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Abstract

This paper proposes a hybrid methodology that combines both Heterogeneous Autore-
gressive (HAR)-type models and Deep Feedforward Neural Network (DFN) model as
well as Bidirectional Long Short-term Memory (BiLSTM) model in predicting real-
ized volatility. On the one hand, Neural Network architecture naturally deals with
many important stylized facts of realized volatility (e.g., long-memory and nonlin-
earity etc), complementing the linear HAR-type models. On the other hand, the
interpretation of results produced by Neural Networks can be improved from the as-
pect of high-quality input features generated by HAR-type models. Empirical results
show that BiLSTM-based hybrid model outperforms all other models in the out-of-
sample forecasting across all forecasting horizons. Additionally, both the performance
of DFN-based and BiLSTM-based hybrid model significantly beat their single-model
counterparts, indicating HAR-type components can be considered as effective features
in Neural Networks.

JEL classification: C14, C58, G17, G32
Keywords: Realized Volatility, Neural Networks, Heterogeneous Autoregressive Model, Volatil-
ity Forecasting



1. Introduction

Accurate volatility forecasting is critical for various financial applications such as asset

pricing, asset allocation and risk management. The key task of financial volatility modeling

is to model the stylized facts of financial returns and volatility. Since the early work of

Engle (1982) and Bollerslev (1986), Generalized AutoRegressive Conditional Heteroskedas-

ticity (GARCH) family models have been extended to capture many important stylized facts

such as leverage effects, long memory, leptokurtosis and volatility clustering. However, for

GARCH-type models, problems arise in distributional assumption, estimation complexity

and economic interpretation of estimated parameters. In addition, the failure to account

nonlinearity distorts the definition of data generating process and imposes great challenges

on model estimation. With the substantial development of computational resources, the

Artificial Neural Network models (ANNs) have been extensively used to predict stock return

volatility, showing superior forecasting performance against Financial Time Series models

(see, e.g., Tino et al. (2001), Hamid and Iqbal (2004), Khan (2011), Nikolaev et al. (2013),

Xiong et al. (2015), Doering et al. (2017), Zhou et al. (2019), Bucci (2020), Horvath et al.

(2021)). One of the advantages of this approach is that it can well approximate a wide class

of linear and nonlinear functions, forming the input-output map by learning the data rather

than assuming the data generating process which complements the limitations of traditional

Financial Time Series models.

However, ANNs have been criticized for the ”black box” problem which makes the results

interpretation very difficult since it does not provide any insights about the resulted input-

output map (Lai et al. (2009)). To improve the interpretability of Neural Network models,

many studies suggest hybrid modeling, integrating Financial Time Series models with ANNs.

Donaldson and Kamstra (1997) develop seminonparametric GARCH-type models which uses

ANN transformation to capture nonlinear relationship between past return innovations and

future volatility. The logistic function, the most popular nonlinear transformation function

used in the ANN literature, is applied to approximate the nonlinearities. The empirical

results show that the GARCH-type models using logistic transformation generally outper-

form other alternatives in forecasting volatility of four stock market index. Another type of

hybrid modeling is purely nonparametric approach through the usage of more informative

input features (see, e.g., Sjöberg et al. (1995), Faraway and Chatfield (1998), Nanopoulos

et al. (2001), Dash et al. (2007), Zheng et al. (2016), Chen et al. (2016), Petneházi (2019),

Hewamalage et al. (2021)). Features generated by Financial Time Series models have become

increasingly popular given their explicit economic interpretation and successful reproduction

of important stylized facts of financial volatility. For example, Roh (2007) propose hybrid
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models integrating Deep Feedforward Neural Network (DFN) with GARCH, EWMA and

EGARCH model respectively. Rather than using only past volatility as input for DFN,

features generated from those GARCH-type models provide valuable information on the

characteristics of stock market volatility such as leverage effects, volatility clustering and

excessive kurtosis. The empirical results show that hybrid models significantly outperform

both single GARCH-type models and single DFN in forecasting volatility of KOSPI 200 in-

dex. This indicates that the predictability and interpretability of DFN can be enhanced by

integrating features generated from GARCH-type models. Roh’s study has been extended by

integrating other GARCH-type models with various Neural Network models in forecasting

stock index volatility (see, e.g., Tseng et al. (2008), Hajizadeh et al. (2012), Kristjanpoller

et al. (2014), Maciel et al. (2016), Kim and Won (2018)).

Although GARCH-type models successfully reflect some empirical characteristics of in-

sample volatility, such characteristics are hard to be reproduced in the out-of-sample volatil-

ity forecasting (Andersen et al. (2003)). Moreover, inappropriate distributional assumptions

on financial returns and failure of reproducing other important stylized facts (i.e., long mem-

ory) may further deteriorate the quality of features generated by GARCH-type models and

integrated into the ANNs. With the development of high-frequency data, Andersen and

Bollerslev (1998) derive realized volatility (RV), which is a new nonparametric measure of

return volatility and is defined as the sum of intraday squared returns. Barndorff-Nielsen

and Shephard (2002) show that RV is model-free and unbiased estimate of ex post return

variation. RV displays long-memory feature which has been previously modeled by AutoRe-

gressive Fractionally Integrated Moving Average (ARFIMA) process (see, e.g., Andersen

et al. (2001), Andersen et al. (2003)). However, ARFIMA lacks explicit economic interpreta-

tion and is nontrivial to be estimated. To improve this, Corsi (2009) proposes Heterogeneous

AutoRegressive (HAR) model which is an additive cascade model of three volatility compo-

nents defined over different time horizons, i.e., daily, weekly and monthly. HAR successfully

reproduces the main features of financial returns and volatility (i.e., fat tails, self-similarity

and long memory). In addition, compared with GARCH-type models, HAR achieves superior

performance in forecasting RV across various financial assets with less estimated parameters.

It is also easy to implement and interpret. Despite RV’s prominent long-memory feature, it is

also found to be subject to regime-switching and structural breaks which requires modeling of

nonlinear effects. The nonlinearity has imposed great challenges in modeling and forecasting

RV. McAleer and Medeiros (2008) extend the standard HAR into the Heterogeneous Autore-

gression with Multiple-Regime Smooth Transition (HARST) model, merging long memory

and nonlinearities in RV. However, such method requires huge amount of data to determine

the number of regimes before estimating the model and the sample log-likelihood can easily
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trap in local maxima, leading to poor out-of-sample performance (Pavlidis et al. (2012)).

To facilitate better modeling of nonlinearities, semiparametric HAR-based hybrid models

integrating Neural Networks have been developed. For example, Hillebrand and Medeiros

(2010) propose the Neural Network HAR model (NNHAR) to forecast RV with an additional

logistic transformation term to capture the nonlinearities in RV components. Surprisingly,

NNHAR only outperforms the standard log-linear HAR during low-volatility periods and

such advantages are eliminated by bagging the forecasts of log-linear HAR model. This

indicates that bagging may be more efficient than directly modeling the nonlinearities. Fer-

nandes et al. (2014) extend the NNHAR model into the NNHARX model by including

macroeconomic variables to forecast implied volatility (IV). The empirical results are mixed

and NNHARX only beats the standard HAR in 22-day forecasting window. This indicates

that the strong persistence of IV may predominates the nonlinearities over shorter forecast-

ing horizons. Instead of using the logistic function, Psaradellis and Sermpinis (2016) pioneer

to use Support Vector Machines (SVM) with Radial Basis Function (RBF) kernel for nonlin-

ear transformation in HAR to forecast IV. Moreover, unlike the previous studies where the

hyperparameters (i.e., the number of hidden nodes in the nonlinear transformation term)

are selected according to authors’ discretion, the value of those parameters are optimized

and determined by walk-forward validation. The proposed approach consistently outper-

forms standard HAR and NNHAR, showing significant improvement in the out-of-sample

forecasting of IV.

The puzzling results of semiparametric HAR-based hybrid models may reflect the fol-

lowing limitations of such approach: (1) This kind of hybrid models combines the HAR

components with an extra nonlinear transformation term (i.e., the logistic transformation

term). Such technique is called the cooperative modular combination and aims for better

representing the different behaviors of time series (Sharkey (2002)). Regarding the applica-

tion, the original HAR is first applied to the time series and then its residuals are modeled

through nonlinear transformation function. However, this implicitly assumes that the resid-

uals of HAR include prominent nonlinear patterns that can be modeled by Neural Networks

(Zhang and Qi (2005)). Violation of such assumptions may deteriorate the performance of

semiparametric HAR-based hybrid models. In addition, the simple additive combination

may underestimate the relationship between the HAR components and the nonlinear term

(Taskaya-Temizel and Casey (2005)); (2) In viewing of (1), the choice of nonlinear trans-

formation function may also be problematic in such hybrid models. The NNHAR model

which uses the logistic function hardly improves the standard HAR while the model uses

RBF kernal achieves significant improvement. This indicates that the nonlinear functions

are chosen by authors rather than being reasonably optimized. Different nonlinear trans-
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formation functions process the input information in a very different way which may lead

to undesirable outcomes; (3) The functioning of Neural Networks rely on the configuration

of input layer, hidden layer and output layer. Although the hidden layer handles nonlin-

ear transformation and creation of high-dimensional features, the design of input layer is

found to be an important factor which would affect the performance of subsequent layers.

The semiparametric HAR-based hybrid models only rely on the function of hidden layer

(i.e., nonlinear transformation) and disregard other components of ANNs which may induce

performance degeneration (Zhang and Berardi (2001), Taskaya-Temizel and Casey (2005)).

To overcome above limitations, we propose the nonparametric ANN-based hybrid models

which takes various input features generated from HAR-type models. This approach differs

from the semiparametric HAR-based hybrid models in the following aspects. First, the

proposed model can well approximate a wide range of linear and nonlinear functions between

the input features and the target output without assuming that nonlinear patterns only exist

in the residuals. Second, our model consists of the input layer, hidden layer and output

layer which fulfills the standard structure of ANNs. The hyperparameters of the model are

reasonably optimized through validation rather than being chosen subjectively. Third, to

predict the target output, the model enables learning not only from the past values but

also from the future values. This allows bidirectional learning and a much longer window to

capture the long-term dependence in RV.

The main contributions of this chapter are as follows:

(1) Two nonparametric ANN-based hybrid models are proposed to forecast RV on the

basis of different Neural Network architectures. To allow different pattern-learning abilities,

Deep Feedforward Neural Network (DFN) and Bidirectional Long Short-term Memory Net-

work (BiLSTM) are used as the Neural Network basis in the proposed hybrid models. In

addition, rather than simply adding a nonlinear transformation term to the original HAR

model, we relax the assumptions used in the semiparametric HAR-based hybrid model by

embracing a full Neural Network setting.

(2) Despite significant advantages of applying a full Neural Network setting, ANNs are

often criticized by lacking explicit economic explanations. We improve the interpretability

of the proposed hybrid models by feeding features generated by HAR-type models. The

standard HAR and HAR-TCJ proposed by Corsi et al. (2010) successfully reproduce several

stylized facts of RV (i.e., self-similarity, presence of jumps etc.). Moreover, the parameters of

HAR-type models measure the impact of different volatility components on future RV which

makes the HAR-type components more informative than past RV alone. By taking the HAR-

type components as input features, our proposed hybrid models outperform all benchmarks

in forecasting RV with the BiLSTM-based hybrid model being the best performer across all
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forecasting horizons in all subsamples.

The remainder of this chapter is structured as follows. Section 2 introduces the structure

and design of the proposed model. Section 3 presents the data and experiment. Section 4

shows the out-of-sample prediction results. Finally, Section 5 concludes.

2. Models

2.1. HAR model

Our hybrid models are based on the HAR proposed by Corsi (2009). The HAR model

successfully replicates main empirical features of financial returns such as long memory, fat

tails and self-similarity. It has strong empirical performance in forecasting RV across various

financial assets. In this study, we consider the RV estimator proposed by Andersen and

Bollerslev (1998), which is equal to the square root of the sum of intraday squared returns:

RVt =

√√√√ M∑
j=1

r2j,t (1)

where rj,t stands for the intraday returns within each time interval in day t. To introduce

the HAR model, we denote the average RV over the previous (h) days by:

RV h
t =

1

h

h∑
i=1

RVt−i+1 (2)

Therefore, the weekly (5-day) and monthly (22-day) RV are the corresponding averages

of daily RV, which is given by RV
(w)
t = 1

5

∑5
i=1RVt−i+1 and RV

(m)
t = 1

22

∑22
i=1 RVt−i+1

respectively. The logarithmic form of HAR is given by:

log(RVt+1) = β0 + βdlog(RVt) + βwlog(RV
(w)
t ) + βmlog(RV

(m)
t ) + ϵt+1 (3)

where ϵt+1 is a sequence of independently and identically distributed (i.i.d) innovations with

zero mean. Coefficient estimates, β0, βd, βw and βm can be consistently obtained by a stan-

dard OLS regression. The HAR component, βdlog(RVt), βwlog(RV
(w)
t ) and βmlog(RV

(m)
t ),

reflect the magnitude of the heterogeneous reaction of different market participants to a

given price change. The Autocorrelation Function (ACF) plot and Partial Autocorrelation

Function (PACF) plot for SPY’s RV are provided in Figure 3.

Although HAR has very strong empirical performance in predicting RV, it fails to capture
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any nonlinearity in the RV dynamics. As a result, some researchers suggested to use smooth

transition or threshold model to estimate RV (McAleer and Medeiros (2008)). However, this

class of models generally requires substantial amount of data to identify the states and shows

poor out-of-sample forecasting results (Bucci (2020)).

2.2. HAR-TCJ model

We also consider an extension of the HAR, the HAR-TCJ model proposed by Corsi et al.

(2010). By implementing a more robust test to detect jumps, the HAR-TCJ builds on the

HAR-CJ model in Andersen et al. (2007) and better incorporates jumps in the estimation

of volatility models. The logarithmic form of HAR-TCJ is defined as:

log(RVt+1) = β0+βc,dlog( ˆTCt)+βc,wlog(
ˆ

TC
(w)
t )+βc,mlog(

ˆ
TC

(m)
t )+βj,dlog(1+ ˆTJt)+ϵt+1 (4)

where
ˆ

TC
(w)
t and

ˆ
TC

(m)
t are the weekly and monthly averages of ˆTCt as in Eq.

The jump component is estimated based on the Threshold Bi-power variation (TBPV)

measure given by:
ˆTJt = I{C−Tz>Φα}(RVt − TBPVt)

+ (5)

where C − Tz is the test statistics of the jump test based on the corrected TBPV and Φα is

the cumulative distribution function of the normal distribution at level α = 99.9%, see more

details in Corsi et al. (2010). The TBPV measure is derived as:

TBPVt = µ−2

M∑
j=2

|rt,j−1||rt,j|I{r2t,j−1⩽vj−1}I{r2t,j⩽vj} (6)

with µ = (2/π)0.5. The threshold vt is equal to c
2
vV̂t with V̂t being the local variance estimator

and cv = 3 suggested by Corsi et al. (2010). The continuous part of variation is therefore

given by:
ˆTCt = RVt − ˆTJt (7)

The HAR-TCJ components, βc,dlog( ˆTCt), βc,wlog(
ˆ

TC
(w)
t ), βc,mlog(

ˆ
TC

(m)
t ) and βj,dlog(1+

ˆTJt), provide more detailed features of realized volatility by accommodating the robust jump

effects.

6



2.3. Neural Network models

ANNs are powerful nonparametric tools, mimicking the structure of the human brain and

aiming for modeling and predicting the unobserved function underlying the observed data

(Arnerić et al. (2014)). Empirical research suggests that ANNs are particularly suitable

for forecasting Financial Time Series that exhibit nonlinear behaviors, like stock market

volatility or stock market returns (Maheu and McCurdy (2002)), by learning and mapping

nonlinear structure that linear model cannot process. In this way, Neural Network models

can be implemented without any assumptions on the underlying data generating process.

The learning ability of ANNs can be improved by increasing the number of hidden layers

and hidden nodes. However, the training algorithm can be very slow and the out-of-sample

regularization can be poor when the entire network becomes too complicated. Some rules

have been proposed in the literature to find the optimal number of hidden layers and hidden

nodes so that the good learning performance can be generalized to the testing sample (Sheela

and Deepa (2013)). However, there is no uniform solution to this issue. Stinchcombe and

White (1992) prove that Neural Network with a single hidden layer and sufficient hidden

nodes is a universal approximator, meaning that such network is sufficient in approximating

a wide range of linear and nonlinear functions. Following Bucci (2020), a single hidden layer

Neural Network is assumed throughout this chapter, leaving the number of hidden nodes to

be determined separately.

To allow different pattern learning behavior, two representative Neural Network models,

DFN and BiLSTM, are used as Neural Network basis in the proposed hybrid models. DFN

is one of the earliest developed ANNs and it consists of input layer, hidden layer and output

layer. Fixed amount of information is input into DFN at time t to predict the target variable

value at t + 1. Clearly, DFN is a short-memory model as it does not capture any possible

long-range dependence in the data. The workings of BiLSTM, however, relies on memory

cells which controls the amount of information flow through the input gate, forget gate and

output gate. BiLSTM takes input at each time point until time t and only the important

information will be processed into the next cell state. Therefore, BiLSTM captures both

short-term and long-term memory in the data. These two Neural Network basis are further

enhanced by the proposed hybrid models in the following section.

2.3.1. Deep Feedforward Neural Network model

DFN is a classical deep learning model. It assumes that information moves forward from

the input layer to the output layer and uses the output of the previous layer as the input of

the current layer. The calculation continues until the output layer is reached. The output
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of a typical DFN with single hidden layer is given by:

R̂V t = F (β0 +

q∑
j=1

f(xtw
′
j)βj), (8)

where F is the activation function of the output layer, β0 is the bias to be added to the final

output, f is the activation function of hidden layer, xt = {1, x1,t, ..., xi,t} is the 1 ∗ (1 + 1)

vector of features at time t, wj = {w1,j, ..., wi+1,j} is the 1∗(i+1) vector of weights, measuring

the connection between the features and hidden node j, total number of hidden nodes is q.

F and f can be chosen from a variety of functions in the empirical research. Given the

nature of forecasting a real number (RV) in this study, we choose the identity function as

the activation function of the output layer, that is, F (a) = a. In this sense, Eq.(8) can be

written as:

R̂V t = β0 +

q∑
j=1

f(xtw
′
j)βj. (9)

For the activation function of the hidden layer f , any continuous, nonlinear, differentiable

and monotonic function can be applied. Common choices are sigmoid function and hyperbolic

tangent function. However, these two functions suffer from the vanishing gradient problem

and are generally slow in computing. Therefore, we choose the RELU function, that is,

f(a) = max(0, a), to allow faster learning and better performance.

2.3.2. Bidirectional Long Short-term Memory Network model

DFN is perceived by researchers as static network given the fixed amount of informa-

tion used to predict the target output variable at time t. Although DFN may be able to

capture the temporal dependence contained in the data, it has no memory. The Long Short-

term Memory (LSTM) Neural Network, a representative recurrent Neural Network model

proposed by Hochreiter and Schmidhuber (1997), is proposed to overcome this problem by

allowing information feedback. Instead of using fixed amount of information as does in DFN,

LSTM utilizes all available input information up to the time t to predict the target output.

It becomes extremely popular in predicting financial time series where nonlinear time de-

pendence and long memory are prominent (see, e.g., Schittenkopf et al. (2000), Tino et al.

(2001), Bucci (2020)). Compared with DFN, LSTM is characterized by using memory cells

instead of hidden units to process information. Figure 1 shows the structure of a LSTM

memory cell.

LSTM controls information flow through the functioning of three gates on the cell state

ct: an input gate (it), a forget gate (ft) and an output gate (ot). Each gate performs different
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roles, as follows.

The input gate it controls the extent of information to be added to the cell, where

it = σg(Wixt + Uiht−1 + bi) (10)

The forget gate ft controls the extend of information to be discarded from the cell, where

ft = σg(Wfxt + Ufht−1 + bf ) (11)

The output gate ot controls the extent of output information from the cell, where

ot = σg(Woxt + Uoht−1 + bo) (12)

and σg is the gate activation function which is by default the sigmoid function. The response

of the gate activation function is between 0 and 1, controlling the amount of information

flow in that gate.

A nonlinear function, the hyperbolic tangent function (tanh), is applied to generate a

vector of candidate values, c̃t, to update the cell state ct as follows:

c̃t = tanh(Wcxt + Ucht−1 + bc) (13)

The current cell state ct is now updated by the operation of input gate and forget gate,

as follows:

ct = it ⊙ c̃t + ft ⊙ ct−1 (14)

The output of LSTM memory cell at time t is then given by:

ht = ot ⊙ tanh(ct) (15)

where ⊙ is the Hadamard production function.

Finally, the memory cell output ht is projected to obtain the predicted output R̂V t, which

is,

R̂V t = Wtht (16)

where Wt is a projection matrix used to reduce the dimension of ht.

However, for the highly time-dependent financial time series, future input information

coming up later than time t can also be helpful in predicting the target value at time t. The

Bidirectional Long Short-term Memory (BiLSTM) Neural Network is therefore proposed by

Schuster and Paliwal (1997) to include both the past and the future input information of
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a specific time frame to predict the target output. BiLSTM computes the forward output

sequence
−→
h using input information from time t = 1 to T and the backward output sequence

←−
h using the information from time t = T to 1. Fig presents the structure of BiLSTM Neural

Network. Both the forward and the backward output sequence are calculated using the same

LSTM updating equations specified in Eq.(10) - (15). The predicted output R̂V t is now given

by:

RVt = σ(
−→
h ,
←−
h ) (17)

where σ is a function merging the forward and the backward output sequences. It can be

a summation function, a multiplication function, a concatenating function or an average

function. We choose the multiplication function for σ as it achieves the minimum validation

loss discussed below.

As the above DFN, we use a single BiLSTM layer for the hidden layer and the number

of hidden units is optimized separately. In addition, recurrent layer dropout regularization

is applied to prevent overfitting. The BiLSTM is implemented using the ”keras” package in

R. Figure 2 presents the basic structure of DFN, LSTM and BiLSTM.

[ INSERT FIGURE 2 ABOUT HERE ]

2.4. Proposed hybrid models - BiLSTM with HAR-type models

Financial time series models such as GARCH-type models haven been integrated with

different Neural Network models to predict financial volatility. Empirical results show that

adding GARCH-type components significantly improve the volatility forecasts under the

Neural Network structure, indicating those components are good feature representations of

volatility. However, standard GARCH fails to reproduce the long-memory property which

is an important stylized facts of financial returns. Extension of standard GARCH such

as FIGARCH uses fractional difference operators to obtain long-memory volatility but it is

difficult to estimate and lacks explicit economic interpretation (Corsi (2009)). Such problems

may negatively affect the interpretability of forecasting results generated by Neural Network

models if those components are fed into Neural Networks as features.

HAR model is proposed by Corsi (2009) to address above issues of GARCH-type models

and significantly improves volatility forecasting by successfully reproducing the main stylized

facts of financial returns (i.e., self-similarity, long-memory and fat tails). This indicates that

volatility is better represented under the HAR structure. It also maintains a simple structure

and its parameters have clear economic interpretation. The standard HAR model is then

extended by incorporating jump component in forecasting volatility. Corsi et al. (2010)

propose a new jump test based on the Threshold Bi-power variation and decompose the
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volatility into a continuous part and a jump part. Empirical results show that jumps have

significant impact in forecasting future volatility, suggesting jumps serve to an important

feature of financial volatility and volatility is better modelled by such decomposition.

As mentioned in the introduction, HAR model considers different volatility components

realized over different time horizons and HAR-TCJ model looks into a more detailed de-

composition of financial volatility. Their empirical results show significant improvement in

forecasting volatility, indicating the characteristics of volatility are well featured by HAR-

type components. Therefore, adding the HAR-type components into Neural Networks should

improve the volatility forecasts compared to the Neural Networks without those input. To

verify this hypothesis, we propose a hybrid model integrating HAR-type components into

Neural Networks. We now explain in detail how information increases as HAR-type compo-

nents are added.

In Eq.(3) of the standard HAR model, βd measures the impact of volatility realized

by actions of high-frequency traders (i.e., daily traders) on future volatility. βw and βm

indicate the effect of volatility realized by behaviors of medium-frequency traders (i.e., weekly

trades) and low-frequency traders (i.e., monthly traders) on future volatility respectively. By

decomposing the volatility into a continuous part and jump part, the jump coefficient (βj,d)

of HAR-TCJ model in Eq.(4) provides extra information for the impact of jumps on future

volatility. These parameters multiplied by the corresponding volatility component form

the HAR-type components and they are more informative than the past volatility alone.

The HAR-type components are then added into Neural Networks as feature input. Neural

networks transform these features into higher dimensional space in the hidden layer and learn

the input-output map via the training data. DFN structure is applied to improve nonlinear

pattern learning and BiLSTM is used to detect long-term dependence in the financial time-

series data. Figure 4 presents the architecture of the proposed hybrid model.

[ INSERT FIGURE 4 ABOUT HERE ]

3. Data and experiment

In the empirical analysis, we choose one stock each from ten business sectors which gives

us the price data of following ten stocks: Citigroup Inc. (C), Microsoft (MSFT), Freeport-

McMoran (FCX), Pfizer (PFE), General Electric (GE), The Home Depot (HD), AT&T (T),

Exxon-Mobil (XOM), Duke Energy (DUK) and Wal-Mart (WMT). We also include SPY

which is the ETF of S&P 500 index to see results in more aggregate level. All data are

obtained from Tick Data Inc. and the sampling frequency is 5-min. Our sample covers the

period from Jan 03, 2000 to Dec 31, 2020. Descriptive statistics are provided in Table 1.
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The experiment is to forecast RV over daily (h = 1) and weekly (h = 5) horizons. It is

comprised of the following two steps.

Step 1: Feature construction and model building

• Data preparation: The daily, weekly and monthly RV in the standard HAR model are

calculated using Eq. (1) - (2). The continuous part and jump part of RV in the HAR-

TCJ model are computed by Eq.(5) - (7). Table 1 provides the descriptive statistics

of daily RV and daily ˆTC for each of the considered stocks.

• Data division: To examine the forecasting performance of different models under dis-

tinct market outlook, we divide our sample into three subsamples containing approx-

imately equal observations: the pre-crisis sample (Jan 03, 2000 to Aug 31, 2007), the

post-crisis sample (Sep 04, 2007 to April 30, 2014) and the last sample (May 01, 2014

to Dec 31, 2020). In addition, two thirds of each sample forms the training set and the

remainder enters into the testing set 1.

• Feature construction: To construct the HAR-type components, we estimate the pa-

rameters of the log-form HAR-type models using a rolling window of 1000 days 2. The

estimated parameters are then multiplied by the corresponding volatility components

which gives us the HAR-type components.

• Feature scaling: Given the huge difference between the value range of each feature

input, we standardize all features to avoid big features dominating the features with

smaller values.

• Model building: Single model and hybrid model are performed to forecast RV. Single

model consists of HAR, HAR-TCJ, DFN and BiLSTM where Neural Networks only

take past RV and returns as input. Hybrid model contains DFN-based and BiLSTM-

based hybrid models where HAR-type components are integrated as input features of

Neural Networks. Details are provided in Table 2.

Step 2: Model training and testing sample forecasting

Although we apply the Neural Network models with single hidden layer in this chap-

ter, it leaves us other tuning parameters to be determined before training (i.e., number of

hidden nodes, dropout rate, batch size etc.). Tuning parameter selection is vital for the

success of Neural Network models. For instance, increasing the number of hidden nodes im-

proves the learning ability of Neural Networks characterized by the superior training sample

performance. However, the results can be hardly generalized to the testing sample due to

1This split of training and testing example is conventional in the empirical literature and it is found that
this split ratio subjects to less overfitting problem (Bucci (2020))

2We conduct the structural break test and find that 1000 days subject to at least one structural break
for all chosen stocks.
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the problem of overfitting, leading to poor testing sample performance. We conduct the

walk-forward validation to select the tuning parameters where the training sample is further

divided into several small training and validation sample on a rolling window basis 3. The

optimal tuning parameters for single Neural Network models and hybrid models are selected

separately according to the minimum average validation loss measured by Mean Squared

Errors across all chosen stocks. The search space for each tuning parameter and the selected

tuning parameter values are reported in Table 3 - 4.

The single and hybrid Neural Network models are then trained and optimized by gradient-

based algorithm under the chosen tuning parameters. The testing sample performance is

measured by Mean Squared Errors (MSE) and Diebold-Mariano (DM) test is performed to

test the significance of performance difference of different models.

[ INSERT TABLE 2 ABOUT HERE ]

[ INSERT TABLES 3 - 4 ABOUT HERE ]

4. Results

Table 5 - 7 present the out-of-sample forecasting performance of different models for the

pre-crisis, post-crisis and last subsample respectively. We report the results by comparing

and contrasting different models from a holistic perspective. We then look into the subsample

results.

In general, at both the stock and SPY level, our proposed HAR-BiLSTM hybrid model

consistently outperforms other benchmark models, achieving the minimum average forecast-

ing loss across all forecasting horizons in all subsamples. HAR-DFN hybrid model ranks

second in forecasting daily and weekly RV which also suggests the superiority of integrating

Neural Networks with HAR-type models. DFN, as a short-memory Neural Network model,

fails to build feedback loop between the input and hidden-layer output. BiLSTM, however,

memorizes past input information for a long time and feed back (forward too as indicated by

its name bidirectional) the current output through the functioning of input gate, forget gate

and output gate, allowing long-memory modeling and therefore stronger pattern detection

ability. In all subsamples, the DM test results show that on average the difference of forecast-

ing performance between HAR-BiLSTM and HAR-DFN is not obvious in forecasting daily

RV while becoming much more significant in forecasting weekly RV. This may suggest a more

complex and longer-term dependent relationship between input variables and target output

in longer forecasting horizon. Also, this reconfirms the empirical finding that long-memory

3The selected rolling window length is 250 days. Each small training sample contains 500 observations
and the subsequent 250 observations go into the small validation sample.
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Neural Network models have superior performance in capturing long-term dependence in the

data (see e.g., Kim and Won (2018),Bucci (2020)). Moreover, the proposed hybrid models

outperform the standard HAR and HAR-TCJ by a very large extent in forecasting both

daily and weekly RV. The performance difference is especially bigger in forecasting weekly

RV. This indicates that strong nonlinearity exist in HAR-type components (daily, weekly

and monthly RV, continuous components and jump component) which is beyond linearity

modelling and requires nonlinear modeling algorithms.

Surprisingly, in all subsamples, single DFN and single BiLSTM, which takes past RV

as input features, often underperform standard HAR and HAR-TCJ. However, such perfor-

mance difference becomes much less in forecasting weekly RV. This might be attributed to

the strong persistence of RV in short forecasting horizon. In other words, daily RV is highly

persistent and such persistence is well modeled by the standard HAR. However, strong non-

linearity appears in longer forecasting horizon and Neural Network models become more

powerful in capturing the nonlinear effects. In addition, superior forecasting performance of

the proposed hybrid models indicates that HAR-type components are more informative input

features than past RV. Corsi (2009) shows that the HAR model successfully reproduce the

main stylized facts of RV such as self-similarity and long-memory. By inputting the HAR-

type components into Neural Network basis, we actually provide: (1) main stylized facts

of RV (self-similarity and long-memory); (2) components of RV (continuous part and jump

part); (3) magnitude of volatility induced by different market participants (daily, weekly

and monthly RV); (4) the impact of actions taken by high-frequency, medium-frequency and

low-frequency traders on future RV (estimated parameters of HAR-type model). With more

effective information, the performance of proposed hybrid models is significantly improved

compared with single Neural Network models. This indicates that feature quality is a key

factor which largely affect the performance of Neural Network models. This empirical finding

may be meaningful in the following aspects: (1) components generated by classical Financial

Time Series models may produce high-quality input features for Neural Network models and

enhance their learning ability. This is achieved by successful and in-depth modeling of the

statistical properties of target variables, offering Neural Network models a deeper and more

micro vision; (2) Neural Network models, however, detect and model the nonlinearity that is

beyond the scope of linear Financial Time Series models. This is particularly helpful when

forecasting horizon is longer or large amount of exogenous variables are added.

On average, both HAR-DFN and HAR-BiLSTM perform better in the post-crisis period

compared with other subsamples. This might be attributed to the unexpected events hap-

pened in the testing period of pre-crisis and last subsample. Specifically, the testing period

of pre-crisis subsample is very close to the official beginning of the Great Recession in 2007
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while that of last sample covers the burst of Covid-19 crisis in 2020. As those events are not

included by the training samples, the abbreviate data behavior during the crisis periods may

not be sufficiently learned by the hybrid models, leading to relatively higher loss in pre-crisis

and last subsample. The testing period of post-crisis sample, however, is a relatively ordinary

period compared with that of pre-crisis and the last subsample in which case the training

sample performance is generalized well to the testing sample. Despite these, the proposed

HAR-BiLSTM hybrid model still perform the best in all subsamples across all forecasting

horizons, showing the superiority of long-memory Neural Network model.

[ INSERT TABLES 5 - 7 ABOUT HERE ]

5. Conclusion

This chapter proposes a new nonparametric Neural Network-based hybrid models to

forecast realized volatility. Unlike semiparametric HAR-type hybrid models, where nonlin-

ear transformation term is added to the linear part, we retain a full Neural Network setting

which enables more powerful pattern detection and learning. Two representative Neural Net-

work models, Deep Feedforward Neural Network (DFN) and Bi-directional Long Short-term

Memory (BiLSTM) model, are used as Neural Network basis in this chapter. Compared with

DFN, BiLSTM processes information both backwards and forwards which allows dynamic

bidirectional learning.

By inputting HAR-type components, the proposed hybrid models consistently outperform

other benchmark models in all subsamples across all forecasting horizons. The best performer

is HAR-BiLSTM hybrid model, followed by the HAR-DFN. This suggests the superiority

of long-term dependence detection model and the better learning ability of BiLSTM model.

In addition, HAR-type components are stronger predictors of future RV than the past RV

given the underperformance of single DFN and single BiLSTM. This finding may advocate

the usage of HAR-type components instead of raw RV or return data in the Neural Network

models.

Moreover, on average, our proposed hybrid models achieve less forecasting loss in pre-

dicting weekly RV than predicting daily RV. This indicates that daily RV is highly persistent

and such persistence is well modeled by the standard HAR. However, strong nonlinearity

appears in longer forecasting horizon and Neural Network models become more powerful in

capturing the nonlinear effects.
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Appendix A. Tables

Table 1: Summary statistics

MSFT C DUK FCX HD PFE T WMT XOM GE SPY

RVt

Mean 2.56 6.08 2.28 7.81 2.92 2.23 2.46 1.95 2.07 3.39 1.01
Std. 4.02 24.87 5.79 12.09 5.20 3.40 4.57 3.33 4.54 7.21 2.36
Skew. 6.06 19.31 15.66 6.18 7.69 7.28 9.42 7.06 12.43 8.98 9.79
Kurt. 59.27 567.11 375.27 59.84 97.08 88.96 194.58 87.41 250.98 133.38 146.79

ˆTCt

Mean 2.35 5.29 1.91 6.58 2.56 1.90 2.17 1.70 1.89 2.96 0.94
Std. 3.85 21.26 4.50 11.04 4.62 2.81 4.27 3.03 4.30 6.38 2.17
Skew. 6.28 23.62 11.91 7.03 8.01 7.06 10.48 7.79 13.65 10.11 10.31
Kurt. 64.13 896.82 222.39 76.74 108.07 88.51 243.52 110.79 302.83 179.15 173.07

Note: This table reports descriptive statistics of realized volatility and the continuous part of variation for
SPY and other selected stocks. Descriptive statistics includes mean (Mean.), standard deviation (Std.),
Skewness (Skew.) and Kurtosis (Kurt.).

Table 2: Input variables of different models

Model Return Lagged RV HAR Components HAR-TCJ Components

Single SDN Y Y N N
Single BiLSTM Y Y N N
HAR-DFN Y N Y Y
HAR-BiLSTM Y N Y Y

Note: This table presents the input variables of single models and hybrid models applied in this study. Y
indicates the corresponding variable is added to the model while N suggests the opposite.
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Appendix B. Figures

Fig. 1. LSTM memory cell
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(a) Feedforward Neural Network (b) Long Short-term Memory Network

(c) Bidirectional Long Short-term Memory Net-
work

Fig. 2. Structure of Neural Network models
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(a) ACF plot for log(RV ) (b) PACF plot for log(RV )

Fig. 3. ACF and PACF plot of SPY’s RV
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