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Abstract

We consider combinatorial exchanges where agents have (possibly random) endow-
ments and ordinal preferences over bundles of indivisible goods. We focus on the ordinal
core—the set of all individually rational lottery assignments which cannot be blocked by
a coalition whose members trade probability shares and receive first-order stochastically
dominating lotteries. We show that the ordinal core is always non-empty and that any
ordinal core allocation can be implemented as a lottery over near-feasible and ex-post
efficient outcomes. In fact, we prove that there is always a set of allocations in the core,
which we call the competitive core, that can be supported by prices arising from a novel
competitive equilibrium foundation. When endowments are deterministic, competitive
core allocations can be implemented over near-feasible ex-post core outcomes. Moreover,
competitive core allocations are ordinally envy-free and ex-post envy-free up to one good
(where envy is only justified if another agent’s endowment is either smaller or worth less
in equilibrium). A mechanism that selects a competitive core allocation is strategyproof
in the large. Our framework can be used in many real-world market design applications,
such as organ exchanges, tuition exchanges, time bank sharing, shift exchanges, and
resource reallocation.
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1 Introduction

Combinatorial exchanges are market institutions involving the exchange of bundles
of indivisible goods without monetary transfer among agents who enter the market
with an initial endowment and ordinal information of preferences.1 Combinatorial
exchanges are by now ubiquitous. Examples of combinatorial exchanges include time
banks, in which participants exchange service time slots (Andersson et al. 2021); tuition
exchange programs, in which university employees exchange tuition benefits for their
children (Dur and Ünver 2019); organ exchange programs in which patient-donor groups
exchange organs based on compatibility (Roth et al. 2004); humanitarian aid allocations,
where NPOs trade resources (Huang et al. 2023); and shift reallocations, where workers
exchange shifts to accommodate their schedules (Manjunath and Westkamp 2021).
Combinatorial exchanges are a generalization of combinatorial assignment problems
(e.g., course allocation (Budish 2011, Budish and Cantillon 2012), allocation of food
to food banks (Prendergast 2017, 2022), and refugee resettlement (Ahani et al. 2023,
Delacrétaz et al. 2023)) because they allow participants to start with initial endowment.
Indeed, in many settings, such as refugee resettlement (Delacrétaz et al. 2023), the
possibility of an initial endowment can be a decision for the market designer.

While our understanding of combinatorial assignment (in which goods are owned by
the designer) has progressed substantially in recent years, very little is known about prop-
erties of practical combinatorial exchange mechanisms. Beyond the unit-demand setting
in which Gale’s celebrated Top Trading Cycles (TTC) is a strategyproof mechanism
that selects the unique outcome in the core (Roth and Postlewaite 1977, Shapley and
Scarf 1974), most results on combinatorial exchanges emphasize the impossibility of a
deterministic mechanism achieving desirable properties like strategyproofness, individual
rationality, efficiency, and fairness simultaneously (Klaus and Miyagawa 2002, Pápai
2007, Sönmez 1999).

Random mechanisms provide a way to obtain positive results and are a key tool
to achieve fairness in the allocation of indivisible goods. However, when a mechanism
uses randomization, it is not enough to focus either on ex-post or on ex-ante properties.
Naively randomizing over ex-post efficient mechanisms, as in a random serial dictatorship,
might lead to ex-ante inefficiencies (Bogomolnaia and Moulin 2001), while individual
lottery assignments might not be implementable as a lotteries over desirable economy-
wide allocations. Hence, the designer must balance both ex-post and ex-ante desiderata.

1The restriction on monetary transfers often arises from ethical concerns about placing market values on
certain goods or from fairness considerations (Roth 2007). Resource (re)allocation based on prices tends to
benefit the wealthiest rather than those most in need, which can be seen as unfair in many cases.

2



In this paper, we study random mechanisms for combinatorial exchange and show
that desirable ex-ante and ex-post efficiency, individual rationality and fairness properties
can be achieved alongside large-market incentive properties. We consider the ordinal core,
which naturally generalizes the standard notion of the deterministic core for random
assignments without making any assumptions about the cardinal representation of
preferences (Bogomolnaia and Moulin 2001).

We show that the ordinal core of a combinatorial exchange problem is always
non-empty and can be realized as a lottery over near-feasible and ex-post efficient
allocations. However, our contributions extend beyond merely establishing the existence
of ordinal core allocations. Our key contribution is to define a new notion of competitive
equilibrium that yields allocations in the ordinal core. We refer to these allocations
as the competitive core, which inherits many desirable efficiency, fairness and incentive
properties that one might expect from a competitive equilibrium allocation. Building on
this foundation, we introduce our novel Competitive Core Mechanism, which harnesses
these properties to offer a new solution for real-world market design challenges.

Concretely, we consider a general setting of combinatorial exchange in which traders
have weak ordinal preferences over bundles, and are endowed with goods according to
some, possibly random, initial allocation. Allowing preferences with ties (in the combina-
torial setting) and random endowments opens up many important applications. Ordinal
preferences with ties are desirable for many applications because they allow agents to
submit preferences using criteria rather than the full ranking list, thus reducing the
complexity of preference elicitation. Random endowments, on the other hand, naturally
arise in practice, such as in housing allocations through lottery tickets (Abdulkadiroğlu
and Sönmez 1998) or fractional allocations (Athanassoglou and Sethuraman 2011). This
is especially relevant when there are more agents with entitlements than available goods
or when a market designer assigns initial allocations based on fairness criteria.

We define the ordinal core as the set of feasible random allocations that satisfy the
following conditions: (1) the allocation of each agent stochastically dominates their
initial endowment (individually rational); and (2) it cannot be blocked by any subset of
agents trading probability shares from their endowments, such that all involved traders
prefer the new allocation in the sense of first-order stochastic dominance.

Our first contribution is to prove that the ordinal core is always non-empty, and
that any ordinal core allocation is realizable as a lottery over near-feasible ex-post
efficient allocations (Theorem 1). For deterministic endowments, the ordinal core
that we construct is realizable as a lottery over near-feasible ex-post core allocations
(Theorem 2). For unit demand, we get exact realizability. For multi-unit demand,
the violation is upper-bounded by the maximum size of acceptable bundles minus one,
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and thus independent of the number of agents or goods. The realization of the lottery
assignment in the ordinal core would be done by the designer who can adjust supply
of goods if necessary. Our adjustment bounds are realistic and can be used in many
applications such as course allocation, student exchange, and refugee resettlement.

Moreover, we provide a novel competitive market foundation for a set of allocations in
the ordinal core. The connection between the ordinal core and competitive equilibrium
turns out to be insightful, but is non-trivial. First, due to the high degree of non-
convexity, a straightforward notion of competitive equilibrium might not exist. Second,
because of satiated preferences, a competitive equilibrium might not be efficient.

Our mechanism, therefore, involves two novel steps. First, we add a new good
called artificial money and randomly relax an agent’s budget by assigning them with
an additional random fractional endowment. We then find a approximate competitive
equilibrium from random endowments (A-CERE), which includes a price vector and a
random optimal consumption, in which the market clears in expectation, up to a small
error term concerning the random budget relaxation (Proposition 1). Each realization
of the consumption corresponds to the optimal consumption for the budget obtained
from each realization of the random endowment. Second, akin to classical results from
general equilibrium theory, we show that any A-CERE is in the approximate ordinal core
(Proposition 2). Third, we take that random budget perturbation to zero to guarantee
exact market-clearing. We show that since each A-CERE is in the approximate ordinal
core, the limit allocation is also in the ordinal core of the original economy (Proposition 3).
We call this limit allocation, called the competitive core and its existence proves the
non-emptiness of the ordinal core of the original economy.

Competitive core allocations have several desirable fairness properties. In combinato-
rial exchange problems with endowments, ensuring envy-freeness for all pairs of agents
while maintaining individual rationality is generally impossible. With endowments (or
priorities), however, it is often possible to eliminate justified envy, which in our case
occurs when agents with “more valuable” endowments envy those with “less valuable”
ones. Justified envy then requires defining what makes one endowment more or less
“valuable” than another. Allocations in the competitive core eliminate two types of
justified envy. First, in terms of goods, larger endowments are generally more valuable,
and we demonstrate that agents with larger endowments do not envy those with smaller
endowments. Second, our competitive market framework attaches prices to goods
reflecting agents’ rates of marginal substitution over probability shares. We show that,
at equilibrium prices, agents with more valuable endowments do not envy those with
less valuable ones because agents with higher budgets will not envy those with equal
or lower budgets. We formally prove that our mechanism eliminates ex-ante justified
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envy based on set-inclusion and equilibrium-valuations (Theorem 3), as well as ex-post
justified envy up to one good (Theorem 4).

Finally, while our mechanism for selecting the competitive core is not incentive
compatible (since in a finite market agents’ reports can influence prices), it nevertheless
has good asymptotic incentive properties. We show that our mechanism is strategyproof
in the large (SP-L), a notion of asymptotic incentive compatibility introduced by Azevedo
and Budish (2019): in a large-market limit economy where agents are price takers, it
becomes a dominant strategy for agents to report their preferences truthfully. Azevedo
and Budish (2019) argue that, across various practical domains, the mechanisms that
are most successful are often those that are SP-L.

Related Work

Our paper contributes to a growing body of research on exchange economies involving
discrete goods and their applications in market design. Aziz (2015) introduced and
proved the non-emptiness of the ordinal core in the unit-demand exchange setting.2

In this paper, we define and prove the non-emptiness of the ordinal core in the very
general combinatorial exchange setting. The ordinal core is a natural extension of the
core concept to random allocation settings and some of its variations have been explored
in the literature (see Table 1). There are two key types of models of setting involving
exchange of indivisible goods.

The first type of models considers ordinal preferences. The seminal works by Roth
and Postlewaite (1977), Shapley and Scarf (1974) introduced the housing market model
with unit demand and Gale’s Top Trading Cycles (TTC) mechanism. TTC selects
the unique outcome in the core, and is thus individually rational and efficient, as
well as strategyproof (Roth 1982). Since then, a substantial body of literature has
emerged, studying TTC, extending it, and applying it to real-world scenarios including
house allocation (Abdulkadiroğlu and Sönmez 1999), kidney exchange (Roth et al.
2004), and school choice (Abdulkadiroğlu and Sönmez 2003).3 However, as discussed
in our introduction, many real-life applications are not unit demand. For the general
multi-unit combinatorial exchange problem, mostly impossibility results are known:
no deterministic mechanism can achieve efficiency, strategyproofness and individual
rationality, see, e.g., (Klaus and Miyagawa 2002, Konishi et al. 2001, Pápai 2003, 2007,
Sönmez 1999). In such multi-unit settings, most papers avoid these impossibilities

2The ordinal core has also be defined for probabilistic two-sided matching models (Doğan and Yıldız 2016,
Manjunath 2013).

3For a survey article of the history of TTC in theory and practice, see Morrill and Roth (2024).
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and obtain positive results by significantly restricting the domain of preferences (e.g.,
dichotomous, responsive, or lexicographic), see Table 1 for an overview. This limitation
is neccessary, because the basic building block of the TTC mechanism is a one-to-one
exchange, and expanding the preference domain requires substantially extending TTC
or an entirely different approach.

The second type of models use cardinal preferences and apply notions of competitive
equilibrium (CE) in a pseudo-market. In this framework, an efficient allocation is
determined by applying competitive equilibrium principles to fictitious prices assigned
to goods. An agent’s budget is equivalent to the value of their endowment. A key
advantage of CE is that it is in the core. However, guaranteeing the existence of CE
typically requires convexity assumptions, which necessitates a shift from ordinal to
cardinal preferences. This approach was originally developed by Hylland and Zeckhauser
(1979), Varian (1974) for assignment problems and has been further studied for exchange
models recently by Echenique et al. (2019, 2021, 2023), Garg et al. (2020).

However, a key technical challenge remains: With endowments, even in a unit-
demand setting, a pseudo-market equilibrium might not exist (Hylland and Zeckhauser
1979). Hence, most of the literature has focused on restricted preference domains (e.g.,
additive) and opted for approximate equilibria, which results in outcomes that only
approximately the core.

Nevertheless, our paper demonstrates a method to combine the advantages of both
approaches. We assume general ordinal preferences without further domain-specific
assumptions, yet we are still be able to use the competitive equilibrium framework. Our
approach to applying competitive equilibrium with ordinal preferences by introducing
a continuous perturbation to each agent’s endowment and gradually reducing this
perturbation to zero, is new to combinatorial exchange.4 It allows us to show the existence
of ordinal core by the limit of CEs. Our result avoids the traditional nonexistence issue
by allowing randomization and relaxing feasibility for deterministic outcomes, similar to
Budish (2011) and Nguyen et al. (2016).

The competitive equilibrium approach we follow is particularly useful to study
fairness. In his seminal work, Varian (1974) proposed competitive equilibrium from equal
incomes to find an envy-free allocation. However, in exchange models, it is impossible
to rule out envy without violating property rights. Hence, in the presence of property
rights or priorities, it has been argued that equity, instead of meaning envy-freeness,
should be characterized by the absence of justified envy. Our paper offers two attractive
notions of justified envy-freeness for both random allocation and ex-post deterministic

4A similar perturbation technique was employed by Nguyen et al. (2024) in the context of combinatorial
assignment without endowments, but their analysis is simpler and does not involve taking limits.
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allocations based on the size and value of agent’s endowments.
Three recent papers study different notions of justified envy in pseudo-markets with

endowments. Echenique et al. (2019) consider price-dependent incomes, similar to
endowments, and study justified envy, for which a remedy would not violate any agent’s
participation constraint, a concept first introduced by Yılmaz (2010) for a housing
market with existing tenants.5 Garg et al. (2020) prove the existence of an approximate
pseudo-market equilibrium that is approximately equal-type envy free. Echenique et al.
(2023) consider balanced pseudo-market-equilibria equilibria that trade-off individual
and aggregate endowments, and study justified envy based on market prices, which is
closest to our definition of justified envy based on equilibrium valuations.

A related class of problems is combinatorial assignment, where agents do not initially
own any goods. Similar to combinatorial exchange, approaches based on Probabilistic
Serial (Bogomolnaia and Moulin 2001, Nguyen et al. 2016) and competitive equilibrium
(Budish 2011, Budish et al. 2013, Gul et al. 2022, Kornbluth and Kushnir 2021, Miralles
and Pycia 2021, Nguyen et al. 2024, Nguyen and Vohra 2024) have been extensively
studied in this context.6 Exchange problems, however, are significantly more complex
than assignment problems.7 While assignment problems primarily focus on efficiency,
exchange problems necessitate two additional constraints: individual rationality and
no-coalition blocking. As a result, methods developed for assignment problems often
fall short when applied to exchange settings, while our Competitive Core mechanism
is specifically developed for exchange markets. We hope that our mechanism has the
potential to bring about significant improvements in exchange economies, much like the
impact that the aforementioned mechanisms have had on combinatorial assignment.

5This notion views an assignment as unfair if an agent does not prefer their consumption to another agent’s
and swapping their consumptions respects the latter’s individual rationality. Similar notions of no-justified
envy with priorities appear in the literature on school choice, see, e.g. Abdulkadiroğlu and Sönmez (2003),
Abdulkadiroǧlu et al. (2020).

6In a pure assignment setting, pseudo-markets are used where agents are assigned token budgets, which
serve as their only source of income. Two notable extensions to the assignment environment include He et
al. (2018), who incorporate priority structures, and Echenique et al. (2021), who introduce constraints into
pseudo-markets with cardinal preferences.

7Inbetween the combinatorial assignment and exchange problems are assignment models with priorities or
property rights, which allow to study individual rationality in assignment models. In the unit demand setting,
Pápai (2000) introduced an extension of TTC, called hierarchical exchanges, which was later extended by
Pycia and Ünver (2017) to mechanisms called Trading cycles. Furthermore, Balbuzanov and Kotowski (2019)
introduced the exclusion core, an extension of the core where endowments are viewed as exclusion rights.
Similarly, Abdulkadiroğlu and Sönmez (1999), Yılmaz (2010) study housing markets with existing tenants,
where some agents do not have an endowment.

7



Mechanism Pref. Multi-
Unit

Full
Domain

Random
endow. Stability Fairness Strategy-

proof

TTC Ord. No Yes No ex-p. Core n/a Yes
reTTC Ord. No Yes Yes ex-p. Core ord. EF Yes
feTTC Ord. No Yes Yes ord. Core n/a No
CC Ord. No Yes Yes ord. IR +Eff. ord. JEF No
STC Ord. Yes No No ex-p. IR n/a Yes
cTTC Ord. Yes No No ex-p. IR+Eff. n/a Yes
RS Ord. Yes No No ex-p. IR+Eff. n/a Yes
aTTC Ord. Yes No No ex-p. Core n/a No
RP Ord. Yes No No ord. IR+Eff. ord. EF Yes
IRP Ord. Yes No No ex-p. IR+Eff. n/a Yes
ϵHZEQ Card. Yes No Yes ϵ-ex-a. Core ex-a. ETOE Asymp.
bHZEQ Card. Yes No Yes ϵ-ex-a. IR+Eff. ex-a. JEF Asymp.
CCM Ord. Yes Yes Yes ord. Core ord. JEF+ SP-L
(this paper) ex-p. JEF1

Table 1: Summary of Existing Mechanisms and Their Properties. For ordinal
preferences, Top Trading Cycles (TTC) was introduced by Shapley and Scarf (1974) for
unit demand settings and deterministic endowments. Abdulkadiroğlu and Sönmez (1998)
extended TTC to random endowments (reTTC), and Aziz (2015) extended TTC to fractional
endowments (feTTC). Beyond TTC mechanisms, in markets with unit demand and fractional
endowments, Athanassoglou and Sethuraman (2011) introduce Controlled Consumption (CS).
For multi-type housing markets with strictly separable preferences Wako (2005) and Feng
et al. (2024) study the componentwise extension (cTTC). For multi-unit housing markets
with monotone and responsive preferences, there are Segmented Trading Cycles (STC)
(Pápai 2003), circulation TTC (cTTC) (Biró et al. 2022a), and Random Serial rules
(RS) (Biró et al. 2022b). For multi-unit housing markets with conditionally lexicograpic
preferences, Fujita et al. (2018) propose augmented TTC (aTTC). For markets with multi-
unit demand, Andersson et al. (2021) develop Random Priority (RP) for dichotomous
preferences, while Manjunath and Westkamp (2021) design Individually Rational Priority
(IRP) for trichotomous preferences. For linear cardinal utilities, Garg et al. (2020) prove the
existence of an approximate pseudo-market equilibrium ϵHZEQ, and Echenique et al. (2023)
consider balanced pseudo-market-equilibria equilibria (bHZEQ) for continuous, monotone,
and concave utilities. Our Competitive Core Mechanism (CCM) is the first to address
combinatorial exchange with multi-unit demand, random endowments, and unrestricted
ordinal preferences, while still providing strong guarantees of stability, fairness, and incentives.
Abbreviations. ex-p. = ex-post, ord. = ordinal, and ex-a. = ex-ante, IR=individual
rationality, Eff. = efficiency, (J)EF(1) = (justified) envy freeness (up to one good), ETOE =
equal treatment of equals, asymp. = asymptotically, SP-L = strategyproof in the large
Ranking of Properties. Core ⇒ IR + Eff., EF ⇒ JEF ⇒ ETOT, and JEF ⇒ JEF1. For
stability, ex-a. ⇒ ord. ⇒ ex-p. For fairness, ex-p. ⇒ ord. ⇒ ex-a.
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2 Example

Before we establish the general model, we illustrate our key solution concept, the ordinal
core, using a well-known example. There are four agents, {1, 2, 3, 4}, and four goods,
{a, b, c, d}. Agents have unit demand. Agents 1 and 2 prefer a ≻ b ≻ c ≻ d, while
agents 3 and 4 prefer b ≻ a ≻ d ≻ c. Endowments are drawn uniformly at random.
We call this allocation in Figure 1a the random endowment. For any realization of
the random endowment, we can employ Gale’s Top Trading Cycles (TTC) algorithm
(Shapley and Scarf 1974) to find an allocation in the core. We call the resulting
allocation the TTC allocation from random endowment, see Figure 1b. As shown by
Abdulkadiroğlu and Sönmez (1998), this allocation is equivalent to the one from a
random serial dictatorship. However, Bogomolnaia and Moulin (2001) showed that
this allocation is ordinally inefficient since every agent strictly prefers their lottery in
Figure 1c. That is, for all agents, probability mass is shifted from less preferred to
more preferred goods. Indeed, the allocation in Figure 1c is ordinally efficient, meaning
there does not exist another feasible random allocation in which each agent receives a
first-order stochastically dominating lottery. Moreover, this allocation is in the ordinal
core: it cannot be blocked by any subset of agents, i.e., they cannot feasibly exchange
probability shares from their endowments such that all blocking traders weakly prefer
the blocking allocation, with at least one strictly preferring it. Since the allocation in
Figure 1b is not ordinally efficient, it is not in the ordinal core. Indeed, this example
shows that the TTC from random endowments does not produce an outcome in the
ordinal core.

(a) Random Endowment

a b c d

1 1/4 1/4 1/4 1/4

2 1/4 1/4 1/4 1/4

3 1/4 1/4 1/4 1/4

4 1/4 1/4 1/4 1/4

(b) Random Endowment + TTC

a b c d

1 5/12 1/12 5/12 1/12

2 5/12 1/12 5/12 1/12

3 1/12 5/12 1/12 5/12

4 1/12 5/12 1/12 5/12

(c) Ordinal Core Allocation

a b c d

1 1/2 0 1/2 0

2 1/2 0 1/2 0

3 0 1/2 0 1/2

4 0 1/2 0 1/2

Figure 1: Three Random Allocations. The random endowment (Left) is dominated by the TTC
allocation from random endowment (Middle), which can be realized as a lottery over ex-post efficient
allocations. However, it is dominated by the ordinal core allocation (Right).

Note that the allocation in Figure 1c is the solution of the Probabilistic Serial
mechanism developed by (Bogomolnaia and Moulin 2001) for the assignment setting.
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While this mechanism always results in an ordinally efficient allocation in the as-
signment setting, it may not be individually rational for some endowments and might
fail to produce an ordinal core allocation, as it neglects initial endowments. In the
case of unit demand, and fractional endowments, Aziz (2015)’s fractional TTC finds an
ordinal core allocation.

In the rest of the paper, we show that it is always possible to find an allocation in
the ordinal core for the general combinatorial exchange problem.

3 The Combinatorial Exchange Problem

There is a finite set N of agents with |N | = n, and a finite set M of goods with |M | = m.
Each good j has a finite capacity cj ∈ N>0. c ∈ Nm is the integral vector of all capacities.

A bundle is an integral vector x ∈ Nm. The bundle consumed by agent i is denoted
by xi. There might be further constraints on consumption; let Ψi ⊂ Nm denote the
set of acceptable bundles for agent i. We do not assume free disposal. If a bundle xi is
acceptable to agent i, it is possible that x

′
i ≤ xi is not acceptable. We assume that the

maximum size of an acceptable bundle for any agent is at most ∆.8 A deterministic
allocation X = (x1, ...,xn) is a list of acceptable bundles, one for each agent. We allow
random allocations. Let L(Ψi) denote the set of all lotteries over the set of acceptable
bundles Ψi. Let x̃i ∈ L(Ψi) denote a lottery obtained by agent i and E[x̃i] the expectation
of this lottery. A random allocation, X̃ = (x̃1, ..., x̃n) ∈ L(Ψ1)× ...× L(Ψn), is a list of
lotteries over the acceptable bundles, one for each agent.

Each agent i enters the market with an endowment ẽi ∈ L(Ψi), meaning they initially
owns a lottery over their acceptable bundles. Let Ẽ = (ẽ1, ..., ẽn) ∈ L(Ψ1)× ...×L(Ψn)

be the vector of all endowment. A lottery with probability one on a bundle corresponds
to the classic case of deterministic endowments. We assume that endowments are feasible
with respect to capacities, that is,

∑
i∈N E[ẽi] = c.

Each agent i has weak ordinal preferences ⪰i over their set of acceptable bundles
Ψi. We denote the preferences of all agents by ⪰:= (⪰i)i∈N . If preferences are strict,
we write ≻i instead of ⪰i. If agent i is indifferent between bundles, that is xi ⪰i yi

and yi ⪰i xi, we write xi ∼i yi. We use ⪰−i to denote the preference profile excluding
agent i. For random allocations, we use the partial order over lotteries, which is induced
by first-order stochastic dominance. Agent i prefers the random allocation x̃ to ỹ, if

8In many real-world applications, such as organ transplantation, complementary time slots, and refugee
services, the maximum value of ∆ varies. While some scenarios require strictly unit demand, others may not.
However, for most applications, 6 is typically an upper bound.
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x̃i (first-order) stochastically dominates ỹi.9 A lottery x̃i stochastically dominates ỹi,
denote by x̃i ⪰sd

i ỹi, if for every acceptable bundle z it holds that P(x̃ ⪰i z) ≥ P(ỹ ⪰i z).
We say x̃i strictly stochastically dominates ỹi, denote by x̃i ≻sd

i ỹi, if for at least one
bundle z, the inequality is strict.

An economy is defined as (Ẽ,⪰), which fully specifies the tuple (N,M, c, Ẽ,Ψ,⪰).

4 The Ordinal Core

Allocations should adhere to capacity constraints, ensuring that the quantity of goods
allocated does not exceed the available supply in the economy.

Definition 1 (Feasibility). A deterministic allocation X is feasible with respect to
capacities c if

∑
i∈N xi ≤ c. A random allocation (x̃1, ..., x̃n) is feasible with respect

to capacities c if
∑

i∈N E[x̃i] ≤ c. An allocation (deterministic or random) is ∆-near
feasible with respect to capacities c, if there exists c′ with c′ ≤ c+∆ · 1 such that the
allocation is feasible with respect to c′.

A random allocation specifies a lottery for each agent but does not require that they
can be simultaneously realized as a lottery over feasible allocations.

Definition 2 (Realizability). A random allocation X̃ is realizable over a set of deter-
ministic allocations if it can be implemented as a lottery over that set.

As agents come to the market with an endowment, we need to guarantee that they
weakly prefer their allocation to their endowment to guarantee participation.

Definition 3 (Individual Rationality). For deterministic endowments E = (e1, ..., en),
a deterministic allocation X = (x1, ...,xn) is individually rational, if for every agent i,
it holds that xi ⪰i ẽi. For random endowments Ẽ = (ẽ1, ..., ẽn), a random allocation
X̃ = (x̃1, ..., x̃n) is individually rational, if for every agent i, it holds that x̃i ⪰sd

i ẽi.

A key market design criterion for an allocation is efficiency, meaning no other
allocation weakly improves all agents and strictly improves at least one.

Definition 4 (Efficiency). A feasible deterministic allocation X = (x1, ...,xn) is efficient
with respect to capacities c, if there is no other feasible allocation Y = (y1, ...,yn) such
that for all agents i yi ⪰i xi, and for at least one agent j, the preference is strict, that
is, yj ≻j x̃j . A deterministic allocation is ∆-near efficient with respect to capacities

9This definition is equivalent to stating that agent i would prefer a particular lottery for all von Neumann-
Morgenstern utility functions consistent with their ordinal preferences.
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c if it is efficient with respect to capacities c′ with c′ ≤ c+∆ · 1. A feasible random
allocation X̃ = (x̃1, ..., x̃n) is ordinally efficient with respect to capacities c if there is
no other feasible random allocation Ỹ = (ỹ1, ..., ỹn) such that for all agents i ỹi ⪰sd

i x̃i,
and for at least one agent j, the preference is strict, that is, ỹj ≻sd

j x̃j (Bogomolnaia
and Moulin 2001).

In an exchange economy, individual rationality and efficiency are special cases of
core stability (Shapley and Scarf 1974), which ensures that no coalition has an incentive
to block a proposed allocation. A coalition’s partial reallocation must be feasible within
their own endowments. Individual rationality means no single member forms a blocking
coalition, while efficiency means the grand coalition is not blocking.

Definition 5 (Deterministic Core). For deterministic endowments E = (e1, ..., en), and
a deterministic allocation X = (x1, ...,xn), a blocking coalition is a subset of traders
S ⊆ N and a partial allocation Y = (yi)i∈S for traders in S such that

∑
i∈S yi ≤

∑
i∈S ei,

and yi ⪰i xi for all i ∈ S, and yi ≻i xi for at least an agent i ∈ S. A deterministic
allocation X = (x1, ...,xn) is in the core, if it is feasible with respect to the total
endowment, and has no blocking coalitions. A deterministic allocation X = (x1, ...,xn)

is in the ∆-near feasible core, if it is ∆-near feasible with respect to the total endowment,∑
i ei, and has no blocking coalitions.

We extend the definition of the core to random endowments and allocations. We
do so by extending the concept of ordinal efficiency to the ordinal core, by considering
blocking coalitions with respect to stochastic dominance.

Definition 6 (The Ordinal Core). For a random allocation X̃ = (x̃1, ..., x̃n), a ordinal
blocking coalition is a subset of traders S ⊆ N and a partial allocation Ỹ = (ỹi)i∈S for
traders in S such that:

∑
i∈S E[ỹi] ≤

∑
i∈S E[ẽi], ỹi ⪰sd

i x̃i for all i ∈ S, and ỹi ≻sd
i x̃i

for at least one agent i ∈ S. A random allocation X̃ = (x̃1, ..., x̃n) is in the ordinal core,
if it is feasible with respect to the total endowment,

∑
i∈N E[ẽi], individually rational

and has no blocking coalitions.

For deterministic allocations, individual rationality follows as coalitions of size 1 are
not blocking. For random allocations, this means an agent’s random allocation is not
stochastically dominated by their endowment. Because stochastic dominance is a partial
order, no-blocking of size 1 is weaker than individual rationality. Thus, in the definition
of ordinal core, we impose the stronger condition that a trader’s random allocation
weakly dominates their endowment.
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Existence and Realizability

We can now directly state our first main results: The non-emptiness of the ordinal core,
and its approximate realizability. Recall that ∆ is the maximum bundle size.

Theorem 1. For any economy E = (Ẽ,⪰), the ordinal core is non-empty. Moreover, any
ordinal core allocation is realizable over (∆− 1)-near feasible and efficient deterministic
allocations.

The existence-proof of Theorem 1 builds on a novel competitive market foundation,
which will be developed in detail in Section 5. In particular, the existence will follow
directly as a corollary from Proposition 3. The realizability result relies on tools from
the approximation of random allocations (Nguyen et al. 2016). The full details of the
proof can be found in Section 5.2.

We note that the bound in this theorem is tight. For example, when ∆ = 1, that
is, agents only have unit demand, we recover the Birkhoff-von Neumann theorem, and
get that every feasible random allocation is realisable with respect to original capacities.

Deterministic Endowments. Studying the ex-post core involves comparing an
ex-post endowment with an ex-post allocation. Since we study the ordinal core, where
agents trade probability shares, random endowments are not realized before the final
allocation. Therefore, in this subsection, we focus on deterministic endowments, arguably
the most important special case of our general model.

For deterministic endowments, the following theorem strengthens Theorem 1 and
proves that there exists a random allocation in the ordinal core that is realizable over
near-feasible deterministic core-allocations. This also implicitly proves the existence of
a near-feasible deterministic core-allocation.

Theorem 2. For any economy E = (E,⪰) with deterministic endowments, there exists
an ordinal core allocation that can be realized over (∆− 1)-near feasible core allocations.

The proof of Theorem 2 again builds on the competitive market foundation developed
in Section 5. In particular, in Section 6, we provide a mechanism that selects a
‘competitive’ ordinal core allocation, which will be allocations that satisfy Theorem 2.
Theorem 2 will follow directly from Theorem 4, where we prove the realizability of the
competitive core over near-feasible deterministic core allocations, along with additional
fairness guarantees.
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5 Competitive Market Foundation

To show that the ordinal core is non-empty, we use an established economic insight: the
connection between the core and competitive equilibrium. In general equilibrium theory
with perfectly divisible goods, any competitive equilibrium is known to be in the core.10

However, in our market environment with indivisible goods and non-convex prefer-
ences, several issues arise. First, a competitive equilibrium typically does not exist.

Example 1 (Non-Existence of CE). There are three agents, {1, 2, 3}, and three goods,
{a, b, c}. Agent 1 owns one unit each of goods a and b and wants to consume as much of
good c as possible. Agents 2 and 3 each own one unit of good c and prefer a ≻ b ≻ c. A
competitive equilibrium (CE) cannot exist because if the price of good c is at least that
of good a, both agents 2 and 3 will demand good a, exceeding its supply. Conversely, if
the price of a exceeds that of c, no one can afford a, reducing its price to zero, which
makes all prices zero, violating the conditions for a CE.

Key Idea 1 (Random Budget Relaxation). To address this, we introduce random
budget relaxations, ensuring agents 2 and 3 have different budgets. This allows setting
prices so each agent can afford good a half of the time and good b the other half.
Symmetric perturbations ensure that the allocation is fair ex-ante.

However, the next example illustrates a nuanced issue with efficiency that arises due to
the non-satiation of budgets in the presence indivisible goods.

Example 2 (Inefficiency due to Non-Satiation). There are three agents, 1, 2, 3, and a
single good g with a capacity of cg = 6. Each agent deterministically owns two units of
the good. Agent 1 is indifferent between consuming one or two units. Agents 2 and 3
can consume either two or three units and strictly prefer the latter. In a core allocation,
agent 1 would consume one unit, while either agent 2 or 3 consumes three units, and
the other consumes two. A ’fair’ ordinal core allocation would flip a coin to randomize
between these options. However, these allocations do not align with any competitive
equilibrium. Regardless of the price pg > 0 for good g, even with small random budget
perturbations, agents 2 and 3 cannot afford three units, so their random demand is
almost surely two units. Agent 1, owning two units, can always choose their preferred
bundle of one unit. Thus, at any price pg > 0, the allocation resulting from random
demand and budget relaxation is one unit for agent 1 and two units each for agents 2

and 3, which is not ordinally efficient.

10See, e.g., Aumann (1964), Debreu and Scarf (1963), Hildenbrand (1982).
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Key Idea 2 (Artificial Currency). To resolve this issue, we introduce an artificial
currency, called money, with each agent receiving the same endowment. Preferences are
refined so that agents break ties based on the amount of money they have. Agent 1 can
exchange the extra unit of good g for money, while agents 2 and 3 can exchange money
for the additional unit of good g. In equilibrium, the price of the artificial currency is
set so that, with random budget relaxations, agents 2 and 3 can afford the additional
unit of the good, ensuring the probabilities sum to one and the good is always allocated.
With fair budget relaxations, agents 2 and 3 receive two units with probability 0.5 and
three units with probability 0.5.

Outline. In our exchange economy, we introduce an artificial currency, called money,
and consider small random relaxations of agents’ budget constraints. Money ensures
that, in cases of indifference, agents select their favorite expenditure-minimizing bundle
and fully use up their budgets. Preferences are extended so that agents break ties based
on the amount of money they possess, without altering their fundamental ordering of
bundles. Small random budget relaxations help resolve ties among agents with identical
endowments. We use budget relaxations instead of perturbations to guarantee individual
rationality, allowing agents to always repurchase their own endowments.

In Section 5.1, we introduce a novel solution concept called approximate competitive
equilibrium from random endowments. Here, given prices for goods, agents consume
according to their random demand, based on their endowments and budget relaxations,
and the market approximately clears for all goods in expectation. In Section 5.1.1, we
demonstrate that for continuous random budget relaxations, random demand is upper
hemi-continuous. This allows us to use standard fixed-point arguments to guarantee
the existence of an approximate equilibrium (Proposition 1), where the market-clearing
error is bounded by the budget relaxation size δ. In Section 5.1.2, we use traditional
economic reasoning, similar to the classical case of perfectly divisible goods, to show
that any equilibrium allocation is in the δ-ordinal core (Proposition 2).

Finally, in Section 5.2, we achieve a feasible random allocation by reducing the size
of the random budget relaxation δ to zero. The resulting limit allocation, called the
asymptotic competitive equilibrium from random endowments, exists and will always be
in the core and will be exactly feasible (Proposition 3). This proves the non-emptiness
of the ordinal core (Theorem 1). Moreover, this approach will yield a limit price vector
that, while not representing a competitive equilibrium, corresponds to the marginal
rates of substitution for the corresponding ordinal core allocation.
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5.1 Approximate Competitive Equilibrium from

Random Endowments

Artificial Currency. First, we introduce an auxiliary perfectly divisible good called
money. We augment deterministic allocations xi = (xG

i , x
M
i ) ∈ Ψi × R≥0, where xMi

denotes the allocation of money. Thus, random allocations xi are extended from lotteries
over bundles to probability distributions over Ψi × R≥0. There is a fixed amount of
money in the economy, denoted by the capacity cM > 0. Initially, money is distributed
evenly among agents: Hence, each agent’s endowment is a probability distribution over
Ψi × R≥0, such that the endowments are feasible with respect to cM > 0, and that
the marginal distribution over Ψ corresponds to an agent’s initial lottery over bundles.
For simplicity, we denote the extended endowment again by ẽi. We extend the agent’s
original preferences over bundles to preferences over bundles and money as follows:
Agent i strictly prefers (x,m1) over (y,m2), write (x,m1) ≻i (y,m2) if either x ≻i y

or x ∼i y and m1 > m2. Agent i is indifferent between (x,m1) and (y,m2), write
(x,m1) ∼i (y,m2) if x ∼i y and m1 = m2. That is, no consumption of money can
change the preference ordering over acceptable bundles, and given bundles, for which an
agent is indifferent, they strictly prefer to have more money.

Budget Relaxation. We consider a random vector b̃ = (b̃1, ..., b̃n) uniformly
distributed over the n-dimensional δ-simplex, such that

∑n
i=1 b̃i = δ almost surely and

b̃i ≥ 0 for all i.11 Let bi denote a realization of b̃i. We call b̃i the random budget
relaxation for agent i.

Random Demand. Next, consider a price vector p = (pG, pM ) ∈ Rm+1
+ that

specifies a non-negative price for each good (including money). We construct the random
demand of agent i, denoted by χi(p, ẽi, b̃i), as follows: First, agents receive a realized
endowment from their initial probability distribution of goods and money, that is ei ∼ ẽi.
Second, their budget is randomly relaxed by bi ∼ b̃i times the value of the entire economy.
Third, given their realized random budget, agents demand their favourite affordable
bundles. Note that, given the extended preferences, agent i demands their favourite
affordable bundle of goods xG

i ∈ Ψi, and the amount of money xMi ∈ R+ to fully satiate
their budget.12 If an agent is indifferent between multiple affordable bundles, they will
choose the bundle that minimizes their spending due to their preference for more money.

11For δ = 1, this distribution is also known as the flat Dirichlet distribution.
12If the price of money is zero and agents don’t spend their entire budget on their preferred bundle of

goods, we allow for infinite money consumption, see Appendix A.1.
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Therefore, random demand can only be set-valued if an agent is indifferent between
bundles with the exact same price, and all strictly preferred bundles are unaffordable
within their budget. More formally, for realizations ei and bi of initial endowments,
demand at price vector p is defined as:

χi(p, ei, bi) := max
⪰i

{
xi =

(
xG
i , x

M
i

)
∈ Ψi × R≥0 and p · xi ≤ p · ei + bi (p · c)

}
.

Random demand is then defined as the random vector χi(p, ẽi, b̃i) for ei ∼ ẽi and
bi ∼ b̃i. Denote agent i’s expected demand by E[χi(p, ẽi, b̃i], where the expectation is
over the realization of the initial endowment and the random budget relaxation.

Next, we introduce a novel version of competitive equilibrium in this environment:
When agents consume their random demand given their endowments and budget relax-
ation, the market for all goods clear in expectation (up to a constant δ).

Definition 7 (Approximate Competitive Equilibrium from Random Endowments).
Given an economy (Ẽ,⪰), and random budget relaxations

(
b̃1, ..., b̃n

)
, a price vector

p = (pG, pM ) and the random allocation X̃ = (x̃1, ..., x̃n) comprise a δ-approximate
competitive equilibrium from random endowments (δ-CERE) if

1. x̃i ∈ χi(p, ẽi, b̃i), and

2.
∑n

i=1 E[x̃i]
j ≤ (1 + δ)cj for every good j, and

∑n
i=1 E[x̃i]

j = (1 + δ)cj , if pj > 0.

For δ = 0, we call the price vector and the allocation a competitive equilibrium
from random endowments (CERE). Note that the quantifier ’for every good j’ in this
definition includes money. A probability distribution over bundles and money induces a
lottery over bundles, by considering the marginal distribution. We call this allocation
the corresponding δ-CERE allocation.

5.1.1 Existence

In our non-convex market with indivisible goods and ordinal preferences, achieving a
competitive equilibrium from random endowments without random budget relaxations
is often impossible. For instance, with deterministic initial endowments, demand is not
upper hemicontinuous, as small price changes can abruptly make bundles affordable.
However, our next theorem establishes that for any δ > 0, there exists a δ-CERE
given that random budget relaxations are continuous. The key insight is that contin-
uous random budget relaxations smooth out random demand in the space of random
allocations, allowing us to leverage a standard fixed point argument. This result is
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significant as existence theorems in non-convex environments are rare, and it marks a
novel contribution in the context of random allocations. It is important to note that
smoothing random demand through continuous budget relaxations incurs a trade-off by
violating exact feasibility, as a δ-CERE is only δ-feasible.13

Proposition 1. Consider any economy E = (Ẽ,⪰). For every δ > 0, a δ-CERE exists.

Proof Sketch (Proposition 1). The first observation is that with continuous
budget relaxations, random demand is upper hemicontinuous within the space of
probability distributions over money and bundles of goods.14 This allows us to define
an upper hemicontinuous correspondence on the space of prices and allocations, where a
’price player’ adjusts prices by increasing them for overdemanded goods and decreasing
them for underdemanded ones, thereby maximizing the value of excess demand.15

We then apply the Kakutani-Glicksberg-Fan fixed point theorem to show that this
correspondence has a fixed point. We then show that this fixed point corresponds to a
δ-CERE. The full proof is relegated to Appendix A.1.

5.1.2 Welfare Theorems

The fundamental theorems of welfare economics are a cornerstone of general equilibrium
theory with divisible goods: Any competitive equilibrium is efficient (First Welfare
Theorem) and any efficient allocation can be supported as a competitive equilibrium for
some endowments (Second Welfare Theorem). Additionally, any competitive equilibrium
is in the core. We extend these results to our market with indivisible goods and random
allocations. As a δ-CERE is not feasible, we introduce a relaxation of the ordinal core,
called the δ-ordinal core, which considers approximately feasible blocking coalitions.

Definition 8 (The δ-Ordinal Core). A δ-ordinal blocking coalition is a subset of
traders S ⊆ N and a partial allocation Ỹ = (ỹi)i∈S for traders in S such that:∑

i∈S E[ỹi] ≤ (1 + δ)
∑

i∈S E[ẽi], ỹi ⪰sd
i x̃i for all i ∈ S, and ỹi ≻sd

i x̃i for at least
one agent i ∈ S. A random allocation X̃ = (x̃1, ..., x̃n) is in the δ-ordinal core, if∑

i∈N E[x̃i] ≤ (1 + δ)c, it is individually rational, and has no δ-blocking coalitions.

We can now formulate our welfare theorems as follows:
13Random budget perturbations, which allow budget restrictions, could achieve exact feasibility but at the

cost of losing individual rationality, as agents might no longer be able to afford their own endowment.
14Allowing infinite money consumption at price zero requires compactification to apply a fixed-point

theorem, but in equilibrium, the price of money must be positive.
15A similar version of a price player was already used in Arrow and Debreu (1954).
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Proposition 2. Consider any economy E = (Ẽ,⪰). For any δ ≥ 0, any δ-CERE
allocation is in the δ-ordinal core. Conversely, any allocation in the δ-ordinal core can
be supported as a δ-CERE allocation for some initial δ-feasible endowments.

Proof Sketch (Proposition 2). For an allocation to be supported by a δ-CERE,
a price vector pG must exist such that for every agent i, if they consume a bundle x

with positive probability, any more preferred bundle y ≻i x must have a strictly higher
cost. Otherwise, agent i would prefer y. Conversely, if such a price vector exists, initial
endowments can be redistributed so that each random allocation aligns with the optimal
consumption under that endowment. δ-CERE prices are scale-invariant and can be
scaled such that the cost difference between bundles y and x is at least 1. Thus, a
random allocation can be sustained by a δ-CERE if and only if there is a price vector
pG ≥ 0 such that pG · (y − x) ≥ 1 for every y ≻i x and P(x̃i = x) > 0. This can
be formulated as a linear program, and Farkas’ lemma provides a characterization for
the existence of a solution through the dual of the linear program. We show that the
dual condition is satisfied if and only if there are no blocking coalitions. Moreover,
any δ-CERE is individually rational, as agents can always afford to consume their own
endowment, and thus only shift probability mass to more preferred bundles. The full
proof is relegated to Appendix A.2.

5.2 Asymptotic Competitive Equilibrium from

Random Endowments (Proof of Theorem 1).

The existence of δ-CEREs, as established in Proposition 1, comes with the caveat that
these equilibria are only δ-feasible. In this subsection, we consider limit allocations that
are constructed by letting the size of the budget relaxation δ go to zero.

We construct limits using the standard product topology: The price simplex is a
metric space as a subspace of Rm. The space of lotteries over k bundles is also a subspace
of Rk.

Definition 9 (Asymptotic Competitive Equilibrium from Random Endowments). Given
an economy E = (Ẽ,⪰), a random allocation X̃ = (x̃1, ..., x̃n) and price vector p =

(pG, pM ) are an asymptotic competitive equilibrium from random endowments, if there
exists a sequence (δk)k≥1 with limk→∞ δk = 0, such that (X̃,p) is the limit of a
sequence of δk-CEREs (X̃δk ,pδk). We call the marginal distribution over bundles the
corresponding asymptotic CERE allocation.
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The following theorem demonstrates that such a limit allocation exists, it is exactly
feasible, and, like δ-CEREs, it is in the ordinal core.

Proposition 3. Consider any economy E = (Ẽ,⪰). There exists an asymptotic CERE.
Moreover, any asymptotic CERE allocation is in the ordinal core.

Proof Sketch (Proposition 3). First, we show that the space of prices and
allocations is sequentially compact, ensuring any sequence has a convergent subsequence,
which proves the existence of a limit. Along the sequence, each allocation is δk-feasible:∑

i∈N E[x̃δk
i ] ≤ (1 + δk)c. Using a standard continuity and compactness argument, we

can interchange limits and expectations
∑

i∈N E[limk→∞ x̃δk
i ] = limk→∞

∑
i∈N E[x̃δk

i ] to
prove feasibility. Next, assume, for contradiction, that there exists a blocking coalition
S ⊂ N with a feasible partial allocation Ỹ = (ỹi)i∈S such that ỹi ⪰sd

i x̃∞
i for all

i ∈ S (strict for at least one agent). Stochastic dominance can be expressed in terms of
cumulative distribution functions (CDFs): ỹi ⪰sd

i x̃i if and only if Fỹi(z) ≤ Fx̃i(z) for all
z ∈ Rm. Convergence in the lottery space implies pointwise convergence of these CDFs.
If the limit allocation were stochastically dominated by a blocking coalition’s allocation,
then by continuity, one could construct a δk-ordinal blocking coalition for sufficiently
small δk and X̃δk . This contradicts the fact that X̃δk is in the ordinal δk-core along
the subsequence. Hence, the limit allocation must be in the ordinal core. Individual
rationality follows similarly. The full proof is relegated to Appendix A.1.

Proof of Theorem 1. Proposition 3 implies the first part of our main result in
Theorem 1, the non-emptiness of the ordinal core, as any asymptotic CERE allocation
is in the ordinal core. Thus, to finish the proof of Theorem 1, we need to show that any
random allocation in the ordinal core is realizable over (∆−1)-near feasible deterministic
efficient allocations. However, as any random allocation in the ordinal core is ordinally
efficient, this results follows directly from Nguyen et al. (2024, Theorem 4.4):

If the maximum bundle is of size at most ∆, then any ordinally efficient
random allocation is realizable over (∆− 1)-near feasible efficient allocations.

6 The Competitive Core

In light of the competitive market foundations developed in Section 5, we introduce the
following terminology for asymptotic CERE allocations that we will use thoughout the
rest of the paper.
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Definition 10 (The Competitive Core). Given an economy E = (Ẽ,⪰), a random
allocation X̃ = (x̃1, ..., x̃n) is a competitive core allocation, if there exists a price vector
p, such that X̃ is an asymptotic CERE allocation with associated price vector p.

A competitive core allocation is therefore an allocation in the ordinal core that can
be supported by asymptotic CERE prices. It turns out that competitive core allocation
have several desirable properties.

6.1 Ordinal envy-freeness guarantees

For random (re)allocation mechanisms, standard measures of fairness are concerned
with ex-ante envy, that is, agents comparing their assigned lotteries. In our model with
ordinal preferences, we study ordinal envy, in which agents compare lotteries using
first-order stochastic domination.

In terms of ordinal envy, the strongest notion of fairness is ordinal envy-freeness
(Bogomolnaia and Moulin 2001), that is, no agent prefers the allocation of another agent
to their own allocation.

Definition 11 (Envy-Freeness). A random allocation X̃ = (x̃1, ..., x̃n) is envy-free if
for all pairs of agents i, j, it holds that x̃i ⪰sd

i x̃j .

While this property is desirable in an assignment economy, it is too strong for an
exchange economy, as envy-freeness is incompatible with individual rationality.

Example 3 (Unjustified Envy). There are two agents 1 and 2 and two goods a and
b. Agent 1 owns good a and agents two owns good b. Both agents prefer good a over
good b. The only envy-free and efficient random allocation is that both agents get good
a half the time, and good b half the time. However, this allocation is not individually
rational for agent 1, as they are endowed with good a initially.

In this example, agent 2’s envy should be viewed as unjustified, as agent 1 already
owned the most preferred bundle. Thus, in an exchange setting, it becomes crucial
to consider, when envy is justifiable, and when it is not. A bare-minimum fairness
requirement for a random allocation is equal treatment of equals. That is, no agent envies
the lottery of another agent, who comes to the market with the exact same endowment.

Definition 12 (Equal Treatment of Equals). A random allocation X̃ = (x̃1, ..., x̃n)

respects equal treatment of equals, if for any pair of agents i, j with the same endowment
ẽi = ẽj , it holds that x̃i ⪰sd

i x̃i′ .
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Note that equal treatment of equals only allows to compare agents with the exact
same endowment, and thus only yield very limited comparability.

However, there are other natural cases, in which it is clear that an agent should
not envy another agent. In general, as we consider goods, a strictly bigger endowment
is more valuable. Hence, an agent with a strictly bigger endowment should not envy
another agent with a strictly smaller endowment.

We formalize this via set-inclusion: We define the following partial order ≥ on
deterministic bundles x,y ∈ Nm: x ≥ y ⇐⇒ xj ≥ yj ∀j ∈ {1, . . . ,m}, and
x > y ⇐⇒ x ≥ y and ∃j ∈ {1, . . . ,m} such that xj > yj . We extend this idea to
random allocations: For a random allocation x̃, let P(x̃ ≥ z) be the probability that
the lottery results in a bundle that contains bundle z. We define a partial order ⪰si

on random allocations via x̃ ⪰si ỹ ⇐⇒ P(x̃ ≥ z) ≥ P(ỹ ≥ z) for all bundles z. This
definition captures the idea that the lottery x̃ assigns higher probability weight to
strictly larger bundles (in the sense of ≥) than the lottery ỹ, and there is at least one
bundle for which the probability weight is strictly higher.

Definition 13 (Justified envy-freeness based on set-inclusion). A random allocation
X̃ = (x̃1, ..., x̃n) is justified envy-free based on set-inclusion, if for any pair of agents i, j

such that ẽi ⪰si ẽj , it holds that x̃i ⪰i x̃j .

However, justified envy-freeness based on set inclusion is still restrictive, as it does
not allow us to compare agents, who are endowed with bundles of different goods.

Ideally, we would like to compare agent’s endowments based on their value. How-
ever, in general, the value of an endowment depends on the preferences of other traders.
Thus, it is not possible to compare two endowments without additional information.
Suppose that we find a price vector that corresponds to the correct marginal rates of
substitution for all goods.

For a price vector p ∈ Rm
≥0, we define a new partial order ⪰p over random bundles:

x̃ ⪰p ỹ ⇐⇒ the random variable x̃ · p first-order stochastically dominates ỹ · p. We
say that the random bundle x̃ has a higher p-valuation than ỹ.

Definition 14 (Justified envy-freeness based on valuations). Given a price-vector p, a
random allocation X̃ = (x̃1, ..., x̃n) is justified envy-free based on p-valuations if for any
pair of agents i, j such that ẽi ⪰p ẽj , it holds that x̃i ⪰sd

i x̃j .

Note that justified envy-freeness based on either set-inclusion or p-valuations imply
equal treatment of equals.
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The following theorem shows that any allocation in the competitive core indeed satisfies
these ordinal fairness criteria:

Theorem 3. Given any economy E = (Ẽ,⪰), every competitive core allocation is
justified envy-free based on set-inclusion and corresponding asymptotic CERE prices.

Proof Sketch (Theorem 3). Based on our competitive market framework, an
agent is constrained only by their random budget, determined by their endowment and
the random budget relaxation. First, we show that for δ-CEREs, if endowments are
strictly larger in terms of set inclusion or more valuable with respect to a price vector,
then the random budget of a trader is first-order stochastically dominant over one
with a smaller or less valuable endowment, due to the identical distribution of random
budget relaxations. With a dominant budget, a trader can always afford the same or
better bundles, ensuring they do not envy another agent whose endowment leads to a
dominated budget distribution. Second, we show that these fairness properties carry
over to the limit allocation. The full proof is relegated to Appendix A.4.

6.2 Ex-post guarantees: envy and efficiency

In this subsection, we study the ex-post guarantees of competitive core allocations.
Ex-post considerations about inclusion in the core or fairness require comparing an
ex-post endowment with an ex-post allocation. Therefore, we restrict ourselves in this
subsection to deterministic endowments.

First, we note that in our market environment with indivisible goods, it is not possible
to guarantee the absence of ex-post justified envy:

Example 4 (Ex-post justified envy). There are three agents, 1, 2, and 3, and two goods,
a and b. Initially, agents 1 and 2 each own one unit of a, and agent 3 owns one unit
of b. Agents 1 and 2 prefer good b, while agent 3 prefers good a. In any ordinal core
allocation, agent 3 receives one unit of good a, and agents 1 and 2 receive a probability
distribution over good b and the remaining unit of good a. An ordinal core allocation
that treats equals equally and avoids justified envy assigns each agent 1 and 2 either
good a or b with probability 0.5. However, when this allocation is realized, the agent
receiving good b envies the agent receiving good a, with justified envy due to their
identical initial endowments.
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We introduce a relaxed version of envy-freeness up to one good (EF1) (Budish 2011),
called justified envy-freeness up to one good (JEF1).

Definition 15 (Justified envy-freeness up to one good). For deterministic endowments
E = (e1, ..., en), a deterministic allocation X = (x1, ...,xn) is justified envy-free up to
one good (JEF1) based on

• set-inclusion , if for any pair of agents i, j with ei ≥ ej , there exists a good k, such
that xi ⪰i

(
xj − ek

)+.

• p-valuations, if for a price vector p and any pair of agents i, j with p · ei ≥ p · ej ,
there exists a good k, such that xi ⪰i

(
xj − ek

)+.

Both versions of JEF1 imply equal treatment of equals up to one good : For any pair
of agents i, j with ei = ej , there exists a good k, such that xi ⪰i

(
xj − ek

)+.

The following results summarizes the realizability and ex-post core inclusion and fairness
properties of our mechanism:

Theorem 4. Given an economy E = (E,⪰) with deterministic endowments, every
competitive core allocation can be realized over (∆− 1)-near-feasible core allocations that
satisfy JEF1 based on set inclusion and peq-valuations, where peq is the price vector
from the corresponding asymptotic CERE.

Proof Sketch (Theorem 4). Any deterministic allocation realized with positive
probability in a competitive core allocation is a δ-CERE allocation for sufficiently small
δ > 0 and realized budget relaxations. Let c′ be the aggregate consumption of this
allocation. This allocation is feasible with respect to c′ and, as a competitive equilibrium
allocation (in the economy with artificial money), it is also in the ex-post core. If no
blocking coalition exists using artificial money, then none exists without it, proving the
allocation without artificial money is also in the deterministic core. Realizability then
follows from Nguyen et al. (2016, Theorem 2.1):

Any feasible random allocation with respect to c can be realized through
deterministic allocations that are feasible with respect to c+ (∆− 1) · 1.

For the fairness guarantee, consider a near-feasible deterministic allocation X realized
from a competitive core allocation. Again, this is a δ-CERE allocation for small δ
and small realizations of random budget relaxations. Assume agent i envies agent j,
unresolved by removing one good, meaning every bundle from xj minus one good is
unaffordable for agent i, while xj is affordable for agent j. Thus, agent i’s budget is
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at most m−1
m times that of agent j. If budget relaxations are small, this leads to a

contradiction if agent i’s endowment is greater or more valuable at equilibrium prices,
ensuring a single good k exists to resolve justified envy. The full proof is in Appendix A.5.

Proof of Theorem 2. Finally, we note that the non-emptiness of the competitive
core (Proposition 3), together with Theorem 4 implies our second main result Theorem 2:
For any economy E = (E,⪰) with deterministic endowments, there exists an allocation in
the ordinal core – any competitive core allocation – that can be realized over (∆−1)-near
feasible deterministic core allocations. This also directly implies that there exists a
(∆− 1)-near feasible deterministic core allocation.

7 The Competitive Core Mechanism

In this subsection, we define our Competitive Core Mechanisms that maps a revealed
economy to a random allocation in the competitive core. We then show that this
mechanism is strategyproof in the large (SP-L) (Azevedo and Budish 2019).

Let Ψ ⊂ Nm represent the finite set of all possible bundles, considering the finite
capacities of goods. An agent’s i type ti includes their initial endowment ẽi, their set of
acceptable bundles Ψi ⊂ Ψ, and their preference relation ⪰i over these bundles. The
type space is the product of initial endowments, acceptable bundles, and weak preference
relations. Let t = (ti)i∈N denote the vector of types for all agents, with t = (ti, t−i)

specifying agent i’s type and t−i the types of all other agents. A direct mechanism Φ

maps the type space T to the space of random allocations X̃.
We assume that agents cannot misrepresent their endowments. A mechanism Φ is

semi-anonymous if it restricts an agent’s input to Tẽi, where Tẽi = ẽi × 2Ψ × P(Ψ).
Thus, agents are grouped based on their initial endowments.

We now define our direct and semi-anonymous mechanism, called the Competitive
Core Mechanism.

Definition 16 (Competitive Core Mechanism). Our mechanism operates as follows:

1. Each agent submits their initial endowment, a set of acceptable bundles, and their
weak ordinal preferences over these bundles.

2. Based on the reported information, the mechanism computes an asymptotic
competitive equilibrium from random endowments. This involves calculating a
sequence of δ-CEREs (competitive equilibria from random endowments) derived
from our fair random budget relaxations.
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3. The mechanism then implements the lotteries for each agent, announces the
resulting deterministic reallocation of goods, and executes this reallocation.

7.1 Incentive Properties

Consider a direct and semi-anonymous mechanism Φn(t) that maps a type vector with
n agents to a random allocation. Let Φn

i (t) denote the random allocation assigned to
agent i.

Let T ∗ be a subspace of the type space where there are only finitely many possible
initial endowments E∗ = {ẽ1, . . . , ẽ|E∗|}.16 As the set of acceptable bundles and the set
of weak preference relations over these bundles are both finite, our restriction ensures
that the product space of possible types is finite as well. Let L(T ∗) denote the space
of all probability distributions with full support over T ∗. We denote such full support
distributions by m.

Next, we define the expected random allocation that agent i expects receiving, ex-
interim, when reporting type ti, assuming that the other n − 1 agents report types
independently and identically distributed according to distribution m.

Definition 17 (Expected random allocation). For a direct and semi-anonymous mecha-
nism Φn, the expected random allocation is

Φn(ti,m) =
∑

t−i∈(T ∗)n−1

Φn
i (ti, t−i)P[t−i | t−i ∼ i.i.d.(m)].

We extend Strategyproofness in the Large (SP-L) (Azevedo and Budish 2019) to
our setting with weak ordinal preferences. Consider a trader with type t, including
their weak ordinal preference relation ⪰i over the set of acceptable bundles Ψi. Let ut

be a von Neumann-Morgenstern utility function consistent with these preferences. By
selecting one such utility function for each type, {ut}t∈T forms a cardinal representation
of weak ordinal preferences.

A mechanism is SP-L if, for any cardinal representation of ordinal preferencesfull-
support and for any i.i.d. distribution of other agents’ reports, reporting truthfully is
approximately interim optimal in sufficiently large markets.17

Definition 18 (Strategyproofness in the large). A direct, semi-anonymous mechanism
Φn is strategyproof in the large (SP-L) if for any cardinal representation of preferences

16This is satisfied, if endowments are deterministic. Hence, it only restricts the space of random endowments.
17As we consider semi-anonymous mechanisms, where agents cannot misreport their endowment, we use

the extension of SP-L proposed in Azevedo and Budish (2019)[Appendix C].
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(ut)t∈T , and for all m ∈ L(T ∗) and ϵ > 0, there exists n0 such that for all n ≥ n0,
ẽi ∈ E∗ and all ti, t′i ∈ T ∗

ẽ , it holds that uti [Φ
n
i (ti,m)] ≥ uti [Φ

n
i (t

′
i,m)]− ϵ.

We can now directly state our main result on incentives:

Theorem 5 (Incentive Properties of the Competitive Core Mechanism). The Competi-
tive Core Mechanism is strategyproof in the large. For any cardinal representation of
preferences, the maximum possible gains from misreporting converge to 0 at a rate of
n− 1

2
+ϵ, where n is the number of agents.

Proof Sketch (Theorem 5). The Competitive Core Mechanism, ΦCCM (·),
satisfies the equal treatment of equals condition (Theorem 3), meaning that for any two
agents i and j with identical endowments ẽi = ẽj , it holds that ΦCCM

i (t) ⪰sd
i ΦCCM

j (t).
This condition also ensures ex-ante envy-freeness for any cardinal representation of
utilities within groups defined by equal endowments. Therefore we can use a result
from Azevedo and Budish (2019) for envy-free semi-anonymous mechanisms, which
states that ΦCCM (·) is strategyproof in the large, with potential gains from misreporting
diminishing at a rate of n− 1

2
+ϵ as the number of agents increases. The full proof is

relegated to Appendix A.6.

8 Conclusion

This paper offers several positive results for combinatorial exchange with ordinal prefer-
ences. We show that the ordinal core is non-empty without imposing restrictions on
endowments or preferences. The competitive equilibrium foundations of allocations
in the competitive core prove exceptionally useful for studying their fairness, as they
address envy in cases of less valuable initial endowments. Competitive core allocations
eliminate ex-ante justified envy and ex-post justified envy up to one good, while the
mechanism that selects the competitive core is strategyproof in the large. We also offer
ex-post guarantees that are crucial for practical implementation: ordinal core allocations
can be realized over near-feasible ex-post efficient allocations while competitive core
allocations can be realized over near-feasible core allocations when endowments are
deterministic.

Our framework is thus the first to provide strong ex-ante and ex-post guarantees for
efficiency and fairness in general combinatorial exchange problems. The Competitive
Core Mechanism can therefore be applied in combinatorial exchange far beyond unit-
demand or restricted domain settings in lieu of TTC-like mechanisms.
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There are multiple directions for future research. The first is to study the complexity
of computing a competitive core allocation and to develop practical algorithms for the
implementation of the CCM. The second is to examine how an implementation of CCM
performs empirically relative to other existing mechanisms. The third is to theoretically
study relevant extensions to the combinatorial exchange problem, e.g., to allow for a
dynamic market in which agents enter or exist the market and resources need to be
re-allocated over time.
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A Proofs

A.1 Proof of Proposition 1

Proof. We prove this proposition in multiple steps. In step 1, we extend random demand
to allow for an infinite consumption of money, if its price hits zero, and we provide
necessary topological properties of the space of random allocations. In step 2, we define
a correspondence on the product space of prices and random allocations, and show that
this map admits a fixed point. Finally, in step 3, we show that the fixed points of our
constructed correspondence are δ-CEREs.

Step 1. Extension of Random Demand. For any δ ≥ 0, and for any δ-CERE,
we can always scale prices by a constant factor. Thus, we normalize prices such that
they all sum up to 1. That is, we consider the simplex ∆ = {p ∈ Rm+1

+ :
∑m+1

j=1 pj = 1}.
We extend the definition of random demand to include demand for money, if the price
of money is equal to 0: Recall that for a given price vector p, the random demand of
agent i is constructed as follows: First, agents receive a realized endowment from their
initial probability distribution of goods and money, that is ei ∼ ẽi. Second, their budget
is randomly relaxed by bi ∼ b̃i times the value of the entire economy. Third, given
their realized random budget, agents demand their favourite affordable bundle, with
a tie-breaking rule if necessary. Given the constructed preferences, agent i demands
their favourite bundle of goods xG

i ∈ Ψi that is affordable, and the amount of money
xMi ∈ R≥0 to fully satiate their budget, if the price of money is strictly positive, and an
infinite amount of money, if the price of money is zero. Thus, agents demand an infinite
amount of money, if and only if the price of money is equal to zero. More formally, if
pM > 0, then

χi(p, ei, bi) := max
⪰i

{
xi = (xG

i , x
M
i ) ∈ Ψi × R≥0 and p · xi ≤ p · ei + bi (p · c)

}
,

where ties among expenditure-minimizing bundles are broken uniformly at random. If
pM = 0, then

χG
i (p, ei, bi) := max

⪰i

{
xG
i ∈ Ψi | pG · xG

i ≤ p · ei + βi (p · c) , and minimize pG · xG
i

}
,

and χM
i (p, ei, bi) = ∞, where ties among expenditure-minimizing bundles are broken

uniformly at random.

Thus, for a given price vector p, random demand of agent i induces a probability
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distribution over the space Ψi × R≥0, where R≥0 = R≥0 ∪ {∞}, denotes the one-point
compactification of R≥0, see, e.g. Munkres (2000)[Chapter 29]. We denote the space of
all such probability distributions as P(Ψ× R≥0). In the following, we briefly outline
the topological properties of this space, as we will define a fixed-point mapping on the
product space in the next step.

Step 2. Topology of the Space of Probability Distributions P(Ψi × R≥0)

We first study the space Ψi × R+. Ψi ⊂ Nm is a finite and thus discrete set, which
we can endow with the discrete topology. Recall that we denote by R+ the one-point
compactification of R≥0 = [0,∞), and write R+ = [0,∞) ∪ {∞}. We endow this set
with the Borel σ-algebra B(R+) of the one-point compactification, which is generated by
the open sets in R+, including the sets of the form (a,∞]∪ {∞} for a ≥ 0. We consider
the product space Ψ × R+ with the product topology, and the space of probability
measures on this space, and show that it, when endowed with the weak topology, has
desirable topological properties.

• Compactness. The set Ψi is trivially compact as a finite set, and the one-point
compactification is compact by construction. For the set Ψ × R+, we use the
product topology. The product of two compact spaces is compact with respect
to the product topology (Tychonoff’s theorem). Because the underlying space is
compact, every probability measure on this space is tight. Prokhorov’s theorem
implies that the space P(Ψ× R+) is relatively compact with respect to the weak
topology. Because the underlying space is also closed, we get that the space of
probability measures is compact with respect to the weak topology.

• Convexity. The convex combination of two probability measures is again a
probability measure, proving that the space is convex.

• Subset of a Hausdorff locally convex topological vector space. The space
of probability measures on a compact space X can be embedded in the dual space
of continuous functions C(X)∗, which is Hausdorff locally convex with the weak∗

topology.

Next, consider the product space P(Ψ1 × R≥0)× ...× P(Ψn × R≥0) corresponding
to the space of probability distributions for all agents. As a product space, it inherits
the three desirable properties from above. Lastly, we define the space Z = ∆×P(Ψ1 ×
R≥0)× ...×P(Ψn×R≥0), which also contains the price simplex. By the same reasoning,
this space Z is compact, convex, and a subset of a Hausdorff locally convex topological
vector space.
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Step 3. Fixed point mapping. Next, we define a correspondence Φ : Z → 2Z

and apply the Glicksberg-Fan extension of the Kakutani-fixed point theore (Dugundji
and Granas 2003)[Chapter II, Section 5.8]:

Let S be a non-empty, compact, and convex subset of a Hausdorff locally
convex space. Let Φ : Z → 2Z be upper hemicontinuous and Φ(z) is non-
empty, compact and convex for all z ∈ Z. Then, Φ has a fixed point.

The construction of Φ is componentwise and as follows: For each agent i, we define
a map fi : Z → P(Ψi × R≥0) as fi(p, x̃1, ..., x̃n) = χi(p, ẽi, b̃i). That is, the map only
depends on the price vector p ∈ ∆ and maps the price vector to the random demand of
agent i, which is a probability distribution over Ψi × R≥0. First, for every price vector,
this function is well-defined. That is, because for each realization of the endowment and
budget relaxation, agents demand a unique affordable bundle because of the tie-breaking
rule. Thus, random demand induces a unique probability distribution on P(Ψi × R+).
Because this outcome is unique, this map, interpreted as a correspondence, is non-
empty, convex, and compact. Finally, consider an agents random budget, that is, the
random variable p · ẽi + b̃i (p · c) induced from realization from the random endowment
vector ẽi and the random variable b̃i corresponding to the budget relaxation. For a
fixed price vector p, and any distribution of endowments ei ∼ ẽi, the random variable
is continuously distributed, because budget relaxation bi ∼ b̃i are also continuously
distributed. Hence, as a function of p, it follows that the map fi : Z → P(Ψi × R≥0) is
continuous, and thus, in particular, also upper hemicontinuous.

Next, we define an additional map f0 : Z → ∆. The intuition behind this map is as
follows: Given probability distributions on Ψi × R+ for all agents, that correspond to
the random demand of all agents, we compute the aggregate expected demand as the
sum of individual expected demand. If for some good, this demand exceeds the relaxed
capacity of the good, decrease the price for the good. If for some good, the demand is
less than the relaxed capacity, increase the price of the good.

For this, consider a random demand x̃i ∈ P(Ψi×R≥0) of an agent i. This probability
distribution induces a random vector (xG

i , x
M
i ), where xG

i ∈ Ψi and xMi ∈ R≥0 =

[0,∞) ∪ {∞}. We define the expectation of this random vector component-wise as
E[x̃i] =

(
E
[
x̃G
i

]
,E
[
x̃Mi
])

. For the first component, the expectation of the random
vector is well-defined, as any probability distribution x̃i induces a lottery x̃G

i over Ψi.
For the second component, let µi be the underlying probability distribution on Ψi ×R+.
We define the expectation as the usual expectation, if the probability mass at infinity is
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zero, and set the expectation to be infinite otherwise:

E[x̃Mi ] =


∫∞
0 xdµi(x̃

M
i = x) if µi(x̃

M
i = ∞) = 0

∞ if µi(x̃
M
i = ∞) > 0.

(1)

Moreover, let E[x̃] =
∑n

i=1 E[x̃i] be the aggregate expected demand, that is, the sum
of indiviual expected demand. For the last component that corresponds to money, the
aggregate expected demand is infinite, if and only if the individual demand is infinite
for at least one agent.

We define a map E : Z → Rm ×R+ that maps the probability distributions x̃ for all
agents to the aggregate expected consumption. This map x̃ 7→ E[x̃] is continuous, and
thus also upper hemicontinuous. Next, we define a map f0 : Z → 2∆

f0(E[x̃]) =

argmaxp′∈∆ p′ · (E[x̃]− (1 + δ)c) if E[x̃M ] < ∞

(0, ..., 0, 1) if E[x̃M ] = ∞.
(2)

For fixed y ∈ Rm × R+, the correspondence y 7→ f0(y) is by construction non-empty,
compact, convex valued, and upper hemicontinuous. Thus, composing the map Ψ(·)
yields a correspondence f0 : Z → 2∆ that is non-empty, compact, convex valued, and
upper hemicontinuous.

Finally, we construct the following product mapping Φ : Z → Z via

Φ(p, x̃1, ..., x̃n) 7→ (f0(E(p, x̃1, ..., x̃n)), f1(p, x̃1, ..., x̃n), ..., fn(p, x̃1, ..., x̃n)) . (3)

This map satisfies all conditions for the Kakutani-Glicksberg-Fan fixed-point theorem.
Thus, there exists a fixed point, denoted by (p∗, x̃∗

1, ..., x̃
∗
n).

Step 4. Properties of the Fixed Point . As a last step, we show that any fixed
point (p∗, x̃∗

1, ..., x̃
∗
n) of the correspondence Φ corresponds to a δ-CERE.

First, we note that at this fixed point, the price of money must be strictly positive,
that is, p∗,M > 0. If p∗,M > 0, then by construction, agents would demand an infinite
amount, whenever they do not fully expend their budget on bundles. However, given
the continuous budget relaxations, with probability one, agents will not fully expend
their budget when consuming their favourite bundle. For a fixed price vector p, prices of
bundles are fixed. However, the distribution of an agent’s budget is continuous. Hence,
with probability one, all agents would demand an infinite amount of money. Thus,
if the price of money was zero, it would hold that E[x̃∗,M ] = ∞. In this case, the
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price-adjusting map f0 chooses the price (0, ..., 0, 1). This shows that any price-vector
with pM = 0 cannot be part of a fixed point, as the price of money changes from zero
to 1. At this fixed-point, it not just holds that E[x̃] < ∞, but for every realization of
endowments, after demanding their favourite affordable bundle, agents only demand a
finite amount of money to satiate their budget.

Next, we show that for the price vector p∗ and allocation (x̃∗
1, ..., x̃

∗
n), we get the

following version of the Walras Law for aggregate expected consumption:

p∗ · E[x̃∗] = (1 + δ)p∗ · c. (4)

Since the price of money is positive, it follows from agent’s preferences and the definition
of random demand, that for every realization of an agent’s initial endowment, they
fully expend their budget. That is, for each realization of their random demand
χi(p

∗, ei, bi) = (xg
i , x

M
i ) it holds that

p∗ · χi(p
∗, ei, bi) = p∗ · ei +

¯
i (p∗ · c) . (5)

Taking the expectation on both sides and summing over all agents now yields Equa-
tion (4).

Moreover, because it holds that E[x̃∗,M ] < ∞, we know from Equation (2) that

p∗ ∈ argmax
p∈∆

p · (E[x̃∗]− (1 + δ)c) (6)

This implies that for all goods j, it must hold that
∑n

i=1 E[x̃i]
j − (1 + δ)cj) ≤ 0. That

is, because otherwise, setting pj=1 and all other prices to zero would lead to a strictly
positive value, while it follows from the version of Walras Law that the total value at
the fixed point is zero. Moreover, if

∑n
i=1 E[x̃i]

j − (1 + δ)cj < 0, then it must hold that
pj = 0. Thus, if pj > 0, then

∑n
i=1 E[x̃i]

j − (1 + δ)cj = 0.
Finally, since each x̃∗

i is derived from χi(p
∗, ẽi, b̃i), the fixed point allocation corre-

sponds to the random demand for all agents, satisfying the first condition of a δ-CERE,
which finishes the proof.

A.2 Proof of Proposition 2

Proof. We first prove that any δ-CERE allocation is individually rational. Next, we
show that an allocation is a δ-CERE allocation if and only if it admits no δ-ordinal
blocking coalitions.
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Individual Rationality. Consider any δ-CERE allocation X̃ = (x̃1, ..., x̃n). Given
any realization of endowments and random budget relaxations, agents can always afford
to purchase the realization of their own endowment in a δ-CERE. That is, because
for any price vector p, an agent’s random budget is only relaxed, and hence, their
endowment is always affordable. Thus, for any realization, the random demand of agent
i is either the realization from their initial endowment or a bundle that they prefer.
Hence, in the resulting random allocation, probability mass is only shifted to more
preferred bundles. Thus, the resulting allocation over bundles from a δ-CERE first order
stochastically dominates an agent’s initial endowment. That is, x̃i ⪰sd

i ẽi.

No δ-ordinal blocking coaltions. Consider a δ-feasible allocation X̃ = (x̃1, ..., x̃n)

of goods. If this allocation is induced by a δ-CERE in the economy without artificial
money, there exist prices p ≥ 0 for goods that satisfies the following:

1.
∑n

i=1 E[x̃i]
j ≤ (1 + δ)cj for every good j, and

∑n
i=1 E[x̃i]

j = (1 + δ)cj , if pj > 0.

2. For every agent i and a pair of deterministic bundles y′ ≻i y, where y is assigned
with positive probability in x̃i, we have that p · (y′ − y) ≥ 1. If y′ ∼i y, we only
have that p · (y′ − y) ≥ 0.

The second condition holds because if an agent consumes a bundle with a positive
probability, this implies that there exists a realization of the random endowment such
that it is the optimal and expenditure-minimizing bundle for the corresponding budget
relaxation. Thus, for any more preferred bundle, the price must be strictly higher. By
scaling the price, we can assume that the different is at least 1 for all such bundles.
For two equivalent bundles, if one is assigned with positive probability, by expenditure-
minimization, the price of the other bundle must be weakly greater.

Conversely, if there exists a set of prices, denoted as p, satisfying equations (1) and
(2), then (X̃,p) form a CERE in the economy, where endowments are re-distributed as
follows: ẽi

d∼ x̃i, that is, each agent owns the resulting lottery as an initial endowment.
Then, each agent can always afford the realization of their initial lottery, and every
strictly preferred bundle of goods has a strictly higher price. Now choose the price of
money sufficiently small, such that all strictly preferred bundles remain unaffordable.
Note that this allocation is hence also individually rational, as all agents remain with
their new initial endowment.

Hence, when provided with a δ-feasible allocation X̃ = (x̃1, ..., x̃n), we can determine,
whether it is a δ-CERE allocation by using a linear program that identifies prices
satisfying both of the conditions from above. Let {Ap ≥ b,p ≥ 0} be the description of
the linear program, where b is the vector with entry 1 for comparing bundles y′ ≻i y
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with p · (y′ − y) ≥ 1 and with entry 0 for bundles y′ ∼i y with p · (y′ − y) ≥ 0. By the
Farkas Lemma, a solution p exists if and only if {ATλ ≤ 0, λ ≥ 0;bTλ > 0} does not
have a solution.

Finally, we show that the dual problem has a solution if and only if the δ-feasible
allocation X̃ admits a δ-ordinal blocking coalition.

First, an equivalent expression for strict stochastic dominance ỹ ≻sd
i x̃ is that ỹ can

be derived from x̃ through a sequence of moves involving the reallocation of probabilities
from less preferred to more preferred bundles, where at least one move shifts mass to a
bundle that is strictly more preferred. Second, we note that the dual variable λ have the
following interpretation: Each coordinate corresponds to a tuple i,y′,y, where y′ ⪰i y

and P(x̃i = y) > 0. ATλ ≤ 0 implies that for every good j that is fully allocated∑
i,y′,y

λi,y′,y · y′j −
∑
i,y′,y

λi,y′,y · yj ≤ 0. (7)

By assumption, P(x̃i = y) > 0 holds. Thus, we can normalize λ such that λi,y′,y ≤
P(x̃i = y). We interpret λi,y′,y as the probability mass indicating the extent to which
agent i shifts from bundle y to the strictly preferred bundle y′. Equation (7) asserts
that all agents can make such shifts without violating the resource constraints of goods,
which are fully allocated.

For goods that are under-allocated in the allocation X̃, Equation (7) may not hold,
as the linear program contains additional conditions to satisfy condition (i). However,
we can scale down λ by a constant factor, to ensure that the difference is within the
limits of the remaining resources for that particular good:

∑
i,y′,y

λi,y′,y · y′j −
∑
i,y′,y

λi,y′,y · yj ≤ (1 + δ)cj −

(
n∑

i=1

E[x̃i]

)j

. (8)

Finally, let z̃i represent the resulting lottery for agent i after the probability shift
according to λ. Because all agents shift probabilities to weakly preferred bundles, it
holds for all i that z̃i ⪰sd

i x̃i. Moreover, the condition bTλ > 0 indicates that there is
at least one agent with a probability shift to a strictly preferred bundle that is strictly
positive. Thus, at least one agent is strictly better off, that is, there exists j, such that
z̃j ≻sd

j x̃j . Equations (7) and (8) together imply that the resulting allocation (z̃1, ..., z̃n)

is feasible with respect to (1 + δ)c. Hence, the allocation X̃ is not δ-ordinally efficient,
and thus, also not in the δ-ordinal core, as the grand coalition is a δ-ordinal blocking
coalition.

Conversely, suppose that there exists a blocking coalition S ⊆ N . For these agents
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i, let λi,y′,y be precisely the probability mass indicating the extent to which agent i

shifts from bundle y to the more preferred bundle y′ in the blocking coalition. For all
other agents i′ ∈ N \ S, let λi′,y′,y be zero for all y and y′. The collection of all such λ’s
solves the dual problem. Hence, the dual problem has a solution if and only if there is
no δ-ordinal blocking coalition.

Thus, there exists a solution to the primal problem, which provides a δ-CERE if and
only if there are no δ-ordinal blocking coalitions. Together with the result on individual
rationality, this finishes the proof.

A.3 Proof of Proposition 3

Proof. We will prove this theorem through a series of steps. First, we show that the
product space of prices and random allocations is sequentially compact, ensuring the
existence of a limit. Next, we establish that the limit allocation is exactly feasible. In
the third step, we show that the limit allocation does not allow for ordinal blocking
coalitions. Finally, we prove that the limit is individually rational, which proves that
the limit allocation is in the ordinal core.

Existence. We leverage a standard topological argument. Consider a strictly decreas-
ing sequence (δk)k≥1, such that for all k, δk > 0 and limk→∞ δk = 0. Let X̃δk denote a
δk-CERE allocation of bundles with the corresponding price vector pδk for goods (exclud-
ing artificial money), which exists by Proposition 1. We normalize the prices of goods
so that they sum to 1, that is, the price vector p lies in ∆ = {p ∈ Rm

+ :
∑m

j=1 p
j = 1}.

Thus, for every δk > 0, the δk-CERE allocation of goods (excluding artificial money) is
an element of the product space formed by the m-dimensional price simplex and the
space of all lotteries over acceptable bundles. With the standard product topology, this
is a compact metric space: The price simplex is a metric space as a subspace of Rm.
The space of lotteries over k bundles is the k-dimensional simplex, and hence also a
subspace of Rk. Thus, the product space is metrizable and compact. By a standard
result from topology, this space is sequentially compact, see, e.g., Munkres (2000).
Therefore, the sequence of prices and allocations according to the δk-CEREs admits a
convergent subsequence, where we denote the limit prices and allocation by p∞ and
X̃∞, respectively. This limit allocation is now by construction an asymptotic CERE
allocation for the convergent subsequence. To simplify notation for the rest of the proof,
let (δk)k≥1 denote this subsequence .
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Feasibility. Along the δk-sequence, all the random allocations X̃δk are δk-feasible (
Proposition 2): ∑

i∈N
E[x̃δk

i ] ≤ (1 + δk)c. (9)

Because the product space of allocations is compact and the expectation operator is
continuous, we can interchange limit and expectation and get that

lim
k→∞

∑
i∈N

E[x̃δk
i ] =

∑
i∈N

E[ lim
k→∞

x̃δk
i ] =

∑
i∈N

E[x̃∞
i ]. (10)

Moreover, δk-feasibility directly implies that

lim
k→∞

∑
i∈N

E[x̃δk
i ] ≤ lim

k→∞
(1 + δk)c = c. (11)

Combining Equations (10) and (11) yields that
∑

i∈N E[x̃∞
i ] = c, which proves that the

limit allocation X̃∞ is indeed exactly feasible.

No Ordinal Blocking Coalitions. Assume for contradiction that the limit allo-
cation X̃∞ admits an ordinal blocking coalition. Then there exists a subset of traders
S ⊂ N with a partial allocation Ỹ = (ỹi)i∈N such that ỹi ⪰sd

i x̃∞
i for all i ∈ S, and

ỹi ≻sd
i x̃∞

i for at least one agent i with∑
i∈S

E[ỹi] ≤
∑
i∈S

E[ẽi]. (12)

We say that Ỹ is feasible. We can construct a sequence of δk-feasible partial allocations
that converge to the limit allocation in the product space. That is, we consider a
sequence Ỹδk = (ỹδk

i )i∈S such that Ỹδk → Ỹ.
We define the cumulative distribution functions (CDFs) of x̃∞ and ỹ as

Fx̃∞(z) = P(x̃∞ ⪯i z) and Fỹ(z) = P(ỹ ⪯i z) for all bundles z. (13)

We can express first-order stochastic dominance in terms of these CDFs as

ỹi ⪰sd
i x̃∞

i if and only if Fỹi(z) ≤ Fx̃∞
i
(z) for all bundles z. (14)

Convergence of the random allocations in the product space implies the pointwise
convergence of the CDFs. That is, for the sequence x̃(δk) → x̃, it holds for all agents i
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that F
x̃
δk
i

(z) converges pointwise to Fx̃∞
i
(z):

lim
k→∞

Fx̃(δk)(z) = Fx̃∞(z) for all bundles z. (15)

Similarly, for our δk-feasible sequence of partial allocations Ỹδk = (ỹδk
i )i∈S that converge

to Ỹ, we get that Fỹ(δk)(z) converges pointwise to Fỹ(z):

lim
k→∞

Fỹ(δk)(z) = Fỹ(z) for all bundles z. (16)

Since ỹ ⪰sd
i x̃∞ for all agents and strictly for at least one agent i, it holds that

Fỹi(z) ≤ Fx̃∞
i
(z) for all bundles z and there exists an acceptable bundle z′ such that

Fỹi(z
′) ≤ Fx̃∞

i
(z′).

The pointwise convergence of CDFs and the characterization of stochastic dominance
via CDFs imply that for sufficiently small δk, the sequence of δk-feasible partial allocations
Ỹδk also stochastically dominates the respective original allocation X̃δk for agents in S:
That is ỹδk

i ≻sd
i x̃δk

i for all i ∈ N , and ỹ
(δk)
i ≻sd

i x̃
(δk)
i for at least one agent i.

This contradicts the fact that X̃δk is in the ordinal δk-core, and thus not admit a
δk-feasible blocking coalition. Thus, the limit allocation X̃∞ does not admit an ordinal
blocking coalition.

Individual Rationality. It follows from Proposition 2 that any δ-CERE is indi-
vidually rational. That is, along the sequence, it holds for every agent i that x̃δ

i ⪰sd
i ẽi.

An analogous convergence argument, similar to above, proves that the limit x̃i must
be individually rational as well. Otherwise individual rationality would be violated for
sufficiently small δk > 0, using again the pointwise convergence of CDFs.

A.4 Proof of Theorem 3

Proof. We show that any allocation in the competitive core satisfies the condition of no
justified envy based on set-inclusion and equilibrium valuations. Both of these properties
imply the equal treatment of equals. Our proof proceeds in two steps: Any competitive
core allocation is an asymptotic competitive equilibrium from random endowments,
which is itself a limit of a sequence of δk-CEREs, denoted as X̃δk , with corresponding
price vectors pδk . First, we prove that each δk-CERE satisfies the corresponding fairness
property. Second, we show that this property extends to the limit.

Justified Envy-Freeness based on Set-Inclusion. Consider any δ-CERE
X̃δ = (x̃δ

1, ..., x̃
δ
n). Let (x̃δ

i , x̃
δ
j) be the random bundles consumed by agents i and j,
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when they have endowments ẽi and ẽj respectively, with ẽi ⪰si ẽi. We show that it
must hold that x̃δ

i ⪰sd
i x̃δ

j . For a given price vector p, let B̃i denote the random budget
of agent i, given their random endowment and budget relaxation:

B̃i = ẽi · p+ b̃i (c · p) . (17)

Similarly, let B̃j denote the random budget of agent j, Because it holds that ẽi ⪰si ẽi

and random budget relaxations are identically distributed, the random variable B̃i first
order stochastically dominates B̃j . Let Bi be a realization of the random budget.

Let ui be any cardinal valuation of bundles that is consistent with the ordinal
preference relation over bundles ⪰i. Denote by x(p,Bi,⪰i) one of the best affordable
bundles under price p, realization of the random budget Bi, and preference relation ⪰i.
The following two conditions trivially hold for realizations B′

i ≥ Bi:

ui(x(p,B′
i,⪰i)) ≥ ui(x(p,Bi,⪰i)) (18)

ui(x(p,Bi,⪰i)) ≥ ui(x(p,Bi,⪰j)) (19)

Combining these two observations with the first order stochastic dominance of the
random budget B̃i over B̃j yields the following: Taking the expectation over the
realization of initial endowments and budget realizations yields that

Ex∼x̃δ
i
[ui(x)] ≥ Ex∼x̃δ

j
[ui(x)]. (20)

Thus, the expected utility of x̃δ
i is at least the one of x̃δ

j for every cardinal valuation
consistent with ⪰i, which is equivalent to first order stochastic dominance x̃δ

i ⪰sd
i x̃δ

j .
Hence, for δ > 0, X̃δ leads to no justified envy based on set-inclusion.

Next, we want to show that this property extends from a sequence of δk-CEREs
X̃δk to the limit, the competitive core allocation X̃. Suppose again that ẽi ⪰si ẽj . We
want to show that x̃i ⪰sd

i x̃j in the limit. Recall that stochastic dominance x̃i ⪰sd
i x̃j

can be expressed in terms of CDFs, see Equation (14). Since x̃δ
i → x̃i as δ → 0, the

CDFs F
x̃
δk
i

(z) converge pointwise to Fx̃i(z), see Equation (15). Given that we just

proved that x̃δk
i ⪰sd

i x̃δk
j for all δk > 0, we have

F
x̃
δk
i

(z) ≤ F
x̃
δk
j

(z) for all bundles z. (21)
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Taking the limit k → ∞ as δk → 0, we get

lim
k→∞

F
x̃
δk
i

(z) ≤ lim
k→∞

F
x̃
δk
j

(z) for all bundles z. (22)

By the pointwise convergence of the CDFs, this implies

Fx̃i(z) ≤ Fx̃j (z) for all bundles z. (23)

Therefore, x̃i ⪰sd
i x̃j for all i, j ∈ N with ẽi ⪰si ẽj . Thus, any allocation in the

competitive core ensures no justified envy based on set-inclusion.

No justified envy based on equilibrium-valuations. We use the following
auxiliary notation: For a price vector p ∈ Rm

≥0, the p-valuation of a random bundle x̃ is
the random variable vp(x̃) = x̃ · p.

Consider any δ-CERE X̃δ = (x̃δ
1, ..., x̃

δ
n) with price vector pδ. Let (x̃δ

i , x̃
δ
j) be the random bundles

consumed by agents i and j. Suppose that endowments ẽi and ẽj are such that vpδ(ẽi) ⪰pδ
vpδ(ẽj).

We show that it must hold that x̃δ
i ⪰sd

i x̃δ
j . For the equilibrium price vector pδ, let B̃i and

B̃j denote again the random budgets of agents i and j, see Equation (17). Because it holds
that vpδ(ẽi) ⪰pδ

vpδ(ẽj) and random budget relaxations are identically distributed, B̃i first-order
stochastically dominates B̃j . Hence, the exact same argument as above for justified envy based
on set-inclusion yields that the expected utility of x̃δ

i is at least the one of x̃δ,f
j for every cardinal

valuation consistent with ⪰i. This implies that x̃δ
i ⪰sd

i x̃δ
j . Thus, for every δ > 0, X̃δ leads to no

justified envy based on pδ-valuations.

Next, we want to show that this property extends from a sequence of δk-CEREs X̃δk to the
limit, the competitive core allocation X̃ with associated price vector p. Suppose that endowments
ẽi and ẽj are such that vp(ẽi) ⪰p vp(ẽj). We show that it must hold that x̃i ⪰sd

i x̃j . First, we show
that vp(ẽi) ⪰p vp(ẽj) implies that for sufficiently small δk, we also have that

vpδk (ẽi) ⪰pδk vpδk (ẽj). (24)

Since ẽi ⪰p ẽj , we have:

P(vp(ẽi) ≥ z) ≥ P(vp(ẽj) ≥ z) for all bundles z. (25)

The continuity of valuations with respect to the price vector p implies that as pδk → p, the random
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valuations converge in distribution:

vpδ(ẽi)
d−→ vp(ẽi) and vpδ(ẽj)

d−→ vp(ẽj). (26)

Therefore, for sufficiently small δk > 0, we have

P(vpδk (ẽi) ≥ z) ≥ P(vpδk (ẽj) ≥ z) for all bundles z, (27)

from which Equation (24) follows. Let x̃δ
i and x̃δ

j be the corresponding allocations for sufficiently
small δk > 0. We know from the previous step that: x̃δk

i ⪰sd
i x̃δk

j . Moreover, the allocations x̃δ
i and

x̃δ
j converge to x̃i and x̃j respectively, as δk → 0. The exact same convergence argument using CDFs

that we used to show that the limit allocation leads to no justified envy based on set-inclusion now
shows that x̃i ⪰sd

i x̃j . Because vp(ẽi) ⪰p vp(ẽi), it follows that any allocation in the competitive
core ensures no justified envy based on p-valuations.

A.5 Proof of Theorem 4

Proof. Suppose that endowments are deterministic. By definition, any allocation in the
competitive core is a marginal distribution over bundles from an asymptotic competitive
equilibrium from random endowments in the augmented economy with artificial money.

For the remainder of the proof, we use endowments, allocations, and price vectors
in the augmented economy. For example, the deterministic endowments including
money will be denoted by E = (e1, ..., en), a deterministic allocation will be denoted
by x = (x1, ...,xn), and a price vector will be denoted as p. Let c be the capacities of
goods and money. We will interpret all of these as vectors in Rm+1, such that the last
component will correspond to the allocation or price of money. That is, we will write
xi = (xG

i , x
M
i ) for allocations and p = (pG, pM ) for prices. Hence, the superscript G

will be used to denote bundles and prices of goods in Rm, while the superscript M will
denote allocations and the price of money.

Realizability over near-feasible core allocations. We start by proving that a
random allocation of goods X̃G in the competitive core is realizable over deterministic
and near-feasible core allocations. By definition, there exists a limit sequence of δk-
CEREs Xδk with associated price vectors pδk that converge to an asymptotic CERE X̃,
where the marginal over bundles is X̃G with associated limit price vector pG.

Let xG
i be a deterministic bundle, which is allocated to agent i with positive

probability in the random allocation X̃G. We can find a sufficiently small δ > 0, such
that all such bundles of goods xG

i are realized as a part δ-CERE X̃δ = (X̃δ,G, X̃δ,M )
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with corresponding price vector pδ = (pδ,G,pδ,M ).
For every agent i, let xδ

i denote a realization of the δ-CERE, such that the allocated
bundle is xδ,G

i = xG
i . Denote this deterministic allocation for all agents by xδ.

As every realization of a δ-CERE corresponds to a specific realization of the random
budget relaxation, let (b1, ..., bn) denote such a vector that lead to xδ

i . For agent i with
allocation xδ

i in the δ-CERE, xδ,G
i is the optimal affordable bundle:

pδ,G · xδ,G
i ≤ pδei + bi

(
pδ · c

)
. (28)

and any bundle of goods, which agent i prefers to xδ,G
i is more expensive.

Let c∗ be the aggregate consumption of the deterministic allocation xδ. We next
show that the allocation xδ is in the deterministic core with respect to the aggregate
consumption c∗. Suppose, that xδ is not in the deterministic core with respect to c∗.
Then, there exists a blocking coalition S ⊆ N and a partial allocation (ys)s∈S , such that
for all s ∈ S, it holds that ys ⪰s x

δ
s, there is at least one agent s′, such that ys′ ≻s′ x

δ
s′ ,

and the partial allocation is feasible:∑
s∈S

ys ≤
∑
s∈S

es. (29)

In our δ-CERE, agents point to their favourite affordable and expenditure-minimizing
bundle. Hence, it must hold that

pδ · ys ≥ pδes + bs

(
pδ · c

)
, (30)

with strict inequality for at least one agent s′. Adding up these inequalities yields∑
s∈S

pδys >
∑
s∈S

(
pδes + bs

(
pδ · c

))
. (31)

This is a contradiction, as Equations (29) and (31) cannot hold at the same time. Hence,
the deterministic allocation xδ is in the core with respect to the capacities c∗ from
aggregate consumption, as it is feasible with respect to c∗ and cannot be blocked.

Next, we argue that this implies that the deterministic allocation xδ,G (without
artificial money), is also in the core of the economy without money. Suppose not, this
would mean, that there exists a feasible blocking coalition based on bundles of goods
alone. However, this could directly be extended to a blocking coalition in the economy
with artificial money, where everyone keeps their allocated money, as money does not
change the preference order over bundles.
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Finally, we use the following results from Nguyen et al. (2016, Theorem 2.1):

Any feasible random allocation with respect to c can be realized through
deterministic allocations that are feasible with respect to c+ (∆− 1) · 1.

As a consequence, we can realize the random allocation X̃G such that each realized
aggregate consumption satisfies c′ ≤ c+ (∆− 1) · 1. This realization corresponds to a
δ-CERE allocation for sufficiently small δ and budget realizations and is, as we have just
proven, in the core with respect to capacities that equal realized aggregate consumption
c′. This proves that any random allocation in the competitive core is realizable over
(∆− 1)-near feasible deterministic core allocations.

Justified envy-freeness up to one good. Finally, we show the stronger result,
that is, the (∆−1)-near feasible core allocations can actually be chosen to be JEF1 based
on set-inclusion and equilibrium valuations. Given the realizability over near-feasible
deterministic core allocations, we write X̃G =

∑L
l=1 πlX

G
l , where πi is the probability

with which the deterministic near-feasible core allocation XG
l is realized. We consider

one representative deterministic allocation, and for notational simplicity, we write XG.
Because this allocation XG is realized with positive probability from a competitive

core allocation, for sufficiently small δ > 0, it corresponds to the marginal realization
of goods from a δ-CERE X̃δ with corresponding price vector pδ, in the augmented
economy with artificial money.

As proven above Equation (28), there exist realizations of random budget relaxations
(b1, ..., bn) such that for all i it holds that bi ≤ δ and XG is part of the realization Xδ of
a δ-CERE for a price vector pδ. That is, XG = Xδ,G. Recall that pδ = (pδ,G, pδ,M ).

For agents i and j, we write xG
i and xG

j for their allocated bundle of goods in
that deterministic allocation XG. Because this allocation XG stems from δ-CERE with
realized budget relaxations bi and bj , it holds that both agents can afford their allocated
bundles:

pδ,G · xG
i ≤ pδ · ei + bi

(
pδ · c

)
and pδ,G · xG

j ≤ pδ · ej + bj

(
pδ · c

)
. (32)

As a shorthand notation, we call Bi = pδ · ei + bi
(
pδ · c

)
again the budget of agent i,

and we write xG
i \ {k} to denote the bundle (xG

i − ek)+, where one unit of good k is
removed, if there is at least one unit present.

Suppose that envy of agent i towards agent j cannot be resolved by substracting
one unit of a good. That is, for all k ∈ M , it holds that xG

i ≺i

(
xG
j \ {k}

)
. Given the

competitive market foundation of the δ-CERE, this implies that the bundle xG
j \ {k}
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must not be affordable to agent i:

pδ,G ·
(
xG
j \ {k}

)
> Bi. (33)

That is, because agent i consumed their favourite affordable and expenditure-minimizing
bundle within their budget. If they strictly prefer xG

j \ {k} to xG
i , then the price of the

former must have exceeded their budget. Summing Equation (33) over all goods k yields

m∑
k=1

pδ,G · xG
j \ {k} > m ·Bi. (34)

A simple counting argument proves that the left-hand side of this equation is upper
bounded by (m− 1)pδ,G · xG

j . Moreover, the bundle xG
j is affordable to agent j, and

hence Bj ≥ pδ,G · xG
j . Combining these bounds yields that m−1

m · Bj > Bi. Thus, the
budget of agent i is at most m−1

m times the budget of agent j. Putting our expression
for the budget of an agent back in, we get the following inequality:

m− 1

m
pδ (ej + bj · c) > pδ (ei + bi · c) . (35)

For the final contradiction, we now need to consider, whether this envy is justified.

JEF1 based on set-inclusion. To boundjustified envy based on set-inclusion, consider
that we have the pointwise bound: eGi ≥ eGj . This implies that also ei ≥ ej , as in the
augmented economy, all agents receive the same amount of artificial money. This implies

pδ · ei ≥ pδ · ej . (36)

As the budget relaxations bi, bj ≤ δ, it follows that for sufficiently small δ > 0, Equa-
tions (35) and (36) cannot hold at the same time. This contradicts the assumption, that
envy was not bounded by a single good, proving that the representative deterministic
allocation XG is JEF1 for set-inclusion.

JEF1 based on equilibrium valuations. To bound justified envy based on equilib-
rium valuations, consider the equilibrium price vector pG, and suppose that endowments
are such that the equilibrium valuation of eGi is great or equal than the equilibrium
valuation of eGj . That is, pG · eGi ≥ pG · eGj . This implies that p · ei ≥ p · ej , where p is
the limit price vector including the price of artificial money, because in the augmented
economy, all agents receive the same amount of artificial money. Recall that bi, bj ≤ δ.
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Moreover, δ > 0 can be chosen small enough, such that pδ is arbitrarily close to p, and
hence also such that pδ · ei is arbitrarily close to p · ei. That is, for all ϵ > 0, we can
choose δ small enough such that

pδ · ei ≥ pδ · ej − ϵ. (37)

Again, for sufficiently small δ > 0, Equations (35) and (37) cannot hold at the same time.
This contradicts the assumption, that envy was not bounded by a single good, proving
that the representative deterministic allocation X is JEF1 for equilibrium-valuations.

A.6 Proof of Theorem 5

Proof. Consider an economy with n agents and fix any cardinal representation (ut)t∈T ∗

of weak ordinal preferences. By Theorem 3, the Competitive Core Mechanism, denoted
by ΦCCM (·), satisfies the ex-ante property of equal treatment of equals. Specifically, for
any reported type vector t and for any pair of agents i and j with types ti and tj such
that ẽi = ẽj , it holds that

ΦCCM
i (t) ⪰sd

i ΦCCM
j (t) (38)

This implies that for the corresponding Von Neumann-Morgenstern utility functions ut,
we have E[uti(ΦCCM

i (t,m)] ≥ E[uti(ΦCCM
j (t,m)]. This condition is precisely the envy-

freeness condition for semi-anonymous direct mechanisms as introduced in Appendix C
of Azevedo and Budish (2019). In other words, no agent envies another agent within
the same group; in our context, a group is defined by equal endowment. Thus, the
condition of envy-freeness within a group for a fixed utility function follows directly
from our concept of ordinal equal treatment of equals. Therefore, by the extension
of Azevedo and Budish (2019, Theorem 1) to semi-anonymous mechanisms in their
Appendix C, we conclude that the Competitive Core Mechanism is strategyproof in the
large. Specifically, it follows directly from their analysis that the maximum possible gains
from misreporting decrease at a rate of n− 1

2
+ϵ as the number of agents n increases.
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