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Abstract

We provide evidence that the dependence of expected stock returns on characteris-
tics is highly non-linear and complex: Out-of-sample performance of predictive models
increases in the number of model parameters even when this number is comparable
with the panel size. Contrary to conventional wisdom, we find that small and micro-
cap stocks have the same complexity and predictability as mega stocks. The differences
in the performance of cross-sectional strategies between size groups can be attributed
to different signal correlation structures. We prove that complexity creates a signifi-
cant wedge between the feasible out-of-sample Sharpe ratio and the hypothetical one,
attainable by an econometrician with access to an infinitely large panel. Our estimates
suggest that the two Sharpe ratios differ by a factor of at least five. The calibrated

wedge is significant even for models with shallow complexity levels.
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1 Introduction

A growing literature uses machine learning methods to study the cross-section of stock
returns. (Gu et al., 2020) outline the rationale for machine learning in the cross-section,
which may be summarized as follows: A fundamental goal of asset pricing research is to
understand the behavior of expected returns and measuring expected returns boils down
to a prediction problem. Machine learning methods are well adapted to deal with i) high-
dimensional predictor sets and ii) unknown and potentially non-linear functional forms.
Thus, machine learning confronts the large “zoo” of candidate anomaly signals as well as the
lack of theoretical guidance regarding the functional form for conditional expected returns.

The main empirical conclusion in the literature is that machine learning methods achieve
large out-of-sample gains in forecasting the cross section of stock returns relative to tradi-
tional, linear, low-dimensional models.! But how do these models manage to avoid dele-
terious overfit and predict so well out-of-sample? Little is known about the theoretical
properties of such heavily parameterized models or about the portfolios derived from them.
In this paper, we seek to fill this gap. We provide a theoretical characterization of both the
cross-section of expected returns estimated from machine learning models and of optimal
portfolios built from these estimates.

In traditional econometrics of panel data, the number of model parameters P is small
relative to the number of training observations, TN, with T" being the number of time periods
and N the number of assets in the panel.? Therefore, estimators are aptly characterized by
the law of large numbers and central limit theorem. This form of asymptotic theory is ill-
suited for analyzing machine learning models, which attempt to provide accurate approxima-

tions of empirical phenomena through extensive parameterization. Instead, characterizations

1See, (Lewellen, 2014) for an overview of linear predictive models, and (Gu et al., 2020), (Kelly et al.,
2020), Chinco et al. (2019), (Han et al., 2019), (Liu et al., 2020), (Bryzgalova et al., 2020), (Chen et al.,
2019), Chen et al. (2021), Avramov et al. (2021), Guijarro-Ordonez et al. (2021), Ma (2021), Leippold et al.
(2022), Gagliardini and Ma (2019) for non-linear, machine-learning-based models.

2See, e.g., Gagliardini et al. (2016) where both N, T — oo, and Chen et al. (2021) where N — oo.



of machine learning models must accommodate a parameter dimension that is large relative
to sample size—the apparatus of random matrix theory is ideally suited for this task.

In particular, our theoretical development characterizes machine learning estimates and
related portfolio strategies using asymptotic analysis of a T' by N panel when parameteriza-
tion P grows with the number of observations at a fixed rate: limpry_oo P/(TN) = ¢ > 0.
We refer to c as the “model complexity” and investigate (both theoretically and empirically)
the behavior of machine learning models in practical settings, by gradually increasing c.

A natural reaction to this framework might be: “In practice, the number of return
predictors is not very big relative to the size of the panel, so why do I care about model
behavior in the large P limit?” After all, the panel is large—it has thousands of stocks times
hundreds of months—while the factor zoo amounts to only a few hundred predictors. Our
answer to this question is: If the “true” prediction model is non-linear, with an unknown
functional form, we need a large number P of parameters to account for the relevant non-
linearities.

Numerous machine learning models have been developed to efficiently approximate un-
known non-linearities, with deep neural networks being the most prominent and popular
example (see, e.g., (Gu et al., 2020) for an overview). The general conclusion is that,
unless the researcher knows the correct functional form a priori—which requires heroic
assumptions for complicated systems like financial markets—complex (large P) models are
needed to accurately approximate the unknown truth.> These models achieve their superior
performance by engineering thousands of non-linear transformations (features) of the original
signals. In the lingua franca of asset pricing, forty years of research has produced a “factor
zoo” of a few hundred of stock predictors. Machine learning methods expand this small zoo

into an arbitrarily large Noah’s ark of signals by building extremely complex models. Our

30ne known example is a single neuron function f(z) = 1:;’;’)’((7;%, which can only be learned with deep

neural networks and requires exponentially large training samples to be learned with shallow models. See
(Ghorbani et al., 2020).



goal in this paper is to understand (both theoretically and empirically) the role of complexity
for return prediction and the fundamental properties of returns and signals that shape the
relationship between complexity and model performance.

To maintain tractability in our theoretical derivations, we work in the confines of linear
least squares prediction models (while allowing for ridge shrinkage). The tractability of
linear least squares sacrifices little in terms of generality, owing to a number of recent papers
that establish equivalence between sophisticated models such as deep neural networks and
high-dimensional linear models. We use the method of random features regression (RFR)
introduced by Rahimi and Recht (2007), which is a tractable neural network method that
can be estimated with nothing more than ridge regression with the original signals replaced
by thousands of random, non-linear features. Thus, at the end of the day, our estimation is
still a penalised linear regression. It simply occurs inside a highly non-linear space. We apply
this methodology with a fixed set of 153 raw predictors from (Jensen et al., Forthcoming)
and four subgroups of US stocks grouped by market capitalization (size): mega, large, small,
and micro.

Following KMZ, we use a short rolling window of only 12 months to estimate our
predictive model.’ Our empirical and theoretical results demonstrate the existence of a
“virtue of complexity” (VoC) in predicting the cross-section of stock returns: The out-of-
sample Sharpe ratios monotonically increasing in P and flatten out when P = 10,000,
corresponding to a complexity of ¢ &~ 2.9 with a Sharpe Ratio of 0.98 for the “mega” group;
¢ ~ 1.9 with a Sharpe Ratio of 1.39 for the “large” group; ¢ = 1.5 with a Sharpe Ratio of 1.86

for the “small” group; and ¢ ~ 0.7 with a Sharpe Ratio of 2.45 for the “micro” group.® The

4See (Jacot et al., 2018; Hastie et al., 2019; Allen-Zhu et al., 2019).

5This window choice is justified by several considerations: (i) computational cost: A window of 120
months and a 1000 stocks gives a panel size of 120000, and matrix of 120000x10000 of random features,
which would quickly lead to limitations due to operating memory (RAM) constraints. RAM is a major
constraints of many random features and kernel models, where a very large set of random features needs to
be fully kept in memory to perform regression. (ii) non-stationarity: We find evidence that the predictive
power of the model fluctuates a lot over time, and hence using a short rolling window (as in KMZ) allows
us to react more quickly to changing market conditions.

6This result generalizes the analysis of Kelly, Malamud, and Zhou (2022, henceforth KMZ), who document
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performance is robust, consistent over time and size groups, and the strategies have a large
and statistically significant « against the standard six factor model (Fama-French five factor
model from Fama and French (2015) plus momentum from Jegadeesh and Titman (1993)).
In addition, the model also delivers significant alpha relative to two linar, low-complexity
models: The standard, equal weighted combination of all 153 factors and linear panel ridge
regression on the 153 characteristics estimated over the same rolling window of 12 months.

We show that model performance and the shape of the VoC depend on a novel object
that we introduce in this paper and that only arises in models of the cross-section returns.
This novel object is the average covariance matrix of signals across assets.” It is different
from the covariance matrix of signals across signal types (e.g., the covariance between value
and momentum signals for every stock, averaged across stocks) that plays a key role in Kelly
et al. (2022).

We show explicitly how the eigenvalue distributions of the two matrices affect the Sharpe
ratio of the complex trading strategy and the predictive R? of the panel regression. Specifi-
cally, we highlight the key role in our explicit expressions played by the Herfindahl index of
the eigenvalue distribution.

Indeed, we show that a cross-asset signal covariance matrix with a high eigenvalue
Herfindahl index implies that signals are aligned across stocks. In such a context, gains
from diversification across a large cross-section are limited, and the optimal trading strategy
with a high Herfindahl index will be based on a small set of stock portfolios responsible for

most of the variation in conditional returns. By contrast, a low Herfindahl index allows much

a theoretical and empirical virtue of complexity for the prediction of the US market equity risk premium (see,
also, Kelly et al. (2022) for document the virtue of complexity in return prediction for other asset classes).
Our Sharpe ratios are comparable with those obtained in Gu et al. (2020), they obtain Sharpe Ratios as high
as 1.35 on a large cross-section of stocks (average number of stocks per month exceeding 6,200). Contrary
to our analysis, Gu et al. (2020) use an expanding window to estimate their complex models.

"More precisely, for each stock we have multiple characteristics (features). For each characteristic type
(e.g., value and momentum), we compute their cross-sectional covariance matrix, and then sum these
covariance matrices across characteristic types (e.g., covariance of value across stocks plus covariance of
momentum across stocks).



larger benefits from diversification. We stress that the cross-asset signal covariance matrix
is estimated in the feature space and is, therefore, different across levels of complexity.
More importantly, the benefits of diversification discussed above are defined in the non-
linear space. This nuance is key to understanding how complex models outperform linear
approximations. While the raw (153-dimensional) signals are often linearly related, non-
linear combinations of these same factors tend to be much less correlated. Thus, portfolios
built on forecasts from complex models can be diversified in the non-linear space, leading
to superior performance. Interestingly, this result implies that complex models can produce
higher Sharpe ratios without significantly improving the individual stock-per-stock prediction
accuracy of a linear model.

The empirical evidence discussed above suggests that the true relationship between stock
returns and characteristics is highly complex. The ¢ (the number of parameters of the true
model divided by the number of observations) is so high that the true relationship between
raw signals and returns can never be estimated. Indeed, in such a situation the law of
large numbers breaks down and the theoretical expected performance of the model based on
the unrealistic assumption of unlimited data (corresponding to ¢ = P/(NT') ~ 0) becomes
infeasible. Using random matrix theory, we compute the theoretically feasible Sharpe Ratio,
SR(c) that depends on ¢ in an explicit manner. The wedge, 1 — SR(c)/SR(0), represents
the “Limits to learning” driven by the insufficient amount of data.

This novel concept of “Limits to learning” is distinct from the well-known concept of
over-fitting, which refers to the harmful effect of over-parameterization. While over-fitting
is a problem of bad modelization or bad optimization, limits to learning capture a more
fundamental concept for economists. It is the difference between the accessible level of
predictability in the cross-section and the true predictability that can never be attained. As
such, it carries natural implications about limits to arbitrage, the discussion of which are

beyond the scope of this paper. Empirically, we find that the infeasible Sharpe ratio, SR(0), is



at least five times higher than the feasible one, SR(c), for realistic complexity levels. Perhaps
surprisingly, even for models with low complexity (corresponding to P = 100 parameters and
a ¢ = 100/20000 = 0.005), the calibrated wedge is still very high (1 — SR(c)/SR(0) ~ 0.5).
The reason is that the wedge is determined jointly by ¢ and the signal-to-noise ratio. Low
complexity models also have low signal-to-noise ratios, and learning the true relationship
becomes impossible even in large panels.

This paper relates to the emergent literature that studies the theoretical properties of
machine learning models. A number of recent papers show that linear models combined with
random matrix theory help characterize the behavior of neural networks trained by gradient
descent.® Recent research also emphasizes the phenomenon of benign overfit and “double

9 Since

descent,” in which expected forecast error drops in the high complexity regime.
standard machine learning datasets do not have a natural panel structure, little is known
about the behavior of panel regressions in the machine learning regime. To the best of our
knowledge, our paper is first one to derive explicit formulas for out of sample Rsquared and
Sharpe ratios for panel data. As in Hastie et al. (2019), our key interest is in a mis-specified
model, where the “true” model has a large number P of parameters, and we consider an
approximating sequence of models of increasing complexity, indexed by P, < P. While
Hastie et al. (2019) focus on a specific form of mis-specification and its ridgeless limit, we
derive general expressions for asymptotic expected returns and volatility in terms of signal
correlations. The impact of the panel structure (through the eigenvalue distribution of the
cross-asset covariances) on the out-of-sample performance is non-trivial, and we characterize
it in closed form using novel mathematical techniques.

Our research question is motivated by a growing empirical literature that uses machine

learning methods to analyze stock returns. While too large to survey here, a partial reference

list includes Feng et al. (2018), Rossi (2018), Rapach and Zhou (2020), Kozak et al. (2020),

8See, for example, Jacot et al. (2018); Hastie et al. (2019); Du et al. (2018, 2019); Allen-Zhu et al. (2019).
9See, for example, Spigler et al. (2019); Belkin et al. (2018, 2019, 2020); Bartlett et al. (2020), Hastie et
al. (2019), Richards et al. (2021).



Freyberger et al. (2020), Gu et al. (2020), Chen et al. (2019), and Bianchi et al. (2021),
Filipovi¢ and Khalilzadeh (2021), Filipovi¢ et al. (2022). Our paper is also related to Martin
and Nagel (2021) and Da et al. (2022) who examine market efficiency implications of the
high-dimensional prediction problem faced by investors, to Fan et al. (2022b) who touch upon
the “double descent” phenomenon in their analysis of structural machine learning models,
and to financial econometrics applications of random matrix theory such as Fan et al. (2008),
Ledoit and Wolf (2020), and Fan et al. (2022a).

The remainder of the paper is organized as follows. In section 2, we outline our modeling
assumptions and environment. Section 3 derives the main theoretical results using random
matrix theory. In section 4 we present the empirical frameworks and results. Section 5

concludes.

2 Environment

This section describes our modeling assumptions and outlines the criteria by which we
evaluate machine learning portfolios. We refer readers to KMZ for background and a fuller
discussion of intuition for our framework. Here, we emphasize the new aspects of model
complexity that emerge from introducing a cross-section dimension to the asset space.

2.1 Assumptions on Data Generating Process

Assumption 1 There are N assets whose excess returns behave according to

Rt+1 = S’t/B + €141 (1)

with €41 i.4.d., E[&; 1) = Bl& 1118j4118ke11] = 0 for any i, j, k. Furthermore, E[&1€,, 1] =

Yoo € RYXN s a positive-definite matriz, and E[||é,1]|Y] < oo, and Sy = (Sixs) is an



N x P-matriz of predictor variables. We define

Ry = Z;E/ZRtH = Sif + €41, St = 2;2/2@7 (2)
and note that Elei1e,,4] = 1.

Assumption 1 establishes the basic return generating process. Its key feature is that condi-
tional expected returns depend on a potentially high-dimensional information set embodied
by the predictors, S. This interpretation of this assumption is not that asset returns are
subject to many fundamental driving forces. Instead, it espouses the machine learning
perspective discussed in the introduction: The DGP’s functional form is unknown but may be
approximated with richly parameterized models using high-dimensional nonlinear expansion
S of some underlying feature set. The assumption does not take a stand on the source of
predictability. Predictors S; may capture effects ranging from rational risk compensation to
irrational mispricing.

The covariance structure of S is central to understanding the behavior of machine learning
predictions and portfolios. The following assumption imposes basic regularity conditions on

this covariance.

Assumption 2 There exist independent random matrices X; € RVN*F with four finite first
moments, and two symmetric, positive definite matrices ¥ € RN and ¥ € RP*P | such

that
S, = X2 X, w2 (3)

Furthermore, E[X; ] =0, all (mized) third-order moments of X, are zero, and E[X{X;] =

Plpyp. Furthermore, the fourth moments E[X;fm] are uniformly bounded and X, satisfy



the Lindenberg condition
1 P
lim =" E[X7, Ix, sevpl =0 for all e > 0.
=

P—oo P
=1 1

Assumption 1 implies that ¥ and X are identifiable only up to a multiplicative constant.
Indeed, multiplying > by a constant and dividing W by the same constant does not change

S¢. Up to this constant, U and X can be identified using the identities
E[S'S] = tr()¥ € R”*P and E[SS] = tr(V)X € RV, (4)

While W is the direct analog of ¥ in the (Kelly et al., 2021) (the time series covariance matrix
of signals), the ¥ matrix is a key new object in this paper. It captures the covariances of
signals across assets.!”

The theoretical properties of machine learning portfolios depend heavily on the distri-
butions of eigenvalues of both ¥ and . We are interested in limiting behavior in the high
model complexity regime, i.e. as P,T — oo, with P/(NT) — ¢ > 0. Assumption 3 ensures
that estimates of ¥ are well-behaved in this limit. We assume that N is finite and fixed, and

impose no assumptions on the matrix .

Assumption 3 We will use \p(V), k=1,---, P, to denote the eigenvalues of an arbitrary

matriz W. In the limit as P — oo, the spectral distribution G¥ of the eigenvalues of U

P
1
G'(z) = 5 D Ly (5)
k=1

converges to a non-random probability distribution H supported on (0,+00).'" Furthermore,

0Tn our empirical analysis, signals are not just raw stock characteristics (such as value and momentum).
Instead, they are complex non-linear transformations (features) of raw characteristics . See Section 4.2 for
details. In a complex model, ¥ accounts for covariances of these features across assets.

1Tf 0 is in the support of H, then ¥ is strictly degenerate, meaning that some signals are redundant.
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U is uniformly bounded as P — oo. We will use
Vop = lim P r(0F) | k> 1
P—oo

to denote asymptotic moments of the eigenvalues of W.

Our last DGP assumption governs the behavior of the true predictive coefficient, 3, and

is a natural panel extension of the # assumption in KMZ.

Assumption 4 We assume 3 = Bp is random, 3 = (3;,)7, € RY, independent of S and
R, and satisfies E[f] = 0, and E[BB'] = P~'b. pI for some constant b, p = E[||B|]*],"* and
satisfies b, p — b, almost surely, for some b, > 0. Furthermore, E[3}] < cP~? for some

¢ >0, and B satisfy the same Lindenberg condition as X.

Assumption 4 predictive content of signals is rotationally symmetric; i.e., predictability is
uniformly distributed across signals in expectation. From a technical standpoint, it is possible
to derive explicit expressions for portfolio performance without this assumption, but the
expressions become more complex. In this case, the asymptotic behavior depends on the
joint distribution of 8 and ¥. E[33'] to P~!, and the finite limiting ¢, norm of 3, controls the
“true” Sharpe ratio, ensuring that Sharpe ratios remain bounded as the number of predictors
grows. In other words, our setting is one in which additional predictors are not distinct
drivers of expected returns but represent terms that improve the model’s approximation
of a nonlinear functional form. While commonly used stock characteristics clearly do not
satisfy Assumption 4, we use a “random features” methodology for constructing nonlinear
features from “raw” stock characteristics that satisfy rotational symmetry by construction.
See Section 4.2 for details. Note that, intuitively, we expect the random features to be

relatively less correlated between themselves than the raw characteristics, implying that ¥

12This identity follows because b, = tr E[33'] = E[tr(B8")] = E[b.].
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is roughly proportional to the identity matrix. However, this structure of random features

does not necessarily imply that signals are less correlated across assets.!'®

2.2 Modelling Mis-specification

We consider a true DGP with P predictors per stock. Following KMZ, we consider an
expanding set of mis-specified empirical models to approximate the DGP. Each model is
indexed by P, = 1,--- , P and corresponds to the model used by an economic agent observing
only a subset of the signals, S\ = (Sire)i,. We use S = (Sit)bep,41 to denote the
remaining unobserved signals. Similarly, 5V is the component of the 3 vector corresponding
to observed signals, while 33 corresponds to unobserved signals. The special case P, = P
corresponds to a correctly specified empirical model.

The signal covariance matrix corresponding to this partition is

T — Ui Wi ' (6)
Wiy Wap

Naturally, misspecified estimator behavior depends on the correlation structure of observed
and unobserved signals. This correlation structure is captured by the off-diagonal blocks of
v,

We make the following technical assumption which ensures that estimators in the machine

learning regime have well-behaved limits.

Assumption 5 For any sequence Py — oo such that Pi/P = q € (0, 1], the eigenvalue

distribution of the matriz U, ; converges to a non-random probability distribution H(x;q).

13As an illustration, two identical assets ki, ko with identical signal vectors S(k;) = S(k2) € RY may have
E[S(k1)S(k1)] = E[S(k2)S(k2)'] = Ipxp. However, Corr(f(S(k1)), f(S(k2))) = 1, no matter how many

non-linear transformations f of signals we consider.
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We will use
Uek(q) = P}iinoo Pl_ltr(‘lllil) = /xde(x;q) ,k>1

to denote asymptotic moments of the eigenvalues of Uy ;.

The empirical model we analyze is the ridge-regularized least squares estimator for the
model in (1). As elaborated in KMZ, ridge regression is a remarkably powerful and tractable
framework for analyzing the behavior of machine learning portfolios due to its conjugacy
with the key limit results of random matrix theory (RMT).

The panel ridge estimator with shrinkage parameter z is

. LNl ]
B(z;q) = (2’[ + q’l,l) NT ;St(l)/RtH € R™,
where

0y, = (NT)~ ZS”’S e RPxPL

The ridge-regularized form is necessary for characterizing B(z;q) in the high complexity
regime, P/(NT) — ¢ > 1 and P,/P — ¢q € (0,1). The sample covariance matrix of
signals, Wy, = (NT)'Y, 5078 e RP*Pris central to understanding its behavior.
RMT characterizes one aspect of U—the distribution of its eigenvalues—and fortunately, the
prediction and portfolio performance properties of ridge estimators can be fully understood
in terms of this distribution.

The portfolio strategy that we analyze is a linear timing strategy that utilizes predictions

from the ridge regression as portfolio weights:
us — /R — S(l) (1)
t+1 7rt t+15 ﬂ-t(ﬁ) t 5
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That is, it allocates across assets in proportion to their estimated expected return.'* We
study this strategy not only because it aligns with cross-sectional strategies commonly
studied in the empirical literature,'® but also because it is the most theoretically tractable
strategy that exploits time variation and cross-sectional variation in expected returns arising
from ridge forecasts. Furthermore, despite its simplicity, it is a close approximation to the

conditional mean-variance optimal Markowitz strategy.'6

3 Theoretical Properties of Machine Learning Estimators and Port-

folios

Having defined our environment, we now present our main theoretical results, including: 1)
the theoretical expected return, variance, and Sharpe ratio of the timing strategy, ii) the
theoretical out-of-sample R? given a level of complexity and penalty term, iii) the optimal
penalty term z, for a given level of complexity, iv) the characterization of the “Limits to
Learning.”

We are ultimately interested in understanding the portfolio properties of a feasible timing

strategy,
7 = m(B) = sV A (7)

for some estimator 5’(1) of the ) vector. The performance of this strategy is, of course,
intimately tied to the prediction accuracy of the estimator B (1) summarized by its expected

mean square forecast error (M SE) on an independent test sample. This is the fundamental

4 Absent, information about 3(?), Assumption 4 implies that E[Rt+1|St(1)] = St(l)ﬁ(l).

I5For example, it is analogous to Fama-MacBeth cross-sectional regressions, which also construct portfolio
weights that are linear in predictive signals. And the standard practice of conducting portfolio sorts based
on predictions and then forming long-short spreads is qualitatively similar to using predictions as weights
after applying a non-parametric binning step.

16We elaborate on this point in Appendix C. Improving upon this strategy would require the knowledge
of the full covariance structure of observable signals with the unobservable ones, which is clearly unrealistic.
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notion of estimator “risk” from statistical theory, though we use the term “MSE” here to

avoid confusion with portfolio riskiness. We can write M SFE as

MSE(B) = E || Riss = S1"BVIIBY | = tx BIRy11 Ry )] ~2 B Rusa[8] + tr Bl 8]

Timing Timing
Expected Return Leverage

(8)

In other words, the higher the strategy’s expected return, the lower the M SE. And the
larger the positions—or “leverage”—of the strategy, the larger the M SE. A timing strategy
with a higher expected return corresponds to more predictive power, while higher leverage
gives the strategy higher variance. These two objects, expected return and leverage of
the timing strategy, appear repeatedly throughout our analysis, and are key to understand
how complexity translates into higher strategy performance. The expected return/leverage
tradeoff in (8) is a financial decomposition of M SE analogous to its statistical decomposition
into a bias/variance tradeoff.

Next we turn to a characterization of the infeasible strategy performance and its depen-
dence on the properties of ¥ and ¥ matrices, the key determinants of the data generating

process. The following is true.

Proposition 1 (Zero Complexity Limit of the Infeasible Strategy) Let

HE) = —=) ¢ [N710]. (9)

In the limit as P — oo, the conditional mean and variance to the infeasible market timing

15



strateqy m; = St(l)ﬁ(l) converge to

Ey[miRet1] = poyoo t1(E)qbitbs 1 (q) (10)

Vart [(W;Rt+1)2] — P—oo (11)

(@1 (@)bs tr(2))? (H(Z) + (g (@)bs tr(X)) (1 + H(X)b. tr@)%;(l))) : (12)

The infeasible market timing conditional Sharpe ratio is given by

1

SR (b oo 13
) e VHE) + (gt (@)bs tr(X)) (1 + H(D)by tr(X)e, (1)) )
At the same time,
ot (Z)BW) WY tr(D)bagtbna(q)
R AU+ N 5 bt £ N (14)
Both SR, and R? are monotone increasing in b, and converge to
1 N\ /2
S = O D @@ HO? = (2) 15)
: 2 Q@ZJ*,I(Q)
B =

Proposition 1 shows that the out-of-sample performance of the infeasible strategy m; =

St(l) 1) depends only on four quantities:
e The size of 3, as captured by b,;

e The predictable variation in returns, due to observable signals,
EmRin] = Elmm] = tr(X)gbatbaa(q); (16)

e The Herfindahl index H(X) of the eigenvalues of X.

16



The quantity

(tr(%))*

s = VHO) (1)

is commonly known in the machine learning literature as the effective rank of a matrix X.

See, (Bartlett et al., 2020). For example, > has rank K and all its non-zero eigenvalues

(tr(%))?
tr(X2)

(tr(%))?
tr(32)

are identical, then = K. In general, captures whether the assets have a
factor structure when identified with their vectors of characteristics. When there is no
factor structure, H(X) ~ 1/N and hence vanishes when N is large. As we show below
(see Section 4.2), 3 estimated from standard stock characteristics does have a low effective
rank, representing natural limits to the performance of a simple, “linear-in-characteristics”
strategy. By contrast, in the world of high complexity where signals S; are constructed using
thousands of non-linear transformations of characteristics (see Section 4.2), ¥ has a very

large effective rank, implying that H(X) is close to zero.!”

3.1 Out-of-sample performance

In this section, we derive the theoretical out-of-sample performance of the 7;(2) strategy as
a function of it’s complexity and shrinkage. We start with the expected return of the timing
strategy. The following quantities will play a key role in our analysis:'®

m(—z;cq;q) = lim Ptr((21 + \11171)71)

T.P,Pi—00, P/(NT)—¢, P1/P—q

(18)
ms(—2) = N 'tr(zl +3)71.

These are the so-called Stieltjes transforms of the eigenvalue distributions of the two matrices,

\ijl’l and X.

1"Note that, under Assumptions 1 to 4, E[R;+1] = 0.
18See Section D where we explain the link between (18) and random matrix theory.
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Proposition 2 Suppose that tr(Vy 1V, 5) = o(P). Then,'? the expected return on the market

timing strategy converges in probability to

E(zicq;q) = lim E[7,(2) Rea|B] = t1(X)baqu(z;cq;q) (19)

where

v(zieqiq) = ¥ua(a) — (cq) ™ 28(25cq:q), (20)
where &(z; ¢q; q) is the unique solution to

1 = zm(—zcq;q) + ¢ (1 =&z eq;q) 'me(—E(zeq:9) 7)) - (21)
Ezpected leverage

L(z;eq5q) = lim tr E[f(2) 7 ()| 5] (22)

1s given by an explicit expression that only involves the function & and its derivative. See

Proposition 12 in th Appendizx.

Formula (19) shows that the expected return on the strategy depends on the bias intro-

duced through the ridge penalty z > 0 :

Elfty(2) Rena|6] = 2(D)baa( ¥un(a) —(cq)'2E(2:¢q59)). (23)
predictability b?ras

As ¢ — 1, we recover full predictability, as captured by b.t. 1(1), net of the bias, ¢~ '2¢(2)

which is monotone increasing in z. Thus, ridge penalization unambiguously reduces the

19 Absent this condition, the expected return depends on the covariance structure of the signals. See
Proposition 11 in the Appendix.
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expected return of the timing strategy. However, at the same time, it significantly reduces
the risk.

It follows directly from the definition that tr E[#,(2)7(2)'|5] is always monotone de-
creasing in z. Thus, ridge shrinkage introduces a bias-variance tradeoff whereby large z
could potentially lead to higher out-of-sample performance. In the Appendix (see (22)) we
show how the expected leverage (the variance part of the tradeoff) depends on the signal risk
structure. When the model is highly misspecified, and the variance of the strategy depends on
the missing signal variance capturing the missing non-linearity of signals: The inability of the
mis-specified model to correctly approximate the true, highly non-linear structure of expected
returns. Furthermore, additional variance of the strategy arises from the covariance of
observed non-linearities with missing non-linearities, and may significantly increase leverage
and, as a result, reduce the out-of-sample R?. Proposition 12 in the Appendix shows how the
magnitude of these effects can be computed explicitly in terms of the eigenvalue distributions
of U and X.

We can now compute the expected out-of-sample Sharpe ratio of the strategy. Perhaps
surprisingly, it depends on only three quantities: The expected return &, expected leverage

L, and the Herfindahl index H ().

Proposition 3 In the limit as T, P — oo, P/(NT) — ¢, we have:

i) The conditional variance of the timing strategy converges in probability to

V(zieqiq) = lim B | (7(2) Risa)*18] — (E(z50q:0))°

(24)
= HE)(E(zeq;9))* + (14 bathn (1) tr(2)H (X)) L(2; cg; )
ii) The Sharpe ratio of the timing strategy converges to
SR(z;cq;c) £z 0q;¢) ! . (25)

T W \/H(E) (14 bth (1) tr(D) H(D)) Szt

(E(z5eq;9))?
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In the limit as b, — 00, it converges to

1
lim SR(z;¢q;¢) = D (zica; '
i SR = T e+ S

v2(z;eq;¢)

(26)

When the single stocks signals have no factor structure, H(X) ~ % ~ 0 and idiosyncratic
risk in the managed portfolios is almost perfectly diversifiable. As a result, portfolio variance
is fully driven by leverage: V(z;cq; q) ~ L(z; cq; q). However, factor structure in the signals,
as captured by H(X), increases portfolio variance. It does it trough two channels: Fluctua-
tions in conditional expected returns; and fluctuations in the conditional expected variance,
resperesented by the two terms in (24). In our empirical exercise, the total predictable
variation in stock returns, 8'S;S:8 =~ b.).1(1) tr(X) is large. As a result, changes in H(X)
have a large impact on the portfolio variance, V(z; cq; q).

Proposition 3 establishes a non-trivial link between the predictive performance (measured

by the mean squared error) and out-of-sample Sharpe ratio: Both quantities are increasing

in the expected return, £, and decreasing in leverage, L :

El|Riy1 — SiB(2)|?] = E[|Re1|?] — 26(25¢45.9) + L(2; ¢ 9)
1 (27)

\/H(E) + (1 b 1 (1) tr(S) H(E)) (S,

SR(z;cq;c) =

However, in general, a change in the data generating process that modifies both £ and £
may have an ambiguous effect on the two performance criteria, pushing one up and another
down. Thus, there is generally no direct link between the model predictive ability and its
out-of-sample Sharpe ratio. We illustrate this phenomenon in our empirical analysis (Section
4, Figures 4 and 5), where our best performing strategies often happen to have extremely
poor prediction errors.

In general, the behavior of quantities £ and £ depends in a complex fashion on the

correlations between observable and unobservable signals, as captured by the quantities
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(89). However, when both quantities (89) are zero, expressions significantly simplify. For
example, this is the case if the matrices U 5, W9 ; have uniformly bounded traces; e.g., when
U, 5 has a finite, uniformly bounded rank as P, P, — oo (due to, say, a finite-dimensional

factor structure in the signals). We thus obtain the following result.

Proposition 4 Suppose that™® tr(¥;,W¥s;) = o(P) and that L~(z;cq;q) is small.?" Then,

21 = &1 = 0. Furthermore,

(i) We have E(z; cq; ¢) is monotone decreasing in z and, hence, 0 < E(z;cq;c) < E(0;cq; ¢) <

£(0,0;0), and

(ii) both R*(z;cq;c) and SR(z;cq;c) are monotone increasing in z for z < z, where

Zx =

tr(Waso) tr(22)> ’

(1 + 05 (x)

c
bs
and monotone decreasing in z for z > z,.

It is instructive to understand the nature of the optimal shrinkage parameter, z,. As
one can see from (28), it is determined by three forces: model complexity, ¢, the amount

of predictability, b,, and the degree of mis-specification, captured by excess volatility of the

tr(Wa,2) tr(X2?)
P tr(X)

optimal portfolio due to omitted signals, . Interestingly enough, the latter also
increases in the dispersion of the eigenvalues of ¥. When the model is correctly specified (i.e.,
P, = P and ¢ = 1), we get a particularly simple and intuitive expression: z, = ¢/b,. One
could think about z, as measuring the effective model complexity. Even if ¢ is low, learning
the true 8 coefficient is hard when b, is small and returns are dominated by noise. In this

case, contrary to the conventional wisdom, even models with low ¢ may require a very large

shrinkage to achieve best out-of-sample performance.

20This is the case for example, when Wp = Dp + Qp where limsupp_, . rankQp < oo, while Dp are
diagonal matrices, and Dp, @p are uniformly bounded.

21This is the case, for example, when ¥ has a small dispersion of eigenvalues or when ¢ is small (which is
true when either z or c is large).
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As Proposition 4 shows, we can only estimate the optimal shrinkage z, correctly if we
assume negligible correlations between observable and unobservable signals (the missing non-
linearities). In the data (see Section 4.2), this assumption does not hold. Computing the true
optimal z, thus requires estimating the signal correlation structure and the corresponding
random matrix theory-based corrections. We leave this important direction for future
research.

We complete this section with an extension of an important theoretical result from KMZ
establishing the virtue of complezity. As KMZ explain, raising cq brings the usual statistical
challenges of overparameterization while at the same time improving the empirical model’s
approximation of the true DGP. As KMZ show, the improvement in approximation justifies
the statistical cost of heavy parameterization, leading to higher out-of-sample portfolio

performance. The following is true.

Theorem 5 (Virtue of Complexity) Suppose that signals are sufficiently mized (so that
H(z;q) does not depend on q) and tr(V1 V5 1) = o( P). Suppose also that H(X) is sufficiently
small. Then, with the optimal amount of shrinkage z., the Sharpe ratio SR(z.(q;c);cq;c)

and R?(z.(q; ¢); cq; ¢) are strictly monotone increasing and concave in q € [0,1].

While we cannot establish the virtue of complexity theoretically when H(Y) is signifi-
cantly different from zero, we can study it using a simulation exercise. We fix b, = 2 and
¢ =2, but vary g € (0,1] and compute SR(z;cq; c) for different z. We perform this exercise
for different eigenvalue distributions of ¥ and W. To this end, we choose two parameters,
ay, as, and define \;(X) = ¢ui® and (V) = qgi®, i =1,2,--- N or P. We then normalize
all eigenvalues so that tr(¥) = 1 and tr(X) = N/12, consistent with our empirical setup
(see Lemma 1). We consider as, agy € {0,10}, corresponding to H(X) = 0.0020, 0.0065.
Figure 1 shows that the Virtue of Complexity is observed independently of the eigenvalue
distributions, although eigenvalue concentration does affect the magnitudes and the shapes

of the VoC curves. More concentrated eigenvalues of ¥ (corresponding to a larger ay, and and
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higher H(X)) lower the Sharpe ratio level. At the same time, more concentrated eigenvalues
of ¥ (higher ay and H(¥)) amplify Sharpe ratios because learning concentrated, lower

dimensional signal dependence is easier in finite samples.

3.2 The Complexity Wedge

In high complexity settings (¢ >> 0), parameterization is extensive relative to the number of
observations. This can be viewed as the “machine learning regime.” In this regime, the law
of large numbers breaks down, and “best” estimators fail to converge to the true parameters
because there is not enough data to go around. As a result, complexity creates a wedge
that is critical to understanding predictive performance, and one of our main theoretical
contributions is to explicitly characterize this wedge.

The failure of the law of large numbers when ¢ > 0 generates a gap between the trained
model and the truth. This puts a finite cap on how much the trained model can learn, even
in large samples and even with a correctly specified training model. Because the training
model cannot fully hone in on the truth, its expected out-of-sample performance falls short

of the true model’s predictability. We call this wedge “Limits to learning,”

Limits to Learning = Expected Performance(True Model)—Expected Out-of-sample Performance

This wedge is linked to the well-known concept of over-fitting:

Over-Fitting = In-Sample Performance - Expected Out-of-sample Performance. (29)

But while over-fitting describes the concept of over-parametrization and is often invoked to
describe a failure to select the best model or its appropriate penalization, limits to learning

capture a more overarching fundamental concept: how far the trained model is from the
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best possible model in terms of expected performance. Note that, when the true model is
complex and data is limited, the best possible model can never be estimated in practice.
To quantify these wedges, we use Propositions 1 and 3. As we show in the Appendix,

under the hypothesis of Proposition 4,

et q))2
CELD] o o iegq) = w(S)baa(zicric)

L(z;cq; q)
_ e (30)
y tr(Z)b*q( ¢*,1(q) - (CQ) Z*f(z*, cq, q)) )
—~ N—— ~ ~ v
(23) predictability optimal bias

and the inequality turns into equality for z = z,. Thus, the Complexity Wedge satisfies

ComplexityWedge(z;cq;c) = 1 — SR(z;¢q;¢)/SR(0;q) > 1 — SR(z;¢q;¢)/SR(0;q)

L ((HE)+ 0+ () HR)) s v
= H(Z) + (1+ b1 (1) 0D H(Y)) sy

tr(X)bxqu(z«;cq;c

(31)

By (30), ComplexityWedge is determined by the size of the optimal bias introduced. The
function z.£(z.;cq; q) is strictly monotone increasing in z, and therefore, higher effective
complexity z, leads to a larger optimal bias and a larger wedge.

How big is the ComplexityWedge and how does it depend on the nature of the data?
Our framework allows us to answer this question by looking at the relationship between the
wedge and the key parameters: complexity ¢, and H(X), tr(3), b, as well as the eigenvalue
distribution of ¥.?? In our simulation exercise, we pick N = 500, T' = 12 (roughly consistent
with our empirical analysis for the mega-cap universe), and vary P to produce models with
increasing complexity. We assume that the model is correctly specified (no missing signals),

corresponding to ¢ = 1. That is, c = P/(NT) is the “true” complexity of the data. As above,

22Indeed, our theoretical results imply that those parameters define the out-of-sample Sharpe ratios.
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we parametrize eigenvalue distributions of ¥ and X to vary their concentration (Herfindahl
index): A\(X) = gz, i = 1,--- N, and M\(V) = qui*, ¢ = 1,---, P, where ¢x, qu
are normalization factors ensuring that tr(¥)/P = 1 and tr(X) = N/12.2> We consider
ay, ay € {0,5,10}, corresponding to H(X) = 0.0020,0.0065,0.0115, respectively. We
always evaluate the complexity wedge at the optimal level of z, = ¢/b,.

Figure 2 shows the behaviour of the ComplexityW edge under the above specification.
Our theory predicts the complexity wedge is increasing in the effective complexity z, = ¢/bs,
and we confirm this conclusion with the simulation: Higher ¢ or lower b, lead to a higher
complexity wedge. The pattern is uniform across different H(3). We also observe that more
concentrated eigenvalues in W (higher H(W)) are associated with faster decay of feasible
Sharpe ratio, resulting in the complexity wedge increasing at a higher rate in c¢. In particular,
when U = [ (corresponding to ay = 0), complexity wedge increases to 80% for ¢ = 2,
implying that the infeasible Sharpe is five times higher than the feasible one. The intuition
is clear: When signals are correlated, perfectly learning the whole 3 vector is not necessary
to achieve good out-of-sample performance: It is enough to learn the projection of 5 on the
top few principal components of the signals. By contrast, when signals are (approximately)
uncorrelated, each (; contributes equally to return predictability, and hence errors in [

estimation have a much larger effect on the out-of-sample performance.

4 Empirical Results

We design experiments that mirror our theoretical environment and allow us to evaluate the
role of complexity in modeling the cross-section of returns. Our experiments are couched
in the machine learning method of random features regression (RFR) introduced in an

influential paper Rahimi and Recht (2007) and developed for single return prediction in

23This is again consistent with our empirical setup. See Lemma, 1.
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KMZ and Kelly et al. (2022). Below we provide details of our methodology applied to panels
of stocks.

Using a fixed set of 153 raw predictors from (Jensen et al., Forthcoming), we convert
these into a set of P mnonlinear “random features.” These are exactly analogous to the
features engineered in a hidden layer of a neural network.?* By varying the number P of
random features, RFR allows us to smoothly transition from low complexity models to high
complexity models while holding the set of underlying predictor information fixed, with
larger P models using that information more flexibly.

Our theoretical analysis in the previous section relies crucially on the assumption that
the [ vector is rotationally symmetric (Assumption 4), implying that all signals are roughly
“equally predictive”. This assumption is mirrored in our empirical analysis thanks to an
especially attractive aspect of the random feature generation scheme: By construction,
predictive information from all of the raw predictors is democratically distributed across
the random features. Specifically, each random feature has an identical expected predictive
ability in expectation. An implication of this is that the order of the random features is
irrelevant—the first random feature is on the exact same footing as the last in terms of its
predictive potential—so as we vary model size P, it doesn’t matter how we work our way
through the list of features. In short, the key point of our RFR formulation is that we are
able to evaluate the empirical tradeoff of the effect of improved approximation afforded by

larger P versus the statistical cost of estimating more parameters.

4.1 Data

We focus our empirical analysis on US stocks from 1969-01 to 2019-12 at the monthly
frequency. We use the 153 stock characteristics data from (Jensen et al., Forthcoming), cap-

turing a wide range of signals that have been shown to have return predictability, including

24Indeed, RFR is equivalent to a wide two-layer neural network with fixed (randomly drawn, as opposed
to estimated) weights in the first and optimized weights in the second layer (estimated via ridge regression).
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value, momentum, low-risk, accruals, profitability, skewness, etc.?® For each characteristic,
we first rank it in the cross-section within each month and normalize it to be contained
between —0.5 and 0.5. The rank-standardization is standard in the literature (e.g., (Gu et
al., 2020)) to remove the influence of outliers in the characteristics.

We perform our prediction exercise separately for stocks grouped by their market cap-
italization: mega (largest 20% of stocks based on NYSE breakpoints at each time period),
large (between 80% and 50% percentile of NYSE breakpoints), small (between 50% and 20%
percentile of NYSE breakpoints), and micro (between 20% and 1% percentile). This split
allows us to investigate different stock return predictability across size groups. As shown
later, our empirical results align with theory in each of the sub-groups, but we do find the
amount of complexity and predictability differ significantly across size groups.

In our theoretical analysis, we work with covariance-normalized returns defined in (2).%
We avoid this step because it introduces additional complications associated with modelling

the conditional covariance matrix. Instead, we simply normalize the returns of all stocks by

their historical daily standard deviation estimated on a one-month rolling window.?"

4.2 Random Features

Formally, we observe a d-dimensional vector of stock characteristics gi,t = (§i7k7t)z:1, with
d = 153 in our empirical analysis, for each stock i = 1,--- , N. We assume that there exists

a non-linear function f : R¢ — R such that

Riitw = f(Sit) + €1, i=1,--- | N. (32)

25See Appendix P for the full set of characteristics used.

26 Alternatively, one can first hedge away the exposures of all stocks to common factors, and then work
directly with the residual returns.

2"Despite this simplifying choice, our empirical results are strikingly consistent with theoretical predictions
based on the (2) specification.
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Our objective is to design a statistical procedure for (imperfectly) estimating f by approxi-
mating f with a linear combination of random features, which are non-linear transformations
of random linear combinations of the raw features S;. To this end, we pick an activation

function h(z) : R — R and a probability density u(6) on R

Proposition 6 Let h be a smooth non-linear function. Suppose we sample 0y, randomly from

a probability density u(0) on R4, k=1,--- P. Suppose also that
R=f(S)+e¢ (33)

for some function f in the reproducing kernel Hilbert space for the kernel K (x,y) = E[h(6/x)h(0'y)]
and let || - ||z be the corresponding norm. Let fp(S) be the projection of f onto the linear

span of h(@,’gg), i < P. Then,
tim e % = 0 (349
—00

By Proposition 6, we can pick P so large that the difference between f and f is negligible.

Thus, we may assume that

P P
F8) ~ fp(S:) = Y Beh(0,S) = > BiSk (35)
k=1 k=1
for some coefficients S, where S = h(6,S) are the random features.

In practice the distribution of the random weights 0; and the activation function h(-) are
key modeling decisions, comparable to the activation function of a neural neural network
(see, e.g. Gu et al., 2020).

We draw the random weights from a normal distribution 6; ~ N (0, Iy) where 7 is selected
from a grid [0.5,0.6,.7,.8,.9,1.0]. We split the P features equally across the gamma such

that % we have random features drawn from each of possible v values.
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We use a relatively complex activation function: First, slightly deviating from Proposition
6, we apply two different activation functions, hy(x) = cos(x) and hy(x) = sin(z), obtaining
two sub-groups of random features hy(6},S;;), ha(6,S;) that we stack together.”® Then,
following the common ranking procedure used in cross-sectional asset pricing, we replace
L1

cach h(8}.S;,) for each fixed k with its cross-sectional rank among all signals (h(6}.5;,))

normalize them so that they all belong to the [—0.5,0.5] interval, using the transformation
y; = rank(x;)/N —0.5. (36)

This way we obtain our final signals S; ;. ;. Cross-sectional ranking achieves two goals in our
analysis. First, it ensures that all signals are cross-sectionally demeaned: . S;;; = 0 for
each k, t, and hence our predictions m;; = >, BxS; k. are also cross-sectionally demeaned,
independent of the choice of 5.2 Second, it allows us to better control the behavior of the

empirical estimates of the ¥ and ¥ matrices, as is shown by the following lemma.

Lemma 1 Let S; = (S; 1) € RV*P be cross-sectionally ranked according to (36). Then, we

have®®

1 1
(55015 = 5N+ oy
28This choice corresponds to Random Fourier Features ((Rahimi and Recht, 2007)). See (see, e.g. Kelly
et al., 2021) for details.
29Note that, since we work with vol-normalized returns (Assumption 2), our portfolios are not necessarily
market neutral. We discuss implications of this fact below. In particular, we carefully control for the potential

exposure to the idiosyncratic volatility factor.
30

(38)

N

(SiSi)j; =S, = > (i—05N)*/N* = N2() i* =N (i+0.25N?))
A 7 i=1 i
= N72(6"'N(N +1)(2N + 1) — NO.5N(N + 1) + 0.25N?)
1 1

= —N _—
12 Jr6N

29



We estimate the X matrix using

X = (PT)™' ) _S.S,. (39)
t
By Lemma 1,
() = (PT) S tr(SS) = =N+ — (40)
- ! 12 6N

4.3 Training Procedure

To alleviate the high computational costs®' of our empirical analysis, we train a new model
every quarter and use the [ coefficients estimated in that model to produce stock return
forecasts over the next three months. That is, our [ vectors are re-estimated quarterly, but
conditional expected returns are based on the most recent signals, S;. We train each model
using a rolling window of 12 months and keep all stocks in the market-size groups for which
we have observations for the full 12 month period. We fill missing characteristics values
with zeros for all 153 characteristics. Given that we rank-standardize characteristics in the
cross-section, filling missing values with zero is equivalent to replacing missing value with
the cross-sectional median. Figure 3 shows the average fraction of missing signals across the
153 characteristics over time. The full-sample average of missing values are 0.11 for Mega,

0.15 for Large, 0.22 for Small, and 0.29 for Micro.

4.4 Portfolio Construction

Given a large P and the signal matrix S; € RY*P (see Section 4.2 for details of signal

construction), we pick a grid of P, = 100, 1000, - - - , P. For each P;, we define St(l) to be the

3In our study of complexity, we consider models with up to 250000 random features. For a panel of
N = 2000 stocks and T = 12 periods, we thus need to run a regression using a 24000 x 250000 matrix.
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matrix in the first P; columns of S; and then we compute
3 TR (1) P
B(zq) = (ZI + \1’1,1> NT Zst Ry € R (41)
t
where
Wiy = (NT)” Zs Vg e RPXM (42)

Recall that ¢ = P/(NT) and ¢ = P, /P € (0, 1]. We then construct the complex linear timing

strategy using
Rt(ig{nplex(% q) = Rt+1S ﬁ(z q)- (43)

In addition to (43), we also consider other cross-sectional strategies that we use for bench-

marking. Namely, we define
t+1 ZS” it+1, m € {Linear, EW}, (44)

where S§7T) is the signal for stock 7 at time ¢ estimated under one of the following models:

) linear linear
- m = Linear : We compute SZ»(’t ) = SZ-(,t )(Z)

by estimating a panel linear ridge
regression on the original 153 ranked signals 5’”” (see Section 4.2). We use the same

rolling window of 12 months and the same grid of ridge penalties, z.

-m=FEW: SZ-(fW) is the feasible equal-weighted combination of factors, defined as the
sum of the signed original ranked 153 factors, where the sign is defined with a lagged

expanding window to avoid any look-ahead bias.

To understand our construction, consider a researcher who believes that there is a

relationship between glkt and R;;11. A common way for testing this relationship is to
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construct the linear trading strategy with returns

N
Frp = ) SikeRigs (45)
=1

An academic researcher backtests this strategy and determines is sign:

Si(k) = Sign(ZFtH) (46)

where 7 is the number of periods available to the research at the time of publication
(usually, multiple decades of data). However, this factor is infeasible because com-
puting S requires knowledge of the future and creates a very large look-ahead bias.

Instead, our factor is feasible and uses
Si(k) = sign(d_ Frin) (47)

to define a feasible trading strategy S;F;.1. The feasible equal-weighted signal is then

defined as*?

153

Si(fW) = ZSt(k)gi,k,t- (48)
k=1

To show that our analysis is robust to classical portfolio construction methodologies, we

32The difference between feasible and infeasible equal weighted (EW) strategies is small: The feasible
strategy EW for the four groups (mega, large, small, micro) yields a Sharpe ratio of 0.54, 0.64, 0.73 and 1.07
respectively. By contrast, the corresponding infeasible Sharpe ratios for those same groups are as high as
0.68, 0.55, 0.72, and 1.17. Another alternative to the feasible equal-weighted strategy would be to use the
rolling window of T' = 12 instead of the expanding window for computing the sign S;(k), to be fully consistent
with the algorithm used for the Complex model. We have analyzed this strategy, and its performance is
much worse than that for the expanding window due to large oscillations in factor returns over a short rolling
window of 12 months. Indeed, the Sharpe ratios for the four groups obtained with such a strategy are equal
to 0.29, 0.33, 0.48, and 0.83.
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also build long-short decile portfolios based on the the different S ) m e {Complex, Linear, EW}.

ot

To this end, we sort the cross sections of the signals Si(;n), group stocks into 10 deciles, and
construct 10 equal-weighted portfolios within each decile. We then define the long-short

portfolio by subtracting the 1% deciles’ portfolios to the 10", based on the signals
(49)

where ¢; and Q; are the time—t cross-sectional 10% and 90% quantiles of the cross-section

(vaT))fvzl of signals, respectively.

4.5 Virtue of Complexity (VoC)

Our first empirical result in this section shows that, consistent with Theorem 5, there is a
“virtue of complexity” in predicting the cross-section of stock returns: The expected out-
of-sample R? and portfolio Sharpe ratio are generally increasing in the degree ¢ of model
complexity. Figure 4 show the out-of-sample performance of our models defined in terms
of Sharpe ratio. First, we see that low values of z (and, in particular, the ridgeless limit
when z ~ 0) lead to a non-monotonic, double ascent behavior (KMZ) whereby Sharpe ratio
first increases in the low-complexity regime, then collapses around c¢q = P,/(NT) =~ 1,
and then increases again. The patterns of double ascent are not as pronounced as in KMZ
because ¢ = P/(NT) has a time varying N. Since N is varying a lot over time, so does
the model complexity, leading to a “floating” interpolation boundary. For large values of
z, double ascent turns into a permanent ascent, and Sharpe ratio is monotone increasing in
complexity.

Figure 4 highlights another important aspect of the dependence of model performance
on complexity. Models with a moderate P do achieve comparably high Sharpe ratio, but

achieving it require a very precise knowledge of the optimal shrinkage parameter z. By
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contrast, the performance of highly complex models is much less sensitive to the exact choice
of z, making them more robust and easier to optimize.

Figure 5 displays the same results with performance defined in term of the out-of-sample
R?3% In both the R? and Sharpe ratio figures, we note that the performance seems to
plateau around P = 10*. However, for high levels of complexity, the discrepancy between
the behaviors of Sharpe ratios (Figure 4) and R? (Figure 5) becomes significant: While high
complexity models require a very large shrinkage to achieve a high out-of-sample Sharpe
ratio, the same models achieve a high R? with a very low shrinkage. This observation
highlights the important distinction between R? and Sharpe ratio: Highly complex models
with an (inefficiently) large level of shrinkage typically have a negative R? and a high, positive

Sharpe ratio.

33We define the out-of-sample R? against a prediction of 0, as in (Gu et al., 2020)
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SR(z; q, 1)

Figure 1: Simulation results of SR(z; cq; ¢) under different H(X) and H(¥). ay and ay are
parameters governing the distribution of eigenvalues of U and X: A\;(X) ~ =, \;(X) ~ v
where i =1,2,3---. For &, H(X) = tr(X?)/tr(X)? and H (V) is similarly defined for ¥. We
choose N = 500,7 = 12 and we set ¢ = 2 (corresponding to P = 2NT) and b, =2. ax =0
and 10 correspond to H(X) = 0.002 and 0.0065, respectively. The dip in the Sharpe ratio
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happens around the interpolation boundary, corresponding to P, = NT = P/2.
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Figure 2: Simulation results of complexity wedge (31) for different b, and ¢ and different
H(Y) and H(¥), evaluated at z, = ¢/b,. Parameters ay and ay govern the distribution
of eigenvalues of ¥ and X: \(X) ~ %, \(X) ~ i* where i = 1,2,3---. We choose
N =500,T = 12.
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4.6 Complexity Versus Simplicity

Theorem 5 (the virtue of complexity) is a claim about absolute performance. It has no
implications about relative performance of the complex strategy with respect to simpler
benchmarks. The goal of this section is to understand whether the highly non-linear strate-
gies produced by the random features regression indeed capture return predictability that
goes beyond simple, linear relationships.

We start our analysis by investigating the relative performance of the complex strategies
with respect to the two benchmark portfolios, Linear and EW, constructed in Section 4.4.

To this end, we first construct the residuals from the regression
REComplea:) — a4+ BleLinem‘) + BQREEW) 1e (50)

and investigate their dynamics. Figure 6 shows the cumulative performance of the residual
a+ ¢ in (50), as well as the performance of the the complex strategy (P = 10%) and the two
linear benchmarks. To allow comparison across time series, we normalized each strategy by
its standard deviation.

Two important conclusions can be drawn from this figure. First, while we see that the
complex model always outperforms the linear counterparts, this over-performance is larger
in smaller firms. We propose two non-mutually exclusive explanations: i) the higher costs
associated with implementing the trading strategy with small firms prevents arbitrageurs
from removing non-linear predictability; and ii) the linear factors are, in part, the product
of data-mining on large firms in the economy (McLean and Pontiff, 2016). Second, we note
that the residuals the complex strategy (a + ¢;) are high but tend to flatten out toward the
end of the sample. As before, we note that this pattern is significantly more pronounced
for large firms. This result is coherent with the idea that the amount of capital deployed in

quantitative arbitrage strategies exploiting complex machine learning-based strategies has
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been monotonically increasing since the beginning of the 215 century, but large trading costs

prevented the arbitrageurs from fully removing non-linear return predictability for smaller

firms.
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Figure 6: In the figure above, we show: a) the cumulative performance of our complex
model with P = 10%; b) the cumulative performance of our two linear benchmarks EW and
Linear, and c) cumulative performance of the residuals « + ¢;, estimated from:

Rﬁcomp ler) _ o + 01 Rngwr) + BgRﬁEW) + €. We normalize all four time series by their full
sample standard deviation.

Having established that the virtue of complexity originates from a genuinely non-linear

predictive model, we now proceed to show that this performance is not driven by an exposure
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to standard equity factors. To this end, we estimate of the following regressions:

R™ = o+ BIMKT, + B,SMB, + B3 HML, + By RMW, + BsCMA, + BsVOLA,

+ B:MOM, + B RE™) + BRI ¢, (51)

Here, MKT;, SMB;, HM L;, RMW,;, CMA; and MOM; are the returns of the standard
Fama-French 5 factors (Fama and French, 2015) and the momentum factor (Carhart (1997)),
respectively. VOLA; is the Fama and French idiosyncratic volatility factor constructed using
data (Jensen et al., Forthcoming).?® The inclusion of the VOLA; factor is crucial for our
analysis because, since we work with volatility-normalized stocks returns (see

Table 1 reports the t-statistics of « from the regression (51). We can clearly see that
« is significant for all size groups (mega, large, small, and micro), complexity levels, and
configurations of the regression. More importantly, we see that the t-values increase in P
and, once again, plateau around P = 10%*. Thus, more complex models achieve superior
performance by introducing capturing non-linearities that are not spanned by standard

factors and less complex models.

The signals Sftomp 'z are built as models for expected returns and the performance of
the cross-sectional strategy Rfr{” Pler Jiscussed above shows that Sﬁom” ' indeed contain

information about the cross-section of expected stock returns. Another common way of
testing the cross-sectional relationship between Sftomp ¥ and R;;41 is by building the long-
short decile portfolios (see section 4.4).

For consistency, we perform the same decile transformation (49) with all three models,
SZ»(ﬂT), m € {Complex, Linear, EW}, and repeat the analysis of Table 1 for these decile-

based strategies in Tables 2 and 3. We find that « is positive and statistically significant

for all but the mega firm group. This means that the complex model achieves its superior

34We obtain the factor returns from the Kenneth French website, and the Global Factor Data https:
//jkpfactors.com/
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Table 1: In the table below, we show the performance of three different types of models:
Linear, EW, and Complez. See Section 4.4. For each model, we show the Sharpe ratio (SR)
and the t-statistics of a from (51).

Linear EW (OOS) P=100 P=1000 P=2000 P=5000 P=10000 P=20000 P=50000 P=100000 P=250000

Mega EW (0OOS) 5.13 0.00 2.93 5.75 6.01 6.32 6.73 6.76 6.77 6.79 6.76
Linear 0.00 6.31 1.04 3.36 3.02 3.12 3.25 2.80 3.11 3.18 3.28
FF6 5.53 5.44 2.71 5.14 5.37 5.53 5.61 5.61 5.60 5.67 5.68
FF6+VOLA 5.53 5.46 2.70 5.13 5.36 5.52 5.60 5.60 5.59 5.66 5.68
FF6+VOLA+Linear+EW 0.00 0.00 1.27 3.80 4.19 4.31 4.62 4.43 4.65 4.66 4.68
Large EW (0OO0S) 4.53 0.00 4.42 8.04 9.02 9.65 9.80 9.86 9.82 9.81 9.72
Linear 0.00 6.06 2.53 4.59 5.45 6.17 6.24 5.75 5.60 5.68 5.59
FF6 4.35 4.72 3.06 5.08 6.05 7.10 7.43 7.02 6.69 6.78 6.64
FF6+VOLA 4.34 4.72 3.06 5.07 6.04 7.09 7.42 7.01 6.69 6.77 6.63
FF6+VOLA+Linear+EW 0.00 0.00 3.17 6.32 7.35 8.27 8.49 8.51 8.43 8.43 8.31
Small EW (OOS) 5.01 0.00 6.92 11.54 12.29 12.85 12.62 13.00 12.84 12.84 12.90
Linear 0.00 6.03 7.49 10.65 10.99 10.57 10.91 10.91 11.02 11.02 11.05
FF6 4.33 4.40 6.56 10.29 10.84 10.63 10.67 10.81 10.78 10.78 10.82
FF6+VOLA 4.32 4.40 6.59 10.39 10.97 10.71 10.76 10.89 10.86 10.86 10.90
FF6+VOLA+Linear+EW 0.00 0.00 6.24 10.57 11.32 11.88 11.59 11.95 11.77 11.77 11.81
Micro EW (00S) 7.04 0.00 5.56 10.83 11.85 12.37 13.13 12.11 13.34 13.21 13.07
Linear 0.00 9.04 6.42 11.70 12.08 12.12 12.26 11.87 12.32 12.24 12.35
FF6 5.96 7.54 5.84 11.00 11.45 11.50 11.62 11.23 11.61 11.56 11.67
FF6+VOLA 5.95 7.53 5.84 11.01 11.45 11.51 11.63 11.24 11.63 11.59 11.69
FF6+VOLA+Linear+EW 0.00 0.00 4.36 9.11 9.97 10.59 11.29 10.24 11.37 11.24 11.10

performance by doing something akin to ranking stocks using their linear-regression-based
expected returns. This result is illustrates the power of the complex non-linear models: They
are able to discover subtle non-linear relationship that would normally require human expert
knowledge.

Looking at the other regression coefficients, we note that, perhaps surprisingly, while
the complex strategy correlates with the decile-transformed linear model, there is no clear
association between standard asset pricing factors and our complex long-short strategies.

We report more summary statistics for complex signals transformed using (49) in Tables

6-11 in Appendix O.
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Table 2: In the table below, we use long-short (H-L) decile strategies defined for table 4 to
11, for the Complex portfolio, Linear, and EW strategies. The Complex strategy is defined
by P = 250,000 and z maximizing the Sharpe ratio of the long-short strategy. We show the
results of various combinations of the regression:

R™ = a+ B+ MEKT,+ By SMB;+ B3 HM Ly+ B RMW,; + BsC M A+ Be MOM, + 3;VOLA, +
BB+ BoRY) +

We show the results for the mega and large samples. The ‘*’ defines the degree of statistical
significance: * 10%, ** 5%, *** 1%. The values in parenthesis show the standard deviation
of the coefficient.

We also show the information ratio defined as the annualized Sharpe ratio of the time-series

ko

a + €

Mega Large
1) (2) ®3) (4) (5) (6) (7) (8) 9) (10)
o 0.1634%** 0.0287* 0.0272* 0.1862%** 0.0230 0.1907%F*F  0.0674***  0.0733%*¥*  0.1845%*F  0.0695***
(0.0223) (0.0151)  (0.0152)  (0.0237) (0.0162)  (0.0165)  (0.0117)  (0.0118)  (0.0171)  (0.0123)
Linear 0.8882%F*  ().8834*** 0.8840*** 0.6481*%**  0.6575%** 0.6571%%*
(0.0296)  (0.0302) (0.0304) (0.0236)  (0.0236) (0.0237)
EW 1.9823%%** 0.2606 0.2749 0.0643 -0.6508%*** -0.6458%**
(0.4689) (0.3097) (0.3159)  (0.3052) (0.2054) (0.2100)
MKT, -0.2597 0.1517 0.6122 0.0210
(0.5762)  (0.4023) (0.4160)  (0.3039)
SM B, -0.0600 0.2332 0.8682 0.1503
(0.8108)  (0.6625) (0.5855)  (0.4993)
HML, 0.0661 0.4096 0.5841 0.2814
(1.1405)  (0.7828) (0.8236)  (0.5900)
RMW, -1.4611 -0.7611 -0.3278 0.9180
(1.1092)  (0.9529) (0.8010)  (0.7231)
CMA, -0.2377 -0.0960 -0.4927 0.0738
(1.7026)  (1.1276) (1.2202)  (0.8497)
MOM, 0.1128 0.3903 0.4846 0.4346
(0.5491)  (0.3551) (0.3964)  (0.2674)
VOLA; -0.4225 0.8150
(0.6834) (0.5162)
Info. Ratio 1.036 0.281 0.266 1.166 0.226 1.643 0.864 0.946 1.6 0.904
Observations 623 623 623 623 623 624 624 624 624 624
R? 0.0264 0.5908 0.5906 -0.0065 0.5879 -0.0015 0.5471 0.5536 0.0042 0.5554
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Table 3:

The table below show the analysis presented in Table 3 on the small and micro

sample.
Small Micro
1) (2) (3) (4) (5) (6) (M) (8) 9) (10)
@ 0.1985%%%  0.0567*F*%  0.0659%**  0.1821%*%*  0.0649%**  0.2294%**  0.0632%%*  0.0654***  0.2167F**  .0627***
(0.0138)  (0.0112)  (0.0114)  (0.0141)  (0.0117)  (0.0121)  (0.0096)  (0.0100)  (0.0118)  (0.0101)
Linear 0.5773*F*  (0.5778%** 0.5693*** 0.5865***  (0.5867*** 0.5753***
(0.0242)  (0.0240) (0.0241) (0.0210)  (0.0211) (0.0212)
EW -0.5336%* -0.5548%** -0.5050%**  -0.0539 -0.0805 -0.0466
(0.2073) (0.1492) (0.1518) (0.1606) (0.1071) (0.1098)
MKT, 0.9157%%*  0.2003 0.8171%%%  0.2241
(0.3438) (0.2719) (0.2871) (0.2127)
SM B, 0.4293 -0.2204 1.0385%* 0.2873
(0.4839)  (0.4456) (0.4042) (0.3491)
HML, 0.6257 0.6361 0.0856 0.0237
(0.6806)  (0.5274) (0.5685)  (0.4125)
RMW, -1.1375%  -0.0577 -0.9097 -0.2672
(0.6620)  (0.6423) (0.5529)  (0.5014)
CMA; -0.6971 -0.4471 1.4051% 1.3219%*
(1.0159)  (0.7573) (0.8486)  (0.5922)
MOM; 0.8374%** 0.5395** 0.4925* 0.1064
(0.3276)  (0.2393) (0.2737)  (0.1875)
VOLA; 0.6937 0.2624
(0.4599) (0.3596)
Info. Ratio 2.056 0.808 0.949 1911 0.947 2.809 1.161 1.2 2.722 1.167
Observations 624 624 624 624 624 624 624 624 624 624
R? 0.009 0.476 0.4866 0.0262 0.4927 -0.0014 0.5546 0.5542 0.0413 0.5615

4.7 Explaining Out-of-Sample Sharpe Ratios with Random Matrix Theory

Our goal in this section is to understand: What properties of the data generating process
might be responsible for the empirically observed performance of complex strategies. To
answer this question, we appeal to our explicit, closed form theoretical characterizations of

out-of-sample behavior of the complex strategy from Propositions 2, 3, and 12.
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As we know from Figure 4, there are large differences in the dependence of Sharpe ratios
on complexity across the four size groups. For example, for P = 10000, Sharpe ratios increase
from roughly 1 for the mega group to 2.4 for the micro-caps.?® According to Proposition 3,
out-of-sample Sharpe ratio depends on the following quantities: (1) the size of the “true”
B vector, ||B||*> = bs; (2) eigenvalue distribution of X; (3) eigenvalue distribution of U It
is crucial for our analysis that all quantities in Proposition 3 are expressed in terms of the
eigenvalue distribution of ¥ (which is observable) and not ¥ (which is not observable). At
the same time, the large P assumption implies that 3 can be efficiently estimated by (39)
because the effective sample size for estimating this N x N matrix is T'P.

Not surprisingly, the quantity b, defining the amount of predictability is an important
driving factor of strategy performance, and the out-of-sample Sharpe ratio is monotone
increasing in b,. By (26), the achievable Sharpe ratio is bounded from above by its limit as

b, — oo, and we arrive at the following result.

Lemma 2 By any 0 > 0 satisfying

1
0 < RTINS (52)
(H(D)(1 1 Lol o
there ezists a unique b, such that SR(z;cq,c)(by) = 0. It is given by
, _ —B + VB?—1AC -

2A

35Many complex strategies are only tradeable at very small capital and need to be adjusted to account for
transaction costs. See Jensen et al. (2022).
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where

A = (SR = H(®))(trXv)? — .1 (1) tr(2) H(Z) tr(2)0(2; cg; q)
B = —tr(2)0(z;cq;q) + 1 (1) tr(S)H (D) tr(S)er/ (2; cq; q) (54)
C

= tr(X)cr/ (25 ¢q:q) -

We now use this lemma to perform a calibration exercise: Given the estimated eigenvalue
distributions of U and ¥ and the observed realized Sharpe ratios of the complex strategy
for each (z, P) combination, we can recover the unique b, that can explain this Sharpe ratio
using Lemma 2. Namely, for each size group size, and each (z, P), we observe realized
returns R (z, P), compute the full sample realized Sharpe ratio SR¥*¢(z, P), and then
calibrate a b,(z, P) that exactly matches this Sharpe ratio. See Appendix A for details.

The calibrated quantities b.(z, P) are reported in Figure 10. Not surprisingly, all es-
timates are monotone increasing in P: Indeed, we know from Figure 4 that (due to the
Virtue of Complexity), Sharpe ratios increase in P and, hence, so does b,. The magnitudes
of calibrated b, for moderately complex models (with P > 1000) all lie between 0.05 and

0.2, implying an infeasible R? (see (14)) of

b, tr(2 b,
i) e [0.005,0.015], (55)
botr(S) + N be+ 12

~

where we have used that ¢, ; tr(X) ~ tr(X) = N/12 by Lemma 1. These extremely low levels
of predictability are in the same ballpark as those obtained with modern machine learning
models (see, e.g., Gu et al. (2020)).

Figure 10 clearly shows that the calibrated magnitudes of b, are comparable across the
four size groups, with the micro size group having slightly lower b, levels. This is surprising.
Indeed, conventional wisdom suggests that small stocks are much less liquid and hence

exhibit much stronger predictability that simply cannot be exploited due to high transaction
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costs.?0 Figure 10 suggests that this intuition is at the very least incomplete, and the superior
performance might be attributed to the correlation structure of the non-linear signals.

To understand the sources of the large dispersion in Sharpe ratios across size groups,
we investigate the three channels that define the theoretical values of Sharpe ratios in
our model: (1) b.(size; z, P); (2) properties of the ¥ matrix (captured by the two quan-
tities, Q1(size; P)) = (H(X),tr(%))); and (3) properties of the ¥ matrix, as captured by
Q2(size; z, P) = v(z, P), v(z, P), V' (z, P). We focus on the two “most distant” size groups,

micro and mega, and proceed as follows:

e By the definition of b,(size; z, P), we have
SR*(z, P) = F(b.(size;z, P); Ql(size; P); Q2(size;z, P)), (56)

where the function F'is given by

1
F(b,,Q1,Q2) = - — (57)
\/H(Z) + (14 b x(S)H(S)) m

e Thus, replacing b.(mega) with b,(micro), we isolate the effect on differences in Sharpe
ratios that are purely due to potential differences in b,; replacing Q1(mega; P) with
Q1(micro; P) isolates the effects originating from f]; and replacing Q2(mega; z, P) by

Q2(micro; z, P) isolates the effects originating from 0.

Figure 9 shows the results of this experiment, with SR™ (2, P) as well as

F(b.(micro; z, P); Ql(mega; P); Q2(mega; 2, P)),

36For example, many anomalies have been criticized for working only for small stocks, with value-weighted
portfolios exhibiting much lower returns than equal weighted portfolios. See, for example, Asparouhova et
al. (2010).
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and

F(b.(mega; 2, P); Q1l(micro; P); Q2(mega; 2z, P)),
and

F(bs(mega; z, P); Q1(mega; P); Q2(micro;z, P)).

We also investigate separately the effects of two parts of Q1 : Q11 = H(f]), Q12 = tr(f]).
As we can see, the impact of replacing b,(mega) with b,(micro) is minimal, with the level
of the Sharpe ratio slightly dropping, consistent with the fact that the calibrated b, is lower
for the micro group. By contrast, the impact of the two eigenvalue distributions is large.
We conclude that the differences in out-of-sample Sharpe ratios between mega- and micro-
groups are not necessarily driven by differences in the degrees of predictability, b,. Instead,
these differences are consistent with a data generating process having the same amount
of predictability, but different correlation structures of signals across characteristics and
across stocks (see Figure 1 for a simulation illustrating a large impact of these correlation
structures on the Sharpe ratios). In particular, complexity offer a novel perspective on
the relationships between shocks when viewed from non-linear features’ point of view. Our
complex strategies (like most machine learning models in finance; see Gu et al. (2020))
attempt to leverage the idea that differences in stock characteristics translate into differences
in expected returns. Our results imply that these differences ought to be studied not in the
space of “raw characteristics,” such as value and momentum, but in the extremely high-

dimensional, complex space of non-linear features.
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4.8 The Complexity Wedge

In section 3.2, we introduced the notion of “Limits to learning,” defined as the difference
between the realizable Sharpe ratio and the infeasible Sharpe ratio that would only be
accessible to an econometrician with the knowledge of the true, ultra-high-dimensional vector
B (see (31)). We now use our estimates of b.(z, P) from Section 4.7, substitute them into
(31), and compute the infeasible and feasible Sharpe ratios. Figure 11 reports the outcome
of this experiment. We observe several intriguing patterns. First, the limits to learning are
very high.®” Second, and somewhat surprisingly, the differences between the wedges across
size groups are very small, despite the fact that the mega group has about ten times fewer
stocks than the micro group. For moderate to high complexity levels (P > 1000), most of the
calibrated wedges lie in the range between 0.8 and 0.9, implying that the infeasible Sharpe
ratio is five to ten times higher than the feasible one. Third, we not that the complexity
wedge is low, even for very low levels of complexity. This result might be surprising, as one
would naturally expect that, for P < NT, the true § can be estimated with high precision
by the law of large numbers. Our results imply that this intuition is incorrect. The reason
is that, as we explain above, the “effective” model complexity is defined by ¢/b,. Even if ¢ is
close to zero (e.g., for P = 100, NT ~ 2000 for the mega size group, implying a ¢ =~ 0.05),
a small degree of predictability (b, ~ 0.025 in Figure 10) makes the effective complezity,
c/b. =~ 2, large.

The large size of the complexity wedge has important economic implications. The very
existence of sustainable predictive power of characteristics for stock returns in a non-complex
framework is a puzzle. Classical “non-complex” economics must label every high-performing
strategy as either a statistical anomaly, an economic anomaly, or a factor. By contrast, in a

“complex” framework, the existence of vast “limits to learning” suggests a way to reconcile

37The results for very low levels of z should be taken with caution because covariance matrices are close
to being degenerate, leading to instabilities.
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highly performing strategies and equilibrium prices. The formal proof of this intuition is,

however, outside the scope of this paper.

4.9 Which Covariates Matter?

We conclude this section with an investigation of the relative importance of various stock
characteristics for the performance of our complex models. We focus on P = 10* and the
value of z maximizing the Sharpe ratio.

For each fixed k, k = 1,---,153, and each model m € {Complex, Linear, EW}, we
compute the Sharpe ratio obtained after setting all values of a given predictor Si,k,t, 1=
1,---, N to zero, re-compute the random features and their cross-sectional ranks (for the
complex strategy) and investigate the impact on model performance.?® We measure feature
importance as the percentage drop in the Sharpe ratio.

Figure 7 shows the top 20 most important features (i.e., the ones causing the largest
percentage drop in the Sharpe ratio) for each size group. As in (Gu et al., 2020), we
normalize the feature importance into each model so that they sum to one. Figure 8 presents
the importance of all covariates, sorting them from most important to least important based
on their average importance across models.

Consistently with known findings ((Gu et al., 2020), (Chen et al., 2019) (Avramov et
al., 2021), (Jensen et al., 2022)), we find that one-month momentum is the most important
feature or all size groups. The importance of other features is highly heterogeneous across

groups.

38Note that 0 is the natural value for the raw signals because they are also ranked based on the
transformation (49) and missing values are also replaced with zeros.
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Figure 7: In the figures above, we show the variable importance for the top 20 most
influential variables in each model. We compute those variable on the complex model for

P =10%

Using pre-trained [, we re-estimate the model’s signals by setting one variable v in turn to
0. We then compute the out-of-sample Sharpe ratio of the model without the variable SR,,.

SR

We defined the variable importance as &=~

SR,
to sum to one.

— 1. We normalize the variable into each model
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model contribution. We order the variable based on the sum of their ranks over all models,
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columns correspond to market size, and the color gradients within each column indicate the
most influential (dark blue) to the least influential (white) variables.



5 Conclusion

The statistical theory of large cross-sections of stocks relies heavily on standard limit theo-
rems that assume zero complexity, so that the number of estimated coefficients is negligible
relative to the panel size. We provide empirical evidence that the dependence of stock returns
on characteristics is characterized by a complexity that is significantly different from zero.
Complexity in the cross-section implies that standard limit theorems® do not apply and
the asymptotic out-of-sample R? and Sharpe Ratios are significantly different from their
in-sample counter-parts. Furthermore, optimal performance of complex models is achieved
with a very large amount of shrinkage that is proportional to model complexity. We use
random matrix theory to derive explicit expressions for the out-of-sample performance of
ultra-high-dimensional predictive models for large cross-sections of stock returns. We test
these expressions empirically and find strong support for our theoretical predictions. In
particular, US stocks feature the virtue of complexity: Out-of-sample performance increases
in model parametrization even for P comparable with NT.

In this paper, we investigate one single machine learning algorithm: The random Fourier
Features of Rahimi and Recht (2007) that is perfectly suited for our theoretical analysis
of complex models based on ridge regression. This begs the question: Is there an optimal
machine learning algorithm for estimating non-linearities in stock returns? In general, the
answer is no. In the high complexity regime, different models all deliver different approxima-
tions of the true DGP, with none strictly dominating the others. Mei and Montanari (2019)
show that high model complexity poses an insurmountable obstacle for any random feature
regression—it is impossible to learn the “true” dependency when the model is complex. In
this case, different learning algorithms recover different aspects (projections) of the truth on
different subspaces of functions. As a result, we would expect that predictions derived from

diverse machine learning models contain complementary information.

39Gee, e.g., Gagliardini et al. (2016) Chen et al. (2021).
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How should one optimally extract and combine this information? How does complexity
move over time? How does it interact with liquidity and what part of complex models are
implementable with a large notional capital without being eroded by price impact? How is
complexity determined in equilibrium and what is its role for shaping the factor structure of
returns? How do we measure feature importance and what is the role of different machine
learning algorithms and their ability to discover the true non-linear structure of returns? We

leave all these interesting questions for future research.
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and micro-groups, following the calibration experiment based on formulas (56) and (57).
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A Details for Calibrating b,

e For size group size, and each (z, P), we observe realized returns R;%(z, P) for the com-

plex strategy, as well as the time series 0y(z, P), v,(z, P), vi(z, P), tr(%), H(f]t) and
¢t = P/(TN;)."® We then compute the full sample realized Sharpe ratio SR*#(z, P).

e We compute full sample means of all the random matrix theory quantities,
0z, P), vi(z, P), tr(%), H().

The only special care needs to be taken of c¢v/(z;¢q;q), whose mean needs to be
computed as

1
= av(zeqa),
t

accounting for the fact that ¢; moves over time due to the changing number of stocks.

e we substitute these full-sample means into formulas (54), with SR replaced by SR**¢(z, P),
and recover b, (z, P) using formula (53).

B Preliminary Calculations
A key aspect of our paper, and one rooted in Assumptions 2 and 4, is that realized out-of-
sample returns are independent of the specific realization of 5. This is due to a law of large
numbers in the P — oo limit, and is guaranteed by the following lemma.*!
Lemma 3 As P — oo we have

B ApB— P b, tr(Ap) — 0
in probability for any bounded sequence of matrices Ap. In particular, 'US — by). 1.
Lemma 4 Under Assumption 2, define

B = u'g. (58)
For simplicity, we also assume that k = E[X}, — 1] is independent of i, k.** Then,

E[S,;S)] = tr(X)¥ and E[F11] = tr(X)V8,

40As we explain above, we re-compute the B vector estimate every three months. For this reason, the
random matrix quantities are also estimated at quarterly frequency.

41T¢ is possible to use the results in (Hastie et al., 2019) to extend our analysis to generic 3 distributions.
We leave this important direction for future research.

42The general case is slightly more cumbersome, but all kurtosis terms vanish in the random matrix limit.
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where
(59)

Fi = SéRtH.

Then,
ElFiaFlyi] = (D) +n(S) A5 + tr(2) (- 2) W ding(3°) 000 ( 1x(S) 4505 tr(5?))

and
BE[FFl )8 = (tr2)*+2tr(S%)(BUB)* +tr(5%) (k—2)||(¥/?8)*|*+ 8/ U B tr(S) (60)
Proof of Lemma 4. We have

E[S{(Si8+¢€)(Si8 +¢)'S] = E[S;S:86'S,S:] + EI[S;Si],

E[Ft+1F£+1] =
and

E[S)S)] = E[U'2X/S12e12X,012) = $I2E(X/SV2EV2X )02 = win(Y),
where we have used the following lemma, whose proof follows by direct calculation.

Lemma 5 Suppose that X; € RN*P is a matriz with i.1.d. elements satisfying E[X; X1 =

5(i,k),(j,l)- Then,
EIX/YX,] = tr(2) Ipxp.
Defining 3 = U/23, we get
E[SIS,86'S.S,] = E[WYAX/SX, 0235012 X/xX,¥'/?) = BWY2X/YX, 35 X|%X, 0"
— U'2E[X|DX,53' X, DX, W'/
(61)

where we have defined ¥ = U’DU and D is diagonal and U is orthogonal and X = UX are
still have the same moments as X by the assumptions made.

Now,
E[Xt{DXtBB/XéDXt]khkz = E[ Z D;, D, Xil,leithhBZQXiQalQ i2,k2]

i1,i2,01,l2

First we study the terms with iy # i5 :

Z D;, D, E[Z XihklXil,hBll512Xi2,12Xi27k2] = Z DilDi26~k’1ﬁNk‘2 - ((tr 2)2_tr(22>)5k1ﬁ~k2
11710 l1,l2 11742
At the same time,

Z Dz21 E[Z Xilyk'lXil,ll/BZIBZQXi2712Xi27k2]

11=1%2 l1,l2
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depends on whether k; = k. If k1 = ko, then we have

Z D121 E[Z Xi,leiLhBhBth,lQ] - tr(22)<’€521 + ||BH2)

i1=i2 l1,l2

and if k; # ko then we need that ¢, 5 coincide with kq, ko, so that

Z DllDle[Z Xihh)zihll811312)22'2,125(@'2,162] = 2 Z DZE[Xi,leizl,kz]BhBM = 2tr(22)5~k15k2

i1=12 l1,l2 11 =1i2

Thus,
E[X!DX,56' X/DX\]k, k,
= ((tr)* = tr(E%)) B, Bry + 2t0(5%) B, B (1 = Spypn) + tr(5) (655, + [1BI1*) Sk (62)
= ((tr ) + tr(5)Br, B, + tr(Z2)((k = 2) 87, + 181%) 0k ks

Thus, by formula (61), we get
E[S;S:86'5;5,] = ((tr £)*+tr(52)WEE W+tr(5%)((r—2) 0"/ diag(57, ) ¥+ 5]*¥) (63)
and the claim follows because ||5]|2 = /4. O

The following corollary follows directly from spectral decomposition of symmetric matri-
ces.

Corollary 7 For any symmetric matriz A, we have

E[S]S,AS]S)] = ((tr)* + tr(E2)) WAV + tr(X?) tr(VA)

64
+ tr(%?) (k — 2) U2 diag(V/2AW/2)gl/2 (64
where diag(V'/2 AW/2) is the diagonal matriz with diagonal coinciding with that of diag(W¥'/2 AW1/2),

Proof. Writing
A= N
we can apply Lemma 4. 0

C Preliminary Calculations for the Mis-Specified Model

Our objective is to maximize the unconditional Sharpe ratio

B[R]

SR, = ——M—— .
" Var[Rp )2

(65)
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If we have access to full information about the DGP (1), the strategy maximizing (65) is
given by*3 44

m(8) = S = oMY = (Var,[RP, ) Ei[Re] - (67)
When the model is mis-specified, we only have access to a subset of signals, St(l)
We focus on linear strategies: m; = St(l) 3, where 3 is only allowed to depend on 3™
Then,
Elr{Rin] = E[F'(S") (580 + 5787 — 5 tx(2)(¥1,8%) (68)

whereas, assuming for simplicity that 3 and 3 are independent, we get
Blm Ry Ry
[B'<S<”>'<s BY + P B 4 ey0)(S1V M + 57 /3 +e41)'St ]
~ [J”E[( RICRERICE ><S<”> SPBP (B (57) + DS
= BE[(SVY (SO (D) (") + BPT tr(Waz) + 1)]S,V )
= BE[(tr2)? +tr(22) Ty 1 SV (BDY W, 1 + tr(22) tr(Ty,, 0 (BD) )0y 4
+ (2% (v — 2007 diag(1/ P80 (B0 W)+ PT(SYY S (57) S+ WaalB
(69)

We also assume that the second component of 5 corresponding to St@) is unknown, in
which case Assumption 4 implies that

E[Ri|SM]) = 8080, (70)

Assuming for simplicity that the trace (i.e., the total variance of 5,5(2)) of the conditional
covariance matrix of missing signals, tr(St(z)(St(z))’ ) does not depend on the realization of
St(l) (this is the case, e.g., when S, is jointly Gaussian), we get
Ei[Re1 Ry | SV
= E[(S8Y + 8767 +ern)(8" 8 + 578 + )57 (71)
= E[RtJrl’St ] [Rt+1’8t ]/ + I + b*P I‘(‘I’QQ)Z,

43Note that
7T£Rt+l = (Sfﬂ) _1 2Rt+1 = (E;tl/QStﬁ) _1/2Rt+1 = 5StZEth+1 (66)

is the return on the conditionally mean-variance efficient portfolio in the original return space, Rt+1~
44While strategy 7, is conditionally mean-variance efficient, it is not the optimizer of the unconditional
objective VE[[éil]], which takes the form gporcond MV — G,3/(N + 3'S7S,3). See (Hansen and Richard,

1987; Ferson and Siegel, 2001; Abhyankar et al., 2012). In the limit as P — oo, the normalization factor
N + 35,58 converges to a constant. By Lemma 3 in the Appendix, N + /55,8 = p_y00 N + biths 1 tr(2).
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implying that the conditionally mean-variance efficient portfolio is given by
) = (I + 0P tr(Wy,)x) " S50 (72)

Proposition 8 states the behavior of timing strategy 7, = S;8() when T — oo and
P/T — 0 (i.e., when the predictive parameter [ is known).

Proposition 8 (High Complexity Limit of the Infeasible Strategy) Let
tr(X?)
(tr(%))?

In the limit as P — oo, the conditional mean and variance to the infeasible market timing
strategy m = S, 3 converge to

Ey[mRi1] = posoo t1(2)gbeths1(q) (74)

H(Y) = -1 € [Nt =1,0]. (73)

Var, [(mRe41)?] = posos (q841()Ds tr(2))? (H(E) + (gt (@)be t(2)) (1 + H(E)b*¢*,1(1)>
(75)
For q = 1, the infeasible market timing conditional Sharpe ratio is given by
SRy — ! < (5)1/2. (76)
V2HE) + (b tr(2)) T\ 2
At the same time,

tr(X)3' 3 tr(2)a) 1
tr(X)BUB+ N tr(X)betby + N

R? —

(77)

Proof of Proposition 8. By (68),
EmRi] = V(20,8 = P lr(U ) tr(2) = qui(q)bstr(X),
whereas
Elm R Ry i)
= (BOYE[((tr L) + tr(S2) Wy, BV (BN Wy 1 + tr(E2) tr(¥y,, 80 (BM)) W14
+ tr(X2) (k — 2)07 diag(0y7 80 (BD)) 002+ P (SY) S (SP) S + 0y tr(2))(BV)

R (U (@ba tr(2))2 (14 2H(E)) 4 qu1(q)bs tr(X) + Term,
(78)

66



where, by Lemma 18, we have

Term =~ P’QbitrE[St”QSt,lSQlSt,g]

~ P_sztl' ((trE)Q—tr(ZQ))\Ilg,l\IJm + Q(tI'EQ)\IIQ,l\I/LQ

+ tr 22 tI‘(\I’Ll)\I/QQ (79>

~ PR ((tr )% + tr(X?%)) tr(Wa Uy )
+ tr(Z*)b2qhea(q) P (W)
~ tr(E)b2q 1 (q) P tr(Pap)
so that
E[W;Rt+1R£+lﬂ't] — (E[W;Rt+1])2

~ (qe1(q)bs tr(z))2<H(E) + (g1 (@)bs t1(2)) (1 +H(E)b*w*,1(1)>

D Preliminaries of Random Matrix Theory

First, to understand the central role of U’s eigenvalue distribution in determining the limiting

behavior of the least squares estimator, suppose momentarily that we could replace ¥ with
its true unobservable signal covariance,

A

1
tr(X/N)W = NE[S{St] = E[V]. (81)
For any symmetric matrix ¥, a convenient matrix identity states

1 oy 1 d -1
Ftr(@p_zf) )—ﬁ;()\i(@)—z) :

where \;(¥) are the eigenvalues of W. Using formula (5), we can rewrite this identity as

1 -1
ﬁtr((‘lf—zl) ):/

From this identity, we immediately see the fundamental connection between ridge regular-
ization and the distribution of eigenvalues for W. The right-side quantity is the Stieltjes
transform of the eigenvalue distribution of ¥, denoted F'Y. By Assumption 3, this distribu-
tion is well behaved when P — oo and converges to a non-random distribution H. Thus, we

1

r—z

dFY(z) , 2 <0.
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ma(2) = / . L _dH (x) = Jim %u« (¥ —=1)7Y). (82)

P—oo

The function my(2) is the limiting Stieltjes transform of the eigenvalue distribution of W.
Equation (82) is a powerful step towards understanding the least squares estimator in the
machine learning regime (and hence machine learning predictions and portfolios). It states
that key properties of the limiting inverse of the ridge-regularized signal covariance matrix
can be completely characterized if we just know U’s eigenvalue distribution.

The problem, of course, is that the true W is unobservable. We only observe its sam-
ple counterpart, \I/ thus we only have empirical access to the Stieltjes transform of U's
eigenvalues. The emplrlcal counterpart to the unobservable my/(z) is

. 1 T —1
m(z;c) = Ph_r}réo Ptr (0 —=z0)1).
In traditional finite P statistics, we would have convergence between the sample covariance
¥ and the true covariance tr(X/N)¥ as T — oo. One might be tempted to think that
limp_ee 5 tr (U — 21)71) and limp_,o, 5 tr ((tr(S/N)W — 21)~?) also converge as T — oo.
But this is not the case. The limiting eigenvalue distributions of ¥ and tr(X/N)¥ remain
divergent in the limit as 7" — oo if P/(NT) — ¢ > 0. Here we see a first glimpse of
the complexity of machine learning and how we can understand it with random matrix
theory. In the Appendix (see Theorem 13), we show how m(—z;¢) can be computed from
Mir(ss/Nyw(—2) using results of (Silverstein and Bai, 1995) and (Bai and Zhou, 2008). In
particular, m(—z;¢) > m(—z;0) = mu/nw(—2) for all ¢ > 0. The next result shows
that, quite remarkably, if we constrain ourselves to linear ridge regression estimators, all
asymptotic expressions depend only on m(z;c) and do not require my.°

Proposition 9 Recall formulas (18). We have

. 1 TN—1 .
lim ﬁtr((zl+\ll) U) — &(z:¢) (84)

T—o0

45Theorem 13 in the Appendix is a generalized version of the (Maréenko and Pastur, 1967) theorem that
accommodates non-i.i.d. S;. When signals are i.i.d. with ¥ = Ipyp, ¥ = Inxn, and mg(2) = (1 — 2)7 1,
(Maréenko and Pastur, 1967) show that
2

(1=¢)+2)+ (0 —0) +2)° +dez

m(—z;c) = (83)

By direct calculation, (83) is indeed the unique positive solution to (93) when my(z) = (1 —2)~!. While the
eigenvalue distributions of the sample and true covariance matrices do not coincide, Theorem 13 describes the
precise non-linear way they relate to each other. In particular, when P > NT, the matrix U has P— NT zero
eigenvalues and therefore, P! tr ((2 + ‘i/)_l) contains a singular part, P~(P — NT)z=! = (1 — ¢ 1)z7L.

46Note that may(—2) = P~ ltr((a¥ — 2)7) = P~ la"!'my(—2z/a). It is possible to develop non-linear
shrinkage estimators analogous to those developed by (Ledoit and Wolf, 2020) for covariance matrices. Such
estimators would require knowledge of the true eigenvalue distribution of ¥ which can be recovered from
m(z; ¢) using equation (93).
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in probability, where £(z) is the unique solution to
1 = zm(—z0)+c ' (1= &(z) 'ms(—€(2)7)) . (85)
When X = I, we get

1 —zm(—=z;c¢)
¢l =14 zm(—z;¢)

£(2) =

(86)

The quantity tr E[(z] + W)~ '] appears in virtually every expression we analyze to
describe portfolio behavior. It depends on an interaction between the sample and true
signal covariance matrix and arises in the computation of both the expected return and
leverage of the timing strategy (see equation (8)). One would imagine, then, that we need
to know the limiting eigenvalue distribution of both matrices (or their Stieltjes transforms,
m and my) in order to describe tr E[(z] + ¥)~"W¥]. Proposition 9 shows that this is not the
case—we only need to know the empirical version, m(—z;c) as well as my(—z). This is a
powerful result. It will allow us to quantify the expected out-of-sample behavior of machine
learning portfolios based only on the eigenvalue distribution of the sample signal covariance
U (which is observable) without requiring us to know the eigenvalues of .47

We refer to the constant ¢ as “model complexity,” which (as preceding results show) plays
a critical role in understanding model behavior. It describes the limiting ratio of predictors
to data points: P/(NT) — ¢. When T grows at a faster rate than the number of predictors
(i.e., ¢ — 0) the limiting eigenvalue distributions of ¥ and tr(3/N)¥ in fact converge:
m(—z;0) = my(z/nyw(—2). As ¢ becomes positive, these distributions fail to converge, and
their divergence is wider for larger c. It is therefore clear that behavior of the least squares
estimator in the machine learning regime will differ from the true coefficient, even when
T — o0, as long as ¢ > 0.

E Asymptotic Quantities
We will need the following auxiliary result.

Proposition 10 In the limit T, P, P, — oo, P/(NT) — ¢, Pi/P — q € (0, 1],

1 o -
lim —— tr((= +¥10) 7 011) = E(z50q50)

T—o0
in probability, where £(z; cq; q) is the unique solution to
1 = zm(=zcq;q) + ¢ (1= E&(zeq;9) men(—E(zcq:9) 7)) - (87)

4"Heuristically, E[¥] = tr(X/N)¥ and hence tr(X/N) tr E[(z] + ¥)~1¥] ~ tr B[(z] + ¥)~'¥]. However,

random matrix corrections make the true relationship non-linear.
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Furthermore,

v(zicq;q) = un(q) — (cq) ™ 2€(% cq5 q) = lim P~ tr(Wy (2] + U1 4) 7" 0y )

Viziegq) = —(cq) ' (E(zeq:9) + 26 (2¢q5q)) = —lm P (W (21 + Wy ) 20y )

v(zeq;q) = v(zeq;q) + 2V (2;¢q;q) = lim P! tr(kifil(z[ -+ @171)’2\11171)
(88)

In addition, we will also need
Saa(zieqiq) = lim (NT) ™ tr B[(2] + Uy p) M50 ,) > 0 (89)
Eaa(zieqq) = lim (NT) ™ tr E[(=] + W00) "Wy (=] + §1,0) 70020, ] > 0.
While the existence of the limits in (89) cannot be guaranteed in general, the expectations
are uniformly bounded for z > 0 (since so are the W matrices). Hence, by passing to a

subsequence of T, P, we can always assume the limits in (89) exist.
The following is true.

Proposition 11 The expected return on the market timing strategy converges in probability
to

E(z cq; q) = lim E[7(2) Ryy1| ]

1o . (90)
Itr(z)b*q<V(Z;cq;Q) + N7 (eq) " &n(zieq; q) tr(E(1 +€(25¢¢59) X) ))

Proposition 12 We have

i) Expected leverage converges in probability to
L(z; ¢q; q) = lim tr Bl (2)7(2)'| 5]
= tr@)ff( b.0(z;cq;q) — CV’(Z;cq;Q)>

-~ -~
szgnal variance nowse

tr(\pgz)

+ b tr(D) (91)

v(z; eq; q)(—cqv' (25 ¢q; q))

J/

vV
missing signal variance

+ b tr(X) (25 ¢cq; q)
———

covariance with missing signals
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where
tr(22(1 4+ €(z504;9) X) %)
tr(X(1 + &(2; cq; )2)?)
(2 eq:9) = (N7 (1 + &14(2) ) 7'8)) e 601 (2)
) w7 (1 + & (2) B)7'E) tr(( + &,(2) B)7?52)
(I + 11() ) 75/N)

Y(zyeq;q) =

+ 2qv'(2;¢q;9)62.1 (25 cq3 q

ii) Out-of-sample R* converges in probability to

2E(z;cq;q) — L(2;¢q; q)
N+ b1 (1) tr(2)

R*(zjcq;q) = (92)

F Asymptotic Eigenvalue Distribution of o

The following result of (Silverstein and Bai, 1995) and (Bai and Zhou, 2008) relates the
limiting eigenvalue of distribution of ¥ to that of W.

Theorem 13 Suppose that all diagonal elements of ¥ are identical.*® For any ¢ > 0 and

z < 0, the distribution of eigenvalues of W in, the limit as P,T — 0o, P/(NT) — ¢ converges
to a distribution whose Stieltjes transform, m(z;c), is the unique positive solution to the
equation

m(z;c) = ! my ( © > . (93)

1 — ¢ = czm(z;0) 1 — ¢ = czm(z;0)

Furthermore, for ¢ > 1, there exists functions m.(c) > 0 > n,(c) such that cm.(c) is
monotone decreasing in ¢ and

m(—zc) = (1—c Nz + mu(e) + n.c)z + O(?).

Proof of Theorem 13. To prove he result, we note that we can write
- 1 . N/
U= NT Z zt: Si(4) S (1) (94)

where S;(i) € R” is the signal vector for stock ¢ at time ¢. to be able to apply the result of
(Bai and Zhou, 2008), we need to show that

E[Si(1)Si(i)] = ¥ tr(¥) (95)
The claim follows because S; = X/2X,U'/2 and, hence,
Si(i) = W2X)(nV?), (96)

480ur results without this assumption become less elegant.
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where (X1/2); is the i’th column of the matrix ¥'/2, and hence,
E[Sy(i)S,(i)] = Wtr((SV?),(81?))) = ¥E,;. (97)

By Assumption 2, 3;; are all identical and hence ¥;; = N~ tr(%).
It remains to verify the second technical condition of (Bai and Zhou, 2008): that

E[(S:(i) BS:(i) — tr(BY %tr(Z)))g] = o((NT)?).
for any bounded B. This can be verified by direct calculation:
E[(S,(i) BS,(i) — t(BU % ()
= F[S;(1) BSy(7)S¢(i)' BS;(7) — 2S5:(i) BS;(i) tr(BY % tr(X2)) + (tr(BWY % tr(X)))?] (98)
= tr E[BS;(1)S;(1) BS;(1)S;(1)'] — (tr(BWY % tr(%)))?

and then the required technical condition follows from the results of (Yaskov, 2016) and
Assumption 2 (the Lindenberg condition). The proof is complete. U

G Proof of Proposition 9

Proposition 14 We have

1 - 1 R
~7 tr(z] + Wp) ' — trE[ﬁ(z[ + W) — 0

almost surely, while

o1 !
lim ﬁtrE[(zI—i—\IfT) Ul — £(2), (99)

T—o0

where &(z) is the unique solution to (85).

Proof of Proposition 14. The proof will be based on the following general result.
Lemma 6 Let Ur be any sequence of (random) matrices that is uniformly bounded and

independent of Uy, Then,

1 . 1 .
~7 tr(zl +Vp) Uy — E[ﬁ tr(zl + V) '] — 0

almost surely.

Proof. Let \i/T,t = ﬁ >, 4t SrS;. We will be using the Woodbury matrix identity

. . 1 . 1 . .
(Z[—F\I’T)il = (ZI—F\IJT’t)il — ﬁ(Z[—F\I/T’t)ilst/([‘i'ﬁSt(Z[—F\IJT’t)715;)715}(2[4‘\1/7*7,5)71
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(100)

The proof of the first claim is based on a martingale argument from (Bai and Zhou, 2008).
Let E. denote the conditional expectation given S;.1,---,S7. Let also

1 ~
qr(z) = B tr(zd + Wp) g
With this notation, since @T,t is independent of S;, we have
1 ~
(Ey_y — Et)[ﬁ tr(zl + W, ) '0] = 0

and therefore

Elgr(2)] — qr(z) = Eolqr(z)] — Erlgr(z Z (Eialgr(2)] — Eilgr(2)])

T

=) (B — E)lgr(2)]

(Fy s — B)lgr(z) — %tr(z[ W) ) (101)

Il
M- 1
]

t=1

T

1 .

= — E (Ey_y — B[tr(z] + Wp) " Wy — tr(2] 4+ Ug,) 10y
t=1

e

1 T
= ZEt I_Et %]

where we have used (100) and defined
1 1 N .
Y = tr (NT(ZI + W) THSI(T + ﬁSt(zl + Wy, )t TS (2] + \I!T,t)”\I/) (102)

We will need the following properties of the trace:

Lemma 7 If A, B are symmetric positive semi-definite, then
tr(AB) < tr(A)[| B

and

tr(AY2BAY?) < tr(B) | A
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Thus,

1 - 1 A N
||’Yt|| S ||\I/|| tr (W(ZI + \IJT,t>_IS£([ + WS}(Z] + \I/T,t)_ISD_lSt(zI + \IJT,t)_1>

(103)
NT
= 2z "tr(B(zI+B)™") < Nz7'.

1 . 1 R .
< z'r (—(21 + Up,) V2SI + WSt(zI + Up,) 7 S TS, (21 + q/T,t)—l/2>

where

B = (2] +Tr)7'S € RV,

1
N
Thus,

(Eio1 — Ey)ftr(=] + ‘i’T)_l\I’] = (Ei1 — B[]

forms a bounded martingale difference sequence. Applying the Burkholder-Davis-Gundy
inequality (see, e.g., (Burkholder, 1966)), we get

T qa/2
Ellar(z) = Elgr()I"] < K,M™E (Z |(Ei1 — Et)[%]lg)
= (104)

—q/2
< K, (2N/2)1M~? (;) .

Almost sure convergence follows with ¢ > 2 from the following lemma.
Lemma 8 Suppose that

Ell X < T7°
for some o > 1 and some q > 0. Then, X7 — 0 almost surely.

Proof. It is known that if

> Prob(|Xr| >¢) < oo

T=1

for any € > 0, then X7 — 0 almost surely. In our case, the Chebyshev inequality implies
that

Prob(|Xr| >¢) < e 1E[|Xp|Y] < T°¢
and convergence follows because a > 1. U

The proof of Lemma 6 is complete. O
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The proof of the second claim of Proposition 14 is based on the identity
P = trE[(z] + Up) (2] + Uy)].
Then,

A A 1 A
P = trE[(z2] + V7)) (2] + V7)] = Pzm(—2) + WZtr E[(z +V7)~1S,S,].
t

Since signals are i.i.d. over time, we get that all these expectations are in fact identical and
we get

1 A “iInNTt -
1 = zm(—2) + N tr E[(2I+W7) 1SS = zm(—2) + ‘ NT tr B[(z 4+ V7)1 5,5
(105)
for any ¢. Hence, by (100),
tr E[(zI + 7)1 5.5,
= tr B[S, ((21 4B,
(106)

1 A ’ 1 2 —1 o\ — T — /
— 7L+ W) ST+ S S (2 4 W) S TS (2] + Wry) 1>St]
= trE[B— (NT)'B*(I+(NT)'B)™] = trE[Br(I + (NT) 'Br)™!
where

BT = St(Z]‘F\i/T’t)_lS;

and where we have used that tr(ZS) = tr(SZ) for any two matrices S, Z. We will first prove
the following result.

Lemma 9

1 ~
Wst(Z] + \I/T,t)_lsl: —ér(2)X = 0
in probability.

Proof of Lemma 9. We have

(Se(zI + V)7 S)ig = (Su(0) (21 + V) 'i(5) = (L + Pa) 1 S(5)Su()')

and Lemma 6 implies that

o (T4 ) S G)S0)) = st (BT + Br) IS)SE)) = 0
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almost surely.*® Now,

ot (BT + ) IS GIS)) = Sl BT + 2,7 )]S,0)

and the same argument as in the proof of Theorem 13, we can replace S;(j)S:(i)" by its
expectation and get

Lemma 10 We have

7 (CHS (S — St (CrEIS()S)) = 0

in probability for any uniformly bounded sequence of matrices Cr that are independent of Sy.
We have S;(i) = U/2X/Q(i) where Q(i) is the i-th column of Q = X2 i =1,---  N.
Hence,

E[S(j)Si(1)] = EWW2X[Q(1Q() X ¥ = ¥ 1(Q()Q(7)) = ¥ (QU)' Q1) = ¥(QQ)i,

where Q'QQ = Y. The proof of Lemma 9 is complete.
O

Lemma 9 implies that®°
1
~7 trEBr(I + (NT)'Br)™'] = &(2)tr (BT +&(2)8)7") = 0
and thus equation (105) implies that

zmp(—2) + ¢ 'N () tr (S + &r(2)E)7!) =1 — 0.

The final claim follows now because mr(z) — m(z) and the left-hand side is continuous and
strictly monotonic in . The proof of Proposition 14 is complete. U

H Proofs for the Misspecified Model

We will use ¢; = Py /(T N) = cq to denote the complexity of the mis-specified model, so that

q = c1/c. We will also use Bl to denote the estimated 3 vector for the observable part of the
signals, Sy 1. We start with the observation that

El||Ry1 — St,13||2]
= trE[RtJrlR;_,’_l:I — QE[B/S£St71B1] -+ trE[St,lﬁlﬁESél] (107)
= tr B[R R,,,] — 2E[3'S[Si101] + tr(X) tr B[W, 15, 3]

49While S; are not uniformly bounded, the proof follows by a standard truncation argument.
0The claim follows from convergence in probability because w=Br(I + (NT)™'Bz)~! is uniformly
bounded: By is symmetric positive semi-definite and, hence, ||Br(I + (NT)"'Br)~t| < 1.
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H.1 Computing the First Moment of the Efficient Portfolio

Lemma 11 We have

Aa c
E[ﬁ’SéStjlﬁﬂBl] — b* tI’(Z)zl(@/)*J — Cl_lZé'(Z)) + b* tI‘(E)N_IC_1§2717T(Z) tl"(Z(I —+ 5171 (Z) E)_l) s
(108)
wn probability, where
) 1 - _

5271(2) = jlggoﬁtr E[\Ifl’zqu’l(Z[ + \IJT,l,t) 1] (109)

In particular, if T~ (VW5 ;) — 0, we get
P c

E[8'SiSu1flfa] — b tr(3)— (s — ¢ 26(2)) (110)
Proof of Lemma 11. We have

St = S8+ Sl

1 1 — .

ﬁ;Ft = W;St,l(stﬁ—i_gt"rl) = \IIT/B + qr (111)

where
1 I

ar = W;SQJQH (112)
and

@Tﬁ = \ijT,lﬁl + ‘i’T,252
where

1 I

. B ) B

\IIT,k = ﬁ ;St’lst’m k=1,2,
Therefore,

g = (ZI+¢/T,1)71(@T,IB1 +¢’T,2B2 + qr) (113)

Using this identity and Assumption 4, we have (using that ; are independent of S; and have
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zero means) that

E[8'S;5:18]

= (D) E[(B1 P11 + ByWa1) (2] + Ur1)  (Urfr + Urpfo)]

tr(S) tr B[ (21 + V) g 513)

tr(2) B[ Wy 1 (2] + Upy) " g0 6)]

tr(X) B[y Wa (21 + Upy) "1 g, 6]

tr(X) B[y Wa 1 (21 + Wpy) " g,

{using that E[3B] = b.P'I}

= tr(X)b, P tr E[Uy (2] 4+ Upy) " NWgy] 4 to(8) P71, tr E[Ug (21 4 Wpp) gy
(114)

+ + + |

The first term satisfies
Pl r E[Wy (2] + Upy) Y2l + Uy — 21)] — P7EP(1hey — ¢ 26(2)) (115)

in probability by Proposition 14. To deal with the second term, we will need a technical
lemma.

Lemma 12

1 - N
B tr E[Woq (2] + \I/le)_l\lfT’Q] — c_1§271(z)§1_7%(z)cl(1 —zm(—z; 1)), (116)
where
) 1 A _
1(2) = Jim <o tr B[00 1 (21 + W) '] (117)

Proof of Lemma 12. We have that, by symmetry over time, and using the Woodbury
matrix identity

(z]—l—\ilT71,t)_1S£71)_1St71 (ZI“‘@T,l,t)_l
(118)

. R 1 - 1
(ZI—}—\I/T,l)_l = (Z]+\I/T71,t)_1 — W(Z]_{_\PT’l’t)_lS;’l(I+W3t71
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implies
1 c o\ pa
F tr E[‘I’Q’l(ZI + \I/T,l) \I/Tyg]

T
1 - 1
=35 tr E[Wo (2] + ‘I’T,1)71W Z S;15k2]

t=1

1 3
= St ElUs1(2] +Wp1) ' 5; 15,

1 A
= NP tr E[Vq, <(ZI + W)™

1 . _ 1
— W< I+ Vry,) 152,1(1— + _NTSt’l

1 A

= ¥p tr E[Wo (21 4+ Wrpy) " S1 1S 0)

1 A
— o p W EWaa (2] + W) 7S] (4 Cr) 7' CrS,)

1 .

= ¥p tr(S) tr B[Wo (21 + W) "' 0 ]
1 .

— ﬁ tr E[\Ilz,l (Z[ + \I/TJ’t)_lS;,l(I + CT>_ICTSt’2]

(21 +Wgy,)71S) ) S (2] + ‘i’T,l,t)A)Sé,lSm]

(119)

By Lemma 9,

Cp = (21 +Wp1 )75, — &11(2) B

1
NT
in probability. By a similar argument,

1 ~
NT ’
where we have defined

1 N
§271,T(Z) = ﬁtr E[\I/271(Z]+ \I/T717t)_1\1//271], (121)

where

¢1 = PJ(NT) = cp,/N. (122)
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Thus,”!

1
P
= %tr(E) tr E[\IIQJ(ZI—F \iJTJ’t)_l\IJ,Q,l]

_ % tr E[Wgy (21 + W) 800 (1 + Cr) " CrS1]

~ N e ' ir(2)tr(8) — N e "t B[ 7(2) (1 + &.1(2) 2) 1611(2) 3 (123)
tr(S(1 — (I +&a(2) 2) " 6a(2) B))
tr(
1
1

tr E[\Ifgyl (Z[ + @T,l)il\ijf?]

= N 'c'Gir(2) (B + &(2)2) 7

(
(2)
N7t 1(2)
(2)
(2)
(
(

= N7'¢ 521TZ
= c 52,1,T()

1
11
= ¢ '&air(2)4 %

where we have used the defining equation for ¢ ;:

Ea(2) (€1 ()2 4+ £11(2) )7
NN —tr((I+ &a(2) 2) )
)

2)e1(1 = zm(—z;¢1)),

1—zm(—zc1) =c;" — "N (I + &1(2)8)7h) . (124)
The proof of Lemma 12 is complete. O

The proof of Lemma 11 is complete.

H.2 L in the correctly specified case

To prove the desired result, we first consider the correctly specified case.

Lemma 13 In the correctly specified case,

tr(UBR) = bo(thq — 22¢7(2) — 22671 (2)) + £(2) + 2€/(2) (125)
i probability.

Proof of Lemma 13.

tr(VE[BA])

= tr(VE[(z] + U7) " (U7 + ar) (VB + qr)' (2] + 7))
= tr(VE[(2] + U7) (U8 + ar)(BVr + ¢) (=] + V7))
= tr(VE[(z] + Up) N (VB8 Vs + qrgy)(zI + Tp) 1)

(126)

5lPassage to the limit is easy justified using the boundedness of (I + Cr)~1Cr.
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where we have used that E[gr|S] = 0. Now,

, 1
Elgrqr|S] = N2T2 255t+125t1+15t1|5]

t1

1

= WE[ZSQ&HEQIHSMS]
t,t1

]- / /
= WE[Z Sieri1eh, 1S S]
t
1 ! /
t
1 ’
= oy 255
t
1 /
= o LSS = v
and therefore (126) takes the form
tr(VE[BH)
= tr(VE[(z] + V) Y UrB8 Vs + qrdy)(z] + Up)7Y)
~ ~ ~ 1 - ~
= (UE[(=] +Wp) " (U ¥y + ) (=] + Bp) ™)
= tr(VE[(2] + Wp) M Tﬁﬁ’%(zl +Wr) )
+ tr(VE[(z] 4+ Up)~ 1—%(21 +W7) )
= tr E[Up(z] + Up)~ 1\1/(,2[ + U)W B4
A 1
+ tr(WE[(2] + V7)™ NT(zI + Uy — 2D)(2] + ) 7Y)

— {using that E[33] = b,P~'I} (128)
= b, P tr E[Up(2] + Up) " 0 (2] + Up) 10y

(127)

+ %tr(\l/E[(zl F ) T2+ V) (2] + V) 7Y)

1 ~ A~
— aom r(VE[(2] + )} (2 + Up) 7))
= b Pt E[U(2] + Up)  OpBp(z] + 0p) ]

1
+ ﬁtr(\IIE[(z]—i— b))

1
= Terml + Term2 + Term3
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We now proceed with each term:
(2] + W) WU (2] + Up)™! = {all matrices commute} = (21 4+ Uy) 202,
= (2] 4+ ) 2(U2 4 220y + 22T — 220 — 22))
= (2] + V) 2(V2 + 22Uy + 221 — 22(Vyp + 21) + 2°1) (129)
— (2] + Up) ((21 Fp)? = 22 (W 4 20) 221)
= T — 22(2] +Up) ' 4+ 22 (2] 4 Uyp) 2
Therefore

Terml = b,P ' tr E[U (2] 4+ Wp) " 0 0p (2] 4+ Up) 7Y

= b, P Ur E[U(I — 2z(2] + )™+ 22(2] + Up)72)] (130)
and

Term2 = <o tr(VE[(2] + Ur) 1) = £(2) (131)
and hence

d .

(B[] +¥r) ) > €() (132)
However,

d% tr(VE[(2] +Up)7Y]) = —tr(VE[(z] + 7)) (133)
and hence

S BT +0) %) =€) (134)
Summarizing, we get

Term3 = z£'(z) (135)

whereas

Terml = b,P~ tr E[W(I — 22(204W7) " 422 (21407)72)] = b, (o1 —22¢71E(2) =221 (2))

(136)
and hence
tr(WE[33])) = Terml + Term2 + Term3 (137)
= bo(eq — 22¢7E(2) — 2271 (2)) + £(2) + 2€(2)
The proof of Lemma 13 is complete. 0J
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H.3 L in the Misspecified Case
Note that differentiating

1 —zm(—=z;c¢)

we get

§'(z) =

= INTYN — (T + £(2)D)7Y)

—m(—z,¢) + zm'(—z;c)

Recall also that

AINTte(2(1 + £(2)D)2)

6271(2; Ccq, q) = %EEO(NT)_l tr E[(ZI + @171)_1\111,2\11/172] Z 0

2271(2; cq;q) = TIEEO(NT)_I tr E[(zI + @1’1)_1\111,1(21 + @171)_1\111’2\11'1’2] > 0.

Lemma 14 Let

51,1(2) =

Then,

(£11(2) + 2614 (2))er €14 (2)

(£11(2) + 261, (2))

—m(—z;c1) + 2m/(—2;¢1)

(tr(2)'L(cieqie) = tr(T11Bf) —
b*%(¢*,1 —2z¢711(2) — 221 (2) + Ca(2) + 2801 (2) + A(2)

in probability, where

Az) =

tr(\:[jg’2>
P

o (2) gy ISP+ 604(2) 2)

b (I + €14(2) )52 a (2)

1
—2¢c'0,—trE

Alz) =
tr(Wao)

N

N2
In particular, if T~ tr(V12Ws1) — 0, we get by (139) that

P
o tI‘(\I’g
P

tr(qj2’2>
P

2)

b*clyl(z; C1, Q)

(1 +&1a(2) 2)712]21,1(2)52,1(2) tr[(1 4 &1,1(2) ¥) 7227

b*a,l(z)% tr[22(1 + &11(2) 2) 77

bu(§1,1(2) + 2614(2))

tr(X2(1 4+ &11(2) 2)72)
tr(X(L +&.1(2)X)72)
tr(X2(1 4+ &11(2) X)72)
tr(E(L + &1,1(2)2)72)
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Proof of Lemma 14. We will be using the notation

A

T
1
b, = WZS;J& c RPF. (145)

and we decompose
Up = Upy + Uy (146)

By the same argument as in the proof QfAProposition 14, we can work directly with expec-
tation because tr(V; 1 E[5/']) — tr(V1156’) converges to zero almost surely. We thus have

L/tr(X) = tr(\111,1E[BB/])

= tr(\yl,lE[(zH\ifT,l)— (OB + qT)(\i/Tﬁ + qT)/(zI+\i/T1)_1D

= tl"(\lfl’lE[(Z]—f—\i/Tl) 1( 56 \IJT + QT(]T>(ZI+\I/T1) ])

= tl”(‘I/LlE[(Z]—f—\i/Tl) ( 88U + QTQT>(ZI+\IIT1) 4
By (127)

Elgrgr|S] = %\iIT,l (148)
and therefore

tr(Uy B[(2] + W) Lardp (2] + Ur0)7Y) — &1(2) + 2€04(2) (149)

in probability by (131) and (135). Thus, compared to (128), we only need to take care of
the U738 Vs term. We have
tr(Uy 1 E[(2] + Ur1) " (UrB8Ur) (2] + Ur1)7Y])
= tr(Uy 1 B(2] + V1) (U1 818 V) (2] + Urg) 7))
+ (W B(2] + Wr) 7 (UraBaByl o) (21 + Upy) 7)) (150)
= P tr(U g E[(2] + Upy) 05 (2] + W) 1)
+ Pl tr B[y g (2] + Uy ) WUl g (2] + W) 7]

By (130) and (136), we have

P_lplb*Pl_l tI'(\IlLlE[(ZI —|— \i’TJ)_l\if%l(Z] ‘l— @Tyl)_l])
= e (Yualg) — 22 € (2) — 22 (2))

Thus, it remains to deal with the second term im of the second term in (150).

(151)
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Recall that

Saa(zieqiq) = lim (NT) ™ tr B[(2] + Uy p) "' ,) > 0 (152)

5271(2; cq;q) = zli_r)r;O(NT)*l tr (=1 + @171)*1\111’1(,2[ + @171)71\11172\11/172] > 0.
Lemma 15
P_lb* tr E[\I/Ll(Z]"_ @T,l)_lijT,Q@/ij(Z]_’_ @Tﬂl)_l} —
tr(W 1~
( P”) b€ (2) S (1 + €14(2) )7
1 _
NQ(tr[(IJrfu( 2) D)) e 6 (2)

+ b,
Zb*mél’l('z) tr((L +&1(2) 8) '8 e (2) tr[(L + &11(2) B) 287

(153)

Proof of Lemma 15. We have
P70, tr B[y (2] + Wpy ) " Wpo Uy (21 + Upp) 7]
— Pl tr E[Uy 4 (2] + Wpy) g Wy (21 + Upy) 7]

1 - p—
= plp— NeT? tr B[V 1(2] + \pTl -1 Zst/hlghzs;%?gtz’l(zl+ b)) 1]
t1,to

(154)

1
= P_lb N2T2 tr E[\Ifl 1(2[ + \I/T 1) ! (TS£1,15t172S7§1,2St171

+ T( ) St1 Stl 2St2 25t2 1) (ZI + \iITJ)_l]

= Terml + Term?2.

Here,

Terml = P, tr [0y 1 (2] + WUp0)71S], 180 250, 2801 (21 + Wry) 7] (155)

N2T

and

1 - .
Term?2 = P—lb*m tr B0y 1 (2] 4+ W) ~'S;, 190254, 9501 (2] + W)™ (156)
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Dealing with Term1 in (155) Using the Woodbury matrix identity (118), we get
(Z[ + \i’TJ)ilS;Ll = (Z[ + \iJT,Lt)ilSt/hl

1 “ A .
— —(Z] —+ \I/T,l,t)_15271(] + (ZI + \I/T,Lt)_lsal)_lSt’l(z] + \I[T,l,t)_lszltl 1

L
NT A 1NT ’ A ©(157)
= (2I + \IIT,Lt)_lS{hl(I + WSM(ZI + \IJT,l,t)_lsé,l)_l
— (2f + \i/T,l,t)_l‘S';lJ([ +&1(2) D)7
and therefore

Terml

= P, o7 B[ (el + Ur) Sy (T4 &a(2) B) 7

X St 25 oI+ €11(2) D) Sy 1 (2] + Wpp) ™ (158)
4, 1 . .

= P, T tr B[Sy 1 (2] + Wy ) Wy (2] + Wpy) 'Sy

X (I +€11(2) B) 7' 80 257, o (1 + €1,1(2) B) 7

Now, by the same argument as in the proof of Lemma 9 and Lemma 10, we have

%Stl,l(zl+\ffT717t)1\111,1(,2[—#\1!117015{171 — %E[tr(\pl,l(zuxifnl,t)1\1/1,1(z1+xifT,1,t)1)]2
(159)

and Lemma 16 below implies that

Terml

N P—lb*%g}l(z) i B + €1(2) S) S 08L, oI+ 601(2) )] (160)

= tr(\]lim) b*%ayl(z) tr E[X(1 4+ &1(2)2) 721+ £4(2) 2) 7
where we have used that

E[Sy,257, 5] = tr(¥a2)X. (161)

Lemma 16 We have

1 A N —~
WE[tr(qul(ZI—‘-\DT’l)_l\Ijlyl(Z[‘{‘\I’T71)_1)] — 6171(2) =

(611(2) + 2€14(2))er ‘€14 (2)
—m(—z;c1) + 2m/(—2;¢1)
(162)

Proof of Lemma 16. We have

1 ~
W tr E[\Ifl,l(ZI‘F \DT,l,t>7l] — 61,1(’Z>
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and therefore

1 - A 1 .
W tr E[(Z[+\IJTJ,t)_l\I/Ll(Z]—i‘\I/T’Lt)_l] = W tr E[\Ijl,l(Z]'f'\I/T,l,t)_ﬂ — —51’1<Z)
By the same argument as above,
1 - .
WSHJ(ZI + W) (2] + \I/T,l,t)_lszlJ
1 - .
=~ ﬁ tr E[\DLI(Z[ + \PT’l)il\Ijl?l(ZI + \IIT’l)il]E (163)

Y 51,1(2)2
Hence, by (157) and (163),

1 R
5171(2) ~ W tr E[\I/Ll(ZI—'— \I/TJ)_l]

1 . . .
= w7 tr B[(2] + Up) (2] + W) "Wy (2] + Ugy) 7

1 . N .
—251’1(2) + W tr E[\I/T’1(21+ \IJTJ)_I\I/Ll(Z] + \I/TJ)_I]

1
N2T?

Q

= —z€1,(2) + D tr B[S) Sea(2] + Wpy) Wy (2 4 W) 7
t

= —z2€,(2) + tr B[S Spr (2] + W) "0y (21 + W) 7]

N2T

tr B[(2I + Urp0) 1S Sen (21 + W) 710y ]

—2811(2) +
—2611(2)
NiT 0 B[(2] 4 U ) 8L (T 4+ 601 (2) ) NI+ 601 (2) ) S (o] + W) 10 )
—2611(2)

1

+ W tr E[(I + 51,1(,2) 2)725151,1(2[ + \i’Tyl)il\I’Ll(ZI + @T’Lt)ilséhl]

~24(2) + 5 BT+ 6(2) ) SRaCe)

N2T

Q

(164)
By (124),
—m(—z;c1) +2m/(=z;¢1) = ¢ N tr((I 4 £1(2)8) 7?8)€14(2) (165)
so that

—m(—z;c1) + z2m/(—z;¢1) ~

ECTCIE o

§11(2) = —261,(2) +
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and the claim follows. The proof of Lemma 16 is complete.
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Dealing with Term?2 in (156) Now, by (157),

Term2 ~ P~ lb —tI‘ E[\Ifl 1<ZI—|— \I/T 1) 1521’15151’2522725152,1(21+ ‘i/Tyl)il]

N2
= P~ 1b mtr E[St%l(ZI—{— \i’T71)_1\I/171(Z[—|- \i/TJ)_lS;hlStthéQ’Q]
~ P~'b, ﬁ tr E[(1 + &1(2) 2) 7 S (2] + Urpy,) !

X Uy (2] + W) 780 (1 + &1 (2) 2) 1S 25, )

~ P7'b, mtrE’[([—i—fm(Z‘) ) Sk

. 1 .
X ((21+ Uritt) NT(ZI+ Urii)” NS (I + & () B) S (2] + ‘I’T,l,tl,tz)_1>

NT
St +¢&, 1( ) X) 7Sy, 250, 0]

— ply,— i trE[(I—I—fu( )2) " Sk

R 1 . .
X Wy, ((21 F Upi) = o (B W 4,) T S (T + &1 (2) B) S, (2] + ‘I’T,Ltl,tz)_l>

. 1 . .
X ((ZI + Upy,) " — W(Zf + Uri) Sy (T4 E11(2) )18 1 (2 + ‘I’T,l,tl,tz)_1>

NT
St +¢&, 1( ) X) 7Sy, 250, 0]

= P 'p, mtrE[(IJrgm(z) ¥) 1S

R 1 . .
X Wy, ((21 F Upi) = o (B W 4,) 7 S (T + &1 (2) B) S, (2] + ‘I’T,Ltl,tz)_l>

X <<ZI+ \ijT,l,tl,tg)_l\Ile(Z] + \ijT,l,thtz)_l
1
NT

R 1 R .
— (2] + Wi 00) 0 1NT(Z[ F Uri ) S (T4 &1(2) )7 Sty 1 (21 + Wy 4,)

ZI + \IjTl 1 tz) St/l,l(] -+ 51}1(2) 2)_1515171(2:[ —+ ijT,l,tl,tg)_lWl,l

(2L 4+ U1 4y,) " S (4 €1 (2) D) T S 1 (2T + W) W (2] + W)

NT(

1 .
NT(ZI + Uria0)  Sp (T + &1 (2) B) 1Sy (2] + ‘I’T,l,tl,tz)1>

St +&1(2)2) 715y, 25, ]
= Term?2l1 + Term22 + Term23 + Term24 .
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(167)
We have
E[P7'5,1Q8;,5] = P E[tr[QUs,]]S (168)

and therefore

1
Term21 = P_lb*m tr E[(I + &11(2) 2) 'S

X ((ZI F Ur1g) W (2] + ‘i’T,l,tl,tz)_1> St +€11(2)2) 718, 257, 5
(169)

1 /
— p*lb*m tr E[(I + &11(2) 2)*15%1@5@,2]

_ b,ﬁ (I 4 &1(2) ) 'SP E[tr(QUs )]

where
Q B ((ZI + ‘i/TJ,tl’t?)_l\IlLl(Z] + \PT’LH,Q)_I> 51:1,1(] + 5171(2) Z)_lsthg

and hence

PE[trQU,y,] = P 'trE] ((Z[ U, ,) " 0 (2] + @T,l,tl,tz)*) SiaI 4+ €11(2)2) 718, 2]
— P trE[S,, Vs, ((z[ Uy, ,) 0 (2] + @T,l,tl,t2)1> S (I +&1(2) D)7

— P tr E[W 5,0y, ((z[ Uy, ,) 0 (2] + @T,l,t17t2)1> Jtr(S(I 4 &1(2) B) ™)
(170)
Thus,
Term?21

1 —15\2
= bez (t0[(7 + €11(2) 2)7'3)) (171)

X P_l tr E[\I/LQ\IJQJ ((Z[ + \i/T,l,tl,tg)_lqll,l(ZI + @T,l,t1,t2)_1>] .

90



Proceeding to the next term, we get

Term?22

1
= Pilb*m trE[(I‘i‘gl’l(Z) Z)ilst%l

1 . N N
X < — W(ZI + ‘IJT,Ltl’tz)ilS;hl(I + 5171(2) 2)71515171(21 + \I/T71,t17t2)71\11171(2£] + \I[T,Lthtz)l)

St +€11(2)2) 718, 257, 5

(172)
We have
1 N .
WSHJ(ZI + ‘I’T,l,tl,tg)_l\l’l,l(ﬂ + ‘I’T,1,t1,t2)_1521,1
1 . R
— ﬁ tr E[\Ile(ZI + \IJT,l,tl,tz)illpl,l(Z[ —+ \IIT,l,tl,tz)il]E (173)
= §.(2) %
Therefore,
Term?22

_ 1 _
=P 1b*mtrE[(I+§u(z) ¥) 1Sk,

X <— (2] + Ur1000) 7Sy (T + &1 (2) Z)fw@“)) (1 +611(2)E) 715, 257, 5] (174

1
= —P b — tr E[(I + &1.1(2) 8) ' S,1275;, ]

N2
where we have defined

Zp = (2 + Uri )5S0 (T 4+ €01(2) £) 761 (2)2(T + E1(2) 2) 1Sy, 2 (175)
Using that

LStQ Z1S; 1 — L tr E[Uy 1 Z7]% (176)

NT ™ 2 NT ’
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for any bounded Z7,°? we get

Term?22
1 -
= —P 1b*m tr(([+€171(2) Z) 12)

X tr B | Wy (2] + ‘i’T,l,tl,tz)_lSélJ(I+51,1(Z) 2) L1 (2)D( + E14(2) B) 1S 0 a77)
1 _
= -P 1b*m tr((I 4+ &1(2) X))
Xt B | Sy, 01 (2] + Ui, 1) 7080 (T4 E01(2) £) &1 (2)D(1 + €11 (2) D)7
Using that
1 , 1
WStL?ZTStl,l — ﬁtr E[\I/LQZT]Z (178)
with
Zp = Voq(zl + ‘i’T,Ltl,tg)_l, (179)
we get
Term?22
_ 1 _
= —P 1b*mtr((1 +&1(2) X))
(180)

X tr B | tr(W, oWy (21 + @Tvl,tl,tg)—l)(l +&1.1(2) 2)—1571(@2(1 +&1(2) D)7

_ —b*ﬁa,l(z) (1 + E01(2) )" S)e o1 (2) tr[([ + €11 (2) ) 257

52While this argument formally works for bounded Zr, a standard truncation argument allows one to deal
with Z7 € Lo.
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Proceeding to the next term, we get®

Term23 —

1 N 1 .
- P_lb*ﬁ tr B[(I 4 &11(2) 2) 7" Siy ((21 + ‘I’T,l,tl,tz)_l‘l’l,lﬁ(ﬂ + ‘I’T,l,tl,tz)_l) Sty

(.

-~

4)5171(2)2
X (14 €11(2) B) ' Spa (2 4+ W gy4,) 7 S (T4 &11(2) £) 1Sy, 257, o]
1 ~
— —P’lb*ﬁfm(z) tr E[(I +&1(2) ) 'S + &.4(2) ) 7!
Ston (21 + U, 0,) St 1 (L + €11 (2) £) 718, 257, )

-~

= (W21 (I 0710 ,05) 18] (THE1,1(2) B) 7 1St 2)8

P (2) B+ 64a(2) ) S0+ 601(2) )8 tr(W (o 4+ B ,)

Stall +&11(2) B) 7S5, )]

= P B () (S E0a(2) B) ) tr Bl (o 4 ¥y )

Stall +€11(2) X) 7Sy, 0]

P B () R 601 (2) D))t Bl W (2] r01,) S (L 610(2) D)

~
—)tr(\Isz\Ing(ZI—&-‘IJT’lytlth)*l)E

= —Plb*ﬁé\l’l(Z) tr(ZQ(I + 51’1(,2) 2)72) tr(E(I + 5171(2) E)il) tr E[\I]LQ‘IIQJ(ZI + @T,l,tl,tg)il]

= Term?22.
(181)

53Convergence we use is in Ly and passing to the limit is justified because E[XrYr] — E[XY] when
)(’1“-))(7 Yr — Y in Ls.
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Finally,

1
Term24 = Pilb*m tr E[(I + &1(2) %) ' Stya

1 .
x <NT(Z[+ Ur ) S (L + 601 (2) 2) 7 S (2] + W)~ Wi
1 R
X N+ U)o (L4611 (2) 8) 1S (21 + ‘I’T,l,tl,tz)l>
St I +&1(2) )18y, 28], o]

182)
1 , _ (
= P*lb*mtrE[Sw(f+51,1(z) ¥) 'S0

1 .
<NT(Z[ + Uraaa) S (T4 00(2) 2) 7 S0 1 (2] + W, 1) W1

1 N .
X W(Zf + Ur14,) St (I +&1(2) B) 1S, (2] + ‘I’T,l,tl,tg)l>

Stall +&(2)2) 7Sy
We will need the following

Lemma 17 Suppose that S, = XY/2X,W/2. Then, under the ecomposition ¥'/? = (Q, Qs),
we have

E[S; 55117511 5:1]
= (tr8)* — (X)W 1 2V, + (tr X)Wy (Z + 2V, (183)
+tr(X?)((k — 2)Q% diag(Q12Q1) Q1 + tr(ZV1 1) Wy 1)

for any matrix Z.

Proof of Lemma 17. By linearity, it suffices to prove the formula for a rank-one matrix
= ('.°* Then, S, = LY2X, U2 and we will decompose ¥'/2 into (Q1,Qs), so that
Six = YY2X,Qy. Then,

E[Sé,zst,lﬁ’ylségst,l] = E[lexéthQﬁV/QiXt{EXth] (184)

Define § = Q15 and let us rotate X so that ¥ is a diagonal matrix, D. The rotated X is
denoted by X. Then,

E[Xz{DXtB/?/XL{DXt]khkz = E[ Z D;, D, Xi1,k1Xi1,l15l1’?l2Xi27l2Xi2J€2]'

11,i2,l1,l2

54Note that Corollary 7 is not applicable here.
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First we study the terms with i, # i5 :
Z Di1Di2 E[Z Xi1,k1Xi1,l1/8l15/l2Xi2, Xlz kg Z D11D126k17k‘2 - ((tr Z>2_tr(22)/8k1;§/k‘2
11#12 l1,l2 11712

At the same time,

Z D Z le lezl l16[17[2 XZQ k2]

i1=t9 l1,l2

depends on whether ki = k. If k1 = ko, then we have
Z D Z i1, kl)zvil,hBh:YZQXil,b] = tr<22)(’%6k17k1 + B/:}/)
i1=19 l1,l2

and if k; # ko then we need that ¢, 5 coincide with kq, ks, so that

Z D“ Z X“ le” 115l17l2 i2, lzXZQ kz =2 Z D 21 k1 ~7;21,k/‘2]/3k1;3/k2 = tr(EQ)(/ékl;?kQ_{_/Bk‘Q’?kl) :

’ilziQ ll l2 ’Ll 7,2

Thus,

E[X!DX,37 X!DX ],

= ((tr¥)* - tf(ZQ))B Are (5% BTy + BT ) (1 = Oty o) + (5% (KB, A + 5'7) 6k 1
= ((tI‘ E) tr(z2)) 3 7]62 + tr<22)<6k1:}/k2 + Bkzﬁ/kl)

+ () (5 = 2)Bi A + B'9) 0k ko
(185)

Thus, by formula (184), we get

B[S}551,187'S115i] = ((trX)* — tr(¥?) Q@187 Q1@
+ (tr 2%)(Q5Q187'Q1Q1 + Q1Q178'Q1Qs) (186)
+ (%) (5 — 2) Q5 diag(Br, 3, ) Q1 + (5'7)Q5Q1)

whereas '3 = F'Q1Q1vy. Now,

_ Q11 _ Q@12 172 _ Q11 Q12
@ = (Qm) @2 = (sz)’ v n (Q2,1 QQ,Q)

Thus,

Q0 @Q o0,
V= (Qi@i Qi@i) - (\Ifi,i w) (187)

and hence we get the required.
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U

We can thus apply Lemma 17 and integrate over S;,°°. We first need to re-define S, =
(I +&.1(2) X)7Y/2S, and then apply Lemma 17 to these signals. This gives

B[S}, o(I+&.1(2)5) ' Spun

1 N
<NT(ZI +Wr6) S+ 60(2) 8) S (2] + U, ) W

1
NT(ZI + Ur10) S0 (L + €11(2) B) 7 S|t

= E[S£2,25t271
) A o A y (188)
W(Z] +Uri1,) Stl,lstl,l(ZI +Urin6) Vi

*NT
(

1 ~ A~
— (=l + \Ile tita) 1) 522,1St2,1|5t1]

r[(1 4 €11(2) B) 78] + tr((1 + &11(2) ) 728%) Wy 1 207

(t
tr((1 4 &11(2) ) 728%) tr(Z2%11)Way + O(|k — 2|) Q5 diag(Q1Z2Q1) Q1

NC!‘I 1,t2 11,1 1, s 4,01,02 NC!‘I s 4,01,02

Now, everything reduces to computing two expectations:

Expectationl = P~ 'tr E[Uy, 20, (2] + \TJT,Ltl’tQ)_lS';hlS’thg] (189)
and

Expectation2 = P~ 'tr E[Uq, tr(ZV,)(2] + @T,l,tl,tg)_lgél,lgtlg] (190)
and

Expectationd = P~ 'tr E[Q), diag(Q,1Z2Q})Q1(zI + \iJTJ,tl,tQ)_lg;hlS'thg} (191)

For Expectation2, we have

Expectation2 = P~ tr B[y, tr(Z2V1)(2] + Ur1400) St 150 2]

. . 5 (192)
== P_l tr E[Stl’g\lfg,l(Z] + \IITJ’tth)_lS;Ll tl"(Z\I’L1>]

We will now show that Fxpectation2 converges to zero. Since the proof can be done element-

5Using the fact that S;, and S;, are independent.
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by-element, it suffices to consider the case N = 1. In this case, we know that the quantities

NTStl oWoq (2] + ‘I’Tl tids) 15'2171

and

1 - A A - _ - _
Wtr ((ZI + Wity 1,) 1521,15151,1(2[ + Wiy t0) 1\1’1,1(21—1‘ Uriits) 1)

(193)

1 . . - . B . .
= ﬁtr <St1,1(Z[ F Wrise)  Wra (2l + Vry g ) 4 Vrag ) 1521,1>

both converge to finite numbers in L. Thus, when multiplied by P~!, the expectation of the
product of these two quantities converges to zero. Thus, Expectation2 converges to zero.
To compute Expectationl, we use

Ezxpectationl = P~ 'tr I\ CEVAURICI RS \TJT,Ltth)_lS';hlS'thg]

= P_l tr E[g,ilggthl(z]—f— @T,l,tl,tg)_l‘ljl,lzllplﬂ]
= Pil tr E[S'éﬂgthl(zf + \iJTJ,tl’tQ)il‘I/l’l (194)

1 A 1
(2] +Vri6,)" 521 St1 1~

X ((ZI + \i[T,l,tl,tQ) lpl INT NT

(21 + \ijTJ,tl,tQ)_l) Uy o]

By Lemma 17 and get

E[S;l 2§t1 I(Z] + \i’T,l,tl,tQ)il\Ijl’l

1 . .
(ZI + \I/Tl 1, t2> \Ifl INT (Z] —+ qul H tz) 15';1 1St1’1] (195)
= ((tr[(J + &1 (2) D) '8N+ tr((1 + &11(2) ) 728%) Wy 1 207
tr(([ —|— 51’1( ) E) 222)) tI‘(Z\IJLl)\IfQJ
where
. . . 1 .
Z = (21+ \IIT,l,tl,m)il‘Ijl,l(Z[ F+Uri44,) 'y, 1NT(ZI + \DT,l,tl,tg)il (196)

Therefore,
Empectationl = Pil tr E[ <((tr[([ + 5171(2) 2)712])2 + tr(([ + 5171(2) E>7222)>\P2,1ZA\I}171

A 1 A
+ tr(([ + gl,l (Z) 2)7222)) tr(Z\IlLl)\IlQJ) W(Z[ + \I’T?Ltl,h)ilq]l’g]

(197)
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First, tr(Z WUy 1) converges to a finite, non-random number, and hence the second term in
this expression converges to zero. Second, the first term also converges to zero by a similar
argument, due to the P~'(NT)~? factor.

A slightly more tedious argument implies an analogous result for Fxpectation3.

Thus, T'erm24 converges to zero. The proof of Lemma 15 is complete.

The proof of Lemma 14 is complete.

I Computing Second Moment V of the Efficient Portfolio

We will need the following
Lemma 18 Suppose that S, = XY2X,W'/2. Then, under the decomposition V'/? = (Q1, Qs),

E[S,58:1Z5,15:2]
= (tr8)* — (X)) 1 2V, 5 + (tr X)Wy (Z + Z' )0y, (198)
+tr(X?)((r — 2)Q% diag(Q12Q1) Qs + tr(ZV1 1) ¥y 5)

for any matriz Z.

Proof of Lemma 18. By linearity, it suffices to prove the formula for a rank-one matrix
A = p4'% Then, S, = ZY2X,U1/2 and we will decompose ¥'/2 into (Q1,Qs), so that
Six = 2Y2X,Qy. Then,

E[S550187'8;182] = E[Q) X{XX,Q187 Q1 X{X X, Qo] (199)

Define 3 = (15 and let us rotate X so that X is a diagonal matrix, D. The rotated X is
denoted by X. Then, using formula (185), we get

E[S] 55118751 15k2] = ((trX)* — tr(X?))Q5Q167' Q1 Q2
+ (tr 2)4(Q5Q187'Q1Q: + Q5Q178'Q1Qs) (200)
+t2(3%) ((k — 2)Q) diag (B, Y, ) Q2 + (B'7)Q4Q2)

whereas /7 = F'Q Q1. Now,
_ Ql»l _ QL2 1/2 _ Ql,l Q1,2
9= <Q2,l)’ 02 = <Q2,2>’ = <Q2,1 Qm)
Thus,

Q0 Q@) _ (v
V= (Q’zd Qi@z) - (miﬁ w”) (201)

56Note that Corollary 7 is not applicable here.

98



and hence we get the required.

O

As above, all expectations in this section are conditional on BA . We have since ;65 — 0
in probability that

E[(R?+1)2] = E[Bisg,lRtHR;HSt,lBl] = E[3152,1((St,1ﬂ1 + S1202) (St 01 4 St262) + [)St,lgl]
— B[3S, Reii Ry 150101 = E[BS;1(Si18181Si1 + Si2B28S1 5 + 1) Sea ]

— t1(2) B[B101151] + E[B1S; 18181815, 1S6:151] + PU0.E[B1S, 1512525151
= L + Term2 + Term3.

(202)
Recall that we are using the notation
1 I
U, — / Py xP
Uy = ﬁ;SmSt e RP*P, (203)
and we decompose
U = gy + Upy (204)
1.0.1 Term3
We have
Term3 = P'b,E[B1S; 15125, 55:151]
= P_lb* tI‘E[(\iJTB + qT)/(ZI+\i/TJ)_lS;lSt,QSLQSM(Z]+@T’1)_1(@T6 + QT)] (205)

= P tr B[S 5801 (2] + Ur0) ' (UrB + ar)(UrB + qr) (2] + Ury)'S] 1S,
— P_lb* tr E[Sg’QStJ(ZI + i’T,l)_l(@TﬁB,@T + (NT)_I\PTJ)(Z] + \:A[/TJ)_ISLISLQ]

in probability by (148). By Lemma 18, we get

Term3 — P71(trX)? + t1(3?)) tr(Z7 V1 2Uy )

P (5?) tr((s — 2)Q) diag(@Z0Q0)Q) + P (5 tr(Zy ) () )
with

Zy = (21 + V1) (UrBB Yy + (NT) Uy ) (21 + U) 7 (207)
Thus,

tr(Zr W) = tr((z] + Urg) " (PrB8' Wy + (NT) W) (2 + Upp) 01 y) (208)

= L/tr(Y)
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by (147). At the same time,
P (Zp 0 50s,) — b P 2 tr(Wh (2] + U)Wy 0 Wy g (21 + Uy ) 107
+ P UNT)  tr((2] + V) (Wpg + 21 — 20) (2] + Wpp) 7 0 5,0y ) (209)
— P 'b.e” 52,1(2) + P &a(2) — zégjl(z)) — 0.
where
E21(2) = Hm(NT) " tr(Wp (2D + Wy )" W0 oWy (21 + Uy )~ g)
Similarly,

P~ r(22) tr((k — 2)Q) diag(Qy (21 + Wipy) (P WU + (NT) ™ W) (2] + Ury)"HQ,) Qo)
< KP 't (Z7) — 0

(210)
Thus, we get
Term3 — b, tr(X?) tr(Vy) P1L/ t1(X) (211)
1.0.2 Term?2

By a slight modification of Lemma 18,

E[S£,1St,151515£,15t,1]
= ((tr2)? + te(S)) W11 518 W11 + tr(22) (5 — 2)W, diag(Wy 2580 D)0 + tr(B18 W 1) W)

~ ((tr2)? + te(E))W1 1 S8 W, + (22 (5 — 2007 diag(0y 818,97 D) 0T + bue L ertp 1 (q) )
(212)
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and therefore
E(BS, 1S:18151S:1S:.151]
= tr E[((tr X)* + tr(2?) W11 88V,
+ tr(X?)((k — 2)‘1’},/12 diag(0}/2 6,8, ¥ 1/2) 1/2 + b e (@) W) B3]

= trE| <((tr ) 4+ tr(XH) Uy 1 818,11
+tr(S2)((k — 2) 077 diag (0,7 31 80D 0VF + b e (g )‘1’1,1)) (213)
X (ZI+ \i/Tyl)_IOi/Tﬁ + QT)(@Tﬁ + QT)/(ZI+ \ilT,l)_l]

— tI’E[(((tIE)2+tr(22>>\111,15161‘111’1 + tr(22)b*c_101¢*71(q)\PLl)

X (21 + Upy) " (U1 518,00 + ‘ifT,zﬁﬂé‘i’/T,Q + (NT) W) (2 + Ugy) 7Y

= ((tr2)? + tr(Z*)T1 + ((tr 2)* + tr(T*) T2 + ((tr 2)* + tr(X?) T3

+ tr(52)bec  erthi 1 (@) T4 + t1(32)buc  e1tha 1 (@) T5 + tr(X)buc ' e190. 1 (q)T6
where we have used the fact that the cross-terms involving ;5 converge to zero and that
the kurtosis terms (those involving x — 2) also converge to zero.”

We now analyze each term separately. The first term in (213) gives

Tl = tr E[(ZI + ‘ifTJ)_l\I/l’lﬁlBi\I/Ll(ZI + @T71)_1\@T71ﬁﬁl\i’jﬂ’1]

= BBy Ur (2] + Up) 01181810 (2] + Vgy) W B1] (215)

= BB Uiz + Ur1) " 01iB1)7] = (bee er($nle) — 261" 611(2)))?

in probability by Proposition 14 because all variables are uniformly bounded because | ]|
stays bounded almost surely. Namely, first we notice that

A ~ 1 ~ ~
ﬁ/\I/TJ(ZI + \IJTJ)_l\I/ﬁ — b*M tr(\I/T,l(zI + \I’T71)_1\I/) — 0

57For example, defining 51 = \Ili{zﬁl and A = \IJ;}/Q\i/TJ(zI + \i/TJ)_l\I/%’/lz and assuming for simplicity
that \I/i}/2 is bounded, we get

tI‘E[ﬁi\ifT)l(ZI—F ‘i’TJ)_l\I/i/lz dlag( 1/26161 1/2) 1/2\I/(ZI+ \I/T 1) 1\11'1",161]

= E[B{Adiag(ﬁlﬁi)A’Bl] (214)
= B[ BiAi ;82 A ;Bi) = BID>_ B2A2,3% ~ P 2t E[AA] — 0
1,7,k i.j

because A is bounded.
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is probability. And second,
1 A A 1 . .
Ftr(\I’Tyl(Z[—{—\I/T’l)il\Il) = Etr((‘I’T’l—l-ZI—ZI)(Z[—{—\I/T’l)illp) — Cilcl(w*yl(Q)—ZCI1£1,1(2>)

almost surely by Proposition 14.
Then,

T2 = tr B[(2] + Upy) " 0018181 (21 + ®T71)_1®T,2B26;\11/T,2]
= PO, E[BV, (2] + \i’TJ)_l‘ifT,z\i’,T,g(Zf + ‘i/T,l)_l‘Pl,lﬁﬂ

_ N S (216)
— P20l tr B[y (2] + W) T WraWho(2d 4 W)~ Wy 4]
S ||\I/171||P_2bz tr E[\I/Ll(ZI‘i‘ \iIT,l)_lli}TQ\iﬂT,Q(ZI"}_ \i/TJ)_l] — 0
by Lemma 15. Then,
A A 1 -
T3 =1tr E[(ZI + \I]TJ)_I\DLlﬁlﬁi\I/Ll(ZI + \IIT,I)_IW\I/T,I]
(217)

~ 1 - N
= E[B1Y(2] + \DT,l)_lﬁquJ(Z'I + ‘I’T,l)_l‘lfl,lﬁl]
< b.K/(NT) —- 0

for some constant K because (21 + \TJTJ)_I and \I/il are uniformly bounded and where we
have used that

~ 1. A 1 S
(ZI—F\IJTJ) 1W\IIT,1(Z[+\IJT,1) 1 S ﬁ(Z[—i_\DT,l) 1

is the sense of positive semi-definite order.
Then,

T4=trE[(z] + ‘i’T,1)_1‘I’1,1(Zf + ‘i’T,1)_1‘i’T,15151¢’T,1]

. ; ; ; (218)
= E[f'Uri(=] + ‘I’T,1)_1\1’1,1(2’]+ ‘I’T,l)_l\l’T,lﬁ]

where
A A A A 1 A A A A
Bi\I}Tyl(ZI—F‘I/TJ)_I\I/Ll(Z[+\I’T’1)_1\I’T’1ﬁl — b*ﬁ tr(\I/TJ(ZI+‘1/T71)_1\I/1’1(Z[+\I’T’1)_1\I’T’1> — 0

in probability. Now, since the matrices \ifTJ and (21 + li’T,1)71

commute, we get
tr(\iJT71(z]+ @T,l)_l\plﬂ(zj—{' qu,l)_l\i]T,l) — tI‘(\I’Ll(Z’[—F \ifTJ)_z\i/%l) .
Using the identity

\i/?p’l = (\ijT,l + 21)? — 22(‘1’T,1 + 1) + 22,
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we get
1
P

1 R N
= ]_D tI‘(\Ill,l — 22\1[171(2,’] + \I/TJ)_I + 22\:[/171(21 + \I/TJ)_Q) .

tr(Uy g (21 4+ g 2(Upg 4 21)? — 22(Upy + 21) + 22))
(219)

By Proposition 14,
1 N
F tI‘(‘I/Ll(ZI + \I/T’l)il) — C;l 51’1(2) .
1

Then, standard arguments for analytic functions (£ 1(2) is analytic for z for Rz > 0)°® imply
that

1 ~
Ftr((quL\IfT,l)—?\Ifm) — —c & 4(2) (220)
1

Thus,

T4 = tr B[(2] + Upy) " W04 (21 + Wpp) " g, 51807

= BB g (el + Wry) Wy (2] + Ugy) " U B1]

~ boete Py (U — 220y (2] + W) 4 2200 (2] 4+ Ugy)72)

= b leha(q) — bu2ze e Py tr(Wy (21 + @Tyl)’l) + b e PU 2 tr(W g (2] + ‘i’T,1)72)
~ b e (o (q) — 226 €1 (2) — 226 1€ (2))

(221)
because
%ltr(\llm(zf+\i/@1)_1) S ele(z) (222)
implies
P%tr(qfl,l(zuxifm)?) L) (223)

58For analytic functions, uniform boundedness plus convergence on an open set implies converges of
derivatives by the Cauchy integral formula.
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Now, since 3285 ~ P~ p,«p,, we get by Lemma 15 that

T5=tr E[(z] + \iITJ)*l\IlLl(z[ + \ijT,l)ili[T,ZﬁQﬂé\ilgl“,Q]
— Pl Bl(2] 4+ Vg ) 0y (2] + ‘i’T,1)_1‘i’T,2‘i’/T,2]

U(}I?’z) b*%m S + &4 (2) £) 7 (224)
+b*%<tr[<z+&,l<z> £) 78] 6 (2)

2,56 () (T + 60(2) D)D) () (1 + 61,4 (2) 5)7257)

Finally,

1 . .
T = WtrE[(zl—i—\PTﬁ lI/(Z—,‘i‘\IIT,I)_I\I}TJ]

1 A .
- ﬁtr El(z] + Uy )T + W) N2 4+ Wy — 2T)]

~ (&a(2) + 2614 (2))

where we have used that

(225)

tr B[(2] + WUp1) 0] = trE[(z] + Wr1) 'O (2] + Upp) ]
Putting all the terms together, we finally get from (202) that
E[(R7.\)’ = L + Term2 + Term3
= L + tr(3) tr(Vy0) P1L/ tr(D)
TermSjbry (211)
+ ((trX)? + t2(E%)T1 + ((tr ) + tr(Z*) T2 + ((tr £)* + tr(X?))1'3
+ tr(22)bec erthe 1 (@) T4 + tr(32) b e1tha 1 (@) T5 + tr(X)buc L e19. 1 (q)T6

by (213)

= L + tr(Z?) tr(Vqo) P 1L/ tr(X)
(D) + 60(Z2) (e ea(n(g) — 267 €14(2)))?) (226)
()b ern () (buc T 1 () — 2267 60 (2) — 2261 (2)))
+ t1(S2)bye erthy 1 (q)A(2)
(e et () (10(2) + 260, (2))
= L£(2) + () tr(Van) P L)/ tr(E) + ((tr D)2 + tr(52))E(2)2
()b et (9)£(2) r(3)
(

—r z)( ttrrg)) . f) ((trD)? 4 tr(22)E(2)?
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J Proofs of Propositions 11, 12, 3, and 4

Proof. Proposition 11 follows directly from Lemma 11.
Proposition 12 follows directly from Lemma 14.
Proposition 3 follows directly from formula (226).
To prove Proposition 4, we notice that, under the made assumption, we have

tr(32?)
tr(X)

v (227)

For simplicity, we normalize tr(X) = 1. Then, defining k = 1 + b, tr(ZQ)M , we get that,

P
by (88),

26 — L = 2b,qu — qb,v + cqU'k

. . R . . . 228
= lim P~ 'tr ((Qb*qlll(zl + U —eq(1+ k)W (2] + )2 — b, U2 (2] + \If)‘Q)\If) (228)

Consider the function

f(z) = 2bx(z+2) ' —c(l+k)z(z+2)? —2* (2 +2) 2. (229)
for any x > 0. Then,

f'(z) = —2b2(z+2) 2+ 2c(1 + k)z(z +2)7 4+ 2b,2% (2 + 2) 3. (230)

Then, f'(z) = 0 is equivalent to —2b,x(z + x) + 2¢(1 + k)x + 2b,z*> = 0 implying that

2z = c(14+k)/bs (231)
Furthermore,
* 2 2 * * 1 * 2 * *
o) = bex? 4 2b,xz, — (1 + k)x _ b+ bz " (232)
(24 + )2 (z + x)? T+ 2z

implying that
2E(z) — L(20) = E(ze) = bav(zi)

Furthermore, we have that

52

= (233)
Similarly,

@) _ i (bug)(tx(¥ (I + V) 10))? (234)

L(z) gtr((c(1 + k)W + b,02) (21 + U)-20)
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Diagonalizing ¥ and defining a measure weighted by the eigenvalues of ¥, we can rewrite it
as

E[X(z+ X)"1?
= BllaX +bX2)(z + X))

f'(z) = < —2E[X (2 + X) NE[X (2 + X)?|E[(aX + bX?) (2 + X)7?]
(235)
+2B[X (2 + X) 'PE[(aX + bX?)(z + X)3]> JE[(aX +bX?) (2 + X) 7?2,

with a = ¢(1 + k),b = b,. Thus, f'(z) > 0 if and only if

ElX(z+ X)E[(aX + bX?) (2 4+ X) %] < E[X(z+ X)'|E[(aX +bX*)(z + X)77].
(236)

Changing the measure to X (z + X)™'/E[X(z + X)™!], we can rewrite it as
El(z+ X) E[(a+bX)(z+ X)™] < El(a+bX)(z+ X)?]. (237)

The function (z + X)™! is decreasing in X, while (a 4+ bX)(z + X)! is decreasing in X if
and only if z < a/b. Thus, f(z) is increasing for z < z, and decreasing otherwise. The proof
is complete.

To prove the virtue of complexity, we assume that the dispersion of eigenvalues of ¥ is
small and it remains to consider

V(Z*) = Q¢*,1_Z*C_1§<Z*;CQ) (238)
where
B 1 — zm(—2;cq) B (cq)”!
N o ey e ey B (o oy Gy eryer R

Theorem 13 implies

Zm(_z):/m( 2dH (z)

l—c+eczm)+2z’
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and, hence,
m(—zc)=(1-c)z™t + em(—z¢), (240)
is the unique positive solution to

- [astnmane

Furthermore,

V(z) = qur — b E(c/buycq) = ¢ Heqnn — 28(2 cq))

Thus, our goal is to show that

ey — 2§(z;0)

is monotone increasing in ¢ for any z > 0. We have

e 14 _
B (1—c)zt4+em m
and hence we need
1
f(c) = Cw*,l - %
to be monotone increasing in c. That is, we need the inequality
i’ (c)
Fle) = vt T > 0, (242)
We have
(—mz — (c — D)m/(c)z)m(1 + mzx) — (1 — (¢ — 1)max)(m/ (1 + mx) + mm'z)
0= — - dH (x)
m2(1 4+ max)?
(243)
so that
__ ( zdH(z)
m'(c) = _ Lt (244)
c—1)am(1+mz)+(1— clmlemx )
e e

We start with the observation that the denominator in this fraction is always non-negative.
Indeed, (241) implies that

mxdH (z
-1 —z. 24
(c=1) / m(1 —l— ma) : (245)

m 1+mx
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Multiplying by m > 0, we get that

(c—l)/M :/(dﬂi—zm (246)

(1 +max) 1 + mx)
which implies

(mx)*dH(x) ma(—1+ 14 mx)dH (x)
e [ Gy = [
_ (@) gy [medH )
= / 1+ ) (e—1) / (1 + )’ (247)

B _ (14 (2 —c)mx)dH(z)
- et / (1+ maz)?

Thus,

/ (c—Dam(1+mz)+ (1 — (¢ — 1)mz)(1 + 2mzx)
m2(1 + max)?

dH (z)

_ / —(c— 1)((1xfi~n$21 + Qﬁde(x) (248)
L cmxdH ()
- / (1 + ma)?

so that (242) is equivalent to

[ (zﬁz o f ﬁ) > [ (249)

It is straightforward to show that this inequality holds as identify in the limit as ¢ — oo.
We can rewrite

madH(z) dH (x) -
(c—l)/m = /m—zm. (250)
c—1+zm—c/%zo. (251)

Lemma 19 The function 1/m(c) is monotone increasing and

When ¢ — oo, m — 0 and we get

1—c ' + clam— /(1 — i +m’e*)dH(z) ~ 0. (252)
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Furthermore, optimal z = cy for some y > 0. Substituting m = ac™! + bc™2 gives

—c ' + ¢ tycac™t + Elr)(act + be™?) — E[z*]a’c? = 0 (253)
implying

a=(E[z]+y)",
and

Elz]b - El2*|(Elz] +y)™* = 0

so that

/de(x) (zm + /%) —/%
— Ez] (z(ac_l +bc?) + /c(ac—1 + b )z (1 — 2ma — (max)® + 4(mx)2))

_ / rdH (z)(1 — mz + (7)) + O(c™)

= Elx] (cy( b ?) + /(a +be N (2 —2(act + be )2 + 3(6101)25’73)) (254)

—/dH L be )2+ (ach)?2?) + O(c7?)

= Elz]byc™? —l—bE[:L‘]2 -1 2E[ ] 2 E2?) +ac B[] + O(c7?)

= E[2]E[2*|Elz]” 1( [2] +y)Pye ' + E[2®] B[] (Elx] +y) P Elz]*c™
— 2B[z)(Ez] +y) e 1E[9€2]+(E[ J+y) e Bl + O(c?)
__2E[%y

CEEr

K Recovering b,

Propositions 10 and 4 make concrete predictions about the behavior of out of sample Sharpe
ratios and R%. Testing these predictions would require estimating three objects: m(—z;c)
(the eigenvalue distribution of W), mys(—2) (the eigenvalue distribution of ) and, most
importantly, the parameter b, capturing the amount of predictability. In this Section, we use
random matrix theory to develop estimators for this important parameter and then study its
dynamics over time. For simplicity, we only consider the case of a correctly specified model,
assuming that ¢ = 1.
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We start with the following result.

Proposition 15 Consider the expected return on the in-sample timing strategy: Estimate B
using (S, Ret1)i<T, and then compute ZtT:1 B'S;Riy1. Then,

T
lim (NT)'E[)_ #'S; Ry

PT—oo
t=1

= E(2z; )N (S(1 +€(250)%) 7
overfit;igg noise

(255)

+ b. <¢*,1§(Z; N tr(ZH(I + &(2:0)) )

over fit to in—sample signals
(DN (e — 2z c>>>

Formula (255) implies that b, can be recovered from the in-sample performance of the
timing strategy. To proceed further, we need to discuss how we estimate ¥ and W.
Our first observation is that

L1
Y=rs Zt: 518! =7 posoo Sthey (256)

in probability. Our second observation is that, by definition, m(—z;c) = P~ tr((21 + \if)_l)
converges to m(—z;¢) in probability, where

. 1
U= ﬁ;s;st. (257)

Our next observation is that, by (256), the unique solution £(z) to
1—zm(—z¢) = ¢ '"NTYN —tr((I +£(2)2)7Y) (258)

converges to £(z) /1, 1 in probability. By formula (90) (assuming a correctly specified model,
so that ¢ = 1), we have

~

E(zic) = btr(D)w(zi¢) = by tr(D)(We1—2E(2)) & bytr(D)eh1(1—26(2)) ~ by tr(X)(1—2E(2))
(259)
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Similarly, formula (255) the in-sample expected return is given by converges to

T
T B B SiRu]

t=1

~ &(2) tr(X (1+5() )
+ tr(X)bi(Yu1 — ¢ 2E(2

) + bt 1 &(2) (S 4+ £(2)%) )
)

. . (260)
~ =) (2 +E(2)8) )
zntmnszc over fit
+ b, <£(z) tr(X2(1 4+ £(2))71) + tr(2)(1 — zclé<z))> :
and we arrive at the following result.
Proposition 16 Given any grid of z parameters, both
R -1 _ - -1
i inSampie) = L3~ T T B SRt — )0+ )
len(grid) £ &(2) tr(S2(I +£(2)D)71) + tr(2)(1 — z¢71¢(2))
(261)
and
. 'R
b.(grid; 00S) = Z Toos ZEOOS”( #) R (262)
len gmd e (1 — zc—lf( ))

are unbiased estimators of by.

Proof of Proposition 255. We have
B = (z[+ \If ZS/Rt+1

We have by symmetry over ¢ and the fact that Ep|[Ryi 1 Ryiq] = SrBB' Sy + I that

T
(NT)'E[>_ B'S;Ri11]
t=1
— N 'E[F'S,Ryi]
= N7'E[Rj, Sp(z] + W)~ ZSRtH

= N Y (NT) 'tr B[Rrs1 Ry Sr(21 + \If) 18] + N72(1 = T YE[Ry,Sr(2I + U)7'S/Ry 1]
= (N*T) "' tr B[(SpB'Sp + 1)Sr(z1 + W) 7'S7] + N72(1 = T E[3'Sp.Sr(=1 + ¥)7'55,5]
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(263)

for any ¢t # T. We have by the Woodbury matrix identity

~ ~ 1 ~ 1 A A
(2I+Up) ™t = (2I4+Tpy,) "' — ﬁ(szL\IJT,t)—ks*lg(HﬁSt(zl+\I/T,t)‘IS;)‘1St(zI+\IfT,t)‘1
(264)

Furthermore, by Lemma 9,

1 T !
CT = Wst(Z[—i—\IfT,t)ilSt — fT(Z>E

in probability. Thus, using the fact that
E[SrXSy] = Ttr(VX)

for any X independent of St , we get
(NT)"'tr E[Sy(2I + Up) 1Sy
~ (NT) ' tr E[Sr((2] + Vrp)™

1 A 1 - .
— W(ZI -+ \I/T,T)_IS%(] + WST(ZI—F \I/T7T)_IS%)_IST(Z]+ \I/T’T)_I)Sf}]

~ () (D) — trE[ST%(zI + W) SR+ Cr) 1 O]
~ E(2) tr(2) = €(2) tr(B(] + Cr) 7 Cr)
~ E(2)tr(2(] + §(z)§])_1) .

Then, we have

(265)

(NT) tr E[Sr S8 SySt (2] + Wp) 180 ]
~ (NT) ' tr E[SpB6'SySp((2] + Upp)™
1 A , 1 = _ 7\ — T — /
- W(Z[ + ‘I]T,T)_lsT(I + WST(ZI—F \IJTyT) 1ST) 1ST(ZI+ \IJT7T) I)ST] (266)
= (NT) " tr B[Sy 88 SpSr(2I + Wipp) 185
— (NT) ' tr E[SpB8'SySp (2] 4+ Wy ) LS5 (I + Cp) 1 Cp
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By Lemma 9, (NT) 'Sy (21 + Ur.p) 1S5 ~ £(2)2% and hence

(NT) tr E[Sr BB ShSq (2] + Up) 180 ]

~ tr E[SrBB'SrEl¢(2)

— tr B[SpB8"SyCr(I + Cr)~'Cr]

= tr E[#'S;XSr0)¢(z) (267)

— tr B[3'S5Cr(I + Cr) "' Cr Sy

~ b €(2)(tr(3%) — (276 (2) (1 + €(2)2) 7))

= buha€(2) (23 (1 + €(2)%) )
Similarly, since (I+C7) 'Cr — (I+£(2)2)'€(2)2 in probability and is uniformly bounded,
the last term in (263) satisfies

N72E[8'S5.Sr(2] + W) ~15!8,4]

= NE[B'SpSr((2] + Wpy) ™!

1 A ’ 1 2 —1 o\ — T — !
— W(Z[ -+ ‘I]Tyt)_lst(l“_ ﬁst(Z[—i— \IJT7t) 1St) 1St<ZI+ \IIT,t) I)Ststﬂ]

~ N72E[B'SySr(2] + Upy) 71808, A]

— N2E[B'SESr(2] + Uy y)"LSI(I 4 Cp) L OpS, ]

~ N2E[F'SpSr(z] 4 Wp,) "W tr(2) 5]

— N2E[B'SpSr(2] + Wry) U] tr(S(1 +£(2)8) ¢(2)%) .

(268)

Furthermore, by Woodbury matrix identity and the same argument as above,

N72E[B'S).Sr (2] + Upy) " W tr(X) 5]
= NﬁQE[ﬁIS%ST((Z[ + ‘ifT,tT)il

1 A 1 N .
— W(Z[ + W) NSH(T + WST(ZI + Uy r) S TS (2T 4 Uy ) T W (E) ]

= N2E[8'S580 (2] 4+ Wpy ) W tr(2) 5]
— NZE[B'SpCr(I + Cr) 7' Sp(2] + Ury ) " W tr(S) ]
~ (tr(S/N))E[BY (2] + Uy, ) 04
— E[B'U (2] + Uy )"0 tr(2)BIN 2 tr(2) tr(S(1 + £(2)T) E(2)X)
(269)

59Formally, since ~we only impose conditions on four moments of X, we need to integrate
E[StBB'SySt(21 + V1)~ 1S%] over St to verify the eligibility of this argument. This is straightforward:
Forth order moments appear, but they are asymptotically negligible.
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Thus, it remains to compute
EIBU(2] + Uy, ) 0 tr(2)8] = b P tr E[U (2] 4+ gy p) 0] (270)

We have by the Woodbury matrix identity

A A 1 A 1 A A
(Z[+‘1/T>_1 = (Z[+\I/T7t)_1 — ﬁ(Z[+\IIT7t)_ISt/(I+WSt(ZI—F\I}T,t)_ISQ_ISt(ZI—i‘\I’T’t)_l

(271)
and therefore
o1 = P7Hr(W) = P Utr E[(z] + Ug) (2] + V7))
= ¢ '2(z) + P %trE 2T+ WUg)~ ZS/St
= ¢ 26(2) + PN Y E[(2] + ¥p)” 1S£St ]
(272)

= c'2¢(2) + P_IN_ltrE[<(zI—|—\i/T’t)_1

1 1 A N
— W(ZI + \Ith) ISI{(I—’— Wst(zf—l— \I/T,t)_ISQ_ISt(zI—I— ‘IIT,t)_1> S;St\lf]

By Lemma 9,
1 o
CT = ﬁSt(zI—l—\IfT,t)*lS; — fT(Z>E

in probability. Therefore, by a standard argument based on the Lebesgue dominated con-
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vergence theorem implies that
1/}*,1

~ cl28(2) + PlNltrE[<(zI—i—\ilT7t)1

1 - R
— 7L+ Ur) ST+ Cr) 7 Su(=T + %)1) S

= ¢ 26(2) + PN E[(2] 4+ Upy)71S)S, 0]

— PIN"Yr E[(2] + Up,)LSI(I 4 Cp) L Cr S, 0] (273)
= ¢ 26(2) + PN E[(2] + Upy) " 02 tr(D)]

— PTIN"Yr B[S, U (2] + Ugy)"LSI(I + Cp) O]

— ¢ 26(2) + POINT r E[(2] 4 Ury) " 02 tr(D)]

— PN e B[S tr(W2 (2] 4 Wpy) (I 4 Cp) 207

~ ¢ 26(2) + PTINTUr Bl(2] + Upy) N0 tr(D)]

— N (ST 4 £(2)8) 2 (2)2) P Etr (2 (2] + Upy) )],

where we have used that
E[S; XS]] = Ytr(¥X)

for any matrix X independent of Sy, and the fact that (I + C7)~'Cr is uniformly bounded.
Solving this gives us

@ZJ*,l - 07125(3)

i PREL(V T+ 90 ] = Nomm ema e ey O

which is equivalent to

w*,l B Cilz‘f(z

N-1tr(E(I 4+ £(2)X)71)) (275)

lim P! Eftr (W2 (21 + \i/T,t)_l)] =

Summarizing, we get

(NT)' B[S 85| Ri]

= (N?T) " tr B[(SpBB'Sy + I)Sp(2] +W)71SL] + N72(1 — T YE[B'SpSr(2I + W) 715.8,5]
~ ()N (ST +E(2)X)7Y) + bbb 1 EE)N (23T + £(2)2) 7

o1 —c126(2)
“N-Ltr(Z(I +£(2)2)7Y))

+ tr(S/N) tr(S(1 4+ €(2)X)H/N)b
(276)
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L Dealing with High-Dimensional Features

Suppose we have a have a high dimensional feature matrix S € R?*? where P is much larger
than 7". Our goal is to compute

B(z) = (8'S)T + 2I)'S"y. (277)
We start with the observation that

T7'SSv = \v (278)
implies

T715'8Sv = AS"v (279)
and

|Sv|]? = v'SSv = TA. (280)
Thus, if

T-'SS' =vDV’ (281)
we have

T-'8'S = UDU’ (282)
where

U=SVD 212 (283)

and the quasi-inverse will be
(T7YS'S +2I) P =U(D + 2I)"'U' = S'VDV2T-V2(D 4 21T~ Y2D12V'S (284)
and we need
(T718'S + 21)71S'y = S'VD™V2T=YV2(D 4 21)'T- /2 D~12y" 58"y
= 5Q
Q = V(D+:2D)'DW'(SS'/T)y = V(D+zI)'D'WV'VDV'y = V(D +zI)"'V'y
(285)

Now, we have our algorithm. Suppose we have that S = (54, ..., Sx) comes in K blocks,
each block being T x P; where P is small.

Required: shared object U € RT*T,

For parallel loop through £k =1,--- | K:
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Generate Si. Compute S;S), € RT™>7. Add it to ¥
Get the eigenvalue decomposition of the small matrix ¥ = S5’ = VDV".
Now we compute

Q=VDY*D+ "D ?V'(SS)y € RT

[Now comes the cost. We need to repeat this loop one more time.]

For parallel loop through £k =1,--- | K:

Generate Sy. compute g = S,Q € R [and its number k!!l This is important we need to
keep track of the identity].

Stack g in one vector. We are done.

M Inverting and Eigen-Decomposing the giant Matrix

So, we are buildling

k K
Uy = Y SpS, U=59=> 8.5 (286)
k=1 k=1
The key insight is the identity
Uy = U + S5, (287)
now, let
v, = VDV (288)

where V, € RT*" where v is the number of top eigenvalues we keep, and D € R"*" is
diagonal. Then, V[V, = I, and

ViVeVie = ViUV + ViSiSiVi = D+ ViSkSiVi (289)

Now, we do the eigenvalue decomposition of D + V//Sy.S; Vi, and this gives us Ay (k), - -+, A\, (k).
Now, we do the orthogonal complement

=ViV) Ui (I=ViVy) = (I=ViVOViDVi(I=ViVy) + (I=ViVi)SuSi(I=ViVy) = (I=ViVi)SkSp(I-Vi!
(290)

Note however that S € Rt where P, is small and hence we can rather work with
[y = S(I=ViVi)(I = ViVi)Se = Sp(I = ViVy)Sk (291)

It is a small P, x P, matrix, whose eigenvalues p,--- ,up, are trivial to compute. The
corresponding eigenvector matrix is W € R”*™ " and then defining Sy = (I — V;V/) Sk, we
get defining D =diag of eigenvalues of I'y, we get

Wy = (292)
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We will also use the Using the Woodbury matrix identity, we get
(U1 +2)" = (Wp+zD)™ — (Upt2D) P Sp(T+S) (U4 21) 71 S) 1S, (Ug+21) 71 (293)
Thus, eigenvalues solve
T+ Sp(U+20) " Sz = 0
for some x. Multiplying by S, we get
(I + SkSp(Tg +20) Ny =0

Thus, the matrix

N 2z and zx

TODO: Put here the grid of all z and the way we approximate z* in practice.

O Additional Results

In Tables 4 to 3, we show the performance of the benchmark models (Linear, EW) using
long-short deciles portfolio.

For both Linear and Compler models, we select the shrinkage parameters z ex-post by
selecting the one producing the highest Sharpe ratio for the H-L portfolio.

For all models m we show the average returns, SD, Sharpe ratio, and « and T-values

(T.,) of the following regression: R\™ = a + B R™ + By + R™

P Features Definition

In Table 12 we list all the stock-level signals used in the empirical section.
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Table 4: mega (please see definition at the beginning of the section. (part 1/2)

Low(L) 20 30 40 50 60 70 80 90 High(H) HL

Linear Avg 002 003 007 006 008 010 012 013 0.16 0.19 0.17
SD 0.62 062 062 063 062 062 065 066 0.67 0.69 0.48

SR 009 017 038 033 044 057 062 070 0.83 094 1.24

a 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00  0.00

T, 0.00 0.00 0.00 000 000 000 000 000 0.00 0.00  0.00

EW Avg  -0.00 0.00 0.0 0.01 0.01 001 001 001 0.01 0.0l 0.01
SD 0.06 006 005 005 005 005 004 004 0.04 0.04 0.05

SR -0.02 022 027 038 044 039 053 058 0.70 0.71  0.65

a 0.00 0.00 0.00 0.00 0.0 0.00 0.00 0.00 0.00 0.00  0.00

T, 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00  0.00

P=100 Avg 005 005 007 008 009 010 011 012 0.12 0.15 0.10
SD 064 063 063 063 060 064 063 066 0.66 0.70 0.53

SR 025 030 036 046 053 053 0.63 065 0.65 0.74  0.67

a 0.03 002 000 002 002 00l 00l 000 -0.02  -0.02 -0.04

T, 342 258 033 283 215 061 1.15 020 -213  -2.13 -2.22
P=1000 Avg  0.02 006 008 008 009 009 011 011 0.14 0.18 0.16
SD 0.63 062 062 061 062 062 064 065 0.69 0.70  0.50

SR 009 032 042 043 052 052 057 061 0.71 090 1.13

a 0.00 003 001 002 002 000 -0.00 -0.01 -0.01 0.00 0.03

T, 029 3.16 172 221 202 043 -009 -0.74 -1.26 048 1.92
P=2000 Avg 002 006 006 007 009 009 012 013 0.14 0.18 0.17
SD 0.63 062 0.62 060 062 062 064 067 0.68 0.70  0.52

SR 0.10 033 032 039 052 051 062 066 0.72 090 1.10

a 0.00 003 -0.00 001 002 000 00l 000 -0.01 0.01 0.02

T, 041 333 -0.62 136 203 018 1.0l 031 -1.05 057 1.61
P=5000 Avg 001 006 006 006 009 011 011 013 0.15 0.19 0.18
SD 065 0.61 062 061 062 063 063 068 0.68 0.72  0.58

SR 005 031 031 032 048 060 059 068 0.76 0.92 1.07

a 0.00 0.02 -0.01 -0.00 0.0l 0.02 000 001 -0.00 0.01  0.02

T, 048 290 -0.75 -0.06 1.08 208 020 0.72 -0.16 089 1.12




Table 5: mega (part 2/2)

Low(L) 2.0 3.0 4.0 5.0 6.0 70 8.0 9.0 High(H) H-L

P=10000 Avg 0.02 0.05 0.05 0.06 0.08 0.10 0.12 0.13 0.14 0.20 0.18
SD 0.64 0.63 0.62 0.60 0.60 0.63 0.63 0.68 0.68 0.72 0.54

SR 0.08 030 0.30 037 048 0.57 0.63 0.67 0.71 0.95 1.16

o 0.00 0.02 -0.01 0.01 0.01 0.01 0.01 0.00 -0.01 0.01 0.03

T, 0.13 253 -094 0.88 1.07 1.38 1.17 045 -1.30 1.43 2.20
P=20000 Avg 0.02 0.05 0.06 0.07 0.07 0.09 0.11 0.14 0.15 0.19 0.17
SD 0.64 0.62 0.63 0.60 0.61 0.61 0.63 0.67 0.68 0.72 0.54

SR 0.10 0.26 0.33 043 042 053 0.61 070 0.74 093 1.11

o 0.00 0.01 -0.00 0.02 -0.00 0.00 0.01 0.01 -0.01 0.01 0.03

T, 039 173 -029 219 -0.10 0.50 0.76 1.22 -0.67 1.06 1.74
P=50000 Avg 0.01 0.05 0.06 0.07 0.08 0.09 0.11 0.14 0.16 0.19 0.18
SD 0.65 0.62 0.62 0.60 0.60 0.63 0.64 0.66 0.69 0.72 0.55

SR 0.05 0.27v 035 043 044 050 059 071 0.78 092 1.14

o -0.01 0.02 0.00 0.02 0.00 0.00 0.00 0.01 0.00 0.01 0.03

T, -0.52 210 0.16 2.06 0.18 0.11 0.22 140 0.36 0.90 1.92
P=100000 Avg 0.01 0.05 0.06 0.07 0.08 0.09 0.11 0.13 0.15 0.19 0.18
SD 0.65 0.62 0.63 0.59 061 0.62 0.64 067 0.69 0.72 0.55

SR 0.06 0.26 036 0.40 046 0.53 0.57 0.69 0.78 0.94 1.16

o -0.00 0.01 0.00 0.01 0.01 0.01 -0.00 0.01 0.00 0.01 0.03

T, -0.37 179 0.26 155 0.64 0.61 -0.13 094 0.25 1.28 211
P=250000 Avg 0.01 0.04 0.07 0.06 0.09 0.10 0.10 0.13 0.16 0.19 0.18
SD 0.65 0.62 063 0.59 062 0.62 0.64 065 0.70 0.72 0.55

SR 0.07 0.23 038 0.34 050 055 055 071 0.78 093 1.13

o -0.00 0.01 0.01 0.00 0.01 0.01 -0.00 0.01 0.00 0.01 0.03

T, -0.26 1.18 0.88 0.20 149 093 -0.45 1.38 0.19 1.14 1.79




Table 6: large (part 1/2)

Low(L) 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 High(H) H-L

Linear  Avg 0.00 0.02 0.05 0.0r 008 0.11 0.12 0.13 0.16 0.19 0.19
SD 062 062 061 063 063 064 063 064 0.66 0.68 0.46

SR 0.00 0.10 0.29 039 042 059 064 070 0.83 098 1.44

o 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

T, 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

EW Avg -0.00 0.00 0.01 0.01 001 0.01 001 0.01 0.01 0.01 0.01
SD 0.08 0.07 0.06 0.05 0.05 005 0.05 0.05 0.05 0.04 0.05

SR -0.06 020 032 039 048 053 060 0.66 0.67 0.81 0.78

o 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

T, 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

P=100 Avg 0.03 0.06 0.0 0.08 007 0.09 010 0.13 0.13 0.17 0.14
SD 063 0.62 0.62 0.62 061 062 063 064 0.67 0.69 0.46

SR 0.17 027 037 046 042 050 055 0.69 0.67 0.87 1.09

o 0.03 0.03 0.01 0.02 -0.00 -0.01 -0.01 0.00 -0.02 -0.01 -0.01

T, 3.72 398 201 218 -0.17 -1.35 -1.53 0.59 -2.61 -1.24 -0.47
P=1000 Avg 0.01 0.04 0.05 0.07 009 009 011 0.12 0.15 0.19 0.17
SD 0.63 0.61 061 061 061 062 063 065 0.66 0.70 043

SR 0.06 022 026 042 049 052 060 065 0.81 0.92 1.40

o 0.01 0.02 -0.01 0.01 0.01 -0.01 -0.00 -0.00 0.01 -0.00  0.03

T, 142 292 -076 113 183 -0.75 -0.06 -0.59 1.04 -0.15  2.90
P=2000 Avg 0.01 0.04 0.05 0.06 0.08 011 011 0.13 0.14 0.20 0.19
SD 0.63 0.60 0.61 0.61 062 062 063 064 0.66 0.70  0.43

SR 0.06 0.20 028 037 045 059 060 069 0.75 097 1.51

Q 0.01 0.02 -0.00 -0.00 0.00 0.01 -0.00 0.00 -0.00 0.01 0.05

T, 1.28 232 -041 -0.18 0.72 092 -0.17 0.54 -0.56 1.18  4.17
P=5000 Avg 0.01 0.04 0.06 0.07 0.09 010 010 0.12 0.15 0.19 0.18
SD 062 0.61 0.60 0.61 061 062 063 064 0.66 0.70  0.39

SR 0.07 020 032 042 051 054 054 067 0.78 093 1.55

o 0.01 0.02 0.00 0.01 001 -0.00 -0.01 0.00 0.00 0.00 0.06

T, 1.58 238 0.68 1.04 210 -042 -1.68 0.16 0.36 0.26 5.16




Table 7: large (part 2/2)

Low(L) 2.0 3.0 4.0 5.0 6.0 70 8.0 9.0 High(H) H-L

P=10000 Avg 0.01 0.02 0.05 0.0 008 0.09 0.11 0.13 0.15 0.20 0.20
SD 0.64 0.60 0.60 0.61 0.61 0.61 0.63 064 0.67 0.72 0.46

SR 0.03 0.14 026 042 046 0.52 0.58 0.73 0.79 0.99 1.50

o 0.01 0.00 -0.00 0.01 0.01 -0.01 -0.01 0.01 0.00 0.01 0.05

T, 0.71 070 -0.73 1.22 1.06 -0.80 -0.76 1.52 0.46 1.57 4.07
P=20000 Avg 0.00 0.03 0.05 0.07 0.08 0.09 0.11 0.14 0.15 0.20 0.20
SD 0.64 061 059 0.62 0.61 0.62 0.63 064 0.67 0.71 045

SR 0.00 0.16 0.29 0.38 047 0.52 0.58 0.74 0.79 0.99 1.55

o -0.00 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.01 0.06

T, -0.04 123 0.07 0.06 115 -0.78 -0.73 1.83 0.54 1.60 4.64
P=50000 Avg 0.00 0.03 0.06 0.08 0.08 0.09 0.11 0.14 0.15 0.19 0.18
SD 0.63 0.60 0.60 0.60 0.60 0.61 0.63 0.65 0.67 0.71 0.40

SR 0.02 020 036 0.44 044 050 0.58 0.73 0.78 0.92 1.60

o 0.00 0.02 0.01 0.01 0.00 -0.01 -0.01 0.01 0.00 0.00 0.07

T, 0.39 226 1.67 1.67 0.37 -1.47 -0.77 149 0.53 0.03 5.89
P=100000 Avg 0.01 0.04 0.06 0.07r 0.08 0.09 0.11 0.12 0.14 0.18 0.17
SD 0.63 0.60 0.60 0.60 0.61 0.62 0.63 0.65 0.67 0.70 0.37

SR 0.06 026 034 043 048 0.49 0.61 0.67 0.75 091 1.62

o 0.01 0.03 0.01 0.01 0.01 -0.01 -0.00 0.00 -0.00 0.00 0.08

T, 1.25 3,51 125 1.34 138 -1.58 -0.08 0.08 -0.27 0.01 6.42
P=250000 Avg 0.00 0.04 0.06 0.07 0.08 0.09 0.11 0.14 0.15 0.19 0.19
SD 0.63 0.60 0.60 0.61 0.61 0.61 0.63 065 0.67 0.71 0.40

SR 0.00 0.22 036 0.38 043 050 0.62 073 0.78 0.94 1.65

o -0.00 0.02 0.01 0.00 0.00 -0.01 0.00 0.01 0.00 0.00 0.07

T, -0.04 2,62 175 0.06 020 -1.43 0.15 1.50 047 0.52 6.21




Table 8: small (part 1/2)

Low(L) 20 30 40 50 60 7.0 80 90 High(H) HL

Linear Avg  -0.03 001 0.03 005 007 008 012 014 0.15 0.20 0.23
SD 0.54 056 0.56 057 058 060 061 062 0.63 0.68 0.40

SR -0.17 0.08 017 031 039 047 065 076 0.81 1.03 1.98

a 0.00 0.00 0.00 0.00 0.0 000 000 0.00 0.00 0.00 0.00

T, 0.00 0.00 0.0 000 000 000 0.0 0.00 0.00 0.00 0.00

EW Avg  -0.00 0.00 0.00 001 001 001 001 001 001 0.01 0.02
SD 0.09 0.08 0.07 006 006 005 005 005 0.05 0.05 0.06

SR -0.18 0.07 021 035 047 062 067 069 0.79 0.87 0.92

a 0.00 0.00 0.00 0.00 0.0 000 000 0.00 0.00 0.00 0.00

T, 0.00 0.00 0.00 0.0 0.0 000 000 0.00 0.00 0.00 0.00

P=100 Avg 002 004 0.05 004 007 008 009 011 0.14 0.18 0.16
SD 0.57 056 0.57 057 058 059 060 061 0.64 0.68 0.37

SR 0.11 026 028 026 040 048 050 0.62 0.77 0.90 1.48

a 0.04 003 002 -001 000 -0.00 -0.02 -0.02 -0.00  -0.01 0.01

T, 6.37 4.84 299 -1.16 0.18 -0.14 -4.15 -2.83 -042  -1.55 0.62

P=1000 Avg 001 0.03 0.03 005 006 008 009 011 0.15 0.20 0.19
SD 0.57 056 0.56 057 057 058 059 062 0.64 0.70 0.38

SR 003 020 020 034 039 045 055 063 0.78 0.99 1.78

a 0.03 0.02 0.00 000 -0.00 -0.01 -0.01 -0.02 -0.00 0.00 0.04

T, 450 322 066 079 -024 -123 -226 -2.74 -0.05 0.48 3.32

P=2000 Avg 001 003 0.04 006 006 008 009 011 0.14 0.20 0.19
SD 0.57 056 0.57 057 057 058 059 061 0.64 0.69 0.35

SR 0.03 017 023 035 039 046 054 0.65 0.76 0.99 1.91

a 0.03 002 001 001 -0.00 -0.01 -0.02 -0.01 -0.00 0.00 0.05

T, 457 258 150 1.24 -0.14 -0.87 -275 -2.28 -0.67 0.54 4.71

P=5000 Avg 001 003 0.05 006 007 007 009 011 0.13 0.19 0.18
SD 057 0.56 056 058 057 058 058 061 063 0.68 0.33

SR 0.07 016 029 037 040 044 055 0.63 0.72 0.97 1.91

a 0.04 001 0.02 001 000 -0.01 -0.02 -0.02 -0.01 0.00 0.06

T, 523 232 305 171 023 -1.30 -270 -246 -1.79 0.19 5.40




Table 9: small (part 2/2)

Low(L) 20 30 40 50 60 70 80 9.0 High(H) H-L

P=10000 Avg  -0.00 0.02 0.04 0.05 0.05 0.07 0.09 012 0.16 021 0.21
SD 058 0.56 056 056 057 058 059 062 0.64 0.71 0.40

SR 001 0.15 023 032 032 045 054 065 085 1.02 1.83

a 0.03 0.01 0.01 000 -0.01 -0.01 -0.02 -0.01 0.01 0.01 0.04

T, 351 198 145 039 -1.88 -1.11 -253 -216 1.82 1.26 3.68

P=20000 Avg  0.01 0.03 0.04 0.05 0.07 007 009 011 0.14 0.19 0.19
SD 058 0.56 056 058 056 057 059 062 0.64 0.69 0.34

SR 004 021 025 031 042 043 056 064 0.77 0.98 1.89

a 0.03 0.02 0.01 000 000 -0.01 -0.01 -0.01 -0.00 0.00 0.06

T, 452 331 193 004 073 -1.60 -229 -221 -0.59 025 5.26

P=50000 Avg  0.00 0.02 0.04 0.04 0.06 0.08 010 0.11 0.15 021 0.20
SD 058 0.56 055 057 057 057 059 062 0.65 0.70 0.38

SR 001 015 027 027 034 048 056 063 0.83 101 1.88

a 0.03 0.01 0.01 -0.01 -0.01 -0.00 -0.01 -0.02 0.01 0.01 0.05

T, 387 200 248 -1.07 -1.62 -0.14 -223 -2.75 1.22 1.10 431
P=100000 Avg  0.00 0.02 0.05 0.05 0.06 007 010 011 0.14 0.20 0.19
SD 058 0.56 055 057 057 057 059 061 0.64 0.70 0.35

SR 003 0.14 030 032 036 044 058 064 0.77 0.99 1.91

a 0.03 0.01 0.02 000 -0.01 -0.01 -0.01 -0.01 -0.00 0.00 0.06

T, 426 172 341 035 -1.04 -147 -1.66 -2.34 -0.35 0.63 5.26
P=250000 Avg  0.00 0.03 0.04 0.05 0.07 0.07 0.09 011 0.14 0.19 0.19
SD 058 0.56 056 056 057 058 059 061 0.64 0.69 0.34

SR 003 021 026 033 041 044 054 064 0.75 0.98 1.95

a 0.03 0.02 0.01 000 000 -0.01 -0.02 -0.01 -0.01 0.00 0.07

T, 426 338 217 0.63 054 -144 -279 -210 -1.05 0.31 5.79




Table 10: micro (part 1/2)

Low(L) 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 High(H) H-L

Linear  Avg -0.07 -0.03 -0.00 0.02 0.05 0.06 0.09 011 0.15 0.21 0.28
SD 043 044 045 047 048 047 049 051 0.53 0.59 0.36

SR -0.56 -0.24 -0.00 0.18 034 045 0.62 0.77 0.97 1.25 271

o 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

T, 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

EW Avg -0.01 -0.00 0.00 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.03
SD 0.10 0.08 0.08 0.07 0.06 006 005 0.05 0.05 0.05 0.07

SR -0.37 -0.08 0.03 0.22 037 0.57 0.66 078 0.90 1.13  1.32

o 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

T, 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

P=100 Avg -0.00 0.02 0.02 0.04 0.04 0.06 0.07 0.09 0.10 0.15 0.15
SD 048 049 048 047 048 047 047 048 048 0.52 0.27

SR -0.00 0.14 0.18 031 031 042 052 063 0.75 097 1.87

o 0.07 0.05 0.02 0.02 -0.00 -0.01 -0.01 -0.02 -0.03 -0.03 -0.00

T, 11.75 814 5.06 3.44 -048 -1.19 -2.64 -4.09 -525 -5.83 -0.30

P=1000 Avg -0.02 0.01 0.03 0.03 0.05 006 007 010 0.11 0.17 0.19
SD 048 047 047 046 046 047 047 048 0.50 0.54 0.27

SR -0.15 0.04 019 023 035 044 051 069 0.79 1.07 241

o 0.06 0.03 0.03 0.01 0.00 -0.00 -0.01 -0.01 -0.02 -0.02  0.03

T, 9.02 715 464 132 065 -054 -3.09 -1.82 -3.74 -3.85 2.76

P=2000 Avg -0.01 0.00 0.02 0.04 0.05 006 008 0.09 0.11 0.16 0.17
SD 047 046 047 046 047 047 048 048 0.50 0.54 0.25

SR -0.11 0.01 0.18 028 038 046 055 065 0.75 1.03 243

o 0.06 0.03 0.02 0.01 0.01 000 -001 -0.01 -0.03 -0.03  0.03

T, 9.65 599 516 253 132 0.10 -1.68 -2.87 -5.49 -4.91  3.74

P=5000 Avg -0.02 0.00 0.02 0.04 0.04 006 007 010 0.11 0.16 0.18
SD 048 046 047 046 046 047 047 048 0.50 0.54 0.25

SR -0.14 0.03 0.16 0.27 034 047 054 0.70 0.77 1.04 258

o 0.06 0.03 0.02 0.01 0.00 0.00 -0.01 -0.01 -0.02 -0.03  0.05

T, 8.61 6.64 432 245 019 046 -1.71 -1.40 -4.52 -4.69  5.28




Table 11: micro (part 2/2)

Low(L) 20 30 40 50 60 70 80 9.0 High(H) HL

P=10000 Avg  -0.03 -0.01 -0.00 003 005 006 007 0.10 0.13 020 0.23
SD 048 047 046 046 047 047 047 048 051 0.56 0.31

SR 2023 -0.05 -0.00 019 036 043 055 071 091 122 2.59

a 0.04 002 -0.00 0.00 0.00 -0.00 -0.01 -0.01 -0.00 0.00 0.04

T, 685 4.64 -006 034 076 -095 -1.70 -1.18 -0.49 0.13 3.90

P=20000 Avg  -0.03 -0.01 001 003 005 005 007 010 0.13 0.19 0.22
SD 048 047 046 046 047 047 047 048 0.50 0.57 0.29

SR 2022 -006 008 022 037 041 055 0.69 0.90 117 2.65

a 004 002 001 001 001 -001 -001 -001 -0.00  -0.01 0.05

T, 707 420 225 1.08 099 -1.24 -1.73 -1.78 -0.81  -1.30 4.99

P=50000 Avg  -0.04 -0.01 -0.00 002 004 005 008 0.10 0.13 021 0.24
SD 048 047 046 046 046 047 047 049 0.50 0.57 0.31

SR 2026 -0.05 -0.01 017 030 040 0.56 0.73 0.92 127 271

a 0.04 002 -0.00 -0.00 -0.00 -0.01 -0.01 -0.00 -0.00 0.0 0.05

T, 631 4.81 -025 -0.27 -0.61 -1.38 -1.29 -0.46 -0.07 1.58 5.17
P=100000 Avg  -0.04 -0.01 000 002 004 006 007 0.10 0.13 021 0.24
SD 049 047 046 046 046 046 047 049 0.50 0.57 0.30

SR 2025 -0.07 003 018 029 043 054 072 0.93 1.25 2.75

a 0.04 002 000 000 -0.00 -0.00 -0.01 -0.00 0.00 0.01 0.06

T, 639 421 083 017 -085 -0.73 -2.02 -0.65 0.16 1.03 5.63
P=250000 Avg  -0.03 -0.00 001 002 004 006 007 0.10 0.13 020 0.23
SD 049 047 046 046 046 046 047 049 0.51 0.57 0.28

SR 2022 -0.04 006 018 033 047 053 0.68 0.90 1.20 2.79

a 004 002 001 000 000 000 -0.01 -0.01 -0.00  -0.00 0.07

T, 675 501 164 014 015 028 -2.32 -1.94 -084  -0.30 6.53




Table 12: Features Definition

Signal Description || Signal Description

cowc_grla current operating working capital growth || oaccrals_at operating accruals

oaccruals_ni operating accruals to net income taccruals_at total accruals to total asset
taccruals_ni total accruals to net income capex_abn abnormal corporate investment
debt_gr3 3 year book debt growth fnl grla change in financial liabilities
ncol_grla change in noncurrent operating liabilties | nfna_grla change in net financial assets
noa_at net operating assets to total asset alig_at liquid asset to total asset

at_grl asset growth be_grla change in book equity

capx_grl 1 year CAPEX growth capx_gr2 2 year CAPEX growth

capx_gr3 3 year CAPEX growth coa_grla change in current operating asset
col_grla change in current operating liabilities emp_grl employment growth

inv_grla inventory growth Inoa_grla Change in long-term net operating asset
mispricing_ mgmt mispricing factor: management ncoa_grla change in noncurrent operating asset
noa_grla change in net operating asset ppeinv_grla change in PPE and inventory
ret_60_12 long-term reversal sale_grl 1 year sales growth

sale_gr3 3 year sales growth sale_grlq 1 quarter sales growth
seas_2_5_na years 2-5 lagged returns, nonannual age firm age

alig_mat liquid asset to market value at_be book leverage

bidaskhl 21d 21 day high-low bid-ask spread cash_at cash-to-asset

netdebt_me net debt-to-price ni_vol earnings volatility

rd_sale R&D to sales rd5_at R&D to total asset

tangibility asset tangibility z_score Altman Z-score

beta_60m market beta from 60m rolling regression || beta_simson_21d realized monthly beta

betabab_1260d
chesho_12m
equetis_at
ivol_capm_21d
ivol ff3_21d
netis_at
rmax]1_21d

rvol 21d
zero_trades_126d
zero_trades_252d
resff3_12_1
ret_12_1

ret_6_1
seas_1_1_na
dsale_drec
niq_at_chgl
niq_su
qmj_safety
sale_emp_grl
seas_1_lan
dolvol_var_126d
ebit_sale
intrinsic_value
niq_be

ofc_at

ope_bell
at_turnover
cop-atll

gp-at
mispricing_perf
niq_at

op-atll

qmj

qmj_prof
tax_grla
coskew_21d
kz_index

ni_arl
seas_11_15an
seas_16_20an
seas_6_10an
seas_2_5_an
dolvol 126d

pre
iskew_capm 21d
iskew_hxz4 21d
rmax5_rvol 21d
at_me

bev_mev
divi2m_me
eq_dur
eqnpo_me
ni_me

sale_me

realized 5 year beta

12 month net stock issuance

net equity issuance to total asset
CAPM idiosyncratic volatility (21 days)
FF3F idiosyncratic volatility (21 days)
net total issuance to asset

max daily return in 1 month

return volatility in 1 month

number of zero trades (6 months)
number of zero trades (12 months)
residual momentum t-12 to t-1
price mometum t-12 to t-1

price mometum t-6 to t-1

1 year lagged return, nonannual
sales growth minus receivable growth
quarterly return to asset growth
standardized earnings surprise
quality minus junk: safety

labor force efficiency change

year 1-lagged return, annual

dollar volume variation

EBIT to sales

intrinsic value to market

quarterly return to equity

operating cash flow to asset
operating profits to lagged book equity
capital turnover

cash operating profit to lagged asset
gross profit to asset

mispricing factor: performance
quarterly return to asset

operating profit to lagged asset
quality minus junk

quality minus junk: profitability
tax expense surprise

coskewness

Kaplan-Zingales index

earnings persistence

years 11-15 lagged returns, annual
years 16-20 lagged returns, annual
years 6-10 lagged returns, annual
years 2-5 lagged returns, annual
dollar trading volume

price

CAPM idiosyncratic skewness
g-factor model idiosyncratic skewness
scaled max 5 day return

asset to market

book to market enterprise value
dividend yield

equity duration

net payout yield

earnings to price

sales to price

betadown_252d
earnings_variability
fcf_me
ivol_capm_252d
ivol_hxz4_21d
ocfq saleq_std
rmaxb_21d
turnover_126d
zero_trades_21d
prc_highpre_252d
resff3_6_1
ret_3_1

ret_9_1
dsale_dinv
dsale_dsga
niq-be_chgl
ocf_at_chgl
ret_12_7
saleq_su
sti_grla
ebit_bev
f_score

ni_be

o_score

ope_be
turnover_var_126d
cop-at
dgp_dsale
gp-atll
ni-inc8q

op-at

opex_at
qmj_growth
sales_bev
corr_1260d
dbnetis_at
Iti_grla

pi_nix
seas_11_15na
seas_16_20na
seas_6_10na
ami_126d
market_equity
rd_me
iskew I3 21d
ret_1.0
rskew_21d
be_me

debt_me
ebitda_mev
eqnpo_12m
eqpo_me

ocf me

Downside beta

earnings variability

free cash flow to price

CAPM idiosyncratic volatility (252 days)

q-factor model idiosyncratic volatility (21 days)

cash flow volatility

max 5 day return in 1 month

share turnover

number of zero trades (1 months)
high-low in last year

residual momentum t-6 to t-1

price mometum t-3 to t-1

price mometum t-9 to t-1

sales growth minus inventory growth
sales growth minus SG&A growth
quarterly return to equity growth
operating cash flow to asset growth
price momentum t-12 to t-7
standardized revenue surprise
change in short-term investment
EBIT to enterprise value

Pitroski F-score

return to equity

Ohlson O-score

operating profits to book equity
turnover variation

cash operating profit to asset

gross margin change minus sales change
gross profit to lagged asset

number of consecutive earnings increase
operating profit to asset

operating leverage

quality minus junk: growth

asset turnover

market correlation

net debt issuance

change in long-term investment
taxable income-to-book

years 11-15 lagged returns, nonannual
years 16-20 lagged returns, nonannual
years 6-10 lagged returns, nonannual
Amihud liquidity measure

market equity

R&D to market

FF3F idiosyncratic skewness
short-term reversal

total skewness

book to market

debt to market

EBITDA to market enterprise value
equity net payout

payout yield

operaiting cash flow to price
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