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Abstract

Waiting lists allocate items by offering agents a choice among items with associated

waiting times. These waiting times serve as prices that are formed by the stochastic

arrivals and departures of agents. We study the allocative efficiency under such dynam-

ically adjusting prices by drawing a connection between this price adjustment process

and the stochastic gradient descent optimization algorithm. We show that the loss due

to price fluctuations is bounded by the granularity of price changes. Additional condi-

tions allow us to identify markets where the loss is close to the bound or exponentially

small. Our results show that a simple price adjustment heuristic can perform well, but

may be slow to adjust to changes in demand because of a trade-off between the speed

of adaptation and loss from price fluctuations.

1 Introduction

Public scarce resources are often allocated through waiting lists, in which agents can select

which resource to wait for For example, the New York Public Housing Authority asks

applicants to choose a project specific queue. If utilities are quasi-linear in waiting costs

and total waiting costs are constant across assignments, waiting times act as prices that

clear the market and create an efficient assignment. In this sense, waiting lists are similar to

standard competitive equilibrium (CE) models, with the exception that prices are quoted in

waiting times instead of monetary transfers. Waiting lists mechanisms have a natural price

formation process. Indeed, waiting times, or prices, are naturally adjusted with arrival

of agents and resources. This paper is concerned with how the price dynamics that are

inherent to waiting lists impact allocative efficiency.

∗A one page abstract of this work appeared in the Proceedings of the 21st ACM Conference on Economics
and Computation under the name “Queue lengths as constantly adapting prices: Allocative efficiency under
random dynamics”
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The economy considered has items of different types as well as agents arriving over time.

A waiting list mechanism maintains one observable queue for each item type. Agents have

unit demand, heterogeneous private values for items. The utility of an agent is quasi-linear

in waiting costs. Upon arrival, the agent, who maximizes expected utility, chooses either a

single queue and waits until she is assigned an item, or, leaves immediately and receives an

outside option. When an item arrives, it is assigned to an agent in the respective queue or

discarded if that queue is empty.

Prices in this economy depend on the current state of the queues; the price of an item

type decreases when such an item is assigned to an agent, and increases when an agent joins

the corresponding queue. This means that different agents may face different prices upon

arrival. This stochastic evolution creates a challenge to analyze this simple economy.

To understand how price adjustments affect allocative efficiency, it is helpful to first

relate the economy to a canonical CE model. Suppose that instead of dynamically assign-

ing items, a center could wait for a large time frame and then simultaneously assign all

accumulated items to the agents By the first welfare theorem, prices that clear the market

and form a CE will generate an assignment of items to agents that maximizes the total

value agents ascribe to their assigned items. Assuming that total waiting costs are constant

across assignments, the value generated by the CE assignment gives an upper bound on the

welfare in the dynamic model. Moreover, this welfare can be achieved if prices (expected

waiting costs at each queue) remain constant at CE prices.

Since prices in the economy fluctuate, they may fail to generate the same allocative

efficiency as CE prices. To illustrate this consider a simple example with a single type of

item. Agents’ valuations are distributed uniformly between 0 and 1 and they arrive twice

as fast as items. Since only half the agents can be assigned, it is optimal to set a price equal

to 1/2 and assign the item to the agents with valuation above that price. But in the waiting

list the price fluctuates below and above 1/2. This results in some agents with lower values

being assigned and some agents with high values selecting the outside option.

With multiple types of items, prices follow a multidimensional Markov process. While

this process is easy to describe, the stationary distribution cannot be derived tractably. For

this reason, several related papers restricted attention to economies with at most two item

types (see, e.g., Baccara et al. (2018); Leshno (2017)). However, we can bound the welfare

loss in the economy by drawing a connection between the price dynamics under the waiting

list mechanism, and the stochastic gradient descent (SGD) optimization algorithm. The

main insight is that while price adjustments are stochastic, prices tend to adjust towards

their CE levels. Formally, the expected price adjustment is a subgradient of a dual of the

welfare maximization problem.

A key quantity is the granularity of price adjustments ∆, defined as the maximal increase
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in price (waiting costs) due to the addition of one agent to a queue. Equivalently, ∆

determines the size of the adjustment step taken by the SGD algorithm after seeing one

sample. This granularity is a key distinction between the price adjustment process in our

economy and standard usage of SGD in optimization: to make the SGD converge the step

size is reduced to zero over time, while in waiting lists the step size is exogenously given

by agent sensitivity to waiting costs and remains constant. Despite this distinction, the

connection to SGD allows us to leverage tools from Lyapunov theory to obtain tractable

bounds for welfare.

The main finding is that the welfare loss in waiting lists is bounded by the granularity of

price adjustments ∆ times a factor that depends only on the relative arrival rates of agents

and items. The dynamic price adjustments keep prices “close” to the CE prices, despite

never converging. The welfare loss due to constant fluctuation of prices depends on the

magnitude of these fluctuations, which become small as ∆ becomes small.

For further intuition, consider again the simple example and assume waiting costs are

linear. If waiting behind 10 agents in the queue gives a waiting cost of 1/2, then each arrival

or departure of an agent changes the price by 10% of the item’s maximal value. If agents are

more patient and waiting behind 100 agents in the queue gives a waiting cost of 1/2, then

each arrival or departure of an agent changes the price by only 1% of the item’s maximal

value. So ∆ is smaller when agents are more patient. Intuitively, prices will fluctuate less

when agents are patient resulting in less welfare loss.

Two additional results complement the main finding. We show that the bound is es-

sentially tight (up to constant factors) by explicitly constructing an economy with large

allocative efficiency loss. A distinct and important feature of this economy is the multiplic-

ity of CE prices.

Finally, it is shown that the loss is generically much smaller for economies with finitely

many agent types. When the number of agent types is finite, the CE prices are unique for

all but a zero measure of arrival rates. And when CE prices are unique the welfare loss

becomes exponentially small as ∆ tends to zero.

The analysis can offer insight for general price adaptation algorithms. Consider a planner

who is able to choose the granularity of price adjustments ∆. Increasing ∆ will make the

prices adjust more quickly if the distribution of agent valuations changes. But a higher value

of ∆ will also cause losses when agent valuations remains the same, but prices change due to

the random arrivals. This tension is inherent to any price adaptation mechanism that can

only observe noisy signals, and needs to trade-off overreactions due to imprecise information

and slow reaction time due to the need to accumulate sufficiently precise information. A

particular feature may be of interest: firms that adjust prices according to an SGD heuristic

may find it optimal to react slowly to changes in monetary policy if these changes have
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unclear implications for their demand new prices new to be learned through the dynamics.

1.1 Related Literature

The first area this paper is related is dynamic matching motivated by applications in public

housing Kaplan (1984, 1988) and organ allocation Zenios (1999). Several papers compare

the efficiency across queuing and lottery mechanisms for restricted set of preferences (Su

and Zenios, 2004; Bloch and Cantala, 2017; Arnosti and Shi, 2020). Some papers con-

sider optimal design of dynamic allocation without accounting for the stochastic process

(Polterovich, 1993; Braverman et al., 2016; Afeche et al., 2019; Ata et al., 2021). Our paper

focuses on understanding the relation between the dynamics in the queueing mechanism

the economic efficiency.

Several papers are concerned with the stochasticty in dynamic two-sided trading markets

in order to optimize clearing timing decisions Mendelson (1982); Kelly and Yudovina (2018);

Loertscher et al. (2018). These papers also restrict attention to either a single asset or a

binary type space.

This paper also relates to papers that are concerned with convergence of tâtonnement

processes using gradient descent. Numerous paper analyze these processes in markets with

multiple goods (Uzawa, 1960; Cole and Fleischer, 2008; Cheung et al., 2018, 2019) and

in congestion or transportation settings (Powell and Sheffi, 1982; Correa and Stier-Moses,

2010). These papers consider static market and study identify an adjustment process that

converges to equilibrium. In contrast, in the dynamic market considered here “prices” never

converge.1

Similar ideas have been considered in the network control literature (see, e.g., Georgiadis

et al., 2006), but the model consider a much more general settings (continuum of types,

nonlinear waiting costs) and establish novel results (exponential loss).

2 A Simple Illustrative Example

We consider a simple market to illustrate the loss from price-fluctuations. There is a single

kind of item, which arrives according to a Poisson process with rate 1. Agents arrive

according to a Poisson process with rate 2. Arriving agents choose whether to join the

queue and wait to receive an item, or be immediately assigned an outside option and receive

0 utility. The utility of an agent who joins the queue is

v − c · w
1Some papers identify price adjustments processes that converge to market clearing prices in a static

version of our assignment problem though with finite many types of agents (e.g., Bertsekas (1979); Demange
et al. (1986)).
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where w is the amount of time the agent waits, c = 0.02 is equal to the expected waiting

costs of waiting for one item’s arrival, and v is the agent’s value of receiving the item.

Each agent’s value v is independently drawn from the uniform distribution on [0, 1]. Agents

observe the current number of agents in the queue when they arrive. Agents in the queue

are assigned in the order in which they joined the queue (First-Come First-Served). When

an agent with value v arrive, she will join the queue if v−c ·E[w|q] > 0 where E[w|q] = q+1

is the expected wait given there are currently q agents in the queue.

As a benchmark, consider a planner who collects all agents and items that arrive up to

time T and assigns all items at time T . If T is large, the planner collects approximately

twice as many agents as items, and the distribution of agent values is approximately U [0, 1].

Because only half the agents can be assigned an item, allocative efficiency is maximized by

allocating items only to agents with a value v ∈ [1/2, 1].

Figure 2 shows the distribution of queue length an arriving agent faces. On average, the

queue length implies an expected waiting cost equal to 1/2. If all agents faced a price (in

waiting cost) equal to 1/2, only agents with a value v ∈ [1/2, 1] would be assigned items

and the maximal allocative efficiency would be generated.
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Figure 1: Distribution of the queue length when there is a single item for which agent values
are distributed v ∼ U [0, 1] and c = 0.02.

However, Figure 2 shows there is considerable variation in the prices agents face. As a

result, the allocation may be inefficient. An agent with a value of v = 0.41 may be assigned

if she is lucky to arrive when the queue happens to be short. An agent with a value of

v = 0.59 may not be assigned if she is arrives when the queue happens to be long. Figure 2

shows the implies probability that an agent is assigned as a function of the agent’s value.

It shows that agents with a value of 0.41, 0.59 are assigned the item with probabilities 18%

and 81%, respectively.
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Figure 2: Implied probability of assignment given the agent’s value under the optimal
assignment and the waiting list mechanism

3 Model

We study an infinite horizon economy, in which agents and items arrive randomly over time.

We describe the economy, set benchmarks for allocative efficiency, and describe the waiting

list mechanism.

Economy. We consider a market in which items and unit-demand agents arrive over time.

Agents arrive according to a Poisson process with rate λ. Each agent has a type θ drawn

independently according to distribution F over the set of types Θ. We assume that Θ is a

compact subset of an Euclidean space, and allow for both finitely many agent types as well

as a continuum of agents. We say that there are finitely many agent types if F corresponds

to finitely many atoms.

Items arrive according to a Poisson process with total rate normalized to 1. The agent

and item arrival processes are independent. Each arriving item is of a type j ∈ J =

{1, 2, . . . , J}. An item is of type j with probability µj > 0, where
∑

j∈J µj = 1. Denote by

µmin , minj∈J µj > 0, µmax , maxj∈J µj > 0. We define an auxiliary item type ∅, which

denotes being unassigned and use J∅ , J ∪ {∅}.
The value an agent of type θ ∈ Θ obtains from getting assigned to an item of type

j ∈ J∅ is given by v(θ, j), where we normalize v(θ, ∅) = 0. Agents’ utilities are quasi-linear

in waiting costs; An agent of type θ that is assigned to type j after waiting w units of time

receives a utility of

uθ(j, w) , v(θ, j)− c(w) ,

where c(w) is the cost of waiting w units of time.

We make the following technical assumptions. We assume that for each j ∈ J , v(θ, j)

is continuous in θ and bounded from above by vmax ∈ R. We assume that the waiting cost
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function is smooth, strictly increasing, weakly concave,2 and c(0) = 0, limw→∞ c(w) =∞.

To simplify notation, we consider an equivalent discrete time process3 indexed by t which

records the sequence of arrivals. For each arrival epoch t, the indicator ξt equals one if the

t-th arrival is an agent, and equals zero if the t-th arrival is an item arrives. If ξt = 1, let

θt denote the type of the agent arriving at t. If ξt = 0, let jt ∈ J denote the type of item

arriving at t.

Assignments and Allocative Efficiency An allocation η assigns each agent with one

item, and each non-auxiliary item is assigned to at most one agent. The allocative efficiency

of a matching is defined as the average item’s value to its assigned agent. Formally, given

allocation η, for each epoch t such that ξt = 1 let ηt ∈ J∅ be the kind of item assigned under

η to the agent of type θt that arrived in epoch t. Let AT =
∑

t≤T ξt be the total number of

agents that arrived up to epoch T . Allocative efficiency under η is defined as

W (η) = lim inf
T→∞

1

AT

T∑
t=1

ξtv(θt, ηt) . (1)

We restrict attention to allocations that satisfy a no-Ponzi condition. Loosely speaking,

this condition ensures the assignment is approximately valid if the market terminates at

some large finite time.4 Formally, let RT (η) denote the number of agents and items that

arrived by time T and are waiting to be assigned at time T .5 The assignment η satisfies

the no-Ponzi condition if there exists a finite M ∈ R such that RT (η) < M for all T .

Define optimal allocative efficiency to be

WOPT = E

[
sup
η∈H

W (η)

]
,

where H is the set of no-Ponzi allocations and the expectation is taken over all possible

realizations.

Allocation by a Waiting List Our main interest is to analyze the allocative efficiency

of the allocation generated by a standard waiting list mechanism. The mechanism holds

2Our results also extend to convex c(w) such that both c′(w) and c′′(w) are subexponential, i.e., there
exists α such that c′(w), c′′(w) ≤ eαw for all w ≥ 0.

3The equivalence is due to the Arrival Theorem of Poisson-driven processes (see, e.g., Wolff, 1982).
4For example, an allocation that assigns all agents to items in the market described in Section 2 is not

valid if the market terminates at any finite time, as only (approximately) half the agents can be assigned
items.

5In other words, RT (η) counts the number of agents who arrived before time T and are assigned under
η to an item that arrives after time T , plus the number of items that arrive before time T and are assigned
to agents that arrive after time T .
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a separate First-Come-First-Served queue for each item. An arriving agent observes the

length of the queue for each item and chooses to join the end of one of the queues, or take

the auxiliary item immediately (i.e., balk). An agent who joins a queue will wait in that

queue until receiving an item. When an item arrives, it is assigned to the agent at the head

of its queue, if there is any; if the item’s queue is empty, the item is discarded.

To formally describe the mechanism, let q = (q1, . . . , qJ) ∈ ZJ+ denote the state where

there are qj agents in the queue for item j. An arriving agent of type θ who observes q and

chooses to join the queue for item j will wait a random amount of time wj before receiving

item j ∈ J∅, and will receive an expected utility of v(θ, j) − E[c(wj)|qj ]. Thus, the agent

will choose to join the queue for item a(θ,q) ∈ defined by6

a(θ,q) = argmax
j∈J∅

{
v(θ, j)− pj(qj)

}
, (2)

where we define pj(qj) , E[c(wj)|qj ]. We allow agents to leave without joining any

queue, and simplify notation by setting p∅(·) ≡ 0. For notation simplicity, denote p(q) ,

[p1(q1), · · · , pJ(qJ)]. Denote the queue lengths just before the t-th arrival by qt. That is,

an agent that arrives at epoch t will face prices pt = p(qt), which depend on the current

state of the queues qt.

Given a realization, let ηWL denote the allocation induced by the waiting list. Under

our assumptions, ηWL satisfies the no-Ponzi condition.7 We denote the expected allocative

efficiency of the waiting list mechanism by

WWL , E
[
W (ηWL)

]
.

and refer to WOPT −WWL as the allocative efficiency loss, or loss for short.

4 Bounding the Allocative Efficiency Loss

In the waiting list mechanism, each agent is presented a menu of items and associated

expected waiting costs. We consider the waiting cost of an item as the item’s price, and

henceforth refer to the expected waiting cost of item j as the price of item j.

Standard intuition from competitive equilibria suggests that appropriate prices and re-

sult in an allocation that maximizes allocative efficiency. But in the waiting list there is no

planner that sets prices. Instead, prices are determined by the current state of the queues.

6To simplify notation, we assume that the argmax is unique and implicitly rely on a tie-breaking rule to
ensure a unique selection if the agent is indifferent between multiple items. Our results do not depend on
the choice of tie-breaking rule. For example, agents may randomly choose an item in the argmax or choose
the lowest index item within the argmax.

7Because no queue length can ever exceed qmax , maxj∈J p−1
j (vmax) we have that Rt(ηWL) ≤ |J |·qmax.
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Prices adapt over time in a process that is similar to a tâtonnement process: the price of

item j increases when an agent chooses to join queue j, and the price of item j decreases

when item j arrives and one agent is removed from queue j.

Because prices are state-dependent, prices fluctuate over time. For example, if an agent

θ arrives immediately after several copies of the item j happened to arrive, agent θ will face

a lower price pj (i.e., expected waiting cost for item j). The example in Section 2 shows

that such stochastic price fluctuations can lead to lower allocative efficiency.

We seek to understand the allocative efficiency of the fluctuating state-dependent prices

in the waiting list. A natural approach would be to calculate the stationary distribution

of prices. Unfortunately, this stationary distribution is not tractable when |J | > 2, that

is, there are strictly more than 2 kinds of items.8 We therefore take a different approach

that allows us to analyze general markets with any number of items, a general (possibly

continuous) distribution of agent types, and nonlinear waiting costs.

Our analysis shows that the following attribute plays an central role in determining

allocative efficiency:

Definition 1. The step size ∆ is the maximal change in price due to a single arrive and

is given by9

∆ , max
j∈J

max
0≤q≤qmax

(
pj(q)− pj(q − 1)

)
.

In other words, each arrival of an item j reduces the price of item j by at most ∆. Each

arrival of an agent who joins the queue of item j increases the price of item j by at most

∆. If waiting costs are linear, i.e., c(t) = c · t for some c > 0, we have ∆ = c/µmin. That is,

∆ is the expected cost of waiting for a single arrival of the least frequent item.

We can now state our main result.

Theorem 1. The allocative efficiency under the waiting list is

WWL ≥WOPT − λ+ 2

2λ
∆ . (3)

[PQ: I redid the calculation for the case p = c(q + 1)/µ (previously it was p = cq/µ),

and the numerator of the coefficient of ∆ goes from λ+ 1 to λ+ 2.]

Theorem 1 states that the queueing mechanism achieves allocative efficiency that is

close to optimal in general dynamic markets. As an example, suppose waiting costs are

linear and the arrival rate of agents equals the arrival rate of items (λ = µ = 1). Then, the

8Because of this limitation, previous papers that relied on calculation of the exact stationary distribution
of the underlying Markov chain were limited to a model with 2 items (e.g., Leshno (2017); Bloch and Cantala
(2017); Baccara et al. (2018)).

9Let pj(−1) = 0 so that ∆ is well-defined. Note that pj(0) > 0 because even if the agent arrives to an
empty queue, she still needs to wait for the next to item to arrive.
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allocative efficiency loss is bounded by the cost of waiting for a single arrival of the least

frequent item times 3
2 . In Section 4.2 we provide an example giving a lower bound on the

allocative efficiency loss.

To gain intuition for Theorem 1, we draw connections to two related problems.

Problem I: Duality for Static Allocation. Consider the static allocation problem in

which a planner chooses a static assignment of the expected amount of agents that arrive

per unit time to the expected amount of items that arrive per unit time in order to maximize

allocative efficiency. We refer to the maximal value per agent the assignment can generate

as the optimal static allocative efficiency and denote it by W ∗. The value of W ∗ is the

optimal value of assignment problem (4).

W ∗ = max
{xθj}θ∈Θ,j∈J

∑
j∈J

∫
Θ
xθj v(θ, j) dF (θ)

subject to
∑
j∈J

xθj ≤ 1, xθj ∈ [0, 1] ∀θ ∈ Θ (4)∫
Θ
λxθj dF (θ) ≤ µj ∀j ∈ J

In problem (4), xθj is the share of agents of type θ that are assigned item j. The

first constraint requires that the shares xθj are well defined. The second constraint is the

resource constraint, it requires that the expected amount of item j arriving per unit time

should at least as large as the expected amount of agents that arrive per unit time and are

assigned to item j.

Proposition 1. The optimal allocative efficiency is WOPT = W ∗, where W ∗ is the optimal

static allocative efficiency.

The proof of Proposition 1 is in Appendix A.

It will be useful to consider the dual problem of the assignment problem (4), which

optimizes over possible prices. The following strong duality result is well-known and we

therefore omit the proof.10

Lemma 1 (Monge-Kantorovich duality). The optimal value W ∗ of assignment problem (4),

coincides with the optimal value of the following dual optimization problem:

minimize
p≥0

h(p)

10Problem (4) is known as the (unbalanced) optimal transport problem, which has the strong duality
property stated in Lemma 1. For further details, see, e.g., Galichon (2018).
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where (here we let pφ , 0)

h(p) ,
∫

Θ
max
j∈J∅

[v(θ, j)− pj ] dF (θ) +
1

λ

∑
j∈J

µjpj . (5)

We use p∗ to denote some optimal value for the dual problem, and refer to p∗ as optimal

prices.

Problem II: Stochastic Gradient Descent. We relate the price adaptation in the

waiting list to the run of the stochastic gradient descent optimization algorithm. The SGD

algorithm can be regarded as a stochastic version of the gradient descent optimization

algorithm. Each step of the SGD is random, but the expected step of SGD corresponds to

a step of gradient descent. SGD optimization is commonly used in machine learning, e.g.,

for training a neural networks (BackProp et al., 1998). By understanding the connection

between our problem and the SGD algorithm we are able to leverage the substantial theory

on SGD algorithms.

The following lemma establishes the connection between the waiting list and the SGD

algorithm:

Lemma 2. If the system is in state qt the expected change to the queue length from a single

arrival E[qt−qt+1] equals λ
1+λ times a subgradient of the dual objective h(pt) at pt = p(qt).

Proof. The expected adjustment to the length of queue j from a single arrival is

E[qj,t+1 − qj,t] = E
[
1{ξt=1, a(θt,qt)=j} − 1{ξt=0, jt=j}

]
(6)

=
λ

1 + λ

∫
Θ

1{j=argmaxj∈J∅
{v(θ,j)−pj(qj,t)}dF (θ)− 1

1 + λ
µj .

It is straightforward to verify that 1+λ
λ E[qj,t+1 − qj,t] is a subgradient of h(pt) at pt =

p(qt).

In other words, Lemma 2 says that the stochastic price adjustment from one arrival

corresponds to a step of an SGD algorithm for the dual objective h(p) (Lemma 1). Loosely

speaking, the waiting lists adjusts prices in the right direction on average, but the adjust-

ment is random because it depends on the realization of a single arrival. However, in order

for gradient descent and SGD algorithms to converge, the step size must decrease to zero as

the algorithm approaches the optimal value. In the waiting list, the size of the adjustment

is fixed and bounded by the step size ∆. Therefore, the price adjustment in the waiting list

corresponds to the run of an SGD algorithm with a fixed step size that never converges.
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Intuition for Theorem 1. The main part of the proof uses a Lyapunov potential function

to decompose the expected value from the next arrival. Each agent’s arrival generates a

value of assignment, and the value generated depends on the current state of the queues.

This value is related to the dual objective (5) evaluated at the current prices pt, which by

Lemma 1 is at least as high as W ∗. Each arrival also changes the current state. We use a

Lyapunov function to capture the “potential” given the current price L(pt). We decompose

the expected value from the next arrival into a combination of the objective, change in

potential, and a per-period loss.

E[v(θt, a(θt,qt))ξt|qt] ≥
λ

λ+ 1
W ∗ − 1

µmin ·∆
(
L(pt)− E[L(pt+1)|qt]

)
︸ ︷︷ ︸

(I) change in potential

− 2 + λ

2(1 + λ)
∆︸ ︷︷ ︸

(II) loss

(7)

To interpret equation (7), observe that λ
λ+1W

∗ = λ
λ+1W

OPT is the average per-arrival

(including both agents and items) value under the optimal assignment. Equation (7) shows

that the waiting list achieves this value minus change in potential and a per-period loss.

Summing over many periods, the change in potential (I) forms a telescoping series, and will

therefore remain bounded. Therefore, as we average over many periods, we have that (I)

tends to zero. The loss term (II) is uniformly bounded for any pt, allowing us to obtain the

bound in Theorem 1 without calculating the stationary distribution.

Proof of Theorem 1. The proof adopts the Lyapunov analysis approach. We give the main

arguments of the proof for the special case of linear waiting cost here and relegate technical

lemmas and the proof of general cases to the appendix.

Let WT (ηWL) be the total value of items assigned to agents that arrive before epoch T ,

that is

WT (ηWL) =
T∑
t=1

ξt · v(θt, a(θt,qt)) .

We have that

WWL =
1 + λ

λ
E
[
lim inf
T→∞

WT (ηWL)

T

]
We introduce several definitions for the analysis. As is standard in Lyapunov analysis,

let the Lyapunov function be the following quadratic function:

L(p) =
1

2

∑
j∈J

µjp
2
j .
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Let at and dt be the vectors representing the arriving agent and item at time t, respectively:

at , ea(θt,qt)ξt , dt , ejt(1− ξt) .

Let uj,t , max {0, dj,t − qj,t − aj,t} denote the number of discarded items of type j at time

t.11 The evolution of the length of queue j is governed by

qj,t+1 = [qj,t + aj,t − dj,t]+ = qj,t + aj,t − dj,t + uj,t , for each j ∈ J .

By Lemma 3 we have that

E[v(θt, a(θt,qt))ξt|qt] =
λ

1 + λ
h(pt)−

1

c
(L(pt)− E[L(pt+1) | qt]) (8)

− 1

2

∑
j∈J

c

µj
E[(aj,t − dj,t)2 + u2

j,t | qt]

By Lemma 4 we have that 1
2

∑
j∈J

c
µj
E[(aj,t − dj,t)2 + u2

j,t | qt] ≤ 2+λ
2(1+λ)∆. By Lemma

1 we have that h(pt) ≥W ∗. Together, we have that

E[v(θt, a(θt,qt))ξt|qt] ≥
λ

1 + λ
W ∗ − 1

c
(L(pt)− E[L(pt+1) | qt])−

2 + λ

2(1 + λ)
∆ .

Therefore, we have that

E
[
WT (ηWL)

]
= E

[
T∑
t=1

ξt · v(θt, a(θt,qt))

]

= E

[
E

[
T∑
t=1

ξt · v(θt, a(θt,qt)) | qt

]]

= E

[
T∑
t=1

E [ξt · v(θt, a(θt,qt)) | qt]

]

≥ E

[
T∑
t=1

λ

1 + λ
W ∗ − 1

c
(L(pt)− E[L(pt+1 | qt])−

2 + λ

2(1 + λ)
∆

]

= T
λ

1 + λ
W ∗ − 1

c
(L(p1)− E[L(pT+1)])− T 2 + λ

2(1 + λ)
∆ . (9)

11Recall that under our definition of the waiting list mechanism, an item is discarded it the item finds its
corresponding queue to be empty when it arrives.
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By Lemma 5 we can translate the bound for E[WT (ηWL)] to a bound for WWL, i.e.,

WWL =
1 + λ

λ
lim
T→∞

1

T
E
[
WT (ηWL)

]
.

Plugging in (9) to the above equality, we have

WWL ≥ W ∗ − 2 + λ

2λ
∆ .

This concludes the proof.

Lemma 3. If c(w) = c · w, we have that

E[v(θt, a(θt,qt))ξt|qt] =
λ

1 + λ
h(pt)−

1

c
(L(pt)− E[L(pt+1) | qt])

− 1

2

∑
j∈J

c

µj
E[(aj,t − dj,t)2 + u2

j,t | qt] .

Proof. We have that the drift of Lyapunov function L(p) in one period is

L(pt)− L(pt+1)

=
1

2

∑
j∈J

µj

[
p2
j,t −

(
pj,t +

c

µj
(aj,t − dj,t + uj,t)

)2
]

=
1

2

∑
j∈J

µj

[
p2
j,t −

(
pj,t +

c

µj
(aj,t − dj,t)

)2

− c2

µ2
j

u2
j,t −

2c

µj

(
pj,t +

c

µj
(aj,t − dj,t)

)
uj,t

]
(a)
=

1

2

∑
j∈J

µj

[
p2
j,t −

(
pj,t +

c

µj
(aj,t − dj,t)

)2

− c2

µ2
j

u2
j,t

]
,

where the equality (a) follows from the fact that
(
pj,t + c

µj
(aj,t − dj,t)

)
uj,t ≡ 0 for all j ∈ J .

We further simplify the Lyapunov drift as follows.

L(pt)− L(pt+1) =
1

2

∑
j∈J

µj

[
p2
j,t −

(
pj,t +

c

µj
(aj,t − dj,t)

)2
]
− 1

2

∑
j∈J

c2

µj
u2
j,t

= − 1

2

∑
j∈J

µj

[
2c

µj
(aj,t − dj,t)pj,t +

c2

µ2
j

(aj,t − dj,t)2

]
− 1

2

∑
j∈J

c2

µj
u2
j,t

= − c
∑
j∈J

(aj,t − dj,t)pj,t −
1

2

∑
j∈J

c2

µj

(
(aj,t − dj,t)2 + u2

j,t

)
. (10)

We expanded the expected value of the next arrival E
[
v(θt, a(θt,qt))ξt | qt

]
plus the

14



expected value of the term 〈pt,at − dt〉 to show these are related to the dual objective given

in (5).

E
[
v(θt, a(θt,qt))ξt − 〈pt,at − dt〉 | qt

]
= E

[
v(θt, a(θt,qt))ξt −

∑
j∈J

pj,t(aj,t − dj,t) | qt
]

= E
[

max
j∈J∅

[v(θt, j)− pj,t] ξt +
∑
j∈J

pj,tdj,t | qt
]

= E[ξt]E
[

max
j∈J∅

[v(θt, j)− pj,t] | qt
]

+ E
[∑
j∈J

pj,tdj,t | qt
]

(11)

=
λ

1 + λ

∫
Θ

max
j∈J∅

[v(θt, j)− pj,t] dF (θ) +
1

1 + λ

∑
j∈J

µjpj,t

=
λ

1 + λ
h(pt) .

By adding c · v(θt, a(θt,qt))ξt to both sides of equation (10), taking expectation condi-

tional on qt and applying equation (11) we obtain the required identity.

Lemma 4. If c(w) = c · w, we have that for any qt,

1

2

∑
j∈J

c

µj
E[(aj,t − dj,t)2 + u2

j,t | qt] ≤
2 + λ

2(1 + λ)
∆ .

Proof. We have

c

2µj
(aj,t − dj,t)2 +

c

2µj
u2
j,t =

{
c
µj

if dj,t = 1 and qj = 0 ,
c

2µj
otherwise .

That is, the term above is equal to c/µj ≤ ∆ for arrivals that correspond to an item that

is discarded because its queue is empty, and equal to c/2µj ≤ ∆/2 for all other arrivals. Note

that the probability that an item is discarded must be at most 1/(1 + λ). We thus have

1

2

∑
j∈J

c

µj
E[(aj,t − dj,t)2 + u2

j,t | qt]

≤ 1

1 + λ
∆ +

λ

1 + λ

∆

2

=
2 + λ

2(1 + λ)
∆ .
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Lemma 5. For the model defined in Section 3, we have that

WWL =
1 + λ

λ
lim
T→∞

1

T
E
[
WT (ηWL)

]
.

Proof. We need to argue that the limiting operator and the expectation can be interchanged.

We proceed in two steps.

First, we show that the stochastic process {(ξt, v(θt, a(θt,qt)))}t≥0 is ergodic. Note that

v(θt, a(θt,qt)) only depends on qt and independent variables θt. The finite state Markov

chain {qt}t≥0 is irreducible and aperiodic,12 therefore it has a unique steady state distribu-

tion and {(ξt, v(θt, a(θt,qt)))}t≥0 is ergodic.

Second, we exchange the order of limit and expectation. It follows from the Birkhoff’s

ergodic theorem that WT (ηWL)
AT

converges almost surely to E[v∞|ξ∞ = 1], where (ξ∞, v∞)

is the steady state distribution of (ξt, v(θt, a(θt,qt))). Since WT (ηWL)
AT

is non-negative and

uniformly bounded from above by vmax for all T > 0, we have

WWL = E
[

lim
T→∞

WT (ηWL)

AT

]
= lim

T→∞
E
[
WT (ηWL)

AT

]
= E[v∞|ξ∞ = 1] ,

where we apply the bounded convergence theorem in the second equality to exchange the

limits; the last equality holds because the boundedness of WT (ηWL)
AT

and its almost sure

convergence implies L1 convergence. Finally, observe that

E[v∞] = E[v∞|ξ∞ = 1] · P(ξ∞ = 1) + E[v∞|ξ∞ = 0] · P(ξ∞ = 0)

= E[v∞|ξ∞ = 1] · λ

1 + λ
+ 0

= WWL · λ

1 + λ
,

where the second equality follows from the fact that all the rewards are collected when

agents arrive, i.e., ξt = 1. Note that

lim
T→∞

1

T
E
[
WT (ηWL)

]
= E[v∞] ,

we have

WWL =
1 + λ

λ
E[v∞] =

1 + λ

λ
lim
T→∞

1

T
E
[
WT (ηWL)

]
.

12Irreducibility follows from the fact that all states can go to 0 with positive probability. Aperiodicity
comes from the fact that the state can stay at 0 for an arbitrary number of periods.
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4.1 Asymptotic Optimality

Theorem 1 bounds the allocate efficiency loss in the waiting list. The following corollaries

imply that the loss tends to zero when agents’ patience increases or when the market size

grows large.

As agents are increasingly patient, the marginal expected waiting cost becomes smaller.

For example if c(w) = c · w, then ∆ = c/µmin → 0 as c→ 0. This implies:

Corollary 1. Fix F, {µ}j∈J , λ and consider a sequence of markets indexed by ` in which

waiting cost is c(w) = c` · w. Let WWL
` denote the allocative efficiency of the waiting list

for market `. If c` → 0 as `→∞, then

WWL
` −−−→

`→∞
WOPT .

Note that WOPT and the optimal prices p∗ are independent of c`. As c` tends to zero,

the length of queue j that generates the optimal price, q∗j = p∗j/c`, is increasing. Moreover,

there are smaller fluctuations in queue lengths and there fore in prices.This implies lower

variation in prices and higher allocative efficiency.

If the market thickens in the sense that arrivals of agents and items become more

frequent, the expected cost of waiting for a single arrival becomes lower. For example, if

c(w) = c · w and µmin →∞, then ∆ = c/µmin → 0. Therefore:

Corollary 2. Fix F, {µ}j∈J , λ and c(·). Consider a sequence of markets indexed by ` in

the agent arrival rate is ` · λ and the arrival rate of item j is ` · µj. Let WWL
` denote the

allocative efficiency of the waiting list for market `. If `→∞ then

WWL
` −−−→

`→∞
WOPT .

4.2 Lower Bound for the Allocative Efficiency Loss

A natural question is whether the bound given in Theorem 1 is tight. We give a lower

bound for the allocative efficiency loss by constructing an economy in which the loss is

approximately ∆.

Example 1. Consider a dynamic market in which Θ = J , that is, the set of items is J =

{1, 2, . . . , J} and there is a corresponding agent type for each agent type. The distribution

of agent types and item types are uniform, i.e., P(θ = j) = µj = 1/J, ∀j ∈ J . The total

agent arrival rate is λ = 1, and the waiting cost is linear, i.e. c(w) = c · w. The value of

agent θ for item j is

v(θ, j) =

{
γ if θ = j ,

0 if θ 6= j .
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Proposition 2. For any J and any ∆ > 0 and ε > 0, there exists a market with J items

as in Example 1 in which the allocative efficiency loss under the waiting list is

WOPT −WWL ≥ ∆− ε

Proof of Proposition 2. We prove the result by calculating the allocative efficiency loss in

the market of Example 1. By Proposition 1, we have that WOPT = γ.

Under the waiting list, an agent of type θ will only join the queue for item j = θ. An

agent arriving in epoch t of type θt = j will choose to join queue j to receive a value of 1

only if

γ ≥ pj(qj) =
c

µj
(1 + qt,j) = ∆(1 + qt,j) ,

or

qt,j ≤
γ

∆
− 1 .

Therefore, the possible states of each queue j ∈ J are 0, 1, . . . ,K with K = bγ/∆c.
Let πj(k)0≤k≤K denote the steady distributions over the length of queue j. Because the

length of the queue follows a reflected unbiased random walk, all states are equally likely

and πj(k) = 1
K+1 .13

The allocative efficiency under the waiting list is given by

WOPT −WWL = γ −
∑
j∈Θ

F (j)

(
πj(K) · 0 +

∑
k<K

πj(k) · γ

)

= γ − J 1

J

(
1

K + 1
· 0 +

K

K + 1
· γ
)

=
1

K + 1
· γ

=
1

bγ/∆c+ 1
· γ

By choosing γ such that bγ/∆c ≈ γ/∆− 1 we get that

WOPT −WWL ≥ 1
γ/∆− 1 + 1

· γ − ε

= ∆− ε

13To see this directly, observe that equating probability flows across a cut gives for any 0 < k < K that
πj(k)λ/J = πj(k + 1)µj , which implies that πj(0) = πj(1) = · · · = πj(K).
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4.3 Welfare of the Queueing Mechanism

As the market grows large, the welfare converges to the optimal allocation minus the pre-

dicted waiting times. This follows from the following result that restricts attention to the

convergence of prices.

Proposition 3. Fix F, {µ}j∈J , λ and consider a sequence of markets indexed by ` in which

waiting cost is c(w) = c` · w. Let P∗ be the set of minimizers of the dual function h(p), let

p`,∞ be the random variable of steady-state price in the market indexed by `. If c` → 0 as

`→∞, then

lim sup
`→∞

P (p`,∞ /∈ P∗) = 0 .

Proof sketch. Let p∗ be any minimizer of the dual function h(p). Consider the following

centered Lyapunov function:

L̄(p) =
1

2

∑
j∈J

µj(pj − p∗j )2 .

We first fix ` and omit the subscript `. Recall that pj,t+1 = pj,t+
c
µj

(aj,t−dj,t+uj,t). Similar

to the proof of Lemma 3, we have

L̄(pt+1)− L̄(pt)

=
1

2

∑
j∈J

µj

(
c2

µ2
j

(aj,t − dj,t + uj,t)
2 +

2c

µj
(pj,t − p∗j )(aj,t − dj,t + uj,t)

)

= c〈pt − p∗,at − dt〉+
1

2

∑
j∈J

µj

(
c2

µ2
j

(aj,t − dj,t + uj,t)
2 +

2c

µj
(pj,t − p∗j )uj,t

)
(a)

≤ c〈pt − p∗,at − dt〉+
1

2

∑
j∈J

µj

(
c2

µ2
j

(aj,t − dj,t + uj,t)
2 +

2c

µj
pj,t · uj,t

)

= c〈pt − p∗,at − dt〉+
1

2

∑
j∈J

µj

(
c2

µ2
j

(
(aj,t − dj,t)2 + u2

j,t

)
+

2c

µj

(
pj,t +

c

µj
(aj,t − dj,t)

)
uj,t

)
.

Here inequality (a) is because p∗j ≥ 0 and uj,t ≥ 0. Note that (pj,t + c
µj

(aj,t − dj,t))uj,t ≡ 0.

Using arguments similar to those in the proof of Lemma 4, we have

L̄(pt+1)− L̄(pt) ≤ c〈pt − p∗,at − dt〉+ c ·∆ .

Take expectations on both sides conditioned on qt, and use the fact that E[at − dt|qt] ∈
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−∂h(pt), we have

E[L̄(pt+1)|qt]− L̄(pt) ≤ −c (h(pt)− h(p∗)) + c ·∆ . (12)

For ε > 0, let B(ε) , max{L̄(p) : h(p) ≤ h(p∗) + ε}. It is straightforward to verify that

for the Markov chain {pt}∞t=1 and ∆ ≤ ε
2 , the Lyapunov function L̄(·) has negative drift

− cε
2 when h(p) ≥ h(p∗) + ε. Notice that the maximum increase of L̄(p) in one period is

cvmax. Applying Theorem 1 in Bertsimas et al. (2001), we have

P(L̄(p∞) > B(ε) + 2cvmaxm) ≤
(

2vmax

2vmax + ε

)m+1

Let m = B(ε)
cvmax

. Let `→∞ therefore c` → 0, and this shows that P(L̄(p`,∞) > 3B(ε))→ 0.

Since ε can be chosen arbitrarily, this concludes the proof.

5 Exponentially Small Loss for Generic Problems

The magnitude of the loss generated by miss-allocations depends naturally on the param-

eters of the economy and this section further isolates sources of the inefficiency. Indeed

it is shown here that in economies with finitely many agents and item types, the loss is

generically much smaller than the stated in Theorem 1. The following natural assumption

will drive the result.

Assumption 1 (Unique shadow price). The dual problem (5) with finite types of items and

agents has a unique minimizer p∗.

Assumption 1 holds generically when there are finitely many agent types.

Proposition 4. Let λ ∈ R|Θ|++ be the vector of arrival rates of each type of agent. The

vectors (v,λ,µ) satisfying Assumption 1 are open and dense in R|Θ|×|J |+|Θ|+|J |++ .

Proof of Proposition 4. We say that the problem instance (λ,µ) satisfies generalized im-

balance (GI) if there are no pair of nonempty subsets of agent types I ′ ⊂ Θ and item

types J ′ ⊂ J such that the total arrival rate of agents with type in I ′ exactly matches

the total arrival rate of items with types in J ′. The proposition holds because the problem

instances satisfying GI are open and dense in R|I|+|J |++ , and that GI implies Assumption 1

(see Proposition C.2 of Johari et al. (2016)).

Theorem 2. Suppose there are a finite number of agent types, the primitives v = (v(θ, j))θ∈Θ,j∈J ,

λ = (λθ)θ∈Θ, µ = (µj)j∈J satisfy Assumption 1, and consider a sequence of markets in-

dexed by ` in which waiting cost is c(w) = c` · w. If c` → 0 as ` → ∞, then there exists
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α = α(v,λ,µ) > 0, such that

WOPT −WWL
` = O (exp(−α/∆`)) `→∞ .

The intuition behind Theorem 2 is the following. Assumption 1 led to the robustness

of the optimal dual prices; indeed as long as prices are within some δ > 0 distance from

the unique dual prices p∗, items are allocated efficiently due to complementary slackness.

And when prices are further away from p∗, they adjust towards the optimal dual prices at

some minimal rate γ > 0. So prices follow a biased random walk towards p∗, implying that

that they are far from the optimal dual prices with probability that is exponentially small

in step size ∆`’s inverse. The exponent α in the theorem is roughly proportional to the

product of δ and γ.

The remainder of this section formalizes this intuition. For this purpose consider an

economy that satisfies Assumption 1 with the unique dual price p∗ and assume that agents

have linear waiting costs as stated in the theorem.

Robustness of dual prices. The following sets will serve to define the robustness of

dual prices. Define the set of active agent types as:

Θ∗ ,

{
θ ∈ Θ : max

j∈J
(v(θ, j)− p∗j ) > 0

}
,

the set of active item types as:

J ∗ ,
{
j ∈ J : p∗j > 0

}
,

and for each type of agent θ ∈ Θ, its set of active matches as:

J ∗θ , argmaxj∈J [v(θ, j)− p∗j ]+ .

From complementary slackness conditions, an allocation x is an optimal solution of the

static allocation problem (4) if and only if (i) all active agent types are assigned items, (ii)

all active item types are assigned to agents, (iii) for each (θ, j) such that xθ,j > 0, (θ, j) is

an active match, and, (iv) x satisfies the primal constraints.

For uniquely defined p∗, observe that there exists a constant δ > 0 such that when the

price is within δ of p∗, conditions (i)-(iii) are satisfied.

Definition 2. Consider a problem instance (v,λ,µ) that satisfies Assumption 1. Let

δλ , min
θ∈Θ∗

max
j∈J

(v(θ, j)− p∗j ) ,
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δµ , min
j∈J ∗

p∗j ,

δv , min
{θ∈Θ:J ∗θ 6=∅}

min
j∈J ∗θ ,j′ /∈J

∗
θ

(
[v(θ, j)− p∗j ]+ − v(θ, j′) + p∗j′

)
.

We refer to δ , min{δλ, δµ, δv} > 0 as the robustness of dual price of the problem instance.

Define the following set of near-optimal dual prices.

P ,

{
p : ||p− p∗||∞ <

δ

2

}
.

The following lemma and its proof states that the loss arises only when p /∈ P.

Lemma 6. If prices in steady state satisfy that P(p∞ /∈ P) ≤ κ, then

WOPT −WWL ≤ 1 + λ

λ
vmaxκ .

Proof. Let xθ,j,t be the match in the t-th period, which equals to 1 if a type θ agent is

assigned a type j item in the t-th period, and equals to zero otherwise. For prices that

satisfy pt ∈ P, it holds by definition (robustness of the dual price) that∑
j∈J

xθ,j,t = 1{a type θ agent arrives at t} , ∀θ ∈ Θ∗

∑
θ∈Θ

xθ,j,t = 1{a type j item arrives at t} , ∀j ∈ J ∗

xθ,j,t = 0 , ∀θ ∈ Θ , θ /∈ J ∗θ .

Denote by w∞ the match value obtained in a period in steady state (by the Arrival Theorem,

the steady state of the discrete time process we are considering is the same as the steady

state distribution of the original continuous time process). Note that

WWL =
1 + λ

λ
E[w∞] ≥ 1 + λ

λ
E[w∞|p∞ ∈ P] · P(p∞ ∈ P) . (13)

The last term on the RHS is bounded from below 1 − κ by assumption. It remains to

show 1+λ
λ E[w∞|p∞ ∈ P] = WOPT because

WWL ≥ (1− κ)WOPT ≥WOPT − 1 + λ

λ
vmaxκ .

By linearity of expectation, we have

E[w∞|p∞ ∈ P] =
∑

θ∈Θ,j∈J
v(θ, j)E[xθ,j,∞|p∞ ∈ P] .
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Note that ∑
j∈J

E[xθ,j,∞|p∞ ∈ P] = λθ , ∀θ ∈ Θ∗ (14)

∑
θ∈Θ

E[xθ,j,∞|p∞ ∈ P] = µj , ∀j ∈ J ∗ (15)

E[xθ,j,∞|p∞ ∈ P] = 0 , ∀θ ∈ Θ , j /∈ J ∗θ . (16)

This completes the proof since equalities (14)-(16) correspond to the complementary

slackness condition of the static allocation problem.

Rate of adjustment. Next we show that prices are very likely to be in P, by showing

that prices that deviates from p∗ quickly adjusts back. The rate of price adjustment is

related to the “sharpness” of the dual objective (5).

Lemma 7 (Geometry of dual function). Suppose Assumption 1 holds. Then there exists

γ(v,λ,µ) > 0 such that for any p ∈ R|J |, we have

h(p)− h(p∗) ≥ γ(v,λ,µ)||p− p∗||2 . (17)

Moreover,

γ(v,λ,µ) ≥ 1

λ

{
min
I⊂J

λ−
∑

j∈I µj√
|I|

, min
{I:I⊂J ,I⊃∪θ∈Θ∗J ∗θ }

∑
j∈I µj −

∑
θ∈Θ∗ λθ√

|I|
, min
j∈J

µj

}
.

The proof of this technical lemma appear in Appendix D.1. The proof shows that the

rate of adjustment is positive for p ∈ P and by convexity of h(p) − h(p∗) this holds also

also for prices not in P. The proof Theorem 2 can now be completed.

[PQ: current progress]

Proof of Theorem 2. Using Lemma 6, we have that

WOPT −WWL ≤ 1 + λ

λ
vmaxP(p∞ /∈ P) .

Lemma 12 in the appendix provides the following concentration bound (using further

Lyapunov analysis and using the established bound on the rate of adjustment):

P(p∞ /∈ P) ≤ exp

(
− log

(
1 +

γµmin

4

)( δ

12∆

))
.
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Therefore the allocative efficiency loss is bounded by:

WOPT −WWL ≤ 1 + λ

λ
vmax exp

(
− log

(
1 +

γµmin

4

)( δ

12∆

))
.

where δ is the robustness of price, and γ is the rate of price adjustment.

6 On the Optimal Step Size

In our main results we considered a waiting list, for which the step-size ∆ is exogenously

given by the item arrival rates and agents’ patience. In this section we enrich the model to

consider the optimal step-size for a planner who implements a price adaptation to maximize

allocative efficiency. We assume that the planner can fix a single SGD step size in order

to minimize the loss due price fluctuations. The model assumes linear waiting costs and

finitely many periods T . This section illustrates that for a carefully chosen step size, the

loss can grow at a rate of
√
T .

Assignments and Allocative Efficiency in Finite Horizon T . Similar to (1), we

define the allocative efficiency of allocation η in the first T epochs as follows:

WT (η) =
T∑
t=1

ξtv(θt, ηt) . (18)

Note that for the finite horizon setting, it is notationally easier to work with the sum of

match values rather than the average match values, therefore we use the sum as objective.

A caveat is that since we are only interested in the first T epochs, we can only assign items

that arrive before T to the agents.

Define optimal allocative efficiency to be

WOPT
T = E

[
sup
η∈H

WT (η)

]
,

where H is the set of all allocations of interest and the expectation is taken over all possible

realizations.

Proposition 5. The optimal finite horizon allocative efficiency WOPT
T is upper bounded by

W ∗T , λ
λ+1 · T ·W

∗, where W ∗ is the optimal static allocative effciency (i.e., the optimal

value of (4)).

The proof of Proposition (5) is almost identical to the proof of Proposition (1) and is

therefore omitted.
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We first show that by setting the step size to 1/
√
T , we can obtain allocative efficiency

that is within O(
√
T ) of W ∗T , hence also within O(

√
T ) of WOPT

T .

Theorem 3. The T -horizon allocative efficiency under the SGD algorithm with step size

∆ = 1/
√
T satisfies:

W ∗T −WWL
T ≤

√
T

(
2 + λ

2(1 + λ)
+

1

2µmin
v2

max

)
.

Proof. From the analysis of Theorem 1, equation (9), we have:

E
[
WT (ηWL)

]
= T

λ

1 + λ
W ∗ − 1

c
(L(p1)− E[L(pT+1)])− T 2 + λ

2(1 + λ)
∆ .

Therefore the allocative efficiency loss satisfies:

W ∗T −WWL
T =

1

c
(L(p1)− E[L(pT+1)]) + T

2 + λ

2(1 + λ)
∆ .

Note that ∆ = c/µmin, and that

1

µmin ·∆
(L(p1)− E[L(pT+1)]) + T

2 + λ

2(1 + λ)
∆ ≤ T

2 + λ

2(1 + λ)
∆ +

1

2µmin ·∆
∑
j∈J

µjp
2
1,j .

By setting ∆ = 1/
√
T , the loss is upper bounded by

√
T

(
2 + λ

2(1 + λ)
+

1

2µmin
v2

max

)
.

This concludes the proof.

We show that the bound given in Theorem 3 is tight in the sense that there exists an

economy (which we explicitly construct below) for which W ∗T −WOPT
T = Ω(

√
T ).

Example 2. Consider a dynamic market with a single type of item which arrives according

to a Poisson process with rate 1, and a single type of agent which also arrives according to

a Poisson process with rate 1. The agent’s valuation of item is 1.

Proposition 6. For the market in Example 2, we have

W ∗T −WOPT
T ≥ 0.2

√
T − 5 .

Proof. It is straightforward to derive that W ∗T = T .

On the other hand, note that the optimal assignment simply waits until the last period

to match all the agents and items that have arrived. Let Λ(T ), Λ′(T ) be two Poisson random
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variables with mean T . We have

WOPT
T = E[min{Λ(T ),Λ′(T )}] .

Therefore

W ∗T −WOPT
T = T − E[Λ′(T ) + min{Λ(T )− Λ′(T ), 0}]

= E[max{Λ′(T )− Λ(T ), 0}]

=
√

2T E
[
max

{
Λ′(T )− Λ(T )√

2T
, 0

}]
.

By Markov’s inequality, if follows that

E
[
max

{
Λ′(T )− Λ(T )√

2T
, 0

}]
≥ P

(
max

{
Λ′(T )− Λ(T )√

2T
, 0

}
≥ 1

)
.

Therefore we can write that

W ∗T −WOPT
T ≥

√
2T (1− FT (1)) (19)

where FT (x) is the cumulative distribution function of max
{

Λ′(T )−Λ(T )√
2T

, 0
}

. Let Φ(x) be

the cumulative distribution function of standard Gaussion distribution, we have

1− FT (1) = 1− Φ(1) + Φ(1)− FT (1) ≥ 1− Φ(1)− |Φ(1)− FT (1)| .

We can view Λ′(T ) − Λ(T ) as the sum of T i.i.d. random variables Λ′(1) − Λ(1), where

Λ(1),Λ′(1) are independent Poisson distribution with mean 1. Using Berry-Esseen bound

we have

|Φ(1)− FT (1)| ≤ 0.4748 E|Λ(1)− Λ′(1)|3

[Var(Λ′(1)− Λ(1))]3/2
√
T
. (20)

Note that Var(Λ′(1)− Λ(1)) = 2, and by Esseen (1975) we have

E|Λ(1)− Λ′(1)|3 ≤ 2E[|Λ(1)|3] + 3E[Λ(1)]E[(Λ(1))2]− E3[Λ(1)] = 15 .

Plugging into (20), we have

|Φ(1)− FT (1)| ≤ 3√
T
.
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Plugging back into (19) and note that 1− Φ(1) ≥ 0.1587, we have

W ∗T −WOPT
T ≥

√
2T (1− Φ(1)− 3/

√
T ) ≥ 0.2

√
T − 5 .

This concludes the proof.

7 Summary

This paper considers a dynamic economy, in which the waiting times play the role of prices

in guiding the allocation and rationing items. It studies the impact of the fluctuations in

waiting times resulting from the stochasticity in the arrival of demand and supply, and

quantifies the allocative efficiency loss resulting from this fluctuation.

We observe that the efficiency loss compared to an optimum offline assignment is fairly

small and is captured by the marginal increase in expected waiting cost from having one

more agent in the queue. Furthermore, when equilibrium waiting times are essentially

unique, there is almost no efficiency loss.

Our results show that despite the decentralized nature of these markets and the under-

lying stochasticity, simple waiting mechanisms obtain near optimum allocative efficiency.

They also justify deterministic or “fluid” approximations for modeling the behavior of such

queueing systems.
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Organization of the Mathematical Appendices. The appendix is organized as

follows.

1. In Appendix A, we prove Proposition 1, which shows that the optimal allocative

efficiency equals the value of the static allocation problem.

2. In Appendix B, we prove Theorem 1.

3. In Appendix C, we bound the price change granularity ∆ using the property of the

waiting cost functions.

4. In Appendix D, we establish the genericity of Assumption 1, and prove Theorem 2,

which shows that for generic instances with finite agent types, the efficiency loss of

the queueing mechanism is exponentially small in N as market size N increases.

A Optimal Allocative Efficiency: Proof of Proposition 1

In this section we prove Proposition 1.

Proof of Proposition 1. We first show that WOPT ≤ W ∗. This part of the proof mostly

consists of a careful treatment of expectations and limits.

Let η ∈ H be any no-Ponzi allocation. Recall that ηt ∈ J∅ is the kind of item assigned

under η to the agent that arrived at epoch t. For each j ∈ J and θ ∈ Θ, define ĜTj (θ) as

ĜTj (θ) ,
1

AT

∑
t≤T

ξt1{θt≤θ,ηt=j} .

Recall that AT is the number of agents that arrived in the first T epochs. Therefore, ĜTj (θ)

is proportional to the empirical cumulative distribution function of the types of the agents

in AT who are assigned a type j item. When AT = 0, we set ĜTj (θ) = 0 for all j ∈ J and

θ ∈ Θ. By definition, the allocative efficiency under η is defined as

W (η) = lim inf
T→∞

1

AT

∑
j∈J

∑
t≤T

ξtv(θt, j) = lim inf
T→∞

∑
j∈J

∫
θ∈Θ

v(θ, j)dĜTj (θ) . (21)

Note that for any T , ĜTj (θ) satisfies

∑
j∈J

ĜTj (θ) ≤ 1

AT

∑
t≤T

ξt1{θt≤θ} , ∀θ ∈ Θ (22)

ĜTj (0) = 0 , ĜTj (1) ≤ 1

AT

∑
t≤T

1{ηt=j} +M

 ∀j ∈ J (23)
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ĜTj (θ) is non-decreasing and right-continuous. ∀j ∈ J (24)

for some M ∈ R. Here (22) and (24) are trivial. (23) is satisfied by any no-Ponzi assignment

for the following reason: The agents in AT who are assigned a type j ∈ J item are either

assigned before the T -th epoch or after the T -th epoch. The number of those who are

assigned before T cannot exceed the the total number of type j items that arrive before T .

The number of those who are assigned after T is bounded by some M ∈ R by the definition

of no-Ponzi assignments.

Combining the above, we have

E

∑
j∈J

∫
θ∈Θ

v(θ, j)dĜTj (θ)

 ≤ E

 max
Ĝj(θ) satisfying (22)(23)(24)

∑
j∈J

∫
θ∈Θ

v(θ, j)dĜj(θ)

 .
It is easy to check that the optimal value of the inner maximization problem above is concave

and non-decreasing in the RHS of (22) and (23). Note that

Expectation of RHS of (22) = F (θ) , ∀θ ∈ Θ ,

Expectation of RHS of (23) =
µj
λ

+
(1 + λ)M

λT
, ∀j ∈ J .

It follows from Fatou’s Lemma that

E[W (η)] = E

lim inf
T→∞

∑
j∈J

∫
θ∈Θ

v(θ, j)dĜTj (θ)

 ≤ lim inf
T→∞

E

∑
j∈J

∫
θ∈Θ

v(θ, j)dĜTj (θ)

 .
Applying Jensen’s inequality, we have

lim inf
T→∞

E

∑
j∈J

∫
θ∈Θ

v(θ, j)dĜTj (θ)

 ≤W ∗ ,
where W ∗ is defined in (4). Therefore E[W (η)] ≤ W ∗ for any η ∈ H. Since W (η) is

uniformly bounded above by vmax, by Bounded Convergence Theorem we have WOPT =

E[supη∈HW (η)] = supη∈H E[W (η)] ≤W ∗. This concludes the proof.

Next we prove that WOPT ≥ W ∗. We explicitly construct a sequence of randomized

policies that can achieve allocative efficiencies which are arbitrarily close to W ∗. Note that

the constructed policies are more of technical devices used to prove the desired bound,

rather than practical policies.

Denote the optimal solution of the optimization problem (4) by x∗. Consider the follow-

ing randomized policy: Maintain a separate First-Come-First-Served queue for each item.
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An arriving agent will be assigned to one of the queues or rejected, based on a coin-toss (to

be specified later). An agent who joins a queue will wait in that queue until receiving an

item. When an item arrives, it is assigned to the agent at the head of its queue, if there

is any; and the item is discarded if the item’s queue is empty. The coin-toss is defined as

follows: Fix M ∈ Z+. If the arriving agent is of type θ, it is assigned to queue j with

probability x∗θj , or rejected with probability 1 −
∑

j∈J x
∗
θj . If the length of the queue to

which the agent is assigned exceeds M , the agent is also rejected.

Denote the match value collected by the randomized policy in epoch t by vRD
t . Then by

definition of the policy, we have

E[vRD
t |qj,t < M, ∀j ∈ J ] =

λ

1 + λ

∑
j∈J

∫
Θ
x∗θj v(θ, j)dF (θ) =

λ

1 + λ
W ∗ .

It follows that

E[vRD
t ] ≥ λ

1 + λ
W ∗ · P(qj,t < M, ∀j ∈ J ) .

Let WRD be the allocative efficiency of the randomized policy, we therefore have

WRD ≥W ∗ · P(qj,∞ < M, ∀j ∈ J ) ,

where q∞ is the steady-state queue length distribution. The allocative efficiency loss of the

randomized policy can be bounded as:

W ∗ −WRD ≤ W ∗ −W ∗ · P(qj,∞ < M, ∀j ∈ J )

≤ vmax · P(qj,∞ = M,∃j ∈ J )

≤ vmax ·
∑
j∈J

P(qj,∞ = M) , (25)

where the second inequality follows from the fact that W ∗ ≤ vmax, and the last inequality

comes from the union bound. It remains to bound P(qj,∞ = M) for any j ∈ J under the

randomized policy. Fix j ∈ J , then qj,t is a birth-death process on {0, 1, · · · ,M} with death

rate µj and birth rate

λ∗j = λ

∫
Θ
x∗θjdF (θ) .

It follows from the constraint in (4) that λ∗j ≤ µj . As a result, P(qj,∞ = M) ≤ P(qj,∞ =

M − 1) ≤ · · · ≤ P(qj,∞ = 0), hence P(qj,∞ = M) ≤ 1
M+1 . Plugging in the bound on
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P(qj,∞ = M) to (25), we have

W ∗ −WRD ≤ vmax|J |
M + 1

.

Notice that by definition, WRD ≤WOPT, hence

W ∗ −WOPT ≤ vmax|J |
M + 1

.

Since M can be chosen arbitrarily, it must be true that W ∗ −WOPT ≤ 0. This concludes

the proof.

B Upper Bound on the Allocative Efficiency Loss of the

Queueing Mechanism

In this section we prove Theorem 1.

Proof of Theorem 1. The following proof generalizes the one described in the main paper

which focuses on the special case of linear waiting cost.

Recall that WT (ηWL) is the total value of items assigned to agents that arrive before

epoch T , that is

WT (ηWL) =
T∑
t=1

ξt · v(θt, a(θt,qt)) ,

and that

WWL =
1 + λ

λ
E
[
lim inf
T→∞

WT (ηWL)

T

]
.

Similar to the proof in the main paper, we use the Lyapunov analysis to bound the

allocative efficiency. It turns out for general waiting costs, using the Lyapunov function of

queue lengths is notationally simpler than using the Lyapunov function of waiting costs. As

a result, we use the following Lyapunov function: let the Lyapunov function L(q) be such

that ∇L(q) = p(q). The analysis uses the Bregman divergence generated by L(q) as the

notion of proximity, which is defined as follows

DL(q1,q2) , L(q1)− L(q2)− 〈∇L(q2),q1 − q2〉 .

Let at and dt be the vectors representing the arriving agent and item at time t, respectively:

at , ea(θt,qt)ξt , dt , ejt(1− ξt) ,
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and let uj,t , max {0, dj,t − qj,t − aj,t} denote the number of discarded items of type j at

time t. The evolution of the length of queue j is governed by

qj,t+1 = [qj,t + aj,t − dj,t]+ = qj,t + aj,t − dj,t + uj,t , for each j ∈ J .

By Lemma 9 we have that

E[v(θt, a(θt,qt))ξt|qt] ≥
λ

1 + λ
h(pt)− (L(qt)− E[L(qt+1) | qt])−

∆

2(1 + λ)
(26)

− E[DL(qt + at − dt,qt) | qt] .

By Lemma 10 we have that DL(qt + at − dt,qt) ≤ ∆/2. By Lemma 1 we have that

h(pt) ≥W ∗. Together, we have that

E[v(θt, a(θt,qt))ξt|qt] ≥
λ

1 + λ
W ∗ − (L(qt)− E[L(qt+1) | qt])−

(
∆

2(1 + λ)
+

∆

2

)
.

Therefore, we have that

E
[
WT (ηWL)

]
= E

[
T∑
t=1

ξt · v(θt, a(θt,qt))

]

= E

[
E

[
T∑
t=1

ξt · v(θt, a(θt,qt)) | qt

]]

= E

[
T∑
t=1

E [ξt · v(θt, a(θt,qt)) | qt]

]

≥ E

[
T∑
t=1

λ

1 + λ
W ∗ − (L(pt)− E[L(qt+1) | qt])−

2 + λ

2(1 + λ)
∆

]

= T
λ

1 + λ
W ∗ − (L(p1)− E[L(qT+1)])− T 2 + λ

2(1 + λ)
∆ . (27)

By Lemma 5, we have

WWL =
1 + λ

λ
lim
T→∞

1

T
E
[
WT (ηWL)

]
.

Plugging in (27) to the above equality, we have

WWL ≥ W ∗ − 2 + λ

2λ
∆ .

This concludes the proof.
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Lemma 8. We have that

L(qt+1) ≤ L(qt + at − dt) +
∆

2
· 1{ξt = 0} .

Proof. By definition of Bregman divergence, we have

DL(qt + at − dt,qt+1) = L(qt + at − dt)− L(qt+1)− 〈p(qt+1),qt + at − dt − qt+1〉

= L(qt + at − dt)− L(qt+1) + 〈p(qt+1),ut〉 .

Therefore

L(qt+1) = L(qt + at − dt) + 〈p(qt+1),ut〉 −DL(qt + at − dt,qt+1) . (28)

To bound the RHS of (28), we consider two cases:

Case 1. If ∃j ∈ J such that dj,t = 1 and qj,t = 0, we have qj,t+1 = 0 and uj,t = 1. Note

that in this case ξt = 0. Let Pj(q) be an anti-derivative of pj(q), then L(q) =
∑

j∈J Pj(q)

is a Lyapunov function because it satisfies ∇L(q) = p(q). We have

〈p(qt+1),ut〉 −DL(qt + at − dt,qt+1)

= pj(0)− (Pj(−1)− Pj(0)− pj(0) · (−1))

= Pj(0)− Pj(−1) . (29)

Since pj(·) is non-negative and ∆-Lipshitz, we have

Pj(0) ≤ Pj(−1) +

∫ 1

0
∆ · xdx = Pj(−1) + ∆/2 .

Plugging in the above equality to (29), we have

〈p(qt+1),ut〉 −DL(qt + at − dt,qt+1) ≤ ∆

2
· 1{ξt = 0} . (30)

Case 2. If the condition in Case 1 does not hold, we have ut = 0 and qt+at−dt = qt+1,

hence

〈p(qt+1),ut〉 −DL(qt + at − dt,qt+1) = 0 .

Therefore, plugging in the above two cases to (28), we have

L(qt+1) ≤ L(qt + at − dt) +
∆

2
· 1{ξt = 0} .
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Lemma 9. For the model defined in Section 3, we have that

E[v(θt, a(θt,qt))ξt|qt] ≥
λ

1 + λ
h(pt)− (L(qt)− E[L(qt+1) | qt])−

∆

2(1 + λ)

− E[DL(qt + at − dt,qt) | qt] .

Proof. We have that the drift of Lyapunov function L(q) in one period is

L(qt)− L(qt+1)

≥ L(qt)− L(qt + at − dt)−
∆

2
· 1{ξt = 0}

= − 〈p(qt),at − dt〉 −DL(qt + at − dt,qt)−
∆

2
· 1{ξt = 0} , (31)

where the inequality follows from Lemma 8, and the equality comes from the definition of

Bregman divergence.

We expanded the expected value of the next arrival E
[
v(θt, a(θt,qt))ξt | qt

]
plus the

expected value of the term 〈pt,at − dt〉 to show these are related to the dual objective given

in (5).

E
[
v(θt, a(θt,qt))ξt − 〈pt,at − dt〉 | qt

]
= E

[
v(θt, a(θt,qt))ξt −

∑
j∈J

pj,t(aj,t − dj,t) | qt
]

= E
[

max
j∈J∅

[v(θt, j)− pj,t] ξt +
∑
j∈J

pj,tdj,t | qt
]

= E[ξt]E
[

max
j∈J∅

[v(θt, j)− pj,t] | qt
]

+ E
[∑
j∈J

pj,tdj,t | qt
]

=
λ

1 + λ

∫
Θ

max
j∈J∅

[v(θt, j)− pj,t] dF (θ) +
1

1 + λ

∑
j∈J

µjpj,t

=
λ

1 + λ
h(pt) . (32)

Adding v(θt, a(θt,qt))ξt to both sides of equation (31), we have

v(θt, a(θt,qt))ξt + L(qt)− L(qt+1)

≥ v(θt, a(θt,qt))ξt − 〈p(qt),at − dt〉 −DL(qt + at − dt,qt)−
∆

2
· 1{ξt = 0} .
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Taking expectation conditional on qt and applying equation (32), we have

E[v(θt, a(θt,qt))ξt|qt] + (L(qt)− E[L(qt+1) | qt])

≥ λ

1 + λ
h(pt)− E[DL(qt + at − dt,qt) | qt]−

∆

2(1 + λ)
.

Rearranging the terms, and we obtain the desired inequality.

Lemma 10. For the model defined in Section 3, we have that for any qt,

E[DL(qt + at − dt,qt) | qt] ≤
∆

2
.

Proof. Note that L(q) is convex because its gradient ∇L(q) = p(q) is increasing in each

coordinate. Also note that L(q) has ∆-Lipschitz gradient, because for queue lengths q1,q2,

||∇L(q1)−∇L(q2)|| = ||p(q1)− p(q2)|| ≤ ∆||q1 − q2|| .

Equivalently, L(q) is ∆-strongly smooth, i.e.,

L(q2)− L(q1) ≤ 〈∇L(q1),q2 − q1〉+
∆

2
||p(q2)− p(q1)||2 .

By definition of Bregman divergence, we have

DL(qt + at − dt,qt)

= L(qt + at − dt)− L(qt)− 〈∇L(qt),at − dt〉

≤ ∆

2
||at − dt||2

=
∆

2
.

Here the second last inequality follows from the strong smoothness of L(q). This concludes

the proof.

C Price Change Granularity of Nonlinear Waiting Cost Func-

tions

We stated our main result (Theorem 1) in terms of the price change granularity ∆. However,

for nonlinear waiting costs, it remains to be shown how ∆ is related to the waiting cost

function c(w). In this section, we focus on the waiting costs that satisfy the assumption

below.

37



Assumption 2. We consider the following classes of waiting cost functions.

• Convex waiting costs. c(w) is convex, twice-differentiable for w ≥ 0, and that c′(w)

and c′′(w) are subexponential, i.e., there exists α such that c′(w), c′′(w) ≤ eαw for all

w ≥ 0.

• Concave waiting costs. c(w) is concave and twice-differentiable for w ≥ 0.

Proposition 7. Consider the asymptotic regime in Corollary 2 and waiting cost functions

satisfying Assumption 2. The following holds:

1. For convex c(w), there exists `0 <∞ such that for ` ≥ `0, ∆ ≤ 2c′(c−1(vmax))
`µmin

.

2. For concave c(w), for any ` > 0, ∆ ≤ c′(0)
`µmin

.

Proof of Proposition 7. Consider the system with index `. Let Xt be the interarrival time

between the t-th type j item and the (t + 1)-th type j item, hence Xt is an exponential

random variable with rate `µj , and {Xt}∞t=1 are i.i.d. Let Sn ,
∑n

t=1Xt.

Let qmax,` be the threshold queue length above which no arriving agent will join that

queue. Then approximately

vmax = pj(qmax,`) = E[c(Sqmax,`
)] .

For convex cost function c(w), by Jensen’s inequality we have

E[c(Sqmax,`
)] ≥ c

(
E[Sqmax,`

]
)

= c

(
qmax,`

`µj

)
.

Compare the above two inequalities, we have qmax,` ≤ `µjc−1(vmax). Notice that

pj(qj + 1)− pj(qj) = E[c(Sqj +Xqj+1)− c(Sqj )] ≤ E[c′(Sqj +Xqj+1) ·Xqj+1] ,

where the inequality follows from the convexity of c(w). Take supremum over all 0 ≤
qj ≤ qmax,` on both sides of the above inequality. Because c(w) is convex, c′(w) must be

non-decreasing, hence

∆ = sup
0≤qj≤qmax,`

(pj(qj + 1)− pj(qj)) ≤ E[c′(Sqmax,`
+Xqmax,`+1) ·Xqmax,`+1] .

Using Holder’s inequality, we have

E[c′(Sqmax,`
+Xqmax,`+1) ·Xqmax,`+1] ≤ α

√
E[(c′(Sqmax,`+1))α] · β

√
E[Xβ

1 ] ,
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where α, β ∈ (1,∞) and 1
α + 1

β = 1. Because c(w) satisfies Assumption 2, for any α ∈ (1,∞)

we can apply Lemma 11 and it follows that

lim
`→∞

α

√
E[(c′(Sqmax,`

))α] = α

√
c′
(
E[Sqmax,`

]
)α

= c′
(
qmax,`

`µj

)
.

Therefore

lim
`→∞

E[c′(Sqmax,`
+Xqmax,`+1) ·Xqmax,`+1] ≤ c′

(
qmax,`

`µj

)
inf
β>1

β

√
E[Xβ

1 ]

≤ c′
(
qmax,`

`µj

)
E[X1] =

c′
(
qmax,`

`µj

)
`µj

.

As a result, there exists `0 > 0 such that for ` ≥ `0, it holds that

∆ ≤
2c′
(
qmax,`

`µj

)
`µj

≤
2c′
(
c−1(vmax)

)
`µj

. (33)

For concave c(w), using its concavity we have for any 0 ≤ qj ≤ qmax,`,

pj(qj + 1)− pj(qj) = E[c(Sqj +Xqj+1)− c(Sqj )] ≤ E[c′(0)X1] =
c′(0)

`µj
. (34)

Combine (33) and (34), we conclude the proof.

Lemma 11. Let {Xi}∞i=1 be i.i.d. exponential random variables with rate 1, X̄n , 1
n

∑n
i=1Xi,

and α ∈ (0,∞). For any continuously differentiable function f(x) defined on R+ such that

there exists C1, C2 ∈ (0,∞) and f(x) ≤ C1e
C2x, f ′(x) ≤ C1e

C2x for all x ∈ R+, we have

lim
N→∞

E
[
f(α · X̄N )

]
= f(α) .

Proof of Lemma 11. The result simply follows the proof of Theorem 1(c) in Kozakiewicz

et al. (1947), therefore we omit the details.

D Proof of Exponentially Small Loss

In this section, we prove the results in Section 5.

D.1 Rate of price adjustment

Proof of Lemma 7. We proceed in two steps.
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Step 1. We first show that we can lower bound h(p)− h(p∗) by a support function:

h(p)− h(p∗) ≥ sup
s∈S
〈p∗ − p, s〉 .

for some convex set S.

For each agent type θ ∈ Θ, define

∆θ ,

x ∈ R|J |+ :
∑
j∈J

xj = 1 , xj = 0 for j /∈ J ∗θ

 ,

∆̃θ ,

x ∈ R|J |+ :
∑
j∈J

xj ≤ 1 , xj = 0 for j /∈ J ∗θ

 ,

∆ ,

x ∈ R|J |+ :
∑
j∈J

xj = 1

 , ∆̃ ,

x ∈ R|J |+ :
∑
j∈J

xj ≤ 1

 .

Using the definitions above, we can rewrite the dual function 5 as

h(p) =
1

λ

∑
θ∈Θ

λθ

max
xθ∈∆̃

∑
j∈J

(v(θ, j)− pj)xθ,j

+
1

λ

∑
j∈J

µjpj .

Let x∗θ be a maximizer of the inner maximization problem above. Define s ∈ R|J | where

sj =
∑
θ∈Θ

λθ · x∗θ,j − µj ,

then it is easy to see that − 1
λs is a subgradient of h(p) at p, denoted by − 1

λs ∈ ∂h(p).

For θ ∈ Θ∗, let

x′θ , argmaxxθ∈∆θ

∑
j∈J

(p∗j − pj)xθ,j ,

for θ ∈ Θ\Θ∗, let

x′θ , argmaxxθ∈∆̃θ

∑
j∈J

(p∗j − pj)xθ,j .

The interpretation of x′θ is as follows. Consider a type θ agent. If the current price is exactly

p∗, then the agent is indifferent between the items in J ∗θ , and strictly prefers these items

to other items. If the price deviates a little from p∗: (1) if θ ∈ Θ∗, the agent will prefer the
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item in J ∗θ that is the cheapest; (2) if θ /∈ Θ∗, the agent’s optimal utility is zero, hence she

will choose an item in J ∗θ that is the cheapest only if the price is lower than the optimal

price, otherwise she will not choose any item. x′θ characterizes the choice of an agent when

p is sufficiently close to p∗.

A key observation is that when p ∈ P, the above observation for “sufficiently close” p

holds. Therefore for s′ ∈ R|J | defined as

s′j ,
∑
θ∈Θ

λθ · x′θ,j − µj ,

we have − 1
λs′ ∈ ∂h(p), and that for p ∈ P∗,

λh(p) =
∑
θ∈Θ

λθ
∑
j∈J

(v(θ, j)− pj)x′θ,j +
∑
j∈J

µjpj

=
∑
θ∈Θ

λθ
∑
j∈J

(p∗j − pj)x′θ,j +
∑
j∈J

µj(pj − p∗j )

+
∑
θ∈Θ

λθ
∑
j∈J

(v(θ, j)− p∗j )x′θ,j +
∑
j∈J

µjp
∗
j

Note that the sum of the terms in the last row is exactly λh(p∗). This is because for agent

of type θ ∈ Θ∗, under price p she must choose an item from J ∗θ , hence∑
j∈J

(v(θ, j)− p∗j )x′θ,j = max
j∈J

(v(θ, j)− p∗j ) ,

whereas for agent of type θ /∈ Θ∗, she either chooses an item from J ∗θ , or she balks. Hence∑
j∈J

(v(θ, j)− p∗j )x′θ,j = 0 = max
j∈J

(v(θ, j)− p∗j ) .

Thus we have

λ(h(p)− h(p∗)) =
∑
θ∈Θ∗

λθ

 max
xθ∈∆θ

∑
j∈J

(p∗j − pj)xθ,j

+
∑

θ∈Θ\Θ∗
λθ

 max
xθ∈∆̃θ

∑
j∈J

(p∗j − pj)xθ,j


+
∑
j∈J

µj(pj − p∗j ) . (35)

Define the rate region S as:

S ,

{∑
θ∈Θ

λθxθ − µ : xθ ∈ ∆θ for θ ∈ Θ∗ ,xθ ∈ ∆̃θ for θ ∈ Θ\Θ∗
}
,
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which is the set of possible rates of change of dual prices when p ∈ P. Therefore we can

rewrite the RHS of (35) as

sup
s∈S
〈p∗ − p, s〉 .

Using the fact that h(p) is convex, we have for any p,

h(p)− h(p∗) ≥ 1

λ
sup
s∈S
〈p∗ − p, s〉 .

This concludes step 1.

Step 2. Characterizing the set S. Note that S is the Minkowski sum of simplices shifted

by µ, which is known as the generalized permutohedron (see, e.g., Postnikov, 2009). Using

Proposition 6.3 from Postnikov (2009), we have the following defining inequalities of S:∑
j∈I

sj ≤ λ−
∑
j∈I

µj , ∀I ⊂ J ,

∑
j∈I

sj ≥
∑
θ∈Θ∗

λθ −
∑
j∈I

µj , ∀I : I ⊂ J , I ⊃ ∪θ∈Θ∗J ∗θ ,

sj ≥ − µj , ∀j ∈ J .

We first argue that there exists ε > 0 such that the ball B(0, ε) is contained in S.

This can be proved by contradiction: if it is not true, then using (35), we can show that

the minimizer of h(p) is non-unique, leading to contradiction with Assumption 1. Note

that this already leads to a lower bound of h(p) − h(p∗): we have ε p∗−p
||p∗−p||2 ⊂ S, hence

λ(h(p)− h(p∗)) ≥ ε||p∗ − p||2.

It remains to quantitatively characterize ε. To simplify the notation, we consider the

centered version of p, defined as p̃ , p∗ − p; let h̃(p̃) , h(p)− h(p∗).

Since S is defined “locally” (i.e., for p ∈ P), all the arguments below assume that p ∈ P.

We have derived that h̃(p̃) = sups∈S 〈p̃, s〉. Define the level sets of h̃(p̃):

L ,
{

p̃ ∈ R|J | : p̃j ≤ 0 for j 6= J ∗, h̃(p̃) ≤ 1
}
.

Here the constraints p̃j ≤ 0 for j 6= J ∗ come from the fact that p ≥ 0. Using the theory

of polar duality (see, e.g., Gallier, 2008), since the ball B(0, ε) is contained in S, we have

that

(S ∩ {p̃ : p̃j ≤ 0 for j 6= J ∗})∗ ⊂ (B(0, ε) ∩ {p̃ : p̃j ≤ 0 for j 6= J ∗})∗ .
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Here the asterisk outside stands for polar set. Denote the LHS set as B∗, the RHS set as

L∗. We have

B∗ =

s +
∑
j /∈J ∗

γjej : ||s||2 ≤ ε , γj ≥ 0

 ,

L∗ =

s +
∑
j /∈J ∗

γjej : s ∈ S , γj ≥ 0

 .

Because B∗ ⊂ L∗, ε can take value up to the inradius of S, which is larger than the minimum

of the distances between 0 and the defining hyperplanes of S. It follows that

ε ≥

{
min
I⊂J

λ−
∑

j∈I µj√
|I|

, min
{I:I⊂J ,I⊃∪θ∈Θ∗J ∗θ }

∑
j∈I µj −

∑
θ∈Θ∗ λθ√

|I|
, min
j∈J

µj

}
.

D.2 Proof of Theorem 2

Building on the observations obtained in the last two sections, we first prove a lemma

that establishes the exponential concentration of p around p∗, then complete the proof of

Theorem 2.

Lemma 12 (Concentration of dual prices). Suppose Assumption 1 holds. Then for any

c ≤ µminδγ
36 , we have

P(p∞ /∈ P) ≤ exp

(
− log

(
1 +

γµmin

4

)( δ

12∆

))
.

Proof. We prove the result using the Lyapunov functions:

L̄(p) =
1

2

∑
j∈J

µj(pj − p∗j )2 and V (p) ,
√
L(p) .

Using (12), we have

E[L̄(pt+1)|qt]− L̄(pt) ≤ −c (h(pt)− h(p∗)) + c∆ .

Plugging in the result in Lemma 7, we have

E[L̄(pt+1)|qt]− L̄(pt) ≤ −cγ||pt − p∗||2 + c∆ . (36)

Use the fact that f(x) =
√
x is concave for x ≥ 0 so that for y > x > 0, f(y) − f(x) ≤
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(y − x)f ′(x) = y−x
2
√
x
, we have

V (pt+1)− V (pt) ≤
L(pt+1)− L(pt)

2V (pt)
. (37)

Take conditional expectation given qt on both sides of (37) and plug in (36), we have [PQ:

current progress, mind the constants.]

E[V (pt+1)|qt]− V (pt) ≤
E[L(pt+1)|qt]− L(pt)

2V (pt)

≤ − cγ

2
+

c2

2µminV (pt)
.

Now we use a concentration bound from Bertsimas et al. (2001) to prove the desired

result. Let p∞ be the steady-state distribution of the prices. For pt such that

V (pt) ≥
2c

µminγ
,

we have

E[V (pt+1)|qt]− V (pt) ≤ −
cγ

4
.

As a result, V (·) is a Lyapunov function with exception parameter 2c
µminγ

and negative

drift cγ
4 . Note that in each step, the Lyapunov function can increase by at most c

µmin
. Using

Theorem 1 in Bertsimas et al. (2001), we have for any r = 0, 1, · · · ,

P
(
V (p∞) >

2c

µminγ
+ 2r

c

µmin

)
≤

(
c

µmin

c
µmin

+ cγ
4

)r+1

=

(
1

1 + γµmin
4

)r+1

.

Note that {
p : V (p) ≤ δ

3

}
⊂
{

p : ||p− p∗||∞ ≤
δ

2

}
.

As a result, for c ≤ µminδγ
36 , plugging in r = µminδ

12c , we have

P(p∞ /∈ P) ≤ P
(
V (p∞) >

δ

3

)
≤
(

1

1 + γµmin
4

)µminδ

12c

= exp

(
− log

(
1 +

γµmin

4

)( δ

12∆

))
.
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