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Abstract

We propose a theory of subtle discrimination, defined as discriminatory behavior

without direct payoff consequences for the decision-maker. We present a model in

which candidates compete for promotion to a better job. When choosing among

equally-qualified candidates, the principal subtly discriminates by breaking ties in

favor of candidates from a particular group. Subtle discrimination matters because

it affects decisions to invest in human capital. The model predicts that discriminated

agents perform better in low-stakes careers while favored agents perform better in

high-stakes careers. In equilibrium, firms are polarized: high-productivity firms strive

to be “progressive” and have diverse top management teams, while low-productivity

firms prefer to be “conservative” and have little diversity at the top.
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1 Introduction

Often today the bias is just subtler, the attitudes more hidden, the rationalization more

nuanced. Exclusions show up in forms that are harder to prove but continue to keep

workplaces homogeneous. It’s often so subtle that those in power find it hard to see,

harder to acknowledge, and impossible to fix, in spite of all the stories, the data, and

the research making it clear that the problem is very real. (Pao 2017, p. 9).

As overt discrimination has been gradually outlawed in the U.S. since the 1960s, social

and organizational psychologists have shifted their attention to subtler forms of discrim-

ination. Such scholars describe subtle discrimination as actions that are ambiguous in

intent to harm, ex-post rationalizable (i.e., subject to “plausible deniability”), difficult to

detect and litigate, and often unintentional.1 In the modern workplace, examples of subtle

discrimination include a supervisor who routinely asks female subordinates to perform

menial tasks, a manager who rarely praises the performance of minority employees, and

a senior executive who – when choosing among equally-qualified candidates – dispro-

portionately promotes men to managerial positions.

We propose a theory of subtle discrimination in the workplace. We define subtle dis-

crimination as bias-driven discriminatory behavior without direct payoff consequences

for the decision-maker. We similarly define subtle bias as a bias that affects only those

decisions that have no direct payoff consequences. To understand these definitions, con-

sider a manager who needs to promote one of two candidates. Suppose one candidate

is objectively more qualified than the other. In that case, the manager promotes the most

qualified candidate. However, if both candidates are equally qualified, the manager may

use an unproductive (i.e., payoff-irrelevant) characteristic to break the tie. That is, the bias

1See, for example, Dovidio and Gaertner (1986), Essed (1991), Dovidio and Gaertner (2000), Deitch et al.
(2003), Dipboye and Halverson (2004), Noh et al. (2007), Hebl et al. (2008), Van Laer and Janssens (2011),
Jones et al. (2017), Dhanani et al. (2018), and Hebl et al. (2020). While studies often use alternative terms,
such as “modern discrimination,” “aversive discrimination,” “everyday discrimination,” “ambivalent dis-
crimination” and “covert discrimination,” they all contrast subtle discrimination with “old-time” overt
discrimination and emphasize its ambiguous, hard-to-detect and yet pernicious nature.
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matters only when the choice has no direct payoff consequences for the manager.

Subtle biases may come from several sources. A subtle bias can be caused by an arbi-

trarily small preference bias or by biased beliefs and stereotypes (see, e.g., Reuben et al.

(2014) and Bordalo et al. (2016)). Alternatively, a subtle bias may be a manifestation of an

implicit (i.e., unconscious) bias. Thus, the principal may not be aware of their own bias;

subtle discrimination might not be intentional or controllable.2 Regardless of its source,

the defining characteristic of a subtle bias is its small size: The bias matters only when

the decision-maker chooses between two indistinguishable candidates. Because no can-

didate is clearly better than the other, discrimination leaves no visible trace and, thus,

cannot be proven ex post. This difficulty in detecting discrimination accords well with

typical accounts of subtle discrimination in the workplace, as the opening quote of this

paper illustrates.

In our model, two ex-ante agents – with labels “blue” and “red” – compete for pro-

motion by investing in (firm-specific) human capital. Labels are payoff-irrelevant; firm

profit depends only on the skill level of the promoted agent.3 When one candidate is

objectively more qualified than the other, the principal chooses the more skilled agent.

However, when both candidates are equally qualified, the principal is likelier to pro-

mote the blue candidate. Thus, subtle discrimination is an inability or unwillingness to

break ties fairly.4 Despite having no payoff consequences ex post, expected discrimina-

tory behavior in promotion contests distorts ex-ante decisions to acquire human capital.

Thus, our model shows that subtle discrimination can result in significant differences in

2Psychologists define implicit (biased) attitudes as associations between an individual (or a social group)
and specific attributes when those associations are partially or entirely outside of a person’s awareness
(Greenwald et al. (2002); Gawronski (2019)).

3Our model setup is similar to that of Prendergast (1993), where a firm cannot commit to compensate
workers for acquiring human capital, with two significant differences: (i) promotions are competitive, i.e.,
the principal cannot commit to promoting all qualified candidates; (ii) the principal is subtly biased in favor
of candidates from a particular group.

4Our definition does not imply that the principal always breaks ties in favor of a candidate from a
favored group. Dipboye and Halverson (2004) and Gaertner and Dovidio (2005) emphasize that subtle
biases tend to be variable. At times, individuals may behave in discriminatory ways, and at other times
they may demonstrate their egalitarian views.
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economic outcomes between favored and unfavored groups and between discriminating

and non-discriminating firms.

Our notion of subtle bias accords well with the social psychology literature on double

standards in competence assessment. A key example is the work of Foschi et al. (1994),

who show experimental evidence that when men and women with identical qualifica-

tions compete for the same position, ties are more likely to be broken in favor of men.

They also show that men and women are held to the same standards when compet-

ing against someone of the same sex. Thus, the evidence is consistent with our defini-

tion of subtle discrimination but inconsistent with statistical discrimination. In related

work, Reuben et al. (2014) and Moss-Racusin et al. (2012) show experimental evidence

that subjects’ preexisting subtle biases explain their propensity to hire male candidates

when choosing between candidates with similar qualifications.

Our analysis relies on ties being unexceptional. In practice, candidates’ ties in quali-

fications are ubiquitous because evaluation scales are often discrete.5 An example is the

9-box performance-by-potential grid, where candidates are placed in one out of nine cells

based on their past performance and future potential (Effron and Ort (2010)). Frederiksen

et al. (2017) show empirically that performance scales tend to be restricted, with five- or

six-point scales being the norm. Ties are also likely when candidates’ qualifications are

assessed across several domains and candidates excel in different areas, i.e., there is no

clear winner across all relevant qualifications. Similarly, ties are likely when candidates’

scores are aggregated across several decision-makers (such as the members of a hiring

committee), even if individual members avoid ties when ranking candidates. Averag-

ing also makes group decisions less variable than individual ones (Adams and Ferreira

(2010)) and thus reduces the perceived differences between candidates. When ties occur,

they are often broken based on subjective criteria, allowing subtle biases to affect deci-

5In models of lexicographic decision making (Tversky (1969); Manzini and Mariotti (2012)), ties can arise
with positive probability even when the assessment criteria are continuous; see the discussion in Section 2.
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sions.6

In our model, the agents are aware of the principal’s subtle bias.7 In equilibrium,

agents differ in their investment decisions, which creates an achievement gap, i.e., a differ-

ence in accumulated human capital and obtained qualifications. We show that the sign

and magnitude of the achievement gap depend on the stakes faced by the agents. When

the net benefit from promotion is large – a high-stakes career path – favored (blue) agents

invest more than unfavored (red) agents. In this case, the achievement gap is positive: fa-

vored agents have more visible achievements (e.g., better qualifications and performance

records) than unfavored agents. In contrast, when net benefit from promotion is small

– a low-stakes career path – favored agents invest less than unfavored agents, leading to a

negative achievement gap.

We use our model to interpret the evidence on the professional advancement of women.

Women are underrepresented in leadership and executive positions, and the gap gener-

ally becomes wider at the higher levels of power and corporate hierarchies. While women

represent 45% of the total labor force in S&P500 companies, they account for only 37% of

first and mid-level managers, 27% of senior managers, and 6% of CEOs.8 Women account

for 54% of the first-year students in American medical schools, but they represent only

38% of practicing surgeons.9 In the legal profession, 45% of associates, 22.7% of partners,

and 19% of equity partners are women.10 In academia, the proportion of women also falls

with rank. For example, in economics, women account for about 30% of Ph.D. students,

25% of assistant professors, and 13% of full-professors in research-oriented economics

6A leading example of the relevance of “tie-breaking” is academic co-authorship. In a study of careers of
academic economists, Sarsons et al. (2021) show that while both men and women benefit equally from solo
authorship, co-authorship harms women’s chances of being tenured. This evidence is compatible with our
notion of subtle discrimination: employers are likelier to “break the tie” in favor of male co-authors when
trying to attribute credit for joint work. See Heilman and Haynes (2005) for further evidence of gender bias
in team credit attribution.

7Social psychologists often emphasize the pervasive or “everyday” nature of subtle biases that strongly
affect individuals’ beliefs about their fit and prospects within an organization.

8Catalyst, Pyramid: Women in S&P 500 Companies (January 15, 2020)
9Association of American Medical Colleges (AAMC): 2020 FACTS: Applicants and Matriculants Data

10American Bar Association: Commission on Women in the Profession (2018)
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departments (Lundberg and Stearns (2019)).

Evidence that women have lower promotion rates in high-skilled occupations can be

found in Hospido et al. (2019) for central bankers, Bosquet et al. (2019) for academic

economists, and Azmat et al. (2020) for lawyers. Promotions in such careers are typi-

cally associated with large pay increases and significant non-pecuniary benefits, such as

prestige and status. Azmat et al. (2020) show evidence that women associates in law firms

invest less in the qualifications required for promotion (e.g., hours billed) than men as-

sociates. Hospido et al. (2019) and Bosquet et al. (2019) find that women are less likely

to seek promotion in the first place. By contrast, Benson et al. (2021) find that women in

management-track careers in retail have better (pre-promotion) performance than men.11

These facts are consistent with our prediction that discriminated groups are discouraged

from investing in promotable tasks in high-stakes careers while being over-incentivized

to undertake such investments in low-stakes careers.

Our model also predicts that, in high-stakes careers, differences in observable achieve-

ments (such as human capital, performance, experience, and effort) explain most of the

promotion gap (i.e., the difference in promotion rates between groups). Because the promo-

tion gap increases with the expected benefits of promotion, the model can also explain the

evidence of increasing promotion gaps at the top of hierarchies, a fact that is known as the

“leaky pipe” phenomenon (Lundberg and Stearns (2019); Sherman and Tookes (2022)).

We extend our model to allow firms to change their subtle biases by becoming more

progressive (i.e., reducing their biases) or conservative (i.e., increasing their biases). In

equilibrium, firms optimally choose their biases to maximize profits.12 As a result, firms

become polarized. On one side, we have high-productivity firms offering high-stakes

careers. Such firms choose to become progressive and, thus, have greater diversity in their

11Despite women’s better performance, supervisors still consider men to have higher “potential” on av-
erage, which leads to higher promotion rates for men.

12Unlike in models of taste-based discrimination, subtle bias does not affect a firm’s profit or a decision-
maker’s utility directly. Therefore, a firm cannot mechanically increase its profits by changing its subtle
bias.
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top management teams. On the other side, we have low-productivity firms that offer low-

stakes careers. Such firms choose to be conservative and, thus, have little diversity at the

top. Because subtle discrimination is profitable for low-productivity firms, market forces

do not eliminate subtle discrimination. We contend that firm polarization in diversity

preferences is a potential explanation for the evidence that large and well-performing

firms have more women on their boards (Adams and Ferreira (2009)).

Our model is well suited for welfare and policy analyses because welfare comparisons

are not confounded by the direct effects of biases on the principal’s utility. We show that,

for moderate to high stakes, subtle discrimination may harm everyone: the favored agent,

the unfavored agent and the firm. However, and perhaps surprisingly, for sufficiently low

stakes everyone may benefit from subtle discrimination. This result arises because low-

productivity firms use biased contests as a means to incentivize agents.

We also use the model to investigate the consequences of a quota aimed at protect-

ing the unfavored group. We show that the quota has its desired effect only when the

bias is sufficiently high. Even in that case, despite the fact that the quota implements

equality of outcomes, unfavored agents still fare worse than favored agents. This result

is explained by firms reducing their promotion stakes under the quota, which leads to

unfavored agents working harder than favored agents.

Economists traditionally classify discriminatory behaviors based on their source rather

than transparency. Some view discriminatory behaviors as a consequence of rational sta-

tistical discrimination (Phelps (1972); Arrow (1973)). A second view is that discrimina-

tion is caused by biases, such as biases in preferences or tastes (Becker (1957)), beliefs

(Bordalo et al. (2016); Bohren et al. (2019a)), or incentives (Dobbie et al. (2021)). Em-

pirically, the gold standard for separating these two views is the “Becker marginal out-

come test” (Becker (1957, 1993)).13 For an example of this test, consider the case of a

firm where women consistently have lower promotion rates than men. If rational sta-

13Alternatively, Bohren et al. (2019b) show how to test for the source of discrimination by analyzing the
implications of a dynamic model of discrimination.
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tistical discrimination causes a promotion gap, all else constant, marginally promoted

men and women should have similar performances after promotion. Thus, if we observe

marginally-promoted women performing better than marginally-promoted men, we can

conclude that biases cause the promotion gap.14

Unlike the biases in taste-based or stereotype models, subtle biases cannot be detected

by the Becker outcome test. If groups of workers with similar qualifications are close sub-

stitutes, a slight bias towards one group will not negatively impact a firm’s profit. This

lack of ex-post financial consequences makes subtle discrimination economically viable

and hard to detect. Thus, our model implies that subtle discrimination should feature

alongside statistical discrimination as the null hypothesis in Becker outcome tests in pro-

motion contexts.

2 Related Literature

Our model relates to the literature on favoritism and other biases in subjective perfor-

mance evaluations and their consequences for selection and promotion decisions (Pren-

dergast and Topel (1996); MacLeod (2003); Friebel and Raith (2004); Hoffman et al. (2018);

Frederiksen et al. (2020); Letina et al. (2020); Frankel (2021); Pagano and Picariello (2022)).

In these models, favoritism and other biases have ex-post payoff consequences for the

decision-maker. That is, biases are not subtle. By contrast, in our model, favoritism mat-

ters only because it affects ex-ante incentives.

More broadly, our study is related to the theoretical literature on discrimination (see

Arrow (1998), Fang and Moro (2011), and Lang and Lehmann (2012) for reviews). In their

seminal work on affirmative action, Coate and Loury (1993) show that negative stereo-

types can be self-fulfilling because discriminated agents may not undertake investments

that make them more productive. Similarly, in our model, discrimination may discourage

14For empirical applications of the Becker outcome test in the context of promotions, see Benson et al.
(2021) and Huang et al. (2022).
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some agents from investing. However, because workers compete for the same position,

their investment decisions are interdependent. We show that such strategic considera-

tions may further discourage investment or, instead, provide discriminated agents with

stronger incentives to invest.

In our model, agents impose externalities on each other. In this sense, our model is

similar to those by Mailath et al. (2000) and Moro and Norman (2004), who study in-

tegrated labor markets where workers from one group impose externalities on another

group. In both models, asymmetric equilibria exist in which agents with identical qualifi-

cations receive different wages. That is, discrimination is ex-post observable. By contrast,

in our model discrimination is deemed “subtle” precisely because it cannot be verified ex

post.

Unlike theories of discrimination based on differential screening abilities (Cornell and

Welch (1996); Fershtman and Pavan (2021)), our model assumes that the principal knows

each candidate’s type. While we can still interpret subtle discrimination as a form of

incorrect or exaggerated beliefs, as in Bordalo et al. (2016), it can also be seen as a limiting

case of taste-based discrimination when the taste parameter is arbitrarily small.

Our paper is also related to a strand of the discrimination literature that focuses on

bias amplification. Lang et al. (2005) show that in markets where firms post wages, weak

discriminatory preferences can cause large wage differentials. Bartoš et al. (2016) show

how “attention discrimination” can amplify animus and prior beliefs about group quality.

Davies et al. (2021) present a model in which an arbitrary small bias towards one candi-

date can have large consequences when the principal exerts effort to learn about candi-

dates’ abilities. Siniscalchi and Veronesi (2021) present a model in which mild population

heterogeneity and self-image bias can lead to persistent differences between groups. Dif-

ferently from these models, in our model the source of bias amplification is the compet-

itive nature of promotion tournaments. While agents can take actions that amplify the

consequences of small biases, we show that these actions can also lead to the attenuation
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of such biases.

Our paper is also related to a small theoretical literature on biased contests (Kawamura

and de Barreda (2014); Pérez-Castrillo and Wettstein (2016); Drugov and Ryvkin (2017)).

Drugov and Ryvkin (2017) show that under certain conditions, biased contests can be

optimal from the organizer’s point of view (e.g., total effort maximization) even when

contestants are symmetric. In that vein, Nava and Prummer (2022) present a model in

which the principal can directly affect the contestants’ valuations of the prize (promotion)

through work culture.

Although we do not model the preferences and beliefs at the root of subtle discrim-

ination, we note that our notion of subtle discrimination is compatible with models of

lexicographic preferences. In particular, our decision-making heuristic can be mapped

into Tversky’s (1969) notion of lexicographic semiorder (see Manzini and Mariotti (2012)

for a generalization). Consider a decision-maker that chooses between candidates (call

them b and r) based on two criteria, s1 and s2. The decision-maker uses s2 to separate the

candidates if and only if s1 cannot separate them. Crucially, the candidates may tie on the

first criterion even when it is a continuous variable; a tie is declared when the difference

between the two candidates is less than ε > 0. In our model, the tie-breaking criterion

(the candidate’s label) is payoff-irrelevant. Thus, it can also be interpreted as a rational-

ization for the decision (e.g., b has higher “potential” than r), as in Cherepanov et al.’s

(2013) theory of rationalization. That is, while the principal prefers b to r, choosing b is

not rationalizable when r is clearly more qualified.

Our notion of subtle discrimination is closely related to (but also different from) Cun-

ningham and de Quidt’s (2022) concept of implicit preferences. They consider a setup in

which a decision maker selects a woman over a man whenever both have the same qual-

ifications, but selects a man over a woman when their qualifications are mixed (i.e., they

can’t be objectively ranked). Cunningham and de Quidt (2022) equate the latter choice to

an implicit preference for men. Applying our terminology to their example, we say that

10



the decision-maker has a subtle bias towards women in the first case and a subtle bias

towards men in the second. Thus, in their model, subtle biases depend on the nature of

the tie (i.e., unambiguous versus ambiguous ties).

In the empirical literature, Hospido et al. (2019), Bosquet et al. (2019) and Azmat et al.

(2020) provide evidence that, in high-stakes environments, women have lower promo-

tion rates, partially because they are less likely to seek promotion in the first place. Our

model suggests that such a discouragement effect can be a consequence of subtle dis-

crimination, whose consequences are amplified in high-stakes careers. Moreover, several

recent papers provide suggestive evidence of subtle discrimination. Benson et al. (2021)

find that, despite having the same ratings on performance both before and after promo-

tions, women consistently receive lower ratings on “potential” than men. When it comes

to demotions, women are more likely to get fired than men for professional misconduct

(Egan et al. (2022)). Finally, women also receive less credit for innovative behavior in the

workplace (Luksyte et al. (2018)) and for work-related experience (Cziraki and Robertson

(2021)).

Our results also speak to the literature on the gender gap in willingness to compete

(Niederle and Vesterlund (2007); see also Niederle and Vesterlund (2011) for a review).

Our model predicts that women are less willing to compete against men than against

other women. Using a lab experiment, Geraldes (2020) shows that when given an op-

portunity to choose a competitor’s gender, women are as likely to enter a competition

as men are. According to our model, female unwillingness to compete with men should

become stronger as the stakes increase. Using a high-stakes TV game show, van Dolder

et al. (2022) show that women are less willing to compete against men.
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3 A Model of Subtle Discrimination in Promotions

After presenting the setup in Subsection 3.1, in Subsection 3.2 we describe the first-best

solution, to serve as a benchmark. We then solve the model for an exogenously given

compensation contract in Subsection 3.3. In Subsection 3.4, we let firms choose compen-

sation contracts optimally. In Subsection 3.5, we endogenize the subtle bias.

3.1 Definitions and Model Setup

At Date 0, a firm hires two ex-ante identical agents – b (Blue) and r (Red) – for an entry-

level position (job 1). Both vacancies need to be filled. Red and Blue are payoff-irrelevant

labels. To save on notation, we normalize the revenue that the agents generate on their

entry-level jobs to zero.

We assume that the firm does not (or cannot) discriminate at the hiring stage, thus

the 50/50 split between b and r reflects the composition of the candidate pool in the sec-

tor. For example, consider a search technology such that the firm pays a cost to identify

candidates for job 1. If the search cost is sufficiently high, the firm will hire its first two

draws. Thus, our model considers the case in which the outcome of the search is a diverse

workforce. As it will become clear, the case of a homogeneous workforce (i.e, two agents

with the same label) is equivalent to the case in which the subtle bias is zero.

At Date 1, the agents simultaneously undertake a nonverifiable investment (or effort),

ei ∈ [0, 1], i ∈ {b, r}, in firm-specific human capital, which we call “skill.” Both agents

are risk-neutral and have the same skill-acquisition cost function, c(ei), which we assume

is strictly increasing and convex. That is, agent i’s utility is ui = wi − c(ei), where wi is

the agent’s monetary compensation. Without loss of generality, we set c(0) = 0. Agent

i’s probability of acquiring the skill is ei. Skill is an observable but not verifiable binary

variable: si ∈ {0, 1}.

At Date 2, a decision-maker – whom we call the principal – chooses one of the agents to
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fill a top position (job 2) in the firm. The agent who is not promoted remains at the entry-

level job. We assume that once the principal observes an agent’s skill level, no further

information is useful for predicting the agent’s performance in job 2. In other words, an

agent’s skill is a sufficient statistic for the agent’s expected productivity. Offering job 2

to an unskilled agent (si = 0) increases the principal’s expected payoff by l > 0, while

promoting a skilled agent (si = 1) increases the payoff by l + H, where H > 0 denotes the

productivity gain upon promotion of a skilled agent. That is, a skilled agent is always more

productive than an unskilled one when assigned to job 2. We interpret H as a property

of the firm. Larger H means that human capital is more important at higher hierarchical

levels.

Although the principal cannot offer wages contingent on skill acquisition (because

skill is not verifiable), at Date 0 the principal can commit to a set of wages (w1, w2) for

the holders of jobs 1 and 2, respectively. We call W ≡ w2 − w1 the promotion premium. We

describe the compensation contract by a vector w = (w1, W) representing a basic reward

and a promotion premium.

We are interested in the case in which overt discrimination in promotion decisions is

not possible. That is, the principal must offer the same contract w to both agents. The

principal uses the promotion contest to provide incentives for skill acquisition. Because

H > 0, the principal always promotes a skilled agent over an unskilled one. As in Pren-

dergast (1993), the principal can effectively commit to reward skill acquisition through

promotions. In addition, if l > W, it is always in the principal’s interest to promote one of

the agents, even when both agents are unskilled. As l is a free parameter in the model, we

assume that it is sufficiently high so that the principal can credibly commit not to leave

job 2 vacant. 15 Thus, the firm’s (expected) profit is π = l + H(eb + er − eber)− 2w1 −W.

We interpret skill broadly as any kind of observable evidence that predicts an agent’s

15Although we assume that w cannot depend on labels, one could think of a situation in which different
agents are assigned to different career tracks. If only one agent has a path to job 2, then trivially no agent
will invest in skill acquisition. Thus, segregating agents by offering them different career paths is never an
optimal choice.
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future performance. For example, in the legal profession, hours billed to clients and new

client revenue raised are the main tools used to assess the performance of associates (Cot-

terman (2004), Heinz et al. (2005)). We assume that the skill is firm-specific in the sense

that it is less valuable to agents who leave the firm. For example, a lawyer who raises

significant revenue for her firm may not be able to credibly show that record to other

firms. Firm-specific skill can also be interpreted as a unique weighted combination of

general skills that is valuable for a particular firm or narrow industry (Lazear (2009)). For

example, a manager who works for a firm that develops payroll software for businesses

must know something about accounting, labor laws, tax laws, software and computer

programming. While none of these skills is firm specific, their unique combination is.

3.1.1 Subtle Discrimination: Definition and Discussion

We model subtle discrimination as a decision-making heuristic. When both agents have

the same skill level (si = s−i), both are equally productive in job 2 and, thus, the principal

is indifferent between the two. Because only one agent can be promoted, the principal

needs to employ a tie-breaking rule. When ties occur, we assume that the principal pro-

motes agent i with probability 1
2 + βi, i ∈ {b, r}, where βb = −βr. We say that the prin-

cipal is subtly biased in favor of Blue if βb > 0. The principal’s decision-making heuristic

is thus equivalent to a lexicographic criterion: The principal always prefers an agent with

the highest expected productivity; when there is a tie, the principal then relies on his (bi-

ased) “gut feeling.” We assume that the subtle bias is hard-wired and cannot be undone,

for example, by using a public randomization device (recall that skill si is not verifiable).

One interpretation is that the principal always rationalizes his choice (as in Cherepanov

et al. (2013)), thus a tie is not perceived as such.

Our modeling of subtle discrimination is novel. We note that our decision-making

heuristic is compatible with standard definitions of rationality. In particular, note that,

for a given vector of investment decisions e ≡ (eb, er), β does not affect π. However, β
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may indirectly affect π through the agents’ ex-ante investment decisions. One could think

of the principal’s inability to use a different heuristic (i.e., a different tie-breaking rule) as

a commitment problem.

Our notion of subtle discrimination is also compatible with the principal being un-

consciously biased. This interpretation is valid as long as the principal does not directly

benefit from promoting a particular candidate. Because the bias has no direct payoff con-

sequences, it is imperceptible to a principal who is initially unaware of it. In practice, the

principal might find it difficult to correct the bias (at least in a finite series of decisions)

if he believes that his choices are unbiased.16 Such unconscious biases are most likely to

pertain to System 1 thinking, i.e., fast, automatic, and effortless associations (Kahneman

(2011)). Moreover, several studies have shown that people are likely to implicitly dis-

criminate when candidates are different across several dimensions (Bertrand et al. (2005);

Cunningham and de Quidt (2022); Bertrand and Duflo (2017); Barron et al. (2022)).

Our definition of subtle discrimination can also be seen as a limiting case of (explicit)

taste-based discrimination (Becker (1957)). To see this, suppose that there are several

principals in the population. All principals want to maximize expected profit, but there

is a proportion 2βb of such principals who also derive incremental utility ε > 0 from

promoting blue agents. As ε → 0, the bias only affects decisions when agents have the

same skill level. Thus, when workers are matched with a principal of unknown type,

conditional on a tie, the blue agent expects to be promoted with probability 1−2βb
2 + 2βb =

1
2 + βb.

In what follows, we do not take a stand on whether subtle biases are implicit or ex-

plicit; our model can accommodate either interpretation.

16For example, Begeny et al. (2020) and Régner et al. (2019) find that decision-makers are more likely to
favor men in their evaluations and promotion decisions if they do not explicitly believe in external barriers
and biases faced by women in their professional fields.
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3.2 Benchmark: First-best Investment Levels

As a benchmark, we begin by considering the problem of a social planner who maximizes

total surplus. Define (expected) social surplus as S = π + E[ub + ur]. The planner’s

problem is to

max
(eb,er)∈[0,1]2

l + H (eb + er − eber)− c(eb)− c(er). (1)

Note that the planner faces a trade-off between effort duplication and effort sharing. On

the one hand, asking both agents to invest in skill acquisition implies that, with positive

probability, some acquired skills will go to waste. This waste is the cost of effort duplica-

tion. On the other hand, if the planner asks only one agent to invest, that agent’s marginal

cost of effort will be much higher than that of the idle agent. Similar to risk sharing under

concave utilities, effort sharing (i.e., marginal cost equalization across agents) is efficient

under convex costs. The nature of the first-best choice will thus depend on which of these

two effects dominate.

The following proposition formalizes this intuition (all proofs are provided in Ap-

pendix A):

Proposition 1. The first-best investment levels can take one of two forms: (i) eFB
b = eFB

r = ẽ < 1

or (ii) eFB
b > 0 and eFB

r = 0 (or, equivalently, eFB
b = 0 and eFB

r > 0).

Proposition 1 says that the first-best outcome can be symmetric or asymmetric. If

the benefits from effort sharing are greater than the costs of effort duplication, the social

planner will force both agents to choose the same investment level (Case (i)). If the costs

of duplication outweigh the benefits from effort sharing, the principal asks only one agent

to invest in skill acquisition (Case (ii)).

To consider an explicit example, assume c(ei) =
ke2

i
2 . In this case, if H ≤ k, the optimal

solution is

eFB
b = eFB

r = ẽ =
H

H + k
. (2)

That is, treating both agents equally is socially optimal. If H > k, the first-best is a corner
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solution, eFB
b = 1 and eFB

r = 0 (or eFB
b = 0 and eFB

r = 1). That is, in this case it is better to

treat agents asymmetrically and ask only one agent to invest in skill acquisition.

To simplify the exposition, for the rest of the paper we now assume that the cost func-

tion is given by c(ei) =
ke2

i
2 . We choose to sacrifice generality to obtain analytical proofs for

most results, which help explaining the economic forces at play. We note, however, that

none of the results we emphasize depend on the quadratic cost function; in the Internet

Appendix, we replicate our main results for other convex cost functions.

3.3 Equilibrium under Exogenous Compensation Contracts

Here we describe the agents’ investment choices under a fixed contract w. For now, we

assume that the contract is individually rational, thus both Blue and Red accept the con-

tract at Date 0. At Date 1, the agents simultaneously choose their investment (i.e., effort)

levels. At Date 2, investment outcomes are realized and the principal decides who to pro-

mote to the top position. Both agents anticipate that, at Date 2, the principal’s decision

will be biased in favor of Blue. That is, in case of a tie, the principal promotes agent b with

probability 1
2 + β, where β ≡ βb = −βr > 0.

We define agent i’s expected utility as:

Ui(e, w) ≡ w1 + W
[

ei(1− e−i) +

(
1
2
+ βi

)
eie−i +

(
1
2
+ βi

)
(1− ei)(1− e−i)

]
−

ke2
i

2
.

(3)

In the agent’s expected utility function, the first term is the baseline reward, the second

term is the promotion premium times the probability of promotion, and the third term

is the skill-acquisition cost. The first term inside the square brackets corresponds to the

probability of agent i acquiring the skill when agent −i fails to acquire the skill. In this

case, the principal promotes agent i. The second and third terms correspond to the proba-

bility of promotion via a tie-breaking decision. That is, when both agents are either skilled
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or unskilled, the principal breaks the tie by flipping a “mental coin,” which is biased in

favor of Blue.

An agent’s problem at Date 1 is to maximize his/her expected utility Ui(e, w) by

choosing an investment level ei taking the contract, w, and the effort of the other agent,

e−i, as given:

max
ei∈[0,1]

Ui(e, w). (4)

Assuming an interior solution,17 the agents’ reaction functions are

eb =
W
k

(
1
2
− β + 2βer

)
, (5)

er =
W
k

(
1
2
+ β− 2βeb

)
. (6)

Define σ ≡ W
k , i.e., the ratio of the promotion premium to the cost parameter. We call

σ the premium-cost ratio, for short. Parameter σ is a reaction function shifter (see Eq. (5)

and (6)). Higher σ implies a higher net marginal benefit of investment for any given pair

(eb, er). Intuitively, a high premium-cost ratio implies that the gain from promotion, W,

is large relative to the cost of investment, which is proportional to k. High σ can thus be

interpreted as a “high-stakes” situation, i.e., a case in which there is much to gain from

investing in skill acquisition. By contrast, if σ is low, agents benefit little from investing. In

this case, we say that the agents are on a low-stakes career path. Thus, we also informally

refer to σ as the “stake” of a career path.

In the baseline case with no bias (β = 0), the reaction functions (5)-(6) are flat, implying

that e∗b = e∗r = σ
2 is the dominant strategy. That is, if there is no bias (or, equivalently, if

the firm hires two agents with the same label), the agents choose their optimal investment

levels without any strategic considerations. If β > 0, Blue’s reaction function is positively

sloped and Red’s reaction function is negatively sloped. Intuitively, with a subtle bias

in favor of blue agents, ties are more valuable to Blue than they are to Red. Thus, Blue

17We will show in Subsection 3.4 that optimal contracts always imply interior solutions.
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wants to mimic Red’s behavior, which causes Blue’s reaction function to slope upwards.

By contrast, Red adopts a contrarian strategy in an attempt to avoid ties.

The following proposition characterizes the equilibrium investment choices.

Proposition 2. A unique equilibrium exists. For any β ∈ [0, 0.5], there exists σ(β) > 1 (with

σ(0.5) = ∞ ) such that, if σ ≤ σ(β), the equilibrium is interior and the investment levels are

given by:

e∗b =
σ(0.5− β) + 2βσ2(0.5 + β)

1 + 4β2σ2 ; (7)

e∗r =
σ(0.5 + β)− 2βσ2(0.5− β)

1 + 4β2σ2 . (8)

If σ > σ(β), e∗b = 1 and e∗r = min
¶

σ(1−2β)
2 , 1

©
.

Figure 1 shows the equilibrium investment levels as a function of the premium-cost

ratio, σ, for two levels of the subtle bias, small (β = 0.1) and large (β = 0.4). The figure

shows that for low values of σ, Red invests more than Blue, while for high values of σ, it

is Blue who invests more.
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Figure 1: Optimal investment as a function of the premium-cost ratio, σ, for the red and
blue agents, under the small (β = 0.1) and large values of the subtle bias (β = 0.4).

The following corollary formalizes the comparative statics illustrated in Figure 1. For

simplicity of exposition, from now on we assume that the equilibrium is interior.
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Corollary 1. When stakes are low, Red invests more than Blue. When stakes are high, Blue invests

more than Red. Formally, e∗r ≥ e∗b if and only if σ ≤ 1.

To understand the intuition behind this result, consider Red’s decision of how much

to invest in skill acquisition. This decision is shaped by two different forces. On the one

hand, Red may want to invest heavily in skill acquisition, in an attempt to overcome

the principal’s bias. We call this force the overcompensation effect. Overcompensation may

occur because the red agent knows she is held to “higher standards:” Unless she is clearly

perceived as more qualified than the other candidate, she will be looked unfavorably for

promotion.18 On the other hand, Red may be discouraged from investing because her

chances of promotion are slim even if she acquires the necessary skills. We call this force

the discouragement effect.19 Parameter σ determines which effect dominates in equilibrium.

If stakes are low, Blue exerts low effort, which makes Red willing to overcompensate by

investing more. If stakes are high, Blue is expected to choose high levels of investment,

which discourages Red from investing.20

A potential consequence of the discouragement effect is that a principal who is un-

aware of his bias (and the strategic interaction it creates between the two agents) might

interpret Red’s behavior as a lack of interest in high-paying positions. In other words,

he might incorrectly “learn” that red and blue agents have different preferences with re-

spect to earned income. Such learning might further reinforce the principal’s subtle bias

or even result in an explicit bias in favor of blue agents.

Corollary 1 is empirically testable. While it is not always obvious how to measure

“promotion stakes,” the gain from promotion is likely related to the importance of human

capital for performing a task. For example, promotion benefits are widely perceived to

18Hengel (2022) provides evidence of the overcompensation effect in academic writing: papers written
by women are better written than equivalent papers written by men.

19See Coate and Loury (1993) and MacLeod (2003) for early models of discrimination featuring a similar
discouragement effect.

20This result is robust to situations in which Blue and Red have different beliefs about β. Suppose, for
example, that Red believes there is subtle discrimination (β > 0) but Blue believes that β is zero. In that
case, we have e∗b = σ

2 and e∗r = σ( 1
2 + β(1− σ)), thus Corollary 1 holds.
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be high in professional services careers, such as consulting, law, and finance. Azmat et al.

(2020) find that differences in promotion rates between men and women in law firms are

explained by men working more hours (i.e., exerting more effort) than women in entry-

level positions. Such evidence is consistent with a discouragement effect in high-stakes

careers. In contrast, Benson et al. (2021) find that women on management-track careers in

retail have better pre-promotion performance than men. This finding is consistent with

an overcompensation effect that dominates in a low-stakes situation. Despite the better

performance, Benson et al. (2021) document a substantial gender promotion gap among

retail workers. In our model, the overcompensation effect is never sufficiently strong to

eliminate the promotion gap created by subtle discrimination, as we will show below.

The next corollary presents further comparative statics results.

Corollary 2. For σ ≤ σ(β) (i.e., the equilibrium is interior), we have that

1. e∗b is strictly increasing in σ;

2. There exists σ̂(β) ≤ σ(β) such that e∗r increases with σ for σ ≤ σ̂(β) and decreases with σ

for σ > σ̂(β).

3. σ̂(β) is strictly decreasing in β.

This corollary shows that Blue’s investment in skill acquisition is increasing in the

premium-cost ratio (see Part 1). Interestingly, Red’s investment does not always increase

with σ. If stakes are sufficiently high (σ > σ̂), the discouragement effect dominates and

Red’s investment declines with the premium-cost ratio (see Part 2; for this to happen, the

subtle bias needs to be sufficiently strong). When the bias is stronger, the discouragement

effect is also stronger, implying a lower premium-cost ratio at which Red’s investment

declines with σ (see Part 3).

It is instructive to compare the equilibrium effort levels to their first-best counterparts.

For β > 0, there is typically no contract that implements the first-best investment levels.
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If H > k, the first-best outcome is eFB
b = 1 and eFB

r = 0. This outcome is unachievable

under subtle discrimination: From Proposition 2, to have e∗b = 1 we need σ ≥ σ, in which

case we have e∗r = min
¶

σ(1−2β)
2 , 1

©
> 0 (because β < 0.5 if σ is finite). If H ≤ k, the

first-best requires both agents to invest ẽ = H
H+k . But agents’ investments are the same if

and only if σ = 1, in which case we have (from (7)) e∗r = e∗b = 0.5 ≥ ẽ. Thus, except for

the case in which H = k, there is no σ that implements the first-best investment levels in

the presence of subtle bias (β > 0).

Things are different if there is no subtle discrimination (β = 0). If H ≤ k, the first-best

can be achieved by choosing σFB = 2H
H+k (i.e., WFB = 2kH

H+k ). If H > k, the first-best cannot

be achieved.

To summarize: (i) if the principal is subtly biased, there is no contract that imple-

ments the first-best outcome, except for the (measure-zero) case in which H = k; (ii) if the

principal is unbiased, the first-best outcome can be implemented by a suitably-designed

promotion contest if and only if H ≤ k. The comparison with the first-best shows that

subtle discrimination is a friction. Without a subtle bias, the first-best can sometimes be

achieved. If there are additional contractual frictions, subtle discrimination can neverthe-

less be welfare enhancing in some cases, as we will show in Section 4.

We now define the promotion gap between blue and red agents:

Definition 1. Let pi denote agent i’s promotion probability, i ∈ {b, r}. The promotion gap is

∆p ≡ pb − pr = eb − er + [eber + (1− eb) (1− er)] 2β. (9)

That is, the promotion gap is the difference between the promotion probabilities of blue and red

agents.

Note that the promotion gap in Eq. (9) has two terms. The first term, eb − er, is the

difference in the probabilities of skill acquisition. Given our broad interpretation of what

skills are, we call this difference the achievement gap. All else constant, a larger achieve-
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ment gap increases the promotion gap. The second term is the difference in promotion

probabilities between Blue and Red that arises as a direct consequence of the subtle bias.

That is, this term is the promotion gap conditional on a tie times the probability of a

tie. We call this term the favoritism gap. Note that the subtle bias affects the equilibrium

investment levels, thus β affects both the achievement gap and the favoritism gap.

The next proposition shows how the equilibrium promotion gap varies with the premium-

cost ratio.

Proposition 3. For each β ∈ (0, 0.5], there exists a unique premium-cost ratio σ̃(β) such that

the promotion gap decreases in σ for σ < σ̃(β) and increases in σ for σ ∈ (σ̃(β), σ(β)).

Figure 2 illustrates how the promotion gap changes with the premium-cost ratio, σ,

in the presence of small (β = 0.1) and large (β = 0.4) subtle biases. The promotion gap

initially decreases with σ and then increases with σ. Note that, for large values of the

premium-cost ratio, even a small subtle bias can be significantly amplified through the

strategic interactions between the agents.

Note also that, in high-stakes careers, the contribution of the achievement gap to the

promotion gap is greater than that of the favoritism gap. That is, differences in “observ-

able” achievements (human capital, performance, experience, effort, etc.) explain most of

the promotion gap. In other words, because ties occur less often as the promotion pre-

mium increases, the principal is less likely to make biased promotion decisions as stakes

increase. In such scenarios, we would expect to find little direct evidence of discrimina-

tion.

The fact that the promotion gap eventually increases with the promotion premium

can explain the “leaky pipe” phenomenon, i.e., increasing promotion gaps at higher hier-

archical levels. In hierarchies with convex wage profiles, the net benefit from promotion

increases with rank. In such hierarchies, we would expect the promotion gap to increase

with rank.
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Figure 2: Promotion gap, ∆p∗, as a function of the premium-cost ratio, σ, under the small
(β = 0.1) and large values of the subtle bias (β = 0.4).

3.4 Optimal Compensation Contracts

We now allow the principal to design the compensation contract. The principal is not

allowed to explicitly discriminate through contracts, thus he must offer the same contract

w = (w1, W) to both agents. Agents are assumed to be penniless, thus wages must be

non-negative: w1 ≥ 0 and w1 + W ≥ 0.

To remain in a fully rational world, we assume that the principal knows that the agents

behave as if promotions are subject to subtle bias β. One interpretation is that the princi-

pal is aware of his own bias, but finds it impossible to commit to flip an unbiased mental

coin, i.e., to behave as if β = 0.21 Under this interpretation, the subtle bias may create

a dynamic inconsistency problem: the principal could be (in some cases) better off by

committing not to discriminate, but there is no commitment technology available. In the

language of O’Donoghue and Rabin (1999), the principal is a “sophisticate,” i.e., someone

who understands that they will subtly discriminate and, therefore, can correctly predict

their future behavior. A second – and perhaps more empirically relevant – interpretation

21One limitation of System 1 is that it cannot be turned off. Kahneman (2011) illustrates this point with the
famous Müller-Lyer optical illusion, where two horizontal lines of the same length appear to have different
lengths because they end with fins pointing in different directions. One cannot decide to see the lines as
equal even if one knows that they are.
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is that promotion decisions are made by a biased third party (e.g., a direct supervisor)

and the principal designs the contract taking into account the supervisor’s bias (see Pren-

dergast and Topel (1996) for a model along these lines).

Agents’ outside utilities are normalized to zero. The firm pays a fixed entry cost to

operate; to save on notation, we assume that this cost is l + ε, with ε arbitrarily small.

This assumption implies that the firm chooses to operate if and only if the expected profit

after entry is strictly greater than l. The principal is risk-neutral and derives no utility

from discrimination. His profit-maximization problem (after entry, i.e., gross of entry

costs) is as follows:

max
w1≥0,w1+W≥0

l + H (eb + er − eber)− 2w1 −W, (10)

subject to

eb = arg max
e∈[0,1]

eW
[(

1
2
− β

)
+ 2βer

]
− ke2

2
, (11)

er = arg max
e∈[0,1]

eW
[(

1
2
+ β

)
− 2βeb

]
− ke2

2
, (12)

Ub(e, w) ≥ 0, (13)

Ur(e, w) ≥ 0. (14)

The principal faces two incentive compatibility (IC) constraints (Eq. 11 and Eq. 12) and

two individual rationality (i.e., participation) constraints (Eq. 13 and Eq. 14). Because

w1 ≥ 0 and w1 + W ≥ 0, agent i can guarantee a non-negative payoff by choosing ei = 0.

Thus, the participation constraints (Eq. 13 and Eq. 14) do not bind. Because w1 does

not affect the IC constraints, the principal optimally sets w∗1 = 0. If the principal chooses

w1 = W = 0, the agents exert no effort and the post-entry profit is l. In such a case, the

firm’s profit from entering the market is l− l− ε < 0. Thus, we use w1 = W = 0 to denote

the case in which the firm does not operate.
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For any given k, choosing the wage upon promotion, W, is equivalent to choosing the

“stake,” i.e., σ. Parameter σ denotes different contracts with different stakes involved; a

high-stakes career path is a contract in which the prize from winning the promotion is

high relative to the cost of investment. For both convenience and interpretation, from

now on we think of the principal’s problem as that of choosing σ. Proposition 2 implies

that eb = 1 if σ > σ(β), thus increasing σ beyond σ(β) has no impact on revenue. That is,

in an optimal contract, σ ≤ σ(β). With these observations, the principal’s problem can be

simplified as follows:

π(k, β, θ) = max
σ∈[0,σ(β)]

kθ (eb + er − eber)− kσ, (15)

subject to

eb =
σ(0.5− β) + 2βσ2(0.5 + β)

1 + 4β2σ2 , (16)

er =
σ(0.5 + β)− 2βσ2(0.5− β)

1 + 4β2σ2 , (17)

where θ ≡ H
k is the productivity-cost ratio and π(k, β, θ) is the optimal expected profit net

of entry costs (as ε→ 0).

We first solve a baseline case of the above problem with no subtle discrimination (β =

0). In this case, we can explicitly solve for the optimal contract.

Proposition 4. If the principal is unbiased (β = 0), the firm operates if and only if θ > 1 and the

optimal stake, σ∗ = 2(θ−1)
θ , uniquely implements investment levels e∗b = e∗r = θ−1

θ .

When there is no bias, both agents choose the same investment level in equilibrium.

Note that the firm operates only when θ > 1, i.e., the productivity gain for the principal

is high relative to the marginal cost of investment for the agents. That is, firms with

low productivity-cost ratios prefer to shut down. From a social welfare perspective, all

firms should operate, because the marginal cost from investing when eb = er = 0 is zero
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(i.e., c′(0) = 0), while the marginal social benefit from investing when eb = er = 0 is

positive and equal to H > 0. Thus, when θ ≤ 1, the firm inefficiently stays out of the

sector. Such inefficiency occurs because the non-negative wage constraint prevents the

firm from extracting all the surplus from the agents.22

Consider now the general case in which β ≥ 0. Although it is not possible to solve an-

alytically for the optimal contract in all cases, the existence and uniqueness of the optimal

contract is easily established:

Proposition 5. For every set of parameters (k > 0, β ∈ [0, 0.5] , θ > 0), there exists a unique23

solution σ(k, β, θ) to the principal’s problem (if the firm chooses not to operate, we set σ = 0).

To save on notation, without loss of generality, from now on we set k = 1. Let σ(β, θ)

denote the optimal stake . The next result describes the properties of the optimal contract

and how it changes with the productivity-cost ratio, θ. Parameter θ can also be interpreted

as a measure of the relative importance of human capital at higher hierarchical levels.

Thus, for interpretation, we call firms with high θ human-capital-intensive firms.

Proposition 6. For every β ∈ [0, 0.5], there exist values θ(β) < θ(β) such that:

1. If θ ≤ θ(β), the optimal stake is σ(β, θ) = 0 (i.e., the firm does not operate). If θ ≥ θ(β),

the optimal stake is σ(β, θ) = σ(β).

2. The optimal stake, σ(β, θ), is strictly increasing in θ ∈
[
θ(β), θ(β)

]
.

3. The firm’s profit is strictly increasing in θ ≥ θ(β).

Part 2 of Proposition 6 implies that human-capital-intensive firms (high-θ firms) offer

career paths involving higher stakes. Because the optimal stake is increasing in θ, all the

22The result that, with no bias, the firm operates only when θ > 1 (i.e., H > k; the first-best requires only
one agent to be employed) is special to the quadratic cost function. As we show in the Internet Appendix,
under different cost functions, the firm may operate when the first-best outcome requires both agents to
be employed. What remains true under any cost function is that limited liability generally makes low-
productivity firms unprofitable and thus not viable.

23Uniqueness here is in the generic sense; multiple solutions may arise for measure-zero combinations of
parameters (k, β, θ).
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comparative statics in the previous subsection are unchanged once we replace σ with θ. In

particular, if we define θ̃(β) as the value of θ such that the optimal stake is σ(β, θ̃(β)) = 1,

we again have that Red invests more than Blue when stakes are low (θ < θ̃(β)) and Blue

invests more than Red when stakes are high (θ > θ̃(β)). Finally, Part 3 implies that high-

θ firms are more profitable. Thus, we can also use θ as proxy for firm profitability or

productivity. Panels (a) and (b) of Figure 3 illustrate Proposition 6 (for β = 0.4), while

panel (c) shows that similar to Figure 2, the equilibrium promotion gap is U-shaped in

the productivity-cost ratio, θ.
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Figure 3: Equilibrium premium-cost ratio, equilibrium profit, and promotion gap, as
functions of the productivity-cost ratio, θ for a given level of subtle bias (β = 0.4).
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3.5 Optimal Subtle Discrimination

Does subtle discrimination benefit or harm firms? To see how the subtle bias affects prof-

its, we now consider the problem of a principal who can choose both the compensation

contract and their own subtle bias. To avoid a “multi-selves” interpretation of the prob-

lem, here we assume that the principal delegates the promotion decision to a supervi-

sor. Suppose the principal can select a supervisor with known bias β. Which supervisor

would the principal choose?

The principal’s problem is

π(θ) = max
(σ,β)∈[0,σ(β)]×[0,0.5]

θ (eb + er − eber)− σ, (18)

subject to

eb =
σ(0.5− β) + 2βσ2(0.5 + β)

1 + 4β2σ2 , (19)

er =
σ(0.5 + β)− 2βσ2(0.5− β)

1 + 4β2σ2 . (20)

Let denote βpm(θ) the profit-maximizing subtle bias and σpm(θ) the corresponding opti-

mal stake. Define θ as the lowest value of θ such that σ(θ) = σ(β(θ)). That is, the optimal

stake is strictly interior if and only if θ ≤ θ. From now on, we focus on strictly interior

solutions for σ.

Proposition 7. There exists θ′ < θ such that

βpm (θ) =

 0.5 if θ ∈ (0, θ′]

0 if θ ∈
[
θ′, θ

] . (21)

Furthermore, σpm (θ) < 1 if θ ∈ (0, θ′] and σpm (θ) > 1 if θ ∈
[
θ′, θ

]
.

This proposition shows that, if the principal could optimally choose his subtle bias (or,
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equivalently, a supervisor with a given bias) at no cost, he would always choose a corner

solution for the bias: either no bias or the maximum bias. This choice is determined by

the productivity-cost ratio. Figure 4 illustrates the optimal stake, profit and the resulting

promotion gap as functions of θ. For less productive firms, i.e., firms with low θ, profits

increase with subtle discrimination. Thus, firm profit is maximized at βpm = 0.5. Such

firms also choose to offer low-stake careers (i.e., σpm(θ) < 1). Intuitively, subtle discrim-

ination is profitable for firms that offer low-stakes careers because the overcompensation

effect improves the performance of discriminated agents. Thus, in less productive (or less

human-capital-intensive) sectors, firms performer better when they discriminate. This

implies that market forces will not drive discriminating firms out of the market.
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Figure 4: Optimal premium-cost ratio, equilibrium profit, and promotion gap, as func-
tions of the productivity-cost ratio, θ.
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By contrast, for high-θ firms, the profit is maximized when the subtle bias is zero.

That is, firms that offer high-stakes careers prefer not to discriminate. Intuitively, in firms

with high-stake careers, the discouragement effect is strong, hindering the performance

of discriminated agents. In such sectors, discriminating firms are less profitable than non-

discriminating firms, and thus more likely to be driven out by competition.

3.5.1 Discussion: Firm Polarization

When firms can choose their biases, high-θ firms display lower promotion gaps (see Fig-

ure 4c). That is, such firms will have more diversity among their top-ranked employees.

Thus, our model predicts a particular type of “firm polarization,” in which high- and low-

productivity firms choose different policies with respect to discrimination and diversity.

High-productivity firms prefer to promote a work environment free of discrimination.

These firms will strive to be perceived as “progressive” and “activist.” They will also have

more diversity at the top (i.e., a smaller promotion gap). These firms also offer careers

with higher stakes, and are likely to be large, profitable, and human-capital-intensive.

By contrast, low-productivity firms will not take actions to counter subtle discrim-

ination. These firms will not mind being perceived as “conservative” and will be less

diverse at the top. They offer careers with low stakes, and are smaller, less profitable, and

less human-capital-intensive than “progressive” firms.

A robust empirical finding is that, in the cross-section, large and high-performing

firms have more women on their boards (see, e.g., Adams and Ferreira (2009)). We are

unaware of theoretical work that explains these cross-sectional correlations. With respect

to firm size, Adams (2016) writes that “more research needs to be done on the reasons

why women are less represented on the boards of small firms, but the evidence that this

is the case is clear.” Subtle discrimination can explain these findings. High-productivity

(i.e., large and profitable) firms may choose to take actions that incentivize the recruit-

ment of women to their boards. These actions would reduce their promotion gaps and
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thus increase the proportion of women in top jobs.

3.5.2 Soft Quotas

Firms may be able to achieve their diversity goals through voluntary actions, such as the

adoption of a soft quota (or “soft affirmative action,” as in Fershtman and Pavan (2021)).

Rather than setting a strict numeric target, we can think of soft quotas as a recommenda-

tion to promote more red agents whenever possible. Suppose that, to implement a soft

quota, the firm adopts a policy in which a supervisor pays a (vanishingly) small cost κ

every time they promote a blue agent. For example, the supervisor needs to write a re-

port explaining why the blue agent was more qualified than the red agent. As long as κ is

sufficiently small and supervisors have strong incentives to maximize firm profit, the soft

quota would only affect supervisors’ behavior in tie-breaking situations.

What types of firm would adopt soft quotas? The answer follows directly from Propo-

sition 7:

Corollary 3. The firm adopts a soft quota that incentivizes the promotion of red agents if and only

if θ ≥ θ′.

4 Welfare and Policy

Our model is well suited for welfare and policy analyses because the subtle bias is payoff-

irrelevant. In this section, we address a number of normative questions: What are the

welfare implications of subtle discrimination? When is subtle discrimination inefficient?

Are hard quotas effective?

4.1 When Does Discrimination Harm Workers?

Figures 5a and 5b show the equilibrium utilities of blue and red agents as a function of

the productivity-cost ratio, θ, and the subtle bias, β. Two features are worth highlighting.
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First, a stronger bias is not always beneficial to Blue. For high θ, increasing the bias

may decrease Blue’s utility. How could a bias in favor of blue agents harm these exact

agents? A more biased principal offers lower stakes, reducing the benefits from promo-

tion. As the figure shows, this dampening of incentives can offset Blue’s gains from a

higher bias. Thus, since profits may decrease with the subtle bias when θ is high, there

exist regions in which reducing the bias is a strict Pareto improvement, even in the ab-

sence of side transfers.

Second, there exists a region (for some small values of θ), where the red agent prefers

more discrimination to less. Therefore, for low levels of the productivity-cost ratio, all

(the principal and both agents) prefer more discrimination to less. This result highlights

that players at different layers of the corporate hierarchy, as well as in different industries,

are heterogeneous in their preferences with respect to anti-discriminatory policies. While

in positions or industries where productivity gains upon promotion are high, everyone

may benefit from decreased discrimination, this is not always the case in positions or

industries with low productivity gains.
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4.2 Social Surplus

Figure 6 presents the level of subtle bias that maximizes the total social surplus, S, as

a function of the productivity-cost ratio, θ. The relationship between subtle bias and

social surplus is complex. There are three regions. In the first region, low-θ firms benefit

from high subtle biases because the overcompensation effect helps incentivize red agents.

As we see from Figure 5b, for sufficiently low values of θ both Blue and Red benefit

from increasing the bias.24 In the second region, Red no longer benefits from the bias

and, eventually, the discouragement effect becomes dominant, thus the firm also prefers

a lower bias. Thus, for firms with intermediate levels of θ, the social-surplus-maximizing

bias is β = 0. In the third region, Blue’s utility is hump-shaped in the subtle bias (see

Figure 5b), while the firm’s profit is relatively flat in β. The optimal bias trades-off the

gains and losses to the agents. The socially-optimal bias is increasing in the productivity-

cost ratio because discouraging Red is efficient when when Blue is more likely to win, as

it reduces duplication deadweight costs.
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Figure 6: Socially optimal level of subtle bias as a function of the productivity-cost ratio,
βso(θ).

The overcompensation effect is the reason why subtle discrimination is not always

economically inefficient. Because firms do not internalize the effect of their contractual

24Note that the bias itself does not directly affect utilities. Thus, our welfare results fundamentally differ
from those of models with non-subtle biases. For example, in Prendergast and Topel (1996), an increase in
the bias directly benefits supervisors.
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choices on their workers’ welfare, a larger bias can lead to a Pareto superior equilibrium.

This is yet another example of the well-know result that two frictions may be better than

one. The social optimality of moderate to high subtle biases is a consequence of the as-

sumption of non-negative wages, which is a contractual friction. Subtle discrimination is

also a friction; in the absence of other frictions, the socially optimal β is always zero.

4.3 Hard Quotas

The analysis in Section 3.5 reveals that not all firms would voluntarily take steps towards

reducing subtle biases. At the same time, the welfare analysis shows that reducing subtle

biases is sometimes socially desirable (this is the second region in Figure 6). Thus, it

is instructive to consider possible interventions aimed at reducing or eliminating subtle

discrimination.

Setting a (hard) quota is a popular policy tool to tackle a lack of diversity at top po-

sitions. Quotas are highly unlikely to deliver efficiency gains in our model, for two rea-

sons: they constrain the principal’s maximization problem and directly interfere with

the agents’ incentives to invest. Nevertheless, quotas may be a policy option for reasons

other than efficiency, such as equity and fairness. Quotas typically require firms to aim

for a target proportion of positions for a particular group.

To consider quotas at the firm level, we extend the model as follows. At Date 0, the

firm has a continuum of vacancies for job 1, with mass 2µ, and for job 2, with mass µ.

Each worker in job 1 competes with exactly one worker for promotion. In line with the

basic model, all pairs of workers are mixed (one red and one blue). In equilibrium, the

probability that an agent of type i is promoted, pi, is also the proportion of agents of type

i found in job 2 at the end of the game. A quota is a target for pi or, equivalently, a target

for the the promotion gap, ∆p. For convenience we use the latter, thus a quota is fully

described by a number q ∈ [−1, 1].

Let q denote a hard quota. Without loss of generality, we assume that the quota’s
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goal is to reduce the promotion gap, that is, to promote more red agents: q < ∆p0 (the

pre-quota promotion gap). Here we adopt the interpretation that the principal designs a

firm-wide promotion policy, which is then implemented by a mass µ of supervisors, one

for each pair of workers in job 1. We assume that supervisors have incentives aligned

with the firm but are subtly biased; here, (unlike in Subsection 3.5) we assume that the

firm cannot choose the bias of its supervisors. Because only supervisors observe the skill

si of their pairs of subordinates, any rule that allows supervisors some discretion can be

abused. Thus, the only way to comply with the quota is for the principal to force some

supervisors to promote red agents regardless of skill. To do so, the principal offers a

proportion δ of supervisors discretion over promotion decisions and forces a proportion

1− δ of supervisors to promote only red agents.

The principal chooses δ to maximize profit subject to the quota constraint, ∆p = q.

The principal has two options: he can reveal the identities of the “constrained” and “un-

constrained” supervisors to their subordinates, or he can keep them secret. For brevity,

we only consider the full disclosure case.25 The principal’s problem is

π(β, θ, q) = max
σ∈[0,σ(β)],δ∈[0,1]

δθ (eb + er − eber)− σ, (22)

subject to

eb =
σ(0.5− β) + 2βσ2(0.5 + β)

1 + 4β2σ2 , (23)

er =
σ(0.5 + β)− 2βσ2(0.5− β)

1 + 4β2σ2 , (24)

∆p ≡ δ{eb − er + [eber + (1− eb) (1− er)] 2β} − (1− δ) = q, (25)

where the last equation is the quota constraint: the promotion gap must be q.

Firm profit is always higher when there is no quota or if the quota is not binding

25The no disclosure case yields similar results.
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(i.e., q = ∆p0). This reduction in profit is expected; the quota constrains the principal’s

maximization problem. Still, there might be reasons to support quotas on grounds of

redistributive equity. The key question is then: when do discriminated agents benefit

from quotas?

Figure 7 shows the utilities of Blue and Red under a 50% quota (i.e., q = 0). As ex-

pected, the quota typically reduces Blue’s utility and increases Red’s utility. However,

for low biases, the quota may reduce Red’s utility. This counterintuitive result occurs

because, under a quota, the firm chooses to offer a smaller promotion bonus. This neg-

ative effect dominates when the bias is low because, in such a case, Red’s probability of

promotion increases by only a small amount after the quota.

We also see that the favored agent is typically better off than the discriminated agent,

even when the quota imposes full parity. For Red to do better than Blue under a quota,

the bias must be small and productivity must be high.
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5 Testing for Subtle Discrimination

Our notion of subtle discrimination is relevant in competitive settings, i.e., in situations

where agents compete for a fixed prize. The typical “outcome test” for discrimination

is based on comparing the ex post performances of the marginally-treated agents. The

idea is that, if one group is held to higher standards than the other group, the marginally-

treated agent from the unfavored group will perform better than the marginally-treated

agent from the favored group. Thus, under the null hypothesis of rational statistical dis-

crimination (including no discrimination), there should be no group differences in the

performance of marginally-treated agents.

In our model, marginally-promoted blue and red agents are equally productive. Thus,

a well-designed outcome test cannot reject the null hypothesis of statistical discrimination

(or no discrimination). A key implication is that subtle discrimination should feature

alongside statistical discrimination as the null hypothesis in outcome tests in competitive

situations.

Although standard outcome tests cannot detect subtle discrimination, there are several

ways in which one can test for subtle discrimination in competitive situations. One is to

identify a direct shock to the bias, i.e., a shock to β. According to our model, an ex post,

unanticipated small shock to β would change the observed promotion gaps between the

groups but would have no impact on firm performance in the short-run. As an example

of this approach, Ronchi and Smith (2021) find evidence that an exogenous shock to male

managers’ gender attitudes – the birth of a daughter as opposed to a son – increases

managers’ propensity to hire female workers. That is, the shock to gender preferences

changes the observed hiring gaps. However, they also find that the shock has no effect

on firm performance, which is explained by managers replacing men with women with

comparable qualifications, experience, and earnings. Overall, the evidence is consistent

with subtle discrimination affecting gender gaps but not profits (in the short run).

Another approach to testing for subtle discrimination is to consider the impact of
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discrimination on those who are subjected to discrimination (for an example of this ap-

proach, see Hengel (2022)). In our context, this requires testing the predictions of our

model for the investment choices made by the agents, in particular how they relate to the

stakes faced by the agents. An instructive example – although in a somewhat different

context – is the work of Filippin and Guala (2013), who run a lab experiment where in-

dividuals assigned to different groups submit bids in an all-pay auction. The winner is

selected by an auctioneer who has strong incentives to reward the highest bidder. Never-

theless, the auctioneers more frequently assign the prize to a member of their own group

when bids of two or more players are tied. In response, out-group bidders reduce their

bids, leading to a decrease in their earnings and a substantial gap in outcomes between

groups.

Finally, direct tests of subtle discrimination can also be designed in the lab. Foschi

et al. (1994) designed an experiment where subjects must promote at most one of two

candidates. They can also choose to promote no one. When subjects choose between a

pair of candidates of the same sex, sometimes no one is promoted. Thus, the authors can

infer the minimum threshold of qualifications for promotions for each sex. They find that

subjects use similar thresholds for pairs of male and female candidates. That is, they show

that men and women are held to the same standards when competing against someone

of the same sex. By contrast, when men and women with identical qualifications compete

for the same position, they find that subjects are more likely to promote men. Thus, the

evidence is consistent with our definition of subtle discrimination but inconsistent with

statistical discrimination.

6 Conclusion

Most cases of discrimination we witness in day-to-day life are subtle. Although subtle

discrimination may harm those at the receiving end of discriminatory actions, it may not
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have many immediate consequences for the perpetrating parties. Indeed, it is precisely

this lack of consequences that makes it difficult to detect subtle discrimination. Subtle

discrimination leaves no trace, is subject to plausible deniability, and (typically) does not

harm the discriminating party.

Our leading example of subtle discrimination is the use of biased tie-breaking rules

in promotion contests. When candidates are indistinguishable in terms of their future

productivity, the firm is indifferent between biased and unbiased tie-breaking rules. This

indifference opens the door for decision rules that favor characteristics unrelated to future

productivity. Thus, subtle discrimination may result from a small bias, which manifests

itself only when decisions are inconsequential. However, despite the small size of subtle

biases, our model shows that they may have significant implications. First, subtle biases

in promotion decisions distort candidates’ incentives to take actions that increase their

promotability. Second, the competitive nature of promotion contests can amplify the ex-

ante effects of subtle biases.

Our model generates several novel predictions. In particular, it can explain why

some firms invest in building a “progressive” corporate culture while others are con-

tent to maintain a “conservative” image. Subtle discrimination is detrimental to high-

productivity firms because discriminated workers are discouraged from investing in valu-

able skills. Thus, such firms prefer to foster equality as a means to incentivize a diverse

workforce. By contrast, low-productivity firms benefit from holding discriminated work-

ers to higher standards, as these employees overcompensate by working harder.
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Appendix

A Proofs

Proof of Proposition 1. Suppose first that both agents make strictly positive investments

in skill acquisition in the first-best solution. The first-order conditions for an interior

solution are

H(1− ej)− c′(ei) = 0, (26)

for i 6= j ∈ {b, r}. Under c′′(ei) > 0, an interior solution must be unique, which implies

that the solution is symmetric and given by ẽ, where

ẽ = 1− c′(ẽ)
H

. (27)

Note that ẽ is well defined as long as H > c′(0). We extend the definition of ẽ so that ẽ = 0

if H ≤ c′(0). We can then calculate the surplus associated with ẽ: S̃ ≡ Hẽ(2− ẽ)− 2c(ẽ).

Consider now the case in which only one agent, say b, is requested to exert effort. If

H > c′(0), the optimal investment is given by êb = min{c′−1(H), 1}. If H ≤ c′(0), we set

êb = 0. The surplus associated with êb is Ŝ ≡ Hêb − c(êb).

The first-best investment levels can take one of two forms. If S̃ ≥ Ŝ, the gains from

sharing effort are greater than the losses from effort duplication, in which case we have

eFB
b = eFB

r = ẽ. If, instead, S̃ < Ŝ, effort duplication is too costly, thus the first-best solution

is eFB
b = êb and eFB

r = 0.

Proof of Proposition 2. Equations (7) and (8) represent the unique solution to the system of

equations given by (5) and (6). From (7), we find that e∗b ≤ 1 requires

fb(σ) = β (2β− 1) σ2 − (0.5− β) σ + 1 ≥ 0.
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Function fb is strictly concave and has a unique positive root,

σ(β) ≡
β− 0.5 +

»
1
4 + 3β− 7β2

2β (1− 2β)
≥ 0,

for all β ∈ (0, 0.5). Thus, e∗b ≤ 1 if and only if σ ≤ σ(β). To show that σ(β) > 1, note that

β− 0.5 +

…
1
4
+ 3β− 7β2 = β− 0.5 +

»
(β− 0.5)2 + 4β (1− 2β) >

β− 0.5 +
»
(β− 0.5)2 +

»
4β (1− 2β) = 2

»
β (1− 2β) > 2β (1− 2β) .

Similarly, e∗r ≤ 1 requires

fr(σ) = β (2β + 1) σ2 − (0.5 + β) σ + 1 ≥ 0.

Function fr is strictly convex. If fr has no real root, then trivially e∗r < 1 for any value of

σ. A real root exists when β ∈
(

0, 1
14

]
. In this case, the smallest real root is:

σ′(β) ≡
0.5 + β−

»
1
4 − 3β− 7β2

2β (2β + 1)
> 0.

Note that fr(1) > 0, and its derivative at σ = 1 is

∂ f
∂σ

(σ = 1) = 2β (2β + 1)− (0.5 + β) ,

which is strictly negative for β ∈
(

0, 1
14

]
. Thus, it must be that σ′(β) > 1. Note also that

fr(σ)− fb(σ) = 2βσ(σ− 1), which is positive if and only if σ ≥ 1. Thus, at σ′(β) we have

fr(σ′(β)) > fb(σ
′(β)), which implies σ(β) < σ′(β).

If σ ≤ σ(β), then both e∗b and e∗r are interior. If σ > σ(β), then we must have e∗b = 1,

which implies e∗r = min
¶

σ(1−2β)
2 , 1

©
. Notice that if β = 0.5, then σ→ ∞, and the solution

is interior for any σ.
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Proof of Corollary 1. Note that, from (7) and (8), e∗r = e∗b
(0.5+β)−2βσ(0.5−β)
(0.5−β)+2βσ(0.5+β)

. Straightforward

manipulation of this equality implies that e∗r ≥ e∗b if and only if σ ≤ 1.

Proof of Corollary 2. 1. Differentiating (7) with respect to σ yields

∂e∗b
∂σ

=
0.5− β + σ [1 + β− 2βσ(0.5− β)]

(1 + 4β2σ2)
2 ,

which is strictly positive because e∗r ≥ 0 implies 0.5 + β− 2βσ(0.5− β) ≥ 0 ⇒ 1 + β−

2βσ(0.5− β) > 0.

2. Differentiating (8) with respect to σ yields

∂e∗r
∂σ

=
(0.5 + β)− 4βσ [(0.5− β) + β (0.5 + β) σ]

(1 + 4β2σ2)
2 .

Note that ∂e∗r
∂σ > 0 for σ = 0 and the numerator is strictly decreasing in σ (with limit at

−∞). Solving for the unique positive root for the numerator yields

σ′(β) ≡ k

»
(0.5− β)2 + (0.5 + β)2 − (0.5− β)

2β (0.5 + β)
> 0.

We then define σ̂(β) ≡ min{σ′(β), σ(β)}.

3.

∂σ′(β)

∂β
=

(1 + 2β)
(

1
2 + 2β2

)− 1
2 (

β + 2β2)− (1 + 4β)

[(
1
2 + 2β2

) 1
2 − (0.5− β)

]
(β + 2β2)

2 .

The numerator achieves a unique global maximum of zero at β = −0.5, thus for any

β ∈ (0, 0.5] , we have ∂σ′
∂β < 0, that is, the region in which e∗r declines starts earlier for

larger values of β.
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Proof of Proposition 3. The equilibrium promotion gap is

∆p(σ) = 2β

1 + σ

(
1− 4β2) σ− 2

1 + 4β2σ2 + 2σ2
4β2σ +

(
1− 4β2σ2) (1

4 − β2
)

(1 + 4β2σ2)
2

 .

Its derivative with respect to σ is

∂∆p
∂σ

= 2β
−2 + 3

(
1− 4β2) σ + 24β2σ2 + 4β2 (4β2 − 1

)
σ3

(1 + 4β2σ2)
3 .

Define the function A (σ) as the the numerator of the expression above:

A (σ) = −2 + 3
(

1− 4β2
)

σ + 24β2σ2 + 4β2
(

4β2 − 1
)

σ3.

A (σ) is a third-degree polynomial of σ, thus, for σ ∈ R, it has three (real or complex)

roots (r1, r2, r3), a local minimum, and a local maximum. Consider its first derivative:

A′ (σ) = 3(1− 4β2) + 48β2σ + 12β2
(

4β2 − 1
)

σ2.

To find the roots for A′ (σ) = 0, apply the quadratic root formula to obtain

σm =
4β−

√
16β2 + (1− 4β2)2

2β (1− 4β2)
, σM =

4β +
√

16β2 + (1− 4β2)2

2β (1− 4β2)
.

Notice that σm < 0 and σM > 0. At σ = 0, we have A (0) = −2 < 0 and A′ (0) =

3(1− 4β2) > 0. Thus, A (σm) must be a local minimum and A
(
σM) a local maximum.

Thus, A (σ) has one negative real root (r1 < σm), while r2 ≤ r3 must be positive if they

are real numbers.

Notice that at σ = 1, the condition for an interior solution is trivially satisfied:

fb(1) = β (2β− 1)− (0.5− β) + 1 = 2β2 + 0.5 > 0.
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At σ = 1, we have

A (1) = 1 + 8β2 + 16β4 > 0.

That is, ∂∆p
∂σ is strictly positive at σ = 1. Thus, a real root r2 ∈ (0, 1) must exist; r3 > r2

must also be a real number. We then have that ∂∆p
∂σ < 0 for σ ∈ (0, r2),

∂∆p
∂σ > 0 for

σ ∈ (r2, r3), and ∂∆p
∂σ < 0 for σ > r3. Because σM is a local maximum, σM < r3. Brute

force comparison reveals that σM > σ for all β ∈ (0, 0.5]. Thus, σM cannot be an interior

solution⇒ r3 > σM cannot be an interior solution. Thus, in an interior solution, ∂∆p
∂σ < 0

for σ < r1 and ∂∆p
∂σ > 0 for σ > r2. We thus have that ∆p(σ) reaches a minimum at

min{r2, σ} ≡ σ̃.

Proof of Proposition 4. If β = 0, we have that, in an interior solution, er = eb = σ
2 . The

principal’s problem is thus

max
σ∈[0,σ(0)]

θ

[
1−

(
1− σ

2

)2
]
− σ.

The first order condition for an interior solution is

θ
(

1− σ

2

)
− 1 = 0.

The second-order condition holds (the problem is globally concave): − θ
2 < 0. Thus, we

have

σ∗ = 2
θ − 1

θ
, e∗ =

θ − 1
θ

.

Notice that for all θ ≥ 1, the solution is interior, and for all θ < 1 the principal does not

operate the firm.

Proof of Proposition 5. Notice that the firm can guarantee a non-negative profit by choos-

ing σ = 0. Because the objective function is continuous in σ and [0, σ(β)] is a compact
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set, a maximum always exist. An optimal σ∗ is generically unique because the objec-

tive function is a function of polynomials and thus has no flat regions in the interior of

[0, σ(β)].

Proof of Proposition 6. Define

σ (β, θ) ≡ arg max
σ∈[0,σ(β)]

θ f (σ, β)− σ,

where

f (σ, β) = eb (σ, β) + er (σ, β)− eb (σ, β) er (σ, β) ,

where eb (σ, β) and er (σ, β) are given by (7) and (8), respectively. From Proposition 5,

the optimal σ is generically unique, thus σ (β, θ) is well-defined (except perhaps for a

measure-zero combination of parameters (β, θ)). The maximum profit is thus defined as

π (β, θ) ≡ θ f (σ (β, θ) , β)− σ (β, θ) .

First notice that, for σ(β, θ) > 0, we have that the optimal profit strictly increases with θ

(by the Envelope Theorem):
∂π

∂θ
= f (σ(β, θ), β) > 0. (28)

To prove Part 1, notice first that at θ = 0, trivially, σ (β, 0) = 0 and the profit is zero. For

θ = σ(β) + ε, where ε > 0, if the principal chooses σ = σ(β) we have f (σ(β), β) = 1 and

the profit is strictly positive. Thus, we know that there exists θ(β) such that σ (β, θ) > 0

(and the profit is strictly positive) if and only if θ > θ(β).

Now define θ(β) as

θ(β) ≡ 1
fσ (σ(β), β)

, (29)

where fσ denotes the derivative with respect to σ (note that f (σ, β) is differentiable in σ

in the interior of [0, σ(β)]). We then have σ
(

β, θ(β) + ε
)
= σ(β) for all ε ≥ 0. This proves
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Part 1.

To prove Part 2, consider θ ∈
(
θ(β), θ(β)

)
, that is, the values for θ such that σ (β, θ)

is interior, i.e., σ (β, θ) ∈ (0, σ(β)). Thus, the first-order condition at σ∗ = σ (β, θ) must

hold:
∂π

∂σ
= θ fσ(σ

∗, β)− 1 = 0,

as well as the second order condition:

∂2π

∂σ2 = θ fσσ(σ
∗, β) < 0.

We have that (by implicit differentiation of the first order condition):

∂σ

∂θ
= − fσ(σ∗, β)

θ fσσ(σ∗, β)
= − 1

θ2 fσσ(σ∗, β)
> 0,

proving Part 2. Part 3 follows from (28).

Proof of Proposition 7. For e∗b < 1 (i.e., a strictly interior solution for effort levels), define

f (σ, β) as

f (σ, β) = e∗b + e∗r − e∗b e∗r =
σ + 4β2σ2

1 + 4β2σ2 −
4β2σ3 + (1− 4β2σ2)(1

4 − β2)σ2

(1 + 4β2σ2)2 .

If e∗b < 1 we can write the profit as

π(σ, β, θ) = θ f (σ, β)− σ.

We then have
∂π

∂β
= −

2βθσ2 (σ− 1)
{

σ
[
4σ (σ + 1) β2 − 3

]
+ 5
}

(4σ2β2 + 1)3 ,
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which has non-negative roots at β = 0 and

βroot(σ) =
1

2σ

 
3σ− 5
σ + 1

.

Note that for σ < 1, ∂π
∂β is strictly positive for β > 0, implying that the optimal bias

is β = 0.5. At σ ∈ (1, 5
3), the derivative is strictly negative for β > 0, implying that the

optimal bias is β = 0. For σ > 5/3, ∂π
∂β is positive for β < βroot(σ) and negative for

β > βroot(σ), implying that the optimal bias is βroot(σ).

Define the following:

σ(σ, β) = arg max
σ∈[0,σ(β)]

π(σ, β, θ),

β(σ, θ) = arg max
β∈[0,0.5]

π(σ, β, θ),

σ(θ) = arg max
σ∈[0,σ(β(σ,θ))]

π(σ, β(σ, θ), θ).

For now we assume that θ is such that σ(θ) < 5/3, so that the optimal profit is

π(θ) = max{π(σ(0, θ), 0, θ), π(σ(0.5, θ), 0.5, θ)}.

Define

∆(θ) = π(σ(0, θ), 0, θ)− π(σ(0.5, θ), 0.5, θ),

and let θ′ denote an element of {θ : ∆(θ) = 0}. We know that at least one such θ′ exists

because: (i) π(σ(0.5, 1), 0.5, 1) ≥ π(0.5, 0.5, 1) = 0.02 > π(σ(0, 1), 0, 1) = 0 (see Proposi-

tion 4) and (ii) π(σ(0.5, 4), 0.5, 4) = 2 < π(σ(0, 4), 0, 4) = 2.25. By continuity there must

be a θ′ ∈ (1, 4)26 such that π(σ(0.5, θ′), 0.5, θ′) = π(σ(0.5, θ′), 0, θ′).

26Numerically, we obtain that θ′ ≈ 2.62054.
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We need to show that θ′ is unique. By the Envelope Theorem,

∂∆(θ)
∂θ

= f (σ(0, θ), 0)− f (σ(0.5, θ), 0.5).

If ∂∆(θ′)
∂θ > 0 for all θ′ ∈ {θ : ∆(θ) = 0}, then θ′ is unique. To show that this is in-

deed the case, note first that at θ′, it must be that σ(0.5, θ′) ≤ 1, otherwise ∂π
∂β < 0 and thus

π(σ(0.5, θ′), 0, θ′) > π(σ(0.5, θ′), 0.5, θ′), implying π(σ(0, θ′), 0, θ′)−π(σ(0.5, θ′), 0.5, θ′) >

0. Similar reasoning implies that σ(0, θ′) ≥ 1. We then have that ∆(θ′) = 0 implies

f (σ(θ′, 0), 0)− f (σ(θ′, 0.5), 0.5) =
σ(0, θ′)− σ(0.5, θ′)

θ′
> 0.

Thus, θ′ is unique. Notice that θ′ < θ. If not, at θ we have ∆(θ) < 0, i.e., the optimal bias

is β = 0.5. From Proposition 2, σ(0.5, θ) > 1. But then ∂π
∂β is strictly negative for β > 0,

thus the optimal bias cannot be β = 0.5.

Consider now values for θ such that σ(θ) ≥ 5/3. In any strictly interior solution for

e∗b , we have (after simplification)

f (σ, βroot(σ)) =
σ2 + 2σ + 25

32
,

and thus

π(σ, βroot(σ), θ) = θ
σ2 + 2σ + 25

32
− σ

and
∂π(σ, βroot(σ), θ)

∂σ
= θ

2σ + 2
32

− 1,

implying that π(σ, βroot(σ), θ) has a global minimum at σ = 16− θ. Thus, at any σ ≥ 5
3

with e∗b < 1, the principal prefers either to increase or decrease σ. Thus, there is no strictly

interior solution in which σ(θ) ≥ 5
3 . That is, σ(θ) < 5

3 .
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