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1. Introduction

A current issue in monetary economics is that the textbook New Keynesian model suffers from
several anomalies when the zero lower bound on nominal interest rates (ZLB) is binding. Indeed,
the model predicts that at the ZLB, output and inflation spiral down to implausibly low levels
(Eggertsson and Woodford 2004; Cochrane 2017); forward-guidance policies have implausibly
large effects (Del Negro, Giannoni, and Patterson 2015; Carlstrom, Fuerst, and Paustian 2015;
Cochrane 2017); and government-spending multipliers become implausibly large (Christiano,
Eichenbaum, and Rebelo 2011; Woodford 2011; Cochrane 2017).

The anomalies of the textbook model can all be traced to the behavior of the dynamical
system representing the equilibrium at the ZLB. This dynamical system is composed of two
differential equations: the Phillips curve, describing how producers set prices, and the Euler
equation, describing how consumers spend and save. While the system is a source in normal
times, at the ZLB the system becomes a saddle . The saddle property shapes the model’s dynamics
at the ZLB and is solely responsible for all the anomalies.

This paper proposes to remedy these anomalies by introducing relative wealth into households’
utility function. The justification for this assumption is that relative wealth is a marker of social
status, and people value high social status. Under this assumption, people save not only for
future consumption but also because they accrue social status from their wealth. Thus, the Euler
equation is modified—all the more so when the marginal utility of wealth is large. With sufficient
marginal utility of wealth, the Euler equation is sufficiently altered that the dynamical system
representing the equilibrium becomes a source instead of a saddle at the ZLB. At that point all the
anomalies at the ZLB disappear. This is because when the system is a source, the response to any
temporary shock is a muted version of the response to a permanent shock, which is itself finite.

Our results require that the marginal utility of wealth is large enough relative to the slope of
the Phillips curve. Hence, we develop a method to measure the marginal utility of wealth. In
steady state the Euler equation imposes that the real interest rate equals the time discount rate
minus the marginal rate of substitution between wealth and consumption; hence the marginal
utility of wealth is proportional to the gap between the time discount rate and the real interest rate.
Since the time discount rate is significantly above market interest rates, we infer that the marginal
utility of wealth is quite high. On the other hand, the Phillips curve is estimated to be quite flat.
Overall, the requirement for our results is satisfied for a large majority of available estimates.

Justification for the Assumption of Wealth in the Utility Function. While modern macroe-
conomic models assume that people save only to be able to consume in the future, it has long
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been recognized that people save perhaps for other reasons. For instance, observing the behavior
of the European upper class at the beginning of the 20th century, Keynes (1919, chap. 2) noticed
that “The duty of saving became nine-tenths of virtue and the growth of the cake the object
of true religion. . . . There grew round the non-consumption of the cake all those instincts of
puritanism. . . . Saving was for old age or for your children; but this was only in theory—the
virtue of the cake was that it was never to be consumed, neither by you nor by your children
after you.” A few years later, Irving Fisher observed that “A man may include in the benefits of
his wealth . . . the social standing he thinks it gives him, or political power and influence, or the
mere miserly sense of possession, or the satisfaction in the mere process of further accumulation”
(Fisher 1930, p. 17). Fisher’s perspective is particularly interesting, since the modern view of
saving as a way to optimize one’s consumption stream is often attributed to him.

These observations that people derive utility from accumulating wealth in a way that is
not tied to future consumption seems supported by neuroscientific evidence. In a survey of the
literature, Camerer, Loewenstein, and Prelec (2005, p. 32) note that “brain-scans conducted while
people win or lose money suggest that money activates similar reward areas as do other “primary
reinforcers” like food and drugs, which implies that money confers direct utility, rather than
simply being valued only for what it can buy.”

In modeling the effect of wealth on utility, we need to decide what exactly about wealth brings
utility to people. We assume that people enjoy accumulating wealth because it brings them social
status: it marks their position on the totem pole. We therefore postulate that what enters into the
utility function is the household’s relative wealth: the distance of their wealth from the average.
This assumption is convenient: in equilibrium, without heterogeneity, any household’s wealth
equals the average wealth, so relative wealth is zero. The assumptions that people seek to achieve
high social status by accumulating wealth also seems plausible. First, Adam Smith, Ricardo, John
Rae, J.S. Mill, Marshall, Veblen, and Frank Knight all supported the idea that people accumulate
wealth to attain high social status (Steedman 1981). More recently, a vast literature across the
social sciences has documented that people seek to achieve high social status; and that while
there are various ways to gain social status, accumulating wealth is a prevalent pathway to do so.1

Related Literature. Before us, Eggertsson and Mehrotra (2014), Gabaix (2016), Diba and
Loisel (2017), and Cochrane (2018) have developed variants of the New Keynesian model
that cure all its ZLB anomalies. These strategies, like ours, result in determinacy of the ZLB
equilibrium, which eliminates the ZLB anomalies of the New Keynesian model. Eggertsson

1Weiss and Fershtman (1998) and Heffetz and Frank (2011) review the evidence from economics; Fiske (2010),
Anderson, Hildreth, and Howland (2015), and Cheng and Tracy (2013) from social psychology; Ridgeway (2014)
from sociology; and Mattan, Kubota, and Cloutier (2017) from social neuroscience.
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and Mehrotra modify the Euler equation with overlapping generations and the Phillips curve
with downward nominal wage rigidity. Gabaix modifies the Euler equation and Phillips curve
with boundedly rational households and firms. Diba and Loisel modify the Euler equation with
a spread between interest rates on bonds and on bank reserves, and the Phillips curve with a
banking cost. Finally, Cochrane maintains Euler equation and Phillips curve but also takes into
account a fiscal theory of the price level.

More recently, Bilbiie (2018) and Acharya and Dogra (2018) have showed that under
certain conditions, introducing heterogeneous agents into a New Keynesian model also yields a
determinate ZLB equilibrium and thus resolves the New Keynesian anomalies at the ZLB. Bilbiie
develops a model in which some agents cannot save at all while others can save without constraint.
In such model an interest rate rule that responds to the price level instead of inflation leads to a
determinate ZLB equilibrium. Acharya and Dogra propose a different model in which agents
face idiosyncratic and uninsurable shocks to their endowment of labor. These shocks generate
income risk, and when such risk is procyclical, the ZLB equilibrium becomes determinate.

These solutions to the ZLB anomalies tend to be analytically complicated, however. Eggertsson
and Mehrotra (2014) require an overlapping-generations structure, Gabaix (2016) requires bounded
rationality, and Bilbiie (2018) and Acharya and Dogra (2018) require heterogeneity—all of which
increase the complexity of the derivations of the New Keynesian model. Diba and Loisel (2017)
and Cochrane (2018) take into consideration one additional equation than in the textbook model,
thus increasing the dimensionality of the dynamical system describing the equilibrium—from
two to three dimensions. It may therefore be useful to strip the logic to the bone. We will do so
by proposing a tractable model that deviates only minimally from the textbook model.

First, to improve the tractability of the New Keynesian model on which we base the analysis,
we follow Benhabib, Schmitt-Grohe, and Uribe (2001) and introduce three modifications to the
textbook version of the model (for example, Gali 2008, chap. 3): continuous time instead of
discrete time; self-employed households instead of separate firms and households; and Rotemberg
(1982) pricing instead of Calvo (1983) pricing. The modifications allow us to clarify how the ZLB
anomalies are related and how they can be cured. Our New Keynesian model is also inspired by
the deterministic continuous-time formulation of the New Keynesian model proposed by Werning
(2011) to study optimal fiscal and monetary policy the ZLB; and also adopted by Cochrane
(2017) to describe the ZLB anomalies and explain how they are affected by equilibrium selection.
This continuous-time formulation offers a transparent description of the ZLB episode and is
amenable to graphical analysis using phase diagrams. We rely on phase diagrams to illustrate the
anomalies of the New Keynesian model, explain their origin, and resolve them by introducing
wealth in the utility function.
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Second, to solve the ZLB anomalies, we extend the New Keynesian model by assuming that
households also derive utility from their relative wealth. The resulting deviation from the textbook
model is minimal: the derivations of the Euler equation and Phillips curve are unchanged, and
the equilibrium system remains 2-dimensional. Our method is related to the work of Ono and
Yamada (2018), Michaillat and Saez (2014), and Michau (2018) in non-New-Keynesian models.
These papers show that introducing absolute or relative wealth in the utility function may generate
well-behaved zero-lower-bound steady states. These results are not directly portable to the New
Keynesian model, however, because they require strong forms of wage or price rigidity: Ono
and Yamada assume that wages follow an exogenous time path; Michaillat and Saez assume that
inflation is fixed; and Michau assumes that nominal wages are downward rigid.2

Our method also relates to the work of Fisher (2015), Campbell et al. (2017), Rannenberg
(2019), Hagedorn (2018), Kaplan and Violante (2018), and Auclert, Rognlie, and Straub (2018),
who build New Keynesian models with government bonds in the utility function.3 Our assumptions
are slightly different: their households derive utility from safe and liquid assets (government
bonds), not from their entire wealth (which also includes risky or illiquid assets); ours derive
utility from the gap between their entire wealth and the average wealth in the economy.4 The
applications of the assumptions are also different. They find that their models are able to generate
risk-premium shocks (Fisher), to ensure determinacy of the price level (Hagedorn), to alleviate
the forward-guidance puzzle (Campbell et al.; Rannenberg), and to mimic the behavior of rich
heterogeneous-agent models (Kaplan and Violante; Auclert, Rognlie, and Straub). We find that
ours is able to ensure determinacy of the ZLB equilibrium and eradicate all New Keynesian
anomalies at the ZLB.

2. Model

We present a tractable New Keynesian model in which households derive utility not only from
consumption and leisure but also from relative wealth.

2Besides these papers, an emerging literature has introduced absolute or relative wealth in the utility function to
revisit topics such as long-run growth (Kurz 1968; Konrad 1992; Zou 1994; Corneo and Jeanne 1997; Futagami
and Shibata 1998; Corneo and Jeanne 2001), attitudes to risk (Robson 1992; Clemens 2004), asset pricing (Bakshi
and Chen 1996; Gong and Zou 2002; Kamihigashi 2008; Michau, Ono, and Schlegl 2018), life-cycle consumption
and saving (Zou 1995; Carroll 2000; Francis 2009), social stratification (Long and Shimomura 2004), international
economics (Fisher 2005; Fisher and Hof 2005), financial crises (Kumhof, Ranciere, and Winant 2015), and capital
taxation (Saez and Stantcheva 2018). The work by Cole, Mailath, and Postlewaite (1992) is also related: they provide
a microfoundation for relative wealth in the utility function.

3The bonds-in-the-utility-function assumption was initially developed by Fair and Malkiel (1971), Poterba and
Rotemberg (1987), and Krishnamurthy and Vissing-Jorgensen (2012).

4The two assumptions would only overlap in the special case where government bonds are the sole vehicule of
wealth and are in zero net supply.
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2.1. Assumptions

The economy is composed of a measure 1 of self-employed households. Each household j ∈ [0,1]
produces y j(t) units of a differentiated good j, sold to other households at a price p j(t).
Household j’s production function is

(1) y j(t) = ah j(t),

where the parameter a > 0 represents the level of technology, and the variable h j(t) is hours of
work. Household j incurs a disutility h j(t) from working.

The goods produced by households are imperfect substitutes for one another, so each household
exercises some monopoly power. Moreover, households face a quadratic cost when they change
their price: if household j changes its price at a rate π j(t) = Ûp j(t)/p j(t), it incurs a disutility

γ

2
π j(t)2.

The parameter γ > 0 governs the cost to change prices and thus price rigidity.
Each household consumes goods produced by other households. Household j buys amounts

c j k(t) of the different goods k ∈ [0,1], which are aggregated into a consumption index

(2) c j(t) =
[∫ 1

0
c j k(t)(ε−1)/ε dk

] ε/(ε−1)

,

where ε > 1 is the elasticity of substitution between goods. The consumption index yields utility
ln(c j(t)) to the household. The price index is

(3) p(t) =
[∫ 1

0
p j(t)1−ε di

]1/(1−ε)

;

when households optimally allocate their consumption expenditure across goods, p(t) is the price
of one unit of consumption index. The inflation rate is π(t) = Ûp(t)/p(t).

Next, households hold government bonds earning a nominal interest rate i(t), determined
by the central bank. Bonds are used to smooth consumption. In addition, people derive utility
from their relative real wealth, which is the difference between their real wealth and the average
real wealth in the economy. The motivation for this assumption is that relative wealth signals
social status, and people value a high social status. Since bonds are the only store of wealth in
the model, people also hold bonds to signal social status. Formally, each household j holds a
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nominal quantity of bonds b j(t), which provides utility

u
(

b j(t)
p(t)
−

b(t)
p(t)

)
,

where the function u is increasing and concave, b(t) =
∫ 1

0 bk(t) dk is average nominal wealth, and
[b j(t) − b(t)]/p(t) is household j’s relative real wealth. The law of motion of bond holdings is

(4) Ûb j(t) = i(t)b j(t) + p j(t)y j(t) −
∫ 1

0
pk(t)c j k(t) dk − τ(t).

The term i(t)b j(t) is interest income; p j(t)y j(t) is labor income;
∫ 1

0 pk(t)c j k(t) dk is consumption
expenditure; and τ(t) is a lump-sum tax used to service the government debt b(t): τ(t) = i(t)b(t).

Then, taking as given aggregate variables, initial wealth b j(0), and initial price p j(0), each
household j chooses time paths for y j(t), p j(t), h j(t), π j(t), c j k(t) for all k ∈ [0,1], and b j(t) to
maximize the discounted sum of instantaneous utilities

(5)
∫ ∞

0
e−δt

[
ln

(
c j(t)

)
+ u

(
b j(t)
p(t)
−

b(t)
p(t)

)
− h j(t) −

γ

2
π j(t)2

]
dt,

where δ > 0 is the time discount rate. The household faces four constraints: the production
function (1); the budget constraint (4); the law of motion Ûp j(t) = π j(t)p j(t); and the demand for
good j coming from other households’ maximization:

(6) y j(t) =
[

p j(t)
p(t)

]−ε
c(t),

where c(t) =
∫ 1

0 ck(t) dk is aggregate consumption. The household also faces a borrowing
constraint preventing Ponzi schemes. Finally, we assume that all households face the same initial
conditions, so they all behave the same.

Finally, we describe monetary policy. We first introduce the natural level of output, denoted
yn, and the natural rate of interest, denoted rn:

yn = a
ε − 1
ε

(7)

rn = δ − u′(0)yn.(8)

We will see once we derive the Phillips curve and Euler equation that yn and rn have simple
interpretations. The natural level of output is the level of output given by the steady-state Phillips
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curve when prices are flexible (γ = 0), so it is the level of output maximizing firms’ profits in the
absence of price-adjustment cost. The natural rate of interest is the real interest rate given by the
steady-state Euler equation when output is at its natural level, so it is the real rate under which
households are happy to consume yn. The steady state with zero inflation and output at its natural
level is called natural steady state. In our analysis the central bank always aims to maintain the
economy at the natural steady state.

In normal times, the natural rate of interest is positive, and the central bank follows a simple
interest-rate rule:

(9) i(π) = rn + φπ,

which implies a real interest rate

(10) r(π) = rn + (φ − 1) π.

The parameter φ ≥ 0 governs the response of monetary policy to inflation: monetary policy is
active when φ > 1 and passive when φ < 1. We will see that this policy allows the central bank
to position the economy at the natural steady state.

When the natural rate of interest is negative, however, the natural steady state cannot be
achieved because it would imply a negative nominal interest rate, violating the ZLB constraint. In
that case, the central bank moves away from (9) and sets the nominal interest rate to zero in order
to stimulate the economy:5

(11) i = 0 and r = −π.

2.2. Equilibrium

The equilibrium is described by two differential equations: a Phillips curve and an Euler equation.
These two equations determine two variables: inflation π and aggregate output y. (The formal
derivations are fairly standard and relegated to appendix A.)

The Phillips curve arises from households’ optimal pricing decisions:

(12) Ûπ(t) = δπ(t) −
ε

γa
[y(t) − yn] ,

5Following most of the literature, we separately consider the monetary policy (9) away from the ZLB and the
monetary policy i = 0 at the ZLB. Then, we check that the ZLB is indeed not binding at the equilibrium obtained
under (9). A more rigorous approach would consider a monetary-policy rule that directly incorporates the ZLB:
i(π) = max{0,rn + φπ}; we revisit our results under this approach in appendix D.
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where yn is given by (7). The steady-state Phillips curve, obtained by setting Ûπ = 0 in (12),
describes inflation as a linearly increasing function of output:

(13) π =
ε

δγa
(y − yn).

The steady-state Phillips curve shows that inflation is zero when output is at its natural level,
and also that output is at the natural level of output yn when prevailing when prices are flexible
(γ = 0).

The Euler equation arises from households’ optimal saving decisions:

(14)
Ûy(t)
y(t)
= r(π(t)) + u′(0)y(t) − δ.

The term r(π) describes the real interest rate set by the central bank—it is a linear function of
inflation given either by (10) or by (11). The marginal utility of wealth, u′(0), is evaluated at
zero because in equilibrium relative wealth is zero (since all households hold the same wealth).
The steady-state Euler equation, obtained by setting Ûy = 0 in (14), describes inflation as a linear
function of output:

(15) r(π) = δ − u′(0)y.

Through the steady-state Euler equation, output is a decreasing function of the real interest
rate—as in the old-fashioned Keynesian IS curve—and output is at its natural level when the real
interest rate equals the natural rate of interest, given by (8).

We now compare two submodels:

DEFINITION 1: The New Keynesian (NK) model has zero marginal utility of wealth: u′(0) = 0.
The wealth-in-the-utility New Keynesian (WUNK) model has sufficient marginal utility of wealth:

(16) u′(0) >
ε

δγa
.

The NK model is the textbook model; the WUNK model is the alternative proposed in this
paper. When prices are completely fixed (γ → ∞), condition (16) simply becomes u′(0) > 0;
when prices are perfectly flexible (γ = 0), condition (16) becomes u′(0) > ∞, which cannot
be satisfied; hence, the WUNK model is well defined at the fixed-price limit but not at the
flexible-price limit. In the WUNK model, we also impose δ >

√
(ε − 1)/γ so that the model

accommodates positive natural rates of interest while respecting (16).
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2.3. Heuristic Derivation of the Equilibrium Conditions

All our results arise from the Phillips curve and Euler equation, so before delving into the analysis
we review their economic interpretations. The interpretation are not exactly standard because the
Phillips curve is derived from Rotemberg (1982) pricing instead of the standard Calvo (1983)
pricing, and the Euler equation includes utility from wealth. Moreover the continuous-time
formulation is less familiar than the standard discrete-time formulation. For these reasons, it is
perhaps useful to provide heuristic derivations of the equations, as in Blanchard and Fischer
(1989, pp. 40–42).

Let’s start with the Euler equation. The equation is unconventional because wealth enters the
utility function. The equation says that the household saves in an optimal fashion. At the optimum,
the household cannot improve its situation by shifting consumption a little bit across time. Now,
consider a household delaying one unit of consumption from time t to time t + dt; the unit of
consumption can be invested at a real rate r(t) during the interval and becomes 1 + r(t)dt at time
t + dt. With log utility, the marginal utility from consumption at consumption y is 1/y. Hence,
the foregone consumption utility at time t would be e−δt/y(t); and the gained consumption utility
at time t + dt would be e−δ(t+dt)[1 + r(t)dt]/y(t + dt). The one unit of consumption that is saved
between t and t + dt provides not only financial returns but also hedonic returns, since people
derive utility from holding wealth. Since relative wealth is zero in equilibrium, the marginal
utility from real wealth is u′(0). Hence the utility gained from holding additional wealth for a
duration dt is e−δtu′(0)dt. At the optimum, the consumption reallocation has no effect on utility,
so

0 = e−δ(t+dt) [1 + r(t)dt]
1

y(t + dt)
− e−δt 1

y(t)
+ e−δtu′(0)dt .

After dividing by the marginal consumption utility at t, e−δt/y(t), we obtain

1 = e−δdt[1 + r(t)dt]
y(t)

y(t + dt)
+ u′(0)y(t)dt.

To obtain the Euler equation, note that up to second-order terms, e−δdt = 1 − δdt and

y(t + dt)
y(t)

= 1 +
Ûy(t)
y(t)

dt.

Hence, up to second-order terms, the optimality condition becomes

1 = (1 − δdt) [1 + r(t)dt]
[
1 −
Ûy(t)
y(t)

dt
]
+ u′(0)y(t)dt = 1 − δdt + r(t)dt −

Ûy(t)
y(t)

dt + u′(0)y(t)dt
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which simplifies to
Ûy(t)
y(t)
= r(t) − δ + u′(0)y(t).

so that we recover (14).
The difference with the textbook model is clear. In the textbook Euler equation, consumption

is governed by the cost of delaying consumption, given by the time discount rate δ, and the
return on saving, given by the real interest rate r . With wealth in the utility function, the financial
return on saving is supplemented by an hedonic return on saving, given by the marginal rate
of substitution between real wealth and consumption u′(0)y; thus the total return on saving is
r + u′(0)y instead of r. Moreover, because the optimal consumption path depends not only on
interest rates but also on the marginal rate of substitution between wealth and consumption, future
interest rates have less impact on today’s consumption. In fact, in appendix B, we derive the
discrete-time version of the model and show that the Euler equation is discounted exactly as in
McKay, Nakamura, and Steinsson (2017), and that discounting is stronger with higher marginal
utility of wealth.

The derivation also clarifies the intuition for the property that in the steady-state Euler
equation, consumption is a decreasing function of the real interest rate. When the real rate
is higher, people have a financial incentive to save now and postpone consumption. People
keep consumption constant only if the hedonic return on saving, given by the marginal rate of
substitution u′(0)y, falls. Thus consumption y must decline.

We turn next to the Phillips curve. While its shape is conventional, its interpretation is
nontraditional because price rigidity in our model arises from a price-adjustment cost (as in
Rotemberg 1982) instead of staggered price adjustments (as in Calvo 1983). The curve says that any
household prices in an optimal fashion, so it cannot improve its situation by shifting its inflation
rate a little bit across time. Now, consider a household delaying one percentage point of of inflation
from time t to time t + dt. The marginal disutility from inflation at inflation π is γπ. Hence, the
foregone inflation disutility at time t would be e−δtγπ(t)×1%; and the increased inflation disutility
at time t+dt would be e−δ(t+dt)γπ(t+dt)×1%. The one percentage point of inflation that is delayed
reduces the household’s price level between t and t+dt by dp(t) = −1%×p(t) , which then affects
sales, profits, and hours worked. Since the price elasticity of the demand faced by households is−ε ,
the household’s output increases by dy(t) = ε × 1%× y(t) during a period dt. This forces them to
increase hours by dh(t) = dy(t)/a = ε ×1%× y(t)/a during the same period, incurring additional
disutility of the same amount. The increase in sales combined with the increase in price yields an
increase in revenue by d(p(t)y(t)) = p(t)dy(t) + y(t)dp(t) = (ε − 1) × 1% × y(t) × p(t). Since
in equilibrium relative prices are 1, the increase in revenue yields an increase in consumption
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dc(t) = (ε−1)×1%×y(t); and since in equilibrium output and consumption are equal, this increase
in consumption yields an gain of consumption utility by e−δt dc(t)/y(t) = e−δt × (ε − 1) × 1%,
enjoyed during dt. At the optimum, the inflation reallocation has no effect on utility, so

0 = e−δtγπ(t) × 1% − e−δ(t+dt)γπ(t + dt) × 1% − ε
y(t)
a

dt × 1% + e−δt(ε − 1)dt × 1%,

which implies, up to second-order terms,

0 = −γ [π(t + dt) − π(t)] + δγπ(t)dt − εdt
[
y(t)
a
−
ε − 1
ε

]
.

Moreover, up to second-order terms,

π(t + dt) = π(t) + Ûπ(t)dt .

Hence, up to second-order terms, the optimality condition becomes

Ûπ(t) = δπ(t) −
ε

γa

[
y(t) −

ε − 1
ε

a
]
.

so that we recover (12).
The Phillips curve implies that in the absence of price-adjustment cost (γ = 0), households

would like to produce at the natural level of output. This result directly comes from the
monopolistic nature of competition. Without price-adjustment costs, it would be optimal to charge
a relative price that is a markup ε/(ε − 1) over the real marginal cost—which is the marginal
rate of substitution between labor and consumption divided by the marginal product of labor.
In a symmetric equilibrium, the relative price charged by any firm is 1, the marginal rate of
substitution between labor and consumption is 1/(1/y) = y, and the marginal product of labor is
a, so at the optimum 1 = [ε/(ε − 1)] × (y/a). This yields that y = yn, where yn is defined by (7).

The derivation also provides intuition for why in the steady-state Phillips curve, inflation is
positive whenever output is above its natural level. When inflation is positive, reducing inflation
lowers the disutility from price adjustment Since pricing is optimal, there must also be a cost
to reducing inflation and thus increasing production. Therefore, production must already be
excessive—output must be above its natural level.
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2.4. Dynamical Properties

We describe the dynamical properties of the NK and WUNK models. This analysis is a required
preliminary to the study of the ZLB. In normal times, the models have the following dynamical
properties:

PROPOSITION 1: Assume that the natural rate of interest is positive (rn > 0) and monetary
policy follows (9). Then there is a unique steady-state equilibrium, with zero inflation (π = 0) and
output at its natural level (y = yn). At this natural steady state the ZLB is not binding (i = rn > 0).
Around the natural steady state, equilibrium dynamics are governed by

(17)

[
Ûy

Ûπ

]
=

[
u′(0)yn (φ − 1)yn

−ε/(γa) δ

] [
y − yn

π

]
.

– NK model: The linear system (17) is a source when monetary policy is active (φ > 1) and a
saddle when monetary policy is passive (φ < 1).

– WUNK model: The linear system (17) is a source whether monetary policy is active or passive.

Proof: A steady state must satisfy the steady-state Phillips curve (13), and the steady-state
Euler equation (15) combined with the monetary-policy rule (10). These equations form a linear
system:

π =
ε

δγa
(y − yn)(18)

(φ − 1)π = −u′(0)(y − yn).(19)

As [y, π] = [yn,0] satisfies both equations, it is a steady state. Furthermore the two equations
are non-parallel. In the NK model this is obvious since u′(0) = 0. In the WUNK model the
slope of the second equation is −u′(0)/(φ − 1): if φ > 1, the slope is negative; if φ ∈ [0,1),
the slope is positive and greater than u′(0) and thus than ε/(δγa), as (16) holds; in both cases
the two equations have different slope. We conclude that the two equations admit at most one
intersection, so [yn,0] is the unique steady state. The nominal interest rate at [yn,0] is given by
(9): i = rn + φ × 0 = rn > 0.

Equilibrium dynamics are governed by the nonlinear dynamical system generated by the
Phillips curve (12) and the Euler equation (14) combined with the monetary-policy rule (10).
The Phillips curve can be written as Ûπ = P(y, π) where P(y, π) = δπ − ε(y − yn)/(γa); the
Euler equation (14) combined with the monetary-policy rule (10) can be written Ûy = E(y, π)
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where E(y, π) = y [(φ − 1)π + u′(0)(y − yn)]. The dynamical system can be linearized around
the natural steady state as follows:[

Ûy

Ûπ

]
=

[
∂E
∂y

∂E
∂π

∂P
∂y

∂P
∂π

] [
y − yn

π

]
,

where the partial derivatives are evaluated at [y, π] = [yn,0]. This linearized system is just (17).
Around the natural steady state, equilibrium dynamics are described by this linearized system.

Next, we classify the linear dynamical system (17) following standard methodology (for
example, Hirsch, Smale, and Devaney 2013). We denote by M the matrix in (17), and by λ1 ∈ C

and λ2 ∈ C the two eigenvalues of M . Without loss of generality, we assume that if the eigenvalues
are real, λ1 < λ2. If the eigenvalues are complex, they are conjugates. Generically the solution to
(17) takes the form [

y(t) − yn

π(t)

]
= x1eλ1tv1 + x2eλ2tv2,

where v1 ∈ R2 and v2 ∈ R2 are the linearly independent eigenvectors associated with the
eigenvalues λ1 and λ2, and x1 ∈ R and x2 ∈ R are constants determined by the terminal condition.
(This result holds as long as the eigenvalues are nonzero and distinct.)

From this solution, we see that the system is a source around the steady state either if λ1 and
λ2 are real and positive (nodal source), or if they are complex with a positive real part (spiral
source). If λ1 and λ2 are real, the trajectories are tangent to v1 when t → −∞ and are parallel to
v2 when t → +∞.

On the other hand, the system is a saddle if λ1 and λ2 are real and λ1 < 0 and λ2 > 0. If the
system is a saddle, the vector v1 gives the direction of the stable line (saddle path) while the
vector v2 gives the direction of the unstable line.

To determine the properties of the system, we compute the trace and determinant of M:

tr(M) = δ + u′(0)yn

det(M) = δu′(0)yn +
(φ − 1)ynε

γa
.

We use the trace and determinant to determine the properties of the system, using the well-known
results that tr(M) = λ1 + λ2 and det(M) = λ1λ2.

Let’s start with the NK model. Since u′(0) = 0, det(M) = (φ − 1)ynε/(γa). We consider
first the case φ < 1. Then det(M) < 0, indicating that λ1 and λ2 are real and of opposite sign.
(If they were real and of the same sign, det(M) = λ1λ2 > 0; if they were complex conjugates,
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det(M) = λ1λ1 > 0.) Thus, the system is a saddle if φ < 1.
Second, we consider the case φ > 1. Then det(M) > 0, indicating that λ1 and λ2 are either

real and of the same sign or complex conjugates. Since u′(0) = 0 in the NK model, we have
tr(M) = δ > 0, implying that λ1 and λ2 are either real and positive or complex with positive real
part. (If they were real and negative, tr(M) = λ1 + λ2 < 0; if they were complex conjugates with
negative real part, tr(M) = λ1 + λ1 = 2 Re(λ1) < 0.) Either way, the system is a source.

We have just shown that the linear system (17) is a source when det(M) > 0 and tr(M) > 0,
and it is a saddle when det(M) < 0. This classification of a linear dynamical system based on the
trace and determinant of its matrix is well-known (see for instance fig. 4.1 in Hirsch, Smale, and
Devaney 2013). We will use this classification result repeatedly below.

Let’s turn to the WUNK model. Using φ − 1 ≥ −1 and (16), we have

det(M) ≥ δu′(0)yn −
ynε

γa
= δyn

[
u′(0) −

ε

δγa

]
> 0.

Furthermore, tr(M) > δ > 0. Since both det(M) > 0 and tr(M) > 0, using the same logic as
above, we conclude that the system is a source. �

When the natural rate of interest is negative, however, the natural steady state cannot be
achieved because it would imply a negative nominal interest rate, violating the ZLB constraint.
In the WUNK model, the natural rate becomes negative because the marginal utility of wealth
increases sufficiently: u′(0) > δ/yn. In the NK model, we follow the literature and assume that the
time discount rate in the Euler equation (now denoted rn < 0) becomes negative, while the time
discount rate in the Phillips curve (still denoted δ > 0) does not change. This assumption can been
justified in various ways: firm managers have constant discount rate while households’ discount
rate fluctuates (McKay, Nakamura, and Steinsson 2017, pp. 826–827); or financial intermediation
creates a fluctuating spread between the central bank’s interest rate and the interest rate used for
intertemporal allocation of consumption expenditure (Woodford 2011, p. 16).6 Once the natural
rate of interest is negative, the dynamical properties of the models are modified as follows:

PROPOSITION 2: Assume that the natural rate of interest is negative (rn < 0) and monetary
policy is at the ZLB: i(π) = 0 and r(π) = −π. Then there is a unique steady-state equilibrium,

6Changing the discount rate only in the Euler equation does not affect the results: the properties of the NK model
at the ZLB would remain the same if the discount rates in both Phillips curve and Euler equation became negative.
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denoted [yz, πz], with

yz = yn +
rn

u′(0) − ε/(δγa)
(20)

πz =
rn

u′(0)δγa/ε − 1
.(21)

Around this ZLB steady state, equilibrium dynamics are governed by

(22)

[
Ûy

Ûπ

]
=

[
u′(0)yz −yz

−ε/(γa) δ

] [
y − yz

π − πz

]
,

– NK model: The ZLB steady state has positive inflation (πz = −rn > 0) and above-natural
output (yz > yn). The linear system (22) is a saddle.

– WUNK model: The ZLB steady state has deflation (πz < 0) and below-natural output
(yz < yn). The linear system (22) is a source.

Proof: The steady-state Phillips curve (13) and the steady-state Euler equation (15) combined
with the monetary-policy rule r(π) = −π form the following linear system:

π =
ε

δγa
(y − yn)(23)

π = −rn + u′(0)(y − yn).(24)

A solution to this system with positive output is a steady state.
In the NK model, u′(0) = 0, so the system admits a unique solution:

y = yn −
δγarn

ε
(25)

π = −rn.(26)

Since rn < 0, the solution satisfies y > yn > 0: the solution has positive output so it is a steady
state. Hence the NK model admits a unique steady state at the ZLB, where π > 0 (since rn < 0)
and y > yn.7 Note that the expressions (20) and (21) reduce to (25) and (26) when u′(0) = 0.

In the WUNK model, since (16) holds, the two equations in the linear system are non-parallel,
so the system admits a unique solution. Inflation in that unique solution is given by (21). Condition
(16) implies that u′(0)δγa/ε > 1, so π has the sign of rn; since rn < 0, we infer that π < 0.

7When rn > 0 (for instance, during forward guidance) the steady state may not exist. This is because y > 0 only
when (δγarn)/ε < yn or rn < (ε − 1)/(δγ). When rn > (ε − 1)/(δγ), then y < 0 and no steady state exists.
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Since y and π in the solution are related by (23) and π < 0, we infer that y < yn. In addition, as
ε yn/(δγa) = (ε − 1)/(δγ) and rn + u′(0)yn = δ, output in the unique solution can be expressed
as (20). In the WUNK model, we assume u′(0) > ε/(δγa) and δ >

√
(ε − 1)/γ, which implies

δ − (ε − 1)/(δγ) > 0. We infer that y > 0. Hence, the solution to the system has positive output,
implying that it is indeed a steady state. In sum, the WUNK model admits a unique steady state
at the ZLB, where π < 0 and y < yn.

Next, as in the proof of proposition 1, equilibrium dynamics around the ZLB steady state are
described by the system resulting from the linearization of the dynamical system generated by the
Phillips curve (12), the Euler equation (14), and the monetary policy rule i(π) = 0. This linear
system is (22); the matrix derives from the matrix in (17) by setting φ = 0 and replacing yn by yz.

We denote by M the matrix in (22). As in the proof of proposition 1, we classify the linear
system (22) by computing the trace and determinant of M . We have tr(M) = δ + u′(0)yz > 0 and

det(M) = δyz
[
u′(0) −

ε

δγa

]
.

In the NK model u′(0) = 0 so det(M) < 0, implying that (22) is a saddle. In the WUNK model,
(16) implies that det(M) > 0, implying that (22) is a source. In fact, the discriminant of the
characteristic equation of the matrix M is strictly positive:

tr(M)2−4 det(M) = δ2+[u′(0)yn]
2
+2δu′(0)yn−4δu′(0)yn+4

ynε

γa
= [δ − u′(0)yn]

2
+4

ynε

γa
> 0.

Hence the eigenvalues of M are real, not complex: (22) is a nodal source, not a spiral source. �

The results in the propositions are illustrated by the phase diagrams in figure 1. The phase
diagrams represent the dynamical systems (17) and (22) in the NK and WUNK models. They are
constructed using standard methods for planar linear systems (the proof of proposition 1 provides
more details). Five points are worth noting.

First, the π-nullcline is the same as the steady-state Phillips curve, and the y-nullcline the
same as the steady-state Euler equation.

Second, the sole difference between NK and WUNK models is the Euler line (y-nullcline). In
the NK model the Euler line is always horizontal because the steady-state Euler equation imposes
that the real rate r(π) equals the time discount rate, which determines inflation independently
of output. In the WUNK model the Euler line is not horizontal because the steady-state Euler
equation makes the real rate r(π) a decreasing function of output. When monetary policy is active,
r(π) is increasing in π, so the Euler line slopes downward; when monetary policy is passive,
including at the ZLB, r(π) is decreasing in π, so the Euler line slopes upward.
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<latexit sha1_base64="jI6ggbAiM076eyk99ykCb61pnp4=">AAABwnicbVDLSgNBEOyNrxhfUY9exFw8hRkRPAlBRbwZIS9IljA7duKY2Zl1pxMja8Cf8KrgX/k3rkkua6xLF9VVDdVBpJUjxr693NLyyupafr2wsbm1vVPc3Ws4O4wl1qXVNm4FwqFWBuukSGMrilGEgcZmMLj83TdHGDtlTY1eIvRD0Teqp6SgVGp37i0lnUhNzlm3WGJlNsXhIuFzUoI5qt3iV5qWwxANSS2ca3MWkZ+ImJTUOCl0hg4jIQeij4nBZxoTjikjt29r3E961hAa+U8gFPSQlYMwe8CN+kaE6PxkPP1Fup3O5EKnjkkhLcX/VlgkjZMyZ2V+d1qqXL/N6uXhAI7gGDicQQVuoAp1kGDhHT7g07vyHr0nz82sOW/+kn3IwHv9AeMrf+s=</latexit>

<latexit sha1_base64="FIufWRu79jBN3x3WbYA7GngLJlc=">AAABy3icbVDLTsJAFL2DL8RXxaUbIxvcNB1j4pZoYtwYMeGVQNNMxwtMmE6bzoDVSuLG33DhRn/JvxEKm4pnc0/OfeUcP5JCG8f5IYW19Y3NreJ2aWd3b//AOiy3dDiOOTZ5KMO44zONUihsGmEkdqIYWeBLbPuj63m/PcFYi1A1zHOEbsAGSvQFZ2YmeVa5ZzAxabU+FFKKSJ9NS55VcWwnw8kqoUtSgSXqnvXZewz5OEBluGRad6kTGTdlsRFc4rTUG2uMGB+xAaYKn0wyf5mTu/cN6qb9UBlU/J+FgJlhXvaD/AE9GSgWoHbTJAtl1s1qeiVnE5kp+tfCKmmd29Sx6cNFpXbztrBXhGM4hSpQuIQa3EIdmsAhgQ/4gm9yRzR5Ia+L0QJZRnIEOZD3X8oigt4=</latexit>

B. WUNK model with active monetary policy: source

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="9W/KBkj0V8qvUkbOhpcSdgjstJM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuymbkJGBLdFUcSNFfqCNpTJeBuHTiYhM+mDUBB/w53oR/k3tmk3sZ7NPZz74hwvkkIbx/khhY3Nre2d4m5pb//gsGwdHbd0mMQcmzyUYdzxmEYpFDaNMBI7UYws8CS2veHtot8eYaxFqBpmGqEbMF+JgeDMzKW+Ve4ZnJi0epdIjC9mpb5VcWwnw9k6oStSgRXqfeuz9xLyJEBluGRad6kTGTdlsRFc4qzUSzRGjA+Zj6nCsZks/uXk7lODuukgVAYV/2chYOY1L3tB/oAe+YoFqN10kiUy72Y1vZHzicwU/WthnbQuberY9PmqUrt/W9orwimcQxUoXEMNHqAOTeCQwAd8wTd5JBEZk+lytEBWkZxADuT9F5Q6gXg=</latexit>

<latexit sha1_base64="GHF9F3C50SqdbrWlGeadxlrPXKw=">AAABwHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnkwIJsabmPAysCGzYwMb5rHuDAhuNvEfvOrFv/JvXIHLinXpSnVVJ9V+KAPrKP0mubX1jc2t/HZhZ3dv/6B4eNS0ZhwJbAgjTdT2uUUZaGy4wElshxFy5Uts+aOb331rgpENjK67WYie4gMd9APBXSo9dp+Mi2fJNe0VS7RM5zhdJWxJSrBErVf8SrNirFA7Ibm1HUZD58U8coGQmBS6Y4shFyM+wFjji5s6nLqM3LmvMy/uG+1Qi38CirthVvZV9oCdDDRXaL14Ov9Eup3PuCpTR1JIS7G/FVZJ86LMaJk9XJYqt2+Lenk4gTM4BwZXUIE7qEEDBCh4hw/4JFUyJIY8L6w5snzJMWRAXn8AmEp/Gw==</latexit>

<latexit sha1_base64="jI6ggbAiM076eyk99ykCb61pnp4=">AAABwnicbVDLSgNBEOyNrxhfUY9exFw8hRkRPAlBRbwZIS9IljA7duKY2Zl1pxMja8Cf8KrgX/k3rkkua6xLF9VVDdVBpJUjxr693NLyyupafr2wsbm1vVPc3Ws4O4wl1qXVNm4FwqFWBuukSGMrilGEgcZmMLj83TdHGDtlTY1eIvRD0Teqp6SgVGp37i0lnUhNzlm3WGJlNsXhIuFzUoI5qt3iV5qWwxANSS2ca3MWkZ+ImJTUOCl0hg4jIQeij4nBZxoTjikjt29r3E961hAa+U8gFPSQlYMwe8CN+kaE6PxkPP1Fup3O5EKnjkkhLcX/VlgkjZMyZ2V+d1qqXL/N6uXhAI7gGDicQQVuoAp1kGDhHT7g07vyHr0nz82sOW/+kn3IwHv9AeMrf+s=</latexit>

<latexit sha1_base64="FIufWRu79jBN3x3WbYA7GngLJlc=">AAABy3icbVDLTsJAFL2DL8RXxaUbIxvcNB1j4pZoYtwYMeGVQNNMxwtMmE6bzoDVSuLG33DhRn/JvxEKm4pnc0/OfeUcP5JCG8f5IYW19Y3NreJ2aWd3b//AOiy3dDiOOTZ5KMO44zONUihsGmEkdqIYWeBLbPuj63m/PcFYi1A1zHOEbsAGSvQFZ2YmeVa5ZzAxabU+FFKKSJ9NS55VcWwnw8kqoUtSgSXqnvXZewz5OEBluGRad6kTGTdlsRFc4rTUG2uMGB+xAaYKn0wyf5mTu/cN6qb9UBlU/J+FgJlhXvaD/AE9GSgWoHbTJAtl1s1qeiVnE5kp+tfCKmmd29Sx6cNFpXbztrBXhGM4hSpQuIQa3EIdmsAhgQ/4gm9yRzR5Ia+L0QJZRnIEOZD3X8oigt4=</latexit>

<latexit sha1_base64="t58BNiAnXqDt64t6r7CKv1fp6PQ=">AAABu3icbVDLSgNBEOyJrxhfUY9exFy8GHZEyEkICuLNCHlBsobZsZOMmZ1ddnrjyhLwC7zq2b/yb8zrssa6dFHV3VDlhVpZcpwflltb39jcym8Xdnb39g+Kh0dNG8SRxIYMdBC1PWFRK4MNUqSxHUYofE9jyxvdzvzWGCOrAlOntxBdXwyM6ispaCZdRE+mVyw5ZWeO01XCl6QES9R6xe/ucyBjHw1JLaztcCckNxURKalxUujGFkMhR2KAqcFXSggTysidhzp3035gCI3858AXNMzKnp99YMcDI3y0bprMS5i685ne6OnGpDANxf9GWCXNyzJ3yvzxqlS9e1/Ey8MJnME5cKhAFe6hBg2QMIQP+IQvds0ke2F6sZpjy0qOIQMW/wIN8HzT</latexit>

<latexit sha1_base64="c40IGm30avYECcDRPkbWVw9QFQs=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUT2TEm3gyJifEmRl4JrGR2aHDCzOxmp0FwQ+IPeNUf8Kf8G1fgsmJdutJdXUlVEGnlyPO+WW5tfWNzK79d2Nnd2z8oHh41XDiKJdZlqMO4FQiHWlmskyKNrShGYQKNzWB483tvjjF2KrQ1mkboGzGwqq+koHT1OH167RZLXtmb43SV8CUpwRLVbvGr0wvlyKAlqYVzbe5F5CciJiU1zgqdkcNIyKEYYGLxhSaEE8qs2/c17if90BJamX0IzD8GRtBz1qA3VpGzwqDzk8m8hfQ+n0mgU82skMbif0OsksZFmXtl/nBZqty+LQLm4QTO4Bw4XEEF7qAKdZAwgHf4gE92zXpsyMxCmmPLUo4hAzb+ARksfbE=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

C. NK model at the ZLB: saddle

<latexit sha1_base64="jI6ggbAiM076eyk99ykCb61pnp4=">AAABwnicbVDLSgNBEOyNrxhfUY9exFw8hRkRPAlBRbwZIS9IljA7duKY2Zl1pxMja8Cf8KrgX/k3rkkua6xLF9VVDdVBpJUjxr693NLyyupafr2wsbm1vVPc3Ws4O4wl1qXVNm4FwqFWBuukSGMrilGEgcZmMLj83TdHGDtlTY1eIvRD0Teqp6SgVGp37i0lnUhNzlm3WGJlNsXhIuFzUoI5qt3iV5qWwxANSS2ca3MWkZ+ImJTUOCl0hg4jIQeij4nBZxoTjikjt29r3E961hAa+U8gFPSQlYMwe8CN+kaE6PxkPP1Fup3O5EKnjkkhLcX/VlgkjZMyZ2V+d1qqXL/N6uXhAI7gGDicQQVuoAp1kGDhHT7g07vyHr0nz82sOW/+kn3IwHv9AeMrf+s=</latexit>

<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="GHF9F3C50SqdbrWlGeadxlrPXKw=">AAABwHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnkwIJsabmPAysCGzYwMb5rHuDAhuNvEfvOrFv/JvXIHLinXpSnVVJ9V+KAPrKP0mubX1jc2t/HZhZ3dv/6B4eNS0ZhwJbAgjTdT2uUUZaGy4wElshxFy5Uts+aOb331rgpENjK67WYie4gMd9APBXSo9dp+Mi2fJNe0VS7RM5zhdJWxJSrBErVf8SrNirFA7Ibm1HUZD58U8coGQmBS6Y4shFyM+wFjji5s6nLqM3LmvMy/uG+1Qi38CirthVvZV9oCdDDRXaL14Ov9Eup3PuCpTR1JIS7G/FVZJ86LMaJk9XJYqt2+Lenk4gTM4BwZXUIE7qEEDBCh4hw/4JFUyJIY8L6w5snzJMWRAXn8AmEp/Gw==</latexit>

<latexit sha1_base64="t58BNiAnXqDt64t6r7CKv1fp6PQ=">AAABu3icbVDLSgNBEOyJrxhfUY9exFy8GHZEyEkICuLNCHlBsobZsZOMmZ1ddnrjyhLwC7zq2b/yb8zrssa6dFHV3VDlhVpZcpwflltb39jcym8Xdnb39g+Kh0dNG8SRxIYMdBC1PWFRK4MNUqSxHUYofE9jyxvdzvzWGCOrAlOntxBdXwyM6ispaCZdRE+mVyw5ZWeO01XCl6QES9R6xe/ucyBjHw1JLaztcCckNxURKalxUujGFkMhR2KAqcFXSggTysidhzp3035gCI3858AXNMzKnp99YMcDI3y0bprMS5i685ne6OnGpDANxf9GWCXNyzJ3yvzxqlS9e1/Ey8MJnME5cKhAFe6hBg2QMIQP+IQvds0ke2F6sZpjy0qOIQMW/wIN8HzT</latexit>

<latexit sha1_base64="FIufWRu79jBN3x3WbYA7GngLJlc=">AAABy3icbVDLTsJAFL2DL8RXxaUbIxvcNB1j4pZoYtwYMeGVQNNMxwtMmE6bzoDVSuLG33DhRn/JvxEKm4pnc0/OfeUcP5JCG8f5IYW19Y3NreJ2aWd3b//AOiy3dDiOOTZ5KMO44zONUihsGmEkdqIYWeBLbPuj63m/PcFYi1A1zHOEbsAGSvQFZ2YmeVa5ZzAxabU+FFKKSJ9NS55VcWwnw8kqoUtSgSXqnvXZewz5OEBluGRad6kTGTdlsRFc4rTUG2uMGB+xAaYKn0wyf5mTu/cN6qb9UBlU/J+FgJlhXvaD/AE9GSgWoHbTJAtl1s1qeiVnE5kp+tfCKmmd29Sx6cNFpXbztrBXhGM4hSpQuIQa3EIdmsAhgQ/4gm9yRzR5Ia+L0QJZRnIEOZD3X8oigt4=</latexit>

<latexit sha1_base64="9W/KBkj0V8qvUkbOhpcSdgjstJM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuymbkJGBLdFUcSNFfqCNpTJeBuHTiYhM+mDUBB/w53oR/k3tmk3sZ7NPZz74hwvkkIbx/khhY3Nre2d4m5pb//gsGwdHbd0mMQcmzyUYdzxmEYpFDaNMBI7UYws8CS2veHtot8eYaxFqBpmGqEbMF+JgeDMzKW+Ve4ZnJi0epdIjC9mpb5VcWwnw9k6oStSgRXqfeuz9xLyJEBluGRad6kTGTdlsRFc4qzUSzRGjA+Zj6nCsZks/uXk7lODuukgVAYV/2chYOY1L3tB/oAe+YoFqN10kiUy72Y1vZHzicwU/WthnbQuberY9PmqUrt/W9orwimcQxUoXEMNHqAOTeCQwAd8wTd5JBEZk+lytEBWkZxADuT9F5Q6gXg=</latexit>

<latexit sha1_base64="j6lgC4+TfqsXdcOnl+93Vs1ZsC4=">AAABvnicbVDLTgJBEOzBF+IL9ejFyMUT2TEmXklMjDcxYYFEVjI7NDhhXtkZcHVD4h941bs/5d+4ApcV69KV7upKqmIrhfNB8E1Ka+sbm1vl7crO7t7+QfXwqO3MJOEYciNN0o2ZQyk0hl54iV2bIFOxxE48vv69d6aYOGF0y79YjBQbaTEUnPl8FfaseHztV2tBPZjjdJXQJanBEs1+9as3MHyiUHsumXMPNLA+yljiBZc4q/QmDi3jYzbCTOOzTz2mvrB+uGvRKBsa7VHz4kOs/jFQzD8VDQZTYZ1mCl2UpfMe8vt8ZrHMNbNKHov+DbFK2hd1GtTp/WWtcfO2CFiGEziDc6BwBQ24hSaEwEHAO3zAJ2mQIVHELKQlsizlGAog6Q9geX6B</latexit>

<latexit sha1_base64="c40IGm30avYECcDRPkbWVw9QFQs=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUT2TEm3gyJifEmRl4JrGR2aHDCzOxmp0FwQ+IPeNUf8Kf8G1fgsmJdutJdXUlVEGnlyPO+WW5tfWNzK79d2Nnd2z8oHh41XDiKJdZlqMO4FQiHWlmskyKNrShGYQKNzWB483tvjjF2KrQ1mkboGzGwqq+koHT1OH167RZLXtmb43SV8CUpwRLVbvGr0wvlyKAlqYVzbe5F5CciJiU1zgqdkcNIyKEYYGLxhSaEE8qs2/c17if90BJamX0IzD8GRtBz1qA3VpGzwqDzk8m8hfQ+n0mgU82skMbif0OsksZFmXtl/nBZqty+LQLm4QTO4Bw4XEEF7qAKdZAwgHf4gE92zXpsyMxCmmPLUo4hAzb+ARksfbE=</latexit>

D. WUNK model at the ZLB: source

Figure 1. Equilibrium Phase Diagrams in Normal Times and at the ZLB
Notes: π is inflation, y is output, yn is the natural level of output, rn is the natural rate of interest, and [yz, πz] is the
ZLB steady state. The NK model has no marginal utility of wealth: u′(0) = 0. The WUNK model has sufficient
marginal utility of wealth: u′(0) > ε/(δγa). In normal times, rn > 0 and the monetary policy is given by i = rn + φπ.
Monetary policy is active when φ > 1 and passive when φ < 1. At the ZLB, rn < 0 and the monetary policy is
given by i = 0. The phase diagrams in panels A and B are constructed from (17) using standard methods from planar
linear systems. The phase diagrams in panels C and D are constructed similarly from (22). The systems (17) and
(22) are obtained by linearizing the Phillips curve and Euler equation around the natural and ZLB steady states;
they describe local equilibrium dynamics. Panel A shows that in the NK model the equilibrium system is a source
in normal times when monetary policy is active. Panels B and D show that in the WUNK model the equilibrium
system is a source both in normal times and at the ZLB. In panels A and B, we have plotted a nodal source, but the
system could also be a spiral source, depending on value of φ; in panel D the system is always a nodal source. In
these three panels, the equilibrium is determinate: the only bounded equilibrium trajectory is to jump to the steady
state and stay there. Finally, panel C shows that in the NK model the equilibrium system is a saddle at the ZLB.
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Third, only the Euler line changes between normal times and ZLB, because the natural rate
of interest and monetary policy change. In the NK model, the Euler line shifts up from π = 0
to π = −rn > 0. In the WUNK model, the Euler line is upward sloping (as monetary policy is
passive) and shifts inward to cross the point [yn,−rn] instead of the point [yn,0].

Fourth, we omit the phase diagrams when monetary policy is passive in normal times, but
they can easily be visualized. These phase diagrams are like the ZLB phase diagrams, except that
the Euler line goes through the point [yn,0].

Fifth, panel D illustrate the origin of condition (16). The dynamical system representing the
WUNK equilibrium remains a source at the ZLB as long as the Euler line is steeper than the
Phillips line (π-nullcline). The slope of the Euler line at the ZLB is the marginal utility of wealth,
u′(0), so a certain marginal utility of wealth is required—this amount is given by (16).

The propositions have several implications. First, they have implications for equilibrium
determinacy. When the system is a source, the equilibrium is determinate: the only bounded
equilibrium trajectory is to jump to the steady state and stay there; if the economy jumped
somewhere else, output or inflation would become infinite following a trajectory similar to
those plotted in panels A, B, or D. When the system is a saddle, in contrast, the equilibrium is
indeterminate: any trajectory jumping somewhere on the saddle path and converging to the steady
state is an equilibrium, as illustrated in panel C. Hence, in the NK model, the ZLB equilibrium
is indeterminate, which has forced researchers to focus on temporary ZLB episodes, following
Krugman (1998) and Eggertsson and Woodford (2003). In the WUNK model, on the other hand,
the ZLB equilibrium is determinate: the economy jumps to the ZLB steady state and remains
there. The ZLB could last forever: absent fundamental shocks, no market forces or change in
sentiment could pull the economy away from it.

Second, the propositions imply that away from the ZLB, monetary policy plays quite a
different role in the NK and WUNK models. In the NK model, the equilibrium is determinate
only when monetary policy is active—the Taylor principle. Hence, the central bank must always
adhere to an active policy to avoid indeterminacy. The Taylor principle does not apply in the
WUNK model, however: the equilibrium is determinate whether monetary policy is active or
passive. Hence, the central bank does not need to worry about how strongly it responds to
inflation; it only needs to worry about the rate of interest.

Third, the propositions are the basis for the analysis in the rest of the paper. In particular,
as we will see in the next section, it is because the dynamical system representing the ZLB
equilibrium is a source in the WUNK model instead of a saddle that the anomalies of the NK
model at the ZLB disappear in the WUNK model.

The results of propositions 1 and 2 on the NK model are well-known (for example, Woodford
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2001). The results of the propositions on the WUNK model share many similarities with the
results obtained by Gabaix (2016) in his proposition 3.1. In his model with bounded rationality
he finds that when bounded rationality is strong enough, the dynamical system representing
the equilibrium is indeed a source even at the ZLB (although he presents his model in discrete
time and does not use our phase-diagram language). He also find that when prices are more
flexible, more bounded rationality is required to maintain the source property. The same is true
in our model: higher marginal utility of wealth is required for condition (16) to hold when the
price-adjustment cost γ is lower. The logic is illustrated in panel D of figure 1. The figure shows
that the system remains a source at the ZLB only when the Euler line is steeper that the Phillips
line. As prices are more flexible, the Phillips line becomes steeper, and the required steepness for
the Euler line is higher. The slope of the Euler line is directly determined by bounded rationality
in the model of Gabaix (see his equation (19)) and by marginal utility of wealth in our model
(see our equation (15)), so these have to be larger when prices are more flexible.

3. Empirical Support for the WUNK Assumption

In the WUNK model the marginal utility of wealth is above the threshold specified in (16). Before
analyzing the model, we assess this assumption using empirical evidence.

As a first step, we rewrite (16) to express it with estimable statistics. Multiplying the inequality
(16) by δyn, we obtain δu′(0)yn > ynε/(γa). The definition of the natural rate of interest, given
by (8), implies that u′(0)yn = δ − rn. This shows how the marginal rate of substitution between
wealth and consumption can be measured: by estimating the gap between the time discount
rate and the natural rate of interest. The expression for natural output, given by (7), implies that
ynε/(γa) = (ε − 1)/γ. The statistic (ε − 1)/γ has been estimated before because, as shown by
equation (A16) in appendix B, it is the coefficient on the output gap in the discrete-time Phillips
curve. Hence, we rewrite (16) as

(27) δ × (δ − rn) >
ε − 1
γ

.

We need estimates of three statistics to assess the WUNK assumption: the natural rate of interest
rn, the time discount rate δ, and the output-gap coefficient in the Phillips curve, (ε − 1)/γ.

Estimates of the natural rate of interest are uncontroversial.Del Negro et al. (2017, fig. 1) and
Holston, Laubach, and Williams (2017, fig. 1) estimate the US natural rate of interest around
rn = 2%. It is much more complicated to estimate δ and (ε − 1)/γ. We now survey the literatures
estimating these two statistics.
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3.1. Time Discount Rate

A vast literature has attempted to estimate time discount rates. Frederick, Loewenstein, and
O’Donoghue (2002, table 1) survey the estimates obtained from real-world behavior and elicitation
in field or laboratory experiments. There is a lot of variation in the estimates, but the majority of
them points to high time discounting, much higher than prevailing market interest rates. We take
the average estimate in each of the 43 studies covered by the survey, and then take the median of
these averages. We obtain an annual discount rate of δ = 0.35.

Most studies discussed by Frederick, Loewenstein, and O’Donoghue assume that people
use a single rate to exponentially discount future utility. This exponential-discounting model is
subject to many anomalies, however. Recent work allows for more general discounting, such as
hyperbolic or quasi-hyperbolic (β-δ) discounting. They also separate between time discounting
and risk aversion, which were sometimes mingled in previous studies. Andersen et al. (2014,
table 3) survey 16 such studies. Taking again the average estimate in each study, and then the
median of these averages, we obtain δ = 0.43.

Overall, then, a time discount rate of δ = 0.4 seems to be a midpoint estimate. Using the
natural rate of interest rn = 2%, we obtain an estimate of the marginal rate of substitution between
wealth and consumption: u′(0)yn = δ − rn = 0.4 − 0.02 = 0.38. Although the financial return
on wealth (rn) is much lower than the time discount rate (δ), people are willing to hold wealth
because they derive direct utility from it.

3.2. Slope of Phillips Curve

The slope of the Phillips curve has been estimated by a large literature. Mavroeidis, Plagborg-
Moller, and Stock (2014, fig. 3) review the literature. For a specification similar to (A16),
estimates of (ε − 1)/γ vary between 0.005 and 0.08, with a median estimate across 16 studies of
0.03. Mavroeidis, Plagborg-Moller, and Stock (2014, table 3) also propose their own estimate of
the Phillips curve using two vintages of data. Their estimates are slightly lower than the median:
0.026 and 0.018.

As an alternative, we can measure (ε − 1)/γ from microestimates of ε and γ. Using firm-level
data, De Loecker and Eeckhout (2017, fig. 1) attempt to measure the goods-market markup
in the United States. They find that the average markup ε/(ε − 1) hovers between 1.2 and 1.3
between 1950 and 1980 before continuously rising to 1.7 between 1980 and 2014. Since 1990
the average markup is around 1.5, implying an average elasticity ε = 3, which we use as our
midrange estimate. Next, following Michaillat (2014, p. 206), we calibrate the price-adjustment
cost to γ = 61. This cost is obtained from the microevidence provided by Zbaracki et al.
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(2004), who describe the pricing process of a large industrial US firm and measure the physical,
managerial, and customer costs of changing prices. Combining the estimates for ε and γ yields
(ε − 1)/γ = (3 − 1)/61 = 0.033. This number is close to the estimate from the Phillips-curve
literature, so we use (ε − 1)/γ = 0.03 as a midpoint estimate.

3.3. Assessment of the WUNK Assumption

We combine our preferred estimates of δ, rn, and (ε−1)/g to assess the WUNK assumption, which
can be written as (27). The estimates imply that (27) easily holds: δ×(δ−rn) = 0.4×(0.4−0.02) =
0.15 > 0.03 = (ε − 1)/γ. Hence the assumption seems to hold comfortably in US data.

Of course, there remains significant uncertainty about the exact estimates of the statistics,
especially δ, and (ε − 1)/γ. How large is the range of estimates under which the WUNK
assumption holds? First, if we settle on a median estimate of the time discount rate, (27) holds
for any of the Phillips-curve estimates reported by Mavroeidis, Plagborg-Moller, and Stock
(2014). Indeed, with δ = 0.4, we have δ × (δ − rn) = 0.4 × (0.4 − 0.02) = 0.15 > 0.08,
where 0.08 is the highest estimate of (ε − 1)/γ in Mavroeidis, Plagborg-Moller, and Stock
(2014, fig. 3). In fact, even if we used a lower time discount rate of δ = 0.3, we would
have 0.3 × (0.3 − 0.02) = 0.084 > 0.08, so (27) would hold for any of the Phillips-curve
estimates reported by Mavroeidis, Plagborg-Moller, and Stock (2014). Second, if we settle on a
median estimate of output-gap coefficient in the Phillips curve, (27) holds for any time discount
rate above δ = 0.19 (since 0.19 × (0.19 − 0.02) = 0.032 > 0.03). If we use the output-gap
coefficient in the Phillips curve estimated by Mavroeidis, Plagborg-Moller, and Stock (2014)
from a modern vintage of data, (27) holds for any time discount rate above δ = 0.15 (since
0.15 × (0.15 − 0.02) = 0.019 > 0.018). Such values of the time discount rate are at the low
end of available estimates: combining the estimates surveyed by Frederick, Loewenstein, and
O’Donoghue (2002) and Andersen et al. (2014), we find that more than 70% of estimates of the
time discount rate are above δ = 0.19.

4. New Keynesian Anomalies at the ZLB

This section illustrates the anomalies of the NK model at the ZLB: the explosive paths of output
and inflation, the forward-guidance puzzle, and the explosive government-spending multiplier. It
then shows that these anomalies do not exist in the WUNK model.
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4.1. Output and Inflation

We study the paths of output and inflation during a temporary ZLB episode. We consider a
two-stage scenario, as in Werning (2011) and Cochrane (2017). First, between times 0 and T > 0,
the natural rate of interest becomes negative: rn = r z < 0. In response, the central bank maintains
the nominal interest rate at the ZLB: i = 0. Second, after time T , the natural rate becomes positive
again, and the central bank returns to the normal monetary-policy rule, given by (9). (In the NK
model, monetary policy must be active to ensure equilibrium determinacy.)

We analyze the ZLB episode by going backward in time. In the second stage, t > T , monetary
policy maintains the economy at the natural steady state. We then move back to the ZLB episode,
t ∈ (0,T). The corresponding phase diagrams are shown in figure 2. The phase diagrams for the
NK model are the same as in panel C of figure 1. At the end of the ZLB, at time T , the economy
must be at the natural steady state. Because the equilibrium system is a saddle, at time 0 inflation
and output jump down to π(0) < 0 and y(0) < yn. After that initial contraction, they recover
following the unique trajectory leading to y(T) = yn and π(T) = 0. Hence the ZLB creates
a slump, with below-natural output and deflation. Furthermore output and inflation become
unboundedly low as the ZLB lasts longer (panel C).

In the WUNK model, output and inflation do not take explosive paths during the ZLB. The
phase diagrams for the ZLB episode (panels B and D) are the same as in panel D of figure 1.
Because the equilibrium system remains a source at the ZLB, at time 0 inflation and output jump
down toward the ZLB steady state, but not all the way: πz < π(0) < 0 and yz < y(0) < yn. Then
they recover over time, following the unique trajectory leading to π(T) = 0 and y(T) = yn. Thus,
as in the NK model, the ZLB episode creates a slump. Furthermore, the initial contraction is
deeper when the ZLB lasts longer (panel D). But unlike in the NK model, the paths of output and
inflation are bounded below: irrespective of the length of the ZLB, inflation and output always
fall less than if the ZLB were permanent. In fact, if the natural rate of interest is negative but
close to 0 at the ZLB, such that πz is close to 0 and yz to yn, output and inflation barely deviate
from the natural steady state during the ZLB, even if the ZLB lasts an arbitrarily long time.

The following proposition summarizes these results:8

PROPOSITION 3: A ZLB episode between times 0 and T has the following properties:

– NK model: The economy enters a slump: y(t) < yn and π(t) < 0 for all t ∈ (0,T). The slump

8The result in proposition 3 that output becomes infinitely negative when the ZLB becomes infinitely long should
not be interpreted literally—because the result is obtained using a local approximation of the dynamical system
(12)–(14). The interpretation is that output falls much below its natural level (so much so that the local approximation
stops being valid). The nonapproximated dynamical system would guarantee that output remains positive.
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<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>
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B. WUNK model: short ZLB
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C. NK model: long ZLB
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<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>
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D. WUNK model: long ZLB

Figure 2. Output and Inflation during ZLB Episodes of Various Durations
Notes: The figure displays the equilibrium trajectory in the NK and WUNK models during a ZLB episode. A ZLB
episode lasts between times 0 and T . During the episode, the natural rate of interest is negative and the central bank
responds by setting the nominal interest rate to zero. At the end of the ZLB, at time T , the central bank brings the
economy to the natural steady state, where y = yn and π = 0. The phase diagrams in panels A and C come from
figure 1, panel C. The phase diagrams in panels B and D come from figure 1, panel D. (The Phillips line is the
π-nullcline; the Euler line is the y-nullcline.) The figure contrasts a short ZLB episode (small T) in panels A and B
with a long ZLB episode (large T) in panels C and D. In both models, at time 0, inflation is negative and output is
below its natural level: the ZLB creates a slump. Then the economy recovers along the unique trajectory reaching the
natural steady state at time T . Critically, the WUNK model eliminates the explosive paths of output and inflation
during long ZLB episodes: in the NK model, the initial slump becomes unboundedly large as the ZLB becomes
longer; in the WUNK model, in contrast, the initial slump is bounded below by the ZLB steady state.
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becomes infinitely severe as the ZLB becomes infinitely long:

lim
T→∞

y(0) = −∞

lim
T→∞

π(0) = −∞.

– WUNK model: The economy enters a slump: y(t) < yn and π(t) < 0 for all t ∈ (0,T). The
slump is bounded below by the ZLB steady state: y(t) > yz and π(t) > πz for all t ∈ (0,T). In
fact, the slump approaches the ZLB steady state as the ZLB becomes infinitely long:

lim
T→∞

y(0) = yz = yn +
1

u′(0) − ε/(δγa)
· r z(28)

lim
T→∞

π(0) = πz =
ε/(δγa)

u′(0) − ε/(δγa)
· r z .(29)

The explosive paths of output and inflation at the ZLB are a well-known anomaly of the NK
model (Eggertsson and Woodford 2004, fig. 1; Cochrane 2017, fig. 1). Such pattern is difficult to
reconcile with real-world observations. The Japanese ZLB episode that started in 1995 has been
lasting more than twenty years without sustained deflation. The ZLB episode that started in 2009
in the euro area has been lasting for more than 10 years, and it did not yield sustained deflation
either.

In the WUNK model, in contrast, the ZLB slump is bounded below by the ZLB steady state.
So irrespective of the length of the ZLB episode, inflation and output do not spiral down. Instead,
as the length of the ZLB increases, both variables converge to their values at the ZLB steady state.
And these steady-state values may not be far from the steady state in normal times. For instance,
if the natural interest rate is only slightly negative during the ZLB, steady-state inflation is only
slightly below zero (see (29)); then, in any temporary ZLB, inflation always remains above that
steady-state level—so there is no reason to expect sharp deflation during a ZLB, even if it lasts a
very long time.

The result obtained here is similar to proposition 3.2 in Gabaix (2016). In his model with
bounded rationality, Gabaix shows that output and inflation also converge to the ZLB steady state
as the ZLB becomes arbitrarily long; he also obtains closed-form expressions for the steady-state
values of the two variables.

4.2. Forward Guidance

We study the paths of output and inflation when the central bank conducts forward guidance
during the ZLB. We consider a three-stage scenario, as in Cochrane (2017). First, between time
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0 and time T > 0, there is a ZLB episode. To alleviate the ZLB, the central bank makes a
forward-guidance promise at time 0: that it will maintain the nominal interest rate at zero for a
duration ∆ once the ZLB is over.9 Second, between time T and time T + ∆, the natural rate of
interest becomes positive: rn = r f > 0. The central bank abides by its forward-guidance promise
and keeps the nominal interest rate at zero. Third, after time T + ∆, the natural rate of interest
remains positive, and the central bank returns to normal monetary policy, given by (9).

Let’s start with the NK model. The analysis of forward guidance is in figure 3. We construct
the paths of output and inflation by going backward in time. In the third stage, t > T +∆, monetary
policy maintains the economy at the natural steady state. The second stage, t ∈ (T,T + ∆), is
the forward-guidance episode, depicted in panel A. The phase diagram is similar to that in
panel C of figure 1, except that rn > 0 instead of rn < 0. Since the Euler line goes through the
point [yn,−rn], we infer that the Euler line is lower; however, the equilibrium system remains
a saddle.10 Following the logic of figure 2, we find that at time T , inflation and output must
be at π(T) > 0 and y(T) > yn. They then decrease over time, following the unique trajectory
leading to π(T + ∆) = 0 and y(T + ∆) = yn. Accordingly, the economy booms during forward
guidance: inflation is always positive and output above its natural level. Furthermore, as the
duration of forward guidance increases, inflation and output at the beginning of forward guidance,
[y(T), π(T)], becomes unboundedly high.

Next, we turn to the ZLB episode, t ∈ (0,T), depicted in panels B, C, and D. The three
panels differ by the duration of the forward-guidance episode following the ZLB episode. The
phase diagrams in these panels are the same as that in panel C of figure 1. Because of the boom
engineered through forward guidance, the situation is improved at the ZLB: instead of reaching
the natural steady state at time T , the economy must reach π(T) > 0 and y(T) > yn, so at any time
before T , the economy tends to have higher inflation and output than without forward guidance.
Forward guidance can actually have tremendously strong effects. For small durations of forward
guidance, the position at the beginning of forward guidance, [y(T), π(T)], is on the left-hand
side of the unstable line of the dynamical system representing the ZLB equilibrium. Hence, it is
connected to trajectories coming from the southwest quadrant of the phase diagram (panel B). As
the ZLB lasts longer, initial output and inflation become lower and lower. When the duration of
forward guidance is such that the position at the beginning of forward guidance, [y(T), π(T)], is
exactly on the unstable line of the dynamical system, then the position at the beginning of the

9Eggertsson and Woodford (2003), Jung, Teranishi, and Watanabe (2005), and Werning (2011) show that such
path of nominal interest rates is indeed optimal in this kind of ZLB situation.

10Proposition 2 was derived for a ZLB situation: i = 0 and rn < 0. But almost all the results of the proposition
also hold for a forward-guidance situation: i = 0 and rn > 0. The only different results concern the steady state. In
the NK model, the steady state has deflation and below-natural output (in addition the steady state only exists if
rn < (ε − 1)/(δγ)). In the WUNK model the steady state has positive inflation and above-natural output.
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<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="4Hrp/kaCQD2uUeTWHYRmsPlona8=">AAABw3icbVBNS8NAEJ2tX7V+VT16EXvxVLIieC0VxZsV+gVNKJt1WpduNiE7rZFQ8Fd4VfxX/hvTtJdY32Ueb2be8MaPtLLkOD+stLG5tb1T3q3s7R8cHlWPT7o2nMYSOzLUYdz3hUWtDHZIkcZ+FKMIfI09f3K76PdmGFsVmja9RegFYmzUSElBmeS6hAmli+V5ZVitOXUnx/k64StSgxVaw+q3+xzKaYCGpBbWDrgTkZeKmJTUmaE7tRgJORFjTA2+UrI4VpAHj23upaPQEBr5z0Ig6KUo+0HRwM7GRgRovTTJn5F185o2dTaRh+J/I6yT7lWdO3X+dF1r3L8v45XhDC7gEjjcQAMeoAUdkBDBB3zCF7tjExYzWo6W2Oolp1AAm/8CyiKAgw==</latexit>

<latexit sha1_base64="8sdhLzFO4kMsEglcIsQIsU5CZTY=">AAAByXicbVBNS8NAEJ3Ur1q/oh69iL14KlkRvBYFETxYoV/QhrJZp3XpZpNmJzUaBMG/4UnQ/+S/MU17ifVd5vFm5g1vvFBJQ47zY5VWVtfWN8qbla3tnd09e/+gbYI4EtgSgQqirscNKqmxRZIUdsMIue8p7Hjjq1m/M8XIyEA36TlE1+cjLYdScMqkgW33CRNKY22IZzuvlYFddWpOjuNlwhakCgs0BvZn/yEQsY+ahOLG9JgTkpvyiKSYGfZjgyEXYz7CVOMTJbODBbl312RuOgw0oRb/LPicHouy5xcNzHSkuY/GTZP8JVk3r+mlyibyUOxvhGXSPqsxp8buz6v167d5vDIcwQmcAoMLqMMNNKAFAqbwAV/wbd1aEyuxXuajJWvxkkMowHr/BSzPgpI=</latexit>

<latexit sha1_base64="+q2ZU3yVScFMrKJ/fKKBhrfMSAQ=">AAABw3icbVDLSgNBEOyJrxhfUY9exL0IQtgRwZMQ8IE3I+SFyRJmJ504ZHZ22enEyBLwI7zqyZ/yb1w3uayxLl10VxdU+ZFWllz3mxVWVtfWN4qbpa3tnd298v5B04bjWGJDhjqM276wqJXBBinS2I5iFIGvseWPrn/vrQnGVoWmTq8ReoEYGjVQUlC6eqKr+ln3BjWJXtlxK26G42XCF8SBBWq98le3H8pxgIakFtZ2uBuRl4iYlNQ4K3XHFiMhR2KIicEXmhJOKbfuPNS5lwxCQ2hk/sEP/jEIBD3nDfoTFVkjArReMs3KSO/ZTHydamalNBb/G2KZNM8r3K3wxwunevc2D1iEIziBU+BwCVW4hxo0QIKBd/iAT3bLRixmNJcW2KKUQ8iBzX4ABWeAHA==</latexit>

<latexit sha1_base64="2SJk0HFFRVU3c+T4r17awS1FoV8=">AAABunicbVDLSgNBEOyJrxhfUY9exFw8hRkRvCgEBfFmxLwgWcLs2FmHzM4uO50YWQL+gFe9+1f+jWuSyxrr0kVVd0OVHxvtiPNvVlhZXVvfKG6WtrZ3dvfK+wctF40ShU0VmSjp+NKh0RabpMlgJ05Qhr7Btj+8+fXbY0ycjmyDXmP0QhlYPdBKUiY90hXvlyu8ymc4XiZiQSqwQL1f/uo9RWoUoiVlpHNdwWPyUpmQVganpd7IYSzVUAaYWnyhCeGEcnL3viG8dBBZQqv+OQglPedlP8w/cOPAyhCdl05mHWTubKbXJtuYlrJQ4m+EZdI6qwpeFQ/nldrt2zxeEY7gBE5BwAXU4A7q0AQFAbzDB3yyS+YzzYbz1QJbVHIIOTD6ATE9fD8=</latexit>

C. ZLB before medium forward guidance

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="4Hrp/kaCQD2uUeTWHYRmsPlona8=">AAABw3icbVBNS8NAEJ2tX7V+VT16EXvxVLIieC0VxZsV+gVNKJt1WpduNiE7rZFQ8Fd4VfxX/hvTtJdY32Ueb2be8MaPtLLkOD+stLG5tb1T3q3s7R8cHlWPT7o2nMYSOzLUYdz3hUWtDHZIkcZ+FKMIfI09f3K76PdmGFsVmja9RegFYmzUSElBmeS6hAmli+V5ZVitOXUnx/k64StSgxVaw+q3+xzKaYCGpBbWDrgTkZeKmJTUmaE7tRgJORFjTA2+UrI4VpAHj23upaPQEBr5z0Ig6KUo+0HRwM7GRgRovTTJn5F185o2dTaRh+J/I6yT7lWdO3X+dF1r3L8v45XhDC7gEjjcQAMeoAUdkBDBB3zCF7tjExYzWo6W2Oolp1AAm/8CyiKAgw==</latexit>

<latexit sha1_base64="8sdhLzFO4kMsEglcIsQIsU5CZTY=">AAAByXicbVBNS8NAEJ3Ur1q/oh69iL14KlkRvBYFETxYoV/QhrJZp3XpZpNmJzUaBMG/4UnQ/+S/MU17ifVd5vFm5g1vvFBJQ47zY5VWVtfWN8qbla3tnd09e/+gbYI4EtgSgQqirscNKqmxRZIUdsMIue8p7Hjjq1m/M8XIyEA36TlE1+cjLYdScMqkgW33CRNKY22IZzuvlYFddWpOjuNlwhakCgs0BvZn/yEQsY+ahOLG9JgTkpvyiKSYGfZjgyEXYz7CVOMTJbODBbl312RuOgw0oRb/LPicHouy5xcNzHSkuY/GTZP8JVk3r+mlyibyUOxvhGXSPqsxp8buz6v167d5vDIcwQmcAoMLqMMNNKAFAqbwAV/wbd1aEyuxXuajJWvxkkMowHr/BSzPgpI=</latexit>

<latexit sha1_base64="+q2ZU3yVScFMrKJ/fKKBhrfMSAQ=">AAABw3icbVDLSgNBEOyJrxhfUY9exL0IQtgRwZMQ8IE3I+SFyRJmJ504ZHZ22enEyBLwI7zqyZ/yb1w3uayxLl10VxdU+ZFWllz3mxVWVtfWN4qbpa3tnd298v5B04bjWGJDhjqM276wqJXBBinS2I5iFIGvseWPrn/vrQnGVoWmTq8ReoEYGjVQUlC6eqKr+ln3BjWJXtlxK26G42XCF8SBBWq98le3H8pxgIakFtZ2uBuRl4iYlNQ4K3XHFiMhR2KIicEXmhJOKbfuPNS5lwxCQ2hk/sEP/jEIBD3nDfoTFVkjArReMs3KSO/ZTHydamalNBb/G2KZNM8r3K3wxwunevc2D1iEIziBU+BwCVW4hxo0QIKBd/iAT3bLRixmNJcW2KKUQ8iBzX4ABWeAHA==</latexit>

<latexit sha1_base64="2SJk0HFFRVU3c+T4r17awS1FoV8=">AAABunicbVDLSgNBEOyJrxhfUY9exFw8hRkRvCgEBfFmxLwgWcLs2FmHzM4uO50YWQL+gFe9+1f+jWuSyxrr0kVVd0OVHxvtiPNvVlhZXVvfKG6WtrZ3dvfK+wctF40ShU0VmSjp+NKh0RabpMlgJ05Qhr7Btj+8+fXbY0ycjmyDXmP0QhlYPdBKUiY90hXvlyu8ymc4XiZiQSqwQL1f/uo9RWoUoiVlpHNdwWPyUpmQVganpd7IYSzVUAaYWnyhCeGEcnL3viG8dBBZQqv+OQglPedlP8w/cOPAyhCdl05mHWTubKbXJtuYlrJQ4m+EZdI6qwpeFQ/nldrt2zxeEY7gBE5BwAXU4A7q0AQFAbzDB3yyS+YzzYbz1QJbVHIIOTD6ATE9fD8=</latexit>

D. ZLB before long forward guidance

Figure 3. NK Model: ZLB Episode Followed by Forward-Guidance Episodes of Various Durations
Notes: The figure displays equilibrium trajectories in the NK model during a ZLB episode followed by a forward-
guidance episode.The ZLB episode between times 0 and T is as in figure 2. It is followed by a forward-guidance
episode between times T and T + ∆: the natural rate of interest becomes positive but the central bank maintains the
nominal interest rate at zero. At the end of forward guidance, at time T + ∆, the central bank brings the economy
to the natural steady state. The phase diagrams in panel A (similar to panel C in figure 1 but with rn > 0) depict
the forward-guidance episode. The phase diagrams in panels B, C, and D (same as panel C in figure 1) depict the
ZLB episode with different durations for the following forward guidance (different ∆). In panels B, C, and D, the
unstable line represents the eigenvector associated with the positive eigenvalue of (22). The NK model suffers from
two problems, which are two facets of the forward-guidance puzzle: the forward-guidance boom becomes arbitrarily
large as forward guidance becomes longer (panel A); and there is a reversal as the duration of forward guidance
crosses a threshold, whereby the ZLB slump becomes a boom (panel C versus panel E).
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<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="+q2ZU3yVScFMrKJ/fKKBhrfMSAQ=">AAABw3icbVDLSgNBEOyJrxhfUY9exL0IQtgRwZMQ8IE3I+SFyRJmJ504ZHZ22enEyBLwI7zqyZ/yb1w3uayxLl10VxdU+ZFWllz3mxVWVtfWN4qbpa3tnd298v5B04bjWGJDhjqM276wqJXBBinS2I5iFIGvseWPrn/vrQnGVoWmTq8ReoEYGjVQUlC6eqKr+ln3BjWJXtlxK26G42XCF8SBBWq98le3H8pxgIakFtZ2uBuRl4iYlNQ4K3XHFiMhR2KIicEXmhJOKbfuPNS5lwxCQ2hk/sEP/jEIBD3nDfoTFVkjArReMs3KSO/ZTHydamalNBb/G2KZNM8r3K3wxwunevc2D1iEIziBU+BwCVW4hxo0QIKBd/iAT3bLRixmNJcW2KKUQ8iBzX4ABWeAHA==</latexit>

A. Forward guidance

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="2SJk0HFFRVU3c+T4r17awS1FoV8=">AAABunicbVDLSgNBEOyJrxhfUY9exFw8hRkRvCgEBfFmxLwgWcLs2FmHzM4uO50YWQL+gFe9+1f+jWuSyxrr0kVVd0OVHxvtiPNvVlhZXVvfKG6WtrZ3dvfK+wctF40ShU0VmSjp+NKh0RabpMlgJ05Qhr7Btj+8+fXbY0ycjmyDXmP0QhlYPdBKUiY90hXvlyu8ymc4XiZiQSqwQL1f/uo9RWoUoiVlpHNdwWPyUpmQVganpd7IYSzVUAaYWnyhCeGEcnL3viG8dBBZQqv+OQglPedlP8w/cOPAyhCdl05mHWTubKbXJtuYlrJQ4m+EZdI6qwpeFQ/nldrt2zxeEY7gBE5BwAXU4A7q0AQFAbzDB3yyS+YzzYbz1QJbVHIIOTD6ATE9fD8=</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="+q2ZU3yVScFMrKJ/fKKBhrfMSAQ=">AAABw3icbVDLSgNBEOyJrxhfUY9exL0IQtgRwZMQ8IE3I+SFyRJmJ504ZHZ22enEyBLwI7zqyZ/yb1w3uayxLl10VxdU+ZFWllz3mxVWVtfWN4qbpa3tnd298v5B04bjWGJDhjqM276wqJXBBinS2I5iFIGvseWPrn/vrQnGVoWmTq8ReoEYGjVQUlC6eqKr+ln3BjWJXtlxK26G42XCF8SBBWq98le3H8pxgIakFtZ2uBuRl4iYlNQ4K3XHFiMhR2KIicEXmhJOKbfuPNS5lwxCQ2hk/sEP/jEIBD3nDfoTFVkjArReMs3KSO/ZTHydamalNBb/G2KZNM8r3K3wxwunevc2D1iEIziBU+BwCVW4hxo0QIKBd/iAT3bLRixmNJcW2KKUQ8iBzX4ABWeAHA==</latexit>

B. ZLB before short forward guidance

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="JcaHn3s1aJ4akcAPsHACIbVhq2w=">AAABvHicbVBNT8JAFHyLX4hfqEcvxl48ka4x8aQhmhhvYkKBBCrZLg/csLttugvSNCT+A6969V/5b6yFS8W5vMnMey+ZCSIpjHXdb1JaW9/Y3CpvV3Z29/YPqodHLRNOYo4eD2UYdwJmUAqNnhVWYieKkalAYjsY3/367SnGRoS6aZMIfcVGWgwFZzaTvOQ6edb9quPW3Bynq4QuiQNLNPrVr94g5BOF2nLJjOlSN7J+ymIruMR5pTcxGDE+ZiNMNb7amcWZLcjdxyb102GoLWr+z4Fi9qUoB6r4wExHmik0fjrLW8jcfKa3MtuYV7JQ9G+EVdK6qFG3Rp8unfr92yJeGU7gDM6BwhXU4QEa4AEHAe/wAZ/khgzImKjFaoksKzmGAsj0B/QMfW0=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="2SJk0HFFRVU3c+T4r17awS1FoV8=">AAABunicbVDLSgNBEOyJrxhfUY9exFw8hRkRvCgEBfFmxLwgWcLs2FmHzM4uO50YWQL+gFe9+1f+jWuSyxrr0kVVd0OVHxvtiPNvVlhZXVvfKG6WtrZ3dvfK+wctF40ShU0VmSjp+NKh0RabpMlgJ05Qhr7Btj+8+fXbY0ycjmyDXmP0QhlYPdBKUiY90hXvlyu8ymc4XiZiQSqwQL1f/uo9RWoUoiVlpHNdwWPyUpmQVganpd7IYSzVUAaYWnyhCeGEcnL3viG8dBBZQqv+OQglPedlP8w/cOPAyhCdl05mHWTubKbXJtuYlrJQ4m+EZdI6qwpeFQ/nldrt2zxeEY7gBE5BwAXU4A7q0AQFAbzDB3yyS+YzzYbz1QJbVHIIOTD6ATE9fD8=</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="+q2ZU3yVScFMrKJ/fKKBhrfMSAQ=">AAABw3icbVDLSgNBEOyJrxhfUY9exL0IQtgRwZMQ8IE3I+SFyRJmJ504ZHZ22enEyBLwI7zqyZ/yb1w3uayxLl10VxdU+ZFWllz3mxVWVtfWN4qbpa3tnd298v5B04bjWGJDhjqM276wqJXBBinS2I5iFIGvseWPrn/vrQnGVoWmTq8ReoEYGjVQUlC6eqKr+ln3BjWJXtlxK26G42XCF8SBBWq98le3H8pxgIakFtZ2uBuRl4iYlNQ4K3XHFiMhR2KIicEXmhJOKbfuPNS5lwxCQ2hk/sEP/jEIBD3nDfoTFVkjArReMs3KSO/ZTHydamalNBb/G2KZNM8r3K3wxwunevc2D1iEIziBU+BwCVW4hxo0QIKBd/iAT3bLRixmNJcW2KKUQ8iBzX4ABWeAHA==</latexit>

C. ZLB before long forward guidance

<latexit sha1_base64="0TPVBziaXPew1gQJ1dkxw1vxb8g=">AAABuHicbVDLSgNBEOyJrxhfUY9exFw8hR0RhJyCgngzgbwgWeLs2FmHzM4uO524YQl496o/4F/5N65JLmusSxdV3Q1VXqSVJcf5ZoWNza3tneJuaW//4PCofHzSseEkltiWoQ7jnicsamWwTYo09qIYReBp7Hrju1+/O8XYqtC0aBahGwjfqJGSgjKpORuWK07VWeB8nfAVqcAKjWH5a/AcykmAhqQW1va5E5GbipiU1DgvDSYWIyHHwsfU4CslhAnl5P5ji7vpKDSERv5zEAh6yctekH9gp74RAVo3TRYNZO5iprc625iXslD8b4R10rmqcqfKm9eV+v3bMl4RzuACLoHDDdThARrQBgkI7/ABn6zGnpjP1HK1wFaVnEIOLP4BXH97ww==</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>
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D. Possible trajectories

Figure 4. WUNK Model: ZLB Episode Followed by Forward-Guidance Episodes of Various
Durations
Notes: The figure displays equilibrium trajectories in the NK and WUNK models during a ZLB episode followed
by a forward-guidance episode.The ZLB episode between times 0 and T is as in figure 2. It is followed by a
forward-guidance episode between times T and T + ∆: the natural rate of interest becomes positive but the central
bank maintains the nominal interest rate at zero. At the end of forward guidance, at time T + ∆, the central bank
brings the economy to the natural steady state. The phase diagram in panel A (similar to panel D in figure 1 but with
rn > 0) depict the forward-guidance episode. The phase diagrams in panels B and C (same as panels D in figure 1)
depict the ZLB episode. Panel C is like panel B, but with longer forward guidance (longer ∆). Panel D is a generic
version of panels B and C, describing any duration of ZLB and forward guidance. The forward-guidance puzzle
disappears in the WUNK model as equilibrium trajectories are bounded in the green and red areas (panel F).
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ZLB, [y(0), π(0)], must be on the unstable line, between the ZLB steady state and [y(T), π(T)]
(panel C). As the ZLB lasts longer, the initial position inches closer to the steady state. Last,
for longer forward guidance, the position at the beginning of forward guidance, [y(T), π(T)], is
on the right-hand side of the unstable line, so it is connected to trajectories coming from the
northeast quadrant of the phase diagram (panel D). As a result, initial output and inflation are
much higher than when [y(T), π(T)] was on the other side of the unstable line. Then, as the ZLB
lasts longer, initial output and inflation become higher and higher.

The power of forward guidance is much more subdued in the WUNK model, as illustrated in
figure 4. In the third stage, t > T + ∆, the economy is at the natural steady state. We then move to
the forward-guidance episode, t ∈ (T,T + ∆), depicted in panel A. The phase diagram is similar
to that in panel D of figure 1, except that rn > 0 instead of rn < 0. Since the Euler line goes
through the point [yn,−rn], we infer that the Euler line is shifted outward, and that the steady
state, denoted [y f , π f ], shifts accordingly. Nevertheless, the equilibrium system remains a source.
Hence, at time T , inflation and output must be at π(T) > 0 and y(T) > yn; then they decrease
over time, following the unique trajectory leading to π(T + ∆) = 0 and y(T + ∆) = yn. As in the
NK model, the economy booms during forward guidance; but unlike in the NK model, the paths
of output and inflation are bounded above by the forward-guidance steady state, [y f , π f ].

Before forward guidance comes the ZLB episode, t ∈ (0,T), depicted in panels B and C.
The phase diagrams are the same as those in panel D of figure 1. As in the NK model, because
of the boom engineered through forward guidance, the situation is improved at the ZLB: at
any time before T , the economy tends to have higher inflation and output than without forward
guidance. Unlike in the NK model, however, output during the ZLB episode is always below
the level it reaches at the beginning of forward guidance, y(T). This is because [y(T), π(T)] is
only connected to trajectories coming from the northeast quadrant of the ZLB phase diagram.
So forward guidance cannot generate unbounded booms in the WUNK model. The ZLB cannot
generate unbounded slumps either: the paths of output and inflation are bounded below by the
ZLB steady state, [yz, πz]. These properties are showed in panel F: [y(T), π(T)] necessarily falls
in the green area so [y(0), π(0)] is necessarily in the red area (or green area if T is tiny).

Based on these dynamics, we isolate three anomalies in the NK model, which are resolved in
the WUNK model:

PROPOSITION 4: Consider ZLB episode during (0,T), with i = 0 and rn = r z < 0, followed
by a forward-guidance episode during (T,T + ∆), with i = 0 and rn = r f > 0. Let y(t; T,∆) and
π(t; T,∆) be output and inflation at time t.

– NK model: There exists a forward-guidance duration ∆∗ > 0 with the following properties.
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◦ For any forward guidance shorter than ∆∗, a long-enough ZLB is an arbitrarily severe
slump: for any ∆ < ∆∗,

lim
T→∞

y(0; T,∆) = −∞

lim
T→∞

π(0; T,∆) = −∞.

◦ For any forward guidance longer than ∆∗, a long-enough ZLB is an arbitrarily large
boom: for any ∆ > ∆∗,

lim
T→∞

y(0; T,∆) = +∞

lim
T→∞

π(0; T,∆) = +∞.

In addition, a long-enough forward guidance generates an arbitrarily large boom: for
any T ,

lim
∆→∞

y(0; T,∆) = +∞

lim
∆→∞

π(0; T,∆) = +∞.

◦ As the ZLB becomes arbitrarily long, the forward-guidance multiplier evaluated at the
duration ∆∗ becomes infinite. This implies that as the ZLB is long enough, an arbitrarily
small increase or decrease in the duration of forward guidance has an arbitrarily large
effect on output. Formally, we define the forward-guidance multiplier at ∆ by

dy
d∆
(T,∆) = lim

x→0

y(0; T,∆ + x) − y(0; T,∆)
x

;

then we have
lim

T→∞

dy
d∆
(T,∆∗) = +∞.

– WUNK model: For any durations T and ∆, the following properties arise.

◦ At all times the economy remains bounded above by the forward-guidance steady state
and bounded below by the ZLB steady state. Formally, for any t ∈ (0,T + ∆),

y(t; T,∆) ∈ [yz, y f ]

π(t; T,∆) ∈ [πz, π f ].
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◦ The effect of forward-guidance vanishes as the ZLB becomes infinitely long, such that
the forward-guidance multiplier evaluated at any duration goes to zero. For any ∆,

lim
T→∞

dy
d∆
(T,∆) = 0.

The proposition describes several anomalies associated with forward guidance in the NK
model. First, if the duration of forward guidance is short (as in panel B of figure 3), an arbitrarily
long ZLB leads to an arbitrarily severe slump. Hence, the result from proposition 3, which was
derived without forward guidance, extends to situations with short forward guidance.

Second, if the duration of forward guidance is above some threshold ∆∗ (as in panel D of
figure 3), an arbitrarily long ZLB leads to an arbitrarily large boom.

Hence, forward guidance cannot explain the stability of the Japanese economy after nearly
thirty years at the ZLB. Even with forward guidance, except in the knife-edge case in which
forward guidance lasts exactly ∆∗, output and inflation follow explosive paths as the ZLB is
arbitrarily long-lasting.

Third, a large boom also occurs if instead of the ZLB episode, the forward-guidance episode
is arbitrarily long-lasting.

Fourth, the multiplier of forward-guidance policy at duration ∆∗ is infinite. This is because an
arbitrary small increase in the duration of forward guidance move the economy at the beginning
of forward guidance from one side of the ZLB unstable line to the other side, which can generate
an arbitrarily large increase in output.

The anomalies identified in the proposition correspond to the instances of forward-guidance
puzzle described by Carlstrom, Fuerst, and Paustian (2015, fig. 1), and Cochrane (2017, fig. 6).
These papers also show that above a threshold duration, forward guidance transforms the ZLB
into a boom whose amplitude increases with the duration of forward guidance.

In the WUNK model, such anomalous patterns vanish. Irrespective of forward guidance, an
arbitrarily long ZLB always leads to the ZLB steady state, with mild deflation and below-natural
output. An arbitrarily long forward-guidance episode brings the economy at the beginning of
forward guidance at the forward-guidance steady state, with mild inflation and above-natural
steady state. The forward-guidance multiplier is always finite, irrespective of forward-guidance
duration. And irrespective of the the durations of ZLB and forward guidance, the economy always
remains bounded between the ZLB and forward-guidance steady states.

Like our paper, the papers mentioned previously that obtain a well-behaved ZLB steady state
address the forward-guidance puzzle. Beside these papers, a growing literature focuses solely on
addressing the forward-guidance puzzle. Within this literature, our paper follows the same path
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as those developing discounted Euler equations—in which future interest rates have less effect
on today’s consumption than in the standard version. For example, Del Negro, Giannoni, and
Patterson (2015) generate discounting through overlapping generations. McKay, Nakamura, and
Steinsson (2016) and Bilbiie (2017) generate discounting by introducing heterogeneous agents
facing borrowing constraints. Angeletos and Lian (2018) generate discounting by introducing
incomplete information. More related to our approach, Rannenberg (2019) generates discounting
by introducing two types of households (one type is credit constrained and simply consumes
its disposable income; one type is unconstrained and borrows and saves using safe assets) and
by assuming that safe assets enter unconstrained households’ utility function. Last, also closely
related to our approach, Campbell et al. (2017) generate discounting by introducing bonds in
the utility function.11 By introducing relative wealth in the utility function we also generate
a discounted Euler equation; but going one step further, we find that sufficient discounting
transforms the dynamical system representing the ZLB equilibrium from a saddle to a source,
resolving at once all anomalies at the ZLB. Furthermore, most of the literature base their analysis
on numerical results, while we are able to establish our results using phase diagrams.

4.3. Government Spending

The government purchases quantities gk(t) of the differentiated goods k ∈ [0,1]. These quantities
are aggregated into an index of public consumption that takes the same form as the index of
private consumption:

(30) g(t) ≡
[∫ 1

0
gk(t)(ε−1)/εdk

] ε/(ε−1)

.

The public-consumption index g(t) enters separately into households’ utility functions. Govern-
ment expenditure is financed with lump-sum taxation.

In addition, we assume that the disutility of labor is convex (finite Frisch elasticity). We alter
the shape of the utility function to generate richer policy effects, as in Werning (2011), Cochrane
(2017), and Wieland (2018). Indeed, the convexity allows us to have nonneutral government
spending in steady state. With linear disutility of labor instead, real marginal costs are constant, so
government spending is neutral in steady state: it does not affect private consumption or inflation.

11Other approaches have been used to address the forward-guidance puzzle. These include modifying the Phillips
curve (for example, Carlstrom, Fuerst, and Paustian 2015), considering the economy in a temporary equilibrium
with agents having “reflective” expectations Garcia-Schmidt and Woodford (2019), combining bounded rationality
and incomplete markets (Farhi and Werning 2017), or introducing a spread between the federal funds rate and the
interest rate on government bonds (for example, Bredemeier, Kaufmann, and Schabert 2018).

31



Specifically, household j incurs disutility

1
1 + η

h j(t)1+η

from producing goods and services, where the parameter η > 0 is the inverse of the Frisch
elasticity of labor supply.

We follow the same steps as in the baseline model to determine the Euler equation and Phillips
curve. (The derivation is relegated to appendix C.) Because output is no longer equal to private
consumption, the Euler equation must remain expressed in terms of private consumption:

(31)
Ûc(t)
c(t)
= r(π(t)) + u′(0)c(t) − δ.

Furthermore, since output now includes private consumption plus public consumption, and the
disutility of labor is convex, the Phillips curve is modified as follows:

(32) Ûπ(t) = δπ(t) +
(ε − 1) [c(t) + g(t)]

γc(t)

{
1 −

ε

ε − 1
·
[c(t) + g(t)]η c(t)

a1+η

}
.

The interpretation of the Phillips curve remains the same, except that the real marginal cost takes
a more complicated form. As before, the real marginal cost is the marginal rate of substitution
between labor and consumption divided by the marginal product of labor. The marginal product
of labor remains a. The marginal rate of substitution is the marginal disutility of labor divided
by the marginal utility of consumption. The former remains 1/c(t), but the latter has become
h(t)η = (y(t)/a)η = [c(t) + g(t)]η /aη. So the term after ε/(ε − 1) in the curly brackets is the real
marginal cost.

We study the paths of consumption and inflation when the government uses government
spending during the ZLB. We consider a two-stage scenario, as in Cochrane (2017). First, between
time 0 and time T > 0, there is a ZLB episode. The natural rate of interest is negative: rn = r z < 0.
In response, the central bank maintains the nominal interest rate at the ZLB: i = 0. To alleviate
the ZLB, the government provides an amount g > 0 of public consumption. Second, after time
T , the natural rate becomes positive again: rn > 0. The central bank returns to the normal
monetary-policy rule, given by (9). The government stops providing public consumption: g = 0.

The following proposition summarizes these results:

PROPOSITION 5: Consider ZLB episode during (0,T), with i = 0 and rn = r z < 0, accompa-
nied by government spending g > 0. Let c(t; T,g) and π(t; T,g) be output and inflation at time
t.
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<latexit sha1_base64="8sdhLzFO4kMsEglcIsQIsU5CZTY=">AAAByXicbVBNS8NAEJ3Ur1q/oh69iL14KlkRvBYFETxYoV/QhrJZp3XpZpNmJzUaBMG/4UnQ/+S/MU17ifVd5vFm5g1vvFBJQ47zY5VWVtfWN8qbla3tnd09e/+gbYI4EtgSgQqirscNKqmxRZIUdsMIue8p7Hjjq1m/M8XIyEA36TlE1+cjLYdScMqkgW33CRNKY22IZzuvlYFddWpOjuNlwhakCgs0BvZn/yEQsY+ahOLG9JgTkpvyiKSYGfZjgyEXYz7CVOMTJbODBbl312RuOgw0oRb/LPicHouy5xcNzHSkuY/GTZP8JVk3r+mlyibyUOxvhGXSPqsxp8buz6v167d5vDIcwQmcAoMLqMMNNKAFAqbwAV/wbd1aEyuxXuajJWvxkkMowHr/BSzPgpI=</latexit>

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

C. Medium level of government spending

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="2SJk0HFFRVU3c+T4r17awS1FoV8=">AAABunicbVDLSgNBEOyJrxhfUY9exFw8hRkRvCgEBfFmxLwgWcLs2FmHzM4uO50YWQL+gFe9+1f+jWuSyxrr0kVVd0OVHxvtiPNvVlhZXVvfKG6WtrZ3dvfK+wctF40ShU0VmSjp+NKh0RabpMlgJ05Qhr7Btj+8+fXbY0ycjmyDXmP0QhlYPdBKUiY90hXvlyu8ymc4XiZiQSqwQL1f/uo9RWoUoiVlpHNdwWPyUpmQVganpd7IYSzVUAaYWnyhCeGEcnL3viG8dBBZQqv+OQglPedlP8w/cOPAyhCdl05mHWTubKbXJtuYlrJQ4m+EZdI6qwpeFQ/nldrt2zxeEY7gBE5BwAXU4A7q0AQFAbzDB3yyS+YzzYbz1QJbVHIIOTD6ATE9fD8=</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="4Hrp/kaCQD2uUeTWHYRmsPlona8=">AAABw3icbVBNS8NAEJ2tX7V+VT16EXvxVLIieC0VxZsV+gVNKJt1WpduNiE7rZFQ8Fd4VfxX/hvTtJdY32Ueb2be8MaPtLLkOD+stLG5tb1T3q3s7R8cHlWPT7o2nMYSOzLUYdz3hUWtDHZIkcZ+FKMIfI09f3K76PdmGFsVmja9RegFYmzUSElBmeS6hAmli+V5ZVitOXUnx/k64StSgxVaw+q3+xzKaYCGpBbWDrgTkZeKmJTUmaE7tRgJORFjTA2+UrI4VpAHj23upaPQEBr5z0Ig6KUo+0HRwM7GRgRovTTJn5F185o2dTaRh+J/I6yT7lWdO3X+dF1r3L8v45XhDC7gEjjcQAMeoAUdkBDBB3zCF7tjExYzWo6W2Oolp1AAm/8CyiKAgw==</latexit>

<latexit sha1_base64="8sdhLzFO4kMsEglcIsQIsU5CZTY=">AAAByXicbVBNS8NAEJ3Ur1q/oh69iL14KlkRvBYFETxYoV/QhrJZp3XpZpNmJzUaBMG/4UnQ/+S/MU17ifVd5vFm5g1vvFBJQ47zY5VWVtfWN8qbla3tnd09e/+gbYI4EtgSgQqirscNKqmxRZIUdsMIue8p7Hjjq1m/M8XIyEA36TlE1+cjLYdScMqkgW33CRNKY22IZzuvlYFddWpOjuNlwhakCgs0BvZn/yEQsY+ahOLG9JgTkpvyiKSYGfZjgyEXYz7CVOMTJbODBbl312RuOgw0oRb/LPicHouy5xcNzHSkuY/GTZP8JVk3r+mlyibyUOxvhGXSPqsxp8buz6v167d5vDIcwQmcAoMLqMMNNKAFAqbwAV/wbd1aEyuxXuajJWvxkkMowHr/BSzPgpI=</latexit>

<latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

D. High level of government spending

Figure 5. NK Model: ZLB Episode with Various Levels of Government Spending
Notes: The figure displays equilibrium trajectories in the NK model during ZLB episodes accompanied by various
levels of government spending. A ZLB episode lasts between times 0 and T . During the episode, the natural rate of
interest is negative and the central bank responds by setting the nominal interest rate to zero. At the same time, the
government spends a positive amount. At the end of the ZLB, at time T , the central bank brings the economy to the
natural steady state, where y = yn and π = 0. The phase diagrams are the same as in figure 1, panel C, except that
the Phillips line is shifted inward by government spending.
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<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="2SJk0HFFRVU3c+T4r17awS1FoV8=">AAABunicbVDLSgNBEOyJrxhfUY9exFw8hRkRvCgEBfFmxLwgWcLs2FmHzM4uO50YWQL+gFe9+1f+jWuSyxrr0kVVd0OVHxvtiPNvVlhZXVvfKG6WtrZ3dvfK+wctF40ShU0VmSjp+NKh0RabpMlgJ05Qhr7Btj+8+fXbY0ycjmyDXmP0QhlYPdBKUiY90hXvlyu8ymc4XiZiQSqwQL1f/uo9RWoUoiVlpHNdwWPyUpmQVganpd7IYSzVUAaYWnyhCeGEcnL3viG8dBBZQqv+OQglPedlP8w/cOPAyhCdl05mHWTubKbXJtuYlrJQ4m+EZdI6qwpeFQ/nldrt2zxeEY7gBE5BwAXU4A7q0AQFAbzDB3yyS+YzzYbz1QJbVHIIOTD6ATE9fD8=</latexit>

<latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>

<latexit sha1_base64="4Hrp/kaCQD2uUeTWHYRmsPlona8=">AAABw3icbVBNS8NAEJ2tX7V+VT16EXvxVLIieC0VxZsV+gVNKJt1WpduNiE7rZFQ8Fd4VfxX/hvTtJdY32Ueb2be8MaPtLLkOD+stLG5tb1T3q3s7R8cHlWPT7o2nMYSOzLUYdz3hUWtDHZIkcZ+FKMIfI09f3K76PdmGFsVmja9RegFYmzUSElBmeS6hAmli+V5ZVitOXUnx/k64StSgxVaw+q3+xzKaYCGpBbWDrgTkZeKmJTUmaE7tRgJORFjTA2+UrI4VpAHj23upaPQEBr5z0Ig6KUo+0HRwM7GRgRovTTJn5F185o2dTaRh+J/I6yT7lWdO3X+dF1r3L8v45XhDC7gEjjcQAMeoAUdkBDBB3zCF7tjExYzWo6W2Oolp1AAm/8CyiKAgw==</latexit><latexit sha1_base64="8sdhLzFO4kMsEglcIsQIsU5CZTY=">AAAByXicbVBNS8NAEJ3Ur1q/oh69iL14KlkRvBYFETxYoV/QhrJZp3XpZpNmJzUaBMG/4UnQ/+S/MU17ifVd5vFm5g1vvFBJQ47zY5VWVtfWN8qbla3tnd09e/+gbYI4EtgSgQqirscNKqmxRZIUdsMIue8p7Hjjq1m/M8XIyEA36TlE1+cjLYdScMqkgW33CRNKY22IZzuvlYFddWpOjuNlwhakCgs0BvZn/yEQsY+ahOLG9JgTkpvyiKSYGfZjgyEXYz7CVOMTJbODBbl312RuOgw0oRb/LPicHouy5xcNzHSkuY/GTZP8JVk3r+mlyibyUOxvhGXSPqsxp8buz6v167d5vDIcwQmcAoMLqMMNNKAFAqbwAV/wbd1aEyuxXuajJWvxkkMowHr/BSzPgpI=</latexit>

A. No government spending

<latexit sha1_base64="RXX9tVXQivqKOLKcLylqIuHkhUM=">AAAByHicbVDLSsNAFL1TX7U+GnXpRuzGVcmI4LYoiLgxQl/QhjIZb9uhk8mQmfRBKIi/4U70o/wb08cm1rO5h3NfnBNoKYx13R9S2Nre2d0r7pcODo+Oy87JadNEScyxwSMZxe2AGZRCYcMKK7GtY2RhILEVjO4X/dYYYyMiVbczjX7IBkr0BWc2k3pOuWtxalNvKKQU2sx7TsWtuktcbBK6JhVYw+s5n93XiCchKsslM6ZDXW39lMVWcInzUjcxqBkfsQGmCid2uviXkzvPdeqn/UhZVPyfhZDZYV4OwvwBMx4oFqLx0+kykay7rOmdzCbmpcwU/WthkzSvq9St0pebSu3hbWWvCOdwCVdA4RZq8AgeNIBDAh/wBd/kiWgyIbPVaIGsIzmDHMj7L9F/gmU=</latexit>

<latexit sha1_base64="KMzai0653piGHsCfAH2m7sbvLKs=">AAABunicbVC7TsNAENwLr2BeAUoaRBqqyIeQaFJEICE6gshLSqzofGzMKeez5duEICsSP0ALPX/F32CcNCZMs6OZ3ZVm/FgrS677zUpr6xubW+VtZ2d3b/+gcnjUsdEkkdiWkY6Sni8samWwTYo09uIERehr7Prjm1+/O8XEqsi06DVGLxSBUSMlBWXS4yBWw0rVrbk5TlcJX5IqLNEcVr4GT5GchGhIamFtn7sxealISEmNc2cwsRgLORYBpgZfaEY4o4Lcv29xLx1FhtDIfw5CQc9F2Q+LD+w0MCJE66WzvIPMzWd6rbONuZOF4n8jrJLORY27Nf5wWW3cvi3ileEEzuAcOFxBA+6gCW2QEMA7fMAnqzOfKTZerJbYspJjKIDRD6DQfJM=</latexit>

<latexit sha1_base64="5XJoLqJWaPiCsWmXSmmPXoVMsC0=">AAABvHicbVDLTgJBEOzBF+IL9ejFyMUTmTEmnjREE+NNTFgggQ2ZHZp1wszsZmdAzIbEP/CqV//Kv3GFvaxYl65UdXdSFcRKWkfpNymtrW9sbpW3Kzu7e/sH1cOjto0miUBPRCpKugG3qKRBz0mnsBsnyHWgsBOM7379zhQTKyPTcq8x+pqHRo6k4C6TvH4sr+mgWqN1usDpKmE5qUGO5qD61R9GYqLROKG4tT1GY+enPHFSKJxX+hOLMRdjHmJq8MXNHM5cQe49tpifjiLj0Ih/DjR3z0U50MUHdhoartH66WzRQuYuZnqrso15JQvF/kZYJe2LOqN19nRZa9y/LeOV4QTO4BwYXEEDHqAJHgiQ8A4f8EluyJCMiV6ulkheyTEUQKY/fbx9FA==</latexit>

<latexit sha1_base64="oDjnEOo6HHui2E8Y42rECa2gA4M=">AAABw3icbVDLSsNAFL1TX7W+qi7diN24KhkR3Bal4s4KfUETymS8raGTSZi5qZUQ8CvcKv6Vf2P62MR6Nvdw7otz/FgFlhznh5U2Nre2d8q7lb39g8Oj6vFJ10aJkdiRkYpM3xcWVaCxQwEp7McGRegr7PmTu3m/N0Vjg0i36S1GLxRjHYwCKSiXXJdwRmkzUWiyYbXm1J0FztcJX5EarNAaVr/d50gmIWqSSlg74E5MXioMBVJhVnETi7GQEzHGVOMrzebPCvLgsc29dBRpQi3/WQgFvRRlPywesNOxFiFaL50twsi7i5reqnwiq+Sm+F8L66R7VedOnT9d1xr370t7ZTiDC7gEDjfQgAdoQQckxPABn/DFmmzCDKPlaImtIjmFAlj2Cy0pgM4=</latexit>

<latexit sha1_base64="Tao2G5rfKCKNHbx/31KT8gSewzE=">AAABunicbVBNS8NAEJ2tX7V+VT16EXvxVLIieFEoCuLNik1baEPZrNO4dLMJ2WmthIJ/wKve/Vf+G2PaS6zvMo/3Zgbe82OtLDnONyutrK6tb5Q3K1vbO7t71f2Dto3GiURXRjpKur6wqJVBlxRp7MYJitDX2PFHN79+Z4KJVZFp0WuMXigCo4ZKCsqkR7pqDao1p+7kOF4mfEFqsEBzUP3qP0VyHKIhqYW1Pe7E5KUiISU1zir9scVYyJEIMDX4QlPCKRXk3n2Le+kwMoRG/nMQCnouyn5YfGAngREhWi+d5h1kbj7Ta51tzCpZKP43wjJpn9W5U+cP57XG7ds8XhmO4AROgcMFNOAOmuCChADe4QM+2SXzmWKj+WqJLSo5hAIY/QBhDXxj</latexit>
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D. High level of government spending

Figure 6. WUNK Model: ZLB Episode with Various Levels of Government Spending
Notes: The figure displays equilibrium trajectories in the WUNK model during ZLB episodes accompanied by
various levels of government spending. A ZLB episode lasts between times 0 and T . During the episode, the natural
rate of interest is negative and the central bank responds by setting the nominal interest rate to zero. At the same time,
the government spends a positive amount. At the end of the ZLB, at time T , the central bank brings the economy to
the natural steady state, where y = yn and π = 0. The phase diagrams are the same as in figure 1, panel D, except
that the Phillips line is shifted inward by government spending.
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– NK model: There exists a government-spending level g∗ > 0 with the following properties.

◦ For any government spending below g∗, a long-enough ZLB is an arbitrarily severe
slump: for any g < g∗,

lim
T→∞

y(0; T,g) = −∞

lim
T→∞

π(0; T,g) = −∞.

◦ For any forward guidance longer than g∗, a long-enough ZLB is an arbitrarily large
boom: for any g > g∗,

lim
T→∞

y(0; T,g) = +∞

lim
T→∞

π(0; T,g) = +∞.

◦ As the ZLB becomes arbitrarily long, the government-spending multiplier evaluated
at the government-spending level g∗ becomes infinite. This implies that as the ZLB is
long enough, an arbitrarily small increase or decrease in the government spending
has an arbitrarily large effect on output. Formally, we define the government-spending
multiplier at g by

dy
dg
(g) = lim

x→0

y(0; T,g + x) − y(0; T,g)
x

;

then we have
lim

T→∞

dy
dg
(T,g∗) = +∞.

– WUNK model: For any durations T , the following properties arise.

◦ At all times the economy remains bounded. The bounds depend on the level of government
spending g.

◦ As the ZLB becomes infinitely long, the government-spending multiplier evaluated at
any duration goes to the following finite value

lim
T→∞

dy
dg
(T,g) = 1 +

η
u′(0)δγa

ε1/(1+η)(ε−1)η/(1+η) − (1 + η)
.
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5. New Keynesian Properties at the ZLB

Beside the anomalous properties described in the previous section, the New Keynesian model has
several other, intriguing properties at the ZLB. Some of these properties are labeled “paradoxes”:
not because they are anomalous but because they defy usual economic logic. Here we show that
the WUNK model shares these properties: paradox of thrift, paradox of toil, paradox of flexibility,
and above-one government-spending multiplier.

Since the ZLB equilibrium is determinate in the WUNK model, we are not forced to introduce
temporary ZLB episodes: we simply analyze these paradoxes at a permanent ZLB. We assume
that the natural rate of interest is negative and the central bank maintains the nominal interest rate
at zero. The only equilibrium is to jump to and stay at the ZLB steady state, where the economy
is in a slump: inflation is negative and output is below its natural level. Then an unexpected
permanent shock occurs, immediately bringing the economy to a new ZLB steady state. We aim
to compare the new equilibrium to the old one. Since each equilibrium is the intersection of the
steady-state Phillips curve and steady-state Euler equation (15), we determine the effects of the
shocks graphically, as shown in figure 7.

5.1. Paradox of Thrift

We first study the effect of an increase in the marginal utility of wealth (u′(0)). At the ZLB the
steady-state Euler equation is π = −δ + u′(0)y. Hence the increase in u′(0) makes the Euler line
steeper and moves the economy inward along the Phillips line: both output and inflation decrease
(figure 7, panel A). The following proposition summarizes the result:

PROPOSITION 6: Paradox of thrift: At the ZLB in the WUNK model, an unexpected and
permanent increase in the marginal utility of wealth reduces output and inflation.

The increase in the marginal utility of wealth operates exactly like the Keynesian paradox
of thrift, which also appears in the New Keynesian model (Eggertsson 2010, p. 16). After the
increase in the marginal utility of wealth, households want to increase their wealth holdings
relative to their peers, so they favor saving over consumption. But in equilibrium relative wealth is
fixed since all households are the same; hence the only way to save more relative to consumption is
to reduce consumption. In normal times the central bank would offset this reduction in aggregate
demand by reducing the nominal interest rate. As this is not an option at the ZLB, output falls.
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D. Above-one government-spending multiplier

Figure 7. WUNK Model: Comparative Statics at the ZLB
Notes: This figure displays the equilibrium during a permanent ZLB in the WUNK model, and its response to three
unexpected permanent shocks. π is inflation, y is output, and yn is the natural output. The Phillips line represents the
steady-state Phillips curve, given by (13). The Euler line represents the steady-state Euler equation at the ZLB, given
by (15) with r(π) = −π and rn < 0. The ZLB equilibrium is given by the intersection of the two lines: output is
below its natural level and inflation is negative. Panel A illustrates the paradox of thrift: an increase in the marginal
utility for wealth moves the Euler line inward, which depresses output and inflation. Panel B illustrates the paradox
of toil: an increase in technology moves the Phillips line outward, which depresses output and inflation. Panel C
illustrates the paradox of flexibility: a decrease in the price-adjustment cost rotates the Phillips line counterclockwise
around the point [yn,0], which depresses output and inflation.
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5.2. Paradox of Toil

Next we examine the effect of an increase in technology (a). Using (7), the steady-state Phillips
curve (13) can be rewritten as π = ε y/(δγa) − (ε − 1)/(δγ). Hence the increase in a makes the
Phillips line flatter and moves the economy inward along the Euler line: both output and inflation
decrease (figure 7, panel B). The following proposition summarizes the result:

PROPOSITION 7: Paradox of toil: At the ZLB in the WUNK model, an unexpected and
permanent increase in technology reduces output and inflation.

This reduction in output is the paradox of toil, discovered by Eggertsson (2010). It operates
as follows. With higher technology, real marginal costs are lower, and the natural level of output
is higher: firms would like to produce and sell more. Hence, firms tend to reduce their prices,
reducing inflation. Away from the ZLB, the central bank would offset this reduction by lowering
the nominal interest rate; but this cannot happen at the ZLB. Then the reduction in inflation raises
the real interest rate—as the nominal interest rate is at zero—which makes households more
prone to save and in equilibrium leads to lower output.

5.3. Paradox of Flexibility

We finally turn to the effect of a decrease in the price-adjustment cost (γ). The steady-state
Phillips curve (13) shows that the increase in γ leads to a counterclockwise rotation of the Phillips
line around the point [yn,0], which moves the economy inward along the Euler line: both output
and inflation decrease (figure 7, panel C). The following proposition summarizes the results:

PROPOSITION 8: Paradox of flexibility: At the ZLB in the WUNK model, an unexpected and
permanent decrease in price-adjustment cost reduces output and inflation.

This reduction in output is the paradox of flexibility, introduced in the New Keynesian model
by Eggertsson and Krugman (2012, pp. 1487–1488). With a lower price-adjustment cost, firms
are keener to adjust their prices to bring production closer to the natural level of output, which
accentuates the existing deflation. Hence, as in the paradox of toil, the real interest rate rises,
which results in lower output.

5.4. Above-One Government-Spending Multiplier

We finally turn to the effect of an increase in government spending (g). The steady-state Phillips
curve (32) shows that the increase in γ leads to an inward shift the Phillips line, which moves
the economy upward along the Euler line: both private consumption and inflation increase
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(figure 7, panel D). Since private consumption increases when public consumption does, the
government-spending multiplier, which satisfies dy/dg = 1 + dc/dg, is necessarily greater than
one:

PROPOSITION 9: At the ZLB in the WUNK model, an unexpected and permanent increase in
government spending raises private consumption and inflation. Hence the government-spending
multiplier is above one:

(33)
dy
dg
= 1 +

η
[u′(0)+rz/cn]δγa
ε1/(1+η)(ε−1)η/(1+η) − (1 + η)

.

The result that the government-spending multiplier is necessarily above one at the ZLB
was established by Eggertsson (2011) and Christiano, Eichenbaum, and Rebelo (2011), among
other. The intuition is the following. With higher government spending, real marginal costs for
a given level of private consumption c are higher, so firms would like to reduce their sales to
households. Hence, firms tend to increase their prices, raising inflation. At the ZLB, the increase
in inflation lowers the real interest rate—as the nominal interest rate is at zero—which makes
households more prone to consume. This, in equilibrium, leads to higher private consumption
and a multiplier above one, as dy/dg = 1 + dc/dg.

Note that the multiplier remains finite although we consider permanent ZLB episodes and
policy, consistent with the proposition 5, but different from the results in the existing ZLB
literature.

6. Conclusion

This paper extends the textbook New Keynesian model by introducing relative wealth into the
utility function. The marginal utility of wealth is assumed to be above a threshold that depends
on price rigidity—an assumption that seems to hold in the data. Although our model deviates
only minimally from the textbook model, it resolves all its anomalies at the ZLB: there is no
explosive slump if the ZLB is long-lasting, no explosive boom if forward guidance is long-lasting,
and no infinite forward-guidance and government-spending multipliers. Hence in our model,
the ZLB might last forever as a steady state, and forward-guidance and government-spending
policies have plausible, limited effects. At the same time, our model retains other properties of
the New Keynesian model at the ZLB: paradox of thrift, paradox of toil, paradox of flexibility,
and above-one government-spending multiplier.

Beyond the New Keynesian model, the wealth-in-the-utility-function assumption might be a
simple way to model people’s saving behavior better. First, it reconciles the single-digit interest
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rates observed on many markets with the double-digit time discount rates measured in most
studies. Second, it leads to a negative relationship between consumption and real interest rate, as
in the old-fashioned IS curve. Third and related, it accommodates a broad range of steady-state
real interest rates—including negative ones. Fourth, it reduces the effect of future interest rates on
today’s consumption. These properties contrast with the standard model, in which the steady-state
real interest rate equals the time discount rate, and future interest rates have an implausibly large
effect on today’s consumption.
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Appendix A. Derivation of Phillips Curve and Euler Equation

We derive the two differential equations that govern the equilibrium of our New Keynesian model:
the Phillips curve, given by (12), and the Euler equation, given by (14).

Household Saving and Pricing. We begin by characterizing households’ optimal saving and
pricing. To solve household j’s optimization problem, we write the current-value Hamiltonian:

H j =
ε

ε − 1
ln

(∫ 1

0
c j k(t)(ε−1)/ε dk

)
+ u

(
b j(t) − b(t)

p(t)

)
−

yd
j (p j(t), t)

a
−
γ

2
π j(t)2

+A j(t)
[
i(t)b j(t) + p j(t)yd

j (p j(t), t) −
∫ 1

0
pk(t)c j k(t) dk − τ(t)

]
+ B j(t)π j(t)p j(t),

with control variables c j k(t) for all k ∈ [0,1] and π j(t), state variables b j(t) and p j(t), and costate
variables A j(t) and B j(t). To simplify we have used the production and demand constraints to
substitute y j(t) and h j(t) out of the Hamiltonian. To ease notation, we now drop the time index t.

The first optimality conditions are ∂H j/∂c j k = 0 for all k ∈ [0,1]. The conditions yield

(A1)
1
c j

(
c j k

c j

)−1/ε
= A j pk .

Appropriately integrating (A1) over all k ∈ [0,1], and using (2) and (3), we find

(A2) A j =
1

pc j
.

Combining (A1) and (A2), we then obtain

(A3) c j k =

(
pk

p

)−ε
c j .

Integrating (A3) over all j ∈ [0,1], we get the usual demand for good k:

(A4) yd
k (pk) =

∫ 1

0
c j k dj =

(
pk

p

)−ε
c,

where c =
∫ 1

0 c j dj measures aggregate consumption. We use this expression for yd
k (pk)

in household k’s Hamiltonian. We also obtain
∫ 1

0 pkc j k dk = pc j : the price of one unit of
consumption index is indeed p.
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The second optimality condition is ∂H j/∂b j = δA j − ÛA j , which can be expressed

−
ÛA j

A j
= i +

1
pA j

· u′
(

b j − b
p

)
− δ.

Using (A2), we obtain the household’s Euler equation:

(A5)
Ûc j

c j
= i − π + c ju′

(
b j − b

p

)
− δ.

This Euler equation describes the optimal path of household j’s consumption.
The third optimality condition is ∂H j/∂π j = 0, which yields

(A6) B j p j = γπ j .

Differentiating (A6) with respect to time, we obtain

(A7)
ÛB j

B j
=
Ûπ j

π j
− π j .

The fourth optimality condition is ∂H j/∂p j = δB j − ÛB j , which implies

ε
y j

ap j
− (ε − 1)A j y j + B jπ j = δB j − ÛB j .

Reshuffling the terms, we obtain

π j −
(ε − 1)y jA j

B j p j

(
p j −

ε

ε − 1
·

1
aA j

)
= δ −

ÛB j

B j
.

Then, using (A2), (A6), and (A7), we obtain the household’s Phillips curve:

(A8)
Ûπ j

π j
= δ +

(ε − 1)y j

γc jπ j

(
p j

p
−

ε

ε − 1
·

c j

a

)
.

This equation describes the optimal path of the price set by household j.
The previous four conditions, together with the transversality conditions limt→+∞ e−δtB j(t)p j(t) =

0 and limt→+∞ e−δtA j(t)b j(t) = 0, are necessary and sufficient for a maximum to the household’s
problem (Benhabib, Schmitt-Grohe, and Uribe 2001, p. 48).
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Equilibrium Saving and Pricing. We now turn to saving and pricing in equilibrium. All
households have the same initial wealth and initial price, so they all behave the same. We therefore
omit the subscripts j and k.

Then, we simplify the household’s Euler equation, given by (A5), and the household’s Phillips
curve, given by (A8), using two equilibrium conditions: relative wealth is zero; and production
and consumption are equal (y = c). Accordingly, we simplify the household’s Euler equation to

(A9)
Ûy

y
= r − δ + u′(0)y,

where r = i − π. This is just the Euler equation given by (14). Since yn = (ε − 1)a/ε , we also
simplify the household’s Phillips curve to

(A10) Ûπ = δπ −
ε

γa
(y − yn) .

This is the Phillips curve given by (12).

Appendix B. Phillips Curve and Euler Equation in Discrete Time

We recast the Phillips curve (12) and Euler equation (14) in discrete time. The discrete-time
formulation is helpful to compare our model with the textbook New Keynesian model, which is
usually presented in discrete time. This formulation also shows that introducing wealth in the
utility function yields a discounted Euler equation.

In discrete time, households trade one-period government bonds. Bonds purchased in period t

have a price q(t) and pay one unit of money at maturity, in period t + 1. The nominal interest rate
between t and t + 1 is defined as i(t) = − ln(q(t)).

Household Saving and Pricing. We begin by characterizing saving and pricing by house-
holds. Household j chooses sequences

{
y j(t), p j(t), h j(t),

[
c j k(t)

]1
k=0 , b j(t)

}∞
t=0

to maximize the
discounted sum of instantaneous utilities

∞∑
t=0

βt

{
ε

ε − 1
ln

(∫ 1

0
c j k(t)(ε−1)/ε dk

)
+ u

(
b j(t) − b(t)

p(t)

)
− h j(t) −

γ

2

[
p j(t)

p j(t − 1)
− 1

]2
}

dt,

where β < 1 is the time discount factor. The maximization is subject to three constraints. First,
there is the production function (1). Second, there is the demand for good j, given by (6). The
demand for good j remains the same as in continuous time because the allocation of consumption
expenditure across goods is a static decision, so it is unaffected by the representation of time.
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And third, there is a budget constraint:∫ 1

0
pk(t)c j k(t) dk + q(t)b j(t) + τ(t) = p j(t)y j(t) + b j(t − 1).

Household j is also subject to a solvency constraint preventing Ponzi schemes: limT→∞ b j(T) ≥ 0.
Finally, household j takes as given the initial conditions b j(−1) and p j(−1), as well as the
sequences of aggregate variables {p(t),q(t), c(t)}∞t=0. We assume that all households face the
same initial conditions, so they all behave the same.

To solve household j’s problem, we set up the Lagrangian:

L j =

∞∑
t=0

βt
{

ε

ε − 1
ln

(∫ 1

0
c j k(t)(ε−1)/ε dk

)
+ u

(
b j(t) − b(t)

p(t)

)
−

yd
j (p j(t), t)

a
−
γ

2

[
p j(t)

p j(t − 1)
− 1

]2

+A j(t)
[
p j(t)yd

j (p j(t), t) + b j(t − 1) −
∫ 1

0
pk(t)c j k(t) dk − q(t)b j(t) − τ(t)

] }
where A j(t) is the Lagrange multiplier on the budget constraint in period t, and

(A11) yd
j (p j(t), t) =

[
p j(t)
p(t)

]−ε
c(t)

is the demand for good j in period t. To simplify we have used the production and demand
constraints to substitute y j(t) and h j(t) out of the Lagrangian.

We begin by computing the first-order conditions with respect to c j k(t) for all k ∈ [0,1]. As
in the continuous-time case, we obtain

(A12) A j(t) =
1

p(t)c j(t)
.

We then turn to the first-order condition with respect to b j(t). The condition is

q(t)A j(t) =
1

p(t)
u′

(
b j(t) − b(t)

p(t)

)
+ βA j(t + 1).

Using (A12), we obtain the household’s Euler equation for consumption:

(A13) q(t) = c j(t)u′
(

b j(t) − b(t)
p(t)

)
+ β

p(t)c j(t)
p(t + 1)c j(t + 1)

.
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Finally, the first-order condition with respect to p j(t) is

ε
y j(t)

a
+ βγ

p j(t + 1)
p j(t)

[
p j(t + 1)

p j(t)
− 1

]
= γ

p j(t)
p j(t − 1)

[
p j(t)

p j(t − 1)
− 1

]
+ (ε − 1)A j(t)p j(t)y j(t).

Using (A12) again, we obtain the household’s Phillips curve:

(A14) ε
y j(t)

a
+ βγ

p j(t + 1)
p j(t)

[
p j(t + 1)

p j(t)
− 1

]
= γ

p j(t)
p j(t − 1)

[
p j(t)

p j(t − 1)
− 1

]
+ (ε − 1)

p j(t)y j(t)
p(t)c j(t)

.

Equilibrium Saving and Pricing. We now turn to saving and pricing in equilibrium. Since
all households behave the same in equilibrium, we drop the subscripts j and k. The fact that
all households hold the same wealth implies that relative wealth is zero. Next, production and
consumption are equal, so we set y(t) = c(t). Then, from (A13), we obtain the Euler equation:

q(t) = u′(0)y(t) + β
p(t)y(t)

p(t + 1)y(t + 1)
.

Similarly, from (A14), we obtain the Phillips curve:

p(t)
p(t − 1)

[
p(t)

p(t − 1)
− 1

]
= β

p(t + 1)
p(t)

[
p(t + 1)

p(t)
− 1

]
−

ε

γa
[y(t) − yn] .

The next step is to log-linearize the Euler equation and Phillips curve around the natural
steady state, where y = yn, π = 0, and i = rn. We introduce the log-deviation of output from its
steady-state level: ŷ(t) = ln(y(t)) − ln(yn). We also introduce the inflation rate between periods t

and t + 1: π(t + 1) = ln(p(t + 1)) − ln(p(t)).
We start by log-linearizing the Euler equation:

−i(t) = −rn + (1 − α)ŷ(t) + α [ŷ(t) − ŷ(t + 1) − π(t + 1)]

where
α =

β

β + u′(0)yn .

Reshuffling the terms yields

(A15) ŷ(t) = α ŷ(t + 1) − [i(t) − rn − απ(t + 1)] .

Because the marginal utility of wealth is positive (u′(0) > 0), we have α < 1. The Euler equation
is therefore discounted: future output, ŷ(t + 1), appears discounted by a coefficient α < 1. Diba
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and Loisel (2017, sec. 6) show that such discounting occurs in a variety of models. For example,
in McKay, Nakamura, and Steinsson (2017) it occurs because of income risk and borrowing
constraints. As another example, in Gabaix (2016) it appears because of consumers’ bounded
rationality. To make discounting more apparent, we can solve the Euler equation forward:

ŷ(t) = −
+∞∑
k=0

αk [i(t + k) − rn − απ(t + k + 1)] .

As noted by McKay, Nakamura, and Steinsson (2017, p. 821), in this type of Euler equations, the
effect of interest rates k periods in the future on current output is discounted by αk < 1. Hence,
discounting is stronger for interest rates further in the future.

Finally we log-linearize the Phillips curve:

(A16) π(t) = βπ(t + 1) + κ ŷ(t)

where
κ =

ε

γ
·
yn

a
=
ε − 1
γ

.

Despite wealth in the utility function, the Phillips curve remains the same as in a typical New
Keynesian model: for instance, (A16) is the same as equation (21) in Gali (2008, p. 49).

Appendix C. Phillips Curve and Euler Equation with Government
Spending

We rederive the Phillips curve and Euler equation in presence of government spending and convex
disutility of labor. We obtain the Phillips curve given by (32) and the Euler equation given by
(31).

Government Consumption. We begin by computing the government’s demand for each good.
At any point in time the government chooses the amounts g j of each good j ∈ [0,1] to minimize
the expenditure ∫ 1

0
p jg j dj

subject to the constraint of providing an amount of public consumption g:[∫ 1

0
g
(ε−1)/ε
j dj

] ε/(ε−1)

= g.
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To solve the government’s problem we set up a Lagrangian:

L =

∫ 1

0
p jg j dj + C ·

{
g −

[∫ 1

0
g
(ε−1)/ε
j dj

] ε/(ε−1)}
,

where C is the Lagrange multiplier on the public-consumption constraint.
We broadly follow the same steps as in the derivation of (A4). The first-order conditions with

respect to g j for all j ∈ [0,1] are ∂L/∂g j = 0. These conditions imply

(A17) p j = C ·

(
g j

g

)−1/ε
.

Appropriately integrating (A17) over all j ∈ [0,1], and using (3) and (30), we find

(A18) C = p.

Combining (A17) and (A18), we then obtain the government’s demand for good j:

(A19) g j =

(
p j

p

)−ε
g.

Household Saving and Pricing. We begin by characterizing households’ optimal saving and
pricing. To solve household j’s optimization problem, we write the current-value Hamiltonian:

H j =
ε

ε − 1
ln

(∫ 1

0
c j k(t)(ε−1)/ε dk

)
+ u

(
b j(t) − b(t)

p(t)

)
−

1
1 + η

[
yd

j (p j(t), t)

a

]1+η

−
γ

2
π j(t)2

+A j(t)
[
i(t)b j(t) + p j(t)yd

j (p j(t), t) −
∫ 1

0
pk(t)c j k(t) dk − τ(t)

]
+ B j(t)π j(t)p j(t).

Compared to the baseline case of appendix A, the Hamiltonian’s terms including the
consumption levels c j k(t) have not changed. Thus the optimality conditions ∂H j/∂c j k = 0
remain the same, which implies that (A1), (A2), and (A3) remain valid. Adding the government’s
demand, given by (A19), to households’ demand, given by (A3), we obtain the total demand for
good j at time t:

yd
j (p j(t), t) = g j(t) +

∫ 1

0
c j k(t) dk =

[
p j(t)
p(t)

]−ε
y(t),

where y(t) ≡ g(t)+
∫ 1

0 c j(t) dj measures total consumption. The expression for yd
j (p j(t), t) enters

into the HamiltonianH j .
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The Hamiltonian’s terms including bond holdings b j(t) have not changed either compared
to the case of appendix A. Hence the optimality condition ∂H j/∂b j = δA j − ÛA j remains the
same, which implies that the Euler equation (A5) remains valid.

Next, since the Hamiltonian’s terms including inflation π j(t) have not changed compared to
the case of appendix A, the optimality condition ∂H j/∂π j = 0 is unchanged. Equations (A6)
and (A7) therefore remain valid.

Last, because the disutility from labor is convex, the optimality condition ∂H j/∂p j = δB j− ÛB j

is modified. The condition now implies

ε

p j

( y j

a

)1+η
− (ε − 1)A j y j + B jπ j = δB j − ÛB j,

which can be rewritten as

π j −
(ε − 1)y jA j

B j p j

(
p j −

ε

ε − 1
·
(y j/a)η

aA j

)
= δ −

ÛB j

B j
.

Then, using (A2), (A6), and (A7), we obtain the household’s Phillips curve:

(A20)
Ûπ j

π j
= δ +

(ε − 1)y j

γc jπ j

[
p j

p
−

ε

ε − 1
·
(y j/a)ηc j

a

]
.

Equilibrium Saving and Pricing. We simplify the household’s Euler equation, given by (A5),
using the facts that in equilibrium, all households behave the same (so c j = c), and relative wealth
is zero (so b j − b = 0). Accordingly, we obtain the following Euler equation:

Ûc
c
= r − δ + u′(0)c.

This is just the Euler equation given by (31). Unlike in appendix A, production and consumption
are not equal (since y = c + g); therefore, we can no longer use y instead of c.

Next, we turn to the household’s Phillips curve, given by (A20). In equilibrium, all households
behave the same, so p j = p, π j = π, y j = y, and c j = c. Moreover, output equals private plus
public consumption: y = c + g. Hence, we obtain the following Phillips curve:

Ûπ = δπ +
(ε − 1)(c + g)

γc

[
1 −

ε

ε − 1
·
(c + g)ηc

a1+η

]
.

This is just the Phillips curve given by (32).

52



Appendix D. Global Monetary-Policy Rule

In the main text, following most of the literature, we separately consider two local monetary-policy
rules: the policy rule (9) away from the ZLB, and the monetary policy i = 0 at the ZLB. Then, we
check that the ZLB is indeed not binding at the equilibrium obtained under (9). In this appendix
we discuss a more rigorous approach—we consider a global monetary-policy rule, which directly
incorporates the ZLB:

(A21) i(π) = max{0,rn + φπ}.

The policy rule implies a real interest rate

(A22) r(π) = max{−π,rn + (φ − 1)π}.

In the NK model, it is well-known that things are more complicated under the global
monetary-policy rule. As showed by Benhabib, Schmitt-Grohe, and Uribe (2001), when rn > 0,
the natural steady state may coexist with another, ZLB steady state. As a result, Specifically, we
show that even when monetary policy is active, there usually exists many equilibrium trajectories
that start in the neighborhood of the natural steady state and converge to the second, ZLB steady
state.

In the WUNK model, on the other hand, considering a global monetary-policy rule would
not make much difference—it would only be more cumbersome. This is because, unlike in the
NK model, the WUNK model continues to feature a unique steady state under the global policy
rule. If rn > 0, the natural steady state is the unique steady state, and local dynamics follow (17);
if rn < 0, the ZLB steady state is the unique steady state, and local dynamics follow (22).

Let’s establish the result that the WUNK model admits a unique steady state under the global
monetary-policy rule (A21). A steady-state equilibrium must satisfy the steady-state Phillips
curve, given by (13), and the steady-state Euler equation, given by (15), in which the real interest
rate comes from (A22). The monetary-policy rule (A22) implies that r(π) = −π if π < −rn/φ

and r(π) = rn + (φ − 1)π if π ≥ −rn/φ. Hence, we first search for potential steady states with
π ≥ −rn/φ, before turning to potential steady states with π < −rn/φ.

We start with the range π ≥ −rn/φ. In that range, r(π) = rn + (φ − 1)π, so the steady-state
Phillips curve and Euler equation form the linear system (18)–(19). As argued in the proof of
proposition 1, [y, π] = [yn,0] is the unique solution of the system. But that solution is a steady
state only when π ≥ −rn/φ. Since π = 0 and φ > 0, that solution is a steady state only when
rn ≥ 0. When rn < 0, there is no steady state in the range π ≥ −rn/φ.
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C. Negative natural rate, active monetary policy
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D. Negative natural rate, passive monetary policy

Figure A1. WUNK Model: Steady State in Various Situations
Notes: π is inflation, y is output, yn is the natural level of output, rn is the natural rate of interest, and φ indicates
the response of monetary policy to inflation (φ > 1: active monetary policy; φ < 1: passive monetary policy). The
Phillips line represents the steady-state Phillips curve, given by (13). The Euler curve represents the steady-state
Euler equation for the WUNK model, given by (15) and (A22) with the marginal utility of wealth satisfying (16).
The intersection of the Phillips line and Euler curve gives the steady state of the WUNK model. The four panels
describe the steady state in four different situations: positive versus negative natural rate of interest, and active versus
passive monetary policy. The main result illustrated in the figure is that in the WUNK model the steady state is
unique. If the natural rate of interest is positive, the ZLB is not binding and the steady state has zero inflation and
output at its natural level. If the natural rate of interest is negative, the ZLB is binding and the steady state has
deflation and output below its natural level.
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We then turn to the range π < −rn/φ. In that range, r(π) = −π, so the steady-state Phillips
curve and Euler equation form the linear system (23)–(24). As argued in the proof of proposition 2,
the system admits a unique solution [y, π] ∈ R2. Inflation in that unique solution is given by
(21). Condition (16) implies that u′(0)δγa/ε > 1, so π has the sign of rn. For that solution to be
a steady state, however, we need π < −rn/φ. Hence, as φ > 0, the inequality π < −rn/φ holds
only when rn < 0. This means that there is no steady state on the range π < −rn/φ when rn ≥ 0,
but there may be one when rn < 0: the requirement is that y ≥ 0. We have seen in the proof
of proposition 2 that this requirement is always satisfied; therefore, the solution to the system
(23)–(24) is a steady state when rn < 0. This steady state has π < 0 (from (21) and rn < 0) and
y < yn (from (23) and π < 0).

These results are summarized in the following proposition:

PROPOSITION A1: Under the global monetary-policy rule (A21), the WUNK model admits a
unique steady-state equilibrium. If the natural rate of interest is positive, the unique steady state
is the natural steady state, with zero inflation, output at its natural level, and nominal interest rate
at the natural rate of interest. If the natural rate of interest is negative, the unique steady state is
a ZLB steady state, with deflation, output below its natural level, and zero nominal interest rate.

These results are illustrated in figure A1. The Phillips line represents the steady-state Phillips
curve (13): it is linear, upward sloping, and goes through the point [y, π] = [yn,0].

The Euler curve represents the steady-state Euler equation (15) combined with the interest-rate
rule (A22). The Euler curve is composed of two linear branches because (A22) defines the
real interest rate as a piecewise linear function of inflation. The non-ZLB branch is defined for
π > −rn/φ by (15) and r = rn + (φ − 1)π (corresponding to i = rn + φπ). The ZLB branch
is defined for π < −rn/φ by (15) and r = −π (corresponding to i = 0). The non-ZLB branch
is downward sloping when monetary policy is active, and upward sloping when monetary is
passive. Because of (16), when it is upward sloping, the non-ZLB branch is always steeper than
the Phillips line. The non-ZLB branch (or its continuation) goes through the point [y, π] = [yn,0].
The ZLB branch is upward sloping and steeper than the Phillips line due to (16). The condition
δ >

√
(ε − 1)/γ ensures that the intercept of the ZLB branch with the y-axis is below the

intercept of the Phillips line. Finally, the ZLB branch (or its continuation) goes through the point
[y, π] = [yn,−rn].

Consequently, if rn > 0, then [yn,0] is the unique steady state, whether monetary policy is
active (panel A) or passive (panel B). This is the natural steady state, at the intersection of the
Phillips line and non-ZLB Euler branch. If rn < 0, on the other hand, [yn,0] is not a steady state.
Instead, the unique steady state is a ZLB steady state, at the intersection of the Phillips line and
the ZLB Euler branch. This steady state features deflation and below-natural output. Such a ZLB
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steady state may prevails with active monetary policy away from the ZLB (panel C) or passive
monetary policy away from the ZLB (panel D).

To conclude, we note that the results in this appendix are less robust than those in the main
text. The uniqueness of the steady state relies on the functional-form assumptions of log utility
over consumption and linear disutility of labor. These assumptions lead to the linearity of the
steady-state Phillips curve and Euler equation, which ensures the uniqueness of the steady state.
With general isoelastic utility functions instead, the steady-state Phillips curve and Euler equation
would be nonlinear, and several new steady states may appear. The results in the text, on the other
hand, would continue to hold with general isoelastic utility functions, as long as the analysis
concentrates on the neighborhood of the natural steady state (when the natural rate of interest is
positive) or the closest ZLB steady state (when the natural rate of interest is negative).
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