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Abstract

How does the design of a marketplace affect the flow and acquisition of information in the
market? We explore this question in a model of college admissions that formally accounts for
students’ information acquisition costs in forming their preferences. In this model students
may rationally choose to remain partially informed, and we extend the notion of stability to this
partial information setting. Our main question is whether the market can reach a stable outcome
while facilitating efficient information acquisition by all students. To address this question, we
define a regret-free stable outcome as a benchmark for efficient information acquisition.

We show that regret-free stable outcomes always exist, and are characterized by market-
clearing cutoffs. Standard matching mechanisms can be seen as asking students to engage in
price-discovery to discover these cutoffs, and this price-discovery process can be costly. Instead,
we emphasize the usefulness of additional sources of information. We show that estimating
cutoffs from historical market information allows for an approximately optimal outcome, and
provide a procedure for bootstrapping cutoffs when historical market information is not available.
Our results suggest that given sufficient information, matching markets can perform well even

with simple or decentralized mechanisms.
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1 Introduction

In this paper, we investigate how the design of a matching market affects how agents form their
preferences. While the prevalence of incomplete information is well-studied in the context of auction
markets (see e.g. Milgrom and Milgrom (2004)), it is relatively unexplored in matching market set-
tings. In matching settings such as school choice and college admissions it is common for applicants
to spend a significant amount of effort investigating potential placements before forming their pref-
erences. This has motivated several informational interventions |Corcoran et al. (2018])); Dynarski
et al. (2018)); Grenet et al.| (2019)), and raises the question of how the design of the marketplace
facilitates the acquisition and flow of information in the market.

To address this question, we present a model of many-to-one matching with costly information
acquisition. In our model college priorities are common knowledge. Students have independent
private values for each college which they can learn at a cost. We model each agent’s information
acquisition problem using the “Pandora’s box” framework of |Weitzman| (1979). Students initially
know their distribution of values for each college, and need to pay a cost to learn the realized value
for a given college. When a student knows the set of colleges available to her, her information
acquisition problem has an optimal solution in terms of a simple index policy. In the matching
setting, the set of colleges available to a student depends on the decisions of other students. Thus
the information acquisition decisions of different students are interlinked.

The model captures some important features of matching markets with costly information
acquisition. Market outcomes consist of an assignment as well as the information acquired. This
allows us to account for both the value of the match and the cost of information acquisition.
In this model, students can rationally choose to remain partially informed. The model can also
account for the cost of submitting a full list to DA, and rationalize a student’s preference to delay
decision-making, even when she has multiple offers of admission.

We extend stability to this partial information setting: an outcome for the market consists of a
matching and acquired information, and is stable if there is no blocking pair, i.e. a (student, college)
pair such that the student (i) has sufficiently high priority to attend the college, and the student

either (ii) prefers the college to their assigned college, given their acquired information, or (ii’) is



willing to pay the cost to learn whether they prefer the college over their assigned college. This
definition extends the standard definition of stability, and is equivalent to the standard definition
when students know their full preferences.

The model allows us to examine the role of the market in facilitating the flow and acquisition of
information. Information acquisition can be inefficient since students need information about which
colleges are available to them to know what information to acquire, and therefore need information
about others’ decisions. We formalize a benchmark for efficient information acquisition, which we
term regret-free stability, under which every student has acquired information as if she had full
access to all information collected from other students. We ask whether an appropriately designed
market can facilitate efficient information acquisition in the sense that it achieves regret-free stable
outcomes.

We first show that regret-free stable outcomes always exist and can be described using cutoffs.
The set of regret-free stable outcomes forms a non-empty lattice, and there is a regret-free stable
outcome that is unambiguously the best for all students. In addition, regret-free stable outcomes
are characterized by market-clearing cutoffs: a college is available to a student if and only if her
priority at the college meets the cutoff, each student acquires preferences optimally within the set
of colleges for which she meets the cutoff, and induced aggregate demand exactly clears the supply
of seats in the market. Hence the cutoffs function as prices, coordinating the matching of supply
and demand. In order to facilitate efficient information acquisition a market must discover and
communicate the market-clearing cutoffs to all students.

Standard matching mechanisms can be seen as asking students to engage in price-discovery
processes to discover market-clearing cutoffs. In certain settings, such as when students are willing
to inspect all colleges available to them, college-proposing Deferred Acceptance (DA) can learn the
market-clearing cutoffs using regret-free information acquisition. Intuitively, college-proposing DA
behaves like a descending-price auction that uses revealed preference information to discover the
market-clearing cutoffs. This facilitates efficient information acquisition for two reasons: the side
with more information (i.e. the colleges) propose first, and student preferences are such that there

are always some students with sufficient information to continue optimally acquiring information.



However, we also show that in general settings standard matching mechanisms can fail to
implement a regret-free stable outcome. In fact we show that many reasonable price-discovery
processes can fail to implement a regret-free stable outcome. We consider canonical processes,
in which a centralized platform dictates sequential information acquisition by individual students,
choice-based processes, where the platform elicits only choices functions and ordinal preferences
from students, and AWR processes, which induce information acquisition by informing students
about whether each school accepts (A), rejects (R) or waitlists (W) them. We show that all three
types of processes can result either in inefficient information acquisition or in information deadlocks,
where no student has sufficient information to know how to optimally acquire information.

Instead of considering more complicated market mechanisms and processes, we instead empha-
size the usefulness of having additional sources of information. For example, given oracle access to
the market-clearing cutoffs, a market designer can implement a regret-free stable outcome simply
by posting these cutoffs and committing to assigning students to their favorite college for which
they meet the cutoff. We also provide practical suggestions for how to obtain additional market
information and implement regret-free stable outcomes. If the market designer can estimate the
market-clearing cutoffs, such as from historical demand, then posting the estimated cutoffs imple-
ments a regret-free stable outcome with respect to slightly perturbed capacities. We also provide
a process for bootstrapping the cutoffs when historical market information is not available.

Our results suggest that given sufficient information, matching markets can perform well even
with simple or decentralized mechanisms. For example, if admissions cutoffs are relatively constant
from year to year, then a decentralized system where colleges post their admissions cutoffs and
students apply separately can implement an approximately optimal outcome. Our results also shed
light on the possible implications of costly information acquisition. In markets where students do
not have access to market-clearing cutoffs, many reasonable market processes can create incentives
for students to delay their decision-making processes, or cause students to acquire unnecessary

information and regret their decisions to do so.



1.1 Prior Work

This paper contributes to the literature of matching markets with incomplete information. The
stream of work that is closest to ours is that of |Aziz et al. (2016); Rastegari et al.| (2013, |2014)),
which analyze a matching model where there is partial ordinal information on both sides of the
market that can be refined through costly interviews. They ask computational questions regarding
the minimal number of interviews required to find a stable matching, and find that under a tiered
structure an iterative version of DA minimizes the number of required interviews. Our finding
that a sequential version of DA implements a regret-free stable matchings when agents are willing
to inspect all colleges they can attend is a particular case of this result where the preferences of
one side are known. Drummond and Boutilier| (2013, |2014) consider more general algorithms that
acquire information through both interviews and comparisons and provide algorithms that achieve
approximately stable matchings with low information costs. [Lee and Schwarz| (2009); Kadam] (2015)
also study information sharing through interviews.

Several papers consider other aspects of imperfect information in matching markets, without
allowing agents to search for information. Liu et al. (2014); Liu (2018); Chen and Hu| (2019);
Bikhchandani| (2017) suggest notions of stability under asymmetric information between agents
that account for agents learning by observing that a given match is not blocked, and |Chakraborty
et al.| (2010) consider agents with incomplete information who update their preferences after seeing
the matching. We take an orthogonal approach in studying how unnecessary information acquisi-
tion costs can be minimized, in a setting where the lack of blocking does not impart any further
information about preferences.

Ehlers and Masso| (2015]) demonstrate that there is a strong connection between ordinal Bayesian
Nash equilibria of stable mechanisms under incomplete information and Nash equilibria of the mech-
anism under corresponding complete information settings. We similarly define a notion of stability
under incomplete information and find a strong parallel with the structure of stable matchings
under complete information.

Empirical work demonstrates that incomplete information is important in the school choice

setting. Kapor et al. (2016) provides empirical evidence that many students participating in a school



choice mechanism are not well informed, and make mistakes when reporting their preferences, and
Dur et al. (2016) provides evidence that different parents exert different levels of efforts in learning
about school choice. |Grenet et al| (2019) provide an empirical analysis of student behavior in
a university admissions context that is consistent with students undergoing costly information
acquisition and accepting admissions offers in a manner that reduces regret.

Another strand of related work is the literature on costly search in single-agent search processes.
Chade et al. (2014)) studies the problem of deciding on an optimal simultaneous search portfolio in
college admissions when values are stochastic and search is costly. Shorrer| (2019) analyzes optimal
simultaneous search in a setting where admissions to colleges are correlated. Our work builds on the
adaptive search framework of Pandora’s box consumer search as introduced by |Weitzman| (1979),
where the agent adaptively selects a set of colleges at which they pay to learn their value, and then
obtains the highest value amongst searched colleges. |[Doval (2018)); Beyhaghi and Kleinberg (2019)
explore the structure of optimal and near-optimal policies when agents can opt to attend a college
without learning their value at the college. Our focus is on how to best design a marketplace where
many single-agent search processes are coupled by a matching constraint.

There is also a growing literature about information acquisition in market design. In an auction
setting, Kleinberg et al. (2016) shows that descending price auction create optimal incentives for
value discovery. |Chen and He| (2015) study how the DA and Boston mechanisms give participating
agents incentives to learn their preferences and preferences of others, but limit attention to the
decision of whether to learn the full ordinal or cardinal valuation for all schools. |Bade (2015);
Harless and Manjunath| (2015) consider information acquisition in assignment problems.

The rational inattention literature that stemmed from the macroeconomic literature also looks
at information acquisition by agents. This literature uses a framework introduced by [Sims (2003)
where the costs of signals are given by information theoretic measures of the informativeness of the
signals. Matéjka and McKay| (2015) shows that in that framework agent’s choices can be formulated
as a generalized multinomial logit, and |Steiner et al.| (2017) give a tractable formulation for the
choices of agents with endogenous information acquisition in a dynamic setting. Our approach

differs in that our model uses a different cost structure, and focuses on the interaction between



information acquisition by individuals and market-level information aggregation and assignment.

A related question is the communication complexity of transmitting known preferences to a
mechanism. |Gonczarowski et al.| (2015) consider the communication complexity of finding a stable
matching and show that it requires 2 (n?) boolean queries. [Ashlagi et al.| (2018a) find that the
communication complexity of finding a stable matching is low under assumptions on the structure
of the economy and a Bayesian prior. Their Communication-Efficient Deferred Acceptance protocol
utilizes messages about both acceptances and rejections. The analysis in both papers differs from
ours in that they assume agent know their full preferences (for example, can report their first choice)
and only consider the cost of communicating that information to the mechanism.

Our work contributes to the growing number of papers exploring the use of sequential or multi-
round college admissions mechanisms. |Bo and Hakimov) (2017) and |Ashlagi et al. (2018b)) propose
the Iterative Deferred Acceptance mechanism (IDAM) and Communication-Efficient Deferred Ac-
ceptance mechanism respectively, which allow for multiple rounds of message-passing where stu-
dents can learn the set of colleges with which they are likely to be matched. Such mechanisms are
also currently used in practice: Dur et al.| (2016]) empirically study a public school system in Wake
County that implements an iterative mechanism, Gong and Liang (2016) theoretically and empiri-
cally consider a college admissions system in Inner Mongolia that implements an iterative version of
Deferred Acceptance, and |Bo and Hakimov| (2017)) propose IDAM in response to a sequential mech-
anism previously used for college admissions in Brazil. [Echenique et al.| (2016); |Klijn et al.| (2013)
experimentally study dynamic implementations of the Deferred Acceptance mechanism. We show
that such mechanisms are not always able to facilitate optimal information acquisition, and that
additional market information may be needed to coordinate the interconnected search problems

and mitigate the effects of costly information acquisition.

2 Model for Matching with Costly Information Acquisition

We present a model where students learn their preferences through costly information acquisition.
The set of colleges is denoted by C = {1,...,n}, and each college i € C has capacity to admit ¢; > 0

students. A student is given by a tuple s = (F*,¢®,r*,v®). College priorities are publicly known,



and captured by the vector ¢ € [0, 1]6. College i prefers student s over student s’ if and only if
Ty > Tf,. We say that rj is the rank of student s at college 7. Student s needs to perform costly
information acquisition to learn her value for attending each college. Initially student s knows that
the value for attending college ¢ is distributed according to prior F}’, and may pay a inspection cost
of ¢f > 0 to learn the realized value v;. Student s privately knows F*, ¢® (importantly, the designer
does not know these parameters). We assume that v{ is independently drawn across students and
colleges/T]

We will let a student’s type 0 = 6° = (F**, ¢®,r®) denote the information that is initially known
to student s = (F%, ¢, 7%, v®). We refer to 6 € © as a student type, and refer to s = (0°,v°) € S as
the student’s realized preference. Formally, © = F¢ x RC x [0, 1]6, where F is the set of probability
distribution functions, and & = © x RC.

Let 7 be a measure over S = © x RC, and let v be the induced measure of student types over
©. We say that 71 is consistent with initial information if for any A C © and sets V' C RC we have

that
n({s:(e,v)HeA,veV}):/QEA/UeVdFS(v)dV(H).

A continuum economy is given by £ = (C, S, 7, q), where ¢ = {¢;};cc is the vector of quotas at each
college, and 7 is a probability measure over S that is consistent with initial information.

Intuitively, there is a continuous mass of students of any given type 0, and although the realized
preferences of an individual student are random, there is no aggregate uncertainty, and the aggregate
distribution over s = (6, v) is determined exactly by aggregating students’ initial information F' 0.

We also define a rank distribution ¢ and type distribution v as follows. For every subset
R C [0,1] of possible student ranks we let ¢ (R) =7 ({s | r* € R}), and for every subset A C © of
possible student types we let v (A) =n ({s | 0° € A}).

We make the following assumptions. All students and colleges are acceptable. The rank 7 is
normalized to be percentile rank, i.e. for any ¢ € C and z € [0, 1], we have that n ({s € S|r} < z}) =
x. College priorities are strict, i.e. for any = € [0,1] and i € C we have n ({s € S|rj = z}) = 0; and

there is an excess of students, Y ,cc ¢ < n(S) = 1. For ease of exposition, we also assume that

!This implies that preferences of other students do not provide a student any information about v*.



student preferences are strict, by imposing that n({s € §|6° = 6, vj = vj}) = 0 for any i,j € C and
0 € O, and assuming that any further indifferences are resolved in favor of the college with lower
index. To simplify notation for resolving such indifferences, if z; and z; are quantities related to
colleges 7 and j respectively (e.g. v{ and vj for some student s), we let z;>z; denote that either
zi > zjor zi=z; and i < j.

As in the standard matching models, a matching is a mapping p : & — C U {0} specifying the
assignment of each student. Overloading notation, for college i € C let (i) denote the set u=1 (i) C
S of students assigned to college i. For each student s € S and college ¢ € C, let the inspection
indicator x; be an indicator function that is 1 if student s has inspected college ¢ and 0 otherwiseﬂ
We denote the preference information revealed from inspections x by v|, = {v{ | x; = 1}.

A matching pu is feasible with respect to inspections y if for each college i € C we have that
w(i) is p-measurable and 71 (u(i)) < g;, and, for each student s, if u(s) # () then Xp(s) = 1. This
last condition is tantamount to assuming that a student must inspect a college in order to attend
it, and is justified in settings where these costs are eventually borne should the student attend the
schoolﬁ A feasible outcome is a matching and inspection pair (u, ) such that p is feasible with

respect to x. Given (u,x) the utility of student s is u® (u, x) = Uis) Y ice X56;-

2.1 Stability with Costly Information Acquisition

Consider a feasible outcome (u, x). As in the complete information settings, a student-college pair
(s,4) forms a blocking pair if: (i) student s has sufficiently high priority to be assigned to college
i, namely r; > inf {Tf/ | s' e u(z)} or n(u (7)) < ¢; and (ii) student s inspected college ¢ and
knows she prefers college i over her assigned college i (s), namely x7 = 1 and vfﬁvz( 5) Elﬂ When
information acquisition is costly for students there may be a student-college pair (s,i) where (i)

holds and student s did not inspect college i. We extend the standard definition and say that (s, )

also forms a blocking pair if (i) holds and (ii’) s has not yet inspected college i and prefers to pay

2We are implicitly assuming that two students with the same type and values inspect the same colleges.

3For example, if a students’ value is determined by the course offerings, the student must pay the cost of acquiring
this information (i.e. the student must read the course catalogue) if she attends the school.

4Recall that feasibility requires that Xps) = L.

®We assume students break ties in favor of the college with lower index; this implies (s, i) also blocks if vi = v5(s)
and ¢ < p(s).



the inspection cost ¢ and be assigned to the better college of i and x(s), namely x; = 0 and
Egnr [max {v5, 5} = ] 303, f]
Definition 1. An outcome (u, ) is stable if the set of pairs (s,7) that block by satisfying either

(i),(ii) (i-e. the classical stability condition) or (i),(ii’) has measure 0.

We remark that stability of (u, x) depends only on each student’s initial information 6° and the
preferences vy, revealed by the inspections x. Simple examples show that if x # x are different
inspections and g is a matching, it is possible that the outcome (u,x) is stable but the outcome

(1 x') s not f1]

Given a matching u define the budget set of student s by

B () ={icClri>mf{r | s €n(i)ffulicCln(n)<al.

The budget set B* (u) is the set of colleges such that (s,i) satisfy (i). A stable outcome (u, x)
must assign student s to a college i € B® (u) if s so desires, and the student s cannot be assigned
to any college in the complement set C \ B® (u). We say that a college i is available to s if
i € B* (u), otherwise college i is unavailable to s. The following immediate lemma characterizes

stable outcomes in terms of budget sets.

Lemma 1. A feasible outcome (p,x) s stable if and only if for every student we have thaﬁ
p=argmax{v; |i € B*(n), xij =1},

and for any i € B® (u) such that x{ = 0 we have that

S ~S S Z S
Egsrs {max {vu(s),vi} — cl-} <Upy(s)-

5T.e. (s,4) blocks if Egs~rs [max {vz(s>,ﬁf} — cf] > )5y or Egsps [max {vi(s)ﬁf} — cf] =) and © < p(s).

"For example, if there are only two colleges, both of which are very costly to inspect compared to the possible
values they may yield, then a student who has inspected and is matched to the first but has not inspected the second
(x) might not wish to pay the inspection cost for the second college, causing the current matching to be stable.
However, if she had inspected the second schoool (x’), she may realize a high value for it and thus form a blocking
pair with it.

8Here the argmax breaks ties in favor of the college with lower index.
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2.2 Regret-Free Stability

Stable outcomes ensure that given the currently acquired information no student wishes to acquire
additional information about their preferences. However a stable outcome is agnostic as to how
students acquired the information in the outcome, and whether this was the correct information for
them to obtain. We now refine the set of stable outcomes to capture that information acquisition
is costly and hence that no student wishes to overinspect.

We first consider the isolated information acquisition problem where a student s = (0,v%) is
given a subset of colleges C' C C to choose from, each of which guarantees her admission. Student
s needs to acquire information to form her preferences and then select her assigned college from C.
The student is allowed to inspect colleges sequentially, adaptively using information from previous
inspections to either choose the next college to inspect or stop and select her assigned college from
the set of inspected colleges. If x* is s’s inspection indicator and ¢* € C is her selected college her
utility is v — > ,ce xjc¢i. The adaptive inspection strategy that maximizes the student’s expected
utility given the initial information (F%,c¢*) is derived by Weitzman (1979) and is stated in the

following lemma.

Lemma 2. (Weitzman 1979) Consider a student s with initial information (F*,c®) and values v*
who can adaptively inspect colleges and choose a college from C C C. For each college i, define the

maexr v; 1o oe € unique sotution to € equation Iy, ~ s |IMax Vi — U =C;.
indez v} to be the unique solution to the equation Eg,ps [max{0, (3; — v)}] = ¢

Then an optimal
inspection and stopping strategy is to sequentially inspect colleges one by one in decreasing order
of their index Qfﬂ until the score of the next college to be inspected is strictly below the maximal

realized value among inspected collegesﬂ and take the best inspected college.

We denote the inspections resulting from this optimal strategy by x°P' (F*,c®,v*; C).

The optimal inspection policy is an index policy, where students use the prior information F** to
compute indices v§ for each college i and inspect colleges in C' in decreasing order of their indexE

We note that the indices only need to be computed at the outset and do not need to be recomputed.

9In case of multiple colleges with equal index yf:y?,, break the tie by first inspecting the college min {i,4’}.

10That is, if the set of inspected colleges is I = {i | x{ = 1} then inspect j* = argmaz;jco\r {yg} if y?* S maxies v)
and stop otherwise.

'1Such a policy can also be constructed by mapping the problem to a multi-armed bandit (MAB) problem; see e.g
Olszewski and Weber| (2015|) for details.

11



Now consider a student s who does not know her set of available colleges C'. Then for such a
student s the set of inspected colleges, as given by x°P! (F'¢, ¢*, v*; C'), depends on the set of available

colleges C, the indices {v}} and the realized values {vj},.~. The following example illustrates

icC

this.

Example 1. Suppose that C = {1,2}. Let [z;p] denote the probability distribution which assigns
probability p to the value z and 1 — p to 0. Consider a student with vy ~ F} = [10;1/2], vy ~ F =
[4;3/4] and vs ~ F3 = [4;3/4], and let the inspection costs be ¢; = 3,¢c2 = 1, and ¢3 = 2. Then
v, =4, vy = 8/3, v3 =4/3. If C = C the optimal inspection strategy is to first inspect college 1,
continue to inspect college 2 only if v; = 0, and continue to inspect college 3 only if vo = v = 0.
If instead C' = {2, 3} the optimal inspection strategy is to inspect first college 2, and continue to

inspect college 3 only if vy = 0.

In other words, knowing the set of available colleges C' helps the student in Example[I]to conduct
the adaptive information acquisition that maximizes her expected utility. If the student does not
know the set of available colleges C', her inspection strategy may be sub-optimal in two ways.
First, the student may inspect college 1 when it is not available, wasting the cost ¢;. Second, the
student may inspect college 2 before she inspects college 1 or learns that college 1 is not available.
This is suboptimal as her optimal strategy is to inspect college 1 first, and it is possible that after
inspecting college 1 she will choose to not inspect college 2.

Consider now the optimal information inspection strategies in a full matching market. When
student s is part of a matching market, the set of colleges that are available to her depends on
the resulting matching outcome, and therefore on the preferences of other students. As a thought
experiment, suppose that in a continuum market student s were to delay her information acquisition
until the rest of the market resolved and the matching p is realized. Arriving last to the market,
student s can learn the set of colleges available to her, which is her budget set B® () by Lemma
The student can optimize her information acquisition by using her initial information F**, ¢® as well

as the market information B* () and applying Lemma [2, This motivates the following definition.

Definition 2. An outcome (u,x) is regret-free stable if (u,x) is stable and every student s

12



has inspected the optimal set of colleges given her available set of colleges B* (u), that is x* =
P (F5, % v%; B (u)) for all s € S.

In other words, an outcome is regret-free stable if every student inspects colleges as if she
were the last to the market. When an outcome is not regret-free stable some students would have

benefited from delaying their information acquisition until the rest of the market resolved.

We make a few technical remarks about the definition of regret-free stable outcomes. First,
while the definition of regret-free stability is ex post in flavor (as it is stated in terms of each
student’s realized preferences v*), it only imposes the restriction that the student follows the ex
ante optimal inspection strategy given 6 and B* (i) = B? (i) (i.e. the inspection decision for school
s is made before observing v®). A regret-free stable outcome could be ex post suboptimal, e.g. a
student s may inspect a college i # p (s) with low realized value v and ex post observe that the
inspection cost ¢; was wasted, but student s could do no better given all information that was
available from 6° and the rest of the market. In addition, to verify whether (u,x) is regret-free
stable it is sufficient to know v®|,, x* and F'*, ¢® for each s. Verification does not require knowledge
of the students’ values for uninspected colleges.

Regret-free stability formally captures students’ disutility from providing rank-ordered lists of
preferences at the outset of the match. For most students such a process will require them to incur
unnecessary inspection costs at schools outside of their budget set, as well as at schools within their
budget set that they would not have inspected under their optimal inspection process. Regret-free
stability also formalizes the idea that students who do not know their budget sets could strictly
improve their expected utility by waiting to know their budget sets with certainty. For example, if
the student in Example|l| were guaranteed admission to schools 2 and 3, she would still wish to wait
to obtain information about her admission to school 1 before deciding whether to inspect schools
2 and 3. Hence regret-free stability rationalizes the decision to hold onto multiple admission offers

and wait for more information before responding to offers.
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3 Information Deadlocks

We now turn to the process by which a market-maker might implement regret-free stable outcomes.
In a setting with costly information acquisition, just as an outcome consists of both an allocation
1 and acquired information yx, a marketplace is both a clearinghouse that decides on the final allo-
cation p as well as a centralized platform where information on supply and demand is aggregated
and communicated. Centralized marketplaces often induce sequential information acquisition and
aggregation processes where agents provide individual information to the market, the market ag-
gregates and disseminates information to agents in the form of prices, and the process continues
until it reaches a market-clearing outcome. Similarly, we may think of a college admissions market
as a sequential communication process in which students provide information to the market, the
market provides information to students, and the process continues until it arrives at an outcome
(15 X)-

In this section, we first define two natural classes of communication processes which simplify
the information that needs to be provided by students. We define canonical processes in which
students provide full information to the platform and the platform suggests actions to students,
and choice-based processes in which students provide ordinal preferences to the market-maker. We
show that standard matching market mechanisms, such as the Gale-Shapley Deferred Acceptance
(DA) mechanism, are choice-based processes. We then demonstrate that under certain conditions
multi-round processes, such as dynamic implementations of DA, can implement a regret-free stable
outcome.

While this bodes well for the role of mechanism design in settings with costly information
acquisition costs, our main finding is a negative one. We show that for general economies both
canonical processes and choice-based processes are susceptible to information deadlocks, where no
information is acquired because every agent needs more information to know how to optimally
acquire information. This occurs even in the absence of strategic considerations in how students
acquire and report information, and even though (as we will show in Section |4)) a regret-free stable
outcome always exists. Hence even though matching mechanisms which determine how students are

assigned can also serve as information aggregators and communicators, when information acquisiton
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is costly they are limited in their ability to facilitate optimal information acquisition.

3.1 Communication Processes

In this section we provide informal definitions for canonical processes and choice-based processes.

Formal definitions can be found in Appendix [A]

Definition 3. A communication process M = ( tM, gM, L0> with oracle (° is an iterative process via

which students communicate with the market and market information is provided to the students to
reach an outcome. The communication process consists of a message function ftM, an aggregation
function g™, an oracle \°. The communication process also has an associated aggregate information
space I that is a key component of the domain and range of the message and aggregation functions
respectively.

In each iteration (indexed by t), the market considers aggregate market information and either
returns an outcome, or sends messages to the students based on this aggregate market information.
This mapping from aggregate market information to outcomes or messages is specified by the
message function ftM () on Z x {LO}. Based on the messages, students unilaterally perform some
part of their information acquisition process and submit individual information to the market. The

&

process aggregates this information with past aggregate information ( € 7 via the aggregation

function g™ and proceeds to the next iteration.

Our main market design question is how to design the information space Z, message function
fM and aggregation function g™ in order to implement a regret-free stable outcome. We will be
interested in settings where the communication device has a simple structure; in these settings ad-

ditional information will be needed to implement a regret-free stable outcome, and we will formally

let this extra information be provided via the oracle (V.

Definition 4. A canonical process M = ( M gM, LO) with oracle 1V is a communication process

where: (1) the aggregate information state Z gives each student values for some of the schools, and
the messages sent by the message function f;* are sets of schools; and (2) the aggregation function

g™ aggregates students’ individual information by keeping track, for each student, of the first value
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for each college that is sent to the aggregator. Intuitively, canonical processes collect information
from students about their observed values at each college, and suggest which both student should

next inspect and the college they should inspect.

A canonical process M also has a canonical outcome, which occurs when students follow the
inspections recommended by f"! and submit their observed values. The canonical outcome (u, x)
is the outcome output by M when it terminates, and is given by setting u to be the student-optimal
stable matching with respect to the preferences induced by the observed values and priorities r°,

and x to be the inspections suggested by the process.

Definition 5. A choice-based process M = ( tM, M, LO) with oracle (° is a communication process
where: (1) the aggregate information state Z gives each student a weak ordinal preference = over
CU{¢}, where ¢ denotes non-inspection; and (2) the aggregation function g™ discards all previous
information and records all newly submitted individual information. We say that college i is
acceptable if and only if ¢ = ¢. Intuitively, choice-based processes rely only on each student’s

current ordinal preferences.

In order to define a canonical outcome for such processes, we will also need to specify students’
information acquisition processes. An information acquisition process o consists of a mapping
o M*® — {0, 1}C for each student s, specifying for each message which colleges student s will
inspect.

A choice-based process M has a canonical outcome under o = (o) which occurs when

sES?
students inspect according to ¢ and submit the partial preferences induced by their history of
inspections. The canonical outcome (u, ) is given by running the process until all students have
strict preferences >=°, and then setting u to be the student-optimal stable matching with respect to
>% and x to be the inspections induced by o.

Canonical outcomes allow us to abstract away from strategic inspection and reporting and
provide explore possible outcomes when the centralized clearinghouse has full power to dictate how
costly search should proceed. We will show that information deadlock arises when implementing

canonical outcomes, and so the problem of inefficient search is due to the interconnected nature of

the optimal search process, and not due to misaligned incentives.
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Accept-Waitlist-Reject Processes

In defining choice-based mechanisms we have been agnostic as to the types of messages that can
be sent to students. We now introduce a particular class of choice-based processes, the Accept-
Waitlist-Reject (AWR) processes. These communication processes considerably simplify the set of
possible messages sent to the students, and inform a student whether a certain college is: certainly
available to her and hence accepts her (A); certainly unavailable to her and hence rejects her (R);

or either available or unavailable and hence waitlists her (W).

Definition 6. Let M be a communication process. We say that M is an Accept- Waitlist- Reject
(AWR) process if M is a choice-based process and the messages sent by the message functions f;"!

to any given student s are restricted to the set M = {A, W, R}C.

AWR processes provide a natural generalization to college-proposing Deferred Acceptance, and
allow for information aggregation through iterative message-passing between the platform and
individual students. We will show that under certain conditions, such as when students are willing
to inspect any college that is available to them, college-proposing Deferred Acceptance implements
a regret-free stable outcome. However, we will also show that in general vanilla AWR processes
are insufficient for implementing regret-free stable outcomes, and additional market information is

required for such processes to facilitate efficient information acquisition.

3.2 Deferred Acceptance and Regret-Free Stability

Consider the college-proposing DA mechanism, under which colleges propose to students with top
priority, each student tentatively accepts at most one of these proposals and rejects the rest, and
the process continues until all students are assigned or all colleges are full. When implemented in a
multi-round manner as in Algorithm [T, DA can be interpreted as an AWR communication process
that facilitates regret-free information acquisition through repeated interaction with students.

We show that under certain sufficient conditions on student preferences, the AWR process
in Algorithm [1] is an iterative implementation of the college-proposing Deferred Acceptance that

is regret-free stable. The key idea is that while students’ information acquisition problems are
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Algorithm 1 Iterative Deferred Acceptance (IDA)

1. procedure IDA(C,S,q, P)
2: while Some college still has students to propose to do

Messages to Students
3: Send a proposal (‘accept’)from each college i to the top ¢; students who have not yet
rejected them

Information from Students
4: Each student (irrevocably) rejects all but one of the colleges that have proposed to them,
by listing them as inferior to the outside option ¢.

5: For each student s let ¢° be the top-ranked college which has proposed to them and which
they prefer to the outside option ¢.
return p(s) =i° for all s

>

interconnected and can create information deadlocks, college priorities also provide students with
partial information, and this may be sufficient to both start and finish the information acquisition

process.
Theorem 1. Suppose that at least one of the following conditions hold:

1. E[vf] = oo for all s € S and i € C and so students are willing inspect all colleges in their

budget set.

2. For all m > min; q; the same students have the top m priority at all colleges, i.e. for all

i,jeC, {s|ri> l—m}:{s\rjs-Zl—m}.
Then the canonical outcome of Algorithm[1] is the college-optimal regret-free stable matching.

Proof. The intuition is that our conditions guarantee that at all stages of proposal, there are
students who have sufficient information about their budget set to both inspect some colleges
and reject some proposals. When students are willing to inspect all colleges available to them,
any student with more than one uninspected school in their budget set is willing to inspect some
colleges are reject all but one college in their budget set. When the same students have top priotiry
at all colleges, there will always be at least one student who knows their full budget set and is able

to perform their optimal inspection process. We provide full proofs in the appendix. O

Theorem [I] demonstrates that for certain priorities and preferences iterative Deferred Accep-
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tance, which is a choice-based process, can discover sufficient preference information in a regret-free
stable manner to implement a regret-free stable outcome. This process is iterative, and one can
show that this is necessary: even under the conditions laid out in Theorem I} no one-shot process
— choice-based or otherwise — can always implement a regret-free stable outcome. We provide an
example in Appendix [C.1]

Remark. The matching found by the college-proposing DA mechanism is not student-optimal.
Can one find a student-optimal matching in a regret-free manner? The original proof of Gale and
Shapley of the existence of a student-optimal stable matching was constructive: they furnished
an algorithm, the Gale-Shapley Deferred Acceptance (DA) algorithm, and demonstrated that it
always finds the student-optimal stable matching in polynomial time. An analogous algorithm for
identifying the student-optimal regret-free stable matching could also be defined in our incomplete
information setting, but would require students to provide information about both their priors and
values and may induce students to acquire information in a way that incurs regret. We provide in
Appendix [C.2]an example of a discrete economy where verifying that the student-optimal regret-free
stable matching is the student-optimal one necessitates incurring regret with positive probability
in the inspection process. The intuition behind the example is that the act of verification requires
some student to perform more information acquisition than is allowed under the regret-free stable
inspection policy, and if the existing matching is student-optimal it is then costly for them to
acquire the necessary information. This mirrors the Grossman-Stiglitz paradox, whereby under
costly information acquisition equilibrium market prices cannot be stable, as this would eliminate

the benefit of acquiring this information (Grossman and Stiglitz, 1980)).

3.3 Information Deadlock

Choice-based processes and AWR processes are naturally embedded in many existing matching
markets. Early action in college admissions creates a two-round choice-based process; job markets
often consist of multiple rounds of take-it-or-leave-it offers, which are AWR processes; and in its
school-proposing form, the commonly used Deferred Acceptance mechanism is also an AWR, process.

However, we show that such choice-based processes can fail to find a regret-free stable outcome,
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leading either to an information deadlock or to suboptimal information acquisition.

Theorem 2. If M is a canonical process such that ° = {v$} then there ewists an economy

1€C,s€S”
E = (C,8,n,q) such that the canonical outcome of M is not regret-free stable. Similarly, if M
is a choice-based process such that \° = {Qf}iec ses and o is an information acquisition process,

then there exists an economy € = (C,S,n,q) such that the canonical outcome of M under o is not

regret-free stable.
The proof of Theorem [2] utilizes the following definition and technical lemma.
Definition 7. Let 0 = (Fe,ce,re) be a student type. The induced demand at college i given
budget set C, denoted by 6? (C), is the probability that a student of type 6 wants college 1,
60 (C) =Py (argmax {vi |ie€C, xP (Fg,ce,v; C’) = 1}) .
We say that a function 6 : 2¢ — [0, 1]C is a Pandora demand function if there is a student type
6 with induced demand function 6% = 6.

Lemma 3. Let § be a Pandora demand function, let vy > vy > --- > v,,, and let € > 0. Then there
exists a student type 6 = (F,c,r) with induced demand 6° such that Byp [(UZ - Qi)ﬂ = ¢; for all

7 and

67 (C) = 6,(C)| <& foralli € C,C CC.

In other words, given any order of inspection, there exist priors and costs inducing that order of
inspection which can also be used to approximately rationalize any Pandora demand function. This
implies that when demand is given by following xy?*7 the optimal order of inspection is essentially

completely uninformative about demand.

Sketch of Proof of Lemma[3 The intuition behind Lemma [3]is that we can construct distributions
F and costs ¢ that decouple the values in the support of F' that determine the indices v, from the
values that determine the demand ¢. In particular, if we pick m and sufficiently large M such that
M > max;v; > m, and set the only possible values of v; to be either exactly M or less than m,

then there exist costs ¢; for which the indices v; are determined by Pr, (M), and these probabilities
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can be made arbitrarily small so that the demand ¢ is essentially determined by the distribution of

(vilv; < m). We defer the full proof to the appendix. O

Sketch of Proof of Theorem [ We specify optimal inspection processes {vf} s and a rank distri-
bution ¢ such that for all M, o there exists an economy £ = (C,S,n,q) such that (1) £ induces
inspection processes {v}} g and rank distribution ¢, and (2) the canonical outcome (i, x) of M
(under o) with initial information (C, S, ¢, ¢) is not regret-free stable. We also show how to construct
the economy &£ as a function of M, o.

The economy & has three colleges C = {1,2,3} with capacities ¢ = g2 = ¢3 = i. The optimal
inspection processes are such that v{ > v3,v3 for all students s € X, v5 > v3,v] for all students
s €Y, and v3 > vi,v; for all students s € Z. The rank distribution ¢ is such that there are four
non-intersecting sets of student types X,Y,Z, D C S satisfying n(X) =n(Y) =n(Z) = % and
n(XUYUZUD)=1,and

priority at 1 : 7/ > 7% > r¥ > rd

priority at 2 : 75 > 7% > 1§ > rd

priority at 3 : 7§ > ¥ > 7§ > rd
zeX,yeY, ze Z, de D. Note that all students in X are guaranteed to have colleges 2 and 3
in their budget set, but if all students in ¥ and Z demand college 1 then no students in X (or in
D) will have college 1 in their budget set. In addition, all students in X wish to inspect college 1
first if it is available to them, since v{ > v5,v3. A similar observation can be made for Y and Z.
(Students in D are dummy students who ensure that the number of students is greater than the
number of seats.)

The intuition is that under any M, o some students must inspect first. Let this set be denoted
by S’. If some students in S’ are in X UY U Z and inspect the first college i* according to their
optimal inspection process on C, then since they have lower priority than at least i = ¢;+ students

at this college there exists an economy & consistent with {v?} ¢ and ¢ where college * is not in

SES i€

their budget set and so they regret their inspection. Similarly if some students in S’ are in D and
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inspect some college ¢*, since have lower priority than at least % > ¢;» students at this college and
there exists an economy &£ consistent with {v} . Siec and ¢ where college ¢* is not in their budget
set and so they regret their inspection. If some students in S” are in X UY U Z and inspect some
college 7 that is not the first college ¢* according to their optimal inspection process on C, then since
all the students with higher priority at i*have at least two colleges in their budget set, there exists
an economy & consistent with {v7} . Siec and ¢ where college i* is in the budget set of all students
in S’ and so they regret their inspection. Finally, if no students are suggested an inspection by M
then the resulting outcome (u, x) is not stable, as no student is assigned and hence all students in
X are willing to pay the cost to inspect colleges 2 and 3, and similarly all students in Y U Z have
a college for which they are willing to pay the cost to inspect.

We provide the complete proof in the appendix. O

The proof of Theorem [2] illustrates that in the presence of costly information acquisition, iter-
ative processes without an activity rule may result in an information deadlock, where no actions
are taken because every agent can achieve higher utility if another agent acts first. This occcurs
even when agents are not strategic in how they acquire and provide information, and are fully
aligned with the market maker’s goal of finding a regret-free stable outcome. Hence Theorem [2]
demonstrates that any choice-based process that converges to a stable matching in a regret-free
manner (such as college-proposing DA) relies on an assumption that there always exist students
willing to acquire some information. In settings where such an assumption does not hold, there will
be limitations to how well matching mechanisms can guide the information acquisition processes.

Theorem [2] also suggests that in a college admissions system where it is costly to determine
individual and aggregate preferences, even multi-stage implementations of Deferred Acceptance
may result in many dissatisfied students. In particular, students may regret either some of the

costly inspections they performed or the resulting preferences they submitted to the mechanism.
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4 The Cutoff Structure of Regret-Free Stable Outcomes

In this section we provide several results about the structure of regret-free stable outcomes that
allow us to shed light on how to implement regret-free stable outcomes. We show that regret-free
stable outcomes always exist, and in fact form a non-empty lattice, and give a concise charac-
terization of regret-free stable outcomes in terms of market-clearing cutoffs. The cutoffs provide
a sufficient statistic for describing both components of a regret-free stable outcome, namely the
matching and the optimal information acquisition process, and allow the interconnected informa-
tion acquisition problems to be disaggregated across different students.

We begin by exploring how the demand of student s depends on the set of available colleges.
Consider a student s with available colleges C' C C. If s optimally acquires information, she inspects

X5 = X (F*,c%,v%; C). Denote the resulting demand of s by

D (C) = argmax{vl |ieC, xP(F*, 0% C) = 1} eC,

which is the most preferred inspected college. We show that D? () satisfies the weak axiom of
revealed preferences (WARP). In particular, we construct a full preference ordering >¥(*) such

that for any budget set C' student s will choose a school from C as if she had preferences =¥(5)

Proposition 1 (Reduction to demand from complete information). Let s = (F*,c*,7%,v°) be a

realized student. Let =) be an ordering of C defined by

>_\Ij(5)

j < min{v;, Z}>mln{vj,z}]}.

Then for all C C C we have that
D? (C) = max (C).

- ¥(s)

Proof. Using the indices from Lemmal deﬁne i =Y() j if and only if min {vi,vf}> 1’11111{ v3, j}

or min {v}, v} = min {vj, UJ} and i < j. We verify that D® (C) = max, w( (C).

Let i,j € C be such that min {vf, v{} > min { v5, 5 } Suppose for the sake of contradiction that

student s demands college j, D* (C') = j. If vi<min {v,vf} then college i must be inspected since

Z"L

vi>vs,., and by assumption v} ﬁvj- and so since ¢ < j college ¢ would be demanded over college

J, which is a contradiction. If v7 < min {v$,v{} then college i must be inspected before college 7,

’L’7,
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since college j has lower index and is inspected. But then v] > vj so college j is not inspected,

which gives a contradiction. In both possible cases we obtain the required contradiction. O

Note that Proposition [1] implies that even though the set of colleges C' in a student’s budget
set will affect her inspections, it does so in a manner that does not violate WARP. In particular, to
determine the demanded college D?® (C) it suffices to consider the relationship between the n values
S

min {v?, v

v}, v} without considering the effects of the set C' on how information is acquired. It is worth

nothing, however, that the preferences =¥(¥) depend on the realized values v® and hence any student
s who only has initial information # = #° does not a priori know their corresponding preferences
~¥() " A more subtle point is that the ordering =¥ is only consistent with the demanded college
D?* (C); for undemanded colleges i,j € C \ {D*(C)} it may hold that i =¥ j but given the
student’s information under x°P! (F'*, c*, v*; C) student s prefers j to ZB

An immediate corollary of Proposition [I] is that for any set C' the distribution of demand of
all students of type § from C' is identical to the distribution of argmax, w() (C), where ONT
the random preference ordering induced by drawing a random student s = (F*, ¢®,r*,v®) from the
distribution v® ~ F°.

Proposition [I] also allows us to characterize regret-free stable outcomes in terms of cutoffs, as
in the complete information model of (Azevedo and Leshno, 2016). Cutoffs P = {P;},.. € RC are
admission thresholds for each college, and each student’s budget set is the set of colleges where

their rank meets the cutoff,
B*(P)={ieC|rj>P}.
The demand D? (P) of student s given cutoffs P is defined in terms of her budget set B* (P) by

D* (P) = D* (B* (P)) = argmax {v; | i € B* (P), X" (F*,¢",v*; B* (P)) = 1},

Aggregate demand for college ¢ given cutoffs P is defined to be the mass of students that demand

college 1,

D, (P) = D; (Pln) =n({s € S| D* (P) = i}).

12For example, if Vps(cy > U > Ups(cy > U > v; > vj then under =Y

X = xX°P" (F%,c®,v%; C) student s does not inspect college j and compares v < v} and so given her information x
would prefer school j to school i.

student s compares v; > v, but under
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We define market-clearing cutoffs as in |Azevedo and Leshno| (2016) and show there is a one-to-
one correspondence between market-clearing cutoffs and regret-free stable outcomes. Note that the
effects of information acquisition are captured within the definition of D; (+), as within the definition
of D*® (P) we require that student s acquires information according to the optimal information

acquisition strategy x°P! (F*, c*,v%; B® (P)).

Definition 8. A vector of cutoffs P is market-clearing if it matches supply and demand for all

colleges with non-zero cutoffs:

D; (P) < ¢; for all ¢ and D; (P) =gq; if P, > 0.
We can now state our characterization of regret-free stable outcomes.

Theorem 3. An outcome (u, x) is regret-free stable if and only if there exist market-clearing cutoffs

P such that for all s 11 (s) = D* (P)

and

Xs —_ Xopt (FS,CS,US; Bs (P)) .

Theorem [3] shows an equivalence between market clearing cutoffs and regret-free stable out-
comes. Because demand D (-) provides us with sufficient information to determine whether P are
market clearing cutoffs, demand D (-) is also sufficient to determine whether a matching u yields
a regret-free stable outcome with some y. Using Proposition [T} for any market with information
acquisition &€ = (C,S,n,q) we can construct a full information economy E that has the same de-
mand, and therefore the economy £ has the same market clearing cutoffs as E. It follows that the
regret-free stable outcomes of an economy £ have the same attractive structural properties as the

stable outcomes of a full information economy.

Theorem 4. For every continuum economy & there exists a regret-free stable outcome. Moreover,

the set of regret-free stable outcomes (u, x) is a non-empty lattice under the order > defined by

(1, x) = (1, X)) & Egps—g [u® (1, X)] > Egps=p [v° (1, X)] VO € O,
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where for each student type 0 the expectation is taken over all students s with type 0° = 6. In
other words, the expectation is over all possible realized preferences consistent with the information

initially known to a student of type 6.

Proof of Theorem[]]. We show that Eg.gs—g [u® (11, X)] = Es.gs—g {min {vs

Sy Uiy }] for all 0 € ©.

The theorem then follows from the reduction shown in Proposition [I] to the complete informa-
tion setting, and analogous results by Blair| (1988) and |Azevedo and Leshno| (2016]) on the lattice

structure of many-to-one stable matchings in the complete information setting.

Es:00=0 [u” (1, X)] = Es:00=0 UZ(s) - ZXfo
L ieC

:ESZGSZQ maXXz 1 _ZX'L z

(by definition of u® (+))

(since (u,x) is regret-free stable)

L ieC
= Es.05—0 Hzleacx X;v; — Z XGE [ v — v; )ﬂ] (by definition of v)
L ieC

= E.95—9 max X;v; — sz v — U5 ] (since x; is independent of v;)
L ieC

< Egps—p maCX Xf {Uf - (Uf - Uf)+]]
1€

= ES:OSZQ I?eax Xz min {vz y U ]

= Evp—g [min {0}, 250 }]

where the last equality follows from Proposition 1} since (u, x) is regret-free stable and s inspects
1 (s). Finally, we show that for regret-free stable outcomes if i # p (s) then x$ (v — v$)™ = 0, which
implies that the inequality is an equality. Suppose to the contrary that i # p(s), v > w7, and
X; = 1. Then student s both inspects college ¢ and immediately stops inspecting after inspecting
college 7. This implies that college p (s) was inspected before i and so UZ( 5) < v} < vy, providing

the required contradiction. O

One consequence is that there is a regret-free stable matching that is ex ante optimal for all

students.

Corollary 1. For every continuum economy & there exists a student-optimal regret-free stable
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outcome (pu*, x*), i.e.

ES:GSZG [us (N*a X*)] > ES:GSZQ [us ()ua X)]
for all regret-free stable outcomes (i, x).

Finally, we provide the following sufficient condition for there to be a unique regret-free stable
outcome. The definition is in the same spirit as that found in Azevedo and Leshno (2016), and

intuitively requires that the implied demand of the distribution 7 of students is sufficiently smooth.

Definition 9. An measure 71 is regular if n({s | 6° is not regular}) = 0 and the image under
D (- | n) of the closure of the set {P € (0,1)° | D (-|n) is not continuously differentiable at P} has

Lebesgue measure 0.

Theorem 5. Suppose n is a reqular measure. Then for almost every q with »;q; < 1 the economy

E=1(C,8,n,q) has a unique regret-free stable outcome.

Proof. The theorem follows from the reduction shown in Proposition [I| to the complete information
setting, and analogous results by |Azevedo and Leshno (2016) in this setting.

Remark. Theorems |4 and [5] also hold for discrete economies; moreover the proofs are exactly
the same as in the continuum setting. At first glance it is not obvious why this should be the case,
since in the continuum setting we assume that there is no aggregate uncertainty and in a discrete
setting it is not possible to make such an assumption. Indeed some of our later results do not

extend to the discrete setting, and we will make note of when this is the case. O

5 Implementing Regret-Free Stable Matchings

In this section we use the cutoff structure of regret-free stable outcomes to provide practical sugges-
tions for market design. We first show that a market that posts market clearing cutoffs and assigns
students to their favorite college for which they meet the cutoff implements a regret-free stable
outcome. Hence the market-clearing cutoffs are a sufficient statistic for coordinating participants
on a regret-free stable outcome. This coordination occurs even in the absence of a centralized

clearinghouse.
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Next we define regret-free stability in finite markets and show that in such markets estimated
cutoffs can be combined with AWR, processes to implement approximately regret-free stable out-
comes. We provide examples of natural information oracles that can be used to estimate the
market-clearing cutoffs, such as historical information and subsampled demand, and furnish cutoff
mechanisms that use these oracles to implement approximately regret-free stable outcomes. The
outcomes implemented by these mechanisms provably approximate the regret-free stable outcome
as the accuracy of the estimation improves and as the market grows large.

Our results suggest that in practical settings with costly information acquisition, it may be use-
ful to go beyond the standard mechanism design approach. In such settings, an equally important
role of the market is facilitating the flow of information through identifying and communicating
information to participants in the market. When information acquisition is costly, standard mecha-
nisms such as Deferred Acceptance serve as costly price-discovery processes, and less costly methods

for determining the market-clearing cutoffs may be beneficial for all participants in the market.

5.1 Breaking the Deadlock with Posted Cutoffs

Recall from Theorem [3|that an outcome (u, x) is regret-free stable if and only if there exist market-
clearing cutoffs P such that (1) each student follows the Weitzman optimal inspection strategy over
her budget set as described by P, and (2) each student is matched to the college in her budget set
that is most preferred, given the information revealed by the aforementioned optimal inspection
strategy. Note, then, that if a student knows her budget set in advance, then she can optimally solve
her information acquisition problem by proceeding as in a single-agent Pandora’s Box problem to
resolve her own incomplete information. An implication is that any process that posts and commits
to a collection of market-clearing acceptance cutoffs for the colleges, then allows each student to
unilaterally optimize her inspection strategy and select her most-demanded college, will necessarily
result in a regret-free stable match.

Consider the following single-round AWR communication process with oracle . = P, where P
are the market-clearing cutoffs. Intuitively, for each student it sends an acceptance message for

each college ¢ for which the student’s rank at ¢ meets the cutoff F;.
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Algorithm 2 Acceptance with Market-Clearing Cutoffs (AwMC)
1: procedure AWMC(C, S, q, P)

Messages to Students
2 for s € S do
3: for i € C do
4: if v > P; then
5 Send message ‘¢ accepts’ to s

Information from Students

6: for Student s in S do
6 Student s submits ordinal preferences with top college i*
8: return p(s) =i° for all s

Theorem 6. Let £ = (C,S,n,q) be a continuum economy, and let P be (the student-optimal)
market-clearing cutoffs in £. Then Algorithm @ with oracle access to 0 = P implements the

(student-optimal) regret-free stable outcome.

Proof. 1t is easy to see that Algorithm [2] produces the student-optimal regret-free stable matching
when all students perform the strategy o* = (XOP T DS (P (n))) given by optimally inspecting the
colleges which accept them and submit their favorite inspected college. Indeed, each student s is
presented with their budget set B* (s) = {i € C|r{ > P;(n)}. Hence student s will be matched
to their reported top choice that is in B* (s). Thus each student is presented with precisely the
single agent problem on B* (s). Solving this problem yields an optimal strategy o* with inspection
strategy x* = x9F7, followed by submitting preferences which list the student’s favorite college:
i* = D* (P (n)) at the top. The assumption that P is (student-optimal) market-clearing guarantees

that the resulting outcome (u, x) is (student-optimal) regret-free stable. O

Theorem [0] states that advance knowledge of market-clearing cutoffs are sufficient for regret-
free stability. Posting cutoffs in advance of any information acquisition removes all uncertainty
on the part of the agents about which colleges they could match with. This, in turn, removes the
possibility of regretting one’s choice to explore the value of a match on the grounds that this college
was ultimately unattainable. We note that this lack of regret does not depend on the posted cutoffs
being market-clearing, but only that the market-maker commits to honoring the implied budget set

for each student. Thus, for any economy £ = (C, S, 7, q) and any (not necessarily market-clearing)
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cutoffs P, there exists a choice of capacities ¢’ such that P are the student-optimal market-clearing
cutoffs in & = (C, S, n,q¢), and hence Algorithm 2] is regret-free stable with respect to £. We will

make use of this fact when discussing notions of approximation in Section [5.3

5.2 Regret-Free Stability in Finite Economies

While it may not always be possible to discover market-clearing cutoffs through observed choice,
the structure of regret-free stable matchings gives us hope that they can still be learned and
implemented in an approximate manner. We show that when we have sufficient initial information
or market structure, AWR processes that learn and post estimated cutoffs implement outcomes
that are regret-free stable with respect to slightly perturbed college capacities. This suggests that
centralized processes like Deferred Acceptance and decentralized procedures based on posted cutoffs
may perform well even when information acquisition is costly, as long as there is sufficient initial

information about aggregate preferences.

5.2.1 Finite Model

In this section, we consider a model with a finite set of students. The main departure from the
continuum setting is that there is aggregate uncertainty; students are atomic, so uncertainty about
individual preferences leads to uncertainty about aggregate demand.

A discrete economy is given by E = (C, S, q), where S is a finite set of students s = (F*, ¢®, r*, v*),
s

T

$ is the percentile rank of student s at college i, and ¢ = {gi};,c¢ € N¢ is the vector of quotas

at each college. We may think of E as inducing a continuum economy £ = <C ,S,m, I%I) with [S|
atoms, where for each subset of students S’ C .S we let 1 (S') = % and 1 (S\ S) = 0; however this
continuum economy has aggregate uncertainty and outcomes will depend on the specific realization
of student values v°.

Stability and regret-free stability are defined as in the continuum model, replacing the measure n
as necessary with the proportion of involved students. Specifically, given a matching u, we define the

budget set of student s by B* () = {2 €C|rf > min {rf/ | s' € u(z)}} u{ielCl|pn@)| <aqg}.-We

say that (s,4) forms a blocking pair if (i) ¢ € B* (i) and either (ii) y x{ = 1 and vfﬁvz(s), or (ii")
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X; = 0 and Egs s [max {UZ(s)’{}f} N Cﬂ SUZ(S)‘

Definition 10. An outcome (pu, x) is stable if there are no pairs (s, ) that block by satisfying either
(i),(ii) or (i),(ii"). A stable outcome (i, x) is regret-free stable if x* = x°Pt (F*, c*,v%; B® (u)) for all

sesS.

These definitions directly derive from Definitions [T and [2] in the continuum setting. However,
their interpretation changes now that students are atomic. In particular, the intuition that the
budget set B® (u) is the set of colleges that student s could be admitted to when arriving ’last to
market’ is no longer correct, as the student’s preferences could affect the set of colleges in their
budget setE In addition under regret-free stable outcomes students are not necessarily performing
optimal search given their knowledge of all other students’ preferences, as such outcomes may
require students to inspect colleges with which they cannot credibly block@ This mirrors the issue
with stability identified in [Ehlers and Morrill| (2017), whereby a student in a blocking pair (s,?)
may be unjustifiably envious of another student assigned to ¢, as there are no possible outcomes
where s is assigned to . When information acquisition is costly this may also lead to unnecessary
costly inspection.

Remark. The presence of aggregate uncertainty presents additional difficulties in implementing
regret-free stable outcomes without allowing students to interleave their information acquisition
processes, and also in verifying that a given regret-free stable outcome is student-optimal. We

illustrate these difficulties in Appendix [C]

13Consider the following modification of Example X in [Erdil and Ergin Y]. E = (C = {1,2,3},5 = {z,9,2},¢ = 1),
where college priorities satisfy r{ > r{ > r{ and r§ > ry > r3, student x prefers 1 > 2 > 3 and has cost 0 at each
college, student y prefers 2 > 1 > 3 and has cost 0 at each college, and student z has information acquisition problem
(F*,c*,r%) such that v; > v3 > v3. There is a unique matching that corresponds to any stable outcome of E \ z,
given by u(z,y) = (1,2), so z’s budget set arriving ’last to market’ is {1,3}. If, given a budget set of {1,3}, z
demands 3, then she is assigned to 3 and her budget set remains {1,3}. However, if z demands 1, this changes the
unique stable matching in any stable outcome to be u(x,y, 2) = (2,1, 3).

For example, in the example in footnote since v] > w3 if v* is such that z demands 3 then in the unique
regret-free stable outcome z must inspect college 1. However it is easy to see that z cannot be assigned to 1 in any
stable outcome, and so z cannot credibly block with 1 and hence can improve their expected utility by not inspecting
college 1.
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5.2.2 Approximate Cutoffs and Approximate Regret-Free Stability

In this section, we show that estimated market-clearing cutoffs implement outcomes that are regret-
free stable with respect to perturbed capacities, and provide convergence results for large markets.
The intuition behind these results is that by Proposition [I]the costly information acquisition setting
reduces to the full information setting, and so all questions about cutoff-based processes under
costly information acquisition reduce to analogous questions about cutoff-based processes in markets
without costly information acquisition.

We first show that the outcome (,uP P ) from posting cutoffs P when using Algorithm [2| is
regret-free stable for capacities ¢’ that are slightly perturbed from the true capacities, and differs

from the regret-free stable assignment under ¢ for only a small number of students.

Theorem 7. Let £ be a continuum economy, let pu be a regret-free stable matching for € corre-
sponding to market-clearing cutoffs P*, and let § = D (P*) be the measures of seats assigned under
w. Let (uP, XP) be the outcome of running Algom'thm on € with cutoffs P, and for alli let qlP =
Hs | u? (s) = z}‘ Then (,uP, XP) is regret-free stable with respect to ¢*,

and [{s| 1 (s) # u” () }] < [P = P,

o =, < I1P = P,

Proof. Note that by definition ¢” = D (P). Now it is easy to see that (,up xF ) is regret-free stable
with respect to D (P). Moreover, each student’s assignment p (s) is equal to their demand D?® (P),
which is determined by their budget set B® (P). Finally, in moving from P to P* only ||P — P*||,

students receive different budget sets. The result follows. O
When the error in the estimated cutoffs is due to sampling error, the outcome is regret-free
stable for capacities that are normally distributed around the market-clearing demand.

Definition 11. For a capacity vector ¢ = (¢, ... ,qg)T we let ¢ denote the matrix with entries

—qiq) ifi#j

qi(l—qi) if’i:j.
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Proposition 2 (Distribution of approximately feasible capacities). Suppose the continuum economy
& admits a unique stable matching p with cutoffs P*, and let G = D (P*|77) Let BF = (C7 Sk, qkk‘)
be a randomly drawn finite economy, where S* is a set of k students drawn independently according

to n, and where ¢F = %D (P*\Sk> is defined so that P* is a market-clearing cutoff for E*. Then
Vk - (qk—q> ﬁ>./\/'((),Zﬁ),

where N (+|-) denotes a C-dimensional normal distribution with given mean and covariance.

Proof. The result follows from the central limit theorem, as D (P*|Sk) = ];:1 X, where X, =
DY (P*) is a random variable with 6 ~ 7 capturing the demand of a single student drawn randomly

from 1 and the X, are independently drawn. ]

Hence the mapping from cutoffs to demand is continuous, so approximate cutoffs yield regret-
free stable outcomes for approximately feasible capacities. We similarly show in Appendix [D.I]that
the mapping from demand to market-clearing cutoffs is continuous, so estimated cutoffs are robust
to errors due to sampling. Thus in order to obtain a desirable estimate of the market-clearing

cutoffs P it suffices to furnish an accurate estimate of demand D.

5.3 Regret-Free Learning

In this section, we provide illustrative examples of how to estimate population demand and use
the estimated demand to implement approximately regret-free stable outcomes. We explore two
simple sources of information a market designer could use to estimate market demand in college
admissions. The first is historical demand. College admissions in many countries aggregate student
demand for different university courses do not vary much from year to year and historical demand
can be used to estimate current demand. The second is through subsampling student demand.
Subsampled student demand can be used to estimate or provide bounds on the market-clearing
cutoffs and bootstrap the information acquisition process. For example, if running iterative Deferred

Acceptance assigns some students before reaching a deadlock, the demand of the assigned students

5Note that g; = ¢; for all overdemanded colleges 4, i.e. those such that P; > 0.
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could be used to estimate market-clearing cutoffs.

We also exploit the fact that in matching markets with one-sided incomplete information, the
preferences of the side with full information are a key source of information. For example, in
Theorem [I the alignment of college priorities in condition 2 guarantees that at any point in
iterative Deferred Acceptance there are students who have full information about their budget set.
For more general priority structures, there will be students who have such information at the outset

of the information communication process.

Definition 12. Let £ = (C, S, 7, q) be an economy. A student s has free market information if
for all colleges i student s is either in the top ¢; students or the bottom |S| — >_j q; percentile of
students. Formally, we let ST (£) = {s |Vire ¢ [1 - ﬁ 20,1 — ﬁqo} denote the set of students

with free market information in £.

Knowing only their priors and college priorities, students with free market information can
determine both their budget sets and their preferences in a regret-free manner.

In the following examples, we estimate population demand using historical information and
subsampling of demand from students with free market information, and illustrate how to use
cutoff-based processes to implement approximately regret-free stable outcomes. Moreover we also
quantify the variance in the required violations of capacity. Our results suggest that the outcomes

are reasonably robust to small biases or noise due to sampling error.

Example 2. In this example, we show how to implement an approximately regret-free stable match-
ing in a setting with historical demand data. Suppose that this year’s economy FE = (C , Sk, {qkj)
is given by drawing k students independently from a distribution 7, and last year’s economy
Ehist — (C,ShiSt, Laqkj) is given by drawing ak students independently also from 7 for some
fixed o > 0. Then the student-optimal market-clearing cutoffs P for the economy E"*! give an un-
biased estimator for the student-optimal market-clearing cutoffs both for E and for &€ = (C, S, n, q),
and we can show that in this year’s economy F posting P implements a regret-free stable matching
with respect to capacities ¢*k that are close to gk. Specifically, if we assume that £ = (C,S,n,q)

is an economy with a unique regret-free stable outcome and let P* be the market-clearing cutoffs
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and § = D (P*|n) then we can use classic results about the convergence of two-step estimatorﬂ to

show

\/%(q’f—q) $N(0,0‘+1EQ),
(0]

for 39 defined as in Definition . The full proof can be found in Appendix

For large economies the capacities that make the outcome regret-free stable converge to the
true capacities, and the variance depends only on § and a. Moreover, in the absence of historical
information (o = 0) the cutoff-based process can perform arbitrarily poorly, whereas more accurate

historical information (o — 00) leads to smaller perturbations in the capacities.

Example 3. Suppose that this year’s economy F = (C , Sk qurj) is given by drawing k students
independently from a distribution 7 (I'*), where student demand D* (P|n (T")) is parametrized by
an n-dimensional parameter I' = (y1,72,...,7,) (recall that n = |C| is the number of colleges).
Let o denote the fraction of students with free market information. (Note that if we define a* =
min; ¢; + 1 — >, ¢; then for all economies £ it holds that a < o, and a = a* is achieved when
colleges have aligned preferences, i.e. condition (2) in Theorem [l| holds.) If o > 0, then by first
obtaining preferences from the students with free market information, we can estimate I'* and
provide an estimate P for the student-optimal market-clearing cutoffs for £. We can also show
that posting P implements a regret-free stable matching with respect to capacities ¢°k that are
close to ¢k.

Formally, consider the two-round AWR process M’ defined as follows. In the first round it
reveals all acceptances to all students s € S/ (F), assigns them each to their chosen college and
obtains their aggregate demand (jzf k for each college i. It then uses this demand to provide an
estimate I for I*. In the second round M¥ runs Algorithmwith cutoffs P on a residual economy
E" computed as follows. The cutoffs P are the market-clearing cutoffs for an estimated residual
economy E" = (C,S",§"k), where E" is given by drawing k — ’Sf (E)‘ students without free market
information in E independently from the distribution n (f) and the residual capacity for each
college i is ¢] = ¢; — (jlf . The residual economy E" = (C, Sk\ Sf(E) ,(j”k) is given by removing

the students in S7 (E) from E and reducing capacities accordingly at their assigned colleges.

16See, e.g. [Newey and McFadden| (1994) for details.
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Let £ = (C,S,n=n(I""),q) be an economy with market-clearing cutoffs P*, and let a =
n (S e )) denote the measure of students in £ who have free market information. Let le (T") denote
the mass of students in S/ (£) who demand college i as a function of ', and let ¢/ = sz (I'™) be
the target first-round capacities. Define target capacities § = D (P*|n (I'*)) in terms of the market-
clearing cutoffs P* of £. Also let P* (I") be the market-clearing cutoffs of the parametrized economy
EM) =(C,S,n(T'),q). We can show that process M’ implements a regret-free stable matching u

with respect to perturbed capacity ¢*k, where
V(" —a) SN (0,57 + (4- 1 (A+D)T)

as k — oo for A = VD (P*(I) n(T*)) [r=r- (Ve D/ (F*))_l and 37,27 defined as in Definition
The idea is that since in the first round we assign only students in S/ (E), the budget set and
demand of these students is that same whether we assign them in the first round, or in the second
round after posting the cutoffs P. Hence the outcome after both rounds is regret-free stable with
respect to realized demand. Convergence and variance expressions can be derived using results
about the distribution of two-step estimators. The full proof can be found in Appendix

The matrix A = VpD (P* (') [n(I'™)) |r=r+ (Vpr (1“"‘))71 consists of two multiplicative com-
ponents: the sensitivity of the true demand D (-|n (I'*)) to errors in the cutoffs P* (I') from misspec-
ifying I', and the inverse sensitivity of the demand D/ (-) of students with free market information.
For large economies the capacities that make the outcome regret-free stable converge to the true
capacities, and the variance depends on g, ¢f and A. In the absence of free market information
(Df (T*) — 0) the cutoff-based process can perform arbitrarily poorly. Suppose, however, that
priorities are such that more students have free market information (o« — «*), or that demand is
insensitive to misspecifications in cutoffs (VpD — 0) while the demand of students with free infor-
mation provides an accurate estimate of T (VpD/ — oco). Then there are smaller perturbations
in the capacities. Finally, the first round in this process corresponds to the first round of iterative
college-proposing Deferred Acceptance. If we allow for further rounds of proposals, we can further

reduce the variance of the perturbed capacities.
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6 Discussion

We have provided a model for matching with costly information acquisition, and proposed regret-
free stability as a suitable solution concept that rationalizes agents’ decisions to delay preference
formation or withhold decisions about preferences. We have also identified the phenomenon of infor-
mation deadlocks in markets with costly information acquisition, and demonstrated the insufficiency
of mechanism design for overcoming these deadlocks. Hence, in contrast with the predictions of
stability and student-optimality found in models without costly information acquisition, our results
suggest that AWR processes like Deferred Acceptance may cause students to incur significant re-
gret when they do not have access to oracles which provide accurate information about aggregate
demand.

To break the information deadlock, we have shown that market-clearing cutoffs form a sufficient
statistic for characterization regret-free stable outcomes. We have demonstrated how oracles for
these cutoffs can be constructed using information about historical demand or by subsampling
demand in an existing economy. Our findings suggest that in stable matching markets with costly
information acquisition, recurring markets where aggregate information does not fluctuate much
over time should perform better than new marketplaces or in marketplaces where aggregate demand
varies widely. Moreover given sufficient information decentralized markets can be just as efficient
as centralized clearinghouses. Hence our results underscore the importance of analyzing the role
of markets in facilitating information acquisition and aggregation, and also help explain why long-
running markets using Deferred Acceptance perform well despite informational frictions.

We conclude with some directions for future work.

Other models of incomplete information. We have considered a setting with one-sided in-
complete information where students know their priorities exactly. We have also assumed that
a student must inspect a college in order to be assigned to it. Both assumptions were required
for analytical tractability, as the optimal information acquisition process is not known even for
a single agent when students have non-trivial priors over their admissions probabilities, or when
students can be assigned to a college and obtain the expected value without inspection. [Shorrer

(2019); Doval| (2018)); |[Beyhaghi and Kleinberg| (2019) provide additional insight to the single-agent
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setting, and an investigation of the impact of matching constraints on these problems is an exciting
direction for future work.

Approximation algorithms. Our results demonstrate that in general there is a tradeoff between
the regret of a communication process, the feasibility of the solution, and the amount of information
provided to the market-maker. We have provided one class of algorithms that relax the feasibility
constraint in order to achieve optimal regret. It may also be possible to relax the regret of the
algorithm in order to achieve exact feasibility, or to increase the number of rounds of communication
in order to better approximate both. We leave these questions open for future work.

Activity rules. We demonstrated that in the presence of costly information acquisition standard
matching processes can create situations where it is strictly optimal for every agent to wait for
other agents to move first. This illustrates a more general principal, that in the presence of costly
information acquisition iterative processes will need an activity rule to converge. Another relevant
question is what the appropriate design of activity rules would be for such situations.

Stable matchings. We have concentrated our efforts on processes that implement regret-free
stable matchings. However, we have also provided a more general notion of stability in incomplete
information settings. Is this more general space of outcomes predictive and does it have attractive
structural properties? We selected the class of regret-free stable matchings as they compare each
agent’s utility only with her own utility under other information acquisition strategies. However
it may be possible to improve social welfare by moving to a stable matching that transfers utility
from one student to another. Are there stable matchings that are more desirable than the student-
optimal regret-free stable matching? Our notion of stability under incomplete information can also
be naturally extended to settings with two-sided incomplete information, as well as to settings
with more general models for costly information acquisition, such as rational inattention models,
or other models where agents may refine their priors for a cost. All of these questions become much
more interesting in these general settings. We leave them open for future investigation.
Practical market design. Finally, what additional implications do our results have for practical
applications? Colleges in many countries, such as China, India, Ireland and Australia post histor-

ical cutoffs for admission into college programs. Our results on processes with historical cutoffs
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suggests that if colleges capacities are flexible this can eliminate unnecessary preference formation
by applicants. In Israel colleges post a pair of cutoffs for each program; students above the higher
cutoff are guaranteed admission, students below the lower cutoff are advised to consider other op-
tions, students between the cutoffs are advised to wait for further information on enrolment for
that year, and the cutoffs are updated as students register for programs. This very closely mirrors
our Accept-Waitlist-Reject processes and suggests that they can be of practical use. Our result
on information deadlock also brings to mind the behavior of participants reacting to activity rules
such as deadlines and exploding offers in other markets. In markets such as job markets and Ph.D.
admissions, participants often wait until the last minute before expressing their preferences. Clearly
costly information acquisition is an important issue in many other markets, and we leave further

investigation of the empirical and practical consequences for future work.
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Appendices

A Communication Processes

A communication process is an iterative process via which students communicate with the market

and market information is provided to the students to reach an outcome.

Definition 13. A communication process M = (ftM,gM, LO,T) with communication device d =

(Z,1,M) and oracle ° is defined via the mappings

fiA/l:ZX{LO}%MLJ(SC,X) Vt < T,

gM:ZX{LO}XI%I,

where ftM is the message function at time t, and g™ is the aggregation function.

The process has an associated aggregate information space I, message space M, individual
information space I and number of rounds T. The mapping f™ takes as input the current infor-
mation state £ and returns either a message m = {m?} ses to send to the students, or an outcome
(1, x) where  is the current inspection indicator. The mapping ¢™ aggregates students’ individual
information ¢ = {1°},.g € I with the past information state 1 € T to produce a new information
state gM (Lg, WY, L) el

If the number of rounds is finite, i.e. T < oo, we require that the process always outputs an
outcome by the last round, f:ﬁ/‘ (LS ,LO) € (SC,X) for all /£ € Z. If T is not finite, to ensure

termination of the process, we require that iterated applications of the process with any initial

£

information state « € Z and individual information ¢ € I will ultimately produce an outcome

(1. x)- [T

"More formally, fix any mapping o : M — I; this mapping will represent what individual information students
acquire as a function of the messages they are given. We assume that the information state Z is endowed with a
metric. Define a mapping h : Z — Z by h(LS) = gM (LS,LO, (O'OfM) (LE,LO)) if fM (LS) € M and h(LS) =5
otherwise. The requirement is twofold. First, we require that for all mappings ¢ and all initial information states
& € T iterated applications of h starting with . will converge to some :§ € Z. In addition, we require if for each
k> 1 we let Liﬂ € 7T denote the limit of the process starting with :£, and for each ordinal w' let the union of all the
information from the i for smaller ordinals k < w’ be some £, € Z, then there is some ordinal w™ for which (5n is
a fixed point of h and produces an outcome f™™ (Lf,n) €8¢ x x.
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A.1 Canonical Processes

Definition 14. Let M be a communication process with oracle :°. We say that M is canonical
if: (1) the communication device d = (Z,I, M) is given by T = ((,q) x {RU{¢}}*S, Is =

{RU{¢}}€ and M* = {0,1}°; and (2) the mapping g™ is defined by g™ (Lg,LO,L) =ifecz1

satisfying (Zg)f = (Lg)v

)

Lg = <C7Q) X Lg ). € Iv L= (l’f)iGC,SGS € HSES I* and m = (mf)iec,fes € HSGS Ms)
1/ ieC,seS

if (Lg )j % ¢, and (Zg )j =1} otherwise. (Here we have used the notation

The first condition can be thought of as setting the information space to be student ranks and
college capacities augmented by a value for each student at each college, and setting the message
and individual information spaces so that students can be suggested sets of colleges to inspect and
the individual information of each student is their values for the colleges. The second condition can
be thought of as aggregating students’ individual information by keeping track of the first value for

each college that is sent to the aggregator.

Definition 15. Let M be a canonical process. The canonical outcome (p,0) of M is defined as
follows. Students follow the actions suggested by M and update their individual information based
on their observed values, i.e. (¢*), = v} if (m®), = 1 and (%), = ¢ otherwise. Each student’s
information history is aggregated to give a preference ordering =° where colleges are acceptable
if and only if they are inspected, and for inspected colleges i, j the student prefers the one with
higher value. The outcome (u,0) is given by setting u to be the student-optimal stable matching
with respect to the induced preferences >~ and priorities 7, and x to be the inspections induced

by the actions suggested by the messages m.

A.2 Choice-Based Processes

Let £(C U {¢}) denote the set of all weak ordinal preferences over C U {¢}, where ¢ denotes non-

inspection. Recall that college 7 is acceptable if and only if i > ¢.

Definition 16. Let M be a communication process with oracle (° . We say that M is choice-

based if: (1) the communication device d = (Z,1, M) is given by Z = (¢,q) x L(CU{¢}) and
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I* = L(CU{¢}); and (2) the mapping g™ is given by gM (Lg,LO,L) = 1, where we write £ =

S
(¢ q) ((Lg)z‘>iec s €Z,1= (Lf)iec,ses € [Lses I” and m = (mf)z’ec,ses € [lses M.

In other words, the communication process M is choice-based if communication from students
and aggregate market information is based on student choices. The first condition restricts the
aggregate and individual message spaces to be weak ordinal preferences, and the second condition

says that indvidual information is re-reported every round.

Definition 17. An information acquisition process o consists of a mapping o® : M* — {0, 1}C for

each student s, specifying for each message which colleges student s will inspect.

Definition 18. Let M be a choice-based process, and let ¢ be an information acquisition process.
The canonical outcome (i, 0) of M under o = (0°), s is defined as follows. Students’ individual
information is given by the partial preferences »* induced by inspecting according to o*, i.e. colleges
are acceptable if and only if they are inspected, and for inspected colleges 7, j the student prefers the
one with higher value. The outcome (u,0) is given by running the process until all students have
strict preferences >=°, and then setting u to be the student-optimal stable matching with respect to

>% and x to be the inspections induced by o.

B Proofs for Section [3.3

Proof of Lemma[3. We construct priors F and costs ¢ that induce demand close to ¢ and such that
E [(vl — yi)ﬂ = ¢; for all i. Let M and m be reals such that M > max; v; and 0 < m < min; v;,
and let p > 0 be sufficiently small so that p 42 (1 — (1 — p)") < e. Let & ~ F' and & be random
variables, priors and costs such that § is induced by F and é Without loss of generality, we may
assume that F' and ¢ are scaled and shifted so that F;(0) = 0 and F; (m) > 1 — p. For each i
let o, satisfy E {(62 - Qi)ﬂ = ¢, and let k; = min{?;,9;}. For each C' C C let ko = max;cck;.
It follows that ¢; (C') = P (i = min {j : K; = K¢} ) (where the choice of the minimum follows our

tie-breaking convention). Let F; be the cumulative distribution function of x;. It follows that
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For each i, we define F; and ¢; as follows. Define

1-p &
Fi(m)FZ(x) for all z € [0, m]

Fi(z)=41-p for all x € [m, M), ci=p(M—-v;)>0
1 for x > M,

so that v; is M with probability p and less than m otherwise. Then E [(v, — yi)ﬂ =p(M—-v;) =¢
as required. Morever, it follows that P (vi > v, Vj) =P(v; =M) = p, and that P (vi < v, Vj) =
PO<v;<m)=1-p.

A

Let 6 be induced by F, ¢. We show that for all C C C and i € C it holds that |5; (C) — §; (C)’ <e,

from which the theorem follows. Now

6 (C) — 6; (C) = P (min (v;,v;) > min (vg, vy,) Yk € C) =P (7 > k)

=p(1—p)MHN 4 (1= )P (R > ke | e <m) —P (R > fe)

where
p (L= p) NN (1= p) B (i > R | Fo < m)|
o o (A=) N o P(Ri > Re | e <m)P (Rg > m)
=2 50) (e g 1) 1 B (e < m)
(1-p)“ P (k¢ > m)
gP(chm)_l+‘(1_p)ICP<R2§m)‘
<(1-=-p ) +(1-a-p).
Hence
5 (C) =0 () <p+2(-(1-p)) <e
as required. ]

Proof of Theorem[1 We remark that in both cases the result holds even for finite economies, as

defined in Section 5.2
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Case (1). Suppose that all students inspect all colleges in their budget set, i.e. condition (1)
holds. First, assuming truthful reporting, it is regret-free for every student to inspect all colleges
that proposed to them. This is because if college ¢ has proposed to student s, it is not full of
students it prefers to s, so for all realized preferences v and for all regret-free stable outcomes (u, x)
it holds that ¢« € B® (u). Since s is willing to inspect any college in her budget set it follows that it
is optimal for student s to inspect college .

Next, it is regret-free for each student to reject all the colleges that proposed to them except the
one (up to tiebreaking by indices) with the highest observed value. Moreover, monotonicity of the
number of rejections implies that M converges. The algorithm terminates at a fixed point, which
implies that either all colleges are at capacity or all students are assigned, and so the algorithm
terminates with a regret-free stable outcome.

Case (2). Suppose that for all m > min; ¢; the same students occupy the top m ranks at all
colleges, i.e. condition (2) holds. Let ¢ = min;g;. It follows that there is a set S (0) of students
who are in the top ¢ at all colleges, and for all m > ¢ if a student has rank 1 — m at one college
then their rank at all colleges is 1 — m. Intuitively Algorithm [I] performs serial dictatorship and
tells each student her (unique) budget set in order of her rank, which results in a unique regret-free
stable outcome. When students don’t have indifferences in their preferences, it follows that at each
step some students reject all the colleges that proposed to them except one, and so again by a
monotonicity argument the algorithm terminates, and when it terminates it outputs a regret-free
stable outcome.

Let us show that there is a unique regret-free stable outcome. Let (u, x), (1, X') be regret-free
stable outcomes. Let s be an arbitrary student, and note that either s has rank > 1 — ¢ at all
colleges, or there exists m > ¢ such that s has rank 1 —m at all colleges. It suffices to show that
B* (1) = B* (i) for all s.

Suppose that s has rank > 1 — ¢ at all colleges. Then B*® (1) = B* (1/) = C.

Let X = {s: B*(u) # B®(1')}. Note that since students with rank > 1 — ¢ at any college have
the same budget sets under p and 4/, students in X are ordered by rank, i.e. for all 5,8’ € X and

i,j € Cifr$ >rf then Ty > TJS-/.
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If the set of students were finite, it would follow by induction that for any rank 7 < 1 — ¢ the
student with rank r7 = 7 has the same budget set under p and p’ and so X = (). Since we have a
continuum of students, we have to select

Let r* =inf {7 : n (X N{s: 7} <7}) =0}, and for each college i let
G=aq—n({s o 20", DY (B () = i})

be the residual capacity at college i after all students with rank better than r* have selected their
college. Note that the ¢; would remain the same if we defined them instead in terms of p/'.

Let Gmin = min{g; : ¢; > 0}, and let s € X be such that 7 € [r* — Gmin,7*]. By the definition
of r* the set of such s has postive n-measure. But such a student s knows her budget set exactly:
under both p and ' it is given by the set of colleges {i : ; > 0} that have positive residual capacity
after all students with rank better than r* have selected their college, since there are not enough
unassigned students with rank in [r},7*] to exhaust the residual capacity of these colleges. Hence

B?® (u) = B* (i) and s ¢ X, which is a contradiction. O

Proof of Theorem[3. We specify optimal inspection processes {vf}, ¢ and a rank distribution ¢
such that for all M, o there exists an economy £ = (C,S,n, q) such that (1) £ induces inspection
processes {v]}, g and rank distribution ¢, and (2) the canonical outcome (i, x) of M (under o)
with initial information (C,S,(,q) is not regret-free stable. We also show how to construct the
economy & as a function of M, o.

The economy & has three colleges C = {1, 2,3} with capacities ¢1 = ¢2 = ¢3 = %. The optimal
inspection processes are such that v{ > v3,v3 for all students s € X, v5 > v3, v for all students
s €Y, and v§ > v{,v3 for all students s € Z. The rank distribution ¢ is such that there are four
non-intersecting sets of student types X,Y,Z, D C S satisfying n(X) =n(Y) =n(2) = % and

n(XUYUZuUD)=1,and
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priority at 1 : ¥ > 7% > 7§ > rd
priority at 2 : 75 > 7§ > 7§ > rd

priority at 3 : 7% > 7§ > 15 > rd

reX,yeY, ze Z de D. This is possible by distributing sets of students of mass %, %,

é and %
uniformly on [5/8,6/8] x [6/8,7/8] x [7/8,1], [7/8,1] x [5/8,6/8] x [6/8,7/8], [6/8,7/8] x [7/8,1] x
[5/8,6/8] and [0,5/8] x [0,5/8] x [0,5/8] respectively (these regions give us the students in X,Y, Z
and D respectively). Note that all students in X are guaranteed to have colleges 2 and 3 in their
budget set, but if all students in Y and Z demand college 1 then no students in X (or in D) will
have college 1 in their budget set. In addition, all students in X wish to inspect college 1 first if it
is available to them, since v{ > v§,v5. A similar observation can be made for Y and Z. (Students
in D are dummy students who ensure that the number of students is greater than the number of
seats.)

We now specify the priors and costs for the students as a function of M and o. These will be
such that with probability 1 all students prefer being assigned to being unassigned.

Consider the first non-zero measure set of students S’ who are suggested an inspection by M (or,
if M is a choice-based process, for whom the set of colleges to inspect is non-empty, o* (m?®) # 0).
As M does not have access to oracle information this set of students will not depend on the priors
and costs. Without loss of generality, let S” be a subset of S’ of maximum size that satisfies that:
(1) either S” C X or S” C D; and (2) all students in S” are suggested to inspect the same college,
and let € := 1 (S”) > 0 denote the measure of this set.

Case 1. Suppose S” C X U D and the suggested action is to inspect college 1. We first define
priors and costs for students not in S” so that almost all students in S” will not have 1 in their
budget set. For all s € (Y U Z)\ S”, let 5, F§ ~ Unif[0,1] (i.e. 5 (x) = F3 (x) = x for 2 € [0,1])
and let F7 (z) ~ Bernoulli (1 - %8) (ie. Ff(z) = 1cforx <1and Ff(1) = 1), and let & = 0

for all i. Notice that for a student of type @ = 6 this induces demand 6 such that if 1 € C and
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|C| > 1 then 6% (C) = 1 — e, ie. a1 — 1e fraction of students in (Y U Z)\ S always demand
college 1, for all budget sets consistent with the rank distribution ¢. For all s € Y\ S”, by Lemma
there exists (Fg,ce) such that (1) Epo {(vf —Q?) q = ¢ for §# = 6° and all 4; and (2) induces
demand 6% such that if 1 € C and |C| > 1 then ¢ (C) > 1 — te. In other words, all students in
Y \ S” have the specified optimal inspection policy, and for all budget sets consistent with ¢ least
al-— %s fraction of students in Y \ §” demand college 1. We similarly define priors and costs for
all students in Z \ S” such that all students in Z \ S” have the specified optimal inspection policy,
and for all budget sets consistent with ( at least a 1 — %5 fraction of students in Z \ S” demand
college 1. Tt follows that in the canonical outcome at least 2(1/8) (1 - %6) = i - %E students in
(YUZ)\ S demand 1, and so at least %5 students in S” regret inspecting college 1 under their
canonical outcome under M, ¢ as it is not available to them.

Case 2. Suppose S” C X and the suggested action is to inspect college 2. We first define
priors and costs for students not in S” so that almost all students in S” will have 1 in their budget
set. For all s € Y\ S, let F}, F§ ~ Unif[0,1] (i.e. Ff(z) = F§(z) = x for z € [0,1]) and let
F3 () ~ Bernoulli (1 - is) (i.e. F3(x) = e for z < 1 and F5 (1) = 1), and let & = 0 for all 4.
Notice that for a student of type § = #* this induces demand ¢ such that if 3 € C and |C| > 1
then 6§ (C) =1 — e, ie. a1 — Le fraction of students in (Y U Z)\ S’ always demand college 3, for
all budget sets consistent with the rank distribution . Hence by Lemma [3| there exists (F(’, 09)
such that all students in Y\ S” have the specified optimal inspection policy, and for all budget sets
consistent with ( least a 1 — %5 fraction of students in Y\ S” demand college 3. We similarly define
priors and costs for all students in Z\ S” such that all students in Z\ S” have the specified optimal
inspection policy, and for all budget sets consistent with ( at least a 1 — %5 fraction of students
in Z\ S§” demand college 2. It follows that in the canonical outcome at most 2 (1/8) (%5) = %5
students in (Y U Z) \ S” demand 1.

We now define priors and costs for students in S” such that if college 1 is available then the
unique optimal outcome for almost all these students is to inspect and take 1. For example, let
Es F§ ~ Unif[0,1] , let F§ (z) =0 for z < 1 and F§ (1) = 1, and let & = 0.1 for all 4. By Lemma

there exists <F 0 cg> such that all students in S” have the specified optimal inspection policy, and
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if college 1 is available then at least a % fraction of the students in S” demand college 1. Hence at
least %5 X % = %5 students in S” regret inspecting college 2 under their canonical outcome under
M, o as their optimal outcome is to inspect 1 and stop.

Case 3. Suppose no students are suggested an inspection by M. Then the resulting outcome
(1, x) is not stable. This is because no student has inspected, so no student is assigned, but all
students in X are willing to pay the cost to inspect colleges 2 and 3, and similarly all students in
Y U Z have a college for which they are willing to pay the cost to inspect.

By symmetry, this covers all possible cases and there always exists an economy & consistent
with {vf}

ses.icc and ¢ where the canonical outcome of M under o is not regret-free stable. O

C Additional Impossibility Results for Regret-Free Stable Pro-

cesses

We now demonstrate that standard processes can fail rather spectacularly in learning market-
clearing cutoffs and alleviating the costs associated with information acquisition. Intuitively, in
choice-based processes students need to know other students’ choices in order to determine their
optimal inspection strategy, and so in general the student who performs the ‘first’ inspection will
incur additional inspections costs. Standard Deferred Acceptance processes, which are played as
one-shot games where students submit their full preference lists, perform especially poorly, as
students are given almost no information about their choices before deciding on their inspection
strategy. While in some settings regret can be eliminated by allowing for multi-round processes,
we prove the stronger result that for general economies even multiple-round processes must either
incur regret, or create an information deadlock, where every student waits for others to acquire

information first.

C.1 Direct One-Shot Processes

To demonstrate the issues in computing regret-free stable matchings, let us first consider the case

where all students are willing to inspect any college as long as it is in their budget set. We may
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view this as a setting where the costs affect which colleges students are willing to inspect, but not
the order in which they are willing to inspect them. If each student is uncertain about aggregate
demand, then the standard implementation of Deferred Acceptance as a one-shot game will not
be regret-free even if they are willing to inspect all colleges in their budget set. This is because
students’ budget sets will depend on the preferences of other students, and so students who have
low priority at the colleges they prefer are likely to incur regret. We illustrate this in the following

example.

Example 4. Consider a discrete economy E = (C, S, q) with n students and n colleges each with
capacity ¢; = 1. Suppose that college priorities are perfectly aligned, i.e. rj =7 for all s € S,
1,7 € C, and students have random preferences and are willing to incur the cost to attend any
college. Such demand can be rationalized e.g. by the priors Ff (z) = 0 for all z € [0,1), Ff (z) = 1
for all z € [1,2), Ff (z) =1 — 5 forall k> 1 and z € [2’“,2’”1) and costs ¢f =1 for all s € S.

In any one-shot choice-based process, a student s will have no regret only if she chooses to
examine precisely the set of all colleges not selected by higher-ranked students. This is because a
student is willing to incur the cost to examine any college if and only if it is in her budget set. As
student preferences are random, the probability that every student other than the highest-ranked
student regrets her inspections is at least []; <1 — (,11)) > (%)n_l — % all n — 1. The example

i

can also be modified so that with probability — % a proportion — 1 of students incur unbounded

regretE

This example demonstrates that in settings with aggregate uncertainty single-shot choice-based
processes cannot hope to find regret-free stable matchings, even in settings where students are
willing to incur the costs of searching any number of colleges, due to their inability to coordinate

the search of worse-ranked students with the preferences of the better-ranked students.

8For each bound K the example can be modified so that with probability — % all n — 1 students other than the
top priority student incur regret at least K times their utility.
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C.2 Student-Optimal Regret-Free Stable Processes

In this section we provide an example demonstrating that even in settings where it is possible
to implement a regret-free stable choice-based process, if there is aggregate uncertainty or if the
market designer does not know aggregate demand it may be impossible to verify that a matching

is student-optimal without incurring regret.

Example 5. Consider a discrete economy E with two colleges C = {1, 2} with capacities ¢y = ¢ = 1
and 2 students S = {z, y}B

Suppose that college priorities are given by

priority at 1 : r{ > r{

priority at 2 : 7§ > r}.
Suppose also that student values at each college have discrete distribution P (v = 1) =P (v] =2) =
1P (Uf = 2’“) = g forallk > 1land P (v =) =0 forallz ¢ {#}keN’ i.e. with priors F (z) =0
for all @ € 0,1), F} (z) = } forall 7 € [1,2), F? (z) = 1~ % forall k > 1 and z € [2¥,2"+1), and
that student costs for inspection are given by ¢f =c§ =1 and ¢§ = ¢ =2. As E[(vf —v)] = o0
for all s,7 and v € R it follows that both students’ optimal strategies are to inspect all the colleges
that are available to them 2]

Note that the matching p = u®"€%¢ defined by (u(z),u(y)) = (2,1) is always regret-free
stable, and is the college-optimal regret-free stable matching. Let p/ = p®*u™ be defined by
(1 (), 1’ (y)) = (1,2). We will consider two separate events. Let X denote the event that vf =
vy = 2 and v = oY = 4. Let X’ denote the event that v{,v§ > 4 and v} = v{ (w) = 4. Note
that pcUe9¢ is the student-optimal regret-free stable matching subject to event X, as both x and

student

y obtain their highest valued colleges, and that u is the student-optimal regret-free stable

matching subject to event X', as both x and y again obtain their highest valued colleges.

19Strictly speaking, as we assumed that there are more students than seats, the economy should have three students
S={z,y,d} where d is a dummy student who has lower priority at every college than the students in {z,y} and who
has arbitrary preferences. For simplicity we omit these students in the description of the economy; however note that
the proof applies as written to both economies.

20Tt is simple to extend this example so that v§ (-) is continuous random variable with continuous density by
smoothing the density for 2% over the interval [2]“_1, 2’“]
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4
Notice that events X and X’ are mutually exclusive, and that P(X) = P(X') = (i) > 0.

Furthermore, v§ = v{ (w) = 4 in either event. Thus, conditional on one of the events X or X’
occurring, the only way to distinguish which event occurred is for student = to inspect college 1 or
student y to inspect college 2.

We now first demonstrate why the existence of such X and X’ shows that we cannot verify

student-optimality in a regret-free manner. Note that if = pcolese

is the student-optimal regret-
free stable matching then each college is assigned their top choice student, and so based on college
preferences alone there are no blocking pairs and the corresponding student budget sets are B* (x) =
{2}, B* (y) = {1}. Hence under x®¥ (u|-) student z only inspects college 2, and student y only

student s the student-optimal regret-free stable matching then

inspects college 1. However, if p/ =
under x©*¥ (1/'|-) both students inspect both colleges. Thus, since it is impossible to distinguish
between events X and X' without requiring either student x to inspect college 1 or student y to
inspect college 2, one of these inspections must occur in the event X V X’ in order to determine the
student-optimal regret-free stable matching, which incurs regret under event X. In other words,
it is impossible to verify that pe%¢ is the student-optimal regret-free stable matching without
incurring regret. Since X has positive probability, we conclude that it is impossible to verify that

the student-optimal regret-free stable matching is student-optimal without incurring regret with

positive probability.

D Estimating Regret-Free Stable Cutoffs

D.1 Continuity and Convergence of Market-Clearing Cutoffs

We first define a metric on the space of economies and on the space of stable matchings. Fix a set
of colleges C and a set of students S. We say that a sequence of continuum economies £F = (nk, qk)
converges to the continuum economy £ = (7, q) if n* converges in the weak sense to 7, and ¢* — q.
We define the distance between stable matchings to be the distance between their associated cutoffs,

d(p, ') = maxp pr.g(Py=p,M(P)=p ||1P — P’||m Given a finite economy E = (C, S, q) define the

2INote that if £ is the embedding of a finite economy then there are many cutoffs that give the same matching j.
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continuum economy ® (F) = (C ,S,m, ﬁ) by taking the distribution 7 defined by
1
n({seslo"=0" v € {v} () |weX}})= P vees xca

We may think of this as first taking the empirical distribution ;. g |—é|(5t and then changing the
point distribution d; for student ¢ to mirror the possible distribution of values v*. We say that a
sequence of finite economies E* converges to the continuum economy & if the embeddings ® (Ek)
converge to &.

The following two theorems follow directly from the analogous results in |Azevedo and Leshno

(2016), as well as observing that the set of regular measures is open.

Theorem 8. Suppose the continuum economy £ admits a unique regret-free stable matching .
Then the regret-free stable matching correspondence mapping economies to regret-free stable match-
ings is continuous at £ within the set of continuum economies.

Suppose the continuum economy & admits a unique regret-free stable matching i, and has a C*
demand function that is non-singular at the market-clearing cutoffs (i.e. 0D (P*) non-singular).
Let EF = (C, Sk, qk) be a randomly drawn finite economy, where S* is given by drawing k students

independently according to n, and let P* be a market-clearing cutoff of E*. Then
Vi (PP =) 4 N (0,0D (P 220D (P,

where N (-|-) denotes a C-dimensional normal distribution with given mean and covariance matriz,
and
—qiq; ifi#j
a(l—q) ifi=j
In other words, Theorem [§] states that given an underlying population 7 and cutoffs P*, if
demand is given by sampling k students from 7 then the resulting market-clearing cutoffs P¥
will be normally distributed around P*. Another interpretation is that if we estimate cutoffs by

randomly sampling k students, then the estimated cutoffs P* are normally distributed around P*.
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D.2 Proofs for Section [5.3
D.2.1 Example

We show that

Vi (" - q) iN(O,aHZQ).
(0]

Let X be a random variable that gives a student randomly drawn according to 1 with corresponding
demand DX, and with probability o%l and o%s-l assigns them to be a ‘past’ student and ‘present’
student respectively. Let m (X, P) = 1{X is ‘past’} (DX (P) — q) be the excess demand of a past
student, and let g (X, ¢, P) = 1{X is ‘present’} (DX (P) — q) be the excess demand of a present
student if the capacities are ¢. Recall that P are the market-clearing cutoffs for the economy ENst
and hence we may invoke Theorem [7] for discrete economies converging to a continuum economy to
show that P satisfies % Zle m (Xi, P) — 0. Similarly ¢*k is the demand resulting from posting P
for the economy E and hence %Zle g (Xi, q*, ]5) — 0. Since the capacities § are such that there
is a unique regret-free stable outcome, it follows that E [sup ||V,9 (X, g, P*)||] < occ.

Tt follows vk (q’ - q) 4 N (0,V), where

— 1 -1 T =T
V=12G E[447] G,
for Gy = E[Vyg(X,7,P)] = —344, Gp = E[Veg(X,q,P")] = ;HE[VpDY (P1)], M =

E[Vpm (X, P*)] = 39E [VpDX (P*)], and

A=g(X,q,P")— GpM 'm (X, P

=g (X,q.P%) — —m (X, P,
i.e.
V=>1+4a)var (g (X,q, P*) — ém (X, P*)) )
Now var (m (X, P*)) = var(Y (DX (P*) —q)) where Y ~ Bernoulli (L) is independent

a+1
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from DX (P*) — g, and hence

mMmL&PﬂﬁﬁﬂYﬂEKDXGﬂf}EWﬁprgﬁqr

_ QERDW?yqﬂ

a+1

= aj— Jvar (DX (P*) — Q)
- % _y7,

a+1

Similarly var (¢ (X,q, P*)) = Var(Z (DX (P*) — q)) where Z ~ Bernoulli (a%rl) is independent

from DX (P*) — g, and hence

Finally
cov(g (-),m (1)) = E g (X)m (X)"] = Elg (X)]E [m (X)]" = 0

since g (X)m (X)T = 0 (since X cannot be both ‘past’ and ‘present’) and E [¢ (X)] = E [m (X)] = 0.

Hence

V= (1+a) (var(g () + pvar(m ()
:ﬂ+éﬂ

1+
T«

N

as required.

D.2.2 Example

We first show that the outcome (u, x) after both rounds is regret-free stable with respect to realized

demand ¢*k. Tt suffices to show that for all students s € S/ (E) with free market information it
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holds that 11(s) = D* (P). Now since s € S/ (E) it holds that ¥ir? ¢ [1— ¥, q;,1~ ¢:), and her
first-round budget set is B® = {i |7} > 1 — ¢;}. Moreover, if i € B® then if p (i) = ¢; it follows that
P < r?, and so ¢ € B* (ﬁ) Finally, if ¢ € B® (ﬁ) then 1 — 77 < 37 qj, as all students find all
colleges acceptable and so if rf/ > r? then student s’ is assigned to some college. In other words,
B*C B*(P) € B*, and so u(s) = D* (B°) = D* (B* (P)) = D* (P).

We now show that
Vi (¢ -7) SN (0.5T+(A-D2 (A+D)T).

Let X be a random variable that gives a student randomly drawn according to n with corresponding
demand DX. Let the first-round cutoffs be Pif =1—gq;,let m(X,T') = I{Xesf(g)}DX (Pf|77 (F)) -
¢/ andlet g (X,q,T) = m (X, 1—‘)+1{X¢Sf(g)}DX (P* (D) |n(I*))— (q - qf) . Note that by Theorem
it holds that £ 5>5 m (X;, ') 0 and } S, g (X,.0%.T) 0.

Let M = E [Vrm (X, T*)], A=E[Vr (¢(X,q,T*) —m (X, T*)] M~!, Gr =E[Vrg (X,q,T*)] =
(I +A)M and

B=g(X,q,I'")— GrM 'm (X,T%)

= g(X7q’F*) - (I + A) m(Xv F*) :
Ak =\ d
Then vk (q - q) = N (0,V), where
-1 T AT
V=G'E|BB"| G,
for Gy =E[V,9 (X,q,T)] = -1, ie.

V =var(B) =var (¢ (X,q,I'") — (I + A)m (X,I')).

Note that var (g (X,g,T*)) = var(DX (I*)) = $7,var (m (X,T*)) = var (1 (xesre) D~ (P!n (1))

54’ and cov(g (-),m (-))=var (m(-)), and so
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V=xlt(A-D32"UA+DT.
Finally, we may rewrite M and A in terms of demand functions to obtain that

M =P (X €S (€)E|VeD* (P!l (T,X € 8/ (£)))]
= vrD/ (%),
A=P (X ¢85 (&)E[VeDX (P*(D) (1), X ¢ 87 (£))| M~

= VD" (P* (L) [n(I)) [p=r= (VFDf (F*))_l ’

so A is the product of the sensitivity of the remaining demand D (-|n (I'*)) = D (:|n (T*)) — D (I'*)
to errors in the cutoffs P* (I') from misspecifying I', with the inverse sensitivity of the demand

D7 (+) of students with free market information. Finally, since D/ (I'*) is constant, it follows that

VeD" (P (L) n (') [r=r+ = VD (P* (L) [n (T")) |r=r-.
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