AUCTIONS WITH WITHDRAWAL RIGHTS:
A FOUNDATION FOR UNIFORM PRICE

ALEXANDER HABERMAN AND RAVI JAGADEESAN

ABSTRACT. When bidders in an auction have correlated private information, opti-
mal mechanisms screen bidders based on their beliefs. By contrast, this paper shows
that when bidders can withdraw from an auction ez post, uniform price auctions are
exactly optimal in a large-market limit, and approximately optimal in finite mar-
kets. These results illustrate that withdrawal rights provides a realistic framework
for studying optimal auction design with correlated information.

1. INTRODUCTION

A critical assumption in much of mechanism design theory is that private infor-
mation is independent across agents. Without this assumption, optimal mechanisms
generally screen agents based on their beliefs by requiring them to make side bets
about others’ reports in order to participate in the mechanism.

In practice, however, the independence assumption is unlikely to hold, yet mecha-
nisms that involve screening via side bets are rarely used. Instead, goods are often
sold using simple mechanisms such as second price or uniform price auctions. This
disconnect between optimal and practical mechanisms poses a concern for the stan-
dard Bayesian mechanism design approach to optimal auctions.

This paper proposes a foundation for uniform price auctions based on a natural
restriction on the seller’s ability to enforce bidders’ commitments. In particular, sup-
pose that bidders can withdraw from an auction ex post—i.e., after learning whether
they won and how much they are supposed to pay. In this case, we show that uniform
price auctions are optimal even when bidders’ private information is correlated. Our
optimality result holds exactly in a large market limit with many bidders and units
Date: July 27, 2023.

We thank Mohammad Akbarpour, Itai Ashlagi, Ben Brooks, Songzi Du, Tibor Heumann, Paul

Milgrom, Ilya Segal, Ludvig Sinander, Alex Teytelboym, Shoshana Vasserman, several seminar
audiences, and, especially, Andy Skrzypacz, for their helpful comments.

Haberman: Department of Economics, Stanford University. Email: ahabermn@stanford.edu.

Jagadeesan: Department of Economics, Stanford University. Email: ravi.jagadeesan@gmail.com.

!See, e.g., Crémer and McLean (1985, 1988), McAfee and Reny (1992), and Neeman (2004).
1



2 ALEXANDER HABERMAN AND RAVI JAGADEESAN

of a good for sale (under appropriate regularity assumptions). It also holds approxi-
mately in finite markets, where the uniform price auction corresponds to an (M +1)th
price auction if there are M units of the good for sale. These results suggest that
considering withdrawal rights provides a practical framework for studying optimal
auction design without the assumption of independent private information.

Our motivation for considering withdrawal rights is two-fold. The first motivation
comes from sales of major assets by auction. In such auctions, the winner often has
to conduct due diligence to verify that the seller’s representations regarding the asset
are correct. This verification is typically done ex post as it is costly. Importantly, any
inaccuracy in the seller’s representations provides an opportunity for the winner to
withdraw. For complex assets, small inaccuracies will always be present in practice,
so the due diligence process provides a implicit channel for buyers to withdraw ex post.

A second motivation for withdrawal rights comes from consumers’ ability to make
returns. Sellers are often legally required to accept returns during a cooling-off period.
For example, for internet sales (and, more generally, other sales that occur away from
store premises), sellers in the European Union are obliged by the Consumer Rights
Directive 2011 to accept returns for 14 days (see, e.g., Krahmer and Strausz (2015)).

While withdrawal rights arise commonly in practice, they turn out to restrict selling
mechanisms in a fairly subtle way in theory. One implication of withdrawal rights is
that the seller can only implement allocations that are ex post individually rational.
However, withdrawal rights also open the possibility of withdrawing from the mech-
anism after a misreport: as Compte and Jehiel (2009) wrote, “When considering a
deviation, an agent takes into account the fact that he can opt out if things turn out
badly.”?> Most practical selling mechanisms—including second /uniform price auctions
and first/discriminatory price auctions, as well as mixed-price auctions and Spanish
auctions—are not only ez post individually rational, but also implementable (with
standard equilibrium strategies) in the presence of withdrawal rights. Nevertheless,
the strategic impact of withdrawal rights makes the resulting mechanism design prob-
lems fundamentally different from ones with ez post individual rationality constraints.

Our analysis of auctions with correlated information and withdrawal rights focuses
on a large-market limit. For sake of tractability, in the main part of our analysis,
we model large markets by supposing that there is a continuum of (unit-demand)
bidders. Following Jackson and Kremer (2006), we suppose that there are enough

units of a homogeneous, indivisible good to allocate to k fraction of the bidders.

2See also, e.g., Matthews and Postlewaite (1989), Forges (1999), and Compte and Jehiel (2007).
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To isolate the role of withdrawal rights in disciplining optimal mechanisms sep-
arately from their interaction with the winner’s curse, we assume that values are
private. Values are i.i.d. conditional on an (aggregate) state, which is unknown to all
agents; types are hence correlated through the state. We consider Bayesian mecha-
nisms to allow, in principle, for mechanisms that depend on or elicit beliefs.

The model features a role for auction design despite the assumption that the market
is large. Indeed, a uniform price auction delivers strictly higher expected revenue than
a discriminatory price auction even in the large-market limit (Jackson and Kremer,
2006). In particular, this revenue difference arises even for ez post efficient mechanisms
that are implementable with withdrawal rights—highlighting the role for the design of
payment rules that results from the correlation among bidders’ private information.

To isolate the impact of withdrawal rights on the payment rules of optimal mech-
anisms, we restrict the seller to mechanisms that implement an ez post efficient al-
location of the good. Our main result shows that in this setting, under a regularity
condition on the correlation structure, uniform price auctions maximize expected
revenue over all auction mechanisms when bidders can withdraw ez post (Section 4).

Due to the assumptions of private values and unit-demand, uniform price auctions
are dominant strategy incentive compatible and ex post individually rational. Thus,
our result implies that when bidders can withdraw ex post and the seller is restricted
to efficient mechanisms, there is no gain in expected revenue from using more com-
plicated mechanisms whose design or bidding behavior depends on bidders’ beliefs
or their relationship with values. Additionally, the optimal efficient mechanism is
prior-free—as in the independent private values model (Myerson, 1981).3

A simplistic intuition behind our main result is that side bets are not ex post
individually rational, and therefore cannot be enforced when bidders can withdraw
ex post. However, this intuition is not correct because ex post individually rationality
does permit the seller to enforce bets of size up to a bidder’s ex post surplus. In fact,
with correlation, it turns out there are ez post individually rational mechanisms that
deliver higher strictly expected revenue than uniform price auctions.*

Our analysis instead relies on more detailed understanding of the strategic impli-

cations of ex post participation constraints, building on Matthews and Postlewaite

3In the independent private values model, considering withdrawal rights does not fundamentally
affect the seller’s problem: it only selects among optimal mechanisms (with or without an ex post
efficiency condition).

4This conclusion was shown by Lopomo (2001) in a finite-market context with two bidders and one
unit of the good for sale. We show the conclusion in our setting in Section 2.
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(1989), Forges (1999), and Compte and Jehiel (2007, 2009).° It turns out that the
optimal ex post individually rational mechanism is not incentive compatible when
bidders can withdraw ez post: it is vulnerable to double deviations involving the
combination of a misreport and a withdrawal. Intuitively, withdrawal rights impose
ex post individual rationality not only on the equilibrium path, but also consistently
after misreports—i.e., off path in a sense (Compte and Jehiel, 2009).

For ex post individually rational mechanisms in general, the only deviations after
which ex post withdrawal may be attractive is for upward deviations. It turns out
that the key additional constraints entailed by withdrawal rights are non-local upward
incentive constraints. In particular, the standard first-order approach is inapplicable
in auction design problems, like ours, in which withdrawal rights play a role beyond
ex post individual rationality: dropping the non-local upward incentive constraints
would lead to a solution that is vulnerable to double deviations.

To prove the optimality of uniform price auctions, we consider an alternative re-
laxed problem that includes not only the local Bayesian incentive constraints and ex
post individual rationality constraints, but also a double continuum of non-local in-
centive constraints for upward double deviations that bind for uniform price auctions
(Section 5). Under our regularity condition on the correlation structure, we construct
Lagrange multipliers on the constraints in the relaxed problem that, together with the
uniform price auction mechanism, comprise a saddle point of the seller’s Lagrangian.®
The argument actually shows that uniform price auctions are essentially uniquely
optimal among ez post efficient mechanisms in our setting.

The role of the large market assumption is simply to avoid complexities with un-
certainty about the realized distribution of values in each state. In Section 6, we show
that our main result does not rely on pathologies related to presence of a continuum
of agents by connecting the continuum analysis to auctions with a finite number of

potential bidders. While uniform price auctions are not exactly optimal in finite

SThese papers formalized the strategic implications of withdrawal rights in bilateral trade settings.
They called the the possibility of ex post withdrawal “rights of refusal,” “veto incentive compatibil-
ity,” and “veto rights,” respectively.

6The role of non-local incentive constraints and double deviations in our analysis has some similarities
to Carroll and Segal’s (2019) analysis of optimal auctions with resale. However, only downward
incentive constraints feature in Carroll and Segal’s (2019) analysis, while the only non-local incentive
constraints we use are upward incentive constraints. Furthermore, we construct Lagrange multipliers
on these constraints as the solution of a linear integral equation, while previous work has constructed
Lagrange multipliers over a double continuum of non-local incentive constraints either explicitly
(Carroll and Segal, 2019; Bergemann et al., 2020), or using transport theory (Daskalakis et al.,
2017).
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markets, we show that uniform price auctions remain approximately optimal in a
quantitative sense. More precisely, we show that the loss in expected revenue per
bidder from using an (M + 1)th price auction instead of the optimal ez post efficient
auction mechanism is at most on the order of \/Lﬁ if there are N potential bidders.
The per-bidder expected revenue gap goes to 0 as N grows large—validating our
analysis of the model with a continuum of bidders.

The remainder of the paper relaxes assumptions of our main result in turn. First,
in Section 7.1, we relax the regularity condition on the correlation structure that our
main result imposes. This regularity condition requires that the effect of the state on
likelihoods of types be sufficiently small and well-behaved. In the special case in which
the conditional value distributions comprise a full exponential family (such as, e.g.,
for truncated and untruncated normal, log-normal, Beta, and Pareto distributions),
the regularity condition simply requires that bidders’ values not be too informative
about the state—i.e., that values are not too correlated. Without such an assumption,
we can show that uniform price auctions are not exactly optimal in general. However,
we provide a family of numerical examples illustrating that uniform price auctions
can nevertheless deliver a large fraction of the optimal expected revenue if there are
not too many units of the good for sale—in fact, at least 98% of the optimal expected
revenue if at most half of the bidders can purchase the good. Thus, the uniform price
auction appears to be nearly optimal even with high correlation.

Second, in Section 7.2, we allow for the possibility that withdrawal may be costly
ex post for bidders—for example, as they may have to forfeit a deposit if they do
so. We show that while uniform price auctions are no longer exactly optimal, they
remain approximately optimal. More precisely, we bound above the expected revenue
gain from using more complex mechanisms in terms of bidders’ withdrawal costs.

For mechanism design problems with correlated information, Crémer and McLean
(1988) and McAfee and Reny (1992) provided necessary and sufficient conditions for
optimal mechanisms to extract the full surplus. A literature has explored the extent
to which these conditions are generic (Neeman, 2004; Heifetz and Neeman, 2006;
Chen and Xiong, 2013), and showed that full surplus extraction is impossible when
the seller cannot pay buyers (Myerson, 1981) or when buyers have limited liability
or are risk averse (Robert, 1991; Kosmopoulou and Williams, 1998).” However, even
when full surplus extraction is impossible, optimal mechanisms generally involve side
7Relatedly, Compte and Jehiel (2007, 2009) studied bilateral trade with correlated values (where,

generically, Crémer-McLean-type mechanisms would implement ex post efficient outcomes), and
showed that the Myerson and Satterthwaite (1983) inefficiency result persists if withdrawal rights
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bets (see, e.g., Neeman (2004)), so do not correspond to practical mechanisms. This
paper goes beyond the issue of whether the seller can extract the full surplus, and
shows that withdrawal rights provide a foundation for a simple, practical mechanism.

Our foundation for the uniform price auction differs from arguments that have been
made for it based on robustness. Examples of such arguments include the optimality
of dominant strategy mechanisms (a) among detail-free auction mechanisms (Chung
and Ely, 2007; Yamashita and Zhu, 2022),® and (b) if it can only be ensured that
bidders take weakly undominated actions (Yamashita, 2015). While our results hold
exactly only in the large-market limit, we do not assume that the seller takes a worst-
case perspective with respect to bidders’ (higher-order) beliefs or behavior. Rather,
we show that the optimality of the uniform price auction emerges from a fully Bayesian
analysis of the sellers’” problem when bidders have withdrawal rights.

Dynamic mechanism and information design problems with withdrawal rights have
been studied by Krdhmer and Strausz (2015) and Heumann (2020). Those papers
used withdrawal rights (which they call “ex post participation constraints”) to avoid
full surplus extraction and obtain a realistic optimal mechanism when bidders do not
have ex ante private information. Our setting is static, and full surplus extraction—
without an ex post individual rationality constraint or withdrawal rights—is driven

by the use of side bets rather than a lack of of private information on arrival.

2. AN ILLUSTRATIVE EXAMPLE

A seller has % units of a good to sell to a unit-mass continuum of bidders. The

bidders have private values whose distribution depends on a state s € {0,1,2}. In

state s, 82—_05 fraction of the bidders’ values are 0, 82;05 fraction of values are distributed

uniformly between 0 and 84, and 21—%5 fraction of values are 84. State 1 occurs with

probability %, and states 0 and 2 each occur with probability %
Throughout this section, we restrict attention to ex post efficient mechanisms.
The optimal expected revenue among Bayesian incentive compatible, interim indi-
vidually rational mechanisms is 31.9. Table 1 gives a menu description of a mechanism

yielding this revenue.’ Note that the mechanism involves payments of up to 180—well

are introduced. This inefficiency result applies even if withdrawal rights are weakened to an ex post
individual rationality constraint.

8In related work, Lopomo (2001) and Segal (2003) showed the optimality of versions of second price
and uniform price auctions among all mechanisms that are ex post incentive compatible and ex post
individually rational (see also Roughgarden and Talgam-Cohen (2016)).

9The total surplus is 36.9. The McAfee and Reny (1992) full surplus extraction results do not apply
because types with different values can share the same beliefs (Neeman, 2004).
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payment if s =0 | payment if s = 1 | payment if s = 2
never buy 0 0 0
get good if s =0 —357 144 0
get good if s € {0,1} —357 180 0
get good in all states —357 180 o6

TABLE 1. Menu description of an optimal Bayesian incentive compat-
ible, interim individually rational mechanism. Expected revenue is 31.9.

payment if s =0 | payment if s = 1 | payment if s = 2
never buy 0 0 0
get good if s =0 21 0 0
get good if s € {0,1} 21 36 0
get good in all states —31% 56 56

TABLE 2. Menu description of an optimal Bayesian incentive compat-
ible, ex post individually rational mechanism. Expected revenue is 20.

above the highest possible value of 84. Moreover, bidders that get the good only in
state 0 make payments to the seller in state 1. These payments arise due to the side
bets that are central to optimal mechanisms in the presence of correlation (Crémer
and McLean, 1985, 1988; McAfee and Reny, 1992; Neeman, 2004).

One might think requiring ez post individual rationality would discipline the design
problem enough to lead to a realistic optimal mechanism. Imposing ez post individual
rationality does lower the optimal expected revenue to 20: Table 2 gives a menu
description of an optimal Bayesian incentive compatible, ex post individually rational
mechanism. However, it does not correspond to a practical auction format.

Note that the mechanism described in Table 2 is not incentive compatible when
the possibility of ex post withdrawal off the equilibrium path is considered. (Ez post
individual rationality only requires that no bidder want to withdraw ex post on the
equilibrium path—placing no restrictions off the equilibrium path beyond Bayesian
incentive compatibility.) Indeed, the possibility of withdrawal effectively enlarges the
menu. For example, by selecting the last option in the menu described in Table 2
and withdrawing in states 1 and 2, bidders can obtain the good in state 0 and receive
—31% from the seller in that state. The corresponding double deviation (involving a

misreport and withdrawal) is attractive to types that do not always get the good.'

10T e failure of incentive compatibility with withdrawal rights is not driven by the possibility of the
seller making payments to bidders. If the seller is furthermore restricted to never make payments
to bidders, then the menu description of an optimal mechanism is:
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payment if s =0 | payment if s = 1 | payment if s = 2
never get good 0 0 0
get good if s =0 21 0 0
get good if s € {0, 1} 21 36 0
get good in all states 21 36 o6

TABLE 3. Menu description of the uniform price auction, which is the
optimal mechanism with withdrawal rights. Expected revenue is 18.5.

The optimal mechanism with withdrawal rights is the uniform price auction. For
this mechanism, the units of the good are sold at prices of 21, 36, and 56 in the three
states, respectively, yielding expected revenue of 18.5. (Table 3 gives a menu de-
scription.) The uniform price auction remains incentive compatible with withdrawal
rights because withdrawal is only desirable ez post for a bidder if they bid above their
value, which is a weakly dominated strategy.

Even with a continuum of agents, there is a role for auction design due to the
correlation between bidders’ values. Indeed, the discriminatory price auction yields
strictly lower expected revenue than the uniform price auction (Jackson and Kre-
mer, 2006). (In our example, the discriminatory price auction yields an expected
revenue of 17.5.) The direct revelation version of the discriminatory price auction re-
mains incentive-compatible with withdrawal rights, since—like for the uniform price
auction—withdrawal is only desirable ez post for a bidder if they bid above their
value, which is a dominated strategy. Hence, the seller faces a nontrivial mechanism

design problem even in the presence of withdrawal rights.

3. MODEL

A seller has k£ units of a good for sale, where 0 < k < 1. There is a unit-mass
continuum of bidders who each have unit demand.

There is a state s € [0, 1] distributed according to density f(s), which is continu-
ously differentiable in 5.1 Agents have private types 6 € |6, 0] that give their values

payment if s =0 | payment if s =1 | payment if s =2
never buy 0 0 0
get good if s =0 21 0 0
get good if s € {0,1} 21 36 0
get good in all states 0 44 56

(This mechanism yields an expected revenue of 19.1.) The mechanism is vulnerable to double
deviations. For example, types that get the good only in state 0. would prefer to select the last option
in the menu and withdraw if the state is 1 or 2, thereby obtaining the good in state 0 for free.
HThis and other differentiability assumptions are technical and only serve to simplify the proofs.
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for the good, where # > 0. Conditional on s, types are distributed independently
according to density f(f|s), which is twice continuously differentiable in s. We also
assume throughout that the densities have full support, in that f(s) > 0 holds for all
s €[0,1], and f(f]s) > 0 holds for all § € [6,60] and s € [0, 1].

Note that the state s can be inferred by the designer from the reports of any
full measure set of agents. To avoid technical issues that arise in mechanism design
problems with a continuum of agents, we restrict the seller to direct mechanisms
(q,t) = (q(0,5),t(0,5)) : [6,0] x [0,1] = [0,1] x R. In Section 6, we show that our
results apply asymptotically to limits of sequences of mechanism design problems with

growing, finite numbers of agents—validating our analysis of the continuum model.
The expected revenue of a mechanism (q,t) is E [f; t(0, s)f(9|s)d9] 12

3.1. Withdrawal-Proof Mechanisms. We consider mechanisms that are incentive

compatible (in a Bayesian sense) even when bidders can withdraw ez post.

Definition 1 (Matthews and Postlewaite, 1989; Forges, 1999; Compte and Jehiel,
2007, 2009). A mechanism (g, t) is withdrawal-proof if for all types 0,6’, we have that

E, [0q(6,5) —t(0,5)|0] > E, [max{0q(¢',s) — t(¢,s),0}|6] .

The left hand side in Definition 1 is type 6’s expected utility under truthful report-
ing. The right hand side is type 8’s expected utility from reporting 6’ and withdraw-
ing if they obtain an ez post utility lower than 0—the utility of the outside option.'3
Withdrawal-proofness requires that no such deviation be desirable in expectation.

We next compare withdrawal-proofness to Bayesian incentive compatibility and ex

post individual rationality.

3.2. Necessary Conditions for Withdrawal-Proofness. A mechanism (g, ) is

Bayesian incentive compatible if for all types 6 and reports 6, we have that
E, [0q(6,s) —t(0,5)|0] > E, [0q(¢',5) — t(¢,5)|6] .

Withdrawal-proofness implies Bayesian incentive compatibility because the possibility

of withdrawal can only improve the payoff from misreporting.

12Technically, we assume that payment rules are integrable in that E; [|t(9, s)| |6‘] < oo for all types
6, and that [; E, [[t(9,5)||6] f(8)d6 < oc.

BDue to the presence of a continuum of bidders in our setting and the implicit symmetry restriction
we impose on the class of mechanisms, a bidder’s report and the state completely determine their

allocation and payment. Therefore, it is without loss of generality to assume that bidders’ withdrawal
decisions depend only on the state.
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A mechanism (g, t) is ez post individually rational if for all types 6 and almost all
states s, we have that 6q(0,s) — t(6,s) > 0. Withdrawal-proofness implies ex post
individual rationality, as a failure of ez post individual rationality would imply that

there exists a strictly profitable withdrawal strategy under truthful reporting.

Proposition 1 (Forges, 1999, Proposition 1). If a mechanism is withdrawal-proof,

then it is Bayesian incentive compatible and ex post individually rational.

Proof. Let (q,t) be a withdrawal-proof mechanism. To see that (g, ) must be Bayesian

incentive compatible, note that for all types 6 and reports 6', we have that
E; [0q(6,5) — t(0,5)|0] > E, [max{0q(¢',s) — t(¢, s),0}|0] > E, [0q(¢',s) — (¢, 5)|0]

where the first inequality holds due to withdrawal-proofness.
To see that (gq,t) must be ex post individually rational, let 6 be a type. Note that

the withdrawal-proofness condition for the report 6’ = 6 guarantees that
E, [0q(6,s) — t(0,5)|6] > E, [max{0q(0,s) — t(6,s),0}|6] .

It follows that 0q(0, s) —t(6, s) = max{0q(0,s) —t(0,s),0} for almost all states s, and
hence that q(0,s) — t(6,s) > 0 for almost all states s. O

However, withdrawal-proofness is in general more demanding than simply the con-
junction of Bayesian incentive compatibility and ez post individual rationality. In-
deed, withdrawal-proofness takes into account the strategic implications of an ex post
participation constraint that arise with the possibility of withdrawal after a misreport
(see Example 1 in Matthews and Postlewaite (1989), Compte and Jehiel (2007, 2009),
or Section 2). In particular, if one attempts to microfound an ex post individual ra-
tionality constraint via an ability to withdraw ex post, then in models with adverse

selection, one has actually microfounded withdrawal-proofness.**

3.3. Sufficient Conditions for Withdrawal-Proofness. However, the examples
of Bayesian incentive compatible, ez post individually rational mechanisms that are
not withdrawal-proof do not correspond to practical mechanisms. In fact, two natural
properties of practical Bayesian incentive compatible mechanisms together ensure
withdrawal-proofness: namely (i) that one is charged at most one’s bid per unit of

the good won, and (ii) that bidding above one’s true value is a dominated strategy.

14Withdrawal-proofness does coincide with the conjunction of incentive compatibility and ex post
individual rationality in pure moral hazard models.
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Intuitively, (i) ensures that withdrawal is only desirable after bidding above one’s true
value, which (ii) ensures is never attractive.

To formalize this argument in the language of direct revelation mechanisms, we
draw a dichotomy (for each @) between reports that ensure a per-unit payment of at
most # and reports that are weakly dominated for type 6. We then show that any
Bayesian incentive compatible mechanism for which making a report that can lead to

paying above one’s value is a dominated strategy is in fact withdrawal-proof.

Proposition 2. Let (q,t) be a Bayesian incentive compatible mechanism. Suppose
that for each type 0, each report ' such that Pr, [t(@’, s)>0q(¢,s |0] > 0 is weakly
dominated (in the game induced by (q,t) without withdrawal) by a report 0 for which
t(0,s) < 0q(8, s) for almost all states s. Then, (¢,t) is withdrawal-proof.

Proof. Let 6 be a type, and let # be a report. We show that ' cannot be desirable
even in the presence of withdrawal.
If (0, s) < 0q(0,s) for almost all states s, then we have that

max{0q(¢", s) — t(¢', s),0} = Oq(¢', 5)
for almost all states s. Since (g, t) is Bayesian incentive compatible, it follows that
E; [0q(6,5) — t(0,5)|0] > E [0q(6',5) — t(¢',5)|0] = E, [max{0q(¢',s) — (¢, s),0}|6] .

If Pr, [t(¢',5) > 0q(0',5)|0] > 0, then let 0 be a weakly dominating report with
t(6,s) < 0q(A, s) for almost all states s. By construction, we have that

A

0q(0,s) — (6, s) > max{0q(#,s) — t(#, s),0}.
Taking expectations and using Bayesian incentive compatibility then yields that
E; [04(6,5) — t(0,5)|6] > E, [Qq(é, s) —t(0, s)|9} > E, [max{0q(¢',s) — t(¢',s),0}|6] .

Since the two cases exhaust all possibilities, (¢,t) must be withdrawal-proof. O

For example, it follows from Proposition 2 that the uniform price auction and the
direct revelation mechanism implementing Bayesian Nash equilibrium in a discrim-
inatory price auction are withdrawal-proof. Similarly, direct revelation versions of
mixed-price auctions (see, e.g., Woodward (2021)) and Spanish auctions (Alvarez
et al., 2003) are also withdrawal-proof.

Proposition 2 also implies a connection between withdrawal-proofness and dominant-

strategy incentive compatibility. A mechanism (q,t) is dominant strategy incentive
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compatible if for all types 6 and reports 6, and almost all states s, we have that

0q(0,s) —t(0,s) > 0q(0',s) —t(d', s).

Corollary 1. If a mechanism is dominant strategy incentive compatible and ex post

individually rational, then it is withdrawal-proof.
Proof. Follows from Proposition 2 by taking 8 = 6. 0J

Proposition 1 and Corollary 1 show why imposing withdrawal-proofness does not
affect optimal revenue in the independent private values model. Indeed, in that
setting, the optimal expected revenue over Bayesian incentive compatible, interim
individually rational mechanisms is the same as the optimal expected revenue over
dominant strategy incentive compatible, ex post individually rational mechanisms;'®
withdrawal-proof mechanisms fall between these two classes, and therefore also deliver
the same optimal expected revenue. Hence, it is the correlation between bidders’

private information that creates a nontrivial role for withdrawal rights in our setting.

4. OPTIMALITY OF THE UNIFORM PRICE AUCTION

In this section, we provide conditions under which the uniform-price auction is
optimal among ez post efficient, withdrawal-proof mechanisms.
Formally, an allocation rule (0, s) is ex post efficient if, for each state s, it maxi-

mizes total surplus ~
]
/ 0q(6, ) £(6]s)db
0

subject to the allocation feasibility constraint

/g 4(6.5)/(6]5)d8 < k.

A mechanism is ez post efficient if its allocation rule is ex post efficient. Letting
F(0|s) denote the cumulative distribution function of values in states s and p(s) =
F(-|s)7*(1 — k) the (1 — k)th quantile value in state s, it is easy to see that for an ez
post efficient allocation rule (6, s), we must have that ¢(, s) = ¢°%(0, s) for all types

15T his equality follows from the Revenue Equivalence Theorem if the seller is restricted to ex post
efficient mechanisms, and from the equivalence of Bayesian and dominant strategy-implementation
(Manelli and Vincent, 2010; Gershkov et al., 2013) for general allocation rules.
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6 and almost all states s, where ¢° is the allocation rule defined by

(0, 5) = 1 if 0> p(s) '
0 otherwise

The uniform price auction is the mechanism with allocation rule ¢°% and payment
rule

tUPA(0, 5) = p(s)q° (0, 5).

By construction, the uniform price auction is ex post efficient, as well as domi-
nant strategy incentive compatible and ex post individually rational. It is therefore
withdrawal-proof by Corollary 1.

Our optimality result for the uniform-price auction imposes two conditions on the
correlation structure. The first is the standard monotone likelihood ratio property
(Milgrom, 1981). We work with the strict version to simplify the analysis.

Assumption 1 (Strict Monotone Likelihood Ratio Property). For all states s < ¢/,

the likelihood ratio ];(((yl‘i)) is strictly increasing in 6.

Our second assumption is a novel regularity condition on the degree of affiliation

between the state and bidders’ values.

Assumption 2 (Regular Affiliation). For all types § and states s, we have that'®

) / 1 92 / 2
[ EIRI) ) ([ POBIO) 1) Plossile)
0 0s00’ 0 0s'00 0s00

Intuitively, Assumption 2 requires that the degree of affiliation be not too high and
not too irregular. We discuss the assumption in more detail in the sequel.

The following theorem is the main result of this paper.

Theorem 1. Under Assumptions 1 and 2, the uniform price auction maximizes

expected revenue over all ex post efficient, withdrawal-proof mechanisms.

Due to the presence of correlation, optimal Bayesian incentive compatible, interim
individually rational mechanisms generally require agents to make side bets about
others’ reports in order to participate in the mechanism (Crémer and McLean, 1985,
1988; McAfee and Reny, 1992; Neeman, 2004). As discussed in Section 2, even if
interim individual rationality is strengthened to ex post individual rationality, mech-

anisms unlike those seen in practice remain optimal. By contrast, Theorem 1 shows

1611 fact, a weaker condition that depends on the quantity k of the good that is for sale is sufficient
for Theorem 1. See Footnote 42 in Appendix B for the details.
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that when bidders can withdraw ez post, the uniform price auction becomes optimal.

As a side benefit, this mechanism is also dominant strategy incentive compatible.

4.1. Understanding the Regular Affiliation Assumption. We next explain the
content of the regular affiliation assumption in the case where the conditional distri-
butions of values comprise a (full) exponential family. Formally, the family f(f|s) of
distributions is a full ezponential family if there exist functions A, B : [#,6] — R and
C,D :[0,1] — R with B(#), D(s) > 0 such that

f(Bls) = B(0)D(s) exp (A(0)C(s)) -

Many common families of distributions, such as (truncated and untruncated) nor-
mal, log-normal, Beta, Gamma, and Pareto distributions, comprise full exponential
families. Moreover, the exponential family assumption places no restrictions on the
unconditional distribution of values.

In the case of full exponential families, it turns out that Assumption 2 can be

written as a simple bound on likelihood ratios.

Assumption 2’ (Uniformly Bounded Likelihood Ratios). For all types 6, " and states

s, s, we have that

f@'s") _ f0]s)

F(0's) = “F(6s)’

17

where e = 2.718 ... denotes Euler’s constant

Lemma 1. Under Assumption 1:

(a) Assumption 2 implies Assumption 2.
(b) If £(0|s) is a full exponential family, then Assumption 2 implies Assumption 2.

The proof of Lemma 1 is a straightforward calculation—see Online Appendix E.

Hence, in the case of full exponential families, Assumption 2 simply requires that
for each pair s,s’ of states, the likelihood ratio statistic for a hypothesis test to
distinguish states s and s’ vary by at most a factor of e across types. This condition
simply requires that the state not be too affiliated with values. For full exponential

families, Assumption 2 can be weakened to Assumption 2" in Theorem 1.

Corollary 2. If f(0|s) is a full exponential family, then under Assumptions 1 and 2,
the uniform price auction mazimizes expected revenue over all ex post efficient,

withdrawal-proof mechanisms.

GRS Iy

17 . . , . .
Under Assumption 1, Assumption 2’ can be written equivalently as F6[0) ol
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For general correlation structures, Assumption 2 requires more than simply the
uniform bound given by Assumption 2’. Intuitively, Assumption 2 requires that that
the affiliation between the state and the values be sufficiently regular, in a sense

implied by the full exponential family assumption.

4.2. The Key Intuition. We next explain the intuition behind Theorem 1 by con-
necting withdrawal-proofness to Milgrom and Weber’s (1982) linkage principle.

Let us restrict attention to ex post efficient, locally incentive compatible auctions
for which losers do not pay. For such auctions, under Assumption 1, the linkage
principle implies that the seller’s expected revenue is higher the steeper payments of
winners are in the state s—i.e., the more winners’ payments are “linked” to s.

Local incentive compatibility limits how quickly expected payments can increase
with type. So, in order to maximize the steepness of payments in s, the seller should
offer large discounts to high types in low states and correspondingly charge premia
in high states (whose size may be restricted by ez post individual rationality). This
implication of the linkage principle drives the payment by the seller to the buyers in
the optimal Bayesian incentive compatible, ex post individually rational mechanism
in the example of Section 2 (see Table 2).

Crucially, discounts for higher types make winners’ ex post payments decrease in
their types in each state. Such discounts incentivize low types to execute “upward
double deviations” in which they report high values and withdraw in states in which
they do not receive discounts. Intuitively, withdrawal-proofness requires that winners’
payments weakly increase in type—essentially ruling out the discounts that feature
in the optimal ex post individually rational mechanism. This logic suggests that the
most linked payments can be made to the state under withdrawal-proofness is when
winners’ payments are constant in type in each state—i.e., with uniform prices.

However, this intuition is incomplete, because withdrawal-proofness only requires
that a type 6 be unable to obtain lower ezpected payments by an upward double devia-
tion to a report 8’ > 6: in any given state, payments can decrease in type in principle.
Considering the restriction withdrawal-proofness imposes on the payments of type ¢,
we see that when lower types’ beliefs vary significantly, incentive compatibility for
upward double deviations imposes a substantially different restriction than payments
being increasing in type in each state. Nevertheless, under Assumption 2, we can
extract a condition similar to monotonicity of payments in the state implicitly from
the withdrawal-proofness. This part of our formal argument involves constructing

Lagrange multipliers on a double continuum of upward incentive constraints.
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5. STRATEGY OF THE PROOF OF THEOREM 1

In this section, we summarize the proof of Theorem 1. We begin by formulating
the local incentive constraint for settings with correlated information and explaining
why the standard first-order approach fails in our setting. We then describe the key
nonlocal incentive constraints we use in our analysis, and how we use them to derive
a tight upper bound on the expected revenue of withdrawal-proof mechanisms. As a
side benefit, we show that the uniform price auction is essentially uniquely optimal

under the conditions of Theorem 1. The proofs are in Appendixes A and B.

5.1. The Local Incentive Constraint. We start by deriving the local incentive

constraint for settings with correlated information. Formally, we let
u(f,s) =0q(0,s) —t(0,s)
denote the ez post utility of type 0 in state s. We also let
U(0) = E, [u(0, s)|9} and  Q(0) =E, [q(0, s)’@}

denote the interim expected utility and interim allocation of type 6, respectively.
The following envelope formula for interim expected utilities formalizes the local

incentive constraint in our model.

Theorem 2 (Envelope Formula with Correlated Information). If a Bayesian incentive
compatible mechanism (q,t) yields nonnegative expected revenue, and the ex post utility
u(0, s) is uniformly bounded below over all types 6 and almost all states s, then for

all types 0, we have that

0 0 1 ’
(1) U(6) = U(Q)+/ Q0)de +/ E, u(@',s)%f’e) 0| do.
0 0
analogous to J\;yerson (1981) correction f;; correlation

The first two terms of (1) comprise the standard integral formula for interim ex-
pected utility with independent types from Myerson (1981) and Milgrom and Segal
(2002). The last term of (1) is novel and corresponds to an adjustment for the het-
erogeneity of beliefs that comes from correlation. Intuitively, interim utilities change
with type for two reasons: difference in values (captured by the standard Myerson
(1981) term) and differences in beliefs (captured by the correlation correction term).
Note that the correlation correction can be positive or negative and is not a result of
side bets or belief-based screening. For example, the correlation correction is negative

for the uniform price auction under Assumption 1.
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The correlation correction term in (1) also quantifies the failure of payoff equiv-

alence usually thought of in terms of the linkage principle. Indeed, Assumption 1

—alogaj;(,swl) be increasing in the state s. It fol-

lows that for a fixed interim expected utility U(¢') = E, [u(¢’,5)|¢'] , the adjustment

Eq [u(&’,s)%ﬂ‘@’] is smaller the more rapidly the ex post utility u(6',s) de-

creases in the state s. This effect encapsulates the linkage principle: linking winners’

requires that the partial derivative

payments to the state lowers correlation corrections, and hence information rents. For
example, under Assumption 1, the correlation correction is negative for the discrimi-
natory price auction, but smaller in magnitude than for the uniform price auction.
The proof of Theorem 2 is applicable well beyond the context of our model. Indeed,
neither the large-market structure, nor the unit-demand assumption in the auction,
nor the uni-dimensionality of the state s feature in the proof.!®® For the purposes
of Theorem 2, the state s can be interpreted as any payoff-irrelevant information
that is not known to the agent—such as the vector of other agents’ types in finite
markets. The critical assumptions used in the proof of Theorem 2 are the regularity
conditions imposed on the density f (namely positivity and continuous differentia-
bility), the compactness of the state space, and the regularity conditions imposed on
the mechanism—mnamely that it yields nonnegative expected revenue and that ez post
utilities are uniformly almost surely bounded below. The last assumption (together
with incentive compatibility) ensures that interim expected utilities are not too er-
ratic when types have different beliefs, which is important to being able to apply
arguments along the lines of Milgrom and Segal (2002) in the presence of correlation.

The assumption is fairly innocuous, since the theorem applies regardless of the bound.

5.2. Failure of the First-Order Approach. It turns out that the envelope condi-
tion implied by local incentive constraints under withdrawal-proofness is the same as
the one under Bayesian incentive compatibility. Indeed, by Proposition 1, Theorem 2
applies to withdrawal-proof mechanisms that yield nonnegative expected revenue.
Thus, the standard first-order approach is to maximize expected revenue subject to

(1) and (ex post) individual rationality constraints.

18Fyurthermore, Theorem 2 does not impose Assumptions 1 or 2.

9The envelope formula is similar in spirit to formulations of the first-period local incentive constraint
in dynamic mechanism design problems (see, e.g., Baron and Besanko (1984, Lemma A.3), Courty
and Li (2000, Lemma 3.2), and Segal and Toikka (2007, Claim in Appendix A)). To understand
the connection, interpret s as the realization of future private information, whose distribution may
depend on first-period private information; the envelope formulas referenced above also contain a
term related to the derivative of a density with respect to type. Technically, due to the difference
in settings, we impose different regularity conditions to obtain an envelope formula.
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However, the solution to this relaxed problem is not withdrawal-proof in general.
Indeed, it is possible that the solution is not even Bayesian incentive compatible (and
hence not withdrawal-proof by Proposition 1). But even if it is, it would be the
optimal Bayesian incentive compatible, ex post individually rational mechanism—
which we showed in Section 2 is not withdrawal-proof in general.?

Economically, the failure of the first-order approach is related to the central role
of upward double deviations in the intuition described in Section 4.2. The first-order
approach captures the linkage principle effect, but not the way in which withdrawal-
proofness restricts how payments in each state can vary across types.

Hence, we need to take into account the nonlocal incentive constraints that do not

feature in Theorem 2.

5.3. The Relaxed Problem. By complementary slackness, we need to focus on
nonlocal incentive constraints that bind for the uniform price auction. Specifically,
we focus on upward double deviations where a type 6 reports 6’ > 0 and withdraws ez
post if it would be inefficient for them to get the good—that is, if the state s is such
that 6 < p(s). For the uniform price auction, types are indifferent between reporting
truthfully and executing these upward double deviations: reporting a higher value
only would only make a bidder sometimes win at a price exceeding their value—in
which states it would be inefficient for the bidder to obtain the good and the bidder

could withdraw. The incentive constraints for these double deviations are given by
(2) U(9) > Eq [(u(@', s)— (0 —=0)q(#',s)) I]_gzp(s)‘e] .

To prove Theorem 1, we consider a relaxed problem in which we impose the nonlocal
incentive constraints (2) for types 6 € [p(0),p(1)] and misreports ¢ > 6 in addition
to the envelope conditions (1) and the ex post individual rationality constraints. We
construct Lagrange multipliers on these constraints that, together with the uniform
price auction mechanism, comprise a saddle point of the Lagrangian of the seller’s
problem. We give an explicit formula for the multipliers on the envelope conditions
(1); by contrast, we construct the multipliers on the nonlocal incentive constraints

(2) implicitly as the solution to a family of linear Volterra integral equations.?!

20The distributions of values in Section 2 comprise a natural exponential family, and satisfy Assump-
tion 2’. Although the densities are discontinuous in that section, they can be adapted to satisfy the
continuity and differentiability assumptions that we impose starting in Section 3.

21Gee Brunner (2017, Chapter 1) for an introduction to the theory of linear Volterra equations.
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With independent private values, the Lagrange multiplier on the envelope condition
(1) is —f(#) = L(1 — F(#)).** In our case, we have to make an adjustment for

correlation. Our constructed Lagrange multiplier on the envelope condition (1) is

O (1 - F(6)0)) for 6 < p(0)

f(60)
(3)  A0) = %(;) where  A(9) = sz(eﬁ) (1—F(0]s)) for 6 =p(s) -
HH(L=F(0[1) for > p(1)

Intuitively, A(#) is the Lagrange multiplier on the local incentive constraint of type 6.
In the special case in which the conditional distribution of values is state-independent,
we have that A(f) =1 — F(#), and therefore we recover the Lagrange multipliers on
the envelope condition from the independent private values model.?

Technically, it follows from the following lemma that () is well-defined except
6 = p(0),p(1), where () has jump discontinuities.

Lemma 2. Under Assumption 1, the function A is well-defined on the interval [6, 0],
and continuously differentiable on the intervals [0, p(0)], [p(0),p(1)], and [p(1),8].

We construct Lagrange multipliers v(6, ') on the nonlocal incentive constraints (2)

as the solution to the equations
(4)

min{6’,p(1)} f(s]6) 192 log f(5|6')
6 0/ de = A 0/ —1]_ , o d / f 0/ > :
/p L e =) [ I s tor 0 2 5l

which are necessary conditions for obtaining a saddle point. We need to show that
(4) has a well-behaved solution that is nonnegative—the dual feasibility condition for

Lagrange multipliers on inequality constraints.

f(s]0)
f(sl0")
hand side, which is an adjustment for differences in beliefs about the state across types

The complexity in (4) comes from the factor of in the integrand on the left

6. If the left hand side of (4) were evaluated using any fixed set of beliefs rather than
f(s]@), (4) would simplify to an equation with an explicit solution, which would be
guaranteed to be positive under Assumption 1. In terms of the intuition described in

Section 4.2, the complexity therefore arises due to the fact that withdrawal-proofness

22This multiplier is unique for types that are allocated the good, but indeterminate for other types.
ZNote that for § = p(s), we have that 1 — F(A|s) = k by construction and hence that

kf(0)
AO) = .
@)= 75
This formula also holds for the (1 — k)th quantile type in the independent private values model.
However, it does not hold for 6§ > p(1) or § < p(0).
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constrains each type 0’s expected payment upon executing upward double deviations

to @', which is not a well-behaved condition when beliefs vary significantly with 6.
Nevertheless, we can use Assumptions 1 and 2 to ensure that (4) has a well-behaved

solution. In particular, we use Assumption 2 to ensure that the solution is nonnegative

even taking into account the type-dependence of beliefs in the left hand side of (4).

Lemma 3. Let D C [0, 0)? be the trapezoid defined by p(0) < 0 < p(1) and 0 < §' < 6.

(a) Under Assumption 1, (4) has a unique continuous solution v(0,0") : D — R.

(b) Under Assumptions 1 and 2, this solution is nonnegative, and positive for

o +3.

Here, D is the set of upward deviations that we consider. To prove Lemma 3(a),
we show that fixing a misreport 6" and letting the state s vary, (4) can be written as
a linear Volterra equation of the first kind. We then show that under Assumption 1,
this equation is nonsingular and hence has a unique continuous solution.?* Combining
these solutions as €' varies, we get a solution to (4), which we show is continuous. We

then prove Lemma 3(b) by direct calculation.

5.4. Bounding Expected Revenue. Using the Lagrange multipliers constructed
in (3) and (4) yields the following formula for the revenue of any Bayesian incentive
compatible mechanism, which we use to derive an upper bound on the revenue of any

withdrawal-proof mechanism.

Lemma 4 (Revenue Formula with Correlated Private Values). Let A and v be defined
by (3) and (4). Under Assumption 1, if a Bayesian incentive compatible mechanism
(q,t) yields a nonnegative expected revenue, and u(6,s) is uniformly bounded below

over all types 0 and almost all states s, then (q,t) yields an expected revenue of

f(0) 0)

~
@ interim virtual values

S/

vV
expected correction to interim virtual values

0 p(1) 0
o [ [o- 2D e@sos [ [ @ - 0008 10 o] a0
) @

p(1) 1921 /
og f(s'10) :
- aUE - [ a6 [ T (6,9 g 6] ds'dd
0 0 0s'00
N e’ N - /
@ expected rent of lowest type @ ex post rents of other types conditional on non-allocation under ¢°f
(slack in interim IR constraint) (slack in ex post IR constraints)

24Here, and throughout, we focus on the unique continuous solution to (4).
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p(1) 0
B /(0) /e 7(0,60") (U(0) = Eq [(u(®,5) — (0" = 0)q(0', 5)) Lozp(s)|0] ) dO'd0.

~
@ slack in IC constraints for double deviations

The first two terms of (5) involve the allocation rule and relate to virtual values.
The first term is analogous to the Myerson (1981) revenue formula for the independent
private values model. Indeed, in that case, we have that A(f) = 1 — F(0), so the
quantity 6 — % is a virtual value. The second term is an expected correction to
interim virtual values for correlation.?® Note that the second term involves the ez
post allocation rule rather than merely the interim allocation rule.

The last three terms of (5) involve rents to the bidders that arise if the seller fails
to use a uniform price auction. The third term is analogous to the standard effect of
the interim expected utility of the lowest type on revenue from Myerson (1981). Note
that this term is scaled by A(f), which equals 1 in the independent private values
model but is strictly less than 1 under Assumption 1. The fourth and fifth terms are
corrections to the third term for correlation.?® In contrast to the third term, both the
fourth and fifth terms involve ex post utilities and consider types other than the lowest
one. The fourth term only considers the ex post utilities of types in states in which it
would be inefficient for them to be allocated the good. Thus, the fourth term captures
the revenue effects of payments to types who would not be efficiently allocated the
good. The fifth term considers interim utilities, as well as ex post utilities of types
in states in which it would be efficient for them to be allocated the good. Thus, the
fifth term captures the revenue effects of discriminatory (i.e., non-uniform) pricing.

The last three terms of (5) all capture slack in constraints entailed by withdrawal-
proofness. Indeed, the third term captures slack in an interim individual rationality
constraint, the fourth term captures slack in a family of ex post individual rationality
constraints, and the fifth term captures slack in the withdrawal-proofness constraints
incorporated in our relaxed problem. In particular, the last three terms are all non-

7

negative under withdrawal-proofness.>” Morevoer, the construction of the relaxed

25The second term of (5) vanishes in the independent private values model because for that model,
the Lagrange multipliers v(6,6’) on the nonlocal incentive constraints constructed in (4) vanish.
26Indeed, in the independent private values model, both the fourth and fifth terms of (5) vanish.
For the fourth term, this is because the mixed partial derivative W vanishes. For fifth term,
this is because the Lagrange multipliers (6, 6’) on the nonlocal incentive constraints vanish.
2"Indeed, under Assumptions 1 and 2, the function A, the mixed partial derivative %{g‘gm, and
the Lagrange multipliers y(6,6’) that feature in the last three terms of (5) are all nonnegative.
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problem ensures that the third, fourth, and fifth terms of (5) all vanish for the uni-
form price auction. Hence, Lemma 4 yields an upper bound on the expected revenue

of withdrawal-proof mechanisms that is tight for the uniform price auction.

Lemma 5. Let A and v be defined by (3) and (4). Under Assumptions 1 and 2:

(a) If a withdrawal-proof mechanism (q,t) yields a nonnegative expected revenue,

then it yields an expected revenue of at most

(6) /9 9[ —%} 6)do + / " / Y(6,0")E; [q(0', s) Lo (s |6] d6'd8 .

N— J/
"'

@ interim mrtual values @ expected correction to interim virtual values

(b) Equality holds in this bound if (q,t) is the uniform price auction.

Relative to (5), (6) preserves only the first two terms—corresponding to the interim
virtual values and the expected correlation correction. The first term of (6) comes
from local incentive constraints, while the second comes from nonlocal incentive con-
straints and captures their role in the design of withdrawal-proof auction mechanisms
in the presence of correlation.

Theorem 1 follows directly from Lemma 5.

Proof of Theorem 1 assuming Lemma 5. The upper bound (6) on expected revenue
given in Lemma 5(a) is constant across all ez post efficient mechanisms, and is the
bound is achieved by the uniform price auction (by Lemma 5(b)). O

5.5. Uniqueness of the Uniform Price Auction. Note that the upper bound on
revenue given in Lemma 5 is not tight in general—for example, it is not tight for
the direct revelation version of the discriminatory price auction. In fact, it turns out
that the upper bound is tight essentially only for the uniform price auction (among
ex post efficient mechanisms). Hence, the argument actually shows that the uniform
price auction is uniquely optimal among direct mechanisms, in that any other optimal

mechanism must prescribe the uniform price auction payments almost surely ex post.

Proposition 3 (Uniqueness of the Uniform Price Auction). Under Assumptions 1
and 2, if (q,t) mazimizes expected revenue over all ex post efficient, withdrawal-proof

mechanisms, then t(0,s) = tYPA(0, s) must hold for almost all types 0 and states s.

Proposition 3 provides a sense in which withdrawal-proofness provides a foundation

specifically for the uniform price auction.
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6. FINITE MARKETS

In this section, we validate our analysis of the model with a continuum of bidders
by considering markets with large finite numbers of bidders. We show that while
the uniform price auction is no longer exactly optimal in finite markets, it remains
approximately optimal, and asymptotically optimal in a large-market limit.

We suppose that there are N > 2 bidders, and that the seller has 1 < M < N — 1
units of a homogeneous good for sale. Values and information as are in Section 3.

For the remainder of this section, we denote the type of a particular bidder by 6;, the
vector of reports of the other bidders by 6_;, and the vector of reports of all bidders
by 6. By the revelation principle, we can restrict attention to direct finite-market

mechanisms (¢;,t;)1<i<n, Where
(qzvtl) = (qz(ela 972‘)7 tl<027 072)) : [Q; g]N — [07 1] x R.

The expected revenue of a finite-market mechanism (g;, t;)1<i<n is Zfil Eot:(0;,0_;)].%
Withdrawal-proofness is defined analogously to Definition 1, but where bidders can

withdraw ez post depending on the realizations @_; of other bidders’ types.?’

Definition 2 (Matthews and Postlewaite, 1989; Forges, 1999). A finite-market mech-
anism (g;, t;)1<i<n is withdrawal-proof if for all bidders ¢ and all types 6;, 6}, we have
that

Eeo_, [0:q(0:,0—;) — t(0;,6-:)|0;] = Eq_, [max{0;q(0;, 0_;) — t(67,0—;),0}(6;] .

Propositions 1 and 2 and Corollary 1 carry over verbatim to the finite-market setting
(see Appendix F). Efficiency is defined in the standard way.°

The finite-market analogue of the uniform price auction is the (M + 1)th price auc-
tion. However, unlike the setting with a continuum of bidders, the (M + 1)th price
auction is not generally optimal among ez post efficient, withdrawal-proof, finite-

market mechanisms—even under Assumptions 1 and 2. The fundamental difference

28Technically, we assume that payment rules are integrable in that Eg_, [|ti(9¢, 0_;)| |92] < oo for all
types bidders ¢ and 6;, and that Eg [|¢;(0;,0_;)|] < co for all bidders .

2911 finite markets, unlike in large markets, it is not sufficient to consider withdrawal dependent on
the realization of the state (compare with Footnote 13). However, the results of this section also
apply if withdrawal decisions were allowed to depend on the realization of the state but not the
realized distribution of types.

30Formally, an finite-market allocation rule (g¢:)1<i<n is ex post efficient if, for each realization 0
of types, it maximizes total surplus Zil 0.:q:(0;,0_;) subject to the allocation feasibility constraint
Zﬁvzl qi(0;,0_;) < M. A finite market mechanism is ez post efficient if its allocation rule is.
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between the large-market setting and the finite-market setting is that the latter fea-
tures uncertainty about the realized distribution of values conditional on the state,!
and therefore the market-clearing price is stochastic in each state. Hence, higher types
make higher expected payments conditional on winning and conditional on the state.
As a result, following logic along the lines of Section 4.2, there is scope for further
linking the payments to the state while preserving local incentive compatibility and
without incentivizing upward double deviations.

Nevertheless, we can show that (M + 1)th price auction remains approximately

optimal under the conditions of Theorem 1.

Theorem 3. Under Assumptions 1 and 2, if f(0|s) > i holds for all types 6 and
states s, then no ex post efficient, withdrawal-proof, finite-market mechanism yields
greater than % more expected revenue per bidder than the (M + 1)th price auction.

Theorem 3 shows that a uniform price auction remains approximately optimal
in finite markets. Hence, our foundation for the uniform price auction in terms of
withdrawal rights persists, approximately, in finite markets.

Theorem 3 also validates our continuum analysis from Sections 3 and 4. Indeed,
Theorem 3 implies that holding the ratio % between the number of units for sale and
the number of bidders fixed, and letting the number of bidders grow, a uniform price
auction is asymptotically optimal in the sense of maximizing per-bidder expected

t.33 1

revenue in the limi Moreover, the convergence is at a reasonable rate I with

constants independent of fine details of the distribution of types. Hence, the exact
conclusion of Theorem 1 does not rely on modeling large markets with a continuum
of agents, or on the technical choices involved in the setup of the mechanism design
problem with a continuum of agents in Section 3.

To prove Theorem 3, we construct a withdrawal-proof, but inefficient, large-market
mechanism from any ex post efficient finite-market mechanism. The constructed large-

market mechanism yields the same revenue per bidder as the finite-market mechanism.

31This uncertainty the realized distribution of values conditional on the state also prevents the seller
from learning the state from bidders’ reports. This force limits the sellers’ ability to implement state-
dependent pricing, but does not fundamentally affect the optimality of the uniform price auction.

320ur proof actually shows that the theorem remains true if the quantity 4—\/‘% is replaced by the

smaller quantity %.
33By contrast, the per-bidder expected revenue gap between the uniform price auction and the
discriminatory price auction remains bounded below as the number N of bidders grows large if the

number M of units for sale scales with N (Jackson and Kremer, 2006).
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We then apply the revenue bound for withdrawal-proof mechanisms (Lemma 5) to
bound above expected revenue in finite markets.

More precisely, we use Lemma 5 to bound the revenue that an ex post efficient
finite-market mechanism can extract from any one bidder. Fix a bidder ¢ and ez post
efficient, withdrawal-proof, finite-market mechanism (g;,¢;)1<i<ny. We can construct
a large-market mechanism (g, t) by taking expectations over other players’ types con-

ditional on ¢’s type and the state
Q(ea S) = Eg—i [Qz<817 9—1)|9z = 6)7 S]
t((g, S) = Eg_i [tz(ez, 0—z)|91 = 0, S]

Intuitively, ¢(0, s) and (6, s) correspond to the interim allocations and payments of
6 conditional on the state but not on the realization of others bidders’ types. The
mechanism (g, t) is withdrawal-proof, and delivers expected revenue equal to the
expected revenue from bidder i under (g;,t;)1<;<n. However, (g,t) is inefficient as a
mechanism in large markets. Nevertheless, we can use Lemma 5 to bound above the
the expected revenue of (g,t). We then bound the excess of this quantity over the
per-bidder finite-market expected revenue of the (M + 1)th price auction in terms of
the difference between ¢(6, s) and the efficient large-market allocation rule ¢°%(6, s).

The details of the argument are in Online Appendix D.

7. EXTENSIONS

We next return to the continuum model to relax two key assumptions of our main
result. We first study optimal withdrawal-proof auction mechanisms when Assump-

tion 2 fails, and then relax the assumption that withdrawal is costless for bidders.

7.1. Allowing for Irregular Affiliation. To analyze optimal withdrawal-proof mech-
anisms when Assumption 2 fails, we numerically solve for the optimal mechanism for
natural families of affiliated distributions. In this section, we focus on a family of
lognormal distributions; in Online Appendix G, we consider a family of beta distri-
butions and obtain similar results.

We suppose that (6, s) are taken to be jointly log-normally distributed with log-
variance 1 and log-correlation \/,5.34 Here, the parameter p is the log-correlation

between pairs of bidders’ values. After discretizing the type and state spaces,® we

34We truncate values and states to be within 3 log-standard deviations of their unconditional means,
and then renormalize states to be between 0 and 1.
35We use 251 types and 11 states.
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p=005|p=025]|p=045|p=0.65|p=0.85
k=0.1] 99.86% | 99.00% | 98.90% | 99.21% | 99.35%
k=0.3] 98.83% | 98.68% | 98.66% | 98.62% | 99.22%
k=0.5] 98.90% | 98.49% | 98.18% | 98.06% | 98.74%
k=0.7] 98.76% | 98.30% | 97.19% | 96.31% | 99.27%
k=0.9] 99.00% | 95.65% | 91.04% | 90.24% | 96.78%
TABLE 4. Percentage of Optimal Expected Revenue Achieved by the
Uniform Price Auction with a Lognormal Distribution.

can write the seller’s expected revenue maximization problem as a linear program,
which we solve numerically using a commercial solver.

Table 4 reports the fraction of the expected revenue of the optimal withdrawal-
proof mechanism that the uniform price auction achieves, for ranges of the quantity
k of the good that is for sale and the correlation p.2® These results show that except
when more than half the bidders in the auction can buy the good (k > 0.5), the
uniform price auction delivers upwards of 98% of expected revenue of the optimal
mechanism even when correlation is very high. Thus, as long as the seller is unable
to sell to the majority of bidders, the uniform price auction remains approximately

optimal even when Assumption 2 is grossly violated.

7.2. Incorporating a Withdrawal Cost. In this section, we relax the assumption
that ex post withdrawal is costless for bidders.

We extend our analysis to allow for a limited penalty for reneging on a commitment
to purchase—for example, forfeiting a deposit. More precisely, we adapt the definition

of withdrawal-proofness by supposing that withdrawing ez post costs bidders .

Definition 3. A mechanism (¢, t) is e-withdrawal-proof if for all types 0,6’ we have
that
E, [0q(6,s) — t(0,5)|6] > E, [max{0q(¢',s) — t(¢',s), —<}|6] .

Here, the right hand side is type €’s interim expected utility from reporting ¢ and
withdrawing to obtain utility —e if they would obtain a lower ez post utility.
We first note that e-withdrawal-proofness implies Bayesian incentive compatibility

and an approximate version of ex post individual rationality. Call a mechanism ez

36Note that due to the discreteness of the type space in our numerical analysis, the uniform price
auction is not exactly optimal even in the independent private values model. We use a relatively
large number (251) of types to mitigate this effect, but our results may understate the performance
of the uniform price auction in the continuous type setting. An alternative approach would be to
compare the expected revenue of the optimal withdrawal-proof mechanism to that of the optimal
dominant strategy incentive compatible, ex post individually rational mechanism with discrete types.
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post e-individually rational if for all types 6 and almost all states s, we have that
0q(0,s) —t(0,s) > —¢.

Proposition 4. If a mechanism is e-withdrawal-proof, then it is Bayesian incentive
1.37

compatible and ex post e-individually rationa
We also impose interim individual rationality to ensure that it is in bidders’ incen-
tives to participate in the mechanism in the first place. A mechanism (q,t) is interim

individually rational if for all types 6, we have that
E, [0q(6,5) — t(8,5)|6] > 0.

This step is not needed in our main analysis because withdrawal-proofness implies ex
post individual rationality (by Proposition 1), and hence interim individual rationality.

While the uniform price auction is not exactly optimal (among ez post efficient,
interim individually rational, e-withdrawal-proof mechanisms), we can nevertheless

show that the uniform price auction remains approximately optimal.

Theorem 4. Under Assumptions 1 and 2, no ex post efficient, interim individually
rational, e-withdrawal-proof mechanism can yield greater than (2e — 1)ke < 4.5ke

more expected revenue than the uniform-price auction.>®

Theorem 4 provides a sense in which our foundation for the uniform price auction
in terms of withdrawal-proofness is robust to the presence of withdrawal costs.

Note that in our model, revenue is normalized to represent revenue per bidder in
a large market. Hence, a revenue gain of at most 4.5ke represents a revenue gain of
a multiple of 4.5¢ per winning bidder. In particular, if ¢ is small relative to winning
bidders’ expected payments, then Theorem 4 implies under Assumptions 1 and 2, the
revenue gain from using complex mechanisms will be small relative to the uniform

39

price auction revenues.” In practice, requiring deposits on the order of winning

bidders’ expected payments may be infeasible when bidders are liquidity-constrained.
The strategy of the proof of Theorem 1 is to derive a version of the revenue bound

of Lemma 5 for e-withdrawal-proof mechanisms. The idea is to use a revenue formula

3"The proof of Proposition 4 is similar to the proof of Proposition 1 and is in Online Appendix E.
38The bound of (2e — 1)ke on the revenue gain from using the optimal mechanism is not tight.
Indeed, the proof shows that equality cannot be achieved for € > 0.

39For example, if the withdrawal penalty is € = $1B, the revenue gain from using a more complex
mechanism than a uniform price auction is at most $4.5B per winner, which may be small if revenue
is on the order of $44B.
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similar to Lemma 4,%° which applies since e-withdrawal-proofness implies Bayesian
incentive compatibility (Proposition 4). We then note that in the presence of a
withdrawal cost of €, terms in the revenue formula (5) corresponding to slack in ex
post individual rationality constraints and incentive constraints for double deviations
may not hold exactly, but nonetheless can only fail by at most . The details of the

argument are in Online Appendix D.

8. CONCLUSION

This paper shows that considering the possibility of ex post withdrawal by bidders
yields a foundation for uniform price auctions. By contrast, in the standard Bayesian
mechanism design approach to optimal auctions, the assumption that bidders have
independent private information is critical to obtaining optimal mechanisms that re-
semble auction formats that are used (or usable) in practice: without this assumption,
“side bets” play a central role in optimal mechanisms (see, e.g., Crémer and McLean
(1985, 1988), McAfee and Reny (1992), and Neeman (2004)). The idea is that bidders’
withdrawal rights make it impossible to raise revenue using side bets, substantively
disciplining the mechanism design problem in the presence of correlation.

In our analysis, we restricted the seller to mechanisms that implement an ex post
efficient allocation of the good. In a follow-up paper (Haberman and Jagadeesan,
2023), we relax this assumption and show that under appropriate regularity condi-
tions, a uniform price auction with reserve price calculated from the distribution of
bids (Baliga and Vohra, 2003; Segal, 2003; Roughgarden and Talgam-Cohen, 2016)
maximizes expected revenue. When enough units of the good can be produced to
satisfy demand, it follows that withdrawal-proofness also provides a foundation for
pricing mechanisms that are used in practice.

More broadly, we hope that withdrawal rights may provide a practical modeling
framework for investigating mechanism design problems without the assumption of

independent private values.

40Technically, we need to use a version of Lemma 5 that accounts differently for types that are never
allocated the good under ez post efficient mechanisms, which we develop in Online Appendix D.
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APPENDIX A. PROOF OF THEOREM 2

The proof is an application of the Envelope Theorem (Milgrom and Segal, 2002).
To be able to apply the theorem, we need to prove that interim expected utilities
satisfy appropriate regularity conditions.

We first derive the local incentive constraint. Let
1
Ue.0) = [ (60(0'.5) = 1(8'9) FsIo)ds
0

denote the interim expected utility that type 6 obtains from reporting ¢’. Let

A S [

which is finite because f(s) and f(f|s) are positive and continuously differentiable,

and (6, s) is uniformly bounded below over all types 6 and almost all states s.

Claim A.1l. If a Bayesian incentive compatible mechanism (q,t) yields nonnegative
expected revenue and M as defined by (A.1) is finite, then for all types 0,60, we have
that

0f(s]0)

8‘11((9’,9) . T / / / /
oue.o _ / 0, 9)610) + (ult! ) — (= 0)a(0', ) 57| ds
and that S0
%’ <1+ (2M +1)M6 + M>.

Theorem 2 follows straightforwardly from Claim A.1 and the Envelope Theorem.

Proof of Theorem 2 assuming Claim A.1. Bayesian incentive compatibility requires

that for all types 6, we have that

0 € arg max U(A', 0).

6'€[0,6]

ou(o’,0)
06

By Theorem 2 in Milgrom and Segal (2002), it follows that

U(0) = U(9) + / %

A

Moreover, Claim A.1 implies that is uniformly bounded above in magnitude.

0'=0
Applying Claim A.1 again then yields that

v -ve+ | 9 / 1 6.9)1618) + 00, L5 asad
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/Q d9+// 0 8logf( 9) ¢ (510 dsdd,

as claimed. ]

It remains to prove Claim A.1. We first prove an averaged upper bound on ez post
utilities, which we use the exchange the order of integration with respect to s and
differentation with respect to 6.

Claim A.2. If a Bayesian incentive compatible mechanism (q,t) yields nonnegative
expected revenue and M is defined by (A.1), then for all types 6, we have that

1
/ u(f,s)ds < 2M0 + M(M —1).
0

Proof. Suppose for sake of deriving a contradiction that
1
/ u(f, s)ds > 2MO + M (M —1).
0

We show that expected revenue must be negative.

Let 6 be any type. Bayesian incentive compatibility implies that

v | (ul65) — (6 - D)a6,5)) F6l6)ds
> [ (w0, =) stsliyis

:_/ (0, 5) s———l—/((0,3)—5)(f(s|9)—%)d3

By the definition of M, we have that f(s|0) — 4 > 0 and that u(6,s) > —M for

almost all s. It therefore follows that

() > 2M9+M](\y‘1)‘9 —/0 @+ M) (f(s|é)—%) ds — 8.

As this inequality holds for all types é, and total surplus is at most 6, expected revenue
must be negative—a contradiction. U

Proof of Claim A.1. By construction, we have that U(¢',6 fo U, 0, s)ds, where

u',0,s) = (u@',s) — (0" — 0)q(0', s)) f(s]0)ds.
Note that U(#', 0, s) is continuously partially differentiable in 6 for all ¢’, s
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Consider the difference quotient

U@, 0+ A0) — u@',0) /1 UG',0+ Ab,s)— U, 0,s)
Af 0 Af
By the Mean Value Theorem, there exists 5(0’ ,0,A0,s) with

ds.

0 <0(0,0,A0,s) <0+A0 if AO>0
0>0(0,0,A0,s)>0+A0 if A0 <0
such that

/ . / 1 I n
A2) U, 0+ A0) — U9, ) :/ oue.d.s)
Al 0 00

We have that limag_,o 5(9' ,0,A0,s) = 6 by construction, and due to the continuous
partial differentiability of U(¢’,0,s) in 0, it follows that

oUW, 0(6',0,A0,s),s)  oU?,0,s)

(A.3) A%IBO o0 060

To calculate %09/’9) using the Dominated Convergence Theorem, we need to derive

an upper bound on 811(0/’5(95;’A9’8)’5) . Note that
auU@, 0, s) . - 0f (sl0)
Ad geLnS) _ e, ) + (u(@.s)— (0 —d)q(@, Y
(A4) i = a0 ) (s10) + (0, 5) = (O = 0)a(0,5)) =
Since u(6',s) > —M (by the definition of M), it follows that
U0, ) ~ df(s|6)

(A.5) < f(s]0)+ (u(@',s)+0) < f(s]0)+ Mu(¢',s)+ MO+ M>

o0 o0

The right hand side of (A.5) does not depend on 6, and is integrable by Claim A.2.
In light of (A.3) and (A.5), we can therefore apply the Dominated Convergence The-
orem to (A.2) to obtain that

/ _ / 1 /
lim U,0+A0)—ug,0) _ / ou(e', e, S)ds
A0 A6 0 00
The first part of the claim follows by the definition of the partial derivative and (A.4).
The second part of the claim follows by (A.5) and Claim A.2. O

APPENDIX B. OTHER PROOFS OMITTED FROM SECTION 5

We first state a preliminary claim and introduce a piece of notation that we use

throughout this appendix.
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Claim B.1. Under Assumption 1, the function p(s) is continuously differentiable and

has positive derivative.

The proof of Claim B.1 is straightforward: the details of the argument are in
Online Appendix C. Note that Claim B.1 implies that p(s) is continuous and strictly
increasing, and therefore bijective between [0, 1] and [p(0),p(1)]. We can therefore
introduce a left-inverse b : [0, 0] — [0, 1] defined by

0 if & < p(0)
b(0) = p~'(0) if p(0) <6 <p(1)-
1 it 6 > p(1)

B.1. Proof of Lemma 2. The function A(f) is well-defined on [, 6] as Claim B.1
implies that p(s) gives a bijection between [0, 1] and [p(0), p(1)].
[t remains to prove that A(#) is continuously differentiable on the intervals [6, p(0)],

[p(0),p(1)], and [p(1),6]. Note that
£(6)
A(9) = 000 (1—F(6]6(0)))
Furthermore, note that b(#) is continuously differentiable on the intervals [6, p(0)]
and 6, p(1)] since it is constant on those intervals, and on the interval [p(0), p(1)] by
Claim B.1 and the Inverse Function Theorem. Last, since f(6|s) is continuous, F'(0|s)
is continuously differentiable, as can be seen by differentiating inside the integral sign.

The lemma follows due to the positivity and continuous differentability of f.

B.2. Proof of Lemma 3. Throughout this section, we impose Assumption 1.

We reparameterize the nonlocal incentive constraints by (s, §’), where 6 = p(s). The
space of constraints is then transformed to D = {(s,6) € [0,1] x [6,8] | &' > p(s)}.

We write ¥(s,0") = v(p(s),0’). By change of variables, noting that p(s) is increasing
and differentiable (by Claim B.1), (4) can be written as
(B ) ©)

b(¢’ / ’ b(0') o2 g

Z fﬁzﬁydij%@gamy:Awa TYTW) 4 for 07 > p(s).
For fixed ¢, (B.1) is a linear Volterra equation of the first kind (with time flowing
backwards from b(6’)) with kernel

f(slp(s')) dp(s)

Hole. ) = "5y as




AUCTIONS WITH WITHDRAWAL RIGHTS 33

and free term bor) a0
, 0% log f(s'|0) .,
9o (s) = A(e)/ #d&

S
We next check that the standard conditions for existence and uniqueness of solu-

tions to equations of this type (see, e.g., Theorem 1.4.1 in Brunner (2017)), and the

continuity of the relevant data in ¢'.

e Hy(s,s') is continuous in (s, s’,0"). This assertion follows from the continuous
differentiability of p(s’) (Claim B.1) and the continuity and positivity of f.

o Hy(s,s) # 0 forall 0 < s < b(@). This assertion follows from the positivity

of p(s’) (Claim B.1) and the positivity of f.

%&S’S/) is defined and continuous in (s, s, 8"). This assertion follows from the

continuous differentiability of p(s’) (Claim B.1) and the continuous differen-

tiability and positivity of f.

) 892)—’8(5) is continuous in (s, 6’). This assertion follows from the twice continuous
differentiability and positivity of f, the Fundamental Theorem of Calculus,
and the continuity of A.

e gy (b(0")) =0 for all . This assertion holds due to the bounds of integration

in the definition of gy .

Hence, Theorem 1.4.1 in Brunner (2017)) guarantees that for each ¢, (B.1) has a
unique continuous solution ¥(+,0") : [0,6(6')] — R.

There is also a related integral equation obtained from (B.1) that we use in the
remainder of the proof. Indeed, as discussed in Section 1.4 of Brunner (2017), by
differentiating (B.1) with respect to s, we obtain that*!

(B.2)  Hp(s,s)(s,0") = _990(5) - /b(9 ) w’y(s', 0')ds' for 6 > p(s).
0s s 0s
Proof of Part (a). Tt suffices to prove that the unique solution (s,6') : D — R.
to (B.1) that is continuous in s is in fact jointly continuous in (s,60"). We do so by
working with a formula for the solution to a linear Volterra equation of the first kind
(namely (B.1)) in terms of the resolvent of the corresponding linear Volterra equation
of the second kind (namely (B.2)).
Indeed, for fixed ¢, (B.2) is a linear Volterra equation of the second kind (with
—1__ 9g¢(s)

time flowing backwards from b(#')) with kernel K, 9(,1)(3, s') and free term ToGss) 05

41Here, the regularity conditions on Hy and gg and the continuity of 5(-,8') for fixed ¢ allow us to
differentiate inside the integral sign.
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Defining the iterated kernels K4 (s, s') by

1 OHp(s,s)
Hg/( ) 0s

K5 (s, ) = and KV(s,s) = / K5 (s, ) K50 (8, 8,

note that Ke(,?) is continuous in (s, s’,0') for each n by construction. Letting

K =max max ‘K, 5,8,
0" 0<s<s'<b(¢)

which exists due to the continuity of K in (s, s’,#), Brunner (2017, p. 4) shows that
K"(s' — s)" < K"

< < .
n! n!

)K(fl) (s,8")

Hence, the series
> K (") (s, ")
n=1
converges absolutely and uniformly in (s, s’,6) to a continuous function—called the

resolvent—which we denote by Ry (s, s’). Applying Theorem 1.2.3 in Brunner (2017)
o (B.2), we have that

o 1 OJge(s') ") Ry(s,s") go(s') .,
B. = — — _
( 3) 7(37 0 ) Hgl(S, S) Os' Hg/(Sl, 8/) Os’ ds

S

The continuity of Rg(s,s’), Hy(s,s'), and ag"'s(s) and the nonvanishing of Hy (s, s)
together imply the continuity of (s, ') on D.

Proof of Part (b). Tt suffices to prove that ¥(s,8') > 0 for all p(s) < ¢ < 0.
Fix ¢ € [p(0),0); we prove that ¥(s,6') > 0 for all 0 < s < b(f). First, Theorem
1.4.1 in Brunner (2017) also implies that

—1 dgo (s')
Hy (b(0"),b(0")) 05’

F(b(6"),0") =

s'=b(0")
Hence, we have that

9% log f(s']6") ’
b<9/)|9/) T 05007

(
FO(0)p(b(6)))  dpls)

ds’

§'=b(0")

Note that A(6) is positive since @ < 6, the density f is positive by hypothesis, the

mixed partial derivative % is positive by Assumptlon 1, and 2 (5)

by Claim B.1. Hence, we can conclude that 5(b(0'),0") >

is positive
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Now suppose for sake of deriving a contradiction that (s, 8’) is not globally positive
for " < M. By continuity, there exists s such that ¥(s,0") = 0 and §(s',6) > 0 for
all ' € (s,b(0")]. (B.2) then implies that

Aaer b(6") OHoa /
0= Hy(s,s)¥(s,0) = — gg(s) +/ —egs’s )7(5',9')ds’
s s s

9% log f(s]6") N /W’) dlog Hy (s, )
D500’ ) ds

Note also that for s < s’, we have that

Olog Hy (s,s") _ dlog f(slp(s') ~ dlog f(s]¢') _ _/9' Plog f(sl9) .

= A(0') Hy(s,8")3(s',0")ds’.

Os 0s Os (") 0s00
" 9% log f(s]0)
- —————df
~ /p(s) dso0

where the inequality follows from Assumption 1 since p(s) < p(s’) (by Claim B.1 and
the positivity of f). Combining the hypothesis that ¥(s’,0") > 0 for all s’ € (s,b(0')]
with the observation that Hy (s,s’) > 0 (by Claim B.1), it follows that

0 log f(s]0) 7 92log £(s]0) v A
A0 )W < /p(s) Wda i Hy (s,s)y(s',0")ds" | .

Substituting on the right hand side using (B.1), we have that

0 log f(sl6") " 9*log f(s]6) "0 52 log f(5'6")
A / R S S A D S S A / D S S R / .
)50 = /p(s) ason | A0 / osor

Since # < 6, we have that A(¢') > 0, and it follows that

2 / 0" a2 b(0") 92 v
Pl (" Plog Sl ) ([ 2log110),7)
8886, p(s) 8889 s 88/80,

In light of Assumption 1, this contradicts Assumption 2.4

4211 fact, for the purposes of Theorem 1, Lemmata 3(b) and 5, and Proposition 3, Assumption 2
can be weakened to the assumption that

* 9*log f(0']s) ' 9% log f(0]s') N\ _ 9log f(6]s)
= A ’ < —— =
</p<s> Dsop 20 (/ 959G Lozl ) = 0500

holds for all § > p(s). However, as discussed in Footnote 16, this assumption depends on the number
k of units of the good that are for sale.
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B.3. Proof of Lemma 4. The proof of the lemma, as well as the proof of Theorem 4,
uses the following analytical property of the constructed Lagrange multipliers, which

we prove in Online Appendix C.

Claim B.2. Let A be defined by (4). Under Assumption 1, for all p(0) < 6 < p(1),
we have that

dlog f(s|0)

9
(B.4) /0 16,00 = £(0) = M) + A0) =,

s=b(0)

To prove the lemma, note that revenue can be written as

Rev = / (0Q(6) — U(6)) f(6)db.
I3

Combining Theorem 2 and Lemma 2, we have that
0 0 0 0
/ NOU(8)do = U () / \O)dO + / AO) / QO/)do'do
(] 0 0 )

g 0 dlog f(s]0")
+/9 A(Q)/e E, Olog /(s]0")

0/
U5
Applying Dirichlet’s formula (which is possible due to Lemma 2) then yields that

o ] dg'ds.

9 B 0 0 dlog f(s]6)
/GA(Q)U(Q)CZQ_A(Q)U(QH/H A(@)Q(Q)d@+/€ A(O)E, [u(6,5) 72" 9] do.
It follows that

_ ", A0 _
Rev = [ [e f(H)} Q(6)(6)d8 — A(OYU (6)
dlog f(s]0)

—/:(fw) 0)do — /A

Adding f 4 mog—f)
fourth yields that

Ak

ulls) 55— 06

9] do.

‘ ( )U(G)d@ to the third term and subtracting it from the
s=b(0

0)do — A(O)U(6)

Q6
3log dlog f(s|0)
90

CD |

U(6)d6
s=b(0)
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_/:A(Q)IES u(6, ) (alogf(se) _ 9log J(s16) ) 0| do.
= s=b(0)

90 00
=0 for 6 ¢ [p(0),p(1)].
s=b(6)

It is straightforward to verify that

dlog f(s]0)

£(6) = 30) + =2,

Applying Claim B.2, we therefore have that

Rev = [ ' [ - @] Q(0)(6)d0 — AOYU(8) — / z:) / 0.0 0O do

f(9)
) 0| do.
s'=b(0)

6
0l 0 0l 16
[ so. o ( o8 [(slf) _ Olog f(s16)
0
Using the partition of unity 1 = Tg<,(s) + Losp(s) and the Fundamental Theorem of

06 00

Calculus, we have that

Olog f(s|0) Olog f(s|0)
00 00

'=b(6)
t o logf(S'\G) b(9) 52 10gf(s’|9)
e —d / :[[ . —d , 1
(/b(g) 0s'00 ° ) 0<p(s) /S 9500 S 0>p(s)
L 52 log f(3’|9) ) 1 52 logf(s’|c9) /
_/o WIL@SP(S’)Sp(s)dS - /S Wﬂezp(s/)ds :

Noting that the first term vanishes for all s if # > p(1) and the second term always
vanishes for all s if § < p(0), it follows that

Rev = [ ' [ - %} Q(6)f(6)d8 — ABYU(8) — / ;(:) / 0.0 do

P() ' 0% log f(s']9) /
_/9 A(@)/O WES [u(0, 5)Lo<p(sr)<p(s)|0] ds'db

9
+ / E,
p(0)

Substituting using (4) into the last term, we have that

L 92 1og f(s']6 ,
u(@,s)A(@)/ ﬁﬂgzp(s/)ds

S

9] do.
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B 0 _M - - p(1) 0 / /
Rev — /9 [9 f(e)]cg(e)f(e)de AO)T(6) /p(o) /0 (6,6 (6)d6'd6

P ' 0% log f(s'|0) :
— /; A((g)/o WES [u(@, S)I]-GSp(s’)gp(s)‘e} ds'df

9 min{6’,p(1)}
] 16, 0)E.
p(0) /p(0)

Applying change of measure and Dirichlet’s formula to the last term yields that

f(s]6)

U(Q ) S) f(8|9/) 192?(5)

9’] dode’.

Rev = [ [ - %} Q(0)£(6)d8 — AOYU(8) — / ;()1) / 0.0 @) do

P ' 0% log f(s'|0) :
— /; A(@)/O W]ES [u(@, S)]]_ggp(s/)gp(s)‘e} ds'df

p(1) 0
—l—/ / 7(9,9')1[‘35 [u(@', s)ﬂgzp(s)‘ﬁ] do’ds.
p(0) Jo

Grouping the fourth and sixth terms yields that

[, _A® _
Rev = [ [ fw)}@w)f(e)de AO)U()

p(1) L 9%log f(5'|0) /
- /0 A(6) /O —aag s [0, 5)locpi)<p(s)| 0] ds'db

p(1) 0
- / / ~(6,6") (U(@) — E, [U(Q’, s)ﬂgzp(s)‘(‘)]) do’ded.
p(0) JO

Adding the quantity

p(1) 0
/ / (9' —0)(6, 9')E5 [q(@', s)]lgzp(s)|9} do’de
p(0) Jo

and subtracting it from the final term yields (D.8).

B.4. Proof of Lemma 5 and Proposition 3. We first prove Lemma 5(a), and

then extend the argument to prove Lemma 5(b) and Proposition 3.

Proof of Lemma 5(a). Proposition 1 guarantees that (g, t) is Bayesian incentive com-
patible and ez post individually rational. By Lemma 4, it suffices to show that the

last three terms of (5) are nonnegative—i.e.,

(B.5) A@)U(0) > 0
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2
(B.6) / A / 018 IO s 119, 5)Locpierrepio|6] ds'dB = 0
0 88,89

p(1) 0
B7) [ ] A0.0) (00 B [w05) — 0~ 000’ 9) Loz 0]) a0 2

—with equality for (¢,t) = (¢°%,tUPA). (B.5) and (B.6) follow from the ex post
individual rationality of (¢,t) (Proposition 1) because A(6) > 0 (by construction)

and %aem > 0 (by Assumption 1). (B.7) follows from the withdrawal-proofness
of (g,t) (in particular, (2)) because v(,6) > 0 (by Lemma 3).

Proof of Lemma 5(b). We next consider (g,t) = (¢°F,t"P*) and show that equality
holds in (B.5)—(B.7). Note that ¢°T(6, s) = tUFPA(6,s) = 0 for § < p(s) by construction,
so u(f,s) = 0 for § < p(s). It follows that (B.6) holds with equality. Since k < 1,
we have that p(s) > @ for all states s, and hence that U(f) = 0 for all states s. In
particular, (B.5) holds with equality. Last, note that since (¢°f(6,s),t""A(0,5s)) =
(1,p(s)) for 6 > p(s), we also have that

uw(®,s) =u(f,s)+ (6 —0)q(0',s) for & >6>p(s),
and hence that
U(0) = Eq [u(8, 9)|0] = Eq [u(0, 5)Losp) 0] = Es [(u(@',5) — (0 — 0)q(6', 5)) Lozp(s)| 0]

for ¢/ > 6. In particular, (B.7) holds with equality.

Proof of Proposition 3. By hypothesis, we must have that (6, s) = ¢ (6, s) for almost
all types 6 and states s. It follows from Lemma 5, the revenue of (g, t) must be given
by (6). Since (B.5)—(B.7) hold with inequality, all three inequalities must therefore
hold with equality.

Since A(f) > 0 for § < 6 (by construction) and M#Jm > 0 (by Assumption 1),
equality in (B.6) and ez post individual rationality (which must hold by Proposition 1)
together imply that w(6,s) = 0 must hold for almost all § < p(s). In particular, we
must have that ¢(6, s) = 0 for almost all § < p(s).

Since v(6,0) > 0 for ¢ < § (by Lemma 3(b)), equality in (B.7) and withdrawal-
proofness together imply that

U6) =E [(u(t',s) — (0 —0)q(0',5)) Losp()|6] for almost all (6,8") € D.
Since t(, s) = 0 holds for almost all § < p(s) and q is ex post efficient, it follows that

E, [(¢(0,5) — t(¢',5)) Losp(s)|#] =0 for almost all (6,6') € D.
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In particular, writing 6 = p(s’), for almost all 8’ > p(0), we must have that

/

(B.8) /OS (t(p(s),s) —t(¢,s)) f(s|p(s'))ds =0 for almost all s with p(s) < €'.

Let © C [p(0), ] be the (full measure) set of types § for which (B.8) holds.
We claim that for all ¢',0” € ©, we must have that ¢(¢,s) = (6", s) for almost all
s with p(s) < min{¢,0"}. Letting ¢',0" € O, it follows from (B.8) that

/

/ (t(0',s) —t(0",s)) f(s|p(s'))ds =0 for almost all s with p(s) < min{¢’,0'}.
0

Define a function Ty gv(s) = [ (( t(0”,s))ds, which is well-defined since ¢(€¢', -)
and t(0”, s) are assumed 1ntegrable and continuous by the Fundamental Theorem of
Calculus. Integrating by parts then yields that

Ty o (s") f(s'Ip(s)) = / Tg/ﬁ//(S)WdS for almost all s with p(s) < min{#¢’,6'}.
0

/

Due to the continuity of Ty and the continuous differentiability of f, we must have
that

!

Ty o (s) Of(s|p(s))
o f(slp(s))  Os

This equation is a linear Volterra equation of the second kind with kernel e | o) of (5(‘9’; (')

and free term 0. The kernel is continuous due to the positivity and continuous differ-

Te/ﬂ// (S/) =

ds for all s with p(s) < min{#’,6'}.

entiability of f. Thus, Theorem 1.2.3 in Brunner (2017) guarantees that the equation

(s) af( p(s)
f( ’Ip s

has a unique continuous solution j : [0,min{#,0'}] — R. Note that j(s) = 0 is

for all s with p(s) < min{¢’,6'}

obviously a solution. Therefore, we must have that Ty g/(s) = 0 for all s with p(s) <
min{#’,0”}. By the Fundamental Theorem of Calculus, it follows that ¢(¢',s) =
t(0", s) for almost all s with p(s) < min{#’,6"}.

Hence, there must exist a function p : [0,1] — R such that ¢(6,s) = p(s) for all
0 € © and almost all s with p(s) < 6. As the uniform price auction is ex post efficient
and withdrawal-proof, (¢,t) must deliver at least the expected revenue of the uniform

price auction. Since #(,s) = 0 for almost all § < p(s), we must have that

// f£(0]s d9d5>// £(0]s)dods.
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By ez post individual rationality, we must have that p(s) < p(s) for almost all s. As
a result, it follows that p(s) = p(s) must hold for almost all s.

Therefore, we have that t(6,s) = tUPA(0, s) for almost all § > p(s). As t(0,s) =
0 = tUPA(f, s) for almost all § < p(s), we have shown that ¢(0,s) = tUFA(6, s) for

almost all types 6 and states s.
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ONLINE APPENDIX

Online Appendix C presents proofs that are omitted from Appendix B. Online
Appendix D proves Theorems 3 and 4. Online Appendix E presents the other proofs
omitted from the main text, namely the proofs of Lemma 1 and Proposition 4. Online
Appendix F presents extensions of Propositions 1 and 2 and Corollary 1 to the finite-
market setting of Section 6. Online Appendix G presents another family of numerical

examples in which Assumption 2 is not satisfied to complement Section 7.1.

APPENDIX C. PROOFS OMITTED FROM APPENDIX B

C.1. Proof of Claim B.1. Recall that p(s) is defined by 1 — k = F(p(s)|s). Note
that OF(0)s)
s
= f(6 0
W) fi61) >
Noting that F'(0]s) fo s)df’ and that f(6|s) is continuously differentiable, we
can differentiate inside the mtegral sign to obtain

OF (0 Sof(0 o o1 0’
(1) (§S|S):/9 fgs\s)de,:/g F(0']s) ogéfs( ‘S)de',

which is continuous by the Fundamental Theorem of Calculus.

We next show that 2 9‘

sign of aloga—];(‘).

< 0 for § < 0 < 6, by dividing into cases based on the

Case 1: m%a—];(ws) < 0. By Assumption 1, it follows that %ﬁel‘s) < 0 for all
0" < 6. For 0 > 0, we therefore have that

OF( 9| / H0)5) 810gf(6’| )dQ’

Case 2: mmga—fs(e\s) > (0. By Assumption 1, it follows that %S(ms) > 0 for all

0’ > 0. Noting that F(§|s) =1 and applying (C.1) for 6 = @ yields that
Hence, we have that
OF(O5) _ 7 110108 f(O15)
9 —/ f(#'s) s do'.

For M, it follows that 2592 <
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Hence, the Implicit Function Theorem implies that p(s) is differentiable and that

AF(6]s)
dp(s) 9% lo=p(s)
ds — 9F(ls) '

09 0=p(s)

Since 0 < k < 1, we have that < p(s) < 6, and hence that di’l—(ss) > 0. The continuous
differentiability of p(s) follows from the continuity of the partial derivatives of F'(6|s).

C.2. Proof of Claim B.2. This proof uses the notation of Appendix B. To prove
the claim, We show that both sides of (B.4) satisfy the same equation, which the

following claim shows has a unique solution.

Claim C.1. Under Assumption 1, the system of equations
(C.2)

p(1) 0 b(0') 2 "ot
/ 0(6) f(s|0)d0 = / A(@’)f(s|9’)/ TLos JN0) yoir for0 <5 < 1
p(s) p(s) s 0s00’

has a unique continuous solution I' : [p(0),p(1)] — R.

Proof. As in the proof of Lemma 3, we first reparameterize by 0 = p(s). We write

I'(s) = I'(p(s)). By change of variables, noting that p(s) is increasing and differen-
tiable (by Claim B.1), (C.2) can be written as

1 dn(s' 0 b(6") 9%1o S0
(C.3) / P(s) £ (sp(s")) Zi,>ds': /()A(Q’)f(s]@’) / %d(‘s’d&’.

It suffices to prove that (C.3) has a unique continuous solution " : [0,1] — R.

(C.3) is a linear Volterra equation of the first kind (with time flowing backwards

from 1) with kernel

/ iy ap(s’
H(s, o) = F(slp(s) 2
and free term
9 b(60") o2 10gf(s’|8’)
— A / / Z e J N\ 7T / /'
o) = [ M@ [ s

Analogous arguments to the proof of Lemma 3 show that the standard conditions for
existence and uniqueness of solutions to equations of this type (see, e.g., Theorem
1.4.1 in Brunner (2017)) are satisfied. Hence, Theorem 1.4.1 in Brunner (2017))
guarantees that (C.3) has a unique continuous solution I": [0,1] = R. O
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To complete the proof of Claim B.2, we first show that

[
o) = [ 0.0)d0

is a continuous solution to (C.2). The continuity of I'; follows from the continuity of
v on D (Lemma 3(a)). By the definition of I'; and Dirichlet’s formula, we have that

p(1) p(1) 0
/p F(@)f(s|9)d0:/p(s) /07(«9,9)d0f(s|0)d6’

(s)
0 min{6’ p(1)
_ / / ~(0,0) £ (]0)dbde .
p(s) /p(s)

It follows from (4) that

min{6’,p(1)} ) ) ) b(6") 82 1o s'g . .
/ 10.005si00 = 8@ 60 [ LD g or 2 )
p(s) s §

Integrating from 6’ = p(s) to &' = 6, we see that I'; is a solution to (C.2).
We next show that the function I's : [p(0), p(1)] — R defined by

Olog f(s]0)

T2(0) = f(8) — A0) + A0)—5

for 0 € (p(0),p(1)),
s=b(0)

and extended to [p(0),p(1)] by continuity, is a continuous solution to (C.2). The
continuity of I'y(#) follows from Lemma 2 and the positivity and continuous differen-
tiability of f.
Note that
p(1) p(1)

f(0)f(s]0)do = f(5)f(0ls)d0 = f(s)(k — (1L — F(p(1)]s))),

p(s) p(s)
where the first equality follows from Bayes’ rule and the second equality follows from

the definition of p(s). Separately, integrating by parts yields that

p(1) p(1) oo f(s
[ 305610000 = a6t + w7+ [ a0 2D s
p(s) p(s)
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Putting these two pieces together and using the definition of I's, we have that

p(1)
(C.4) / I5(0)f(s10)d6 = A(p(1)) f(s|p(1)) — f(s)(1 — F(p(1)]s))

(s)
p() dlog f(s|6) dlog f(s]6)
+ / Ay [ Loe S0 Olog J0) ) v 1g)40.
() 06 : 06
Note also that as b(0") = 1 for § > p(1), we have that

0 b(0") 92 1ot
/ ( )A(G’) £(s16) / 0108 J(S16) ) vy
p(l s

s=b

0500’
0 / /
:/ A0 f(s]0") (8logaf€(/1|9) - 3logaj;(/s|0 >) df’  evaluating inner integral
p(1)
7 HIs19)
- — /0 A(@')f(l|9’)%d0' properties of log
p(1)

T d(A@)F(E 0

=Apslp) + [ AT EE by parts
0 o

=A(p(1))f(s[p(1)) — /(1) f(l)f(9/|1)§éi;9/§ ao’ definition of A

P

0

=Ml ~ [ 50110 Bayes’ rulo

=A(p(1))f(s[p(1)) = f(s)(1 = F(p(1)]s)).
It follows that

(C5)

T sy [ PloafE10)
[ A5l [ TR = A1) Slp(1) ) (- F()]s)

p(1) dlog f(s|6
—I—/ A(6) —89( 9)
P(s) 5=b(6)

Combining (C.4) and (C.5), we see that I'y satisfies (C.2).
Claim C.1 then guarantees that I'1(0) = I'y(0) for p(0) < 6 < p(1), as desired.

dlog f(s]0)
_ T) f(s]0)de.

APPENDIX D. PROOFS OF THEOREMS 3 AND 4

Throughout this appendix, we use the notation of Appendix B.
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Both proofs also use the following claim to bound Lagrange multipliers.

Claim D.1. Under Assumptions 1 and 2, we have that
fO]s") 1—F('s)
fOls) T-F@ls) ="
for all types 0,0" and states s,s’. In particular, taking 8" = 0, we have that
0|s'
o =

for all types 0 and states s, s'.

Proof. By Lemma 1(a), Assumption 2’ must hold. It follows that

f(0|8/) 1 "/
L) < es(0'))
for all types #”. Integrating then yields that
f(eysl) / . f(e‘sl) o " Vi 0 " "o ot
=Pl = [ @y <c [ - - re),
as claimed. 0

D.1. Proof of Theorem 3. Let (¢;,%;)1<i<n be an ex post efficient, withdrawal-proof,
finite-market mechanism. Let k = %, and define a corresponding (large-market)

mechanism by

We first show that (g, t) is withdrawal-proof. Consider a type ¢ and a report ¢,
and note that

E, [max{0q(¢',s) — t(¢',s),0}|s]
—E, [max {Eo , [0:(0',0 ;) — t:(¢,6_,)|0; = 0/, 5] ,0} M

—, [max {Eq_, [0g:(0/,0_;) — t:(0/,6_,)|6; = 0, 5] , 0} H

d

<E, [Eo_, [max{0q:(0',0_;) — t:(0',0_,),0}|6; = 0, 5]
:Eg_; [max{0q;(¢',0_;) — t;(¢,0_;),0}|6; = 6]
<Eq_, [0q:(0,0_;) — t:(6,6_,)|0; = 6]

=0q(0,s) —t(0,s),
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as desired, where the second equality holds due to the independence of 6; and 6_;
conditional on s, and the inequalities hold by Jensen’s inequality and due to the
withdrawal-proofness of (g;,;)1<i<n, respectively.

It follows from Lemma 5(a) that the expected revenue from bidder ¢ from finite-

market mechanism (g;,%;)1<i<n is at most

/ [ - %] q(97s)f(9|s)d9]

/ / ,0')E, [q(9’7 5) Lg>p(s) ‘9} do'do.

Applying the standard Myerson (1981) revenue formula state by state, we see that

(D.1) Revi™ < E,

the expected revenue per bidder of the (M + 1)th auction in the finite market can be

/99 (‘9 B %@) q<978>f<0|s)ds] .

and that the expected revenue of the uniform price auction in the large market can

/@6 (9 B %\gm) a6, s>f(0|s>ds] .

It also follows from Lemma 5(b) that the expected revenue of the uniform price

written as

(D.2) Revit,, = E,

be written as

(D.3) Revigp, = E,

auction in the large market can be written as

/ ' [ - %] qeﬂ<9,s>f<9|s>d9]

p(1) 0
+ / / (0" — 0)7(0,0)E; [¢°" (0, 5) Losp(s)| 0] dO'd6.
p(0) J6

Adding (D.1) and (D.3) and subtracting the sum of (D.2) and (D.4) yields that

/[ (9\(6)” ?EZ;} (9(0,5) — ¢°"(0,5)) f(0]s)dO

(D.4) Revigp, = E,

Revi™ — Revin, < E,

/ / LOVE, [(9(6,5) — ¢ (6, 5)) Losps) 6] dO'db.
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Noting that v(#,6) > 0 (by Lemma 3(b)) and that ¢(0, s) < ¢°%(0, s) = 1 for 6 > p(s)
(by construction), it follows that

(D.5)
°T1—F(0]s) A(6)
Revfm—Revﬁn < Eq / [ — ] q(6,5) — ¢*(6,5)) f(0]s)db| .
We next bound the quantity 1}59(&5) — %g)). Noting that % = %, we have

that

1 - F(0ls) A(0) _ 1—F(6|p(6)) (f(9|b(9)) 1-Fls) _ 1)
)

f@ls)  fO)  f@lp(O) fBls) 1= F(8]b(0

() 5 ()

where the first inequality is due to Claim D.1 and the second inequality follows from

the hypothesis of the theorem. Applying similar logic with the roles of s and b(0)

- F(0s)  A() A
7(015) f<e>§<1 )

reversed yields that

It follows that

"[L=E(Els) _ A@) .
/e [ f(0]s) _f(g)} (q(0,5) — ¢ (0,5)) f(Bls)db

<(1-1)a] 0(0.5) = (0.9 S0l

By construction, we have that ¢(6,s) < 1 = ¢°%(6, s) for § < p(s), that ¢(0,s) >
0 = ¢°(0, s) for 6 > p(s), and that

6 (4
/ q(0,5)f(0]s)db = k :/ (0, 5)f(0]s)d6.
2] 0

We therefore have that

0 p(s)
| lat6.5) = 6.5)| 61s)a0 =2 / £(0.5)(0]3)d6

and hence that

(D.6) / [“F“'St“e)} (400, 5) — (6, 5)) F(0]s)do

f(ls) f(9)
<2 (1 - é) a/oeq(ﬁ, s)f(6]s)db.
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To bound the right hand side, we use the following claim.

Claim D.2. If (¢;)1<i<n s an ex post efficient finite-market allocation rule, then for

all states s, we have that

o=

p(s) 2 M
/ 20, ) £(0]s)do < <2
0 N

To complete the proof of the theorem assuming Claim D.2, note that combining
(D.5) and (D.6) with Claim D.2 yields that

Revf™ — Revin, <2 (1 - %) o, [/:q(e, s)f(9|s)d0]

1\ esvV2rM  4aVM 4o
<2(1—-]a« < < .
e N N VN
Since this bound applies for all agents i, excess per-bidder expected revenue of

(i, ti)1<i<n over the (M + 1)th price auction must be at most j—%.

It remains to prove Claim D.2.

Proof of Claim D.2. Note that

p(s)
/9 q(6,5)f(0]s) = Eg [q:(6;, 0_:) Lo, <p(s) | 5] -

It follows that

p(s)
N / 9(0,5)£(6]5) = Ko

Let 0, ... 0M) denote the highest M bidders’ values in decreasing order. Due to

N
> ail6:,0-)To.<p(s)
=1

ex post efficiency, it follows that

E ]]-0(])<p

7j=1

N/ F(0]5)d0 = Eq

] = ZPrg [G(j) < p(s)|s]
—ZPrg (09)|s) <1—k‘s},

where the last equality is due to the definition of p(s).

By the Probability Integral Transform, the distribution of F(#")|s) conditional on
s is the distribution of the jth largest of N standard uniform random variables, which
is a Beta distribution with shape parameters « = N +1 — j and g = j. Noting that
the distribution of logit F'(#)|s) conditional on s is then a type IV generalized logistic
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distribution with shape parameters &« = N +1 — j and 8 = j,*3 a Chernoff bound
with parameter j — M then shows that for 1 < 7 < M, we have that

Pro [F(0Y)|s) < 1 — k|s] = Prg [logit F(0Y)]s) < logit(1 — k)|s]

(N +1—MTD(M) (1-k\""
- PN+ 1-5)T() ( k ) ’

where I' denotes the Gamma function. It follows that

(N +1—MD(M) (1—k\"
N/ fée ‘”<Z v ()

Ly (o
Loy (N ()

(N =M)(M = 1)
(N = D)IEMI(1 — k)N-M?

where the first equality is a consequence of the formula I'(n + 1) = n! for nonnegative

integers n, and the second equality follows from the Binomial Theorem. Since k = W
it follows that

p(s (N—M)IM! (N —M)M)
V)OO0 < i = Sy )

Applying Stirling’s Approximation to bound the factorials,** we therefore have that

p(s) L _ L
N/ q(0,s)f(0]s)do < es QWM <esv2rM,
0

N

and the claim follows. O

43Here, we write logitp = log ﬁ.
443tirling’s Approximation states that

\/27m(n)7 e TR FT <n! <V2mn ( ) eT2m
e

We use a slightly weaker version

VEmn (1) <t < v (1) e,

e



AUCTIONS WITH WITHDRAWAL RIGHTS 53

D.2. Proof of Theorem 4. The key to the proof of Theorem 1 is the following

approximate version of Lemma 5.

Lemma D.1. Let A and 7 be defined by (3) and (4). Under Assumptions 1 and 2, if
(q,t) is an e-withdrawal-proof, interim individually rational mechanism that yields a

nonnegative expected revenue, then it yields an expected revenue of at most

(D.7)
", A0 Al , , ,
[ =5 @ [ [0 - 06,008 [t 0000 18] a
Y p(0) f(e) B p(0) 0 P
interim m';;ual values expected correction to\,intem'm virtual values

p(0)
+ / E, [t(0,5)|0] df +(2¢ — 1)ke,
[

(. S
~~

revenue from types below p(0)

with strict inequality for € > 0.

Compared to (6), (D.7) ignores the interim virtual values of types 6 < p(0), but in-
stead accounts for the revenue explicitly in the third term. Since Lemma D.1 assumes
e-withdrawal-proofness and interim individual rationality rather than withdrawal-
proofness, there is also an error term of (2e — 1)ke that comes from the possibility of
desirable double deviations.

Theorem 4 follows straightforwardly from Lemma D.1.

Proof of Theorem 4 assuming Lemma D.1. Let (q,t) be an ex post efficient, interim
individually rational, e-withdrawal-proof mechanism. Ez post efficiency and interim
individual rationality for types 6 < p(0) together imply that E[t(0,s)|0] < 0 for

0 < p(0). Lemma D.1 therefore implies that expected revenue is at most

" [o-2® B |
/pw) [9 f<e>}¢?<9>f<9>d9+ /p(o) / (0 — 0)1(0,0)E, [q(0/, 5)19,5)|0] d6/dB

+ (2e — 1)ke.
Note that Q(6) = 0 for 8 < p(0) by ex post efficiency. Therefore, since the uniform

price auction is also ex post efficient, it follows from Lemma 5(b) that the revenue of

the uniform price auction is given by

g _w o / — ! ! g /
/p(m{ f(e)} QO)/(B)db + /p(o) /9 (0" = 0)v(6,0)Eq [q(0', 5)Lop(|0] d6'do),

and the theorem follows. O
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The remainder of this section is devoted to the proof of Lemma D.1. The proof
relies on an extension of Lemma 4 that separately accounts for the revenue of types
below a cutoff 6*.

Lemma D.2. Let A and ~ be defined by (3) and (4), and let 6* < p(0) be a type.
Under Assumption 1, if a Bayesian incentive compatible mechanism (q,t) yields a
nonnegative expected revenue, and u(0, s) is uniformly bounded below over all types 6

and almost all states s, then (q,t) yields an expected revenue of

(D.8)
(.
/ [9 - Q} 6)d6 + / / (0, 0)E, [q(6, 5)Lonp(s)| 0] dO'd0
Jo 1~ 70 - '
® interim :};rtual values @ expected correctwn‘t:) interim virtual values

o p(1) 9%log f(s'|6 )
= a@we) - [ a0 [ g (10, 0 ] st

/

N——— N

@ expected rent of 0 @ ex post rents of other types conditional on non-allocation under q°ft

p(1)
/ /0 1(6,6) (UB) — B, [(u(@, 5) — (& — 0)q(68', ) Losp(o)|6]) dB' 6

p(0)

~
@ slack in IC constraints for double deviations

+ /9* E, [t(6,5)|0] d6

— /

~
@) revenue from types below 6*

Lemma 4 is the special case of Lemma D.2 for 8* = 0. Indeed, for 6* = 0, the first
five terms of (D.8) coincide with those of (5), and the sixth term of (D.8) vanishes.

Intuitively, Lemma D.2 exploits the indeterminacy of the Lagrange multipliers on
the local incentive constraint for types below p(0) (see Footnote 22). An alternative
choice for these Lagrange multipliers is to set them equal to 0 for types below any
cutoff * < p(0). Lemma D.2 corresponds to this choice of Lagrange multipliers,
rather than the one used in the text. This alternative choice is useful for the proof
of Lemma D.1 because it places more emphasis on the interim individual rationality
constraint for types below 6*, which is assumed to hold exactly, than the ex post
individual rationality constraints for such types, which is we only know holds up to €.

The proof of Lemma D.2 is similar to the proof of Lemma 4, but takes a different

combination of local incentive constraints.
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Proof of Lemma D.2. Note that revenue can be written as

Rev — /0 (00(0) — U(G))f(e)d9+/e E. [t(6, 5)|6] d6

Combining Theorem 2 and Lemma 2, we have that

/:W)U(@)CZGZU(@*)/:A( d9+/ /Q )do'do
+/;A(9) /9 E, Olog f(sl¥")

0/
u( Y S) ae
Applying Dirichlet’s formula (which is possible due to Lemma 2) then yields that

o ] dg'ds.

0 9 7 o s
/0* AO)U(8)do = A(@*)U(O*)Jr/e* A(Q)Q(G)d0+/9* A(9)E, u(e,s)alga—];(w 9] db.
It follows that
B 0* 0 B w B . .
Rev = /9 E, [t(0, 5)|0] do + /9 [9 f(@)} Q0) £(6)d6 — A(§")U(67)
- /9 (£(6) — MNO)U(6)d6 — /0 A(O)E, u(e,s)aloga—J;(S'm 9] df.

Adding fe alogf(sm‘ (9)d9 to the third term and subtracting it from the
fourth yields that

B o* ) 0 _@ B . i}
Rev—/o E, [t(6,s)|¢] d8+/0* { }Q(Q)f(@)de AU (67)

f(0)
. /: (f(@) o) 2T b(@)) Ue)ds
) 0| db.
s=b(6)
=0 for 0 ¢ [p(0),p(1)].

) /GA(Q)ES o) (8log f(s16)  log f(s0)
.
s=b(0)

06 06

It is straightforward to verify that

dlog f(s|0)

£(6) = 30) + =2,
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Applying Claim B.2, we therefore have that

Rev = /99* E, [t(6,5)|6] d6 + /99 { — @] Q) f(0)do — A(6*)U (%)

f(8)
) 0| do.
s'=b(0)

p(1) 0
— / / (0,0 U(0)db'do
p(0) Jo
Using the partition of unity 1 = Tg<,(s) + Losp(s) and the Fundamental Theorem of

o dlog f(s0)  Olog f(s'|0)
— ABO)E, |u(b,s —
/9* (B)E, | u(f,5) ( 90 09

Calculus as in the proof of Lemma 4, we have that

dlog f(s|0)  Olog f(s']6)

00 00
s'=b(6)
" 9%log f(5')0) / ' 9% log f(5')0) ,
= /O Wﬂegp(s/)3p<s)d8 - / Wﬂezp(s/)ds‘

Noting that the first term vanishes for all s if § > p(1) and the second term always
vanishes for all s if 6 < p(0), it follows that

[ Ty AO) _
Rev—/e E, [¢(6,5)|0] d9+/[ f(e)}Q(Q)f(O)dQ AB)U(0)

/ / (0,0"\U(0)do'do

P L9 log f(s |9) :

]
+/E
p(0)

We can then simplify the last term as in the proof of Lemma 4 to complete the proof

L 92 1og f(s']0 ,
U(975)A(9)/ ﬁ]l%p(s’)ds

S

9] de.

of the lemma. O

Proof of Lemma D.1. Proposition 4 guarantees that (¢, t) is Bayesian incentive com-
patible and ex post e-individually rational. Applying Lemma D.2 for 8 = p(0) shows

that expected revenue is

" [p_ A0 N N |
/pm) [9 j-‘(@)}Qw)f(e)d@+ /p o /9 (0 = 0)7(0,0')Es [q(0, 5)Lop(s)| 0] d'd0
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p(1) /
' Aw)/ol 9*log f(s'|6)

9s'06 E, [uwv S)HGSP(S')SP(S) ‘6] ds'df

- MO ) - |

p(0)

p(l) 0
_ /(0) /0 70,0 (U9) — E, [(u(0,s) — (68 — 0)q(¢, 5)) 192P(£)|9:|) 40 do

p(0)
+/ E, [t(6,5)|6] d6.
[

The first two terms and the last term appear in (D.7). For the third term, note that
A(f#) > 0 by construction and that U(p(0)) > 0 by interim individual rationality.
% > 0 (by Assumption 1) and that
u(f,s) > —e for almost all (6, s) by ez post e-individual rationality. For the fifth term,
note that v(0,0") > 0 (by Lemma 3(b)), and that considering the double deviation of

misreporting ¢ > 6 and withdrawing if p(s) > 6, e-withdrawal-proofness implies that

For the fourth term, note also that

U(9) = E, [(u(ﬁ/, s)— (0 —=0)q(#',s)) ﬂgzp(s)‘e] — e Pr, [9 < p(s)‘@}

It therefore suffices to prove that

PO GRlog 1 (s16)
D.9 / A(O / —=2 2 ds'df
( ) p(0) ( ) 0 88/80

p(1) 0
+ / / +(6,6) Pr[0 < p(s)|01d6'd6 < (2 — 1)
p(0) J6O

To bound the second term of the left hand side of (D.9), note that Claim B.2
implies that

(D.10) /(po()l) /:7(9,9’) Pr,[0 < p(s)|0]d0'de

f(8) = A(0) + A(6)

p(1) dlog f(s]0)
—2J N1/ <
/p(o) 00 Pro[f < p(s)|0)d0

s=b(0)

For the first term of the integrand, note that

p(1)
/(0) F() Pry[0 < p(s)|0]d0 = E, [F(p(s)]s) — F(p(0)|s)] = Es[(1 — k) — F(p(0)[s)],

where the second equality holds by the definition of p(s). Separately, it follows from
Claim D.1 that

1 — F(p(0)s) = /(0) £(0])d6 < e/(o) £(010)d6 = ke
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for all states s. Hence, we have that

p(1) 0
(D.11) /(O) /0 7(6) Pr.f6 < p(s)|61d0'd6 < k(e —1).

To bound the last two terms of the integrand of (D.10), note that for p(0) < 6 < p(1),

we have that A(0) = f(0]|cb(6)) and hence that

dlog f(s|6)
00

db(0)

s=p(0)
Note furthermore that A(f) > 0 for § < @ by construction, and that dZ—(;) > 0 for
6 € (p(0),p(1)) in light of Claim B.1 and the Inverse Function Theorem. Moreover,

m%f(e‘) > (. Therefore, for p(0) < 6 < p(1), we

_ _A(e)alogf(ﬂs)

— A
AO) + A(O) s=b(0) Js

it follows from Assumption 1 that

have that A(Q)alogaj;@s) ’s:b(Q) dl;(;) > 0, and hence that
(D.12)
0log f(s|6) dlog f(A)s) dlog f(0)s) db(6)
MO =55 | ) < 2O | a5 ds
s=b(0) s=b(0)

Combining (D.10), (D.11), and (D.12) yields that

p(1) 0
/ / 7(0,0') P[0 < p(s)|0]d0'd0 < k(e — 1)
p(0) Jo

& dlog f(0 log f(0 0
+ A(6) %(ls) - %“S) Pr.[6 < p(s)[0)= l )d0.
P(0) s=b(0) s=b(0)
Noting that A(f) > 0 (by construction) and that alogf(ms)} aloga—];(m)‘s vy = 0

(by Assumption 1) and applying the change of variables s = (6’) then yields that

p(1) 0
| [ 6.00Pufo < ps)avas
p(0) JoO

<k(e—1) +/O A(p(s)) dlog f(0]s) B dlog f(0|s)

0s 0s ds.

0=p(s)
By the Fundamental Theorem of Calculus and Dirichlet’s formula, it follows that

) 3210@;]‘(9\ )
< — .
/ / (0,0") Pry[0 < p(s)]d0'd6 < k(e — 1) / / e dsdd
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We therefore have that

p(1) b(6) 92 logf( |9>
A —— g ds P <
/p(o) (9)/0 oson 0T / / (6,6") Pry[0 < p(s)|0]do'de

p(1) bO) 52 10g £(4]s) 82 log f(0]s)
< k(6_1)+/p(0) A(g)/o 9500 ——F oy ds d0+/ / 0s00 ~os0g 540

Note that for p(0) < 0 < p( ), we have that

A(9) = 9[() / 7 H\b f(s)ds < k:e/ f(s)ds =

where the inequality is due to Claim D.1. Since % > 0 (by Assumption 1), it

follows that

p(1) b(0) 92
/(0) A(@)/O %fm ’d0+/ / (0,0') Pr.[0 < p(s)|0)d0’d6
p
v O 92 log £(6]s) 0 log f(0]s)
k(e — 1) + k I los J(01s) g O los J(61s) g
<ke—1)+ 6/ / D00 +/ /(9 9500

B ) 9%log f(6|s) 0?log f(0|s)
—k:(e—l)Jrk:e// L sy + // S dsds

e S@D) [/ FE
=k(e—1)+k 1gf(§|0)/f(Q|0)

<k(e—1)+ ke

where the last inequality holds due to Lemma 1(b)—yielding (D.9). O

APPENDIX E. OTHER PROOFS OMITTED FROM THE TEXT

E.1. Proof of Lemma 1. We prove the two parts of the lemma separately.

Proof of Part (a). Assumption 2 implies that

9*log f(0]s) log f(0']s) ., Lo log f(6lS)
> P N
/ / 9500 g / / / “asa0 Y ( /0 95'00 ds) dbds
2
0% log f(0|s)
(// 5500 d0d3 .
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9 log f(0|s)
< 1.
/ / 9500 —=— Zdfds <1

By Assumption 1, it follows that for all types # < #’ and states s < s’, we have that

2 1 "\ " AN /
1>/ / a ng6’8 )delldsllzlogf<9’8) f<0|8)
0s"00" f@\s) / f(0ls)
A similar conclusion holds if # > 6" and s > §'. If § < ' and s > &' (and similarly if
0 > ¢ and s < ¢'), then Assumption 1 implies that

FO15) _ £015)
f@')s) = f(Ols)
Proof of Part (b). Suppose that
f(Bls) = B(0)D(s) exp (A(0)C(s))
where B(#), D(s) > 0. Assumption 2’ implies that

Hence, we must have that

f@ /e o _
12k%f@mw/ﬂmm—wAw>.mmxca> C(0)).

Note that
9%log f(0]s)  dA(9)dC(s)
0s00 - de ds

for all types 6 and states s. Hence, for all types 6 and states s, we have that

0*log f(0s)\ ™" [ [7 Plog f(B']s) ..\ ( [+ P*log f(B]s))
( 900 ) (/9 osor (/0 9500 ds)

-t " ([t ) (110,

=(A(0) — A(@)(C(1) - C(0)) < L.

By Assumption 1, it follows that

0 02 / 1 92 / 2
0 0s00’ 0 0s'00 0s00

E.2. Proof of Proposition 4. Let (¢,t) be a withdrawal-proof mechanism. Sim-

ilarly to the proof of Proposition 1, to see that (¢,t) must be Bayesian incentive
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compatible, note that for all types 6 and reports #’, we have that
E, [64(0,s) —t(0,5)|6] > E, [max{0q(¢',s) — t(¢', s), —£}|6]
E, [0(](9’, s)—t(f',s |9]
where the first inequality holds due to withdrawal-proofness.

To see that (g, t) must be ex post e-individually rational, let 8 be a type. Note that

the e-withdrawal-proofness condition for the report #" = 6 guarantees that
E, [0q(6,5) —t(0,5)|0] > E, [max{6q(6,s) —t(6,s), —c}|6] .

It follows that 6q(0,s) — t(0, s) = max{0q(0,s) — t(f,s), —e} for almost all states s,
and hence that 0q(0,s) —t(0,s) > —¢ for almost all states s.

APPENDIX F. UNDERSTANDING WITHDRAWAL-PROOFNESS IN FINITE MARKETS

In this appendix, we extend Proposition 1 and 2 and Corollary 1 to finite-market
mechanisms. The statements and proofs are similar to the large-market case.
Recall that a finite-market mechanism (g;, t;)1<i<n is Bayesian incentive compatible

if for all bidders 1, types 6;, and reports 6., we have that

Recall also that a finite-market mechanism (g;,t;)1<i<n is ez post individually ratio-
nal if for all bidders i and types 6;, and almost all type profiles 8_;, we have that
0;q;(0;,0_;) —t;(6;,60_;) > 0.

The following result is the analogue of Proposition 1 for finite-market mechanisms.

Proposition F.1 (Forges, 1999, Proposition 1). If a finite-market mechanism is
withdrawal-proof, then it is Bayesian incentive compatible and ex post individually

rational.

Proof. Let (gi,t;)1<i<n be a withdrawal-proof mechanism. To see that (g;,t;)1<i<n
must be Bayesian incentive compatible, note that for all bidders i, types 6;, and

reports 6], we have that
EG,Z‘ [equ(el, o0_; ) 91, 0 |9 ] > ]Eg [max{@qu(ei, 071) — tl(ﬁi, 071'), 0}|92]
> Eo_, [0:q(6;,0-:) — t(6;, 9—@'”04 ’

where the first inequality holds due to withdrawal-proofness.
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To see that (g;,t;)1<i<ny must be ex post individually rational, let 6; be a type. Note

that the withdrawal-proofness condition for the report ¢, = ; guarantees that
Eo_, [0:q:(0;,0-;) — t:(6;, 0—i)|9i] > Eo_, [max{0;q:(0;,0_;) — t;(6;,0_;), 0}|9i] :

It follows that qul(@, 0_1> — tl(Qz, 0_1> = max{@iqi(@i, 9_2' — tz(HZ, H_Z-), O} for almost
all type profiles 8_;, and hence that 0;4;(0;,0_;) — t;(0;,0_;) > 0 for almost all type
profiles 6_;. O

The following result is the analogue of Proposition 2 for finite-market mechanisms.

Proposition F.2. Let (¢;,ti)1<i<n be a Bayesian incentive compatible finite-market
mechanism. Suppose that for each bidder i and type 60;, each report € such that
Pro_, [ti(0},6_;) > 0;q:(0;,6_)|0;] > 0 is weakly dominated (in the game induced by
(gi, ti)1<i<n without withdrawal) by a report 0, for which t(éi, 0_,) < qui(éi, 0_;) for

almost all states s. Then, (g;,t;)1<i<n s withdrawal-proof.

Proof. Let i be a bidder, let 6; be a type, and let §; be a report. We show that 6,
cannot be desirable even in the presence of withdrawal.
If ¢;(0;,0_;) < 0,q:(0;,0_;) for type profiles O_;, then we have that

maX{eiQi(egv 0_;)— ti(egv 0_;),0} = 91‘%(9;7 0_;)

for almost all type profiles 6_;. Since (g;,t;)1<i<n is Bayesian incentive compatible,
it follows that

Eo_, [6:9:(6:,0-;) — t:(6;,0-;)|6;] > Eq_, [6:4:(6},0_;) — t:(6},0_;)|6;]
=Eq_, [max{eiqz'(ega 0_;)— ti(‘%a 0_;), O}‘ei} .

If Prg_, [t,-(eg, 0_;) > 6;q:(6;,0_;) ‘91} > 0, then let 0; be a weakly dominating report
with ti(éi, 0_;) < qui(éiﬁ_i) for almost all type profiles 8_;. By construction, we
have that

0:;(0;,0_;) — t;(0:,0_;) > max{0;q:(6}, 0_;) — t:(0},6_;),0}.
Taking expectations and using Bayesian incentive compatibility yields that
Eo_, [0:0:(0:,0_) — t:(0:,0_,)|0:] > Eo_, [ez-qi(éi, 0_.) — t,(6:,0_,) |02-]
> Eo_, [max{6;q:(6;,0_;) — t;(6;,0_;),0}|6;] .

Since the two cases exhaust all possibilities, (¢;,t;)1<;<nx must be withdrawal-proof.

O
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Recall that a finite-market mechanism (¢;,¢;)1<i<n is dominant strategy incentive
compatible if for all bidders i, types 6;, and reports 6!, and almost all type profiles
0_;, we have that

0:qi(0:,0_;) — t:(0:,0_;) > 0:q:(0;, 0_;) — (67, 0_;).
The following result is the analogue of Corollary 1 for finite-market mechanisms.

Corollary F.1. If a finite-market mechanism is dominant strategy incentive compat-

ible and ex post individually rational, then it is withdrawal-proof.
Proof. Follows from Proposition 2 by taking 6; = 6;. OJ

APPENDIX G. APPROXIMATE OPTIMALITY OF THE UNIFORM PRICE AUCTION:
FURTHER NUMERICAL EXAMPLES

In this appendix, we study optimal mechanisms for a family of beta distributions
that violate Assumption 2. We suppose that the state uniformly distributed between

[0,3], and that values are supported on [0, 1] with conditional distribution
F(0]s) = (s + 1)a

The parameter s measures the strength of the affiliation between types and states.
As in Section 7.1, we can solve the seller’s expected revenue maximization problem
numerically after discretization.

Table G.1 reports the fraction of the expected revenue of the optimal withdrawal-
proof mechanism that the uniform price auction achieves, for ranges of the quantity
k of the good that is for sale and the value of the parameter 5. These results show
that the uniform price auction delivers upwards of 98% of expected revenue of the
optimal mechanism even when affiliation is very high. Thus, the uniform price auction

remains approximately optimal even when Assumption 2 is grossly violated.

s=1 5=3 5=25 s=1 5=9
k=0.1]99.78% | 99.78% | 99.82% | 99.79% | 99.78%
k=0.3199.66% | 99.73% | 99.70% | 99.78% | 99.85%
k=0.5199.72% | 99.75% | 99.77% | 99.84% | 99.80%
k=0.7199.45% | 99.68% | 99.73% | 99.74% | 99.71%
k=0.9]99.18% | 99.48% | 99.58% | 99.65% | 99.54%

TABLE G.1. Percentage of Optimal Expected Revenue Achieved by

the Uniform Price Auction with a Beta Distribution.
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