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Abstract—We propose a massively parallelized and optimized
machine learning framework to solve high-dimensional dynamic
Incentive models on modern hybrid, GPU- and MIC-based
clusters. The key innovation of our method is to first combine
set-valued dynamic programming techniques with unsupervised
machine learning to determine irregularly shaped feasible sets.
Second, we generate training data from those pre-computed
feasible sets to recursively solve the dynamic incentive problem by
a supervised machine learning algorithm. Third, to speed up the
time-to-solution process, we propose a generic hybrid paralleliza-
tion scheme for dynamic incentive problems that allows efficient
use of contemporary high-performance computing (HPC) hard-
ware. This combination, all implemented in C++ and Fortran,
enables us to analyze dynamic incentive models of a complexity
that was previously considered to be intractable. To demonstrate
the broad applicability of our computational framework, we
study an insurance-like dynamic adverse selection problem with
up to ten different, persistent types. Our numerical experiments
on the Cray XC50 “Piz Daint” system at the Swiss National
Supercomputer Centre (CSCS) show that our framework shows
a speedup-up of at least three orders of magnitude. As next
steps, we plan to apply this generic computational framework to
topical models from the finance literature, calibrate them, and
finally also estimate them.

Index Terms—Dynamic Contracts, Principal-Agent Model,
Dynamic Programming, Machine Learning, Gaussian Processes,
High-Performance Computing, Heterogeneous Systems, CUDA,
GPU, MIC

I. INTRODUCTION

Dynamic incentive problems are of key importance in
model-based economics and finance. They occur whenever
two parties form a contract with asymmetric information, and
encompass questions such as manager remuneration, insur-
ance contracts, and optimal taxation (see, e.g., [1] and ref-
erences therein for a thorough review). Solving these models
is a formidable task, as standard recursive techniques (see,
e.g., [2]) are often unworkable in these situations. To this end,
previous research1 extensively studied methods of recursively
representing incentive-compatible contracts in order to make
them formally tractable. Although the theory of contracting
has played a very prominent role in economics and finance
over the past few decades (see, e.g., [13], [14]), the quantitive
properties of these models have largely been unexplored due
to their computational complexity. Two obstacles arise in

1For an incomplete list of research in discrete-time settings, see, e.g., [3]–
[7], and for models in continuous time, see, e.g., [8]–[12].

these models in general. First, unobservable continuous actions
lead to incentive constraints that are themselves optimization
problems. In the literature, they are commonly referred to as
moral hazard problems. Second, in so-called adverse selection
problems, unobserved, persistent discrete types make it neces-
sary to look at a high-dimensional dynamic program with an
unknown domain.

In the research proposed here, we want to study dynamic
models of adverse selection—that is, where a principal in-
teracts with an agent without knowing the agent’s type. In
each period, the agent receives an income shock determining
his type. He then reports this shock to the principal who in
turn picks her action dependent on this report. In finance, a
prototypical setting of this kind could be a lender-borrower
relationship. In such a setup, the principal lends money to an
agent without knowing whether the agent reported his situation
truthfully. If the shocks are correlated, then this problem
becomes very difficult to solve.

Two major bottlenecks create substantial difficulties in solv-
ing such problems numerically. The first issue is the determi-
nation and approximation of multi-dimensional and (possibly)
non-convex equilibrium correspondences—that is, feasible sets
of a dynamic program. The second one is performing dynamic
programming on them. Thus, we also have to repeatedly
and efficiently approximate functions on irregularly shaped
domains. To the best of our knowledge, there exists at present
no solution framework in the dynamic incentive context that
can cope with all these issues at once.

To remedy those shortfalls, we proposed recently in [15]
to pre-compute the time-invariant feasible set for the contin-
uous state variables by combining ideas from [16], [17] with
Bayesian Gaussian mixture models —a method from unsuper-
vised machine learning. Next, we solved the recursively for-
mulated dynamic incentive problem on an irregularly shaped
domain by applying a massively parallelized dynamic pro-
gramming algorithm that uses Gaussian process regression—a
method from supervised machine learning (see, e.g., [18])—
to approximate high-dimensional value and policy functions
on the entire feasible set. This combination enables us now
to analyze dynamic incentive models that were previously
considered to be intractable.

A defining feature of Gaussian process machine learning
is that they combine the best of two worlds—namely, those



of grid-free methods such as Monte Carlo and of function
approximation theory. Gaussian processes learn a function
based on the observations available at so-called design points,
and do so without any geometric restriction. Gaussian pro-
cesses, therefore, stand in stark contrast to ordinary, grid-based
approximation schemes for high-dimensional state spaces such
as Smolyak’s method, adaptive sparse grids, high-dimensional
model reduction, or projection methods. Those grid-based
approximators are restricted to hyper-rectangular state spaces
and thus are not a natural modeling choice in the context of
solving dynamic adverse selection models.

From the computational point of view, two major bottle-
necks create difficulties in achieving a fast time-to-solution
process when solving large-scale dynamic adverse selection
models with this iterative method, namely,

(i) in each iteration step, several economic functions need to
be approximated and interpolated. For this purpose, the
function values have to be determined at many points in
the high-dimensional state space, and

(ii) each point involves solving relatively large optimization
problems.

We overcome these difficulties by massively reducing the
number of grid points required (in contrast to Cartesian
grid-based methods) to represent the economic functions by
using dimension-agnostic sampling techniques and Gaussian
Process regression. Also, the time spent in each iteration
step is substantially reduced by applying massively parallel
processing. Using the Message Passing Interface (MPI) [19],
we distribute the workload—that is, the sample points, across
compute nodes. The nodes can optionally be equipped with
NVIDIA GPUs. Within a single node, the workload is further
partitioned among CPU cores with OpenMP [20]. Besides, the
linear algebra packages we use deploy AVX, AVX2 or AVX-
512 vectorization for Sandy/Ivy Bridge, Haswell/Broadwell
or Skylake/KNL, respectively. This scheme enables us to
make efficient use of contemporary HPC facilities that consist
of a variety of special purpose as well as general purpose
hardware and whose performance nowadays can reach dozens
of petaflop/s (https://www.top500.org).

In preliminary numerical experiments on ordinary desktop
computers, we are capbable of solving at least 10-dimensional
test models with persistent shocks, and complex state-space
geometries (as introduced in [4]), which is already a game-
changer. Moreover, scaling tests on the Cray XC50 “Piz Daint”
system at the Swiss National Supercomputer Centre (CSCS)
show that our framework scales up more than three orders
of magnitude, which will allow us to tackle really complex
problems.

In the next steps, we plan on tackling models with shock
structures that match more of the moments given in data than
was possible previous research. Prior papers on this topic
either treated a two-state problem or a continuum of states with
a Brownian-Motion to keep the problem tractable. These are
too rigid to be used to match empirical moments closely. We,
on the other hand, will be able to push those limits with our
generic, massively parallelized code framework. After that, we

want to use our machinery to perform structural estimation for
this model. We will do this by including essential parameters
in our state variables, as proposed, e.g., in [21]. Because of
the scalability of our code, we will still be able to solve such
a problem even with an enlarged state space.
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