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1 Introduction

Auction markets are often designed to promote approximate competitive equilibrium outcomes
because of their several desirable properties. First, in competitive equilibrium, the allocation is al-
ways feasible, no unwanted goods are produced, and no demand is left unfulfilled. Second, in the
"large market" limit, no agent has much influence over the prices, which leads to the further conclu-
sion that the mechanism is approximately incentive-compatible.! Third, suppliers’ payments are
equal to what consumers pay; this budget-balance is a common goal of mechanism design because
it means that no subsidy is required from a market operator or government. Fourth, in important
special cases, the prices can be approximated efficiently as the solution of a convex program or as
the rest point of a natural price adjustment process. Fifth, linear and anonymous pricing rules are
familiar, simple and often seen as more fair than personalized payment rules.?

All of these properties, however, depend on the existence of a competitive equilibrium, which
is proved in traditional general equilibrium theory using the assumption that preferences and pro-
duction sets are convex. The convexity assumptions are problematic, especially on the production
side, for many industries that operate auction-like markets. For example, in electricity markets,
generating plants often incur fixed costs to operate or adjust production on any given day, and
there are additional fixed costs of maintaining unused capacity. Similarly, in fisheries, there are
fixed costs of operating a boat on any given day. There are many more such examples. With these
non-convexities, there is no guarantee that linear prices exist to support efficient allocations or
to equate supply and demand in these industries, so there is no mechanism that accepts truthful
reports and always outputs an associated competitive equilibrium.

Our goal in this paper is to demonstrate mechanisms that achieve or approximate the desirable
properties of price-guided allocations despite the failures of convexity. In our main mechanism, the
key innovation is to permit prices to differ between buyers and sellers, with each side unrationed at
its own prices. We also study mechanisms in which agents’ supplies or demands may be rationed
directly. We show that these linear pricing mechanisms sacrifice little in terms of the desirable
properties of prices listed above, provided that the markets are sufficiently large, and we explore
how large the markets must be for the losses to be small.

There are three kinds of challenges to designing mechanisms for markets without convexity,

which we illustrate by example in Section 1.1. One is that in some efficient allocations, production

ICertain assumptions are needed to reach conclusions about large markets, which we discuss further in Section 4.3.
2With fixed linear prices, the allocation is unaffected if firms merge or break up, providing a further good incentive

property.



strictly exceeds consumption, which makes budget balance with positive prices impossible.®> Sec-
ond, even when efficient allocations equalize production and consumption, there may be no prices
such that all agents prefer the recommended allocation to the zero trade: individual rationality is vi-
olated. Third, even if there exist prices that make participation individually rational, some agents
may need to be rationed at those prices, that is, some agents may strictly prefer a different bundle
over the prescribed one. This may create an incentive for even a price-taking agent to report falsely
in order to affect its allocation. These complications are avoidable when preferences and produc-
tion sets are convex, but they provide challenges that need to overcome when designing pricing
mechanisms for markets in which convexity is not guaranteed.

We address these challenges in two ways. Firstly, to achieve budget balance, we study double-
price mechanisms in which buyers may be charged slightly higher prices than are paid to produc-
ers. The price premium can be used to cover the cost of any units which must be discarded by
the market operator. Secondly, we also study mechanisms in which the mechanism designer may
ration some agents.

Our analysis applies to economies in which all agents have quasilinear preferences. Our first
key result provides an upper bound on the welfare loss from any feasible allocation. Given any
feasible allocation and any price vector, the welfare loss from the allocation is at most equal to the
sum of the budget deficit plus the agents’ rationed surplus at the specified prices. We define an
agent’s rationed surplus to be the difference between the payoff (utility or profits) it would obtain
from its most preferred bundle at the specified prices and its payoff at the given allocation. If
the price and allocation pair is a competitive equilibrium, the allocation involves no rationing or
budget deficit, so our Theorem 1 implies that the welfare loss is zero. With that special case in
mind, we call this result the Bound-Form First Welfare Theorem.

We use this Bound-Form First Welfare Theorem to construct pricing mechanisms in which
losses are small, despite non-convexities and failures of market clearing. In Section 4, we in-
troduce a mechanism that produces an allocation and different prices for producers and con-
sumers such that the allocation is approximately efficient and budget-balanced, and participation
is individually-rational. We call this mechanism the a-price mechanism, because buyers pay prices
that are (1 + «) times the prices paid to sellers. We can choose « close to zero when the economy is
large. Theorem 2 shows that the welfare loss of this mechanism is bounded by a constant indepen-
dently of the market size, so the fraction of the efficient surplus lost, the relative inefficiency of the

mechanism, is at most inversely proportional to the market size. Theorem 3 provides conditions

3We assume that buyers and sellers have free disposal, so there is always some efficient allocation with exact market-
clearing. However, this efficient allocation may include bundles that would never be chosen by price-taking agents.



under which the benefits of misreporting in this mechanism are arbitrarily small for sufficiently
large markets, so that the mechanism has good incentive properties similar to those of the Wal-
rasian mechanism demonstrated by Roberts and Postlewaite (1976). The mechanism may also
offer computational advantages in non-convex economies, because it computes optima only for
convex problems, while computing the exactly efficient allocation is generally NP-hard.

In Section 4, we consider the case when non-convexities can occur only on one side of the
market, that is, for producers but not consumers. In this case, we introduce a single price mecha-
nism in which some agents are rationed. Assuming that consumer preferences are strongly convex
(Watt, 2021), we find that the mechanism’s total losses are inversely proportional to the market
size. Consequently, their relative inefficiency is inversely proportional to the square of market size.
This mechanism is budget-balanced, has the same incentive properties as the double-price mecha-
nism and may be efficiently computed as the solution of a convex optimization problem. It is also
approximately individually rational, and exactly so if buyers’ preferences are separable.

Finally, we discuss some applications of our results to some real-world markets, including the

fisheries auctions designed by Bichler, Fux, and Goeree (2018, 2019).

1.1 An example

Here we offer a simple example of a setting with indivisibilities to illustrate the three complications
of non-convex markets discussed above: the need to dispose of excess production, the nonexis-
tence of supporting prices, and the need for rationing at any prices. The example also suggests
our two mechanisms — the double-price mechanism and a single-price mechanism with careful
rationing — can result in approximately-efficient outcomes.

Consider a market with one good and a single producer. The producer can only make only
non-negative integer numbers of units a marginal cost ¢ = $0.50. These indivisibilities make this a
non-convex production technology.

There are N buyers indexed n = 1, .., N. If the price is low enough, buyer n would like to
purchase exactly g, units of the good: buyers derive no value from receiving fewer than g, units
and no additional value for additional units beyond g,. We refer to g, as buyer n’s order size.
Buyers have quasilinear preferences, where buyer n’s per-unit value for the good is v,, so its utility

U, (xp, t) from paying $t for x, units is

—t if x, < qn
Un(xn, t) =

qnvn - t if xn Z Qn.



This utility function is not quasiconcave, so that buyers” preferences do not satisfy the standard
convexity assumption of general equilibrium theory.
First, consider two small versions of this market, each with three potential buyers, with values

and order sizes as tabulated in Table 1 and Table 2 (differing only in the unit value for buyer 3).

Buyern || 1 2 |3 Buyern || 1 2 | 3
Unit value v, || 0.9 | 0.8 | 0.6 Unit valuewv, || 09 | 0.8 | 0.4
Order size g, || 0.3 | 0.8 | 0.1 Order size g, || 0.3 | 0.8 | 0.1
Table 1: Buyers in small market 1 Table 2: Buyers in small market 2

In small market 1, the efficient allocation has the seller producing 1 unit of the good and buyers
2 and 3 being allocated 0.8 and 0.1 units of the good, respectively. The buyers have no value for
the additional 0.1 units of the good, so if an efficient allocation were to be supported by prices,
these 0.1 units would need to be discarded.* If this allocation is to be implemented with a price
of $0.50 (the seller’s marginal cost), then buyer 1 must be rationed at this price, and at any other
price, the seller would need to be rationed. The efficient allocation in small market 2 is identical,
but note that this allocation cannot be implemented by any price in a way that makes participation
individually rational: the seller is unwilling to accept any price below p = $0.50, but buyer 3
refuses to purchase at price p or higher.®

Similar problems remain as the market size increases. For suppose that N is large, and that
each buyer n’s preference parameters g, and v,, are drawn independently and uniformly from the
interval [0,1]. For any non-trivial feasible allocation (including an efficient one) to be supported
by prices, the mechanism designer will almost always be required to dispose of some unallocated
production. A realization of this market with ten buyers is plotted in Figure 1. In this realization,
the efficient allocation involves no sale to the highest-value buyer but selling units to the next
five highest-value buyers, so that the supporting price p = $0.50 requires rationing. It is also
straightforward to construct examples in which there are no supporting prices.

The efficient allocations can be obtained in these examples as the solutions to simple integer
programming problems but, in general, such optimization problems are NP-hard and become com-
putationally intractable with more agents and goods. To find a mechanism that remains easily

computable as the problem scales, we need to look beyond exact solutions of integer program-

4If we add an assumption of free disposal, the 0.1 units of the good could be allocated to either of the buyers, but,
with any linear pricing rule, both would prefer not to purchase the additional units.

5In addition, if the price were fixed at p = $0.50 and the firm’s quantity were fixed at one unit, buyer 1 could benefit
by increasing its reported value to, say, $2.70 to change the mechanism designer’s rationing decision. Incentives to
misreport in a mechanism with both prices and rationing must account for the effect of the report on both the price and
the rationing.
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Figure 1: A larger market example

ming problems.

Our solution is to use the well known method of solving a related convex problem and round-
ing the solution. To do that, we replace each buyer’s payoff function by the smallest concave
function that everywhere exceeds the original function. We replace each seller’s cost function by
the largest convex function that is everywhere weakly less. This leads to a pseudoequilibrium al-
location and supporting prices which may yield a higher surplus than an efficient allocation in
the original problem. Such a pseudoequilibrium is illustrated in Figure 1. From this pseudoe-
quilibrium, we can round the supplier’s allocation to the next highest integer and reduce to zero
the assignment of any buyer who is allocated less than g, units in the pseudoequilibrium. The
Shapley-Folkman Lemma ensures that if the optimum is unique, then there is at most one such
buyer. The resulting allocation will not, in general, be market-clearing, so with any positive price
there must be a budget deficit. To cover the budget deficit, we raise the price facing the buyers
by a small amount. (We show later how to modify this construction, by perturbing the objective
of the surplus maximization problem, in order to guarantee that the resulting price and allocation
also satisfy individual rationality.) The required price increase becomes vanishingly small as the
market gets large. Consequently, the resulting allocation will have total welfare close to that of
the pseudoequilibrium, which is itself an upper bound on the efficient surplus, ensuring that the
resulting allocation is approximately efficient. This is an intuitive description of our construction

of approximately-efficient double-price mechanisms in Section 4.



1.2 Related literature

The problem of non-convexity for the existence of competitive equilibrium was discussed in a se-
ries of papers by Farrell (1959), Rothenberg (1960), Koopmans (1961) and Bator (1961). Much of
the subsequent classical literature on non-convexity in general equilibrium theory focused on con-
cepts of approximate equilibria which replace aggregate feasibility requirements with approximate
feasibility, measured in terms of distance in the commodity space between the aggregate supply
and demand, while maintaining the requirement that individual agents act optimally given the
prices. Starr (1969) showed the existence of such an approximate equilibrium in non-convex pro-
duction economies, in which the maximum imbalance is proportional to the number of goods and
a measure of non-convexity. Heller (1972) proved a similar result with an alternative measure of
non-convexity. More recently, Nguyen and Vohra (2020) proved a bound for markets with indivis-
ible goods that depends only on a measure of preference complementarity of agents. We build on
some of these results (summarizing the key results we employ in Appendix A), but depart from
this literature by requiring that any feasible mechanism must always specify a feasible outcome.
Influenced by computer scientists” approaches to approximations in mechanism design, we will
be interested in approximations in surplus space, rather than in commodity space.®

A substantial literature has focused on identifying various substitutes conditions on valuation
functions in quasilinear markets with indivisibilities, under which competitive equilibria exist de-
spite non-convexities. Contributors include Bikhchandani and Mamer (1997), Gul and Stacchetti
(1999), Danilov, Koshevoy, and Murota (2001), Sun and Yang (2006), Milgrom and Strulovici (2009),
Hatfield, Kominers, Nichifor, Ostrovsky, and Westkamp (2013), Baldwin and Klemperer (2019) and
Nguyen and Vohra (2020). None of these results apply to markets with fixed costs such as those
described above, in which case competitive equilibria do not generally exist. Our analysis seeks to
develop practical mechanisms for those settings.

An alternative approach to establish equilibrium existence in markets with non-convexities
is to study the large market limit with a continuum of agents. Aumann (1966) showed that the
convexity assumption is not necessary for equilibrium existence in an economy with a continuum
of traders and divisible goods, while Azevedo, Weyl, and White (2013) demonstrated a similar
result for an economy with indivisibilities. In this paper, we study economies with a finite number
of agents, which allows us to investigate properties of not only the limiting economy, but also
rates of convergence, which are of practical significance to market designers who wish to apply

mechanisms to finite economies. Another approach is to allow nonlinear pricing rules, as explored

®This is also the approach to approximation taken by Scarf (1967).



by Wilson (1993), Chavas and Briec (2012), Azizan, Su, Dvijotham, and Wierman (2020) and others,
but we focus on what can be achieved by linear pricing rules, which seem to be desired for many
applications.

Our study is motivated by other studies of market design with linear prices and non-convex
production. In particular, we have taken inspiration from the novel market design for fisheries
rights in New South Wales, Australia, introduced by Bichler et al. (2018, 2019). Other markets with
non-convexities that have been studied in the market design literature include electricity markets,
where large start-up and ramping costs are the source of the non-convexity, and spectrum auctions,

where geographical complementarities cause exposure problems.”

1.3 Notation

In this paper, we will view consumption and production bundles as vectors in Euclidean space
RE, and let x - y denote the standard inner product of x and y and ||x| = /x-x denote the
Euclidean norm of x. We use > to denote the partial order on RE so that x > y if and only if
x; > ypfor ¢ =1,.., L. The set IRE; is {x € RF : x > 0}. The radius of a set S C R’ is de-
fined by rad(S) = inf,cg: sup,cg [|x — y|[. The notation | - | represents either the absolute value
(if its argument is a number) or the cardinality (if its argument is a set). The Hausdorff distance
between sets S, S’ C R” is denoted dy and is defined by letting dist(x, S) = infycs [|x — y|| and
du(S,S") = sup, g dist(x, S).

The convex hull of a set S C R is denoted by co(S) = {x e Rl : x = Ay + (1 — A)zfory,z €
Sand A € [0,1]}. The upper concave envelope of f : S — R is the function cav(f) : co(S) — R
which is the (pointwise) smallest concave function ¢ on co(S) that satisfies g(x) > f(x) for all
x € S. The lower convex envelope of f : S — R is the function vex(f) : co(S) — R which is the
largest convex function g on co(S) that satisfies g(x) < f(x) forallx € S.

We make regular use of the asymptotic notation due to Knuth (1976). For functions f and g both

mapping R to R, we write f(x) = O(g(x)) if limsup,_, ‘{;Eg‘ < oo. We write f(x) = Q(g(x)) if

liminfy_ e |£g§| > 0. Finally, we write f(x) = ©(g(x)) if f(x) = O(g(x)) and f(x) = Q(g(x)).

7See Liberopoulos and Andrianesis (2016) for a summary of pricing mechanisms used in electricity markets with
non-convexities, most of which include “uplift” (or side-payments) in addition to linear pricing, and Ausubel and
Milgrom (2002) for a discussion of complementarities in spectrum auctions.



2 Model and preliminaries

2.1 Model

We employ a Walrasian model with a set of buyers N and a set of firms or sellers F, both finite.
Together we refer to A = N U F as the set of agents. There are L varieties of consumable goods
and a numeraire good, money.

Each buyer n € N can choose consumption bundles in X, a compact subset of R: containing

8 over bundles in

0, called the consumption possibility set. Buyer n has quasilinear preferences
X with a continuous valuation function u, : X — R, so that the buyer’s utility associated with
allocation x, after payment f is U, (x,,t) = u,(x,) — t. We suppose that the valuation functions
are bounded, nondecreasing” with respect to the partial order > on R% and normalized so that
u,(0) = 0. We let  be the space of possible valuation functions for the buyers, which we assume
to be an admissible function space in the sense of Aumann (1963) (that is, it is possible to define a
measure on %)."°

Each seller f € F can choose a production bundle in the production possibility set Y, a com-
pact subset of R: containing 0. Seller f has a cost function!! ¢ ¢+ Y = Ry which allows us to
write f’s profit from producing y; € Y and receiving payment t as 7¢(ys,t) = t —cs(yf). The
cost functions are nondecreasing with respect to the partial order > on R} and normalized so that
c f(O) = 0. Let & be the space of sellers’ cost functions, which we also assume to be admissible.

An economy & consists of buyers with their valuation functions and sellers with their cost func-
tions, so that we may write & = (N, (uy)nen, F, (¢ f) fe r). When it is clear, we use the shorthand

& = (N, F). At times, it is also convenient to associate & with the normalized counting measures

pon % and v on € defined by

# of buyers in & with valuation function u,
p(un) = IN] ’

# of sellers in & with cost function ¢ 0

and to let ¢ = %, so that (N, , ¢, x) is an alternative specification of economy &.

8The quasilinearity assumption allows our analysis to abstract from income effects, as is usual in mechanism design
analyses. For more discussion of the role of income effects see Morimoto and Serizawa (2015).
9This form of monotonicity captures our assumption of free disposal.
10For example the set of bounded, continuous functions on a compact subset of RL is admissible, as is the set of
bounded functions with discontinuities of the first kind, or more generally, any subset of a Baire class (Aumann, 1963).
Note that sellers in this economy could equivalently be thought of as buyers with valuations —c 7(y¢) and payments
—t. However, we will be interested in mechanisms that may charge buyers and sellers different prices, and so it is
convenient to distinguish the two groups in our notation.



Allocations and efficiency An allocation w = ((xn)nen, (Yf)fer) is an assignment of consump-
tion bundles x, € X to each buyer n € N and production bundles y; € Y to each seller f € F. An
allocation is feasible if },cy x» < Y .rcr yf. We denote by () the set of all feasible allocations.

We define the surplus & (w) associated with allocation w € Q) by

S(w) =Y ua(xn) = Y cslyy).

neN f€F

The efficient allocation problem is to solve

max § (w), P)

we()

with the resulting surplus denoted by §*.

For any allocation w € ), we will refer to §(w) — & as the deadweight loss of w and the ratio

S(w)—8*
(5’*

as the relative inefficiency of w.'?

Pricing rules We are interested in settings where buyers and sellers face a payment rule in the
form of linear prices.

If a buyer n faces price p € R} and purchases bundle x, the resulting payment is t = p - x,
leading to utility U, (x,p - x) = uu(x) — p - x. The demand correspondence D, : RY = X maps
each price vector p to the set of utility-maximizing bundles D, (p) which result in the indirect
utility, 4, (p) = maxyex uy(x) — p - x.

Similarly, a seller f facing price p and supplying bundle y receives profit 7¢(y, p - y). Seller f’s
supply correspondence Sy : RL = Y maps each price vector p to the set of profit-maximizing
bundles S¢(p) which result in producer surplus 7 ¢(p) = max,cy p -y — cf(y).

A pricing rule is anonymous if for all n,n’ € N, p, = p;, and forall f € F, p ;= p}. A pricing
rule which is not anonymous is called personalized. A single-pricing rule imposes the same price
vector p on all agents. Single-pricing has been the traditional emphasis of general equilibrium

theory.

121 ater we will make assumptions to rule out cases where §* = 0 so that this ratio is well-defined.



2.2 Convex quasilinear economies

Convexity is defined with respect to the set of payoff-improving allocations for an agent in the

economy. The i-upper contour set of buyer n € N is defined by
UCH = {(x,t) € X x R: Uy(x,t) > i},
while the 7T-upper contour set of seller f € F is given by
UCF = {(y,t) € Y x R: sy, t) > 7).

We say that buyer n has convex preferences if X is convex and UCY is convex for all 7 € R,
while we say that seller f has convex technology if Y is convex and L[C}T is convex for all 7 € R.
Equivalently, buyer n has convex preferences if and only if the utility function U}, is quasiconcave,
and seller f has convex technology if and only if the profit function 7if is quasiconcave. In our
quasilinear environment, convexity of preferences and technologies has the following well known

characterization:

Proposition 1. The utility function U,(x,t) = u,(x) — t is quasiconcave if and only if the valuation
function u,(x) is concave. Similarly, the profit function 7t¢(y,t) = t — cs(y) is quasiconcave if and only if

the cost function cs(y) is convex.

Under the assumption of quasilinearity and the convexity of agents’ preferences and technolo-
gies, we have the following statement of the fundamental welfare theorems of Arrow (1951) and

Debreu (1951). 13

Proposition 2. Suppose in (quasilinear) economy & that all buyers n € N have convex preferences and
all sellers f € F have convex technology. Then a feasible allocation w € () is efficient if and only if
there exists p € RY,p > 0 such that for all n € N, x, € Dy(p); forall f € F, ys € S¢(p); and

YneN P Xn = Yser P Yy The pair (p,w) is a competitive or Walrasian equilibrium.

13The statement of Proposition 2 is stronger than the classic statements of the welfare theorems in the ‘only if’ di-
rection, which is possible due to the quasilinear form of the utility and profit functions. Without quasilinearity or
an alternative assumption, it may only be possible to find prices so that agents are expenditure-minimizing for a
given level of utility or profit, that is, a price quasiequilibrium with transfers. With quasilinearity and convexity,
Proposition 1 implies that the efficient allocation program is convex. Since there exists a feasible allocation, Slater’s
Theorem (see, for example, Boyd and Vandenberghe (2004)) implies strong duality. A solution p* to the dual pro-
gram, inf, .t Ynen n(p) + Lrer f(p), and an efficient allocation w* comprise a saddle point for the Lagrangian

Z(w,p) = Luentn(xn) — Lrercr(ys) —p- (ZneN Xp — ZfeF%")/ so that for any w € Q, Z(w,p*) < Z(w*, p*).
Because the Lagrangian is separable across agents, the saddle point condition implies x;; € D, (p*) and y} € S¢(p*).

10



2.3 Measures of non-convexity and approximate equilibria

The non-convexity of a set S can be measured in several ways by comparing S and co(S). We will

work with the following measures of non-convexity of a set:
e The inner radius of S is 7(S) = SUP, cco(5) INfTCs:x00(T) rad(T).
* The inner distance of Sis p(S) = sup,c.o(s) infyes [[x — |-

For a convex set S, it is clear that 7(S) = 0 = p(S), so that these are appropriate measures of the

non-convexity of S. These measures are illustrated in Figure 2.

r(S)

Figure 2: Measures of non-convexity of a set

The non-convexity of the preferences of buyer n € N may be measured by the largest in-
ner radius or inner distance of their upper contour sets, that is r, = sup, g r(UC}) or p, =
sup;cg 0(UC)). Similarly, the non-convexity of the technology of seller f € F may be measured by
rf = SUP.cR r(llC}T ) Or pf = sup, g p(LIC}_T). Let r# and pg denote the largest of such measures
among all the buyers and sellers in economy &.

When agents” upper contour sets are not convex, the second welfare theorem may not hold and
there may be no competitive equilibrium. Proposition 3, the Shapley-Folkman Lemma, assists in

identifying allocations which are nearly competitive equilibria.

Proposition 3 (Shapley-Folkman Lemma'®). Let S; C RE fori = 1,..,M, S = @M, S; and L' =

141t is perhaps most accurate to refer only to the result in the second sentence of Proposition 3 as the Shapley-Folkman
Lemma, althought it was first reported by Starr (1969) as a result of private communication with Lloyd Shapley and Jon
Folkman. Starr (1969) then proved the first half of sentence three of Proposition 3, while Heller (1972) proved the second
half. For simplicity, we will refer to the whole of Proposition 3 as the Shapley-Folkman Lemma.

11



min(L, M). Then for any x € co(S), x = YN, x; where x; € co(S;) and |i : x; € co(S;)\ S;| < L.

Moreover, there exists y,y' € S such that ||x —y|| < rgv/L' and ||x — /|| < pgL’.

Proposition 3 has been used to establish results about what are called approximate equilibria,
which are constructed as follows. First, consider a convexified version of the non-convex economy
in which the upper contour sets of all agents are replaced by their convex hulls. This is equivalent
to replacing the buyers’ valuation functions by their upper concave envelopes and sellers’ cost

functions by their lower convex envelopes. The convexified economy & is then

A

& = (N, (cav(uy))uen, F, (vex(cs)) fer)-

The convexified economy has a competitive equilibrium which is efficient by Proposition 2. We call
the resulting price-allocation pair (p, w) a pseudoequilibrium of the actual economy &. Proposi-
tion 3 implies that w can be chosen so at most L' agents in & are not utility- or profit-maximizing
at w given prices p. Proposition 3 implies that there is a nearby allocation w’ such that all agents
are maximizing given prices p,'° but markets may not exactly clear at w’. The price-allocation pair
(p,w’) is called an approximate equilibrium.

Practical market design requires allocations to be feasible and voluntary, so that pseudoequi-
libria and approximate equilibria are often insufficient. We modify the approach to approximation

of equilibria in Section 4 to obtain mechanisms whose allocations satisfy these requirements.

3 Rationing, inefficiency and incentives

When competitive equilibrium does not exist, allocations supported by a price vector must, by
definition, entail rationing or non-exact market-clearing (and therefore budget imbalance), or both.
Rationing occurs at a given price and feasible allocation if the demand of some buyers is unful-
filled or the supply of certain sellers is unneeded. For our purposes, it will be helpful to measure
the extent of rationing for buyers and sellers by what we call the rationed utility and rationed profit,
which are both defined by the difference between the payoff an agent would obtain at their pre-
ferred bundle given the prices and the payoff they instead receive in the prescribed allocation at

those prices.

1570 see this, note that if a buyer is assigned a bundle x, in w that is not utility-maximizing at p, then x,, must be the
convex combination of bundles (x},) in X which are exposed points in u,, (i.e. where cav(u,) = u,), and that the agents in
the convexified economy must be indifferent between x, and these bundles. That is, the concavified portions of buyers’
utility functions consist of (patches of) hyperplanes, and if an agent is assigned a bundle on such a patch, then the price
vector must be normal to that hyperplane. This implies that the original buyer must be maximizing at bundles in (x},),
which are on the relative boundaries of the patch of hyperplane.
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Definition 3.1. The rationed utility %,(p, x) of buyer n at price p and allocation x is
PEn(p,x) = tn(p) — Un(x,p - x).

The rationed profit % (p, y) of seller f is

Ri(p,y) = 7tr(p) — s (Y, p - Y)-

The rationed surplus of allocation w = ((x)nen, (¥f) rer) at price p is defined by

%(p,w) = Z %n(p/xn) + Z ‘%f(Pfyf>'

neN f€eF
With this definition, we can state our first main result.

Theorem 1 (Bound-Form First Welfare Theorem). Let p € R’ bea price vector and w = ((xu)nen, (Yf) rer)

be any feasible allocation. Then, the deadweight loss of allocation w satisfies

§'—S(w) < R(p,w)
————

S F EN
deadweight loss rationed surplus fe "

+p- (ny an)-

budget deficit

Proof. Fix any efficient allocation w*. By definition of the indirect utility and consumer surplus

functions, the following must hold for any prices:

s (p) = p- vy —cr(yp)-

Summing these inequalities, we obtain

Y du(p)+ ) As(p) +p- (iniZyjz) > §*.

neN fer neN feF

Since w* is feasible, the third term is non-positive, which implies

Y au(p)+ ) Ap(p) > $*

neN feF
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Subtracting & (w) and using our rationing definitions,

S = 8(w) < Y, alp) + Y, Ap(p) = S(w) = R(p,w)+p- | yr— ), % |,
neN feF feF neN

which is what we sought to prove. O

The Bound-Form First Welfare Theorem is a generalization of the First Welfare Theorem for
quasilinear economies. Indeed, if p and w are the price and allocation associated with a Walrasian
equilibrium, then the right-hand side of the above inequality is zero and we recover the statement
that Walrasian equilibria are efficient. One interpretation of the First Welfare Theorem is that prices
act as a “certificate of optimality”: if supporting prices exist for some allocation, then that allocation
is efficient. As Scarf (1994) lamented, in the absence of convexity, there is, in general, no such
optimality test. However, one interpretation of Theorem 1 is as an approximate optimality test: if we
can show that the rationed surplus plus net subsidies to sellers is small, then the given allocation
will be approximately efficient. Theorem 1 is also useful in the way that it links incentives to
efficiency: since for any fixed price, agents would prefer not to be rationed, Theorem 1 suggests
that a pricing mechanism with little rationing and in which individual agents have little influence
over prices will have good incentive properties and small deadweight loss. We will exploit these

properties of Theorem 1 to design pricing mechanisms in Section 4.

4 Two-sided non-convexities: the a*—price mechanism

4.1 Pricing mechanisms

Taking a market design perspective, we study direct pricing mechanisms that map profiles reports
about sellers’ cost functions (cs)rer and buyers’ value functions (u,)xcn to a feasible allocation
w € O and prices for each agent p = ((pn)nen, (pf)fer).'® We do not delve into the compli-
cated question of how agents communicate these potentially complicated costs and values to the
mechanism.!”

We use familiar definitions to describe certain properties of the mechanisms. A pricing mech-

anism is incentive-compatible if truthful reporting is a Nash equilibrium of the reporting game

induced by the mechanism. The mechanism is efficient if the output allocation w is an efficient

16For simplicity, we do not consider randomized mechanisms as we will be able to achieve our objectives using
deterministic mechanisms.

7The design of reporting languages to report complex preferences for economic mechanisms has been studied by
Milgrom (2009), Bichler, Goeree, Mayer, and Shabalin (2014), Bichler, Milgrom, and Schwarz (2020) and others.
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allocation given the reported value functions and cost functions. It is budget-balanced if, for all
report profiles, Y ccr Ps - Y5 = Lyen Pn - Xn, while it is weakly budget-balanced if ) rcr pr-yy <
Y ueN Pn - Xp. Finally, the pricing mechanism is e-individually-rational if, given reported value and
cost functions, the allocation and price determined by the mechanism delivers each agent a payoff

(utility or profit) of at least —e. For ¢ = 0, we simply say the mechanism is individually-rational.

4.2 Approximately-efficient pricing mechanisms

In this subsection, we introduce a weakly budget-balanced double-pricing mechanism (one set of
prices for buyers and another for sellers) which is approximately efficient, which means that the
relative inefficency of the mechanism approaches zero as the economy becomes large, even if the
preferences and/or production sets are not convex, provided that the radius of any non-convexity
is bounded. We also provide a worst-case bound on the loss of surplus compared to the first-best
allocation. Before providing a technical description of this pricing mechanism and its analysis, we
sketch intuitively the steps of our approach.

For a weakly budget-balanced mechanism to allow free disposal, it must charge higher prices
to buyers than are paid to the sellers. With that in mind, we focus on the class of a-pricing mech-
anisms, where payments to sellers are determined by a price vector p, while payments by buyers
are determined by a price vector (1 + a)p for some scalar « > 0 to be chosen later. We select p to
be the equilibrium price vector of a related economy with three changes from the actual economy:
(1) every buyers’ value function is replaced by the smaller function u, /(1 + «), (2) all values and
costs are then replaced by their concave or convex hulls, respectively, and (3) we add demand for
each good by the auctioneer in the amount of R := max{rg+v/L, pzL}. We call the resulting price
and allocation a pseudoequilibrium of our economy.

Our next step shows that this pseudoequilibrium allocation is nearly optimal for the adjusted
economy without the (1 + «) rescaling of buyers’ values. Indeed, we show that the welfare loss
from using the pseudoequilibrium allocation instead of the optimum with the unscaled values
is of lower order than «. To prove that, we apply the Bound-Form First Welfare Theorem to the
pseudoequilibrium prices and quantities and the Milgrom and Segal (2002) envelope theorem.

By construction, if the step (1) rescaling is omitted but buyers’ prices are set to (1 + a)p instead
of p, the buyers” demands are unchanged, so with those prices the pseudoequilibrium allocation
is still individually rational.

If the convexification of the economy matters for an agent, then its supply or demand without

convexification is set-valued. Our next step is to apply the Shapley-Folkman lemma to round
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the pseudoequilibrium allocation to some alternative demanded allocations for each agent, but in
which the result changes the net demand for each good by at most R units — an amount that we
propose to take from the units otherwise allocated to the auctioneer. The final allocation always
has supply greater than or equal to demand and its excess supply is no more than 2R units of each
good. This excess supply can result in a loss of efficiency, but as we have just seen, this loss is
bounded by a constant, independently of the size of the market.

Since the excess supply of goods is bounded, the budget imbalance at price p is bounded as
well. As trade increases with the size of the economy, the buyers’ premium, &, needed to guarantee
budget balance is inversely related to market size. Thus, the total welfare loss from this double-
price mechanism is bounded by a constant plus a term that is inversely proportional to market
size.

We are now ready to present the technical version of our main result. Let & = (N, pit, ¢4, xt) be

a sequence of economies indexed by t = 1,2, .... For technical purposes, we assume the following

Assumption 1 (Existence of limit economy). Ast — oo, [Ny| — oo and ¢y — ¢ € (0,1). Furthermore,

¢ converges weakly to probability measure o on % and x; converges weakly to measure X on €.
We make the following economic assumptions:

Assumption 2 (Individual non-convexities are bounded). There exists R > 0 with Rg, < R for all t.

Assumption 3 (Growing gains from trade). Ast — oo, the efficient surplus §; grows at least as quickly

as | N¢| asymptotically, that is, S = Q(|N|). Since utilities are bounded, equivalently, S = ©(|Ny|).

Assumption 4 (Prices are bounded). There exists M > 0 such that dy (ZneNt Du(p), Lser, Sf(p)) >
R for sufficiently large t and p € R such that ||p| < 1 or [|p|| > M.

Assumption 1 ensures that we may discuss meaningfully the mathematical properties of the
mechanism as the number of agents becomes large. Assumption 2 prevents the economy from
becoming more non-convex as the number of agents grow, while Assumption 3 reflects the nat-
ural economic assumption that the possible gains from trade grow with the size of the economy.
Assumption 4 implies the compactness of the set of possible prices for which the aggregate de-
mand and supply to be close to equal, so that pseudoequilibrium prices do not limit to zero or
infinity as the economy grows. An alternative to Assumption 4 is to assume that all u € % satisty
maX,ex\ {0} ﬁ < M and forall ¢ € €, min,cy\ (0 CH(y—y”) > %

The a*-price mechanism is defined for an economy & as follows.

16



Definition 4.1 (a*-price mechanism). Let & be given. For # > 0 to be chosen, define the convex

program
. cav(uy)(x,)
min max _ - vex(c —p- Xy, + R1p —
R D ErE P R P By

where 1 is the vector of ones in RE. Let (p*, @*) be a'® solution to this program (it is a pseudoe-
quilibrium of an economy with buyers” demand scaled down by (1 + «) and R units of each good
demanded by the mechanism designer).

From @“, obtain, via Proposition 3, an allocation w® with [[w* — @*|| < R such that x% €
maXyex 735 Un(x) — p - x for each n € N and Y5 € S¢(p). By construction, this w® will be feasible
in&.

Let a* be the smallest a satisfying!’

) proa >t Y- Y ] (A)
neN feF neN

Implement the allocation w*  charging buyers the price (1 +a*)p*® and paying sellers according

to the price p* .

A few properties of this mechanism follow directly from the definition. First, the mechanism
is feasible and weakly budget-balanced.?’ Second, the allocation and payments are individually
rational for each agent. For sellers, this follows since the price and production allocations obtain
equal profits to the pseudoequilibrium?! allocations of the adjusted convexified economy, in which
the production bundles are individually optimal. For buyers, the pseudoequilibrium price p* and

consumption allocation in @* satisfy

1 u
1+a

so that u, (x%) — (1 4+ a)p® - x% > 0 as well.

Theorem 2, proved in Appendix B.2, concerns the approximate efficiency of this mechanism.

181f there are multiple solutions to the convex program, we suppose there is some fixed way of choosing a solution
(e.g., the lexicographically smallest solution), but our argument will not depend on this.

YNote that such an a* always exists since as a — oo, there is zero trade (which satisfies the inequality).

20Note that in general the mechanism can result in a budget surplus, because there may be no a that exactly equates
the expressions in the inequality defining a* (the expressions are not continuous, as p* and w® depend on & in some
complicated way).

2IMore accurately, because the constraint in the convex program defining (p*, @*) is not exact market-clearing, this is
not exactly a pseudoequilibrium, but we may imagine it as such under the interpretation that the mechanism designer
acts as a consumer purchasing R units of each good.
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Theorem 2. Let &; be a sequence of economies satisfying Assumptions 1-4. Then the deadweight loss of the

allocation associated with the o* —price mechanism is O(1) as |N;| — oo, so that the relative inefficiency is
1
O ()

Remark. Although the rate of convergence in Theorem 2 is stated in terms of |N;|, by Assumption 1,

the same asymptotic rate of convergence holds with respect to |F;| or | A¢|.

4.3 Incentives

Under the a*—price mechanism, although sellers receive their optimal bundle given the price and
buyers receive a nearly optimal bundle, agents may have incentives to misreport preferences to
influence the prices. In this section, we show that these reporting incentives are effectively the
same as those of the usual Walrasian equilibrium mechanism: under certain assumptions on the
underlying preferences, the benefit from deviating to an alternative report tends quickly to zero.

The benefit of misreporting for an agent in some mechanism is defined as the payoff obtained
by the agent under their optimal report, under the assumption that all other agents report truth-
fully. A mechanism is limiting incentive-compatible in a sequence of economies (&;);eN if the
maximum benefit of misreporting among agents in &; tends to zero as t — oo.

Because the prices obtained in the a*—price mechanism can be viewed as Walrasian equilib-
rium prices of a related economy (and in the limit the two mechanisms coincide), many of the key
results on incentives in the Walrasian equilibrium can be adapted to the a*-price mechanism. We
now briefly discuss the key results on incentives in the Walrasian mechanism which we adapt to
our setting.

For exchange economies, Roberts and Postlewaite (1976) showed that if the Walrasian price
correspondence, mapping economies, viewed as measures y; on %, to the set of Walrasian equi-
librium prices, is continuous at the limiting measure lim;_, y¢, then each agent’s influence on the
price must limit to zero as the number of agents approaches infinity. Jackson (1992) showed that
an agent’s optimal reported demand converges in the L* norm to the demand associated with
that agent’s true preferences under the same continuity assumption. Continuity of the Walrasian
price correspondence holds, for example, if the limiting economy has a unique clearing price.
However, Roberts and Postlewaite (1976) provided an example of a sequence of economies where
lower hemicontinuity fails at the limiting economy, and the Walrasian equilibrium mechanism is
not limiting incentive-compatible.

Watt (2021) studied the rate of this convergence, showing that a condition on the demand and

supply correspondences, called the strong convexity property, ensures the fast convergence of
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incentives in the Walrasian mechanism. %2

Definition 4.2. The demand correspondence D : RY = X satisfies the strong law of demand

property if for all p, p’ and d € D(p),d’ € D(p’') we have
(p—p') (d —d) >m|p— p'||* for some m > 0.

The supply correspondence S : R = Y satisfies the strong law of supply property if for all p, p’
ands € S(p), s’ € S(p'), we have

(p—p) (s=5)>m|p—p|*

An economy has the strong convexity property if both the strong law of demand property and the

strong law of supply property are satisfied.

If each buyer is drawn independently at random from some distribution y over % and each
seller is drawn independently at random from ) over & for which the expected demand and sup-

ply correspondences satisfy the strong convexity property, the maximum benefit of misreporting

1
Nt

) in expectation.?®

under the Walrasian mechanism is O (
While the above results considered the incentives of agents under complete information, Azevedo
and Budish (2019) studied Bayesian incentives and show that the Walrasian mechanism (with a fi-
nite set of buyer and seller types) is strategy-proof in the large. This implies that the benefit of
misreporting for any agent against any full-support, independent and identically-distributed dis-

tribution of agent types tends to zero at O (| N¢| —27¢) forall e > 0.

Theorem 3, proved in Appendix B.3, adapts these results to the a*-price mechanism.
Theorem 3. Let (&;)ien = ((Ni, pit, ¢r, X¢) ) teN e a sequence of economies satisfying Assumptions 1—4.

(a) Let P be the set of Walrasian equilibrium prices for (oo, Poo, Xoo). Then the set P’ of attainable
prices for any agent in the a* —price mechanism satisfies dy (P, P') — 0. In addition, if the a*—price
correspondence, mapping economies (N, u, ¢, x) into the set of prices under the a* —price mechanism,

is continuous®* at the limit economy, then the mechanism is limiting incentive-compatible on (& )eN-

22Furthermore, Watt (2021) showed that a slightly weakened version of the strong convexity property, called the local
quadratic growth condition, is, in some sense, necessary for this rate of convergence. The incentive results in this paper
can be easily adapted under this condition as well.

23Here the expectation is with respect to the measure over economies induced by draws of agents from y and x. We
clarify the meaning of the “expected demand and supply correspondences” in Appendix B.3.

24We formalize both the a* —price correspondence and the sense of continuity in Appendix B.3
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(b) Suppose the type spaces U and € are finite sets and let full-support probability distributions y and
X be defined (respectively) on them. Suppose that each buyer’s type is drawn i.i.d. from U according
to u, the type of each seller is drawn i.i.d. from € according to x, and the distributions y and x are
common knowledge while realized types are private information. Then, for any agent, the expected

benefit of misreporting under the a*-price mechanism is O(|Ny|~2+€) for any & > 0.

(c) Suppose that buyers are drawn i.i.d. from U according to some probability measure p and that the type
of each seller in F; is drawn i.i.d. from € according to a probability measure x (here U and € need

not be finite) for which the expected demand and supply correspondences satisfy the strong convexity

L

N ) in expectation.

property, then the maximum benefit for misreporting for any agent is O (

44 Computational properties

In general, the problem of identifying a Walrasian equilibrium is known to be computationally
hard. Even in the case of an exchange economy with additively separable, piecewise-linear and
concave utility functions, Chen, Dai, Du, and Teng (2009) show that the problem of calculating
Walrasian equilibrium is PPAD-complete.”> This complexity class is roughly characterized by three
important properties: a solution (e.g. a Walrasian equilibrium in convex economies) is known to
exist, solutions may be easily verified (in deterministic polynomial time) but can be computation-
ally intensive to identify. For Walrasian equilibrium, a solution is easily verified by checking that
all buyers and sellers are optimizing with respect to the identified prices. These prices act as a
“certificate of optimality” for the efficient allocation problem in convex economies.

In contrast, the efficient allocation problem in non-convex economies has no such certificate
of optimality. This implies immediately that the problem of identifying efficient allocations in
non-convex economies is in a higher complexity class than PPAD. This problem is of practical
significance for market designers: for example, the problem of identifying an optimal allocation in
the fisheries market of Bichler et al. (2018) involved solving a large integer programming problem,
which is known to be NP-complete. No efficient algorithms are known for such problems, although
a variety of heuristic approaches may make specific instances of such problems computationally
tractable.

The a*—price mechanism involves solving, for fixed «, a convex optimization problem, which
offers prices as a certificate of optimality. Therefore, for fixed a, known algorithms for the iden-

tification of Walrasian equilibria may be used, for example tatonnement. In important special

PPAD stands for ‘polynomial parity arguments on directed graphs’, and is a complexity class containing many
fixed point problems (including the approximation of Nash equilibria) and is conjectured to be harder than P. We refer
the reader to Daskalakis, Goldberg, and Papadimitriou (2009) for further information.
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cases, for example, weak gross substitutes (Codenotti, McCune, & Varadarajan, 2005) and markets
satisfying the strong convexity property (Watt, 2021), titonnement may be used to efficiently ap-
proximate Walrasian equilibrium. The identification of * may be more challenging, although a
bisection search algorithm might be employed, in practice, to identify some « that satisfies equa-
tion (A) for sufficiently large economies (and therefore, some approximately-efficient allocation).
Unfortunately, we are not able to identify theoretical guarantees related to the computation of «*,
the smallest such a, although the proof of Theorem 2 provides an upper bound on the search space

for a*.

4.5 Alternative mechanisms

The a* —price mechanism is suggestive of several alternative mechanisms that could be employed
in non-convex economies. The first is the maximum surplus anonymous pricing mechanism
which was introduced by Bichler et al. (2018) and adapted for use in an exchange for fisheries
licenses in New South Wales. The maximum surplus anonymous pricing mechanism solves the

surplus optimization problem

max Z Uy (xn) — Z Cf(]/f)r

we peN feF

subject to the constraint that there exist prices py and pr satisfying

(a) Individual rationality: foralln € N, f € F, uy(xn) — pn - X4 > 0and pr-y¢ —c¢(ys) > 0.

(b) Budget balance: }.,cn PN - Xn = Yrer PF - Yy

Another possibility is be the maximum surplus a—price mechanism, which imposes the addi-
tional constraint that py = (1 + «)pr for some a > 0.

A corollary of Theorem 2 is that the deadweight loss of both of these mechanismsis O(1) in |N]|.
However, we have focused our analysis on the a*-price mechanism for several reasons. Firstly, the
alternative mechanisms require the solution of non-convex optimization problems, while the a*-
mechanism involves an inner loop of a convex optimization problem (for fixed «). This offers a
theoretical benefit of obtaining prices as the dual variables of a convex optimization problem (as in
Walrasian equilibrium) and may have the added advantage of improved compuation, as discussed
in Section 4.4. Secondly, optimizers of the alternative mechanisms may involve rationing at the
prevailing prices, which may result in inferior incentive performance. With rationing, there may
be an incentive to misreport to affect not only prices but also the quantity received. We show that
it is possible to obtain many of the desirable properties of Walrasian equilibrium in non-convex

economies without the need to ration agents at the prevailing prices. In the next section, we will
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identify some settings in which rationing may be employed without substantial adverse effects on

incentives.

5 One-sided non-convexities: the single-price mechanism with rationing

In this section, we consider the case where one side of the market—for simplicity, the buyers—has
convex preferences, while the other side of the market has non-convex preferences. There are two
reasons to conjecture that convexity on one side of the market might lead to more efficient pricing
mechanisms. The first is that convexity on one side of the market makes it possible to obtain exact
market-clearing outcomes via prices, since all feasible bundles are in the exposed set for the convex

side of the market.2

This eliminates one possible source of inefficiency in the market mechanism:
unused supply.”’ The second reason is that in many familiar models, faster rates of convergence

have been identified. For example, in the double auction model of Rustichini, Satterthwaite, and

1

™ ), while simulation studies of the

Williams (1994), the expected loss under the mechanism is O <
maximum surplus anonymous pricing mechanism due to Bichler et al. (2018) suggested a similar
rate of convergence using simulated valuation functions.

We show that a single-price mechanism with rationing can lead to rapid convergence to effi-

ciency under certain additional assumptions on buyers’ preferences.
Definition 5.1 (Single-price mechanism with rationing). Let (p, @) be a solution to

min - max Y uu(x,) — Y vex(cp)(yp) —p- | Y x— Y ¥y —Re |- (SPM)

pERL weXINIxYIF = feF nen fEF

Using Proposition 3, identify w satisfying ||@ — w|| < Rg with yf € S¢(p) for each f € F and let
s = Y.rer Y5 be the resulting supply vector.

Let x' = (x],)nen solve

max Z U, (x,) subject to Z X, < 8. (SPM2)

(xn)nen €XN neN neN

The single-price mechanism with rationing purchases ys from seller f at price p, and allocates x;,

to buyer n at price p.

26That is, given any feasible consumption bundle x, there is some price p such that agent n demands x at p.

1
[Nt

the identified allocation is exactly market-clearing, else the budget deficit term in the First Welfare Bound is O(1).

2’Note that in order to apply Theorem 1 with a single price and obtain an O < ) bound, we effectively require that
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As in the a*-price mechanism, we use the pseudoequilibrium of a perturbed economy to iden-
tify a price vector. The key difference to the a*-price mechanism is that in this case we solve for
the pseudoequilibrium with an additional R units of supply rather than demand. This allows us
to obtain, by applying Proposition 3, an allocation w at which all agents optimize with respect
to p, but with (at most) 2R units of excess demand. While we previously sought to avoid excess
demand, here we use the existence of excess demand to our advantage. We then ration buyers
in order to attain exact market-clearing. To do so in the least-cost way, we re-solve the surplus
maximization problem with the supply vector fixed. Under certain assumptions on buyers’ pref-
erences, only buyers with values near the prices will be rationed so that the resulting allocation is,
via Theorem 1, approximately-efficient. While rationing, we also need to account for the effect on
individual rationality and incentives, but we show that this is not a significant impediment under

certain assumptions.

Theorem 4. Let (&)t be a sequence of economies satisfying Assumptions 1-4 and that all buyers have
convex preferences. Suppose in addition that the type of each buyer is drawn i.i.d. from % according to some
probability measure y and that the type of each seller in F; is drawn i.i.d. from € according to a probability
measure x (here U and € need not be finite) for which the expected demand and supply correspondences
satisfy the strong convexity property. Then the expected deadweight loss of the allocation associated with

the single-price mechanism with rationing is O (i), so that the relative inefficiency is O ( ) The ex-

1
[Nt IN:|?

L

N and the mechanism

pected maximum benefit of misreporting for any agent under the mechanism is O

1

is individually rational for all sellers and O <‘ N

)—individually rational for buyers. If the buyers” prefer-

ences are, in addition, separable across goods, the mechanism is exactly individually rational for buyers.

The strong convexity assumption in Theorem 4 ensures that the prices in the mechanism (de-
termined by (SPM)) and the shadow prices associated with (SPM2) are increasingly close as the
economy gets large. This implies that the buyers’ final allocation (determined by (SPM2)) will be

almost optimal for them given the mechanism’s prices. The proof of Theorem 4 is in Appendix B.4.
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A Non-convexity and approximate equilibria

We begin with a slightly stronger statement of the Shapley-Folkman Lemma that is used in general

equilibrium theorem with non-convexities.
Proposition 4. Let S; C Rl fori=1,..,N, S = @Y. S;and L' = min(L, N). Then for any x € co(S):
(a) (Shapley-Folkman Lemma) x = YN, x; where x; € co(S;) and |i : x; € co(S;)\ S;| < L.

(b) (Starr, 1969) If S; is ordered so that r(S;) is nonincreasing in i, then thereis y € S such that |x —y| <

iL;1 r(S:)>.

(c) (Heller, 1972) If S; is ordered so that p(S;) is nonincreasing in i, then there is y € S such that
=yl < /L p(8:)

These results have been used in the general equilibrium context to obtain approximate equi-
libria, which are price-allocation pairs (p,w) such that x, € Dy(p) for all n, y; € S¢(p) for all

f but ‘Zne NXn = LfeF yf‘ < s for some s > 0. In particular, the allocation associated with an
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approximate equilibrium may have excess demand and therefore be infeasible. The approximate
equilibrium is obtained by identifying the competitive equilibrium associated with a convexified
version of the economy (in which each agent’s upper contour set is replaced by its convex hull)
and applying the results of Proposition 4 to the resulting allocation. The approximate equilibrium

analogues of Proposition 4 are contained in Proposition 5 below.
Proposition 5. For economy & = (N, F):

(a) (Starr, 1969) There is w € co(Q) and p € RE,p > 0 such that |n : x, € co(X)|+|f : yf €
co(Y)| < L and for all other agents, x, € Dy(p) and ys € S¢(p).

(b) Let ry = sup, g *(UCy) and r¢ = sup. g r(llC}_T). Let 6 > 0 satisfy r, < 6 foralln € N and
r¢ < 6 forall f € F. Then there exists p € lRﬁ,p >0,x, € Xand yy € Y such that x, € D, (p)
foralln € N,y¢ € S¢(p) forall f € F and ‘ZneN Xy — Zfepyf‘ < /L.

(c) Let py = sup,p p(UC}) and ps = supﬁelRp(UC}_T). Let 6" > 0 satisfy p, < &' foralln € N and
pf < &' forall f € F. Then there exists p € Rh, p > 0, x, € X and yy € Y such that x, € Dy (p)
foralln € N,y¢ € S¢(p) forall f € Fand ‘ZneN Xp — Zfepyf‘ < J'L.

The statement of Proposition 5(a) is standard, but the statements of Proposition 5(b) and (c) are
stronger than the classical statement due to Starr (1969) and Heller (1972). Again, the quasilinearity
of agent preferences allows us to conclude that agents are utility- and profit-maximizing, rather
than just expenditure-minimizing.

Finally, we introduce a more general class of quasilinear preferences to which many of our
results also apply and which offer a meaningful interpretation in terms of perceived complemen-
tarity and substitutability of goods. Nguyen and Vohra (2020) introduced the concept of the gen-
eralized A-single improvement property, which is a generalization of the well-known single im-

provement property.

Definition A.1. The preferences of buyer n € N satisfies the generalized A-single improvement
property for some A > 0 if for any price vector p > 0, any two bundles x,y € D, (p) and any price

change dp such that dp - x > dp - y, there exista < (x —y)" and b < (y — x)™ such that:
(@) |a| + 0] < A
(b) op-a>dp-b,and
(c) x—a+beDy(p).

Here (x — y)* denotes the vector whose ¢ component is max(x, — v, 0).
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The A in this definition captures a measure of the substitutability and complementarity be-
tween goods. Preferences with the single improvement property of Gul and Stacchetti (1999) are
contained in the class with A = 2.

By our assumption on the compactness of X and Y, all preferences and technologies satisfy the
general A-improvement property for some A. But the following stronger relationship between the

inner radii of preferences and the A-single improvement property also holds.

Proposition 6. Let r, = sup, g *(UC:). Then the preferences of buyer n € N satisfy the generalized
A—single improvement property for all A > 2+/2ry.

Proof. Let the preferences of buyer n satisfy r, = sup,.g r(UC!). Letx,y € Xand p € R} be given
such that x,y € D,(p). Suppose |(x —y) |+ |(y — x)*| > 2r, (else the preferences immediately
satisfy the A improvement property for A = 2r,).

Forany e > 0,letz € R} be the unique convex combination of x and y such that [x —z| = r, + €
and write z = Ax + (1 — A)y. By construction (z,p - z) € CO(UCZ”(X)fp'x). Then by the bound on
the non-convexity of the preferences, there is a set T C UCZ(X)_p * with rad(T) < r, such that
(z,p-2) = L yer ® ) (X, 1) where ¥ e iy = 1.

We now argue that for all (', ') € T, x’ € D,(p) and ' = p - x’. To see this, note that x € D,(p)

implies u, (x') — p - x' < u,(x) — p - x. Summing, we have

un(x) —p-x >}, applun(x’) —p-x]

(x',#)eT

= ) &y pyUn(X) — p -z
(x',#)eT

= Z “(x’,t’)[”n(x/) —t']
(x',#)eT

On the other hand, since (¥/,t') € UC™ ™" we have uy(x') =t > u(x) — p- x. The only way
these can simultaneously hold is if 1, (x") — ' = u(x) —p-x forall (x', ') € T.

However, we then have Y/ e &(y ¢y [n (x) — p - x'] = u(x) — p - x. This implies that at least
one of u, (x') —p-x" > uy(x) — p- x. Butthen x € D, (p) implies that u,(x") —p-x' = u,(x) —p-x
for all ¥/, so x" € D, (p).

By construction, |x — x| < 2r,, + €. But then ||x — x||; < 2v/2r,, + € as well. O

Clearly, the generalized A-single property can be readily extended to sellers, by replacing the

expressions for utility with those for profits, and an analogue of Proposition 6 also holds.
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Nguyen and Vohra (2020) demonstrate the following approximate equilibrium result in a set-

ting with indivisibilities (so that X C Z_ﬁ and Y C ZEF).

Proposition 7. Suppose all buyers’ preferences and sellers’ technologies satisfy the generalized A-improvement
property and that X C Z% and Y C Z%. Then there exists p € RL,p > 0, x, € X and y; € Y such that
xXn € Dy(p) foralln € N, y¢ € Su(p) and for each £ € L, |Ypen Xni — Lrep Y| <A —1.

Note that the concept of approximate equilibrium in this result is somewhat stronger than
the previous results since the maximum imbalance in supply and demand is bounded good-by-
good, rather than in terms of Euclidean distance in commodity space. However, depending on the
relative size of A, the inner radii of non-convexity and the breadths of non-convexity of preferences,
any of the approximate equilibrium bounds in Proposition 5(b), 5(c) or 7 may be strongest for our

purposes.

B Proofs omitted from the main text

B.1 Proof of Proposition 1

Suppose U, (x,t) = u,(x) — t is quasiconcave, so that its upper contour set UC, is convex for any
¢ € R. Recall that u,(-) is concave iff hypu = {(x,u) : x € R, u € R,u < f(x)} is convex.
Let (x,p), (¥, ') € hypu be given and suppose, without loss of generality, that ¢ < p’. Then
up(x) > p, upy(x") > p/ implies u, (x') — (W' — ) > p. Thus, (x,0) and (x/, ' — p) are in the upper
contour set UC), of Uy (-, -). This implies for any A € [0,1], u,(Ax + (1 —A)y) — (1 = A) (v — p) is
in UC};. This implies that u,(Ax + (1 = A)y) > u+ (1= A) (¢ — ) > n.

Now suppose that u,(x) is concave. Let (x,t), (x/,t') € UCS, an upper contour set of U,(-, ),
be given. Then u,(x) > ¢+ ¢, uy(x’) > ¢+t so that (x,c+t) € hypu and (x',c ++') € hypu.
By concavity of u,, we have (Ax + (1 — A)y, At + (1 — A)t') € hyp u, which implies u, (Ax + (1 —
A)y) > ¢+ At+ (1 — A)t', which on reorganization tells us that A(x, ) + (1 — A)(x/, ') € UC;, and
so Uy (-, -) is quasiconcave.

An analogous argument applies to the cost and profit functions.

B.2 Proof of Theorem 2

Theorem 2 is proved in two parts. First, in Lemma 1, we establish that the premium &} is O (\1\1]70

t
Then we use Theorem 1 to show that this implies that the loss of the associated allocation is O(1).

Lemma 1. Under Assumptions 1-4, the a} in Definition 4.1 is O ( ﬁ)
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Proof. For notational simplicity we drop the index for ¢ in the prices, premiums and allocations.
The construction in Definition 4.1 ensures, via Proposition 3, that } ¢ r y}’ﬁ — Y en Xh < (2R)1;.

Thus, it suffices to show that for sufficiently large | N;|, there is an « such that

a Y ptexy > (2R)p" - 1p.
neN
Moreover, if thisa = O (\1\117) , then since a#* < &, Lemma 1 will follow. To arrive at this result, we
will show that for fixed « > 0 close enough to zero, Y, cny p* - x% is Q(|N¢|), while p* - 11 is O(1).
Let &* be the value of the saddle point problem

mom T R - (Z e fzy) |

First, note that §* is ©(|N|) for sufficiently small « by Assumption 3. To see this, denote by
fUNe) = Lnen, tn(xy) and g(INe|) = Yser, cf(y}). Then by Assumption 3 and the definition
of O(-), limian%ooLI\I;]) = u > 0, say, and limsupN_mw =c¢ > 0, withu —c > 0. Then
S* > liminfy_seo % —¢(N) = Ttz — ¢, which is positive for sufficiently small a.

Now we show that this implies Y, p* - x% is Q(|N;|) for small, fixed a. To see this, note
that since Y e, ¢ f(y;xf) is O(|N¢|), individual rationality of the sellers (in the perturbed economy)
implies that }¢c, p* - ¥ is Q(|Ni|). But then by complementary slackness ¥,cn, p* - X3 = Lrer, P
Yy — Rp" -1., and since Assumption 4 implies llp|l| < M, we must have that )", p* - x5 is Q| N¢|).

Since for a near zero, ),y p* - x5 is Q(|N¢|) and (2R)p* - 11 is O(1), for sufficiently large | N¢|,

there is a least « such that

w Y ptexk > QRPN 1,

neN

and furthermore, this « is O (‘N |) Since a* < &, we have that a* is O (‘N |) as required. O

We now apply the First Welfare Bound to show that the allocation w?® is approximately effi-
cient. In order to satisfy the assumptions on prices in Theorem 1, we imagine «w* was implemented

with a single price vector p* and (therefore) a budget deficit. Theorem 1 tells us that

S(w) = S(w™) < R(p", @) +p* - (Z DY Xfé*> : @)

fGFt HENf

By construction, in w®" at prices p*, no sellers are rationed, while at prices (1 + a*)p*, no buyers

are rationed. We now use Lemma 1 to show that since a* is small for large |N;|, that the total
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rationing of buyers at (counterfactual) price p* is O(1). To do so, we prove in Lemma 2 that

Ru(p*,x%) is O (ﬁ) so that ¥, cn, Zn(p*, x4 ) is O(1).

Lemma 2. Let (p,w) be a competitive equilibrium and p’ >> p be an alternative price. Then the rationing

loss of buyer n at allocation w given price p" is O(||p — p'||)

Proof. Let x, be buyer n’s consumption bundle in w. Since (p,w) is a competitive equilibrium,
we have that x, € D,(p), the agent’s demand correspondence at price p. By the definition of

rationing,

Now let p(t) = (1 —t)p + tp’ for t € [0,1] and consider the parametrized utility maximization

problem

A

1, (p(t)) = maxu,(x) — p(t) - x.

xeX
The conditions for the Milgrom and Segal (2002) envelope theorem hold, namely the objective
function is differentiable in ¢ given any x € X and the demand correspondence is always non-
empty. The derivative of the objective with respect to t is (p — p’) - x, which is bounded (since X is
assumed compact)

Then for any selection of d(t) € D, (p(t)), we have that

W(p) = () — [ (7~ p) -0 < ()~ (¢~ p) -,

for any d’ in D, (p’) since D,, is nonincreasing along p(f).

Substituting into the expression for %, above, we obtain

Pn(p'xn) < (P —p) - (xn — ).
With no assumptions on demand, we see that %, (p’, x,,) is O(||p — p’||), since the consumption set

is bounded. 0

Since a* is O (ﬁ) and ||p* || is bounded, this implies that &, (p* ,x% ) is O (ﬁ), and so

R(p*,w") is O(1).
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Finally, we note that the budget deficit (the second term on the right of Equation (1)) is O(1)
since the excess supply is bounded by construction and each component of p* is O(1) (as argued

previously). Thus Theorem 2 follows.

B.3 Proof of Theorem 3

Most of the results in Theorem 3 follow by simple application of the corresponding theorems for
Walrasian equilibrium, noting that at the limiting economy, the prices determined by the Walrasian
mechanism and the a* —price mechanism coincide (the R units purchased by the mechanism de-
signer do not matter in the limit). Therefore, any conditions that ensure that agents have diminish-
ing influence over prices in Walrasian equilibrium imply that agents have diminishing influence
over prices in the a* —price mechanism. We will only provide sufficient details to make clear the
adaptations of the arguments required for the a* —price mechanism and refer readers to Roberts

and Postlewaite (1976), Azevedo and Budish (2019) and Watt (2021) for more details.

Part (a) Let Q be the Walrasian equilibrium correspondence mapping normalized economies
(u, ¢, x) to Walrasian prices, which we assume is continuous at the limiting normalized econ-
omy of (&)teN, (Moo, Poos Xoo)- Let Qn map economies (N, p, ¢, x) to the set of (seller) prices under
the a—price mechanism for fixed « > 0. By dividing the objective in Definition 4.1 by |N| and

rewriting, Q. ((N, i, ¢, x)) are the solutions to the normalized dual problem

() . p-R1,
tmin [ SR AT RO N

where @ = {p € RL : &; < |p|| < M} (the optimizers in R} lie in @ by Assumption 4). Note
that in the limit as t — oo, since |[N| — oo and a« — 0, the objective of Q,, converges pointwise
and therefore uniformly on P (by compactness) to the dual objective of the Walrasian equilibrium
problem (even if a single agent misreports). But this implies that dy (P, P') — 0 (by, for example,
Sendov (1990) Corollary 2.1).

To discuss continuity of Q,, we need to describe a topology on the domain of Q,, which is
the product space Ry x (NU {co}) x (%) x R} x P(€) (corresponding to a, N, y, ¢, x), where
P (M) is the set of probability measures on a measurable space .#. We use the product met-

ric, where we use the Lévy-Prokhorov metric?® on (%) and %(%), the usual metric on R

2Recall the Lévy-Prokhorov metric on % (.#) on measurable space .4 with Borel sigma algebra %(.#) is defined
by p(v, u) = inf {s >0|v(E) < u(Be(E)) +eand u(E) < v (Be(E)) + ¢ for every Borel set E C 93(/%)}, where B, (E)
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and the metric on IN U oo given by d(M, N) = ’% — %) . We now assume that Q, is continuous
at (0,09, heo, Poo, Xoo) In this product topology. Since for the true economy (ay, |N¢|, pit, o1, xt) —
(0,00, Hoo, Poo, Xoo) In the product metric and for any misreport of a single agent, the resulting
(af, |NE|, it &1, x1) — (0,00, Hoo, Poo, Xoo), the triangle inequality will imply that the resulting prices
will be arbitrarily close in the Hausdorff metric (see Roberts and Postlewaite (1976) for this ar-
gument). Finally, noting that for each agent #1,(p) and 7¢(p) are (locally) Lipschitz continuous

functions of p, this implies that the maximum benefit of misreporting must tend to zero as well.

Part (b) This follows by simply noting that the a* —price mechanism is envy-free, and so Theorem

1 of Azevedo and Budish (2019) implies the result.

Part (c) We prove this result only for buyers - the proof for sellers is completely analogous. We

first note the useful implication of strong convexity that
|d—d'|| > ml|p—p'll, *)

which is obtained by applying the Cauchy-Schwarz inequality to the definition of the strong law
of demand property.

We now formally define the expected supply and demand correspondences, using the concept
of a set-valued integral due originally to Aumann (1965). For any fixed p, the probability measure
 induces a probability measure over sets D, (p) (associated with the utility function u, € %). A
selection ¢ : # — X is a single-valued random vector such that ¢(u,) almost surely belongs to
D,(p) for each u, € %. Then E,[D,(p)] is defined as cl({IEEC}) for integrable selections . We
assume that the strong law of demand property applies to this correspondence (and analogously
for the supply correspondence). Importantly, a central limit theorem result applies to E,[D,(p)]
so that dH(ﬁ Yuen, Du(p), Eu[Dy(p)]) — 0 (Weil, 1982).

Let us consider the incentives to misreport for a single buyer np € N;. It suffices to con-
sider misreports in which the buyer announces a price-quantity pair (p’,x’) which is the price
and their assignment in the resulting a* —price mechanism, or equivalently, it reports the valua-
tion function max{(p’ — p) - x/,0} to the auctioneer (see Watt (2021) for more details). Then, let
Ri(p) = Wlt\ YneNy\{no} Dn(p) be the average residual demand correspondence. Note that R;(p)
converges (in Hausdorff distance) to E,,[D,(p)] as well.

For any realization of &; obtained by draws from p and y, let Q; be the set of a* —price mech-

denotes the ¢ -neighborhood of E
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anism prices for buyers under truthful reporting and Qj the set of a*—price mechanism prices for
buyers under any misreport by buyer ny.

Suppose, for a contradiction, that lim sup,_, . | N¢|E,[dr(Q}, Qt)] = co. Since for any &}, p; € Q;
and p; € Q; with ||p; — p}|| = du(Q}, Qt), we must have that there are selections r; € R;(p;) and
ri € Ry(p}) such that ||ry — rf]| < Wcz\ (since the misreport quantity ||x}|| < C by compactness of X

and the approximate market-clearing property of the a*-price mechanism), we have

[ — il C
E, |1t "t} < g
”lllpt—piﬂ = L IN e = pil

by hypothesis.

C

S E,(Ndn(@, Q)]

On the other hand, by the strong convexity property and the (Hausdorff) convergence of R;(p)

to E,[Dy(p)], Eu[ m;;:?,'l“] > m, which is a contradiction. Thus limsup,_, ., [N{|E[dr(Q}, Qt)] < oo,
so that the expected influence of any buyer on prices, E,[dy(Qj, Qs)] < O (ﬁ), as required.
Since the buyer’s indirect utility function is Lipschitz, this implies that the maximum benefit of

misreporting is O (ﬁ) as well.

B.4 Proof of Theorem 4

Under the strong convexity property, Theorem 2 in Watt (2021) implies that the price p from the
saddle point of Equation (SPM) and the shadow price p’ which is the dual variable associated with
Equation (SPM2) satisfy ||p — p'|| < O (ﬁ) :

Then by the expression obtained for %,(p, x},) in Lemma 2, we have for all d, € D,(p) and
d), € Dn(p’)

Rn(p,xy) < (P = p) - (dn — dy).

Note that demand selections d, € D, (p) and d;, € D,,(p’) can be chosen to satisfy }_, d, = s + R1p
and Y, d;, = s by complementary slackness and the monotonicity of buyers” preferences (if these
equations are not satisfied for some good for some demand selections, complementary slackness
implies that the price of that good is zero and any agent would be willing to accept the excess

supply of that good for free by monotonicity). Thus, by summing, we have

1
R(p,xy) < (p'—p)-R1L <O <> :
| Nt|

Employing Theorem 1 with the prices and allocation from the single-price mechanism with ra-

tioning (noting that it is budget-balanced and no sellers are rationed) thus implies that the dead-
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weight loss is O (‘1\1]7) .

The proof of incentive-compatibility is almost identical to the proof of Theorem 3(c), with the

added complication that a buyer may have an incentive to misreport in order to avoid rationing.

L

A ) , the maximum expected benefit of misreporting

However, since each buyer’s rationing is O (

1

maximum
[Nt )

isO (ﬁ) as well (comprising the O (ﬁ) capacity to influence prices and the O (

benefit of avoiding rationing conditional on the change in prices). Finally, the approximate indivd-
ual rationality follows from the observation that x), € max, u,(x) — p’ - x so that u,(x},) —p'-x > 0.

Then u,(x,) —p-x = up(x))) —p' - x4+ (p' —p) - x > (p' — p) - x, which may be less than zero.

1
[N

is O (\Z\ITI> —individually rational.

However, since p’ — pis O ( ) and ||x]| < O(1), at worst we have that the resulting allocation
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