphas, Base model has
only significantly negative decile portfolios’” Alphas which points to limits of arbitrage, i.e.

short-selling restrictions (Avramov et al. (2021)), for this specification.

Figure 5 provide similar graphs for the cross-section of 3000 largest stocks which are
components of Russell 3000 index, Russell 3000 Stocks. Here, the results are similar, as the
Base model has only one significant negative Alpha for Low decile portfolio, while Attention
has both positive and negative significant alphas across decile portfolios. Similar results are
observed for the cross-section where the bottom 20% of stocks by market cap are removed.
Only for ¢ > 10% cross-section, Base model has a positive and significant alpha decile

portfolio.

Table 2 below presents all numerical results in details. First, consider Panel A, Attention
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Notes: The figure reports FF6 risk adjusted Alphas and their corresponding t-statistics for Attention and
Base using only 3000 largest stocks which are components of Russell 3000 index.

Figure 5: Alpha and t-stats of decile portfolios, Attention vs Base model, Russell 3000 Stocks.

model. As expected, the portfolios excess returns are increasing from Low to High, from
69 bps to 93 bps per month. After FF6 factors risk adjustment, portfolio alphas are too
increasing from Low to High, with only High portfolio alpha being marginally significant,
24 bps per month (t=1.80). The High-minus-Low portfolio statistics are reported for pure
expositional purposes as they do not incorporate SDF investable weights but rather use
stocks’ market cap as the weights. These statistics only demonstrate the relative performance
of extreme, Long vs Short SDF positions. For Attention model these differences are not

statistically significant using All Stocks.

For Base model these differences are marginally significant, with High portfolio outper-
forming Low portfolio. A closer look at the portfolios alphas suggests that this outperfomance
is mostly driven by the short position, with the alpha of -39 bps per month (t=-1.76), and
raw excess return of 20 bps per month. A further closer look at the trading costs for the

lowest decile portfolio shows that both the excess returns and the alpha are dominated by the
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average effective spreads, 44 bps. Therefore, ignoring shorting costs themselves, the potential
profits from these short positions are completely dominated by the trading costs of executing
them. This is essentially the criticism of Avramov et al. (2021) to all existing ML approaches
in asset pricing. We observe it for our Base model as well. Attention model however shows

substantially smaller portfolio trading costs compared to the raw excess returns or alphas.

Next, consider Panel B, which excludes the bottom 10% of smallest stocks based on
NYSE market capitalization breakpoints every formation month. The results for Attention
model begin to look better, while they look worse for Base model. The performance of
High-minus-Low portfolio Alpha becomes marginally significant for Attention model, 31 bps
per month (t=1.85), with the most of gains being driven by the long position, 10th decile,
alpha of 23 bps per month (t=2.32), while the alpha of short position is practically zero.
Moreover, the average trading costs of the long position are relatively low, 14 bps, compared

to the portfolio alpha or excess raw return of 96 bps per month.

For Base model, the results for High-minus-Low strategy might look impressive, with
the alpha of 51 bps per month (t=2.11). Interestingly, here again, the whole performance is
driven by the short position, with alpha of -35 bps (t=-1.74), while the alpha of the long
position is statistically insignificant. For the short position, 1st decile, the average trading
costs, 28 bps, are very close to the raw portfolio excess return, 31 bps, suggesting the limits

to arbitrage (Avramov et al. (2021)).

The results for Base model look better and similar to those of Attention model in Panel
C which excludes the bottom 20% of smallest stocks. They however reverse dramatically in
Panel D, where we only analyse the largest 3000 stocks which are constituents of Russell 3000
index. Here Base delivers outstanding High-minus-Low portfolio alpha of 56 bps (t=2.40).
This alpha is almost entirely driven by the short position, -41 bps (t=-2.21). The excess raw

return of this portfolio, 26 bps, is lower than its average trading costs, 28 bps.

The results are completely different for Attention model. The High-minus-Low portfolio
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alpha is 38 bps (t=1.96), and the most of gains are coming from the long position with the
alpha of 26 bps (t=2.49). The raw excess returns is 1.01% which far exceeds the average

trading costs of 14 bps.

Each panel also reports the average market cap of each portfolio. While both Attention
and Base models take long positions in the large cap stocks, Attention model consistently

uses larger stocks on the short positions compared to Base models.

Overall, we observe two sets of results. First, our Base model exhibits inconsistent
performance across different cross-sections of stocks, and its gains are driven largely by short
positions with extremely high trading costs compared to the mean portfolio returns. This
confirms the results of Avramov et al. (2021) that ML methods tend to identify difficult to

arbitrage trading strategies.

Second, our Attention model’s performance overturns the above criticism and clearly
demonstrates that carefully constructed ML networks driven by economic assumptions

demonstrate exemplary performance across various robustness verification tests.

Table 2: Performance of Stocks’ Portfolios Sorted on their SDF weights
Notes: The table reports the performance of value-weighted portfolios in month ¢ + 1 sorted on individual stocks’ SDF
weights in month ¢, for OOS, 01-2005 to 12-2020. Two sets of results refer to attention guided deep learning model, denoted
Attention, and the base model, without asset attention, denoted Base. The statistics are value-weighted monthly portfolio
returns, portfolio alphas, Alpha, after FF6 factors risk adjustment, and their robust for autocorrelation and heteroscedasticity
t-statistics. Eff. Spread is the value-weighted relative effective bid-ask spread estimated across all stocks in a portfolio. Panel
A presents the results for All stocks, Panels B and C for the sub-samples of stocks after removing bottom 10% and 20% of
stocks by market capitalization based on NYSE size break points respectively, and Panel D for the cross-section of 3000 stocks,
Russell 3000 constituents.

Panel A. All Stocks

Attention
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0069 0.0064 0.0084 0.0049 0.0059 0.0079 0.0076 0.0097 0.0094 0.0093 0.0024
Return t-stat 1.6303 1.4021 1.9920 1.0781 1.3983 1.9651 2.2009 3.1258 3.0098 3.3151 0.8278
Alpha 0.0002 -0.0016 0.0005 -0.0030 -0.0028 -0.0004 -0.0013 0.0018 0.0008 0.0024 0.0021
Alpha t-stat 0.1437 -1.3209 0.2494 -2.2733 -1.8885 -0.3182 -1.3942 2.1855 0.8223 1.8001 1.0516
Avg Size ($min)  2,244.49  3,148.35  3,430.40  3,819.16  4,384.29  5,388.05  6,861.29 8,732.45 9,644.39 5,331.77
Eff. Spread 0.0023 0.0016 0.0015 0.0015 0.0021 0.0012 0.0012 0.0011 0.0016 0.0032
Base
Low 2 3 4 5 6 7 8 9 High H-L
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Table 2 continued from previous page

Return 0.0020 0.0060 0.0078 0.0106 0.0075 0.0066 0.0084 0.0077 0.0093 0.0082 0.0063
Return t-stat 0.4209 1.2822 1.7549 2.3036 1.8174 1.5181 2.1131 2.3978 2.9117 2.9097 1.8084
Alpha -0.0039 -0.0014 0.0008 0.0012 -0.0008 -0.0024 0.0003 -0.0008 0.0002 0.0010 0.0049
Alpha t-stat -1.7580 -0.8761 0.6350 0.7674 -0.7599 -1.8619 0.2228 -1.0675 0.1828 0.7173 1.6850
Avg Size ($mln)  1,156.20  2,054.62  2,535.11  3,027.61  3,722.53  4,898.52 6,624.22 9,373.95 12,205.22 7,388.22
Eff. Spread 0.0044 0.0027 0.0023 0.0016 0.0014 0.0013 0.0013 0.0011 0.0012 0.0019
Panel B. g>10%
Attention
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0058 0.0081 0.0061 0.0053 0.0069 0.0078 0.0085 0.0089 0.0090 0.0096 0.0038
Return t-stat 1.3629 1.8618 1.3440 1.2046 1.6451 2.0052 2.4715 2.8381 2.8237 3.4522 1.4865
Alpha -0.0008 0.0003 -0.0027 -0.0025 -0.0019 -0.0007 0.0001 0.0010 0.0004 0.0023 0.0031
Alpha t-stat -0.6200 0.1645 -2.0417 -2.1396 -1.4081 -0.5781 0.1604 1.0594 0.3898 2.3152 1.8528
Avg Size ($mln) 4,557.27 5,272.07 5,435.67 5,872.06 6,495.55 7,561.96 9,445.85 11,338.26 14,183.75 14,289.04
Eff. Spread 0.0016 0.0014 0.0013 0.0014 0.0019 0.0012 0.0011 0.0011 0.0011 0.0014
Base
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0031 0.0066 0.0101 0.0079 0.0077 0.0070 0.0077 0.0081 0.0089 0.0092 0.0061
Return t-stat 0.6679 1.5241 2.2779 1.7169 1.7525 1.7899 2.1677 2.5406 2.7606 3.4168 1.9151
Alpha -0.0035 -0.0008 0.0021 -0.0007 -0.0013 -0.0010 -0.0008 -0.0001 0.0000 0.0017 0.0051
Alpha t-stat -1.7441 -0.6345 1.4460 -0.4660 -1.0746 -0.8084 -0.8463 -0.1074 -0.0510 1.5881 2.1184
Avg Size ($mln) 2,749.60 3,746.66 4,231.32 5,005.93 5,827.22 7,125.34 9,044.02 12,193.82 16,521.67 18,008.33
Eff. Spread 0.0028 0.0019 0.0020 0.0013 0.0013 0.0013 0.0011 0.0010 0.0012 0.0010
Panel C. g>20%
Attention
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0062 0.0079 0.0067 0.0044 0.0076 0.0079 0.0084 0.0089 0.0089 0.0098 0.0036
Return t-stat 1.4911 1.7869 1.4648 1.0040 1.8773 2.0838 2.6395 2.7824 2.8157 3.5496 1.3995
Alpha -0.0003 -0.0007 -0.0018 -0.0036 -0.0009 -0.0010 0.0006 0.0008 0.0003 0.0025 0.0028
Alpha t-stat -0.2636 -0.3741 -1.3160 -2.5438 -0.6941 -0.8818 0.7409 0.8725 0.2845 2.5177 1.6652
Avg Size ($mln) 6,334.18 6,965.16 6,966.71 7,487.46 8,350.49 9,596.02 11,550.64 13,712.75 16,749.51 17,376.31
Eff. Spread 0.0015 0.0013 0.0012 0.0018 0.0014 0.0011 0.0010 0.0010 0.0014 0.0012
Base
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0051 0.0072 0.0092 0.0066 0.0082 0.0074 0.0067 0.0090 0.0087 0.0097 0.0046
Return t-stat 1.0516 1.8072 1.9207 1.4650 1.9468 2.0059 1.9227 2.7920 2.6842 3.6806 1.3687
Alpha -0.0016 -0.0002 0.0004 -0.0019 -0.0002 -0.0006 -0.0016 0.0006 -0.0002 0.0023 0.0039
Alpha t-stat -0.8204 -0.1458 0.2871 -1.5984 -0.1680 -0.5148 -1.6559 0.7599 -0.2868 2.0305 1.6140
Avg Size ($mln) 4,220.60 5,310.87 5,820.29 6,775.24 7,558.80 9,246.53 11,268.11 14,569.20 19,088.96 21,235.74
Eff. Spread 0.0023 0.0021 0.0013 0.0012 0.0011 0.0012 0.0011 0.0012 0.0009 0.0010
Panel D. Russell 3000 Stocks
Attention
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0055 0.0088 0.0062 0.0049 0.0061 0.0080 0.0081 0.0092 0.0087 0.0101 0.0046
Return t-stat 1.2267 2.0368 1.3497 1.0884 1.4590 2.0408 2.3368 2.9108 2.6966 3.5929 1.5760
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Table 2 continued from previous page

Alpha -0.0011 0.0007 -0.0023 -0.0032 -0.0025 -0.0004 -0.0006 0.0014 0.0000 0.0026 0.0038
Alpha t-stat -0.7683 0.4119 -1.9236 -2.2248 -1.9623 -0.3239 -0.6042 1.4333 -0.0454 2.4926 1.9575
Avg Size ($mln) 3,635.25 4,450.01 4,630.47 4,982.73 5,604.76 6,609.07 8,417.97 10,207.08 13,039.84 11,847.36
Eff. Spread 0.0017 0.0015 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0010 0.0014
Base
Low 2 3 4 5 6 7 8 9 High H-L
Return 0.0026 0.0066 0.0102 0.0086 0.0073 0.0066 0.0082 0.0074 0.0087 0.0092 0.0066
Return t-stat 0.5590 1.5204 2.2198 1.8355 1.6655 1.6610 2.2196 2.3000 2.7053 3.4115 2.0425
Alpha -0.0041 -0.0006 0.0017 0.0001 -0.0014 -0.0016 0.0000 -0.0011 -0.0002 0.0015 0.0056
Alpha t-stat -2.2068 -0.4871 1.1335 0.0455 -1.0787 -1.4249 0.0119 -1.5155 -0.2208 1.4092 2.4033

Avg Size ($mln) 2,024.99 3,092.91 3,475.42 4,225.46 4,905.21 6,115.03 7,983.04 11,089.78 15,357.77 15,156.44
Eff. Spread 0.0028 0.0018 0.0016 0.0014 0.0013 0.0012 0.0011 0.0010 0.0010 0.0011

To shed further light on extreme portfolio performances identified by Attention model,
Figure 6 presents cumulative returns of High vs Low portfolios of Table 2 for the whole OOS
period, 01-2005 to 12-2020 using the two most liquid cross-section of stocks’ specifications:
q > 20%, removing the bottom 20% smallest stocks by NYSE market cap breakpoints, and
Russell 3000 Stocks, the largest 3000 stocks which are components of Russell 3000 index. For
expositional purposes, we entertain the same investment strategy of investing USD$100 in
the beginning of 01-2005 and holding it through the end of 12-2020. As expected, regardless
of the cross-section of stocks, High portfolio significantly outperforms Low portfolio, and the
original investment appreciates almost 6 times. High portfolio consists of stocks with the
highest long positions in our SDF, while Low portfolio - with the smallest, short positions.
An important insight is that the directions, long vs short, are correct, as the short position
significantly underperforms compared to the long position. Finally, unlike in Figure 2, the top

Long only holdings of ¢ > 20% portfolio substantially outperform all passive market indexes.

As the last robustness check, we examine the portfolio, SDF, weights distribution for both
models reported in Table 3 below. As before, we report two sets of results, for Attention
and Base models, and for the same cross-section of stocks as in Table 2, all stocks, Panel
A, removing the bottom 10% and 20% by market capitalization stocks, Panels B and C
respectively, and cross-section of Russell 3000 components, Panel D. The portfolio weights

are reported in percentages.
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Panel A. All Stocks
Mean Std.Dev.  Min 5% 10% 25%  Median  75% 90% 95% Max

Attention 0.0093  0.0418 -0.1230 -0.0434 -0.0304 -0.0121 0.0035 0.0227 0.0525 0.0842 0.2648
Base 0.0088 0.0395 -0.1625 -0.0492 -0.0320 -0.0101 0.0067 0.0247 0.0492 0.0748 0.2238

Panel B. q>10%
Mean Std.Dev. Min 5% 10% 25%  Median  75% 90% 95% Max

Attention 0.0109  0.0612  -0.2263 -0.0817 -0.0573 -0.0227 0.0077 0.0420 0.0811 0.1101 0.3889
Base 0.0161 0.0571 -0.2627 -0.0796 -0.0511 -0.0138 0.0172 0.0491 0.0809 0.1034 0.3003

Panel C. g>20%
Mean Std.Dev. Min 5% 10% 25%  Median  75% 90% 95% Max

Attention 0.0163  0.0756  -0.2758 -0.0994 -0.0694 -0.0262 0.0129 0.0567 0.1045 0.1389 0.4660
Base 0.0263 0.0685 -0.3030 -0.0885 -0.0548 -0.0109 0.0278 0.0673 0.1054 0.1313 0.3503

Panel D. Russell 3000 Stocks
Mean Std.Dev.  Min 5% 10% 25%  Median  75% 90% 95% Max

Attention 0.0090 0.0549  -0.1967 -0.0726 -0.0511 -0.0207 0.0056 0.0355 0.0711 0.0987 0.3366
Base 0.0124  0.0520 -0.2333 -0.0731 -0.0476 -0.0142 0.0128 0.0409 0.0703 0.0921 0.2689

Notes: The table reports SDF weights, in percentages, for two model specifications: attention guided deep learning model, denoted
Attention, and the base model, without asset attention, denoted Base. The reported statistics are for OOS, 01-2005 to 12-2020.

Table 3: SDF portfolio weights distribution

The first observation is that the individual stock weights are very small, and the means are
similar across the two models for all stocks, Panel A, 0.0093% and 0.0088% for Attention and
Base respectively. The extreme, min (max), positions are very similar -0.12% (0.26%) and
-0.16% (0.22%) for Attention and Base respectively. Base model however is more concentrated
with median weights being much higher, and this difference only increases with the size of
the cross-section. For example the median weight for the cross-section of Russell 3000 stocks,
Panel D, for Base, 0.0128%, almost twice exceeds that of Attention, 0.0056%, i.e., Attention

model provides more diversification to investors.

Considering all the results and discussions above, and the limitations of Base model to

avoid limits-to-arbitrage criticism, in the rest of our analysis we focus on Attention model.
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Notes: The figure present cumulative value-weighted returns of High vs Low portfolio deciles, where
portfolios are formed based on individual stocks’ Attention model SDF weights. Attention model is specified
for the most liquid stocks: ¢ > 20%, removing the bottom 20% smallest stocks by NYSE market cap
breakpoints, and Russell 3000 Stocks, the largest 3000 stocks which are components of Russell 3000 index.
The details of portfolio constructions and the average summary statistics are presented and described in
Table 2, Panels C and D respectively.

Figure 6: Cumulative, OOS Value-Weighted Returns of High vs Low portfolio deciles, where
portfolios are formed based on individual stocks’ Attention model SDF weights.

4.4 Trading Costs and Turnover

As noted by Avramov et al. (2021), most of SDF factors constructed in the literature using
ML comes with extreme turnovers, which under reasonable trading costs makes the candidate

SDF portfolios practically not implementable.

We estimate turnover on the SDF portfolio level using the methodology outlined in Chen

et al. (2020):
T

1
T Z Z (14 Rpg1) wigrr — (1 + Ripgr) wiy
t=1 \ i

where w;; is the weight of a stock ¢ in the portfolio at time ¢, and Rpyy1 = >, Ri 41wy s

the corresponding portfolio return. Long and short positions are calculated separately, and
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All Stocks q>10% q>20% Russell 3000 Stocks

Turnover All 0.348 0.360 0.352 0.360
Turnover Long 0.227 0.221 0.220 0.223
Turnover Short 0.121 0.139 0.132 0.137

Eff. Spreads All 0.0115 0.0033 0.0025 0.0043

Eff. Spread Long 0.0111 0.0032 0.0024 0.0040

Eff. Spread Short 0.0120 0.0035 0.0026 0.0046
Avg Size Long ($mln) 7,070.83 10,981.45 13,132.47 9,756.96
Avg Size Short ($mln) 3,345.91 5,472.13  7,103.02 4,633.49

Notes: The table presents summary statistics of trading costs and turnover for O0S, 01-2005 to
12-2020, SDF portfolio constructed with Attention model for different cross-sections of stocks. The
main statistics are the average portfolio turnover and volume weighted relative effective bid-ask
spreads obtained from high frequency trade and quote, TAQ, data.

Table 4: Trading Costs Analysis for OOS SDF Performance

the portfolio weights are normalized to ||w,||, = 1. To avoid double-counting, we divide the

turnover by 2.1°

Table 4 presents the results for all stocks, the sub-sample after removing the bottom 10%

or 20% by market cap, and separately for Russell 3000 stocks.

The first row of the table report average monthly portfolio turnover, Turnover All, across
long and short positions. Regardless the cross-section of stocks, the turnover is low, and
ranges between 35% to 36%. Turnover of the Long position is slightly higher, 22%, then
turnover of the Short position, ranging between 12% to 14%. These are the lowest turnovers

observed for the tradable SDF (see Avramov et al. (2021) for review).

We next examine directly the average trading costs of stocks included into the portfolio.
We measure trading costs by the average dollar volume weighted relative effective spreads
obtained from high frequency intra-day trading data, TAQ, available on WRDS. More
specifically, for each stock in a portfolio we first compute the average dollar volume weighted
relative effective spreads per day, and than average it across all days in the month for OOS

period 01-2005 to 12-2020. To estimate the average Effective Spread on a portfolio level, we

WFollowing Koijen et al. (2018) and Freyberger et al. (2020), we also recompute turnover as Turnover ; =
% > |w,L1 (1 + r,’g) — w!|, and obtain similar results
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use the individual stock’s portfolio weights in the estimated SDF.

The first column reports average effective spreads for all stocks in the portfolio. Similar
to conclusions of Avramov et al. (2021) we also find that on average the stocks are quite
illiquid as the average portfolio Effective Spread is 1.55%. The stocks associated with the
Long position on average are more illiquid, Eff. Spread of 1.01%, than the stocks in the Short
position with the average spread of 54 bps. The average size in the Long position is $ 7bln,

and $ 3.3 bln in the Short position.

The results in the next three columns for ¢ > 10%, ¢ > 20% and Russell 3000 index
constituents look quite different. Here, the average effective spreads on a portfolio level are 39
bps, 28 bps, and 53 bps respectively which are associated with quite liquid and easy to trade
stocks. The spreads of the Long position on average are higher, 24 bps, 18 bps, and 32 bps
respectively, than the spreads of the Short position, 15 bps, 11 bps, and 21 bps respectively.
Both positions however use the most liquid stocks with quite large market caps reported in

the last two rows.

Therefore, our tradable SDF specification is robust even to the most strict examination

of trading costs.

4.5 Market Regimes

An important part of a portfolio performance analysis is the sensitivity to different market
regimes. As Avramov et al. (2021) fairly note, the abnormal performance of most ML models
tend to be generated during market conditions characterized by high volatility and illiquidity,
i.e. the low price efficiency regimes. These regimes are also characterized by higher trading
costs and higher arbitrage risks which prevents the most efficient asset allocation on the
portfolio level. Moreover, our approach to SDF construction is intended to identify the
systematic risks, the risks which are easier identifiable in the high price efficiency regimes.

Therefore, our hypothesis here is that the SDF performance should be better during low
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Notes: The figure present annualized OOS Sharpe Ratios by the market regimes conditioned on High vs Low
Volatility or Iliquidity for all stocks, as well as for more liquid stocks:¢ > 10% and ¢ > 20%, after removing
the bottom 10% or 20% smallest stocks by NYSE market cap breakpoints.

Figure 7: OOS Sharpe Ratios by High vs Low Volatility /Illiquidity Market Regimes .

market volatility and illiquidity regimes, i.e. the market conditions where risk premiums have

positive realizations.

For 00S, 01-2005 to 12-2020, we identify Low (High) volatility or illiquidity regimes when
the median value of VIX or Illiquidity, measured by bottom-up aggregated average Effective
bid-ask spread, computed on a stock level earlier, is higher (lower) than its sample median
value. Therefore, while the SDF performance is out-of-sample, the regime identification here

is ex-post, similar to Avramov et al. (2021).
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Figure 7 presents bar charts comparing annualized OOS Sharpe Ratios of High vs Low
Volatility and Illiquidity regimes for all stocks, as well as for more liquid stocks: ¢ > 10%
and g > 20%, after removing the bottom 10% or 20% smallest stocks by NYSE market cap
breakpoints. Regardless the cross-section, the Sharpe ratios during low volatility or illiquidity
regimes are always almost twice higher. These are the market states with the highest price
efficiency and when the arbitrageurs are the least financially constrained. Therefore the
opportunities identified by Attention model are practically exploitable, and SDF is realistic

from the investment viewpoint.

Table 5 presents the detailed numerical results for the high volatility /illiquidity regimes
in Panel A, and for the low volatility /illiquidity regimes in Panel B. The structure of the
table is similar to Table 1 above, except we drop the cross-section of Russell 3000, as the

results for the sub-sample of ¢ > 20% are more conservative.

The biggest difference from other existing ML models in the literature is that the best
performance of SDF portfolio is observed during Low, Panel B, volatility and illiquidity
regimes. Here, in Low volatility regimes, an annualized Sharpe ratio is 4.55 for All Stocks, or
2.24 and 2.26 for ¢ > 10% and ¢ > 20% respectively. The corresponding Sharpe ratios are

almost half of the magnitudes in High volatility regimes, 2.117, 0.868 and 0.532 respectively.

Besides Sharpe ratios, portfolio FF6 risk adjusted alphas are notable as well. First, for the
high volatility regime, Panel A, for the most liquid cross-section, ¢ > 20%, the monthly alpha
is 32 bps (t=2.97), which is similar to the raw excess return of 31 bps. It implies that FF6
factors do not span SDF during these times. Similar conclusions about FF6 factor efficiency
for a representative SDF are also discussed by Kozak et al. (2020), Kelly et al. (2019), Chen
et al. (2020).

During low volatility regime, FF6 alphas are substantially smaller than raw returns but
yet economically meaningful. For example, for the most liquid cross-section, ¢ > 20%, the

monthly alpha is 18 bps (t=2.35), which is almost three times smaller than the mean portfolio
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return of 60 bps. Here, FF6 factors play bigger role in spanning SDF, yet they are not enough

to fully represent it. The results are qualitatively similar for High vs Low Illiquidity regimes.

Similar to Table 4, Table 6 presents trading costs analysis of portfolios under different
regimes of Table 5. Unlike Table 4, here we cannot estimate turnovers due to the sample
split between High and Low regimes. The important message of Table 6 is that regardless of
High or Low Volatility /Illiquidity regimes, SDF portfolio continues using stocks with very

similar illiquidity, i.e. trading costs, and market capitalizations.

Overall, we conclude that SDF performance is not driven by the hard-to-arbitrage market
states, and the best performance is obtained during the regimes of higher price efficiency, low

volatility and illiquidity regimes.

4.6 Which Covariates Get More Attention?

Which firm characteristics, on average, contribute the most to SDF identification? We use
the saliency map technique from Simonyan et al. (2013) that attributes feature importance
for a single prediction by taking the absolute value of the partial derivative of the output
with respect to the input features. The absolute value of the gradient points to input features
that can be perturbed the least in order for the target output to change the most: the higher
it is for a variable, the more it plays a role in the forecast. By producing the saliency map for
all assets over the whole training sample, we can rank what features are the most important

based on the overall importance-score S(x) computed for each feature.

More specifically, given the i-th x;; € RP observed at time ¢, the sensitivity (the

importance) S(x;;) € RP of the D’s features can be estimated with eq.13.

S(xes) = %’:vi) (13) S(x) = pool (Z Z_: S(xt,i)> (14)

where t is an O0OS month, T is the number of OOS months, 192, and N is the number of

stocks available at time ¢.
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Panel A. High Volatility /Illiquidity Regime
| All Stocks q>10% q>20% All Stocks q>10% q>20%
\ High Volatility High Illiquidity

Return 0.0092 0.0044 0.0031 0.0098 0.0047 0.0039
Std.Dev. 0.0150 0.0174 0.0201 0.0153 0.0178 0.0205
Alpha 0.0082 0.0043 0.0032 0.0083 0.0037 0.0028

Alpha t-stat 6.318 3.948 2.974 5.584 2.717 2.025
Sharpe 2.117 0.868 0.532 2.224 0.921 0.654
InfRatio 1.934 1.003 0.748 1.942 0.854 0.637
Max 1M Loss -0.032 -0.051 -0.058 -0.032 -0.051 -0.058

Panel B. Low Volatility /Illiquidity Regime
| All Stocks q>10% q>20% All Stocks q>10% q>20%
‘ Low Volatility Low Illiquidity

Return 0.0106 0.0056 0.0060 0.0099 0.0052 0.0052
Std.Dev. 0.0080 0.0087  0.0092 0.0076 0.0079 0.0084
Alpha 0.0070 0.0023 0.0018 0.0075 0.0022 0.0017

Alpha t-stat 7.825 2.873 2.346 11.108 2.803 2.033
Sharpe 4.550 2.239 2.264 4.531 2.295 2.165
InfRatio 3.594 1.113 0.843 3.928 1.182 0.907
Max 1M Loss -0.011 -0.017 -0.019 -0.011 -0.016 -0.017

Notes: The table presents summary statistics for O0S, 01-2005 to 12-2020, Attention model SDF
performance for the cross-sections of All Stocks, and after removing the bottom 10% or 20% of smallest
stocks based on NYSE market capitalization’s breakpoints. High (Low) volatility or illiquidity regime
is determined when the value of VIX or Illiquidity, respectively, is above (below) its median sample
value. The statistics are average monthly portfolio returns and standard deviations, monthly portfolio
alpha, Alpha, after FF6 factors risk adjustment, and its robust for autocorrelation and heteroscedastic-
ity t-statistics, annualized Sharpe and Information ratios, followed by maximum draw-down, MaxDD,
and maximum 1-month portfolio loss.

Table 5: SDF Performance in High vs Low Market Volatility /Illiquidity regimes

The overall ranking can be computed from eq. 14 where pool is a pooling function. We
consider the median to pool all importance-scores assigned to the feature across all training

samples.

We compute the saliency map for all predictions made by Attention model, over the total
0O0S evaluation periods of 192 months, aggregate the result using the median and present
the normalized importance for firm-specific features described in Appendix A, A.1. Note

that while an individual feature importance can vary from month to month, we report its
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Panel A. High Volatility /Illiquidity Regime
| All Stocks q>10% q>20% All Stocks q>10% q>20%

High Volatility High Illiquidity
Eff. Spreads All 0.0130 0.0036 0.0025 0.0128 0.0034 0.0024
Eff. Spread Long 0.0118 0.0033 0.0024 0.0116 0.0031 0.0022
Eff. Spread Short 0.0146 0.0040 0.0028 0.0143 0.0038 0.0027

Avg Size Long ($mln) 6,639.26 10,083.87 12,082.02 7,377.65 11,039.78 13,134.43
Avg Size Short ($mln) 2,992.19 5,052.31  6,606.73 3,077.36 5,088.76  6,652.82

Panel B. Low Volatility /Illiquidity Regime
‘ All Stocks q>10% q>20% All Stocks q>10% q>20%

‘ Low Volatility Low Illiquidity
Eff. Spreads All 0.0099 0.0030 0.0025 0.0102 0.0032 0.0026
Eff. Spread Long 0.0103 0.0030 0.0025 0.0105 0.0032 0.0026
Eff. Spread Short 0.0093 0.0030 0.0024 0.0096 0.0032 0.0026

Avg Size Long ($mln) | 7,502.40  11,879.03 14,182.93 | 6,764.01  10,923.12 13,130.52
Avg Size Short ($mln) | 3,699.64  5.801.95 7,599.31 | 3,614.46 585549  7,553.22

Notes: The table reports average trading costs of SDF portfolio for OOS, 01-2005 to 12-2020, Attention model
for the cross-sections of All Stocks, and after removing the bottom 10% or 20% of smallest stocks based on NYSE
market capitalization’s breakpoints. High (Low) volatility or illiquidity regime is determined when the value of
VIX or llliquidity, respectively, is above (below) its median sample value. Eff. Spreads are relative dollar-volume
weighted effective bid-ask spreads estimated using intraday trades and quotes data, TAQ. They are first computed
daily and then aggregated monthly on the stock level. Then, using stock’s portfolio weights, these estimates are
computed on the portfolio level.

Table 6: Trading Costs Analysis of SDF Portfolio in Various Market Regimes.

aggregated rank across all test samples to demonstrate its persistence.

Figure 8 presents the ranking score results, where all ranks are normalized to add up to 1

for the cross-section of All Stocks.'!

First, among firm-specific characteristics, panel (a) , short term reversals (momlret) are
always ranked as the top feature. This very similar to the results of Gu et al. (2021), who
also find that momlret is always ranked as one of the top features across all 5 factors in their
autoencoder model. However, the short-term reversals measured by momlret do not always
imply reversals. Medhat and Schmeling (2022) find a short-term momentum for stocks with

high trading volume and high momlret, while reversals are observed for only thinly traded

11We present the ranking for all stocks as they are similar across all other cross-sections.
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stocks and high momlret. This short-term momentum is as profitable and as persistent as
conventional price momentum (Medhat and Schmeling (2022)). Given this perspective, it is

not surprising that ML methods identify this variable as an important predictor.

It further followed by the volatility of liquidity variable - standard deviation of shares
turnover (std turn) and then by industry adjusted cash flow to price ratio (¢fp_ia) and
industry sales concentration (herf). The latter is interesting, since the variables related to
the firm cash flows are not often ranked as highly. Normally, momentum related variables
(mom6m, mom12m) or volatility and market betas are ranked at the top (Gu et al. (2020,
2021); Kelly et al. (2019). In our analysis, these characteristics are ranked below top 20,
except mazret, maximum daily return for the month, which is, similar to momlret, related

to subsequent reversals.

The top characteristics that our model identifies are heavily dominated by firms’ funda-
mentals: earnings announcement returns (ear), industry adjusted percentage change in capex
(pchcapx _ai), Piotrosky financial statements score (ps) and Mohanram financial statement
score (ms), R&D to market capitalization ratio (rd _mve), return on assets (roaq). These
variables further followed by other important fundamentals: asset growth (agr), book-to-
market (bm), change in tax expenses (chtx), percent accruals (pctacc), or abnormal earnings
announcement volume (aeavol). Trading activity variables, dollar volume or turnover, are
also ranked in the top 20, but their combined share is substantially smaller than those of

firm fundamental variables.

Another interesting observation is that idiosyncratic volatility (idiovol), which is often
identified as the main predictor of stock returns (Ang et al. (2006)) is ranked at the bottom.
The recent explanation of idiosyncratic volatility puzzle is that it is not the risk but rather
market sentiment and limits-to-arbitrage that explain the predictability (Stambaugh et al.

(2012)). Confirming this evidence, our model ranks idiovol at the bottom of importance.

Overall, our SDF captures information related to firms’ fundamentals and accounting bal-
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ance sheet variables. This further supports our statement that our SDF represent fundamental,

cash flow related systematic factors.

Macro-economic variables’ importance is presented separately in Figure 8, panel (b).
Betting against Beta, BAB, factor (Frazzini and Pedersen (2014)) is at the top of macro-
features’ importance, followed by S&P500 index, and then followed by a long term rate of
returns (Itr), and TED spreads. The variables related to market wide liquidity, amihud
and cs_baspread are not ranked as high. However, BAB and TED spread are commonly
used measures of funding liquidity. Therefore, on the market-wide level, funding liquidity

conditions are of the first order of importance (Brunnermeier and Pedersen (2009)).

Figure 9 presents the variable importance for all, firm-specific and macro-features together.
The top firm specific variables dominate macro-variables in their relative importance. However,
BAB is still in the top 10 predictors after controlling for firm specific predictors. S&P500 just
falls shortly into 11th importance rank. Most of other macro-variables, except TED spread
and Amihud’s illiquidity, are at the bottom of importance. Thus, not all macro-variables are

equally important after firm specific characteristics.

4.7 The Incremental Importance of Macro-economic Variables

To understand the incremental importance of macro-economic variables, we re-estimate
Attention model without macro-features and compare the portfolio performance summary
statistics to those reported in Table 1. Table 7 below presents the results and Figure 10 plots
0OO0S Sharpe ratios obtained with Attention model using macro and without macro-variables.
First, as can be seen from Figure 10, macro-variables substantially improve Sharpe ratios
across all cross-section of stocks. Therefore, incremental predictions obtained with BAB and

other macro-factors are quite important.

The numerical results in Table 7 provide more detailed differences. The magnitudes

of Sharpe ratios on average 0.30 lower compared to those reported in Table 1, which is
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‘ All Stocks ‘ q>10% ‘ q>20% ‘ Russell 3000 Stocks

Return 0.0080 0.0036 0.0033 0.0043
Std.Dev. 0.0111 0.0143 0.0165 0.0140
Alpha 0.0069 0.0018 0.0010 0.0028

t-stat 8.001 2.043 1.118 3.196

Sharpe 2.494 0.866 0.700 1.067
InfRatio 2.491 0.575 0.315 0.894
MaxDD 0.071 0.141 0.204 0.131

Max 1M Loss -0.050 -0.076 -0.097 -0.068

Notes: The table reports SDF performance summary statistics for Attention model,
similar to those reported in Table 1, for the model estimated without inclusion macro-
variables.

Table 7: Attention model, no macro-variables

economically meaningful. Maximum draw-downs and 1-month losses are also higher in

Table 7, while alphas are on average 20bps lower.

The macro-features have the highest impact on the portfolio performance constructed
with only large stocks, ¢ > 20%. The annualized Sharpe ratio here is only 0.7, which is very
close to the Sharpe ratio of S&P500 for the same period, 0.56, and the portfolio Alpha is
statistically insignificant. Therefore, withholding macro-economic information from portfolio
optimization aimed on holding only large stocks makes almost no difference from passively

holding S&P500 index. Maximum draw-down of 20.4% makes this strategy extremely risky.

We conclude that, besides stock specific characteristics, inclusion of macro-economic

information into portfolio optimization is crucial.

5 Attention and Turnover

5.1 Turnover

What do we pay attention to and how it affects turnover? DeMiguel et al. (2020) suggest

that incorporating more characteristics is better and leads to lower turnover on the portfolio
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level as required trades on multiple characteristics for the same underlying stock can cancel
each other out. We do not directly control for the turnover in our optimization, we only "pay

attention" to multiple characteristics.

The direct test of the theory’s implications is a test of whether "paying attention" to fewer
characteristics results in higher turnover. Here we run the following experiment. Instead of
using all 94 stock characteristics for each stock-month as before, we only use 20 characteristics.
We also use forward looking information and pre-select top and bottom 20 characteristics
for the variable importance ranking, Figure 8, panel (a). Here, using the forward, ex-post
information is not an issue as we want to understand the following: (i) whether reducing
the number of characteristics leads to an increase in turnover; (ii) whether the quality, or
informativeness (top 20 vs. bottom 20) of smaller set of characteristics makes a difference for

an increase in turnover.

Table 8 presents two sets of results using top 20 characteristics, the first column, and
bottom 20 characteristics, the second column. Here, to compare the results to the base
case with all characteristics for all stocks, Table 1 - the first column, we also report the
portfolio performance statistics. One important observation is that decreasing the number
of features leads to a significant drop in the performance. The annualized Sharpe ratio of
2.83 which uses all data drops to 0.81 and 0.66 when we use top and bottom 20 features
respectively. Therefore the big data approach for portfolio construction really matters and
extra information of the whole set of 94 characteristics makes significant difference for ex-post

performance.

Further, for smaller set of predictors, the quality of predictors matters. Top 20 features
and macro-variables lead to higher Sharpe ratio compared to the similar optimization using
bottom 20 features. Moreover the Sharpe ratio of the latter, 0.66, is very close to the market
Sharpe ratio for the similar period, 0.56. Its portfolio Alpha of 38 bps per month is only

marginally significant, t=2.35, while the Alpha of top-20 feature portfolio is 0.77, and highly
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significant, t=5.299. Note that the latter is very close to the base-line model’s Alpha of 0.88
bps per month. Therefore, an investor who does not use big data in portfolio construction,
or who does not know ex-ante the optimal set of best predictors, is better off just investing

in a passive market index portfolio.

The turnover statistics reported below portfolio performance statistics provide a direct
evidence to out testable hypotheses. Here, we compare these turnovers to those of base-line
model reported in the first column of Table 4, where the overall portfolio turnover is 0.348,
with turnovers on the Long and Short positions of 0.227 and 0.121 respectively. For both,
top and bottom 20 features, turnovers increase significantly, with overall portfolio turnover is

slightly smaller, 0.424, for top 20 features, compared to 0.438 for bottom 20 features.

To make an exposition easier, the last three rows present the percentage increase in
turnover compared to the base-line model. For the top 20 features the overall, Turnover All
increases by 22% versus 26% increase for the bottom 20 features. More importantly, the
highest turnover increase is observed on the short positions, 40% and 48% for top and bottom
features respectively, where the limits-to-arbitrage are the highest. The turnover on the long

position increases less, 12% and 14% for the top and bottom features respectively.

Overall, two important conclusions emerge. First, the number of characteristics matters
for portfolio turnover, and fewer characteristics lead to significantly higher turnover (DeMiguel
et al. (2020)). Second, the quality or the relative importance of characteristics matters, and,
everything else equal, more important characteristics do lead to lower portfolio level turnover.
Since ex-ante an investor does not know which characteristics can be important from one
month to another, then "paying attention" to large set of all available characteristics is the

way to reduce the overall portfolio level turnover.

44



All Stocks
TOP 20 Features Bottom 20 Features

Return 0.00647 0.00573
Std.Dev 0.02769 0.03025
Alpha 0.00769 0.00376
t-stat 5.299 2.348
Sharpe 0.809 0.656
InfRatio 0.291 0.141
MaxDD 0.481 0.484
Max 1 M Loss -0.250 -0.129
Turnover All 0.424 0.438
Turnover Long 0.254 0.259
Turnover Short 0.169 0.179
Turnover All % increase 22% 26%
Turnover Long % increase 12% 14%
Turnover Short % increase 40% 48%

Notes: The table reports SDF performance summary statistics for Attention model,
similar to those reported in Table 1, first column, All Stocks, for the model esti-
mated using only top 20 or bottom 20 stock-specific characteristics. The relative
feature-characteristics importance and rankings are determined ex-post. The table
also report summary of portfolio turnovers and their percentage increases compared
to the base-line model reported in the first column of Table 4.

Table 8: Attention model, fewer stock characteristics/features (small data)
5.2 Attention

Our main innovation is to show that machine Attention is a viable instrument which allows to
decrease the noise of financial data, establish persistent causalities and improve performance of
deep learning models from being not really relevant from real investment perspective (Avramov
et al. (2021)) to been fully tradable and implementable/scalable portfolio management
strategies. All our results so far point to enormous benefits of using machine Attention in

finance applications.

Here, we present the analysis of what the attention mechanism that we model is actually
"paying attention" to. To remind, each of five blocks in our deep learning model, Figure 1,
begins with multi-head attention layer, i.e. all the data input first goes through attention em-

bedding. Thus, after the model being trained, Attention pre-identifies the feature importance
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before all features go further into an optimization process of each block. Therefore, Attention
first helps optimization routing by decreasing the noise across multiple features, emphasizing
more persistent causalities/features, and, second, the optimization withing each block only
further refines the feature importance, pre-identified by attention layer, which should result

in better forecasts.

This is the closest analog from machine translations to a real life portfolio manager decision
making process. A portfolio manager would first be aware of multiple firm characteristics
which could potentially matter. However, her professional experiences taught her that only
a hand-full among them really makes a difference. Therefore, among the myriad of many
variables she only will be paying attention to what historically she has observed is more
important for the future portfolio performance. She then will use these data to make asset

allocation decisions.

Our modeling set up with Attention replicates this portfolio manager’s approach. The only
difference is that the portfolio manager has a pre-specified set of rules given her experiences,
and it will take her some time to analyze ex-post and introduce a new rule if there are

structural changes in the market data, i.e. changes in markets behaviour.

Machine Attention learns the rules from the market data and identifies the best rules

leading to better and consistent performance. It is very similar to what the portfolio manager
does with only two exceptions. First, machine Attention is not limited to a relatively small set
of variables/signals that human can physically analyze, but covers the whole universe of all
possible signals and interactions between them. This therefore enables machine Attention to
identify rules that human might not be aware of in real time. Second, it also makes machine
Attention to react faster to incorporate new rule into "decision making", optimization process,
while for a human it might take a few months or even years to collect enough of historical

data in order to establish statistical significance of new signals.

As an example, here we demonstrate two episodes of very different market conditions and

46



what Attention ex-ante identifies as important signals for portfolio construction. We use the

last OOS month of out sample, December 2020, i.e. the last time we refit the model in our
sample, as a low volatility market regime, and we compare it to September 2008, an outburst
of financial crisis, as an example of extreme volatility regime. We identify Attention feature

importance ex-ante for each month-episode, November 2020 and August 2008 respectively.

Before we proceed, we first briefly overview what Attention embedding is and what it
indicates in natural language processing. Attention embedding is a matrix where diagonal
elements represent the probability of a word representing itself, and off-diagonal elements
represent probabilities of other words in a sentence to describe the object in the sentence.
The magnitudes of the higher off-diagonal probabilities describe how closely the other words
are attributed to the objective word. Figure 11 provides an example from textual analysis.
After the model is trained on the sentence "The quick brown fox", the 4x4 Attention matrix
in the figure shows the diagonal elements with high probabilities, i.e. each word has very high
its own representation. What is important here is off-diagonal elements, where the object
of the sentence is "fox", and "quick" and "brown" are close characterizations of the "fox".
Projecting this example into our setting, Attention essentially allows to cluster characteristics
around the objectively important main characteristics. These main characteristics should

provide economic characterization of the fundamental factors.

The Attention feature importance is computed using eq. 14, except that for each element
D of Attention layer output we compute the absolute value of the gradient for each input
variable, and we do it D times to obtain DxD attention metrics. Instead of a simple, diagonal,
variable importance, here we report Attention matrices which show the importance of off-
diagonal interaction effects for each feature, i.e. similar to the column "fox" in the above

example.

Figure 12 and Figure 13 present attention matrices for 12/2020 and 09/2008 respectively,

with each figure having 5 sub-figures corresponding to the attention layer of each of 5 blocks.
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The block structure of the model, where each block corresponds to a fundamental factor,
also ranks the factors in the order of importance, from Block 1, the most important, to
Block 5, the last in the order of importance. The rankings of the factors and the factors
themselves can change from one month to another. The color scheme has standard importance
identifications with the darker purple colors indicating higher importance, and lighter orange

colors indicating low-to-no importance at all.

Consider first Figure 12, 12/2020. Panel (a) presents the results for the first block,
blockl, of the stack. The macro-economic variables get less attention in the first block,
as they all have mostly lighter colors and are grouped in the end of the ordering, the far
right corner of the matrix on the horizontal axis. The darker purple colors really appear for:
turnover, earnings announcement returns, Piotroski financial statement score and Quick ratio
(firm’s financial and liquidity scores), size, price delay, and reversals, momlret. Besides the
importance of these variables on their own, individually, for the first block, the interaction
effects of these variables with most of macro-variables is as important. This can be seen by
the darkness of vertical purple lines centered on each of this variables which is gradually
fading out from the bottom, where all macro-features are centered on the vertical axis, to
the top. Besides macro-variables, all of these variables are also importantly interact with
all firm-specific sales-based indicators, which are located just above macro-variables on the
vertical axis. Thus, the cross-feature interactions are as important signals as an individual

feature importance.

Panel (b) of Figure 12 presents feature importance for the block 2. It identifies a completely
different set of important variables. First, two macro-indicators become important: ltr and
dfr, long-term rate and default spread respectively. Second, a different set of firm specific
characteristics appears of the first order of importance: bm (book-to-market), divi (dividend
initiation), pchsale pchxsga (Percentage change in sales less percentage change in SG&A),
and saleinv (Sales to inventory ratio). The interaction effects are also different, and mostly

limited to the bottom 10 macro-economic indicators on the vertical axis.
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Block 3, panel (c), brings attention to again completely different set of variables. Similar to
block 1, it ignores macro-features. The firm-specific characteristics which are most important
for block 3 are: aeavol (Abnormal earnings announcement volume), age, cash, cashdebt (Cash
flow to debt), lev (leverage), mve ai (Industry-adjusted size), rd_mve (R&D to market
capitalization), rd sales (R&D to sales), sale cash (Sales to cash), and sp (Sales to price). As
far as cross- feature interaction importance is concerned, these variables are highly effectively
interact with all macro-features, and just a hand-full of firm-specific characteristics located

just above macro-indicators on the vertical axis.

Unlike other blocks, Block 4, panel (d), gives a lot of importance to macro-indicators
of market-wide volatility and illiquidity: svar macro (market variance), VIX and Amihud
illiquidity. Among stock-specific features, leverage appears to be important again, lev, together
with the new features: cfp (Cash flow to price ratio), pchsale pchrect (Percentage change
in sales less percentage change in A/R), stdef (Cash flow volatility), and tb (Tax income to

book income).

Finally, block 5, panel (e), stands apart from all other blocks, since only one sock-specific

variable is important here: momlm.

To summarize, each block identifies different signals from different variables. Upstream
blocks highlight the most important factors and downstream blocks the rest of factors which
follow in order of importance. For 12/2020 predictions, the last time we re-train the model,
the factor importance can be summarized as follows, from high, 1, to low, 5: 1. trading
activity and financial, firm level liquidity; 2. value characteristics; 3. cash flows; 4. macro-
and cash flow volatility; 5. short-term momentum and reversals. Note that the first three

factors have a close link with Size, Value and Profitability Fama-French factors respectively.

Figure 13 provides a completely different variable importance representation for 09,/2008,
the beginning of financial crisis. Unlike for 12/2020, Block 1 Attention is mostly focused on

individual feature importance of the macro-variables: dfr (Default Return Spread), infl (CPI
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inflation) , spvw (S&P 500 Index Returns), and bab (betting-against beta, funding liquidity
proxy), and they have important significant inter-action effects with all other macro-variables.
Among stock-specific features, only one, std turn (Volatility of liquidity (share turnover)),
stands out. Thus the fist block is mostly macro factor which is unarguable of the first order

importance during inception of global crisis.

Block 2, panel (b), highlights only one stock-specific variable importance, momlm. In the
previous example, mom1lm was the fifth in the order of importance factor. It is easy to expect
that during market downturn, past stock returns are as important as global market-wide

factors.

Block 3, panel (c), pays attention to only few firm specific features: pchcapx ai (Industry
adjusted percentage change in capital expenditures), maxret (maximum daily return), and
chatoia (Industry-adjusted change in asset turnover). Thus, price jumps during past month,
maxret, as well as the ability to weather the storm, i.e. company specific capex expenditures

and assets turnarounds, are also unarguably important signals during the crisis.

Block 4, panel (d), brings up the importance of mostly two stock-specific characteristics:
absacc (Absolute Accruals) and realestate (Real estate holdings), and less so to salerec (Sales
to receivables). Identifying real estate holdings’ importance at the inception of the crisis

caused by the real estate bubble cannot be interpreted as coincidental.

Finally, Block 5 portrays the importance of the fallowing stock-specific features: stdacc
(Accrual volatility), sin (sin stocks), betasq (beta squared), chessho (Change in shares
outstanding). This set of variables is again completely different from everything above, and
aims to capture uncertainty on the firm level. Dividend yield and TED spread are important
macro-features here. The latter is expected, as TED spread measures funding liquidity

constraints which became binding at that time.

The factor importance here can be summarized in the following ranking: 1. macroeconomic

conditions; 2. reversal or continuation (past month returns); 3. stock price jumps and the
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strength of firm’s level balance sheets; 4. real estate holdings vs. expected cash inflows; 5.
stock level volatility and firm level uncertainty. Therefore, unlike for 12/2020, a completely
different set of fundamentals is ex-ante identified to drive the performance in 09/2008. We
can agree ex-post that these fundamentals did play a significant role in determining future

price movements.

This evidence also echoes the results reported in Table 5 for different volatility regimes.
For low volatility regimes, after excluding small cap stocks, Panel B, FF6 Alphas are 2 to 3
times smaller than raw returns. This suggests that FF6 factors are important during low
volatility, stable market conditions. The factor characteristics identified for 12/2020 have
significant overlap with FF6 factor characterizations (size, value, profitability). In contrast,
the factor characteristics identified during the crisis, for 09/2008, have very little to do with

FF6 factors, except, perhaps, the one related to price trends.

6 Conclusion

In this paper we approach the most fundamental problem in finance - optimal portfolio

construction - with attention guided deep learning.

We adapt the architecture of Neural Basis Expansion Analysis for Interpretable time
series forecasting (N-BEATS) of Oreshkin et al. (2019) for asset pricing and apply it to the
cross-section of all US publicly listed common stocks, their 94 Green et al. (2017) firm-specific

characteristics and 18 macro-economic variables.

We show the advantages of deep learning and big data for stochastic discount factor (SDF')
identification. Similar to Avramov et al. (2021) we also find that deep learning on its own,
without fundamentally built in economic guidance, fails to maintain the superior properties

of SDF after accounting for the limits to arbitrage.

However, the asset attention we introduce in this paper, which serves as a guidance for
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deep learning network about stock-specific feature importance, allows to overcome limits-to-

arbitrage and clears the protocol introduced by Avramov et al. (2021).

We also find an empirical support to DeMiguel et al. (2020), who argue in favor of
considering multiple firm characteristics for portfolio construction to implicitly account for
portfolio’s trading costs. Combining all characteristics reduces trading costs as the trades
required to rebalance in one underlying stock based on different characteristics often cancel

out. We confirm that "paying asset specific attention" to these characteristics does the job.
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A Appendix

A.1 Stocks-Specific Covariates

Table. 1 provides a list of all stock-specifics predictors of Green et al. (2017) that we consider.

No. Acronym Description No. Acronym Description

1 absacc Absolute Accruals 48 mom36m 36-month momentum

2 acc Working Capital accruals 49 mom6m 6-month momentum

3 aeavol Abnormal earnings announcement volume | 50 ms Mohanram financial statement score

4 age # years since first Compustat coverage 51 mve Size

5 agr Asset growth 52 mve_ia Industry-adjusted size

6 baspread  Bid-ask spread 53 nincr Number of earnings increases

7 beta Beta 54 operprof Operating profitability

8 betasq Beta squared 55 orgeap Organizational capital

9 bm Book-to-market 56 pcheapx_ia Industry adjusted % change in capital expenditures
10 bm_ia Industry-adjusted book to market 57 pchcurrat % change in current ratio

11 cash Cash holdings 58 pchdepr % change in depreciation

12 cashdebt Cash flow to debt 59  pchgm_pchsale % change in gross margin less % change in sales
13 cashpr Cash productivity 60 pchquick % change in quick ratio

14 cfp Cash flow to price ratio 61  pchsale_pchinvt % change in sales less % change in inventory
15 cfp_ia Industry-adjusted cash flow to price ratio 62  pchsale_pchrect % change in sales less % change in A/R
16 chatoia  Industry-adjusted change in asset turnover | 63 pchsale pchxsga % change in sales less % chagne in SG&A
17 chesho Change in shares outstanding 64 pchsaleinv % change in sales-to-inventory

18 chempia  Industry-adjusted change in employees 65 pctace Percent accruals

19 chinv Change in inventory 66 pricedelay Price delay

20 chmom  Change in 6-month momentum 67 DS Piotroski financial statements score

21 chpmia  Industry-adjusted change in profit margin 68 quick Quick ratio

22 chtx Change in tax expense 69 rd R&D increase

23 cinvest ~ Corporate investment 70 rd_mve R&D to market capitalization

24 convind  Convertible debt indicator 71 rd_sale R&D to sales

25 currat Current ratio 72 realestate Real estate holdings

26 depr Deprecation/PP&E 73 retvol Return volatility

27 divi Dividend initiation 74 roaq Return on assets

28 divo Dividend omission 75 roavol Earnings volatility

29 dolvol Dollar trading volume 76 roeq Return on equity

30 dy Dividend to price T roic Return on invested capital

31 ear Earnings announcement return 78 rsup Revenue surprise

32 egr Growth in common shareholder equity 79 salecash Sales to cash

33 ep Earnings to price 80 saleinv Sales to inventory

34 gma Gross profitability 81 salerec Sales to receivables

35 greapx Growth in capital expenditures 82 secured Secured debt

36 grltnoa  Growth in long-term net operating assets 83 securedind Secured debt indicator

37 herf Industry sales concentration 84 sgr Sales growth

38 hire Employee growth rate 85 sin Sin stocks

39 idiovol  Idiosyncratic return volatility 86 sp Sales to price

40 ill Amihud liquidity 87 std _dolvol Volatility of liquidity (dollar trading volume)
41 indmom  Industry momentum 88 std_turn Volatility of liquidity (share turnover)

42 invest Capital expenditures and inventory 89 stdacc Accrual volatility

43 lev Leverage 90 stdcf Cash flow volatility

44 lgr Growth in long-term debt 91 tang Debt capacity/firm tangibility

45 maxret Maximum daily return 92 th Tax income to book income

46 moml2m  12-month momentum 93 turn Share turnover

47 momlm  I-month momentum 94 zerotrade Zero trading days

Table 1: Description of the 94 stock-based predictors of Green et al. (2017).
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A.2 Macroeconomic Variables

Table. 2 provides a list of all macro-economic variables we consider.

No. Acronym Description No. Acronym Description
1 dp Dividend Price Ratio 10 dfy Default Yield Spread
2 dy Dividend Yield 11 dfr Default Return Spread
3 ep Earnings Price Ratio 12 infl Consumer Price Index
4 svar Stock Variance 13 SpVW S&P 500 Index Returns
5 bm Book-to-Market Ratio 14 vix VIX Index
6 ntis Net Equity Expansion 15 amihud Aggregate Amihud Illiquidity
7 thl Treasury-bill Rates 16 tedrate TED Rate
8 ltr Long Term Rate of Returns | 17 bab BAB Returns
9 tms Term Spread 18 cs_baspread Aggregate Bid-Ask Spread Corwin and Schultz (2012)

Table 2: Description of the 18 macro-economic features.

B Training setup details

The set of hyper-parameters (HPs) used for the experimental section were fixed based on
Oreshkin et al. (2019, 2020); Chatigny et al. (2021) and are detailed in Table. 3 below. All
hyperparameters are fixed for the whole duration of the backtest. We find that changing the
below specified configurations does not have significant impact on the output. All experiments
were produced using PyTorch 1.9.0 Paszke et al. (2017). Each model was retrained after each
forecast. In total 192 models were trained independently to produce weights for all assets.

We repeated the procedure 10 times, i.e. 10 ensembles, for a total of 1920 models.
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Hyper-parameter Value

History size (months) 180
Iterations 10,000
Learning rate 0.001
Batch size 1024
Width 512
Blocks 5
Block-layers 4
Attention-head 2
Attention-head-width 64
Attention-head-feature-redraw-interval 1000
Activation function [Identity]
Ensemble size 10

Table 3: Hyper parameters’ specifications.
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