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Abstract

I analyze the evolution of organizations that allow free entry and exit of
members, such as cities and trade unions. Current members choose a policy
for the organization. In turn, policy changes can attract newcomers or drive
away dissatisfied members, affecting the set of future policymakers. The re-
sulting feedback effects may take the organization down a “slippery slope”,
which agents allow in equilibrium despite being forward-looking and patient, a
result that contrasts with existing models of elite clubs. The model explains
how quickly the organization approaches a steady state; how this limit depends
on the distribution of agents’ preferences and the initial policy; and when a

population of mostly moderate agents might support extremist organizations.

Keywords: dynamic policy choice, median voter, slippery slope, endogenous

population, extremism

1 Introduction

This paper studies the dynamic behavior of organizations that are member-owned—
that is, whose members choose policies through a collective decision-making process—

and which allow for the free entry and exit of members. In this context, policy and
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membership decisions affect one another: different policies will appeal to or drive
away different prospective members, and different groups will make different choices
when in charge of the organization. As a result, the equilibrium policy path may
exhibit substantial drift over time (an initial policy may attract a set of members
wanting a different policy, which in turn attracts other agents, and so on) as well as
path-dependence (two organizations with identical fundamentals but different initial
policies may exhibit divergent behavior in the long run).

A prominent example where these issues arise is that of cities or localities. Con-
ceptualize each city as an organization and its inhabitants as members. Cities allow
people to move in and out freely, and their inhabitants vote for local authorities who
implement policies, such as the level of property taxes, the quality of public schools
and housing regulations. The interplay between policy changes and migration can
lead to demographic and socioeconomic shifts interpreted as urban decay and revi-
talization, suburbanization, and so on.

The relationship between local taxes and migration has been studied since Tiebout
(1956), which considers a population able to move across a collection of communities
with fixed policies. Epple and Romer (1991) allow for both redistributive policies
and location decisions to respond to one another, but study the problem in static
equilibrium, i.e., under the assumption that whatever temporary imbalance might
exist between the people living in a community and the policies they want has already
resolved itself.

A natural follow-up question to this literature is whether, in a dynamic model,
communities will converge to such a static equilibrium—in other words, to a steady
state—quickly, slowly or not at all. The main reason convergence may fail to occur
is a fear of slippery slopes. Here is a simple example: suppose that a community
that has set a local tax rate xo = 0.2 attracts a population whose median voter, my,
prefers a tax rate 1 = 0.18. my knows that lowering the tax rate to x; would attract
a different population whose median voter, my, has bliss point x5 = 0.16. In turn,
if the tax rate is lowered to x5, a population shift will beget a median voter wanting
a tax rate x3 = 0.15, and so on. If agents vote myopically, the tax rate will quickly
move not to x; but to a much lower steady state, say ., = 0.1. Foreseeing this, m,
might prefer not to change the tax rate after all.

This paper shows that, in a dynamic model where both policies and membership

are endogenous, communities will, in fact, converge to a steady state, and the set of



steady states is independent of the agents’ common discount factor. However, the
speed of convergence is slow relative to the discount factor, as slippery slope concerns
induce them to make smaller policy changes than their myopic preferences would
dictate. In practical terms, communities we observe in the world at any given time
may well fail to be in static equilibrium. Even then, the model yields a tractable
characterization of the transition dynamics along the equilibrium path with which we
can predict their future behavior.

The model yields other substantively valuable insights. For instance, it allows us
to predict when organizations will cater to mainstream tastes and when they might
be captured by extremists. Broadly speaking, policy drift leads organizations to-
wards high-density areas of the preference distribution, which favors centrism if the
distribution is unimodal with a mode near the center. However, a pocket of agents
concentrated at an extreme can also support a steady state; whether the organization
becomes ’trapped’ there may depend on its initial policy and other historical acci-
dents. More importantly, extremism is much more likely when agents’ willingness to
join is asymmetric across moderates and extremists (i.e., extremists are more willing
to be in a moderate organization than vice versa). In general, steady states are more
sensitive to the shape of the preference distribution than in models with a fixed pop-
ulation, as they tend to be located close to modes of the distribution rather than near
the population median. In particular, when the distribution is close to uniform, small
changes to its density can result in dramatic swings in the set of steady states. Hence,
a slow, continuous demographic change may at some point trigger a fundamental shift
in the organization’s policy path which would appear sudden to an outside observer.

The paper is connected to several strands of literature. First, as noted previously,
it can be seen as a study of dynamic Tiebout competition. There is a large litera-
ture on the Tiebout hypothesis (see, e.g., Cremer and Pestieau (2004) for a review),
but most papers in it assume that policies and location decisions must be in static
equilibrium, and hence are silent on the transition dynamics that we focus on.

Second, our model can be applied to other organizations with open membership,
such as trade unions, nonprofits, and many neighborhood and sports clubs, and it is
therefore relevant to applied theory papers about such organizations. For instance,
Grossman (1984) provides an explanation for why wages may not go down in a union-
ized sector after an increase in international competition: layoffs selectively affect less

senior workers, so the median voter within the union becomes more senior and more



securely employed, hence prone to making more aggressive wage demands. As in the
Tiebout literature, Grossman (1984) assumes that policy and membership are always
in static equilibrium, i.e., that they adjust immediately after an external shock; this
paper can be seen as providing a model of the transition dynamics.

Finally, the paper makes several contributions to the literature on “elite clubs”
(i.e., clubs which can strategically restrict the entry of newcomers or even remove
existing members—relevant applications include immigration and enfranchisement).
First, we show that, despite the apparent substantive differences, our model of clubs
with free entry is closely related to several existing models of elite clubs. Indeed, the
tension in both types of models derives from a coupling of policy and decision-making
power (i.e., agents cannot choose policies and future distributions of power indepen-
dently) which introduces the same intertemporal trade-offs in both cases. Second,
we extend and clarify existing results regarding the transition dynamics and long-
run behavior of these models. Most papers in this literature—for instance, Roberts
(2015), Barbera, Maschler and Shalev (2001), Acemoglu, Egorov and Sonin (2008,
2012, 2015) and related work—assume a discrete policy space and obtain the re-
sult that “intrinsic” steady states can arise, and are likely to do so when agents are
patient;! the equilibrium path and the set of steady states can be characterized re-
cursively, but not easily solved for. We show that if a continuous policy space is
assumed, these results are overturned: all steady states are myopically stable, they
are therefore independent of agents’ discount factors, and the equilibrium path can
be characterized explicitly (in some cases, in closed form) when agents are patient.
Indeed, these results are still true if the policy space is discrete but fine enough; when
the policy space is fine and agents are patient, which set of results we get depends
on the order of limits. A closely related literature on dynamic policy selection (Jack
and Lagunoff, 2006; Bai and Lagunoff, 2011) does consider continuous policy spaces,
but their results are restricted to smooth equilibria, which are not guaranteed to exist
generically;? the results in this paper are derived either for all equilibria or for classes
of equilibria that exist generically. On a technical note, this paper is also the first in

this literature to obtain tractable results in a setting that violates the single-crossing

In the language of Roberts (2015), an intrinsic steady state is a policy that is chosen forever
on the equilibrium path, but which would not be an equilibrium in a static version of the game—in
other words, agents choose not to change it because they fear the subsequent policy changes that
would follow.

2See Appendix D for details.



assumption on preferences—a necessary complication that arises in our free-entry
world, stemming from the fact that agents too far from the chosen policy can cut
their losses by leaving the organization.

The paper is structured as follows. The basic model is presented in Section 2.
Section 3 proves some fundamental properties of all equilibria which pin down the
organization’s policy in the long run. Section 4 characterizes the transition dynamics.
Section 5 translates the model to the ’elite clubs’ setting, and Section 6 discusses the
practical implications of the results. Section 7 is a conclusion. All proofs can be

found in the Appendices.

2 The Model

There is a club existing in discrete time ¢ = 0,1, ... . Each agent is characterized by
a type a € [—1, 1]; the population of agents is given by a continuous density f with
support [—1, 1]. All agents are potential members.

At each integer time t > 1, two events take place. First there is a voting stage,
in which a set of existing members I, ; C [—1,1] votes on a policy z, € [—1,1] to
be implemented during the period [t,t 4+ 1). Immediately after, in the membership
stage, all agents observe x; and decide whether to be members during the upcoming
period [¢t,t + 1). Agents can freely enter and leave the club as many times as desired
at no cost.® The set of agents who choose to be members at time ¢ constitutes I;, the
set of incumbent members at the t + 1 voting stage.* At ¢t = 0 the game starts with
a membership stage; the club’s initial policy is exogenously given.

The essential feature of this setup is that membership affects both an agent’s
utility and her right to vote. Agents decide whether to be in the club based on their
private utility, since their voting power is diluted by the high number of voters, but

aggregate membership decisions determine future policies.

3The model can be extended to add entry and exit costs; see Appendix E.2 for details.

4The assumption that agents vote the period after joining prevents self-fulfilling equilibria, in
which agents who dislike the club’s current policy might join because they expect to immediately
change the policy to their liking. Alternatively, we could assume that agents can enter or leave at
any time ¢t € R>(¢ but gain voting rights after being members for a short time 1 > € > 0, with
identical results.



Preferences

An agent « has utility
U IL‘t t7 Z 5 Iatua xt

where I,; = 1{acz,y denotes whether o is a member at time ¢. In other words, the
agent can obtain a flow payoff u,(z;) from joining the organization, or leave and

obtain a payoff of zero. We assume that:

Al u,(z): [-1,1]* = R is C*
2

A2 There are 0 < M’ < M such that M’ < 4
8a8x

ue(z) < M for all «, x.
A3 uy(a) >0 for all a € [—1,1].

A4 For a fixed «, U, () is strictly concave in & with peak x = «y.

A5 For a fixed xg, %g—ff‘))>0ifa<xo and%‘g—&xo)<0ifa>a:0.

Taken together, assumptions A2-A5 say roughly that agent o has bliss point o and
wants to be in the club if the policy z; is close enough to «; higher agents prefer
higher policies; and the set of agents desiring membership is always an interval. To
fix ideas, the reader may focus on the case u,(z) = C' — (a — x)?, where C > 0.

Finally, we assume that:

A6 An agent o’s preferences are as defined by U, when comparing any two paths
S = (sg,81,...), T = (to,t1,...) with membership rules IJ, IT that are not
both zero. However, if I5 = IT = (0,0, ...), then « prefers (S, I5) to (T, IT) iff
Ua(S0) > ua(tp).

In other words, given two paths that both induce the agent to quit forever, the agent
breaks ties in favor of the path with the better current policy. This prevents members
who intend to quit immediately after the voting stage from making arbitrary choices

out of indifference.?

5This tie-breaking rule would be uniquely selected if we modified the game to add a small time
gap between the voting and membership stages, so that outgoing members at time ¢ receive a residual
payoff euy(z¢) from the new policy z;.



0 < 6§ < 1is a common discount factor. That players are forward-looking is
crucial: when choosing a policy, they must take into account how it will drift in the

future according to the equilibrum path.

Equilibrium Concept

We will impose two important simplifying assumptions on our equilibrium analysis.
First, we will abstract from the details of the voting process and assume simply that
Condorcet-winning policies are chosen on the equilibrium path.® Second, we will focus
on Markov strategies. That is, when votes are cast at time ¢, the only state variable
that voters condition on is the set of current members, I;_;; similarly, when entry and

exit decisions are made, the only state variable is the chosen policy, x;.” Formally

Definition 1. A Markov strategy profile (§,7) is given by a policy function § :
L([-1,1]) — [-1,1] and a membership function I : [-1,1] — L([-1,1]), where

L([—1,1]) is the set of Lebesgue-measurable sets contained in [—1, 1].

We denote by s = §ol the successor function. A policy x induces a set of members
I(x), who will vote for policy §(I(z)) = s(z) in the next period. Hence, an initial

policy y leads to a policy path S(y) = (y, s(y), s*(y), - . .).

Definition 2. A Markov Perfect Equilibrium (MPE) is a Markov strategy profile
(8,1) such that:

1. Given a policy z, a € I(z) iff u,(z) > 0.

2. Given a set of voters I, the policy path S(5(/)) is a Condorcet winner among
the available policy paths. That is, for each y # 3(I), a weak majority of I
weakly prefers S(5(I)) to S(y).® Moreover, if I and I’ differ by a set of measure
zero, then §(I) = s(I").

6This can be rationalized as the result of two office-motivated politicians offering policies to the
voters in Downsian competition. For the details, see Appendix E.5.

“For an analysis of non-Markovian equilibria, see Appendix E.1.

8Note that only one-shot deviations are considered: if voters in I(z) choose a policy y # s(x),
they expect that after this deviation the MPE will be followed otherwise, i.e., the policy path will
be (y,s(y),...) instead of (s(x), s%(z),...).



From here on we will describe equilibria by the functions I and s rather than 1
and 5. This is without loss of detail, as the set of voters is always of the form I(z)
on the equilibrium path.?

It will be useful to define two additional objects. First, when studying the long-run

behavior of the policy path, we will use the following notion of steady states:

Definition 3. x € [—1, 1] is a steady state of a successor function s if s(x) = z. z is
stable if there is a neighborhood (a,b) > z such that s(y) —w for all y € (a,b).
—00

We refer to the largest such neighborhood as the basin of attraction of x.

Second, we define the median voter function m as follows: given a policy x, m(x)
is the median member of the induced voter set I(x), i.e., fﬁ(x) FW Laerndy =
f;(z) J(W)faci@andy. Finally, an important question regarding the structure of the

equilibrium is whether the Median Voter Theorem holds, i.e., whether the policy path

chosen by I(x) is m(x)’s optimal choice. Formally:

Definition 4. Given a successor function s and a set X C [—1, 1], the MVT holds in
X if, for each # € X and all y € [—1, 1], m(x) weakly prefers S(s(x)) to S(y).

Examples

As an illustration, we map the model to two concrete examples.

The first one is Tiebout-style policy competition between cities. Assume that
there is a universe of “normal” cities ¢ € [—1,1], and a “special” city which we
will call ¢*. Cities differ in two ways. First, each city has a policy, which is a one-
dimensional variable x;(c) € [—1, 1] that denotes a certain level of taxation and public
goods in city ¢ at time t. For example, a higher x means that the city in question
has higher local taxes which finance better public schools and amenities. Second, c*
has an intrinsic attribute that makes it a more desirable location compared to normal
cities (uniquely good weather, a strong economy, etc.). For simplicity, suppose that
each normal city has a large population of immobile voters tied to it, and the median
immobile voter in city ¢ has bliss point ¢, so that z;(c) = ¢ for all ¢, ¢c. In addition,
there is a unit mass of mobile agents in the model, whose bliss points are distributed

according to a density f. xo(c*) is given.

9Tf, given a current policy x, an agent deviates from her equilibrium membership decision, the
set of members I will differ from I(z) by a set of measure zero, so the policy chosen tomorrow, s(x),
will be unchanged.



We are interested in the policy path of ¢* over time and the behavior of mobile
agents. At each time t, each mobile agent « chooses a city to live in. If she chooses a
normal city ¢, she gets a flow payoff uqs(c) = —(c — a)?; if she lives in c¢*, her payoff
is Unt(c*) = C' — (zy — @)?, where z; is the policy of city ¢* at time ¢ and C' > 0 is the
intrinsic value of c*.

a’s decision boils down to a binary choice: she can either live in ¢* or move to one
of the normal cities, in which case she should always choose ¢ = «, yielding a flow
payoff of zero. Living anywhere but in ¢* is equivalent to leaving the organization in
the general model.

The second example we discuss is that of trade unions. Assume an economy with a
unionized firm and a larger competitive (non-union) sector. Firms offer employment
contracts (w,l) comprising a wage w and a family leave policy [. The marginal
productivity of all workers is normalized to 1, and a leave policy [ signifies that the
worker only works a fraction 1 — [ of the time. In equilibrium, competitive firms are
willing to offer any contract of the form (1 — 1,1); we assume the competitive sector
is large enough that all such contracts are available. The union, through collective
bargaining, extracts a wage w, > 1 from the unionized firm in the union sector, so
that its leadership can bargain for any contract of the form (w, — [,1), but the same
contract will apply to all unionized workers. As in Grossman (1983), assume that the
union bargains on behalf of its median voter.

Workers differ in their taste for family leave. A worker of type a has utility function
vo(w,1) = w + av/1. Workers are allowed to move freely between firms, including to
the union sector; upon joining the union sector they automatically become union
members.

o?
1
and obtain utility v} = 1+ %2 from it. Let uq(l) = wy — I +av/1—v? be the net utility

Of all the competitive firms, a worker o would prefer to join one offering [ =

of joining the union sector when the union has bargained for a contract (w, — [,1).
We can verify that u satisfies A1-5 and hence the model applies without changes.

3 Equilibrium Characterization

In this Section we show some common properties of all MPEs, which in particular pin

down the long-run behavior of any equilibrium. We start by solving for the optimal

0This is a common arrangement is known as a ’union shop’.



membership strategy, which is simple:

Lemma 1. In any MPE, I(z) = [v — d.,x + e;] is an interval, and d,,e, > 0 are

given by the condition that uy,_q,(x) = Ugpie, (z) = 0.

Since members can enter or leave at any time, it is optimal for « to join whenever
the flow payoff of the current policy, u,(z), is positive, and leave when it is negative;
the Lemma then follows from Assumptions A3 and A5. Armed with this observation,
we can describe MPEs solely in terms of successor functions.

Before characterizing s in general, it is instructive to consider two extreme cases
with simple solutions. First, suppose that I(x) = I is independent of = (for instance,
I(x) = [-1,1], i.e., everyone always prefers to be in the organization). In this case,
regardless of the current policy z, the Condorcet-winner policy is the bliss point of
the median member of I. Second, suppose that § = 0, i.e., agents are completely
myopic. Given a current policy z and set of members I(z), the Condorcet-winner
policy is the bliss point of m(z), and the policy path will be (z,m(z), m*(x),...) in
equilibrium, which converges to a myopically stable policy m*(z) = limy_,o, m*(y). In
both scenarios, the simplicity of the solution stems from the lack of tension between
the current policy and future control: in the former case there is no link between
them, while in the latter case they are linked but voters do not care.

As a first step towards solving the general case, we show that equilibrium paths

are always monotonic:

Proposition 1. In any MPE, for anyy, S(y) is monotonic: if s(y) > y then s*(y) >
s*=1(y) for all k, and analogously if s(y) < y.

To see why this must be the case, imagine an equilibrium path (s, s1,...) which
increases up to s, (k > 0) and decreases afterwards. For this to work, S(s) should be
a Condorcet winner in I(s;_1), and S(sg41) should be a Condorcet winner in I(s).
In particular, a majority in /(sg_;) must prefer S(s;) over S(siy1) but a majority
in I(sy) must prefer the opposite. However, S(siy1) has a lower average policy than
S(sg), since it skips s which is the highest policy in either path, but the group I(sy)
should have preferences more biased to the right than I(s;z_;), since s, > s_1.1

We can now pin down the general shape and long-run behavior of any MPE:

A similar result is shown in Acemoglu et al. (2015). The proof here is more involved because,
owing to the infinite policy space, we have to rule out cases where the policy path doubles back on
itself infinitely many times.

10



Proposition 2. In any MPE s and for any y:

(i) If m(y) =y then s(y) = y.

(i1) If m(y) > y then m*(y) > s(y) > y. Moreover, if the MVT holds in [y, m*(y)]
then s(y) >y and s*(y) —— m*(y).

k—o00

(i11) If m(y) <y then m*(y) < s(y) < y. Moreover, if the MVT holds in [m*(y), y]
then s(y) <y and s*(y) —— m*(y).

k—o00

Figure 1: Convergence to steady states in MPE

In other words, when the MVT is satisfied, the steady states of s are simply the
fixed points of the mapping y — m(y). Moreover, stable (unstable) steady states of
s are also stable (unstable) fixed points of m, and their basins of attraction coincide.

The intuition for why we should observe s(z) < x if m(z) < x and vice versa
is straightforward: if m(xz) <  in an interval (z*, z**), any policy in that interval
attracts a set of voters whose median wants a lower policy. However, Proposition 2
also implies that slippery slope concerns cannot create myopically unstable steady
states—it never happens that s(z) = x despite there being a myopic incentive to
change the policy. The logic behind the proof is as follows: suppose m(x) < z, but
m(z) is afraid of further policy changes if she moves to some y € [m(z), z]. If m(z)

chooses a slightly better policy y = x — €, her flow payoff tomorrow will be higher by

11



roughly e (—g—;‘). In exchange, she will relinquish the choice of the continuation path
to a slightly different voter, m(x — €), next period. Due to their preferences being
similar, the cost of this loss of control turns out to be of the order of €2, so such a
deviation is always profitable for € small enough.

Figure 1 illustrates the result in an example with three steady states: z] and x3
are stable, while 27 is unstable. This alternation of stable and unstable steady states
occurs in general as long as m is well-behaved. Formally, in the rest of the paper we

will impose the following condition:

B1 The equation m(y) = y has finitely many solutions z} < 25 < ... < z}. In
addition, m’(z}) # 1 for all 4.12

It follows that:

Corollary 1. The number of steady states is odd. For odd i, m'(x}) < 1 and x} is

stable; for even i, m'(xf) > 1 and xz} is unstable.

Finally, we address the question of whether s is monotonic—a stronger property
than path monotonicity—and whether it must satisfy the Median Voter Theorem. It
turns out that both properties must hold in a sizable neighborhood of each stable
steady state:

Proposition 3. Let z* be such that m(z*) = z* and m/(z*) < 1; let 2™ < 2* < z**
be the closest unstable steady states to the left and right of x*; and J = (x™*, x**).
Then, in any MPE, s is weakly increasing and satisfies the MVT in I(x*) N J.

The reason this result may fail outside of I(x*)N.J is that it relies on pivotal voters
not leaving the organization on the equilibrium path; when pivotal voters quit the
club at different times, it is not always possible to cleanly compare policy paths, as the
logic that voters with higher bliss points should like higher paths (as per Assumption
A2) no longer applies.!> However, as we will see next, under reasonable conditions
there are equilibria that are well-behaved everywhere, in the sense that Proposition

3 holds everywhere.

121 is differentiable since f is continuous. For a discussion of this assumption, see Appendix C.

13For instance, let x = 0.6, y = 0.5, and S = (0.7,0.1), T = (0.65,0) be two-period policy paths.
If z, y never leave under either path, U,(S) — U,(T) > Uy(S) — Uy (T') by A2; but if u,(0) < 0 it is
possible that U (S) — Uy(T) < Uy(S) — Uy (T) instead, as ’s distaste for T' having a low policy in
period 2 is dampened by her intent to leave. By the same logic, the set of voters preferring .S over T'
may be a collection of disjoint intervals, so a winning coalition need not contain the median voter.
See Appendix E.4 for an illustration of pathological equilibria stemming from these issues.

12



4 Transition Dynamics

In this Section we characterize the transition dynamics of the model. Understanding
them can be important in practice because, as we will see, convergence to a steady
state is far from instant.

We propose a natural class of equilibria, which we call 1-equilibria, and provide a
detailed analysis of them. There are two major reasons to focus on 1-equilibria. The
first is tractability: they satisfy the Median Voter Theorem globally, they therefore
always feature convergence to a myopically stable policy, and they have other ana-
lytically attractive properties. Though there is a continuum of them, they converge
to a common limit that can be easily interpreted as policy and membership decisions
are allowed to take place more often. The second is robustness: 1l-equilibria exist
generically, while other types of equilibria (including smooth equilibria, which have
been studied in the literature) do not.!

Without loss of generality, henceforth we restrict our analysis to the right side
of the basin of attraction of a stable steady state. That is, let z* < z** such that

*

m(z*) = x*, m(z™) = 2™ and m(y) < y for all y € (2*,2*). Then we study s
restricted to [z*, z**].15

Formally, this is the class of equilibria we are interested in:

Definition 5. Let s be a successor function on [z*, x**]. s is a I-function if there is
a sequence (Z,)nez such that z,., < z, for all n, z, — T, — x*, and
s(x) = xpyr if © € [, 2,-1). We call (z,,), the recognized sequence of s.
s is a l-equilibrium (henceforth 1E) if it is a 1-function and an MPE.
s is a quasi-1-equilibrium (henceforth Q1E) if it is a 1-function and (1—0)Upy(z,,) (S (Tn+1)) =

U () (Tn1) for all n.

In a 1E, only policies that are part of the recognized sequence (z,), are chosen
in equilibrium. =z, today leads to x,.; tomorrow; if the initial policy x is not part
of the recognized sequence, but it is between x; and x;_1, then xp, is chosen next,
and the path follows along the recognized sequence thereafter. An illustration can be

found in Figure 2.1 The closely related notion of Q1E is useful because Q1Es are

H1For a discussion of other equilibria, see Appendix D.

YFor any y € (z*,x**), I(y) will never want to choose a policy outside of (z*,2**), 50 (= zs)
can be studied in isolation. Note also that results are analogous for a basin of attraction of the form
[z*,1] or to the left of a stable steady state.

161_equilibria can be found explicitly when m is linear and u is quadratic; see Appendix D.
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Figure 2: 1-equilibrium for u,(z) = C — (o — )%, m(x) = 0.72, 6 = 0.7, C = 1.

often 1Es and vice versa, but it is easier to check whether a 1-function is a Q1E. The

following Proposition states two basic but important properties of 1-equilibria:

Proposition 4. Let s be a 1E on [z*,2**|. Then s satisfies the Median Voter Theorem
for all x € [x*,2**]. In addition, (1 — 6)Upn(z,)(S(5(2n))) = Um(en) (Tnt1), i-e., every
1E is a Q1E.

The intuition behind the second statement is the following. Consider a 1E s given
by a recognized sequence (x,),, and suppose it satisfies the MVT. Then S(x,1) is
m(z,)’s most-preferred policy path from the available choices, but S(z,.2) is m(y)’s
most-preferred path for all y < x, just under z,,. By continuity, m(x,) is indiffer-
ent between S(z,41) and S(z,42) and prefers these two paths to all others. Equiva-
lently, m(x,,) is indifferent between the static path (2,41, Zni1,...) and S(z,41). This
property relates m(x,)’s equilibrium utility to the distance between xz, and z, 41—
the higher m(z,)’s utility, the higher the distance, and hence the faster the policy
changes—which is a key driver of later results.

Our next result is that 1-equilibria exist under fairly general conditions:

Proposition 5. Let z € (z*,2™). Then there is a Q1E s, defined on [x*,x**] such
that xg = x.

Moreover, s, is a 1E in [z*,m™ ' (z* + d)] iff m(z,) < Tpyo for all n such that
m(z,) < 2* +d.

In other words, Q1Es always exist, and there is a continuum of them. The second

part of the proposition guarantees that the Q1Es we find are real equilibria, unless
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they feature very fast policy changes. A more tractable and powerful condition to
determine if Q1Es are equilibria is available if we take the model to continuous time,

which we do next.

Continuous Time Limit

A discrete time model is the natural choice for our problem, as in most organizations
voting happens periodically (e.g., at monthly meetings, annual elections, etc.). How-
ever, the continuous time limit is worth studying, as it is analytically more tractable
and offers important insights that apply to the discrete time model.

Assume that decisions are made increasingly often: each period [t, ¢+ 1] is broken
into j periods of length %, with discount factor between sub-periods 57 = eﬁ, and
decisions now happen at times t,t + %, t+ %, ... Call this the j-refined game. We are
interested in the limit as j — oo.

A successor function for the continuous time game is a function s'(x) denoting
the successor policy starting from x after a length of time ¢ has passed. We require s
to be such that s (x) = s'(s"(2)); s°(z) = x; and s is weakly decreasing in t. We
say s is continuous if s'(x) ﬁ x for all x, and we say s is a continuous solution if
it is continuous; s’(x) P 2*; and Upy(4)(S(2)) = Um(z) () for all z € (2%, 2*). (In
general, we define U, (S) = [ re " uq(s;)dt.)

The following Proposition states the fundamental properties of the continuous

solution, if it exists, and relates it to the 1-equilibria of the discrete time game:

Proposition 6. Suppose that m € C? and the continuous time game has a continuous

solution s. Then:
(i) s is the unique continuous solution, and s is C* as a function of t;

(i) given any sequence (s;);, where s; is a Q1E of the j-refined game, s}(x) ﬁ—oo>
st(x) a.e.;

(iii) there is § < 1 such that, for all 6 > 6, all Q1Es of the discrete time game with

discount factor 6 are 1FEs.

Figure 3 illustrates a continuous solution for the continuous time game. s'(z), the

policy after a delay of length 1, serves as a direct point of comparison with discrete
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Figure 3: A continuous solution
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x. The Figure shows the expected behavior: e(x) is higher—the policy moves more

time equilibria, and e(z) = — is the instantaneous delay of the policy path at
slowly—in regions where x — m(x) is close to zero.

The intuition behind Proposition 6 is as follows. Say we are interested in taking
the limit of a sequence of Q1Es as j — oo, and recall that Uy, ;) (Sj(7jm+1))) =
U (z;,) (Tjn+1)) for any QIE s;. As j — oo, the discount factor between sub-periods
goes to 1, i.e., it is as if agents were more and more patient. This might drive them
to choose progressively slower policy paths, i.e., the differences ;, — x(,4+1) might
go to zero as j — 00, so in the limit we should have U, (S(2)) = Upm@(x) for

r = limj_ o0 7jn = limj_,o Tjn41). Indeed, if this limit is well-behaved, we should
Zjn ~Lj(n+1) y 1

.j j—>+00 e(x)
It can be shown that e(x) must satisfy the following integral equation:!

have

7

r ou ou ou ou

*Unn () (S(2))

1 d%u 8%y %u U (x) 7

é(;p) = — (_6_x2 _ 280489[: m’(x) _ 0a? m'(m)Q + da? m'(m)Q + m (.27) ) (*)
oz oz oz oz

If we find a candidate solution é(z) that is positive everywhere, a continuous solution

17"The derivatives of u are all evaluated at (m(z), ). Note that this is an integral equation because
2
BU%W depends on S(x), which depends on s'(x) for ¢ > 0, i.e, it depends on e(z’) for 2’ < .

2
In the case of quadratic utility, M%W = —2, so we can obtain a closed-form solution.
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can be reconstructed from it, and the claims in Proposition 6 follow. Moreover,
Equation (*) gets us as close to an explicit solution as we could hope to get. On the
other hand, if é(z) is negative for some z, a continuous solution cannot exist for the
continuous time game; in this case, any equilibrium path must involve instantaneous
policy jumps that do not vanish as we take the limit to continuous time. To see why
this might happen in an example, assume that u,(z) is quadratic and m(x) = 0.4x.
Then m(z) prefers policies y € [0,0.8z] to policies z > 0.8z, whence we should expect
limy o+ s'(z) < 0.8z < .

An important observation on the relationship between patience and the speed of
policy change follows from Equation (*). In the continuous time limit, the discount
rate acts as a pure rescaling factor: when r is lower, delay becomes proportionally
higher so that the effective delay (measured against patience) remains constant. Since
discrete time equilibria approach this limit as § — 1, it follows that an increase in ¢
also slows down convergence at a roughly proportional rate (of course, changes in §
do have some “real” effects in discrete time, as they also affect the effective frequency
of voting).

Proposition 6 can be extended to the case in which there is no continuous solution.
In that case, the continuous time game still has a natural solution to which all Q1Es
of the discrete time game must converge, as long as m satisfies a genericity condition.
This solution is harder to describe succintly, as it involves a series of instantaneous
policy jumps separated by temporary stops (intervals where s'(z) is constant in t).

For the details, see Appendix B.

5 A Model of Political Power

We now discuss an important variant of the main model which overturns the assump-
tion of free entry and exit. Consider a polity governed by a ruling coalition. At each
time t = 1,2, ... the ruling coalition chooses a policy z;; the policy at time ¢ = 0 is
given exogenously.

The policy now plays a dual role: it determines the set of agents granted political

power at time ¢+1, as well as the flow payoffs of all agents during the period [t,t+1).18

18For example, x; determines the set of enfranchised voters, and in each period the median voter
chooses an economic policy y; which affects flow payoffs. Then uq (y:) = ua(y(I(x+)) is indirectly a
function of x;.
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In other words, = determines [(x) directly; the mapping x + I(z) is now taken as
a primitive of the model, instead of resulting from equilibrium behavior. Assume for
simplicity that I(z) is still an interval of the form (x — d,,z + e,). In this model, all
agents are impacted by the policy, regardless of whether they have political power or

not. In other words,

Ua (22)01a) =Y 8'ua(ay),

and we assume that u,, satisfies A1, A2 and A4. This setting, which is similar to those
discussed in Jack and Lagunoff (2006), Bai and Lagunoff (2011) and Acemoglu et al.
(2015), is clearly another one where slippery slope concerns apply: a ruling coalition
may want to expand the franchise (for example, to lower unrest) but fear that the
new voters will choose to expand it even further.

Define an MPE given by a successor function s as before. Then:

Proposition 7. Propositions 1, 2, 4, 5, 6 and 10 hold in this model. Moreover, any
MPE s satisfies Proposition 8 for all y € [—1,1], and any QIE is a 1E globally as
long as m(z,) < Tpyo for all n.

Additionally, let z* be a stable steady state, and let I(z*) N J be as in Proposition
3. Modify the free entry model and the model of political power by restricting the
policy space to I(x*) N J in both cases. Then the sets of equilibria of both models are

identical.

In other words, all the main results of the paper hold for this variant of the model.
Indeed, some results, namely Propositions 2, 3 and 5, are strengthened, because the
MVT is now guaranteed to hold everywhere for all equilibria.?

It may appear surprising that these two models have such similar equilibria, de-
spite representing different organizations with different causal relationships between
political power, membership, and flow payoffs. However, there is a mechanical equiv-
alence between the components of both models. Indeed, in both cases, members care
about two variables, namely, the identity of the future median voter and the current
policy, but they only have one ’lever’ to pull; hence their choice of tomorrow’s policy

must optimally trade-off control over the future policy for present flow payoffs.

9Tn the main model, the MVT may fail away from stable steady states because agents’ payoffs
are harder to compare when they leave the club at different times; this is not a problem here because
losing political power does not affect agents’ flow payoffs.

18



Other variants, allowing the model to fit new examples, are possible. For instance,
the set of members, I;, can affect affect payoffs directly: v,(x) = uq(z) + wo (I(x)).
So long as v,(z) satisfies Al-4, Proposition 7 still applies. A natural example is
immigration: if x; is a country’s immigration policy and I; is its current set of citizens,
x; does not affect the payoffs of current citizens directly, but the entry of immigrants

does, as it has economic and social effects.?°

6 Discussion

In this Section we highlight some important takeaways from the model.

Myopic Stability of Steady States

We have shown that, although the policy path depends on the selected equilibrium
and the agents’ discount factor, its limit as ¢ — oo depends on neither—in fact, the
limit is the same as it would be if § = 0. In the language of Roberts (2015) all
steady states are “extrinsic”, i.e., pinned down by the preference distribution. This
contrasts with other papers in this literature such as Roberts (2015) and Acemoglu et
al. (2008, 2012, 2015), where “intrinsic” steady states exist: that is, policies considered
suboptimal by current voters can be sustained permanently for fear that, if a line is
crossed, future agents will move towards a different policy too quickly.

Their results hinge on two important assumptions: a discrete policy space and
patient agents. In effect, a finite policy space forces agents to choose between moving
too fast or not at all, whereas the continuous policy space in our model offers them
the option to move slowly. If we simultaneously take § to 1 and make the (finite)
policy space increasingly fine, whether we get intrinsic steady states or not depends
on the order of limits.

The upshot is that, in a practical setting, whether slippery slope concerns can
stall policy change will depend not just on agents’ foresight but also on institutional
details, namely, whether incremental changes are possible. For example, take a polity

with a limited franchise considering a franchise extension on the basis of income.

29This example has been studied in the literature, often in overlapping-generations models: for
example, in Ortega (2005) the entry of immigrants affects wages due to labor market complemen-
tarities, while in Suwankiri, Razin and Sadka (2016) it affects the net transfers from the welfare
system.
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Suppose high-income voters prefer a limited franchise, but larger than the smallest
one they would be in (a voter at the 90th income percentile wants to extend it to the
top 15%, a voter at the 80th percentile wants to extend it to the top 25%, etc.). Then,
if it is possible to grant voting rights to the top % of the income distribution for any
x, slippery slope concerns would not prevent full democracy from being eventually
reached through a series of small changes. However, if voting rights can only be
extended based on a few criteria (e.g., only to men who can read, to landowners, to

taxpayers, etc.), indefinite stalling is more likely.

Distribution of Steady States

A natural question that the model answers concerns the impact of policy drift on
extremism: does the tendency to converge to steady states lead to moderate policies
in the long run? Or can small factions “capture” the organization indefinitely?

In the quadratic case, or more generally whenever I (z) = (z—d, z+d) is symmetric
around z, the distribution of steady states reflects the following intuition: if f is
increasing in I(x) then m(x) > x so the policy will drift upward, and vice versa.

Hence, stable steady states correspond roughly to maxima of the density function:

Proposition 8. If I(z) = (v —d,z+d) for all z, and x* is a stable (unstable) steady

state, then I(x*) contains a local mazimum (minimum) of f.

In particular, if f is increasing (decreasing) everywhere, there is a unique steady
state close to 1 (—1); if f is symmetric and single-peaked, 0 is the unique steady state.
This suggests that policy drift encourages moderate policies: the organization always
moves to the center if the distribution of preferences is bell-shaped. Yet there are
three reasons why extremism may be sustainable, in the sense that the organization
may converge to a policy more extreme than the bliss points of most voters.

First, even if most voters are moderates, a local maximum near the extreme
may support a stable steady state.?! This is especially likely if d is low, i.e., if the
organization attracts a narrow niche, so that an extreme policy would bring in the
nearby extremists (who are locally strong) and not be disrupted by a large mass of

moderates. Formally:

2'When there are multiple steady states, whether a minority manages to capture the organization
depends on the initial policy, as the solution exhibits path-dependence.
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Proposition 9. If f'(z*) = 0 and f"(z*) < 0, then for all d > 0 small enough,
(x —d,x 4+ d) contains a stable fized point of m((x — d,x + d)).

Second, even when the distribution has a single steady state, its location may be
unstable when f is close to uniform. For example, consider the densities fi(x) =
s+ ex, fo(r) = 1 —ex and fi(z) = £ —€[z|, for € > 0 small. These are all close
to each other (||f; — fjlloo < 2€ for all ¢, j) but f; has a unique steady state near
—1, f5 has one near 1, and f3 has one at 0. Hence, the long-run policy is potentially
much more sensitive to demographic changes than in models of voting with a fixed
population.

Third, the tendency towards moderate policies can be easily overturned when
the voter sets I(z) are asymmetric. That is, if agents with extreme preferences are
disproportionately more willing to join the organization, they can often capture it
despite being a minority, even locally.

For an example where such asymmetric preferences are natural, suppose that the
organization is a nationalist club. There are two types of agents, moderates and
extremists. Moderate agents want to engage in benign activities, such as enjoying
traditional meals and music, publishing a local newspaper for their community, etc.,
while hard-liners want to organize attacks against immigrants. Hard-liners would still
join the club even if it was too moderate for their tastes, whereas moderates would
leave the club if turned xenophobic.

Formally, let the policy space be [—1, 1], where —1 is the most moderate agent

and 1 the most radical, and assume u,(z) = —|a — z| + (1 + «).?? Then « wants to

be a member whenever © € [—1,2a + 1], whence I(z) = [=5=£,1].

Suppose f is as follows: moderates constitute 60% of the population and have bliss
points uniformly distributed in [-1,-0.9]; radicals, the remaining 40%), have bliss points
uniformly distributed in [-0.9,1]. It can then be shown that the unique stable steady
state is 2* = 3 > 0. At the steady state policy, the set of members I(3) = [—3,1] is
only 28% of the population, all of them radicals.

An important corollary of this example is that social or legal discouragement
meant to dissuade extremist behavior may backfire when organizations are involved.
Consider a variant where the moderates are initially 90% of the population, and the

organization is initially at a stable steady state z* in [—1,—0.9]. Suppose that a

8%y
Jadx

22The example is degenerate in that is only weakly positive and w is only weakly concave in

x; this is needed only for simplicity.
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media backlash against nationalist organizations results in a reputation cost of 0.1

per period being imposed on all members. This prices out all moderates from the
1.1

?.
Thus, while the backlash does succeed in shrinking the organization, it also radicalizes

organization no matter the policy chosen, and only one steady state is left: z* =

it; the social cost of its activities may well increase.

Welfare Implications

A prominent debate in the Tiebout literature concerns whether competition between
districts will lead to a socially efficient outcome. Tiebout (1956) conjectured an affir-
mative answer in a setting with many districts, where agents can all sort into districts
offering their respective most-preferred policies. This idea has been formalized (see,
e.g., Wooders (1989)) as well as criticized (Bewley (1981) constructs several Tiebout
models with inefficient equilibria, largely based on coordination failures which are not
possible in our model).

Since in our model there is only one district (or, as discussed in Section 2, a single
district with a competitive advantage over the rest), the Tiebout argument cannot
apply, and it is not surprising that the solution is typically inefficient. However, it is
worth pointing out that two distinct kinds of inefficiency can arise.

The first concerns the long-run behavior of the organization. In the long run,
the policy converges to a steady state, which is necessarily Pareto optimal, as every
policy is some agent’s bliss point. However, if we define welfare as aggregate utility,
e, W(S) = fjl U,(S)da, then most or even all steady states may be inefficient,
asthe welfare-maximizing policy need not be a steady state.

The second, more interesting inefficiency arises on the transition path. Tran-
sition paths do not just fail to maximize aggregate utility—they may be Pareto
dominated. For a clean illustration, consider the model of political power from
Section 5 with utility function u,(z) = —(a — x)%. In the quadratic case, the
payoff from a policy path may be decomposed in terms of its mean and variance,
e, Uy(S) = ﬁ [—(a = E(S))* = V(9)], where E(S) = (1 —8) > ,500"st, V(S) =
(1=0) 3500 (se — E(S))?. Tt follows that any non-constant equilibriu_m path S(z) =
(z,s(x),s%(x),...) is inefficient, as all agents would strictly prefer the constant path
(E(S(x)), E(S(x)),...), but the latter cannot be attained in equilibrium.
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7 Conclusion

We conclude with a brief discussion of some important issues that the model leaves
out, and possible extensions that lie beyond the scope of this paper.

The first point concerns multiple organizations. Our model focuses on the behavior
of a single organization; it can serve as a model of a setting with many organizations
only under rather restrictive assumptions (see the examples from Section 2). A full
model of dynamic Tiebout competition would have to solve the problem of multiple
organizations choosing policies simultaneously, with an eye not just on internal mem-
bership changes but also on their impact on adjacent organizations with which they
compete for members. Such a model might also allow for the endogenous creation
of new organizations. Our model suggests some tentative insights: an agent able to
found an organization would be less likely to do so if her bliss point was far from
any steady state, as she would expect faster policy drift away from her initial policy;
or, if she did create an organization, she would have stronger incentives to make it
non-democratic.

The second point concerns hierarchies and structure within organizations. The
organizations in this paper are quite simple: all agents are treated equally, they
have the same voting power regardless of seniority or individual characteristics, and
they cast their votes independently. In some examples, such as cities holding local
elections, these are reasonable assumptions. In others, such as trade unions or various
types of elite clubs, it is likely that some agents hold more clout than others. (See
Appendix E.3 for a partial extension in this direction.) In the same vein, agents
may try to collectively coordinate their behavior. Our model allows agents to form
coalitions in the mechanical sense that a group of voters supporting a winning policy
can be considered a coalition, but it does not model the notion that agents might
group up based on some criteria (e.g., demographic characteristics) and then vote as
a bloc. It also does not allow for groups of agents to coordinate a hostile takeover by
joining simultaneously, or to make demands and threaten to leave en masse if they
are not met. Furthermore, history-dependent or reputation-based strategies are ruled
out by the assumption of Markov equilibria (see Appendix E.1 for a discussion of
non-Markovian equilibria.)

The third point concerns partial membership restrictions. In the main model we

study an organization with free entry and exit, while Section 5 discusses the opposite
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case, where the organization can choose the set of future members at will. In addition,
Appendix E.2 sketches an extension that allows for positive entry and exit costs.
While it is encouraging that the results are similar in all cases, real organizations
often wield various kinds of incomplete control over the entry of members, which we
do not model fully. For instance, the organization may charge fees to drive some
members out, or it may impose various requirements on new members.?® It is not
clear what the net effect of such policies would be: fewer new members translates
into slower policy changes, but this, in turn, makes agents less fearful of going down
the slippery slope, which can accelerate policy changes.

A related point is that, for the results to apply at all, there must be a tension
between current payoffs and future control. This is the case when entry and exit
are at least partly free, or when the organization has full control over the set of
members but has preferences over who its members are, as in the case of immigration.
However, there are scenarios in which organizations can shut down these tensions by
means of institutional changes: a supporter-owned sports club may switch to private
ownership; a country where immigration is poised to reshape the electorate could
fashion a policy whereby immigrants are allowed to live and work in the country,
but are granted voting rights only after a long wait; or an important policy might
be permanently enshrined in a special document (e.g., a constitution). If there is no
tension, the pivotal decisionmaker can have her optimal policy and never lose control,
and there is no drift over time.

The last point concerns the complexity of real political processes. Our reduced-
form assumption about the collective decisionmaking process is the simplest possible:
that chosen policies should be Condorcet winners. In some ways, this is a strength—
the results apply whenever the political process would lead to Condorcet winner
policies being chosen, regardless of the institutional details—and it can be micro-
founded as the outcome of Downsian competition with two candidates, as shown in
Appendix E.5. However, outcomes may differ in settings where the political process
is more complicated. For instance, if the organization has more than two candidates
running for office, or if it is run by a deliberative decision-making process, then the

Condorcet winner policy may not win.?* Another possibility is for the political pro-

23For example, Barcelona FC—a supporter-owned club with about 150,000 socios—requires
prospective members over 15 to have a close relative who is already a member.

24For example, Bouton and Gratton (2015) shows that Condorcet winners may lose in majority
runoff elections with three candidates.
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cess to be biased towards inaction, for instance due to a supermajority requirement;
we show in Appendix E.3 that this dampens policy drift but does not qualitatively
change the results. Lastly, leaders have more agency in practice than they are given in
this model. If candidates have policy preferences and differ in quality, a high-quality
candidate championing a certain policy may affect the policy path, possibly perma-
nently. Moreover, a politician may strategically push for policies that will attract a
set of members predisposed to like her. A famous example, discussed in Glaeser and
Shleifer (2005), is that of Mayor Curley of Boston, who used wasteful policies in an
effort drive out rich citizens of English descent, as he was most popular among the

poor Irish population.
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A  Proofs

Lemma 2. Let S = (sg,s1,...), T = (to,t1,...) be two policy paths, and let 1(S) =
U oI (sn), I(T) = UX  I(t,). Suppose that sup s, < inft,; I(S), I(T) are intervals;
and I(S)NI(T) # 0. Then there is o such that agents in [—1, «g) strictly prefer S
to T, and agents in (o, 1] strictly prefer T' to S.

Proof. Let s =infs,,s =sups,, t =inft,, t = supt,. By assumption, s <5 <t < .
Note that all agents x < s strictly prefer S to T by A5 and A6; likewise, all z >t
strictly prefer T to S.

Let W(a) = U,(T) — U,(S). Note that W is continuous and W(s) < 0 < W(?).
Hence there is some aq € [s, ¢] for which W (ag) = 0.

For any 2 € [s.2) lot 15 (2) = Y55 Lo oor 1E(2) = Y00 Lonan o050
and define I (2), I} (z) analogously.

If 2 € [5,1], then I5(2) > I7(2) =0 =1IJ(2) < I;(2), and I5(z) + I} (z) > 0 by
the assumption that I(S) N I(T) # 0. Then W'(z) > 0 by A5.

If z € [t, 1], then I$(2) = 0, and one of the following must be true. If Ig(z) <
I7(z), then W(z) > 0 by A4, and moreover W (z') > 0 for all 2’ € [z,]. If I5(z) >
I7(z), then W'(z) > 0 by A2 and A5. Similarly, for each z € [s, 3], either W’(z) > 0
or W(z') <0 for all 2/ € [s, z].

In general, then, we can find thresholds zy, z; such that s < 20 <s<t< 2 <75
W'(z) > 0 for all z € [z, 21]; W(z) < 0 for all z € [s,2); and W(z) > 0 for all
2 € (21,t]. Hence W can vanish at most at one point, so «q is unique.

O

Lemma 3. In any MPE, for any y, 1(y) N I(s(y)) has positive measure. Hence
I(S(y)) is an interval for all y.

Proof. Suppose WLOG y < s(y). We argue that y + e, > s(y) — ds,). If not, then it
would mean that all voters in I(y) get utility 0 from policy s(y). Note that, if £ =
{a € 1(y) : Us(S(s(y))) > 0} is a strict majority of I(y), this leads to a contradiction,
as all agents in F would strictly prefer S(s?(y)) to S(s(y)). Let D = {a € I(y) :
Ua(S(s(y))) > Ua(S(y))} € E. Since S(s(y)) is a Condorcet winner in I(y), D is a
majority in I(y). If (y—dy,,y+e,) € D we are done. If not, 3ag € D—(y—d,, y+ey).
By continuity of U,(S(s(y))), Jayq such that 0 < Uy, (S(s(y))) < Ua, (S(y)), and this
inequality holds in some neighborhood (o — ¢, 7 + ¢). Hence E — D has positive

measure and F is a strict majority of I(y). O
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Corollary 2. In any MPE, let S = S(y) for somey < x and T = (z,x,...), with
sup(S) < x. Then there is ag < x such that agents in [—1,aq) strictly prefer S to T,
and agents in (o, 1] strictly prefer T to S.

Proof. It I(S) N I(x) # 0, this follows directly from Lemma 2 and Lemma 3. If not,
it is clear that all y > x — d, strictly prefer T to .S and all y < s strictly prefer S to
T. Let ag be such that uy (y) = uqy (z) < 0. If a € (5,2 — d,) then take ag = ag.
If afy <5 then take ag =35. If o) > v — d,, take ag = 2z — d,. O

Proof of Proposition 1. Suppose that some S(y) is not monotonic. Denote s;, = s*(y),
Sk = S(sk) and I}, = I(sy). Let y = inf(S(y)) and ¥ = sup(S(y)). We consider two
cases:

Case 1: S(y) attains y or 7, i.e., 3k € N such that s, = 7 or s, = y. Suppose
WLOG the former. Then there is a & € N such that s,_; <7, s, = 7 and s, < 7.2

Consider the decision made by voters in I_; and in Ij. Since .Sy is the Condorcet
winner in I, at least half of the voters in I;_; must prefer it to Sg,1. At the same
time, Sy 1 is Condorcet-winning in Iy, so at least half of the voters there prefer it to ;.
Let A= (sp_1—dp_1,5x—di), B= (s, —dy, Sp_1+ex_1), C = (sp_1+ep_1, s, +dy).2°
Note that « prefers Sy to Skiq iff he prefers (s, sk, ...) to Ski1. Apply Corollary 2.
If ag € C, all voters in AU B strictly prefer Si,q to Sk, a contradiction. If ay € B,
all voters in A strictly prefer Si.1 to S and all voters in C' strictly prefer Sy to Ski1,
a contradiction.

Case 2: S(y) never attains its infimum nor its supremum. Then there must be a
subsequence s, (with increasing k;) such that sy, = y. Construct a sub-subsequence
Sk, such that s, P y and sy, 1 P st for some limit s !, which may or may not
be §. (We can do this because all the sj are in [—1, 1], which is compact.) Iterating
this, construct a nested list of subsequences ((sg,,, );)m such that k;,, is increasing in i
for each m; K,;, = {kim, : 1 > 0} D K,y for m < m/; and, for each m, sy, ., — s’ for
any r € {—m,...,m}, where s? = 7. Finally let g; = k;;. Then (s,,); is a su’lbzgauence
of (si)k such that s, ., = s}, for any r € Z. We now consider four sub-cases.

Case 2.1: Suppose that s < 7 for some r < 0 and for some ' > 0, and let

r < 0 <7 be the numbers closest to 0 satisfying these two conditions. Consider the

2If we relax the definition of s, there could be paths where sk(y) = ... = sF™m(y) >
sF=1(y), sF*™*1(y), but a similar argument would work in this case.
2654_1 + ex_1 > s, — dj, by Lemma 3.
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decision made by I, vs. the decision made by I, 71, for high ¢. In the limit, they
imply that a (weak) majority in I(s%) (weakly) prefers 7 to S(s7), while a majority
in I(7) prefers S(s7) to 3 (here S(s7) = (s7,s7™',...)). This leads to a contradiction
by Corollary 2.

Case 2.2: Suppose that s. < 7 for some r < 0 but never for r > 0. Let r be
the number closest to 0 satisfying this, so s =y Vr > r. Fix 0 < v < J — si.
For each i, let r'(i) be such that sy, @) is the first element of the sequence after
Sgi+r that is weakly smaller than st + v. Construct a subsequence (sgij ); such that
Sgi, +1/(ij)+l st, for I > —1 (in particular s} > si +v > s%,). Now compare the
decisions made by I(8g,4r) and I(sg,1r;-1). In the limit, they imply that a weak
majority in I(s) prefers 7 to S(s%,), while a weak majority in I(s!) prefers the

opposite (here S(s%,) = (s%,,s%,,...)). This contradicts Corollary 2.

Case 2.3: Suppose that s, < 7 for some r > 0 but never for » < 0, and let 7 be
the smallest r satisfying this. Let 0 < v < 7 — s,. Let r} (i) be such that sg, ./ ;) is
the last element of the sequence before sy, that is weakly smaller than 3 — v. Clearly

(1) = —ooc.

C0n81der the choice made by I(sg,47—1). In the limit, a majority in I(y) prefers
a path (s7,s"™! ...)—a path to the left of g—over . Apply Corollary 2. Clearly
ap <7, so m(y) < ap < F. As m is strictly increasing, m* (%) is strictly decreasing in
k and converges to a limit /m; moreover, m(y) < y for all y € (m, 7.

Call g; + 7,(i) = h;, and let s¥ = liminf; ;o sp,,. Let s = liminf, ,os7. If
S« < 7, take a sequence of v, h;, such that sp,, — s... By construction s, ; >y —v
forl =1,...,L for L arbitrarily large as v — 0, h;, — oo. Then, in the limit, 7 is a
Condorcet winner in [(s,,); in particular, a majority prefers 7 to (s7,s7™1,...), which
contradicts Corollary 2.

If 5., = ¥ we must work away from the limit. Take ¢ > 0 such that (y—dz+¢,7—¢)
is a subset of I(y — v) constituting a strict majority of I(y — v) for all 0 < v < .27
Take a fixed ¥ < ¢; a v < ¢/ such that s > y — /; and a subsequence sy, of
Sp,, such that s;, — s7. Let M; be the largest integer such that sy, € (¥ — v, 7)

for I = 1,...,M; and K; the set of [ € 1,..., M; such that s;; € (y — 5,7). Let

2TThat such ¢ exists follows from m(y) < ¥ and the fact that y — dy, y + e, are continuous in y
by A1, A4, A5 and the implicit function theorem.
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k; = min(K;). By construction, M;, |K;| — oo. Then, for a € (7 — dy +e,y — €),

1 _
mua<5fi) - UQ<S(Sfi+1)) = Z o <u°‘<8fi) - ]lOtGI(Sfi+t)ua(Sfi+t>) *
teK;
+ Z o <u05(8fi) — Lacrsy, L) Ua(Sfit ) Z o <ua 51.) ]laEI(Sfi“)ua(SfiHD
MSTEK, t>M;
ki—1 6Ml
> 0n <ua(sfi) - ]IQEI(Sfi+ki)ua(8fi+ki)> 1-4

k;—1 5|K1‘
= " ((u&(sfi) - ]lael(sfi*‘ki)ua(sfr‘rki)) B 1- 50)

where C' = max, tq(). Note that ua(sy) — ua(Spiir) > Us, (85,) — s, (Sp4m:) +
M'(sy, — a)(Sp4k — 55,) = M'(sy, — 7 + €)%, which converges to M'(s! =7 +¢)§ >
M'3(e—v") > 0asi — oo. On the other hand, uq(sy,) > Ug_a,1<(5s,) which converges
t0 Up_go12(5%) > Ug—az4e(¥ — v) > 0 in the limit. On the other hand, 6% — 0 as
i — 00. Hence all o € (§ — dy + ¢,y — €) prefer sy, to S(sy,41) for high i, so S(sf,41)
is not a Condorcet winner in I(sy,), a contradiction.

Case 2.4: s = 7 for all r. In other words, the sequence spends arbitrarily long
times near y and g (if not true for both boundaries, one of the former cases applies).
We first prove the following claim: m(y) =y for all y € [y, 7].

Take any yo € (y,7). Take a sequence (h;); such that, for each i, sy, is the last
element of the sequence (si), before sy, such that s, < yo. Intuitively, s, is the last
element of the sequence below 1, before the sequence goes near 3y for a long time.
Take a diagonal subsequence (sg,) of (sp,) such that s;.,; has a limit s, for all i.
Clearly s, <y and s, >y, for all [ > 0.

Con81der the choice made by I(sy,). If s < g, in the limit, a majority in 7(s?)
prefers (sl,s2,...) over s2. Apply Corollary 2. Clearly m(s?) > ay > s¥; moreover,
U (s0)(8Y) < Up(s0) (o). If ¥ = yo, then m(yo) < yo leads to a contradiction by
an analogous argument as in Case 2.3, so we must have m(yy) > yo. Conversely,
considering sequences going near y for arbitrarily long, we obtain that either m(yo) >
Yo or there is 5 > yo such that m(5?) < 59 and w,,(50)(52) < o) (o).

Given y € (y,7) such that y # m(y), define § # y to be such that wu,)(y) =
Um(y) (§). Now suppose that m(y) # y for some y € (y,%), and let yo be such that
ly — | is maximal. WLOG m(yg) < 9o, so there is s? < yo such that m(s?) > s¥ and

Unm(0) (8) < Um(sd) (o). Since m(yo) > m(s), tm(yo) (s2) < Um(yo) (o), 50 o > 55 but
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s0 > yo. Hence |50 — 9 > [s% — yo| > |50 — vol, & contradiction.

For the case where m(y) = y for all y € [y, 7|, we use the following

Lemma 4. Let S = (y,y,...), and let T be a path not identical to S. If x and x’
both prefer T to S, and v <y < ', then v < 2’ —dy orx’ >z +e,.

Proof. Tt is enough to check the case where T is contained in [z, 2’]: if not, create a
new 7" such that T, = 2" it T),, > 2/, T} = v if T,, < x and T, = T,, otherwise. Then
T" is contained in [z, 2] and it is weakly better for both z and z’ than T.

Now, if x > 2/ — d, and 2’ < z + e,, both x and 2’ derive non-negative utility
from all elements of 7". Let t = (1 —9) >, 0°T; be the weighted average of policies in
T,and T" = (t,¢t,...). If 7" # T, both x and 2’ strictly prefer 7" over T by Jensen’s
inequality and A4, but they cannot both strictly prefer 7" over S. If T =T, t #£ y

and at least one agent prefers y over t. O]

Take ¢ > 0, v > 0 small and yo = y + €. Construct s, as before. It follows
from previous arguments that s?, = yy. For all 7, a majority in (s, ) must prefer
S(Sk;+1) over sg,. Since sy, strictly prefers sy, over S(sy,11) and sg, = m(sy,), this
can only happen if there are voters both above and below si, who prefer S(sg, 1)
Let y; < si, <y} be the closest voters to s, who weakly prefer the continuation and
denote y; — (sg, — ds, ) = n;, yi — si, = m;. Note that n;,n; = 0.2 In addition,
y; — dy > yi; otherwise we obtain a contradiction as in Lemma 4. Let g; be such
that g, — dy, = v,.

Given the path T* = S(sy,11) construct T" as follows. If T} >y +v, T}' = y/ +v.

> i T
" i~ ~ i " ~ i /i Yi>Ti2ok; — 7 i
Ifyz +V>,I1j Zy'm 7_7] =Y. Ifyz >7—; > Ski» 7} =2z; = S s 57" IfSk;z >,I‘j,
Yiz =5k
§IT?

2y, > ‘ ‘
it &J . Then both g/ and y/ weakly prefer T" over T".?° Moreover,

o
CZ—"j —'U’L o Zs T
st >T}

T" is a linear combination of at most four policies; by an abuse of notation, 7" =

wi Y] + Wiyl + v] 4+ wilz] + wilv] with 37 w? = 1. In addition, since (sk,, Sk;11, - -)
spends a long time near § (hence above y/+v) before going back under s, Yy (.30
w2 j—00
31

Finally, take 0 < wi < w! such that wiz; + wiw; = (wi + wi)sk,,*! and construct

T = wh [y +ws[yf +v]+ (wytws)[sk ]+ (wi —ws) [vi], T = wi [y ]+ ws[yf +v]+ws[vi]
28! — 0 by a similar argument to Case 2.3. Then, if " did not converge to zero, (y,y!") would
be a strict majority in I(sg,) for some large 7, and we are done.
29For this to work, we take ¢ small enough that uy (y) > 0 for large 1.
30We take v small enough that yo + v < ¥ for this to work.
3Lf this is not possible then 3! could not have preferred 7" over sy, a contradiction.
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7 Wo Wy —Wg

A i
2 wi—i—w%—i—w wg’

R )
w] +ws+wy —wg

- and w—é —— 0. Then

Wi twytwy—wg Wy j—o0

both ! and y! weakly prefer 7" over T% and hence over s,. Then

i _
where w] = wh =

A A Oug sk,
Cwy > wytty (vi) =ty (sk,) = vy (k) — Uyr—y (S8,) = m’-% >
g (1) < Wity (7)) + wyy (U + v) + wiuyr (v;) < (w] + wh)uy (yé’ t > + Wity (sk,)
1 2

whv ,
W, {,— {/ = U,/ St1. <U,// //—i—# <U// {/—i_wll/
Y; (yz /’72 ) Y; ( k/'z) — Y; (y’b w7i w% — Y; (y'l 2 )

As A2 and A4 imply ua (@) — ua(e — 2) € [Z 2% 2 32], this means

M 0y M M’ ¢ wh
—_ . > — L e L - =
g )" = 5 (wd) n =V M Cuw

Since (y,y!) cannot be a strict majority in I(sy,), we must have F(y) — F(sk ) <
F(y;) — F(sg, —ds, ) for all 7. But this is impossible as f( d% — oo,

f z 1—00
a contradiction. O

Proof of Proposition 2. Suppose m(y) =y and s(y) # y; WLOG s(y) < y. A major-
ity in I(y) must prefer S(s(y)) over S(y), i.e., they must prefer S(s(y)) over y. By
Proposition 1, s*(y) < s(y) for all k. But then, for small enough € > 0, all agents in
(y — €,y + e,) will strictly prefer y over S(s(y)), a contradiction.

If m(y) # y, suppose WLOG that m(y) < y. If s(y) > y then s*(y) > s(y) >y
for all &, so all voters in (y — d,,y)—a strict majority in I(y)—strictly prefer y over
S(s(y)), a contradiction. Hence s(y) < y. On the other hand, suppose s(y) < m*(y).
Note that m*(y) < m(y); m(m*(y)) = m*(y); s*(y) < s(y) for all k; and choosing

m*(y) leads to the policy path (m*(y), m*(y),...) by the previous case. Then, for
small enough € > 0, all voters in (m(y) — €,y + e,) prefer S(m*(y)) over S(s(y)),
a contradiction. Hence s(y) > m*(y). Next, suppose s(y) = m*(y) and consider
T = (m(y),s(m(y)),...). Since T is contained in [m*(y), m(y)] and Ty = m(y) >
m*(y), all voters in (m(y) — €,y +e,) for small € > 0 strictly prefer 7" over S(s(y)), a
contradiction. Hence s(y) > m*(y).

We now show that, if the MVT holds on [m*(y),y], then s(y) < y. Suppose that
s(y) = y. There must be ¢ such that s(y —¢) <y — e for all 0 < € < ¢, (otherwise,
m(y) would prefer the stable path (y —e,y—¢,...) over (y,y,...) for € small enough).

Let s_(y) = liminf._ o s(y —€). By our previous results, s_(y) € [m*(y),y]. There
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are two cases: either s_(y) =y or s_(y) < y.
If s_(y) =y, then s*(2) — y as z — y for all k. For all z € (y — €y, y), m(z) must
prefer S(s(z)) to z (that is, to the constant path (z, z,...)). Equivalently

V(2) = (1 =0)Upn(S(5(2))) = tmz) (1— Zétum () s )) — Up()(2) >0

where k. is such that s*(2) 4+ eger1,) > m(z) > s772(2) + egrv2(,y. (Note that
k., — 00.) By the envelope theorem,
22—y

V() = (00 U (S E) — (2
kz
— ;(1 — 5)(5 (aa Um(z) (St+1(2>) - ai m(;;)(Z)) m’(z) — ( 5kz+1)%um(2’)(2> gh=t1

2=y Ox

Thus V(z) > 0 and V'(z) > 0 for all z € (y — €1,y), whence V(y) > 0, which
contradicts the assumption that s(y) = .

If s_(y) <, let (y,) be a sequence such that y, <y Vn, y, — y and s*(y,) — s
as n — 0o, where s; = s_(y).

m(y) must prefer y over S(s(y,)) for all n, but m(y,) must prefer S(s(y,)) over
y. By continuity, m(y) must be indifferent between y and (si),. Moreover, m(yy,)
prefers S(s(y,)) to all other S(s(y,)), hence to (si). All this implies

0> Un(S(5(0e))) — sttt (5) = U (S(5(0m) — Ui ((501)

> Up(y) (S(5(yn))) — Um(y)(( $k)k) + Un(ya) ((58)k) = Un(ya) (S(s(yn))) =
— Zdt U () (87 (y 2(5 Unn(y) (St+1 —I—Z(Stum () (St41) Zdtum ) (8 (Yn))

if
o
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If k=K =K"= K" for n high enough, then this last expression equals

for some M, € [M', M]. Now, crucially,

M, S 80 (57 (y) — sea1) (m(y) — m(y,))

y — yn n—ro0

0,

in other words, Uy, (S(s(yn))) — To5Um(y)(y) € 0(y — yn). It can be shown that the
same result holds even when k, &', k¥” and k& do not all become equal.??

Consider now the possibility of m(y) choosing S(y,) instead. We can see that

(1 = 0)Un(y) (S(Un)) — Um@ (y) =
= (1= 0) (tm(y) (Yn) = Umy) (y)) 46 (1 = 8)Unm(y) (S(5(yn))) — tmy) ()

= (= 0)m — ) 2 5 (010 (S 600))) ~ Vi (3)

for some § € [yn,y]. Since 8”’”8(;)@) Perw® () and Unn(y)(S(5(yn))) —

n—00 Oz
l—iéum(y) (y) € o(y —yn), the above expression is positive for high n, which contradicts

the assumption that s(y) = y was optimal for m(y).

Finally, we show that s*(y) converges to m*(y). Since s*(y) € [m*(y),y| for all y
and the sequence is monotonically decreasing, it must have a limit s* € [m*(y),y).
Suppose s* > m*(y). By construction m(s*) < s*, so there is kg such that m(s*(y)) <
s* for all k > ko. Such m(s*(y)) would strictly prefer every element of the path

S(s**2(y)) over s**1(y), and hence would not choose S(s**1(y)), a contradiction. [

Proof of Corollary 1. Let xj < xj,, be consecutive fixed points of m. Since m is
continuous, either m(y) > y Vy € (x7,2;,,) or m(y) < y for all such y. The first
case implies m/(x}) > 1 and m’(z},;) < 1, and vice versa; since m/(z}) # 1, these
inequalities are strict, which implies that the intervals must alternate.

A fixed point of m is stable if m/(z*) < 1 and unstable if m/(z*) > 1 (see e.g.

32Note that k' is independent of n. If Up () (8¢41) # 0 for all ¢, then for high enough n, k = %' =
K" = K" because yn, — y and s (y,) = sp41. If () (se41) # 0 for some ¢, some negative terms are

replaced by 0, but this can only reduce the difference between terms, i.e., | max(a,0) — max(b,0)| <
|a — b.
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Elaydi (2005), Chapter 1.5). Since m(—1) > —1 and m(1) < 1, 27 and z} are both

stable, and stable and unstable fixed points alternate in between. O

Proof of Proposition 3. We first prove the monotonicity. Fix € > 0 small. Let z <
y € [x*, 2% + €], where m(x*) = 2%, m(z**) = 2™, m(y) <y for all y € (z*,2™) and
e <z —x*. Call s*(x) = x4, s*(y) = yi, and suppose z; > y;. As usual S(z1) must
be preferred to S(y;) by a weak majority in I(z), and the opposite must happen in
I(y). Since all agents in I(y) — I(z) = (v + €4,y + ¢, prefer S(z1) due to A6, there
must also be zp € I(z) — I(y) = [v — dy, y — d,,) that prefers S(z1) (in fact there must
be enough of them, but we only need one).

Let [ be such that x; > y; for : = 1,2,...,1 but not for i =1+ 1. If x;,7 = y111
(and hence S(x;11) = S(yi41)) we have a contradiction, as any zy € I(x) — I(y)
would prefer S(y;) over S(x1) pointwise. By a similar argument, there must be
z € I(y;) — I(z;) that prefers S(y; 1) over S(x;41). If z; < y; for all i > [+ 1 this also
yields a contradiction, as any such z would prefer S(z;y1) over S(y;41) pointwise.
More generally, if the ordering between x; and y; only changes a finite number of
times, we can obtain a contradiction by looking at the last time it happens. The only
case left to consider is if there are arbitrarily high ¢’s and j’s for which z; > y; and

x; < y;. If so, note that

0< Uzo(*g(xl)) - Uzo<5(yl)) = 25t (Uzo(xprt) - uzo(y1+t>>

0 < Uny(S(01)) — Unn(S 1)) = 30 (g (w100) — g (y110) + 320 (g (140) — 12y (31:0))
_aug;(x) | i 6 (2144 — Y1) < i 0" (tag (Y144) = Uz (T144)) < Z 0" (tz (1) — Uz (Y144))
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(Note that zy gets positive utility from all policies in S(x;1) and S(y;).) Then

0 < U.,(S(Wis1)) — Uz (S(2151)) 25 Uz (Yry14e) — Uz (Trg14e)) 25 Uz (Y14¢) — Uz (T144))

t>0 t>1
Oty (7)
- EZ)Ox a* Z 0" (X140 = Yroe) < Z 0" (g (T140) = Uz (Trge) — sy (Y104) + 1z (Y1:14))
t=0 t>1
Ousy(2), N :
7 x*z5 (T141 — Y141) < 25 M (20 — z1)|z14¢ — Y144
& =0 t>1
Ou, () 1
- 8(; z* Oglglxlﬂfut Y1t} < —5M(ZO — 1) S;Il){|$1+t — Yl }
O, () 1-9
— * - < -
(-2 ) S e Gl = il < suplese = i)

Since 29 — 21 < ¥+ € —dpc — " + dps — 0, by taking € small enough, we can
e—
guarantee that

Doglgxlﬂfut y1+t|} < Stgll)ﬂfﬂwt — Yi+¢|}

for some fixed D > 2 (in fact we can take D arbitrarily large). Take ¢y = arg maxg<,<; 1 {|Z14¢—
y1+¢|} and t; the smallest ¢ > [ for which |21y, — V144,] > 2|T1449 — Y14e]- We

can apply the same argument to that part of the sequence to obtain ¢y such that

|T154, — Y14es| = 2|14, — Y144, |, and so on for t3, etc. This implies that for large

enough 7, |z144, — Y144,| > ™ — 2*, a contradiction.

This argument proves (i) for an interval (z* — €, 2* 4 €). Now let
Z = inf{Z : s is not monotonic on [z*, Z|}.

By the previous argument we know that & > x* + €. Suppose WLOG that z** >
m~H(z* + ey ); we will now show that & > m ™ (z* + e,«) > 2* + e, Suppose
& <mTHa* + ege).

By construction, for any € > 0, there must be pairs z¢, y¢ such that z¢ < y°, s(z) >
s(y) and z¢, y° € (Z—e€,2+¢€). There are two cases. If there are arbitrarily small € for
which s*(z¢), s¥(y¢) > & for all k, and moreover limy_,o, s¥(2€) = limy_,o s*(y¢) > 2,
then we obtain a contradiction by repeating our previous argument. Else we are able

to pick ¢ and y¢ so that, in the addition to the above conditions, s*(x€) > s*(y°) for
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all k> 1.3 Label s*(2¢) = z, s*(y) = ys.

Now, a majority in I(yo) must prefer S(y;) to S(x1), and a majority in I(z() must
prefer S(z1) to S(y1). In particular, some 2y € (zg — dyy, Yo — dy,) must prefer S(z;)
over S(y1). However, A2 implies that all agents z € [z, 2* + €,+] would then strictly
prefer S(z1) over S(y;). For e small enough, m(I(yo)) < z* + €.+, S0 a strict majority
in I(yo) would prefer S(x;) to S(y1), a contradiction.

Finally we prove that the Median Voter Theorem must hold. Let y € I N J and
suppose m(y) strictly prefers S(y') to S(s(y)), where ¥’ < s(y). Then, since s is
increasing in I NJ, s*(y/) < s¥(s(y)) for all k, so by A2 all voters z < m(y) prefer
S(y') to S(s(y)). Some voters x > m(y) close enough to m(y) also prefer S(y') by
continuity. Hence S(s(y)) is not the Condorcet winner in /(y), a contradiction. On
the other hand, suppose s(y) < ' < y. Then all voters in [m(y),z* + e,] prefer
S(y') by A2, and some voters x < m(y) prefer S(y’) by continuity. On the other
hand, voters x € (z* + e,+,y + e,] prefer S(y') to S(s(y)) because x > x* + e« >y
and s*(y') > s®(s(y)) for all k. Hence s(y) is not the Condorcet winner in I(y), a

contradiction. ]

Proof of Proposition 8. If there are three points x; < x5 < x3 € (x—d, x+d) such that
f(x1), f(z3) < f(z2), then there is a local maximum of f in (z1,23) C (x —d,x + d),
as desired. Hence, if there is no local maximum, there must be zx € (z — d,z + d)
such that f is decreasing in (z — d, z*] and increasing in [z*, z + d). Suppose WLOG
that f(z —d) < f(x + d). Remember that, by definition, F(m(z)) — F(z — d) =

F(z+d)—F(z—d) , .. .
———5——; this implies

flz+d)+ flx—d)

(') = :
given that m(x) = z. Since z is a stable steady state, m'(z) < 1, so f'(x) >
w > f(x —d). Hence x > z*. But then f|y_q.) < f(2) < fl@0+a), Where
the first inequality is sometimes strict. Hence F(z +d) — F(z) > F(x) — F(z — d),
which contradicts the assumption that x was a steady state.

The other case is analogous. [

Proof of Proposition 5. We first construct a sequence of approximate quasi-1-equilibria

331If eventually s*(z€) < 2, or s*(z¢) and s*(y¢) converge to different limits, then the inequality
s¥(2¢) < s*(y¢) can only change a finite number of times as we vary k, and we can look at the last
time it happens.
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as follows. For each i = 1,2,..., let €(i) = % and take yp, yo such that z* < y; <
Yo < x* + €(i) and such that, moreover, wm ) (¥2) < Um(y) (y1). Define T, = y
for all £ > 0 and ;90 = yo. Then, for k = —1,—2,... define Z;; such that m(Z;) is
indifferent between the policy Z;41) and the path (Z;(+2), Tigkts), - - ). (We can show
by induction that Z;; is uniquely defined and strictly decreasing in k for all £ < 0, by
Corollary 2.) Let 3; denote the associated successor function, i.e., 5;(y) = Z;(x+1) for
all y € [Tk, Tir—1))-

We now make some useful observations. First, s; satisfies all the conditions to
be a quasi-1-equilibrium for k£ < 0. Indeed, m(Z;) is indifferent between S(Z;(11))
and S(Zi(r42)) by construction; it follows that she prefers these policy paths to any
other S(Z;s) from A2. Second, it can be shown by induction that Z;(y1,y2) is a
continuous function for all & < 0. Third, z; < m_l(ii(kﬂ)) for all £ < 0; in
particular, ;, < m*(Z) = m*(y2). Fourth, Z; — ¥ 34

Next, we argue that ¥y, y2 can be chosen so that some element of the sequence
(Zir)r equals z. For an arbitrary initial choice of y;, yo satisfying the requirements
above, let ko be such that z > Z;,,. Now lower (y1,y2) continuously towards z* while
satisfying the conditions that z* < y; < yo < 2 4 €(i) and Uy, (Y2) < Um(ys) (Y1)-

Then Zix, (y1,y2) < m*(y2) —— 2%, so there is some intermediate value of yi,
Yyo—ax*

y2 for which i’iko(yl,w) = x. Denote yi1 = Y1, Yiz = Y2, Tir, = jz’(/’<:+/’co)(yz‘17%’2)7
= $;(yi1,yi2). Note that in particular x;0 = x for all 4.

We can now construct a true quasi-1-equilibrium s by taking the limit of a subse-
quence of s;. We do this by a diagonal argument: z;y) — z¢ = x by construction. Next,
for all 4, x;; must be contained in [z*,z], so we can take a convergent subsequence
such that z;;; — x1. Next, we take a subsequence such that the Ti; 2 also converge,
and so on. By an abuse of notation, let z;, denote the result of this argument, so
that xj, — x; for all £.

The indifference conditions that made the s; quasi-1-equilibria under m; make
s a quasi-1-equilibrium under m by continuity. To guarantee that s is a proper
quasi-1- equ1hbr1um we must also show that z, > x4 for all k; x, —— 2*; and

k—4o00
Ty — ™

k——o0
For all these claims it is enough to show that there cannot be two sequences (),

Ty ;) such that k(i) < k'(d) for all 4 but lim;,e Zine) = im0 Tary € (2%, 2™). In

34This is not obvious, but if Z;, k—) y for some y < x**, we can obtain a contradiction by an
——00

argument analogous to the proof of Proposition 2.

37



turn, it is enough to show that this cannot happen for &'(i) = k(i)+1. Suppose it does,
and relabel the sequences as follows: y; = %;(4xz:))- (If necessary, take a subsequence
such that y; — y; for all [.) Then we just have to show that yo > y;. Clearly yo > 1
as Yo > yi1 for all 4, so suppose yo = y1. If yo > yy1, then m(yo) = m(y;) must be
indifferent between y1, S(y2) and ys, which implies yo < m(y;) < y1. But then m(yy;)
would strictly prefer y;» to S(y;2) for high enough i, a contradiction. Hence 3, = s,
and by the same argument yo = y3 =ys = .. ..

This will lead to a contradiction by a similar argument as in Proposition 2. Let
V(y) = Uny)(S(5(y))) — tm(y)(y) as in that proof. The fact that y; = yo implies that
Vi(yi0) = 0. Now take an arbitrary sequence (g(i)); € N, and denote 44y = yio — €-
Then, by the argument in Proposition 2,

Vi) 2 (1= 00 (= 3ttt (3)) +8 (Vo) — MBS (0) ~ E(S1itr+0)

Vi) 2 & (= 3t (3) = 125 MBS ) = E(Sion))

for some ¥; € (Yig(i), Yio), where E(S(y)) = (1 —9) > 12, 0's'(y). Given some 0 <
¢ < eand i € N, we say that g(i) € N is € e-valid if ¢; € (¢,¢) and E(S(yi1)) —
E(S(Yiga)+1))) < %w. Clearly, if there are 0 < € < e with e small
enough, for which we can find valid g(¢) for arbitrarily high ¢, we obtain a contradic-
tion, as liminf V;(y;0) > 0. If not, then there must be a fixed ¢ > 0 and a sequence
e; — 0 for which there are no €, e-valid values of ¢(i) for any i > ig. If there are
arbitrarily high values of i for which (yix); N (yio — €, ¥io — €;) is empty, then let y;n(;)
be the last element to the right of this gap, i.e., yin)+1) < Yio — € Yio — €; < Yin()
and relabel the sequence so that z;y = ). Then z; < 29 = yo = 2_1, which leads
to a contradiction by our previous argument. If there are arbitrarily high values of ¢
for which there is g(i) such that €; € (¢}, €), but E(S(yi1)) — E(S(¥i(g(i)+1))) > C for
a fixed C, this implies that there are fixed C' and ko such that yio — ¥i(g(i)+ko) > €,
and hence V;(yi(g(i)4+x)) = C” for some 0 < k < k. Note that ko, C', C' and C" are
fixed even as we take € to 0, which implies that a\g;?gy) must become arbitrarily large
and negative as ¢ — oo, a contradiction.

We now argue that, for any y € [z, 2,-1) and for any k& # n + 1, a majority in
I(y) prefers S(z,41) over S(zy). Suppose k > n + 1. By Lemma 2, there is some
apg(n + 1, k) such that all agents in («, 1] strictly prefer S(z,.1) over S(xj) and
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all agents in [—1, ap) strictly prefer S(xy) over S(x,.1). It is enough to show that
ag(n+1,k) < m(x,). By construction, m(z,) = ap(n+1,n+2) > ag(n+2,n+3) >
... > ap(k —1,k), so m(x,) prefers S(x,41) to S(zpi2) to ... to S(zk).

Next, we show that s is a 1-equilibrium in [z*, 2* + d+| iff m(z,_1) < 2,41 for all

Note first that m(z,_1) < z, always holds (otherwise m(z,_1) could not be in-
different between x,, and S(z,11)). If m(x,—1) > zp1, m(z,_1) prefers m(z,_1) to
Tn1; hence he prefers S(m(z,_1)) to S(z,4+1), and also to S(x,). This implies that
S(x,) cannot be a Condorcet winner in I(x,_1), as the Median Voter Theorem must
hold in this interval by Proposition 3, and thus s is not a 1-equilibrium.

Conversely, suppose that, for some = € [z, z,_1), I(z) prefers S(y) to S(z,41) for
some y € [zg, xx_1). If K <n+1, this is impossible as all agents in [x — d,, m(z) + €]
would strictly prefer S(z,.1) to S(y). Suppose then that k& > n + 2. By the Median
Voter Theorem, m(x) prefers S(y) to S(zpy1). Suppose m(x) € [xp, Tp—1); we will
argue that b = k. If b < k, m(x) prefers S(z,4+1) to S(zp) to S(y), a contradiction. If
b >k, m(x) prefers S(z,41) to S(xx) to S(y), a contradiction.

Next, note that, if indeed m(z) prefers S(y) to S(x,41), she then prefers S(y) to
S(xk_1), and so do all agents z such that y —d, < z < m(x) by A2. Hence a majority
in I(x_9) should prefer S(y) to S(zx_1). By the above argument, since y € [xy, T_1)
it must be that m(xy_s) € |2y, 24_1), a contradiction.

Finally, we show that, if Condition (*) holds, there is § such that, if § > §, s is a
1-equilibrium in [z*, 2**].

Suppose not. Then there is a sequence (9,), with §, — 1 and a sequence of
quasi-1-equilibria s, for each ¢,,, such that s, is not a l-equilibrium for all n. By
a diagonal argument, assume that s, — s in the sense of s'. Suppose that, for
each n, there is a} for which S, (z},;) is not a Condorcet winner in I(x}) because
a strict majority strictly prefers S,(y,), and assume z} — z and y, — y. Note
that y, < 2}, as otherwise all agents to the left of m(z}}) and some to the right
would strictly prefer S, (z}) over S,(y,); and thus y < z. If 2 € (2% 2*) and
y < x, this leads to a contradiction as U, (Sn(yn)) — Ua(S(y)) and Uy (S, (z})) —
Un(S(z)) for all o, and U,(S(z)) > U,(S(y)) for all @ € (m(x) — €,z + e,) for
some € > 0. If y = x, suppose y, € (2}, , 2} _,), where [, > 2. It is clear that
Ua(Sn(zi1)) > Ua(Su(ziyy, 1)) > Ua(Sn(yn)) for all a € (23, 1,2} + exp) and
Ua(Sn(2341)) > Ua(Sn(xhyy,)) > Ua(Sn(yn)) for all a € (m(x),z},, ), so it must be
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that some a,, € (v}, _;, 27, ) prefers S, (y,) to Sn(x},,). But then

1-9 .
0= 1 — §ln—1 (U (Sn(2741)) = Ua, (Su(yn))] =
1-6 [ 00
T gt Z 0 U, (X741 44) = e, (yn) — (1 =6 71) Z Ua, (Thyy 1t ] =
[ t=0 —

1—-6 n = n - n
T gt Ua, (Th11) — U, (Yn) + Z 0"t (@hg14e) — (1= g 1)5Uan<5<xk+ln+1))]

t=1

5 04 6 us(x) — (1= B)UL(S ()] > 0,
a contradiction.

An analogous proof can be written if x = z* after a normalization argument.
Briefly, if z = 2*, assume WLOG that * = 0 to simplify notation, and denote T},(y) =
zpy and UL(y) = Usan(azy) — @ (Unap (@) = Uagp (y23)). In the normalized
version of the problem, z}! maps to y; =1 > 0 and we can apply the above arguments.

The case x = 2** is similar. O

Additional proofs and robustness checks are found in the online Appendices B-E.
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B Proofs (Continuous Time Limit) (For Online

Publication)

Lemma 5. If s'(x) is continuously differentiable and strictly decreasing in t, then
there are functions d(z,y) : [z*,2"*]* — R and e(z) : [2*, 2] — R, such that
5@V (1) = y and d(z,y) = fyx e(z)dz.

d(x,y) measures the time it takes the policy path to get from z to y, if z > y
(if < y then the time is negative). This time can be expressed as an integral of
the instantaneous delay e(z) at each policy z. Note that d(x,y) and e(z) are still
well-defined even if s'(z) is only continuous in ¢ a.e. (s'(z) may have instantaneous

jumps, which correspond to e(z) = 0 for the policies that are jumped over).

Proof of Lemma 5. Since s'(x) is continuous and decreasing as a function of ¢, for each
y < x there is a unique d(z,y) > 0 such that s%*¥)(x) = y. Conversely, d(y,z) < 0 if
x >y (in fact, by additivity, d(y,z) = —d(z,y)).

Moreover, d(z,y) is decreasing in y. Since s'(z) is C'! in ¢ by assumption, d(z,y)

is C! in y, so we can define e(z,y) = —%’;’y), so that d(z,y) = fyx e(x, z)dz. From
the additivity of s with respect to t it follows that %“;y) depends only on y, so
e(z,z) = e(z) as desired. O

The following Proposition extends Proposition 6:

Proposition 10. Let

ou ou ou

2Upn () (S(@))

1 2y 92u %u U (a) "

é(;p) = — <_8_952 _ 20(52:(3 m/(l’) _ Mm/(I)Z + da? m/(x)Z + m/(m) ) (*)
r oz Bz oz oz m (l’)

Then, if é(x) > 0 for all x € [x*,x**], there is an MPE s, given by e = é. Moreover,
this is the only continuous MPE.[[[adjust language]]]

Otherwise, assume that f € C* and A = {x € [x*,2*] : é(x) < 0} is a finite
union of open intervals. Let & = inf A. Then, for generic m, s, is given by e(x) = é(x)

for x < &, and by two sequences (Yi)iens,, (€1)iens, such that: (yi); is increasing,
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Yo =T and y, o e d(y,yh) =0 and d(y;" y;) = e for alll > 1; and®
—00

Um(yl+1)(5(y;r)) = um(yz+1)<yl+1>
A A ! Ja
ez =1+m <x>—8um(z)(aﬁ)
ox

All sequences of quasi-1-equilibria of the j-refined games (s;); converge a.e. to s,

t

i.e., S;

() —— si(x) Va,t where s'(x) is continuous.
j—o0
In addition, if m(y;) < yi—1 for all l or é(x) > 0Vx, all quasi-1-equilibria are

equilibria for § close enough to 1. (Condition (*))

—d(z,x* +¢)

(X
=
T
|

| | |
z*+e Yo Y1 Y2

T

Figure 4: Equilibrium with jumps and stops in continuous time

Proof of Proposition 10. Given a policy mapping s'(z), denote V,(S) = U,(S) —
tam @), V(@) = Ua(SGm(@))) — ua(m(@) and W(@) = Une(S()) -
Unn () ()

We proceed as follows.

First, define a continuous time quasi-equilibrium (CTQE) as a policy mapping

s'(x) for the continuous time game such that:
(i) = = argmax,¢|_q 1) Un@) (S(y)) Yz € [z*,2™].

(i) If there is ¢ > 0 s.t. W(zg—€) =0 Ve € [0, c], then d(z],x) = 0.

35We denote f(z7) = limy », f(z), f(2T) = limy, f(x) and E,,(S) = E((f(s;)):), where f(s;) =
s; if |s; — m(y)| < d and f(s;) = m(y;) otherwise.
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(iii) If W(xg) = 0 and W(a’) > 0 for all 2’ in a left-neighborhood of z,, then

d(zg, xy) satisfies

rd(za—,zo_) 1 , o
e 2 =14+mixy)—F"—F——.
( 0) O () (T0)
ox

We say a CTQE is smooth in (z*, x¢) if d(z,y) = fyx e(z)dz forall z* < y < & < xy.
We first prove some properties of a CTQE:
Lemma 6. Let xg € (z*,2**). If a CTQFE s'(x) is such that W(z) =0 for all z in a
neighborhood of xg, then d(xo, ) is differentiable with respect to its second argument

at (xo,20), and e(x) = —% is given by Equation (*).

Proof. First, assume a smooth CTQE s'(z). Denote n(a) = m~1(a) and ag = m(zy).

By the envelope theorem,

, oU,(S(z dug(n(a
Vi{ag) = 206 dwlila),
" 02U, (S(x , Oug(z OUL(S(z d*uq(n(a
4 (QO) = %ho@o +n (040)1”6(560) { 80(4 )|a07900 - %lao,xo] - %‘ao
, 0*U,(S(x Oug(x OU,(S(z
V7(an) = ZESD i anpretio) |25, - oS,
azu !/ a2u /2@ _ //%

0a? 2n Oadzx " 0%x " oz’

We can use the fact that V(a) = 0 in a neighborhood of «g, and hence V! = V" =0,

to determine é(x):

_ OUa(5(2)) Ouq(x) Dt (z)

0=V/(ay) = LD | Oale)y w2
o) _m/1($> (9um8(2(a:)} _ ré(a) [8%,32(1;) B 8Um(2is<x>> _
_ _m,(x)82Umg2(ZS(x)) N m,(x)dzuczl(;(a)) oo =
=) OQUmg;gS(g)) * m’l(x) aa;u - 2@52:0“ +m(@) fij‘zu - :@1(%)2 %“‘

45



Remark. In the quadratic case, the condition imposed by Equation (*) simplifies to

r\ z—m(z) m(x) r —m(x)

where t*(z) = d(x, m(xz) — d); or

oy - L (B o)

xr—m(x)  m'(z)

for x € [z*, 2" + d).
Now we show that d must be differentiable at (zg,x¢). Let (z,), be a sequence
such that z, — zo. WLOG assume z, < x( for all n. Note that

3Um<xo>(5(1‘o))|  OUme)(S(2n)) _ / % ot [ ) (5"(@0)) D) (5"(20))]
O m{@o) O 0 O o

d(z0,2n) Zn
= /0 re_Tt%Um(zo)(st(xO))dt - (1 - Te_rd(mwn)) 8Um(x(29)((15( )
O (20) (T OU(20) (S (21,
_ (1 . re—rd(xo,zn)) ( éa)< ) _ ( a)ci ( )))
for some 7 € (2, x).
Then
0 =V'(m(xo)) = V'(m(z,)) =
_ 3Ua(5($))’ B dua(n(a))‘ B (3Ua(5(l‘))| B dua(n(a))‘
da m(zo),20 do m(zo) Do m(zn),2n da m(zn)
_ 3Ua(5(~”€))’ B 3Ua(5($))| N 3Ua(5($))| B 3Ua(5(iﬁ))’ B
oo m{@o),o Oa m{@o)zn da m(wo)zn O m{zn)zn
- (m(ao) — m(z) 2D,
= (1 — ooy <8umgz)(j) - aUm(xgiS<Zn))) + (m(zo) — m(zn))—aQUg(aSg(x—» |62n —
~ (m(ag) — m(z) Tl

da? &

_ PUa(S(@), 1o <3Um<m)(f) B 5Um(m)(5(zn)))  dua(n(a))

0= 0a? = m(zo) — m(z,) O Oa

1—e—rd(z0,2n)

This implies that lim,, . m@o) —m(en)

= n/(m(xg))re(zy), which in turn implies that
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d(z0,2n)
T0—2n

lim,, 00 = e(xy), as we wanted. O

Lemma 7. Equation (*) has a unique solution, in the following sense: for any x, >
xo > x* and given a candidate path S(xo), there is at most one way to choose e :
(20, 21) = Rsg so that Equation (*) holds for all x € (xq,x1).

Proof. Let g(z) = ré(x) —m,l(x) 8“’”%] and g(x) = max(g(z),0). The issue is that
dadx
S(x), which depends on g(z') for 2’ < z. We prove the result for the case g = 2* < x;

Equation (*) is an integral equation, since is an integral that depends on
but other cases are analogous.

Given x; € (z*,2*), let C;;, = {h : [z*, 1] — Rs( continuous} with the norm
||h|]oo, and define Ty, : C,, — C,, as follows:

R e

for x € [z*,x1]. Let ¢1, g2 € Cpy with ||g1 — ¢2|| < K, and, for each xy € (z*,11),
define g,, by: g, (z) = g1(x) if x < x5 and g,,(x) = g2(x) otherwise. Then

T2, (91) (%) = Tay (g2) ()| < m () | =

P U89 (2)) | PUnis <ng<@“>>‘:

0a’? oa?

/ © 9 [0PUn)(S,, (7))
=m(z) /m* O0xo < (9oz2 )de B

/ ’ —rd(x,x m'(z aQUm )\ L 82Um T (S - (ZL‘))
=m'(z) / re-Td@ 2)%(91(@) — go(x2)) [ a;;( 2) _ (5@29 ] d,| <

x* r—s
’QKL(xQ — m?KL(xzy — x¥)

< < ek
= ) W, — dxg / Mz — ) (1 — (xg)))d@ < KC(x —z")

for some constant C' > 0.36 If z; is close enough to z*, C(x —z*) < 1 and hence T}, is
a contraction. Thus g (and hence €) is uniquely determined in a neighborhood of z*.
By repeating the same argument we can extend the solution uniquely on any interval
(x*,z) where é(z’) > 0 for all z € (z*, z). O

Lemma 8. If any CTQE s'(x) satisfying Conditions B2.2 and B2.3 is such that

W(zx) > 0 for some x € (z*,2%), then there are sequences (yi)iens,, (€1)iens, such

36L is a Llpschltz constant for 2 5oz, and m’ = sup, m/(z). The argument still goes through if we

only require aaz to be Holder continuous for some positive exponent.
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that (y;); is strictly increasing in l; W(y,) = 0 for all l; W{(y) > 0 for ally € (yi, y14+1)
for amy 1: dlupy. ) = 0; dly oy ) = e W/(y) > 0> W(yp) for all 1> 1;

L ! da
ez =14m (x)—aum(x)(m)
ox

for alll; yp — ™ as | — oo; and W(x) =0 for x < yp.

Proof. Let (a,b) be the largest interval containing x such that W(y) > 0 for all
y € (a,b), and denote a = yg, b = y;. That d(z,2’) = 0 for all 2’ < z € (a,b)
follows from the following argument. Take x € (a,b). Since W(x) > 0, there is
T € (m(x),x) such that ty(2)(Z) = Up@)(S()) > Um@) (x). Then d(z,z) = 0, as
otherwise we would have U, (;)(S(Z)) > Upym)(S(x)), contradicting the definition of
a CTQE. Now suppose d(z,z’) > 0 for some 2’ < = € (a,b). Construct a decreasing
sequence x = To > &1 > Ty > ... such that, for all n, Upi,)(Tni1) = Un,) (S(T,))
and d(Z,,Z,+1) = 0 per the above argument. Let Z,, = limZ,. If T, < 2’ we
have a contradiction and the proof is done. If not, it follows by continuity that
Up(3.0) (Too) = Un(3.0)(S(Tos)), 1-€., W(Zso) = 0, a contradiction.

Let d(b™,b7) = e;. That e; is as required follows from the definition of CTQE.
Note that Condition B2.3 implies that e; > 0. In addition, W'(b*) > 0. To see this,
in general let ¢ = a%le(S(yl_)) and ¢ = 2V, (S(y;")), and suppose ¢ < 0 as per
Condition B2.3. Then

oV (S(y OV, (S(y, 1 OUun(e
62 _ z( (yl )) — T z( (yl )) + (1 _6—7“61) _ Um( )(ZE)
O Oa m/(x) Oz
WV (S ) 1 Oty (2) -
_ Do w@ e _ OV (S(y)) 1 _
_8le (S(y;)) o 1 aum(z)(l‘) 304 w
da m @) Oz 1+ W
m/ (z) ox
L >0
= —El < .
]' —I— 1 Bulm(ac)(z)
m/ () ox

This implies that there is yo > y; such that W (y) > 0 for y € (y1,y2), with W(ys) =0
and W'(y, ) < 0, and so on.

Next we argue that y; — 2** as [ — 400. Suppose instead that y; — y* < 2™, and
let m; = m(y;), m* = m(y*). Since V is continuous, Vi, (S(y*)) = 0. In addition,
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a%vm*(s (y*~)) must equal zero.®”

Suppose, then, that %Vm*(S(y*_)) # 0. If this is positive, we have V) (S(x)) >
0 for all z < y* in a neighborhood of y*, a contradiction.
If it is negative, we will obtain a contradiction by showing that (¢;); cannot go

fast enough to 0 for (y;); to converge. Note that ¢, < 0 < €] and ¢ + ¢} € O(€?) since

Uy () () .
L as shown above, and ——1— Zm@® (@) is bounded away from
L ’ ’ m/(x) ox

1 Oum@®
m/(z) ox

0 in a neighborhood of y*. Next, we argue that ;1 = ¢ + O(e?).
Let N(a) = %Ojl(a))) and M(a) = OVa(Stm (@) - We claim that M is left-

Oa?

continuous at m*—indeed, for this to not be the case we would require ), e; = +o0,

!
€ = —¢
! Iy

which implies M is not bounded in a neighborhood of y*, a contradiction. Thus, since
M(m*) <0, M(a) < 0 for all @ < m* in a neighborhood of m*.
anarss) —M(a), M; = minge(a,a.,,) —M (). Note that M, —

M, < L(my1 —my) for some fixed constant L, i.e., M; — M, € O(my1 —my). Since

Let M, = maXae(

le = le+1 - 07
my41 miy1
0= / N(a) = N(m) (mygs —mi) + / M(a) (mis: — o)
my my

, where N(m;") = ¢]. This implies

(ml+1 - ml)2
2

(ml+1 - ml)2
L) 2

mp41 — 1y r o= Mg — 1y
M= <q<M———

<€ (myyy —my) < M,

IN

Now €41 = e+ [ M(a) = € — (mug1 — my) M, for some M € (M,, M;). From the
above, ¢, = le + O((my11 — my)?). Then ¢41 = —¢) + O((myy —my)?). In
addition, it follows that O(¢}) = O(my;1 —my). Since €} = —¢; + O(€}), we have that
er1 = €+ O(e?), i.e., (¢); at most decays (or grows) at the rate of a harmonic series,
whence ), ¢ = oo. Since ¢ € O(my11 — my), we have Y, (my1 — my) = oo as well,

which contradicts y; — y*.

37Indeed, if this derivative is negative, it follows that Vi, (S(2)) = Vi) (S(y*™)) > 0 for all
x < y* in a neighborhood of y*, contradicting that y; — y*. If it is positive, then V,,,)S(y*~) <
—c(y* — ) for x in such a neighborhood and some ¢ > 0. From the fact that V,,,(;)S(x) > 0 and
0= V= S(W*) > Vin(z)S(y*) it then follows that E(S(y*)) — E(S(x)) > ¢/ > 0 for all x < y*, which
is impossible.

38This follows from the assumption that u is C3.
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Finally, suppose that P = %Vm*(S(y**)) # 0. If it is negative, we again have

V(a) > 0 for « in a left-neighborhood of m*, a contradiction, so it must be positive;
and, as before, P(«a) = %VQ(S(m_l(a))) must be left-continuous at m*, i.e., it must

be close to P for a close to m*. Note that

0= [ N@) = lmis—m)+ [ M@ s — )

my my

(ml+1 - ml)2

= ¢ (myp1 —my) + M ()

2
for some &; € (my, my;1). This implies
~ A\ — 1Yy ~ M4 — My
e I T
mi+1 ~
€141 = €+ M(a) = €+ (my 1 —my) M (ay)
my

2M (&) — M(6y)
2 )

= €41 = (ml+1 - ml)

where &, &; € (my, mi4+1). To finish the proof we will need to be more specific about
the positions of these values in the interval (my,m;.1). Due to the left-continuity
of P(a), M(«) is roughly linear in each interval (my,m;;1). This, coupled with the

. . ~ 2 =
above, implies that &; = % + o(myy —my) and o = % + o(my 1 —my).
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In addition, M (m;") — M(m; ) € O(e) € o(my —my_1). Then

M (1) —2M (Ga) + M (éu) = M (Gugr) — M (cu) + M () — M(a) =

2mypr + My My myp

= e +(P+ o) ( _ ol —m)) +

3 2
2my +mypr o my +myg

HP o0 (2RI TR o — ) )

=P <m§+2 - %) + o(my42 —my) > 0, so that
—€141 _ myy1 — MYy —QM(C:‘Q) -+ M(&l) _
—M(u41) 2 —M (1)
_ mpy1 — My <1 i M(&H-l) — QM(dl) + M(dl)) S mpy1 — My
2 —M(ay41) - 2

Myy2 — M1 €41 —€141 + O(GZQH) —€141

= — = — = = 1+ 0y —my)) >
> T M@n) . -M@m) Mg O )
My —m

> T+ O((muss — m)?),

- 2
which as before implies m; — 0o, a contradiction. As a result, we can conclude that
if y — y* < x™ then m violates Condition B2.2 at y*, which is what we wanted.

As for what happens to the left of a, if W/(a™) = 0, we are done. If W/(a™) > 0
instead, then by the same arguments as before W/(a~) < 0 and there must be y_; < yo
s.t. W(y) > 0 for y € (y_1,y0) and W(y_1) = 0, etc. If this sequence of intervals
to the left of a is finite, re-index the sequence (y;); appropriately and we are done.
If it is infinite, we would have an infinite decreasing sequence yo > y_1 > ... such
that y; — y. as | — —oo. If y, > x*, we obtain a contradiction analogously to our
previous arguments. If y, = x* we still obtain a contradiction by a slightly different

. . 8 m(x
argument—near z* and x** it is not true that €) = —¢;+O(€?), as ué—z)(x)

approaches
zero, but it is still true that €, < —¢;, so it is possible that ¢ is shrinking fast enough
for (y;); to converge as | — 400, but not as | — —ooc.

Finally, the fact that W (z) = 0 for z < y, follows from the fact that, if this were
false, there would be a sequence (7;); with g < x < yo and g, — 2™ as | — +o0,

which contradicts W' (yg ) = 0. O

Next, we construct a canonical CTQE, s,, as follows. Given Condition B2.1,
construct a smooth CTQE based on Lemma 6 for a maximal interval (z*, xy) where

this is possible—either (z*, 2**) if e(x) > 0 everywhere, or else up to a point xy where
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e(rg) = 0. In the latter case, to the right of xy, Condition B2.2 guarantees that
W"(zg) > 0, so W(z) > 0 in a right-neighborhood of xy. We can then construct
the solution based on sequences (y;);, (€;); as described above, with Condition B2.3
guaranteeing that e; > 0 and y;.1 > y; for all [.

Our last result on CTQEs is the following:

Lemma 9. If s, satisfies Conditions B2.1, B2.2 and B2.3, then it is the unique
CTQE.

Proof. Let § be another another CTQE. Suppose that W («) > 0 for some x (the case
where e(z) > 0 for all z € (z*,2**) is analogous), so s, features a sequence (y;); as
in Lemma 8. Let go = inf{y € (2*,2*) : W(y) > 0}. Note that s, and § must be
identical for = between z* and min(yo, go) by Lemma 7.

If yo < 7o, it follows that Vm(y)(g (y)) = 0 for y in a right-neighborhood of yg, but
at the same time V() (S(1)) > Vi) (S®%0)) = Vi) (S(%0)) > 0, a contradiction.

If gy < yo, there are two cases. First, suppose that W(y) > 0 for all y in a right-
neighborhood of 35. Then we can apply the previous argument at gy. Second, suppose
W(y) > 0 and W(y) = 0 are both obtained for y > g, arbitrarily close to gy. Then
there must be an infinite collection of intervals (a,, b,)nez -, such that b, > a, > b,
for all n; a,, — go; W(y) > 0 for all y € (ay,b,) and W(y) =0 for all y = a,, or
= b,. This carégigztds to a contradiction by arguments developed in Lemmas 6 and 8.
Briefly, for i > jy close enough to o, S(y) and S(y) are similar; V" (m(y)) = 0; and
e(y) > C >0, s0 V"(a) < C < 0 for any « such that m(«) € (an,b,). This implies
that 5 in fact satisfies Conditions B2.2 and B2.3, which contradicts a,, — ¥y by
Lemma 8. e

Hence 39 = 1. Then s, and § must be identical for z > 19 because their behavior

is uniquely pinned down by Lemma 8. [
Condition B requires m and s to be such that:
B2.1 m/(z*) > 1. (This implies that e(z) > 0 for z in a neighborhood of z*.)*

B2.1’ For some C >0, e(z) > C > 0 for all x € (x*, 2*).

. . 2 2 .
39 As seen in Lemma 6 %%UH*@* + Q%Uh*,m* > 0 is enough to guarantee that e(x) > 0

Pl m/(z*
€ _ for some C' > 0. In addition,

r—x*

for x close to x*—in fact, the condition guarantees e(x) >

Assumptions A1, A4 imply that 38722U|z*.,z* = *%Uh*,m*-
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_ V(@) (S@) _ 0V () (S(2))

B2.2 There is no point « € [x*, 2**) for which V() (S(x)) o on

3V, (S(z
éoz;g()):().

B2.3 for all z € (z*,2*) such that V(z) = 0 and V(2') > 0 for 2/ < z arbitrarily

close to z, V() < 0. We refer to such points x as vertex points.

B2.1 and B2.1" are not generic, but hold in an open set; intuitively, B2.1 is true
so long as the density f is not too high at z*. B2.2 and B2.3 are generic conditions.
For further details, see Appendix C.

Armed with all this, we will now show that all sequences of quasi-1-equilibria

t

of the j-refined games (s;); converge to s, a.e., i.e., st(xr) — s'(z) Va,t where
j—oo

J
s'(x) is continuous. Take a fixed g and let p(z) = d(x,x9). Then we have to show

p;j(x) —— p(x) Vo where p is continuous.
J—00
Suppose not, so there is a sequence (s;); and an z; for which p is continuous at

x1 but pj(z1) - p(z1). Take a subsequence (s;); such that p;, converges pointwise

0

to some p, and label the associated policy mapping 5.4 p # p as, in particular,

p(z1) # p(z1).
We will now prove the result simply by proving that s is a CTQE.
(i): Let € (z*,2*). For each j and 2', Upa)(5;(5j(2))) = Un@(S;(2')). If

~

sj(x) —— & we obtain Uy, (S(x))) > Um(x)(g(x’)) by taking the limit. If not, and
j—o0

sj(x) —— & < x for some subsequence, then Uy, )(S(2))) > Upye)(S(2”)). But this

j'—o0
also implies p(z) — p(&) = 0, 50 Upn(a)(S(2)) = Upn(a) (S(£))) > Upniay (S (2")).

In turn, the fact that § satisfies (i) means that Lemmas 6 and 7 apply to it.

(ii): Suppose § violates this condition at some a € (z*, z**), i.e., p(at) — p(a™) =
e* > 0. By an argument similar to Lemma 6, we have W’ (a™) > 0 and hence p is
constant on some interval (a,b).

Take € > 0 small, and let (xj,), be the defining sequence of s; for each j. By
construction (z;,),, must have je* +jd(a~,a—€) +o(j) elements in (a — ¢, a+¢), and
jd(a—e,a—2€)+ o0(j) elements in (a —2¢,a—¢). In particular, given > 0, for high

1

enough j there must be an element x;; € (a—2¢,a—¢) such that xj; — 241y > e

40Use a diagonal argument to find a subsequence (s;/); such that (p;); converges at all rational
points. This guarantees convergence at all points except points of discontinuity of lim sup; _, . pr/,
which are countable because the function in question is increasing. Use another diagonal argument
to get (s;); such that p; also converges at all discontinuities of lim sup;_, . pr-
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for € = max,e(g—2¢,a—c) €(7). Let z;» be the right-most element of (), contained in
(a — €, a+¢€). The above implies ¢/ —t > je* 4+ jd(a~,a — €) + o().

Now, denoting z;, = x,, m(z;,) = m, and Sj(z;,) = S(z,), and exploit-
ing the indifference conditions U, ,(S(z,)) = Un, ,(S(nt1)) = Um, ,(z,) and
U, (S(#n11)) = U, (S(Tn42)) = v, (Tns1),

Vinn 1 (8(@n11)) = Vi, (S(Tn11)) = Umny 3 (S(#n41)) = U, (S(n11)) = U,y (Tn—1) + U, (M)

= —(Umy_ (Tn-1) = Um,_, (Tn)) + (Um, (M) — U, (Tn11))
) (s = 20) Vi (S(n11)) = = (s — ) 2t (F) F (8~ 1)t (B
_%umn (Tnt1)
_m/(jn)%vdn(s(xn—i—l)) - %umnfl(jn)

(xn—l - xn) = (mn - In—l-l)

for some &,, € (Mp, Mp_1), Tn,ZTn € (Tp, Tn—1), Tn+1 € (Tny1,xn). In addition

U\ T um_la M
mwum:eﬁinwuwm+a_eQ<GAM_8a< () el )

for a € (m(a — 2¢),m(a +€)), Tp, Tpix € (@ — 2€6,a + €).
Then, for n € {¢t,... t'},

Tjtn—1) — Tjn = (Tjn — Tj(n ~ &
j(n—1) J (2 int1) —m’%V&H(Sj(%(nH))) - a%um(a)(a) + K'e

)
~ 9z Ym(a)

(
> (xjn - SCj(n+1)) _rl=m) g - g
e - m/a—avdn<5](x](t+1))) —e J %Um(a)(a/) + K/IG

o)
——$um(a)(a) — Ke
G(j) —e 7 grum(a) + K"e
1— K¢

= (xjn - x](n"l‘l)) _r(t=m) ~ .
e 7 +G(j)+K/////€
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for some function G(j) such that G(j) —— 0, as

0

a—aV& (Sj(je+n))| —=

Jj—00

‘ﬁva*(§<x*))‘ < |5 Vi (8(2")) | + Ce = Ce

for some a* € [m(a — 2¢),m(a + €)], z* € [a — 2¢,a — €] and C' > 0.4 Then

t—n

1—K'e
Tj(n—1) = Tjn > (Tjr — Tj41)) B =
J j J J 1!_10 L GG+ K™e
A 1— K'e

= Tjy — Tjp+1) = Je (L +7) 1 eJT‘k N é(]) N K”’/e.
If we take e small enough that 1 — K’e > 0, the right-hand side grows to infinity as
J — oo. In particular, for j high enough, x;s — x;41) > 3¢, a contradiction.

(iii): This follows from an argument analogous to the one used for (ii). Briefly,
if (iii) is violated at zo and p(xg) — p(zy) is higher than the value required by (iii),
then @ — 241 ﬁ—oo> 00, a contradiction. If p(xd) — p(xy) is lower than the value
required by (iii), then it can be shown that j(xj, — %;(41)) J_}—OO> 0 for all n such
that ;(,11) > a, which implies that the number of elements of (z;,); in (a —¢€,a +¢)

grows faster than j, a contradiction.
O

C Genericity of Conditions on m (For Online Pub-
lication)

In this Section we show that the conditions B1, B2.2 and B2.3 imposed on the function
m are 'generic’. We employ two different notions of genericity. On the one hand, we
show that these conditions hold on an open and dense set (or, at least, a residual set)
within the function space with a natural metric. In addition, we are able to show that
some of these conditions hold on a prevalent set, a notion introduced in Hunt, Sauer
and Yorke (1992) that generalizes the measure-theoretic notion of ’almost everywhere’

to infinite-dimensional spaces where a natural analog of the Lebesgue measure is not

41T necessary, take a convergent subsequence so that (Gn,); and Tj(t,+1) converge for this argu-
ment.
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available.

Claim 1. Consider the set of functions
X, ={m:[-1,1] — [~1,1] : m € C*, m weakly increasing }

with the norm ||m|| = max(||m||eo, ||M||oc). The subset Yy C X; satisfying B1 is

open and dense,*? and also prevalent in the sense of Hunt et al. (1992).

Proof. We first show Y] is open. Let mg € Y7; o7 < ... < a2}y be the fixed points of
mo; o = mg(xf) fori =1,...,N; € > 0 and v > 0 such that |m{(y) — 1| > v for
y € I; = (] — €, 27 + ¢) for any ¢; v > 0 such that |m(y) —y| > v for y ¢ I; for any i;
n = min(e,v,v); and my € B(mg,n). Then my(y) = y implies |mo(y) —y| < n < v,
so y € I; for some i, so |mi(y) — 1| > |my(y) — 1| — |mi(y) — m{(y)| > v —v = 0.
This shows that m/(y) # 1 at any fixed point y of m;. Moreover, by construction
either m{(y) > 1 for all y € I; and m)(y) > 1 for all y € I; as well, or the reverse
inequalities hold, whence m; can have at most one fixed point in I; for each i, and
the set of fixed points is finite.

Next, we show Y7 is dense. Let mg € X; and € > 0. We want to show that there
is my € B(mg,€) NY;. Since my is continuous in [—1, 1], it is uniformly continuous,
so we can take v > 0 such that if |y —¢'| < v then [mg(y) — my(y')| < §. Partition
[—1,1] into intervals Iy, Is, ..., I; as follows: I; = [y;_1,y;), where y; = —1 + juv, for
j < J,and Iy = [y;_1,1]. For each j, if m{(y;—1) > 1, let m4(y) = my(y) + & for
all y € I; (which implies mj(y) > 1 for y € I;); otherwise let m5(y) = my(y) — §
for all y € I; (so m4(y) < 1 for y € I;), and then define my by integrating mj, with
ma(—1) = my(—1). By construction ms has at most one fixed point in each interval
I; and mj, # 1 at such points. Moreover, |[mj —mg|| < § and ||my — mel| < 27 = 5.
If mo(y;) # y; for all y;, we can construct a 'smoothed out’ version of m/), which
we'll call mf, that is in B(mg,€) NY1. If ma(y;) = y; for some j, and mj(y) > 1 for
y € I; Ul or mh(y) < 1 for y € I; U I;;q, this is not a problem. If my(y;) = y;
for some j and mi(y) > 1 for y € I;, my(y) < 1 for y € I;11, we can construct a
smooth m} such that m/(y;) = 1, mi(y) > 1 to the left of y; and < 1 to the right,
and m4(y;) < ms(y;) = y;. The remaining case is analogous.

For the last claim, note that, if a C' function m defined on a compact interval has

m’ # 1 at all its fixed points, it automatically has a finite number of them. Consider

42The statement is also true within the space of C® functions, taken with the appropriate norm.
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the translation X; — v, where v is the identity function. Then m € Y} iff m —v has no
points where (m —v)(y) = (m —v)(y) = 0. Finally, the fact that Y — v is prevalent
in X; — v follows from Proposition 3 in Hunt et al. (1992). O

Claim 2. B2.1 holds in an open set Yo within

Xo ={m: [z*,2™] — 2", "] : m € C*, m weakly increasing,

m(z*) = x*, m(z™) = 2™, m(x) < xVz € (2", 2™)}

taken with the norm ||m|| = max(||m||se, |[m||s0, [|M"[|00).*3

Proof. Trivial. O]
Claim 3. B2.1° holds in an open set Y, within X,.

Proof. This amounts to showing that € is continuous in m”, and it follows from an

argument similar to the proof of the uniqueness of € from Lemma 7. O]

Claim 4. Let

Xs={meYo:me C® m(z*) =z*, m(z*) =z, m(z) < zVz € (2%, "),

m strictly increasing, m satisfies B2.1}

taken with the norm ||m|| = max(||m/||so, [|M||cos 1M |]00s ||M"| |00 )-
For each y € (x*,2*), the set Y3(y) C X3 of functions m for which B2.2 and B2.3

hold in [x*,y] is open and dense.

Proof. We proceed in two steps. First, we show that the set Y5(y) C X3 for which
B2.2 holds in [z*,y] is open and dense. Second, we show that the set Y3(y) is open
and dense within Y;(y).

To show that Y;(y) is open, take m € Y;(y) and suppose there is a sequence (m,),
such that m,, ¢ Y5(y) for all n but m,, — m. For each m,, we can construct a CTQE
sn (possibly not unique) by finding a convergent sequence of discrete-time equilibria
(8p;); for 6 = e with j — oo, as in Proposition 10. Using a diagonal argument, we
can find a convergent subsequence of (s,),, which by continuity must converge to a
CTQE for m, . WLOG assume (s,), — 5. We will need the following Lemma:

43 Again, this is also true within the space of C? functions.
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Lemma 10. If s, satisfies Conditions B.1 and B2.2, then it is the unique CTQFE.

Moreover, s, has a finite number of vertez points in [z*,y] for any y < x**.

Proof. Briefly, if s, has an infinite number of vertex points in [z* y], they must
. 6Vm(y*)(s(y*)) o
= el D =
> (0 we obtain V' > 0 in a neighborhood of y*, a contradiction.

accummulate at some y* € (2*,y], which must satisfy Vi, (S(y*))

0 If 62Vm(y*)(5(y*))
. 2

If 82Vm(y622(s(y*))

means the vertex points near y* must be part of a single sequence, contradicting

< 0 this guarantees Condition B2.3 in a neighborhood of y*, which

Lemma 8.

Suppose that there are infinitely many vertex points on a left-neighborhood of

3 *
y* (the other case is analogous). Similar arguments apply if %ﬁy» < 0 or

83Vm(y*) (S(y*))
Oa3

As for the uniqueness of s,, the proof in Lemma 9 can be extended to this case. [J

> 0, respectively.

From this we conclude that § = s,. Letting W,, be the value function for s,,
we then have W,, — W. It can be shown in addition that, at every y that is not a
vertex point of s., W/ (y) — W'(y), W/ (y) — W"(y) and W/ (y) — W"(y), by using

Lemmas 7 and 10.

Next, we show that Y5(y) is dense. Take m € X3 and € > 0. Consider m given by:

m(}c*) =az*, m/(z*) = m/(z*), m"(z*) = m"(2*) and " (x) = m"(z) + n(x), where

In(x)| < e will be defined as 0 except where we specify otherwise. We will argue that,
by picking 7 correctly, we can find a m € Y;(y) that is close to m.
Apply the following algorithm. Take v > 0 small and N > 0 large. Let ny =

and mg = m. Let

0

%Vmo(x)(so(x»

9

To = inf{:r € (z*,y] : max (\Vmo(x)(so(x))} :

0? 0? €
‘W @Vmowﬂ&)(l‘))‘) < N}’

where Sy(z) is a the policy path starting at = for a CTQE given median voter function

Vino(=) (So(x))

9

mo.* Let ag = m(xg). Define n(x) = —e for & € [xg, ) and n;(x) = 0 for all other
x, with xj, taken so that mi(z{) = mi(zo) + v. Next, let x; be the infimum of
r € (zo + v,y| for which |Vm1($)(51(x))|’ |5%Vm1(w)(51(x)>|’ %Vmﬂx)(sl(x)” and

4“Note that, for € small enough, xy > x* since e(z) > C > 0 in a neighborhood of z*, which
implies aa—;vmo(m)(so(x)) >C'>0.
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%le( (S1(2))] < &, and define oy = m(x,) and na(z) = —¢ for x € [z1,2]) and
n2(z) = m(x) for all other x, with z) taken so that mo(z}) = ma(x1) + v. Define xy,
Qs Mit1, M4 for k= 2,3, ... in the same fashion until zx = +o0o for some K. Let
m=mg.

We argue that, if v and N are taken to be small and large enough, respectively,

m satisfies Condition B2.2. To explain why, we will need the following
Remark. A function f : [a,b] — R is uniformly continuous iff there is an increasing
function h : [0,+00) — [0,+00) such that h(0) = 0, h is continuous at 0, and
|f(z) — f(y)| < h(]lz —y]) for all z,y € [a,b]. We say a function h satisfying these
properties is a bounding function.

Now note that, for any k and any = < 2’ such that m(z) = a, m(z') = o satisfy

a,d’ € [ag, oy + v], we have

PE 3 93 3 o3 - o0? ~

A5 ValS(1)) = 55 Vir(S(a)| < ‘a 3Ua(S(@)) = 55 Ua(S(x)
| LU0~ (S| + ] a7 (@) + <m-1<a’>>\
< |pealn(50) = US|+l = ) 4 (e~ 0

<K~ +K'(d = a) + (0 = a) + hao(a = a) < K + hy(a — )

where hy, ho, hs are bounding functions, K, K’ > 0, and K, hy, hs, hs are independent
of v and N.

The bound |-Lru, (" (a)) + Lsuy (" (a'))| < ha(la — a']) uses the uniform
continuity of 3ua(m*1(d)), which follows from the fact that u is C® and m is C?
on |a,a'] C [ozk,ozk +v]. The bound | Z5U,(S(2)) — 25U (S(2")| < hi(ja — ')
uses the uniform continuity of %U , and the fact that the mapping  +— max(z,0) is

Lipschitz. The first bound is the trickiest, and is based on the idea that, if g—z and

8V
Oa?

5'(x) changes relatively quickly as a function of ¢, so S(z) and S(z')

45This must happen for a finite K, as o, — ay—1 > v > 0 for all k.
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are similar. Formally:

83

1— —rd~(m/,r)> 92
( € Max o5 ta(y)

83
63

03

oo’

=5Ua(S(x))

=, - 2 Té
1— e—rd(m ,T) S ’f’d(]?/,ZL’) =7 Z 61 +/ 7‘— Z (eTl — 1) + T’E(l‘/ — x) S

Hi€(z,a’) Ji€(z,z’)v.p.
vertex point
max m’ 0 N
<2 ) ] | 230 ))‘wé(:c’—x)g
1€ (z,a)v.p. MM zezg.y] % a
82

K"(— o)+ /

Pick v and N so that K + hs(v) <

because, for a € [ay, ag + V),

S ValS(n(@)

d&) +re(r' —z) < K”% + K" (a' — a).

5 and N > 4. Now m satisfies Condition B2.2

aiV(S( ))‘ ‘83331/ (S(x ))'—‘%Vak(é(m))_%Va(g(gj)) ze—%

> >0.

DO ™
] ™

0"V | > £ for some i = 0,1,2,3

On the other hand, if a ¢ [ay, . +1) for any k, then |5

by construction.

The only remaining issue is that m is not C® because 1k is not continuous at oy
and af + v for £k =0,1,..., K — 1. However, it is easy to construct a continuous 7
close to nx that fixes this problem.*®

Next, we argue that Y3(y) is open. As shown in Proposition 10, Conditions B2.1,
B2.2 and B2.3 taken together imply that the equilibrium path s'(z) will be given by
either a smooth path with e(z) > 0 for all € (2*,y| or a smooth path up to some
Yo followed by a finite sequence of jumps and stops with stops at yi,ys,...,y. It
is enough to show that €’ is continuous in m’’, which follows from the arguments in
Proposition 10, and that y; is continuous in m for ¢ = 1,2, ..., 1, which is elementary
(in fact, y; is continuous in m').

Finally we argue that Y3(y) is dense. Take m € X3 and € > 0. Because Y;(y)

6WLOG, take a = ay. If V,(S(z7)) > 0, it is easy to perturb nx to make it continuous at a
without violating Condition B2.2. If not, but V;z(S(Z7)) > 0 for @ < a arbitrarily close to a, we can

perturb nx at one such & instead. If V3(S(27)) = 0 for all @ < a close to a, but aaT;V is nonzero

close to a, we can do the same argument. If %V is also zero in an interval to the left of a, then
Condition B2.2 would be violated for a < a, a contradiction.
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is dense, there is . € B(m,€) N Y5(y). Because Y;(y) is open, there is € > 0 such
that B(r,e') C B(m,€) NYs(y). Next, we claim that there is 1 € B(r, €') N Ys(y),
which completes the proof. This can be shown by construction. If é(z) > 0 for all
x € [x*,y], we are done. If not, § induces a policy path that is continuous up to some
yo and then features a sequence of jumps and stops with stops at y1,99,..., 4. (By
the arguments in Proposition 10, this sequence cannot be infinite.) If Condition B2.3
holds at yy,...,y;, we are done. If not, suppose WLOG that it first fails at ;. m
can be perturbed near y; to obtain my € B(m,€) that satisfies Condition B2.3 at
Y1, - - -,y Similarly, if ms first fails Condition B2.3 at some y; > y;, we can construct
ms € B(m,€), a perturbation of my near yy, that satisfies Condition B2.3 up to
yr. If this process stops in a finite number of steps, we are done. If not, let m., be
the pointwise limit of (7). Mo must feature an infinite sequence of vertex points
1 < Yy < ... with y; m) y* <y, but, as M € Y5(y), M satisfies Condition
B2.2, leading to a contradiction. O

Corollary 3. The set Y3 C X3 of functions for which B2.2 and B2.3 hold in [z*, x**

18 a residual set.

Claim 5. In the case of quadratic utility, the set of functions m for which B2.2 holds
for x € (x*,2* + d) is prevalent.

Proof. The result follows from Theorem 3 in Hunt et al. (1992). Following their
notation, take M = {y € R : ﬁ + 8 =0}and Z = {y € R® = (y1,Y2,y3,¥4) €
M and 2a@1—w)-2u(oys) 4 wsvo b _ 0}. We need to check that M is a manifold

(y1—y2)? Y3
of codimension 1, and that the projection @ : M — R given by y — v is a

submersion; both follow from the Implicit Function Theorem. Finally, we need to
check that Z is a zero set in M x R, which can also be shown using the Implicit
Function Theorem. Theorem 3 from Hunt et al. (1992) then implies that the set of

functions m for which there is an x such that

e(r) = 2://_(”1(_)1 + Tz’éxx; =0=
_2m"(@)(z — m(z)) = 2m/(x)(1 = m'(x)) = m"(@)m'(z) —m"(x)* _
- (@ —m(@) ey W
is shy, i.e., its complement is prevalent. O
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I conjecture that B2.2 and B2.3 hold in a prevalent set even for general utility

functions, but this is hard to prove.

D Other Equilibria (For Online Publication)

The discrete time model in Section 2 may admit solutions other than 1-equilibria.
We discuss two possible types here: k-equilibria, which are given by k interleaved
sequences (as opposed to one sequence for 1-equilibria), and continuous equilibria.

Formally

Definition 6. Let s be a MPE on [z*, 2™]. s is a k-equilibrium if there is a sequence
(Zn)nez such that =, < x, for all n, z, — ™ as n — —o0, x, — x* as n — oo,

and s(z) = w4y if ¥ € [, 2,1).%7

A continuous equilibrium is one where s is continuous.*®

Figure 5 shows a 2-equilibrium (5b) compared to a l-equilibrium (5a).

Although these cases don’t exhaust the set of possible solutions, studying them
sheds light on the general behavior of non-1-equilibria. The general thrust of the
results is that these solutions are not as well-behaved as 1-equilibria, and their exis-
tence is not robust in any sense analogous to Proposition 5, which is why the paper
does not focus on them.

When m(x) is linear’® and u is quadratic, we can find k-equilibria for all ¥ and a

continuous equilibrium, as illustrated in Figures Ha and 5b:

Proposition 11. Let u,(z) = C — (a — x)?, and f be such that m(z) = az for
x € [—e,e|, where « < 1 and e < d. Assume § > % and o > % Then, for each k
and x < e, there is a k-equilibrium s; such that xo = z, giwen by z, = Yz, where
0 < v < 1. There is also a continuous equilibrium s, given by s& (x) = Yool.

Moreover, v¥ is decreasing in k and v — Yoo

47Tf the basin of attraction is of the form [x*,1] then the sequence would be of the form (,),en-

48Note that this is a different concept from the smooth continuous-time equilibria considered in
Proposition 10—there, discrete-time 1-equilibria were given by discontinuous policy functions, but
they converged to a continuous limit as § — 1.

49We can construct densities f such that m(x) = ax for z € [—d, d]. For example, for a continuous
f symmetric around the steady state z = 0, take f(y) = 1 — 5%y for y € [0,d] and f(y) =

a+(1-a)(2a®+1) - %y thereafter.
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(a) l-equilibrium (b) 2-equilibrium

Figure 5: Equilibria for m(x) = 0.7z, 6 = 0.7

Proof of Proposition 11. Given k > 1, assume a k-equilibrium of the form s(z,) =
VRz,. Since s(z,) = Tpyp but s(x, —€) = 21511, m(x,) must be indifferent between

choosing x,, 1 and k1. This implies

B Z 5t(o‘x" o xn+(t+1)k)2 == Z 5t(a$n - $n+(t+1)k+1)2
Z5t(a _ ,y(t+1)k)2 _ Z5t(a . ,7(t+1)k+1)2
a?

k 2k k+1
o, ot ™ v
1—=6 1—0y" 1=6y% 1-6 1—09F 1—05v%
YF(1+7) 2o

1 — 672k 1 — 6k

2k+2

We now argue that there is a unique solution 0 < v, < 1. Let V() = 7111(35;73 — 172?7,“.
Since V(0) = —2a < 0 and V(1) = 2(%50‘) > 0, by continuity, there is at least one

solution between 0 and 1. Besides

V(y) o< W(7) = (vF + ¥ (1 = 69%) = 2a(1 — 69°*)
= 20+ 7" + A 4 (20 — 1)592F — G421,

Since the highest order term has a negative coefficient, W (M) < 0 for large M; hence
there is also a solution larger than 1. But, by Descartes’ rule of signs, W has at most

two positive roots. Hence there is a unique solution 0 < v, < 1.
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We can also see that 4F is decreasing in k. Let W (y) = W (y%). Then W (v, k) =
(1 +~%)(1 = 67) — 2a(1 — 642) is increasing in k for fixed 0 < v < 1. Since W is
increasing around the solution, this means that the 7, that sets W(’yk, k) = 0 must
be decreasing in k, i.e., W(ij, k) = 0 where 9, is decreasing. Setting v = &i, we
conclude that ¥ is decreasing.

We now show that the constructed s, supports an MPE. By increasing differences,
if m(z,) is indifferent between S(x,.x) and S(x,ix41), all m(x) > m(z,) strictly
prefer S(z,4+x) between the two, and m(z) < m(z,) strictly prefer S(x,+1). Hence,
m(x,) prefers z, .y to all z, with r >n+k+1orr <n+k.

Next, we show that m(x,) prefers x, . to other policies = not belonging to the

k1 > «, which implies

sequence. We do this in two steps. First, we argue that
Tpike1 > m(xy,). Second, we note that this yields our result by a similar argument

as in Proposition 5. For the first part, note that

> o
= (P + A = 0yF) < 29 (1 = 09
= (1=7) <6 (1= +9M (1 =95)
= 1<d(V+29 4+ 29%)

Consider two cases. If k = 1, then the required inequality is 1 < §( +2v?). Since
o > %, this holds as long as v > %, since 1 < %. Next, we check that W(%) < 0,
which guarantees that v > % Clearly the worst case is when 0 is minimal, so take
6 = 2. Then W(2) = 32 — 2a32 < 0 whenever v > 22. If k > 2, then it is enough
to satisfy 1 < %(”yk + 4+?%), which is true whenever v* > % We then check that
W(%) < 0. Again, the worst case is when ¢ is minimal, and we can bound ~v*+! < ~*,
so W(3) < 2 —2a2 <0 whenever a > 2.

Finally, we construct a continuous equilibrium. In general, s must solve
s(x) = arg maXZ(St (C = (m(z) — s'(y))?)
4 =0

—=0=) ¢ (—2(m(x) —5'(y)) ]:[ 8’(8%9)))

1=0
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if s is smooth. Since m(x) = ax, we look for a solution of the form s (z) = ya:

o0

3o ((a — 4" 1:[7) => & ((a—=~"")) =0,

a7
whence 5 — 5

0 < 9% < 1 to this equation, and 7} — 7, because the equations pinning down

By similar arguments as before, there is a unique solution

vk converge to this one. Finally, ly=yo > 0 for yo < s(x) by increasing

9y
U, o s
differences, since —™ léz;o»( W) ly=yo = 0; similarly, wb:yo < 0 for yo > s(x).
Hence y = s(z) maximizes U, ()(S(y)). O

In the general case, however, k-equilibria for £ > 1 and continuous equilibria are
not well-behaved, in the following sense. Suppose that a k-equilibrium s; exists in
a right-neighborhood of a stable steady state, [z*, 2* + €) (note that even existence
in a neighborhood of z* is not guaranteed in general). s; can then be extended to
[z*, **] but it may lose its interesting properties beyond z* + ¢, i.e., it may turn into
a l-equilibrium to the right of a certain y € (z*+e¢, 2**). Similarly, when a continuous
equilibrium is extended away from x*, discontinuities may appear; and whether this
happens depends on arbitrarily small details of m.

We can see this in an example. Suppose that u,(z) = C —(a —x)?, 2* =0, 6 > %,
a > 0.5, and m(z) = ar+ § max(c—|z —2'[,0), where c is small. We are in the linear
case, except m has a small “bump” around 2’. Let s be a 2-equilibrium for m(z) = ax
such that xq = 2/, and let § be a 2-equilibrium for m such that z,, = x,, for n > 0. As
m(zo) and m(Zo) must both be indifferent between S(z2) and S(z3), m(zo) = m(o),
but m(zg) > m(zy), so we must have &y < xo. Meanwhile Z; = x1. But m(Z_5), being
indifferent between S(Z) and S(z;), must be lower than m(z_,) because Z, being
lower makes the former path more attractive than S(x), so Z_o is lower. On the
other hand z_3 > x_3 because it is defined by indifference between S; and So (more
attractive than Sp). Continuing in this fashion, the subsequence (%o, Z_2,T_4,...) is
lower than (zg,x_o,...), and the opposite is true for the odd elements. It can be
shown that eventually Zo; < Z9;41 for some [, i.e., the even subsequence becomes so
attractive that a voter m(Zq1), supposed to be indifferent between 5'21+3 and 5'21+4,
instead prefers S’Ql+2 to both, so no one votes for z9,,1 and s becomes a 1-equilibrium
beyond that point.

This same dynamic makes k-equilibria for £ > 1 unstable in general. To see this,
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let W((s0,s1,...)) = (1 —=0)> 1, d"s7, and characterize a k-equilibrium recursively

as follows, using the definition of m(x,,) being indifferent between S,, . and S, x11:

1 . 2
W, = W(S(z,)) = (1 —6) {ml <—W”+’“ W"*’““ﬂ + Wk
2 Btk — Engrt

1 Whie = Wik
2 Envk — Engiena

E,=E(S(z,)) = (1-6)m™* ( ) + 0B,k

Taking Y, = (En, ..., Enykr1, Wasa, -, Whiks1) as the state variable of the recur-

sion, its linearization around an equilibrium is given by Y,, = M, Y, .1, where

0O .. 0A B 0...0 CD }1
0 --0 0 00 -~ 00
0 1 0 0 00
PR . - . CRY k
v | 00 1 0 00 00
2 0 0 —26z 0 0 06 }1
0 0 0 0 10 00
0 0 0 0 0 1 00
k—1
00 --0 0 00 - 10
OE, _ 0OFE,

where x = x,,1; B and so on. Now note that

o 8En+k+l, o aWn+k+1

Tpy1 — m(mn)
m/(xn)(En—i—k - En-l—k-i—l)

k
41— _ 1

> k(1 _ )k . T4 — M(Tn )
Aet(MnMms - Maoin) 2 871 = 6) [Dgg’?—l ( m/ () o (Bncivk — Buiyr)

> §*(1 - 6)F { min (xn—lﬂ - m(%—z))} ’ k"

0<i<k—1 m/ (Tn—1) (Ent1 — Engr)k

> 0" { min (xn—lﬂ — m(l’n—l)ﬂk K

0<I<k-1 m'(In—l) (In—l-l - En+k+1)k

det(M,) = —0B — 20x,.1D = 0(1 —9)

Now, if ¢ is close to 1 and the equilibrium is approximately smooth in the sense of

Proposition 10, then m,(m)(i:ggzs(m)))) ~ 1 (see Appendix B) and det(M,, ... M, 1) ~

k*. In particular, there must be an eigenvalue of absolute value at least ko > 1.
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Hence any deviation from an equilibrium resulting from a local perturbation of m
which adds a nonzero component to a generalized eigenvector of this eigenvalue (in
the Jordan form decomposition of the matrix) will grow exponentially.

In similar fashion, if we consider a continuous equilibrium in the example given

above, the bump would generate a discontinuity around s~!(z). More generally

Proposition 12. Assume u,(z) = C — (a — z)%. Let s : [z*,2*] — [2*, 2] be a
continuous equilibrium for a given m and parameters §, C. Let zo € (x*,2™). A
perturbation m of m is an increasing function m = m + pk where K : [x*, ™| —
[z*, x**] has support (xo—e€,x0+€). For each m, let § be an equilibrium under m such
that s [2*,z0—e€) -

Suppose m is C* in (s'(xg — €), s'(xo + €)) for alll € Z. Then, if k is C* but

its (k + 1)th derivative has a discontinuity somewhere in (ro — €, g + €), § has a

[z*,2z0—€) — S

discontinuity in [x*, s " (xg + €)] for arbitrarily small p.

Proof. Let %%Ig((;)) = L '(y). Then

s(r) = argmax —m(x)? + 2m(x) E(y) ~ W(y) = m(a) = 5 S8

(0= (3550 )  (ma) = Lim(a)

(W, E)(z) = ((1 = 0)a* + oW (L(m(x))), (1 — 8)z + dE(L(m(x))))

In particular, W (E) must be a strictly convex function so that s is surjective, and it
must have no kinks, i.e., s must be strictly increasing (if s is locally constant at x, it
will be discontinuous at s7(z) as long as s(y) > m(y) in this area), so L™" and L are
strictly increasing and well-defined. Moreover, it can be shown that s must be C*
where m is C*°.%° If k is discontinuous at x, so is 1, and so is 3, for any p.

Now suppose E is C'! around s(s(z)) but s has a (I + 1)-kink at s(x), i.e., it is
C"*Lin (s(z) —n,s(z)) U (s(z), s(z) +n) but only C* in (s(z) —n, s(z) +n). Then s

50The argument is similar to the rest of the proof: if (W, E) is not C*°, take an y where it has a
I-kink with [ minimal, and find a kink of lower degree at s~!(y).
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has a [-kink at s(x). Since

oW (y) By _ 2(1 =)y + oW’ (s(y))s' (y)
OBE(y) 22w (1—=0)+0E"(s(y))s'(y)

W(s(y) | (1= )2y~ ey (1— 8)(2y — 2m(y))
Fsl) 151 0B 6w Y T T 5 em ) ()

L~! has a I-kink at s(x); L has a [-kink at m(z); and s has a [-kink at z.
Now we argue that, if x has a (k + 1)-kink at x, then m has a (k + 1)-kink at z;
§ has a (k + 1)-kink at z; § has a k-kink at §7'(x); ...and § has a discontinuity at

§7%=1(z). This follows from the same logic as above. In particular, since E'(s(y)) =
(1—0)(1+6s'(s(y)) +...), if s has a (I + 1)-kink at y, it is C**! at s(y), so £’ is C"

at s(y), and our previous argument applies. O]

I conjecture that, even if k is C'*°, perturbations generically lead to discontinuities
devolving into 1-equilibria for arbitrarily small p, but in that case the number of steps

until the discontinuity will depend on p.

E Additional Results (For Online Publication)

E.1 Non-Markov Equilibria

The restriction to Markov equilibria may appear restrictive—after all, allowing strate-
gies to condition only on the current policy prevents agents from doling out history-
dependent rewards and punishments in ways that might be plausible in some applica-
tions. To address this concern, this Section discusses the set of non-Markov equilibria
of the game.

We make two important points. First, if non-Markov equilibria are allowed, many
other outcomes are possible; in fact, an anything goes-type result can be obtained,
so not much can be said about expected behavior if we take SPE as our solution
concept. Second, there are substantively interesting perturbations of the game which
happen to rule out all non-Markov equilibria. This suggests that Markov equilibria
may indeed be the most sensible in this setting.

For simplicity, we will restrict our analysis in the following ways. First, as else-

where, we restrict our analysis to the right side of the basin of attraction of a sta-
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ble steady state; that is, we consider an interval [z* x**] such that m(z*) = z*,

m(z™) = z* and m(z) < z for all x € (z*,2**). Second, we assume the Median
Voter Theorem as a primitive, i.e., we assume that, given a current policy x, m(z)
gets to choose her most preferred policy.?!

For each = € [2*,2*], let z(x) be the unique policy such that w,,)(z(x)) =
Upm(z)(®) and z(z) # x. Then we have the following

IA

Proposition 13. Suppose that u and é are such that (1—06) @) (2") +0Um) (2(2))
Un()(x) for all x and 2" € (2(x), ).

Then, for every weakly decreasing path (yi)ien, C [, **) such that Upy ) ((Yes1, Yer2s - - -)) =
Um(ye) () for all t, there is an SPE with policy path (y;):.

Proof. We will construct a suitable successor function s(x,T), where T is a payoff-
irrelevant variable that will summarize the effect of the history on current behavior.

T can take on the values 0, 1 or 2. s is defined as follows:
o s(y,0) = y4q for all £, and s(z,0) = x for all x & (y,)y;
o s(x,1) =u;
o s(z,2) = z(x).

As for T', assume that Ty = 0 and (7}), behaves according to the following mapping
H:

o If T'=0and x =y, ' = ys41 for some t, then H(z,T,2") = 0;
o else, if ' ¢ (2(x),x), H(z,T,2") = 1;
o clse H(z,T,2') = 2.

In other words, in state 0, the policy follows the intended equilibrium path, (y;),
and T remains equal to zero. In state 1, the policy path is constant and 7', remains
equal to 1. In state 2, the current decisionmaker, m(x), chooses the lowest policy
that she weakly prefers to x, and the state then changes to 1. In all cases, deviations

to myopically attractive policies (that is, policies that m(x) strictly prefers to x) are

5In the model of political power from Section 5, the MVT is always true, so this assumption is
just for brevity. In the main model, the MVT is only guaranteed to hold within I(z*), but well-
behaved equilibria—in particular, 1-equilibria—satisfy the MVT everywhere, so the case of equilibria
satisfying the MVT is still the most enlightening one to study.
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punished by switching to state 2, while deviations to myopically unattractive policies
are punished by switching to state 1.

Let us verify that this is an SPE. If (z,,7;) = (y;,0) for some ¢, then m(x,)’s
utility from following the equilibrium path is Up,(y,)(S(9¢+1)). On the other hand, if
she chooses a policy 2’ ¢ (z(z,),x,), then T,,; = 1 and the continuation is given by
xy = 2 for all s > 7, yielding utility wpy,)(2") < Um,)(y:). If she chooses a policy
' € (2(x;),x,) different from y;,1, then 7,1 = 2 and the continuation is given by
Trp =o', 2y = 2z(a') for all s > 741, yielding utility (1 — )t (z)(2”) 4+ 0tmz) (2(27)).

If (;,7;) = (2,T) with T = 1 or T = 2, then m(x)’s utility from following
the equilibrium path is ) (z). If she chooses a policy 2’ ¢ (2(x),x), she gets
Utility Upm(z)(2') < Um)(x). If she chooses a policy @’ € (z(x),x), she gets utility
(1 = 0)Uim(a) () + Om(a) (2(2)).

To make this strategy profile an SPE, it is sufficient that (1 — 0)um)(2') +

O (2)(2(2")) < U (x) for all z and all 2’ € (2(x), ), as we have assumed. O

Note that the condition Up, gy (Y41, Yet2s---)) = Um(y,)(4) is clearly necessary:
otherwise, m(y;) could unilaterally deviate to staying at policy y, forever. What this
result shows is that, aside from this common-sense restriction, anything goes.’?> In
particular, for each x € [z*, x**] there is an SPE with policy path constantly equal to
x, so any policy can become an (intrinsic) steady state in the right SPE.

There are several reasons to think this is not too concerning:

e Non-Markovian behavior must be supported by non-Markovian behavior hap-
pening arbitrarily close to x*. Equivalently, if we think it is reasonable to assume
Markov behavior in a very small interval around x*, then the set of equilibria

collapses to, in fact, a single equilibrium that is Markov. Formally:

Lemma 11. Let € > 0 and § : [z*, 2" + €] — [2*, 2" + €] such that 5(x) < x for
all x. Let s, s' be two SPEs on [x*, x**] such that s(x,h) = §'(x,h) = §(x) for
all x € [x*, 2"+ €|, and assume that s and s' obey the following tie-breaking rule:
if the set argmax, <, U, (x)S(y, h) has multiple elements, then s(y) is the highest
element of the set. Then s = §' and s is an MPE, i.e., s(x,h) is independent
of h.

2The joint condition imposed on u and 4, namely, that (1—0)t,(z) (") + 0t () (2(2))) < U (@)
for all z and 2’ € (z(x),z), is in general satisfied if u is well-behaved and § is high enough. For
example, in the quadratic-linear case given by uq(z) = C — (a — x)2, 2* = 0 and m(x) = az, the
condition holds if 2ad > 1, i.e., if a > % and ¢ is high enough.
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Proof of Lemma 11. The intuition behind this result is a simple unraveling ar-
gument: suppose two equilibria coincide up to some point z* + €. Then, for y
slightly above x* + €, I(y) will be choosing between successors in [z*, 2" + €],
which have the same continuation in both equilibria, so the same choice will be

made.

Formally, let
A={x € [z" 2] 35 s.t. Vh,Vy € [2%, 2], s(y,h) = ' (y,h) = 5(y)},

and zy = sup(A). By assumption, zq > z* + €. Suppose zy < z**.

There are two cases. First, suppose zo ¢ A. Then the same proof as in Propo-
sition 2 can be used to show that U () (7o) < MaXyefer 20) Um(zo)S(y), Whence
s(xo, h), §'(xg,h) < xo for all h. Moreover, the tiebreaking rule means that
s(xo, h) = 8'(20, h) = max(arg max, ¢, . Um(xo)g(y)) for all h, whence s can

be extended to x(, a contradiction.

Second, suppose xg € A. Then there is a sequence (x,), such that x, — xg
and z, > xy Vn such that, for each n, s(x,,h,) > zo for some history h,,
as otherwise the tiebreaking rule would guarantee that s(z,,h) = s'(x,, h) are

independent of h.

Note that, for each n, m(x,) always has the option of jumping to any policy z €
[z*, 2], and that the continuation would be the history-independent path S (2);

A

hence, the optimality of s requires that Uy, (z,)(S(8(Zn; hin), hi)) = Uz, (S(2)).
For each n, label the continuation path starting at s(z,, h,,) as S, = (s, s7, .. .),
where s{ = s(2n, hy). Let s be the first policy in this path that is in [2*, 2).
Note that (s ,s7 .i,...) = S (s ) is history-independent, and m(z,) always
has the option of jumping directly to policy s , whence

o [ _§ hod )
Un(an)(S(sk,)) < Un(a,) (Sn) < 1 ghatt Z Unn () (51) < Uin(a) (To)-
t=0

In turn, as m(x,,) can also choose any z € [z*, 2] and get a history-independent
path S(z), it must be that

max Um(wn)(g(z)) < Um(mn)(sn) < um(xn)<x0)-

z€E€[z* 0]
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By continuity, it follows that U, (z)(S(20)) < Um(ae)(Z0), which again leads to
a contradiciton as in Proposition 2. (If k, = oo for arbitrarily high n, then we
obtain Uy, (ge)(S(20)) < Um(ag)(T0) directly.) O

If we consider an approximation of the problem with a discrete policy space,
so that agents are restricted to a finite set of policies X, then for any choice
of X = {xy,...,zx} C [—1,1] there is generically a unique subgame perfect
equilibrium, which is Markov.?® Hence, if we are interested in equilibria that
can be obtained as limits of discrete-policy space equilibria,”® we need only to

study Markov equilibria.

If we consider a variant of the game with a finite number of periods, so that
t =0,1,...,T, then for each T the game has a unique equilibrium sr, which
is Markov in (z,t). A limit of such equilibria as we take 7" — oo may not be
Markov in x exclusively, but Propositions 2 and 3 can still be extended to this

case, so intrinsic steady states are also ruled out under this refinement.

The MPEs we construct in the main text, which involve a slow drift towards a
myopically stable state, are strictly preferred by all pivotal decisionmakers to
an SPE where the policy never changes. In other words, the fall down the slip-
pery slope is desired by agents. More precisely, assume an initial policy xq, and
consider an MPE s where the equilibrium path (x;); is such that x; — x*,
and an SPE § where the policy remains constant at xy on the equilibrium path.
By Lemma 2, there is some «q such that all agents to the left of aq strictly pre-
fer (z;): to xo; since m(zo) has this preference, oy > m(zp). Consequently, all
agents in [z*, m(zo)]—that is, all agents who might be pivotal decisionmakers
on the equilibrium path—have the same preference. In other words, it is not
the case that, by ruling out non-Markov equilibria, we are removing from con-
sideration desirable equilibria that just require mutually desirable coordination

on the part of the players to arise.

53This can be shown by proving Proposition 1 in the discrete version of the problem, and then
applying backward induction, as done in Acemoglu et al. (2015); the equilibrium is unique so long
as there are no indifferences.

54Formally, denoting sx to be the unique equilibrium for policy space sx, an equilibrium s is a limit
of discrete-policy space equilibria if there is a sequence (X, ), such that max,e_1,1) d(Xy,y) — 0,

i.e., the sets X,, are progressively finer, and sx, (x,) — s(x) for any sequence (2, ) s.t. z, € X,,Vn
and x,, — .
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E.2 Positive Entry and Exit Costs

The main model features perfectly free entry and exit. This assumption adds a lot
of tractability, but if it were crucial for the results the reader might worry about
its affecting the relevance of the model, as it is rarely going to be exactly true in a
descriptive sense.

This subsection considers a variant of the game with positive entry costs (the case
with exit costs is similar; see the end of the subsection). In other words, every time
an outsider chooses to join the organization, she must pay a cost ¢ > 0.

A full extension of the results in the paper to this case is difficult because the
introduction of entry costs adds intertemporal concerns to entry and exit decisions—
that is, agents considering to enter the organization now need to think about what
the policy will be several periods from now, whether they will want to leave later, etc.,
in deciding whether paying the entry cost will be worth it. Relatedly, agents with
identical preferences might end up behaving differently depending on their current
status: if the club’s policy, x, is stable over time, and an agent a’s flow payoff from
membership, u,(x), is positive but very small, then a would choose to remain in the
club if she is already a member but not bother entering otherwise. As a result, we can
no longer take the club’s current policy to be the only payoff-relevant state variable;
in general, I; is now an (infinite dimensional) state variable as well.

In spite of this, the main thrust of the paper’s results—namely, that the club
should converge to a myopically stable policy—still carries over in this model if we

impose some reasonable simplifications. Concretely, we will assume the following:

e As in Section 4, we restrict our attention to an interval [z*,2™*] where z* is
a stable steady state, ** is an unstable steady state, and m(z) < z for all

x € (x*, z™).

e We assume that x,,1 < z; for all x € [z*,2**], i.e., the policy cannot move to
the right.

e We assume an initial zq € [2*, 2] such that uz,_q, (z*) > (1 —d)c. In other
words, x¢ is close enough to x* that all agents who might consider joining the

club as the policy moves left from xy will strictly prefer not to quit later.?®

e Assume an initial set of members Iy = I(zo).

S5Effectively, this means we find equilibria restricted to [z*, z¢].
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e We require that voting behavior at time ¢ can condition on I; but only up to a

set of measure zero, i.e., if Iy — Iy and I, — I; have Lebesgue measure zero then
S(Il) = S([Q).

An MPE of this game is given by mappings s(I) and I(z, I') satisfying the above
conditions such that I reflects optimal entry and exit decisions given current policy
x, an existing set of members I’ and the expected continuation; and S(s([)) is a
Condorcet winner among all S(y) for the set of voters I.

It turns out that the set of equilibria of this game corresponds exactly with the
set of equilibria of a game with free entry and exit but modified utility functions.
Let G(u,c) denote the game just described above, with cost of entry ¢ and utility
functions u,(z). Similarly, let G(v,0) denote the game with free entry and exit and
utility functions v, (z) given by v, = u, for a > zg — d,, and v, = u, — (1 — §)c for
a < Xy — dy,.

Then we have the following

Proposition 14. In any equilibrium (s,I) of G(u,c), I(z,1I') = I,(z) for all (z,I")
on the equilibrium path.

As a result, for any equilibrium (s, I) of G(u, c), there is an equilibrium § of G(v,0)
given by 5(z) = s(I,(x)).

Conversely, for any equilibrium § of G(v,0), there is an equilibrium (s,I) of
G(u,c) given by s(I) = §(my(I)) and I(x,I') = I,(z).

Proof. For the first claim, suppose (x, I;); is an equilibrium path, and assume that
I, = I,(x4). We aim to show that I = I,(x4y1).

There are four types of agents to consider. First, suppose a ¢ I, and o > xy,
i.e., a is an outsider with a policy preference to the right of z;. Then o ¢ I,(zy),
ie., ua(zy) < 0, 80 Un(Tiy1) < ua(xy) < 0, whence a ¢ I,(z441). Moreover, since
uq(xs) < 0 for all s > ¢, it follows that o should not join the club at time ¢ 4 1, i.e.,
ad Ii.

Second, suppose a € I; and o > xy — d,,. Then a is an incumbent member at
time ¢ + 1, and will choose to remain a member iff u,(z;11) > 0, which is also the
condition that determines whether « € I,(z441) as u, = v, for this agent.

Third, suppose a € I; and o < x9 — d,. Since « € I, o is an incumbent member
at time t + 1. Since a < xg — dy,, wWe have uq(xs) > (1 —d)c > 0 for all s > ¢. This
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means both that o will choose to remain a member forever (in particular, at time
t+1) and that a € I,(x411).

Fourth, suppose a ¢ I; and a < xy, i.e., v is an outsider with a policy preference
to the left of x;. Then « should join at time t + 1 iff uy(ziy1) > (1 — d)c, ie., iff
a € I,(z441)-

(Note that, in all of these arguments, « expects the equilibrium path not to change
as a function of her behavior, because her joining or leaving the club amounts to a
measure zero change to I;,;.)

Finally, since G(u, ¢) has the same membership behavior as G(v, 0), the two games
are effectively equivalent, whence the set of successor functions compatible with equi-

librium are the same. O

As for the case of positive exit costs, it can be shown that, with a positive exit
cost ¢ > 0, the game G(u, ¢, ) is still equivalent to a game with free entry and exit,
except that now the relevant utility functions are v, = u, + (1 —0)c for a > xg — d,,
and v, = uq — (1 — 0)c for a < xg — dyy.

With this result, we can apply Propositions 2 and 3 to G(u,c, ) to determine
the organization’s long-run behavior in this setting. Let m,(y) = m(,(y)), and note
that m,(y) > m(y) for all y € [x*,z0]. Let y*(¢,,d) be the highest y € [2*, x¢] for
which m,(y*) = y*. Then it follows that z; — y* for any equilibrium path (x, I;);.

A few interesting observations can be made. First, in general y* > x*, that is, the
existence of entry and exit costs does affect the long-run policy. Second, y* is also
a function of ¢, unlike z*: this is because the entry and exit decisions of marginal
agents now compare one-time costs against lifetime payoff streams, and the optimal
trade-off depends on their patients. Third, it can be shown that y*(c,,d) — z* as
c,c— 0, or as § — 1 if we take ¢, ¢ as fixed. In both cases, this follows from the fact
that v — v as (1 — d)c, (1 —9)cd — 0.

Effectively, once the policy is near z*, the only effect of entry costs is to keep
out agents near x* — d,~ who, in the absence of entry costs, would have entered the
club to reap a positive but small payoff. Similarly, the effect of exit costs is to keep
in agents near z* 4 e,~ who would otherwise quit to avoid small negative payoffs.
As a result, small entry and exit costs only have a small effect on the organization’s
long-run policy, and even sizable costs matter less and less as agents become more

patient, as they only have to be paid once.

5



E.3 Supermajority Requirements and Other Decision Rules

Although the paper focuses on a case where chosen policies must be Condorcet
winners—often leading to a Median Voter Theorem—other decision rules can be used
without greatly affecting the analysis. We briefly discuss two.

First, suppose that, given a policy x and a set of members I(x), an unmodeled
political process results in some agent n(z) being given the right to choose the policy
for the next period. (For example, the function n(z) might embed the notion that the
policy = also affects the relative power of different agents within the organization.)
The results of the paper can be extended to this case, substituting n(z) for m(z)
everywhere, regardless of the fact that n(z) is not a median voter function.

Second, consider an organization with a bias towards inaction, i.e., requiring a

1
2

member of (z), and assume that a policy y > x can only be chosen over staying at

supermajority p > 7 to make policy changes. Define m,(x) as the pth percentile
the current policy z if my_,(x) votes for it, while a change to a policy y < x is only
possible if m, votes for it. It follows that, in intervals where z > m,(z), the game is
equivalent to the main model with n(z) = m,(z); in intervals where z < m;_,(x), it
is equivalent to setting n(xz) = m;_,(z); and in intervals where my_,(x) < z < m,(z),
no policy changes are possible. In other words, steady states are now intervals rather
than points, and we will observe somewhat lower policy drift, but the gist of the

results is unchanged.

E.4 Non-Monotonic Equilibria

We have established that equilibria must be monotonic in a neighorhood of a stable
steady state, as shown in Proposition 3, and 1-equilibria are monotonic everywhere.
However, one may wonder if nonmonotonic equilibria exist at all. Here we show by
sketching an example that the answer is yes.

Assume that u,(2) = C—(a—x)? and let d = /C = d, = e, for all z. In addition,
suppose that m(z) = = — pd for all € R, where p € [1,1) is a parameter.”® Finally,
for simplicity we will take the MVT as a primitive, i.e., we assume that S(s(x)) is

m(z)’s most-preferred path.

56m can be obtained as a median voter function if f(z) = ke~?* for an appropriately chosen p > 0.

This is a degenerate example in the sense that there is an infinite mass of voters distributed on the
real line, as opposed to a unit mass with support [—1, 1], but it allows for a simpler construction.
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Recall that, if § = 0, then s(z) = m(x). Here this means S(s(x)) = (z —
pd,x — 2pd,x — 3pd,...). Crucially z — pd,xz — 2pd € (m(x) — d,m(xz) + d) but
x —3pd ¢ (m(z) — d,m(z) + d) by the assumption that p € [3,1).

Now, suppose that ¢ is small but positive. What are some possible equilibria?

First, assume a successor function sy of the form s1(z) = x — pd+n; with r; small,
such that s?(z) > m(x) — d but s}(z) < m(z) —d.

For s; to be an equilibrium, it must hold that

M = ArgMAxX Un(a) (2 — pd + 1) + Oum(z) (51(x — pd + 1)) = C(1 +0) — 0™ = d(pd — m — 1')?
T]/

=2 =25(0' +m — pd) =0
5
1+20

m= pd.
Note that, since 71 > 0, this calculation will be invalid for p close enough to %, as in
fact we will then have s3(x) > m(z) — d.

Next, assume a successor function s; of the form sy (z) = . — pd+n, with 7, small,
such that s3(z) > m(x) — d but sj(z) < m(z) —d.

For sy to be an equilibrium, it must hold that

N = arg Max tnm(z) (T — pd 4+ 1') + () (s2(x — pd + 1)) + 6 (e (s3(x — pd + 1))
/]7/

=C(1+0+06%) —n*=d(pd —n2 — 1) = 0*(2pd — 21, — 1f)?
— 21 = 26(n" +n2 — pd) — 26°(n' + 2n2 — 2pd) = 0
§ + 262

= T s + 302"

Now consider the related problem of an agent who expects everyone to play strat-
egy So, but who considers deviating to some 73 such that s3(z — pd +1n3) < m(z) —d.
Then it must be that

=213 = 26(n3 + 12 — pd) =0
0 (pd — mp) = o 140+0°
B\ T T T 51 28 + 3027

Note that 7o > nm1 > 13 > 0. In particular, since 1y > 13, we can choose p,d so
that © — 3pd + 32 > m(x) —d > x — 3pd + m1 + 2n2. Furthermore, we can choose
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them so that Uy (S2(z — pd 4 13)) = Upay (S2(x — pd + 12)).5" If we choose our
parameters this way then m(x) is indifferent (of course, this is in fact true for all
x). Now construct a successor function s as follows: s(z) = so(x) for all x < x;
s(xg) = x — pd + n3; and s(x) for © > x( is defined by backward induction. This is
a non-monotonic equilibrium by construction. Finally note that, while this example

relies on indifference, we can adjust it by tweaking m to make it strict.

E.5 Explicit Voting Protocols

Throughout the paper we assume that, for a policy y to be chosen in equilibrium by a
set of voters I(z), S(y) must be a Condorcet winner, i.e., for any other available path
S(z), a weak majority of I(x) prefers S(y) to S(z). This assumption stays silent on the
actual voting process taking place. Here, we discuss two natural microfoundations.
The first is Downsian competition. Suppose that there are two politicians Ay,
B; who simultaneously propose policies x4;, xp;; voters observe the two proposals
and then vote for a winner. Assume either that the politicians are short-lived (they
are replaced every period) or that they play Markov strategies, and they are office-
motivated, i.e., they obtain a payoff R > 0 from winning and zero from losing. An
equilibrium is given by policy proposal strategies x (1), xp(I) and voting strategies
v (x4, xp) such that: for each candidate i, offering x;(I) maximizes i’s probability of
winning given a set of voters I, and v, (24, xp) = i if Uy(S(z;)) > Un(S(z—;)), where

S(z;) is the equilibrium policy path starting at x;. It is then clear that:

Remark. Given an equilibrium successor function s from the main model, we can con-
struct an equilibrium of the Downsian model as follows: z4(/(z)) = 25(I(z)) = s(z)
and v (T4, 78) = L{u,(S(za))>Ua(S@@p))} for all ,24, 5, where S(z) = (z,s(z),...).
Conversely, if an equilibrium of the Downsian model features pure proposal strate-
gies x;(1) for every i, I, then z;(I) must be a Condorcet winner for every i, I. More-
over, if z4(I) = xp(I) for all I, then s(z) = x;(I(z)) constitutes an equilibrium of

the main model.

In other words, requiring S(s(z)) to be a Condorcet winner among I () is equiva-

lent to assuming Downsian competition at the voting stage, except that we implicitly

S"This follows from a continuity argument: when s3(x — pd + n3) = m(x) — d, Upy(z)(S2(z — pd +
173)) < Upn(a)(S2(x—pd-+12)), whereas when s3(z— pd+1n2) = m(z) —d then U, (,)(S2(z—pd+n3)) >
Unn(z)(S2(z—pd+n2)), so we can choose intermediate values of p, § for which Uy, (4 (S2(z—pd+n3)) =
Upn(a) (S2(z — pd + 12)).
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rule out situations where there is no Condorcet winner (in which case the Downsian
model might still have equilibria with mixed proposal strategies), and we rule out
mixed policy choices by voters (s(z) is assumed to be deterministic).

Another possible microfoundation is a sequential proposal protocol similar to that
used in Acemoglu et al. (2008). Suppose that, at each voting stage, there is a con-
tinuous time period [—1, 1] (this is measured on a different scale from the time that
passes between periods, and no discounting accrues during the voting stage). At each
instant y € [—1, 1], policy y is proposed to the organization and each voter « casts a
vote v, (y, I) € {0,1}. If a majority votes 1 when y is under consideration, the voting
stage ends and y is chosen; if no policy receives a majority then the policy next period
is equal to the current policy. Voters are strategic and that voting strategies are pure
and weakly undominated.

Given an equilibrium successor function s(z) from the main model, we can con-
struct an equilibrium of this model such that, if I(x) is the set of members, then s(z)

is chosen.
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